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ABSTRACT OF THE DISSERTATION

Algorithms for Query-Efficient Active Learning

by

Songbai Yan
Doctor of Philosophy in Computer Science
University of California San Diego, 2019

Professor Kamalika Chaudhuri, Co-Chair
Professor Tara Javidi, Co-Chair

Recent decades have witnessed great success of machine learning, especially for tasks
where large annotated datasets are available for training models. However, in many applications,
raw data, such as images, are abundant, but annotations, such as descriptions of images, are scarce.
Annotating data requires human effort and can be expensive. Consequently, one of the central
problems in machine learning is how to train an accurate model with as few human annotations as
possible. Active learning addresses this problem by bringing the annotator to work together with
the learner in the learning process. In active learning, a learner can sequentially select examples

and ask the annotator for labels, so that it may require fewer annotations if the learning algorithm

X1v



avoids querying less informative examples.

This dissertation focuses on designing provable query-efficient active learning algorithms.
The main contributions are as follows. First, we study noise-tolerant active learning in the
standard stream-based setting. We propose a computationally efficient algorithm for actively
learning homogeneous halfspaces under bounded noise, and prove it achieves nearly optimal label
complexity. Second, we theoretically investigate a novel interactive model where the annotator
can not only return noisy labels, but also abstain from labeling. We propose an algorithm which
utilizes abstention responses, and analyze its statistical consistency and query complexity under
different conditions of the noise and abstention rate. Finally, we study how to utilize auxiliary
datasets in active learning. We consider a scenario where the learner has access to a logged
observational dataset where labeled examples are observed conditioned on a selection policy. We
propose algorithms that effectively take advantage of both auxiliary datasets and active learning.
We prove that these algorithms are statistically consistent, and achieve a lower label requirement

than alternative methods theoretically and empirically.
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Chapter 1

Introduction

Recent decades have witnessed great success of machine learning in various tasks, such
as computer vision [RF17], natural language processing [VSP"17], and recommender sys-
tems [MTSVDHI15]. One of the key factors to this success is the availability of large-scale
annotated datasets such as images with class labels and products with user reviews. However,
in many applications, raw data, such as DNA sequences and medical images, are abundant, but
annotating them requires domain expertise and can be expensive. Consequently, one of the central
problems in machine learning is how to train an accurate model with as few human annotations
as possible.

One solution to this problem is through active learning where the learner works together
with the annotator during the learning process. In active learning, a learner can sequentially select
examples and ask the annotator for labels, so that it may require fewer annotations if the learning
algorithm avoids querying less informative examples. It has been shown that active learning indeed
helps reduce labeling efforts effectively in many tasks in natural language processing [SYL'18],

computer vision [KSH' 16, LWD™19], reccommender systems [ERR16, KRG18], etc.
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Figure 1.1: An example of learning a threshold 6* = 0.7 with n = 10 unlabeled instances.
Left: in supervised learning, all labels are requested, and a threshold & = 0.65 is returned;
Right: in active learning, the learner sequentially queries xs, xg, x7, and returns 6 = 0.65. Other
instances (gray dots) are not queried.

How Active Learning Reduces Annotation Requirement

One classic example where active learning yields exponential label-efficiency improve-
ment is learning a one-dimensional threshold with binary search. Consider a binary classification
task where instances are real numbers from the unit interval [0, 1], and the label can be either
positive (41) or negative (—1). Assume there is a threshold 6* € [0, 1] that perfectly separates
the data, that is, any example x smaller than 6* is labeled negative and otherwise positive. To
learn 6%, in the standard supervised learning setting, as shown in Figure 1.1 (left), the learner
would first draw » instances and request labels for all of them, and then output a threshold 0 that
predicts correct labels for all observed instances. To guarantee |é — 0*| <&, this passive learner
needs n = Q(1) labeled instances.

However, in the active learning setting, the learner could apply the binary search algorithm
to find the threshold with much fewer labels. As shown in Figure 1.1 (right), the learner first
draws n instances, but only requests the label for the instance in the middle. If its label is negative
(resp. positive), then the learner can infer that all instances on its left (resp. right) are negative
(resp. positive) as well and only needs to recursively search for 6* in the right (resp. left) half
interval. In the end of this binary search procedure, the learner outputs a threshold 6 that predicts
correct labels for all observed instances. It is easy to see that to guarantee |é — 0*| <&, this active
learner needs n = O(%) unlabeled instances but only O(log %) labels, which is exponentially
smaller than the label requirement for the passive learner.

The query strategy in this example, though seems simple, shares similar ideas with many



general and widely used active learning algorithms, including generalized binary search [Now11]
where instances that can rapidly narrow down the version space are selected are queried, margin-
based methods [TKO1, BBZ07] where examples near the current estimated boundary are queried,
and disagreement based methods [CAL94, BBL06a] where examples are queried only if their

labels cannot be confidently inferred.

How Active Learning Fails

Active learning is significantly more challenging in the nonrealizable case where no
classifier in the hypothesis class achieves 100% accuracy. In this case, an improperly designed
active learning algorithm may yield poor performance, mostly due to noisy annotations or

sampling bias.

Noisy Annotations Human annotators can make mistakes, so the feedback returned to
the learner may not always be consistent with the underlying ground truth. If handled improperly,
an incorrect label may divert the active learning algorithm from the correct boundary and lead to
a classifier with a high error rate. To illustrate this, consider again the threshold learning task in
Figure 1.1. If the annotator returns an incorrect label +1 upon the first query x5 from the active
learner, and if the learner still uses the standard binary search algorithm, then the learner would
incorrectly believe 6* € [0,xs], and recursively query in this half interval. Even if the annotator
makes no more mistakes afterward, the learner will output a threshold 6 < 0.5, which is far from

the ground truth 6*.

Sampling Bias An active learner often selects instances according to some criteria to
query for labels. As a result, the distribution of labeled instances observed by the learner can be
different from the actual data distribution, which can result in suboptimal solution especially in

the non-realizable case where no classifier in the hypothesis class perfectly predicts all labels. To
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Figure 1.2: An example of learning thresholds in the non-realizable case. The best threshold is
0* = 0.25 with error rate 0.1. In active learning, the learner sequentially queries x5, x3, X7, X.
Other instances (gray dots) are not queried, and a suboptimal threshold 8 = 0.56 with error rate
0.21 is returned.

illustrate this, consider the threshold learning task as shown in Figure 1.2. We assume unlabeled
instances are drawn uniformly from the unit interval and the corresponding ground truth labels
are shown in the figure. In this example, no threshold function is 100% accurate, but we still want
the algorithm to output a threshold as accurate as possible (in this example, the optimal threshold
is 0 = 0.25, which makes mistakes with probability 0.1). In supervised learning, the learner can
apply the Empirical Risk Minimization principle: it first draws n instances, requests labels for all
of them, and then outputs a threshold 8 that makes the fewest number of mistakes on observed
instances. It can be shown that this method is statistically consistent, meaning that 6 — 6" as
n — oo, However, the standard binary search algorithm for active learning is not statistically
consistent: with high probability, it first queries an instance x5 in the middle and receives a
negative label; subsequently it recursively queries in its right and finally returns a classifier around

0.55, which is far from the optimal threshold 6* no matter how many labels are queried.

Hence, one main challenge in active learning is how to design query-efficient algo-
rithms that tolerate mistakes of human annotators and guarantees statistical consistency. In
the past decades, many active learning algorithms have been proposed and analyzed [CAL94,
BBLO06b, Han07, Das05, CN08, Now11, NJC15, CHK17, TD17, BBZ07, ABL14, ABHZ16,
BDL09, BHLZ10, HAH™ 15]. In this dissertation, we investigate three directions to advance the

research on provably query-efficient active learning: (1) designing noise-tolerant active learning



algorithms in the standard active learning setting; (2) exploring new interactive models beyond

standard label feedback; (3) utilizing auxiliary information available to the learner.

Our Contributions

Efficient Active Learning of Halfspaces with Bounded Noise In Chapter 4, we study
noise-tolerant learning of halfspaces under the standard stream-based active learning setting. We
propose a computationally efficient Perceptron-based algorithm for actively learning homoge-
neous halfspaces under the uniform distribution over the unit sphere. We prove that under the
bounded noise condition, where each label is flipped with probability at most % our algorithm

achieves a near-optimal label complexity.

Active Learning with Abstention Feedback In Chapter 5, we study a new interactive
model where the annotator can not only return noisy labels, but also abstain from labeling. We
consider different noise and abstention conditions of the annotator. We propose an algorithm
which utilizes abstention responses. We prove this algorithm is statistically consistent and

achieves nearly optimal query complexity under fairly natural conditions.

Active Learning with Logged Observational Data In the final two chapters, we study
how to utilize an auxiliary dataset in active learning. In particular, We consider a scenario where
the learner has access to a logged observational dataset where labeled examples are observed
conditioned on a selection policy. In Chapter 6, we apply multiple importance sampling to
utilize the logged data in active learning effectively and introduce a novel debiasing policy that
selectively avoids querying those examples that are highly represented in the logged observational

data. We prove that our algorithm is statistically consistent, and has a lower label requirement



than alternatives both theoretically and empirically. In Chapter 7, we show how to apply variance
control techniques to obtain a more sample-efficient error estimator, and then incorporate it into
the active learning algorithm. We provably demonstrate that the new algorithm is statistically

consistent as well as more label-efficient than the prior work.



Chapter 2

Related Work

2.1 Active Learning

In recent years, there has been extensive research in both theory and practice of active
learning; see excellent surveys by [Set10, Das11, Han14]. On the theoretical side, many active
learning algorithms have been proposed and analyzed. An incomplete list includes disagreement-
based methods [CAL94, BBLO6b, Han07], generalized binary search [Das05, CNOS, Nowl1,
NIC15, CHK17, TD17], margin-based methods [BBZ07, ABL14, ABHZ16], and importance
weighted methods [BDL09, BHLZ10, HAH™ 15]. There is also a considerable amount of work on
lower bounds of label complexity for active learning under various noise conditions, and refined
algorithms and analysis that approach these lower bounds [Han09, Kol10, RR11a, ZC14, HY 15].
However, most of these algorithms are computationally efficient as they require either explicit
enumeration of classifiers in hypothesis classes, or solving empirical 0-1 loss minimization

problems.

On the practical side, many computationally efficient heuristics for active learning have



been proposed, including uncertainty sampling [LG94, TKO1], query by committee [SOS92,
FSST97], maximizing expected model change [SCRO08], and encouraging sample diversity [NS04,
SS18]. It has been shown that these heuristics help reduce labeling efforts effectively in many tasks
in natural language processing [SYL" 18], computer vision [KSH 16, LWD*19], recommender

systems [ERR16, KRG18], etc.

In this dissertation, we advance the research on provably query-efficient active learning
from three aspects: (1) we propose a label-optimal and computationally efficient active learning
algorithm for learning halfspaces with bounded noise; (2) we explore a new interactive model that
allows the annotator to abstain from labeling; (3) we show how to utilize an auxiliary observational

dataset in active learning.

2.2 Efficient Learning of Halfspaces

Efficient learning of halfspaces is one of the central problems in machine learning [CSTOO].
In the realizable case, it is well known that linear programming finds a consistent hypothesis over

data efficiently. In the nonrealizable setting, however, the problem is much more challenging.

A series of papers [ABSS93, FGKP06, GR09, KK14, Dan15] have shown the hardness
of learning halfspaces with agnostic noise. The state of the art result [Dan15] shows that under

standard complexity-theoretic assumptions, there exists a data distribution, such that the best linear

1

classifier has error o(1), but no polynomial time algorithms can achieve an error at most % — 7

for every ¢ > 0, even with improper learning. [KK14] shows that under standard assumptions
(learning k-sparse parity with noise must have time nk)), even if the unlabeled distribution is

)Q(lnd)

Gaussian, any agnostic halfspace learning algorithm must run in time (% to achieve an

excess error of €. These results indicate that, to have nontrivial guarantees on learning halfspaces



with noise in polynomial time, one has to make additional assumptions on the data distribution

over instances and labels.

Since it is believed to be hard for learning halfspaces in the general agnostic setting, it is
natural to consider algorithms that work under more moderate noise conditions. Despite consid-
erable efforts, there are only a few halfspace learning algorithms that are both computationally-
efficient and label-efficient. In the realizable setting, [DKMOS5, BBZ07, BL.13] propose computa-
tionally efficient active learning algorithms which have an optimal label complexity of O(dIn %)
Under the bounded noise setting [MNOG6], the only known algorithms that are both label-efficient
and computationally-efficient are [ABHU15, ABHZ16]. [ABHU15] uses a margin-based frame-
work which queries the labels of examples near the decision boundary. To achieve computational
efficiency, it adaptively chooses a sequence of hinge loss minimization problems to optimize as
opposed to directly optimizing the 0-1 loss. It works only when the label flipping probability
upper bound 1 is small (M < 1.8 x 107%). [ABHZ16] improves over [ABHU15] by adapting a
polynomial regression procedure into the margin-based framework. It works for any n < 1/2, but
0 tse)

its label complexity is O(d In %) which is far worse than the information-theoretic lower

bound Q(ﬁ In %) Recently [CHK17] gives an efficient algorithm with a near-optimal label
complexity under the membership query model where the learner can query on synthesized points.
However, it is unclear how to transform the DC algorithm in [CHK17] into a computationally

efficient stream-based active learning algorithm where the learner can only query on points drawn

from the data distribution.

In Chapter 4, we provide a Perceptron-based algorithm that is computationally efficient
and achieves nearly optimal label complexity for learning halfspaces under the bounded noise

setting.



2.3 Interactive Models for Active Learning

In the standard active learning setting, the learner obtains labels from an annotator. Three
interactive models between the learner and the annotator are commonly used: (1) the membership
query model, where the learner can query any instances in the instance space for labels; (2) the
stream-based query model, where the learner is presented a stream of unlabeled instances drawn
from an underlying distribution one at a time, and for each of them the learner needs to decide
whether to query for its label or not in an online fashion; (3) the pool-based query model, where
the learner is presented a pool of unlabeled examples drawn from an underlying distribution, and
it can iteratively query some of them for labels. In Chapter 5, we work with the membership
query model. In Chapters 4, 6, and 7, we work with the stream-based query model. We note that
an algorithm for the stream-based query model also works under the pool-based query model,
while converting an algorithm from the pool-based model to stream-based model is nontrivial and

there can be a significant gap with respect to label complexity under these two models [SH16].

Many novel interactive models are studied where annotators can provide information be-
yond label feedback. For example, [Ang88, Heg95] consider equivalence query where the learner
presents a classifier to the annotator, and the annotator either confirms this classifier is correct or
otherwise returns a counter-example. [BH12] considers class-conditional query where the learner
presents an unlabeled instance set U and a class label, and the annotator returns an example of
class ¢ from U. [ZC15] considers a setting where the learner can choose to query for labels from
a cheap but noisy annotator or an expensive but accurate one. [BHLZ16] considers search query
where the learner presents a set of classifiers V, and the annotator returns a labeled example on
which all classifiers in V predict incorrectly. [XZM™17] considers pairwise comparison query
where the learner presents two unlabeled examples, and the annotator returns which one is more

likely to be positive.
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In Chapter 5, in addition to providing possibly noisy labels, we allow the annotator to
abstain from labeling. [FZ12, KFR"15] consider learning with abstention feedback in computer
vision applications, but they only propose heuristic query strategies and do not provide any
theoretical guarantees. In our work, we rigorously show when abstention feedback helps active

learning, and provide an algorithm that achieves the nearly optimal query complexity.

2.4 Learning with Observational Data

Learning from logged observational data is a fundamental problem in machine learning
with applications to causal inference [SJS17], information retrieval [SLLK10, LCKG15, HLR16],
recommender systems [LCLS10, SSS*16], online learning [AHK ™14, WAD17], and reinforce-
ment learning [Thol5, TTG15, MLBP16]. This problem is also closely related to covariate shift
[Zad04, SKMO7, BDBC™10] in domain adaptation.

When the logging policy is unknown, the direct method [DLL11] finds a classifier using
observed data. This method, however, is vulnerable to the sample selection bias [HLR16, JSS16].
Existing de-biasing procedures include tree-based methods to partition the data space [AIl6,
Kall7], and learning good representations with deep neural networks to align the observational

and population data [JSS16, SIS17].

When the logging policy is known, we can learn a classifier by optimizing a loss function
that is an unbiased estimator of the expected error rate. The most common estimator is the impor-
tance weighted estimator that reweights examples according to inverse propensity scores [RR83].
This method is unbiased when propensity scores are accurate, but may have a high variance when
some propensity scores are close to zero. To resolve this, [BPQC™13, SLLK10, SJ15a] propose

to truncate the inverse propensity score, [SJ15b] proposes to use normalized importance sampling,
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[MP09, SJ15a] propose to add a regularizer based on empirical variance to the loss function
to favor models with low loss variance, [JL16, DLL11, TB16, WAD17] propose doubly robust
estimators, and recently [TTG15, ABSJ17] suggest adjusting importance weights according to

data to reduce the variance further.

Most existing work on learning with observational data falls into the passive learning
paradigm, that is, they first collect the observational data and then train a classifier. To the best of
our knowledge, there is no prior work with theoretical guarantees that combines passive and active
learning with a logged observational dataset. [BDL09] considers active learning with warm-start
where the algorithm is presented with a labeled dataset prior to active learning, but the labeled
dataset is not observational: it is assumed to be drawn from the same distribution for the entire
population. [AZvdS19] and [SSS™19] consider active learning for predicting individual treatment
effects, which is similar to our task. They take a Bayesian approach which does not need to know
the logging policy, but assumes the true model is from a known distribution family. Additionally,
they do not provide label complexity bounds. A related line of research considers active learning
for domain adaptation, and they are mostly based on heuristics [SRD* 11, ZJL*16], utilizing a
clustering structure [KGR ™ 15], or non-parametric methods [KM18]. In other related settings,
[ZAI'19] considers warm-starting contextual bandits targeting at minimizing the cumulative
regret instead of the final prediction error; [KAH™ 17] studies active learning with bandit feedback

without any logged observational data.

In Chapter 6, we provide an active learning algorithm that utilizes the logged observational
data to reduce the number of label queries with theoretical guarantees. In Chapter 7, we improve
this algorithm by incorporating a more efficient variance-controlled importance sampling into

active learning and show that it leads to a better label complexity.
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Chapter 3

Preliminaries

3.1 Learning Scenarios

This dissertation focuses on binary classification tasks in machine learning. In this task,
we assume examples to be classified come from an instance space X, and the classification
outcome belongs to a binary label space 9. The output of a learning algorithm is a classifier (also
known as a hypothesis), which is a function /4 : X — 9 that given an instance predicts its label.

We restrict the output of the learning algorithm to classifiers from a hypothesis class H C Y*.

We consider two active learning scenarios: stream-based active learning, and active
learning with membership queries. In the following two subsections, we explain how instances
and labels are generated, how the algorithm interacts with the annotator, and how the performance

of the learning algorithm is evaluated in each scenario.
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3.1.1 Stream-Based Active Learning

Stream-based active learning uses the Probably Approximately Correct (PAC) learning
framework [Val84]. In this setting, there is an underlying distribution D over X x 9. At time
t=1,2,..., an independent and identically distributed (i.i.d.) example (X;,Y;) is drawn from D,
and only X; is presented to the learner. The learner can decide whether to query for Y;, and it
observes Y; only if it chooses to query. This decision can depend on all instances up to time ¢ and

previously observed labels.

In this setting, the performance of a classifier 4 is measured by the 0-1 loss I(h) :=
Pp(h(X) #Y). The performance of a learning algorithm is measured by query complexity which
is the number of queries needed to guarantee a certain loss. In particular, for any algorithm 4,
excess error €, and confidence level 9, the query complexity A(A4,€,9d) is defined as the minimum
number of label queries such that 4 outputs a classifier & satisfying /(h) < miny, ¢4 I(h') + € with

probability at least 1 — § after querying this number of labels.

3.1.2 Active Learning with Membership Queries

In active learning with membership queries, the learner can synthesize an instance in X to
query for the label. Attime r = 1,2,..., the learner chooses an instance X; € X and queries the
labeler. The response of the labeler follows an underlying conditional distribution Dy y. For each

queried instance X;, the labeler draws an i.i.d. label ¥; from Dy|y_y, and returns it to the learner.

In this setting, we assume there is an underlying optimal classifier /* € # and a metric
d: H x H — [0,0). The performance of a classifier /4 is measured by its distance to the optimal
classifier d(h*,h). Similar to the stream-based setting, the performance of a learning algorithm is

also measured by query complexity. In the membership query setting, for any algorithm A4, error
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€, and confidence level d, the query complexity A(A4,€,9) is defined as the minimum number of
label queries such that 4 outputs a classifier & satisfying d(h*,h) < € with probability at least

1 — d after querying this number of labels.

3.2 Definitions

Let 1 [A] be the indicator function: 1[A] = 1 if A is true, and O otherwise. For x =
(x1,...,x7) € R (d > 1), denote (x1,...,x4-1) by £ Define Inx := log,x, and [Inln], (x) =
Inlnmax{x,e’}. Define O(f(-)) = O(f(-)log £(-)), and Q(f(-)) = Q(f(-)/Inf(-)). We say
g(-) =O(f(-)) if and only if g(-) = O(f(-)) and g(-) = Q(f(-))

Definition 3.1. Suppose ¥ > 1. A function g : [0,1]¢ — R is (K,7)-Hélder smooth, if it is contin-
uously differentiable up to |y|-th order, and for any x,y € [0,1]%, |g(y) — Zm 0 mm, )(y x)" <

K ||y —x||". We denote this class of functions by £(K,7Y).

Definition 3.2. For any conditional distribution Dyx, the Bayes Optimal Classifier hgayes is

defined as payes(x) = +1if Pp(Y = +1| X =x) > 1 else —1.

Next, we introduce some standard definitions in the PAC framework for stream-based
active learning. Unless otherwise specified, all probabilities and expectations are over the

distribution D.

Define the optimal classifier #* := argminy,c 4, [(h), and the optimal error v := [(h*). If
v = 0,we are said to be in the realizable case as there is a classifier #* in # that predicts all labels
correctly. If we make no assumption on the data distribution D, we are said to be in the agnostic

case.

Recall the expected error rate I[(h) = P(h(X) #Y). For S = {(X1,}1),...,(Xy,Yu)} C
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X x ¥, define the empirical error /(h,S) := 1 ¥ | 1[h(X;) # Y;]. Additionally, define p(hy,hy) :=
P(h1(X) # hy(X)) to be the disagreement probability mass between i and &y, and ps(hy,hy) :=
Lyn 1 (X)) # ho(X3))] for S = {X1,Xa,...,Xs} C X to be the empirical disagreement mass

between /1 and A, on S.

For any h € H, r > 0, define B(h,r) := {h' € H | p(h,h") < r} to be r-ball around h. For
any C C H, define the disagreement region DIS(C) := {x € X | 3h| # hp € C s.t. hy(x) # hy(x)}.

Definition 3.3. For any r > 0, define 8(r) := sup,., +P(DIS(B(h*,’))) to be the disagreement
coefficient. Define 0 := 0(2v).
Finally, we introduce some definitions on distributions.

Definition 3.4. Let P, Q be two probability measures on a common measurable space and P is
absolutely continuous with respect to Q.
P(X)

The KL-divergence between P and Q is defined as Dgp, (P,Q) = Ex.pln )

We define dxi.(p,q) = Dki (P,Q), where P,Q are distributions of a Bernoulli(p) and a

Bernoulli(g) random variables respectively.

For random variables X, Y, Z, define the mutual information between X and Y under IP as

[(X;Y) = Dxi (P(X,Y),P(X)P(Y)) =Exyln %, and define the mutual information
P(X.Y|Z)

between X and Y conditioned on Z under P as I(X;Y | Z) =Ex y zIn FXIZ PO

For a random variable sequence X, X5, ..., denote by X" the subsequence {X;,X7,...X,}.
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3.3 The Disagreement-Based Active Learning Algorithm

The Disagreement-Based Active Learning (DBAL) algorithm, shown as Algorithm 1, is a
general active learning algorithm that has rigorous theoretical guarantees and can be implemented
practically. It is first proposed by [CAL94] in the realizable case and then improved by [BBLO6b]

to work in the general agnostic case. A survey can be found in [Han14].

Algorithm 1 Standard Disagreement-Based Active Learning Algorithm

1: Input: confidence 8, number of unlabeled examples n
2: Request a labeled example (X1,Y;)

3. S« {(X1,11)}; Co < H:K < logyn

4: forlfz 1,...,K do

5 hi—y < argmingec,_ [(h,S), & + k(k—il)

6 for r =25 to 21 — 1 do

7: Draw an unlabeled instance X;

8 if X; € DIS(Cy_;) then

9; Query for its label ¥; < Y,

10: else

11: Infer its label ¥; « i (Xp).
12: end if

13: S+ Su{(x,1)}

14: end for

15: Update the candidate set C < {h € C_y | [(h,S) < I(hg_1,8) +U(h,y_1,5,8,)}
16: end for
17: Output h = argminyec, [(h,S)

DBAL iteratively maintains a candidate set of classifiers Cy to be the confidence set of
the optimal classifier #*. At the k-th iteration, the learner draws 2k unlabeled examples. For each
instance X; among them, if it falls into the current disagreement region DIS(C}_ ), meaning that
there are at least two classifiers in Cy_; that predict different labels on X;, then the algorithm
queries for its label Y;; otherwise, it infers the label as Y = fzk_l (X). In the end of each iteration,

the queried and inferred labels are used to shrink the candidate set.

It has been shown that Algorithm 1 with a proper choice of U(-) achieves a label com-
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plexity of O <9 Z—;d log %) where d is the VC dimension [Vap98] of #, which is always no worse

than the minimiax label complexity ©(¥5E(d +log 4)) for passive learning [Han14].
€ o
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Chapter 4

Efficient Active Learning of Halfspaces

with Bounded Noise

4.1 Introduction

In this chapter, we study the problem of designing efficient noise-tolerant algorithms for
actively learning homogeneous halfspaces in the streaming setting. We are given access to a data
distribution from which we can draw unlabeled examples, and a noisy labeler O that we can query
for labels. The goal is to find a computationally efficient algorithm to learn a halfspace that best

classifies the data while making as few queries to the labeler as possible.

There has been a large body of work on the theory of active learning, showing sharp
distribution-dependent label complexity bounds [CAL94, BBL09, Han07, DHMO07, Han(9,
Kol10, ZC14, HAH" 15]. However, most of these general active learning algorithms rely on
solving empirical risk minimization problems, which are computationally hard in the presence of

noise [ABSS93].
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On the other hand, existing computationally efficient algorithms for learning halfs-
paces [BFKV98, DV04, KKMS08, KLLS09, ABL14, Dan15, ABHU15, ABHZ16] are not op-
timal in terms of label requirements. These algorithms have different degrees of noise tolerance
(e.g. adversarial noise [ABL14], malicious noise [KL93], random classification noise [ALS88],
bounded noise [MNO6], etc), and run in time polynomial in % and d. Some of them naturally
exploit the utility of active learning [ABL14, ABHU15, ABHZ16], but they do not achieve the
sharpest label complexity bounds in contrast to those computationally-inefficient active learning

algorithms [BBZ07, BL13, ZC14].

Therefore, a natural question is: is there any active learning halfspace algorithm that
is computationally efficient, and has a minimum label requirement? This has been posed as
an open problem in [Mon06]. In the realizable setting, [DKMO0S5, BBZ07, BL13, TD17] give
efficient algorithms that have optimal label complexity of O(dIn %) under some distributional
assumptions. However, the challenge still remains open in the nonrealizable setting. It has been
shown that learning halfspaces with agnostic noise even under Gaussian unlabeled distribution is
hard [KK14]. Nonetheless, under the bounded noise condition, we propose a Perceptron-based
algorithm which is computationally efficient, and achieves near-optimal label complexity bound.
In addition, this algorithm can be converted to a passive learning algorithm that has near optimal

sample complexities.

4.2 Setup

We consider learning homogeneous halfspaces under uniform distribution over the
unit sphere. The instance space X is the unit sphere in R, which we denote by S¢~! :=
{x cRY: ||x|| = 1}. We assume d > 3 throughout this chapter. The label space 9 = {+1,—1}.

We assume all data points (x,y) are drawn i.i.d. from an underlying distribution D over X x 9.
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We denote by Dy the marginal of D over X (which is uniform over S~ !), and Dy|x the condi-
tional distribution of Y given X. Our algorithm is allowed to draw unlabeled examples x € X
from Dy, and to make queries to a labeler O for labels. Upon query x, O returns a label y
drawn from Dy|x—,. The hypothesis class of interest is the set of homogeneous halfspaces
H = {hw(x) =sign(w-x) |we Sdﬁl}. For any hypothesis h € H, we define its error rate
I(h) :==Pp[h(X) # Y]. We will drop the subscript D in Pp when it is clear from the context.

Given a dataset S = {(X1,Y1),...,(Xm,¥n) }, we define the empirical error rate of h over S as
Is(h) := o Xy 1 {h(x:) # yi}-
Definition 4.1 (Bounded Noise [MNO06]). We say that the labeler O satisfies the N-bounded noise

condition for some 1 € [0, 1/2) with respect to u, if for any x, P[Y # sign(u-x) | X =x] <.

It can be seen that under n-bounded noise condition, 4, is the Bayes classifier.

For two unit vectors vy,v;, denote by 8(vy,v,) = arccos(v; - v2) the angle between them.
The following lemma gives relationships between errors and angles (see also Lemma 1 in

[ABHZ16]).

Lemma 4.2. For any vi,v2 € S, [I(hy,) — ()| <P [hy, (X) # by (X)] = M.

Additionally, if the labeler satisfies the N-bounded noise condition with respect to u, then

1(hy) = 1(ha)] > (1 =20)P [y (X) # h(X)] = 5220(v, u).

for any vector v,

Given access to unlabeled examples drawn from Dy and a labeler O, our goal is to find
a polynomial time algorithm 4 such that with probability at least 1 — 3, 4 outputs a halfspace
hy, € H with P[sign(v-X) # sign(u-X)] < € for some target accuracy € and confidence . (By
Lemma 4.2, this guarantees that the excess error of h, is at most €, namely, [(h,) —[(h,) <&.)

The desired algorithm should make as few queries to the labeler O as possible.

We say an algorithm 4 achieves a label complexity of A(g,d), if for any target halfspace
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h, € #, with probability at least 1 — §, 4 outputs a halfspace h, € # such that [(h,) < I(h,)+E€,

and requests at most A(g,d) labels from labeler O.

4.3 Algorithm

Our main algorithm, Algorithm 2, works in epochs. It works under the bounded noise
model, if its sample schedule {m;} and band width {b;} are set appropriately with respect
to each noise model. At the beginning of each epoch k, it assumes an upper bound of %
on O(vx_1,u), the angle between current iterate v;_; and the underlying halfspace u. As we
will see, this can be shown to hold with high probability inductively. Then, it calls procedure
MODIFIED-PERCEPTRON (Algorithm 3) to find an new iterate v, which can be shown to have an
angle with u at most zk% with high probability. The algorithm ends when a total of ky = [log, é}

epochs have passed.

For simplicity, we assume for the rest of the chapter that the angle between the initial
halfspace vo and the underlying halfspace u is acute, that is, ©(vo,u) < ; Appendix A.2 shows that

this assumption can be removed with a constant overhead in terms of label and time complexities.

Algorithm 2 ACTIVE-PERCEPTRON

Input: Labeler O, initial halfspace vy, target error €, confidence 9, sample schedule {m; }, band
width {b;}.
Output: learned halfspace v.
1: Let ko = [log, 1].
2: fork=1,2,... ko do
3: Vk <~ MODIFIED-PERCEPTRON(O, vy_1, zlk, k(k—il)v’"k’ by).
4. end for

5: Return vy,.
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Procedure MODIFIED-PERCEPTRON (Algorithm 3) is the core component of Algorithm 2.

It sequentially performs a modified Perceptron update rule on the selected new examples

(x1,y¢) [MS54, BFKV98, DKMO5]:

Wit — w =21 {yw; - x, <0} (W - %) - X 4.1)

Define 6, := 6(w;,u). Update rule (4.1) implies the following relationship between 6,

and 0, (See Lemma 4.12 for its proof):
cos0;r1 —cosO; = =21 {y,w;-x, <O} (wy-x¢) - (u-x7) 4.2)

This motivates us to take cos6; as our measure of progress; we would like to drive cos6; up to

1(so that 6; goes down to 0) as fast as possible.

To this end, MODIFIED-PERCEPTRON samples new points x; under time-varying distri-
butions D x|, and query for their labels, where R; = {x eS-1: g <wp-x < b} is a band inside

the unit sphere. The rationale behind the choice of R; is twofold:

1. We set R, to have a probability mass of Q(¢), so that the time complexity of rejection
sampling is at most 0(%) per example. Moreover, in the adversarial noise setting, we set R;

large enough to dominate the noise of magnitude v = Q(g).

2. Unlike the active Perceptron algorithm in [DKMOS5] or other margin-based approaches

(for example [TKO1, BBZ07]) where examples with small margin are queried, we query

b

the label of the examples with a range of margin [3,b]. From a technical perspective, this

ensures that 0, decreases by a decent amount in expectation (see Lemma 4.13 for details).

Following the insight of [GCBO09], we remark that the modified Perceptron update (4.1)
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on distribution D |g, can be alternatively viewed as performing stochastic gradient descent on a
special non-convex loss function £(w, (x,y)) = min(1,max(0,—1 — %yw-x)). It is an interesting
open question whether optimizing this new loss function can lead to improved empirical results

for learning halfspaces.

Algorithm 3 MODIFIED-PERCEPTRON

Input: Labeler O, initial halfspace wy, angle upper bound 6, confidence 8, number of iterations
m, band width b.
Output: Improved halfspace wy,.
1: fort=0,1,2,...,m—1do
Define region R; = {x e §d-1. % <w;-x< b}.
Rejection sample x; ~ Dx|g,. In other words, draw x; from Dy until x; is in R;. Query O
for its label y;.
Wil < wp — 2L {yrw; - xp <O} - (Wr - X¢) - X
end for
6: Return wy,.

AN

4.4 Analysis

We show that Algorithm 2 works in the bounded noise model, achieving computational
efficiency and near-optimal label complexity. To this end, we first establish a lower bound on the
label complexity under bounded noise, and then give computational and label complexity upper

bounds.

4.4.1 Lower Bounds

We first present an information-theoretic lower bound on the label complexity in the
bounded noise setting under uniform distribution. This extends the distribution-free lower bounds

of [RR11a, Han14], and generalizes the realizable-case lower bound of [KMT93] to the bounded
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noise setting. Our lower bound can also be viewed as an extension of [WS16]’s Theorem
3; specifically it addresses the hardness under the o-Tsybakov noise condition where o0 = 0

(while [WS16]’s Theorem 3 provides lower bounds when o € (0, 1)).

Theorem 4.3. Foranyd >4,0<n < %, 0<e< ﬁ, 0<d< %,for any active learning algorithm

4, thereis au € S, and a labeler O that satisfies N-bounded noise condition with respect to u,

such that if with probability at least 1 — 8, A makes at most n queries of labels to O and outputs

1 1
v e S such that Plsign(v-X) # sign(u-X)] <&, thenn > Q ((ﬂozgﬂs)2 * (?iozg"e;z).

Theorem 4.3 is proved with techniques from information theory. We will use the following

two folklore information-theoretic lower bounds.

Lemma 4.4. Let W be a class of parameters, and {P,, : w € W} be a class of probability
distributions indexed by W over some sample space X . Let d : W x W — R be a semi-metric.
Let V = {wi,...,wn} € W such that ¥i # j, d(w;,w;) > 2s > 0. Let V be a random variable
uniformly taking values from V, and X be drawn from Py. Then for any algorithm 4 that given a

sample X drawn from P,, outputs A(X) € W, the following inequality holds:

I(V;X)+In2
sup P, (d(w, A(X)) > 5) > 1 — {V:X) 2
wewW InM

Proof. For any algorithm 4, define a test function ¥ : X — {1,...,M} such that

A

P(x) = in  d(A(X),w;
(X) arg _min (A(X),w;)

We have
sup P, (d(w, A(X)) > s) > max P, (d(w,A(X)) >s) > max P, <‘i’(X) + i)

wew wev Tie{l,...M}
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The desired result follows by classical Fano’s Inequality:

A I(V:X)+1In2
max P, (‘P(X) + i) >1— M
ic{l,...M} InM

]

Lemma 4.5. [AB09, Lemma 5.1] Let y € (0,1), 8 € (0, ZI;), po=22 p = %Y Suppose that
o NBernoulli(%) is a random variable, &1, ....&,, are i.i.d. (given o) Bernoulli(py) random
variables. If m <2 L% In MJ, then for any function f: {0,1}" — {0,1}, we have

P(fEr, . E) £ ) > B,

Next, we present two technical lemmas.

Lemma 4.6. [Lon95, Lemma 6] For any 0 <y < %, d > 1, there is a finite set V € S such

that the following two statements hold:

1. For any distinct wy,wy € V, 0(wy,w;) > my;

2.1V 2 4 () -1

Lemma 4.7. If p € [0,1] and g € (0,1), then dx1(p.,q) < Ef(’f_q;

=~

Proof.
d(p.q) = pinZ+(1—p)ni—2
’ q I—gq
p I-p
< p(5—1)+(1—p)(——1)
_ (p—q?
q(1-q)
where the inequality follows by Inx < x —1. 0
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Now, Theorem 4.3 is immediate from the following two lemmas.

Lemma 4.8. Forany 0 <n < %, d>40<e< ﬁ, 0<d< %, for any active learning algorithm
A, there is a u € S, and a labeler O that satisfies N-bounded noise condition with respect to u,

such that if with probability at least 1 — 8, 4 makes at most n queries to O and outputs v € S¢~!

din}l

such that P[sign(v-x) # sign(u-x)] <€, thenn > T6(1—2m)?"

Proof. We will prove this Lemma using Lemma 4.4.

First, we construct W, V, d, s, and Py. Let W = S9!, Let 9/ be the set in Lemma 4.6

with y = 2g. For any wi,w, € W, letd(wj,w;) = 0(wy,ws), s = ne. Fix any algorithm 4. For
I-m, w-x>0

any w € W, any x € X, define P,[Y = 1|X =x| = ,and P,[Y =0|X =x] =
n, w-x <0

1 —P,[Y = 1|X = x]. Define P} to be the distribution of n examples {(X;,¥;)},_, where ¥ is

i
drawn from distribution P, (Y |X;) and X; is drawn by the active learning algorithm 4 based solely

on the knowledge of {(X;,Y;) }lj;l1

d—1 d—1
By Lemma 4.6, we have M = |‘V| > \/Tg <L> —-1> JT <L> ,and d(wy,wp) >

4me

2me = 2s for any distinct wy,wy € V.

Clearly, for any w € W, if the optimal classifier is w, and the labeler O responds according

to P,,(- | X = x), then it satisfies n-bounded noise condition. Therefore, to prove the lemma, it

d]né

T6(1—on)” then

suffices to show that if n <

1
sup Py (d(w, A(X",Y")) >s) > =.
wew 2
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Now, by Lemma 4.4,

I(V:X",Y") +1n2 I(V:X".Y") +1n2
sup P (d(w, A(X",Y")) >s) > 1— ( ) +In >1- ( 1)+ ne
wew InM (d—1)In4- —Ind

4dme

1
e then I(ViX",¥") < 1 ((d— 1)in L —1n4) —In2.

It remains to show if n = T6(1-21)%

By the chain rule of mutual information, we have

(VX" Y") =

-

<1 <V;X,- | Xf*I,YH> +1 (V;Y,- | X",Y”))

1

~

First, we claim V and X; are conditionally independent given {X =1 yi-1 }, and thus
1 (V;Xi | X i*I,Yi*1> = 0. The proof for this claim is as follows. Since the selection of X;
only depends on algorithm 4 and X', Y'~!, for any vi,v» € V, IP’(X,- | vl,Xi_l,Yi_1> =
P <X,~ | vz,xi*I,YH). Thus,

P(Xi]Xi_l,Yi_l) _ ZP(Xi,v|Xi_1,Yi_1>
1%
= LPOP (X |vx "y
14

_ |—ql/|ZIP> <X,~ | v,Xi’l,Yi’1>

= P(X|v.x~y )

Next, we show [ (V;Y,- | Xi,Yi—l) <5(1—21)%In2. On one hand, since ¥; € {—1,+1},

I (V;Yi | X",Y"”) <H (V |X",Yi*1) < 1In2. where H(-|-) is the conditional entropy.
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On the other hand,

1<V;Y,~|Xi,Y"*1)

P(V,mxi,yi—l)
—Pxiriy "B XY B (| Xy

]P(Yi | V,Xi,Yi—l)
P (Yz | Xi7yi—1)

:Exi7yi7v In

]P(Y- 1V, X Yl'*)
=Eyiyiy [In
XLYLv EV/P(Y | V! Xi Yi- 1)

IP(Y~|VX" yi- 1
(Y|V/ Xl Yi— 1

SEXi,Yi,V,V/ In

< max DKL<P<K|xi,yil,v Y\x,y 1,v'>)

Xyl vy

= max Dk <IP’ (Yi | xi,v) ,IP’(Yi |xi7v'))

Xyl vy

—max Dyt (P, (¥ | x3) P (¥i | )

B 2
S(1 2n)
N -n)

where the first inequality follows from the convexity of KL-divergence, and the last

inequality follows from Lemma 4.7.

Combining the two upper bounds, we get / <V Y; | X, Y- 1) < min {ln2 (1( 21}1)) } <

5(1—2n)21n2.

ding _ 5((d=1)Ing5—In4)—In2
16(1-2n)2 = 5(1-2n)%In2

I(V;X"Y") < 3 <(d —1)In4= —ln4> —1In2. This concludes the proof. O

Therefore, I(V;X",Y") < 5n(1 —21])21n2. Ifn< , then
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Lemma 4.9. Foranyd >0,0<1n < %, O<e< % 0<d< %, for any active learning algorithm

4, there is a u € S, and a labeler O that satisfies N-bounded noise condition with respect to u,

such that if with probability at least 1 — 8, A makes at most n queries to O and outputs v € S~

1
such that Plsign(v-x) # sign(u - x)] <&, thenn > Q (—(lmgﬁ)z),

Proof. We prove this result by reducing the hypothesis testing problem in Lemma 4.5 to our

problem of learning halfspaces.

Fix d,€,8,m. Suppose 4 is an algorithm that for any u € S?~!, under n-bounded noise
condition, with probability at least 1 — & outputs v € S~! such that P[sign(v - x) # sign(u - x)] <

e< %, which implies 8(v,u) < % under bounded noise condition.

Let po =M, p1 = 1 —M. Suppose that o NBernoulli(%) is an unknown random variable.
We are given a sequence of i.i.d. (given a) Bernoulli(pg) random variables &;,&; . .., and would

like to test if o equals O or 1.

Define e = (1,0,0,...,0) € RY. Construct a labeler O such that for the i-th query x;, it
returns 2&; — 1 if x;-e > 0, and 1 — 2&; otherwise. Clearly, the labeler O satisfies 1-bounded noise

condition with respect to underlying halfspace u = (20— 1)e = (2a— 1,0,0,...,0) € R%.

Now, we run learning algorithm A4 with labeler O. Let m be the number of queries 4
makes, and 4(&y,...,&,,) be the normal vector of the halfspace output by the learning algorithm.

We define

0 ifAE.. . E)-e<0
FEtre o Em) = Bre-s8m) e <0

1 otherwise

By our assumption of A4 and construction of O, P <9 (u, A&, ....&m)) < %n) >1-38,
so P(f(&1,...,&m) =a) > 1 -8, implying P (f(&i,...,&n) # ) < 8. By Lemma 4.5, m >
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4n(1-n) 1| g s
2| B n s | = © ((1—2118)2)' -

4.4.2 Upper Bounds

We establish Theorem 4.10 in the bounded noise setting. The theorem implies that,
with appropriate settings of input parameters, Algorithm 2 efficiently learns a halfspace of
excess error at most € with probability at least 1 — §, under the assumption that Dy is uniform

over the unit sphere and O has bounded noise. In addition, it queries at most ()(ﬁ In %)

labels. This matches the lower bound in Theorem 4.3, and improves over the state of the art

- 1
result of [ABHZ16], where a label complexity of 0((10((‘*271)4 ) In %) is shown using a different

algorithm.

Theorem 4.10. Suppose Algorithm 2 has inputs labeler O that satisfies N-bounded noise condition
with respect to underlying halfspace u, initial halfspace vo such that 0(vo,u) < 3, target error &,

confidence , sample schedule {m;} where my = [(?12 S%T:I);d (In ((312 S%T:I);Zd +1n k(k; D )], band width

{by} where by, = 1 oryrew 2*’%\(/13—211). Then with probability at least 1 — &:
2(600m)2 In A=

1. The output halfspace v is such that P[sign(v-X) # sign(u-X)] < &.

2. The number of label queries is O (W 'lné . (ln ﬁ + ln% +Inln é) )

2
3. The number of unlabeled examples used is O ((l‘ém3 . <ln (1—%71)2 + ln;lS +Inln %) A lné).

4. The algorithm r in time O i (ln—4— +1nl +Inlnl 2-llnl
. e algorithm runs in time () (=2 5 . cIng |

The theorem follows from Lemma 4.11 below. The key ingredient of the lemma is a
delicate analysis of the dynamics of the angles {6, };" ., where 6; = 0(w;,u) is the angle between

the iterate w; and the halfspace u. Since x; is randomly sampled and y; is noisy, we are only able to
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show that 6, decreases by a decent amount in expectation. To remedy the stochastic fluctuations,
we apply martingale concentration inequalities to carefully control the upper envelope of sequence
{6:}120-

Lemma 4.11. Suppose Algorithm 3 has inputs labeler O that satisfies N-bounded noise condition

with respect to underlying halfspace u, initial vector wy and angle upper bound 8 € (0, %) such

that ©(wo,u) < 0, confidence 8, number of iterations m = [fffg’;);d (In (?1223?1);201 +1In %ﬂ band

width b = 2(600;)2111 ’%2 e(l\;gz"). then with probability at least 1 — d:

1. The output halfspace wy, is such that ©(wy,,u) <

|

2. The number of label queries is O ((1%1])2 <ln (131])2 +lné)>.

2
3. The number of unlabeled examples drawn is O ((1—311)3 . <ln (1_211)2 + ln%) . é)

4. The algorith intime O [ —— . (1n—d_— 4 1n1)". 1
. e algoriinm runs in rime (1—21])3 (1—21])2 5 5 |

In the rest of this subsection, we provide proofs for Lemma 4.11 and Theorem 4.10.

First, we give a generic lemma for the modified Perceptron update rule (4.1).

Lemma 4.12. Suppose w; € R9 is a unit vector, and (x¢,v¢) is an labeled example where x; € R4

is a unit vector and y; € {—1,+1}. Let 6, = 0(u,w;). Then, update
Wil < Wy — 21 {y[wl X < O} (W[ 'xt) * Xt (43)
gives an unit vector wy 1 such that

cosO,r1 =cosO; — 21 {y,w;-x, <O} (wy-x;) - (u-x,) 4.4)
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Proof. We first show that w; is still a unit vector. If y, = sign(w; - x;), then w, | = wy, thus it is

still a unit vector; otherwise wy; = w; —2(w; - x;) - x;. This gives that

||Wz+1H2 = HWtH2 — 4wy xg ) (wr - x0) + H2(Wt ) 'XtHZ = ||WtH2 =1

This implies that cos 0; = wy - u, and cos 0,11 = wyy1 - u. Now, taking inner products with

u on both sides of Equation (4.3), we get
Wi =wy-u—21{yw - x; <O} (wy-x7) - (- xr)
which is equivalent to Equation (4.4). 0

Next, we show that under the bounded noise model, cos 6, increases by a decent amount
in expectation at each iteration of MODIFIED-PERCEPTRON (Algorithm 3), with appropriate

settings of bandwidth b.

¢(1-21)6
\/;l b

0 < Zn, and (x;,y;) is drawn from D|g,, where R, = {(x,y) IX-wp € [%’,b]}. Meanwhile, the

Lemma 4.13 (Progress Measure under Bounded Noise). Suppose 0 < ¢ < ﬁ, b=

labeler O satisfies the N-bounded noise condition. If unit vector w; has angle 0; with u such that

%9 <6, < %9, then update (4.3) has the following guarantee:

¢ (1-2n)%6?
1007 d ‘

E [COSGH_l —cos 9, | 6,] >

Proof. Define random variable § = x; - w;,. By the tower property of conditional expectation,

E [cos8,+1 —cos6, |6, =E [E [cos6; 11 —cos, | 6,,&] | 9,]. Thus, it suffices to show

¢ (1-2n)%6?
E [cosG,H —cos 9, | 6,,&} > 1007t( dn)
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for all 8, € [10,30] and & € [1b,D].

By Lemma 4.12, we know that

cos0; 1] —cosO;, = —21 {y, # sign(wy -xt)} (Wr-x¢) - (u-xp).

We simplify E [cos 6,1 — cos®, | 6;,&] as follows:

[cos6;1 —cosO; | 6, ]

[~28u-x1{y, = ~1}|8,,]

[—28u-x (L{u-x > 0,y, = =1} + L{u-x < 0,y, = —1}) | 6, ]
[—2&u-x(M1{u-x; > 0} + (1 =) 1{u-x, <O0}) | 6,&]

= E[—2&u-x;(n+(1—-2n)1{u-x, <0})|6;,&]

— 2 (nIE (-, | 0,E] + (1= 2n)E [u-x, 1 {u-x, < O} | e,,g]) 4.5)

where the second equality is from algebra, the first inequality is from that Py, = —1|u-x, > 0] <n

and Ply, = —1]u-x; < 0] > 1 —n, the last two equalities are from algebra.

By Lemma A.9 and that 0 < 6, < %9 < %n, we have E[u-x1 {u-x, <0}|6;,§] <&—

369&[7, and E[u-x;|6,,&] < E.
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Thus,

E [cos 0;+1 —cos6; | eta&}

> <2(En+ (& 31— 20)
6:
6,
> b72\/3(1—2n)
. C (1—2n)%6?
— 1007 d

where the first and second inequalities are from algebra, the third inequality is from that § <

b< 62(;;53) < 6;%?/2;) , and that § > g. the last inequality is by expanding b = % and that
0, > 9.

In conclusion, if ie < < %9, then E [cos 0;+1 —cos6; | 6,,&} > 10%n (1722)292 for § €
[%,b]. The lemma follows. O]

Next, we present two major building blocks of Lemma 4.11.

The first building block is a technical lemma that coarsely bounds the difference between

c0s 041 and cos ;.

Lemma 4.14. Suppose 0 < ¢,{ <1, b= 55—3 <1, and (x;,y;) is drawn from distribution D|g,

where R, = {(x,y) X-wp € [g,b] } If unit vector w; has angle 0; with u such that 0, < %G, then

162062

update (4.3) has the following guarantee: |cos 0,1 — cos ;| < VR

Proof. By Lemma 4.12,

cos 0,1 —cosB, = —21 {y; # sign(wy-x;) } (e - x) - (u-xz).
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Firstly, note |cos 0,11 — cos0;| < 2 |wy - x| |u- x| < 2D |u- x|

Observe that

|u - x|

IN

e x|+ [ (= wy) - x|

< b+25in%

IN

b+6;

Thus, we have |cos8;] —cos8;| < 2b(b+6;) = 2522292 + 25\%9[ < 12522. O

The second building block is a lemma that turns per-iteration in-expectation guarantees

provided by Lemma 4.13 into high probability upper bounds on the final 6,,.

Lemma 4.15. Suppose 0 < { < 1, and the following conditions hold:

1. Initial unit vector wy has angle 89 = 0(wo,u) < 0 < %—gn with u;

1 .
2(600m)> 1n 2

3200m)3d (In (3200m)3

2. Integer m = [( & & d-l—ln;—sﬂ and ¢ =

3. Forallt, if 10 <, < 36, then E[cos, ;1 —cos8;]8,] > 1S

168(0?
3vd

4. Forallt, if6, < %9, then |cos6,11 —cos6,| < holds with probability 1.

Then with probability at least 1 —3/2, 6,, < %9.

Proof. Define random variable D; as:

¢ (202 1 5
D; = (cosetﬂ—cose,— ¢ C— ]l{ 9§6,§§9}

100 d
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Note that E[D;|6;] > 0 and from Lemma 4.14, |D;| < |cos8;. — cos;| + 1i5- > e’ < \532.

Therefore, {D;,} is a bounded submartingale difference sequence. By Azuma’s Inequality (see

Lemma A.5) and union bound, define event

= 626> 2m?
E = fora110§t1§t2§m,ZDsZ— CC \/2(l‘2—t1)ln£
S=1 \/3

Then P(E) > 1—

\Slfe%}

We now condition on event E. We break the subsequent analysis into two parts: (1)
Show that there exists some ¢ such that 8; goes below ;{e. (2) Show that 6; must stay below %9

afterwards.

1. First, it can be checked by algebra that m > 2%2’3”1 We show the following claim.

Claim 4.16. There exists some t € [0,m)], such that 6, < ;6.

Proof. We first show that it is impossible for all # € [0,m] such that 6, € [%9, %6] To

this end, assume this holds for the sake of contradiction. In this case, for all 7 € [0,m],

~ 202
D; =c0s0;11 —cosO, — ﬁCTG. Therefore,

cos0,, —cos B

m—1 & CZGZ

— ZDS+

= 100m d
¢ [’ 6¢Le? m2

> Ymln —
= 100m a4 ' g v
- 0% | ¢Pm éCm

= 100x| 4 V d

> 6

where the first inequality is from the definition of event E, the second inequality is from
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2
that ¢ = ——L— | the third inequality is from that Ccdm > 200m.
2(6007)2 In 22

Since cosBg > cos0 > 1 — %92, this gives that cos0,, > 1+ %62 > 1, contradiction.

Next, define T := min {t >0:0,¢ [%6, %6] } We now know that T < m by the reasoning
above. It suffices to show that 0; < %6, that is, the first time when 6; goes outside the

interval [%9, %9], it must be crossing the left boundary as opposed to the right one.

By the definition of . for all 0 <t <t 1,8 € |16,36]. Thus,

cos O — cos O

T—1 ~ Czez
= ) T Toor 4
t=0

¢ [’’’ 6o’ m?

> _ In ™

= Toom 4 va V''%

> —9007:111’”—2~(a2>—ie2 (4.6)
= s =75 '

where the first inequality is by the definition of E; the second inequality is by minimizing

over T € [0,m]; the last inequality is from the definition of ¢.

Now, if 8; > 26, then

5
cosO; —cosBy < cos 39 —cos0

1/5\2 1
< 1——(—) 92—1+592

< ——0°
75

where the first inequality follows from 0; > %9 and 6p < 6, and the second inequality

follows from Lemma A.3. This contradicts with Inequality (4.6).

This gives that 0; < %9. Since 0; ¢ [%9, %9} , it must be the case that 6; < ie. ]

2. We now show the following claim to conclude the proof.
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Claim 4.17. 0,,, the angle in the last iteration, is at most %6.

Proof. Define 6 = max {t €[0,m]: 0, < %6}. by Claim 4.16, such ¢ is well-defined on
event E. We now show that 6, will not exceed %9 afterwards. Assume for the sake of

contradiction that for some r > G, 0, > %9.

Now define y := min {t >0c:0, > %9} We know by the definitions of ¢ and 7, for all
t€[o+1,y—1],6, € [16,10]. Thus,

cos By — cos 0511

v-1 & 2;262
= D+ ——(y-0-1)
t§;4 100n d
& (202 65@92\/ m?
oon 4 Yo - y(mo- s

v

AV
|
o
S
<)
3
)
5
oa| 3
(@Y}
[V
|
@
[\e)

4.7)

where the first inequality is by the definition of E; the second inequality is by minimization

over Y— ¢ — 1 € [0,m]; the last inequality is from the definition of ¢.

On the other hand, 6, > %9 and 05 < ;{9. We have

6&(0?
cosOy —cosBgy1 < cosOy—cosOs+ \/t"g
< cos —cose 658;92
= T
1 1 6¢(0?
< 1-—02—1 0%+ ——
- 20 +32 * Vd
1
< ——0?
75

where the first inequality follows from Lemma 4.14, the third follows from Lemma A.3,

and the last follows from algebra. This contradicts with Inequality (4.7). 0
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Thus, with probability at least 1 —8/2, 6,, < 36. O

Now, we are ready to present the proofs of Lemma 4.11 and Theorem 4.10.

Proof of Lemma 4.11. We show that each item holds with high probability respectively.

1. Tt can be verified that conditions for Lemma 4.15 are satisfied with { = 1 — 21 (item 3 in the
condition follows from Lemma 4.13, and item 4 in the condition follows from Lemma 4.14).

This shows that items 1 with probability at least 1 — /2.

2. By the definition of m, the number of label queries is m = O <(1_‘£n)2 log 51 —d2n)2> .

3. As for the number of unlabeled examples drawn by the algorithm, at each iteration z € [0,m],

it takes Z trials to hit an example in [3,b], where Z is a Geometric(p) random variable

: é(1-21)8 1-21)8
with p = Py_p, [w, -x € [,5]]. From Lemma A8, p > ‘8/—7‘319 = & Snn) = Q(hs - 2))2 )-
—an

Define event

2m
E = {Zl+...+Zm§—}
P

From Lemma A.6 and the choice of m, P[E] > 1 — g’ Thus, on event E, the total number of

unlabeled examples drawn is at most 27’" =0( (1_‘;“)3 log2 (i —dzn)Z %)

4. Observe that the time complexity for processing each example is at most O(d). This
shows that on event E, the total running time of the algorithm is at most O(d - 27’”) =

d? 2 d 1
Ol np 02 s o)-

Therefore, by a union bound, with probability at least 1 — 9, items 1 to 4 hold simultane-

ously. [
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Proof of Theorem 4.10. From Lemma 4.11, we know that for every k, there is an event E; such

that P(Ey) > 1 — ﬁ, and on event Ey, items 1 to 4 of Lemma 4.11 hold for input wy = vi_1,
output wy, = vy, 0 = % 0= k(k—il)

Define event E = U],i(’zlEk. By union bound, P(E) > 1 — 3. We henceforth condition on

event E happening.

1. By induction, the final output v = vy, is such that 8(v,u) < 2~%m < em, implying that

P[sign(v-X) # sign(u-X)] <e.

2. Define the number of label queries to labeler O at iteration k as my. On event Ey, my, is at

most O <( 1—%11)2 <ln 0 1—%11)2 +1In %)) . Thus, the total number of label queries to labeler O

is Zl,iozl my, which is at most

B d d ko
kO‘mko =0 <k() (1 _211)2 (ln (1 —21’])2 -l—lng)) .

Item 2 is proved by noting that kg < logé + 1.

3. Define the number of unlabeled examples drawn iteration k as n;. On event Ey, ny is at

(1-21m)3

drawn is Z],i‘): | k> Which is at most

B d d ko\> 1
kong, = O <ko- (i—m) . (ln (i—2m)? —Hng) E) )

Item 3 is proved by noting that ko < logé + 1.

2
most O ( d_. (ln (17211)2 +ln§) . %) Thus, the total number of unlabeled examples

4. Item 4 is immediate from Item 3 and the fact that the time for processing each example is

at most O(d). O
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Table 4.1: A comparison of algorithms for active learning of halfspaces under the uniform
distribution, in the n-bounded noise model.

Algorithm Label Complexity = Time Complexity

[BBZ07, BL13, ZC14] O(W Inl) Superpoli/(d’ 1y

[ABHZ16] O(do((l—zm“) . lné) O(do((l—Zn)4) . %)
A(__d 1 3 1

Our Work O(WIHE) 0(mg>

4.5 Discussion

4.5.1 Comparisons

We have shown that in the n-bounded noise setting, the proposed Algorithm 2 runs in

time O ( ﬁ), and requires O (ﬁ -In %) labels. This label complexity almost matches
d

the information-theoretic lower bound of Q (m -In %) , and thus is nearly optimal. Our time

and label complexities substantially improve over the state of the art result of [ABHZ16], which
0(—=7) 1

~ - .
runs in time O(d ~ (-2v*2) and requires O(d0(<1—2ﬂ>4)1n 1) labels.

Table 4.1 presents comparisons between our results and results most closely related to

ours.

In our algorithm and analysis, we assume the unlabeled examples are drawn uniformly
from the unit sphere. However, they can be easily generalized to any spherical symmetrical
distributions, for example, isotropic Gaussian distributions. They can also be generalized to

distributions whose densities with respect to uniform distribution are bounded away from O.

I'The algorithm needs to minimize 0-1 loss, the best known method for which requires superpolynomial time.
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4.5.2 Implications to Passive Learning

Algorithm 2 can be converted to a passive learning algorithm, Algorithm 4, for learning
homogeneous halfspaces under the uniform distribution over the unit sphere. Algorithm 4 has

PAC sample complexities close to the lower bounds under bounded noise.

The algorithmic framework is similar to Algorithm 2, except that it calls Algorithm 5

rather than Algorithm 3.

Algorithm 4 PASSIVE-PERCEPTRON

Input: Initial halfspace vy, target error €, confidence 8, sample schedule {m }, band width {b;}.
Output: learned halfspace v.

1: Let ko = [log, 1].

2: fork=1,2,... ko do

3 Vi < PASSIVE-MODIFIED-PERCEPTRON(O, vy _1, =,

5 mg, by).

_8
k(k+1)

4: end for

5: Return vy,.

Algorithm 5 is similar to Algorithm 3, except that it draws labeled examples from D

directly, as opposed to performing label queries on unlabeled examples drawn.

It can be seen that with the same input as Algorithm 2, Algorithm 4 has exactly the same
running time, and the number of labeled examples drawn in Algorithm 4 is exactly the same as
the number of unlabeled examples drawn in Algorithm 2. We have the following corollary which

is the immediate consequence of Theorem 4.10.

Corollary 4.18 (PASSIVE-PERCEPTRON under Bounded Noise). Suppose Algorithm 4 has inputs

distribution D that satisfies M-bounded noise condition with respect to u, initial halfspace vy,

target error €, confidence d, sample schedule {my} where m, = ® ((1—%11)2 (In (lfén)z +In %))
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Algorithm 5 PASSIVE-MODIFIED-PERCEPTRON

Input: Initial halfspace w, angle upper bound 0, confidence 6, number of iterations m, band
width b.

Output: Improved halfspace w,.
1: fort=0,1,2,....m—1do
Define region C; = {(x,y) €SI x{—1,+1}: 5 <w x< b}.
Rejection sample (x;,y;) ~ D|c,. In other words, repeat drawing example (x;,y;) ~ D
until it is in C;.
Wil < we =21 {ywy-x; <0} (wy - x¢) - X
5: end for
6: Return wy,.

Table 4.2: A comparison of algorithms for PAC learning halfspaces under the uniform distribu-
tion, in the n-bounded noise model.

Algorithm Sample Complexity Time Complexity

1 1

e I ——
[ABHZI6]  O(4""") (-2
ERM [MNO06] O( (1_%11) :) superpoly(d, %)
3 d A(__d* 1
Our Work 0((1_27])38) 0(m . E)
band width {by} where b, = © (%) Then with probability at least 1 —9: (1) The
k

output halfspace v is such that I(h,) < I(h,) + €, (2) The number of labeled examples drawn is
0 ((I*g—n)38> (3) The algorithm runs in time O (ﬁ)

In the n-bounded noise model, the sample complexity of PASSIVE-PERCEPTRON im-

. ~ dO( (lfén)zl)
proves over the state of the art result of [ABHZ16], where a sample complexity of O(“———)

is obtained. The bound has the same dependency on € and d as the minimax upper bound of

O( 8(111211)) by [MNO6], which is achieved by a computationally inefficient ERM algorithm.

Table 4.2 presents comparisons between our results and results most closely related to

ours.
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Chapter 5

Active Learning with Abstention Feedback

5.1 Introduction

In this chapter, we consider a new interactive model for active learning, where in addition
to providing a possibly noisy label, the labeler can sometimes abstain from labeling. This
scenario arises naturally in difficult labeling tasks and has been considered in computer vision
by [FZ12, KFR " 15]. Our goal in this chapter is to investigate this problem from a foundational
perspective, and explore what kind of conditions are needed, and how an abstaining labeler can

affect properties such as consistency and query complexity of active learning algorithms.

We first consider a condition where the probability that the labeler abstains is upper
bounded by a monotonic function, so that the labeler can abstain with a higher probability as the
instance being queried is closer to the decision boundary. We provide an information-theoretic
query complexity lower bound for any active learning algorithms and an algorithm with a query
complexity bound that almost matches the lower bound. This nearly-optimal algorithm, however,

simply ignores abstention feedback, suggesting that in order to enable the learner to utilize

46



abstention feedback, the labeler needs to satisfy stronger conditions.

Consequently, we consider a stronger condition where the probability that the labeler
abstains increases strictly monotonically close to the decision boundary. We propose an active
learning algorithm that is capable of exploiting this condition. We also prove that this algorithm
achieves nearly optimal query complexity bounds. An important property of this algorithm is
that the improvement of query complexity is achieved in a completely adaptive manner: it needs
no information whatsoever on the abstention rates or rates of label noise. This algorithm is
statistically consistent under a very mild condition — when the abstention rate is non-decreasing
as we get closer to the decision boundary. Under a slightly stronger additional condition where
the abstention rate is upper-bounded, this algorithm has the same query complexity as our former
algorithm. However, if the abstention rate of the labeler increases strictly monotonically close to
the decision boundary, then this algorithm adapts and does substantially better: it simply exploits
the increasing abstention rate close to the decision boundary, and does not even have to rely on the
noisy labels! Our result also strengthens existing results on active learning from (non-abstaining)
noisy labelers by providing an adaptive algorithm that achieves that same performance as [CNO8]

without knowledge of noise parameters.

5.2 Setup

We consider active learning for binary classification. We are given an instance space
X =[0,1]¢ and a label space £ = {0,1}. Each instance x € X is assigned to a label / € {0,1}
by an underlying function 2* : X — {0, 1} unknown to the learning algorithm in a hypothesis
space # of interest. The learning algorithm has access to any x € X, but no access to their labels.
Instead, it can only obtain label information through interactions with a labeler, whose relation to

h* is to be specified later. The objective of the algorithm is to sequentially select the instances
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to query for label information and output a classifier / that is close to #* while making as few

queries as possible.

We consider a non-parametric setting as in [CNO8, Min12] where the hypothesis space
H = {hg(x) =1 [x; > g(%)] | g:[0,1]9"1 —[0,1] is (K,y)-Holder smooth} is the smooth bound-
ary fragment class (recall ¥ € R?~! is the first d — 1 coordinates of the vector x). In other words,
the decision boundaries of classifiers in this class are epigraph of smooth functions (see Figure 5.1
for example). We assume h*(x) = 1 [x; > g*(¥)] € H. When d = 1, # reduces to the space of
threshold functions {hg(x) = 1[x > 0] : 6 € [0,1]}.

The performance of a classifier i(x) = 1 [x; > g(%)] is evaluated by the L' distance

between the decision boundaries ||g — g*|| = f[o 1]d-1 (%) — g*(%)| dx.

The learning algorithm can only obtain label information by querying a labeler who is
allowed to abstain from labeling or return an incorrect label (flipping between O and 1). For each
query x € [0, 1], the labeler L will return y € 9 = {0, 1, L.} (L means that the labeler abstains
from providing a 0/1 label) according to some distribution P.(Y =y | X = x). When it is clear
from the context, we will drop the subscript from P (Y | X). Note that while the labeler can
declare its indecision by outputting L, we do not allow classifiers in our hypothesis space to

output L.

In our active learning setting, our goal is to output a boundary g that is close to g*
while making as few interactive queries to the labeler as possible. In particular, we want to
find an algorithm with low query complexity A(€,d,4,L,g*), which is defined as the minimum
number of queries that Algorithm A4, acting on samples with ground truth g*, should make to a
labeler L to ensure that the output classifier /i, (x) = 1 [xd > g()?)} has the property ||g —g*|| =

f[o f]a-1 ‘ g(%) — g*(%) | dx < € with probability at least 1 — d over the responses of L.
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5.2.1 Conditions for the Labeler

We now introduce three conditions on the response of the labeler.

Condition 1. The response distribution of the labeler P(Y | X) satisfies:

e (abstention) For any % € [0, 117!, x4,/ € [0,1], if |xs — g*(%)| > |¥, — g*(¥)| then P(L|

(%,xa)) < P(L] (%,x3));

e (noise) Forany x € [0,1]%, P(Y # 1 [x4 > g*(%)] | x,Y #L) < 1.

Condition 1 means that the closer the instance x is to the decision boundary ()Z, g" ()E)),
the more likely the labeler is to abstain from labeling. This complies with the intuition that
instances closer to the decision boundary are harder to classify. The 0/1 labels can be flipped with

probability as large as % In other words, we allow unbounded noise.

Condition 2. Let C,3 be non-negative constants, and f : [0,1] — [0, 1] be a nondecreasing

function. The response distribution P(Y | X) satisfies:

):

e (noise) P(Y #1 [xg > g*(X)] | x,Y #1) < 3 (1 —C!xd—g*()f)‘ﬁ).

e (abstention) P(L|x) <1—f (!xd —g"(%)

Condition 2 requires the abstention and noise probabilities to be upper-bounded, and these
upper bounds decrease as x moves further away from the decision boundary. The abstention rate
can be 1 at the decision boundary, so the labeler may always abstain at the decision boundary.
The condition on the noise satisfies the popular Tsybakov noise condition [Tsy04], and a similar

condition was considered by [CNO8].
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T2

0 1
Zy

Figure 5.1: A classifier with boundary g(%) = (x; — 0.4)*> 4 0.1 for d = 2. Label 1 is assigned
to the region above, 0 to the below (red region)
Condition 3. Let f : [0, 1] — [0, 1] be a nondecreasing function such that 30 < ¢ < 1,V0 <a < 1

YVO<b< %a, % < 1—c. The response distribution satisfies: P(L|x) =1— f (‘xd —g" (%) D

An example where Condition 3 holds is P(L| x) = 1 — (x—0.3)* (o > 0).

Condition 3 requires the abstention probability P(_L |(X,x4)) to be not too flat with respect
to x,. For example, when d = 1, P(L| x) = 0.68 for 0.2 < x < 0.4 (shown as Figure 5.2 (left))
does not satisfy Condition 3, and abstention responses are not informative since this abstention
rate alone yields no information on the location of the decision boundary. In contrast, P(_L| x) =
1— \/m (shown as Figure 5.2 (right)) satisfies Condition 3, and the learner could infer it is

getting close to the decision boundary when it starts receiving more abstention responses.

Note that here c, f,C, [ are parameters that characterize the complexity of the learning
task. We want to design an algorithm that does not require knowledge of these parameters and

still achieves nearly optimal query complexity.

In the following two sections, we consider the one-dimensional case (d = 1) to demonstrate
the main idea. We extend the discussion to the d-dimensional instance space in the last section of

this chapter.

When d = 1, the decision boundary g* becomes a point in [0, 1], and the corresponding

classifier is a threshold function over [0,1]. In other words the hypothesis space becomes
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P(Y | X)

Figure 5.2: Left: The distributions satisfies Conditions 1 and 2, but the abstention feedback
is useless since P(_L| x) is flat between x = 0.2 and 0.4. Right: The distributions satisfies
Conditions 1, 2, and 3. The abstention feedback can be used to save queries.

H ={fo(x)=1[x>0]:6€[0,1]}). We denote the ground truth decision boundary by 8* € [0, 1].

We want to find a & € [0, 1] such that |6 — 6*| is small while making as few queries as possible.

5.3 Active Learning with Flat Abstention Rates

In this section, we consider active learning under Condition 2 where the abstention
probability of the labeler is upper-bounded by some monotonic function but can be flat. We first
derive an information-theoretic query complexity lower bound for any active learning algorithms.
Then, we provide an algorithm that simply ignores abstention feedback while achieving a query
complexity upper bound that almost matches the lower bound. This implies that if we would
like to improve the query complexity of the algorithm by making use of abstention feedback,
the labeler needs to satisfy stronger conditions with respect to abstention feedback beyond

Condition 2.

5.3.1 Lower Bounds

Theorem 5.1. There is a universal constant &y € (0,1) and a labeler L satisfying Conditions 1

and 2, such that for any active learning algorithm A, there is a 0* € [0, 1], such that for small
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enough €, A(g,00,4,L,0%) > Q (%S*Zﬁ)

Theorem 5.1 establishes an information-theoretic query complexity lower bound for
active learning with abstention: no algorithm can achieve an accuracy less than € with less
than Q(ﬁg)e’zﬁ) queries. As a comparison, [CNO7] studies learning thresholds with only noisy

responses, and gives a lower bound of Q(E_ZB), which can be seen as a special case of our result.

The proof of Theorem 5.1 is similar to the one in [CNO8]. We use the following formula-

tion of Le Cam’s method [Tsy08]:

Lemma 5.2. Let © be a class of parameters, and {Py : © € O} be a class of probability distri-
butions indexed by ©® over some sample space X . Let d : @ X ® — R be a semi-metric. If there
exist 09,01 € O, such that dxr(Pe,,Ps,) < & and d(89,01) > 2s > 0, then for any algorithm 0

that given a sample X outputs é(X ), an estimation of ©, the following inequality holds:

supgce Po (d(e,é(X)) Zs)
X~P
> e 1—4/a/2
= max ) 3

We need the following lemma in the proof of lower bounds.

Lemma 5.3. If P,Q are distributions of two Bernoulli random variables with parameter p,q

respectively and}1 < p,g< % then dgr(P,Q) < 8(p —q)>.
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Proof.

p 1—
dxL(PQ) = / (i—?—l_i)dx
q

The inequality in line 3 follows from the fact that x(1 —x) > % when } <x < % O

Proof of the Theorem 5.1. We take ® be [0, 1], and d(0,6,) = |6; — 6;| in Lemma 5.2. We
consider two thresholds 6p = 0 and 8, = ¢ where 7 € [0, 1] is to be chosen later. Next, we will

define two distributions Py and Py corresponding to Py, and Py, in Lemma 5.2 respectively.

For 69 = 0, we define the distribution of labeler’s response as follows:

L £(0) —max{fx— 1), f() — f(O)} x> 1
Py(Y =1 |x) =

1—f(z) x<t

Po(Y = Olx,¥ #1) = %(1 _ b

For 01 = t, we define the distribution of labeler’s response as follows:
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P(Y=L]x) = P(Y =L
1—f(t) —max{f(x—1), f(x) = f()} x>t

1—f(2) x<t

(1—CxP) x>t

RI—

P(Y =0lx,Y #1) =
(1+C(t—x)P) x<t

B[ —

It can be checked these two distributions comply with Conditions 1 and 2.

Next, we consider Py and P}, the distribution of n samples {(X,-,Y,-)}?:1 where Y; is
drawn with conditional probability Py and P; respectively, and X; is drawn by the active learning

algorithm.

P! ({(XiaYi)}?:l)
7 ({em),)

=g (e M iX) |
Py gH?ZIPO(Yl’XI) 1y--+5An
x)

Py (Y|x)
< nmax E; [ log
where the second equality follows from the fact that the active learner will draw X;

dxL (P, Py) = Ei|log

x€[0,1] Py (le)

based solely on the knowledge of {(X;,Y;) }3._:11, and hence Py (X;|X1,Y1,X2,Y2,...,X; 1,Yi 1) =

P (Xi|X1,Y1,X2, Y2, ..., Xi—1,Yi-1).
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e (1og )

P(Y=L P (Y=l
= A =L Wloe R+ Y = 1) log R

+P; (Y =0lx)log %
= 0-+Py(Y #L |x)dkr (P1(Y|x,Y #L),Py(Y|x,Y #1))

< f(t)dKL (PI(Y|an7£J-)7P0(Y‘X7Y7£J-))

When x > 1, dgp (P (Y |x,Y #L1),Py(Y|x,Y #.1))=0. When x < 7, we apply Lemma 5.3

and have

dxL (Pl (le,Y %J—)aPO(YPC?Y #L»

8 ((%(1 +C(r—x)5)) . (%(1 —CxB)))2

8C212B

IN

IN

In either case, we have dgg. (P{’, P6’) < 8C2nf(t)t25.

Ifn< Wt’zﬁ, then dygi. (P]",P(’}) < 16. By Lemma 5.2, for any active learning
algorithm, there is a @ € [0, 1], such that Py ("P(X”) —0[> t/2) > ¢~16/4. This concludes the

proof.
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5.3.2 Algorithm and Analysis

Next, we propose an algorithm (Algorithm 6) that works under Conditions 1 and 2. We
show that this algorithm achieves an nearly optimal query complexity up to logarithmic factors

and constants.

Algorithm 6 is motivated by the algorithm discussed in [CNO8] which only deals with
noisy labelers. It consists of two procedures: MWU and LearnThresholds. The MWU procedure
is an iterative method. In each iteration, it first selects a sample to query the labeler, and then
increases the weight of hypotheses that correctly label this sample and decrease the weight of
those that make a mistake. The sampling strategy is generalized binary search: the algorithm
selects the sample x that such that nearly half of the hypotheses assign x a label 0 and nearly
half assign it label 1. If the labeler abstains from labeling, then the algorithm repeatedly queries
the sample. Note that MWU only queries samples on a discrete grid ® instead of [0,1]. In the
LearnThresholds procedure, it runs MWU on three sets of grids to ensure that 0 is far away from
at least two sets of grids so that labeler’s flipping adn abstention probability on these two grids is

low enough for MWU to work.

The following result is a direct corollary from [CNOS].

Lemma 5.4. Suppose the labeler satisfies Condition 2 with f(x) = 1 (i.e., no abstention). There
is an absolute constant c such that if n > C%S*ZB log é and LearnThresholds(C, B, €,n) outputs 6,

6—0*| <e.

then with probability at least 1 — 9,

In a general setting where the labeler can abstain, we have the following upper bound on
the estimation error that matches the lower bound in Theorem 5.1 up to logarithmic factors and

constants.

Theorem 5.5. Suppose the labeler satisfies Condition 2. There is an absolute constant ¢ such that
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Algorithm 6 A repetitive querying learning algorithm with a multiplicative-weight-updating
subroutine.

1: procedure MWU(y,0 = {6,...,6,,},T)

2: pi+1/mfori=0...m—1

3: t<0

4: N<+0

5: while r < T do

6: XN < argmin; Zi-:opj —-1/2

7: repeat

8: Query x; and receive y;

9: t+t+1

10: untily, #L ort > T

11: fori=1,2,..., mdo

. D pix(1+2y) %fﬂ{xNZGi}:)’z
pix(1=2y) if I{xy > 0;} # i

13: end for

14: Normalize p

15: N+N+1

16: end while

17: Output: 6,pc Where opt = argmax; p;

18: end procedure

19: procedure LEARNTHRESHOLDS(C, 3, n,¢€)
20: v+ C (68)B

21: fori=0,1,2do

22 @i%{O—{—%S,S—l—%8,28—1—%8,38—1—%8,...,\%JE—F%S}
23: 0; MWU(’Y, @,’,I’l/?))

24: end for

25: fori,j=0,1,2do

26: if i # jand |6, — 6| < €/3 then

27: Output: (6,+6;)/2

28: end if

29: end for

30: end procedure
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ifn> WS‘ZB log? é and © is the output of LearnThresholds(C, B, €, n), then with probability

at least 1 — 9, é—e*| <e&.

Proof. 1t s easy to see there are at least 2 sets of grids (without loss of generality, let the 2 sets of
grids be @ and @) that 6 —6* > £ for any 8 € ®; U®,. On these two sets of grids, each query
in line 8 will return a 0/1 label with probability at least f(£). By the union bound, we will have

with probability at least 1 —8, N > T /(f(£)log %) in the MWU procedure for ®; and O, .

Therefore, if we set the label budget

= 3 Ve L ee (L (1) e
n_CZf(g) e) s Blcz\e) Bes )

1
€

2B
for ®; and @,, the number of non-abstaining responses N > é < > log é with probability
at least 1 —3/2. Consequently by Lemma 5.4 we will have |8; —6*| < € and |6, — 0% < ¢
with probability at least 1 — 8. Thus, LearnThresholds in Algorithm 6 will output a 6 such that

|6 — 6*| < & with probability at least 1 — 8. This concludes the proof. O
Algorithm 6 achieves a nearly optimal query complexity of @(%8_25) by simply ignor-
ing abstention feedback. Therefore, if we would like to improve the query complexity of the

algorithm by making use of abstention feedback, the labeler needs to satisfy stronger conditions

with respect to abstention feedback beyond Conditions 1 and 2.

5.4 Active Learning with Monotonic Abstention Rates

In this section, we consider active learning under Conditions 1, 2, and 3 where the

abstention rate is, roughly speaking, strictly monotonic. We provide an active learning algorithm
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(Algorithm 7) that exploits the abstention feedback under these conditions. We prove that this
algorithm is statistically consistent under the very mild Condition 1. It achieves the same query
complexity as that for Algorithm 6 under Conditions 1 and 2. Under Conditions 1, 2, and 3, we
show that it achieves substantially better query complexity. More importantly, unlike Algorithm 6,

Algorithm 7 is completely adaptive to parameters of the labeler (C, B, f).

5.4.1 Algorithm

The proposed algorithm is a binary search style algorithm shown as Algorithm 7. (For
the sake of simplicity, we assume log 2is is an integer.) Algorithm 7 takes a desired precision €
and confidence level § as its input, and returns an estimation 6 of the decision boundary 6*. The
algorithm maintains an interval [Lg, Ri] in which 6 is believed to lie, and shrinks this interval
iteratively. To find the subinterval that contains 6%, Algorithm 7 relies on two auxiliary functions
(marked in Procedure 8) to conduct adaptive sequential hypothesis tests regarding subintervals of

interval [Ly, Ry].

Suppose 8" € [Ly,Ry]. Algorithm 7 tries to shrink this interval to a % of its length in
each iteration by repetitively querying on quartiles Uy = SL"4—+R", My = #, Vi = L"+T3R". To
determine which specific subinterval to choose, the algorithm uses 0/1 labels and abstention
responses simultaneously. Since the ground truth labels are determined by 1 [x > 6*], one can
infer that if the number of queries that return label O at Uy (Vi) is statistically significantly
more (less) than label 1, then 6* should be on the right (left) side of Uy (V). Similarly, from
Condition 1, if the number of non-abstention responses at Uy (V}) is statistically significantly

more than non-abstention responses at My, then 8* should be closer to Mj, than Uy (Vy).

Algorithm 7 relies on the ability to shrink the search interval via statistically comparing

the numbers of obtained labels at locations Uy, My, V). As a result, a main building block of
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Algorithm 7 The active learning algorithm for learning thresholds
1: Input: d, €
2: [L(),R()] — [O, 1]
3: fork=0,1,2,...,log 5. — 1 do

4: Define three quartiles: Uy < %, M +— @, Vi L"+T3R"
5: A Alm) A() ) V) Empty Array
6: forn=1,2,... do
7: Query at Uy, My, Vj, and receive labels x,§”>,x,£’”) ,Xé”)
8: for w € {u,m,v} do
9: > We record whether X) =1 in AM), and the 0/1 label (as -1/1) in B™) if
X0 £1
10: if X(") £ then
11: AW) <—A(W).append(l) ,BW) B(W).append(2]1 [X(W) = l] -1
12: else
13: AW) A(W).append(O)
14: end if
15: end for
16: > Check if the differences of abstention responses are statistically significant
17: if CHECKSIGNIFICANT—VAR({Agu) —Al(’")}, - &) then
i= %
18: [Lk+1,Rk+1] — [Uk,Rk]; break
n
19: else if CHECKSIGNIFICANT-VAR({Al(v) —Agm)}. - 4105g ) then
i= 2%
20: [Lk+1,Rk+1] — [Lk,Vk]; break
21: end if
22: > Check if the differences between 0 and 1 labels are statistically significant
(u) B(”).length 5
23: if CHECKSIGNIFICANT({—Bi } . , W) then
i= 2%
24: [Lk+1,Rk+1] — [Uk,Rk]; break
v) B(").length 5
25: else if CHECKSIGNIFICANT({BZ- } | , W) then
i= 2%
26: [Lk-i-laRk-i-l] — [Lk,Vk]; break
27: end if
28: end for
29: end for

30: Output: § = <L10g2i +Rlog%> /2
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Procedure 8 Adaptive sequential testing
1: > Do, D are absolute constants defined in Proposition 5.6 and Proposition 5.7
2: > {X;} are i.i.d. random variables bounded by 1. & is the confidence level. Detect if EX > 0
3: function CHECKSIGNIFICANT({X;}} ,,d)

p(n,8) < Do (1 +ind+ \/4n ([1n1n]+4n+1ng>)

Return Y7 | X; > p(n,d)
end function
: function CHECKSIGNIFICANT-VAR({X;}}_, ,9)

. , 2
Calculate the empirical variance Var = -+ ( nXA - x) )

s

® J

©°

g(n,Var,d) < D 1+ln%—|— \/<Var—|—ln%+ 1) ([lnln]+ (Var—f—ln%—k 1) —|—ln%>

10: Return n > ln%3 AND Y, X; > g(n, Var,d)
11: end function

Algorithm 7 is to test whether i.i.d. bounded random variables Y; are greater in expectation
than 1.i.d. bounded random variables Z; with statistical significance. In Procedure 8, we have
two test functions CheckSignificant and CheckSignificant-Var that take i.i.d. random variables
{X; =Y;—Z;} (|X;| <1) and confidence level J as their input, and output whether it is statistically

significant to conclude EX; > 0.

CheckSignificant is based on the following uniform concentration result regarding the

empirical mean:

Proposition 5.6. Suppose X1,X5,... are a sequence of i.i.d. random variables with X| € [—2,2],
EX; = 0. Take any 0 < & < 1. Then there is an absolute constant Dy such that with probability at

least 1 — 9, for all n > 0 simultaneously,

1 1
< Dy 1+lns—|—\/4n ([lnln]+4n+lng>

n
YX
i=1

In Algorithm 7, we use CheckSignificant to detect whether the expected number of queries
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that return label O at location Uj (V) is more/less than the expected number of label 1 with a

statistical significance.

CheckSignificant-Var is based on the following uniform concentration result which further
i h irical . V. o— _n n X2 1 nox 2\ .
utilizes the empirical variance V, = 5 (L1 X2 — + (X2, Xi) 7 ):

Proposition 5.7. There is an absolute constant Dy such that with probability at least 1 — 9§, for

all n > ln% simultaneously,

| < 1 1 1 1
;Xl <D 1+ln6+\/<1+ln8+Vn) <[lnln]+(1+ln8+vn)+1n6)

The use of variance results in a tighter bound when Var(X;) is small.

In Algorithm 7, we use CheckSignificant-Var to detect the statistical significance of the
relative order of the number of queries that return non-abstention responses at Uy (Vi) compared
to the number of non-abstention responses at Mj. This results in a better query complexity
than using CheckSignificant under Condition 3, since the variance of the number of abstention

responses approaches 0 when the interval [L;, R;] zooms in on 6*.!

5.4.2 Analysis

In this subsection, we use logx = log 4x for convenience since the proposed algorithm

shrinks the search interval by a factor of % at each time.

"We do not apply CheckSignificant-Var to 0/1 labels, because unlike the difference between the numbers of
abstention responses at Uy (Vi) and M, the variance of the difference between the numbers of 0 and 1 labels stays
above a positive constant.
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Properties of adaptive sequential testing in Procedure 8

Lemma 5.8. Suppose {X;};-, is a sequence of i.i.d. random variables such that EX; <0, |X;| < 1.
Let 8 > 0. Then for CheckSigniﬁcant({X,-}?:l ,8) in Procedure 8, with probability at least 1 — 9,

it returns false for all n € N simultaneously.

Proof. This is immediate by applying Proposition 5.6 to X; — EX;. [

Lemma 5.9. Suppose {X;}: | is a sequence of i.i.d. random variables such that EX; > € > 0,
|X;| < 1. Let 8 € [0, %] N> éln%[lnlnh% (§ is an absolute constant specified in the proof).

Then with probability at least 1 — 9, CheckSigniﬁcant({X,-}f.V: 1 ,8) in Procedure 8 returns true.

Proof. Let Sy =YY X CheckSigniﬁcant({Xi}é\’:1 ,8) returns false if and only if

Sy < Dy (1 +Ind+ \/N ([1n1n]+zv+1n%>> .

) )

1 1
<P | Sy <Dy <1+lng+ N[lnln]+N+\/NlnS>

1 1
<P | Sy — NEX; < Dy (l—l—lng—i— \/N[lnln]JrN—i—\/NlnS) — Ne

1 1
P | Sy <Dy 1+1n——|—\/N ([lnln]+N+ln—)

Suppose N = ;—% ln%[ln ln]+é for constant ¢ > 1 and &. & is set to be sufficiently large,
such that (1) & > 4D2; (2) 2% +Dy (3+ \/[lnln]jJ;) +Dy—/E/2 < —\@; and (3) f(x) =
Do+/[Inln];x—+/x/2 is decreasing when x > &. Here (2) is satisfiable since % +Do+/[Inln] L& —
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\/E/Z — —oo as § — oo, (3) is satisfiable since f'(x) — —oo as x — 0. (2) and (3) together implies

01 1 g (34T 5cE) + Do~ /B2 < ]

1 1 / 1
ﬁ D() <1+lng+ N[lnln]+N+ Nlng> — Ng

€1l 1
Doe(1+1Int [Inln] <C—21n8[lnln]+—> 1
el HIn5) i ) 4 Do—y/cE[InIn]s ~
cE[Inln); L 1n % In €

| =

Dog(1+In})

Since |Inln l, ,lnl >lande < 1, we have ———>— < 2o
[ ]+£ ©ME = c&[lnlnh%ln% o \/E
Since [Inln];x > 1if x > 1, we have [Inln],{ < 1 and thus
1 1 1 1
\/[lnln]+ <Z—§°lng[lnln]+g) = \ In max{e 2In— —|—lnc§—|—lnln8 +In[Inln]; 8}]
< In max{e 3In— +lncE_,+ [lnln]+8}]
(@) 1
< In |{max e, 91n Incg[Inln] 4 3
1

< \/ 3+ [Inln] 4 =t [lnln]+c§—|—ln[lnln]+ 5
(b) 1
< +4/[Inln]+c&+ 1/ [Inln] + ln[lnln]JrS

where (a) follows by a+b+c < 3abc if a,b,c > 1, and (b) follows by /) ; x; < }; \/x; if

x,~20.
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Thus, we have

1 1 / 1
ﬁ D() <1+1ng+ N[lnln]+N+ Nlng> — N¢

<\/171 2DO+D \/§+\/[lnln]+c§—|—\/[lnln]+é+\/ln[lnln]+%
- n8 \/E ’ ln%

(é) ln% (2—\%0 + Dy (3+\/[lnln]+c§> + Do — @/z)
(%)—\/ln%ﬂ

(c) follows by ln%Zmax{L ln[lnln]+%},D021,and [InIn] 4 £( 1170 —4/ck) <

1
Do — +/c& < —+/c&/2 if c& > 4D3. (d) follows by our choose of .

1
+D() — C&[lnln]+g

8

Therefore,

1 1
P | Sy — NEX; < Dy <1+ln5+ \/N[lnln]JrN—H/NlnS) — Ne

S]P) (SN—N]EXi < —\/Nll’l%/Z)

which is at most 6 by Hoeffding Bound. 0

Lemma 5.10. Suppose {X;}" | is a sequence of i.i.d. random variables such that EX; < 0,
|X;| < 1. Let 8 > 0. Then with probability at least 1 — 9, for all n simultaneously CheckSignificant-

Var({X;}?_, ,8) in Procedure 8 returns false.

Proof. Define ¥; = X; — EX;. It is easy to check 25 (¥}, Y7 — %( 1LY)H) = (X X -
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%( ", X;)?). The result is immediate from Proposition 5.7. N

Lemma 5.11. Suppose {X;};—, is a sequence of i.i.d. random variables such that EX; > e,
1X;| <1, Var(X;) <2ewhere0<e<1,7>0. Letd< 1, N = %ln% (€ is a constant specified in
the proof). Then with probability at least 1 — 9, CheckSigniﬁccmt—Var({Xi}ﬁvz1 ,5) in Procedure 8

returns true.

Proof. LetY; = X; — EX;, 1 be the constant 1 in Lemma B.9. Set & = max(n, 1—16 + %)
CheckSigniﬁcant—Var({Xi}é\’:1 ,8) returns false if and only if Y | X; < g(N, Var, ).
By applying Lemma B.9 to X;, dNNVard) . < 1e /2 with probability at least 1 — 3/2.

N

Applying Bernstein’s inequality to Y;, we have

1Y N(—T8)2/4
P (NZ_Z;YZ < —‘CS/Z) < exp (—m>
B éln%
— P\ T 16/1 1873
< §/2
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Thus, by a union bound,

N
P ( X; < q(N, Var, 5))
i=1

q(N, Var, )
N

SP —]EXi Z —T£/2>

N, Var, § A \Y
N Nl.:1 N

V: 1 Y Var, &
<824 P IV gy o teprand LYy < VAR gy
N N =~ N

1 N
<32+P| =) Y.< —1¢/2
wre(adee e
<d
[
Consistency

For Algorithm 7 to be statistically consistent, we only need Condition 1.

Theorem 5.12. Let 0" be the ground truth. If the labeler L satisfies Condition 1 and Algorithm 7

stops to output 0, then

0" — é‘ < € with probability at least 1 — g

. A _ _ _ A _ k . .
Proof. Since 6 = <Llog2is +R10g718> /2 and Rlogz% Llogz—lg = 2¢, |0 —06%| > € is equivalent to
0" ¢ [LlogiJelogﬁ]' We have
P(‘G—G* >s) = P (67 ¢ [Ligg L Rigg 1))

= P(Hk 10" € [Lk,Rk] and 0" g_ﬁ [Lk+],Rk+1])
logzie—l

< Z IP’(G* € [Lk,Rk] and 6* ¢ [Lk+1,Rk+1])
k=0

67



k
For anyk:O,...,logzie—l, define Q; = {(p,q) :p,q€QN0,1]andg—p = (%) }

where Q is the set of rational numbers. Note that L, R; € Q, and Q is countable. So we have

P (0" € [Li,Ri] and 0% ¢ [Lyy1,Riy1])

= Z IP’(Lk:p,Rk:qand 6*@% [Lk+1,Rk+1])
(P.a)€Qi:p<6*<q

- Z P(e* ¢ [Lk—Hka—HHLk:P,Rk:q)]P)(Lk:p,Rk:q)
(P.a)€Qi:p<6*<q

NIO’J

et

for any k =0,. log% (p,q

Define event Ej , , to be the event L; = p,Rk = q. To show P (‘@—9*
it suffices to show P (8* & [Lii1,Rk+1]|Er pg) < 50T 21

Quand p < 8" <gq.

Conditioning on event Ey ,,, event 0 ¢ [Li,1,Ri1] happens only if some calls of
CheckSignificant and CheckSignificant-Var between Line 16 and 27 of Algorithm 7 return true

incorrectly. In other words, at least one of following events happens for some n:

° 0,(;;7 7 0" € [Ly, U] and CheckSigniﬁcant-Var({A } | Tiog 218) returns true;
° 0,((7 ;q 0" € [Vk,Ri] and CheckSigniﬁcant-Var({A } g 21£) returns true;

0( ) gt e [Ly, U] and Check&gmﬁcant({ )} )returns true;
k.p.q’ i=1 41 0g 3

Oiny

n
0" € [Vi, Ri| and CheckSigniﬁcant({BEv)}. l,ﬁ) returns true;
i= 2%

Note that since [Uy, V] C [Lg+1,Ri+1] for any k by our construction, if 6* € [Uy, V;| then 6* €

[Li+1,Ri+1]. Besides, event 6 € [Ly, Ux] and event 6* € [Vi, Ry] are mutually exclusive.
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Conditioning on event E ,, 4, suppose for now 0" € [Ly, Uy].

(1)
]P) <0k,p,q | Ek7p7q>

n

—P <3n : CheckSigniﬁcant-Var({DE”’”’)}, o
= og

)
——) returns true | 67 € [LkaUk]7Ek,p,q)
2¢

On event 0* € [Ly,Uy] and Ey p 4, the sequences {A(”)} and {Agm)} are i.i.d., and

1

E {A(”) —Agm) |0 € [Lk,Uk],Ekvp,q} < 0. By Lemma 5.10, the probability above is at most
)

Likewise,

(3)
IP) <0k,p,q | Ek~l776]>

" 5
=P (Eln : CheckSignificant( {—BS )}. . 41—1) returns true | 0" € [Ly, Uk],EkJ,’q)
1= (0]

2

On event 6" € [L;,U;| and Ey 4, the sequence {Bgu)} is i.i.d., and E[—BE”) | 6% €

[Li, U], Ex p g < 0. By Lemma 5.8, the probability above is at most %.

08 7¢

Thus, P (9* ¢ [Liy1,Rir1] |Ek7p7q) < ﬁ when 0* € [Ly,Uy|. Similarly, when 6* €
%
* 2 4
[Vk, Ri], we can show PP (9 ¢ [Liy1,Rer1] | Ek,p,q) <P (0,((7;7(] | Ek7p7q> +P (0,((7;7[] | Ek7p7q> <

)
2log 5

Therefore, P (6% & [Liy1,Rii1] | Expg) < @, and thus P (‘é —0*

>8> <§/2. O
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Query Complexity Upper Bounds

Under additional Conditions 2 and 3, we can derive upper bounds of the query complexity

for our algorithm. (Recall f and P are defined in Conditions 2 and 3.)

Theorem 5.13. Let 0* be the ground truth, and 8 be the output of Algorithm 7. Under Conditions 1

and 2, with probability at least 1 — 8, Algorithm 7 makes at most O (ﬁezlv queries.
2

. . . log A —1
Proof. Define T to be the number of iterations of the loop at Line 6, T = Zk(fozg Ty. For any

numbers my,mo, ... Mg Ly we have:
£

logzl—gfl
P(T>m) < P(‘é—e* >£>+]P’ ‘é—e* <eandT> Y my
k=0
S logﬁfl A
< S+P(T= Y meand ‘e—e* <e (5.1)
k=0
S logﬁfl A
< §+ Z ]P’(Tkzmkand ‘9—6* <8)
k=0
S logz—lsfl
< §+ ]P’(TkkaandO*e[Lk,Rk])
k=0

The first and the third inequality follows by union bounds. The second follows by

Theorem 5.12. The last follows since ‘é —0%| < e1is equivalent to 0" € [Llog 1 ,R,., 1], which

log é

implies 0% € [Ly, Ry] forall k=0,...,log 5 — L.

We define ;. as in the previous proof. For all k =0,...,log % —1,
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P (Ti > my and 6° € [Ly, Ry])

= )y P(Tx > my, Ly = p, R = q)
(P.9)€Qi:p<b*<q

- Y  P(Ti>mlLi=p.Re=q)P (L= p,Rc=q)
(P.q)€Qr:p<0*<q

Thus, in order to prove the query complexity of Algorithm 7 is O <Zlog % >, it

suffices to show that P (T, > my | Ly = p,Ry = q) <

losgi foranyk:O,...,logz—e—l, (p,q) €

Qcand p < 6* <gq.

For each k, p, g, define event Ej ,, , to be the event Ly = p,Ry = q. Define [y =g —p =
( > Ny to be ©® ( 7075 I, 2 > The logarithm factor of N is to be specified later. Define SS,M)

and S,(1 ") to be the size of array B®™ and B") before Line 16 respectively.

5 >—, it suffices to show that on event Ey ,, ,, with proba-

To show P (Tk > Nic| Expg) < 2log &

bility at least 1 — —>—, if n = Nj then at least one of the two calls to CheckSignificant between

210g 7

Line 22 and Line 27 will return true.

On event Ey , 4, if 0" € [Li, Mi] (note that on event Ey p.q» Lk and My are deterministic),

then |V; — 0*| > . We will show

d

v)
SNy )
<
~ 2log 2%

i:1’410g2i8

p1 :=P | CheckSignificant ({Bl@} ) returns false | Ey , 4

(v)

To prove this, we will first show that Sy °, the length of the array BWY), is large with high

probability, and then apply Lemma 5.9 to show that CheckSignificant will return true if Sl(\yk) is
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large.

By definition, Sz(\ZR = 2&114, ) . By Condition 2, we have E[A; » | Expql =P(Y #L| X =

Vk>Ekpq) 2> f(Zk>

On event Ey 4, {A( )} is a sequence of i.i.d. random variables. By the multiplicative
Chernoff bound, P <S,(\fk) < %Nkf <%") | Ek%q) < exp (—Nkf (%") /8)

Now,

S(V) 8
p1 <P | CheckSignificant ({B(V) Ne

1

: ) returns false Sz(v) > Nf( ) | Ei pg

z':1’410g2—8

) 1 !
+P <S§Vk> < SNef (Zk) | Ekm)

§
By Condition 2 and |V} — 0%| > l" ,E|B [ | Ek,p,q} >C (%‘) . On event E , 4, {BEV)}
is a sequence of i.i.d. random variables. Thus, On event Ey , ,, by Lemma 5.9, with probability

at least 1 — @, CheckSignificant will return true if %Nkf (%") =0 < L In lnl/e (InIn], 2B)

We have already proved P (S( V) < 1N f <l’<> | Ex p, q> <exp ( Nif ( > /8) By setting N, =

C) (f(l,}/zt) 1>’ 1n lnl/e [Inln] 25) , We can ensure p; is at most 8/2log 2%

Now we have proved on event Ey , ,, if 8% € [Ly, My], then

S(V) 6
P | CheckSignificant {B,@ L
i=1 410g2—€

)
210g2i8

) returns true | Ex ,, | > 1—
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Likewise, on event Ey , 4, if 0" € [My, Ry], then

)
ZIOg%

o () s 8
P | CheckSignificant {—Bi g | returns true [ Eg,, | > 11—

i=1 ’410g§ o

Therefore, we have shown P (T > Ni | Ex p4) < 521 for any k, p,q. By (5.1), with

_21

probability at least 1 — d, the number of samples queried is at most

log 55— 1 —2Bk —2kPB
Z 3 1HM[1nln]+ 3
) 4
5
I
€

3
4

g2 1 1 1
=0 (f(8/2) In (ln 5 +lnln—) [lnln]+g>

O

Theorem 5.14. Let 0* be the ground truth, and 0 be the output of Algorithm 7. Under Conditions 1

and 3, with probability at least 1 — 8, Algorithm 7 makes at most O ( (g)> queries.
2

Proof of Theorem 5.14. For each k in Algorithm 7 at Line 3, Let [, = R, — L;. Let N, =
1

nmln 410%, where 1 is a constant to be specified later. As with the previous proof, it

suffices to show P (Tk > Ny | Ek,p,q) < @ where event E , , is defined to be Ly = p, Ry = g,

Ti is the number of iterations at the loop at Line 6.

On event Ey ,, ,, we will show that the loop at Line 6 will terminate after n = Ny with

o 5
probability at least 1 — Jog L

Suppose for now 0* € [My,Ry]. Let Z; = A( C 0* — M. Clearly,

Zl" S 1. On

event Ey , 5, sequence {Z;} is i.i.d.. By Condition 3, E [Z- | Eipg) = e+ )= f(0) >cf(C+ %")

[ z(u) |Ek>P7Q} +

/—\
v

since § < 2(§+%). Var [Zi|Ex p 4] = Var[ |Ekpq]+Var[ m) |Ek7pq}
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()
E (4" | Eipg| = G+ %)+ £(0) < 2/(L+ %) where () follows by 4; € {0,1} and (b) fol-
lows by the monotonicity of f . Thus, on event Ey ,,, by Lemma 5.11, if we set n sulffi-

ciently large (independent of /i, €, §), then with probability at least

Var ({Z Pk AR 410g ) in Procedure 8 returns true.

Similarly, we can show that on event Ey , ., if 0% € [Li,M], by Lemma 5.11, with

N
probability at least 1 — 5 s CheckSigniﬁcant—Var({Al(v) —A(m)} ‘ 5 ; ) returns true.

4log 5 l =1 4log 5

_%
4logi

on event Ey , ,. Therefore, with probability at least 1 — 8, the number of samples queried is at

g28 1 Inl/e
motzk f((%)k/4)ln 5 —0< (e/z)ln (ln +Inln < )> [

Therefore, the loop at Line 6 will terminate after n = N, with probability at least 1 —

The query complexity given by Theorem 5.14 is independent of [ that decides the flipping
rate, and consequently smaller than the bound in Theorem 5.13. This improvement is due to the

use of abstention responses, which become much more informative under Condition 3.

5.4.3 Lower Bounds

In this subsection, we give lower bounds of query complexity in the one-dimensional case
and establish near optimality of Algorithm 7. We will give corresponding lower bounds for the

high-dimensional case in the next section.

First, we introduce some notations for this section. Given a labeler L and an active
learning algorithm A4, denote by P/’ LA the distribution of n samples { X, Y) } where Y; is drawn
from distribution Py (Y |X;) and X; is drawn by the active learning algorithm based solely on the
knowledge of {(X;,Y, j)};_:ll' We will drop the subscripts from P}’ ; and P (Y|X) when it is clear

from the context.
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We will use Fano’s method shown as below to prove the lower bounds.

Lemma 5.15. Let ® be a class of parameters, and {Py : © € ®} be a class of probability
distributions indexed by ©® over some sample space X . Letd : ® x ® — R be a semi-metric. Let
V={01,...,0} COsuchthatVi+# j, d(6;,0,;) >25>0. Let P= 5: Y gcqy Po. If dxr. (Po || P) <
S for any © € V, then for any algorithm 8 that given a sample X drawn from Py outputs é(X ) €O,

the following inequality holds:

0+1In2
InM

sup Py (d(G,@(X)) > s) >1—
6cO

Proof. For any algorithm 8, define a test function ¥ : X — {1,...,M} such that ¥(X) =
argminie{l,m’M}d(é(X),9,-). We have

sup (4(0.6(x)) = 5) > maxPpy ((8.6(x)) > 5) > Py (Px) 1)

Let V be a random variable uniformly taking values from 4/, and X be drawn from Py .

By Fano’s Inequality, for any test function ¥ : X — {1,... M}

I(V;X) +1n2
Py, (P(X )>1———
(T P (OO 2 217y
The desired result follows by the fact that I(V;X) = 3 Ygcqrdkr (Po || P). O

Our query complexity (Theorem 5.14) for the algorithm is also almost tight under Condi-

tions 1 and 3 with a polynomial abstention rate.
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Theorem 5.16. There is a universal constant &y € (0, 1) and a labeler L satisfying Conditions 1,
2, and 3 with f(x) = C'x* (C' > 0 and 0 < o < 2 are constants), such that for any active learning

algorithm 4, there is a 6 € [0, 1], such that for small enough €, A(g,dy, 4,L,06%) > Q (8_0‘).

Proof of Theorem 5.16. > Without lose of generality, let C = C' = 1 (C is defined in Condition 2).

o DB e\ - : -
Lete < ymin <§> , <3> »7 (- We will prove the desired result using Lemma 5.15.

First, we construct %’ and Py. For any k € {0,1,2,3}, let P, (Y | X) be the distribution of

the labeler L;’s response with the ground truth 6; = ke:

PLk(Y:L]x) = 1_x_%_k€a
P (¥ = 0f) ((x—%—k£>a(l—(x—%—ks)ﬁ)/Z x>%—|—ke
—0lx) =
’ (%—l—ke—x)a(l—f—(%-i—ke—x)[s)/z x§%+k£
(
P (Y 1|) (<x_%_k8)a(1—|—(x—%—ke)ﬁ)/2 x>%_|_kg
—1lx) =
’ (%+ke—x>a(1—<%+ke—x>ﬁ)/2 x<1+ke
(

Clearly, Py, complies with Conditions 1, 2 and 3.

Define P} to be the distribution of n samples {(X,-7 Y)) }n:l where Y; is drawn from distri-

i

bution Py, (Y|X;) and X; is drawn by the active learning algorithm based solely on the knowledge

of {(Xj,Yj)};_:]].

Define P, = 1Y ; P, and P" = } ¥, P/'. We take © to be [0, 1], and d(61,62) = |6; — 65|

2 Actually we can use Le Cam’s method to prove this one-dimensional case (which only needs to construct 2
distributions instead of 4 here), but this proof can be generalized to the multidimensional case more easily.
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in Lemma 5.15. To use Lemma 5.15, we need to bound dky. (P} || P") for k € {0,1,2,3}.

For any k € {0,1,2,3},

Pl (X)) P (V| X1) PR (X | X0, 1) - P (Yn | X0, Y0, Xn)
(Y1 [ X1) P (X2 | X1, 1) -+ P (Y, | X1, 10, X

n
g, (1n s (¥:lX:) (5.2)
Hl IPL (Y ’X)

P, (Y |Xi)

n

§n Iel’l[g)i] dKL (PLk(Y ‘ x) H PL(Y | x))

(a) follows by the fact that P! (X,~+1 | Xl,Yl,...X,-,Y) =p" (Xi+1 | X1,Y1,.. XZ,Y) since

Xi+1 1s drawn by the same algorithm based solely on the knowledge of { (X;,Y; )} re-

j=1
gardless of the labeler’s response distribution, and that P! (Y; | X1,Y1,...,X;) = Pr, (Yi|X;) and

P (Y; | X1,Y1,...,X;) = P (Y;|X;) by definition.

For any k € {1,2,3},x € [0, 1],

(5.3)

For any k € {0,1,2,3},x€ [0,1],ye {1,—1, L1}
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(PL(Y =y |x) =P (Y =y|x)’

= Zi (PLj(Y:y\x)—PLO(Y:yH))+(PL0(Y:)”X)—PL;<(Y:Y|X))

< 15_6;)(&@ ¥ 1X) = Pro(Y =3[ 2)) 5 (P (Y =] 2) = P (¥ =] %))
J>
<6 (B (¥ =y[x) P =3 |)’ (54

2
where the first inequality follows by (Zf:() ai> <5y} a? by letting a; = %(PL Y =
y|x)—P,Y =y|x)) for j=0,....3and ay = Pr,(Y =y |x) — P, (Y = y| x), and noting that

ap = 0 under this setting.

Thus,

dxr (P (Y [ %) || Po(Y | x))

<LawsT9 (PLk<Y:y|x>—PL<Y:y|x>)2

<24) )

LLp (v +PLo<y\ )

(PLj(Y:y|x)—PL0(Y:y|x)>2

<0(g%)

The first inequality follows from Lemma B.5. The second inequality follows by (5.3)
and (5.4). The last inequality follows by applying Lemma B.6 to Py (- | x) and P, (- | x) and the

assumption o < 2.
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Therefore, we have diy. (P} || P}) = nO(e*). By setting n =&~ %, we getdgy. (P} || B}) <

O (1), and thus by Lemma 5.15,

supPy (d(8,6(X)) > Q(e)) > 1-
0

5.4.4 Remarks

Our results confirm the intuition that learning with abstention is easier than learning
with noisy labels. This is true because a noisy label might mislead the learning algorithm, but
an abstention response never does. Our analysis shows, in particular, that if the labeler never
abstains, and outputs completely noisy labels with probability bounded by 1 — |x — 0*|" (i.e.,
P(Y #1[x> 0] |x) <3 (1—|x—0%|")), then the near optimal query complexity of O (8*2\() is
significantly larger than the near optimal O (8_7) query complexity associated with a labeler who
only abstains with probability P(Y =1| x) < 1 —|x—0*|" and never flips a label. More precisely,
while in both cases the labeler outputs the same amount of corrupted labels, the query complexity

of the abstention-only case is significantly smaller than the noise-only case.

Note that the query complexity of Algorithm 7 consists of two kinds of queries: queries
which return 0/1 labels and are used by function CheckSignificant, and queries which return
abstention and are used by function CheckSignificant-Var. Algorithm 7 will stop querying when
the responses of one of the two kinds of queries are statistically significant. Under Condition 2,
our proof actually shows that the optimal number of queries is dominated by the number of
queries used by CheckSignificant function. In other words, a simplified variant of Algorithm 7
which excludes use of abstention feedback is near optimal. Similarly, under Condition 3, the

optimal query complexity is dominated by the number of queries used by CheckSignificant-Var
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function. Hence the variant of Algorithm 7 which disregards 0/1 labels would be near optimal.

5.5 The Multidimensional Case

We follow [CNOS8] to generalize the results from one-dimensional thresholds to the d-

dimensional (d > 1) smooth boundary fragment class £(K,Y).

5.5.1 Lower bounds

Theorem 5.17. There are universal constants &y € (0,1), co > 0, and a labeler L satisfying

Conditions 1 and 2, such that for any active learning algorithm A, there is a g* € X(K,Y), such

d—1
that for small enough €, A(€,8p,4,L,g*) > Q (f((}os) 8—25-}().

Again, we will use Lemma 5.15 to prove the lower bounds for d-dimensional cases. We
first construct { Py : © € O} using a similar idea with [CNO08], and then use Lemma B.7 to select a

subset ® C O to apply Lemma 5.15.

Proof of Theorem 5.17. Again, without lose of generality, let C = 1. Recall that we have defined

€ 7%7...7 m

1/y d—1
% to be (x1,...,xg_1) for x = (x1,...,x4) € R?. Define m = <l> . L= {0 1 m—’l} ,

h(z) =11 exp <_ ]_{Lxg) 1 {\xi] < %}, 0/(%) = Km~th(m(¥—1) — 1) where | € L. Ttis easy to

check ¢;(%) is (K,7y)-Holder smooth and has bounded support [I1,] + %] X oo X lg—1,lg—1+ %],

which implies that for different /1,/, € L, the support of ¢;, and ¢;, do not intersect.

Let Q = {0, l}md_l. For any o € Q, define g, (%) = Y, 0;¢;(X). For each @ € Q, define

the conditional distribution of labeler Ly s response as follows:
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For xg <A, Pr,(y =1 [x) =1—f(A), and P, (y # L(xg > go(X))|x,y #L1) = %(1 -

s — g0(®|);
For xg > A, Pro(y =L [x) = 1 = f(xg), and Py (y # 1(xa > go() v,y #1) = 5(1—25).
Here, A = cmax ¢(¥) = e for some constants c,¢’.

It can be easily verified that P;, satisfies Conditions 1 and 2. Note that g,(X) can be seen

as the underlying decision boundary for labeler Py .

Define P} to be the distribution of n samples {(X;,Y;)}'_, where ¥; is drawn from distri-

i

bution P (Y|X;) and X; is drawn by the active learning algorithm based solely on the knowledge
i—1
of {(Xj7Yj)}lj:1-

By Lemma B.7, when ¢ is small enough so that m¢~! is large enough, there is a subset
{0)(1),...7(0(M)} C Q such that H(x)<i) —m(j)HO > md_1/12 forany 0 <i<j<Mand M >

2m* /48 Define P = Pg)(i)’pn = 3 L P

Next, we will apply Lemma 5.15 to {0)(1), e ,OJ(M)} with d(m(i),m(j)) = Hgm(i) — 8wl H

We will lower-bound d (@@, @/)) and upper-bound dky. (P!" || P).

Forany 1 <i<j<M,

||gm(i) — 8l ||

- ¥

le{1,...,m}d-1

o) — o | Km0 |

>mé /125 Km ™47 ||
=Km™||h|| /12

=0 (¢)
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By the convexity of KL-divergence, dxr. (Pl” I 13”) < Al/l Z]}’Izl dxu, (Pl" I P]”> , so it suffices

to upper-bound dgy. <Pl” I Pf) for any i, j.

Forany 1 <i,j <M,

diw (P! P})

<n max dgL (Pg L) P ,(Y|x))
x€ [071]d [0} l) 0)(/)

=n max P (Y #L|x)dgy (pg S Y AL | P (Y |5y #L))
xe[0,1)¢ ol oll ol

The inequality follows as (5.2) in the proof of Theorem 5.16. The equality follows since
Py(y =1L |x) is the same for all ® € Q.

If x; > A, then P} o (Y |x,Y#1)=P 0 (Y |x,Y #1),s0

it (P, (Y [xY £L) | PL (Y [xY £1)) =0.

If x4 <A, then P/ o (Y #1|x) = f(A). Therefore,

dyt (Pl.” I P;.l) <nf(A) max dgr (mem (¥ [xY AL) | PE (Y [x,¥ 7u))

x€[0,1]4

Apply Lemma B.5 to P} o (Y |x,Y #1) and P} o (Y | x,Y #.1), and noting they are

bounded above by a constant, we have max (g 11« dkL (P}, 0 Y |x,Y#L1)| P} 0 (Y | x,Y #1
))=0 <A2E‘>. Thus,

dyL (P,." [ P;) < nf(A)0 (AZB> = nf(c'e)0(e*P)
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d—1
By setting n = - 872[577, we get dgr. (Pl" I Pf) <0 (EY). The desired results

f(ce)
follows by Lemma 5.15. ]

Theorem 5.18. There is a universal constant &y € (0, 1) and a labeler L satisfying Conditions 1,
2, and Condition 3 with f(x) = C'x* (C' > 0 and 0 < o < 2 are constants), such that for any active

learning algorithm 4, there is a g* € £(K,Y), such that for small enough €, A(€,8,4,L,g*) >
Q (s_a_le).

The proof of Theorem 5.18 follows the same structure.

/v
Proof of Theorem 5.18. As in the proof of Theorem 5.17, let C = C' = 1, and define m = (é) .

c={o.L Y ) — e exp (— L ) 1wl < 4 or®) = K (G — 1) —
=90,--,..., 7 ) =1l exp e il <3¢ 01(X) =Km m(x—1)
1y where /€ L. Let @ ={0,1}""". For any o € Q, define g¢(¥) = 1 + ¥c ; ,0;(¥), which can

be seen as a decision boundary. A = max ¢(%) = ¢’e for some constants c’.

Let g4 (X) = g(1,1,..1)(X) = LicL 01(X), - (%) = g(0,0,....0)(X) = 0. In other words, g is

the “highest” boundary, and g_ is the “lowest” boundary.

For each w € Q, define the conditional distribution of labeler Lg,’s response as follows:

Pro(y=L|x) = 1—|xs— go(¥)|"

Pro(y # 10> g0y 1) = 5 (1= |~ go(D)])

N —

It can be easily verified that P satisfies Conditions 1, 2, and 3.

Let Py(-[x)=Pr, (%), P-(-|x) =Pry, (- |x). By the construction of g, for any

,,,,,

83



x€1[0,1]%, any ® € Q, P (- | x) equals either P, (- | x) or P_(- | x).

Define P to be the distribution of n samples { X;,Y;) } where Y; is drawn from distri-
bution Pz, (Y|X;) and X; is drawn by the active learning algorithm based solely on the knowledge

Of{(XﬁYJ')}i'_:l]

By Lemma B.7, when ¢ is small enough so that m?~! is large enough,, there is a subset

Q= {w(l), e o)(M)} C Q such that (i) (well-separated) Hcom — V) H >m4=1 /12 for any 0 <

i<j<M,M> om?~1 /48, ; and (i1) (well-balanced) for any j =1, . d_l, ﬁ < ]%4 ?11 0)§-i) < 23—4
Define P! = P” =3 Z — P'. Define P, = PL PL =3 Z . By the well-

balanced property, for any x € [0, 1]¢, P, (- | x) is between ﬁP+( |x)+ZP. ( | x) and 2P (- |

x)+ 21P_( | x). Therefore

_ 1

Pu(-1%) 2 57 (o] 2)+P-(- %) 55)

Moreover, since Py, (- | x) can only take P, (- | x) or P_(- | x) for any x,

|Pr(- [ x) = Po(- [ x)] <[P [x) = P-(- [ x)] (5.6)

Next, we will apply Lemma 5.15 to {0)(1), o ,OJ(M)} with d(u)(i),m(j)) = Hgm(i) — 8ul) H

We already know from the proof of Theorem 5.17 ng([) — 8ol H =Q(e).

Forany 0 <i <M , dgv (P || ) < nmax,go e dxr (Pr,(Y | x) || PL(Y | x)). For any
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x €10,1]4,

dxo (P, (Y [0 || PL(Y | %))
“Lam= y|>HAY=yuw4MY=yMD2
24
<Y
y

PGP0 )(P+(Y v x) —P(Y =y|x)’

<0(A%)

The first inequality follows from Lemma B.5. The second inequality follows by (5.5) and
(5.6). The last inequality follows by applying Lemma B.6 to P, (- | x) and P_(- | x), setting the €

in Lemma B.6 to be gy(%), and using g (X) < A and the assumption o < 2.

Therefore, we have

dgr (P! || Py) < nO (A%*) =nO(%)

d—1 d—1
By settingn=¢ % 7 , we get dxi. (Pr|Py) <O (£Y> . Thus by Lemma 5.15,

(0] (e
supPy (d(6,8(X)) > Q(e)) = 1 - —— =0(1)
) e 7 /48

, from which the desired result follows.
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Algorithm 9 The active learning algorithm for the smooth boundary fragment class
1: Input: 3, €,y
d—1
. -1 0 1 M—-1
2: Me@(e /V). L+ {M,M,...,T}

3: For each [ € L, apply Algorithm 7 with parameter (g, §/M“~!) to learn a threshold g; that
approximates g*(1)

d-1
4: Partition the instance space into cells {/,} indexed by ¢ € {(), 1..., %’ — 1} , where

[ |y (g1 +1)y qi—1Y (qa—1+ 1)y
T | M T M

5: For each cell /;, perform a polynomial interpolation: g4(¥) = ¥z nr 81Qq, (%), where

4] ! X — (vqi +j)/M
(0) 71(56) = I I I I :
! i=1 j=0,j#Ml;—Yq; li—(vai+j)/M

6: Output: g(X) =Y }d—l g,(®)1[x € q]

M
qe{O,l,...,7—1

5.5.2 Algorithm and Analysis

Recall the decision boundary of the smooth boundary fragment class can be seen as the
epigraph of a smooth function [0,1]~! — [0, 1]. For d > 1, we can reduce the problem to the
one-dimensional problem by discretizing the first d — 1 dimensions of the instance space and
then perform a polynomial interpolation. The algorithm is shown as Algorithm 9. For the sake of

simplicity, we assume 7, M /y in Algorithm 9 are integers.

We have similar consistency guarantee and upper bounds as in the one-dimensional case.

Theorem 5.19. Let g* be the ground truth. If the labeler L satisfies Condition 1 and Algorithm 9

. .. S
stops to output g, then ||g* — g|| < € with probability at least 1 — 3.

Theorem 5.20. Let g* be the ground truth, and g be the output of Algorithm 9. Under Conditions 1

~ d—1
and 2, with probability at least 1 — 8, Algorithm 9 makes at most O (f(%/z)e_zﬁ_Y) queries.

Theorem 5.21. Let g* be the ground truth, and g be the output of Algorithm 9. Under Conditions 1
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d—1

and 3, with probability at least 1 — 8, Algorithm 9 makes at most O (Ls Y

f(8/2) > queries.

To prove the d-dimensional case, we only need to use a union bound to show that with high
probability all calls of Algorithm 7 succeed, and consequently the output boundary g produced
by polynomial interpolation is close to the true underlying boundary due to the smoothness

assumption of g*.

d—1
Proof of Theorem 5.19. For g € {O, I,..., %’1 —1 } , define the “polynomial interpolation” ver-

sion of g* as

g =) 8§10

lel,NL

Recall that we choose M = O (8_1/ Y) )

By Theorem 5.12, each run of Algorithm 7 at the line 3 of Algorithm 9 will return a g;

such that ‘gl —g,(l )) < € with probability at least 1 —&/2M9 !,

lg—&"||

= ) [(gg—&") 1{x € I}

q€{0,...M /y—1}d-1

<
q€{0,...M /y—1}d-1

(s rieerd| |- o]
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|(si-¢)1tzeny] = [
_ 0< /M—vdf)

= 0 (M—’Y—d+l>

&) — g (%) dx

The second equality follows from Lemma 3 of [CNO8] that |g,(%) — g*(%)| = O (M™Y)

since g* is y-Holder smooth.

(203 tire )]
= ¥ |e—g0|llew

lel,NL
< ) eflog
lel,NL
=0(eM 1)

d—1
Therefore, overall we have ||g — g*|| < O <M’Y’d+l + eM’d“) (%’) =0(g). O

Proof of Theorem 5.20. By Theorem 5.13, each run of Algorithm 7 at the line 3 of Algorithm 9

will make O <%8_25) queries with probability at least 1 —&/M“~!, thus by a union bound,
~ d-1

the total number of queries made is O ( f(g/z) g 2P ) with probability at least 1 — 9. [

Proof of Theorem 5.21. The proof is similar to the previous proof. U
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Chapter 6

Active Learning with Logged
Observational Data I: An Importance

Sampling Solution

6.1 Introduction

In this chapter, we consider active learning with an auxiliary observational dataset. Coun-
terfactual learning from observational data is an emerging problem that arises naturally in many
applications. In this problem, the learner is given observational data — a set of examples selected
according to some policy along with their labels — as well as access to the policy that selects the
examples, and the goal is to construct a classifier with high performance on an entire population,

not just the observational data distribution.

An example is predicting the efficacy of a treatment as a function of patient characteristics

based on observed data. Doctors may assign the treatment to patients based on some predeter-
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mined rule; recording these patient outcomes produces a logged dataset where outcomes are
observed conditioned on the doctors’ assignment. A second example is recidivism prediction,
where the goal is to predict whether a convict will re-offend. Judges use their own predefined
policy to grant parole, and if parole is granted, then an outcome (reoffense or not) is observed.
Thus the observed data records outcomes conditioned on the judges’ parole policy, while the

learner’s goal is to learn a predictor over the entire population.

A major challenge in learning from logged data is that the logging policy may leave
large areas of the data distribution under-explored. Consequently, empirical risk minimization
(ERM) on the logged data leads to classifiers that may be highly suboptimal on the population.
When the logging policy is known, a second option is to use a weighted ERM, that reweighs
each observed labeled data point to ensure that it reflects the underlying population. However,
this may lead to sample inefficiency if the logging policy does not adequately explore essential
regions of the population. A final approach, typically used in clinical trials, is controlled random
experimentation — essentially, ignore the logged data, and record outcomes for fresh examples
drawn from the population. This approach is expensive due to the high cost of trials, and wasteful

since it ignores the observed data.

Motivated by these challenges, we propose active learning to combine logged data with
a small amount of strategically chosen labeled data that can be used to correct the bias in the
logging policy. This solution has the potential to achieve the best of both worlds by limiting
experimentation to achieve higher sample efficiency, and by making the most of the logged data.
Specifically, we assume that in addition to the logged observational data, the learner has some
additional unlabeled data that he can selectively ask an annotator to label. The learner’s goal is to
learn a highly accurate classifier over the entire population by using a combination of the logged

data and with as few label queries to the annotator as possible.

How can we utilize logged data for better active learning? Prior work in this problem has
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looked at both probabilistic inference [SSS*19, AZvdS19], and here we consider the standard
classification setting. A naive approach is to use the logged data to come up with a warm start and
then do standard active learning. In this work, we show that we can do even better. In addition
to the warm start, we show how to use multiple importance sampling estimators to utilize the
logged data more efficiently. Additionally, we introduce a novel sample selection bias correction
technique that selectively avoids label queries for those examples that are highly represented in

the logged data.

Combining these three approaches, we provide a new algorithm. We prove that our
algorithm is statistically consistent, and has a lower label requirement than simple active learning
that uses the logged data as a warm start. Finally, we evaluate our algorithm experimentally on
various datasets and logging policies. Our experiments show that the performance of our method
is either the best or close to the best for a variety of datasets and logging policies. This confirms
that active learning to combine logged data with carefully chosen labeled data may indeed yield

performance gains.

6.2 Setup

We are given a instance space X, a label space 9 = {—1,+1}, and a hypothesis class
H C 9*. Let D be an underlying data distribution over X x 9. For simplicity, we assume # is

a finite set, but our results can be generalized to VC-classes by standard arguments [VC71].

In the passive setting for learning with observational data, the learner has access to a
logged observational dataset generated from the following process. First, m examples {(X;,Y;) }/" |
are drawn i.i.d. from D. Then a logging policy Qp : X — [0, 1] that describes the probability of

observing the label is applied. In particular, for each example (X;,Y;) (1 <t < m), an independent
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Bernoulli random variable Z; with expectation Qo (X;) is drawn, and then the label ¥; is revealed
to the learner if Z, = 11, We call Ty = {(X:,Y:,Z;)}7 | the logged dataset. We assume the
learner knows the logging policy Q, and only observes instances {X;}/" |, indicators {Z}" ,,

=1

and revealed labels {Y; | Z, = 1}/",.

In the active learning setting, in addition to the logged dataset, the learner has access to a

m-+n

stream of online data. In particular, there is a stream of additional n examples {(X;,¥;) }/Z "

drawn i.1.d. from distribution D. At time t (m < t < m+ n), the learner applies a query policy to
compute an indicator Z; € {0, 1}, and then the label ¥; is revealed if Z, = 1. The computation
of Z; may in general be randomized, and is based on the observed logged data 7, previously

observed instances {X;};_, . decisions{Z;}'~! 1> and observed labels {Y; | Z; = 1y e

We focus on the active learning setting, and the goal of the learner is to learn a classifier
h € H from observed logged data and online data. Fixing D, Qo, m, n, the performance is
measured by: (1) the error rate /(h) := Pp(h(X) # Y) of the output classifier, and (2) the number
of label queries on the online data. Note that the error rate is over the entire population D instead
of conditioned on the logging policy, and that we assume the labels of the logged data T come at
no cost. In this work, we are interested in the situation where n, the size of the online stream, is

smaller than m.

Notation Unless otherwise specified, all probabilities and expectations are over the
draw of all random variables {(X;,Y;,Z;) ;":Jr]” Define go = inf, Qp(x). Define the optimal
classifier h* = argminy, 4 1(h), v = [(h*). For any r > 0,h € H, define the r—ball around h
as B(h,r) = {W € H :P(h(X) # I’ (X)) <r}. For any C C #, define the disagreement region

DIS(C)={xeX:3h #h € C,h(X)#h(X)}.

IThis generating process implies the standard unconfoundedness assumption in the counterfactual inference
literature: P(Y;,Z | X;) =P(Y; | X;)P(Z | X;). In other words, the label ¥; is conditionally independent with the
action Z; (indicating whether the label is observed) given the instance X;.
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6.3 Key Ideas

Our algorithm employs the disagreement-based active learning framework (Algorithm 1),

but modifies the main DBAL algorithm in three key ways.

Key Idea 1: Warm-Start

Our algorithm applies a straightforward way of making use of the logged data 7 inside
the DBAL framework: to set the initial candidate set Cy to be the set of classifiers that have a low

empirical error on Tp.

Key Idea 2: Multiple Importance Sampling

Most learning algorithms, including DBAL, require estimating the error rate of a classifier.
A good error estimator should be unbiased and of low variance. When instances are observed
with different probabilities, a commonly used error estimator is the standard importance sampling
estimator that reweighs each observed labeled example according to the inverse probability of

observing it.

Consider a simplified setting where the logged dataset Ty = (X;,Y;,Z;)"" ; and P(Z; =1 |
X;) = Qo(X;). On the online dataset T} = (X;, Y,~,Z,~)§":J;: ', 1, the algorithm uses a fixed query policy
Q; to determine whether to query for labels, thatis, P(Z; =1 | X;) = Q1(X;) form < i <m+n.

Let S=ToUT;.

In this setting, the standard importance sampling (IS) error estimator for a classifier 4 is:

1 & aX) #Yyze 1 (X)) # Vi) Z
lis(h,S) ._m+ni; 00(X) +m+n,~:;+1 0% (6.1)
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lis is unbiased, and its variance is proportional to sup;_g j. e x Q#(x) Although the learning

algorithm can choose its query policy Q; to avoid Q;(X;) to be too small for i > m, Qp is the

logging policy that cannot be changed. When Qg (X;) is small for some i < m, the estimator in

(6.1) have a high variance such that it may be even better to just ignore the logged dataset 7.

An alternative is the multiple importance sampling (MIS) estimator with balanced heuris-

tic [VG95]:

O 1{h(X) #£ Y32
s (h,S) := l; mQo(X;) +nQ1(X;)"

(6.2)

It can be proved that Iys(#,S) is indeed an unbiased estimator for /(k). Moreover, as
proved in [OZ00, ABSJ17], (6.2) always has a lower variance than both (6.1) and the standard

importance sampling estimator that ignores the logged data.

Thus, in our work, we use multiple importance sampling estimators instead of standard

importance sampling estimators to which obtain a better performance guarantee.

We remark that the main purpose of using multiple importance sampling estimators here
is to control the variance due to the predetermined logging policy. In the classical active learning
setting without logged data, standard importance sampling can give satisfactory performance

guarantees [BDL09, BHLZ10, HAH"15].

Key Idea 3: A Sample Selection Bias Correction Query Strategy

The logging policy Qo introduces bias into the logged data: some examples may be
underrepresented since Qp chooses to reveal their labels with lower probability. Our algorithm
employs a sample selection bias correction query strategy to neutralize this effect. For any
instance x in the online data, the algorithm would query for its label with a lower probability if

Qo(x) is relatively large.
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It is clear that a lower query probability leads to fewer label queries. Moreover, we
claim that our sample selection bias correction strategy, though queries for less labels, does not
deteriorate our theoretical guarantee on the error rate of the final output classifier. To see this, we
note that we can establish a concentration bound for multiple importance sampling estimators

that with probability at least 1 — 3, for all h € A,
1) — 1) <2(1(h.S) — 1(,8)) + 1 sup ) 7 h (x)} log 51
B 7 ’ vex  mQo(x)+nQi(x)

Hh(x) A ()} log 5
o w o s W L ) (6.3)

+Y1

where m,n are sizes of logged data and online data respectively, Qo and Q are query policy
during the logging phase and the online phase respectively, and ¥ is an absolute constant (see

Corollary C.12 in Appendix for proof).

This concentration bound implies that for any x € X, if Qg (x) is large, we can set Q; (x)
to be relatively small (as long as mQq(x) +nQ;(x) > infy mQo(x') + nQ; (x")) while achieving
the same concentration bound. Consequently, the upper bound on the final error rate that we
can establish from this concentration bound would not be impacted by the sample selection bias

correction querying strategy.

One technical difficulty of applying both multiple importance sampling and the sample
selection bias correction strategy to the DBAL framework is adaptivity. Applying both methods
requires that the query policy and consequently the importance weights in the error estimator
are updated with observed examples in each iteration. In this case, the summands of the error
estimator are not independent, and the estimator becomes an adaptive multiple importance

sampling estimator whose convergence property is still an open problem [CMMR12].

To circumvent this convergence issue and establish rigorous theoretical guarantees, in
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Algorithm 10 Active learning with logged data
1: Input: confidence J, size of online data n, logging policy Qo, logged data Tj.
K + [logn].
S() <— TO(O); C() — .7‘[; Do <— x; &0 <— infxex Qo(x).
fork=0,...,K—1do
log 131 5 5
6/( A ma G(k7 8) A mk&kjnk; Ak(h7h/) A YOG(ka 7]() +YO \/G(k7 Tk)pfk (hvh/>
> Yo is an absolute constant defined in Lemma C.13.
hy < argminyec, [(h, S).
Define the candidate set

Rl N

Cry1 {h € Cy | l(h,Sk) < l(ilk,gk) +Ak(h,ilk)}

and its disagreement region Dy | <— DIS(Cy41)-
9: Define &k-l—l — iI’lfxeDk+l Q()(x), and Qk+1(x) — H{Qo(x) < E_.k—o—l + 1/0(}

m4ny+--+ngy

10: Draw ny.1 samples {(X,,E)}ZZ‘};;:T,’!‘;I, and present {X; },_ i1 tO the algo-
rithm.

11: fort=m+nm+---+m+1tom+ny+---+ng do

12: Zy +— Qk+1(Xt)-

13: if Z, = 1 then

14: If X, € Dy.1, query for label: ¥; < ¥;; otherwise infer ¥, « . (X,).

15: end if

16: end for

170 T (X Bz T

18: §k+1 — To(k—H) U Tk+1.

19: end for

20: Output i = argminyec, [ (1, Sk).

each iteration, we compute the error estimator from a fresh sample set. In particular, we partition
the logged data and the online data stream into disjoint subsets, and we use one logged subset and

one online subset for each iteration.

6.4 Algorithm

The Algorithm is shown as Algorithm 10. Algorithm 10 runs in K iterations where

K = [logn] (recall n is the size of the online data stream). For simplicity, we assume n = 2K — 1.
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As noted in the previous subsection, we require the algorithm to use a disjoint sample set
for each iteration. Thus, we partition the data as follows. The online data stream is partitioned
into K parts 71, --- , T of sizes n; = 20 ... ng =2K-1 We define ny = 0 for completeness. The

logged data T is partitioned into K + 1 parts TO(O), e ,TO(K)

of sizes my =m/3,m; = any,my =
ony, -+ ,mg = ong (where o = 2m/3n and we assume o > 1 is an integer for simplicity. mg can
take other values as long as it is a constant factor of m). The algorithm uses TO(O) to construct an

initial candidate set, and uses Sy := To(k) U T, in iteration k.

Algorithm 10 uses the disagreement-based active learning framework. At iteration k
(k=0,---,K—1), it first constructs a candidate set Cy; which is the set of classifiers whose
training error (using the multiple importance sampling estimator) on To(k) U T} is small, and its

disagreement region Dy 1. At the end of the k-th iteration, it receives the (k+ 1)-th part of the

m—+ny-+ngg

online data stream {X;},_, ., "

from which it can query for labels. It only queries for
labels inside the disagreement region Dy ;. For any example X outside the disagreement region,
Algorithm 10 infers its label ¥ = /;(X). Throughout this chapter, we denote by Ty, Sy the set
of examples with original labels, and by Ty, S the set of examples with inferred labels. The

algorithm only observes T; and S.

Algorithm 10 uses aforementioned sample selection bias correction query strategy, which
leads to fewer label queries than the standard disagreement-based algorithms. To simplify our

analysis, we round the query probability Oy (x) to be 0 or 1.

6.5 Analysis

In this section, we establish theoretical guarantees for the proposed algorithm. All proofs

are deferred to Appendix.
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6.5.1 Consistency

We first introduce some additional quantities.

Define A* := miny, 4 I(h) to be the best classifier in #, and v := [(h*) to be its error rate.

Let v, to be an absolute constant to be specified in Lemma C.14 in Appendix.

We introduce some definitions that will be used to upper-bound the size of the dis-

agreement sets in our algorithm. Let DISy := X. Recall K = [logn|. For k =1,...,K, let
log(2|#]/8
i Supycprs, | B2 iyl /Gl (RF), DISy = DIS(B(i*,2v + &), Let

o 1
C T SqueD181 aQo(x)+1"
The following theorem gives statistical consistency of our algorithm.

Theorem 6.1. There is an absolute constant cq such that for any 8 > 0, with probability at least

1-39,

o log% log%
I(h) <I(K*)4+co sup ———2—+coy| sup ———>—I(h*).
(h) <I(") xepisy MQo(x) +n xepisgy MQo(x) +n ()

6.5.2 Label Complexity

We first introduce the adjusted disagreement coefficient, which characterizes the rate of
decrease of the query region as the candidate set shrinks.
Definition 6.2. For any measurable set A C X, define S(A, o) to be

U (A’ﬂ {x Qo) < inf Qo(x) + é}) .

A'CA
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For any rp > 2v, o, > 1, define the adjusted disagreement coefficient 8(rp, &) to be

sup ~P(S(DIS(B(h*, ), o).

r>rg I

The adjusted disagreement coefficient is a generalization of the standard disagreement
coefficient [Han07] which has been widely used for analyzing active learning algorithms. The
standard disagreement coefficient 8(r) can be written as 8(r) = 8(r, 1), and clearly 8(r) > 8(r, a1)

forall o > 1.

The following lemma is immediate from definition.

Lemma 6.3. For any r > 2V, any o. > 1, P(S(DIS(B(h*,r)),)) < r8(r,a0).

We can upper-bound the number of labels queried by our algorithm using the adjusted
disagreement coefficient. (Recall that we only count labels queried during the online phase, and

that « =2m/3n > 1)

Theorem 6.4. There is an absolute constant ¢y such that for any & > 0, with probability at least

1 — 9, the number of labels queried by Algorithm 10 is at most:

0 H|1 H11
C19(2V+8K’a)(”v+cl0g”10gH%+10gn\/nVC10g—‘ \Sogn).

6.5.3 Remarks

As a sanity check, note that when Qp(x) = 1 (i.e., all labels in the logged data are shown),

our results reduce to the classical bounds for disagreement-based active learning with a warm-start.
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Next, we compare the theoretical guarantees of our algorithm with some alternatives.
We fix the target error rate to be v + €, assume we are given m logged data, and compare upper

bounds on the number of labels required in the online phase to achieve the target error rate. Recall

&y = infeex Qo(x). Define E := inf,cpis, Qo(x), 6 := 6(2v, 1), 6 := B(2v).

From Theorem 6.1 and 6.4 and some algebra, the number of labels required by our

algorithm is O (vé- (Yt log 5 17 mg_,K)>

m+n

1 and finds an

The first alternative is passive learning that requests all labels for {X; }""
empirical risk minimizer using both logged data and online data. If standard importance sampling
is used, the upper bound is O (é(”e log 55~ 17 m§0)>. If multiple importance sampling is used,
the upper bound is O (V+£ log 55~ 174 m§K> Both bounds are worse than ours since v < 1 and

& <&k <1.

A second alternative is standard disagreement-based active learning with naive warm-
start where the logged data is only used to construct an initial candidate set. For standard
importance sampling, the upper bound is O (‘é (‘”’8 log 55 e m§0)>. For multiple importance
sampling (i.e., out algorithm without the sample selection bias correction step), the upper bound is

0 (VG- (VS—JES log @ — mEK)> Both bounds are worse than ours since v0 < v@ and &y < &x < 1.

A third alternative is to merely use past policy to label data — that is, query on x with
probability Qg (x) in the online phase. The upper bound here is O ( ]E[Qg%)]("*e log 5+ 17 m§0)> :

This is worse than ours since & < E[Qo(X)] and &) < Ex < 1.
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6.6 Experiments

We now empirically validate our theoretical results by comparing our algorithm with a
few alternatives on several datasets and logging policies. In particular, we confirm that the test
error of our classifier drops faster than several alternatives as the expected number of label queries
increases. Furthermore, we investigate the effectiveness of two key components of our algorithm:

multiple importance sampling and the sample selection bias correction query strategy.

6.6.1 Methodology

Algorithms

To the best of our knowledge, no algorithms with theoretical guarantees have been
proposed in the literature. We consider the overall performance of our algorithm against two
natural baselines: standard passive learning (PASSIVE) and the disagreement-based active learning
algorithm with warm start (DBALW). To understand the contribution of multiple importance
sampling and the sample selection bias correction query strategy, we also compare the results with
the disagreement-based active learning with warm start that uses multiple importance sampling
(DBALwM). We do not compare with the standard disagreement-based active learning that
ignores the logged data since the contribution of warm start is clear: it always results in a smaller

initial candidate set, and thus leads to less label queries.

Precisely, the algorithms we implement are:

e PASSIVE: A passive learning algorithm that queries labels for all examples in the online
sequence and uses the standard importance sampling estimator to combine logged data and

online data.
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e DBALW: A disagreement-based active learning algorithm that uses the standard importance
sampling estimator, and constructs the initial candidate set with logged data. This algorithm

only uses only our first key idea — warm start.

e DBALWM: A disagreement-based active learning algorithm that uses the multiple impor-
tance sampling estimator, and constructs the initial candidate set with logged data. This
algorithm uses our first and second key ideas, but not the sample selection bias correction

query strategy. In other words, this method sets Oy = 1 in Algorithm 10.

e REWEIGHTEDDBAL: The method proposed in this chapter: improved disagreement-based
active learning algorithm with warm start that uses the multiple importance sampling

estimator and the sample selection bias correction query strategy.

Data

Due to lack of public datasets for learning with logged data, we convert datasets for
standard binary classification into our setting. Specifically, we first randomly select 80% of the
whole dataset as training data and the remaining 20% is test data. We randomly select 50% of
the training set as logged data, and the remaining 50% is online data. We then run an artificial
logging policy (to be specified later) on the logged data to determine whether each label should

be revealed to the learning algorithm or not.

Experiments are conducted on synthetic data and 11 datasets from UCI datasets [Lic13]
and LIBSVM datasets [CL11]. The synthetic data is generated as follows: we generate 6000
30-dimensional points uniformly from hypercube [—1,1]3°, and labels are assigned by a random
linear classifier and then flipped with probability 0.1 independently. Table 6.1 summarizes the

information of datasets used in this work.
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Table 6.1: Dataset information.

Dataset # of examples # of features
synthetic 6000 30
letter (U vs P) 1616 16
skin 245057 3
magic 19020 10
covtype 581012 54
mushrooms 8124 112
phishing 11055 68
splice 3175 60
svmguidel 4000 4
adSa 6414 123
cod-rna 59535 8
german 1000 24

We use the following four logging policies:

IDENTICAL: Each label is revealed with probability 0.005.

UNIFORM: We first assign each instance in the instance space to three groups with (ap-
proximately) equal probability. Then the labels in each group are revealed with probability

0.005, 0.05, and 0.5 respectively.

UNCERTAINTY: We first train a coarse linear classifier using 10% of the data. Then, for
an instance at distance r to the decision boundary, we reveal its label with probability
exp(—cr?) where c is some constant. This policy is intended to simulate uncertainty

sampling used in active learning.

CERTAINTY: We first train a coarse linear classifier using 10% of the data. Then, for an
instance at distance r to the decision boundary, we reveal its label with probability cr?
where ¢ is some constant. This policy is intended to simulate a scenario where an action
(i.e. querying for labels in our setting) is taken only if the current model is certain about its

consequence.
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6.6.2 Implementation

All algorithms considered in our experiments require empirical risk minimization. Instead
of optimizing the 0-1 loss which is known to be computationally hard, we approximate it by
optimizing a squared loss. We use the online gradient descent method in [KL11] for optimizing

importance weighted loss functions.

For ReweightedDBAL, recall that in Algorithm 10, we need to find the empirical
risk minimizer i < argminyec, [ (h,S}), update the candidate set Cy | < {h € Cy | I(h,S;) <

I(hi,Si) + Ac(h, )}, and check whether x € DIS(Cjy1).

In our experiment, we approximately implement this following Vowpal Wabbit [vw].

More specifically,

1. Instead of optimizing 0-1 loss which is known to be computationally hard, we use a

surrogate loss 1(y,y’) = (y —y')2.

2. We do not explicitly maintain the candidate set Cy .

3. To solve the optimization problem minyec, [(h,Sy) = Y(x.7.2)ess mkgé?)(f))(ﬁ:Q}iX) , we ig
nore the constraint 4 € Ci, and use online gradient descent with stepsize % where

M is a parameter. The start point for gradient descent is set as /i_; the ERM in the last
iteration, and the step index ¢ is shared across all iterations (i.e. we do not reset ¢ to 1 in

each iteration).

4. To approximately check whether x € DIS(Cy. 1), when the hypothesis space # is linear

classifiers, let w; be the normal vector for current ERM fzk, and a be current stepsize.

. o 2w] C-l(hy,S Cl &
We claim x € DIS(Cy. 1) if % < mk(&.k:‘nkk) + ;ig:f;l:") (recall |Si| = my +ny and
E = inf,eprs(c,) Qo(x)) where C is a parameter that captures the model capacity. See

[KL11] for the rationale of this approximate disagreement test.
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5 &= infycprs(c,) Qo (x) can be approximately estimated with a set of unlabeled samples.

This estimate is always an upper bound of the true value of &.

DBALw and DBALwm can be implemented similarly.

Metrics and Parameter Tuning

The experiments are conducted as follows. For a fixed policy, for each dataset d, we repeat
the following process 10 times. At time k, we first randomly generate a simulated logged dataset,
an online dataset, and a test dataset as stated above. Then fori = 1,2,-- -, we set the horizon of
the online data stream a; = 10 x 2/ (in other words, we only allow the algorithm to use first
examples in the online dataset), and run algorithm A with parameter set p (to be specified later)
using the logged dataset and first ¢; examples in the online dataset. We record n(d,k,i,A, p) to be

the number of label queries, and e(d, k,i,A, p) to be the test error of the learned linear classifier.

Let(d,i,A,p) = 15 Ly on(d,k,i,A,p), é(d,i,A,p) = 16 LY e(d k,i,A, p). To evaluate the
overall performance of algorithm A with parameter set p, we use the following area under the

curve metric (see also [HAH'15]):

e(d,i,A,p)+e(d,i+1,A,p)

AUC(d,A, p) Z 5

i

A small value of AUC means that the test error decays fast as the number of label queries

increases.

The parameter set p consists of two parameters:

e Model capacity C. In our theoretical analysis there is a term C := O(log %) in the bounds,
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which is known to be loose in practice [Hsul0]. Therefore, in experiments, we treat C as a

parameter to tune. We try C in {0.01 x 2K k=0,2,4,..., 18}

e Learning rate M. We use online gradient descent with stepsize % . We try 1 in

{0.0001 x 2¥ | k=0,2,4,...,18}.

For each policy, we report AUC(d,A) = min, AUC(d,A, p), the AUC under the parameter

set that minimizes AUC for dataset d and algorithm A.

6.6.3 Results and Discussion

We report the AUCs for each algorithm under each policy and each dataset in Tables 6.2

to 6.5, and test error curves in Figures 6.1 to 6.4.

Overall Performance The results confirm that the test error of the classifier output by
our algorithm (REWEIGHTEDDBAL) drops faster than the baselines PASSIVE and DBALW: as
demonstrated in Tables 6.2 to 6.5, REWEIGHTEDDBAL achieves lower AUC than both PASSIVE
and DBALW for a majority of datasets under all policies. We also see that REWEIGHTEDDBAL
performs better than or close to DBALWM for all policies other than Identical. This confirms
that among our two key novel ideas, using multiple importance sampling consistently results
in a performance gain. Using the sample selection bias correction query strategy over multiple

importance sampling also leads to performance gains, but these are less consistent.

The Effectiveness of Multiple Importance Sampling As noted previously, multiple
importance sampling estimators have lower variance than standard importance sampling es-

timators, and thus can lead to a lower label complexity. This is verified in our experiments
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Table 6.2: AUC under Identical policy

Dataset Passive DBALw DBALwm ReweightedDBAL
synthetic 121.77 123.61 111.16 106.66
letter 4.40 3.65 3.82 3.48
skin 2753  27.29 21.48 21.44
magic 109.46 101.77  89.95 83.82
covtype 228.04 209.56  208.82 220.27
mushrooms 19.22  25.29 18.54 23.67
phishing 78.49  73.40 70.54 71.68
splice 65.97 67.54 65.73 65.66
svmguidel 59.36  55.78 46.79 48.04
aSa 5334  50.8 51.10 51.21
cod-rna 175.88 17642  167.42 164.96
german 65.76  68.68 59.31 61.54

that DBALwWM (DBAL with multiple importance sampling estimators) has a lower AUC than
DBALW (DBAL with standard importance sampling estimator) on a majority of datasets under

all policies.

The Effectiveness of the Sample Selection Bias Correction Query Strategy Under
Identical policy, all labels in the logged data are revealed with equal probability. In this case, our
algorithm REWEIGHTEDDBAL queries all examples in the disagreement region as DBALWM
does. As shown in Table 6.2, REWEIGHTEDDBAL and DBALWM achieves the best AUC on

similar number of datasets, and both methods outperform DBALW over most datasets.

Under Uniform, Uncertainty, and Certainty policies, labels in the logged data are revealed
with different probabilities. In this case, REWEIGHTEDDBAL’s sample selection bias correction
query strategy takes effect: it queries less frequently the instances that are well-represented in
the logged data, and we show that this could lead to a lower label complexity theoretically. In
our experiments, as shown in Tables 6.3 to 6.5, REWEIGHTEDDBAL does indeed outperform

DBALWM on these policies empirically.
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Table 6.3: AUC under Uniform policy

Dataset Passive DBALw DBALwm ReweightedDBAL
synthetic 113.49 10624  92.67 88.38
letter 1.68 1.29 1.45 1.59
skin 2376 2142 20.67 19.58
magic 53.63 5143 51.78 50.19
covtype 262.34 287.40  274.81 263.82
mushrooms 7.31 6.81 6.51 6.90
phishing 42.53  39.56 39.19 37.02
splice 88.61 89.61 90.98 87.75
svmguidel  110.06 105.63  98.41 96.46
a5a 46.96  48.79 49.50 47.60
cod-rna 63.39  63.30 66.32 58.48
german 63.60  55.87 56.22 55.79

synthetic letter skin

77777777777

it
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\\\\\
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Figure 6.2: Test error vs. number of labels under the Uniform policy
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Table 6.4: AUC under Uncertainty policy

Dataset Passive DBALw DBALwm ReweightedDBAL
synthetic 117.86 113.34  100.82 99.1
letter 0.65 0.70 0.71 1.07
skin 20.19 2191 18.89 19.10
magic 10648 101.90 99.44 90.05
covtype 27248 27453  271.37 251.56
mushrooms 4.93 4.64 3.77 2.87
phishing 5296  48.62 46.55 46.59
splice 62.94  63.49 60.00 58.56
svmguidel  117.59 111.58  98.88 100.44
a5a 7097  72.15 65.37 69.54
cod-rna 60.12  61.66 64.48 53.38
german 62.64  58.87 56.91 56.67
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Figure 6.3: Test error vs. number of labels under the Uncertainty policy
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Table 6.5: AUC under Certainty policy

Dataset Passive DBALw DBALwm ReweightedDBAL
synthetic 11486 111.02  92.39 88.82
letter 2.02 1.43 2.46 1.87
skin 22.80  17.92 18.17 18.11
magic 231.64 22559  205.95 202.29
covtype 235.68 240.86  228.94 216.57
mushrooms 16.53 14.62 17.97 11.65
phishing 34770  37.83 35.28 33.73
splice 125.32 12946  122.74 122.26
svmguidel  94.77  91.99 92.57 84.86
aSa 119.51  132.27  138.48 125.53
cod-rna 98.39  98.87 90.76 90.2
german 63.47  58.05 61.16 59.12
e
synthetic letter skin
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Figure 6.4: Test error vs. number of labels under the Certainty policy
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Chapter 7

Active Learning with Logged
Observational Data II: A Solution with

Reduced Variance

7.1 Introduction

In this chapter, we continue studying learning with logged observational data. In the
previous section, we propose a modified version of disagreement-based active learning [CAL94,
DHMO07, BBL09, Han14], along with an importance weighted empirical risk to account for the
population. However, a problem with this approach is that the importance weighted risk estimator
can have extremely high variance when the importance weights — that reflect the inverse of how
frequently an instance in the population is selected by the policy — are high; this may happen if,
for example, certain patients are rarely given the treatment. This high variance in turn results in

high label requirement for the learner.
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The problem of high variance in the loss estimator is addressed in the passive case by
minimizing a form of counterfactual risk [SJ15a] — an importance weighted loss that combines a
variance regularizer and importance weight clipping or truncation to achieve low generalization
error. A plausible solution is to use this risk for active learning as well. However, this cannot be
readily achieved for two reasons. The first is that the variance regularizer itself is a function of
the entire dataset, and is therefore challenging to use in interactive learning where data arrives
sequentially. The second reason is that the minimizer of the (expected) counterfactual risk depends

on n, the data size, which again is inconvenient for learning in an interactive manner.

In this work, we address both challenges. To address the first, we use, instead of a
variance regularizer, a novel regularizer based on the second moment; the advantage is that
it decomposes across multiple segments of the dataset as which makes it amenable for active
learning. We provide generalization bounds for this modified counterfactual risk minimizer, and
show that it has almost the same performance as counterfactual risk minimization with a variance
regularizer [SJ15a]. The second challenge arises because disagreement-based active learning
ensures statistical consistency by maintaining a set of plausible minimizers of the expected risk.
This is problematic when the minimizer of the expected risk itself changes between iterations as
in the case with our modified regularizer. We address this challenge by introducing a novel variant
of disagreement-based active learning which is always guaranteed to maintain the population

error minimizer in its plausible set.

Additionally, to improve sample efficiency, we then propose a third novel component —
a new sampling algorithm for correcting sample selection bias that selectively queries labels of
those examples which are underrepresented in the observational data. Combining these three
components gives us a new algorithm. We prove this newly proposed algorithm is statistically
consistent — in the sense that it converges to the true minimizer of the population risk given

enough data. We also analyze its label complexity, show it is better than the algorithm we derive

115



in Chapter 6, and demonstrate the contribution of each component of the algorithm to the label

complexity bound.

7.2 Variance-Controlled Importance Sampling

In the passive setting, the standard method to overcome sample selection bias is to optimize
the importance weighted (IW) loss I(h, Tp) = %Zt %. This loss is an unbiased estimator

of the population error P(h(X) # Y), but its variance - E(%ﬁy}z —1I(h))? can be high, leading
to poor solutions. Previous work addresses this issue by adding a variance regularizer [MPQ9,
SJ15a, ND17] and clipping/truncating the importance weight [BPQC™ 13, SJ15a]. However, the
variance regularizer is challenging to use in interactive learning when data arrives sequentially,

and it is unclear how the clipping/truncating threshold should be chosen to yield good theoretical

guarantees.

In this chapter, as an alternative to the variance regularizer, we propose a novel second
moment regularizer which achieves a similar error bound to the variance regularizer [ND17]; and

this motivates a principled choice of the clipping threshold.

7.2.1 Second-Moment-Regularized Empirical Risk Minimization

Intuitively, between two classifiers with similarly small training loss /(4,Tp), the one
with lower variance should be preferred, since its population error /(4) would be small with a
higher probability than the one with higher variance. Existing work encourages low variance

by regularizing the loss with the estimated variance Var(h, Tp) = + Z’(w) —1(h,Ty)>.

1y (LA #Y}Z) ,

Here, we propose to regularize with the estimated second moment V (h, Ty) = 00 (%)
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an upper bound of VAar(h, Tp). We have the following generalization error bound for regularized

ERM.

EAN
Hloe 5 V(h,Ty). For any & > 0, then with proba-

Theorem 7.1. Let h = argming, . 1(h, Ty) + \/

{E] 17 « 1741
bility at least 1 — 3§, 1(h) —(h*) < 2831:1%105 +\/4l°’gn 5 Eﬂ{th AV} | \/41°g ‘

Theorem 7.1 shows a error rates similar to the one for the variance regularizer [ND17].
However, the advantage of using the second moment is the decomposability: V(h,S;US,) =
| Slﬁjﬂsﬂ\/(h S1)+ 5 ||i‘|s |V(h,Sz). This makes it easier to analyze for active learning that we

will discuss later.

Recall for hpw = argminy,c 4, (h,Tp), the unregularized importance sampling loss mini-

mizer , the error bound is O(lor%u{' + \/logw‘ min(l(;;) Eoe® ! )) [CMM10, YCJ18]. In Theo-

term is due to the deviation of 1/ V(h,Tp) around , /EMQ—(E&Y} and is
m 2 qo

negligible when m is large. In this case, learning with a second moment regularizer gives a better

rem 7.1, the extra

generalization bound.

This improvement in generalization error is due to the regularizer instead of tighter
analysis. Similar to [MP09, ND17], we show in Theorem 7.2 that for some distributions, the
error bound in Theorem 7.1 cannot be achieved by any algorithm that simply optimizes the

unregularized empirical loss.

Theorem 7.2. For any 0 <v < ,m> 49 , there is a sample space X x 9, a hypothesis class H,

a distribution D, and a logging policy Qo such that e E%, and that with probability

at least 1§ over the draw of S = {(X;, Y, Z,) }™,, lfl’l = argminy,c 4 1(h,S), then (k) > [(h*) +

mCIO + WlQO

2 / 4 4.2
Proof. (0fTheorem72)Forany0<V<3,m> setq0:4—10v,c:%,e:°+ ¢ +actqovm

Vv2? 2gom

It can be checked that € < v and m = c2 V+£ Let X = {x1,x2,x3}, and define P(X = x;) =,
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PX=x)=v+e,P(X=x3)=1-2v—¢g,and P(Y = 1) = 1. Let H = {hy,hy} where h;(x]) =
—1, hi(x2) = hi(x3) = 1, and hp(xp) = —1, ha(x1) = ha(x3) = 1. Define the logging policy
Qo(x1) = Qo(x3) =1, Qo(x2) = qo. Let S = {(X;,Y;,Z;)}!", be a dataset of size m generated
from the aforementioned distribution. Clearly, we have /(h;) =V and I(hy) = v+ €. We next

prove that P(I(hy,S) > l(hy,S)) > 100 This implies that with probability at least =,/ is the

100’

minimizer of the importance weighted loss /(h,S), and its population error P(hy(X) #Y) =

V+E=V —|—qo—m+ qom

We have

P(i(h1,S) > U(h2,S)) > P(I(h1,S) >V — ; and [(h, S) <V — g)

—P((hy,S) <V — ; or I(h2,S) >V — g)

>1-P(I(h,S) <v— g) —P(I(hy,S) Zv—g)

= BI(hn,5) <V~ 5) ~B(I(m.5) <v— )

Observe that by our construction, ml(h;,S) = Y7 1{X; = xl} follows the binomial

distribution Bin(m,v). By a Chernoff bound, P(I(h;,S) <v—5) <e 2 Since € > 4/ ;‘;—; >
/%, ef%msz < e—ZOC2 _ e—%.

By our construction, we also have that goml(hy,S) = Y7 | 1{X; = x2,Z; = 1} which
follows the binomial distribution Bin(m,qo(v +¢€)). Thus, P(I(h2,S) < v —5) =P(goml(h2,S) <

1 3¢ —962

gom(V+€)— %qome) Fmoai 2 T3 \ﬁe > where the inequality follows by Lemma D.9.

D=

Therefore, P(L(h1,$) > 1(h2,5)) > P(1(hr, S) <v—§) —P(L(h1,8) <v—5) > 51—

e 9 > 1# OJ

Remark 7.3. A similar result for general cost-sensitive empirical risk minimization is proved
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in [MP09, ND17]. In [MP09, ND17], they construct examples where Var(/#*) = 0 and learning
h* with unregularized ERM gives Q(\/; ) error, while regularized ERM gives O(n%) error.
However, their construction does not work in our setting because the bound for unregularized
ERM (Chapter 6) also gives O(-L) error when Var(h*) = 0 (since Var(h*) = 0 implies /(h*) = 0),

so more careful construction and analysis are needed.

7.2.2 Clipped Importance Sampling

The variance and hence the error bound for second-moment regularized ERM can still be
high if -~ ( ) is large. ThlS ( oe) factor arises inevitably to guarantee the importance weighted
estimator is unbiased. Existing work alleviates the variance issue at the cost of some bias by
clipping or truncating the importance weight. In this chapter, we focus on clipping, where the loss

M):= LY, L{r(, )#f}z’]l[ ooxy < M]. This estimator is no longer

estimator becomes [(h; Ty,
unbiased, but as the weight is clipped at M, so is the variance. Although studied previously
[BPQC™13, SJ15a], to the best of our knowledge, it remains unclear how the clipping threshold

M can be chosen in a principled way.

2M'log 174

We propose to choose My = inf{M’ > 1 | 5> Px(gomy > M'")}. This choice of

( )

M) is chosen to minimize the following error bound for the clipped second-moment regularized

ERM (proved in Theorem D.20 in Appendix):

o aeM || M [ A
i)~ 107) <5 2 g 142y fatog ]
A X AV} I
+\/m]E 0o(X) ooy =My 7 M)

In particular, to choose M that minimizes the RHS,we set A = 4log 5~ 17 , focus on the low or-
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[Ed]
der terms with respect to m, and minimize e(M) := \/ 4]051 3K 1[ <M]+ Px(m >

1
Qo(X)
M) instead since 1{h*(X) # Y} could not be determined with unlabeled samples. In this sense,

Oo(X)

the following proposition shows that our choice of M is nearly optimal.

Proposition 7.4. Suppose random variable
]
exists Mo > 1 such that g 3 My = IP’X(

) ( ] has a probability density function, and there

> My). Then e(My) < \/2infy>1e(M).

( )

\9{\

41
Proof. Define f1(M) = 0:%1 IEQ()EX)]I[Qol(X)

that f1(Mo) + f2(Mo)? < infyr=1 f1(M) + fo(M)?.

< M],and fo(M) = Px(m > c). We first show

Let g( ) be the probability density function of random variable 1/Qg(X). We have

71
Hi(M) = Jo xg(x)dx and f(M) = [;7 g(x)dx, so f{(M) =

410g 5 5 Mg(M), and fé(M) _
—g(M). Define f(M) = f1(M) + f>(M)?. We have

410g

f'(M) = fi(M) +2f5(M) f2(M)

: 2log 71 . 2logl
Recall we assume there exists My > 1 such that Orgn &My = f2(Mp). Since o8 —>-Mis

strictly increasing w.r.t. M and f>(M) is non-increasing w.r.t. M, it follows that f(M) achieves its

minimum at Mo, that is, for any ¢ > 1, fi(Mo) + f5(Mo) < fi(M) + f3(M).

Now, \/f1 (M) +f2(M0 \/fl My) + f2(My)) since vVa+b > (\/_—i-\/_) for
anya,bzo,and \/fl —|—f2 <\/f1 )+ fo(M) since Va+b §\/ﬁ+\/_f0ranya,b20.
Thus \/ filMo) + f2(Mp)) < +/fi(M)+ fo(M) for all M > 0, which concludes the proof. [

Remark 7.5. Since MIP’X( 00X > M) is monotonically decreasing with respect to M and its range

is (0,1), the existence and uniqueness of M are guaranteed if 2 ~log 5 2 .
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The choice of My implies that the clipping threshold should be larger as the sample size
m increases, which confirms the intuition that with a larger sample size the variance becomes less

of an issue than the bias. We have the following generalization error bound.

[Ed|

dog 5 V(h; Ty,Mo). For any & > 0, with

Theorem 7.6. Let h = argminy,cq1(h; Ty, Mo) + \/

probability at least 1 — 9,

1y — 1) < 2108 v41°g‘?f' \/4log'ﬂ LX) £7)

g 00) o)

< My).

We always have My < — as Px(m > qo) 0. Thus, this error bound is always no

worse than that without Chpplng asymptotlcally.

The following example shows that our choice of M indeed avoids outputting suboptimal

classifiers.

Example 7.7. Let X = {xo,x1,%2,x3,%4}, # = {h1,hp,h3,hs}. Suppose P(Y = 1) = —1,v < &,
o< 0.01,and € = Hl/vW' The marginal distribution on X, the prediction of each classifier, and

the logging policy Qo is defined in Table 7.1.

Table 7.1: An example for clipping

Xp X1 X2 X3 X4
m() 11 -1 -1 -1
() 1 -1 1 -1 -1
() 1 -1 -1 1 -1
ha() -1 -1 -1 -1 1
Px(-) v—e € 4e 16e 1—v—20¢
Qo(-) 1 o o 4a 4o

We have I(h)) =V, I(hy) = v+ 3¢, [(h3) = v+ 15¢, [(hy) = 1 —v —20e. Next, we
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consider when examples with Qg equals @, i.e. examples on x; and x>, should be clipped. We set

the failure probability & = 0.01.

28 . . . . . . . .
If m > £2, without clipping our error bound guarantees that (by minimizing a regularized
training error) learner can achieve an error of less than v + 3¢, so it would output the optimal
classifier 41 with high probability. On the other hand, if M < é, then all examples on x; and x»

are ignored due to clipping, so the learner would not be able to distinguish between Ajand h;, and

thus with constant probability the error of the output classifier is at least /(hy) = v + 3¢. This

28

means if m > o

examples on x; and x; should not be clipped.

Ifm> % and examples on x; and x; are clipped, our error bound guarantees learner can
achieve an error of less than v + 16€, which means the learner would output either /1 or A, and

achieve an actual error of at most v + 3e. However, without clipping, the learner would require

4

m> aie to achieve an error of less than v+ 16¢€. Thus, if m < o5

examples on x; and x; should

be clipped.

To sum up, examples with Qg equals o (i.e. x; and x2) should be clipped if m < % and

24

not be clipped if m > %. Our choice of the clipping threshold clips x; and x, whenever m < <,

which falls inside the desired interval.

7.3 Active Learning

Next, we consider active learning where in addition to a logged observational dataset the
learner has access to a stream of unlabeled samples from which it can actively query for labels.
The main challenges are how to control the variance due to the observational data with active
learning, and how to leverage the logged observational data to reduce the number of label queries

beyond simply using them for warm-start.
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To address these challenges, we first propose a nontrivial change to the Disagreement-
Based Active Learning (DBAL) so that the variance-controlled importance sampling objective can
be incorporated. This modified algorithm also works in a general cost-sensitive active learning
setting which we believe is of independent interest. Second, we show how to combine logged
observational data with active learning through multiple importance sampling (MIS). Finally, we
propose a novel sample selection bias correction technique to query regions under-explored in
the observational data more frequently. We provide theoretical analysis demonstrating that the
proposed method gives better label complexity guarantees than previous work (Chapter 6) and

other alternative methods.

Key Technique 1: Disagreement-Based Active Learning with Variance-Controlled Impor-

tance Sampling

The DBAL framework, presented in Algorithm 1, is a widely-used general framework
for active learning The classical DBAL framework only considers the unregularized 0-1 loss. As
discussed in the previous section, with observational data, unregularized loss leads to suboptimal
label complexity. However, directly adding a regularizer breaks the statistical consistency of
DBAL, since the proof of its consistency is contingent on two properties: (1) the minimizer of
the population loss (k) stays in all candidate sets with high probability; (2) the loss difference
I(h1,S) —l(hy,S) for any hy,hy € C; does not change no matter how examples outside the

disagreement region D, are labeled.

Unfortunately, if we add a variance based regularizer (either estimated variance or second
moment), the objective function /(h,S) + 4/ %\A/(h, S) has to change as the sample size n increases,
and so does the optimal classifier w.r.t. regularized population loss %, = argmin(h) + %V(h).

Consequently, /2, may not stay in all candidate sets. Besides, the difference of the regularized
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loss I(hy,S) + %\A/(hl,S) — (I(hy,S) + %‘V(hz,S)) changes if labels of examples outside the

disagreement region D, are modified, breaking the second property.

To resolve the consistency issues, we first carefully choose the definition of the candidate
set and guarantee the optimal classifier w.r.t. the prediction error #* = argmin!(h), instead of the
regularized loss /1, stays in candidate sets with high probability. Moreover, instead of the plain
variance regularizer, we apply the second moment regularizer and exploit its decomposability

property to bound the difference of the regularized loss for ensuring consistency.

Key Technique 2: Multiple Importance Sampling

MIS addresses how to combine logged observational data with actively collected data
for training classifiers [ABSJ17, YCJ18]. To illustrate this, for simplicity, we assume a fixed
query policy Q1 is used for active learning. To make use of both Ty = {(X;,Y;,Z;) }/* | collected

by Qo and Ty = {(X;,Y;,Z;)}"*" | collected by Q1, one could optimize the unbiased importance

i=m+1
m ]l{h(Xi)7éYi}Zi+ m+n  L{h(Xi)#Yi}Zi

i=1 Tm+n)00(X;) i=m+1 min)or(x,) Which can have

weighted error estimator lis(h, ToUT) = Y.
high variance and lead to poor generalization error. Here, we apply the MIS estimator Iyys (h, To U

— ym+n _Uh(X)#Yi}Z : : .
)=y Wﬂﬁ}(&) which effectively treats the data 7o U T} as drawn from a mixture

mQo+nQi
m+n

policy . Ivirs 1s also unbiased, but has lower variance than /i and thus gives better error

bounds.

Key Technique 3: Active Sample Selection Bias Correction

Another advantage to consider active learning is that the learner can apply a strategy to
correct the sample selection bias, which improves label efficiency further. This strategy is inspired

from the following intuition: due to sample selection bias caused by the logging policy, labels
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for some regions of the sample space may be less likely to be observed in the logged data, thus
increasing the uncertainty in these regions. To counter this effect, during active learning, the

learner should query more labels from such regions.

We formalize this intuition as follows. Suppose we would like to design a single query
strategy Qp : X — [0, 1] that determines the probability of querying the label for an instance
during the active learning phase. For any Q1, we have the following generalization error bound
for learning with n logged examples and m unlabeled examples from which the learner can select

and query for labels (for simplicity of illustration, we use the unclipped estimator here)

2174]
l(hl)—l(hz)gl(hl,S)_z(h2,5)+‘“g_+\/4E11{h1(X)#hz<X)}lo 2/74|

3(mgo +n) mQo(X) - n01(X) 23

We propose to set Q1(x) = 1{mQo(x) < 5Qo(x) +n} which only queries instances if
Qo(x) is small. This leads to fewer queries while guarantees an error bound close to the one
achieved by setting Q1 (x) = 1 that queries every instance. Example 7.8 shows the sample selection

bias correction strategy indeed improves label complexity.

Example 7.8. Let A > 1 be any constant. Suppose X = {x1,x02}, Qo(x1) =1, Qp(x2) = 0,
P(x;) = 1—u, P(x2) = pand assume p < 75 and a< g m Assume the logged data size m is greater

than twice as the online stream size n. Without the sample selection bias correction strategy, after

27|
. . . 4lo
seeing n examples, the learner queries all n examples and achieves an error bound of 30m 85

o+n) +

\/ 4( + i) log 2‘?‘ by minimizing the regularized MIS loss. With the sample selection

bias correction strategy, the learner only queries x;, so after seeing n examples, it queries only un

examples in expectation and achieves an error bound of et +n + \/ 4(% + ) log Z‘Tﬂ'. With
some algebra, it can be shown that to achieve the same error bound, if %“m <n< %’m, then the
number of queries requested by the learner without the sample selection bias correction correction

strategy is at least A times more than the number of queries for the learner with the bias correction
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strategy. Since this holds for any A > 1, the decrease of the number of label queries due to our

sample selection bias correction strategy can be significant.

The sample selection bias correction strategy is complementary to the DBAL technique.
We note that a similar query strategy is proposed in Chapter 6, but the strategy here stems from a
tighter analysis and can be applied with variance control techniques discussed in Section 7.2, and

thus gives better label complexity guarantees as to be discussed in the analysis section.

7.3.1 Algorithm

Putting things together, our proposed algorithm is shown as Algorithm 11. It takes the
logged data and an epoch schedule as input. It assumes the logging policy Qg and its distribution
f(x) =P(Qp(X) < x) are known (otherwise, these quantities can be estimated with unlabeled

data).

Algorithm 11 uses the DBAL framework that recursively shrinks a candidate set C and
its corresponding disagreement region D to save label queries by not querying examples outside

D. In particular, at iteration k, it computes a clipping threshold M;, (step 5) and MIS weights

m—ny
mQo (Xi)+):"j: L T0i(Xi)
second moment estimators

wi(x) 1= which are used to define the clipped MIS error estimator and two

m-+ny
[(h; Sy, My) - - Z wi(X)Zi1L{h(X;) # V31 {wi(X;) < My},
m—i—nk
V(/’ll,/’lz,Sk,Mk o Z‘wk DZA{h (X;) # ho (X)) F1{we(XG) < My},
m-+ny

V(h; S, M) : Y wi(X)ZiL{h(X;) # Vi1 {wi(X;) < My}

m-l—n ey

The algorithm shrinks the candidate set Cy; by eliminating classifiers whose estimated error
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is larger than a threshold that takes the minimum empirical error and the second moment into
account (step 7), and defines a corresponding disagreement region Dy, | = DIS(Cy, 1) as the set
of all instances on which there are two classifiers in the candidate set Ci | that predict labels
differently. It derives a query policy Q1 with the sample selection bias correction strategy
(step 9). At the end of iteration k, it draws T unlabeled examples. For each example X with
Qi+1(X) >0, if X € Dy 1, the algorithm queries for the actual label Y and sets ¥ = Y, otherwise
it infers the label and sets ¥ = /1 (X). These examples {X } and their inferred or queried labels
{Y} are then used in subsequent iterations. In the last step of the algorithm, a classifier that
minimizes the clipped MIS error with the second moment regularizer over all received data is

returned.

Algorithm 11 Disagreement-Based Active Learning with Logged Observational Data

1: Input: confidence d, logged data T, epoch schedule ty,...,Tx, n = Zszl T;.
2: So%To;Co%}[;D()(—x;n():O
3: fork=0,...,K—1do

2 H H

4 o1(k8M) (L + (mfn 7)log B0a(k,8) = ;- 10g B8 s s
k

5. Choose My =inf{M > 1 | #A’flklog% > P(% >M/2)}

Iy < argmingec, I(h; Sk, My)
Define the candidate set Cy 1 < {h € Ci | 1(h; Sg,My) < I(hye; Se, My) +7161 (k, 8, My) +

Y1/ 02k, 80V (h u Si, Mi) )

8: Define the Disagreement Region Dy | <— {x € X | Ihy,hy € Cyy1 s.t. hi(x) # ha(x)}
90 Ok (%) « 1{mQo(x) + L= TiQi(x) < BQ0(x) +mi1};
10: Ni41 < N+ Tt
11:  Draw T samples {(X;, E)}T:t,’:ﬁi . 1» and present {X,}?:ﬁ;; .1 to the learner.
12: fort =m+ny+1tom+ng do
13: Z; < Ok1(X;)
14: if Z, = 1 then
15: If X, € D1, query for label: ¥; < ¥;; otherwise infer ¥, « . (X;).
16: end if
17: end for
~ 5 oamtme g S U -
18: Tivr < A{X, Y Zi ko o1 Skt = Sk U Ty
19: end for

log |5—H|\A7(h;§K,Mk).

K

20: Output h= argminecc, l(h;SK,Mk) +v1 \/an
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7.3.2 Analysis

We have the following generalization error bound for Algorithm 11. Despite not querying
for all labels, our algorithm achieves the same asymptotic bound as the one that queries labels for

all online data.

Theorem 7.9. Let M = inf{M' > 1 | 24 log % > P(ogeimn =M /2)} be the final clipping

threshold used in step 20. There is an absolute constant cy > 1 such that for any & > 0, with

probability at least 1 — 9,

1(h) <I(h*) +co\/Eﬂg’Q*O(é)>iZ}n{mQ’:&)”+n < Mhiog 2

o
M]og@ MZ\/IOg@

+co +co

Next, we analyze the number of labels queried by Algorithm 11 with the help of following

definitions.

Definition 7.10. For any ¢ > 1,7 > 0, define the modified disagreement coefficient 8(r,¢) :=

1 (DI, 7)1 {x: Qo(n) < 1} ). Define B sup,. 801 2.

The modified disagreement coefficient 8(r,#) measures the probability of the intersection
of two sets: the disagreement region for the r-ball around #* and where the propensity score
Qo(x) is smaller than % It characterizes the size of the querying region of Algorithm 11. Note
that the standard disagreement coefficient [Han07], which is widely used for analyzing DBAL
in the classical active learning setting, can be written as 6() := 8(r, 1). Here, the modified dis-
agreement coefficient modifies the standard definition to account for the reduction of the number
of label queries due to the sample selection bias correction strategy: Algorithm 11 only queries

examples on which Qq(x) is lower than some threshold, hence 8(r,7) < 8(r). Moreover, our
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modified disagreement coefficient 0 is always smaller than the modified disagreement coefficient

of Chapter 6 (denoted by 8) which is used to analyze their algorithm.

Additionally, define o0 = % to be the size ratio of logged and online data, let T, = 2k

define § = min; <x<x{My/ mrzgrf,’flk} to be the minimum ratio between the clipping threshold M

and maximum MIS weight m";t’:’;lk (§ <1 since My < m";:f’;l by the choice of My), and define

M = max; <x<g Mj, to be the maximum clipping threshold. Recall go = infy Qg (X).

The following theorem upper-bounds the number of label queries by Algorithm 11.

Theorem 7.11. There is an absolute constant ¢y > 1 such that for any & > 0, with probability at

least 1 — O, the number of labels queried by Algorithm 11 is at most:

).

- #H]1 ME] #H]1 1 1
8- (v + nvg log‘ |logn  MElogn 1Ogl [logn ~ Elogn log’ |logn
ogo+1 ) Vhno ) ogo+1 )

7.3.3 Discussion

In this subsection, we compare the performance of the proposed algorithm and some
alternatives to understand the effect of proposed techniques. The theoretical performance of
learning algorithms is captured by label complexity, which is defined as the number of label
queries required during the active learning phase to guarantee the test error of the output classifier
to be at most v + € (here v = [(h*) is the optimal error , and € is the target excess error). This can
be derived by combining the upper bounds on the error (Theorem 7.9) and the number of queries

(Theorem 7.11).

aQo(X

e The label complexity is O (vélog |H |- (9(11:[- ot T a0y (X

Ell{h*( #Y} {1+1+0c <M}>) for
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Algorithm 11. This is derived from Theorem 7.9, 7.11.

The label complexity is O (v910g|}[\ < 1+aq0) 1100y (X)

Eﬂ{h (X)71} >) without clipping.

This is derived by setting the final clipping threshold Mg = It is worse since

1+ogo*

1+o
1+0aqo Z M.

The label complexity is O (Velog | H| - ( ) ! > if regularizers are removed further.

1+0qgo
p LU (X))

. . . V >
This is worse since TFogo = ET700,(X) -

The label complexity is O (VGlog |H]|- (L + )7 +1x qo) if we further remove the sample

selection bias correction strategy. Here the standard disagreement coefficient 0 is used

(6> 6).

The label complexity is O (Velog | H| - < 7+ v(q°+0§) )) if we further remove the

1+0ch £2(1+a)2qq

qo+0o 1
(1+a)2q9 = 1+aqo’

MIS technique. It can be shown so MIS gives a better label complexity

bound.

1+0qu)

The label complexity is O (log | H| - ( +a)2q0

+ Szv((qﬁoé) )) if DBAL is further removed.
Here, all n online examples are queried. This demonstrates that DBAL decreases the label

complexity bound by a factor of vO which is at most 1 by definition.

Finally, the label complexity is O (\/9’ log | H| - Y4E ) for Chapter 6, the only known

&2 1+0qu

algorithm in our setting. Here, ' >0, —%— > | LX) 7Y } , and

s Trago 2 B raoy(x) Thus, the

1+0€qO — 1+OL

label complexity of the proposed algorithm is better than Chapter 6. This improvement is
made possible by the second moment regularizer, the principled clipping technique, and

thereby the improved sample selection bias correction strategy.
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Appendix A

Omitted Proofs for Chapter 4

A.1 Basic Lemmas

In this section, we present a few useful lemmas that serve as the basis of the proofs.

A.1.1 Basic Facts

We first collect a few useful facts for algebraic manipulations.

d
2

Lemma A.1. Ingxgl—%, then foranyd > 1, (1—-%)2 > e >

=

Lemma A.2. Given a € (0,n), ifx € [0,q], then Si%x <sinx < x.

Lemma A.3. [fx € [0,7], then 1 —% < cosx < 1—%.

Lemma A.4. Let B(x,y) fo Y*~19=1dt be the Beta function. Then
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A.1.2 Probability Inequalities

Lemma A.5 (Azuma’s Inequality). Let {Y;};" | be a bounded submartingale difference sequence,

that is, E[Y;|Y1,...,Y—1] > 0, and |Y;| < ©. Then, with probability at least 1 —§,

il 1
Y Y, > —c/2mIn
=1 8

Lemma A.6 (Concentration of Geometric Random Variables). Suppose Z1,...,Z, are iid geo-

metric random variables with parameter p. Then,

2n n
PZi+...+Z, > ?] < exp(—Z)

Proof. Since Z1+...+7Z, > Zp—" implies that Z; 4 ...+ Z,, > (Zp—”l (as Zy + ...+ Z, is an integer),

the left hand side is at most P[Z; +...+Z, > (%"H

Let X1,...,X E3 be a sequence of iid Bernoulli(p) random variables. By standard rela-
P

tionship between Bernoulli random variables and geometric random variables, we have that

2n
PZi+...+2,> (?H :IP’[X1+...+X[@W_1 <n-—1]
P

‘ o)

Note that P[X; —|—...—|—X@]_1 <n-—1] <PX +"'+Xf% < n] since X[ ] < 1. Applying
P p

Chernoff bound, the above probability is at most exp(— (%1 p- %) <exp(—

ISP

). O
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A.1.3 Properties of the Uniform Distribution over the Unit Sphere

Lemma A.7 (Marginal Density and Conditional Density). If (x1,x2,...,Xq) is drawn from the

uniform distribution over the unit sphere, then:

N
1. (x1,x2) has a density function of p(z1,22), where p(z1,22) = %
d-2
Lo st
2. Conditioned on xy = b, x; has a density function of py(z), where pp(z) = { {’HZ ) 7
(1-p?) 2 B(%2,3)
d—3

Lemma A.8. Suppose x is drawn uniformly from the unit sphere, and b < ——. Then, P(x; €

10vd
15.0]) > ¥4b.
Proof.
b
P(xl S [Evb])
fbb/z(l )7 dr
- 11
B(%-,5)
b1 _p\%S
> 2! f)2 zng
d—1 T

where the first equality is from item 3 of Lemma A.7, giving the exact probability density
function of x1, the first inequality is from that (1 —¢?) 7> (1-b?) 2 whent € [b/2,b], and

Lemma A.4 giving upper bound on B(d%1 1

,5)» and the second inequality is from Lemma A.1 and

thatd — 1> 4. O

Lemma A.9. Suppose x is drawn uniformly from unit sphere restricted to the region {x vex = i}

and u,v are unit vectors such that (u,v) =0 € [0, 157] and 0 < § < ﬁdﬂ Then,
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I. Elu-x] <&
2. E[(u-x)? < 3%,

3. El(u-x)1{u-x<0}] < &—ﬁg.

Proof. By spherical symmetry, let v=(0,1,0,...,0) and u = (sin6,co0s6,0,...,0) without loss

of generality. Let x = (x1,...,xg).

Elu-x]
= E[x;sin®+x;cos6/x; = &
= Exi|x; =&|sin0+E&cosO

< &

where the first two equalities are by algebra, the inequality follows from cos® < 1 and
E[x1|x2 = €] = 0 since the conditional distribution of x| given x, = § is symmetric around

the origin.

135



E[(u-x)?]

= E[(x]5in0+x3c080)%|x; = ]

IA

E[2x? sin” @ + 2x3 cos? B|x; = E]

IN
DN
&
=
=
W)

I
o
2.
=

[\S]
en]
-
[\
e
[\S)

IA

)

ey
[\

IN
|

where the first equality is by definition of u, the first inequality is from algebra that
(A+ B)? < 2A%4-2B?, the second inequality is from that | cos8| < 1, the third inequality is

from item 2 of Lemma A.7 and that sin® < 0, and the last inequality is from the fact that
B(%52.3)
B(7%.3)

N‘
o]

_ 1 2 2 &
=71 < 3 and & <y

™

N‘
Nl

)
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E[(u-x)1{u-x < 0}]
= E[(x;sin0+x2c080)1 {x; < —&cotB} |x =]

< Enl{x; < —&cotb} |x, =E&]sin@+&

I (-8R )

VAN
Je
|
(£
=
D
a
Q| o
|
\e}
VR
—
|
VRS
A,
z \m
D
~_
(3]
N——
4

IN
g
|

IA
|

where the first inequality is by algebra and |cos8| < 1, the second equality is by item 2 of

Lemma A.7, the third equality is by integration, the second inequality is from (1 —&?) o <

1 and Lemma A .4 that B(d%z, %) < \/6%, the third inequality follows by Lemma A.1 that

2 2
(1 — ( g ) ) > %, since & < ﬁg’ and the last inequality follows from Lemma A.2

sin 0

that sin6 > % when 6 € [0, %n] and algebra.
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Algorithm 12 Master Algorithm in the Bounded Noise Setting

Input: Labeler O, confidence , noise upper bound 1, sample schedule {my}, band width {b;}.
Output: a halfspace ¥ such that 8(9,u) < 7.

1: vo < (1,0,...,0).

2 vy <—ACTIVE—PERCEPTRON(O,V0, (1’2" % {my} ,{br}).

3: v_ <= ACTIVE-PERCEPTRON(O, —vg ,3,{mk} {bi}).

4: Define regionR = {x sign(vy - x) # 51gn(v, x)}.

5: § < Draw —>—5 =2 2 e In& 3 iid examples from D|g and query their labels.
6: if Is(hy, ) <lg(h,_) then

7: Return v

8: else

9: Return v_

10: end if

A.2 Acute Initialization

We show in this section that the angle between the initial vector vy and the underlying
halfspace u can be assumed to be acute under the bounded noise model without loss of generality.
To this end, we present Algorithm 12 that returns a halfspace that has angle at most § with u,
with constant overhead in label and time complexities. The techniques here are due to Appendix
B of [ABL14]. This fact, in conjunction with Theorem 4.10, yields an active learning algorithm
that learns the target halfspace unconditionally with a constant overhead of label and time

complexities.

For the bounded noise setting, we construct Algorithm 12 as an initialization procedure. It

runs Algorithm 2 ACTIVE-PERCEPTRON twice, taking a vector vg and its opposite direction —vg

as initializers. Then it performs hypothesis testing using O( ) labeled examples to identify

1
(1-2nm)2

a halfspace that has angle at most § with u.

Theorem A.10. Suppose Algorithm 12 has inputs labeler O that satisfies M-bounded noise

condition with respect to u, confidence 9, sample schedule m; = ® ((1_%2 (In = 211)2 +Ins ))

band width {by} where by = @ (L\/;n)) Then, with probability at least 1 — d, the output ¥ is
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such that 0(9,u) < %. Furthermore, (1) the total number of label queries to labeler O is at most

A d . ‘) d . ;
(0] <—(172n)2 ) ; (2) the total number of unlabeled examples drawn is O <—(1*2TI)3 > ; (3) the algorithm

runs in time O <%>
Proof. Note that one of 8(vo,u), 8(—vo,u) is at most 7. From Theorem 4.10 and union bound,

we know that with probability at least 1 — %8, either (v, u) < (1_12611)”, or O(v_,u) < %.

%. We consider two cases.

Suppose without loss of generality, 6(v,u) <

Case 1: 6(vy,v_) <m/8. By triangle inequality, 8(v_,u) < O(vy,u)+06(vy,v_) <m/4.
In this case, O(vy,u) < 7 and 8(v_,u) < § holds simultaneously. Therefore, the returned vector

v satisfies 8(9,u) < 7.

Case 2: O(v;,v_) > m/8. In this case, P[x € R| > 1/8, thus,

P[sign(v4 - x) # sign(u - x)] < 1-2n

Pefsign(v, -x) # sign(u-x)] < on <A,

Meanwhile, Pg[sign(vy - x) # y] < nPg[sign(vy - x) = sign(u - x)] + Pgr[sign(v4 - x) # sign(u - x)].

Therefore,

— Pg[sign(v4 - x) # ]

Vv
N~

v

Y

A=
—~~

| =
|

=
~
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Since v disagrees with v_ everywhere on R, Pg[sign (v -x) # y| +Pg[sign(v_-x) # y] = 1. Thus,
Ipje(hv,) < 53— (3 —=)5 and Ipj,(hy_) > 5+ (5 —M) . Therefore, by Hoeffding’s Inequality,
with probability at least 1 —§/3,

Is(vs) < 5 <Is(v)

therefore v will be selected for 9. This shows that 6(9,u) < /4.

In conclusion, by union bound, we have shown that with probability 1 — 8, 8(9,u) < %.
The label complexity, unlabeled sample complexity, and time complexity of the algorithm follows

immediately from Theorem 4.10. [
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Appendix B

Omitted Proofs for Chapter 5

B.1 Technical lemmas

B.1.1 Concentration bounds

In this subsection, we define Y1,Y>, ... to be a sequence of i.i.d. random variables. Assume
Y1 € [-2,2], EY; =0, Var(Y;) = 6 < 4. Define V,, = Lo ( " Yi2 — % ( T Y,-)2>. It is easy to

check EV,, = no?.

We need following two results from [RB16]

Lemma B.1. (/RBI6], Theorem 2) Take any 0 < & < 1. Then there is an absolute constant Dy

such that with probability at least 1 — 9, for all n simultaneously,

n

)Y

i=1

1 1
<Dy (1 + lns + \/n62 [Inln], (n6?)+nc?In S)

Lemma B.2. ([RB16], Lemma 3) Take any 0 < & < 1. Then there is an absolute constant K
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such that with probability at least 1 — 9, for all n simultaneously,

1

n
2 2
no- < Kp <1—|—ln8—i—i_zlY,->

We note that Proposition 5.6 is immediate from Lemma B.1 since Var(Y;) < 4.

Lemma B.3. Take any 0 < & < 1. Then there is an absolute constant K3 such that with probability

at least 1 — 9, for all n > ln% simultaneously,

1
no? < K3 <1+lnS+Vn>

Proof. By Lemma B.2, with probability at least 1 — 8/2, for all n,

n

1

2
2 n—1 1 [ & 2
ncsng()( Yi2+1ng+l>:K0 . Vn+;<ZY,~> +1n5+1

1 i=1

By Lemma B.1, with probability at least 1 — /2, for all n,

2

! Zn:Y < ! Do | 1+1 2—|—\/62[l In], (no?)+no?1 2
- f - n- no?|Inlnl, (n no<ln <
n\45 n{° ) + o

D% 2)° 22 2 2 2, 2
= — 1+lng +Djo” [Inln], (n6~) + Dyo lng
n
2 o2 (Inln], (n62) +021In 2
+2D(2)<l+lng)\/ [Intn}, (no®) S
n

IN

K (1 —I—ln% + [Inln] (n62)>

for some absolute constant K. The last inequality follows by n > In %
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Thus, by a union bound, with probability at least 1 — 9, for all n, no? < KoV, + Ko(K; +
2)In § + KoK [Inln], (n6?) + Ko(K; +3).

Let K> > 0 be an absolute constant such that Vx > K3, KoK [Inln]  x < 3.

Now if n6% > K», then n6? < KoV, + Ko (K| +2)ln% + ”—‘;2 + Ko (K +3), and thus

1
nc? < 2KV, + 2Ko(K; +2)1In < +2Ko (K1 +3) + K (B.1)
If no? < K>, clearly (B.1) holds. This concludes the proof. O

We note that Proposition 5.7 is immediate by applying above lemma to Lemma B.1.

Lemma B.4. Take any 8,n > 0. Then with probability at least 1 — 9,

1
Vv, < 4ncs2+81ng

Proof. Applying Bernstein’s Inequality to ¥, and noting that Var(Y?) < 462 since |V;| < 2, we

have with probability at least 1 — 9,

L 4 1 1
,-;Yiz < glng+n62+\/8n621ng
1 2
< 4lnz+2n0

The last inequality follows by the fact that /4ab < a-+b.

n
n—1 i=1

The desired result follows by noting that V,, = - < nyE- Ly I/i)2> <2y, Y2
]
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B.1.2 Bounds of distances among probability distributions

Lemma B.5. If P,Q are two probability distributions on a countable support X, then

2

Proof.

dki (P Q) = ZP(x)an(x)

The first inequality follows by Inx < x — 1. The second equality follows by

X Px)—0(x 2
HEDE gt

O(x) P

P2(x) - P(x)Q() _
) ( —P<x>+Q<x>> X o
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Lemma B.6. Let Py, P| be the distributions defined above. If x € [0,1], € < min{(

then

Define

mir=sp) = 1-f-f
oo - T,
=) (14 (x-1)
SR P
Pr=tl) = 1--e-df
SR P
SR P

)3

Y

(Po(Y =ylx) =P (Y :)"X))z

Py(Y =ylx)+ P (Y =ylx)

=0 (eo‘ —|-82>

1
2

Proof. By symmetry, it suffices to show for 0 < x < % Letr = % +€&—x.
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We first show (B.2) holds for § <7 <e (i.e. § <x < %)

We claim miny (Po(Y =y|X =1)+Pi(Y =y|X =1)) > % (%)a. This is because:
e (Y=L |X=0)+P(Y =L[X=1)=1—(e—1)*+1—1%>2-2e%> 1 (£)" where the
/o
last inequality follows by € < <‘§‘> ;

o 2PO(Y =0X =1)+ P(Y = 0X =1)) = (£~ 1)%(1 — (e~ 1)B) +1%(1 +1P) > (1 +18) >

(e—
(£)®. Therefore, Py(Y =0|X =1)+ P (Y =0|X =1) > 3(5)*

e Similarly, /(Y =1|X =)+ P (Y =1|X =1) > % (%)0"

Besides,

Y (Po(Y =yiX =1) = P(¥ =y|X =1))°
y

:(t‘”—(.s—t)"‘)zjt;1 (t“ <I—IB> —(e—1)* <1—|—(8—I)B)>
+i (ﬂ(uﬁ) —(e—z)“(1—(s—;)ﬁ>)2
=(*— (e—r)o‘)er}1 <t°‘— (e—1)*— %P — (S—I)(Hﬁ)z

Lo o o ap _yatB)?
+4<t (e—1)"+t""P 4 (e—1) )

2

—

a

< e 3 (e g (1 )P

=

1 o (o \O\2 (0+B
+§(t (8l))—|—< +(e—1)*" >
:2(t°°—(e—t)°‘)2+(°‘+ﬁ+ )
§2£20c + 4820c+2B
§682a

where (a) follows by the inequality (a4 b)? < 2a* +2b? for any a, b.
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(Po(Y=yl0)—P (Y=y1))* _ L, (Po(¥=ylx)—Pi(¥=yx))’ ot
Therefore, we get ):y BT 0TPL 7= = miny (Po(Y=y}3) +PL (T =>})) < 12 %2%€% when

1+€
SxXs o

N —

Next, We show (B.2) holds fore <t < % +e@e 0<x< %). We will show forY =1,1,0,

(Ro(Y=ylx)—PI(Y=y%))" >
RSN TAT=R — O (ea Te )

For Y =1, for the denominator,

PY=L|X=0)+P(Y=L|X=1)=2—1%—(t—¢)*>2— (;)a_ (%)a

For the numerator,

o 2
(P(Y =L X =1)=Pi(Y =L |Xx =1))" = (1*— (1 —&)*)* = > (1 - (1 - ;) )

~

o\ 2 2
By Lemma B.8, if o> 1, 12¢ (1—( =) ) <2 (0f) =172 () = 0 (). If 0 <
o\ 2 2
o<1, (1 ~(1-%) ) < () =22 <

Py(Y=LIx)—P (Y=Lx))*
(I(’)O(YzJ_\x)+Pll (y:Hx)) =0 (820‘ + 82> .

Thus, we have

For Y = 1, for the denominator,

2(P(Y =1X =1)+ P (Y =1]X =1)) = z“(1—t5) +(r—s)°‘(1—(t—e)ﬁ)
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For the numerator,

(Po

:i( (1-) - e)“(1—(z—e)ﬁ))2
%
1

2 2 2
Ifa> 1, by LemmaB.8, 32 (1 (1-£)%) 412 (1- (1-8)*F) < 12 (af) +

t

((06—1-[3)%)2 (1 o’ + 3 (G+B)2>t2°‘_282. Thus,

(Po(Y =1x) =P (Y = 1]x))* /1 , 1 o 3\P
P =1 +P (¥ =1 = (20‘2+2(°‘+B)2)t e/ (1_(1)

which is O(g?) if o > 2 and O (e%) if o0 < 2.

Po(Y=1]x)—P (Y=1[x))’ N o B
el < (4 e pR) e (1- (3)”) =

)
s
R
N
[
133
+
=
AN
[
on
<
.
a
=
=
o
=
o0
|
~
[\®)
Q
/N
(S
—~
o
|
N—
_|_
N.—
[\
R
VRS
[S—
—
|
[¢]
Q
+
=
N—
[\S)
VAN

2 2 =1|x)— =1|x 2 p
e () (1) e s, SR ) (1 (3)) ot

(Py(Y=1x)-Pi(Y=1]x)* 2
Therefore, we have “p o m=n— = O (8“ +e )

(Po(¥=0[x)—Py (¥=0[x))>
Po(7=01x) + P (7=0[) —0<8a+82>'

Likewise, we can get
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R =y}x) P (Y =y[)° 2 | Thi
( TSP, (Y:ylx)) =0 <8°° +e ) when x < 5. This concludes the

Thus, we prove Zy

proof. 0

B.1.3 Other lemmas

Lemma B.7. ([RR11b], Lemma 4) For sufficiently large d > 0, there is a subset M C {0, 1}d
with following properties: (i) |M| > 24748 (i) Hv — v'HO > %for any two distinct v,v' € M (iii)

: 1 1 3
foranyi=1,....d, 5 < 3; YemVi < 3;-

LemmaB.8. [fx<1,r>1,then (1—x) >1—rxand 1 — (1 —x)" <rx.

[FO<x<10<r<1 then (1-x)" > 5 and 1 — (1-x)" < y—f < x.

Inequalities above are know as Bernoulli’s inequalities. One proof can be found in [LY 13].

Lemma B.9. Suppose €,T are positive numbers and & < % Suppose {Z;};", is a sequence
of i.i.d random variables bounded by 1, EZ; > e, and Var(Z;) = 62 < 2¢. Define V, =
#( " Zi— %( ?:121‘)2), gn = q(n,V,,8) as Procedure 8. If n > %ln% for some suffi-

ciently large number M (to be specified in the proof), then with probability at least 1 — 39 ,

I _EZ; < —1e/2.

Proof. By Lemma B.4, with probability at least 1 — 9, V,, < 4n6?% +81n %, which implies

1 1 1 1
gn < D 1+lng+\/(4n62+9lns+ 1) ([lnln]+(4n62+9lng+ 1)—|—lns>

We denote the RHS by 4.

On this event, we have
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@—Ezi < = -1

I
a
o
N
S
3
o
|
[E—
\—/

(a) 2D, D 91’] 1 m 1 1

< -1 Z in= ) -
< n nln%\/’t lns([l In], ( ln6)+ln6) 1
S e} Ty 2

= 1€ +D]\/n’cn%[l In]  ( ln6)+ 1

where (a) follows from % being monotonically decreasing with respect to n. By choosing n

1
ntlng

—1€/2. O

sufficiently large, we have % —l—Dl\/ 2 [Inln] (9—:lln %) + % —1< —%, and thus qn—” —Ez;, <
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Appendix C

Omitted Proofs for Chapter 6

C.1 Preliminaries

C.1.1 Summary of Key Notations

Data Partitions 7 = {(X,, K,Z,)}iﬁiﬁli::iﬁi_lﬂ (1 < k < K) is the online data col-
lected in k-th iteration of size ny =25 '. n=n;+-- 4+ ng, o = 2m/3n. We define ng = 0.
To = {(X:,Y:,Z;) }1Z"" is the logged data and is partitioned into K + 1 parts TO(O), e ,TO(K) of sizes

k
my=m/3,m| = any,my =0ny, - ,mg = Ong. Sy = TO( )UTk.

Recall that S; and 7} contain inferred labels while S and T} are sets of examples with

original labels. The algorithm only observes Sj and 7j.

For (X,Z) € T (0 <k <K), Qu(X) =P(Z =1 X).
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Disagreement Regions The candidate set Cy and its disagreement region Dy are defined

in Algorithm 10. /i = argminyec, [(h,Si). v = [(h*).
B(h,r):={l € H |p(h,h') <r},DIS(C) :={x € X | 3hy # hy € Cs.t. hi(x) # hr(x)}.

504,00 = Uy (40 {5 Q09 < i Qo) + ).

6(ro, 1) = sup,..,, +P(S(DIS(B(h*,r)), ).

r

DISo = X. Fork=1,...,K, DIS; = DIS(B(h*,2v +¢)), and

1(h*).

log(2|H]/d
oy o) [T a2l /3
xeDIS,_; Mk—1Q0(X) +n_1 xeDIS,_; Mk—1Q0(X) +ng_1

Other Notations  p(h1,h2) =P(h1(X) # h2(X)), ps(h1,h2) = g Exes L{h1 (X) # ha(X)}.

log(|#]/8 .
Fork>0,0(k,8) =sup,ep, %, O = m &k = infyep, Qo(x). §=sup,cpys, m.

C.1.2 Elementary Facts

Proposition C.1. Suppose a,c > 0,b € R. Ifa < b+ +/ca, then a <2b+c.

Proof. Since a < b+ +/ca, \/a < M < \/ # = v/c+ 2b where the second inequality

follows from the Root-Mean Square-Arithmetic Mean inequality. Thus, a < 2b+c. [

C.1.3 Facts on Disagreement Regions and Candidate Sets

1{h () #h (x)}
mQo (X )+ Ok (X)

/
S Supx/ m]l {X EDk}

Lemma C.2. Foranyk=0,...,K, anyx € X, any hy,h; € C, PRONCIETTR

Proof. The k = 0 case is obvious since Dy = X and ng = 0.
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For k > 0, since DIS(Cy) = Dy, 1{hi(x) # ha(x)} < 1{x € Dy}, and consequently

U (DA} - 1{xeDy}
mQo(X)+m Ok (X) — mpQo(X)+mOr(X)*

Il{xEDk} _ Il{xEDk}
mQo(X)+m Ok (X) — mQo(x)+n —

For any x, if Qp(x) < & + 1/, then Q(x) =1, so

1 {XIEDk}
Supxl ka() (X’)+nk .

If Qp(x) > &+ 1/a, then Qk(x) = 0, and consequently m Q;&’;iﬁ}’zék(x) = %{JCQEOI&} <
% < sup,/ % where the first inequality follows from the fact that Qg (x) > &+ 1/
implies m;Qo(x) > m&y +ny. O

Lemma C.3. Foranyk=0,...,K, if hy,hy € Cy, then I(hy,Si) —1(ha,S¢) = 1(hy,8;) — 1(ha2,Sk).

Proof. For any (X;,Y;,Z,) € S that Z, = 1, if X, € DIS(Cy), then Y; = ¥;, so 1{h;(X;) #Y;} —
{h(X,) £ Y} = 1{hi(X;) # Y} — 1{ha(X;) # ¥, }. If X; ¢ DIS(Cy), then h;(X;) = ha(X;), so
(X)) # Y} =1 (X) # Y} = 1{h(X) # 4} - 1{h(X;) # 1} =0. [

The following lemma is immediate from definition.

Lemma C.4. For any r > 2v, any o. > 1, P(S(DIS(B(h*,r)),)) < r8(r,a0).

C.1.4 Facts on Multiple Importance Sampling Estimators

We recall that {(X;,Y;) ?S” is an i.i.d. sequence. Moreover, the following fact is immedi-

ate by our construction that Sy, - - - , S are disjoint and that Qy, is determined by So, -, Sk—_1.

Fact C.5. For any 0 < k < K, conditioned on Qy, examples in Sy are independent, and examples

in Ty are i.i.d.. Besides, for any 0 < k < K, Qg, To(k), ey TO(K) are independent.

Unless otherwise specified, all probabilities and expectations are over the random draw of

all random variables (including Sy, --- ,Sk, O1,- -, Ok)-
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The following lemma shows multiple importance estimators are unbiased.

Lemma C.6. Foranyh € #H, any 0 <k <K, E[l(h,S;)] = (h).

The above lemma is immediate from the following lemma.

Lemma C.7. Forany h € #H, any 0 <k <K, E[l(h,S;) | Ox] = I(h).

Proof. The k = 0 case is obvious since Sy = TO(O) is an i.i.d. sequence and /(h,Sy) reduces to a

standard importance sampling estimator. We only show proof for k > 0.

Recall that §; = To(k) U Ty, and that To(k) and 7, are two i.i.d. sequences conditioned Q.
(k)

We denote the conditional distributions of 7, and T; given Qy by Py and Py respectively. We

have

E[l(h,Sk) | Okl
_ Hh(X) #Y}Z Hh(X) #Y}Z
- xy,2)eT miQo(X) + mQi(X) Q| +E (X7Y,ZZ")€Tkka0(X)+nka(X) | O
_ 1{h(X) #Y}Z 1{h(X)#£Y}Z
= 0006+ w0 Qk} ' {kao(X)Jrnka(X) O

(k)

where the second equality follows since 7;;* and T are two i.i.d. sequences given O with sizes

my and ny respectively.

Now,

1{h(X) £Y)Z - 1{h(X) £Y)Z
* LmiQo(X) + nkQx(X) |Qk} - EPO {kao X) + nQk(X) X } |Qk_
_ 1{h(X) # Y} Qo(X) |
-tk {kao X) +m Qr(X) |X’Qk] |Qk_
_ ]1{h( ) #Y}00(X)
= Bn LM Qo(X) + O (X) |Qk]
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where the second equality uses the definition Pp,(Z | X) = Qo(X) and the fact that To(k) and Qy

are independent.

Similarly, we have Ep, [mkgié’( e !Qk} [ik{gg( o | O ]
Therefore,
1{h(X) £Y}Z ] { 1{A(X) £Y}Z }
E +nE
TRy {kao(X)Jrnka(X) | Qx| milr, miQo(X) + ni Ok (X) |
(

LH{A(X) #Y}Q0(X) H{A(X) #Y} O
ki, {kao(X )+ 1k Q(X) | Qk} ki {
— B, 100 £V}

= Ep[1{a(X) £ ¥}] = I(h)

Y 1o ]
L meQo(X) + mQ(X) ' =

+ Ok (X)
+ e Qk(X) | Qk}

)
)

where the second equality uses the fact that distribution of (X,Y) according to Py is the same as
that according to Py, and the third equality follows by algebra and Fact C.5 that Oy is independent
with .. 0

The following lemma will be used to upper-bound the variance of the multiple importance

sampling estimator.

Lemma C.8. Forany hy,h, € H, any 0 < k <K,

g p (Moo

2 1{h1(x) # ha(x)}
kao(X)+nka(X)) | Qx| <p(h1,h2)sup

(X.,Y.Z)S; rex MeQo(x) +mQr(x)

Proof. We only show proof for k > 0. The k = 0 case can be proved similarly.

We denote the conditional distributions of To(k) and 7 given Q by Py and Py respectively.
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Now, similar to the proof of Lemma C.7, we have

L{h (X) # m(X)}Z\?
E[( L (kao(X)+nka(X)> Qk]

XY,2)ES
1{h(X) #h(X)}Z
— E 0
(X,Y,ZZ’)eSk [(kao(X)+nka(X))2 | k]
—mEp, 1{h;(X) #hz(X)}Zz 0| +meEp, H{m(X) #hz(X)}Zz 0
] (mkQo(X) +m Qi (X)) (miQo(X) + mkQr(X))
—mEp, 1{h1(X) %hz(X)}Qo(Xz) 0| +mEn, 1{h(X) #hz(X)}Qk(Xz) o
] (mrQo(X) + mOk(X)) (meQo(X) +niQk(X))
B mQo(X) +mOr(X)
=B | 100X) £ 00} e
. [ () #n(X)} |
| meQo(X) +meQe(X) ' <
1{h(x) # ha(x)}
<Ep, [1{h1(X) # ha(X)} | Q] 5161)]@3 2 00(x) + 10k (1)
1{h(x) # ha(x)}

=p(hi.h .
Pl ko) Sup o ) + 1 Qe ()

C.2 Deviation Bounds

In this section, we demonstrate deviation bounds for our error estimators on S;. Again,
unless otherwise specified, all probabilities and expectations in this section are over the random

draw of all random variables, that is, So,---,Sk, Q1,-- -, Ok.

We use following Bernstein-style concentration bound:

Fact C.9. Suppose Xi,...,X, are independent random variables. Foranyi=1,...,n, |X;| <1,
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EX; = 0, EX? < 67. Then with probability at least 1 —§,

log§+1/226 logg

Theorem C.10. Forany k=0,...,K, any & > 0, with probability at least 1 — 9, for all hy,h, € H ,

E

the following statement holds:

() £ (o)} 225
[ (11,8 = 102, S0)) = (1) = 1)) | < 250p — 0 3mmo o

{1 () # o)} log 421
" 2:25 kaO(X)+nka( ) p(hl,hz)_ (C.1)

Proof. We show proof for k > 0. The k = 0 case can be proved similarly. When k > 0, it suffices
to show that for any k = 1,...,K, 8 > 0, conditioned on Qy, with probability at least 1 — 9, (C.1)

holds for all hy,hy € H.

For any k = 1,...,K, for any fixed hy,hy € H, define A := Squex%- Let

_ . UHmX)#Y1Z L{h(X) £V }Z ._
N:= S|, Ur = kaO(l}(l)+nka(Xt) B kao&t)-i—nka(Xr)’ Vii= (U —E[U|Q])/24.

Now, conditioned on Oy, {V,}ﬁvz | is an independent sequence by Fact C.5. |V;| < 1, and

E[V;|Qk] = 0. Besides, we have

1 Y )
WZE[Uz |Qk]

M=

EV 0 <
=1
1{hy(X;) # hz(Xt)}Zt)
- AZZ (kaoXt)—Hlek(Xt)
< p(hi,h)
- 4A
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where the second inequality follows from |U;| < iigo(gét)ﬁfk(g;)&%, and the third inequality follows

from Lemma C.8.

Applying Bernstein’s inequality (Fact C.9) to {V;}, conditioned on Qy, we have with

probability at least 1 — 9,

2 hyih
_—10g + p( 2124 2)

Zw

logg.

Now, Y.7* Uy = 1(hy,Sk) — 1(h2,Sk), and Y.;° | E[U; | Qk] = I(h1) —I(h2) by Lemma C.7,
0 Y, Vi = 5 (I(h1,Sk) — 1(h2,Sk) — 1(h1) +1(hy)). (C.1) follows by algebra and a union bound
over #. O

Theorem C.11. Forany k=0,...,K, any & > 0, with probability at least 1 — 9, for all hy,hy € H ,

the following statements hold simultaneously:

10 1{hi(x) # ha(x) }log =5~ 4
Psi(h,ha) < 2p(h1’h2)+?x€£ myQo (x) +ni O (x)

7 1{hi(x) # ho(x)}log 24
plh1;ha) Szpsk(hl’h2)+gilel)€ mQo(x) +mgQr(x) (€3

; (C2)

Proof. Let N = |Sy|. Note that for any /1, hy € H, ps, (h1,hn) = % X, 1{h1(X;) # h2(X;)}, which
is the empirical average of an i.i.d. sequence. By Fact C.9 and a union bound over #, with

probability at least 1 — 9,

4|4 \/Zp(hl,hz) 4|
hi,h hho)| < =1 1 .
‘P( 1,h2) — ps, (h1, 2)\ DAL + N 085
On this event, by Proposition C.1, p(h1, /) < 2ps, (h1, ) + ¢ log 420 4 2 10g 224 <

2ps, (h1,ha) + 310 log =5+ 47
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Moreover,

ps, (h,hy) < p(hy, h2)+—log

41 | N \/ZP(hhhz) log4|ﬂ|

3N ) N )
2 44| 1 4| H
< ol 51 2L 2 phn,m) + L tog 00
4| H
< 2p(hi, h2)+@1 g |8 |

where the second inequality uses the fact that Va,b > 0,vab < #.

The result follows by noting that Vx € X, N = |Si| = my +ng > mpQo(x) + nx Qi (x). O

Corollary C.12. There are universal constants Yy,Y1 > 0 such that for any k =0, ..., K, any 8 > 0,

with probability at least 1 — 9, for all h,hy,hy € H , the following statements hold simultaneously:

1{/1 (x) # ha(x)} log 2L
| (L(h1,8k) = 1(h2,8k)) — (I(m) = L(h2))| Svojg)g {,,,,llk(Qié) i(ngk(i)%

o L1 (3) # o ()} log
ey Qo) + Qi (x)

+Y0 ps(hi,ha);

(C4)

. . 1{h(x) # 1*(x)} log !
HR) = U(R7) <20, S1) = 10, )+ sup— s o

1{h(x) # h*(x) } log ! .
ver meQo(x) + mQx(x) I(h). (C.5)

+"

Proof. Let event E be the event that (C.1) and (C.3) holds for all i,hy € H with confidence

1-— % respectively. Assume E happens (whose probability is at least 1 — ).

(C.4) is immediate from (C.1) and (C.3).
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For the proof of (C.5), apply (C.1) to & and h*, we get

210gM

i e o L) # 1 ()} 5
k) = 10) <URSi) =10, 81) +288p = s o)

+J2wﬂmm¢hwnn%i§

h. h*).
xe)g myQo(x) + ng Qx (x) pR.I")

By triangle inequality, p(h,h*) = Pp(h(X) # h*(X)) < Pp(h(X) #Y) +Pp(h*(X) #
Y)=1(h)—I(h*) +2I(h*). Therefore, we get

ZIOg%}{l

_ * B * u ]l{h(x)%h*(x)} 3
I(h)—=1(h*) < 1(h,Sg)—1(h ,Sk)+2§€§ meQo(x) + e Qe (x)

1{h(x) # h*(x))} log 2]
+J 251615 mQo(x) + 1 Ox (x)

(L(h) = 1(h*) +21 (7))

IN

(U(h) = I(h*))

* 1 {h(x) # h*(x)} log 420
[(h,Sk) —1(h",Sk) + J 252)( myQo(x) + g Ok (x)

4]

1{h(x) # h*(x) } 2255 .\ J sy () # 7 (x)}log bl
xeX

S ()

2
+2su mQo(x) + niQx(x)

xex  MQo(x) +niQx(x)

where the second inequality uses va+b < \/a+ Vb for a,b>0.

(C.5) follows by applying Proposition C.1 to I(h) — I(h*). O

C.3 Technical Lemmas

For any 0 < k < K and 8 > 0, define event E 5 to be the event that the conclusions of

Theorem C.10 and Theorem C.11 hold for k£ with confidence 1 — 8/2 respectively. We have
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P(%5) > 1 — 90, and that E; 5 implies inequalities (C.1) to (C.5).

We first present a lemma which can be used to guarantee that 4* stays in candidate sets

with high probability by induction..

Lemma C.13. For any k=0,...K, any 6 > 0. On event E 5, if hi* € Cy then,

1(h*,Si) < 1(hy, Sk) + Y00 (k, 8) + YO\/G(’C, 8)ps, (e, ).
Proof.

I1(h*,8¢) — (A, Sy)
=1(h*, k) — 1 (A, Sk)

L (x) # )y log 51 \/ L{# () # ()} og !
Qo) +mQix) VT o) + mQul)

<100 (k. 8) + /Y00 (k,8)ps, (. h).

<Yosup ps, (e, 1)
X

The equality follows from Lemma C.3. The first inequality follows from (C.4) of

Corollary C.12 and that [(h*) < (/). The last inequality follows from Lemma C.2 and that

ps, (e, %) = ps, (b, 1*). O

Next, we present two lemmas to bound the probability mass of the disagreement region of

candidate sets.

Lemma C.14. For any k=0,...,K, any 8 > 0, let Ci1(8) := {h € C | 1(h,S;) < 1(hy, Sp) +

Yoo (k,8) + Yo \/ o(k,d)ps, (hi,h)}. Then there is an absolute constant Yy, > 1 such that for any

0,...,K, any 8 > 0, on event Ey 5, if h* € Cy, then for all h € Cyy1 (),

() — (") < 120(k,3) + 121/ (k. )L (7).
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Proof. For any h € Cy41(9), we have

1(h) —1(h*)
<2(1(h,Sk) — L(h*,Sk)) +10(k, +m/
=2(1(h,S¢) — 1(h*,8})) +vi0(k +71 \/ ol
=2(1(h, Sx) — (b S) + 1 (b, S) — 1 (1", 81)) + 16 (k, )+vl o(k gﬂ(h*)

<2(1(h,S¢) — 1(h, S)) +y16(k +y1 \/o(

<n+m)olk D)+ 210 otk §>p (h mmM (k. )1 (1)

<(2y0+v1)o(k, g) ‘|‘2'YO\/ o(k, g)(psk(h,h*> +ps (e, %)) +11 \/ o(k, g)l (h*)  (C.6)

where the first inequality follows from (C.5) of Corollary C.12 and Lemma C.2, the first
equality follows from Lemma C.3, the third inequality follows from the definition of Cy(d), and

the last inequality follows from pg (i, i) = ps, (h, /i) < ps, (h,h*) + s, (e, 1*).

As for pg, (h, h*), we have ps, (h,h*) < 2p(h,h*)+ 1?6<5(k, g) <2(I(h) —1(h*))+4l(h*) +
13—66(k, g) where the first inequality follows from (C.2) of Theorem C.11 and Lemma C.2, and the

second inequality follows from the triangle inequality.
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For pgk(fzk, h*), we have

~ A 16 o
Ps; (h/w h*> < 2p(hkvh*) + ?G(k, §>
A 16 )
< Z(Z(hk) —l(h*)—f—Zl(h*))-i-?G(k,g)

< 202010 S0~ 1, 50) + 10l 2) +11 (kB +2(8)) + ok, D)

< (2y1+gf)c(k,g)um/c(k,g)z(h*)+4z(h*)

< @I+ Gn+ )k, )

where the first inequality follows from (C.2) of Theorem C.11 and Lemma C.2, the second follows
from the triangle inequality, the third follows from (C.5) of Theorem C.12 and Lemma C.2, the
fourth follows from the definition of fzk, the last follows from the fact that 2vab < a+ b for

a,b>0.
Continuing (C.6) and using the fact that Va+b < \/5 ++/b for a,b > 0, we have:

32 o
I(h) —1(h") <(2¥0 +71 +2v01 /311 + ?)G(kv g)

- aon /B 1)y otk )1010) 231 (k.2 10) 1)),

The result follows by applying Proposition C.1 to I(h) — [(h*). O

Lemma C.15. On event ka;OI Er5,/2 Jorany k =0,...K, Dy € DIS;.

Proof. Recall §; = Ws(ku)' On event ﬂkK;OI T 5,/2- * € Cy for all 0 <k < K by Lemma C.13

and induction.

The k = 0 case is obvious since Dy = DISy = X. Now, suppose 0 < k < K, and Dy C DIS;.
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We have

Disi C DIS ({h:l(h)§v+yz(6(k,6k/2)+ G(k,Sk/Z)v>})

C DIS (B <h*,2v+Y2 (G(k,&k/z) + G(k75k/2)V>>>

where the first line follows from Lemma C.14 and the definition of Dy, and the second line follows

from triangle inequality that P(h(X) # h*(X)) < I(h)+1(h*) (recall v = [(h*)).

To prove Dy 1 C DIS; it suffices to show 7}, <G(k, Or/2) + +/ol(k, Sk/Z)v) < €.

Note that 6(k,8/2) = sup,ep, % < SUp,epis, % since Dy C DISy. Con-
sequently, V2 (G(k, Or/2) ++/o(k, Sk/Z)v> < €y O

C.4 Proof of Consistency

Proof. (of Theorem 6.1) Define event £(©) := NK_, %, 5,/2- By a union bound, P(E®) >1-3.
On event Z(O), by induction and Lemma C.13, for all k =0,...,K, h* € C;. Observe that

h=hy € Cxy1(8k/2). Applying Lemma C.14 to /i, we have

) < 1)+ | sup 1022I/80) ¢ up 1221701/36)

L(h*
xeng MrQo(x) +ng epg Mk Qo(x) +ng ()

The result follows by noting that sup, . y % < Sup,cx % by Lemma C.15. [
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C.5 Proof of Label Complexity

Proof. (of Theorem 6.4) Recall that & = infyep, Qo(x) and § = sup,pys, W

Define event E(©) := ﬂ,[fzo Ex5,/2- On this event, by induction and Lemma C.13, for all

k=0,...,K, h* € Ct, and consequently by Lemma C.15, D, C DIS;.

For any k = 0,...K — 1, let the number of label queries at iteration k to be Uy :=

no~+ A+
Z[:n0+..,+;k+lzl]l{xl € DkJrl}-

. 1
Z{X; € D1} = 1{X; € Dyy1 AQo(X;) < inf Qp(x)+—}
XeDk+1 o

< 1{X; € S(Dry1,00) }

S ]l{Xt ES(DIS]ﬁLl,G)}

Thus, U;, < Z?i::ojni;lk 11 1{X; € S(DIS; 1, )}, where the RHS is sum of i.i.d. Bernoulli
random variables with mean P(S(DIS;,a)), so a Bernstein inequality implies that on an event

EK) of probability at least 1 — & /2,

no+ Ay 4
Y X € S(DISk1, )} < 2 P(S(DISk11, @) +2log
t=no+--+m+1 k

Therefore, it suffices to show that on event £(2) := ﬂkKZO(Z(l’k) N Ex5,/2), for some

absolute constant ¢y, Zsz_ol N+ 1P(S(DISk1, ) is at most

0 H|l H1
Cle(2V+eK’O‘)(”V+CIOg”10gH%+logn\/nVClog—‘ \Sogn).
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Now, on event £(2), for any k < K, P(S(DIS;,1,a)) = P(S(DIS(B(h*,2v+€41)),a)) <

(2v+€;11)0(2v + €44 1, &) where the last inequality follows from Lemma C.4.

Therefore,

K-1
Y e P(S(DISk 1, )
k=0

K-1
<ni+ Y g1 (2V+€11)0(2V + €4p 1, )
k=1
i K-1
<1+8(2v+ek, )20V + ) gy 18rt1)
=1

o ) T up BB ossp
<1+06(2v+eg,a) | 2nv+27, sup ——————~ + |,V sup —————~
;;1 xepis; (0Qo(x) +1) xepis, (0Qo(x) +1)
| 7| (logn) |#|(logn)?

2
<1+48(2v +ex,a)(2nv + 272 lognlog 5 +27, logn\/nVClogT).
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Appendix D

Omitted Proofs for Chapter 7

D.1 Preliminaries

D.1.1 Summary of Key Notations

Data Tp={(X;,Y;,Z)}", is the logged data. Tj = {(Xt,ﬁ,z,)}fj:ink_IH (1<k<K)
is the online data collected in the k-th iteration of size Ty = ny — ny_1, and ¥; equals either the
actual label ¥, drawn from the data distribution D or the inferred label /_; (X;) according to the

candidate set C;_at iteration k — 1. Sy = ToUT; U---UT;.

m-ny

For convenience, we additionally define 7y = {(X;,%,Z)},_,,} . |+

| to be the data set
with the actual labels Y; drawn from the data distribution, and Sy = To U771 U- - - UT. The algorithm

only observes S, and T}, and Sy, T; are used for analysis only.

For 1 <k <K,n, =71+ -+ T, and we define no = 0, n = ng, T9p = m. We assume

T < Tgyp for 1 <k < K.
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Recall that {(X;,Y;,Z,)}!"|" is an independent sequence, and furthermore {(X;,Y;)}/""
is an i.i.d. sequence drawn from D. For (X,Z) € T; (0 <k <K), Qx(X) =P(Z=1|X). Unless
otherwise specified, all probabilities and expectations are over the random draw of all random

variables {(X;,Y;,Z;) }7".

Loss and Second Moment The test error /(h) = P(h(X) # Y), the optimal classifier

h* = argminy 4 [(h), and the optimal error v = [(h*). At the k-th iteration, the Multiple Im-

portance Sampling (MIS) weight wy(x) = oo (X,)r;‘,—’f’i "1 O

(h;Sp, M) = Ly %y (X)) ZA {h(X;) # Y} 1{wi(X;) < M}. The (unclipped) MIS loss esti-

m-tny ~1=

. The clipped MIS loss estimator

mator [(h; Si) = [(h; Sk, 00).

The clipped second moment V (h;k,M) = E [w(X)1{h(X) # Y }1{wi(X) < M}], and
V(hi,hok,M) =B [wi(X)1{h1 (X) # ha(X)}1{wi(X) < M}].

The clipped second-moment estimators V(h; S, M) = —L_ Y™ ™ w2(X)ZA{h(X;) #

m-+ny

Y {wi(X;) < MY, V(hy,ho; S, M) = LY w2 (X0 ZA{hy (X) # ha(X) Y1 {wi (X:) < M.

m-+tny

The unclipped second moments (V(h;k), V(hi,ha;k)) and second moment estimators

(V(h;Sy), V(hi,hy;Sy)) are defined similarly.

Disagreement Regions The r-ball around / is defined as B(h,r) := {h' € H | P(h(X) #
I (X)) < r}. The disagreement region of C C # is DIS(C) :={x € X | 3h; # hy € C s.t. hy(x) #
ha(x)}.

The candidate set Cy and its disagreement region Dy are defined in Algorithm 11. The

empirical risk minimizer (ERM) at k-th iteration IAek = argminyec, [(h, Sk).

The modified disagreement coefficient 8(r, o) := 1P (DIS (B(h*,r))N {x 1 Qo(x) < é}) .
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6 = sup,.,, 0(r, 27m)

Other Notations go = inf, Qp(x). Qp+1(x) = L{mQo(x) + L5 | 1:0i(x) < 2Qo(x) +

: 2 H .
meen}. My = inf(M > 1| G2 log 5! > Plagigsi > M/2)}. & = mimi<usk (Me/ i)

M = maXlngKMk.

D.1.2 Elementary Facts
Proposition D.1. Suppose a,c >0, b € R. Ifa < b++/ca, then a <2b+c.

Proof. Since a < b++/ca, \/a < Veryetdh VZCMb < w = \/c +2b where the second inequality

follows from the Root-Mean Square-Arithmetic Mean inequality. Thus, a < 2b+c. 0

D.1.3 Facts on Disagreement Regions and Candidate Sets

Lemma D.2. For any k=0,...,.K, M > 0, if hy,hy € Cy, then l(hl;Sk,M) —l(/’lz;Sk,M) =
1(h1; Sk, M) — 1(ha; Sy, M) and V(hy, ho; Sy, M) = V(hy, ha; S;, M).

Proof. For any (X;,Y;,7Z;) € Sy that Z, = 1, if X, € DIS(Cy), then ¥; = ¥, so 1{h1(X,) # Y} —
{h(X) £ Y} = 1{h1(X;) # Y} — 1{ha(X,) # ¥, }. If X, ¢ DIS(Cy), then 1 (X;) = ha(X;), so
Hm(X) # Y} —1{ha(X,) # Y} = 1{m(X) # ¥} = 1{ha(X;) # ¥:} = 0. Thus, I(h1; S, M) —
(hy; S, M) = 1(h1; Sk, M) — 1 (ho; 53, M).

V(hy,ho;Sg, M) =V (hy,ha; Sk, M) holds since V(hy,hy; Sk, M) and V(hy,ho;8;, M) do

not involve labels Y or Y. ]
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The following lemmas are immediate from the definition.

Lemma D.3. Forany 1 <k <K, ifh € Cy, then 1(h; Sy, M) < 1(h;Si, M) < 1(h;Sy) and V(h; S, M)
< V(h; Sp, M) < V(h; Sy).

Remark D.4. The inequality on the second moment regularizer V, which will be used to
prove the error bound (Theorem 7.9) of Algorithm 11, is due to the decomposition property

YV (h; S, M) = BOPSCOI (. 5, ADIS(C), M) + BN IN (y. 5, ADIS(C)¢, M). Tt does not

m-+ny m-+ny

hold for estimated variance Var(h; Sy, M) := V (h; Sy, M) — I(h; Sg, M)?. This explains the necessity

of introducing the second moment regularizer.

Lemma D.5. For any r > 2v, any o. > 1, P(DIS(B(h*,r) N {x: Qo(x) <

D.1.4 Facts on Multiple Importance Sampling Estimators

Proposition D.6. Let f: X x Y — R. For any k, the following equations hold:

B[ W(X)ZF(X,¥)) = ELf(X,7),
MT M (xyZ)es,

B Y w(0ZA(XY)] = B ()X V)L
M (xy.Z)es,
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Proof.

k
El Y wXzZfX,Y)=YE Y EwX)/fXY)Z|XY]
(X,Y,Z)ES, i=0 (XY Z)eT;
k

=) E[ )} wX)/XY)EZ|X.Y]

i=0 (X,YZ)eT;
k
2y E| wi(X)f(X,Y)E[Z | X]]
i=0 (XY, Z)€T;

wi(X)f(X,Y)Qi(X)]

®)

k

=) E

i=0  (X.YZ)€T;
k

Z FX,Y)0:i(X)]

= E[we(X)f(X,Y) ZTiQi(X)]

i=0

D m+ m)ELF(X, )]

where (a) follows from E[Z | X] = E[Z | X,Y] as Z,Y are conditionally independent given X,

(b) follows since 7; is a sequence of i.1.d. random variables, and (c) follows from the definition
_ m—+ny

wi(X) = Y5 oti(X)

The proof for the second equality is similar and skipped. 0

D.1.5 Facts on the Sample Selection Bias Correction Query Strategy

The query strategy Oy can be simplified as follows.

Proposition D.7. Forany 1 <k <K, x € X, Q(x) = 1{2n —mQp(x) > 0}.

Proof. The k =1 case can be easily verified. Suppose it holds for Q;, and we next show it holds

for Oy.+1. Recall by definition Q11 (x) = 1{mQp(x) —1—2{;1 T,0i(x) < 5Q0(x) +ngy1}-
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If Ok (x) = 1, then mQo(x) + X5 1:0:(x) < 2Q0(x) +ng, so

k
mQo(x) + Y 1iQi(x) < %Qo (%) + e + T
i=1

< = Qo(x) +ngp

|3

where the last inequality follows by the assumption on the epoch schedule T, < Ty | = ng41 — ng.
This implies Q1 1(x) = 1. In this case, 1{2n;+; —mQp(x) > 0} = 1 as well, since ng > ny

implies 2n; | —mQo(x) > 2n; — mQp(x) > 0.

The above argument also implies if Oy (x) = 0, then Q;(x) = Q2(x) = -+ = Or—1(x) = 0.

Thus, if Ok (x) = 0, then Qk11 (x) = 1{mQo(x) < 53 Qo (x) +nxs1} = 1{2n41 —mQo(x) >0}. [

The following proposition gives an upper bound of the multiple importance sampling
weight, which will be used to bound the second moment of the loss estimators with the sample

selection bias correction strategy.

Proposition D.8. Forany 1 <k <K, wi(x) = e jr";,g"] YE < T mg(:z;’)’:rnk

Proof. The k = 1 case can be easily verified. Suppose it holds for wy, and we next show it holds

for wi, 1.

Now, if Q. 1(x) = 0, then by Proposition D.7, 2n;; — mQp(x) < 0, and consequently

mQo(x) + LAt 1:0i(x) = mQo(x) > 1mQo(x) + 1.

If Qr+1(x) = 1, then by the induction hypothesis, mQo(x) + Zé‘i]l TiQi(x) > %mQO (x)+

1
Mg+ Tyl = 7mQo(X) + gy

In both cases, mQq (x) + Lt 1:0;(x) > 1mQo(x) + g1, 50 wii1 (x) < m.
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D.1.6 Lower Bound Techniques

We present a lower bound for binomial distribution tails, which will be used to prove

generalization error lower bounds.

Lemma D.9. Let 0 <t < p < 1/2, B~ Bin(n,p) be a binomial random variable, and & =

S )

4n@. Then, P(B < nt)

This Lemma is a consequence of following lemmas.

Lemma D.10. Suppose 0 < p,q < 1, KL(p,q) = p10g§ + (1—p)log %. Then KL(p,q) <

. _ _ _ 2
Proof. Slncelogxgx—l,plogg—i—(l—p)logiflq’gp(g—l)%—(l—p)(]lfg—l)zm. O

Lemma D.11. (/BS79]) Suppose X ~ N(0,1), and define ®(t) =P(X <t). Ift > 0, then
D(—1) = Sty exp(—512).

Lemma D.12. ([ZS13]) Let B ~ Bin(n, p) be a binomial random variable and 0 < k < np. Then,

P(B < k) > ®(—+/2nKL(%, p)).

D.2 Deviation Bounds

In this section, we demonstrate deviation bounds for our error estimators on S.

We use following Bernstein-style concentration bound:

Fact D.13. Suppose Xi,...,X, are independent random variables such that |X;| < M. Then with
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probability at least 1 — 9§,

1 & 1

1t 2 2
=Y Xi—-) EX;
i3 i3

oM 2 &
<" —log= = Y EX?log <.
= 3 0g5+\/n2i; 083

Edd

Theorem D.14. For any k=0,....K, any 8 > 0, if “ 50 > P(mt8 > M) then with

probability at least 1 — 3, for all hy,hy € H , the following statements hold simultaneously:

2)71] 2]
| (1180, M) — 1(h2: S, M) — (1) — ()| < 1010875 pr %8 S ik, hosk, M);
159k, 259k 1 2 >~ S(m-i-nk) m+ny 1,125k, 5

(D.1)

1010g¥ \/ og%
1hy; S, M) — ()| < =—2 8 M 44| 28 y(hy:k,M).
|1(h1; Sk, M) —1(hy)] 30m ) o (h )

(D.2)
Proof. We show proof for kK > 0. The k = 0 case can be proved similarly.
First, define the clipped expected loss [(h;k,M) = E[1{h(X) # Y }1{wi(X) < M}]. We

have

|(1(h1) = 1(h2)) — (1(h1:k, M) — [(h2:k,M)) |
=[E[(1{m(X) # Y} - 1{h(X) # Y} L{wi(X) > M}]|

<E [1[we(X) > M]]

m— ny M
<El{—————> —
e+~ 2V
oM |H|
Sm—knk logT (D.3)

where the second inequality follows from Proposition D.8, and the last inequality follows from

the assumption on M.
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Next, we bound (I(h1;Sk, M) — 1(h2; Sk, M)) — (I(h1:k,M) — 1 (ha;k,M)).

For any fixed hy,hy € H, define N := [S|, U; := wi (X)) Z 1{wi(X;) < M}(1{h1(X;) #
Vi} =1 (X) # Yi}).

Now, {U,}f]:] is an independent sequence. ILVZ?':I U = 1(h1;Sk, M) — 1(hp; Sk, M), and
Ex YN U, = I(hi;k,M) — I(hy;k,M) by Proposition D.6. Moreover, since (1{h;(X;) # ¥} —
]l{hz(Xt) #Y1)? =1{h(X;) # ha(X;)}, we have + ¥~ | U? =V (hy, h; Sk, M) and by Proposi-
tion D.6 ]EJ%, YN U? = V(h1,ha;k,M). Applying Bernstein’s inequality (Fact D.13) to {U; }, we

have with probability at least 1 — 3,

li i <M og 4+\/2V(h ok, M) log ~
y & U Ey LU = gyloeg ) Vi ok M)log 5,
and consequently | (I(h1; Sk, M) —1(hy;Sg,M)) — (I(h1;k, M) —I(hy;k,M)) | < 5 )logs +

VitV hosle, M) log 3.

By a union bound over #, with probability at least 1 — g for all hy,hy € H,

| (1(h1; Sk, M) = 1(h; Sk, M) — (L(hsk, M) — L(hos kM) |

4M 2|H| 4 2|H|
1 V(hi,hy;k,M)1 . D.4
3(m+ ) g5 +\/m+nk (h1,ha )log 5 (D.4)
(D.1) follows by combining (D.3) and (D.4).
The proof for (D.2) is similar and skipped. 0

We use following bound for the second moment which is an immediate corollary of
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Lemmas B.1 and B.2 in [ND17]:

Fact D.15. Suppose Xi,...,X, are independent random variables such that |X;| < M. Then with

probability at least 1 — 9,

[2M? 1 M [2M? 1
_ Tl(j)gg——<\/ ZXZ \/ ZX2< —lOg6

Recall that by Lemma D.6, E[V (hy,hy; S, M)] = V(h1, ha;k,M) and E[V (hy; S, M)] =

V(hi1;k,M). The following Corollary follows from the bound on the second moment.

Corollary D.16. For any k =0,...,K, any 8,M > 0, with probability at least 1 — 9, for all

hy,hy € H | the following statements hold.:

" 4M? 2| H M?
‘\/V(hlth;SkaM) - V(hlahZ;kaM)’ < \/ log |8 | + ) (D.5)

m—+ng m—+ny

4M? 2|}[|
\/ V(h1; Sk, M) —/V (hi;k,M) D.6
‘ 1>k ! ’ \/m+nk log o m—i—nk (D-6)

{Ed]
Corollary D.17. There is an absolute constant i, for any k =0,...,K, any 8 > 0, if 21‘21%1 & >
]P’(M ) then with probability at least 1 — 39, for all hy,hy € H , the following statements

mQo(X)+n; —
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hold:

H M? H
| (L(h13 Sk, M) = L(h2; S, M) = (L(hn) = 1(ha)) | <mi 10g‘ |+Y1 3 logu
(D.7)

log Sl (D.8)

1(hy: S, M) < 21(h =
(hy; S8k, M) (1)+Ylm+nk 5

Proof. Letevent E be the event that (D.1), (D.2), and (D.5) hold for all i1,y € H with confidence
1-— g respectively. Assume E happens (whose probability is at least 1 — 9).
(D.7) is immediate from (D.1) and (D.5).

For the proof of (D.8), apply (D.2) to A1, we get

6|7 6|7
1010g %411 Wg— O et
3(m+ny) m—+ ny

Now, V(hi;k,M) = E [we(X)1{h1(X) # Y 1 {we(X) < M}] < ME[1{h;(X) # ¥}, so

410g@ 4M10g6‘—m Mlog&—m . .
8V (hy;sk,M) <\ ——2-1(h1) <I(h)+ & where the last inequality follows

mng m-ny, (m+ny)

from vab < # for a,b > 0, and (D.8) thus follows. O]
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D.3 Technical Lemmas

For any 0 < k < K and 8 > 0, define event E 5 to be the event that the conclusions of
Theorem D.14 and Corollary D.16 hold for k& with confidence 1 — 8/2 respectively. We have

P(%5) > 1 — 9, and that E; 5 implies inequalities (D.7) and (D.8).

Recall that 1 (k,0,M) = m}‘fnk log@ + —( M2)3 \/log |—§”;62(k, d) = —mlnk log |—g§[|;8k =
m+ny)?2
)

2(k+1)(k+2)”

We first present a lemma which can be used to guarantee that 4* stays in candidate sets
with high probability by induction.

2Mlog @ P( m+ny M)

Lemma D.18. Foranyk=0,...K, any 8 > 0, any M > 1 such that e 2 PGgomrm >3

on event ‘Ey 5, if h* € Cy, then,

l(h*;gkaM) < l(i/\lk;SbM) +7Y101 (k787M) +Y1 \/GZ(ka S)f/(h*7l/:lk;§kaM)'
Proof.

1(1*; S, M) — 1(; Sy, M)

=1(h*; Sk, M) — I (hy; Sk, M)

SYIGI (ka 87M) +M \/62(k7 S)V(h*a ilk; SkaM)

—1161(k,8, M) + 71/ 02k, 8) (1, s S, M)

The first and the second equalities follow by Lemma D.2. The inequality follows by
Corollary D.17. [

Next, we present a lemma to bound the probability mass of the disagreement region of
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candidate sets.

Lemma D.19. Let fi y = argmingec, [(h;Si, M), and Cpy1(8,M) := {h € Cy | [(h; S}, M) <

(g pas Siy M) 4161 (k, 8, M) 471 \/Gz(k,S)V(h,fzk’M;Sk,M)}. There is an absolute constant
Edd

Y2 > 1 such that for any k =0, ... K, any 8 > 0, any M > 1 such that 21\/;1:)37 > P(mQ’:(_;r;Iii-nk >

%’), on event ‘Ey s, if h* € Cy, then for all h € Cy11(8,M),

I(h) —I(h*) < 1201 (k, 8, M) +72+/ 02 (k, 8)MI(h*).

Proof. For any h € Cy41(8,M), we have

I(h) = 1(h")
S M) — K. ) 10M1log 421 V(0 kM) 4]
S0k, - S0k, YT o
- k g 3(m+ny) m—+ ny 275
_ _ 10M log #711 V(i bk, M) . 4]
=I(h; S, M) — (W8, M)+ ———=3 4[4 22
(3 S, M) = I( M)+ 3(m+ny) m-+ny % )

=1(h; S, M) — 1(hye pa3 S, M) + 1 (e o S, M) — 1™ Sy, M)

10M log #21 V(0 kM) 4]
3(m+ny) m+ ny =75

—— 10M1og X241 V(. hik M) A|H
S’chl(kasaM)—i_’Yl\/GZ(k,S)V(hahk,M;SkaM)_{—# 4 ( : : )lOg | |

3(m+ny) m—+ ny )

(D.9)

where the first equality follows from Lemma D.2, the first inequality follows from Theorem D.14,
and the second inequality follows from the definition of Cy(8,M) and that I(fy p; Sy, M) <

1(h*; S, M).
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Next, we upper bound \/ V (h, hu s Sk, M). We have

\/\A’(hjth;Sk,M) < \/\A’(h,h*;ﬁk,M) +V (I, g pr; Sk, M)

< \/V(hvh*;Sk7M) + \/\A/U/l*vilk,M;SkaM)

where the first inequality follows from the triangle inequality V (&, iLhM; Se, M) <V (h,h*; 83, M)+
V(h*, ftkM; Sk,M) and the second follows from the fact that va+b < \/a+ Vb for a,b > 0.

For the first term, we have \/V(h,h*;S, M) = /Y (h,h*;S;, M) < \/V (h,h*;k,M) +

4M2 4\%I

m—+tny

log=5-+ +n by Corollary D.16.

For the second term, we have

\/V(h*,fzk,M;S,M) < \/M(l(h*;ﬁk,M) + 1 (g a3 Sis M)

<\ 2MI(h*;Sp, M)

< \/2MI(I; S5, M)
9
< J2M<zz<h*>+wm log 1)
2’YlM2 |.‘7‘[|
< *
_\/m—f—nklOg ) + MI(h)

where the first inequality follows from the inequality w?(X)Z1{h*(X) # Ay (X) }1[wi(X) < M|
< M(wi(X)Z1{h*(X) # Y} +wi(X)Z1{hy (X) # Y}), the second inequality follows since
[ (fzk_‘M;gk,M ) < 1(h*; Sk, M), the third follows by Lemma D.3 since we assume /* € Cy, the fourth

follows by Corollary D.17, and the last follows by va+b < \/a+ Vb.

Therefore, \/\Af(h,fsz;Sk,M) </ V(h,h* kM) + (24 /271) 4/ m+nk log =5 4“7 m+nk +

180



24/MI(h*). Continuing (D.9), we have

4| | Ly M? log4\}[\
1 e
6 (m+ng)3 0

V(h* hk,M)  4|H]| MI(h*) . 4|H|
—|—(y1+2)\/ - log 5 +27; m-i—nklog 5

. 10 300M
_ < (=
I(h) — (") < ( 3 +3'Y1+2\/§'y])m+nklog

Now, because wi(X)Z1{h*(X) # (X)L [we(X) < M) < ka( VZI{h*(X) # Y} +

V(h*,h;kM 4|ﬂ-[\ M(l 1(h*)+21( h*)) 4| H|
m—+ny 0 < m+nk Og o <

Mwi(X)Z1{h(X) # Y}, we have that \/

\/M m+nkh* log 4‘?' + \/ZMI () log 4‘5}” where the second follows by v/a+b < \/a+ /b for

m+ny

a,b>0.

3
Thus, (k) — I(k*) < (0 + 371 +2v27] )72 log L+, MZ)% Vi9og 2 4 2y, +

(m+ny
V271 +2V2) 47 (Y1+2)\/M(l(:1)j;f]fh*)) 10g4|§[|.

log

m+nk

The result follows by applying Lemma D.1 to [(h) — I(h*). O

D.4 Proofs for Section 7.3.2

Proof. (of Theorem 7.9) Define event £() := NK_, E; 5, By a union bound, P(EO)>1-35/2.

On event Z(O), by induction and Lemma D.18, for all k =0,...,K, h* € C.
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I(h) —1(h*) Sl(il;SK;MK)_l(h*QSK>MK)+'YIGI(K>8K>MK)+'YI\/GZ(K 8k )V (h,h*: Sk, Mx)

Zl(/A@;SK,MK)—l(h*§§K,MK)+7161(K,51<,M1<)+Yl\/Gz(K 8k)V (h, h*; Sk, M)

<1(h: Sk, M) + 11\ 02K, 8)¥ (s S, M)
—l(h*;SK,MK)—%\/GQ(K 51() (h SK,MK)

1101 (K, 3k, Mi) + 211/ 02 (K, %) ¥ (*; Sic, M)

<1161 (K, 3k, M) + 211/ 02K, 8) ¥ (% Sk, M)

<1161 (K, 3k, M) + 211/ 02K, 8) ¥ (1% Sk, M)

<3161 (K, 8k, Mx) +2v1\/02(K,8)V (h*; K, Mk )

where the equality follows from Lemma D.2, the first inequality follows from Corollary D.17, the

second follows since \/\A/(fz,h*;S’K,MK) < \/V(E;SK,MK) +\A7(h*;§K,MK) < \/\A/(fz;S’K,MK) +
\Al(h*;gK,M k), the third follows from the definition of h, the forth follows from Lemma D.3,

and the last follows from Corollary D.16. U

Proof. (of Theorem 7.11) Define event 0 ﬂk 0 Ex5,- On this event, by induction and
Lemma D.18, for all k =0,...,K — 1, hi* € C}, and consequently by Lemma D.19, D, C
DIS(B(h*,2v +€;)) where &, = Y201 (k, 8, My) + Y21/ 02 (k, O )My V.

For any k = 0,...K — 1, define the number of label queries at iteration k to be Uy :=
Y, Zl_’;;‘k +1Z1{X; € D41} where the RHS is a sum of i.i.d. Bernoulli random variables with ex-
pectation E[Z, 1{X; € Dy11}] =P(Dy+1N{x: Qo(x) < %}) since Z; = Qp41(x) = 1{2np 41 —
mQo(x) > 0} by Proposition D.7. A Bernstein inequality implies that on an event £("X) of

probability at least 1 — & /2, Uy < 2741 P(Dgr1 N {x: Qo(x) < 2t11) 4 21og &

Define E(! ﬂkK 01 E “‘), and £? = £0) o gl), By a union bound, we have
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]P)(f(z)) >1—98. Now, on event ‘E?), for any k < K, Dy1 C DIS(B(h*,2v +€)), so by
Lemma D.5 P(Dyy1 N{x: Qo(x) < 2”"7“}) < (2v+€)0(2v + &, 2""“) Therefore, the total

number of label queries

K—1 K—1 2nk+l 4
Z U, <11+ Z 2T 1P(Dgr1 N{x: Qo(x) < 13 +2K10g8—
k=0 k=1 m K

<1+2Kzlc (2v+£)B(2v + £, 2L 4 2K Tog =
< P k+1 k S R— gSK

4 . 2
<1+2Klog 5 +28(2v+ex_1, ) - | 2nv
K m

K-1
’Ck+1Mk | Tk+1M |
+Y E lo lo +Tk
Y kZI( +nk g 6 _|_nk g 8 +1 )

Recall that o0 = %,’Ck = 2k, & = minlngK{Mk/ e }, M= maxlgkgKMk. We have

mqo-+ny
ZkK 11 Tfﬁzt:ykk < ZkK 11 % < lec(:l an/z)’;nk <3 in 7 Where the first inequality follows as mlffn <
ﬁ, and the second follows by m = no > n;o. Besides, Zk;I (r:j‘er 3 < Zk i W#’fﬁm
< Zsz_ll \/n% < I\(/Mj where the first inequality follows as mﬁink < mqoink, and the second follows
as My < M and 1, < mgqq + ny. Finally, Zk:lfk\/:nk Y&, \/a;’ﬁl < aq’:ﬁrl where the

My &
m-+n, — mqo-+ng

first inequality follows as and mqo + ng > T (ago + 1).

Therefore,
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k=1 4 2n
Y Ux <1+42Klog—+208(2v+ex_1,—) | 2nv

K& K| H| KM&/ K2|9{| K2|H |
+’Yz(aq0+110g Oqu—FllOg )

D.5 Proofs for Sections 7.2

Theorem 7.1 and Corollary 7.6 are immediate from the following theorem.

Theorem D.20. Let hy = argming,c 4. L(h;S,M) + %V(h;S,M). Forany 8 >0, M>1, A >

4log ‘—j;', with probability at least 1 — 3 over the choice of S,

0M  16M . || B

A M?
I(hy) —L(h") < lo —1/41 D.10
(M)()_m+3mga+m2 0g == (D.10)
A _T{h*(X)#Y} 1 1
+4/—E 1 <M|+Px(—= >M).
\/m Qo(X) [QO(X) | <Q0(X) )
Proof. The proof is similar to the proofs for Theorem 7.9 and D.14, and is omitted. [
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