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ABSTRACT

A newvmethod.of calculating phase shifts for a Bethe-
Salpeter equation is presented. The scattering amplitude is
calculated below elastic threshold using the differential equation
and variational methods, and then continued to the elastic.

scattering region to find phase shifts.
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Recently Schlessinger and Schwartz presented a method
~ ' ) . » »
of finding phase shifts in potential theory by solving the

Schrodinger differential equation for the scattering amplitude

_for energies below threshold and continuing it to the scattering

region.l, In this paper we report & variation on their method
ihvolving an on-massfshell conﬁinuation that has proven successful
in solving a Bethe-Salpeter equation.2 The on4shell amplitude
satisfies a simpie'unitarity_relation, and this can be uséd
advantageously in performing the continuation. Wé calculate
beiow threshold in order to avoid the problems of solving a
singular integral equation for the phase shifts.3
| The differential Bethe-Salpeter equation in the ladder

approximation for spinless particles of equal mass, m, is of

the form
O = v v, W

where k = (0,k), and ]&Je = (EE/M - m°. We are interested in
this equation below elastic threshbld (E2_< hm?),, where the Wick
rotation can be performed.u In the four-dimensional euclidean

metric, XS{ takes the form’
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AJ = '(JTDf5  %f1+_m2) - E2<}£%‘ ). Ji'f_' ;15 ]'i__(?)
whefé : ' R R o L
L) wow

v=1 o .
For mass . exchange, the potential is

'\r(#) = B‘[‘%]'Z\‘ K—_L(ulxl) .‘ - - - (3)
‘Thé 'Tvimatrix is definéd as

 _.‘ T(k;,k)'v; duxve-k';#;V(§) ¢k(x’Ev ':'.,T?gfv‘ (h)

\

- Let us define the:scattered part of the wave fuhction

Xk(X) ﬁ’y
L) = B0 e, ey

ik-x

where ¢k(x) is the free wave term, e™ 'The differential

equgtion for  Xk(x)‘_is
O ) = V) X ) <V B . ()

We can write a Kohn type variational princi§1e6 for the T

matrix based on Eq. (6)
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[20e,1)] = | @t G (7 = V) %) + | ot () V() )
e | g (0 V) %) + | a0 V) g ()
| - | (7)
This variational principlercah.be applied when the integrals are.
well defined. For an:energy'above threshold, the aSymptotic behavior
of the wave fUnction‘-Xk(x) for large -xu is a growing |
lexponential,7”and thus the derivative term iﬁ Eq. (7) is not well
defined. However, bélow threshold, the‘wave function is exponentially
damped,7 ﬁnd there exists'an energy region where all the integrals
are convergent. Ip practice, the application of this variational
principle is considerably simpler than ‘the Schwinger variational
principle based on the integrallequation used bvachwartz and
Zema.ch.5 Qur metﬁod amounts to soi#ing the;bound-state equations
using the method of Schwart28 but with an inhomogeneﬁus term.
If we do a partial-wave analysis of these equations, we
cap calculate TE(EE) in the region. h(m? - ue) < 52 < hme,
i.g., between threshold and the second Born contribution to the
left-hand cut. The integrals diverge below this point, because
v(x) ¢k(x) grows exponentially there. |

The analytic continuation is performed using the K

matrix defined by
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N T,(E7) L
o 2+aip T,(ET) L . |
~ where nigé - i:)
- : e 51n6£ { -
-:Tz(Ei)_,=

o »<9’>

l .The aneiytica;;y;continued uniﬁarit&uequetien implie$ that *Kz(Ee)-
is anelytic in' E2. at threshoid' and thus by‘employiné‘the K
matrlx, we have removed ‘the. threshold branch p01nt 2 Flgure ll
shows the cut structure of K (E ) in the E? plane in the region
.1of interest. « o

| Before d01ng the contlnuatlonvto the scatterlng region,
we flret remove the cut contrlbution K : (E ) between

hm - hu and hm - uz, thus enlarging ‘the reglon of analytlclty

. The continuation is done us;ng a Padé’form_as in Ref. 1:

n‘ :
) @)
e ) - 2B
. .
1+ ji; bi'(Eg) .

We extrapolate with these functions and then add Kcut,(Ez)
back in. |

For a strong attractive potential with a deeply bound
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state, i.e., A - 5; u = m, the S-wave phase-Shift'was obtained
to at least QZ,in‘the entiré eiastic-séattering.region. Close
to elastic threéhold and for weaker potentialé, the accuracy was
considérabiy bettef. ~Tﬁe inﬁut numbers fof the extrapolation were
good to four or five'places; Table I gives a samplé of the
stability of the extrapolafion.

In conciusion, we find that bgcause of the high accuracy
of thé variatiénal method below threshold, it is.poésible to
get phase shifts in the elastic region by extrapolation using the
simpler differential-equation methods and modest compﬁter time.

Roughly two significant»figures are lost in the extrapolation.

I wish to thank Professor Charles Schwartz for suggesting
this problem and for many‘enlightening discussions. Also I would
like to thank Ledﬁard‘Schlessinger for helpful discussions on the

numerical continuation.



UCRL-17498
6= '

" FOOTNOTES AND REFERENCES
Wbrk done,uhder_the auspices of the vaS,_AtomiC‘Energy .

Commission. . . _ AP .

_L.'Schleésinger and C. Schwartz, Phys. Rev. Letters 16, 1173 (1966).

. E. E. Salpeter and H. A. Béthe,'Phys. Rev.‘§£;_l232 (1951).
P. R;'Grgves-Mbrris, Phys. Rev. Letfers'ié,v201 (1966);
vaLe§ine, J. Tjon;jand J. Wright?:Physw Rev.‘Létteré ;Q,.962
v (l966>; A Pagnameﬁta and J. G.:Taylof, Phys. Rev. Tetters ;z,
218 (1966). o o
6. C. Wick, Phys. Rev. 96, 112k (195k).
.. C. Schwaftz-and C; Zeﬁach 141, lh5hv(l966): We use the nétation
vand.conveﬁtions from this’articléQb~ I
See éec. Iv-C of‘Ref. 5 for a discussioﬁ and:further'referencesf
- See Sec. 1I-D of Ref. 5. v~- |
C. Schwartz, Phys. Rev. 137, B7l7, (1965).
See for example R. J. Edén, P. V. Landshéff, D. I. Olive, and

J. C. Polkinghorn, The Analytic S Matrix, (Cambridge University

Press, New York, 1966), p. 231.

- - — e —_— - —

-
1



L)

_7-

UCRL-17498

Taeble I. A sample of the convergence; of the extrapolation for two .

attractive pptentials upon increasing the order of fitting. The

S.Z. values were taken from the Schwarté.and Zemach.célculation de-

scribed in Ref. 5 (private'communigation). Cancellations in the .

'fitting generally limit the meaningful size of fitting functions

to n =5 or 6 for the accuracy of our input numbers for the extra-

‘polation.
no (85/7) - 1% 8o/
2 - 0.2420 0.2703
3 » = 0.31h7 0.2674
! - o0.3277 0.2672
5 - 0.3048 0.2666
6 o -0.3083 0.2670
7 - 0.3093 . 0.2663
8 - 0.3119 0.27%1
S.2. values . = 0.3097. 0.268k
2 ' . .
a. E"=5.6, x=3, p=m=1.
b, B = 5.2, A= 0.7, u = m = 1.
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" FIGURE CAPTION
Fig. 1. Cut structure of iKﬁ (EE) vshowing.ﬁhe‘fifst inelastic
threshold and the first two contributions tosﬁhe left'

vhand cut.
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-

mission, nor any person acting on behalf of the Commission:

A.

Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this |
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-

mission,

or employee of such contractor, to the extent that

such employee or contractor of the Commission, or employee

of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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