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introduction

In a previous report "Longitudinal Diffusion due to Space Charge of Ion
Bunches during.Accelerationﬁ'the writer made a rather crude calculation fof
this effect in a particular case when bunches were to be accelerated down a
pipe. The following calculation pertains to the expansi§n of originally
 cylindrical bunches under th~ influence of space charge forces as they drift
down a pipe at constant veloéity. Subject only to the non-critical assumption
that the bunches retain a cylindrical-shape and unifofmfdensity,'and that the
velocity of motion down the pipe is non-relativistic, exact equationé of
motion ars derived. Table$ have been prepared to facilitate the numerical
svaluation of functions entering these equations for a considerable range in the
arguments. For one particular case of interest this numerical evaluation is
carried out completely and thé equations of motion integrated by the Differ-

ential Analyzer.
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Schematic Répre'srentation of Problem

As said previously it is aséumed that the bunches remain cylindrical in
shape, and of uniform density. Thus it suffices to consider only the variation

in length and radius of the bunches, or equivalently the motion of the repre-

sentative points A and B in the sketch below.

>

N

e }
pY

We aésume that the bunches are identical and exténd in_finitely in both
directi~ns. The separatior of their centers is A , the radius is b and the
lenéth 2). The common vélocity is vé the charge de:nsity‘/o'e Ir

V= accelera‘ting potential v" | -
m = mass of ions

V= r.f. frequency .of bunch formation

I = average current

vthen
= 2eV
Yo ° {nc?
=C T"’_zag_
A V\mg
I

(0 = m—bg— inside bmches

=0 outside ‘ \
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Calculat‘ion»-qf the Field

Apart from terms of order (v/c_:)lz-where v is the velocity of the charges,
the electric field due to an arb itrary charge distribution is given by the

negative gradient of a scalar potentialir :

YED - pE e G F) & Yo (Bl (1)

. where Yo is the potential 1n the absence of any charge or current distribution, -

and G(r, T') is Green's function. Since we are considering the r;.on-relativistic"
case we can use P (7,t) instead of /G(F,t - r/c) without appreciable error.
The Green's function for a cylinder ié given by Smythe. When azimuthal

symmetry obtains it is A
Sl GBI GD, Sega) . R
2nae %‘ jJ 2(3) \-— \zo 7 .

]

-

where the summation is over all the zeroes j of Jy(x)e If (2) is inserted in -
(1)‘ and the charge distribution /o described in the previous section is used

~ then one obtains v
JA_. 1 x|

A
. ' : 1 - 3%
2 _y Ia % Jl(J a) Jo- (j—r:) ) v .
7/ t) o =nevf Db 33 le(,]) : _j_‘g_ sl
. : 1- cosh j'%e -c ) a
1-e 34,
for I1xI24 and x = 2t - 2,0 o | : (3)
_— ' ~ Equations of Motio_r_{
For the non-relativistic velocities here co_risideréd
md - ‘ .
=-evvY SR - (4)

dt?
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e . 20 2.
We take the origin of time so that %o = Vot"%%, = o—g—. Slnce T 2 g VI
%o o}

from (3) and (4) we can wrlte down the equations of motion from pomts A and B.

If from now on all lengthss are expressed-_ln’unl:t,s pf a the resu]_t is:.'

0 RPN
L= p(f,0)
25 - at,n) S
ds . (5)
where . |
s =k z,
K= Thredva | _ -6
P({,0) =2 & naw  1-el -0 -20, -
v & TnOF e
: PP O W ) |
__1 1L 1-e 9 e -ed | (7)
EUN P S hGahoP 17

The boundary conditions are S5 =0, A= )?o, b= bos_gg = -gg' = 0.
The equa,tlons can probably only be solved numerlcally. To do this tables of P

' zmd Q for dlfferent [ b must  be calculated,_ Thls has been done for A= 1.5.

J,(3b) J12( jb) ] . ,
Tables of —l'TT-Q ~ and @ =JX follow ‘and ‘can be used to .

- -0 RI” 5 5GF | ’ .
' calculate tables for P..and Q for dlfferent va.lues of A. ForAs= 1.5 the

calculated tables of P and Q were used to integrate (5) on the differential

analyzer for one set of initial conditions.
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Applicatiqn‘to,MTA

To estimate whether space charge debunchlng would render bunching of the
beam 1mpractlcal a specific calculatlon was carrled out for the following case:

(all lengths are in units of the pipe radius:a)

=80 kv . o 28 = A
V =12 x 10° cycles/sec - ‘b, =1/2 = 0.5
=6 ' : pérticle: deuteron
I =100 na |
whence l - ¢
A= 1.515 | 'k = 0.0061516
[;"= 0.1894 k = 0.07843
for simplicity we took instead
A = 1.5
£ = 0.2

For the special case of,R = 1.5 téblés of P and Q ﬁere computed and equations
(5) were 1ntegrated on the differential analyzer for ,1 = 0.2, Bo.=.0.5*,v We
~ see that the bunches double in length i.e., /? 0.4 when § = 0.434 or
2, =2 =2k = 5,53, in units of a, = 33.2m
3 .5843 |
Az = zou  0 f = 0.277 which corresponds td 125°,

Thus by the time a bunch has gone 33" or about four times as far as the )
space between the bunches, its length w111 have doubled and its dlameter in-
creased(by about 20 percent. It'will be recalled that we assumed the bunches
to’be identical and to extend infinitely in both'directionso Actually they are
formed at one point and then drift to the righf, expanding as they go. In othér

.words at a given time the bunches increase in size to the right. However we

¥ See curves at end of paper .
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see that in the particular'casé.treated above they expand slowly enough so
that the assumption of identical size sﬁquld not be critical. In faqt in this
case the influence of neighboring buncheé is not very.strong anyway. We have
of course neglected the pertﬁrbing field of the bunching mechanism and other
complications, so- that the results.here obtained have only an order of mag-

nitude significance.
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3,(3pb) 9:(30) =0
5 for .
(3nd1(3 ))° C< 3 b< 20
n 01 ﬂ? 13 j.lL h‘t; 5_6 n7 A8 Aq l-o

1 207656 G149 21671 .27429 32017 35251 37009 37247 35989 33313
_ 2 .07528 13381 .16292 1572, .11980 20611, =+00366 -.05882 —°09178 =.07423
L07128 10499 L08551 02781 -.03269 -.06213 -.04802 -.00506 .03607 04920

o vt W

206554 207033 01617 -.03757 =.03934 00235 +03491 002328 -.01380 -.03091

205858  .03620 ~,02371 -.02967 991331 002630 -.00711 -.02386 00261 .02172

205054  .00778 -.02996 .00542 o02094 -.01304 -.01216 .01651 00353 =.01631
7 .04188 =,01132 -.01417 02019 =.00758 =-.00929 .01532 —.60685 = 00677

.03150 ~.0200L .00569 00690 =o0L345 01293 =.00678 -.00L55

9 .02432 -.01950 01496 =.01007 00504 —+00198 =+00376
10 01613 -.01279 01121 -.01023  .0095h ~.00900
11 ,00953 *-.00366 <0007 O0L87 =.00365

12 .0024,  -00LLS -.00800 00878 -.00724
13 -.00345 00926 ~.008TL .00338
1, - 00649 200989 ~.00287 -.00506
15 -,00897 00698 00396 —0055%
16 =,01022 00220 00658 +00100
17 -.01029 =-.00252 .00378
18 =.00948 =.00559 -.00141
19 200789 =.00619 -.00473
20 =000586 200454 ~a0039%
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3% Gn o) . 1 (4) =0
—————_2 or
[in 91030 | 0< 3, b<20
\a | |
n ol 02 03 oL‘, ¢5 . 96 ) o7 oS 09_ 1.0 i

1 200913 .03502 o07318 11723 o15973 .19363 21343 21618 20183 ,17292

N

202000  ,06318 .09365 .08724 .05065 .01319 .00005 o01221 02971 .03230
20280, <06083 .0L035 +00427 00590 .02130 .01272 .0001, 00718 .OL336
003230 .03719 00197 .01061 .O1l164° 00004 .00916 00407 .00143 00718

203263  .01246 .0053L o00837 © 200168 o 00066 .VOOOL;S 00541 00007 .O0LLB

(O AN R A V)

.02939 00070 .01033 .0003, +00505 .00196 ~.00L70 00314 .000L, +00306

7 .02371 00173 +00271 .00551 00078 - 400117 00317 00063 .00062
L1537  .00621 00050 .00073 .00230 00259 .0OOTL 00004

9 01036  .00666 00392 00178 .0004s 00007 00025

10 .00508  .00320 .00245 .00205 .00178 .OOL58

11 .00195 00029 00000 00007 o00029

12 L0001, 400047 00150 +0018L 00123

13 .00030 ".00101 o00194 +00029

14 .00116  .00269 .00023 -.00070

15 .00237 .00L4, .00046 +00091

16 .00328 .00015 .00136 00003

17 200355 00021 00048

18 00319 .00111 .00007

19 .0023,  .00L4L 00084

20 .00136 .00081 00061
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» e ~n X where Jo(jn) =0
\\ic / : | |
n o1 2 .3 ol .5 6 .7 .8 .9 1.0
1 L7862 L6182 JB6L 3822 L3005 2362 1857 L1460 .1L8 0903
2 L5758 329% 1909 <1099  .0633 L0364 0210 .0118 ;0070: 20040
3 o4209 a2 .om6 20314 .OL32 .0056 L0023 L0010 000k  .0002
L 23075 L0946 .0291 0089 .0028 40008 L0003 0001 40000  +0000
02247  .0505 40013 .0025 . 20006 0001 0000 0000 |
6 o1641 2069 0044  .0007 L0001  .0000
7 .1199 o0tk 0017 0002 0000
8 .0792  .0077 .0007 o000l 0000
9 0640  .OOKL L0003 0000
10 0467  .0022 ..0001 <0000
11 .0355  .0012  .0000
12 0249 0006
13 L0173 0003
1, L0133 .0002
15  .0097  .0001
16 0071 L0001
17 20052 +0000
18 * 0038
19 .0028
20,0020 -
:?3i Lol 1.2 1.3 1 155
1 +0710 .0558 L0439 «0345  .0271
2 .0023  .0013 0008 +0004 0002
3 L0001 <0000 L0000 0000
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P({,b)" for A =1.5

x ol o‘2 '03 6,4, . - 05 706 °7 s

L1 39.0 22,0 - 15.5 11.6 . 9.19 7.19 Loly2

22 b 9.3 6469 5.02° 3,91 2.86  1.36

o3 772 5043 Lo 02 3.02 <,-2°32 1.61 0.68

A kT3 353 2.9 2,01 1.5 1,02 - 0.392
5 . 3,181 2468 1.917  1.430 1.088 0,700 . 0,257
26 2243 1,796 1.418  1.053  0.800 0.503 * 0,177
7 1709 138, 11020 0.815 0.619  0.386 0.135
& 1330  1.087  0.868 0,642  0.488  0.301  0.105
¢9 . 1.039  0.860 - 0.705  0.518 0.39 0.237 0,081
1.0 1.003 0,805 0.639 O:47L 0359  0.225  0.080,

0bP(,b) for A =1.5

b ol 02 03 ‘ol& as 06 07

.1 «390 450 465 bbb 459 . G431 .310

2 e29L 3T WML w402 L3901 W3k o191
L3 e232 W36 .362 .362 W8 .289 L2
4 e189  .282 L322 L322 L307 L2455 .110
5 e159 W27 .287  .286 272 .20 .09
6 W35 216 .255  .253  .240 .18l 074
.7 120 .19 .231 228 217 .62 L066
8 2106 174 «208 . .205  .195  J145 <059
o 0% 155 190 186 177 .28 051
1.0  .100 ;161 191 .188 <180 2135 .056
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Qd,b) for A = 1.5

\b& W1 02 | .3 oly ;5 o6 o7

el 18.8 1115 7.80 5098 he8h 40T 3.50
.2 6,812 4.607  3.459 2,756 2.286 2,129 1.705
W3 3418 2,705 2128 L.T45  1.482 1290 1.4
b 24378 1796 1.540 1.230 1,066 0.944  0.851
.5 114693 1.316  1.084  0.93,  0.82,  0.740  0.676
6 1051 0,947  0.832  0.731 . 0.656  0.597 0,551
T 1,052 0.845  0.723 0,638 0.575  0.526  0.487
8 0,882 0.721 0,623  0.55, 0.50L  0.459  0.426
8 0.748 0.631 0.550  0.489  0.408  0.403  0.373

1.0 0.779 0.618 0,519 O»L;Sl 0.400 = 0,362 0,327

fo o,b) for A =1.5

) }{ Ol 02 .03 oLj, . 05 06 07

o1 .188 . .223 .23, 239,242 24 .25

2. o136 W18, - 4208 .221  .229 .23, 239
23 L103 L162 .192 209 222 . L2322 240
A .095 W4k 185 197 W213 . .227 .23
5 .085 132 .163 187 206 .222  .237
6 L069 W1 W150 176 .197  .215 231
T W07 118 152 0179 L2001 L2201 .239
8 WO7TL LI15 L150 L .177 | .200 o220 239
.9 .667 Can .18 2176 .198 218 .235

1.0 .078 12, .156 1,180 .200 2217 2229
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bvs FOR a=15 ;=02 b,=05

oR-] ¢

Il . 3 —
0 0.25. 0.5 : 0625 8,
) : MU 2137 79201

Eigo 2





