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ABSTRACT 

UCRL-17498 

A new method of calculating phase shifts-for a Bethe-

Salpeter equation is presented. The scattering amplitude is 

calculated be'low elastic threshold using the differential equation 

and variational methods, and then continued to the elastic, 

scattering region to find phase shifts. 
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Recently Schlessinger and Schwartz presented a method 
) 

of finding phase shifts in potential theory by solving the 

Schrodinger differential equation for the scattering amplitude 

for e ne rgies below threshold and continuing it to the scattering 

region. l . In this paper we report a variation on their method 

involving an on-mass-shell continuation that has proven successful 

2 in solving a Bethe-Salpeter equation. The on-shell amplitude 

satisfies a simple unitarity relation, and this can be used 

advantageously in performing the continuation. We calculate 

below threshold in order to avoid the problems of solving a 

singular integral equation for the phase shifts. 3 

The differential Bethe-Salpeter equation in the ladder 

approximation for spinless particles of equal mass, m, is of 

the form 

(1) 

where k = (O,k), and 
tINI 

2 m. We are interested in 

this equation below elastic threshold (E2 < 4m2), where the Wick 

4 rotation can be performed. In the four-dimensional euclidean 

metric, ~ takes the for~ 



-2-
, .. 

rr~ E2 2 2 2 Gd )2 (~ 0 - .. "4 + m) - E ~X4·' (2) 

where 
4 , 

0 'L d d 
== ~. ~ 

v==l v v 

F~r mass ~ exchange, the potential is 

·v(x) = 4riiA IS.(~lxl). 

I 

The T matrix is defined as 

(4) 

. Let us define the scattered part of the wave function 

\:(x) by 

where ¢k(x) is the free wave term, 

equation for ~(x)· is 

ik'x 
e· 

ff ~(x) = Vex) ~(x) + vex) ¢k(x) . 

The differential 

(6) 

We can write a KOhn type variational princiPle6 for the T 

matrix based on Eq. (6) 

." 
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[T(k' ,k) 1 • J d4
x X:. (x) (/Y - v(x)J \t(x) + J A X:. (x) v(x) ¢k(x) 

+J A ¢:.(x) v(x) Vx) + j d\ ¢:. (x) V(x) ¢k(~) 
(7) 

This variational principle can be applied when the integrals are 

well defined. For an energy above threshold, .the asymptotic behavior 

of the wave function~(x) for large x4 is a growing 

'exponential,7 and thus the derivative term in Eq. (7) is not well 

defined. However, below threshold, the wave function is exponentially 

damped,7 and there exists an energy region where all the integrals 

are convergent. In practice, the application of this variational 

principle is considerably simpler than 'the Schwinger variational 

principle based on the integral equation used by Schwartz and 

Zemach. 5 Our method amounts to solving the. bound-state equations 

using the method of Schwartz8 but with an inhomogeneous term. 

If we do a partial-wave analysis of these equations, we 

2 2 2 2 2 
can calculate T.e (E) in the region 4 (m - IJ. ) < E < ~·m , 

i.e., between threshold and the second Born contribution to the 

left-hand cut. The integrals diverge below this point, because 

V(x) ¢k(x) grows exponentially there. 

The analytic continuation is performed using the K 

matrix defined by 



/' 

where 
i5.e 

e . 

T .e(E2) = 
P 

-4-, 

2 ' . 2 + 2ip T .eCE ) 

~in5£ .. , E Cf , P' ,= 
,~ :rr 

UCRL-174,98 

(8) 

1 

~2 
E ' , 

The analytically:co~tinued unitarity equation implie~ that K.e(E2) 
2 is analytic in E at threshold, and thus by employing the K 

matrix, we have removed the thres~old branch poini. 9 Figure 1 

shows the cut structure of K.e(E2) 

of interest. 

2 in t):le E, plane in the region 

Before doing the continuation to the scattering region, 
" 2 

we first remove the cut contribution K 't (E ) .between cu 

thus enlarging the region of analyticity. 

The continuation is done using a Pad! form' as in Ref. 1: 

= 

i=l 

, 2 i 
a. (E ) 
~ 

We extrapolate with these functions and then add, Kcut, (E2) 

back in. 

(10) 

For a strong attractive potential with a deeply bound 

, (, 
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state, i.e., "-:= 3, II := m, the S"-wave :phase shift was obtained 

to at least 2% in the entire elastic-scattering region. Close' 

to elastic threshold and for weaker :potentials, the accuracy was 

considerably better. ' The in:put numbers for the extra:polation were 

good to four or five :places. Table I gives a sam:ple of the 

stability of the extra:polation. 

In conclusion, we find that because of the high accuracy 

of the variational method below threshold, it is :possible to 

get :phase shifts in the elastic ~egion by extra:polation using the 

sim:pler differential-equation methods and modest com:puter time. 

Roughly two significant figures are lost in the extra:polation. 

I wish to thank Professor Charles Schwartz for suggesting 
-

this :problem and for many enlightening discussions. Also I would 

like to thank Leonard Schlessinger for hel:pful discussions on the 

numerical continuation. 

, '. 
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Table 1. A sample of the convergence; of the extrapolation for two 

attractive potentials upon increasing the order of fitting. The 

S.Z. values were taken from the Schwartz and Zemach calculation de­

scribed in Ref. 5 (private communication). Cancellations in the 

f~tting generally limit the meaningful size of fitting functions 

to n = 5 or 6 for the accuracy of our input numbers for the e~tra­

polation. 

n (0o!rt) _ la 
oo!rt

b 

2 0.2420 0.2703 

3 - 0.3147 0.2674. 

'4 - 0.3277 0.2672 

5 - 0.3048 0.2666 

6 -0.3083 0.2670 

7 - 0·3093 0.2663 

8 - 0.3119 0.2731 

S.Z. values - 0·3097 0.2684 

a. E2 = 5. 6, A. = 3, J.l = m = 1. 

b. E2 = 5. 2, A. = 0·7, J.l = m = 1. 
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. FIGURE CAPTION 

Fig. 1. 
.. . 2 

Cut structure of K
t 

(E) showing the first inelastic, 

threshold and the first two contributions to the left-

hand cut. 
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, Fig. 1 ': 

E 2 plane 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com­
mISSIon, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa­
ratus, method, or process disclosed in this report 
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8. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor­

mation, apparatus, method, or process disclosed in 
this report. 
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Commission" includes any employee or contractor of the Com­
mission, or employee of such contractor, to the extent that 
such employee or contractor" of the Commission, or employee 

of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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