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Abstract

Semiclassical Analysis of Fundamental Amplitudes in Loop Quantum Gravity
by
Austin J Hedeman
Doctor of Philosophy in Physics
University of California, Berkeley
Professor Robert Littlejohn, Chair

Spin networks arise in many areas of physics and are a key component in both the
canonical formulation (loop quantum gravity) and the path-integral formulation (spin-foam
gravity) of quantum gravity. In loop quantum gravity the spin networks are used to con-
struct a countable basis for the physical Hilbert space of gravity. The basis states may be
interpreted as gauge-invariant wavefunctionals of the connection. Evaluating the wavefunc-
tional on a specific classical connection involves embedding the spin network into a spacelike
hypersurface and finding the holonomy around the network. This is equivalent to evaluating
a “g-inserted” spin network (a spin network with a group action acting on all of the edges of
the network). The spin-foam approach to quantum gravity is a path-integral formulation of
loop quantum gravity in which the paths are world-histories of embedded spin networks. De-
pending on the spin-foam model under consideration the vertex amplitude (the contribution
a spin-foam vertex makes to the transition amplitude) may be represented by a specific sim-
ple closed spin network. The most important examples use the 6j-symbol, the 157-symbol,
and the Riemannian 10j-symbol. The semiclassical treatment of spin networks is the main
theme of this dissertation.

To show that classical solutions of general relativity emerge in the appropriate limits
of loop quantum gravity or spin-foam gravity requires knowledge of the semiclassical limits
of spin networks. This involves interpreting the spin networks as inner products and then
treating the inner products semiclassically using the WKB method and the stationary phase
approximation. For any given spin network there are many possible inner product models
which correspond to how the spin network is “split up” into pieces. For example the 6;-
symbol has been studied in both a model involving four angular momenta (Aquilanti et al
[1]) and a model involving twelve angular momenta (Roberts [2]). Each of these models offers
advantages and disadvantages when performing semiclassical analyses. Since the amplitude
of the stationary phase approximation relies on determinants they are easiest to calculate
in phase spaces with the fewest dimensions. The phase, on the other hand, is easiest to
compute in cases where all angular momenta are treated on an equal footing, requiring a
larger phase space.



Surprisingly, the different inner product models are not related by symplectic reduction
(the removal of a symmetry from a Hamiltonian system). There is a connection between
the models, however. On the level of linear algebra the connection is made by considering
first not inner products but matrix elements of linear operators. A given matrix element
can then be interpreted as an inner product in two different Hilbert spaces. We call the
connection between these two inner product models the “remodeling of an inner product.”
The semiclassical version of an inner product remodeling is a generalization of the idea
that the phase space manifold that supports the semiclassical approximation of a unitary
operator may be considered the graph of a symplectomorphism. We use the manifold that
supports the semiclassical approximation of the linear map to “transport” features from one
space to another. Using this transport procedure we can show that the amplitude and phase
calculations in the phase spaces for the two models are identical. The asymptotics of a
complicated spin network, and thus the fundamental amplitudes of loop quantum gravity
and spin-foam gravity, may be computed by first setting up an inner product remodeling
and then picking and choosing which features of the calculation to perform in which space.

In this dissertation we first introduce the remodeling of an inner product and the semi-
classical features of the remodeling. We then apply the remodeling to the well-studied cases
of the 3j-symbol and the 6j-symbol. Finally we explore how the remodel procedure applies
to more complicated spin networks such as the 15j-symbol and the g-inserted spin networks
of loop quantum gravity.
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Chapter 1

Introduction

Spin networks were first introduced by Penrose [3] as a way of creating a discrete model of
three-dimensional spatial geometry. Spin networks and their role in quantum gravity have
been reviewed in Major [1]. They are a diagrammatic way of representing certain group-
theoretic concepts such as the coupling of group representations. As defined in Rovelli [5], a
(closed) spin network is a graph containing a number of nodes and oriented links (“edges”)
between the nodes with labels on each of the nodes and links representing group-theoretic
quantities. For a given group the edges are labeled by a group representation. In this work
we deal exclusively with SU(2) spin networks so the irreducible representations are labeled
by 7, a non-negative integer or positive half-integer. The nodes are intertwiners, linear maps
between carrier spaces of group representations that commute with the action of the group.
If the nodes are trivalent (so only three edges connect to the node) then the intertwiner is
uniquely determined up to a normalization and phase. If the nodes are of higher valence (so
four or more edges connect to the node) then there is a non-trivial vector space of possible
intertwiners the node could represent. Thus a further decoration or “coloring” is required for
each node of valence four or higher to indicate the precise intertwiner the node represents.
Note that this abstract definition of a spin network is not a graph embedded in some space,
though embeddings are used to form the basis states of loop quantum gravity.

These spin networks are closely related to the graphical technique used by Levinson [(]
and Yutsis et al [7] to describe calculations in SU(2) group theory. In their work each closed
spin network evaluates to a number. The Yutsis spin networks also contain links that contain
free ends. These ends are labeled with azimuthal quantum numbers m and represent angular
momenta with definite z-components. This idea was expanded upon in Stedman [8] where
the open ends are left unlabeled, in which case the spin network represents a state in the
Hilbert space of angular momenta rather than a number.

There is another approach to spin networks, sometimes called the chromatic evaluation,
which is more directly connected to Penrose’s original idea [3]. The fundamental object in
this approach is a “loop,” which is essentially a spin network with no nodes whose edge
carries a j = 1/2 representation label. Any closed SU(2) spin network can be decomposed
into finite linear combinations of loops. The decomposition uses the fact that the carrier
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space for the j-irrep of SU(2) can be expressed as the symmetrized product of 2j carrier
spaces for the fundamental (j = 1/2) representation. A spin network edge labeled with
irrep j is therefore interpreted as a symmetrized product of 2j strands (segments of a loop)
(see, for example, Section 6.3.2 of Rovelli [5]). The intertwiners at the nodes encode how
the strands that end at each node are connected. Thus the spin network becomes a linear
combination of closed loops. Kauffman and Lins [9] provide a more thorough overview of this
approach. It is this conception of spin networks that allows spin networks to be interpreted
as functionals of the connection in loop quantum gravity [5].

Spin networks arise in many areas of physics, ranging from atomic, molecular, and nuclear
physics to quantum computing and quantum gravity [10, 11]. They are a key component in
both the canonical formulation (loop quantum gravity) and the path-integral formulation
(spin-foam gravity) of quantum gravity [5]. Spin networks also provide a rich playground for
semiclassical analysis since their semiclassical approximations involve integrable systems.

Loop quantum gravity is a canonical, background-independent quantum field theory for
quantum gravity. Review articles and texts for loop quantum gravity include Rovelli [5],

Ashtekar and Lewandowski [12], and Thiemann [13]. Historically loop quantum gravity grew
out of the ADM formalism and the Cartan formulation of the first-order Palatini formalism.
In the ADM formalism [14] general relativity is described as a Hamiltonian system with

first-class constraints and in the Cartan formulation the Palatini action is expressed in terms
of a tetrad and a Lorentz connection, the metric being a function of the tetrad and the
curvature being a function of the connection [15, 5]. The formalism of loop quantum gravity
is built out of the Ashtekar’s “new variables” [16] which reformulate the ADM formalism as
a type of SU(2) Yang-Mills gauge theory, with the fundamental field an SU(2) connection,
which is the self-dual part of the complexified Palatini Lorentz connection.

Given a gauge theory in the canonical formalism we may use the connection of the gauge
theory to form a representation for the quantization of the theory. In this connection repre-
sentation physical quantum states are interpreted as gauge-invariant functionals of the con-
nection. Just as the classical configuration space in elementary quantum mechanics specifies
a set of basis states whose wavefunctions are delta functions in the configuration variables,
the space of connections specifies the connection basis states. However, the wavefunctionals
for these basis states are not gauge-invariant and therefore the connection basis states do not
represent physical states. Moreover, the Hilbert space on which these connection basis states
live is non-separable and therefore an uncountably infinite number of connection basis states
is required. In the context of quantum gravity this Hilbert space is the space of Ashtekar’s
SU(2) connections. Rovelli [5] calls this the “kinematical state space.” The physical Hilbert
space is obtained by performing a quotient operation in which the gauge freedoms and con-
straints of the theory are eliminated. One of the early triumphs of loop quantum gravity
was Rovelli and Smolin’s construction of a countable basis for a (separable) physical Hilbert
space of gravity [17]. This basis is made up of “s-knot” states and is labeled by a decorated
spin network and a knot class. In this work we call this basis the spin network basis.

Since loop quantum gravity is a canonical (Hamiltonian) formulation of gravity we need
to perform a 3+1 split of spacetime. Let the spacetime locally be foliated into a family of
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spacelike hypersurfaces. Interpreting the geometric properties of a spin network basis state
involves first embedding the spin network in a three-dimensional spacelike hypersurface X.
Let |S) be a spin network basis state, A a connection, and |A) the corresponding connection
basis state. Just as a state in ordinary quantum mechanics can be identified with a function
of the classical configuration (the wavefunction), a state in gauge theory can be interpreted
as a gauge-invariant functional of the classical connection (the wavefunctional) [18]. Thus
we may interpret spin network states in loop quantum gravity as wavefunctionals of the
Ashtekar SU(2) connection, Wg[A] = (A|S). These are the fundamental amplitudes in loop
quantum gravity, taking one from the connection basis to the spin network basis [5]. The
semiclassical treatment of these amplitudes is the main theme of this dissertation.

As discussed earlier we may interpret an embedded spin network as a linear combination
of embedded loops. In this interpretation each of the individual loops evaluated against the
connection is a Wilson loop (this terminology is standard but confusing - it is not a loop in
the sense that we have defined them but the trace of the closed-path holonomy around a
loop) and thus the spin network evaluated against a connection may be interpreted in terms
of holonomies. The evaluation of spin networks as in Yutsis et al [7] is recovered when the
spin network is evaluated against a flat connection (so all holonomies are the identity). For
a non-flat connection there is an open-path holonomy ¢ along each of the embeddings of an
edge. Evaluating the wavefunctional Wg[A] on a specific classical connection then involves
inserting a group action operator U (g) on each of the legs of the spin network. We call
such operations “g-insertions”. The fundamental amplitudes of loop quantum gravity are
therefore the evaluations of g-inserted spin networks.

Diffeomorphism invariance in gravity is manifested as the invariance of physical quantities
on the embedding given a specific knot class (diffeomorphisms cannot map a spin network
embedding in one knot class into another which is why the spin network basis must specify
both a spin network and a knot class). An area operator Ag and volume operator Vi may
be defined for each two-dimensional surface S and three-dimensional region R in ¥. A
spin network basis state for a given four-valent spin network where all four-valent nodes are
colored by volume eigenvalues is an eigenstate of all area operators [19] and volume operators
[20] on X. The spin network basis may be therefore be considered a “geometry” basis, in
contrast to the standard “connection” basis of quantum field theories [5, 13].

The origins of the idea of treating the g-inserted spin networks as the amplitudes of loop
quantum gravity trace back a long way. As described in Rovelli [5], it is a modern version
of Faraday’s insight that electromagnetic phenomena may be treated in terms of “lines of
force.” If we take the Faraday approach seriously then the relevant physical variables are
the holonomies of the U(1) electromagnetic gauge potential along paths. To gain physical
insight into loop quantum gravity we can compare with the loop representation of electro-
magnetism, which is described in Ashtekar and Rovelli [21] and Gambini and Pullin [22].
Since electromagnetism is an abelian U(1) gauge theory the SU(2) spin network basis states
of loop quantum gravity can be replaced by “loop states,” although now the loop states are
not invariant under diffeomorphisms and thus the states in the loop representation have to
also contain complete information about the embedding (this is one of the very few instances
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where the treatment of gravity is simpler than electromagnetism!). A loop state then is a
state where the electric field is zero everywhere except for the loop, along which it is tan-
gent. The loop state thus represents a singular electric field line. Since this state represents
a definite electric field it is a simultaneous eigenstate of the electric field operator E(z) at
every point in space. In Maxwell theory the electric field is the conjugate momentum to the
connection one-form and thus the loop representation is related to a “momentum represen-
tation” while the typical basis built out of the second quantization of the potential is related
to a “configuration representation” (up to subtleties that are irrelevant for this discussion).
We can also create an electric flux operator associated with each two-dimensional surface S
in space. The electric flux “counts” how many electric field lines pierce the surface and thus
we can interpret the edges of a loop state as carrying quanta of electric flux. This is exactly
analogous to loop quantum gravity where the spin network edges carry quanta of area. This
is the statement made in Section 4.1.1 of Rovelli [5], “the area of a surface is the flux of the
gravitational electric field across the surface”, where the gravitational electric field is roughly
the conjugate momentum to the induced Ashtekar connection on 3.

Spin networks are also a central object in spin-foam models of quantum gravity. The
spin-foam approach is a path-integral formulation of loop quantum gravity. The “paths” in
this case are the world-history of the embedded spin network, called a “spin-foam.” Spin
network nodes becomes spin-foam edges and spin network edges become spin-foam faces. A
given spin-foam graphically shows one possible way for one spin network to evolve into a
different spin network. This usually involves creating or destroying spin network nodes. This
occurs at the vertices of the spin-foam. For example, three spin-foam edges meeting at a
spin-foam vertex and leaving as a single spin-foam edge represents three spin network nodes
coalescing to become a single spin network node. As in the Feynman diagram approach to
quantum field theory the transition amplitudes of spin-foam models are presented as sums-
over-histories. Review articles and texts for the spin-foam approach to gravity include Baez
[23], Oriti [21], Perez [25, 26], and Rovelli [5]. Spin networks enter this spin-foam approach
in a second way, distinct from their use in the spin network states of loop quantum gravity.
The contribution of a specific spin-foam to the transition amplitude is dependent in part on
the spin-foam vertices. Depending on the spin-foam model under consideration the vertex
amplitude may be represented by a specific simple closed spin network. The “Ponzano-Regge
model” presented in Ponzano and Regge [27] is a state-sum model for 3d-Euclidean quantum
gravity treated as an SU(2) gauge theory. It was the first spin-foam model ever presented
and uses the 6j-symbol as a fundamental building block. The 6j-symbol is a central object
in angular momentum theory and represents the unitary matrix elements involved in a
change-of-basis between the various recoupling schemes of three angular momenta [28]. The
67-symbol provides the one of the simplest non-trivial examples of a closed-spin network and
will be discussed extensively in Chapter 4. Turaev and Viro [29], unaware of the previous
work by Ponzano and Regge, defined a similar state sum. They also expanded the formalism
and created a state sum using the “g-deformed” 6j-symbol, which is the 65 symbol for
the Hopf algebra SL,(2). This state sum represents a spin-foam model for 3d-Euclidean
quantum gravity with a cosmological constant. Ooguri [30] created a 4d-Lorentzian spin-
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foam model for BF theory. The vertex amplitude in the Ooguri model is a 15j-symbol. The
Archer [31, 32], Crane-Yetter [33], and Roberts [31] models are versions of the Ooguri model
which use the g-deformed 15j-symbol as the vertex amplitude and are spin-foam models
for 4d-Lorentzian BF theory with cosmological constant. The Barrett-Crane model [35] is
a spin-foam model that uses the “Riemannian 10j-symbol” as the vertex amplitude. The
spin network for the 10j-symbol contains ten edges linking five four-valent nodes. The irrep
labels on the ten edges are related to the areas ten triangular 2-faces of a four-simplex. Each
of the four-valent nodes is colored with an eigenvalue of the volume operator and represents
the volume of each of the five tetrahedral 3-faces of the four-simplex. Omne unfortunate
feature of the Barrett-Crane models is “ultra-locality,” the virtual absence of correlations
between the amplitudes of neighboring simplices. More recent spin-foam models for 4d-
gravity proposed by Engle, Pereira, and Rovelli [36] and Freidel and Krasnow [37] are free
from this problem. These models also use the 15j-symbol as a fundamental building block
of transition amplitudes.

One of the outstanding problems in both loop quantum gravity and spin-foam models
of quantum gravity is to show that classical solutions of general relativity emerge in the
appropriate limits. This requires knowledge of the semiclassical limits of spin networks as the
quantum numbers (the irrep values that label the edges) become large. The asymptotics of
certain fundamental spin networks has been studied extensively. The semiclassical behavior
of the Wigner 3jm-symbol (which in the rest of this work we refer to as simply the “3j-
symbol”) and the Wigner 6j-symbol (which is related to the Racah W-coefficient by a phase)
have been studied in such works as Ponzano and Regge [27], Neville [38], Miller [39], Schulten
and Gordon [10, 11], Biedenharn and Louck [12], Roberts [2], Charles [13], and Aquilanti et
al [11, 1]. The asymptotics of other simple spin networks have been studied by Haggard and
Littlejohn [15] (the 9j-symbol), Haggard [10] (the 65 and 9j-symbols), Yu [17] and Bonzom
and Fleury [18] (the 3nj-symbols with both large and small quantum numbers), and Baez
et al [19] and Freidel and Louapre [50] (the 10j-symbol), among others.

One of the Littlejohn group’s main approaches to studying the asymptotics of spin net-
works (see, for example, Aquilanti et al [11, 1] and Hedeman et al [51]) has been to treat
the spin networks as inner products and to treat the inner product semiclassically using the
WKB method and the stationary phase approximation. For an overview of features of the
WKB method relevant for this work see Appendix C and for modern treatments of WKB
theory, see Martinez [52] or Mishchenko et al [53]. The semiclassical calculation can be bro-
ken up into two main components, the phase and the amplitude. We are mainly concerned
with the relative phases that occur between the terms of the semiclassical expressions rather
than the absolute phases (which depend on the phase conventions of the states in the inner
products). The relative phase itself may be broken up into two pieces, an “action integral”
and a discrete Maslov correction, which are described in Sections C.1 and C.5. The action
integral and Maslov indices are dependent on paths in phase space. As shown in Littlejohn
[51], the amplitude can be expressed in terms of the determinant of matrix of Poisson brack-
ets on phase space, which we call the “amplitude determinant”. The Maslov correction can
also be expressed in terms of determinants of matrices of Poisson brackets, as discussed in
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Esterlis et al [55].

In preparing to analyze a spin network a specific inner product model must be chosen.
For any given spin network there are many possible models, which correspond to how the
spin network is “split up” into pieces (each piece representing a vector in a Hilbert space).
For example, in Roberts [2] a “12j-model” of the 6j-symbol was used. The states in the
12j7-model inner product are states in a Hilbert space describing twelve angular momenta
(two for each of the six irrep labels of the 6j-symbol). In contrast Aquilanti et al [1] used a
“47-model,” in which the states are states in a Hilbert space describing four angular momenta
(with four of the six irrep labels of the 6j-symbol assigned to these four angular momenta
and the remaining two irrep labels used to describe intermediate couplings between the orig-
inal four angular momenta). Each of these models offers advantages and disadvantages when
performing semiclassical analyses. Since the amplitude determinant and the Maslov correc-
tion calculations rely on determinants they are easiest to calculate in phase spaces with the
fewest dimensions. In the case of the 6j-symbol this phase space is the symplectic reduction
(a way of eliminating a symmetry from a classical system, as described in Section B.4) of
the semiclassical 4j-model. The action integral in the phase, on the other hand, is easiest to
compute in cases where all angular momenta are treated on an equal footing, such as in the
12j-model.

Surprisingly, the different inner product models are not related by symplectic reduction.
We discovered this in our analysis of the 3j-symbol. In Aquilanti et al [11] a “3j-model”
was used to study the 3j-symbol, which is constructed by considering the coupling of three
angular momenta to zero. The semiclassical analysis took place on a 12-dimensional phase
space, which may be reduced to a four-dimensional phase space by symplectic reduction.
Meanwhile, the 3j-symbol is closely related to the Clebsch-Gordan coefficients (up to the
action of a “2j-intertwiner,” as discussed in Chapter 3), which may be considered a “2j-
model” of the 3j-symbol. This model is constructed by considering the coupling of two
angular momenta to a third, non-zero angular momentum. The semiclassical analysis of
the 2j-model takes place on an 8-dimensional phase space, which may be reduced to a
two-dimensional phase space by symplectic reduction. There is no symplectic reduction that
connects the four-dimensional reduced 3j-model with the two-dimensional reduced 2j-model.

There is a connection between the models, however. On the level of linear algebra the
connection is made by considering first not inner products but matrix elements of linear op-
erators. A given matrix element can then be interpreted as an inner product in two different
Hilbert spaces, a “product” Hilbert space in which the linear operator of the matrix element
is a vector, and a “target” Hilbert space which contains the range of the linear operator.
We call the connection between these two inner product models the “remodeling of an inner
product.” The semiclassical version of an inner product remodeling is a generalization of the
idea in Miller [39] that the phase space manifold that supports the semiclassical approxima-
tion of a unitary operator may be considered the graph of a symplectomorphism. We use
the manifold that supports the semiclassical approximation of the linear map to “transport”
features from one space to another. Using this transport procedure we can show that the
amplitude and phase calculations in the phase spaces for the two models are identical. The
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asymptotics of a complicated spin network, and thus the fundamental amplitudes of loop
quantum gravity and spin-foam gravity, may be computed by first setting up an inner prod-
uct remodeling and then picking and choosing which features of the calculation to perform
in which space.

The structure of this dissertation is as follows:

In Chapter 2 we introduce and discuss the remodeling of an inner product. We ex-
plore the remodeling of an inner product first through the linear algebra and then through
the phase space geometry (and set up what we refer to as the “remodeling algebra” and
“remodeling geometry,” respectively). Then we define in the “transport of a manifold,” a
geometric construction that is used to relate semiclassical objects in different phase spaces.
The remainder of the chapter is then devoted to showing that the various aspects of the
semiclassical evaluations of an inner product are identical for the different models of the
matrix element.

In Chapter 3 we apply the remodeling of an inner product to the 3j-symbol and see
explicitly how the constructions of Chapter 2 apply. In particular we show how a remodeling
algebra and geometry is constructed. We show how the transport procedure maps the
manifolds of the 3j-model to the manifolds of the 2j-model and explicitly demonstrate the
how the remodeling geometry produces the expected densities, amplitudes, and phases in
the two models.

In Chapter 4 we apply the remodeling of an inner product to the 6j-symbol. In the case of
the 6j-symbol two remodeling algebras are required to connect the “symmetric” 12j-model
of Roberts [2] to the “small” 4j-model of Aquilanti et al [1]. With the remodeling algebras
and geometries in place we re-derive the asymptotic formula for the 6j-symbol, choosing to
do different pieces of the calculation in different models in order to simplify the calculation.

In Chapter 5 we consider other applications of the remodeling of an inner product. In
particular we show how different models may be constructed for the 3nj-symbol and set
up the remodeling algebras and geometries connecting these models. Then we consider
g-insertions in spin networks and show how the remodeling algebras and geometries are
affected. Finally, we analyze how the remodeling geometry may be used to associate a
Lagrangian manifold in a certain product phase space to a co-isotropic manifold. This
relationship enables us to consider the quantization of co-isotropic manifolds.

The Schwinger model of angular momentum, which is used heavily in all of our spin
network applications, is summarized in Appendix A. Appendix B reviews the various aspects
of symplectic geometry that are crucial to this work. Finally, relevant features of the WKB
method are reviewed in Appendix C.



Chapter 2

The Remodeling of an Inner Product

One way to simplify the semiclassical evaluation of an inner product is through symplectic
reduction [56]. We can do that when there is symmetry in the system. However, symplectic
reduction is not the only way that a semiclassical calculation can be put on a different phase
space. Rather than reducing the phase space we can “remodel” the inner product so that
the calculation takes place in a different phase space. Remodeling shuffles computational
complexity between various aspects of a calculation whereas a symplectic reduction simplifies
things (and can be considered a “step down” on the complexity ladder) by removing the
redundancies in the system due to the symmetry.

For example, the inner product defining the 6j-symbol can be evaluated using either the
“4j-model” or the “12j-model” of the 6j-symbol as described in Aquilanti et al [1]. Under
a symplectic reduction the 4j-model reduces to a two-dimensional phase space. However,
calculations of the action integrals are more complicated due to the asymmetric nature in
which the six angular momenta of the 6j-symbol are treated. The angular momenta are
treated symmetrically by the 12j-model, at the cost of living in a 48-dimensional phase
space. However the symmetric treatment of the 12 angular momenta allows an easy and
straightforward calculation of the semiclassical phase. The 4j- and 12j- models cannot
be connected by symplectic reductions but can be by two remodels, as will be shown in
Chapter 4.

The goal of this chapter is to define and explore the remodeling procedure. In Section 2.1
the linear algebra and symplectic geometry connecting the various inner product models is
described. Then in Section 2.2 the “transport of a manifold,” a geometric construction that
is used to relate semiclassical objects in different phase spaces, is defined. The remainder of
the chapter is devoted to showing that the various aspects of the semiclassical evaluations
of an inner product are identical for the different models of the matrix element. Section 2.3
shows how a density may be geometrically constructed on the transported manifold and then
shows that this density is identical to the density that naturally arises from a stationary phase
evaluation. Section 2.4 shows how a momentum map description of the transported manifold
also reproduces this density. This result is used to show that the different inner product
models yield the same amplitudes in the semiclassical evaluation of the inner products.
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Finally in Section 2.5 we prove that the relative phases that occur in the stationary phase
evaluation are identical.

As will be shown in spin network calculations in future chapters, the phase is often easiest
to calculate in phase spaces of a large dimension where all of the angular momenta are treated
symmetrically. The amplitude, on the other hand, involves evaluation of a determinant and
thus is easier to evaluate in phase spaces of the lower dimensionality. Knowledge that the
various pieces of the stationary phase calculation are identical in different models allows for
the separate evaluation of these pieces in different models.

2.1 Hilbert and Phase Space Models

In this section we define the remodeling procedure and explore the various quantum and
semiclassical structures associated with each of the models. In Section 2.1.1 the “remodeling
algebra,” a collection of related Hilbert spaces, states, and inner product models is described.
Then in Section 2.1.2 the “remodeling geometry,” a collection of classical phase spaces and
maps between them, is constructed. The remodeling geometry contains the phase spaces
on which semiclassical evaluations of the various inner product models introduced in Sec-
tion 2.1.1 is carried out. The wavefunctions and associated semiclassical manifolds for the
quantum states and operators are described in Section 2.1.3. Finally, Section 2.1.4 provides
a description of the states and manifolds of the remodeling geometry in terms of a group
theory structure.

2.1.1 The Remodeling Algebra

Consider two Hilbert spaces H; and H,. In this discussion vectors in H; and H, will be
written as kets. The formalism developed in this chapter, however, extends to cases where
‘Hq or Ho are spaces of bras, linear maps, or tensor products of such spaces. The chapter on
the 3j-symbol, for example, will deal with the case where H; is a space of kets and H, is a
space of bras.

Let M : Hs — H; be a linear map. The Hilbert spaces H; and Hs will be called
the “target” and “source” Hilbert spaces, respectively. Let |a) € H; and |[b) € Hsy be
two normalized vectors, called the “a-state” and the “b-state,” respectively. In this work,
“state” refers to a vector in a Hilbert space following the common physics usage. Given
vectors |a) € Hy and |b) € Ha, one can form the matrix element

(a|M|b), (2.1.1)

which can be interpreted as an inner product in different ways. Such interpretations are
what we call the various “models” of the matrix element.

We will be dealing exclusively with integrable systems in this work, which implies that
the states described in this section can all be described as the simultaneous non-degenerate
eigenstates of sets of observables. The set of observables defining a state do not need to
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commute globally on the Hilbert space but they do commute when acting on the state [44].
For example, the Wigner state |71j2730) is a simultaneous eigenvector of the three observables
J at eigenvalue 0. On the 0 eigenspace, the three components of J mutually commute. The
observables defining a state will usually be the generators for a unitary representation of
some group on the Hilbert space. For example, the operators I 1, IQ, 13, J that are used to
define the Wigner state are the generators of a U(1)® x SU(2) representation on the 3j-
Hilbert space. In this case we say that the operators form the direct sum of three copies of
the u(1) Lie algebra and the su(2) Lie algebra under the commutator. We will assume that
all sets of operators defined below form Lie algebras under the commutator.
Let there be n; degrees of freedom in H; so that n; independent operators are needed
to form a complete set of observables on H;. Let the a-state be the unique state (up to a
normalization and phase) such that A;|a) = pi4,|a), where {A;} are a set of ny observables
on H; satisfying
[A;, Aj]]a) = 0. (2.1.2)

Assume that the set of operators A; form a Lie algebra under the commutator so that the
operator identity [/12, A, il = f A holds for some constants Jij- % Then the set of operators A,
may act as the generators of a group G4 on H;, where k are the structure constants of the
Lie algebra g4. The observables are then interpreted as the components of the g7-valued
operator A:H > g% x H, with respect to some basis. With respect to this basis, the
eigenvalues i, ; are considered the components of a momentum p, € g%. For 2.1.2 to be
satisfied we need p, to be a fixed point of g% under the co-adjoint action of G4 on g%. Given
such a y, we may express the eigenstate |a) using the notation

m:‘Al~.AM>:‘A>, (2.1.3)

Ha,1 Ha,ny Ha

where the top row is a list of operators and the bottom row is a list of quantum numbers
and p, € g%.

Similarly, H, describe a system with ny degrees of freedom and let the b-state be described
as the simultaneous eigenstate

WZ‘E-~EM>:'ﬁ>, (2.1.4)

Mb,l Mb,nz ,ub

where {B;} are a set of ny observables on Hs satisfying [By, B,]|b) = 0. Let B; close under
commutation and generate a Lie group Gp.
Define the “g-state,” as the map M acting on the b-state,

18) = M|b). (2.1.5)

We assume in this work that the S-state can be expressed as the simultaneous eigenstate of
a set of ny observables {f3;} at eigenvalues pg;. The relationship between f;, the map M,
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’ State \ Hilbert Space \ Observables \ Eigenvalues \ Group ‘

|a) Ha A; Ha,i Ga
18) Hy 61 18, G
|b) Ha By o, T Gp
|a) (] Hiz 14212)7 sz) Majis o1 | GaxGp
M Hiz OM,a KMo Gum

Table 2.1: States in the remodeling algebra of (a|M|b).

and the observables B will be discussed in Section 2.4.2. In terms of |3), the matrix element
2.1.1 can be expressed as

(a M|b) = (alB), (2.1.6)

Since |a) and |f) are vectors in Hi, Eq. 2.1.6 is called the “target space model” of matrix
element 2.1.1.

The “dual source Hilbert space” Hj is the space of linear maps : Ho — C. If Hy is a
space of kets then Hj is a space of bras and vice versa. There is a natural antiunitary map
G : Hy — Hj that acts on vectors in , via the Hermitian conjugate, Go([b)) = (|b))t = (b].
There is a natural mapping from operators B : Hs — Hs on the source Hilbert space to
operators BT on the dual source Hilbert space. As discussed in Section A.1, BT is the
natural action of B on dual vectors from the right.

Define the “product Hilbert space” His = Hi; ® H5 to be the tensor product of the
target Hilbert space with the dual source Hilbert space. The product Hilbert space can be
identified with the space of linear maps : Ho — H;. By construction Hi5 describes a system
with (n; + ng) degrees of freedom. Thus M is interpreted both as a linear map and as a
vector in His. The map M will be called the “map state” or the “M-state” when considered
as a vector in the product Hilbert space. We assume that M , considered as a state in Hio,
may be described as the simultaneous eigenstate of a set of (n; + ny) observables {OAM’Q} on
H 1o satisfying [OMQ, O ~/M = 0 that generate a Lie group G)y.

Another vector in H15 can be constructed by taking the outer product of the a-state with
the dual of the b-state, |a)® (b| € H; ® H5. This will be called the “product state” or the
“ab-state.” We will usually omit the tensor product symbol for brevity, writing the product
state as simply |a)(b|. Operators on the target or source Hilbert spaces can be extended

to operators on the product Hilbert space. Let A§12) : Hia — Hi2 and B}u) tHizs — Hio

be defined as AEH) = A ® [AdQT and 3}12) = Id ® BIT, where Id; and Id, are the identity
operator on H; and Hy. The superscript (12) is used to emphasize that the operators act on
‘H12 and may be dropped if the space the operators are acting on is clear from context. The
ab- state may be described as the simultaneous eigenstate of the (n; 4+ ng) observables A (12)
and B ) at eigenvalues (ftq,, ftp,r). This set of observables generates the group G4 x Gp.
The space of linear maps between Hilbert spaces carries a natural inner product. The
inner product of two vectors O, and O, € Hyy is given by tr(OTOb) The matrix element
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Hq ’ 7:[1®7-[§
a), |3) M, |a){b|

il

Figure 2.1.1: The remodeling algebra for <a|M |b).

2.1.1 can be expressed as such an inner product,
(a| M by = tr((|a)(b])TM1). (2.1.7)

The right-hand side of Eq. 2.1.7 is the inner product of vectors |a)(b| and M in the product
Hilbert space H; ® Hj and is called the “product space model” of matrix element 2.1.1.

We call the above collection of Hilbert spaces, states, and inner product models of the
matrix element 2.1.1 the “remodeling algebra” of the matrix element. A diagram showing
the spaces and states in the remodeling algebra is shown in Fig. 2.1.1. A list of the states
and the observables that define them is given in Table 2.1.

It is also possible to act M to the left in the matrix element 2.1.1 to form a state (a] € H3
and thus make a “source space model” («|b). However, this is equivalent to setting up the
remodeling algebra for M interpreted as a map : Hi — 3 and so does not need to be
considered separately.

2.1.2 The Remodeling Geometry

Since the different inner product models Eqgs. 2.1.6 and 2.1.7 are carried out in different
Hilbert spaces, the semiclassical approximations of the models will occur in different phase
spaces. Since the approximations are for the same object 2.1.1, it is expected that the
semiclassical evaluations in the different models will be closely related to one another. The
set of phase spaces for the different models, the relations between them, semiclassical objects
that live in them will be referred to as the “remodeling geometry.”

A Hilbert space H may be represented semiclassically by a phase space which is specified
by a manifold ® and a symplectic form w on the manifold, (®,w). In a slight abuse of notation
we will usually use the symbol ® to refer to the manifold equipped with the symplectic form.
If the number of independent operators necessarily to form a complete set in H is n then
the phase space has dimension 2n.

The target Hilbert space H; is associated with the “target phase space” (®1,w;), where
dim ®; = 2n;. A point in ®; will be labeled z; and local Darboux coordinates on ®; are
chosen to be (z;,p;), where lowercase index ¢ runs from 1 to n;. In these coordinates, the
symplectic form is wy; = ), dp; Adz; or dp A dz, where a sum over hidden index 4 is implied.
The Darboux coordinate define a local z-representation, for which the symplectic potential
is 61 = ) . p;dx; which we write as pdz.
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Similarly, the source Hilbert space Hs is associated with the “source phase space” (g, ws),
where dim ®5 = 2n,. A point in @5 will be labeled z, and local Darboux coordinates on ®o
are chosen to be (yr,rr), where uppercase index I runs from 1 to ny. In these coordinates,
the symplectic form is wy = >, dr; A dy; or dr A dy, where a sum over hidden index I is
implied. The Darboux coordinate define a local z-representation, for which the symplectic
potential is 6y =, r7dy; which we write as r dy.

The phase space for the dual source Hilbert space #H3 is the “dual source phase space”
(Py,w3) = (Pg, —ws), where the bar on the subscript distinguishes the symplectic form on
the dual space from the form on the original space. The manifold ®; with the symplectic
form ws will be written as ®3. The dual source phase space is identical as a manifold to the
source phase space but has the opposite symplectic form. There is a natural antisymplectic
isomorphism between these spaces,

Gy : Py — P 1 29 — 2. (2.1.8)

This is different from the identity map because the two copies of zo belong to spaces with
different symplectic structures. The map is antisymplectic since Giws = —w,. The map G
is called the “dual map” and Gy and G5 can be used to pull back or push forward structures
between a space and its dual. For example, submanifolds keep their symplectic character
under the dual map. That is, the push-forward of an isotropic/Lagrangian/co-isotropic
submanifold of ®, under G is an isotropic/Lagrangian/co-isotropic submanifold of ®3. Co-
ordinates (y,r) define a local y-representation on ®5. With respect to this representation
the symplectic potential is 5 = —r dy = —G;l*ﬁg.

The product Hilbert space H;y is associated with the “product phase space” (P12, w12).
The manifold @5 is the Cartesian product of the manifolds ®; and ®, and thus is 2(n; +ns)-
dimensional. The symplectic form wqs is the sum of the pull-backs of the symplectic forms
on the component phase spaces by the natural projection maps 7w, and 7, associated with the
Cartesian product, wis = mjw; + myws. In a slight abuse of notation, this will be expressed
as Wi = W1 — Wa.

A point z € &y, will be described as the pair (21, z2), where z; = m(z) and 23 = ma(2).
Local coordinates (z;, ps;yr, 1) on @15 are the pull-backs of the coordinates on the target
and dual source phase spaces. In these coordinates, the symplectic form is

ni na
Wiy = dei/\dxi —de/\dyl. (2.1.9)
i=1

I=1

We will usually use @15 to refer to the manifold with this symplectic structure and write
®15 = &1 x ®F, where the phase space &1 x @} is the pair (®; X Py, w; — wy). Coordinates
(x,p;y,r) define a local xy-representation on @5, for which the symplectic potential is

ny na
012 = 7T>1k91 + 7'(';(92 = Zpldxz — ZT’[dy[. (2110)
i=1 I=1

Note that df,, = wia, as required.
The phase spaces and the various maps between them are summarized in Fig. 2.1.2.
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Py < Dy x P

G2

®;

Py

—1
2

Figure 2.1.2: Phase spaces and maps in the remodeling geometry.

2.1.3 Lagrangian Manifolds in the Remodeling Geometry

In this work, we will assume that the states described in Section 2.1.1 all have wavefunctions
that are well-approximated by the WKB form. The WKB wavefunctions will be expressed
in the z-, y-, and (z,y)-representation for states in the target, source, and product Hilbert
spaces, respectively. As discussed in Section C.1, the phase function in the WKB wave-
function generates a Lagrangian manifold in the relevant phase space associated with the
Hilbert space. The amplitudes and phase functions in the following discussion all carry a
hidden branch index and the functions are to be interpreted locally. Each of the branches
of the WKB wavefunctions carries a Maslov index p. The Maslov indices for the various
wavefunctions and the relationships between them will be discussed in Section 2.5.4. We
assume that all states defined in the remodeling algebra are normalized and explicitly in-
clude normalization constants N in the WKB wavefunctions below. This will allow us to
express the amplitudes in terms of Poisson brackets and the normalization constant in terms
of group volumes in Section 2.1.4.
The vector |a) € H; has a WKB wavefunction in the z-representation of ®; given by

Ya(z) = (2]a) = N, ZA (@)=ipar/2 (2.1.11)

where k, is the branch index, A,(z) is the amplitude, S,(z) is the phase function, and p,
is the Maslov index. The amplitude, phase function, and Maslov index all carry a hidden
branch index in the above sum. The functions S,(z) are the generating functions for the
Lagrangian manifold £, C ®;. Points on the “a-manifold” £, have coordinates (z, p,(x)),
where

oS,

pal) = 5= (2.1.12)

Note that each branch of the WKB wavefunction carries a different phase function and thus
generates a different z-representation branch of the Lagrangian manifold.
Similarly, the vector |3) € H; has WKB wavefunction

Vs(w) = (2]B) = NEZAB gSs@—iupm/2, (2.1.13)
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The function Sg(z) generates the Lagrangian manifold £3 C ®;. Points on the “g-manifold”
L have coordinates (x, pg(x)), where

pp(z) = (2.1.14)

Oz
The vector |b) € Hy has a WKB wavefunction in the y-representation of ®, given by

Uy(y) = (y|b) = NbZAb )eiSe@)—inem/2, (2.1.15)

The function S,(y) is the generating function for the Lagrangian manifold £, C ®,. Points
on the “b-manifold” £, have coordinates (y,r,(y)), where

oSy

=5 2.1.16
ro(y) oy ( )

Similarly, the WKB wavefunction for the dual vector (b| € H3 is given by
vi(y) = (bly) = NbZAb )eiSs W) —im/2, (2.1.17)

Since 5(y) = ¥;(y), the phase function is Si(y) = —S(y) and uz = —up. The amplitude
for 15 is real and is therefore the same as the amplitude for ¢. The Lagrangian manifold
Ly C @5 is generated by Sj;(y). Points on the “dual b-” or “b-manifold” L£; have coordinates

(y,73(y)), where 95 99
) = 226 PPb
ry(y) = By =+ Jy r5(y). (2.1.18)

The negative sign in the definition of r;(y) is due to the fact that the symplectic form is
ws = —dr A dy. Note that the manifold £; C ®; is described by the same momentum
functions as £, C ®5. Therefore L; is the image of the manifold £, under the dual map
Eq. 218, EZ‘, == GQ(Eb)

The M-state, interpreted as a vector in ‘H; ® Hj, has a WKB wavefunction in the (z,y)-
representation of &5 given by

Uar(z,y) = (@[ Mly) = Nag Y Apg(w, y)eSve) —immim/2, (2.1.19)

knr

The function Sy (x,y) is the generating function for the Lagrangian manifold £y, C &1 x 3.
Points on the “M-" or “map manifold” £, have coordinates (z,y, pa(z,v), rvm(x,y)), where

8SM aSM

pv(z,y) = 8—; Tv(T,y) = ———

. 2.1.2
" o (2.1.20)
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The product state |a)(b| € H; ® H3 has a WKB wavefunction in the (z, y)-representation
of ®7, given by

Yan(,y) = (2] (@) (B) [y) = Nap D Ao, y)e'Serlow)=tasn/2, (2.1.21)

kab

The function Sy (z,y) is the generating function for the Lagrangian manifold £, C ®; x ®3.
Points on the “ab-” or “product manifold” L,, have coordinates (x, pu(x,vy); vy, ra(x,y)),

where
g2 P 5
Pab\ T, Y) = 81‘ ) ab\ T, Y) = ay .

Since Yap(x,y) = VYo (2)1f (y), we may express Eq. 2.1.21 as This may also be expressed as

(2.1.22)

Yap () = NalNy Y Aq(w) Ay (y) ™)~ Sel@) = mpaln/2, (2.1.23)
Kok

Therefore the phase function Sy (x,y) is the difference S,(z) — Sy(y) and Eq. 2.1.22 becomes

Pab(T,Y) = pa(T); rao(x,y) = 1(y). (2.1.24)

Points on L, can be described by coordinates (z,p,(x);y,75(y)) and therefore L,, may be
expressed as the Cartesian product £, x Lz. In particular,

Eab = 7T1_1(£a) N W;l(ﬁg), Wl(ﬁab) = Ea, 7T2(£ab) = Eg. (2125)

2.1.4 Momentum Maps and Densities

As discussed in Littlejohn [54] and Aquilanti et al [14, 1], the simultaneous eigenstate condi-
tion defining a state translates to a level set condition that defines the Lagrangian manifold
that supports the semiclassical approximation for the state. For example, the Lagrangian
manifold £, is the simultaneous level set for the classical observables A; associated with 1212
at the quantized contour values pi,,. As discussed in Sections A.2 and C.3, the classical
observables A; are the Weyl symbols of operators A;. The L, is described using the notation
similar to the eigenstate notation introduced in Eq. 2.1.3,

ca:( A A ) (2.1.26)
Ha,1 ,U/a,nl

where the top row is a list of classical observables and the bottom row is a list of contour
values.

The set of classical observables defining a Lagrangian manifold can often be described
as the components of a momentum map for some symplectic group action on phase space.
All groups in this section are assumed to be connected, semisimple Lie groups to ensure
the existence of Ad*-equivariant momentum maps, as discussed in Section B.2. Consider a
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group G with a symplectic group action on a 2n-dimensional phase space ®. Let P : & — g*
be an Ad*-equivariant momentum map for the group action and let generalized momentum
1 be a fixed point of g* under the co-adjoint action. Following Section B.3, the level set
P~!() is then a co-isotropic manifold. The group orbits through points on the level set are
isotropic manifolds completely contained in P~!(u) and the level set is the union of these
group orbits.

Let {&;} be a basis of the Lie algebra g and let P; be the components of P with respect
to this basis. Let X; = w™'(dP;) be the set of Hamiltonian vector fields for the momentum
map components. As discussed in Section B.3, if the set of vectors X; at a point z € &
has rank m then the group orbit through z has dimension m and the level set containing
z has co-dimension m. If dim G = n (half the dimension of ®) and if the set of vectors
{X;} are full rank on the level set P~1(u) then the level set and the group orbit through any
point on P~!(x) are n-dimensional and thus Lagrangian. We assume that all Lagrangian
manifolds in this section are connected and therefore are covered by a single group orbit.
Let {\;} be the set of n one-forms on the Lagrangian manifold that are dual to {X;} on
P~ '(pn), \i(X;) = d;5. Let 0 = A \; on the Lagrangian manifold P~!(x) be the form on £
as defined in Eq. C.2.2. This is locally the push-forward of the Haar measure on G. The
isotropy subgroup H, C G is defined as the elements of G that leave points on £ invariant
under the symplectic action. The volume of £ with respect to ¢ is the volume of the group
G with respect to the Haar measure divided by the cardinality of the isotropy subgroup H,
Ve = Vg/ |Hz|. The normalization of the WKB wavefunction is then N = 1/y/V;. Given an
x-representation on ¢ the density o defines a set of density functions 2 (z) indexed by the
branches of £ in the z-representation. As in Section C.2; the density functions are defined
through o|, = Qg(x)dx; A - -+ Adx,, where z is the point on the k-th branch of £ over point
x. As shown in Littlejohn [54] the density functions can be expressed using the determinant
of an n x n matrix of Poisson brackets evaluated at z, Qx(x) = (det {z;, P;})~" in which case
the amplitudes of the WKB wavefunction are expressed as Ag(x) = /% (z).

We now apply these general ideas to the states defined in Section 2.1.1 and the Lagrangian
manifolds described in Section 2.1.3. We assume that each of the states can be described as
simultaneous non-degenerate eigenstates of a set of observables and that the manifolds can
be described as the level set of an Ad*-equivariant momentum map. Note that all of the
states and Lagrangian manifolds that occur in spin network applications may be described
in such a way.

Let the a-manifold £, be the level set A~!(y,), where G 4 is an n;-dimensional connected,
semi-simple Lie group with Ad*-equivariant momentum map A : ®; — g% and p, is a fixed
point of g%. Let {2} (i = 1,---n;) be a basis of ga. Let X! be the Hamiltonian vector
field for momentum map component A; with respect to this basis. Let A\#* be the forms dual
to X/ on £, and let o, be the volume form on L,, as described above.

Similarly let Gz, Gp, and Gy be ny-, ny-, and (ny + ng)-dimensional groups with mo-
mentum maps 3, B, and M. Let ug, 1, and pas be fixed-point generalized momenta so the
Lagrangian manifolds can be expressed as momentum map level sets, as listed in Table 2.2.
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Lagrangian g G Di . Momentum | Generalized
Manifold pace roup tmension Map Momentum

La D, Ga ny A lha
ﬁg ‘1)1 GB ni1 ﬁ MU
,Cb CI)Q GB n9 B j23
Ly @3 Gp o -B — b
Ly D19 Gum ny + na M Y,
Lay Q1o | GAxGp | ni+ng (A,-B) (tas =)

18

Table 2.2: Lagrangian manifolds in the remodeling geometry. These manifolds may be
expressed as group orbits of a group or as level sets of a momentum map at a particular
generalized momentum.

Let {¢7}, {¢€P}, and {€M} be bases of the Lie algebras, where lower case Latin indices run
from 1 to ny, upper case Latin indices run from 1 to n,, and Greek indices run from 1 to
(n1 +n2). Let og, 05, and o be the volume forms on Lg, Ly, and £, with respect to these
ordered choices of basis. The momentum map 3 is related to maps B and M as will be
shown in Section 2.4. i
The symplectic group action P of G on ®, induces a symplectic group action ¢ on
the dual space @3 via conjugation with the dual map,
gprGQOgOfOGQ_l, VgeGp. (2.1.27)
Let XP be the infinitesimal generators of P corresponding to the basis vectors &;. Since
wy = —(Gy1)*wy, XP = —G9,XPB. Therefore the momentum map B : ®; — g} is the
negative of the pull-back of B,

B=-BoG,". (2.1.28)

Since G5! is the identity map on the points of ®3, the momentum map B acting on a point
of @3 is the same as —B acting on the same point of ®,. In a slight abuse of notation we
will write B as simply —B. The Lagrangian manifold £j is therefore the level set

a-(B)-(2)-(®)

where we use the notation introduced in Eq. 2.1.26 for a level set of momentum maps. The
one-forms A € Q'(£;) dual to X} on L; are given by Al = —(G3")*)\[ and therefore the
density on Lj is

(2.1.29)

o5 = (1) (Gy )"0y € Q™ (Ly).

Finally, group actions ¢* of G4 on ®; and ch of Gp on @ induce a G4 x Gp action

0P on the product space @5,

(2.1.30)

gpéﬁl) : (21, 29) (go’;zl, @hBZQ), VgeGa hedGp. (2.1.31)
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The Lie algebra of G4 x Gp is the direct sum of Lie algebras g4 @ gp and the dual Lie
algebra is the direct sum g% ® g3. The momentum map P45 : &15 — g @ g; for this action
is given by

Pag: (21,22) = (A(z1),B(22)), (2.1.32)

which we write as just Pap = (A, —B), as in Table 2.2. The product Lagrangian manifold
Ly = Lo x L is the level set P 5 (ftap), Where gy = (fa, —p15). Interpreting A and B as
functions on ®,5 defined via the pullbacks by 71 and G5 o 7y, respectively, Lg is thus the
simultaneous level set of A at u, and B at u,. We also express this as

(A D)) e
Hab Ha  —Hb Ha  Ho

where the top row is a list of momentum maps or classical observables and the bottom row
is the corresponding generalized momenta or contour values.

Let {¢2P} be a basis of g, D gy, with €48 = A for o = i < ny and €18 = €8 fora = ny+1.
The (n; + ny) components of the momentum map P 4p are then the n; components of A
and the ny components of B. With this basis, the volume form on L, is given by

oar = (1104) A (w505) € QU (L), (2.1.34)

2.1.5 Semiclassical Inner Product Models

The target space inner product model Eq. 2.1.6 and the product space inner product model
2.1.7 of matrix element 2.1.1are evaluated semiclassically in the target phase space and
product phase space, respectively. Both are expressed as integrals of the WKB wavefunctions
defined in Section 2.1.3.

The target space model is expressed as

(alB) = NNy Y /da;A ) Ag () et (@) iSa@) =il —pa)m/2. (2.1.35)

kasks

where the sum is taken over the branches of ¢, (z) and 13(z) and branch indices on the
amplitudes and phase functions have been suppressed. Each of the points in the intersection

D=L,N L3 corresponds to a stationary phase point of one of the integrals in Eq. 2.1.35,
where the conjugate momentum coordinates p of the intersection determine the branch in-
dices k, and kg [11]. We first consider the case when the stationary phase set I!) is composed
of a discrete set of points. Applying Eq. (3) of Aquilanti et al [11] to the target space model
yields

1

(alB) = 100 (2] * ek, (2.1.36)

(2ma)"

\/W Z
where k indexes points 2y € I, QW (z; ;) is the “amplitude determinant” (det {A;, 3;})~*
evaluated at z; ; and go,f/, is the phase. Let z;; be on the k,-th branch of £, and the ks-th
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branch of Lz over representation point x;. Then the phase is
S+ (8,00 (2.1.37)
where iy, and p,k, are Maslov indices and azl’k(,ﬁ ,a) is the signature index as described
in Sections C.1 and C.5.

The states in the inner product models will frequently feature common symmetry groups
which manifest as higher-dimensional intersections of the two Lagrangian manifolds that
support the WKB wavefunctions of the states. The intersections are interpreted as a set
of disconnected group orbits of the common symmetry group. Let Gy, be the common
symmetry group between the a- and f-manifolds in the target space model with group
orbits of dimension s;. The common symmetry group may be made explicit by choosing a
basis of the Lie algebras for g4 and gz such that the first s; components of the momentum
maps A and 3 are identical [1]. The stationary phase approximation of Eq. 2.1.6 becomes

O = S (k) = Saka (@1) — (o s — Hak)

i) (mi—s1)/2 - 12
% > Vi ’Q“)(zl,k) ek, (2.1.38)
a ﬁ k

where k indexes group orbits of Gyq € [ (1), Z1 1s a point in the group orbit, Vi, j is
the volume of the group orbit with respect to the Haar measure on Gp ;. The phase is
the same as in Eq. 2.1.37 but ﬁ(l)(zm) is a “reduced” amplitude determinant involving an
(n1 — s1) X (nq — s1)-matrix of Poisson brackets of the last (n; — s;) components of A and
B (the components that are not common to both momentum maps).

Define 1" = £, N L. The stationary phase evaluation of the product space model

yields
(27) (mtm2)/

tr((|a>(b|)TM) m

where k indexes points z; € 10, Q02 (z,) = (det {PAB,Q, M, })~! is the amplitude deter-
minant evaluated at zp, and c,p,lf is a phase. Let z, be on the k,-th branch of £,, and the
kar-th branch of £y, over representation point (z,yx). Then the phase ¢i? is

Z 1002 () |2 ek, (2.1.39)

Sab7kab (xka yk) - SMJi'M (CUk, yk) - (:uab,kab - MM,]CM)§ + 02k<M7 ab)z (2'1'40)

If there is a common symmetry group Gg 12 with sjo-dimensional group orbits between Ly,
and Ly then Eq. 2.1.39 becomes

(27-”) n1+ng—si2)

ab VM

ZVHM )Q< zk‘ el (2.1.41)

The rest of this chapter is devoted to exploring the remodeling algebra and geometry.
We ultimately show that the pieces of the stationary phase results in Eqs. 2.1.38 and 2.1.41
agree. In particular the phases and amplitude determinants of the target space model are
identical to the phase and amplitude determinant of the product space model. Thus we may
carry out different pieces of the semi-classical evaluation of a matrix element in different
models.
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2.2 The Transport of a Manifold

The semiclassical evaluation of an inner product (A|B) as performed in Littlejohn [54] and
Aquilanti et al [11, 1] involves expressing the inner product as an integral of WKB wavefunc-
tions. The integral is then approximated using the stationary phase approximation. The
stationary phase set is interpreted as the set of phase space points in the intersection of the
Lagrangian manifolds associated with |A) and |B). Similarly, since |3) is defined to be M|b),
the WKB wavefunction for ¢3(z) in Eq. 2.1.13 can be approximated using a stationary phase
approximation on the integral in Eq. 2.2.1, below. The stationary phase set is the set of
product phase space points in the intersection of a Lagrangian manifold and a co-isotropic
manifold. This is a generalization of the inner product procedure to acting a map on a
vector. In this generalization the inner product is interpreted in a remodeling picture where
the target Hilbert space is just C and the target phase space is zero-dimensional.

In Section 2.2.1, we evaluate the wavefunction 13 using the stationary phase approxima-
tion and the WKB forms of 1, and ,. The geometry of the stationary phase set inspires
a geometric construction of a target space manifold Ty, (L) C @1 from Ly, and £,. We call
Tar(Ly) the “transport” of L, through £),. We describe the geometric construction of the
transported manifold and then show that Ty/(L£;) and Lz are identical as manifolds in Sec-
tion 2.2.2. In Section 2.2.3 we start to investigate the symplectic structure of the transported
manifold in cases where £); and £, do not share a non-trivial common symmetry group and
prove that the transport procedure generically results in a Lagrangian manifold. Finally
we consider the transport of a manifold in the presence of a non-trivial common symmetry
group in Section 2.2.4.

2.2.1 The Stationary Phase Approximation for i3(x).

Using Eq. 2.1.5, the wavefunction of |3) can be expressed as

Uala) = (o18) = @MW) = [ dytal Ml olt) = [ dyonte it (220
Plugging in the WKB forms Eq. 2.1.19 and 2.1.15 gives
Ya(z) = Z /dyAM(x’y)Ab<y)eiSM(mvy)iﬂMﬂ/QeiSb(y)iﬂbﬂ'/2’ (2.2.2)
branches

where the sum is taken over both the branches of ¥y/(z,y) and the branches of ¢,(y). The
stationary phase condition is
Sy 05y
—+ —=0. 2.2.3
dy i dy ( )
In terms of the momentum functions defined in Eq. 2.1.20 and 2.1.16, this implicitly defines
the function ys(x),

—ru (2, yp(@)) + r(ys(x)) = 0. (2.24)



CHAPTER 2. THE REMODELING OF AN INNER PRODUCT 22

For a fixed  Eq. 2.2.4 is a set of ny equations for the ny unknowns yg. This generically yields
a discrete set of solutions which are labeled by a branch index for ys(z). In situations with
symmetry such as those that occur in spin networks there will be a continuum of solutions.
We will explore how to handle these situations in greater detail in Section 2.2.4. Therefore
the phase in Eq. 2.1.13 can be expressed as

Se(x) = Su(w, ys(x)) + Sp(ys(w)). (2.2.5)

The function pg(z) defined in Eq. 2.1.14 is therefore

ISy (z,yp(x))  O0Sp(ys(x)) OSm OSy  0Sy\ Oy
Ps(T) ox + ox ox + oy + dy ) Ox (2:2:6)
Replacing the derivatives with the momentum functions gives
9y
(@, ys (@) + (ro(ys (@) = ra (@, ys (@) 5= (2.2.7)

The last term vanishes by Eq. 2.2.4 and therefore the momentum function ps(z) for Lz is

ps(x) = pu(w,ys(2)). (2.2.8)

Note that the branches of pg(x) that occur in Eq. 2.1.13 are indexed by the triplet of branches
of pM(xa y)’ rb(y)7 and yg(l')

2.2.2 Geometric Construction of Ty;(Ls)

We assume in this section that £, and £,; do not share a non-trivial common symmetry
group. Even though most of the spin-network examples will exhibit symmetry, it is worth-
while to study the generic case to illustrate the main features of the transport procedure.

We start with £, C ®5 which is described locally by (y,7,(y)) € ®5. The first stage
in the transport is to push-forward £, into ®} using the dual map. As discussed in the
previous section, this yields the dual-b-manifold £; = Go(L), described locally by coordi-
nates (y,7(y)) € ®5. Since both £, and L; are Lagrangian submanifolds, they are both
no-dimensional.

The next stage in the transport is to form a manifold in the product phase space ®; x @3
by taking the inverse image of £; under the projection map s,

W;lﬁg = {(21722) € @12 | 29 € ,Cg} . (229)

This is a (2ny + ng) co-isotropic submanifold of ®;5. The inverse image is equal to the
Cartesian product ®; x L£; and is described locally by coordinates (x,p;y,ry(y)). Let L,
be the fixed-point level set of momentum map B as in Section 2.1.4. The inverse-image in
Eq. 2.2.9 can then be described as the level set B_l(,ub) C &1, where, in an abuse of notation,
B : &, — gp is interpreted as the pull-back of B : &3 — g by GQ_1 o my. As discussed in
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Section 2.1.4, the momentum map for the symplectic Gg action on ®15 is —B. The level set
B~!(1) can be described as the level set of the momentum map —B at fixed point —u;, € g%
and is therefore co-isotropic.

The third stage in the transport is to form the intersection manifold Z of the inverse
image with the map manifold L/,

T=LyNmy' L (2.2.10)

As discussed in Sec. 2.1.3, points on the map manifold £, are locally described by co-
ordinates (z,py(x,y);y,ram(z,y)). The intersection occurs over points (x,y) satisfying
rar(x,y) = rp(y). This implicitly defines the function y;(z),

ro(yr(x)) = rar(z, yr(2)). (2.2.11)

Points on Z are thus locally described by coordinates (x, pas(z, yr(z)); yr(z), m(yr(z))). Com-
paring Eq. 2.2.11 with Eq. 2.2.4 shows that the set of stationary phase points of the integral
in Eq. 2.2.1 is precisely the intersection manifold Z. The map manifold £;; has co-dimension
(n1+mn2) and the inverse image has co-dimension ny, so the intersection manifold generically
has co-dimension (2n; +nsy), meaning that dim Z is generically ny. In cases of symmetry the
intersection manifold Z may have a greater dimension, as will be discussed in Section 2.2.4.
If £, and L), are both fixed-point level sets of momentum maps as in Section 2.1.4, the
intersection manifold may be described as the simultaneous level set

T = < B M ) (2.2.12)

Mo Hm

The transport is concluded by projecting Z onto the target phase space ®; using the
projection map 7y,

Tu(Ly) =m (L Ny ' Lp) (2.2.13)
Manifold Tys(Lp) is therefore locally described by (x, pr(z)), where

pr(x) = pu(z, yr(2)). (2.2.14)

The branches of py are labeled by the three branch indices of 7y, pys, and y;. Generically this
projection is full rank and yields an ni-dimensional submanifold of ®;. In cases of symmetry
the projection will not be full rank and there will be “vertical” directions of Z over ®;, in
which case the intersection manifold has a larger dimension than the transported manifold,
dim 7 > ny.

The definition of the transported momenta p7(z) in Eq. 2.2.14 is the same as the sta-
tionary phase result for ps(z) in Eq. 2.2.8 since y;(x) = yg(x). Therefore L5 and Tas(Ly)
are described by the same set of points and we can conclude that the S-manifold and the
transported manifold are identical submanifolds of the target phase space.
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Figure 2.2.1: The geometric construction of the transport of the manifold £, through £,;.
The manifold Z is the intersection of the inverse image 7, 'L with £j;. The transported
manifold Lz is the projection of Z onto the target phase space.

’ Manifold \ Space \ Dimension \ Co-Dimension

Ly, L2 2 N2
Ly D3 Ny N
7T2_1[:5 [O2P) 2n1 + no D)
L @19 ny +ng ny + ng
7T (1)12 n1 ny + 277,2
T (Ly) D, ny n

Table 2.3: Manifolds and spaces involved in forming the transport 7T;(Lp). The dimensions
in the first four rows are exact while the dimensions for the last two rows are generic.

Figure 2.2.1 shows the transport of £, through £, to form the manifold £z using the
geometric construction just discussed. Table 2.3 lists the manifolds described in the proce-
dure above along with the spaces they belong to and their dimension and co-dimension. The
dimensions listed for the first four rows are exact while the dimensions for Z and Ty, (L) are
merely the dimensions that occur in cases without symmetry.

Consider a point z; € L3. The transport procedure described above ensures that there
exists at least one point z € Z such that m(z) = z;. However the point z is in general not
unique, even in cases without symmetry. Let 77 : Z — Ty (L) be the projection map m
whose domain is restricted to the intersection manifold and whose range is restricted to the
transported manifold. The inverse image 7' (z;) is the set of intersection points projecting
to the same point of the transported manifold. In cases without symmetry this set will be
the discrete set of points {z,} indexed by p. The intersection manifold Z thus becomes the
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oy

Lg

Branch p  Branch p/

Figure 2.2.2: An example of the branches of the intersection manifold Z under the projection
onto L. The restriction of the projection map m; to the branch Z, or Z, of the intersection
manifold is injective.

Tz1q)1 ik Tzq)12

T2

G71
T, 05—~ T, ®,

Figure 2.2.3: Maps between tangent spaces in the remodeling geometry.

union of branches Z,, as shown in Figure 2.2.2. The branches Z, are connected submanifolds
of T such that the restricted projection map 7|z, is injective.

The transport procedure as defined above results in a manifold that has all of the prop-
erties that are required to support the semi-classical approximation of a quantum state. For
example, the transport of a Lagrangian manifold is itself a Lagrangian manifold, as proven
in the next section. In addition we show explicitly in Section 2.5.6 that if £,; and L, are a
quantized manifolds, then so is the transported manifold.

2.2.3 The Transport of an Isotropic Manifold is Isotropic

Since the transport of £ is identical to the manifold Lz it is a Lagrangian manifold. However
we may show more generally that the transport procedure applied to an isotropic manifold
always yields an isotropic manifold of the target phase space. Let B € ®5 be an isotropic
submanifold of the source space and let Ty/(B) be the transport of B under M, following
the procedure of Section 2.2.2. Consider a point z = (z1,22) € Z and the tangent spaces
T, D19, T,, Py, T,,P5, and T, P5. These are all symplectic vector spaces since the phase spaces
are symplectic manifolds. Also note that T,®5 = T, P x T,,P5. The maps in Fig. 2.1.2
are pushed-forward to become maps 7y, T, and G5, between tangent spaces, as shown in
Fig. 2.2.3.

Define B to be the image of B under the dual map, B = G»(B). Since B is an isotropic
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manifold of ®,, B is an isotropic submanifold of ®3 and the tangent space 7%, B is an isotropic
plane in 7.,®5. Similarly, 7.L,; is a Lagrangian plane in 7,®,,. The tangent space to the
inverse image at z is given by T, ®, x T, B and is a co-isotropic plane in 7,®,. The tangent
space at z of the intersection manifold is given by T,Z = Ty(my 13) NT,Ly. Since this is a
subspace of the Lagrangian plane T,L,;, T.Z will always be an isotropic plane in T,®;5. The
dimension of T,Z is generically (n; — ns + dim B) but may be larger in cases of symmetry.
Note that if B is Lagrangian then the dimension of 7,7 is generically n;. Finally, the tangent
space at z; of the transported manifold is 15, (T (B)) = m1.(1.7).

Consider an arbitrary point 2; € Ty/(B) and let 2 € 77'(2;) be some point in Z that
projects onto z;. Let Xz € T, (Ta(B)) be an arbitrary tangent vector to the transported
manifold at z;. Since T3, (Ta(B)) = m.(T.Z), there must exist a vector Xy € T.Z such that
T1.Xa = Xj. Note that since 7 is a subspace of the tangent space to the inverse image of B,
the push-forward of any vector in T,Z by 7 will be tangent to B. Therefore 79, X, € 1%, B.

Acting the symplectic form w; on any pair of vectors in the tangent space T, (T (B))
therefore gives

w1 (Xp1, Xp2) = wi (T X, X m2) = miwr (Xar, Xar). (2.2.15)
Since w2 = Tjwy + myws, the last expression in Eq. 2.2.15 can be rewritten
wlz(XMl,XMz) —W;WQ(XMl,XMQ). (2216)

The tangent space to Z is a subspace of the Lagrangian plane T,L;;, so the first term in
Eq. 2.2.16 is zero. The second term is —ws(mo. X ps1, o4 Xar2). The pushed-forward vectors
are both elements of T,, B so this term also evaluates to zero since B is isotropic. Thus, for
any two vectors Xpg1, Xgo € T3, (Ta(B)) in the tangent space for any point 2, € Ty (B),

wl(Xﬁl,Xﬁg) =0. (2217)

The transport of an isotropic manifold is therefore always an isotropic submanifold of ®;.
The transport of a Lagrangian manifold generically has dimension n; and will be generi-
cally Lagrangian. Even in non-generic cases the transport of a Lagrangian manifold will
be isotropic and thus dim T3/(Ly) < ng, even when symmetries result in an intersection
manifold that has a non-generic dimension greater than n;.

2.2.4 The Transport of a Manifold in Cases of Symmetry

When the M- and b-states share a non-trivial common symmetry group the intersection
manifold Z in Eq. 2.2.10 will have a dimension greater than the generic dimension n;. Such
symmetry groups occur often in spin networks. The symmetry group shared by a Lagrangian
and co-isotropic manifold is determined in a manner similar to the determination of the
symmetry group shared by a pair of Lagrangian manifolds described in Aquilanti et al [1].
Consider £y, and 75 L5, both co-isotropic submanifolds of ®1,. Assume that £, and £y,
are fixed-point level sets of momentum maps as described in Section 2.1.4. As discussed in
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Section 2.2.2, the inverse image 7, ' £j is the level set B™! (1) C ®15 and is co-isotropic. As
in Eq. 2.2.12, the intersection manifold Z is described as the simultaneous level set of M
and B. Consider a point in the intersection z € Z. As in Section B.3, let L be the level set
B~!(1) containing z and let B be the group orbit through z for the action of Gz on ®1s.
As discussed in Section 2.2.3, the tangent space 1.7 is the intersection T,L, NT,L and is
an isotropic plane of T,®5. The set of (n; + ny) Hamiltonian vector fields { X} span the
entire Lagrangian plane T,L;;. The co-isotropic manifold L is the union of isotropic group
orbits and T, B is an isotropic sub-plane of T, L. Each group orbit in L is isomorphic to £,
and therefore ny-dimensional. The set of ny Hamiltonian vector fields {XP} span T, B.

Let T, H be the intersection T,L,; NT,B and let dim T, H = s. Rewrite the bases of gy,
and gp such that the first s basis vectors generate identical Hamiltonian vector fields X,
where 7 =1, , s and the set of s vectors {X?} span T,H. Since the action of groups Gy,
and G'g provide a Lie algebra anti-homomorphism between g,; and gg and the Lie algebra
of Hamiltonian vector fields on ®15, the first s basis vectors of g,; can be identified with the
first s basis vectors of gg. Call these vectors {¢,} and let the span of these vectors be gg.
The space gy is interpreted as the intersection of Lie algebras gy, and gg and is therefore
itself a Lie algebra. The group H generated by gg is thus the “common symmetry group”
of L3; and 7r2_1£b.

With this new choice of bases, the first s components of M are identical to the first
s components of B. These components form the s components for the momentum map
H: &5 — gy. Asin Eq. 2.2.12, 7 can be expressed as the simultaneous level set of the
(ny +ny) momentum map components M, and the ny momentum map components B;. The
s components of H each occur twice in this list of functions and Z is the simultaneous level
set of (ny + 2ne — s) “independent” functions. Therefore, in the case of an s-dimensional
common symmetry group H, dim Z = (ny + s).

The Hamiltonian vector fields X are all vertical over the target space and the H group
action only affects the source space variables z,. Each of the s-dimensional group orbits of
H is thus mapped to a single point in the target space ®; under the projection 7;. Therefore
the projection of Z onto Ty (L) has co-rank s and dim T3 (L) = dim Z — s = ny. The
extra dimensions of Z generated by the common symmetry group are eliminated under the
projection.

The inverse image 77 '(z;) of a point z; € Lz is the union of a set of H-group orbits,
indexed by p. In cases without symmetry the group H is trivial and the inverse image is
just a discrete set of points. As in Figure 2.2.2, the intersection manifold Z breaks up into
the union of branches Z,. The branches 7, are connected submanifolds of Z such that the
inverse image under the restricted projection map |z, contains a single connected H-group
orbit, as shown in Figure 2.2.4.
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Figure 2.2.4: The projection of the p-th branch Z, of the intersection manifold Z = L N
7, 1(L3) to the source phase space when £, and £, share a non-trivial common symmetry
group H. Each H-group orbit ¢y (z) in Z is vertical over the source space and projects onto
a single point of Lg.

2.3 The Transport of the Density

As discussed in Sections C.1 and C.2, the WKB wavefunction of a state specifies a Lagrangian
manifold and a density or volume form on that manifold. The definition of the g-state in
Eq. 2.1.5 allows the density form on L to be constructed from the WKB forms of 15, and 1.
The transport procedure outlined in Section 2.2.2 provides a second construction of a density
form on Lz, which is inherited from the structures associated with £, and L. Finally, the
description of Lz as the level set of a momentum map as shown in Table 2.2 provides a
third way of defining a density on Ls. These three densities are the same. Analysis of the
momentum map 3 describing Lg and the associated density is discussed in greater detail in
Section 2.4.

In Sections 2.3.1 and 2.3.2 we find the density form o3 on L that arises from the product
space stationary phase evaluation of |z)(8] = (x| M]b), first in cases without symmetry and
then in cases with a non-trivial common symmetry group. Then in Sections 2.3.3 and 2.3.4
we present a geometric construction of a density form o7 on the transport of a Lagrangian
manifold, first in cases without symmetry and then in cases with a non-trivial common
symmetry group. Finally in Section 2.3.5 we show that the transported density is identical
to the WKB density og.

2.3.1 The WKB Amplitude of 13

Consider the z-representation wavefunction ¢g(x) for the S-state, Eq. 2.1.13 and the La-
grangian manifold £z C ®; generated by the phase function. The wavefunction (x|5) can
be interpreted as a target space inner product model for the matrix element (2|M|b), just
as Eq. 2.1.6 is a formulation of the matrix element 2.1.1. Here, the z-representation basis
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states |r) € H; serve as the a-states in Section 2.1.1. The product space model for the
wavefunction is

Ga(@) = (2l M16) = o (|} (el) D7) (2.3.1)

The semiclassical evaluation of this inner product involves Lagrangian manifolds £,; and
L., in $15. As in Section 2.1.4, L), is the level set of the (n; + ng) components M, of
momentum map M. The product manifold L, is the Cartesian product of the constant-z
manifold £, € ®; and the b-manifold Ly C ®5. Interpret z; : &1 — R as the pull-back of
the n; functions z; : &; — R by 7. Similarly, interpret B : &5 — gp as the pull-back of
the momentum map on ®, by 75 0 G;*. The momentum map for the symplectic action of
G on ®;5 is —B. Thus L, is the simultaneous level set of the n; functions z; and the n,
components of momentum map —B.

First consider the semiclassical evaluation of the inner product tr <(|x><b|)U\Z/ ) when

the Lagrangian manifolds £,;, and £j; do not share a non-trivial common symmetry group.
In particular, let {z;} € @2 be the discrete set of intersection points Ly N Ly, which
is semiclassically the stationary phase set for the WKB approximation in Eq. 2.3.1. The
analysis in the presence of common symmetry groups is discussed in Section 2.3.2. The
geometry of the transport discussed in Section 2.2.2 provides a map between L; N L, and
points on Lz over z-representation configuration point z. The projection m1(Lyr N Lyp) is
a set of points z;, € L3, where k indexes the z-representation branches of Lg. This is the
same branch index that appears in the WKB form for ¢s(x) in Eq. 2.1.13. As discussed
in Section 2.2.2, there may be more than one point in £3; N L, that projects onto a given
point 21 . As in Figure 2.2.2, let p index these points. Thus the index k will be treated
as a combined index for the pair of indices (k, p). Note that £y, N L, can be expressed as
INX(z) = U,Z, N X~(z). A point z; can therefore be described as the unique point
on the p-th branch of Z that projects onto the k-th z-representation branch of Lz over
configuration z, as shown in Figure 2.3.1.
The wavefunction at x is, to within an overall phase, the sum

Us(e) = D Agg(e)est, (2.3.2)

where ¢;(x) encodes the relative phases between intersection point z; and a reference in-
tersection point. Let z; € Lz be on the k-th az-representation branch of Lz and lie over
configuration point x and let z; € Z be the p-th point in Ly, N L, such that m(z;) as shown
in Figure 2.3.1.

As summarized in Section C.4, the amplitudes for the product space evaluation Eq. 2.3.1
can be expressed using the determinant of an (ny +ns) x (n1 +ng) matrix of Poisson brackets

evaluated at z; [51],
det |: {xia Moé} :|
7

Ayilw) = (2.3.3)

~1/2
{_BlaMa} |
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Branch £’

Branch £
Branch p  Branch p/

Figure 2.3.1: An example of the two types of branch indices that occur in constructing
the x-representation wavefunction of a transported manifold. The branches of Z over the
manifold Lz are indexed by p as in Figure 2.2.2 and the branches of Lz over configuration
space Q are indexed by k. The index k represents the pair of indices (k,p).

We define a density o, on Lg for each p and for each k define a density function Qg so
that o], = Qgg(z)dzy A -+ Adzy,. The density functions are related to the amplitude by

Agp(z) = ‘Q B,fs}l/ 2. Comparing the relationships between the amplitude, density function,
and density with Eq. 2.3.3 yields

Qpi(z) = (det { {{_%’fﬁi} 1) , (2.3.4)

drzy N -+ Ndxy,

det[ {zi, Ma} } ' (2.3.5)

0/370|Zl = (—1)”2
{Bfa Ma}

Note that since the sum in Eq. 2.3.2 is over both the x-representation branches of L3
and the set of p-indexed points that project onto the same point in ;. Thus we get a set
of amplitudes A ;(z) and density functions Qg ; () indexed by k = (k, p) which correspond
to densities o, indexed by p. The presence of the relative phases ¢; in Eq. 2.3.2 prevents
forming a single density on L3 from the sum over p of the densities 03 ,. However, if it is
shown that in a specific application the relative phases between any two points z; over the
same point 2; are zero then we may make the simplification Agy(z) = > Ag (), in which
case we may define Qg (2) = > Q47 (z) and o5 = > 0p,.
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2.3.2 The WKB Amplitude in Cases of Symmetry

Now consider the case when the M- and b-states share a non-trivial common symmetry
group. Consider the bases of g, and g,; constructed in Section 2.2.4. Recall that in this
basis the first s basis vectors in both sets are identical and generate the Lie algebra gy of
the common symmetry Lie group H. The momentum maps B and M thus decompose into
(=H,B;j) (I = 5+1,--- ,ny) and (H, My), (& = s+1, - --ny+ny), where H is the momentum
map for the subgroup Gg. Note that the momentum map for the action of Gy on P, is
—H due to the fact that the construction of the basis relied on identical Hamiltonian flow
vectors in ®; x 3.

Evaluation of the WKB amplitude in the case of symmetry proceeds as in Section 2.3.1.
However, naive use of the momentum maps in the (n; 4+ ng) X (ny + ng)-matrix of Poisson
brackets of Eq. 2.3.3 yields

{zi, Hr} | {wi, Ma}
{I%Ma}
= | {H Hy} | {H:, Ms} =0, (2.3.6)
{ {_BI,Ma} :|Zic {_Bf7 HT} {_BfaMd}

since the second row of the block matrix evaluates to zero on Ly, and z; € Z. Eq. 2.3.3
does not give the proper amplitude because in the case of symmetry the stationary phase set
contains H-group orbits rather than just isolated points. In Section 11.2 of Aquilanti et al
[14] it was shown that the stationary phase evaluation applied to the inner product of states
whose Lagrangian manifolds are described as level sets of functions (C, D) and (C, E) yields

the amplitude
Vi

Ay = .
J]det (D, B

In the above equation V; is the volume of the intersection, which we will be the volume of
the common symmetry group with respect to the Haar measure divided by the cardinality of
the isotropy subgroup. Note that the symmetry implies that the denominator of Eq. 2.3.7 is
the same no matter where the evaluation occurs in a common symmetry group orbit. Thus
the WKB amplitude functions Eq. 2.3.3 in the case of symmetry are

(2.3.7)

Vi ‘~ ) (2.3.8)

A,B,IE@) = m Qg,fg(fﬁ) )
where Vi /|H| is the volume of the H-group orbits in ®15 and

Qpla) = (=1)" <det { {{glﬂj\%}}} ) : (2.3.9)

The group orbits are parameterized by index k as in Figure 2.2.4. The matrix in Eq. 2.3.9
is now a smaller (n; + ng — s) X (ny + ny — s)-matrix of Poisson brackets.
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2.3.3 The Transported Density on Ty (L)

The manifolds £, C &3 and L; C &5 and their defining momentum maps B and M allow
a form o7 to be constructed on the intersection manifold Z defined in Eq. 2.2.10, called
the “induced form on Z.” The induced form then defines an ni-form on the transported
manifold Ty (Ly) = Ls. This “transported density” is identical to the density form defined
by Eq. 2.3.5 and Eq. 2.3.4. In this section we describe the construction of o7 in the generic
case when L, and £j; do not share a non-trivial common symmetry group, in which case oz
is an n;-form on Z. Construction of the induced form on Z in the presence of symmetry is
discussed in Section 2.3.4.

Construction of o7 requires a form that annihilates spaces that are tangent to momentum
map level sets. We first show how to construct such a form for a general momentum map.
Let ® be a 2n-dimensional phase space with a symplectic G-action and an Ad*-equivariant
momentum map P : & — g*. Let m = dim G < n and let the Hamiltonian vector fields X;
be linearly independent. Given an ordered choice of basis {¢;} of g, an m-form IIp on ® can

be constructed,
m

Ip= \(dP,&) =dPy A+ NdP,, € Q™(D). (2.3.10)
i=1
A different choice of ordered basis will yield the same form up to a multiplicative constant. By
construction the one-forms dP; restricted to any level set P! (1) are zero and IIp annihilates
any tangent plane to any level set P~1(y),

p(X1, -, Xp) = det [dP(X;)] = det [w(X;, X;)] = 0. (2.3.11)

For most points z € ®, the level set of P passing through z is generically (2n—m)-dimensional
and the phase space is locally foliated into an m-dimensional family of level sets in the
neighborhood of z parameterized by p € g.

The form Iz € 2"2(Pq,) associated with momentum map —B on ®15 is thus

Mp = (-1)" /\ dB; € Q"(D1). (2.3.12)

I=1

The ny-form o7 on Z is constructed from the (n; + ny)-form oy, on L, and the ny-form I
on &1, by a “division of forms” procedure. Consider a set of ny vectors =; € T,Z and ny
vectors Y7 € T,Ly; such that {=;;Y;} span T,L,,. Implicitly define o7 so that

O-M(Elf” JEnla}/la"' 7YTL2) = (O-Z/\HB>(EI7"' 7En17§/17"' JYTLQ)' (2313)

Since Z; is a vector in the tangent space of the intersection Z, it is also tangent to the level
set B7!(up). Therefore, dB;(=;) = 0 and any term in the expansion of the wedge product
that involves one of the =; being acted on by Il will vanish. Thus the wedge product on the
right-hand side of Eq. 2.3.13 factors into o7 (=1, - -+ ,E,, )lp(Y1, -+ ,Ys,). By Eq. 2.3.12 and



CHAPTER 2. THE REMODELING OF AN INNER PRODUCT 33

the definition of the wedge product, the action of IIz on the nsy vectors Y; can be re-expressed
as an no X Ny determinant of 1-forms acting on vectors,

Yy, - ,Y,,) =det [=dB;(Y;)] = (—1)" det [dB;(Y})]. (2.3.14)
Solving for o7 gives
=, B Ve, Y
0z(Z1, -, Bny) = (—1)™ on(En e Ens 1t ) (2.3.15)

det [dB;(Y)]

We now show that the expression on the right-hand side of Eq. 2.3.15 is independent
of the choice of vectors Y; used (as long as the determinant in Eq. 2.3.14 does not vanish)
and thus that o7 is well-defined. Consider the quotient vector space T,Ly;/T.Z and let
[Y7] € T.Ly/T.Z be the equivalence class with representative Y;. The matrix dB;(Y})
evaluated at z is non-singular if and only if the set of vectors {[Y7]} are linearly independent.
Another way of expressing this is to say that {[Y;]} forms a basis of T, Ly /T.Z. Let Y
and Y/ be two elements of the same equivalence class. There exists a & € 7,7 such that
Y]/ = Y7 +&;. Since d By annihilates vectors in the tangent plane to B~!(u) and by definition
Z C B Y (), dB;(&;) = 0 for all I and J. Thus dB;(Y)) = dB;(Y;). The set of vectors
{E;} span T,Z by construction and thus any &; is a linear combination of the =;. Since the
n1 =; vectors are used in the first ny slots of o)/, any &; appearing in a later slot results in
the form evaluating to zero. Therefore oy (Z;,Y]) = on(Ei, Y7 + &) = om(Z;,Yr). Thus,
given a basis {[Y]}, oz in Eq. 2.3.15 is independent of which representative vector in [Y] is
used in Eq. 2.3.15.

Let {[Y7]} and {[Y/]} be separate bases of T.L/T.Z and let Z] be the non-singular
na X ny transformation matrix, so [Y/] = Z{[Y;]. Let Y7 and Y/ be representative elements
[Y7] and [Y]] such that Y/ = Z/Y;. The numerator of Eq. 2.3.15 transforms as o (Z;,Y/) =
om(Zi, Z{Y;) = (det Z)op(Z;,Y7) and the matrix elements in the denominator transforms
as dB;(Y)) = ZXdB;(Yk). Thus det [dB;(Y})] = (det Z) det [dB;(Yy)]. Therefore,

UM(El,Y}’) . (det Z) O-M(Ei,YJ) . O'M(Ei,YJ>
det [dBr(Y))] — (det Z)det [dB;(Y;)] _ det [dB;(Y;)]

The definition 2.3.15 of o7 is thus independent of the set of vectors Y; chosen and is well-
defined.

As shown in Figure 2.3.1, there are a set of points indexed by p that project onto the
same point in £z and thus Z breaks up into branches Z,. Define a set of n,-forms o1, on
the transported manifold 7y;(Ls) such that o7 is the pullback of o7, by 7. Here p is used
as in Section 2.3.1 to index the set of points in Z that project onto the same point on the
transported manifold. Given a p, the projection map from Z, to Tp (L) is invertible and
thus o7, is defined to be the pullback of o7 under the inverse of the projection. Thus, given
a point z; on the p-th branch of Z that projects onto z; as shown in Figure 2.3.1 and a set
of vectors =; € T, 7,

(2.3.16)

_ UM(Ei, YI)
det [dB] (YJ)] ’

%k

(2.3.17)

OT plas (T14Z4)
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orp=Qrip() dvy A~ Nday,. (2.3.18)
It remains to be shown that Eq. 2.3.17 is equal to the expression given in Eq. 2.3.5.

2.3.4 The Transported Density in Cases of Symmetry

Now we construct the density form on £z in the case where there is a common symmetry
group G'y. Using the Lie algebra bases and momentum maps of Section 2.3.2 we may express
the form Il defined in Eq. 2.3.12 as [Ig = IIy A Il 5, where Il is the analogous form for H

and Il is defined as

(=1 N\ dBj € Q"7%(®yy). (2.3.19)

I=1

g

Similarly, the density on £y may be expressed as oy = oy A o7, where oy = \J_; Ao and
o3 = /\Z::fl Ao and the 1-forms A\, are dual to the Hamiltonian vector fields X, on £, as
in Section C.2. Note that by construction o3; acting on any of the Hamiltonian vector fields
generated by the momentum map H of the subgroup Gy is zero.

As discussed in Section 2.2.4 the intersection manifold Z has dimension (n; + s) so the
density o7 must be defined as an (ny + s)-form on Z. Following Eq. 2.3.13,we implicitly
define o7 in the case of symmetry as

where vectors =; (1 = 1,--- ,ny + s) span 1,7 and {=;, Y;} span T,L),. Similarly we may
define an n;-form oz by
o(E5Y7) = (07 A1) (2], Y7), (2.3.21)

where {Z]} are a subset of n; vectors of {Z;}. We may perform the division of forms
procedure as in Section 2.3.3 to define o7 and oz,

-\ _ no—s UM(E%Y}) = no—s UM(E;Y})
0z(Z;) = (-1) det [dBA(Y;)] 0z(Z}) = (-1) det [dBAY,)] (2.3.22)

Next we shown that 07 = oy Aoz. By definition of the set {=;} we may always construct
an invertible linear transformation Z such that first s vectors in {Z;} are mapped to the
Hamiltonian vector fields X generated by the components of H. Acting either of the
ni + s-forms o7 or oy A 03z on {Z;} is the same as (det Z) times the forms acting on the
transformed set and thus we may show that the forms are equal by showing that their
evaluation on the spanning set of ny + s vectors {X}!, 2/} are equal. Since oy = oy A 047,

o057 acting on any of the X/T is zero, and opy(X{, -+, X7) =1,
(XY
or(XH Z) = (—1y-sBEYD) e (2.3.23)

det [dB;(Y)]
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Similarly, o7 acting on any of the X is zero and thus (o Aoz) (X[, E]) = 05(X]). Compar-
ing this result with Eq. 2.3.23 shows that o7 = oy A 07. Another perspective on this result
is that o7 is the wedge product of the density oy on the H-group orbits with the pull-back
of the density o7 on the reduced intersection manifold when a symplectic reduction by H is
performed. Symplectic reductions are discussed in Section B.4 and Sections 2.4.3 and 2.4.4
provide a full discussion of the role of symplectic reduction in the remodeling geometry.

Since Gy is the common symmetry group between GGj; and Gy, the Gy group action on
®1, is purely vertical over the target phase space ®; and thus any G g-group orbit projects
to a single point of ®;. In cases of symmetry the points shown in Figure 2.3.1 all become
Gy group orbits and project onto the same point in L£3. The different group orbits are
disconnected and thus Z breaks up into branches Z,, as in Section 2.3.1. The s-form density
oy naturally lives on these group orbits and the n;-form oz is invariant under the flows
generated by H.

Let z; be a point on the p-th branch of Z that projects onto z;, a point on the k-th z-
representation branch of L5 and let {Z;} be a set of n; vectors in TZ];Z such that m,=; # 0.
Then the density o7, on the transported manifold 7y/(L;) is defined through

0T plon (M1425) = / 07(Z5,-). (2.3.24)
o (21)

We may “sum” the densities over points on the same group orbit because the relative phase

between any two points on the same group orbit will be zero. Note that this reproduces the

definition of o7, in Eq. 2.3.17in the case where the common symmetry group is trivial. The

density functions Q- ;(z) are then defined as in Eq. 2.3.18.

2.3.5 Equality of the WKB and Transported Densities

To show that the WKB densities o3, are identical to the transported densities o7 , we show
that the density functions €2, ; defined in Eq. 2.3.4 are equal to the density functions Q7 ,
defined in Eq. 2.3.18.

Consider o7, evaluated at a point z; , on the k-th z-representation branch of Lz and let
2;. € T be the point on the p-th branch of Z that projects onto z;; as in Figure 2.3.1. Let
XM e T, Ly be the (ny 4+ ny) Hamiltonian flow vectors for the momentum map components
M,,. Consider a non-singular linear transformation matrix, Z? such that Z acting on the
first n; flow vectors XM gives vectors in the subspace T,Z. Define Z; = Z*XM ¢ T, 7 as
the first ny transformed vectors and define Y; = Z(O;L " I)X 3/ eT ZELM. Since the matrix Z is
non-singular, the set of vectors {Z;,Y;} span T’ Z};ﬁM. Furthermore the first n; vectors span
T..Z. The vectors Z; can be pushed-forward by m; into 77, L and the set {[Y7]} are linearly
independent in TZ;; Ly /T.Z. The transformed vectors can therefore be used in Eq. 2.3.17.

We now evaluate o7, on the pushed-forward vectors m,=;. Consider first the evaluation
of o7, using the z-representation expression in Eq. 2.3.18,

o7 p(T1:Zi) = Qp () (dzy A=+ Aday, ) (71.E)). (2.3.25)
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The wedge product on the right-hand side of the above equation evaluates to det [dx;(m1.Z;)]
= det [(m]dx;)(Z;)]. The pull-back of the forms dz; on ®; are the forms dx; on ®q5. Solving
for Q7 7 in Eq. 2.3.25 therefore gives

(o7 (m1.E5)).,

i) = G B (2.3.26)

%k

We now evaluate o7, on the pushed-forward vectors m,Z; using Eq. 2.3.17. The nu-
merator oy/(Z;,Y;) expressed in terms of the Hamiltonian flow vectors is op(Z5 X)) =
(det Z) o (XM). By Eq. C.2.3, op(XM) =1 and thus o)(Z;,Y;) = det Z. Therefore,

s det Z
Orale) = (0" 55 [dz;(Z;)] det [dB(Y)]’

(2.3.27)

where all forms and vectors on the right-hand side are evaluated at point z; € Z.
Let A be an n; X n; matrix and let D be an ns X ny matrix. The product of the
determinants of A and D can be expressed as a single (ny + ng) x (ny + ng)-determinant,

(det A) (det D) = det {%‘i} : (2.3.28)

where B is an arbitrary n; X ny matrix. The denominator of Eq. 2.3.27 can thus be combined
into the (ny + ng) x (ny 4+ ng)-determinant

dz;(Z;) ‘ dz;(Y7) }
0 |[dBi(Yy) |’

det [ (2.3.29)

where the matrix dz;(Y) is used as the arbitrary matrix in the upper-right block. Since the
=, lie in the tangent space to the intersection and thus are tangent to the B level sets, the
matrix dB;(Z;) evaluates to the ny X ny zero matrix and Eq. 2.3.29 can be written

dzy(Z5) | dvi(Yy) | _ da;(ZgXM)
det { dBi(E;) | dBi(Y)) } = det { dB,(Z3X M) } 7 (2.3.30)

where the transformation matrix Z has been used to express all vectors in terms of the
Hamiltonian flow vectors X2, The transformation matrix comes out of the determinant
and the forms acting on Hamiltonian flow vectors become Poisson brackets, yielding

det [dz;(Z;)] det [dB;(Y;)] = (det Z) det { {{21]\]\2}} } . (2.3.31)

The determinant of Z cancels when using the above in Eq. 2.3.27 and therefore

Qrj(x) = (—1)™ <det { {{glﬂj\%ﬁ 1 ) : (2.3.32)
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The expression in Eq. 2.3.32 for the transported density functions is equal to the expression
in Eq. 2.3.4 for the density functions resulting from the WKB evaluation and thus the
transported densities o7, of Eq. 2.3.17 are equal to the WKB densities 03, of Eq. 2.3.5. A
similar analysis holds with the same result when a non-trivial common symmetry group is
present.

2.4 The Transport of a Momentum Map

The transport procedure that generates Lg from Ly, and L, allows the level set conditions
defining L3 to be expressed in terms of the momentum maps M and B that define £y,
and L. At the heart of this construction is the “core isomorphism” generated by M which
defines a “core symplectomorphism” M between certain symplectic reductions of the source
and target spaces.

We start in Sections 2.4.1 and 2.4.2 by looking at the linear algebra description of the
[-state. First we construct a “core isomorphism” for M between subspaces of Hs and H;
and then use this core isomorphism to construct the observables that describe |3). Then we
turn to symplectic geometry. In Section 2.4.3 we explore the two geometric objects that are
the classical analogues of Hilbert subspaces, which allows us to construct a “core symplec-
tomorphism” between symplectic reductions of ®5 and ®; in Section 2.4.4. In Section 2.4.5
we describe how the core symplectomorphism in the geometric construction of a momentum
map on ®; for which the S-manifold is a level set. Finally in Section 2.4.6 we show that the
density functions that arise from this new momentum map are equal to the density functions
found via the WKB method in the previous section.

2.4.1 The Core Isomorphism of M

Consider two Hilbert spaces H; and H, and a linear map M : Ho — Hq. The first isomor-
phism theorem of linear algebra [57] says that the quotient space Hy/(ker M ), is isomorphic
to the image of M. This quotient space is called the coimage of M. Furthermore, the
inner product structure on Hy provides a natural isomorphism between the coimage of M
and the orthogonal compliment of ker M, (ker M), . Since img M and (ker M), are vector
subspaces of H; and Hs they inherit an inner product structure. Thus we may treat img M
and (ker M ). as either subspaces or as Hilbert spaces in their own right. We write img M
and (ker M )1 as Himg and Hie when explicitly treating them as separate Hilbert spaces.
Let ﬂimg : Hy — img M and Tl : Ho — (ker ]\}[)L be projection operators. Note that
we may also treat the projections as linear maps ﬂimg : H1 — Himg and ﬂker Ho — Hyer
We also define the inclusion maps ng i Himg — H1 and fker : Hyer — Hso. Note that the
composition f[img o ng is the identity on Himg, with a similar statement for Hie,.
We define the “core isomorphism” MC : Hier — Himg associated with M by

MC = ﬂimg o) M o) jker- (241)
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M
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ﬁker jker 1climg | |fimg
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Figure 2.4.1: The core isomorphism MC : Hier — Himg-

We include f[img in the above composition so that Mc is explicitly a map onto the Hilbert
space Himg. In terms of the core isomorphism, the map M is

M = Tipng © Mg 0 i, (2.4.2)

where f[ker is needed in the composition because Mc acts on the Hilbert space Hyer. We
may also treat M as a map : (ker M ). — img M whose range and domain are treated as
subsets of Hy and H; rather than independent Hilbert spaces. The spaces and maps involved
in forming the core isomorphism are shown in Figure 2.4.1.

Consider the subspace (img M) @ (ker M)* of the product Hilbert space Hys. By con-
struction M € (img M) ® (ker M)* . As with img M and (ker M), (img M) ® (ker M)*
inherits an inner product structure from ;o and we may treat it as a Hilbert space. We
write (img M ) @ (ker M )% as H,, when explicitly treating it as a separate Hilbert space
(the subscript “rp” stands for “reduced product”). This space is the product Hilbert space
Himg @ Hier, Whose elements are linear maps : Hier — Himg, SO MC € H,p,. We may also
define the “core Hilbert space” Heore = Himg = Hier 50 that Hyp = Heore ® Hiore- The core
isomorphism is thus an operator on Hore.

In many spin network examples the map M is an SU (2) intertwiner. In such cases we may
express M in terms of a set of unitary maps between the irreducible subspaces of (ker M )L
and img M. We call these maps the “unitary core” of the intertwiner. Intertwiners and their
unitary cores will be discussed in more detail in Section 3.1.3.

Describe img M as the simultaneous eigenspace of a set of observables Co: M1 — Hy at
eigenvalues i q,

Calt)) = pealth) Y |¥) € img M, (2.4.3)

where the observables C, must all mutually commute on img M,
[Co,Cll) =0 Y a, b, |¢) €img M. (2.4.4)

The number of observables needed to specify img M is, at most, n; (since a set of ny mutually
commuting observables will uniquely specify a one-dimensional subspace of H;). Define 72 so
that index a runs from 1 to n; —n and thus img M is described as the simultaneous eigenspace
of a set of (ny — n) observables. A state in img M may be specified as a non-degenerate
eigenstate of a set of n; independent observables, (n;—n) of which are @a. Thus an additional
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n observables are needed to specify a state within img M. Alternatively, a complete set of
observables in the Hilbert space Himg must consist of 7 independent operators.

Similarly, describe (ker M ). as the simultaneous eigenspace of a set of observables Dy
Ho — Ho at eigenvalues fig 4,

Dal¢) = paalg) Vo) € (ker M), (2.4.5)
where the observables D, must all mutually commute on (ker M )1,
[ﬁA,ﬁB]|¢> =0 Vo) € (ker ]\ZI)L. (2.4.6)

Since img M and (ker M )1 are isomorphic, a complete set of observables in the Hilbert
space Hier must consist of nn operators. A complete set of observables in Hy contains ns
independent operators so it must require and additional (ny — 72) independent operators to
specify (ker M), as an eigenspace of Hy. Index A runs from 1 to (ny — 7).

As in Section 2.1.1, the operators C, and D, can be promoted to operators C’ and
D(12 on Hi®@H;. These operators naturally commute in the product space, [0(12) D(m)] = 0.
The subspace (img M) ® (ker M)*% is the simultaneous eigenspace of the set of (ny +n, — 27)
observables C{'? and D ) with eigenvalues (#te.ar 14 4)- Note that since operators Dy are
assumed to be observables the eigenvalues pq 4 are real and thus the complex conjugation
can be dropped.

2.4.2 Observables of the 5-State

In most spin network applications we have some choice as to how to define the b- and M-
states when setting up the remodeling algebra. In particular, if |b) & (ker M ). then we make
the replacement |b) — Iy |b). If such a replacement is made then a new set of operators By
and eigenvalues p;, 4 must be used in Eq. 2.1.4 and these operators define a new Lie algebra
gy. Since |b) is now an element of (ker M )1 by construction, it is a simultaneous eigenstate
of all (ny — ) observables D 4. Thus a basis of g% may be chosen such that the first (ny — 1)
components of the gj-valued operator B on H, are D4. Call the remaining 7 components
By ({ =1---7). In this basis the generalized momentum s, has components (jig 4, 1) and
|b) may be expressed as

D, D, B B >
b) = co. ma—i ) 2.4.7
) Pai  Hdne-n PR HE (247)

Note that [D 4, BL/] ) = 0 and [By, By]|b) = 0 for all A, ¢, ¢. We make the stricter assumption
that operators D4 and B, commute on the entire subspace (ker M), [Da, B/[¢) = 0
for all |¢) € (ker M),. This assumption is met in all of our spin network applications
and guarantees that operators B, leave the subspace (ker M ). invariant. Therefore the
n operators Bg may be restricted to observables Bg ¢ Hier — Hier and moreover the n
observables are enough to completely characterize a non-degenerate eigenstate on Hie,.
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We define the “transported operators” Bg : Himg — Himg as the operators B, conjugated

by the core isomorphism M,
B¢ = Mo Byo Mg'. (2.4.8)

Since |3) € img M by definition, the fS-state is a simultaneous eigenstate of all (ny — 1)
observables C,. We now show that |B) is also an eigenstate of the transported operators.
By Eq. 2.4.8 and 2.1.5,

BelB) = M¢ o Byo M5 o M|b). (2.4.9)

Since [b) was chosen to be an element of (ker M), we may interpret |b) as an element of
Hyer and use the relation M|b) = M¢|b) to express the right-hand side of Eq. 2.4.9 as

McoégoMchon@ :MCOBg|b>. (2410)
By construction, By|b) = pi,,|b) and thus 2.4.10 simplifies to i, Mc|b), or
Bil B) = pvelB). (2.4.11)

Since M is an isomorphism between (ker M), and img M, and B, form a complete set of
observables on (ker M )1, operators Bg form a complete set of observables in the subspace
img M. Furthermore, these operators commute with C, on img M and thus we may express

|8) as . ) ) )
‘5) — Ca Onl*ﬁ 51 ﬁﬁ > (2412)
He,a Heni—n b1 Mo, 7

2.4.3 Subspaces and Symplectic Reduction

In this section we adopt a general notation, independent of the notation of the remodeling
algebra and geometry. In particular the operators A bear no relation to the operators defined
in Section 2.1.1.

We now turn to general semiclassical considerations and expand the “semi-classical dictio-
nary” presented in Chapter 2 of Bates and Weinstein [58] to include subspaces. As noted in
Sections 2.1.2 and 2.1.4, a Hilbert space H may be represented semiclassically by a symplec-
tic manifold ® and individual states in the Hilbert space may be represented by Lagrangian
submanifolds of ®. If a state is presented as the simultaneous non-degenerate eigenstate of a
set of operators A; at eigenvalues p; (i = 1---n) then the Lagrangian manifold that supports
the semiclassical approximation to the state is described as the simultaneous level set of the
Weyl symbols 4; at contour values z1;. Now let {4;} (i = 1---m < n) be an incomplete set of
independent operators and consider the simultaneous p;-eigenspace H,, C H. In other words
the simultaneous eigenstates of operators A; are degenerate and the set of such eigenstates
form the eigenspace H,,. The existence of such an eigenspace requires [A;, A;]|1) = 0 for all
|¢) € H,.. The obvious classical manifold corresponding to this subspace is the simultaneous
level set of the Weyl symbols A; at contour values p;,

H,CH = (A1 ---Am>c<1>. (2.4.13)
H1 Hm
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The commutation of the operators A; on H,, semiclassically becomes the statement that
the functions A; Poisson commute on this level set and thus the level set is a co-isotropic
manifold. The subspace H,, contains all states |¢) that satisfy A;)) = ;) for all i. The
set of Lagrangian manifolds supporting the semi-classical approximations for these states
are therefore contained in the simultaneous A; = p; level set (i = 1,--- ,m). Thus, in the
semi-classical dictionary, a basis of a subspace corresponds to a Lagrangian foliation of the
co-isotropic level set.

As in Section 2.1.1 we assume the set of operators {A;} form a Lie algebra under the
commutator so that they may be the generators of a Lie group G on H. Once again this
assumption will be valid for all spin network applications. The operators A; can be considered
the components of the g*-valued operator A:H— g* X H and the eigenvalues p; can be
considered the components of a generalized momentum p € g* with respect to some basis. A
simultaneous eigenspace of A will exist when 1 is a fixed point under the co-adjoint action
of G on g*. In this case the level set in Eq. 2.4.13 may be written A~'(x). The Poisson
bracket conditions on the components A; are equivalent to requiring that p be a fixed point
in g*.

The eigenspace H,, inherits an inner product structure from H and thus may be considered
a Hilbert space in its own right and thus there should be an associated phase space ®,
corresponding to H,. Since the Hilbert space H, is constructed by considering the u-
eigenspace of A in H, we should be able to construct the phase space ®, from the level
set A~'(p) in ®. If A is an Ad*-equivariant momentum map then this may be achieved
by performing a symplectic reduction of ®. As discussed in Abraham and Marsden [50],
symplectic reduction is a way of constructing a new, smaller phase space from an old one by
exploiting a symmetry of the old phase space. As summarized in Section B.4, the first step
in the reduction is to form an equivalence relation on the level set A=!(u), where two points
are equivalent if they lie on the same isotropy subgroup orbit. This divides the level set into
a union of isotropic submanifolds. In this example p is a fixed point and thus the isotropy
subgroup is the entire group G. The reduced manifold ®, is then the set of equivalence
classes A~(u)/G,,. Let w be the symplectic form on @, 7, : A~'(u) — @, be the natural
projection of the quotient operation and 7, : A™'(u) — ® be the inclusion map of the level
set. Then the symplectic form w, on ®,, is uniquely defined by 7w, = 7;w. Asin Section B.4
we write the symplectic reduction of ® by A at pu as ®//(A=pn).

We assume that the momentum map components A; are independent on the level set so
that the set of Hamiltonian flow vectors {X;} has full rank at points z € A~!(x). Thus the
co-dimension of the level set is m, the number of components of A and thus the dimension of
the Lie group GG. The group orbits will generically be m-dimensional as well, though isolated
orbits may in the level set may have lower dimensions. The reduced space thus has m fewer
dimensions than the (2n — m)-dimensional level set, dim ®, = 2(n — m).

In summary, let H be a Hilbert space with associated phase space (®,w), let G be a
group with generators A on H and a symplectic action on ® with momentum map A, and
let 1 € g* be a fixed point under the co-adjoint action. The pu-eigenspace of A in H, is
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associated with two semiclassical manifolds. If H, is interpreted as a subspace of H then
the associated semiclassical object is a co-isotropic manifold, A~!(x). If H, is interpreted
as a Hilbert space then the associated semiclassical object is the phase space ®, obtained
by the symplectic reduction ®//(A =p).

2.4.4 The Core Geometry and Symplectomorphism

We now apply the results of the previous section to define the spaces on which a “core sym-
plectomorphism” may be defined, which will allow construction of the defining momentum
map of Lg.

As in Section 2.1.1 we assume the sets of operators {C,} and {D4} introduced in Sec-
tion 2.4.1 form Lie algebras under the commutator so that they may be the generators of
group Gime on H; and Gy on Hs, respectively. Since the operators are assumed to be
independent, dim Ging = (n1 — ) and dim Gyer = (n2 — n). Define dual algebra valued
operators C:H — Oimg X H1 and D: Hy — Oior X Ho whose components with respect
to some basis are C’a and D . For conditions 2.4.4 and 2.4.6 to be satisfied we require that
pte and g are Ad"-fixed points of g;,, and gy,.. Using these definitions we may express the
subspaces from Section 2.4.1 as

img N1 = {|4) € Ha | Clv) = o)} (2.4.14)
(ker 1)1 = {16) € Ha | DI6) = jualo) } - (2.4.15)

The co-isotropic submanifolds corresponding to these subspaces are

C(ue) = ( E > C®, D uy) = < /]?d ) C Dy, (2.4.16)

with dim C™(u.) = (ny +7) and dim D™ (ug) = (no + 7).

Following the discussion in Section 2.4.3, we may interpret the subspaces img M and
(ker M ). as Hilbert spaces Himg and Hye,. We form the associated phase spaces @,y and
®yer by symplectic reduction,

Big = 01/ (C=110), Brer = B3 //(D=p14). (2.4.17)

We call @y, the “reduced target phase space” and @y, the “reduced source phase space.”
Let timg, %ker, Timg, and ey be the inclusion and projection maps of the reductions, as shown
in Figure 2.4.2. The groups Gimg and Gye are (n; — n)- and (ny — n)-dimensional so the
reduced phase spaces both have dimension 2n.

The Lagrangian manifold £z is a submanifold of C™!(y.) and thus the projection [,g =
TimgLp 1s a Lagrangian manifold of the reduced target phase space ®iy,,. We may con-
sider Cg to be the Lagrangian manifold that supports the semiclassical approximation of

Ming|B) € Himg. Similarly, we specified that |b) € (ker M), so the Lagrangian manifold £,
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is a submanifold of D™!(p,) and thus the projection L = m, Ly is a Lagrangian manifold
of the reduced source phase space ®,.

Now we turn to the product space. We lift operators C, and D A into operators on the
product Hilbert space as in Section 2.1.1. In particular, (0512 (M ))(|w>) = C, M) and

(15 (12) ( y ))(W» MD 4|y for all |1) € Hy. Since img M and (ker M), are cigenspaces

of C, and Dy, respectively, M is a simultaneous eigenstate of operators O and D (12)

at eigenvalues p. and pg. In Section 2.1.1 we expressed the map M as the simultaneous

eigenstate of a gj,-valued operator Oy on Hia. We choose a basis of g3, such that the first

(ny — n) components of Oy are the operators o2

the operators —15212). We choose to add the negative sign to ensure that the Lie algebra

generated by —DU2 on H;s is identical to the Lie algebra generated by D on H,. Thus the

and the next (ny — i) components are

operators C12) and —D12) generate the Lie group Gimg X Gier 011 H 1o which is a subgroup
of G We express the subspace (img M) ® (ker M )% C Hio as the simultaneous eigenspace
of C"? and —D?) with eigenvalues . and —pig,

(img M) ® (ker M) = {O € His | C2(0) = 4.0, —DII(0) = —Mdé} L (24.18)

As in Section 2.1.4, we may lift momentum maps C and D to the momentum map (C, —D)
for the group Gimg X Gier 0n the product phase space ®; x ®3. The eigenspace conditions
in Eq. 2.4.18 translate to level set conditions defining the co-isotropic submanifold of ®q,
corresponding to (img M) ® (ker M)*

C -D
Ly, = C Dyo, 2.4.19
P < He  —Hd ) 12 ( )

which has dimension (n; 4+ ny + 27). This is guaranteed to be a co-isotropic manifold since
(fte; —p1a) is a fixed point of gi,, @ gy, under the co-adjoint action. We may also consider Ly,
to be the intersection of the inverse images of C™!(u,) and D! (j14) according the remodeling
geometry.

As above, we treat the subspaces (img M) @ (ker M)* as the Hilbert spaces M, and
form the associated phase spaces ®,, by symplectic reduction,

CI)rp = q)l X ¢;//((C7 _D):(Mm _/vbd))7 (2420)

where rp stands for “reduced product.” We call ®,, the “reduced product phase space” and
define 7,, and m,, to be the inclusion and projection maps of the reductions, as shown in
Figure 2.4.2. The reduced product phase space has dimension 4n. We may carry out the
reduction in two steps, first reducing by C, which only affects the ®; variables, and then by
D, which only affects the &5 variables. Thus the reduced product phase space is the product
space of the reduced phase spaces,

(I)rp = (I)img X @lterv (2421)
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Figure 2.4.2: The core geometry and core symplectomorphism M : @y, — Py, with
Prp = Dy X Pi, and Ly, = C () "D (pg). The left column, bottom row, and diagonal
show the symplectic reductions of &, &5, and P, respectively.

with projectors 7ft : &, = Pypye and 7t D, — Pf

The Lagrangian manifold £j, is a submanifold of L,, and thus the projection £, =
mpLar is a Lagrangian manifold of the reduced product phase space ®n,. We may consider
L1 to be the Lagrangian manifold that supports the semiclassical approximation of the core
isomorphism Me.

As discussed in Section B.1, the graph of a symplectomorphism is a Lagrangian manifold
in a product phase space and furthermore this Lagrangian manifold supports the semiclassical
approximation to a unitary operator on the associated Hilbert space. In such a case the
transport procedure described in Section 2.2.2 applied to a single point of the source phase
space results in a single point of the target phase space, the image of the source phase space
point under the symplectomorphism. In fact, it was this observation in Miller [39] that
led to our development of the remodeling geometry. Scaling the unitary operator affects
structures such as the density that live on the Lagrangian manifold but does not affect
the manifold itself. In order to proceed we make the assumption that M is proportional
to an isometry of Hc.e and thus MC = aU for some constant a and unitary operator U.
This will be the case for all spin network applications discussed. Under this assumption
the reduced Lagrangian manifold £, associated with the core isomorphism M may be
interpreted as the graph of some symplectic map M : @y, — Py, which we call the

“core symplectomorphism.” Geometrically, given a point Z; € Py, there is a unique point
Z € @lmg such that (%1, 2,) € L. This unique point defines the symplectomorphism,
71 = M(%). Note that LF itself is isomorphic as a manifold to ®ire and Py, with the
projection maps 7' and 7% providing the isomorphism.

We collectively refer to the spaces, reductions, and maps described above that are used
to form the core symplectomorphism as the “core geometry” associated with M. The spaces
and maps in the core geometry are shown in Figure 2.4.2.
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2.4.5 Momentum Maps in the Core Geometry

For the following discussion we define local Darboux coordinates Z; = (g, ps) on @y, and
Zy = (Qu, Py) on Py, These provide coordinates 1o = (21, 22) = (qs, pe; Qe, ) on &, in
which the symplectic form is wy, = >, dpy Adge—dP; AdQ),. Treating g, and py as coordinate
functions : @i, — R, we may use the symplectic core to define the 2n functions

M), @ = R (21, 5) = @(5) — a(M(2)), (2.4.22)

My 2@ = R (21, 2) = pe(51) — pe(M(2)), (2.4.23)

These may be combined into the two n-component functions Mf, Mf : &, — R". Since
LM was defined to be the graph of the symplectomorphism M, it is the simultaneous level

set,
R R
LY = ( N(I)q Nép ) (2.4.24)

The symplectic nature of M ensures that these 2n functions all mutually Poisson commute
on ®,,.

In Eq. 2.4.7, a basis of gj; was chosen that split the operators B into the ordered set
{f),Bg}. We assume that the Lie algebra Gp may be expressed as a Cartesian product
Gyer X Geore and choose a basis so that the functions Bg generate the Lie group Geoe on Hs.
This assumption will be true for our spin network applications. Let B : Ho — Geore X Ho
be the geore-valued operator on the source space whose n components are ég. The prime
on B’ is used to distinguish it from the full g5-valued operator defined in Eq. 2.1.4. The
momentum map B on &, splits into component functions D and By (¢ = 1---7) and the
generalized momentum f, splits into (pg, ppe). The 72 functions By are components of a
Geore momentum map B’ and the values 0 are components of the generalized momentum
,uf € Peore S0 that the b-manifold may be expressed as the level set

D B
L, = . 2.4.25
b ( fa P ) ( )

The Cartesian product decomposition of G ensures that the momentum map B’ is constant
under the flows generated by D and thus projects down under the reduction to Bf on ®y,.
Alternatively, we may define the functions Bf® as the Weyl symbols of operators By on Hier
and then let B, be the local extension of Bf into a neighborhood of D™ (p4) as discussed
later on. In terms of these functions,
R
L= < B ) (2.4.26)

[igt

The core symplectomorphism M induces a symplectic action ©™& of Geore 0N Ding by
conjugation of the symplectic action ©* of Geore 0N Py,

Spigmg = Mo Sﬁlg(er oM™, V g € Geore- (2.4.27)
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Let X émg be the infinitesimal generators of ¢'™# corresponding to the basis vectors & of g, ...
Since M is a symplectomorphism it preserves the symplectic structure, Wimg = M*wyer and
X" = M, Xk, Therefore the momentum map 3% is the pull-back of B¥,

B =B oM™ by — 0o (2.4.28)

We now show that the level set [3%]~ (1) is identical to the reduced B-manifold LE.
Since L3 may be obtained by transporting £, using Ly, the reduced manifold Eg may be
obtained by transporting LI using £%,. Since L, is the graph of M, the transport procedure
implies that the points of £ and £§ are in one-to-one correspondence and M(L{") = L. Let
Z € LE. Then B"(2)) = BR(M~!(%)) = Bf(%). Since % must be in £f, B¥(%,) = 4} and
thus L§ is a subset of the level set [,BR]_l(uf). Conversely, consider a point 2, € [B%] 1 (uf).
By Eq 2.4.28, BR(M™1(%;)) = uff. Therefore M~*(Z;) is in the level set [BF] 7! (uf?) which
is the manlfold L. We may then conclude that Z; is point of £ ﬁ since M(2,) € Eﬁ for all
Zy € L. Thus the level set is both a subset and a superset of L and we may conclude

Lf = ( s ) (2.4.29)

,ub

Now we construct the extensions of functions in the core geometry into neighborhoods
of the level sets of the reduction. The main reason we need to do this is so that we can take
Poisson brackets of these functions in the next section. First consider some phase space ®
with a symplectic group action under group G with an Ad*-equivariant momentum map P
and the symplectic reduction &% = & //(P =p) for some generalized momentum u € g*. A
function A on ® may be projected down to ®# if it is constant on the isotropy subgroup orbits
of G in the level set P~1(). Conversely, we may lift a function A® from the reduced space
into P~!(u) by demanding that the lifted function be constant along the isotropy subgroup
orbits. We actually consider a broader definition of the lift and demand that the lifted
function A be fully G-invariant in the space of G-orbits that intersect P~!(x). In terms of
Poisson brackets this means that {A, P} = 0. Consider two functions G-invariant functions
A; and A; on P7!(u). The Poisson bracket {A;, A;} is then also a G-invariant function as
a result of the Jacobi identity. Since A;, A;, and {A;, A;} are G-invariant, they may be
projected down to the reduced space functions AR, AR, and {A;, Aj}R. The projection of

the Poisson bracket is then the Poisson bracket of the projection, {A;, Aj}R = {Aﬁ, Af}
[56]. Thus the lifting procedure described above ensures that, when evaluated on the level
set, the Poisson bracket of lifted functions is identical to the Poisson bracket of the functions
on the reduced space.

Consider the reduced space @iy, with local Darboux coordinates (ge, pe). Lift these coor-
dinates into C™! (1) as defined above. We may then locally define new Darboux coordinates
(qe, Pe; Gas Pa) In Py for points on C(pe). If Gimg is an Abelian group, as it will be in
spin network applications, then these extra coordinates may be taken to be the momentum
map components ., and their conjugate angles ¥.,. We define the lift of a function into a
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neighborhood of C™1 () so that the function is locally independent of these new coordinates
on C7!(p.). For an Abelian group the lift as defined earlier is already independent of the
conjugate angles 9. ,. We may construct similar lifts for the source space and product space.
Again, the reduction groups for these spaces are Abelian in our spin network applications.
Let Mg, and M, , be the extensions of functions M, and M, defined in a neighborhood
of L,,. The 2n functions M, , and M, , all mutually Poisson commute on L., and furthermore
Poisson commute with C and D on L,,. Therefore we may choose a basis of g}, such that the
components of the momentum map M are the ordered set {C,, Da, My, M, ¢} and express

L as
~_(C D M, M,
Ly = ( he gy 0 0 ) ) (2.4.30)

Similarly, we construct the extension @' in a neighborhood of C~!(u,.) whose components
are the extensions of the components of 8. In terms of 3’ we may express the S-manifold

as ,
Lg= . 2.4.31
B ( » 11)% ) ( )

The component functions B, correspond to the observables Bg and Eq. 2.4.31 is the semi-
classical version of Eq. 2.4.12.

2.4.6 The Density on L3 Using 3

Consider the z-representation wavefunction for the S-state 1g(x) defined in Eq. 2.1.13. As
discussed in Section 2.1.3, the phase function Sz(z) of 1s(x) generates the Lagrangian man-
ifold Lz C ®,. Let Lz be described as the level set of momentum map 3 as discussed in
Section 2.1.4 and construct the density o5 € Q™ (L3) as in Eq. C.2.2. Each z-representation
branch (indexed by k) of Lz carries a density function Qs () defined by

ogl. = Qar(x)dzy A -+ Ndxy,, (2.4.32)

where x is a point of configuration space (with coordinates zi,---x,,) and z; € Lg is the
point on the k-th branch of Lz over point x. The density functions are expressed in terms
of an n; X ni-matrix of Poisson brackets,

sar) = (det [z, @}Ll)_l. (2.4.33)

Choose an ordered bases of gy, gar, and gg such that the components of the momentum
maps B, M, and 8 decompose into the ordered sets (Da, By), (Co, —Da, Mye, M,,), and
(Ca, Br), respectively. The manifolds £,, £y, and Lg are thus expressed in terms of the level
sets 2.4.25, 2.4.30, and 2.4.31 and the density functions on Lz are

1

Qpp(z) = det [ {zi,Cu} | {1, 80} ]

(2.4.34)

21
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We want to show that Eq. 2.4.34 is the same as the result from the WKB evaluation.
The manifolds £, and Lj; share a common symmetry group Gye and thus the analysis of
Section 2.3.2 must be used to find the WKB density functions. Comparing with the notation
of that section, —D serves as the common symmetry group momentum map H, functions
By serve as the other components B of momentum map B and (C,, M, ¢, M, ;) serve as the
other components Mg of momentum map M. Therefore the matrix of Poisson brackets in
Eq. 2.3.9 becomes the (n; + n) x (ny + n)-matrix W,

[ 4w C) | fm My || e M)
=B, Cu} [ {-=Be: My} [{-Bo Mo} |

W (2.4.35)

where the double lines separate the rows and columns of the matrix into sets of n; and
n entries and the single line separates the first n; rows into (ny; — 7) and 7 rows. The
Poisson brackets in 2.4.35 are all to be evaluated at a point z; of the intersection manifold
Z € ®15. The intersection manifold is naturally subset of the level set L,, and so we evaluate
these brackets using the local coordinates (qg,pe; Ga, Pa; Qe, Pr; Qa, Pa), where (gg, p¢) and
(Q¢, Py) on Ly, project to Darboux coordinates on the reduced spaces @iy and P In
these coordinates the symplectic form on ®5 near L, is

n ni—n no—mn
wiz = Y (dpe Ndge — dPy NdQp) + Y dpa AdGa — > dPa N dQa. (2.4.36)
/=1 a=1 A=1

We now start evaluating the Poisson brackets in the block matrix W to show that det W is
equal to the determinant in Eq. 2.4.34. The functions C, only depend on the ®;-coordinates
and the functions B; only depend on the ®9-coordinates, so the Poisson brackets {— By, C,}
are all zero. Next we consider the Poisson brackets {z;, M, ,} evaluated at points z;. By the
choice of extension of functions M (fg into M, ¢, the partial derivatives of M, , with respect to
variables G,, Pa, Q4, and Py at z;, are all zero. Furthermore, the functions z; are independent
of all @5 variables so the bracket simplifies to

8!132' 8Mq7@ . 8xz aM(Lg
Oqr Opy  Opy Oqr

{zi, My} = (2.4.37)
The definition of M, , ensures that the partial derivatives OM,,/0qy and OM,,/Opy when
evaluated at points z; € 7 are equal to the partial derivatives 8M(fé/ dqp and OM fé /Ope
of the reduced functions on ®,, evaluated at m,(z;). Using Eq. 2.4.22 for the definition of
MY, gives OMyg/Opy = Dqo/Opy = 0 and Mg, /Oqe = 9qe/Iqe = deer. Therefore Eq. 2.4.37
simplifies to {x;, M, ,} = —0x;/0pe. A similar calculation shows {z;, M, ¢} = 0x;/0q;.

The functions B, and M/ are lifts from the reduced space so their Poisson bracket in the
product space at zj is equal to the Poisson bracket in the reduced space,

0B, OMyy | OB, OMy

By, Myp} = {BF, M} = — ‘
{ 0y ql} { £ q’E} 8@[// anU 8Pg// aQéﬁ

(2.4.38)
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By Eq. 2.4.28 the functions Bf may be expressed as 3{* o M so by the chain rule,

OBJ' _ 05/ dgeo M) | OBF 0pro M)
an// 8ql7 a@@” apg aQZ“ ’

where g, and p, are considered to be coordinate functions on ®;y,,. By Eqgs. 2.4.22 and 2.4.23
we may express the partial derivatives of the coordinate components of d(q, o M)/0Q ¢ and
A(peo M)/0Qu as —OMLF,/0Qp and —IM},/0Q, Similar expressions hold for derivative
with respect to P,. Therefore the right-hand side of Eq. 2.4.38 becomes

(2.4.39)

n aﬁf aM(fZ n aﬁf aMI?Z aMcﬁZ’ o 6/656 8Mq1?!7 + 5ﬁf 8leg aMéﬁ/ (2 440)
6qg ann apg an// ann 8(]!7 anﬂ apg 8Pg~ 8@4// ) o
Consider the coefficients of d8f/dq;,
R R
OM i 0Myly  OMyG OMG, (2.4.41)

0Qup OPw — OPmw 0Qu

Using the fact that the Poisson brackets {]\/[ fza M fg,} vanish at the relevant evaluation points
we may re-express 2.4.41 as,

R R
6Mq,l7 aM(fe/ _ an’Z aM(fg/

) 2.4.42
aq 1" 6p£u 8p€// aq€// ( )
R
Since %Zf = 0 the terms of 2.4.40 containing 93f*/dq; cancel out. The coefficients of
OBf/Op; similarly may be expressed as
R R R R
My My _ OV DMy (2.4.43)

Oqer Oper Oper Oqer

The first term vanishes but OM fe /0qy = GM;} /Oper = g and thus the second term becomes
dpn0¢er. Therefore Eq. 2.4.38 evaluates to

B}
By, M, p} = — . 2.4.44
{Be, Mo} e ( )
A similar calculation shows
B¢
{Be, M, o} = Do (2.4.45)
qe
Therefore the matrix of Poisson brackets 2.4.35 simplifies to
{2, Ca} | =52 || +52
; ‘ i H o7 (2.4.46)
apy || ay
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The top block of rows contains n; rows and the bottom block contains n rows. From
left to right, the three blocks of columns contain n; — n, n, and n columns. To simplify this
matrix, consider the determinant of the following similar block matrix,

(2.4.47)

wo[ALE L]

0|-Cl|-D

where we will assume that D is an invertible matrix. First we decompose 2.4.47 into the
product of two block matrices,

M/:[Icln1 H B } [A‘E—BD‘ICH 0 ] (2.4.48)
0 |[-DJlLo] DI'C |Idy
Since both matrices are block-triangular the determinant det W simplifies to
det W = (—1)"(det D)det [ A | E — BD™'C' | (2.4.49)
We interpret det D as the determinant of an n; X ni-matrix
det D = { Id%l—ﬂ 1§)T ] (2.4.50)

Eq. 2.4.50 may be used in 2.4.49 to express det W as the determinant of the single n x n-
matrix

[A|E—BDC ] det { lon ]| O } _[A|ED"—BD'CD"].  (2451)
R
The matrix CD7 is the product of partial derivative matrices %%. Since the functions

Opyr Oqyir
BE all mutually Poisson commute the order of the py and gp derivatives may be flipped and
thus CDT = DCT. Therefore the matrix BD~'CDT in 2.4.51 simplifies to BC'T.
The above results allow the determinant of matrix 2.4.46 to be expressed as

det W = (~1)"det | {a,,C,} |~ %8 4 om0 |, (2.4.52)
By definition of the extension of 3% on ®j,, into B’ in a neighborhood of C~!(p.), the right-
hand block in the above matrix is equal to the matrix of Poisson brackets {x;, 8¢} on the
target phase space ®;. Similarly we may interpret {z;, C,} as a matrix of Poisson brackets
on ®; rather than ®,5. Thus the density functions 2.3.9 are
~ (—1)" 1
Qgi(z) = = , (2.4.53)
ok dot { {@s, Ma} } [ {2, Ca} | {i, Be} ]Zl
{Bfa M&} %
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where the Poisson brackets in the first expression are evaluated in the product space at
z;. and the Poisson brackets in the second expression are evaluated in the target space at
z1. The density functions ﬁﬁk(x) determined from the WKB approximation of the matrix
clement (z|M|b) are identical to the density functions Qs (z) in Eq. 2.4.34 from the WKB
approximation of the inner product (x|3) using the observables B and momentum maps 3
defined in Sections 2.4.2 and 2.4.5. Note that Eq. 2.4.53 is true for all Z branches p and
thus the density functions on the target space are independent of the index p and only need
to be indexed by the z-representation branch index k. Thus the combined index k on the
amplitudes Az and density functions 25 defined in Eqgs. 2.3.3 and 2.3.4 may be replaced by
the single branch index k and the Z branch index on the density o3 in Eq. 2.3.5 may be
dropped.
The above analysis hold when the z-representation momentum map components x; are
replaced with the components of A,
(=1 = ! . (2.4.54)
dot { {Ai, M} } [ {Ai, Ca} [ {4 Be} ],
z,

{Bf7 Md}

The amplitude determinants in the stationary phase evaluation of the inner products 2.1.36
and 2.1.41 may be considered to be the amplitude functions in the local “A” representation
[541]. The amplitude determinants, assuming no non-trivial common symmetry group in the
target space model, are

(s, 1 4.
e = T Ay T (2:4.59)
00D (z) = {Zli\;d} : (2.4.56)

det [ (B;, My} Lk

where 215 = m(z;). By Eq. 2.4.54, QW (z1,) = ?2(12)(215). A similar analysis holds when
there is a non-trivial common symmetry group in the target space model, which requires
the elimination of the momentum map components for the common symmetry group in
both Eq. 2.4.55 and Eq. 2.4.56. Therefore we may conclude that the target space amplitude
determinants are identical to the product space amplitude determinants,

QW (z4) = Q1D (z;). (2.4.57)

2.5 Phases in the Remodeling Geometry

Now we turn to a calculation of the phases ¢! and !'? that occur in the stationary phase
results in Eqgs. 2.1.36 and 2.1.39. The goal of this section is to demonstrate that the relative
phases that occur in terms of these stationary phase evaluations are equal.
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In Section 2.5.1 the relative phases and stationary phase sets for the models in the
remodeling geometry are defined. The relative phases calculations depend on closed paths,
which are defined in Section 2.5.2. The relative phases contain three main terms, an action
integral, a Maslov index, and a signature index. We show that the difference in relative
phases between the two models is zero in three steps. First in Section 2.5.3 we show that
the action integrals around the paths defined in Section 2.5.2 are equal. Then the Maslov
indices are analyzed in Section 2.5.4 and ultimately combined and re-expressed as a single
signature index. Finally in Section 2.5.5 the signature indices are all combined into a single
term which evaluates to zero. Once the equality of the target and product space relative
phases is proven we prove in Section 2.5.6 that, if £, is a quantized manifold, then the
transport of a quantized Lagrangian manifold is itself a quantized manifold.

In the following we assume that the source and target phase space manifolds ®; and ®, are
isomorphic to R?" for some n and thus ®; =2 R?™, &, = R?"2 and &, = R2m+72) | This is
certainly the case in spin network applications, where the target, source, and product spaces
are products of the Schwinger phase spaces defined in Section A.2, which are isomorphic to
R*. Tt is worth noting that symplectic reductions of these phase spaces will, in general, have
other topologies. However, this will not affect the analysis in this section.

2.5.1 Relative Phases

Let 112 and IMbe the stationary phase sets of the product and target phase space models
in the remodeling geometry as discussed in Section 2.1.5,

19 =N Ly, IW=L,NLg (2.5.1)

The target model stationary phase set IV is the projection of the product model station-
ary phase set 1112 as we now demonstrate. Since L, is a subset of the inverse image 7, ' (Lp),
102) ig a subset of the intersection manifold of the transport Z defined in Eq. 2.2.10. By the
geometric construction of the transported manifold in Eq. 2.2.13, the projection 7 (1(*?)
is a subset of Ls. Similarly, since m(Lq) = L,, the projection 7 (11?) is a subset of £,.
Therefore 7,(112) ¢ I, Conversely, consider a point z; € IY). Since z; € Lg, the trans-
port procedure ensures that there exists at least one point z15 € Z such that m(z12) = 2.
By definition of Z, 219 € Ly and 212 € Ty I(L,;). Furthermore, since z; € L,, this 215 lies
in 7, 'L, and therefore 215 € 771 (L,) N7y (L5) = Lap. Thus 1Y € 7 (112)) and we may
conclude that 7 (11?) = 1V,

For the following analysis we use indices ¢ and j to label points in the stationary phase
sets. Let z; € 1% and define 2;; = m,(2;) and 2y; = m(2;). We use a subscript ‘1’ and ‘2’
to refer to target and source phase space points and assume that z without a subscript is
a product phase space point. Let ¢;? be the phase of the term in Eq. 2.1.39 for stationary
phase point z; in the product space and let ¢} be the phase of the term in Eq. 2.1.36 for
stationary phase point z;; in the target space. Given a pair of points z; and z; in / (12)_ define
the relative phase in the product space as Ap;? = ¢;* — ¢; and the relative phase in the
target space as Apj; = @) — .
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Let lejz be a closed path required to start at z; € 1% travel along the M-manifold to

z; € 1" and then travel back to z; along the ab-manifold. Similarly, let the path T'}; be
a closed path required to start at z;; € 1 () travel along the S-manifold to 215 €1 M) and

then travel back to z;,; along the a-manifold. Then the relative phases may be computed as
in Eq. C.5.7,

7 T
ApY = 7{ bro— (T) 5 + Ao(M,ab) T, (2.5.2)
riz
1 1\ T
A@ij = 0, — ,U(Fij)§ + AU(ﬂa CL)Z’ (2.5.3)
Ty

where in both equations the first term is the action integral around the closed path, the
second term is the Maslov index that is accumulated around the path, and the last term is
the difference in the signature index between the two stationary phase points.

2.5.2 Paths in the Remodeling Geometry

To show the relationship between Agp;; and Ap;? we first need to construct the target and
product space paths that are used in Eqs. 2.5.3 and 2.5.2. We start with a given target
space path and use that path to construct a related product space path. We then show
that the relative phases are equal for these related paths. Once we have that result, we may
use the quantization conditions on the manifolds in the remodeling geometry to argue that
Ap}? = Ap;; mod 27 for any path Tj7 that starts at z;, travels to z; along Ly, and then
travels back to z; along L.

Let FE;-L) C L, be a path from z;; to 2;; on L,. Similarly let Fgf) C Ls be a path from

21,4 to 215 on Lg. Define the closed path I'}; to be the concatenation of Fl(f ) with the inverse

of Fg?), which we write as

1 _ (a)
;=T - T (2.5.4)
This target space path satisfies all of the conditions required for use in Eq. 2.5.3 by con-
struction.

We use the geometry of the transport described in Section 2.2.2 to lift Fijﬁ ) into a path
(M)
ij
7 defined in Eq. 2.2.10. Define F,E;w) to be a path in 7 such that such that Fgw) starts at
(8
ij
the points z; and z; lie on the same connected piece of Z. Define the path I‘g) to be the
(M)
]
m(Ty) =T, mEy) =1 (2.5.5)

®)
ij
shows the construction of Pgw) and FS) from Fgf ) using the transport procedure.

€ L. Recall that for every point in £z there exists at least one point in the intersection
For such a path to be continuous we require that

z;, ends at z;, and projects onto I'

projection of £,; onto the dual source space so that I';;"’ satisfies

By the geometry of the transport procedure, I';;” is a path on £ from 2y ; to 2 ;. Figure 2.5.1



CHAPTER 2. THE REMODELING OF AN INNER PRODUCT o4

Figure 2.5.1: The path F(’Q ) on the B-manifold L lifts to a path F(M on a connected piece of
the intersection submamfold 7 of the M-manifold L,;. The path F( ) on the dual b-manifold
L; is the projection of Fij by 5.

Next define the auxiliary point zawx = (m1(2;), m2(2;)) € P2 so that m1(zaux) = 21, and
To(Zaux) = 22,j. Since z1,; € L, by definition and 2z, ; € L5 by construction Zaux 18 @ point
on the product manifold L,,. Define path F(“b to be the lift of F Vinto £ ab Such that F(“b)

starts at z; and is vertical over ®; and similarly define F; j) to be the lift of Fij into Lgp

such that Fg?f) ends at z; and is vertical over ®;. These paths satisfy

7T1<P((;,lf)) Fz(;): 772(1(5;))) = 22, (2.5.6)
Wl(réfljb)) = 21,5, Wg(rg(fjb)) = ng) (257)

By construction the end point of T’ ffj’ )iS Zaux, as is the initial point of F(()ff). Therefore we

may concatenate the paths to create a path from z; to z; on L,
IR VS Vo (2.5.8)
Figure 2.5.1 shows the construction of Fa“lb ), Fl()a]b , and F(ab from F ) and Iy ®
)

Finally, define the closed path F}jz to be the concatenation of Fz(j
F(ab)

ij

Wlth the inverse of

IEES S S (2.5.9)

This product space path satisfies all of the conditions required for use in Eq. 2.5.2 by con-
struction. Note that the construction of FZIJQ from F}j is not unique but depends on how we
choose to lift the portion of the path along £3 onto the intersection manifold.
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21 g “aux [
(a) m (ab) Fl(’a;)) ’

Fz] ~ Fa,i

ZLZ ................................................................ .............
Zi Lab
L, e
Ly .
22, F(b) 22,5
ij

Figure 2.5.2: That paths FE}Z) on the a-manifold £, and Fg) on the dual b-manifold Lj
define the paths T“? and Fl(jj) on the product manifold £,,. The path Fg?b) on L, is the

a,i
concatenation of F((lazb ) with Fz(a[,ljb)'

2.5.3 The Action Integrals

Given the paths defined in Eqs. 2.5.4 and 2.5.9, the action integral parts of the relative
phase expressions 2.5.3 and 2.5.2 are equal, as we now demonstrate. We work in the z-
representation of ®;, the y-representation of ®5, and the zy-representation of ®5, as de-
scribed in Section 2.1.2.

The form of the product space symplectic potential in Eq. 2.1.10 allows the action integral
of an arbitrary path I' in the product phase space to be expressed as integrals over the
projected paths 71 (') and mo(I") in the target and dual source phase spaces,

/612:/WT91+/W;92:/ 91—1-/ 05. (2.5.10)
r r r m(T) (T

12

Eq. 2.5.10 can be used to evaluate the product space action integral over I';7, which we do

(ab)

a,i

/ 912:/ ‘91+ 92, (2511)
g e

where Eqgs. 2.5.6 and 2.5.7 have been used to write the projections of ng) in terms of
(M)
tj

/ 912:/ 91+/ 0s. (2.5.12)
r(0 r(®) r®

piece by piece. First evaluate the action integral over path I’

target and dual source space paths. Similarly, evaluating the action integral over I';."’ using

Eqgs. 2.5.10 and 2.5.5 yields
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By definition 2.5.9 of closed path FZ(»JI»Q) the product space action integral contribution to the

relative phase is
% 912 :/ (912 —/ 612. (2513)
12 FE;VI) FE?b)

Using results 2.5.11 and 2.5.12, Eq. 2.5.13 simplifies to

% 012:/ 91—/ 917 (2514)
ry ryy ry

(b)
j
Eq. 2.5.14 can be combined into a single integral over path I‘g} ) FE?, which is the definition
of the closed target space path lej. Therefore it may be concluded that the product and

target space action integrals are identical,

% 912 - 01, (2515)
ris r

This result is independent of the choice of lift of I'® into the intersection manifold Z.
Moreover, since the final result is a relationship between integrals of the symplectic potential
over closed paths, the statement 2.5.15 is independent of representation.

where the two dual source space integrals over I';’ cancel each other out. The terms in

2.5.4 Maslov Indices

We now turn our attention to the Maslov indices u(I'j;) and u(I'j7) of the relative phases.

The Maslov index along a path is additive by definition [59] and therefore we may express
the total Maslov indices as sums over open-path Maslov indices,
1y _ (8) (a)
(i) = p@y7) — pT), (2.5.16)
M ab ab
() = p(T5") = () — u(?). (25.17)

As described in Section C.1, the Maslov index along a path I' on £ computed in the z-
representation tracks the change of the matrix signature of the Hessian matrix 9?T'(p), where
T(p) is the action of the conjugate p-representation WKB wavefunction. The actions on any
given branch of the product manifold £,, decomposes in the (p,r)-representation as a sum
of target and dual source space actions, Ty,(p,7) = To(p) + T3(r). Therefore, the Hessian
matrix 0*T,(p,r) is block-diagonal and the matrix signature of the product space Hessian
becomes the sum of the target and dual source space Hessians,

sgn 0T (p, 1) = sgn 0*T,(p) + sgn Ty (r). (2.5.18)

)

The second signature in Eq. 2.5.18 remains constant along path F((lazb since the zo-coordinate

is fixed. Similarly, the first signature remains constant along I‘I()‘?). The Maslov index
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contributions along the product manifold £, thus are equal to the Maslov indices on L, and

Ly,

ab a ab b
p(C) = u(T), p(T) = (T, (2.5.19)
The difference in Maslov indices between the product and target space paths is therefore
12 1y _ (M) (b) (8
N(Fij) - N(Fij) = M(sz ) — N(Fij ) — N(Fij ). (2.5.20)

The Maslov indices occurring in equation 2.5.20 can be re-expressed in terms of the
signature index through the analysis of the matrix element

(BINTIB) = tr ((18)B) AT ) = (B18) = INT?, (2:5.21)

where |5)(b| € H; ® H5. Consider the remodeling geometry for matrix element 2.5.21.
The Lagrangian manifolds in the product phase space are L), and the product manifold
Ls, = Lz x L. Recall that Z, defined by Eq. 2.2.10, is the intersection of the inverse
image of £; under the projection 7, and the manifold £;;. By the geometric construction of
Section 2.2.2, m(Z) = L and m2(Z) C L;. Therefore Z C Lg,. Since by definition Z C Ly,
this implies that Z C 102, where 112 = £, N L, the set of stationary phase points in the
product space evaluation of 2.5.21. Moreover, £y, N Lg is a subset of Z since Lg, C 7y (L)
Therefore T = 12 and the stationary phase set for the WKB evaluation of the product
space model of 2.5.21 is the entire intersection manifold Z. The intersection manifold reflects
that there is at least an n;-dimensional common symmetry group between £, and Lg,. The
relative phase between two points on the same common symmetry group orbit is zero. Since
we assumed that z; and z; were on the same connected piece of Z we may thus conclude that
A(E}f, the relative phase between these two points in the product space WKB evaluation of
(B|M|b), is zero.

Consider the target space closed path fllj = FZ(]B ) FZ(JB ). Note that the action integral,
Maslov index, and signature indices are all trivially zero for this path. Create a product

space closed path fg from this by the same method as in Section 2.5.2, where Fl(-;) = FZ(JB ),

As shown in Section 2.5.3 the action integral around fg is identical to the action integral
around F}j and thus vanishes. By the analysis of Section 2.5.4, the Maslov index M(F}f)
is equal to the difference of Maslov indices in Eq. 2.5.20. Since the total relative phase
between points z; and z; is zero, we may conclude from an equation like Eq. 2.5.2 for matrix
element 2.5.21 that

™

(w(r§™) = w(r) = w(r?)) 5 = Ao(a, v) (2.5.22)

T
1
Applying Eq. 2.5.22 to Eq. 2.5.20 yields

p(T) — (Tl = SA0(M, Bb). (2.5.23)
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2.5.5 The Signature Index

Egs. 2.5.15 and 2.5.23 allows the difference in relative phases 2.5.2 and 2.5.2 in the two
models to be expressed entirely in terms of signature indices,

Apif = Apy; = (Aa(M,ab) — Ao(B,a) — Ao (M, 5b)) (2.5.24)

T
1
We now shown that the combination of signature indices in Eq. 2.5.24 evaluates to zero.
The target space signature index o;(/3,a) at intersection point z;; is identical to the
product space signature index o;(/3b, ab) at z;, as we now show. As described in Section C.5,
the target space signature index is the matrix signature of the Hessian 0*(Sg x,—Sak, )/ 00z},
where S,(z) and Sg(z) are the WKB phase functions for the a- and f-states and z; is on
the k,-th and kg-th z-representation branch of £, and Lz over point x. As discussed in
Section 2.1.3, the phase function for the product manifold Ly, is Sup(z,y) = Sa(z) + Sp(y).
Therefore Sgy(z,y) — Sap(x,y) = Sa(z) — Su(z) and thus the product space Hessian is

0*(Sgp — Sw) _ | TS | g
0Q,0Q3 0 0’

where QQ, = (z;,ys). The matrix signature of the product space Hessian is thus equal to the
matrix signature of the target space Hessian and we may conclude that o;(3, a) = 0;(8b, ab).
This allows us to express all of the signature indices in Eq. 2.5.24 as signature indices in the
product phase space.

As discussed in Section B.5, the Lagrangian signature [59] is a map from a triplet of
Lagrangian planes to Z. By Eq. C.5.4, the signature index in a given representation of a pair
of Lagrangian manifolds at an intersection point is equal to the Lagrangian signature of the
Lagrangian plane defining the representation and the two planes tangent to the Lagrangian
manifolds. Applying this to Eq. 2.5.24 lets the signature indices be expressed as

U(Axy7 AM; Aab) - U(Amy7 Aﬁb7 Aab) - U<Azy7 AM7 Aﬁb)? (2526)

(2.5.25)

where A,, is the Lagrangian plane defining the zy-representation at z; and Ar, Ag, and
Apgyp are the tangent planes to Lagrangian manifolds £y, L4, and Lg, at z;. The Lagrangian
signature is a 2-cocycle and thus obeys the cocycle property Eq. B.5.6 [60, 61]. Thus ex-
pression 2.5.26 may be expressed as a single Lagrangian signature o(Ays, Agp, Agy) and the
difference in relative phases is

Apii = Apij = Ao (A, Aa, Aﬂb)%- (2.5.27)

Note that the above equation is now independent of representation, since the representation
plane A, no longer appears.

The intersection of tangent planes A, and Ag, minimally contains the isotropic plane
{0} x A and the intersection of tangent planes Ay N Ag, minimally contains the isotropic
plane Ag x {0}. Since Ag, = Ag X Ay, we can conclude

Agb C (Agb N AM) & (Aﬁb N Aab)' (2528)
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Therefore, by the discussion leading up to Eq. B.5.10,
U(AMaAabaABb) == O, (2529)

for tangent planes Ay, Agp, and Ag, to any intersection point in 102),
Applying Eq. 2.5.29 to Eq. 2.5.27 yields

Ap'? = Ayl (2.5.30)

Therefore the phase difference between related pairs of intersection points in the product
space model and the target space model are equal when the product space path F}jz is
constructed from the target space path F as in Section 2.5.2. This statement is independent
of representation, up to the requirement that the product space representation contains the
target space representation.

2.5.6 Quantization

As discussed in Section C.1, a Lagrangian manifold £ is said to be quantized if, for all closed
paths I on L,

7{9 . M(F)g ~—0 mod 2m, (2.5.31)
I

which comes from the requirement that the WKB wavefunction be single-valued. In this
section we demonstrate two results relating to quantization in the remodeling geometry.
The first result involves deforming the product space path from the path constructed in
Section 2.5.2 and the second result demonstrates that the transport procedure described in
Section 2.2.2 results in a quantlzed manifold as long as £,; and £, are also quantized.
Consider the open paths I';; ) and F(ab defined in Eqs 2.5.5 and 2.5.8, and the closed

path F defined in Eq. 2.5.9. Let %(j C Ly and F ) ¢ L., be any other paths that start

at z;, end at z; and form the closed path 'y” = %(J y %(]a " Let Ap(T}?) and Ap(y;?) be
the relative phases for these two paths as in Eq. 2.5.2. The signature index pieces of both
relative phases will be equal since the intersection points z; and z; used to define the paths

are the same for both I';? and ~;?. Therefore,
T
Ap(TE) — Ap(3) 74 e 75 = (0D = o) 5 (25.3)
Since the action integral and Maslov index are both additive this expression may be rewritten
Ap(T?) — Ap(yi}) = <§r§]{”>_w§]f.‘4> 012 — M(Fgw) - %(JM))%>
= (fpg_;b)_wg;b) 01 — (T = 15")3) (2.5.33)

Since Fg\/‘/) and %(jM ) are both paths in £, and share the same starting and ending points,

the concatenation FZ(]M) — 71(]M )is a closed path on £y Similarly, FE;b) — %(ja ? is a closed
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path on L,. Both L£,; and L,, are quantized manifolds so, by Eq. 2.5.31, each of the two
parenthetical expressions in Eq. 2.5.33 equals 0 modulo 27. Thus

Ap(77) = Ap(T'}?)  mod 27. (2.5.34)

As was shown in the previous sections, the relative phase for the path Filf is equal to the
relative phase for the target space path F}j Thus the relative phase for any product space
path that starts at z;, travels along Ly to z;, and then returns to z; along L, is equal
modulo 27 to any target space path that starts at z;,, travels along Lz to z;;, and then
returns to z; along L,.

Next we turn to the § manifold and the remodeling geometry for (f |M |b). Since every
point on Lz is a stationary phase point in T we may proceed as above and consider the
relative phase around any closed loop starting at an arbitrary point zg € Lg. Let '® in L3
be a closed loop starting at zg, and lift it to a closed path I'™) in 7. Let the starting point

of I'™) be 27 so m1(27) = 2g. These paths act like the open paths Fgf) and FZ(;V[) defined in
Section 2.5.2 with 25 = 2,1 = 2,1 and 27 = 2; = z;. Define '@ to be the trivial path that
starts and remains at z;. Then the target space closed path is simply I'' = I'®)| the path
I'® is a closed loop on £;. The auxiliary point z,. is the same as z7, and thus the path

T i5 the trivial path at zz and Fl(f;)) is the lift of T® onto the z; = 2g plane of @19, which

we write as [®. Thus the product space closed path is the concatenation I''? = ™) — o,

We first turn our attention to the relative phase A! for the target space closed path
I'l. The signature index o;(3, 3) in the z-representation is equal to the Lagrangian signature
o(Az, Ag, Ag), where A, is the Lagrangian plane defining the z-representation at the base
point zz and Ag is the tangent plane to Lz at zg. Since the Lagrangian signature is defined
to be antisymmetric, o(A,, Ag, Ag) = 0 and thus Eq. 2.5.3 becomes

Ap! = f{ 0, — p(THZ. (2.5.35)
- 2

Next we analyze the relative phase Ap!'? for the product space closed path I'2. Since
both component paths I'(y;) and I'® are closed paths the relative phase Eq. 2.5.2 may be
written

™ ~oy T ™
Apt? = ]{ 1 — f 01z — (T 5+ p(T)Z + Ao (M, b) 7. (2:5.36)
(M) r®) 2 2 4

Since z7 serves as both stationary phase points in the above analysis the difference in signa-
ture index between the two points is zero. The two terms in Eq. 2.5.36 that depend on I'®
can be expressed in terms of the dual source space path I'®. Therefore,

Ap'? = (]{ 012 — H(F(M))E> - (]{ 05 — M(F(b))z> : (2.5.37)
(M) 2 r®) 2

As discussed in Section C.1, the requirement that the WKB wavefunction be single-
valued is what defines the quantization condition on the Lagrangian manifold generated by
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the wavefunction. According to Eq. 2.5.31, each of the two terms in Eq. 2.5.37 is 0 mod 27
since £, and £ are both quantized manifolds and thus Ap'? = 0 mod 27. Applying this
result to Eqgs. 2.5.30 and 2.5.35 yields

f{ 0, — u(Fl)g =0 mod 2m, (2.5.38)
]_"1

for all closed paths T'' on Lz. Therefore, by Eq. 2.5.31, the transported manifold Lz is
quantized if £, and L, are.

2.6 Summary

In this chapter we introduced the linear algebra and semiclassical geometry involved in the
remodeling of an inner product. The core idea was that a linear map between Hilbert
spaces may itself be interpreted as an element of a product Hilbert space. The Lagrangian
manifold that supports the semiclassical approximation to this state allows the Lagrangian
manifolds that correspond to source space states to be mapped to Lagrangian manifolds that
correspond to target space states. The transport was achieved geometrically by taking the
inverse image of the dual of the source Lagrangian manifold under the canonical projection
: Py x &5 — 3, forming the intersection with the manifold corresponding to the map, and
projecting onto the target space. We found that this geometric procedure indeed gave the
same manifold as the stationary phase approximation applied to the WKB wavefunctions.
Moreover, we showed how the momentum maps that define the source space manifolds get
transported to become the momentum maps that define the transported manifold. Then we
showed that the amplitude and phase calculations for the target and product space inner
product models are equal in the remodeling geometry.

The remodeling of an inner product ultimately is a general procedure that creates two
models of the same matrix element, one in a larger product space and one in a smaller target
space. The amplitude determinant, action integral, and combined Maslov and signature
index pieces that occur in the stationary phase approximations of these models are identical
so that, once the remodeling geometry is set up, the action integral can be evaluated in the
product space and the amplitude and Maslov index can be computed in the target space.
When the remodeling geometry connects a one degree of freedom model with a two degree of
freedom model, as in our first concrete example, the evaluation of the 3j-symbol in Chapter 3,
the advantages of the remodeling of an inner product may not be apparent. However in the
evaluation of more complicated spin networks, such as the 6j- or 9j-symbols, the ability to
take determinants in a low-dimensional space becomes important. Moreover the product
space models of such symbols tend to be symmetric and treat all of the angular momenta
involved on the same footing, a feature which the target space models lack. Given this
symmetry, paths are easier to construct from Hamiltonian flows along the relevant manifolds
and the action integrals become much easier to evaluate.
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The main example for comparing the advantages of different models is the 6j-symbol
which was studied in a symmetric 12j-model by Roberts [2] and in an asymmetric 4j-model
by Aquilanti et al [1]. The phase calculation in the 12j-model is elegant and clean and easily
reproduces the expected result of Ponzano and Regge [27]. However, the computation of the
amplitude involved taking the determinant of a complicated 9 x 9 matrix and the Maslov
correction not even attempted. In contrast, the amplitude in the 4j-model is a single Poisson
bracket, essentially the determinant of a 1 x 1 matrix on the phase space S?. Moreover the
amplitude has a clear geometric meaning, being proportional to the volume of a tetrahedron.
We developed and applied a method for the calculation of the Maslov index to the 4j-model
of the 6j-symbol in Esterlis et al [55]. Again, the low dimensionality of the 4j-model made
this calculation much more tractable. The path in this model is less intuitive, however, and
is more computationally involved. As we will see in Chapter 4, we can easily set up the
remodeling geometry and then cherry-pick where we want to perform certain calculations,
transforming potentially tedious calculations into simple exercises in symplectic geometry.
First, however, we turn our attention to the simpler 3j-symbol in Chapter 3 and use it as
an example to demonstrate the various features and ideas involved in the remodeling of an
inner product.
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Chapter 3

Models of the 37-Symbol

The Wigner 3j-symbol and the closely related Clebsch-Gordan coefficients are some of the
central objects of standard angular momentum theory. The semiclassical behavior of the
3j-symbol has been studied extensively (Ponzano and Regge [27], Neville [3%], Miller [39],
Schulten and Gordon [10, 11], Biedenharn and Louck [12], Aquilanti et al [11]) since it is
one of the simplest nontrivial objects in angular momentum theory. It also provides one of
the simplest nontrivial spin networks. In the notation explained in Aquilanti et al [1], the
3j-symbol is

*MMy

(3.0.1)

JuioJ2 s\ _
myp Mo M3

This is the spin network representing the “completely contravariant components” of the 3j-
intertwiner as shown in Figure 28 of Aquilanti et al [1]. We use this version rather than the
conjugate because it involves fewer dual Schwinger Hilbert spaces.

For given values of the three j’s and m’s, the 3j7-symbol is just a number, but to study its
semiclassical limit it is useful to write it as a scalar product (A|B) of wavefunctions in some
Hilbert space. This can be done in many different ways, with different choices of Hilbert
space corresponding to different “models”. There are two models for the 3j-symbol, called
the “37-model” and the “2j-model.”

The 3j7-model is an inner product in a Hilbert space formed by taking the tensor product
of three copies of the Schwinger Hilbert space discussed in Section A.1. The advantage of the
3j-model is that it is the most symmetric way of expressing the 3j-symbol. The analysis of
Aquilanti et al [11] used the 3j-model of the 3j-symbol. The 2j-model is an inner product in
a Hilbert space formed by taking the tensor product of two copies of the Schwinger Hilbert
space. The 2j-model is not as symmetric as the 3j-model, but has the advantage of living in
a smaller Hilbert space. The Clebsch-Gordan coefficients are usually expressed as an inner
product on a space very closely related to the 2j-Hilbert space which makes their connection
to the 3j-symbol more apparent than in the 3j7-model.

*M3 I3 Semg
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The relationship between the 2j- and 3j-models provides our first example of the remod-
eling of an inner product discussed in Chapter 2. In Section 3.1 the remodeling algebra for
the 37-symbol is constructed and the connections between the states in the two different
models is explored. Then in Section 3.2 the remodeling geometry will be constructed, which
sets the stage for the comparison of the semiclassical evaluations of the 2j- and 3j-models of
the 3j-symbol in Section 3.3. Throughout this chapter the various concepts and relationships
described abstractly in Chapter 2 will be demonstrated explicitly.

3.1 Linear Algebra of the 3j7-Symbol

The 27- and 3j-models of the 3j-symbol may be interpreted as the target- and product-
space models for a remodel of the spin network in Eq. 3.0.1. The “operator” at the heart
of the 3j-symbol is the Wigner intertwiner, which is defined and discussed in Section 3.1.1.
Then in section 3.1.2 the Hilbert spaces, states, and inner product models of the 3j-symbol
are constructed. We explore Schur’s Lemma as it applies to intertwiners between different
carrier spaces of (potentially reducible) representations in Section 3.1.3 in order to more fully
understand the core isomorphism in spin network applications. The core isomorphism for
the 3j-remodeling geometry turns out to be proportional to a 2j-intertwiner, which we define
and explore in Section 3.1.4. In Section 3.1.5 we define all of the states and the subspaces
img W and (ker W) 1 as simultaneous eigenspaces of sets of observables and show how the
core isomorphism is used to derive the observables for the §-state from the observables from
the b-state. Finally in Section 3.1.6 we show how the 2j-model of the 3j-symbol is related
to the Clebsch-Gordan coefficients.

3.1.1 The Wigner Intertwiner and the 3j-Symbol

Consider a triplet of irreps (j1, j2, j3) and the tensor product of carrier spaces C;, ® C;, ® Cjs,
as described in Section A.1. This space contains a nontrivial, SU(2)-invariant vector iff
(71, J2, j3) satisfy the triangle inequalities and j; + jo + j3 is an integer, in which case the
vector is unique up to a phase and normalization. Using the standard angular momentum

basis discussed in Section A.1 (due to Schwinger [62] and Bargmann [63]) and the standard
notation and definition for the Wigner 3j-symbol [28, (4], we construct an invariant reference
vector,
B | | | iode s
(W) = Z [J11m1) @ |jamz) @ |jzms) < my me s ) : (3.1.1)
mimoms

Under this construction, the vector |W) is normalized, (W|W) =1 (see Eq. (3.7.8) in Ed-
monds [28]). The vector |W) is the “Wigner state” discussed from a semiclassical standpoint
in Aquilanti et al [11].

The Wigner state can be considered a map : Cj, ® Cj, ® Cj, — C via the inner product.
Since the state |W) is invariant under the action of the group SU(2), the map is an SU(2)
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intertwiner. In general, an SU(2) intertwiner is a linear map between vector spaces that
commutes with the actions of SU(2) on the two spaces. The Wigner state is closely associated
with several other intertwiners, such as the dual of the Wigner state, (W| : C;, ®C,,®C;, — C,
and the map W : C; — C;, ® C;, which is defined by the action of W ((13]) on dual vectors
in C;, ® Cj, via

W ((s]) « (12| = (12 @ (W3]) W), (3.1.2)

These intertwiners will all be called 3j-intertwiners since the vector spaces involved are
composed from three SU(2) carrier spaces.

The various 3j-intertwiners are all unique up to a normalization and phase. By Eq. 3.1.1,
the 3j-symbol forms the contravariant components of the 3j-intertwiner associated with the
Wigner state in the standard angular momentum basis,

s (g2 s
(J1J23mimama|W) = ( mi My s ) : (3.1.3)

Thus the normalization and phase conventions for the 3j-symbol fix a conventional normal-
ization and phase for the 3j-intertwiners.
In spin network language the Wigner vector in Eq. 3.1.1 is written

i
Ja . (3.1.4)
J3
This is also the spin network for the map W as in Eq. 3.1.2. The normalization of the various

3j-intertwiners is expressed using the “theta graph”,

J1
(W|W) = — ~1, (3.1.5)

where the minus sign on the left node indicates an inverted orientation in the ordering of
the three legs following the notation used in Yutsis [7] and Stedman [3].

3.1.2 The Remodeling Algebra of the 3j-Symbol

The different inner product models of the 3j-symbol are constructed by interpreting the
3j-symbol as a matrix element and then forming the remodeling algebra as in Section 2.1.1
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of Chapter 2. This is accomplished by “cutting” the network in Eq. 3.0.1 into three pieces,

*Mq
A

/JQL&A\ : (3.1.6)

*1M9 J3 *1M3

These pieces represent the dual of the a-state, the b-state, and the operator M of the matrix
element 2.1.1.

We take the dual of the a-state to be the subnetwork of network 3.1.6 consisting of the two
legs ending in labels “xm,” and “xmsy.” These legs end in bra chevrons and the subnetwork
is an element of S; ®S;. The a-state is the conjugate of this subnetwork and is an element of
the 2j-Hilbert space §; ® Sy, which serves as the target Hilbert space H; in the language of
Chapter 2. The Schwinger Hilbert spaces and operators used to describe angular momenta
are defined and described in detail in Section A.1. The 2j-Hilbert space may be described in
the Schwinger model by four degrees of freedom and thus n; = 4. The a-state is a standard
basis ket in the 2j-Hilbert space and is the simultaneous eigenstate of observables I 1, jg, j1z,
and Jo,,

s s s J1
“a-state” = jjl I.2 Sz o > — ; €S ®S8s. (3.1.7)
Ju o J2 m1 M2 me J2 5

The group G 4 is therefore U(1)? since these four operators all mutually commute on all of the
target Hilbert space and thus form a U(1)* Lie algebra under the commutator. The basis of
g4 = R* is chosen so that the components of the R*-valued operator A are {fl, jg, j1z7 jQZ}
We write the a-state in this chapter as either |a) or |j;jamims). We may also call the a-state
the “27m-state” since it is the standard basis vector in the 2j-Hilbert space.

The b-state is taken to be to be the subnetwork of 3.1.6 consisting of the leg ending in
label “¢ms.” This leg ends in a bra chevron and the subnetwork is an element of &;. The
source Hilbert space Hy is thus the space of bras S;. A complete set on the Schwinger
Hilbert space consists of two operators so ny = 2. The b-state is a standard basis bra in the
Schwinger Hilbert space,

f3 j3z

= wmg— L e st (3.1.8)
Jz M3

“b-state” = <

The group G is U(1)? and the basis of gg = R? is chosen so that the components of the
R2-valued operator B are {IJ,.J;.} where, as discussed in Section A.1, I is the natural
action of I on dual vectors from the right. We write the b-state in this chapter as either (D]
or (jzms|.

The product Hilbert space of this remodeling algebra is (§; ® S2) ® (S5)* = S1 @S2 ® Ss.
We call this space the 3j-Hilbert space Hs;. The last piece of network 3.1.6 is a subnetwork
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ending in ket chevrons for &, S, and S3 and is thus an element of the product space. The
labels on the three legs of this subnetwork mean that the state is an element of the space
C;, ® C;, ® Cj,, which is a subspace of Hs;. This subnetwork is equal to the vector |W)
defined in Eq. 3.1.1, with the space C;, ® Cj, ® Cj, being interpreted as a subspace of the
full 3j-Schwinger Hilbert space Hs;. As in Eq. 3.1.2, the Wigner state may be interpreted
as amap : Sf — S; ® Sy, where W annihilates vectors outside the C;, subspace of &5 and
the range space C;, ® C;, is interpreted as a subspace of the target Hilbert space Hy;. We
therefore interpret this subnetwork as the M-state of the remodeling algebra. The Wigner
state is invariant under SU(2) and thus is a zero eigenvector of the total angular momentum
vector operator JT|W> = 0, where Jr=J,+Js+J5. While the components of J7 in general
do not commute on Hs;, they do commute on the 0-eigenspace and can be used, along with
operator I, (r = 1,2,3) to characterize the Wigner state [11],

N J1
“M-state” — ‘ Loty Iy Jr >: Ja €8 ®8 S, (3.1.9)

i Jz s O .

J3
The operators I, and Jr form the Lie algebra for the group Gy = U(1)? ® SU(2) under the
commutator. The basis of gy is chosen so that the components of the gy-valued operator
O, are {11,12,1'3, Jre, JTy, JTZ} We write the M-state in this chapter as either ]W) or
|7172J30) when we want to emphasize that it is a ket in the 3j-Hilbert space or as W when
we want to emphasize that it is a map : & = S; ® So. We may also refer to this state as

the “Wigner state” or the “Wigner intertwiner” as in Section 3.1.1.

The product state in Hs; is the tensor product of the a-state and the dual of the b-state,

mq %‘71
> = my 72, (3.1.10)
ms J3 :
which we recognize as a standard basis ket for the 3j-Hilbert space. We write the product
state in this chapter as either |ab) or |ji7j2j3mimems). We may also call the product state
the “ab-state” or the “3jm-state” since it is the standard basis vector in the 3j-Hilbert space.
Finally, the S-state is the map W acting on the b-state, |3) = W ((jsms|). This state is
proportional to the coupled-basis state of standard angular momentum theory |j1jo; JM),
with J = j3 and M = —mg. In terms of spin networks, the subnetwork for |3) is found by
contracting the source space chevrons,

7 n
J3 o Tmi J3 iy

fl f2 j3 jlz j2z j3z

“Product state” = oo
J1 J2 J3 M1 Mg M3

“ﬁ—state” — W << -[.3 J3Z

J3 ms
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Target Space Product Space
S$108; S108R®83
rjerume), |8) | [IW), [jijajsmimems)
Dual Source Space Source Space
S S:
|j3m3) (Jzms]

Figure 3.1.1: Spaces and states in the remodeling algebra for the 3j-symbol.

This spin network illustrates the multiple roles that elements can play, an advantage of the
spin network notation over the standard Dirac notation. As expected, the two open ket
chevrons that are left in the network after the contraction demonstrate that |3) € §; ® S,.
The action of this Wigner map in Dirac notation can be extracted by adding a resolution of
the identity to each of the open chevrons, yielding

R . o J2 I3
W (jsms]| — mlzm |j1j2amama)d, ( e s ) (3.1.12)

The four operators Iy, I, J%,, and Jy,, all mutually commute and therefore G is U(1)*.
The basis of gg = R* is chosen so that the components of the R*-valued operator B are
{fl, I, jfz, jmz}. To avoid confusion with the coupled basis states we write the S-state in
this chapter as simply |3). Since the §-state involves the coupling of two angular momenta
into a third we may refer to |5) as the “coupled state”, though this is understood to be
distinct from the standard coupled basis states of ®;.

The identification of the spaces and states of the remodeling algebra for the 3j-symbol
are summarized in Figure 3.1.1.

The product space model of this remodeling algebra is the 3j-model of the 3j-symbol
and takes places in the Hilbert space Hs;. The two states involved are the product state in
Eq. 3.1.10 and the Wigner state in Eq. 3.1.9,

*my

A
(g; 7 gj)=<ab|w>: ﬂ& . (3.01.13)
1 2 3
*Mg J3 *M3

This is precisely the inner product presented in Eq. (22) of Aquilanti et al [11]. The target
space model is the 2j-model of the 3j-symbol and takes place in the Hilbert space Hg; =
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S1 ® Sy. The two states involved are the a-state in Eq. 3.1.7 and the §-state in Eq. 3.1.11,

*1Mq

Ai

<j1 j2 J3 ) (alB) = ;ﬁ\ . (3.1.14)

my Mg M3
J3

*Mo *M3

3.1.3 Schur’s Lemma and the 3j-Intertwiner

To construct observables for |5) as in Section 2.4.2 we need to construct the core isomorphism
for the Wigner state as in Section 2.4.1. As discussed in Section 3.1.1, the Wigner state is
an example of an intertwiner. The linear map in the remodeling algebra for all of our spin
network examples will be intertwiners, in fact. Therefore we turn our attention in this
section to the more general consideration of how to construct the core isomorphism for an
intertwiner.

Schur’s lemma [65] allows any intertwiner between two vector spaces carrying unitary
representations of a group to be expressed in terms of unitary maps between invariant sub-
spaces. We will only be interested in unitary representations in the work. These unitary
maps will be called the “unitary core of the intertwiner.” The core isomorphism for an
intertwiner will ultimately be expressed in terms of this unitary core.

Consider two vector spaces £ and F and a linear map A:& — F. Asin Section 2.4.1,
the core isomorphism is the map flo = fIF oAo 7:'E . (ker A)L — img 121 where the range
and domain spaces are treated as vector spaces in their own right, Zp : (ker A)| — & is the
inclusion map and I : F — img Aisa projection map. Conversely, A= ZF o Ag o HE

Now let £ and F be two carrier spaces for unitary representations U(g) and V(g) of
SU(2), respectively. Define the vector space of intertwiners Z to be the subspace of linear
maps : £ — F that commute with SU(2),

Zz{M:E—)f| Mo U(g) = V(g) o M, vgesU(z)}. (3.1.15)

The space Z is isomorphic to the space of intertwiners : £ ® F* — C and the subspace of
SU(2)-invariant elements of the product vector space F ® £*.
The representations U and V are called equivalent if there exists some invertible map

A: & — F such that
AolU(g)oA™M =V (g), VgeSU(Q). (3.1.16)

Thus U(g) and V(g) are equivalent representations if there exists an invertible intertwiner
between the carrier spaces. If no such intertwiner exists, then U(g) and V(g) are inequivalent.
This terminology will be used for reducible as well as irreducible representations.

In the following subsections we analyze how Schur’s lemma applies to cases where both
&€ and F are carrier spaces for irreducible representations, where either £ or F carries a
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reducible representation but the other carries an irreducible representation, and where both
& and F carry reducible representations.

3.1.3.1 Case I - Both U(g) and V(g) Irreducible

The traditional form of Schur’s lemmas deals with the case where both £ and F are carrier
spaces for finite-dimensional irreducible representations. If U(g) and V(g) are inequivalent
representations then Schur’s lemma says that M = 0is the only intertwiner between £ and F,
so Z is a zero-dimensional vector space. On the other hand, if U(g) and V(g) are equivalent
irreducible representations then Schur’s lemma states that any non-zero intertwiner between
& and F is invertible and all such intertwiners are proportional. Furthermore, if U (9) and
V(g) are both unitary representations, then there exists a unitary intertwiner A € Z which
is unique up to a phase. Thus every nontrivial intertwiner M € Z from a finite-dimensional
irreducible carrier space to a finite-dimensional irreducible carrier space can be decomposed
as

M = cA, (3.1.17)

where c€ Cand A: € = Fis a unitary map. As a result, Z is at most one-dimensional,
with dim Z = 0 if £ and F carry inequivalent irreducible representations and dim Z = 1
if & and F carry equivalent irreducible representations. Given a non-zero intertwiner M
in this case, (ker M )1 and img M are the entire spaces £ and F and M itself is the core
isomorphism. If €& and F are Hilbert spaces then the unitary core A in Eq. 3.1.17 is an
isometry. In the theory of angular momenta, the carrier spaces of irreducible representations
C; are parameterized by j = 0,1/2,1,---, with dim C; = 2j + 1. The space of intertwiners
: C; = Cj therefore has dimension d;;.

3.1.3.2 General Considerations for the Other Cases

The spaces £ and F may carry reducible representations in which case the results of Schur’s
lemma can be generalized. Suppose U (¢9) and V( ) are unitary, potentially reducible repre-
sentations and let M : & — F be an intertwiner in Z. For any y € img M there exists some
z € & such that y = Mz. By the intertwiner property, V(y) = V(M(z)) = M(U(:c)) €
img M. Thus, img M C F is an invariant subspace of F. Similarly, let x € ker M so
Mz = 0. By the intertwiner property, 0 = V(M(x)) — M(U(z)) so Uz € ker M which
means ker M is an invariant subspace of €. Since U (g) is a unitary action, the invariant sub-
spaces of £ are orthogonal and thus (ker M), C & is an invariant subspace. Since (ker M)
and img M are invariant subspaces of £ and F, they can be considered carrier spaces for
the restricted representations Ur(g) and Vi(g), respectively.

Let MC = Hlmg oM oIker . (ker M )1 — img M be the isomorphic core of the intertwiner
M. Since img M and (ker M )1 are invariant subspaces, the restricted map M inherits the
intertwiner property from M and

Mg o Uglg) o Mz = Vrlg), Vg€ SU(2). (3.1.18)



CHAPTER 3. MODELS OF THE 3J-SYMBOL 71

Thus (ker M )1 and img M are not only isomorphic but carry equivalent representations Ug
and V.

In summary, the core isomorphism of any intertwiner is an intertwiner between subspaces
carrying equivalent representations.

3.1.3.3 Case II - U(g) Reducible and V(g) Irreducible

Now consider the case where U(g) is a reducible representation and V(g) is a finite-dimen-
sional irreducible representation. Since F is a carrier space for an irreducible representation
there are no proper invariant subspaces of F and any non-zero intertwiner M € Z must
have img M = F. The “restricted” representation VR( ) in Eq. 3.1.18 is therefore just the
original representation V( ). By Eq. 3.1.18, representation V(g) on F is equivalent to the
restricted representation Ug(g) on (ker M) . The core isomorphism M : (ker M), — F
is thus an intertwiner between two equivalent irreducible representations. By the discussion
leading up to Eq. 3.1.17, M¢ = cA for some unitary A (ker M)L — F and scalar c € C. If
&€ and F are Hilbert spaces then this says that the core isomorphism is proportional to an
isometry.

Let the space € be decomposed into a direct sum of invariant subspaces &€ = @ &;. Any
intertwiner M then decomposes as

M =Y cAioll; (3.1.19)

where ¢; € C, A; : & — F is either a unitary map or zero depending on whether & is
equivalent to F or not, and IT; : € — & is a projection map. The direct sum decomposition
of £ is not unique if it contains multiple copies of a single irrep carrier space. If there are
multiple copies of an irrep carrier space that is equivalent to F then the set of unitary core
maps A; is not unique. The set of non-zero maps A; o II; acts as a basis for the space of
intertwiners Z. Choosing a different basis in Z corresponds to a different choice of maps
and a different direct-sum decomposition of £. N

The space of Z of SU(2) intertwiners : £ — F is isomorphic to the space Z of intertwiners
:ERQF* — C. The space C, considered as a one-dimensional vector space, is invariant under
SU(2) and thus is an irreducible carrier space for the j = 0 representation of SU(2). We
may therefore apply Eq. 3.1.19 to intertwiners in Z, making the replacements £ — & @ F~*
and F + C. The only non-zero terms of Eq. 3.1.19 are the those corresponding to the j =0
irreps that occur in the direct-sum decomposition of £ ® F*, so Z is spanned by {Az o ﬂz},
where ¢ indexes the j = 0 irreps in the direct-sum decomposition. Since Z is isomorphic to
Z, and the dimension of space of intertwiners Z is thus equal to the number of j = 0 irreps
that occur in a direct-sum decomposition of £ ® F*. Conversely, every element of Z picks
out a j = 0 irreducible subspace of £ ® F*. For example, let £ = C;, ®C;, ®C;, and consider
the space of intertwiners &€ — C. If (ji, jo, j3) is a triangle-allowed triplet, then there is a
unique (up to a phase) normalized invariant vector in Cj, ® Cj, ® Cj,, |W). The dual of the
Wigner state (W] forms the basis of Z and thus Z is one-dimensional in this case. The
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core isomorphism for any intertwiner M with (ker M )L =2Cj, ®Cj, ®Cj, and img M = Cis
therefore proportional to the Wigner state (W|. If (ji, jo, j3) are not triangle-allowed, then
there does not exist an invariant vector in £ and Z is zero-dimensional.

3.1.3.4 Case III - U(g) Irreducible and V(g) Reducible

Next consider the case where U(g) is a finite-dimensional irreducible representation and V (g)
is a reducible representation. Since £ is a carrier space for an irreducible representation, there
are no proper invariant subspaces of £. Thus any non-zero intertwiner M € Z must have
ker M = 0 and (ker M), = &. The representation U(g) is therefore the same as the restricted
representation U r(g) and, by Eq. 3.1.18, is equivalent to the restricted representation VR( )
on img M. The core isomorphism Mo : € — img M is thus an intertwiner between two
equivalent irreducible representations. By the discussion leading up to Eq. 3.1.17, Mo = cA
for some unitary A £ img M and scalar ¢ € C. If £ and F are Hilbert spaces then this
says that the core isomorphism is proportional to an isometry.

Let the space F be decomposed into a direct sum of invariant subspaces F = € F;. Any
intertwiner M then decomposed as

M =Y cTio A, (3.1.20)

where ¢ € C, A; : € — F; is either a unitary map or zero depending on whether F; is
equivalent to £€ or not, and 7, is the inclusion map : F; — F. The direct sum decomposition
of F is not unique if it contains multiple copies of a single irrep carrier space. If there are
multiple copies of an irrep carrier space that is equivalent to £ then the set of unitary core
maps A; is not unique. The set of non-zero maps Z; o A; acts as a basis for the space of
intertwiners Z. Choosing a different basis in Z corresponds to a different choice of maps
and a different direct-sum decomposition of F.

The Wigner map W : C;, — Cj, ®Cj, defined in Eq. 3.1.2 is an example of an intertwiner
from an irreducible to a reducible carrier space. If the triplet (ji, ja,j3) is triangle-allowed
then the intertwiner will be nontrivial and Eq. 3.1.20 can be applied. A familiar result from
standard angular momentum theory says that the target space C;, ® C;, breaks into a direct
sum of irreducible subspaces as

J1t+j2
®C,= P ¢ (3.1.21)

J=l|j1—7j2|

The image of the Wigner map must carry a representation equivalent to the representation on
Cj,- A simple dimension count implies that img W must be Cj;. The restricted intertwiner is
therefore a map : C;, — Cj,. Let 7, : C;, — C;, ®Cj, be the inclusion map of the js-subspace
in the direct sum decomposition Eq. 3.1.21. Then, by Eq. 3.1.20, the Wigner map can be
written as

W =cZ,,0A, (3.1.22)
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where A : C;, — Cj; is the unitary core of the Wigner map. This map is closely related
to the 2j intertwiner that will be explored more fully in the context of the 2j-symbol, in
section 3.1.4. The prefactor ¢ can be determined by considering the operator W oWt By
the orthogonality of the 3j-symbol (Eq. (3.7.7) of Edmonds [23]),

J2

o | | ) |
W<>W*:¢@_J3 = LN (3.1.23)

On the other hand, the decomposition in Eq. 3.1.22 says

WoW'! = AT 0Tl oT;, 0 A=|c* Id;, = |c|’ AL (3.1.24)
Therefore, the Wigner operator is determined (up to a phase) to be

A 1 A

- T. oA 3.1.25
\/m 13 © ( )

3.1.3.5 Case IV - Both U(g) and V(g) Reducible

Finally consider the case where both U(g) and V(g) are reducible representations. Let
M € Z be a particular intertwiner and create the restricted intertwiner My : (ker M), —
img M. This restricted map is an isomorphism but the restricted representations U r(g) and
VR(g) are still potentially reducible so Eq. 3.1.17 can’t be directly applied. Let the invariant
subspace (ker M )1 be decomposed into irreducible subspaces & C (ker M ). C & such that
(ker M )1 = @& The intertwiner Mp can be block-diagonalized in this decomposition.
Each block on the diagonal corresponds to a map M; : & — img M. Since by definition &; is
irreducible, the decomposition in Eq. 3.1.20 can be applied. Thus every nontrivial intertwiner
M € Z from a reducible carrier space to a reducible carrier space can be decomposed as

M =Y cyZ;o Ajjoll, (3.1.26)

where ¢;; € C, I, : £ = & are projection maps onto the irreducible subspaces of &, ij :
F; — F are inclusion maps, and /L-j : & — Fj are unitary maps.

For example, we may apply Eq. 3.1.26 to the operator W S; — 8§ ® S, defined in
Egs. 3.1.9 and 3.1.12. Both domain and target spaces are infinite-dimensional reducible
carrier spaces. We first identify the relevant invariant subspaces of the target and domain
space. The dual Schwinger Hilbert space decomposes into the direct sum of irreducible
carrier spaces, S5 = @, C;, where each of the carrier spaces is considered a vector subspace
of §;. The Wigner map annihilates any vector outside of the j; subspace so

ker W =@PC;, (ker W), =Cj,. (3.1.27)
J#js3
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Thus (ker W) | is a carrier space for a finite-dimensional irreducible representation and there
is only a single term in the sum over index ¢ in Eq. 3.1.26. Restricting the domain of the
Wigner map to (ker W), yields an intertwiner W' : C}, — & ® S, from a finite-dimensional
irreducible carrier space to a reducible carrier space and so Eq. 3.1.20 can be applied. By
definition, img W is a subspace of C;, ® C;, C &1 ® Sy and thus Eq. 3.1.22 can be applied,
yielding

~ 1 A ~ A

W=——=-T;,0A0Ill,. 3.1.28

2j3 T 1 73 J3 ( )

Note that all versions of the Wigner map encountered in this section share the same unitary
core A: C; — Cjs.

3.1.4 The 2j)-Intertwiner State

As shown in the previous section, the core isomorphism of the Wigner intertwiner is partially
constructed from a “2j-intertwiner” : C; — C;, which we explore in this section.

Consider the space Z; of 2j-intertwiners : C; ® C;- — C, where the domain is the tensor
product of two identical irrep carrier spaces. The prime on the second copy of C; is used
to distinguish the second carrier space from the first. This space is isomorphic to the space
of 2j-intertwiners : C; — C; which, by Schur’s lemma, is one-dimensional. According to
the discussion following Eq. 3.1.19, any non-zero SU(2)-invariant element in C; @ C;* spans
Z. The components of such an element can be expressed in terms of the “2j-symbol” (a
terminology found in Stedman [¢] and Aquilanti et al []), which is defined in terms of the

37-symbol as .
ioiN_(d i o\_ (=
(3 0)=(3 5 0)=Cus o139

Thus the 27-symbol is seen as a special case of the 3j-symbol. The 2j-symbol represents the
covariant components of the 2j-intertwiner (K| € C; ® C;” in the standard basis,

(K=Y V2j+1 ( 7Jn rfl, > (m| @ (jm/|. (3.1.30)

The prefactor /25 + 1 is due to the normalization convention (K|K) = 2j + 1. The phase
convention for (K| is tied to the phase convention of the 2j-symbol which ultimately de-
rives from the phase convention for the 3j-symbol. The spin network notation for the 27-
intertwiner (K| € C; ® C}* is given by

VR ERL
<K|_<] 0

=1L (3.1.31)

where by convention the chevron counterclockwise of the stub corresponds to the first (un-
primed) carrier space. The “stub” notation for the 2j-intertwiner is further explained in
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Stedman [¢] and Aquilanti et al [1]. Since (K|(J 4+ J') = 0 the operator identity Eq. A.1.3
implies that (K| is also an eigenstate of I’ with eigenvalue j.

It follows from Eq. 3.1.30 that the components of the 2j-intertwiner are proportional to
the 27-symbol,

m-—>——<—pm/ = /2j+1 ( 7‘; T‘ZL, > = (=16t (3.1.32)
J

The spin network in Eq. 3.1.31 can also be interpreted as a map K i+ C; — Cj, where an

input C; ket is contracted against the right bra chevron. This is a unitary map from kets

to bras and is thus distinct from Hermitian conjugation, which is anti-unitary. The inverse

map is given by -
K; G =G = %‘ﬁ : (3.1.33)

where an input C; bra is contracted against the left ket chevron. The spin network in
Eq. 3.1.33 can also be interpreted as the ket |K) € C; ® Ci*, where by convention the
first and second chevrons correspond to the first and second (unprimed and primed) carrier
spaces. As in Eq. (3.27) of Aquilanti et al [1], the action of K and f(]—1 on the standard
basis kets gives

Kj(ljm)) = (=1) ", —ml,  K;*((jm]) = (=1)"*"j, —m). (3.1.34)

The 2j intertwiner is closely related to the time-reversal operator. The time reversal
operator © on a carrier space C; is an anti-linear map : C; — C; : |jm) — (—=1)7"™|j, —m)
[66]. Note that the square of time reversal is ©2 = (—1)* when acting on C; and therefore
©~! = (—1)¥0O. The time reversal operator is © = IA(J_l o G [1] and so the 2j-intertwiner
may be expressed as

K'=00G™, K;=(-1)%Go0. (3.1.35)

3.1.5 Observables of 3j-Remodeling Algebra

Egs. 3.1.7, 3.1.8, 3.1.10, 3.1.9, and 3.1.11 express the states of the remodeling algebra as non-
degenerate eigenstates of sets of observables. In this section we find the sets of observables
that define the core Hilbert spaces for the Wigner intertwiner and show how the method in
Section 2.4.2 reproduces the [-list of observables in Eq. 3.1.11.

Consider the operator W S5 — 8§ ® S, defined in Egs. 3.1.9 and 3.1.12. As already
stated in Eq. 3.1.27, (ker W), = C;, C S;,. The set of operators {D4} that define (ker W)
through Eq. 2.4.5 thus contains a single entry (the index A only takes on a single value),

A

bA = I:;r, Hd,A = jg. (3136)

Since &7 is the Hilbert space for a system described by two classical degrees of freedom,
ny = 2. Since only a single operator is needed to classify (ker W), ny — 7 = 1 and thus
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n = 1 for the 3j-symbol remodeling algebra. Note that since there is only one entry in the
“D-list” of operators, Eq. 2.4.6 is automatically satisfied. Furthermore, IA3T generates the
group U(1) on S5, so Gp = U(1) and gp = R. The “B-list” of operators is chosen to be
{IJ,J.} as in Eq. 3.1.8. Note that the b-state is an element of (ker W), as required by
Section 2.4.2. This B-list is already written in the form of Eq. 2.4.7 and thus the single

operator (since n = 1) By can be read off as
Bg ']327 Hpe = 3. (3137)

As already discussed in Section 3.1.3, img W is the invariant subspace Cj, contained in
C;, ®C;, C 81 ®S,. The C;, ®C;, subspace is the simultaneous eigenspace of operators I; and
Iy at eigenvalues j; and j. The Cj, subspace is further specified as the eigenspace of operator
J 2, at eigenvalue j3(j3 + 1), as can be seen by the following analysis. Recall that the Wigner
state in the product space (which serves as the map W) is in the simultaneous eigenspace of
operators fg and Jr at eigenvalues j3 and 0. By the operator identity A.1.3, the eigenvalue
condition 13|W> = Jj3|W) may be replaced by J2JW> = Li(Is + D)|[W) = js5(js + 1)|W).
Moreover, J7|W) = O[W) implies that J3|W) = —J5|W). Therefore,

ILIW) = js(js + 1) W), (3.1.38)

where J 19 = J 1+ jg Since J 12 only acts on the target space component of the product
Hilbert space, img IV is a subset of the J3(js + 1)-eigenspace of Jyo. The set of operators
{C,} that define img W through Eq. 2.4.3 thus contains three entries,

{éa} = {f17f27j%2}7 Hea = j17j27j3<j3 + 1) (3139>

The target Hilbert space S, ®S;, is the Hilbert space for a system described by four classical
degrees of freedom, n; = 4. Thus n; — n = 3 is the appropriate number of operators needed
to define img W. The “C-list” of operators are easily shown to commute on the entire
target space so Eq. 2.4.4 is satisfied. These operators generate a group U(1)% on &} ® Sy so
Ge =U(1)? and go = R,
In Section 3.1.3 the core isomorphism of W was determined to be an intertwiner : Ci, —

C]3 By Schur’s lemma, this intertwiner must be proportional to the (unitary) 2j- mtertwmer
K defined in Eq. 3.1.33. Applying this to Eq. 3.1.28 yields

o S S S

W=—o-ouTZT . oK 'oll,, Wg=——=K."
2j3+1 js © Js © 1lj; C 2j3—|'1 73

By Eq. 2.4.12, [8) may be described using the three operators in Eq. 3.1.39 and the single
operator 8 which is defined via Eq. 2.4.8 to be

(3.1.40)

~

B=WeoBoWg! =Kol oKy, (3.1.41)

where K j, 1s understood in this context to be a map from the C;, subspace of C; ® Cs to the
space C;, subspace on which Ji acts. Operator 3 is equal to —Jj, = —(J1, + Jo.), which
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may be shown by analyzing the action of the operator on the coupled angular momentum
basis vectors in C;, C C; ® Ca,

B’j1j2§JM> :[A(j_gloj?:l;okjgulj%t]M)- (3.1.42)
By Eq. 3.1.34, the left-hand side of Eq. 3.1.42 becomes
(1) "MK o J4((js, —M]). (3.1.43)

The bra (j3, —M]| is an eigenbra of J;_ with eigenvalue —M. Applying this and Eq. 3.1.34
once again yields

Bljrjo; IM) = —M|jija; jaM) = —Jios|jije; jaM), VM. (3.1.44)

This operator is naturally expanded to an operator jlzz on all of S ®Ss. Thus, in agreement
with Eq. 2.4.11,

Be = —jlzz, Bz|ﬂ> = lpe| ), (3.1.45)

where (1, = mg as in Eq. 3.1.37.
Combining the results in this section with Eq. 2.4.12 yields

_ | h L 3 o >
15) V2s+1| 51 g2 Js(js+1) ms ’ (3.146)
where |3) is assumed normalized and an explicit normalization factor has been included.
Note that jlgz does indeed commute with all operators in the C-list on all of the target
space as required by Section 2.4.2. Moreover, the “g-list” of operators {fl,fg,j%% juz}
agrees with the expected list from Eq 3.1.11. Note that the state |3) as written in Eq. 3.1.46
differs from the standard coupled basis vector |jijs; j3, —ms) of angular momentum theory
by a normalization and a phase factor.
We summarize the operator lists and eigenvalues for the various states and subspaces of
interest in the 3j-symbol remodeling algebra in Table 3.1.

3.1.6 The Clebsch-Gordan Coefficients and Map

Related to the 3j-symbol are the Clebsch-Gordan coefficients, which may be considered the
components of an intertwiner between a space of two angular momenta to a space of one
angular momentum (the coefficients are used to “couple” two angular momenta into a third).
This intertwiner is distinct from the Wigner intertwiners explored in Section 3.1.3, however,
since both the domain and the range Hilbert spaces are considered to be spaces of kets.
The Clebsch-Gordan coefficients are related to the 3j-symbol through the 2j-intertwiner of
Section 3.1.4 and are naturally analyzed using a 2j-model (as was carried out in Miller [39]).
The Clebsch-Gordan intertwiner is the map C' : C;, ®Cj;, = Cy,
C= > |IM)yC)y, ., G| @ (jamal, (3.1.47)

Jijamims
mymo M
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State or

Subspace Group Operators Eigenvalues
(0] U(1)? I3, Ji. Ja,m3

(ker W), U(1) 1 js
|a> U(1)4 jlvaajlz;jQZ J1,J2, M1, Mo
13) U)* I, 1y, 335, = Jia: J1:J2, J3(js +1),m3

img W Uu@)? I, I, J3, J1:J2, 53 (js + 1)
|ab) U(1)° L, In, I3, J1zy Jozy 3 | 1,2, 43, M0, ma, ms
W) U(1)3xSU(2) I, I, 13,37 J1,72,73,0

img W (ker )7 u@)* I, I, I, 3%, Ji, g2, g3, 43 (js + 1)

Table 3.1: Subspaces and states in the remodeling algebra for the 3j-symbol. The first two
rows are source space subspaces, the next three are target space subspaces, and the last three
are product space subspaces.

c/M are the standard Clebsch-Gordan coefficients. It is related to the 3j- and

. J1j2mima
2j-intertwiners by

where

C= (1272 + 1K o W, (3.1.48)
where W1 is the Hermitian conjugate of the 3j-intertwiner, interpreted as a map : C;, ®C;, —
C3.

In spin network language, the Clebsch-Gordan map is expressed as

C = ( )]1 —Jj2— J\/ﬁ { (3.1.49)

where the rules for converting bras to kets covered in Aquﬂantl et al [1] have been used to
remove the stub and internal arrow that arise when the K~! network is contracted with the
W1 network. The Clebsch-Gordan coefficients are then found as the components of this map
in the standard angular momentum basis,

ma

JM jl_jQ_j\/i J j?
CJ1J2m1m2 - (_1) 2J+1 «M j . (3.1.50)

1

ma

Flipping the internal arrow on the J-leg by replacing the stub that was removed in Eq. 3.1.49
and inserting a resolution of the identity expresses the Clebsch-Gordan coefficients in terms



CHAPTER 3. MODELS OF THE 3J-SYMBOL 79

of the components of the 2j- and 3j-intertwiners,

mo
o J J2
(—1)7 327\ /2] 1 Z *M{_(']%_ *1Ms3 M3 C (3.1.51)
J1
ms3
my

The first spin network in the above equation evaluates to (—1)7~™36 _,,, by Eq. 3.1.32 and
the second network gives the 3j-symbol. Summing over mg yields the standard result for
the relationship between the Clebsch-Gordan coefficients and the 3j-symbol [25],

cIM :(—1)j1J""+M\/2J+1<j1 2 > (3.1.52)

J1j2mima my Mo -M

3.2 Remodeling Geometry for the 3j5-Symbol

In this section we construct the remodeling geometry for the 3j-symbol and explore the
various aspects of transport in the remodeling geometry discussed in Chapter 2. First in
Section 3.2.1 we set up the phase spaces for the 3j-remodeling geometry and then in Sec-
tion 3.2.2 define the Lagrangian manifolds that will support the semiclassical approximations
to all of the states defined in Section 3.1.2. Then in Section 3.2.3 we see how the transport
procedure of Section 2.2.2 applies to the b-manifold to give the S-manifold. In Section 3.2.4
the core geometry associated with the Wigner manifold is described. Once the core geometry
has been established, in Section 3.2.5 the core symplectomorphism is constructed and we
show how the B-momentum map gets transported to the S-momentum map.

3.2.1 Phase Spaces

Each of the Hilbert spaces § in the remodeling algebra corresponds semiclassically to a copy
of the Schwinger phase space Y. Let 2. be the Schwinger phase space for angular momentum
r with the standard symplectic form w, as in Section A.2. The dual phase space L* is the
same manifold but with the opposite symplectic form and is the classical analogue of the
dual Hilbert space S,.

The source Hilbert space is S5 so @2 = X3 in the remodeling geometry of Section 2.1.2.
This space is 4-dimensional and carries the symplectic form —ws. The dual source phase
space is 5 = &3, which is also 4-dimensional and carries the symplectic form ws.

The semiclassical analysis of the 2j-model of the 3j-symbol (Eq. 3.1.14) takes place in
the 8-dimensional target phase space ®9; = X} x Ly, which carries the symplectic form
waj = wq + we as described in Section A.2. We visualize a point of ®y; as a pair of spinors
(21, 29). These spinors project onto the product of two copies of angular momentum space,
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Figure 3.2.1: Phase spaces and the maps between them in the remodeling geometry for the
37-symbol.

] Name \ Phase Space Dimension \
Source Space X3 2no = 4
Dual Source Space X3 2ng = 4
Target Space Do; = X1 x 2 2n; = 8
Product Space Q3 = Xy x Xy x X | 2(ng +ng) =12

Table 3.2: Phase spaces in the remodeling geometry for the 3j-symbol.

Ay = RS, via the map : (21, 22) — (J1(21),J2(22)). The “2j-angular momentum space” may
also be considered the Poisson reduction of ®,; by the pair of momentum maps I; and Is.

Similarly, the semiclassical analysis of the 3j-model of the 3j-symbol (Eq. 3.1.13) takes
place in the 12-dimensional product phase space ®3; = X} x Xy x Y3, which carries the
symplectic form ws; = w; +wy + wz. We visualize a point of ®3; as a set of three spinors z;.
The triplet of maps (J1, J2, J3) act as a Poisson map onto three copies of angular momentum
space, Az; = (R?)3. A point of Az; may be visualized as a set of three vectors in R®. Angular
momentum space is constructed by doing a Poisson reduction on ®3; by the three momentum
maps [;, as discussed in Section A.2.

Figure 3.2.1 shows the phase spaces in the 3j-remodeling geometry and the relevant maps
between these spaces and Table 3.2 lists the phase spaces and their dimensions. Note that
the subscripts on the maps are referring to which of the three angular momenta the map is
concerned with, in contrast to the general notation used in Section 2.1.2.

3.2.2 Lagrangian Manifolds

Before describing the Lagrangian manifolds in the remodeling geometry, we describe a general
“ljm-state” |jm) in an Schwinger Hilbert space S and the Lagrangian manifold £, ;,, in the
Schwinger phase space X that supports its semiclassical approximation. This state is the
simultaneous eigenstate of operators I and J, with eigenvalues 7 and m. As discussed in
Littlejohn [54], the Lagrangian manifold that supports the semiclassical approximation to
this state is the level set of the list of classical observables, with appropriate quantized
contour values. The Lagrangian manifold in the Schwinger phase space ) corresponding to
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this state is described as the level set,

Lijm = < b ) cx, (3.2.1)

where the classical contour value J is related to the quantum eigenvalue j via J = j 4 1/2.
The functions I and J, serve as the two components of a U(1)? momentum map. As described
in Section A.3, the Hamiltonian function I generates a U(1) phase rotation z — exp(—i/2)
of period 47 and J, generates an SU(2) rotation about the z-axis z — exp(—i¢o./2)z,
which is a U(1) subgroup of SU(2) with period 47. The manifold Ly, is also a U(1)? group
orbit. Let (¢, ¢) be the 4w-periodic coordinates on U(1)? so that we can take Haar measure
on U(1)? to be dip A dp. The forms dip and d¢ may be locally pulled back to Li;,,,. The
pull-backs of these forms are dual to the Hamiltonian vector fields X; and X; on L.
Therefore by Eq. C.2.2 the density o on Ly;p, is the pull-back of di) A d¢. This density is
the pullback of the Haar measure on U(1)?, as expected.

Since U(1)? is a compact Abelian group, the Liouville-Arnold theorem [(7] says that the
manifold £, has the topology of a torus. In coordinates (¢, $) on U(1)? the isotropy
subgroup is generically generated by a single element, (2m,27). The isotropy subgroup
becomes larger if I = 0 (in which case the isotropy subgroup is all of U(1)?) or if J, = £1
(in which case the isotropy subgroup is the group U(1) generated by J,). If the observables
are constrained to take on quantized values, j > 0 implies I > 1/2 and j — m € Z prevents
the situation where J, = +1 = +(j + 1/2). Therefore, the quantized torus has the topology
U(1)?/Zy. The volume of Ly, with respect to density o is thus (47)?/2 = 2372

Now we turn to the Lagrangian manifolds associated with the states described in Sec-
tion 3.1.2. First consider the b-state Eq. 3.1.8, which is an element of the Schwinger Hilbert
space S; and is the simultaneous eigenstate of operators I 5 and JA?IZ with eigenvalues j3 and
ms. The Lagrangian manifold £, in the source phase space X3 corresponding to the b-state
is a 1ym-Lagrangian manifold in a dual Schwinger space and is generated by the group
Gp = U(1)%. The symplectic action of U(1)? on the dual Schwinger space is defined to be
the action in V3 conjugated by the dual map, as in Eq. 2.1.27. Thus the momentum map
defining £, is the negative of the pull-back of the momentum map defining the 1jm-manifold,

_[3 _J3z *
L,= ( et 1/2) ) c ;. (3.2.2)
This manifold is the image of a 1jm-Lagrangian manifold under the dual map G3 and thus
has the topology U(1)?/Zy and volume 237%. Because of the antisymplectic nature of the
dual map, the conjugate angles to —I3 and —J3, on the source phase space V3 are again
13 and ¢3 and thus the pull-back of the Haar measure to £, is 0, = di3 A d¢z. Since
Ly = G3*(Ly), and the dual map only affects the symplectic structure of the phase space
the topology and volume of £; and L, are identical.

The a-state of Eq. 3.1.7 in the target Hilbert space Hy; is the simultaneous eigenstate of

operators fl, f2, J;z, and jgz with eigenvalues ji, jo, my, and my. The Lagrangian manifold
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Figure 3.2.2: A point on the 2jm-manifold Ly, projected onto a pair of vectors in R? of
fixed lengths |J;| = J; and |Jo| = J> and fixed z-components J; , = my and Jy, = mo. The
two azimuthal angles are independent.

in the target phase space ®,; corresponding to the a-state is described as the level set,

o ( L L i

Jl J2 my e ) C 21X22, (323)

where the classical contour values J, are related to the quantum eigenvalues j, via J,. =
Jr+1/2 (r = 1,2). The maps I, I, Ji,, and Jo, serve as the four components of a
G4 = U(1)* momentum map, comprised of two copies of the U(1)? group described earlier
for the 1jm-manifold. The topology and volume of the a-manifold is given by

L, = {%12)2} 2, Vo, = (@)2 = 2074 (3.2.4)

where the volume is taken with respect to the measure di; A dis Adpy Adgps. The projection
of L, onto the 2j-angular momentum space Ay; consists of the pair of vectors in R? of fixed
lengths j; +1/2 and j, + 1/2 and fixed z-components m; and ma, as illustrated in Fig. 3.2.2.
The quantization conditions ensure that neither of the vectors is aligned with the z-axis so
the projection is topologically a 2-torus, formed by rotating each of the vectors independently
about the z-axis. The 2jm-manifold can then be considered a T? bundle over T2.

The ab-state of Eq. 3.1.10 in the product Hilbert space H3; is the simultaneous eigenstate
of operators I, and J,, with eigenvalues j,. and m, for r = 1,2,3. The Lagrangian manifold
in ®3; corresponding to the 3jm-state is described as the level set,

ﬁab — ( Il ]2 ]3 le JQZ J3z

JioJ2 Jzomy oma mg)C21XZ2XZ3- (3.2.5)

Note that this level set may arise directly as the list of classical functions corresponding
to the “ab-list” of operators or as the combination of the conditions for £, and £;, as in
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Section 2.1.4. The group generating Lq; is Ga x Gp = U(1)* x U(1)? = U(1)®, which may be
interpreted as three copies of the U(1)? group generating the 1jm manifold. The functions
I, and J,, are the six components of a G4 X Gg momentum map. The topology and volume
of the a-manifold is given by

Loy ™ {Ugf} 3, Vi = ((42)2)3 — 9976, (3.2.6)

where the volume is taken with respect to the measure di; Adis Adips Adpy Adps Adgs. The
projection of L, onto the 3j-angular momentum space As; consists of a triplet of vectors in
R3 of fixed lengths j, + 1/2 and fixed z-components m,.. The quantization conditions ensure
that none of the vectors is aligned with the z-axis so the projection is topologically a 3-torus,
formed by rotating each of the vectors independently about the z-axis. The 3jm-manifold
can then be considered a T% bundle over T73.

The Wigner state of Fig. 3.1.9 is the simultaneous eigenstate of operators I, (r=1,2,3)
and Jr with eigenvalues j, and 0. The Lagrangian manifold Ly C ®3; corresponding to the
Wigner state is described as the level set,

(L I I3 Jr
Lw = ( J, Jo Js O ) C 21X22X23, (327)

where the classical function J7 is the sum of the three classical angular momenta, J;+Jo+J3.

The Wigner manifold is generated by the group Gy = U(1)? x SU(2), where each of the
I, generates a U(1) rotation and Jr generates a diagonal SU(2) rotation on all three spinors.
If we denote coordinates on U(1)3 x SU(2) by (1,%3,13,g), where g € SU(2) and where
the three angles are the 47-periodic evolution variables conjugate to (I3, s, I3), respectively,
then the isotropy subgroup is generated by a single element, (27, 27, 2w, —1). Therefore, the
Wigner manifold has the topology and volume

U(1)? x SU(2)

'CW = Z2 ;

1
Viv = 5(47r)3(167r2) =297 (3.2.8)

where the volume is taken with respect to the Haar measure on the group U(1)® x SU(2)
and the 1/2 compensates for the 2-element isotropy subgroup. Explicitly, the Haar measure
on Gy may be written di; A diy A dips A dac Asin BdS A dry, where «, 3, and 7 are the SU(2)
Euler angles.

The projection of Ly onto Az; consists of the set of three vectors J,. in R? of fixed lengths
Jr+1/2 such that the vectors sum to zero. This allows the three angular momentum vectors
to fit together into a triangle as in Fig. 3.2.3. We choose to place the three vectors end-to-
end in the order (Jy,Jo,J3). This choice of ordering fixes the orientation of the area vector
A = (J; x J2)/2 and the unit vector n = A/|A| normal to the triangle. Note that even
though we have asymmetrically chosen two of the three vectors making up the triangle, the
condition J7 = 0 allows any pair to define A, up to an overall sign. The area of the triangle
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J3
Jo

Ji

Figure 3.2.3: A point on the Wigner manifold Ly projected onto a triplet of vectors in R? of
fixed lengths |J,.| = J, (r = 1,2, 3). The three vectors satisfy the condition J; +Jy+J35 =10
and can therefore be arranged into a closed chain to form a triangle.

is a fixed value based on the three parameters 7, and can be written in a symmetric fashion
using Heron’s formula,

|A| = Z—l\/]123(]123 — 271) (J12s — 272) (Jr2s — 2J3), (3.2.9)

where jio3 = ji + jo + j3. The set of orientations SO(3) of A parametrizes the projection of
Ly onto Az; and thus the Wigner manifold may be seen as a 7% bundle over SO(3).
Finally we turn to the S-state of Eq. 3.1.11. We first provide a direct analysis of L3
based on the S-list of operators in Eq. 3.1.11. In Section 3.2.3 we demonstrate how the
transport procedure of Sections 2.2.2 and 2.4.5 reproduces these results. The [-state is the
simultaneous eigenstate of operators L, I,, 32 15, and — —J19, with eigenvalues j;, j3(js+1), and
mg, respectively. The Lagrangian manifold in ®,; corresponding to this state is described as

the level set,
(L L Iy, —Ja.
Lz = ( LoJ JE o ma . (3.2.10)

As discussed in Section C.3, the Weyl symbol for operator J2, is J2, — 3/4 [1]. Since the
eigenvalue of J%, on | ) is j3(js+1), the classical contour value for J2, may naively be expected
to be j3(js+1)+3/4 = (j3+1/2)*+1/2. However, the appropriate quantized contour value
is in fact just J2, where .J5 = js + 1/2. This mismatch in contour values occurs because J2,
is a quartic polynomial in the fundamental ’s and p’s defining the Schwinger Hilbert space
and so the Weyl quantization is not exact. This is in contrast to all of the other operators
considered so far, which are quadratic in the fundamental operators. However, the error is of
relative order /% (or 1/5%), which is the expected error for the semiclassical approximations
we are performing. As we will see in Section 3.2.3, this contour value is naturally reproduced
by the transport of £, through Ly .

The B-manifold is generated by a Gz = U(1)* symmetry group whose momentum map
components are (I, I, J? 19, —J12.). Components I; and I, generate phase rotations of z; and
29, J2, generates a U(1) subgroup of the diagonal SU(2) group consisting of rotations about
the axis Jyo and Jio, generates a U(1) subgroup of the diagonal SU(2) group consisting of
rotations about the z-axis. Let coordinates on U(1)* be (11,19, 012, ¢12), where the angles are
the 4m-periodic evolution variables corresponding to the four momentum map components.
The isotropy subgroup is generically generated by two elements, say, © = (27, 27, 27, 0) and
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Jio

—

Figure 3.2.4: A point on the “coupled” manifold £z projected onto a pair of vectors in R?
of fixed lengths |J;| = J; and |J| = Jo arranged into a chain. The length of the sum of
the two vectors is constrained to be |J; + Jo| = J3. A triangle is formed by including vector
Jio = J; + J5 in the diagram.

Li/ig;igiizn Space Topology Volume
Ly X3 U(1)?/Zs 2372
Ly X3 U(1)?/Zy 2372
La s [U(1)?/2,) 2970
Lw oy | (UPxSU@)/Z, | 2°°
L, Dy; [U(1)%/25] 2 64
Ls Dy U(1)*/(Zy)? 2674

Table 3.3: Lagrangian manifolds in the remodeling geometry for the 3j-symbol.

y = (2, 27,0, 27). This isotropy subgroup becomes larger if either I; = 0, I = 0, |J12| =0,
or if Jy5 is parallel to the z-axis. The quantization conditions rule out all of these conditions
except the possibility that J;5 = 0. Such a situation arises in the analysis of the 2j-symbol
of Eq. 3.1.29. We proceed explicitly ruling out this situation. We may therefore conclude
that the isotropy subgroup is the 4-element group (Z,)? and the coupled manifold has the
topology and volume

U(1)* 1
L = #, Vs = —(4m)* = 2°74, (3.2.11)
where the volume is taken with respect to the Haar measure diy; A dis A df1o A dgp1o and the
1/4 compensates for the 4-element isotropy subgroup.

The projection of L3 onto Ay; consists of the set of two vectors J; and J in R? of fixed
lengths such that the vector sum J;5 has length J5 and z-component —mg as in Fig. 3.2.4.
For future use we may again define the vector A = (J; x J3)/2 for points on £z which is
the area vector for the oriented triangle formed by the triplet of vectors (Jy, Jo, —J12). The
projection is topologically a 2-torus, formed by simultaneously rotating the pair of vector
about the z-axis and then about the axis defined by Ji5. The f-manifold is then seen as a
T? bundle over T72.

A summary of the topologies and volumes of the Lagrangian manifolds in the 3j-remodel-
ing geometry is given in Table 3.3.
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3.2.3 The Transport of £, Through Ly

Now we show how the transport procedure of Section 2.2.2 applies to the 3j-remodeling
geometry to produce Lgz. We start with £, as described by Eq. 3.2.2. Step one of the
transport procedure is to form the manifold £; using the dual map. Since the source space
is X, the appropriate map from the source space to the dual source space is G5 ! as shown
in Figure 3.2.1. The dual b-manifold obeys the same level set conditions as L;, with the
functions interpreted as functions on the dual source space. Therefore,

o I3 J3z
L; = ( Py ) C 5 (3.2.12)

This is a Lagrangian manifold of X3 and has dim £; = dim X3/2 = 2. Alternatively,
Eq. 3.2.12 contains two independent conditions on a four-dimensional space and so spec-
ifies a two-dimensional manifold.

The next step of the transport procedure, Eq. 2.2.9, is to take the inverse image of L;
under the projection map w3 : ®3; — X3,

-1 [3 JSz
U (£b> = < ,]3 M ) C (I)gj. (3213)
As discussed in Section 2.2.2; the inverse image obeys the same level set conditions as Lj,
but in a larger space. This manifold is the Cartesian product ®9; x L. Once again the level
set conditions represent two independent conditions and thus 73 *(L;) has co-dimension 2.
Since the product space is 12-dimensional, dim 73 *(L;) = 10.

Next we form the intersection manifold Z between the inverse image and the Wigner map,
as in Eq. 2.2.10. This may be expressed as the combination of the level set conditions in
Eq. 3.2.13 for 73 '(£;) and in Eq. 3.2.7 for L. This amounts to eight conditions. However,
these conditions are not all independent, as can be seen by the fact that I3 occurs in both
sets of conditions. This is because the Wigner state and b-state share a non-trivial common
symmetry group and thus the analysis of Section 2.2.4 must be used. In particular, the
Hamiltonian vector Xy, is in both the tangent plane to £, and in the tangent plane to
the G group orbits at points on Z. The intersection of these tangent planes is only one-
dimensional (s = 1 in the notation of Section 2.2.4) since the group orbits of G are only
two-dimensional and the flow under J3, takes one off Ly,. Therefore the common symmetry
group H is the group U(1) generated by I3. The intersection manifold is thus written as the
simultaneous level set of ni + 2ny — s = 7 independent functions,

(L L Iy Jr Js .
I_(J1 Ty Js 0 ms C P3;. (3.2.14)

Since dim ®3; = 12, the intersection manifold is five-dimensional, one greater dimension
than generically expected.

The last step Eq. 2.2.13 in the transport procedure is the projection of Z onto the target
space. Note that the U(1) orbits of the common symmetry group are purely vertical over
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Manifold | Space Momentum Map Co-Dimension | Dimension
Components
Ly 23 —1I3,—J3, 2
L; X3 13, J3, 2 2
W;lﬁg (I>3j ,[3, ng 2 10
EM (I)3j 117127.[37.]7“ 6
z O3 I, 15, Is,Jp, Js, 7 )
Tw (Ly) Dy, I, 15,32, —Jia. 4 4

Table 3.4: Manifolds, spaces, and momentum maps involved in the construction of the
transport Ty (Lp).

®,y; and thus the projection will eliminate one dimension from the intersection manifold.
We construct the projected manifold by looking at how the seven level set conditions in
Eq. 3.2.14 combine to form four level set conditions on ®,;. Conditions I} = J; and I, = J,
only depend on target-space variables and thus are still valid for the projected manifold. As
discussed in Section 3.2.4, conditions Jp = 0 and I3 = J3 combine to form the condition
J?, = JZ on the projection. Finally, z-component of the condition Jr = 0 may be re-
expressed as Jyo, = —J3, thus the condition J3, = mg3 becomes the target-space condition
J12. = —ms. Thus we have four independent conditions for a four-dimensional manifold in
®,; and we may conclude that the transported manifold is

(L I I}y
TW('Cb)_(JI J2 Jg? —ms :

These are the same level set conditions as in Eq. 3.2.10 for £z and thus we see that the
transported manifold is the S-manifold as promised.

Table 3.4 lists the manifolds, spaces, and momentum maps involved in the transport of
Eb by ,CW

(3.2.15)

3.2.4 The Core Geometry

Next we study the core geometry associated with the Wigner manifold Ly as described in
Section 2.4.4. As discussed in Section 3.1.5, the D-list of operators defining (ker W), as a
subspace of &3 is the single operator ng , with (ker W) 1 the j3 eigenspace. This operator
generates a Gy, = U(1) Lie group. The co-isotropic manifold in X corresponding to this
subspace is the level set

(ker W), = ( :2 ) C X3, (3.2.16)

where J3 = j3 + 1/2 as usual and the momentum map —I3 is used so that the symplectic
flow under —I5 on X5 maps to the symplectic flow of I3 on X3 under the dual map. This
level set is a 3-sphere S® C C?. The projection of the level set onto angular momentum
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space R3 is the set of all vectors —J3 of fixed length Js and is thus a 2-sphere. The level
set itself may then be interpreted as an S bundle over S?, with the fibers being Gy, group
orbits. Note that since Gy is an abelian group the group orbits lie entirely in the level
set. This foliation of S? into S group orbits is the Hopf fibration [65]. The phase space
., associated with (ker W) 1 treated as a Hilbert space is the symplectic reduction of Xy
by Gier- The reduced space ., = X5 //(I] = J3) is precisely the 2-sphere of radius J3 in
angular momentum space, which is a symplectic leaf of angular momentum space, a Poisson
manifold. The projection map for the reduction is the Hopf map : S? — 52, as discussed
in Aquilanti et al [1]. The symplectic form on @y, is wye, = —J3d€2, where df2 is the solid
angle element. This may also be expressed as —dJs, A d¢sz, where ¢3 is defined to be the
azimuthal angle with respect to the z-axis in angular momentum space.

The C-list of operators deﬁnlng img W asa subspace of Hy; are the three mutually com-
muting operators Il, 12, and le, with img W the simultaneous (71,72, J3(j3 + 1))-eigenspace
of these operators. These operators are the generators of a Ging = U(1)? Lie group. The
co-isotropic manifold in X3 corresponding to this subspace is the level set

mg W — (12 T cpux (3.2.17)
& B Jy J2 L -
As discussed earlier, the contour value J3 for J%, ultimately derives from the Weyl symbol
correspondence and the quantization condition for Lagrangian manifold £5. We now demon-
strate a more geometric determination of this value. First consider the Wigner manifold as
described by Eq. 3.2.7. The condition J;y = 0 for points on Ly may be re-expressed as

J12 = —J3 which 1mphes
Jh(2) =J33(2) = 13(2) = J2, Vz€Ly, (3.2.18)

where the identity in Eq. A.2.3 is used in the second equality. The projection m5(Ly ) of
the Wigner manifold onto the target space will therefore lie in the level set J%, = JZ2 and
thus the appropriate contour value for J%, in Eqgs. 3.2.10 and 3.2.17 is indeed J3.

The projection of the co-isotropic manifold in Eq. 3.2.17 onto the 2j-angular momentum
space Ag; = (R*)? is the pair of vectors J; and Jy such that J; and J, have fixed lengths
J1 and J, and the vector sum J; + Jo has fixed length J3;. This projection generated by
simultaneous SO(3) rotations of vectors J; and Jy and is thus topologically SO(3) (as
long as J; and Js are not collinear, in which case the triangle formed by J;, Jo, and -J15
has zero area). Thus the level set is a 7% bundle over SO(3) with the fibers being group
orbits generated by I; and I. This SO(3) manifold is the level set (J%,)7*(J3) in the
symplectic leaf S? x S? of Ay;, which is the symplectic reduction of ®5; under the U(1)?
subgroup of Ging generated by I; and I,. The symplectic form on this reduced space is
Wi, = dJiz AN ¢1 + dJa, A ¢2. The reduced phase space Py, is formed by the symplectic
reduction of S? x S? by the remaining U(1) group generated by J%,. This group generates
SO(2) rotations about the Jjs-axis which foliate SO(3). This forms another Hopf fibration
and the projection map of the final symplectic reduction is the Hopf map 7 : SO(3) — S2.
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Thus the reduced space ®in, is a two-sphere. This is what was expected since Himg is
isomorphic to Hyer and therefore ®;,,, should be topologically identical to ®y.,. Note that
the function Jq5 is invariant under these SO(2) rotations and thus may be projected down
to Pime. Points on @, give the orientation of the vector Ji5 and the symplectic form may
be expressed as wimg = dJi2. A ddr2, where Jio, = Ji, + Jo. and ¢y is defined to be the
azimuthal angle of J;5 with respect to the z-axis.

The product Hilbert space subspace (img W) ® (ker W)j is the simultaneous eigenspace
of the combined list of operators fl, fQ, 3%2, and fg at eigenvalues (Ji, Jo, J3, J3). These
operators generate a Lie algebra for the group Gimg X Gier = U(1)*. Following Eq. 2.4.19,
the co-isotropic manifold L., C ®3; corresponding to this subspace is the level set

L L Iy Ji

(img W) ® (ker W) = < Ty Jy T2

) C 21><22XE3. (3219)

The projection of L,, onto the 3j-angular momentum space Az; = (R*)® is the triplet of
vectors Ji, Jo, and J3 with fixed lengths J;i, Jo, and J3 such that the vector sum J; + J»
also has fixed length J3. Symplectic reduction by I, I, and J%, only affects the target
space component of ®3; and symplectic reduction by I3 only affects the dual source space
component so the reduced product phase space is ®,, = Pimg X ®y,,.. This is the manifold
S? x S? with symplectic form wyp = dJ12; Nddia + dJs, N\ dgs.

3.2.5 The Core Symplectomorphism

Now we turn to the core symplectomorphism M : &y, — @iy, Where Py, = (52, —dJs, N\
dps) and Pye = (S?,dJ12. A dgr2) as in Section 3.2.4. First consider the projection of
the Wigner manifold Ly onto the reduced product space ®,,. By construction of the core
geometry the Wigner manifold is a submanifold of the level set L,, defined in Eq. 3.2.19
and projects onto a Lagrangian manifold £, in ®,,. Since target and dual source space
functions Jy5 and J3 are invariant under the reduction group U(1)* of the reduction they
may be considered functions on the reduced space as well and the reduced Wigner manifold
may be expressed as the level set

L = ( JOT ) C Dy = Dy X D, (3.2.20)

where J7 is interpreted as the sum Ji5 + J3 on the reduced space. This is three conditions
on a four-dimensional phase space but only two of these conditions are independent. In
particular, the two vectors Ji5 and J3 are already constrained to have the same length by
the reduction so Jr = 0 really just constrains the unit vectors ji» and js to be equal and
opposite, which amounts to two conditions.

Another interpretation is to consider Jr as the momentum map for a SO(3) group on
®,,. The two S? components of ®,, may be interpreted as giving the orientation of vectors
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J12 and J3 and so the isotropy subgroup of SO(3) is the rotations that leave these orienta-
tions unchanged. At every point on the level set £, there is an SO(2) isotropy subgroup,
consisting of rotations about the axis defined by Ji5 or J3. Thus the SO(3) group orbit in
®,, is only 2-dimensional. The topology of L is given by the quotient SO(3)/SO(2) which
is another occurrence of the Hopf map. Thus £, has the topology of a two-sphere on the
reduced product space. This is exactly what we would expect since we now wish to interpret
L as the graph of a symplectomorphism : S? — S? and thus must have the same topology
as the reduced source and reduced target space.

Next we show that £# is indeed the graph of the symplectomorphism associated with the
core isomorphism for the Wigner map. As discussed in Section 3.1.5, the core isomorphism

. . . . .. . —1 ., *
for the Wigner map is proportional to the inverse of the 2j-intertwiner K, ° : C;, — Cj,,

where the domain C is (ker W) 1 and the range Cj, is img W, the js-irrep carrier space in
the decomposition of Eq. 3.1.21. The proportionality 1/(2j3+1) in Eq. 3.1.28 will only affect
the overall scale of the density on the manifold that supports the semi-classical approximation
of W so the core symplectomorphism for W is the classical map associated with the isometry
K ;1. The classical phase space associated with the carrier space for representation j is an
S? of radius j + 1/2 which is constructed via symplectic reduction by I = j + 1/2 from the
Schwinger phase space. The source and target phase spaces for the semiclassical version of
K j’31 are thus both two-spheres of radius js + 1/2 and have symplectic forms —dJs, A dos
and +dJs, A d¢s, respectively. These are exactly the reduced source and target spaces that
occur in the core geometry, with Jio, and ¢ taking the role of the target space coordinates
Js3. and ¢3. We use the subscript ‘12’ in the following to distinguish the target carrier space
from the source carrier space. Since K s !is an SU(2) intertwiner, it may be treated as an
SU(2)-invariant element of the product Hilbert space C;,, ® Cj,. The Lagrangian manifold
supporting the semiclassical approximation to this vector is thus invariant under the group
SU(2) and must obey the level set condition J12+J3 = 0. This is exactly the condition given
for L& in Eq. 3.2.20 and therefore the reduced Wigner manifold is the manifold supporting
the semiclassical approximation of the core isomorphism, as expected.

Asin Eq. 3.1.35, the operator K s ! may be expressed in terms of the time reversal operator

as © o G, where G! : C;, — Cj; is the dual map. The core symplectomorphism M may
therefore be expressed as the composition of the classical time reversal map 6 : C;, — C;, with
the classical dual metric map G~! : ngl — Cj,. Consider first the action of time reversal and
the dual metric on the full Schwinger space. As in Eq. A.2.7, the classical metric and dual
metric leave coordinates z and z unchanged, with the antisymplectic nature of the metric
coming solely from the change in sign of the symplectic form. The classical time reversal
map is 0 : z +— exp(—ioym/2)Z [1]. This has the effect of mapping J into —J, which is what
is expected of a time reversal map. Therefore, the classical version of K s ' maps J3 into —J3
and the core symplectomorphism is

M S* 5 5% Iy =T, (3.2.21)

where both spheres are interpreted as the symplectic leaves of radius j3 + 1/2 in some
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angular momentum space R? and the star indicates that the source space carries the opposite
symplectic form. The graph of this map is the manifold satisfying J;5 — M(J3) = 0 on &,
which is again identical to the condition Jq5 + J3 = 0 given in Eq. 3.2.20.

Let canonical coordinates on the reduced target space be ¢ and Jio,. The functions
M and M from Eqs. 2.4.22 and 2.4.23 are then

M=o — (¢s+m), MI = Jip. + Js.. (3.2.22)

Note that {Mf, Mf} = {12, J12.} — {¢3, 3.} =1 —1 =0 as expected. In terms of these
functions the reduced Wigner manifold is expressed as

R /R _
R _ ( ]\40(1 ]\f)p ) _ < ¢12_7r¢3 J12z8—<]3z > C Oyp. (3.2.23)

The functions on M, f and Mf on the reduced space are easily lifted to the full ®3; phase
space in a way consistent with Section 2.4.5. The coordinates involved are all well-defined
on the full 3j-angular momentum space, with Ji5, and J;, the z-components of J; + J,
and J3 and ¢15 and ¢3 the azimuthal angles of J; + J, and J3 with respect to the z-axis.
Angular momentum space As; is the Poisson reduction of ®3;, so these functions are lifted
into the full 3j-Schwinger phase space by requiring that they are constant on the U(1)?
orbits generated by I, I, and I3 that define the reduction. In particular, this lift leaves
the functions (Gyer X Gimg)-invariant. In terms of the lifted functions M, = ¢12 — ¢35 and
M, = Ji2; + J3. = Jr, Eq. 3.2.7 is rewritten in the form Eq. 2.4.30 as

(L L 3, Iz ¢o—dbs Jre
EW_<J1 By J2 Jy  —m 0 )G XX (3.2.24)

with the first three columns acting as the C-list, the fourth column acting as the D-list, and
the last two columns the lifted version of the core symplectomorphism graph conditions.
Now we show how the momentum map conditions Eq. 3.2.2 for £, are transported via
the core symplectomorphism Eq. 3.2.21 to the momentum map conditions Eq. 3.2.10 for Lg.
Note that Eq. 3.2.2 is already in the form Eq. 2.4.25, with D = —/3 (as in Eq. 3.2.16) and
B’ = —J;,. The transported function 5 on the reduced target space ®j,, is the pullback of
the reduced B-list (which will be the single function —.J5.) under the core symplectomorphism
as in Eq. 2.4.28. Therefore 5/ = Jio., which may be interpreted as a function on just the
reduced target space or on the full target space ®,;. Thus the 8 manifold expressed in the

form of Eq. 2.4.31 is
(L I I T
ﬁﬁ - ( Jl J2 J32 —ms ) (3225)

which is exactly the expected result as described in Eqgs. 3.2.10 and 3.2.15.
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3.3 Analysis of the Inner Product Models

Now that the remodeling geometry has been determined we turn our attention to the various
aspects of the semiclassical approximations to the 2j- and 3j-models of the 3j-symbol. As
mentioned in the introduction these approximations have been studied extensively [27, 38,

, A0, 41, 42, 44] ) so the main focus of the rest of this chapter is comparing the calculations
for the two models to demonstrate the results claimed in Chapter 2.

In this section we determine the various pieces of the stationary phase approximation for
the 3j-symbol in the 37-model and the 2j-model. In Section 3.3.1 the stationary phase sets
for the 3j- and 2j5-models of the 3j-symbol are determined and we show that the stationary
phase set in the target-space model is indeed the projection of the stationary phase set in the
product space model. Then in Section 3.3.2 the amplitude determinants in the two models
are computed and compared. In Section 3.3.3 we review the calculation of the action integral
piece of the phase in the 37-model and in Section 3.3.4 with a calculation of the Maslov index
and signature index pieces of the phase in the 2j-model. Combining these results yields the
standard formula for the asymptotics of the 3j-symbol.

3.3.1 Stationary Phase Sets

Now we construct the stationary phase sets for the 3j- and 2j-models of the 3j-symbol and
show that, as discussed in Section 2.5.1, the 2j-stationary phase set I?) is the projection
of the 3j-stationary phase set G under m5. We fix the values J, > 0 and treat all
other variables as continuous. We also assume that the parameters are in the classically
allowed region so that at least one real intersection point exists. This implies the constraint
my + my + mg = 0 and restricts (Jq, Jo, J3) to triangle-allowed triplets.

As in Eq. 2.5.1 the stationary phase set for the 3j-model is the intersection 37 =
LN Ly . The intersection will be comprised of group orbits of the common symmetry group
shared by the U(1)% group that generates L, and the U(1)? x SU(2) group that generates
Lyy. Comparing the lists in Eqs. 3.2.5 and 3.2.7 shows that the momentum map components
Iy, I, I3, and Jr, occur as generators in both groups. In particular, the Hamiltonian vector
field X;,. = X . + X,. + X, is tangent to both £, and Ly. Thus the stationary phase
set is generated by the common symmetry group Hj; = U(1)* and is the simultaneous level

set
‘ L Iy Is Jr, Jon Jso Jrn J
(39 — 1 Ao Az Jrz J2r I3z Jra J1y |

! < J Jo J3 0 mg mg 0 0 ) C g, (3.3.1)

where the four common symmetry group momentum map components are listed first and
all eight conditions are independent so dim I*) = 12 — 8 = 4. Note that the condition
J1. = my is implied by the three conditions Jr, = 0, Jy, = ms, J3, = mg, and the initial
constraint m; +mq+mg = 0. Since U(1)* is Abelian every point of the dual Lie algebra u(1)
is a fixed point of the co-adjoint action and thus the level set L; defined by I, = J,., Jr. =0
is a co-isotropic submanifold of ®3;. This level set includes not only the intersections I (34)
but the full Lagrangian manifolds L., and Lyy.
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Since both manifolds are invariant under the group orbits defining the Poisson reduction
onto angular momentum space, the stationary phase set may be interpreted as a U(1)3
bundle over the intersection of the projections of the product and Wigner manifolds in Asg;.
Following Section 3.2.2, the intersection in angular momentum space consists of all triplets
of vectors (Jy,Jo,J3) of fixed lengths (Ji, Jo, J3) such that J., = m, and Jr = 0. Rotation
of all three vectors about the z-axis leaves all nine of these conditions invariant and so the
intersection will be foliated by SO(2) group orbits. The full intersection manifold in angular
momentum space is one-dimensional and consists of two disconnected group orbits [11]. For
example, we may use a rotation generated by Jr, to orient the vector Jz in the zz-plane
with Js, > 0, in which case reflection through the zz-plane maps one intersection point into
another. This operation reverses parity and so the two points lie on different SO(2) group
orbits. Label the two group orbits comprising the intersection in angular momentum space
SL, where the subscript indicates the sign of .J;, when J3 lies in the zz-plane with J3, > 0.
Each of the SO(2) orbits in As; lifts to a U(1)® bundle over S* in ®3;. Let Z label the two
disconnected pieces of the intersection manifold so 13 is the disjoint union ]f’j "UI®) | Let
(11, 12,13, ¢7) be the 4m-periodic coordinates on the common symmetry group Hs;. The
isotropy subgroup on 137 consists of only one nontrivial element, (27, 27, 27, 27). Therefore
each of the two connected pieces of the intersection manifold have the properties

4

169 = YTy Ly ors (3.3.2)
ZQ 2

where the volume is taken with respect to the Haar measure on the group, dy Adis AdypsAdor

and the 1/2 compensates for the 2-element isotropy subgroup.

Next we turn our attention to the 2j-model. As in Eq. 2.5.1 the stationary phase set
for the 2j-model is the intersection %) = £, N Lz and will be comprised of group orbits
of the common symmetry group shared by the two U(1)* groups that generate £, and Lg.
The common symmetry group in this case is Hy; = U(1)3, where the U(1)? subgroup of G4
and G is generated by the momentum map components Iy, I, and Ji2,. The 25 stationary
phase set is thus the simultaneous level set

: L, Iy J gy, J?
A e R I ek Y 3.3.3
( Jl J2 —Tms Mo Jg 27 ( )

where the three common symmetry group momentum map components are listed first and
all five conditions are independent so dim [ (3) = 8—5 = 3. Again the conditions Jy5, = —mg
and Jy, = my combined with the initial constraint m; + mq + mz = 0 imply the condition
Ji. = my. The Abelian nature of Hj; means that the level set L; defined by I, = Ji,
I, = Jy, and Jia, = 0 is a co-isotropic submanifold of ®,;. This level set includes not only
the stationary phase set 1)) but the full Lagrangian manifolds £, and L.

The topology of I is determined by looking at the projection onto the 2j-angular
momentum space Ay;. Since both manifolds are invariant under the group orbits defining the
Poisson reduction, the stationary phase set is a U(1)? bundle over the intersection manifold
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in angular momentum space. The intersection in angular momentum space consists of all
pairs of vectors (J, Jz) of fixed lengths (J;, J3) such that Ji, = my, Jo, = my, and J3, = J2.
As in the 3j-model, these conditions are all invariant under the SO(2) group or rotations
about the z-axis so the projection of %) will be foliated into SO(2) group orbits. Again the
intersection is comprised of two disconnected group orbits, which can be seen by using this
U(1) freedom to fix the vector Jy2 in the xz-plane with Jjo, > 0 and then reflecting through
the xz-plane, which maps from one group orbit to a different group orbit. Let the two circles
of intersection in angular momentum space be labeled SL as in the 3j-model. Each circle

lifts to a U(1)? bundle over U(1). Let 1) Jabel the two intersection manifolds in Dy s0 139

is the disjoint union L(fj VUT®) Let (Y1, 12, ¢12) parameterize Hyj;, with ¢y parametrizing
group flows under the U(1) subgroup generated by Jia.. The isotropy subgroup consists of
only one nontrivial element, (27, 27, 27), and thus the connected pieces of the intersection
manifold have the properties

3
1) = &, v = Ligrys = o, (3.3.4)
ZQ 2
where the volume is taken with respect to the Haar measure on the group, diy A ds A dgqo
and the 1/2 compensates for the 2-element isotropy subgroup.

Finally, consider the projection of I1*9) onto the target space. The equality of the pro-
jection of the product space stationary phase set and the target space stationary phase set
was proved in Section 2.5.1 so we just demonstrate here that (7 (3j)) satisfies the same
level set conditions as 1)) to support the equality. As shown in Section 3.2.3 the conditions
Jr =0and I = J3 on I®) imply the condition J2, = J2. Similarly, the conditions Jz, = 0
and Js3, = mg imply Jio, = —mg. Therefore the eight conditions in Eq. 3.3.1 imply five
independent conditions on target space variables, with Iy, I5, and Js, already expressed only
in terms of the target space. The projection therefore satisfies

; L I, Jo, J2, J
](3]) 1 2 2z 12 12z (I) ) 3.
(1) Ji Sy my JP —my ~ %2 (3:3.5)
which is exactly the same conditions as in Eq. 3.3.3.
With the intersections understood the results from Section 2.1.5 for the stationary phase
approximations for the 3j- and 2j-models can be set up. The semiclassical approximation
of the 3j-model is given by the product space stationary phase expression Eq. 2.1.41,

(27TZ (n1+n2 s12)/ Z
V'V Viv

In the 3j-model the phase space contains n1+ny = 6 degrees of freedom and the common sym-
metry group is sj9 = 4-dimensional. Plugging in the volumes determined in Eqgs. 3.2.6, 3.2.8,
and 3.3.2 simplifies Eq. 3.3.6 to

337

o 1/2
Qiﬂ‘ et (3.3.6)

(ab| W) ~

337

2
et (3.3.7)

QJ
e



CHAPTER 3. MODELS OF THE 3J-SYMBOL 95

where a prefactor of ¢ has been left out of the above expression because we are unconcerned
with the overall phase of the answer, which depends on various phase conventions of the
states and manifolds. Similarly, the semiclassical approximation of the 2j-model is given by
the target space stationary phase expression Eq. 2.1.38,

i) (mi—s1)/2 .
(alg) ~ 2T Y v eiv¥ (3.3.8)

v VaV3 T

The target space contains ny; = 4 degrees of freedom and the common symmetry group is
s1 = 3-dimensional. Plugging in the volumes determined in Eqgs. 3.2.4, 3.2.11, and 3.3.4
simplifies Eq. 3.3.8 to

~2j
O

1/2 2

¥ (3.3.9)

1 ~
Q J

v

where again an overall phase factor of v/i has been left out of the above expression.

3.3.2 Amplitude Determinants

The amplitude of the 3j-symbol in the 3j-model is found by taking the determinant of the
appropriate matrix of Poisson brackets. Since the two manifolds L3;,,, and Ly share a com-
mon symmetry group, the matrix of brackets of the defining momentum map components is
singular. This is dealt with as in Aquilanti et al [14] and Section 2.3.4 by first performing a
symplectic reduction by the momentum map of the common symmetry group and then find-
ing the amplitude determinant in the reduced space. In practice this just involves removing
the shared momentum map components from L, and Ly and taking the determinant of
the matrix of Poisson brackets among the remaining momentum map components.

As discussed in the previous section, the common symmetry group in the 3j-model is
H;; = U(1)* whose momentum map contains the four shared components I, I, I3, and
Jr.. Points on the reduced 3jm-phase space <I)3Rj represent equivalence classes of the level
set L; where two points are said to be equivalent on L; if they are connected by a group
flow of the common U(1)* symmetry. The level set is a co-dimension four manifold of ®3;
and the group orbits are generically four-dimensional tori. Thus the reduced phase space has
dimension dim (I>3Rj = dim ®3; — 8 = 4, which is a phase space with two degrees of freedom.
The amplitude determinant thus is reduced from a singular 6 x 6 matrix to a non-singular
2 X 2 matrix.

Let <I>§j be the symplectic reduction of ®3; by the intersection group Hs;. The reduction is
performed in two steps, a reduction by the U(1)? group generated by the three I, at contour
values J, followed by a reduction by the diagonal U(1) group generated by Jr, at contour
value 0. As discussed in Section 3.2.4 the reduction by U(1)? yields the reduced phase space
(S%x S?x 52,3 dJ..,Ad,), where the r-th sphere has radius j,+1/2 and ¢, is the azimuthal
angle with respect to the z-axis. This reduced space can also be interpreted as a symplectic
leaf of the Poisson reduction onto the 3j-angular momentum space Ag;. Restricting to the
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symplectic leaf given by the level set I, = 7, + 1/2 is equivalent to individually fixing the
lengths of the three vectors. Under this reduction the ab-manifold reduces to a three-torus
T3 given by the level set J,, = m, and the Wigner manifold reduces to the level set J; = 0,
which is isomorphic to the manifold of triangle-orientations SO(3). The intersection of these
two manifolds in this reduced space is a pair of circles generated by the U(1) action of Jr..
A canonical transformation may be performed to express the symplectic form after the
first stage of this reduction as dJ;, A dqblg +dJy, N dgbgg + dJp, N\ dps, where gbrg = ¢, — ¢3.
In these coordinates the group orbits of the rotations generated by Jr, are parameterized by
¢3 and the other five coordinates are invariant. The level set Jp, = 0 is a four-dimensional
region foliated by these group orbits. Even though we will not determine the topology of
the reduced space we can give the reduced symplectic form, w3j dJi, N gblg +dJy, A ¢23
In <I>§j the reduced ab- and Wigner manifolds are the level sets

Lk = ( Nz s ) . Li = ( ng ng ) : (3.3.10)

myi Mo
The reduced 3j-model amplitude determinant is thus given by the determinant of the 2 x 2-

matrix of Poisson brackets ; Vg }
‘]127 JT:(: le, JTy
. 3.3.11

[ {J227JT:¢} {Jzz,JTy} } ( )

Evaluating the Poisson brackets at the two intersection points yields the determinant for the
two terms in the WKB expansion,

J J - 1
37 ly Yz X -1
QY = (det [ J2y —ng :|)i = [Z (Jl X ']2)]:& = 5 Zli, (3312)

where A, is the z-component of the area vector A defined in Section 3.2.2. Note that this
expression is invariant under the common symmetry group Hs; and thus may be evaluated

in the unreduced product space ®3; at any point on the group orbits Ii Similarly, given

the point on L(r

with J3 oriented in the xz-plane, reflection through the xz-plane generates
a point on [ G9) This reflection leaves the z-component of A invariant and thus Q?f =Y =

(2A,)~! and expression 3.3.7 becomes

e | (3.3.13)

1
2\/2m|A,| ;

Removing a common phase of exp(i(¢? 4 ¢*)/2) lets the sum over phase factors be re-
expressed as a cosine so the semi-classical approximation of the 3j-symbol in the 3j-model
becomes, up to an overall phase,

cos(Ap® /2)

V2 |AL

(ab|W) ~ (3.3.14)
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where Ay is the relative phase between points on [f’j ) and 19,

Now we turn to the evaluation of the amplitude determinant in the 2j-model. The two
manifolds £, and Lz in the target space share a common symmetry group Hsy; = U(1)?
that generates the intersection 1®). Let ®% be the symplectic reduction of ®y; by Hy;. The
momentum map for Hy; consists of the three components I3, I, and Ji2,. The level set of this
momentum map is a co-dimension three manifold of ®,; and the group orbits are generically
three-dimensional tori so the reduced phase space has dimension dim <I>§j = dim ®9; —6 = 2,
which is a phase space of one degree of freedom. The amplitude determinant thus is reduced
from a singular 4 x 4 matrix to a single Poisson bracket.

As in the 3j-model, the reduced space is best explored by taking the symplectic reduction
in steps, first by the U(1)? group generated by I; and I, and then by the diagonal U(1) group
generated by Jyo.. The first stage of the reduction yields the reduced space (S? x S?, d.Jy, A
do1 + dJo, A deps), where the two spheres have radii j; +1/2 and js + 1/2, respectively. This
reduced space can also be interpreted as a symplectic leaf of the Poisson reduction onto the
2j-angular momentum space Ay;. Restricting to the symplectic leaf given by the level set
I = J; and I, = J5 is equivalent to individually fixing the lengths of the pair of vectors.
Under this reduction the a-manifold reduces to a two-torus 72 satisfying J;. = m; and
Jo. = my and the S-manifold reduces to a two-torus 7% satisfying J%, = J2 and Ji5, = —ma.
The intersection of these two manifolds in this reduced space is a pair of circles generated
by the U(1) action of Jis..

A canonical transformation may be performed to express the symplectic form after the
first stage of this reduction as dJ;, A dp1z + dJias A ddy, where drg = d1 — ¢o. In these
coordinates the group orbits of the rotations generated by .Jio, are parameterized by ¢ and
the other three coordinates are invariant. The level set Ji5, = —ms3 is a two-dimensional
region foliated by these group orbits. The reduced space has the topology of a two-sphere
and carries the reduced symplectic form w2 =dJi, N\ ¢13.

In <I>§j the reduced a- and [-manifolds are the level sets

J J2
LE = 1z LE = 12 ) 3.3.15
= (o) =) S

The reduced 3j-model amplitude determinant is thus given by the Poisson bracket {.J1,, J%,}.
Expressing Ji, as J§ + J3 + 2J; - J, simplifies this bracket to 2{J,,J1} - Jo and therefore

‘ B _ 1
OF =[2zxJ1)-Jo]y = [-22- (I x D) = ———. (3.3.16)
—4A, |+

The amplitude in Eq. 3.3.16 is invariant under the common symmetry group Hs,; and thus

may be evaluated in the unreduced product space ®,; at any point on the group orbits [fj ),

Once again points on ]fj ) and 1% may be related by a reflection through a plane containing
the z-axis so A, is the same on both orbits and expression 3.3.9 becomes

cos(Ap% /2)

(3.3.17)
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where the sum of the two phase factors has been replaced by a cosine involving the relative
phase Ap? between points on L(fj ) and 1™ and an overall phase factor has been removed.

Note that, by Egs. 3.3.12 and 3.3.16, 0¥ = —2@3,3. In Section 2.4.6 we showed that these
two amplitudes will be the same when the momentum map components of the M-manifold
are expressed in terms of the core symplectomorphism functions M, and M,. Since we used
the components in Eq. 3.2.7 rather than in Eq. 3.2.24 the amplitudes differ by a factor. (Use
of the list in Eq. 3.2.24 would result in the reduced W-list of functions J%, and ¢15 — ¢3.
Brackets involving ¢15 are particularly messy to compute, unfortunately.) However, we see
that this discrepancy doesn’t affect the final equality of the overall pre-factors in Eqs. 3.3.14
and 3.3.17. This is because the choice of momentum map components M, also affects the
Hamiltonian vector fields X,. This in turn affects the dual forms A\, and ultimately the
density form oy on Ly,. Since oy, is constructed to be invariant under the group flows, the
different choice in momentum map components scales oy by a constant factor. The scaling
of oy affects the amplitude determinant, as we see here, and the expressed volume of the
manifold. In general this means that if we compute the amplitude determinant in the target
space model, we need to use the target space model volume factors in the stationary phase
approximation expressions.

3.3.3 The Action Integral

Now we turn to the calculation of the phase Ay that occurs in Eqgs. 3.3.14 and 3.3.17. As in
Eqgs. 2.5.2 and 2.5.3, the relative phase consists of an action integral, a Maslov index, and a
signature index,

Ap = 7{9 — I+ AcT (3.3.18)
. 2 1

where I' is a closed path that starts at one of the connected pieces of the stationary phase
set, traverses one Lagrangian manifold to the other connected piece, and returns along the
other Lagrangian manifold. In Section 2.5.3 we showed that the action integrals in the two
models of a remodeling geometry are equal and in Section 2.5.5 we showed that the combined
Maslov and signature index pieces in the two models of a remodeling geometry are equal.

The phase calculations in the various models of the 3j-symbol are more complicated
than similar calculations in the analysis of the 6j-symbol. Therefore we defer a comparison
of the phase calculations in different models of a remodeling geometry to the analysis of
the 67-symbol in Chapter 4. Instead we present here a summary of the path and phase
calculation that was calculated in the 3j-model in Aquilanti et al [11] and in Section 3.3.4
find the Maslov and signature index in the 2j-model. By the results of Section 2.5 we may
combine these in Eq. 3.3.18 to create the relative phase and complete the derivation of the
asymptotics of the 3j-symbol.

To compute the action integral in the 3j-model we need to construct an appropriate path
in ®3;. To help construct this path we will utilize the 3j-angular momentum space As; and
consider ®3; a U(1)* bundle over this space. For the start of the path we choose a standard
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reference point z, = (214, 224, 234) on If’j ) such that the vector J 3 in angular momentum

space lies within the xz-plane with J3, > 0,

, v/ J? —m?2cos(
cos (6, /2)e"%r /2 - Y
Zrr = /2, ( sin(6,/2)e+ /2 ) Jop = /J2—mZsin¢ |, (3.3.19)

m,

where 0, is defined such that J.cosf, = m, and J,sinf, = ++/J2 —m?2 and (, is the
azimuthal angle of J,. with respect to the z-axis. Let j3 be the unit vector for J3 at z, and

let A as the area vector for the triangle formed by the three vectors at z, as in Section 3.2.2.
(39)

In addition, consider a reference fiber in 1>’ over the reflection of J,., through the zz-plane

in angular momentum space,

/J2—m?2cos(,
J— =\ —/JZ—m?2sin¢ | . (3.3.20)

my

Let I' = I'y + I'yy + I'; be the path for the computation of the relative phase between I(f’j )

and I(,Sj), where I'yy C Ly, 'y C Loy, and I'; C If’j). The projection of I'yy onto angular
momentum space is a path that maps vectors J,. to J._ and the projection of I'y, is a path
that maps vectors J,_ back to J,.. The path I'; lies in the fiber over J,, and closes the
path.

Path T'yy is chosen to follow the Hamiltonian flow of js-Jr, which generates simultaneous
SU(2) rotations of all three angular momenta about the js-axis. The path on L, is chosen to
follow the Hamiltonian flows of J;, and Js, by angles —¢;, and —¢, which generate rotations
of vectors J; and J, about the z-axis. The path is closed by following the Hamiltonian flows
of I, by angles —1),., for r = 1,2, 3. The angles are ¢y, ¢, and 1), were computed in Aquilanti
et al citeAquilanti2007 to be

¢1 = cos ! i S = Iy = 2mamg (3.3.21)
NN
by = —cost | L IET I 2mams (3.3.22)
20/ J3 —m3/ 3 =m3 )
Yy = cos ! Ji(ms — ma) + ma(Jg — J5) (3.3.23)
4[AlJF = mi ’

with 19 and 13 found by cyclicly permuting the indices 1, 2, 3.
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The action integral for this path is evaluated using Eqs. A.4.7 and A.4.4,

3

[0 = Yol 30080 = G2 Jr) (3.3.24)
w r=1

/ 0 = —Ji b1 — Jo .tho, (3.3.25)
Cap

3
/9 = - Ly, (3.3.26)
Ly r=1

where A¢ is the total angle of evolution for the Wigner manifold. On the Wigner manifold
Jr = 0 so the action integral in Eq. 3.3.24 evaluates to zero. The remaining segments of
the path are along the 3jm-manifold L., and thus J., = m, and I, = J, = j, + 1/2 on this
path. Therefore the total action integral along the closed path I' is

f 0=—S35==Y (Jitr+mr), (3.3.27)
r '

where we define ¢3 = 0 for symmetry and ¢y, ¢o, and v, are given by Eqs. 3.3.24, 3.3.25,
and 3.3.26. This is the phase function found, for example, in Ponzano and Regge [27], and
Miller [39], among others.

3.3.4 Maslov and Signature Indices

Now we turn our attention to the Maslov and signature indices p and 0. We compute the
Maslov index in @%, the two-dimensional phase space of the symplectic reduction of the
2j-model. As determined in Section 3.3.2, coordinates on (I>§j are J1, and ¢19, where ¢15 =
¢1 — @9, the difference in the azimuthal angles of vectors J; and Js in angular momentum
space. The symplectic reduction of ®y; by I; and I, may be considered the symplectic leaf in
the 2j-angular momentum space satisfying constraints J? = J2 and J3 = J2. The reduction
by Ji2. is accomplished by restricting to the level set J;, + J5, = —mg3 and dividing by the
group orbits of Ji5.. These group orbits are simultaneous rotations of J; and J, about the
z-axis. We may therefore choose a representative point on each group orbit where the vector
sum J15 lies in the xz-plane with Jy5, > 0. Thus we may interpret the space <I>§3- as the space
of pairs of vectors J; and J5 in angular momentum space of fixed lengths J; and J5 such that
Ji2z > 0, Jigy = 0 and Ji2, = —ms, as shown in Figure 3.3.1. Given this interpretation the
projection of the stationary phase set 137} onto the reduced space are precisely the points
where vectors Ji+ and Joy agree with the vectors in Eqs. 3.3.19 and 3.3.20. Note that, in
this interpretation of @fj, the projections of ]fj) and %) satisty Ji, > 0 and Jy, < 0,
respectively.

To calculate the Maslov index we need to again construct a path in the reduced space
and choose a fixed representation to work in. The two manifolds in the reduced space are
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J.
\J1
PR _m3

Jo.

Figure 3.3.1: A point on the reduced 2j-phase space <I>2Rj interpreted as a pair of vectors in
R? of fixed lengths |J;| = J; and |J5| = J, with the tip of the vector Jy5 constrained to lie
on the dashed line (Ji2, > 0, Ji2, =0, and Ji5, = —mg).

LR and £E which were defined in Eq. 3.3.15. Let the path be I' = 'y + I',, where I'g
starts at the projection of L(?j ) and follows the flow of J 2, along Eg to the projection of @)

and [', starts at the projection of 1% and follows the flow of J1, back to the projection of

L(fj ) along LE. We choose to work in the Jj,-representation of @gj, in which case Ji, is the

configuration coordinate and — ¢, is conjugate momentum coordinate. In this representation
the symplectic potential is § = —¢2d.J;,. In terms of these coordinates the Hamiltonian JZ,
that defines Eg is

iy = JF + J5 + 2J1.Ja 4 211 o1 cos o, (3.3.28)

where Jy, = —ms3 — Jy, and J,.; = +/J? — J2.

Consider a one degree-of-freedom phase space . Let H be a Hamiltonian and let £ be
a level set of this Hamiltonian, let = define the representation, and let p be the conjugate
momentum to z. The caustics occur at points on £ where the function e = {x, H} is zero.
This condition specifies where £ becomes tangent to one of the constant-z manifolds that
defines the Lagrangian foliation for the representation. As in Esterlis et al [55], we define
f = {p, H} and express the Maslov index accumulated by a path that crosses through the
caustic point as

1
= §Asgn fe. (3.3.29)

That is, the Maslov index in one degree-of-freedom tracks how the sign of fe changes upon
passing through the caustic.

Since L is one of the manifolds in the Lagrangian foliation of the .Jj,-representation
there is no Maslov contribution from T',. In particular, z = H = J;, so e = 0 (every point
on I, is a caustic) and thus sgn fe = 0 at all points on L% so =0 for I',. For I's we still
have x = J;, but now H = J%,. Thus on the reduced S-manifold, e = {Jy,,J%,} = —4A,,
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where A, is the z-component of (J; x J3)/2. The caustics on Eg are therefore points where
A, = 0. In the interpretation of (IJ% from earlier, this is when .J;, = 0 (or, equivalently,
when Jy, = 0). Since J,; and J,_ are related by reflection through the zz-plane and the
flow of J%, leaves Jy5 invariant and in the zz-plane, I's crosses a caustic exactly once. The
entirety of the Maslov index for the 2j-model, then, occurs at the single point where the
path crosses a caustic on the fg-manifold. We defer performing a complete calculation of a
Maslov index to the analysis of the 6j-symbol in Chapter 4, which may be analyzed simply
using the method we developed in Esterlis et al [55]. Here we simply quote the result that
i = +1 for this caustic point. The determination of the Maslov correction to the phase for
the 3j-symbol was found numerically by Ponzano and Regge [27] and analytically using a
different one degree-of-freedom phase space model by Schulten and Gordon [11].

Finally, we turn our attention to the signature index. We wish to compute o(3,a) at the
two intersection points in <I>§j in the Jj,-representation. As in Cappell, Lee, and Miller [59)]
and Section C.5, we may express this signature index in terms of the Lagrangian signature,

o(8,a) = oAy, Ag, Ay), (3.3.30)

where Ag and A, are the tangent planes to £§ and LZ at the stationary phase points and
A, is the plane tangent to the Lagrangian manifold in the Lagrangian foliation that defines
the representation. Since £ is itself part of the representation-defining foliation A, and A,
are equal and, due to the antisymmetry of the Lagrangian signature, Eq. 3.3.30 evaluates to
zero at both stationary phase points.

Using the fact that the action integral piece of the phase and the Maslov and signature
index pieces of the phase in the 3j- and 2j-models are separately equal gives that the total
phase difference between the two connected pieces of the stationary phase set in the 2j-model

of the 3j-symbol is

Ap = —Ss; — g (3.3.31)
where S3; is defined by Eq. 3.3.27. Combining everything yields the well-established result
[27, 64, 44] for the asymptotics of the 3j-symbol,

< " )= (a]B) = (ab|W) ~ G/ 2L T/A) (3:3.32)

mi Mg M3 V21| A,

3.4 Summary

In this chapter we saw how the remodeling of an inner product generated two models of the
Wigner 3j-symbol. In particular the product space model was a 3j-model of three angular
momenta and the target space model was a 2j-model of two angular momenta. The 3j-model
treats all three angular momenta symmetrically. It is a model where we consider how three
angular momenta of fixed lengths and z-components couple to zero. The 27-model involves
three angular momenta as well, but two of the angular momenta are treated on a different
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footing than the third. It is a model where we consider how two angular momenta of fixed
lengths and z-components couple to create a third angular momentum of fixed length and z-
component and is closely related to the Clebsch-Gordan coefficients. We analyzed the linear
algebra and phase space geometry of the two models and saw how they were related by the
remodeling procedure developed in Chapter 2. In particular we saw how the transport of a
manifold geometrically plays out and demonstrated how the transport of a momentum map
yields the appropriate functions to describe the transported manifold. We demonstrated how
the amplitude determinant calculations play out in the two models and saw the advantages of
the target-space model in computing such determinants. Finally, we presented an overview
of the phase calculation, utilizing both models to simplify the work necessary. The action
integral was calculated in the 3j-model following Aquilanti et al [11] and the Maslov and
signature indices were computed in the reduced 2j-model.

Since the models of the 3j-symbol do not involve many degrees of freedom the advan-
tages of using an inner product remodeling are not readily apparent. In particular, the
simplification of a 2 x 2 matrix of Poisson brackets to a single Poisson bracket is not very
dramatic and the geometry involved in the phase calculation is fairly involved in both 2j-
and 3j-models. However, the 3j-symbol provided a very simple playground to demonstrate
how the remodeling procedure plays out. In practice we do not need to tediously construct
the core symplectomorphism or analyze in detail the transport of a manifold. It is enough to
know that given a remodeling geometry setup the relevant manifolds are connected in such
a manner. Thus we turn our attention in the next chapter to seeing how the remodeling
procedure does simplify calculations in the case of the 6j-symbol. In fact, most of the work
in that chapter will be in setting up the remodeling algebras and geometries. Once the
playground has been constructed the actual analysis of the asymptotics of the 67-symbol
will be straightforward. We will be able to avoid the headaches involved in the calculation
of a 9 x 9 determinant, instead calculating a single Poisson bracket. We will also be able to
take advantage of the symmetry of the product space model to simplify the calculation of
the action integral in the phase. Since we did not do so in this chapter, the action integral
calculation will be performed in both relevant models to demonstrate that they are equal.
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Chapter 4

Models of the 6;-Symbol

Now we turn to the Wigner 6j-symbol (which is related to the Racah W-coefficient by a
phase). The 6j-symbol is a central object in angular momentum theory with applications
wherever three angular momenta are coupled together, such as in molecular, atomic, and
nuclear physics. Traditionally the 6j-symbol is considered as the unitary matrix elements
involved in a change-of-basis between the various recoupling schemes of three angular mo-
menta [28]. These basis vectors involve four angular momenta (the three original angular
momenta and the coupled angular momentum) and we call such interpretations of the 6;-
symbol “4j-models.” The asymptotic (large j or small &) expression for the 6j-symbol was
first obtained by Ponzano and Regge [27], though rigorous derivations of the formula did not
come until later.

The Ponzano-Regge formula has since been derived by many different methods. Neville
[38] presented the first derivation of the asymptotic formula, using the recursion relations of
the 6j-symbol and a discrete form of WKB theory. Schulten and Gordon [10, 41] provided
another proof along similar lines. Biedenharn and Louck [12] proved a proof of the Ponzano-
Regge formula by showing that the formula satisfied all of the defining properties of the
6j-symbol. Roberts [2] presented a derivation of the Ponzano-Regge formula by introducing
a “l12j-model” of the 6j-symbol, which involves twelve angular momenta all treated on

the same footing. Aquilanti et al [1] similarly used symplectic geometry of the sort used
extensively in this work to derive the asymptotics in the 4j-model. Charles [13] derived
the formula using the formalism of geometric quantization [69, 70, 71]. Dupuis and Livine

[72, 73] expanded on the previous works and analytically presented a next-to-leading order
approximation for the 6j-symbol.

The “Ponzano-Regge phase” that occurs in the asymptotic expression of the 6j-symbol
is precisely the three-dimensional Einstein-Hilbert action integrated over a tetrahedron in
the Regge calculus approach to quantum gravity [71]. In fact, the “Ponzano-Regge model”
presented in Ponzano and Regge [27], a state-sum model for 3d-Euclidean quantum gravity
treated as an SU(2) gauge theory, is the first spin-foam model ever presented and uses the
6j-symbol as a fundamental building block. The 6j-symbol enters because the Ponzano-
Regge model uses a triangulation of 3d-Euclidean spacetime into tetrahedra with SU(2)-
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irreps labeling the edges of the triangulation. A tetrahedron whose edges carry SU(2)
representations is one of the ways of interpreting the spin network for the 6;j-symbol,

. 6 5
{ g2 s } _ _ (1.0.1)
Ja Js J6
4

Turaev and Viro [29], unaware of the previous work by Ponzano and Regge, defined a similar
state sum. They also expanded the formalism and created a state sum using the 6;-symbol for
the Hopf algebra SL,(2). This naturally provides a cutoff for the values of j that characterize
the irreps and thus provides a regularized version of the Ponzano-Regge model. Turaev
[75] and Roberts [31], among others, also showed that the Turaev-Viro state sum for the
“g-deformed” 6j-symbol is a model for 3d-Euclidean quantum gravity with cosmological
constant.

In this chapter we explore how the various models of the 6j-symbol fit in to the remodeling
of an inner product presented in Chapter 2. The two treatments that are most applicable
to this work are the symplectic derivations of the asymptotics of the 6j-symbol in the 127-
model [2] and 4j-model [1], which are connected by two applications of an inner product
remodel. We choose to use a “symmetric” labeling of the in this work, where each of
the six angular momenta in Eq. 4.0.1 are treated on an equal footing. In many of the
works listed above, an “asymmetric” or “coupled” labeling scheme is preferred, where the
angular momenta ji, - - - jg are instead written 71, 2, J12, J3, J4, J23- This labeling emphasizes
the different coupling schemes used in the 4j-model but are inconvenient to use in the
remodeling algebras that will be set up in this chapter.

We start in Section 4.1 by discussing the 27-, 37-, and 4j-intertwiner states that are the
building blocks of the various models of the 6j-symbol. Then in Section 4.2 we build the two
remodeling algebras that connect the 12j-model with the 45-model. We discuss the classical
phase spaces and Lagrangian manifolds that support the semiclassical approximations to the
elements of the remodeling algebras in Section 4.3. With the remodeling geometry in place,
in Section 4.4 we perform the action integral calculations in both models and show that they
are related exactly as claimed. Finally, in Section 4.5 we complete the derivation of the
asymptotic form of the 6j-symbol by computing the amplitude determinant and Maslov and
signature indices in the 4j-model, where they are easiest to analyze.

4.1 Intertwiner States

The states that occur in the various models of the 6j-symbol can all be thought of as direct
products of two-, three-, or four-valent intertwiner states. More generally, the states involved
in the inner-product models for all 3nj-symbols are composed of k-valent intertwiners, where
k may vary from 2 to n + 2. In this section we treat all k-valent intertwiners as states in



CHAPTER 4. MODELS OF THE 6J-SYMBOL 106

a kj-Hilbert space. The semi-classical versions of these states are then SU(2)-invariant
Lagrangian manifolds in the corresponding kj-phase space.

In Section 4.1.1 we relate the SU(2)-invariant states in a 2j-Hilbert space to the 2j-
intertwiner introduced in Section 3.1.4 and explore the properties of the Lagrangian manifold
that supports the semiclassical approximation to these states in the 2j-phase space. The
analysis of the 3j-intertwiner state was already carried out in Sections 3.1.1, 3.1.2, and 3.2.2.
Section 4.1.2 summarizes the relevant features of this state and the associated Lagrangian
manifold. Finally, Section 4.1.3 introduces the space of 4j-intertwiners and the various
4j-intertwiner states that occur in the analysis of the 6j-symbol. The properties of the
associated classical manifolds are then determined.

4.1.1 The 2j-Intertwiner (“Diangle”) States

Consider the tensor product of two copies of the Schwinger Hilbert space, Hyj = S, ® S
where the two Hilbert spaces are labeled by a and b and let C;,;, be the C;, ® C;, subspace of
Ho;. Let Z;,;, be the space of 2j-intertwiners : C;_;, — C. As discussed in Section 3.1.3, Z; ;,
is non-trivial iff j, = j», in which case each element of Z; ; picks out a j = 0 irreducible
subspace of Cj ;. The 7 = 0 irreducible subspaces of a Hilbert space are precisely the
SU(2)-invariant states. We call such states in Hy; the “2j-intertwiner states”. Note that
the 2j-intertwiner states only exist for j, = j». Since dim Z;,;, = 1 in such a case there is a
unique 2j-intertwiner state (up to phase and normalization) in each C;; subspace of Ha;.

In Dirac notation we may label the 2j-intertwiner states with the notation |K,,) for
the normalized SU(2)-invariant state in the C;; subspace of S, ® S,. The irrep label j will
always be clear from context and it is understood that j, = j, = J for these states. Since
|K.) € Cj; it is an eigenstate of operators I, and I, with eigenvalue j. The SU(2)-invariant
nature of the 2j-intertwiner state implies that |K,;) is a simultaneous eigenstate of Jab at
eigenvalue 0, where J b = J +J ». As in Section 3.1.4, the eigenstate condition for Ib is a
direct consequence of the eigenstate conditions for I, and J . The normalized 2 J-intertwiner
states are thus written

1 b
. = — €S, 8, 4.1.1
J 0> — 1 b (4.1.1)

where we use the convention that the chevron for the first Hilbert space in Hy; is directly
counterclockwise of the stub and the j irrep label on the spin network is understood from
context. The normalization factor is necessary on the spin network since

@:@:dim C;=2j+1. (4.1.2)
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Figure 4.1.1: A point on the diangle manifold Ly projected onto a pair of vectors in R? of
fixed length |J,| = |Jp| = J. The two vectors satisfy the condition J, + J, = 0 and can
therefore be arranged into a closed chain to form a “diangle”. The two vectors are slightly
separated in the drawing so that they do not overlap.

The phase of these 2j-intertwiner state is defined such that the components of |K,;) with
respect to the standard angular momentum basis vectors are the 2j-symbols of Section 3.1.4.

The classical phase space corresponding to Hy; is the 2j-phase space ®y; = X, x 1
and the Lagrangian manifold Lk that supports the semi-classical approximation to the 27-
intertwiner state is described as the level set,

I, J.
Ly = < g ob ) C Dy (4.1.3)

where the classical function J, is the sum J,+J, and J = j+1/2. We may have also included
the level set condition [, = J in Eq. 4.1.3, however this condition is not independent of the
four functions already listed. This manifold is generated by the group Gx = U(1) x SU(2).
The isotropy subgroup is trivial for this manifold so Lx has the topology and volume

Lx=U(1) x SU(2), Vi = (4m)(167%) = 2%73, (4.1.4)

where the volume is taken with respect to the Haar measure di, A da A sin 8dS A dy.

The projection of Lx onto the 2j-angular momentum space Ay; consists of the pair of
vectors in R3 of equal fixed lengths j + 1/2 that add to zero. That is, the two vectors
J, and J, are equal and opposite each other. We call the figure formed by placing the
two vectors end-to-end in the order (J,,J;) as in Figure 4.1.1 a “diangle,” in analogy with
the triangle formed by the three vectors in the Wigner manifold. We commonly refer to
the Lagrangian manifold Ly as the “diangle manifold” and the state |K,,) as the “diangle
state.” The projection of the diangle manifold onto angular momentum space is a manifold
generated by the group of rotations SO(3). However, the subgroup of SO(2) rotations about
the axis j, of J, leaves both vectors invariant and thus is an isotropy subgroup. The diangle
manifold in Ay; is thus a two-sphere, parameterized by orientations of j, and thus the diangle
manifold may be seen as a T2 bundle over S2. The S! subset of these fibers generated by
the Hamiltonian j, - J4, are Hopf circles over S? and thus the manifold may be expressed as
St x §3. as expected for the topology U(1) x SU(2).

4.1.2 The 3j-Intertwiner (“Triangle”) States

Consider the tensor product of three copies of the Schwinger Hilbert space, Hz; = Sq®S5,®S,
where the three Hilbert spaces are labeled by a, b, and ¢ and let Cy,. be the C;, ® C;, ® C;,
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subspace of Hs;. Let Z,. be the space of 3j-intertwiners : Cyp. — C. As discussed in
Section 3.1.3.3, Z4. is non-trivial iff the triplet (ju, s, jc) is triangle-allowed, in which case
there is a unique j = 0 (one-dimensional) irreducible subspace of Cu.. This subspace is
spanned by the Wigner state introduced in Section 3.1.1. As in Section 3.1.2 we will treat
the Wigner state as an element of H3; and label the normalized state in the Dirac notation
as |[Wae), where the subscripts indicate the three component Schwinger Hilbert spaces in
Hs; and it is understood that this state carries the irrep labels j,, j», and j.. Following
Eq. 3.1.9, we define

a

(Wabe) = j[ ?’ j[ Jg"c >= b ¢ €S8®S®S,, (4.1.5)
a b c

where J abe = J ot J p+ J . and the label a, b, and ¢ on the legs of the spin network represent
the understood irrep labels j,, 75, and j.. This state is normalized and the phase is defined
such that the components of |W,.) with respect to the standard angular momentum basis
vectors are the 3j-symbols.

The properties of the Lagrangian manifold Ly, C ®p. = X, X 23 x Y. corresponding to the
37 Wigner state were already discussed in detail in Sec. 3.2.2. Specifically, the manifold Ly
was defined as a level set in Eq. 3.2.7 and the topology and volume were given in Eq. 3.2.8.
On Ly the three angular momentum vectors may be configured to form a triangle as in
Figure 3.2.3 so Ly may be called a “triangle manifold” and |W,.) a “triangle state.”

4.1.3 The 4j-Intertwiner (“Butterfly”) States

Consider the tensor product of four copies of the Schwinger Hilbert space, Hy; = @ S;, with
r = a,b,c,d and let Copeq be the C;, ® C;, ® C;, ® C;, subspace of Hyj. Let Z;,;,;., be the
space of 4j-intertwiners : Cyp.q — C. According to the standard rules for addition of angular
momenta this space is non-trivial iff the “polygon inequality” max{j, +1/2} < 13°(j,+1/2)
is satisfied and ) j, € Z where the sums are taken over r = {a,b,c,d}. The polygon
inequality is a necessary and sufficient condition for line segments of length j, + 1/2 to be
fit together to form a closed polygon in R"™. The space Z,.q is spanned by the set of 7 =0
irreducible subspaces of Cypeq and so may be defined as the simultaneous eigenspace

Zutea = {0) € Hay | L10) = el), Taval) = 01} | (4.16)

where r = a,b,c,d and jabcd = ZT j,,, We call elements of Z,.4 “4j-intertwiner states.”
Unlike the space of 2j- and 3j-intertwiners, the dimension of the space of 4j-intertwiners is in
general greater than one when the polygon inequality is satisfied. In fact, the 6j-symbol may
be interpreted in the 4j-model as the coefficients for a change-of-basis of Z,4.4. (This is why
there is no need to define a rotationally-invariant 3j-symbol. The space of intertwiners is
one-dimensional so the “change-of-basis” amounts to the normalization condition Eq. 3.1.5.)
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Orthonormal basis states in Z,,.,; may be constructed by coupling 25 and 35 Wigner
states [28]. Let Hg; be a 65 Hilbert space for the six angular momenta a through f. Consider
first a coupling scheme that couples angular momenta a and b into the intermediate angular
momentum e. Consider the two triangle states |Wype) € Hape and [Wyeq) € H peq and the dual
diangle state (K.f|. For these states to be non-zero we require j. = j5 = jap and (Ja, Jb, Jav)
and (Jap, Je, ja) to be triangle-allowed triplets. We may treat (K.¢| as a map : He; — Haj
which effectively projects a state |1)) € Hg; into the simultaneous (fe, J of)-eigenspace of Hg;
at eigenvalues (jg, 0) followed by the natural projection of Hapeq @ Hep onto Hapea- Let [1)
be the result of (K.f| acting on |WepeWyeq). This is an element of Z,p.q since it is an element
of the J abes J fed, and J o null eigenspace and therefore

jade|¢> = (jabe + jfcd - jef)|¢> =0. (417)

As discussed in Section 3.1.5 the triangle state W) is in the jou(jap + 1)-eigenspace of jib
Similarly, [Wy.q) is in the jub(ja + 1)-eigenspace of J 2., Therefore [t)) is in the jop(jap + 1)-
eigenspace of both J2, and J2,. Note that the eigenvalue condition on J2, combined with the
SU(2)-invariance condition implies the eigenvalue condition on J2;. We write the normalized
state coupled in this way |Base)a, Jab). A different basis arises from acting (K.¢| on the state
|WheeWgaq) which couples angular momenta b and ¢ together. The (normalized) states are
written in terms of eigenvalues as

T bR i
|B(ab)cd7]ab> = ‘ ] ja: (I;d >7 |Ba(bc)da]bc> = ' j j:c [l;d >, (418)

where the quantum number j,, means that the state is an eigenstate of J 2, with eigenvalue
Jav(Jap + 1). A third basis which couples a and ¢ exists but will not be considered in this
work.

In spin network notation we define these 4j-intertwiner states to be

|B(ab)cd7jab> = (_1)ja_jb_jc+jd V 2jab +1 S %abcda (419)
| Baveyds Joe) = (—1)%2 /253, + 1 € Haved. (4.1.10)
where the phases are chosen to agree with standard recoupling theory results [28]. Following

the conventions in Stedman [3] we simplify our spin networks by assuming that all arrows
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point away from the 3j-nodes and towards the 2j-stubs on an internal line with a stub unless
explicitly drawn otherwise. Allowing ju, or jy. to run over the full range of triangle-allowed
values yields the two bases of Z,,.4 that occur in the 6j-symbol.

The classical phase space corresponding to Hy; is the 4j-phase space ®4; = X, x 1 x L. x
XYy. Following Section 2.4.3, the space of intertwiners Z,;.4 corresponds to the co-isotropic
manifold

o Ia Ib [c [d Jabcd
Ly, = < g Jdy J. J, 0 C (1343. (4111)
The Lagrangian manifold Lp o, and Lp . that support the semi-classical approximations to
the 4j-intertwiner states are Lagrangian manifolds in this co-isotropic submanifold,

2 2
ﬁB,ab = ( i%b ) C LZ C <D4j7 ﬁB,bc = ( igc ) C LZ C (I)4j, (4112)
ab be
where the contour values are (jq + 1/2)? and (j. + 1/2)% as shown in Section 3.2.3. Tt is
more convenient to use the Hamiltonians |J | as the Hamiltonian that defines Lp 4 since the
angle 0 conjugate to |J | is 4m-periodic while period of the angle conjugate to J?, depends
on the contour value J,;. Therefore we choose to use the following equivalent description of
Lpa and Lp e,

Lpa = ( |§a:| ) C Lz CPyj, Lpp= ( |iZC| ) C Lz C ®y, (4.1.13)

These manifolds are generated by the group G = U(1)® x SU(2). Coordinate on G are
(¢, 0,u), where 1), are the 4m-periodic evolution variables for I,., 6 is the 4m-periodic evolu-
tion variable for either |J | or |Jp.|, and u € SU(2). The isotropy subgroup is then generated
by two elements, (27, 27, 27, 27,0, —1) and either (0, 0, 27, 27, 27w, —1) or (27,0, 0, 27, 27, —1)
(for the ab- and be-coupling schemes, respectively). In either case the manifolds have topol-
ogy and volume

U(1)> x SU(2)
(Z2)? ’

where the volume is taken with respect to the Haar measure (/A di,) AdO Ada Asin fdfB A dy.

The projection of Lp 4 onto the 4j-angular momentum space Ay4; consists of the four
vectors in R? with fixed lengths J, that add to zero and satisfy |Jan| = Jap. We can construct
such a figure by placing the four vectors end-to-end in the order (J,,J;,J., J4) adding the
fixed-length vector J,; to the diagram, basing it at the origin, as shown in Figure 4.1.2. The
SU(2) group generates SO(3) rotations of the entire figure and the U(1) group generated
by [Ja| = Jab - Ja» generates SO(2) rotations of vectors J, and J, about the axis j,, =
Jav/ |Jap|. This leaves the triangle formed by the triplet (J5,J., J4) invariant. Treating the
(Ja, Ip, —Jap) and (Jgp, I, Jg) triangles as “wings” lets this SO(2) rotation be visualized as
a “flapping.” Thus the figure is referred to as a “butterfly figure,” with the coupled vector

Lp=

1
Vg = Z(47r)5(167r2) =21277, (4.1.14)
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Figure 4.1.2: A point on the butterfly manifold Lp 4, projected onto a set of four vectors
in R? of fixed lengths |J,| = J. (r = a,b,¢,d). The four vectors satisfy the condition
J.+Jy,+J.+J; =0 and can therefore be arranged into a closed chain. The length of the
vector sum J,;, is constrained to be J,. The two wings of the “butterfly” are the triangles
formed by the triplets (J,,Jy, —Ju) and (J., J4, Jop) and the body is the vector J,,. The
“flapping” motion generated by J?, (or |Ju|) rotates J, and J;, about the axis jup = Jap/ Jup-

Jup acting as the body of the butterfly. We call manifolds Lp 4 and Lp;. the “butterfly
manifolds” and the 4j-intertwiner states in Eq. 4.1.8 the “butterfly states.”

Finally, consider again the co-isotropic manifold Lz defined in Eq. 4.1.11. The projection
of this manifold onto A4; may be interpreted as the set of four vectors J,, J;, J., and Jq
of fixed lengths arranged end-to-end into a closed chain. By adding vectors J,, connecting
the tail of J, to the tip of J, and J,. connecting the tail of J, to the tip of J. as shown
in Figure 4.1.3 we see that each point on Ly defines a tetrahedron. Thus we may define a
volume function on Lz,

1
VEEJa'(JbXJc) :Ly; > R, (4115)

We may in fact define such a function everywhere on ®4;, but we may only interpret it as a
tetrahedron volume on L.

4.2 Remodeling Algebra of the 6j-Symbol

Connecting the 4j5- and 12j-models of the 6;5-symbol requires two applications of the remod-
eling procedure. The first remodel of the 6j-symbol, connects the “symmetric” 12j-model of
Roberts [2] to an “intermediate” 8j-model. The product space inner product serves as the
12j-model in this case and the target space inner product serves as the 8j-model. The two
states in the 12j-model are a quartet of 3j-intertwiners and a sextet of 2j-intertwiners while
the two states in the 8j-model are a quartet of 2j-intertwiners and a pair of 4j-intertwiners.
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Figure 4.1.3: A point in Ly projected onto a set of four vectors in R? of fixed lengths |J,.| = J,
(r =a,b,c,d). The four vectors satisfy the condition J, +J,+J.+J; = 0 and can therefore
be arranged into a closed chain. The tetrahedron is formed by including vectors J,, = J,+J,
and Jy. = J, + J. in the diagram.

| “4j-Model” | | “8j7-Model” | | “12j-Model” |
Butterfly State Second 4 Diangle States First 6 Diangle States
VS. Remodel vS. Remodel VS.
Butterfly State 2 Butterfly States 4 Triangle States

Figure 4.2.1: Schematic of the spaces and states involved in the two remodeling algebras for
the 6j-symbol.

The second remodel connects the intermediate 8j-model with the “coupled” or “asymmet-
ric” 4j-model which was explored in Aquilanti et al [1]. Here the 8j-model arises from the
product space inner product and the target space inner product produces the 4j-model. The
two states in the 4j-model are both single copies of a 4j-intertwiner. A schematic of the two
remodelings is shown in Figure 4.2.1.

We start in Section 4.2.1 by defining all of the Hilbert spaces that occur in this pair of
remodels. In Section 4.2.2 we construct the algebra for the first remodel, connecting the
12j- and 8j-models of the 6j-symbol. Then in Section 4.2.3 we construct the algebra for the
second remodel, connecting the 8j- and 4j-models of the 6j-symbol.

4.2.1 Hilbert Spaces for the Remodels of the 6j-Symbol

The symmetric labeling of the 6j-symbol in Eq. 4.0.1 specifies six irrep labels j,, r =1,--- | 6.
In the symmetric 12j-model of Roberts [2] each of these irreps is assigned to a pair of
Schwinger spaces and thus the 12j-model Hilbert space is a space describing twelve angular
momenta. We label these pairs of Schwinger spaces S, and S,,, where the irrep label j,
picks out the relevant irreducible carrier subspace of both S, and S, The 12j-Hilbert space
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is defined as

6
Hiz = (RS ® Sy (4.2.1)
r=1
Spin networks for states in H;; will therefore contain twelve ket chevrons, labeled by 1
through 6 and 1’ through 6’, with appropriate irrep labels j,. implied for the legs ending in
both the primed and unprimed chevrons.

The 8j-model takes place in a Hilbert space comprised of a subset of eight of the Schwinger
spaces comprising His. These eight Schwinger spaces may be separated into the four pairs
of primed and unprimed spaces for r = 1,2,4,5. The 8j-Hilbert space which carries the
8j-model of the 6j-symbol is thus

ng = ® Sr X ST/. (422)

re{1,2,4,5}

Note that a different 8j-model was briefly introduced in Aquilanti et al [!], involving the
four unprimed spaces for r = 1,2,4,5 and the primed and unprimed pairs for r = 3,6. We
will not consider this 8j-model in this chapter as it is unrelated to the remodeling algebra
that we are setting up here.

The 12j-Hilbert space is the product space of the first remodel and the 8j-Hilbert space
is the target space so the dual of the source space must be the 4j-Hilbert space

Hazee = S3 @ Sy @ S @ Ser- (4.2.3)

We explicitly label the four angular momenta involved in this 4j-Hilbert space because the
pair of remodeling algebras for the 6j-symbol contain a total of three different 4j-Hilbert
spaces and their duals, rendering notation “H,4;” insufficient. The source space for the first
remodel is thus the dual 4j-Hilbert space H344s . Note that indeed Hg; @ (Hisge )" = Hizj-

In the second remodel the dual of the 8j-Hilbert space Hg; serves as the product Hilbert
space so the target Hilbert space, which will carry the 4j-model of the 6j-symbol, is a dual
4j-Hilbert space containing a subset of four of the Schwinger spaces comprising Hg;. The
47-model uses irrep labels ji, jo, j4, and j5, with j3 and jg acting as the coupled angular
momenta (in the asymmetric labeling of the 6j-symbol, j3 is replaced by jio, for example).
We define the target space as

s =S ®8; @8 ® S (4.2.4)
The dual source space is made of the remaining spaces,
>{/2/4/5/ = ik/ ® ;/ ® SZ ® g/, (425)

which means that the source space for the second remodel is H 1945
A summary of the Hilbert spaces introduced in this Section and what roles they take in
the remodeling algebras for the 6j-symbol is given in Table 4.1.
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H First Remodel H Second Remodel
Name Hilbert Space 1\1/?(1311%12?; Hilbert Space Q(I)lrgnzlrira
Source Space Hizrser 3%: g, Hirgras 1,2',4,5
Target Space Hs; 1,1,’22,:211;’55, Hisws 1,2,4".5
Product Space Hi2j 1,715,27’3?;: i;i’;’?G’ Hg; 1/17’22/: j;i—)/

Table 4.1: The various Hilbert spaces in the remodeling algebras for the 6j-symbol.

4.2.2 The First Remodeling Algebra

To construct the remodeling algebra for the first remodel we begin with the standard spin
network of the 6j-symbol,

. i . 6 5 6 5
{11 J2 Js }: _ | (4.2.6)
Ja J5 J6
4 4

The first spin network is the version of the 6j-symbol network given in Figure 30 of Aquilanti
et al [1], which is based on Figure 16.1 from Yutsis et al [7]. The second spin network follows
from the rules for inserting stubs and more resembles the spin network given in Section 2.4
of Stedman [8]. On the second spin network we have again suppressed all arrows assuming
that arrows point away from the 3j-nodes and towards the 2j-stubs. As in Section 4.1 the
labels r = 1,---6 on the legs of the spin network imply an irrep label j,.

The remodel is then constructed by severing all twelve legs of the second spin network
in Eq. 4.2.6,

{]1 ]2 j3 . (427>

Ja Js ]6
3

This network can then be separated into four 3j—1ntertwmers and six 2j-intertwiners. We
separate these into three sets which act as the b-, M-, and dual of the a-state for the first
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remodel. Specifying H12; as the product Hilbert space means that the network for the M-
state must contain one ket chevron for each of the twelve Schwinger spaces (six primed and
six unprimed). The spin network for the M-state is therefore the four 3j-intertwiners,

where the ‘17 subscript in |M;) is used to highlight that this is the map state of the first
remodel. In Dirac notation this state is written |M;) = |Wiag)|Wirse)|Wargra)|Warars) which
is the simultaneous eigenstate

.IA','- .I/\r,'-/ j j =4 j U j A’
|M1> — J j (1)23 105 6 2064 304 5 > c H12j; (429)

where r = 1,--- 6 and |Wy.) was defined in Eq. 4.1.5.
The remaining pieces of the spin network form the dual of the product state. Therefore
the product state in the first remodel is

In terms of the normalized 2j-states |K,) defined in Eq. 4.1.1 this state is the product of

V25 + 1| K,),

27, +

> € Hiaj, (4.2.11)

|CLb1

The 12j-model of the 6 j—symbol is represented by spin network 4.2.7 and is formed from
the inner product of the ab-state with the M-state,

“12-Model”: (abl\M1> = N12<K11/ cee K@GI’W123W1/5/6W2/6/4W3/4/5>, (4212)

where N, is the prefactor 1I6_,1/2j, + 1.

The a- and b-states are found by splitting the product state spin network into two sub-
networks. The a-state is an element of the target space Hsg; of the first remodel so its spin
network is made of the subnetwork of Eq. 4.2.10 containing ket chevrons for primed and
unprimed Schwinger spaces 1, 2, 4, and 5,

1) 2| 4| %
1) = 1 1 1 1 € Hs;, (4.2.13)
1 2 4 5



CHAPTER 4. MODELS OF THE 6J-SYMBOL 116

which in Dirac notation is

w - I va+i

re{1,2,4,5}

I J,.
roe i 4.2.14
j’r 0 > S Hs] ( )

The dual of the b-state is then the remaining pieces of the spin network,

3| e
|b1) = i 61 € Hazoor- (4.2.15)
Thus the b-state is

3! 6’ , ,
@1§E§:v@h+hﬂ%+l<h Io Jay Joo | e (4.2.16)

Jjs g6 0 0

The M-state in the first remodel acts as a map : Hiq e — Hs;. In particular, each of the
four 3j-networks in Eq. 4.2.8 acts as a map from a dual Schwinger Hilbert space to a tensor
product of two Schwinger Hilbert spaces as in Eq. 3.1.2. Acting this map on the b-state of
Eq. 4.2.16 yields the (-state,

B1) = (4.2.17)

In terms of the normalized butterfly states defined by Eqs. 4.1.9 and 4.1.10 the -state is
(_1)2s+2j4
- Busyws, 53| Braaysrs o) 4218
\51) V25 - 1v/26 1 1| (12)4'5 J3>\ 17(2'4)5 JG) ( )

where s is the semi-perimeter,

1

852

(J1 + Ja + Ja + Js)- (4.2.19)

By Eqgs. 4.1.8 the [-state can therefore be expressed as the simultaneous eigenstate

(4.2.20)

|Bl> _ (_1)28+2j4 [Tr ]A-'r, j%Q 35,4 3124/5 j1/2/45/ >
\/2]3 + 1\/2,76 +1 Jr Jr J3 Je 0 0 ’

where r = 1,2,4,5 and the quantum number j for coupled operator jib indicates an eigen-
value j(j +1).
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’ State \ Space \ Components \ Group ‘
’ (b1 ] ‘ His66 ‘ 2 Diangle Bras ‘ (U(1)xSU(2))? ‘
|aby) Hi2; 6 Diangle Kets | (U(1)xSU(2))¢

| M) Hi2; 4 Triangle Kets | (U(1)3xSU(2))4
la1) Hs; 4 Diangle Kets | (U(1)xSU(2))*
|1) Hs; | 2 Butterfly Kets | (U(1)°>xSU(2))?

Table 4.2: States in the first remodeling algebra for the 6j-symbol.

The 8j-model of the 6j-symbol is represented by spin network 4.2.24 and is formed from
the inner product of the a-state with the [S-state,

“8-Model”: <al|51> = N8<K11’K22’K44’K55"B(12)4’57j3§ Bl/(2’4)5’>j6>7 (4-2-21)
where Ny is the prefactor

6 -
Ny = (- A= 2 L (4.2.22)
(23 +1)(2J6 + 1)

The states of the first remodel for the 6j-symbol are summarized in Table 4.2.

Note that the 12j-model allows the 6j-symbol to be expressed as a sum of 3j-symbols.
By inserting a resolution of the identity in the standard angular momentum basis between
each pair of chevrons in the 12j-model spin network 4.2.7 and using Eqs. 3.0.1 and 3.1.32,
the 6j-symbol evaluates to

Ju g2 gz | _ Z(_l)zrjr—mr Ji J2 J3 J1 Js  Je
Ja Js Je mi Mg Mg —my —ms mg

J2 Jo Ja Js g Js (4.2.23)
—M2 —Mg My —m3 —my Mms

Apart from differences in phase conventions which all cancel out in the end, this formula is
the same as Eq. (6.2.3) of Edmonds [25].

4.2.3 The Second Remodeling Algebra

Construction of the second remodeling algebra starts with the spin network for the 8j-target
space model of the first remodel from Section 4.2.2; which pairs the dual of the a-state with
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the p-state of the first remodel,

(4.2.24)

Jv g2 Js | _
Ja J5 Je

The network can then be separated into two 2j-intertwiner networks and four 2j-intertwiner
networks. These are then separated into three sets which act as the b-, M-, and dual of the
a-state for the second remodel. We choose to take the four 2j-intertwiners as the map for

this remodel,
s = I I I I - 42

where the ‘2" subscript in (M,] is used to highlight that this is the map state of the second
remodel. The subnetwork containing the 2j-intertwiners ends in eight bra chevrons, which
is why we need to take the dual of the 8j-Hilbert space as the product space in the second
remodel. In particular, we treat (Ms| as a map : Hyoasy — Hioys. Note that the map state
for the second remodel is the dual of the a-state of the first remodel,

0 = (o)) = T Vi + LK. (4.2.26)

r€{1,2,4,5}

The remaining pieces of the spin network form the dual of the product state,

(4.2.27)

This is just the dual of the f-state of the first remodel,
( 1)25+2j4
V2j3 +1v/2js + 1

The product space model of the second remodel is the “dual model” of the target space
model of the first remodel. We define dual models in the following manner. First consider a
general setting, with H a Hilbert space of kets. The inner product (A|B) in this space may

be expressed as
(A1B) = tr((|A4)'B)) = tr(((B])(A]). (4.2.29)

(aba| = (|81))" =

<B(12)4/5>j3|<Bl’(2’4)5’aj6|~ (4.2.28)
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These forms of the inner product emphasize which Hilbert space the inner product takes
place in. The first expression for (A|B) shows the inner product in H of |A) with |B). The
second expression shows the “dual model,” which is the inner product of (B| with (A| in the
dual Hilbert space of bras H*. It is important to recognize that forming the dual model is
not the same as forming the Hermitian conjugate of the original model, which would be an
inner product (B|A).

The product space model in the second remodel is represented by spin network 4.2.24
and is formed from the inner product of the ab-state with the M-state. Since this model
takes place in Hg; we call it the “dual 8j-model” of the 6j-symbol,

“Dual 8j-Model”: tr((<ab2’)T<M2’) = (Ms|abs) = (a1]54), (4.2.30)

where the first expression is presented in a form that emphasizes that it is an inner product
in Hg;. The second and third expressions show that the dual 8j-model is indeed equal to
the dual inner product model of the 8j-model of Eq. 4.2.21.

The a-state is an element of the second remodel target space Hj,, 5 so its spin network
is made of the subnetwork of Eq. 4.2.27 containing bra chevrons for Schwinger spaces 1, 2,
4’ and b5,

(4.2.31)

(4.2.32)

In terms of the normalized butterfly states defined by Eqs. 4.1.9 and 4.1.10 the a- and b-states
are

(_ 1 ) —J1+Jj2+ja—Js

<CL2’ = m <B(12)4’57j3|7 (4233)
(-1 .
o) = | Bi (a5, J6), (4.2.34)

V26 + 1

The p-state is formed by attaching the four 2j-nodes to the b-state of Eq. 4.2.32. Fol-
lowing the rules for converting kets into bras established in Aquilanti et al [1], the § state is
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(Ba| = (=1)*"

where the phase of (—1)%4 is used to invert the orientation of the stub for the 2j-intertwiner
: Sy — 8 in Eq. 4.2.25. Thus the [-state is

(_1>2j2+2j4 ‘
W|Bl(24/)57]6> € Hiowrs.

The target space model in the second remodel is formed from the inner product of the
a- and [-states,

(Bo] = (4.2.36)

(4.2.37)

Since this model is interpreted as an inner product between states in the dual space Hioys
we call it the “dual 4j-model,”

“Dual 4j-Model”: tr (({a2])'(Ba]) = Na(Bi(aas, jo| Bazyass, js), (4.2.38)

where N, is the prefactor

1
V2j3 + 1255 + 1

The dual inner product model of the dual 4j-model is the standard 4j-model treated, for
example, in Aquilanti et al [1].

The states of the second remodel of the 6j-symbol are summarized in Table 4.3 and the
various inner product models of the 6j-symbol are presented in Table 4.4.

Ny = (=1)* (4.2.39)

4.3 Remodeling Geometries of the 6j-Symbol

In this section we construct the remodeling geometries for the two inner product remodelings
of the 6j-symbol. First in Section 4.3.1 we set up the phase spaces and Lagrangian manifolds
that occur in the remodeling geometries and then in Section 4.3.2 show how the transport
procedure is used to create the butterfly manifolds of the 8j- and 4j-models. With the
remodeling geometries set up, in Section 4.3.3 we describe the stationary phase sets which
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’ State \ Space \ Components \ Group ‘

| Ib2) [ Hizus | 1Butterfly Ket [ U(1)5xSU(2) |

| (abo| | My | 2Butterfly Bras | (U(1)°xSU(2))? |
(Mo| Hg, 4 Diangle Bras | (U(1)xSU(2))*
(as] Hiss | 1 Butterfly Bra U(1)>xSU(2)
(B2] Hiows 1 Butterfly Bra U(1)>xSU(2)

Table 4.3: States in the second remodeling algebra for the 6j-symbol.

] Name \ Space \ Remodel \ Interpretation \ Inner Product ‘
12j-Model Hizj First Product Space Model (aby|My)
8j-Model Hs; First Target Space Model <a1|ﬁl>

Dual 8j-Model n;, First Dual Target Space Model tr (((B1])T(ar])

Second Product Space Model tr (({abs \)T<M )

Dual 4j-Model | Hi,u5 | Second Target Space Model tr (((az])T(Ba])
4j-Model Hio4's5 | Second | Dual Target Space Model (B2asz)

Table 4.4: Summary of the inner product models of the 6j-symbol.

will be needed for the stationary phase approximation of the various inner product models.
Finally, in Section 4.3.4 a symplectic reduction is carried out in the 4j-model to create
the one-degree-of-freedom phase space on which the amplitude determinant is most easily
computed.

4.3.1 Phase Spaces and Lagrangian Manifolds

As in Section 3.2.1, each of the Hilbert spaces S in the remodeling algebra corresponds
semiclassically to a copy of the Schwinger phase space X' and thus the phase spaces in the
remodeling geometries for the 6j-symbol are products of Schwinger phase spaces or their
duals. The product, source, and target phase spaces for the first remodel are labeled ®49;,
Pla6e, and Pgj, respectively while the product, source, and target phase spaces for the
second remodel are labeled ®g;, @145, and Pjyy5. The dual map Gy; @ Pg; — Py, is used to
map the Lagrangian manifolds for the 8j-model of the first remodel to the relevant manifolds
of the dual 8j-model of the second remodel. Similarly, we introduce the 4j-phase space ®94/5
and the dual map ngl : @5 — Piows to map the manifolds from the dual 4j-model of the
second remodel to the manifolds described in the standard 4j-model of Aquilanti et al [1].
Figure 4.3.1 shows the phase spaces in the two remodeling geometries and the relevant
maps between these spaces. Subscripts on the two dual maps G=! and G’ between the
source and dual source phase spaces of the first and second remodels, respectively, have been
omitted because they are bulky and we will not be using these maps extensively in the rest
of this chapter. Table 4.5 lists the phase spaces, their roles in the remodeling geometries,
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—1
. GSJ

6oy LIVENSS m8;
D945 < Ploys g, g Dyy;

lﬂ'ﬂz’zxs/ Lﬂ-33/66’

N el G—1 *
(1)1/2/45/ -~ @1/2/45/ ®33/66’ @33/66/

Figure 4.3.1: Phase spaces and the maps between them in the remodeling geometries for the
67-symbol.

’ H First Remodel H Second Remodel ‘
’ Name H Phase Space \ Dimension H Phase Space \ Dimension ‘
Source Space . 16 (SREY 16
Dual Source Space Daar66r 16 DT /oas 16

Target Space by, 32 Olous 16
Product Space Do 48 <I>§j 32

Table 4.5: Phase spaces in the remodeling geometries for the 6j-symbol.

and their dimensions.

Each of the states in the remodeling algebras for the 6j-symbol are tensor products of
diangle, triangle, and butterfly states and thus the Lagrangian manifolds that support the
semiclassical approximations of these states are simply Cartesian products of the diangle,
triangle, and butterfly manifolds described in Section 4.1.

For example, the a-manifold in the first remodel algebra is the product of four diangle
manifolds since |a;) is proportional to the tensor product of four diangle states,

/Ca,l = /CKl X ,CKQ X ,CK4 X ‘CKE); (431)

where L, is the submanifold of the 2j-phase space X, x X, defined by the level set conditions
in Eq. 4.1.3 and whose topology and volume is given by Eq. 4.1.4. The rest of the states
from Sections 4.2.2 and 4.2.3 are translated in a similar manner, with the properties of
the triangle manifolds described by Eqs. 3.2.7 and 3.2.8 and the properties of the butterfly
manifolds described by Eqgs. 4.1.11, 4.1.13, and 4.1.14.

Table 4.6 summarizes the Lagrangian manifolds that occur in the remodeling geometries
of the 6j-symbol.

4.3.2 Transporting Manifolds

Now we briefly demonstrate how the transport procedure of Section 2.2.2 applies in the two
remodel geometries. Rather than use the full machinery of Section 2.4 we will be able to
illustrate the transport using an intuitive analysis of the level sets involved.

In the first remodel geometry, the two-diangle manifold £, is transported through the
four-triangle manifold L1 to become the two-butterfly manifold L£z;. The inverse image
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. Phase Momentum Map
Manifold Space Components Topology | Volume
Ly P35/66 L, Jp 7 =3,6 ‘ (Lr)? ‘ 21276
T -1

L:M,l @12j Illl L Izl J123, J1’5’67 J2/6’47 J3/4/5 ('CW)4 2367T20
Lap,1 Dg; I, Jr=1-6 (Lr)® | 25718
Lo (I)ij 1,3 r=1,2,45 (EK)4 924,12
L2 g,
L[g 1 q)gj Il Ig I4 I5

’ [ Jiol | Toral, J1oars, J1roras L£:)2 24,14
Eab,Q (I)gj I, Iy, Iy, Iy | 12| | 24| 124 172745 ( B) 4%
Lo P24y Ty, Iy Iy, Is |3 oal, Jyoras | Ly | 227
La2 Plows I, Do, Ly, 15, [J12|  J 120 Lp 21277
Lo Plous I, Iy, Iy, 15, | Jour | J124rs Lp 21277

Table 4.6: Topologies and volumes of the Lagrangian manifolds that occur in the remodeling
geometries of the 6j-symbol.

7T§31,66, (Lp1) is a co-dimension 8 co-isotropic manifold in the 12j-phase space,

rode (L) = ( R ) C ;. (13.2)
Recall that this pair of diangle conditions also implies the condition I3 = J3 and Iy = Jg
on the manifold. The intersection of this inverse image shares a U(1)* symmetry group
with the M-manifold L, generated by momentum map components I3, I3, Is, and Ig.
Therefore the intersection manifold Z; = WQGG,(EEJ) N L1 has co-dimension 2448 —4 = 28
and dimension 48 — 28 = 20. The group orbits of this symmetry group are purely vertical
over ®g; so the projection onto the target space will be 16-dimensional, as expected. The
intersection may be written as the level set

T, = ( 5: {]7; 383 Jgﬁ J623 J1056 J2064 J:«:045 ) C By, (4.3.3)
where » = 1,---,6. Note that the 30 conditions in Eq. 4.3.3 are not all independent.
Since the transported manifold will be 16-dimensional we need to construct sixteen level set
conditions in this list that only depend on the target space variables. The eight conditions
for I, and I, for r = 1,2, 4,5 make up half of this set. Next consider the combination Jqo45.
This may be expressed in terms of the functions in Eq. 4.3.3 as J193 — J33 + J345 and is thus
0 on Ioo Similarly, J1/2/45/ = J1/5/6 — J66’ +J2/6/4 = 0. Finally, as in Section 323, conditions
Ji23 = 0 and I3 = J3 imply the condition J%, = JZ and thus |J5| = J3 and Jogq = 0 and
Is = Jg similarly implies |Jo4| = Js. Therefore the projection of Zy, by g, is the level set

[r [r’ J Jor J1ou Jroma5s
TM,I(ﬁb,l) = ( Jr Jr ‘j32‘ ’ jﬁ4| 1(2)45 1(2)45 ) C @8‘7 (434)
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for r =1,2,4,5. Comparing Eq. 4.3.4 with Eqgs. 4.1.11 and 4.1.13 shows
Tari(Ly1) = Lpia X Lpoa = L, (4.3.5)

where Lp 19 is the “ab”-coupled butterfly manifold of ®1945 and Lp o4 is the “bc”-coupled
butterfly manifold of ®1/9/45.

In the second remodel geometry, the butterfly manifold £, is transported through
the four-diangle M-manifold to become the butterfly manifold L£z2. The inverse image
w;é, 15 (L52) 1s a co-dimension 8 co-isotropic manifold in the dual 8j-phase space,

Ty (L2) = ( {]11 [JZQ 2 {]55 ’J564| J1(2)45 ) C ;. (4.3.6)
This inverse image shares a U(1)* symmetry group with the M-manifold Lo, generated
by momentum map components Iy, Iy, I, and I5 and thus the intersection manifold Z,
between the inverse image and the map manifold has co-dimension 16 + 8 — 4 = 20 and
dimension 32 — 20 = 12. The group orbits of this symmetry group are purely vertical
over ®7,,,- so the projection onto the target space will be 8-dimensional, as expected. The
intersection may be written as the level set

. Ir Ir’ |J2’4’ Jrr’ J1’2’45’ *
IQ_(JT I Js 0 0 C Pg;, (4.3.7)

where r = 1,2,4,5. The four conditions on Iy, Is, Iy, and I5 only depend on target-space
variables and thus apply to the transported manifold. The conditions J,,» = 0 can be used
to exchange J, with —J,» in functions |Joy| and Jy945 and thus the projection of Z, by
1245 18 the level set

[ I [/ I J/ J , .
TM,2(£b,2)=< v Ly Ly Is [ Jay] 1245)C(I>

Jl J2 <]4 J5 J6 0 124'5> (438)

which is precisely Lg2, the “bc”-coupled butterfly manifold of ®7,,-.

4.3.3 Stationary Phase Sets

Now we construct the stationary phase sets for the 12j- and 4j-models of the 6j-symbol.
We fix the six values J, > 0 and treat all other variables as continuous. We also assume
that the parameters are in the classically allowed region which implies that at least one real
intersection point exists and that the polygon inequalities from Section 4.1.3 hold.

The stationary phase set 112 for the 12j-model is the intersection Lapyr N L and
is comprised of group orbits of the common symmetry group Gi» shared by the groups
that generate L41 and Ly;. As in Table 4.2, the product manifold is generated by the
group (U(1) x SU(2))% and the map manifold is generated by the group (U(1)? x SU(2))*.
The common symmetry group is U(1)* x SU(2), a 15-dimensional group generated by the



CHAPTER 4. MODELS OF THE 6J-SYMBOL 125

functions I, I/, and Jr1o = > J, + Jv, with r = 1,--- 6. Symplectic reduction by
this group yields the 18-dimensional phase space on which Roberts [2] computed a 9 x 9-
amplitude determinant in his analysis of the 6j-symbol. In this work we are only going to
use the 127-model to find the action integral piece of the phase and so we are not concerned
with this symplectic reduction.

Combining the level set conditions for L4, 1 and L7 yields a set of level set conditions
for 10127)

; _[ ] ! J !/ J J 15/ J 16! J Al
(125) _ r r rr 123 15’6 2/6’4 34’5 ]
I < I J 0 0 0 0 0 ) C Dy, (4.3.9)
with r = 1,--- ,6. In the 12j-angular momentum space Ajy; this is interpreted as the set of

twelve angular momentum vectors such that ordered triplets 123, 1’5’6, 2'6’4, and 3’4’5 may
be placed end-to-end to form triangles and such that each of the six pairs of primed and
unprimed vectors are equal and opposite (they form diangles). The diangle conditions may be
interpreted as ‘gluing’ the primed and unprimed edges of two triangles together. Each of the
six diangles glues a pair of edges together so that the four triangles and six diangles are the
four faces and six edges of a tetrahedron, as shown in Figure 4.3.2. The diangle and triangle
conditions are invariant under O(3) transformations. An explicit method for constructing a
tetrahedron from six known edge lengths which uses the singular value decomposition of a
Gram matrix was given in Appendix A of Littlejohn and Yu [76]. This method shows that
any constructible tetrahedron is unique (up to O(3) transformations) and therefore we may
conclude that 1% projected to angular momentum space consists of a single O(3) group
orbit. This orbit may be decomposed into two SO(3) group orbits related by time-reversal
(J — —J). Unless the constructed tetrahedron is flat (in which case the volume of the
tetrahedron is zero) these two SO(3) group orbits are disjoint (no proper rotation will map a
tetrahedron to its time-reversed image). We label the two disconnected SO(3) group orbits
in angular momentum space Tetqo4+, where the sign specifies the sign of the tetrahedron’s
oriented volume, V = éJl (Jo x Jy).

The manifolds 7'*” are U(1)'2 bundles over Tetyy and are U(1)'2 x SU(2) group orbits
in ®19;. This group is precisely the common symmetry group Gi» introduced earlier. The

two manifolds L(rlgj ) and 7% are related by time-reversal and their union is the 127-model

stationary phase set, (1% = Iimj) U 1" Let coordinates on G2 be (., ., u), where
u € SU(2). In these coordinates the isotropy subgroup on 1(*2/) consists of only one nontrivial
element, (27,27, —1) and thus each of the two group orbits comprising the intersection

manifold have the topology

, 12
702 = Y1) 2 SUR2) (4.3.10)
2

If the lengths J,. are allowed to take on any value then situations may arise where the only
constructible tetrahedra are flat (V = 0). In this case the tetrahedron can be transformed
into the time-reversed tetrahedron by a proper rotation and the two disconnected pieces of
I1U23) merge into a single group orbit. However, this never occurs when all six lengths are
quantized and constrained so that all four of the triangle manifolds making up L exist
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Js

Figure 4.3.2: A point on the stationary phase set 11%) projected onto a set of twelve vectors
in R? of lengths |J,| = |J| = J, (r = 1,--+,6). The vectors simultaneously obey the six
diangle conditions J,,» = 0 and the four triangle conditions Jyo3 = J1/56 = Jogy = J3r45 = 0.
Such a point defines a tetrahedron.

(which in part requires the sum of the three quantum numbers j for each triangle to be an
integer) [1].

Now we briefly turn to the stationary phase set in the 8j-model, which is the intersection
between the two manifolds £,; and L3 and, by the results of Section 2.5.1, the projection
of I1%) onto ®g;. In the 8j-angular momentum space Ag; this involves removing J3, Jy,
Js, and Jg as independent variables and instead expressing them in terms of the other
eight angular momenta using the four triangle conditions in Eq. 4.3.9. We may consider
the intersection points as places where the four diangles that make up £, are used to glue
together the four primed and unprimed pairs of vectors on the border of the two butterfly
figures that make up Lz, as shown in Figure 4.3.3.

Next we turn to the stationary phase set 114 for the 4j-model, which is the intersection
L,2 M Lso. This may also be considered the projection of 1) in the dual 8j-model onto
®yoy5. It is comprised of group orbits of the common symmetry group G4 shared by the
groups that generate £, 2 and L4,2. As in Table 4.3, both a- and S-manifolds are generated
by the group U(1)% x SU(2). Of the eight independent level set conditions that are needed
to specify a Lagrangian manifold in ®q945, £,2 and L5 share seven, specifying the contour
values of I, I, Iy, I5, and Jqo45. These momentum map components generate the common
symmetry group Gy = U(1)* x SU(2). Symplectic reduction by this group yields the 2-
dimensional phase space @f} on which Aquilanti et al [1] computed the single Poisson bracket
necessary for the amplitude determinant in their analysis of the 6j-symbol.

Combining the level set conditions for £, 2 and Lz 2 yields a set of nine independent level
set conditions for 1127

; L Iy Iy Is Jiows |Jio| |[Jox|
(45) _ 1 d2 Ay s Jiows 12 24 }
! ( Ji Jy Jy Js 0 J3 Js C Dy, (4.3.11)
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Ty

Figure 4.3.3: A point on the stationary phase set /) projected onto a set of eight vectors
in R? of lengths |J,.| = |J.| = J, (r = 1,2,4,5). The vectors simultaneously obey the four
diangle conditions J,,» = 0 for r = 1,2,4,5 and two sets of butterfly conditions, Jioy5 =
Jions = 0, |J12| = Js, [Jos| = J. Such a point defines a tetrahedron.

In the 4j-angular momentum space Ay4; this is interpreted as the set of four angular momen-
tum vectors Jq, Jo, J4, and J5 of fixed lengths that close when put tip-to-tail and such that
in intermediate couplings Ji2 and Jyy also have fixed lengths. We may again interpret such
geometric figures as tetrahedra and, as in the 12j-model, the projection of the stationary
phase set onto Ay; yields a pair of SO(3) group orbits Tetyy that are related by time-reversal.
The two orbits are labeled by the sign of the oriented volume V' = %J 1 (J2 x Jy).

The manifolds I are U (1)* bundles over Tetyy and are Gy = U(1)* x SU(2) group
orbits in ®@9;. The 4j-model stationary phase set I*/) is the union of ]f] ) and its time-

reversed image, I Let coordinates on Gy be (11, 9, 1y, s, 1), where u € SU(2). In
these coordinates the isotropy subgroup on I(1*) consists of a single nontrivial element,
(2w, 2m, 2m, 2w, —1) and thus each of the two connected pieces of the intersection manifold
has the topology and volume
Ny UM% SU(2 1
1149 (L) - ( ), Vi = 5(4m)*(167%) = 2" (4.3.12)
2

4.3.4 Reduction of the 4j-Model

Finally, we consider the symplectic reduction of ®1945 by the common symmetry group G4 to
create the reduced 4j-phase space <I>fj. This phase space is where the amplitude determinant
and Maslov index for the 6j-symbol will be computed. The reduced space and the features
of the reduced 4j-model were derived and discussed in Aquilanti et al [1].

As usual we perform the symplectic reduction in stages. First we reduce by the U(1)*
subgroup generated by I, Iy, Iy, and I5 to get the manifold (S?)?, the symplectic leaf in the
4j-angular momentum space A4; obtained by fixing the lengths of all four angular momentum
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vectors. The remaining SU(2) symmetry projects to an SO(3) symmetry on this reduced
space and so next we reduce by the SO(3) symmetry generated by Jio45 at the fixed point
value 0.

The first stage in this reduction is to form the level set of the momentum map in (5?)%,

L= ( J184’5 ) C (SH)* C Ay (4.3.13)

The “Z” subscript is a mnemonic for “zero” and the inverse image of this level set under the
projection map of the first symplectic reduction is precisely the level set L; C P45 from
Eq. 4.1.11. In this level set the four angular momentum vectors Jy, Jo, Jy, and J5 can be
formed into a closed, four-sided, generically non-planar polygon. By adding in intermediate
angular momenta Ji5 and Joy we see points on LIZ;z may all be represented as tetrahedra.
Since this level set is at a fixed point under the SO(3) action the group orbits generated
by Jia45 are entirely contained within L¥ and the reduced space is the “shape space” of
tetrahedra with four fixed edge lengths modulo SO(3) rotations. Such phase spaces seem to
have first appeared in the work of Kapovich and Millson [77, 78]. Any rotational invariant
associated with a tetrahedron, such as the Hamiltonians |Ji2| and |Joy| which define the
reduced a- and [-manifolds, the dihedral angle between two faces, and the volume, is a
well-defined function on bea-.

The Hamiltonian |J;5| generates the “flapping” motion about the jis-axis as described
in Section 4.1.3. The conjugate angle to Ji» on angular momentum space is the 27-periodic
angle ¢1o. This angle is related to the interior dihedral angle aq5 about the edge Ji5 of
the tetrahedron. In this work we consider all interior dihedral angles « to lie in the range
0 < a < 7. Thusif V is the oriented tetrahedral volume, ¢15 = +aq2 when sgn V' = £1. Note
that the interior dihedral angles are all rotational invariants and thus well-defined functions
on the reduced space. Similar statements hold for the Hamiltonian |Jou |, with ¢oy = Faoy
for sgn V' = +1. By construction the a- and S-manifolds project onto (one-dimensional)
Lagrangian manifolds on the reduced space and are defined by

Loy = < %;' ) C Oy, Lf,= < |Jj;*/‘ ) C O (4.3.14)

The projection of the 4j-model stationary phase set (¥ becomes a pair of points in <I>ff;
which are related by time-reversal.

By allowing J3 or Jg to take on a continuum of values we may create a Lagrangian foliation
of (Iij and thus when computing the Maslov index we may use a “|Joy|”-representation
on this reduced phase space. This foliation also allows the topology of the reduced space
to be determined. For a real tetrahedron to be constructible J3; must lie in the triangle-
allowed range |J; — Jo| < J3 < J; + Ja. On the interior of this range, varying ¢, creates
different tetrahedra and thus the group orbit generated by |Ji5| is a circle. However when
J3 saturates one of the inequalities then only a single tetrahedron (modulo proper rotations)
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is constructible and thus the group orbit generated by |Ji3| degenerates to a point. See, for
example, Figure 49 of Aquilanti et al [1]. Thus <I>fj must have the topology of a sphere,

O = (5%, d[J 2] A ¢12). (4.3.15)

Note that (|Jq2|, ¢12) are precisely the action-angle variables discovered by Kapovich and
Millson [77, 78]. A similar analysis holds for the Hamiltonian |Jy4| and the conjugate angle
¢oy. It was noted in Aquilanti et al [1] that, given quantized values for all six lengths J,,
the symplectic volume of <I>fj is 2wdim Zi945. That is, the reduced manifold contains one
Planck cell of area 27 for each state in the space of 4j-intertwiners, as expected.

Another interesting function on (IDEJ- is the volume V. As in Eq. 4.1.15, we define the
volume on the level set LY C Ay; as

1
V= 6‘]1 . (Jg X J4/). (4316)

Since this expression is rotationally invariant V' may be projected to a function on <I>f}. In
this chapter we are only be concerned with this function insofar as it appears as part of a
Poisson bracket in the amplitude determinant. However, the volume itself may be considered
a Hamiltonian and the semiclassical version of a volume operator V on the Hilbert space of

4j-intertwiners. Some works about this operator include Chakrabarti [79], Levi-Leblond and
Levi-Nahas [30], Ashtekar and Lewandowski [20], Major and Seifert [31], Carbone et al [32],
Neville [¢3], Brunneman and Thiemann [¢1], Brunneman and Rideout [85, 86], Ding and
Rovelli [87], and Bianchi and Haggard [38, 89], among others. The volume operator plays an

important role in loop quantum gravity, where the volume of a spatial region is determined
by spin network nodes with valence of four or higher, as described in Rovelli and Smolin
[19] and Thiemann [90]. These nodes may themselves be recoupled into the 4j-intertwiners
introduced earlier. Bianchi and Haggard [33] applied Bohr-Sommerfeld quantization to V'
on a space similar to <I>fj and derived the semiclassical spectrum of the volume operator in
terms of complete elliptic integrals of the third kind and found the spectra to be remarkably
in agreement with the spectrum computed in loop quantum gravity.

4.4 Action Integrals in the 6j-Remodeling Geometry

Now we turn to the relative phase between the two disconnected group orbits that make
up the stationary phase set. As usual the relative phase consists of an action integral and
a correction due to the Maslov and signature indices. As shown in Section 2.5 the action
integrals are the same in models connected by a remodeling geometry, as are the combined
Maslov and signature indices. In Section 4.4.1 we construct a closed path between the
two pieces L(rwj ) and 1" of the stationary phase set of the 127-model and compute the
action integral. This is the calculation performed by Roberts [2]. The symmetry of the
12j5-model allows for a very simple construction of the path in terms of Hamiltonian flows
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]—(:2]') ](_12j)

Figure 4.4.1: The closed path for computing the action integral in the 125 model. The path
starts at P on the intersection manifold L(rlzj ), traverses L7 to a point () on I (2 ), traverses

Lap1 to a point P’ on L(rmj ) on the same Hopt fiber over 12j-angular momentum space as P,

and then finally closes the path by traversing the Hopf fiber in ]S% ) back to P.

and the Ponzano-Regge phase [27], minus the Maslov correction, emerges naturally. Then
in Section 4.4.2 we review a similar calculation for the 4j-model which was performed in
Aquilanti et al [I]. We will see how the asymmetric treatment of the angular momenta
results in a more complicated path and thus highlight the advantages of working in a higher-
dimensional model when analyzing action integrals.

4.4.1 The Action Integral in the 12j-Model

The goal of this section is to compute the action integral part of the relative phase between

the two connected pieces ]J(rmj ) and 1" of the stationary phase set in the 12j-model. We
start by constructing an appropriate closed path that starts on L(ruj ), traverses L1 to [ (2 ),

and then returns to the starting point along L, ;. This path is sketched in Figure 4.4.1.

Let P be an arbitrary starting point on L(rwj ). The twelve vectors J » J fit together
into a tetrahedron Tet, of positive volume at point P, as in Figure 4.3.2. Let njs3 be
the normal vector to the triangle formed by the ordered triplet of vectors (Ji,Js, J3), with
similar definitions for ny56, nye4, and nzys5. It is convenient to define a map A : {r,r'} —
{123,1'5'6,2'6'4, 3'4’5} from the twelve angular momentum indices to the four ordered triplets
that define the four triangles of £,/ that picks out which of the four triplets the index belongs
to (so, for example, A(1) = 123 and A(1") = 1'56).

The Hamiltonian vector fields associated with J () are tangent to Ly, for all 7, so we
may generate the path from Ifzj ) to 11%) by flows under these Hamiltonians. In particular,
we take the path I'jy;; to be the flow of the following Hamiltonian function

Hyy =) naw(P)-J,, (4.4.1)
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where the sum is over both primed and unprimed r. Written explicitly in terms of the
momentum map components of L1, this Hamiltonian is

n123(P> . J123 + n1/5/6(P) . J1/5’6 —+ n2/6/4(P) . J2/6’4 —+ n3/4/5(P) . J3/4/5. (442)

We define the start of the path to be I'y1(0) = P. Since na(, is by definition perpendicular
to J, a flow by 7 generates a time-reversal on all twelve angular momentum vectors and
thus we take the endpoint of the path to be @ = I'y1(7) € 18%9), Explicitly, the spinors
and angular momentum vectors at () are

2(Q) = e ™Mam /2y (P), (4.4.3)
Jr(Q) = R(nA(r)aﬂ)Jr(P) = _JT(P)7

where r runs over both primed and unprimed values. By Equation A.4.7 the action accu-
mulated along this path is

/ 010 = Z (na@y - J:)|p =0, (4.4.5)
Tar

r

where the sum evaluates to zero since Ji93 = J1/56 = Jorga = Jyw5 =0 on L.
Next, since the Hamiltonian vector fields associated with J,,» for » = 1,---,6 are all
tangent to Lq1 we may generate the path from @ € 19%) hack to L(rm] ) by flows under

these Hamiltonians. In particular, we take the path I';,; to be the flow of the following
Hamiltonian function

Hab,l = ZnA('r’)<P) : J’r‘r’- (446)

We define the start of the path to be ' 1 (0) = Q. Since na ) (P) is perpendicular to J,.(P)
and the angular momenta at () are related to the angular momenta at P by time-reversal
naq)(P) is perpendicular to J,»(Q) . Moreover, on L4 the six diangle conditions hold
so J, = —J,» and thus na(v) is also perpendicular to J.(Q). Therefore the flow of Hgp
by —m generates a time-reversal on all twelve angular momentum vectors and thus we take
the endpoint of the path to be P/ =Ty, (—7) € L(rm] ), Explicitly, the spinors and angular
momentum vectors at P’ are

< Zr > — eJriﬂ'nA(r/)(P)'o'/Z ( r ) , (447)
Zp! pr 2y Q

J > J J

" = R(IIA(T/)(P), —7T) ( " ) = — ( " ) . (448)
( Jr’ p JT/ P JT/ Q

By Equation A.4.7 the action accumulated along this path is

/F 015 = Z (na@H(P) - 3, (Q)) 7 =0, (4.4.9)

T
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Finally we close the loop by creating a path I';; € [J(rmj ) from P’ to P. The net result of
following I"js1 followed by @'y 1 leaves the primed spinors unaltered,

2 (P') = e ™aw @/ 2= ma /2, (P) = 2.(P). (4.4.10)
The unprimed spinors at P’ are
2(P') = eti™acn@/2emimam /2, (P, (4.4.11)
The rotation matrices by 7 can be simplified by noting that, given a unit vector a,
e*mo/2 — co5(m/2) £ isin(n/2)a- o = +ia - 0. (4.4.12)

Thus,
etimac/2o=imtba/2 _ (3. g)(b-o)=a-b+i(axb)-o. (4.4.13)
For spinor z,, the unit vectors a and b are the normal vectors na() and na(, respectively.

Let 9, be the exterior dihedral angle of the two faces of the tetrahedron sharing edge J,.
Then Eq. 4.4.11 reduces to

2.(P) = cos(vp,) + isin(¢,)j, - 02, = eIy (P) = et r 2, (P), (4.4.14)

where j, is the unit vector for the unprimed angular momentum J, at P. Thus we form
I'; 1 by following the flows of each of the six Hamiltonians I, by angle 21),. Note that these
Hamiltonians are components of the momentum map for the common symmetry group Gy

and the Hamiltonian flow vectors are all tangent to L(ruj). Under these flows the primed

spinors are unaffected and the unprimed spinors transform as
2 (P) = e7 12, (P1) = e7WretWry (P) = 2,(P). (4.4.15)

By Equation A.4.4 the action accumulated along this path is

/F 0= 1L(P)2¢) =23 (s +1/2)0 (4.4.16)

T T

The total action integral in the 12j-model of the 6j-symbol is thus

Siy = / 0=2> (j, +1/2)th, = 20, (4.4.17)
Pari+lap, 14011 -
where W, is the Ponzano-Regge phase [27], defined as
Vo = Y (e + 1/2)0 (4.4.18)

T

Note that the entirety of this phase came from the path that closes the loop. This fact was
exploited in Hedeman et al [51] to create a purely symplectic proof of the Schléfli identity

[91].
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4.4.2 The Action Integral in the 4j-Model

Now we construct the same phase in the 4j-model of the 6j-symbol to highlight the advan-
tages of using the more symmetric 12j-model to find the action integral. We choose to work
in the standard 4j-model (an inner product in Hio45), rather than the dual 4j-model (an
inner product in #Hj,,) that is the target space model of the second remodel because this
is the model considered by Aquilanti et al [1]. This will not affect our conclusions since the
path used to compute the phase in a given model is just the inverse of the path used in the
dual model.

The main difficulty in the 4j-model is in constructing an appropriate closed path that
starts on L(f]), traverses L,2 to [ and then returns to the starting point along Lso.
Recall that £, is the butterfly manifold in L; C @545 satisfying |J12| = J3 and Lg is the
manifold satisfying |Joy| = Js. We construct a path similar to the path used in Aquilanti et
al [1] except we choose to start on the piece of the stationary phase set where the oriented
tetrahedral volume is positive and we continue using the “symmetric” labeling of the angular
momenta. A

Let P be an arbitrary starting point on L(f]). The four vectors Jq, Jo, Jy, and J5 and
the two “coupled” vectors Ji5 and Joy form the six edges of a tetrahedron Tet, of positive
volume at point P. Let a, be the interior dihedral angle between the two faces sharing edge
J, for the tetrahedron Tet, and let j,. be the unit vectors for angular momenta J,, with
r=1,2,12,4',5,24". ‘ A

We may generate the path I', 5 from L(f] ) to 1) along L,2 by following the flow of
|J12] = ji2 - J12 to a point Q € I We define the start of the path to be I';2(0) = P.
The time-reversed tetrahedron is characterized by the same dihedral angles as Tet, so the
appropriate angle of evolution for this flow is, —2a12, which takes the conjugate angle ¢
from +ajs (since V> 0 at P) to —ayy (since V' < 0 at Q). Explicitly, the spinors and
angular momentum vectors at ) are

_ [ ereen(p), r=1.2,

ZT‘(Q) - { ZT(P), r—= 4/’ 57 (4419)
_ R(ji2, —20112)J,.(P), r=1,2,

JT‘(Q) - { JT<P), r = 4/’ 5 (4420)

Already we see that we are generating a more complicated path since this flow does not bring
us cleanly to the time-reversed image of Tet, but rather a tetrahedron related to Tet, by
both time-reversal and an overall SO(3) rotation. By Equation A.4.7 the action accumulated
along this path is

/ 0, = Z (j12 : Jr)‘P (—0412) = —(j12 : JlZ)’P gy = —Jzos. (4-4-21)
Fa,2

r=1,2

Since the tetrahedron at @ is related to the tetrahedron at P by a time-reversal (up to an
overall SO(3) rotation) and the Hamiltonian flow of |Jis| leaves Jy and J5 invariant, we
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may consider the net result of this rotation to be a reflection of all four angular momentum
vectors through the plane defined by Jy (P) and J5(P). This characterization of the rotation
will be needed to determine the proper angles needed to close the path later.

Next we generate the path 'z from @) back to L(fj ) along L, by following the flow of
|Jo4r| = jour - Jou. This flow rotates the “2 — 4’ — 24’ wing” about the Jou (Q) axis. Let agy
be the interior dihedral angle for edge Jo4 and define P’ to be the endpoint of this flow. As
with the J3, flow along L, 2, the appropriate angle of evolution is —2asy, which takes the
conjugate angle ¢oy from +any (since V < 0 at Q) to —awy (since V' > 0 at P’). Explicitly,
the spinors and angular momentum vectors at P’ are

+ia24/324/~0' — 2 4/
(P = € a(@), r=24, 4.4.22
= (P) {zr@), r=1,5, (1.4.22)
n_ R(ow, —2000)3,(Q), r=2,4,
J.(P) = {JT(Q), F— 15, (4.4.23)

where 324/ is the unit vector for Joy (Q). The action accumulated along this path is
/ 01 = (324/ Jow)lg (—aow) = —Jsaar. (4.4.24)
Tss

We may again consider the net result of this rotation to be a reflection of all four angular
momenta, this time through the plane defined by J;(Q) and J5(Q).

Now we need to close the path by following flows along Iﬁfj ). First we close the path
in the 4j-angular momentum space A4; along a path I';o which follows a global SO(3)
flow (generated by the SU(2) subgroup of the common symmetry group Gy4). To find the
appropriate axis and angle of rotation for the SU(2) path we treat the two rotations generated
by |Ji2| (P) and |Jay| (Q) as reflections and use the fact that the product of two reflections
is itself a rotation, following Aquilanti et al [I]. Let A(n) be a reflection through the plane
normal to n. Given planes with outward-pointing normals n and n’ and interior dihedral
angle a,

n xn
A(n)A(n') =R 200 ) . 4.4.25
A = 1 (2 20 (4.4.25)
The path from P to P’ amounts to the product of reflections A(ni5(Q)) and A(nys(P))
acting on all four angular momentum vectors. The axis of rotation in Eq. 4.4.25 is thus

(J1(Q) x J5(Q)) x (Jur(P) x J5(P)) ox s, (4.4.26)

where J5(Q) = J5(P) and the negative sign is due to the negative volume of the tetrahedron
at ). Since the two reflection planes contain the tetrahedron faces that share edge js the
appropriate interior dihedral angle to be used in Eq. 4.4.25 is a5. The tetrahedron at P’
is thus the tetrahedron at P rotated about the j; axis by angle —2cs. Thus the path 'z
follows the flow of the Hamiltonian js - J1o45 by angle 2as. Let P” be the endpoint of this
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flow. By construction P and P” lie on the same 7" fiber over angular momentum space.
Explicitly, the spinors at P’ are

2. (P") = e7osizo 4 (P, (4.4.27)

The action accumulated along this path is

01 = (Js - Jrows)|pr (—a5) =0, (4.4.28)

Ty
since J124/5 =0 on IJ(:U).

Finally we close the path in ®,945 along a path I'y o which follows the flows generated
by I,. To properly close the loops each of the products of SU(2) transformation matrices
in BEgs. 4.4.19, 4.4.22, and 4.4.27 must be combined and written as z,.(P") = /22 (P)
for some angles 6,., in which case 6, becomes the appropriate angle of evolution for the flow
of I.. In Aquilanti et al [1] these angles were found using the Rodrigues-Hamilton formula
[92] and considering the paths traced out by individual angular momenta as the edges of a
spherical triangle to make the product of SO(3) rotations the identity and then determining
the Zy homotopy class of the path in SU(2). After much work the appropriate evolution
angles 61, 6, 04, and 05 were determined to be —2ay + 27, —2a, —2a4 + 27, and —2as,
respectively. By Equation A.4.4 the action accumulated along this last bit of path is

/ 0= ZIT(PH)(QT) = —2(J1041 + JQOZQ + J4Oé4/ + J5Oé5) + 27T(J1 + J4) (4429)
Lyrg r

The exterior dihedral angles v, are given by m — «,.. Treating a5 and asy as a3 and ag,
respectively, the total action integral around the path I'y = I'y o +T'go + "1 o + I'p o for the
47-model is therefore

54 = % 0=2 Z Jr¢r + 27T(J1 + J4) == 2\IJpr + 2’/T(J1 -+ J4) (4430)
I r

The final term must be an integer multiple of 27 for triangle-allowed values of the quantum
numbers j, and thus
54 = 512 mod 27. (4431)

The reason the action integrals are only equal modulo 27 is because lifting the path I's into
the 12j-phase space using the methods of Section 2.5.2 yields a different path than the one
described in Section 4.4.1. However, as discussed in Section 2.5.6 this difference in paths at
most contributes a difference of integer multiples of 27, as demonstrated in Eq. 4.4.31.
Comparing the calculations for the action integral in the 12j-model and the 4j-model
it is clear that the symmetric treatment of the angular momenta in the 12j-model offers
many advantages over the asymmetric treatment of the 4j-model. For one, the entirety of
the action integral in the 12j-model is accumulated by flows along the common symmetry
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group orbits whereas the path in the 4j-model asymmetrically splits up the contributions to
the phase over all legs of the path. The asymmetric treatment makes a condensed analysis
inherently harder as well. In general the symmetric treatment of the larger models offers the
cleanest construction of the paths because the manifolds in these models will simply be the
products of triangle and diangle manifolds, as will be discussed in Section 5.1. In particular,
constructing a path to find the relative phase between two stationary phase points related
by time-reversal is very easy to implement on the manifolds of such a symmetric model.
Implementing time-reversal on smaller phase spaces where the Lagrangian manifolds are
more complicated is more involved. In this treatment, we did not even bother to connect
two time-reversed tetrahedra with our paths, only concerning ourselves with mapping to a
tetrahedron with the opposite signed volume.

4.5 Asymptotics of the 6j-Symbol

Now we are ready to compute the remaining pieces of the stationary phase approximation
for the 6j-symbol. We saw in Section 3.3.2 that the smaller dimensionality of the 2j-target
space models made the amplitude determinant easier to compute than in the 3j-product
space model of the 3j-symbol. This is even more apparent in the remodeling geometries of
the 6j-symbol, where the 9 x 9 amplitude determinant computed by Roberts [2] in the 12j-
model simplifies to a single Poisson bracket in the 4j-model. Since we find the amplitude in
the 45-model the appropriate semiclassical expression for the inner product (Bl(24/)5\B(12)4/5)
is, up to an overall phase,

. , o) (na—s4)/2 ~ 42
<Bl(24’)57]6|B(12)4’57]3> ~ ()‘/ﬁ Z V:t ‘Qi] e Soi, (451)
a,2 2 4

where V1 was defined in Eq. 4.3.12, ny = 8 is the number of degrees of freedom in ®,;, and
sy = 7 is the dimension of the common symmetry group G4. By Eq. 4.2.38 the 6j-symbol is
thus approximated in the 4j-model as

{Ji J2 J3 }N 1 V27 Zvi‘ﬁij

da Js o | /205 + 13/2j6 + 1 VVa2Vs2 <

1/2 .
e (4.5.2)

Plugging in the volumes from Table 4.6 and Eq. 4.3.12 and using 275, + 1 = 2J,. yields

J1 J2 J3 1 ‘543‘ V2 .
R N ——— e'rE, 4.5.3
{ Ja J5 Jé } 24/ J3J6\/ 27 ; = ( )

In Section 4.5.1 we find the amplitude in the 4j-model. We already found the action
integral piece of the relative phase between L(fj ) and I for the 47-model in Section 4.4.2,
though as we saw we could have confined that calculation to the 125-model. In Section 4.5.2
we continue the calculation of the relative phase by computing the Maslov index using the
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method developed in Esterlis et al [55]. Finally, in Section 4.5.3 we compute the signature
index and put everything together to find the Ponzano-Regge formula for the asymptotics
of the 6j-symbol.

4.5.1 Computing the Amplitude in the 4j-Model

Consider the calculation of the amplitude determinant in the 12j-model. Initially, the ampli-
tude determinant is a 24 x 24-singular matrix of Poisson brackets on ®;5;. Upon symplectic
reduction by the 15-dimensional common symmetry group G5 this becomes a non-singular
9 x 9 matrix of Poisson brackets on the 18-dimensional reduced phase space of the 125-model.
Even though many entries of this matrix are zero, the computation, carried out by Roberts
[2], is computationally intense when compared to the calculation in the 4j-model. As seen
in Section 3.3.2 we get the same amplitude determinant (up to a factor that will be com-
pensated for by the volume factors in Eq. 4.5.1) in both models. Therefore, we just consider
the amplitude determinant in the 4j-model.

The amplitude of the 6j-symbol in the 4j-model is found by taking the determinant of
the appropriate matrix of Poisson brackets. As in Section 3.3.2 we need only consider the
projection of the manifolds £, 2 and L35 of the 4j-model onto the reduced space @f} intro-
duced in Section 4.3.4. The reduced manifolds in ¢)4Rj are the level sets of Hamiltonians |Jys|
and |Jay|, as in Eq. 4.3.14. Since the reduced 4j-model is two-dimensional, the amplitude
determinant is given by a single Poisson bracket,

QF = {Jau|, 1Tl 11" (4.5.4)

where the subscript indicates on which of the two stationary phase points in the reduced
phase space the expression is to be evaluated. To compute this Poisson bracket we lift
the bracket into angular momentum space A4;, which is a Poisson manifold whose Poisson

bracket is given by
B af dg
{f.9} = ZJ (aJr x 8JT) , (4.5.5)

where r = 1,2,4',5 and f and ¢ are any functions on A4;. Therefore

O|Jo +Jy|  O|J1 + Js|
Joarl. |J =Js- . 4.5.6
A e (450
This evaluates to
Jg'(J24/ XJ12) Jz'(J4/ XJl) 6V
J Iy J = = == ; 457
{2, [} |Joar| [T 12| |J12] [Jou| [ J12 [Jou] ( )

where the numerator is 6V due to cyclic property of the scalar triple product. Note that
this volume function is a rotational invariant and thus projects to @fj. On the stationary
phase points Jio = J3 and Joy = Jg so

J3Js

QY = 4376 458
+ 6 |V|7 ( )
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where V' = £ |V| on the projection of I to D
Plugging these results into Eq. 4.5.3 and pulhng out an overall phase yields

{jl J2 Js }%1 1 JSJ@Z upi:COS ASO/Q) (459)
j4 j5 j6 2 vV J3J6\/ 2\l 6 |V \/ 127 |V|

where Ay is the sum of the action integral around the closed path in the 4j-model, Eq. 4.4.30,
and the Maslov and signature index corrections.

Ap =20, — M(r)g + Aa% mod 27. (4.5.10)

4.5.2 Computing the Maslov Index in the 4j-Model

We review here the method developed in Esterlis et al [55] for the computation of the Maslov
index applied to a one degree-of-freedom phase space Let H be a Hamiltonian and let £ be
a level set of this Hamiltonian and let x define the representation. The caustics occur at
points on £ where the function e = {x, H} is zero. At a caustic we define functions u and
v (up to a scale factor) such that uder = —vdH. The Maslov index along a path on £ that
follows the flow of H is given by

u:ngn [u{e, H}vl,, (4.5.11)

where ¢ indexes the caustic points encountered along the path.

Now we apply this method to the calculation of the Maslov index in the 4j-model of the
67-symbol. We choose to work in the reduced 4j-phase space ®fi and work in the |Jyy|-
representation. Let 'S be the projection of the path 'y C ®,; from the 4j-model onto the
reduced phase space. The reduced space path is must simpler to construct than the full
path I'; since we do not need to concern ourselves with overall rotations or phases. The
path starts at the projection of L(fj ), follows the flow of |Jq5| along the reduced a-manifold

to the projection of 1) , and then follows the flow of |Joy| along the reduced S-manifold.
We denote the two legs of this path T'? a2 and Fg . The reduced a- and S-manifolds were
defined in Eq. 4.3.14 by the level set conditions |J12| = J3 and |Joy| = Jg, respectively.

Since L 59 1s one of the manifolds that defines the |Joy|-representation there is no Maslov
contribution from T'f,. In particular, z = H = |Jay| so e = 0 (every point on I'f, is a
caustic) and {e, H} = 0, so the argument of the sign function in Eq. 4.5.11 is uniformly
zero and thus = 0. For T'F, we still have # = [Joy| but now H = [J15|. On the reduced
a-manifold e = {|Joy|, |J12|}, which we determined in Eq. 4.5.7 to be 6V/|J12| |Jos|. The
caustics on Eﬁz are therefore points where V' = 0, which corresponds to flat configurations
of the tetrahedron. Since the start and end points of FﬁQ are related by time-reversal and
the flat tetrahedra are related to their time-reversed image by a proper rotation Fﬁg Crosses
a caustic exactly once. The entirety of the Maslov index for the 4j-model in the |Joy|-
representation, then, occurs at the single point where the path crosses a caustic on the
reduced a-manifold.
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To find w and v we need to satisfy ud |Jou| = —vd|J12| at the caustic. We find v and v by
first finding a general differential relation between V', |J15|, and |Jos | and then setting V' =0
at the caustic. First note that on @fj we have canonically conjugate pairs (|Jas|, —¢24r) and
(|J12| ; —¢12) and therefore, by Eq. 4.5.7 and definition of the Poisson bracket,

dJio| _ dJaw| 6V
d¢24/ d¢12 |J12| |J24’|‘

Next we find the Poisson brackets {V, |Ji2|} and {V, |Joy|}. To do this we define the vectors
A, =J.xJ;and let A,; = |A,4|, which is twice the area of the face spanned by J, and J;.
By Eq. 4.5.5,

{[Jaa |, [Jr2|} = — (4.5.12)

5|']12| 1‘4’5'1k12
V,|J E —_ 4.5.13

where the second equality follows from Ji = —Jy — Jy — J5 (valid on the level set Lz on
which the Poisson bracket is being evaluated), the properties of the scalar triple product,
and the definition of A,,. Since the planes defined by Ais and Ays intersect along Jio,
Ays - Ay = AgAys cosi)ia, where 119 = T — @9 is the exterior dihedral angle about edge
J12. Therefore,

dV A12A4/5 COS qblg oV
= ={|J J
d¢12 6|J12‘ {’ 24‘ ’ 12|}8|J |

{V, | J12|} = (4.5.14)

where the last expression is a different way of expanding out the Poisson bracket. Combining
Egs. 4.5.12 and 4.5.14, and performing a similar analysis on the bracket {V|Joy|} yields

ov . A12A4'5 |J24'| COs ¢12 ov A24'A15 |J12| COs ¢24/

O Jow| 36V G 36V (45.15)
Thus the sought-for differential relation between V', |Jio|, and |Joy| is
36V dV = AjpAys |Joar| cos prad |Jog | + Asyr Ars |J12| cos dogd |J 12| . (4.5.16)
At the caustic V' = 0 and ud |Jay| + vd |J12] = 0 so Eq. 4.5.16 implies
u = A1 Ays|Jon| cos pra, v = AgyAss|J1a] cOS Poyr. (4.5.17)
We may also use the above results to find
(el g = ({1, Tl il = 220 (4.515)

Using Eqgs. 4.5.17 and 4.5.18 in Eq. 4.5.11, then, gives the Maslov index for a path on
L7, following the Hamiltonian flow of |J15| through a caustic

2 42 2
L= san A9 Ays A3, ATy COS™ Py COS Pro
| Jou|

= sgn(cos ¢12)|v—o- (4.5.19)
V=0
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The caustic condition V' = 0 implies the tetrahedron is flat at the caustic points and thus
all dihedral angles are either 0 or 7. Thus g = +1 when ¢12 = 0 and g = —1 when ¢15 = 7.

As described in Section 4.4.2, the path I'Y, follows the flow of |J15| through a negative
angle —2a,, which takes the angle ¢15 through 0 from +aq5 to —aqs. Thus the path Fﬁz
is more accurately described as following the Hamiltonian flow of — |J12|. By Eq. 4.5.19 the
Maslov index for the flow by |Ji2| as it passes through ¢12 = 0 is +1 and thus the Maslov
index for the flow by — |J12| which defines 1"22 is —1. We may conclude then that the total
Maslov index for the path T'F is = —1.

4.5.3 The Asymptotic Expression for the 67-Symbol

Finally, we turn our attention to the signature index. We wish to compute the signature
index o at the two intersection points in @fj in the |Joy|-representation. As in Cappell,
Lee, and Miller [59] and Section C.5, we may express this signature index in terms of the
Lagrangian signature,

o =0(Ny, Aa, Ap), (4.5.20)

where A, and Ag are the tangent planes to ﬁfb and ﬁgg at the stationary phase points and

A, is the plane tangent to the Lagrangian manifold in the Lagrangian foliation that defines
the representation. Since £ﬁ2 is itself part of the representation-defining foliation A, and Ag
are equal and, due to the antisymmetry of the Lagrangian signature, Eq. 4.5.20 evaluates to
zero at both stationary phase points.

Plugging in the Maslov and signature indices into Eq. 4.5.10 yields a relative phase
Ap = 2V, + 7/2. Thus the asymptotic expression for the 6j-symbol is, up to an overall

phase,
Ja Js Js V127 |V|

where W, is the Ponzano-Regge phase given in Eq. 4.4.18. This is indeed the well-established
asymptotic formula for the 6j-symbol [27, 38, 42, 2. 1]. Note that we have routinely ignored
the contributions of overall phases in our calculations of the 6j-symbol. Since the 67-symbol
is real the overall phase correction for Eq. 4.5.21 amounts to a sign +1.

4.6 Summary

The remodeling of the 6j-symbol demonstrates many of the advantages of working with
different models. The pair of remodels that were used in the remodeling algebra generalizes
to the 3nj-symbols, with a maximally symmetric 6nj-model connected via two remodels to
a minimally-sized (n + 2)j-model.

The manifolds in the symmetric model will all be products of diangle and triangle man-
ifolds and this simple geometry allows for the construction of particularly simple paths
between the stationary phase points. The action integrals are thus easy to compute in these
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models. In particular the only contribution to the action integrals will come from flows gen-
erated by the 6nj I maps on the phase space, and thus all action integrals take on the form of
an obvious generalization of the Ponzano-Regge phase. We saw that a similar action integral
for the 6j-symbol in the 4j-model was much messier to calculate since the flapping motion of
the butterfly manifolds also generates non-zero action integrals and thus the Ponzano-Regge
phase is asymmetrically split and is generated by a combination of I and |J| flows.

The semiclassical approximation in the (n + 2)j-model has the advantage of taking place
in a phase space containing significantly fewer degrees of freedom than the symmetric model.
Moreover symplectic reduction of the model yields a reduced phase space with merely n — 1
degrees of freedom. This is the phase space model with the fewest dimensions and is thus ideal
for computing any quantity that involves a determinant, such as the amplitude or Maslov
phase. In the case of the 6j-symbol we are able to express the amplitude as a single Poisson
bracket and we were able to compute the Maslov index in a one degree-of-freedom context.
This has significant advantages over similar calculations in the larger symmetric model which
involve 9 x 9 determinants. These advantages are only increased in the other 3nj-symbols
with the reduced symmetric model involving 6n — 3 degrees of freedom in contrast with the
n — 1 degrees of freedom in the reduced (n + 2)j-model.
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Chapter 5

Other Applications

Now that we have seen in detail how the various aspects of the remodeling of an inner
product apply to the 3j- and 6j-symbols we turn to other applications. First in Section 5.1
we consider the 3nj-symbols, which may be interpreted as recoupling coefficients for n + 1
angular momenta. As with the 6j-symbol we form three models, an (n + 2)j-, a 2(n + 2)j-,
and a 6nj-model, and connect them with two applications of an inner product remodeling.
In Section 5.2 we introduce SU(2) rotation operators into our spin networks. We call such
operators “g-insertions” since they involve adding a line carrying a group element g to our
spin networks. The g-inserted spin networks ultimately may be interpreted as the amplitudes
of loop quantum gravity. That is, we may treat spin network states in loop quantum gravity
as wavefunctionals on the space of connections. The action of a spin network state on a
connection will be equivalent to performing a g-insertion on all legs of the spin network.
Once the loop quantum gravity amplitudes are expressed in terms of spin networks they
may be subjected to remodeling, producing models in Schwinger Hilbert spaces as well as
models in the space of wavefunctions on the group manifold SU(2). Finally, in Section 5.3
we analyze how the remodeling geometry may be used to associate a Lagrangian manifold
in a certain product phase space to a co-isotropic manifold. This relationship enables us to
consider the quantization of co-isotropic manifolds.

5.1 3nj-Symbols (n > 2)

We define k = n+2 for the rest of this section. Let Z; be the space of kj-intertwiners. When
n = 1 (k = 3) this space is non-trivial iff the three irreps involved form a triangle-allowed
triplet, in which case the space Z3 of 3j-intertwiners is one-dimensional. When n = 2 and
the four irreps satisfy the polygon inequalities the space Z; of 4j-intertwiners is non-trivial
and, in general, has a dimension greater than one. As we saw in Section 4, we may put
different bases on Z,, corresponding to different ways of coupling the four angular momenta
into an SU(2)-invariant. The 6j-symbol is then interpreted as the components for a unitary
change-of-basis in Z;. In general, we define the 3nj-symbols for n > 2 which are interpreted
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as the components for a unitary change-of-basis for the space of (n + 2)j-intertwiners 2, 5.
The 3nj-symbols have applications in molecular, atomic, and nuclear physics but our
primary interest in them comes from their applications to quantum gravity. Just as the
6j-symbol is the basic building block of the Ponzano-Regge model [27] for the state sum
in 3d-Euclidean quantum gravity, the 15j-symbol is the basic building block of models for
4d-Lorentzian gravity. The 15j-symbol appears, for example, in analogues of the Ponzano-
Regge and Turaev-Viro [29] models in 4d such as the Ooguri model [30] and the Archer [31,
], Crane-Yetter [33], and Roberts [34] models which involve the g-deformed 15j-symbol.
Of particular note is the Barrett-Crane model [35] which generalizes these models to a
Lorentzian setting. The 15j-symbol enters because the amplitude is fundamentally a state
sum over four-simplices. The fifteen irrep labels represent the areas of the ten triangular
faces of the four-simplex as well as five recoupling irreps. The 157-symbol has also recently
been used in loop quantum gravity and spin-foam models by Engle et al [30], Livine and
Speziale [93], and Freidel and Krasnow [37].

We start in Section 5.1.1 by introducing “k-valent nodes” into the spin network notation.
These nodes allow us to discuss general kj-intertwiners. With this notation we then proceed
to construct the myriad inner product models of the 3nj-symbols, paying special attention
to the 97-symbol and the 15j-symbol. Then in Section 5.1.2 we construct the remodeling
algebras that link these inner product models together. Finally in Section 5.1.3 we construct
the remodeling geometries corresponding the the remodeling algebras and describe how the
Kapovich-Millson shape space [77, 78] emerges as a symplectic reduction of the “kj-model”
of the 3nj-symbol.

5.1.1 Inner Product Models of the 3nj-Symbol

Define k = n + 2 for this section. Given k-irrep labels ji, - - - jx, we may schematically write
a general state in Zj as

(5.1.1)

We call such a spin network a “k-valent node.” Since the space of intertwiners Z; greater
than one-dimensional for k > 4 (n > 2) we need to label or “color” such nodes when they
occur to indicate which element of Zj the network represents. The coloring of the k-valent
node in spin network 5.1.1 is indicated by the label “v” to the left of the node.

One way of representing such a node is to expand it in a basis of recoupled angular
momenta, as we did with the “butterfly states” in Z; in Section 4.1.3. In particular, consider
a trivalent spin network containing n trivalent nodes connected by n — 1 internal lines (each
carrying an irrep label) and n 4+ 2 = k external lines (each carrying an irrep label) ending
in ket chevrons. The internal lines represent a definite coupling scheme in this network.
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Following terminology from Feynman diagrams we call such networks “tree-level networks”
since there are no internal “loops” or “bubbles.” A basis of Z; may be formed from any
tree-level network, with the individual basis states differing only by the irrep labels on the
n — 1 internal lines. For example, a general four-valent node may be written,

, (5.1.2)

where v is a coloring of the four-valent intertwiner and we have expanded Z, in the (ab)-
coupled basis of Eq. 4.1.9 and ¢, are the expansion coefficients.

The 3nj-symbol is fundamentally a matrix element of a transformation from one basis
in the space Z; of kj-intertwiners to another. The bases in question represent the different
recoupling schemes for the k& angular momenta. We express any 3nj-symbol spin network as

1

“3nj-symbol” = v1 Uz, (5.1.3)

k
where each of the two k-valent nodes stands for a specific tree-level network in Z; representing
a particular recoupling scheme. The colorings v; and vy label the recoupling schemes and
the irrep labels on the internal lines. The “3n” j labels of the 3nj-symbol are the n+ 2 irreps
1,--- , k explicitly shown in Eq. 5.1.3 and the two sets of n — 1 irrep labels on the internal
lines of the expansion of the k-valent nodes into tree-level networks. For example, n = 2
gives the 67-symbol. In the “coupled” labeling, we may express Eq. 4.0.1 as the four-valent

spin network
kel GE D
Y = , 5.1.4
{]3 Ja ]23} 12 v 23 ( )

where the four-valent nodes on the left and right represent the dual of the spin network in
Eq. 4.2.31 and the spin network in Eq. 4.2.35, respectively. The colorings “12” and “23” on
the nodes indicate the intermediate (hidden) couplings in the four-valent intertwiners.

By cutting the spin network in Eq. 5.1.3 down the middle we form an inner product in
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Z. representing the 3nj-symbol and thus we have a kj-model of the 3nj-symbol,

“kj-Model”: (5.1.5)

where we are only schematically showing the bra and ket vectors that make up the inner
product model. Since this model is a pairing of a kj-intertwiner bra with a kj-intertwiner ket
we may also refer to Eq. 5.1.5 as a “kj-vs.-kj” model. When we talk about the 3nj-symbol
being the unitary change-of-basis components in Z; we are naturally talking about this kj-
model of the 3nj-symbol. This is the smallest Hilbert space model of the 3nj-symbol. In
the case of n = 2, this is the 4j-model of the 6j-symbol as defined in Eqgs. 4.2.38 and 4.2.37.

Before cutting the spin network in Eq. 5.1.3 we may replace the arrows on all lines by
oriented stubs and use the convention that arrows come out of all trivalent (and higher)
nodes and go in to all stubs (which we may consider bivalent nodes). We may then create
another inner product model by separating the spin network into a set of k 2j-intertwiner
states (the k bivalent nodes) and two kj-intertwiner states (the two k-valent nodes) to create
a 2kj-model,

“9kj-Model”: 2 x Covs. kx . (5.1.6)

We also refer to this model as an “kj-vs.-25” model. In the case of n = 2, this is the 8j-model
of the 6j-symbol as defined in Eqs. 4.2.21 and 4.2.24.

Next we may expand out the spin network Eq. 5.1.3 into a spin network purely containing
tri- and bi-valent nodes and then cut the spin network along each leg leading out of a trivalent
node (and thus into a bivalent node). We then separate the spin network into two pieces,
a piece containing 2n 3j-intertwiner states (the 2n trivalent nodes) and a piece containing
3n 2j-intertwiner states (the 3n bivalent nodes). This model takes place in a space of 6n
angular momenta so it is a 6nj-model of the 3nj-symbol,

“6nj-Model”: 2n X , Vs, 3nx . (5.1.7)

We also refer to this model as a “3j-vs-25” model. This is the largest Hilbert space model
that we will consider for a given 3nj-symbol. Note that this model treats all 6nj angular
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momenta on an equal footing and is thus the most symmetric model. In the case of n = 2,
this is the 125-model of the 6j-symbol as defined in Eqgs. 4.2.12 and 4.2.7.

The kj-, 2kj-, and 6nj-models are not the only models that may be formed. Let m # 2n
be a factor of 2n. Then we may form a W j-model of the 3nj symbol by splitting the
spin network into a set of %" (m + 2)j-intertwiner states and % 2j-intertwiner states.
Note that m = n reproduces the 2kj-model of Eq. 5.1.6 and m = 1 reproduces the 6nj-model
of Eq. 5.1.7. Another interesting distinct case for n > 2 is m = 2, which is a 4nj-model
containing n 4j-intertwiner states and 2n 2j-intertwiner states. Thus we may always form a

“47-vs.-27” model of the 3nj-symbol,

“4nj-Model”: n x ><, QnXI. (5.1.8)

One consequence of this construction is that we may insert resolutions of the identity in
different bases in Z4 to each of the 4j-intertwiner states in the 4nj-model and thus express
the 3nj-symbols as sums of products of n 6j-symbols [7, &].

Consider for example the 9j-symbol (n = 3, k = 5),

J3  Ja s p = ; (5.1.9)
O

where we use a coupled, rather than symmetric, labeling and the convention that all lines have
arrows pointing away from the trivalent nodes and towards the stubs. In addition to the 5j-
model there are three relevant models of the 9j-symbol: m = 3 gives a 10j-model (a 5j-vs.-2j
model), m = 2 gives a 12j-model (a 4j-vs.-27 model), and m = 1 gives the symmetric 18-
model (a 3j-vs.-2j-model). The spin networks for these models are sketched schematically
(without decorations such as irrep labels, stubs, arrows, or chevrons) in Figure 5.1.1.

As stated earlier, the four-valent spin network for 9j-symbol may be used to express the
9j-symbol as a sum over a triple product of 6j-symbols [(6],

1 J2 Ji2 S
J3 Ja Jsa = Z(_l)y 2J+1{ e }
! ! ) Jsa Js J

Jis J2a Js J
J3 Ja Jaa J13 Joa Js
. : RO I 5.1.10
{ J2J Jaa }{ J g Js } ( )
Because of its central importance to 4d-Lorentzian gravity spin-foam models we also
mention here the various models of the 15j-symbol (n = 5). There are in fact five physically
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(——
5j-model . .
12j-model 18j-model

10j-model
Figure 5.1.1: Spin network schematics for models of the 9j-symbol.

distinct types of 15j-symbol, which in Yutsis [7] are called the 15j-symbols of the first
through fifth kind. We also refer to these in this section as Type I through Type V. The
trivalent spin networks are sketched schematically (without decorations such as irrep labels,
stubs, arrows, or chevrons) in Figure 5.1.2(a) through (e). These may be cut as described
above to produce a 30j-model (m = 1 or 3j-vs.2j model). For each of the five types of
157-symbol there is a single 30j-model. We may also recouple these networks into a spin
network containing a pair of seven-valent nodes. This spin network may be cut as described
above to produce the 7j- and 14j-models of the 15j-symbols. Note that there are may be
different 7j- and 14j-models for a given type of 15j-symbol depending on how the angular
momenta have been recoupled. All 7j- and 14j-models may be schematically represented
by the seven-valent spin network shown in Figure 5.1.2(j). Finally, we may couple pairs of
trivalent nodes together in the trivalent spin networks to produce four-valent spin networks.
There are four distinct types of four-valent spin networks that occur when the five types
of trivalent spin networks are coupled in this fashion. We label these in this section as
Types A through D. The four-valent spin networks that represent the various types of 157-
symbol are shown in Figure 5.1.2(f) through (i). Cutting the four-valent spin networks as
described above yields various 20j-models. The 15j-symbol of the first kind (Type I) may
be recoupled to give all four types of four-valent spin networks and thus admits four distinct
20j-models. The 15j-symbol of the second kind (Type II) on the other hand can not be
recoupled to give the four-valent spin network of Type D thus admits only three distinct
207-models (corresponding to the four-valent spin networks of Type A, B, and C). Similarly
the 15j-symbol of the fourth kind (Type IV) admits three 20j-models, corresponding to the
four-valent spin networks of Type B, C, and D. The 15j-symbol of the third kind (Type III)
only admits two distinct 20j-models, corresponding to the four-valent spin networks of Type
C and D. Finally, the 15j-symbol of the fifth kind (Type V) only admits a single 20j-model,
corresponding to the four-valent spin network of Type D.

Of particular importance to the Barrett-Crane model is the four-valent spin network
of Type D, as shown in Figure 5.1.2(i). We call this spin network the “four-simplex spin
network” since it is comprised of five four-valent nodes with each node connected to every
other node by an edge, just as the spin network for the 6j-symbol may be considered a
“three-simplex” or “tetrahedron spin network” since it is comprised of four three-valent nodes
with each node connected to every other node by an edge. The four-simplex spin network
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(4)
AN
odo
0=0

(g) Type B

§) Seven-valent
network.

Figure 5.1.2: Spin network schematics for the various types of 15j-symbol.

represents the “Riemannian 10j-symbol” (Barrett and Crane [35], Barrett [94], Barrett and
Williams [95], Baez and Christensen [90], Christensen and Egan [97], Baez et al [19], Freidel
and Louapre [50], Barrett and Steele [98]). The ten irrep values (one for each of the ten

lines connecting two four-valent nodes) physically represent the areas of the ten triangular
faces in the four-simplex. Note that five additional colorings are needed for each of the five
four-valent nodes in the 10j-spin network. If the four-valent nodes are allowed to represent
arbitrary elements of the space of 4j-intertwiners then this network may be expanded into
a basis of 15j-symbols of the first, third, fourth, or fifth kind (but not the second kind). For
example, Baez and Christensen [90] use an expansion of the four-simplex spin network into
15j-symbols of the first kind in order to prove the positivity of the 10j-symbol.

5.1.2 Remodeling Algebras for the 3nj-Symbols

Just as we connected the symmetric 12j-model of the 6j-symbol with the small 45-model
of the 6j-symbol in Section 4.2 we may connect the symmetric 6nj-model to the small kj-
model of the 3nj symbol via two applications of the remodeling of an inner product. The
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“kj-Model” | “2kj-Model” “6nj-Model” |

kj-Intertwiner Second k Diangle States First 3n Diangle States
B B
vs. Remodel vS. Remodel vs.
kj-Intertwiner 2 kj-Intertwiners 2n Triangle States
Four-valent
Only if Remodel
n is even

( “dnjModel” )
2n Diangle States

vs.
n Butterfly States

Figure 5.1.3: Schematic of the spaces and states in the remodeling algebras for the 3nj-
symbols.

first remodel connects the symmetric 6nj-model (represented schematically by a trivalent
spin network) to an intermediate 2kj-model (represented schematically by a k-valent spin
network). The product space inner product serves as the 6nj-model in this case and the
target space inner product serves as the 2kj-model. Note that to set up such a remodeling
algebra we need to commit to a particular coupling scheme for the two kj-intertwiner states
that appear in the 2kj-model.

The second remodel connects the “dual 2kj-model” with the “dual kj-model” (also rep-
resented schematically by a trivalent spin network). The dual inner product models are used
here for the same reason they were used in the 6j-symbol, as will be discussed below. The
dual 2kj-model is the product space inner product and the target space inner product pro-
duces the dual kj-model. We may also perform a separate remodel to connect the 6nj-model
to the 4nj-model (represented schematically by a four-valent spin network). The 6nj-model
again serves as the product space model but the target-space model is now the 4nj-model
inner product. If n is even then the 4nj-model may itself serve as a product space model
for a remodel connecting it to the 2kj-model. However if n is odd no such direct remodel
exists. A schematic of the remodelings for the 3nj-symbol is shown in Figure 5.1.3. These
remodels are by no means an exhaustive list (in particular we may also connect the 6nj-
model to any of the W j-models and other remodels may exist between these models)
but rather a highlighting of the remodels that connect the models of most physical interest
and calculational use.

To construct the remodeling algebra for the first remodel we first begin with the standard
trivalent spin network with stubs inserted on each line and arrows pointing away from all
trivalent nodes and towards all stubs. The remodel is then constructed by severing all 6nj
legs of the trivalent spin network. This network can then be separated into a set of 2n
3j-intertwiners and 3n 2j-intertwiners. We separate these into three sets which act as the
b-, M-, and dual of the a-state for the first remodel. In particular the 2n 3j-intertwiners is
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a ket in the 6nj-Hilbert space Hg,; and acts as the M-state |M;) for the first remodel,

1

2n
M) =) a4 € Henj. (5.1.11)
A=1

In Eq. 5.1.11 A indexes the 2n trivalent nodes and A;, A,, and Az are the three Hilbert
space labels for the three angular momenta coupled together at a given trivalent node. The
remaining 3n 2j-intertwiner states form the dual of the product state. Therefore the product

state in the first remodel is
1/ 3n
|aby) = o € Moy (5.1.12)
1 3n

The 6nj-model of the 3nj-symbol is then the inner product of the ab-state with the M-state,

“6nj-Model”: (aby|M;). (5.1.13)

Note that this model is the product space model for both the first remodel and the “four-
valent remodel” referred to in Figure 5.1.3.

The a- and b-states for the first remodel are found by splitting the product state spin
network into two subnetworks. The a-state is an element of the target space Hay; of the first
remodel so its spin network is made of the subnetwork of Eq. 5.1.12 containing ket chevrons
for the set of primed and unprimed Schwinger spaces for the £ irrep labels that appear in
the 2kj-model under consideration.

|a1) = i 1 € Hopj. (5.1.14)
T Tk

The dual of the b-state is then the remaining pieces of the spin network,

/

)= & € Hifn-1);- (5.1.15)

T
7’757"1,"' Tk

Note that since k = n + 2, the source space in the first remodel contains 6n — 2k = 4(n — 1)
copies of the dual Schwinger Hilbert space.

The M-state in the first remodel acts as a map Hz(n_l)j — Hen;- In particular, the 2n
3j-networks in Eq. 5.1.11 can be broken up into two set of n 3j-networks and each of these
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sets acts as a map from a 2(n — 1)j-dual Schwinger Hilbert space to a kj-Hilbert space. The
b-state itself contains two pairs of (n — 1) 2j-intertwiners which are used to couple the two
sets of n trivalent nodes into a pair of kj-intertwiners and the 2j-intertwiners in the b-state
become the internal lines of these intertwiners. Thus the [-state of the first remodel is

|81) = e Horj, (5.1.16)

where v; and vy represent the coloring of the kj-nodes. The target space model is thus the
2kj-model of the 3nj-symbol,

“2kj-Model”: (a1|/1). (5.1.17)

Construction of the second remodeling algebra takes the dual of the 2kj-target space
model of the first remodel as the product space and thus is an inner product in the dual
space Hy; with |B;) now acting as the dual of the product state (abs| of the second remodel
and (a;| acting as the M-state (M| of the second remodel,

“Dual ij—MOdel”: <M2’CL1)12> = <CL1|B1>. (5118)

The map state in the second remodel is thus the set of k 2j-intertwiner bras,

(Ms| = I I € s, (5.1.19)

where the ‘2" subscript in (M| is used to highlight that this is the map state of the second
remodel. In particular, we treat (M| as a map : Hy;y — My, where Hy; and Hy; are
kj-Hilbert spaces for two different sets of k£ angular momenta. The product state is just the
dual of the (-state of the first remodel,

(abs| = (5.1.20)
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’ H First Remodel H Second Remodel ‘
State Hilbert Component Hilbert | Component

Space States Space States

| bstate [| Hip, gy, | 20—1)x2j | Hi [ Ixkj ]
ab-state Hen; 3n X 2j ’H,’;j, 2 x kj
M-state Henj 2n x 3j Hiir k x 2j
a-state Hork; k x 2j My 1xkj
B-state Hoar; 2 x kj i 1xkj

Table 5.1: States in the two remodeling algebras for the 3nj-symbols.

The a-state is a kj-intertwiner bra in the second remodel target space Hy; while the
b-state is a kj-intertwiner ket in the second remodel source space Hyj,

(5.1.21)

The p-state is formed by attaching the k 2j-intertwiners of the M-state to the b-state which,
following the rules for converting kets into bras established in Aquilanti et al [1], is another
kj-intertwiner bra in Hj;,

(5.1.22)

The target space model for the second remodel is thus the dual of the kj-model of the
3nj-symbol,
“Dual kj-Model”: (Bs]as). (5.1.23)

The states of the two remodels connecting the 6nj-model to the kj-model of the 3nj-
symbol are summarized in Table 5.1.

Note that in the “four-valent remodel” shown in Figure 5.1.3 the product space and
M- and ab-states are the same since the 6nj-model is the product space model for both
the first remodel and the four-valent remodel. The difference in the case of the four-valent
remodel is that the M-state is now interpreted as a map : H3,; — Hapn;. The a and b states
are again collections of 2j-intertwiners but now the b-state only consists of n 2j-intertwiner
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bras rather than 2(n — 1) as in the first remodel. The map M acts as n versions of a map
: H5; — Ha; and the action is to map a 2j-intertwiner bra into a 4j-intertwiner ket as
described in Section 4.2.2.

5.1.3 Remodeling Geometries for the 3nj-Symbols

As in Sections 3.2.1 and 4.3.1, each of the Hilbert spaces S in the remodeling algebra corre-
sponds semiclassically to a copy of the Schwinger phase space X' and thus the phase spaces
in the remodeling geometries for the 3nj-symbol are products of Schwinger phase spaces or
their duals. The product, source, and target phase spaces for the first remodel are labeled
Dy, q)z(n_l)j, and ®y;, respectively while the product, source, and target phase spaces
for the second remodel are labeled ®3,;, ®x;, and @;;. The dual map Gy; : $p; — Pj; is
used to map the Lagrangian manifolds for the k£j-model of the first remodel to the relevant
manifolds of the dual kj-model of the second remodel. Similarly, we introduce the kj-phase
space ®p; and the dual map G,;jl : ®%; — Pi; to map the manifolds from the dual kj-model
of the second remodel to the manifolds of the regular kj-model.

Each of the states in the remodeling algebras are tensor products of intertwiner states
and thus the Lagrangian manifolds that support the semiclassical approximations of these
states are simply Cartesian products of the diangle, triangle, and butterfly manifolds de-
scribed in Section 4.1 as well as k-edged polygon manifolds that support the semiclassical
approximations of the kj-intertwiner states. In general these manifolds are the level sets of
the k conditions on the k outer edge lengths of the polygon (I, = j,+1/2forr =1,---k), the
closure condition Jr = Zlf J,. =0, as well as n — 1 other conditions specified by the coloring
of the intertwiner state, such as the edge length |J5| for the k = 4 (butterfly) manifolds,

A T A # |
Ek] C ( 7 7. 0 ) - (I)k]. (5124)

Let L1 and Ly;2 be the two Lagrangian manifolds supporting the semiclassical approxi-
mations of the two kj-intertwiner states in the kj-model. The stationary phase set in this
case is the intersection Ly;1 N Lyj2. By Eq. 5.1.24 this intersection is the union of group
orbits for the group G = U(1)* x SU(3) generated by I,, r = 1,---k and Jy. This is a
(k + 3)-dimensional group. Symplectic reduction by this group yields a reduced kj-phase
space (IDEJ-. This phase space is where the amplitude determinant and Maslov index for the
kj-symbol are easiest to compute. This reduction yields the Kapovich-Millson shape space
[77, 78] for a k-sided non-planar polygon. This symplectic reduction eliminates a total of
(k + 3) degrees of freedom from the 2k-degree of freedom phase space ®j;. The reduced
phase space therefore contains £ — 3 or n — 1 degrees of freedom and dim @kRj =2(n—1). As
a result, the amplitude for the 3nj-symbol may be written in terms of the determinant of
an (n—1) x (n — 1) matrix of Poisson brackets. For example, in Section 4.5.1 the amplitude
determinant of the 6j-symbol (n = 2) was a single Poisson bracket. Similarly, in Haggard
and Littlejohn [15] the amplitude of the 9j-symbol (n = 3) was expressed in terms of a 2 x 2
matrix of Poisson brackets.
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Figure 5.1.4: Phase spaces and the maps between them in the remodeling geometries for the
3nj-symbol.

’ Model H Phase Space \ Dimension ‘
6nj-model Denj 24n
4nj-model Dyp; 16n
2kj-model Doy; 8k

Dual 2kj-model Q3 8k

Dual kj-model Q5 4k

kj-model Dy 4k
Reduced kj-model @kRj 2(n—1)

Table 5.2: Phase spaces for models in the remodeling geometries of the 3nj-symbols.

The phase space for the 6nj-model has the largest dimensionality (24n) but treats all
6n angular momenta on an equal footing. Therefore this is the most symmetric model and
construction of the path and evaluation of the action integral should be easiest in this space.

Figure 5.1.4 shows the phase spaces in the two remodeling geometries and the relevant
maps between these spaces. Subscripts on the dual maps and projection maps have been
omitted. Table 5.2 lists the phase spaces, their roles in the remodeling geometries, and their
dimensions.

As we demonstrated in Chapter 4, the amplitude and Maslov contributions to the semi-
classical analysis of the 3nj-symbol are easiest to compute in the reduced kj-phase space
and the action integral is easiest to compute in the symmetric 6nj-phase space. For exam-
ple, Haggard and Littlejohn [15] used a symplectic reduction of the 5j-model to derive the
amplitude of the 9j-symbol and reported a Ponzano-Regge-like term for the action integral
that resulted from an analysis of the 18j-model. The derivation of this action integral follows
very closely the derivation from Section 4.4.1 and the analyses of Roberts [2] and Hedeman
et al [51] for the Ponzano-Regge phase in the 6j-symbol.

5.2 g-Insertions

As stated in Chapter 1, a spin network basis state of loop quantum gravity consists of a
decorated spin networks along with a specification of the knot class of the embedding of the
network into a three-dimensional spacelike slice of spacetime [17, 5]. The basis states can
be identified with “wavefunctionals” of the connection, maps from the space of connections
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to C [18]. Acting a basis state on the connection amounts to inserting an SU(2) rotation
operator on each edge of the spin network to represent the holonomy along the embedding
of that edge. We call the addition of these SU(2) rotation operators to a spin network edge
a “g-insertion”.

The SU(2) group action U(g) : S — S is a linear map on the Schwinger Hilbert space
that subjects the states in S to a rotation. Following Stedman [3], we express the spin
network for U(g) as
9
. |

U(g) = ——. (5.2.1)
The dashed line represents the g-insertion and is oriented so that it is counterclockwise of the
bra chevron and clockwise of the ket chevron. Note that inserting the identity element e €
SU(2) yields the identity map. Generalizing the rules for Hermitian conjugation established
in Aquilanti et al [1], the spin network for (A]T(g) and thus, by unitarity, U(g_l), may be
expressed as,

Uifg) = ¢ = < =U(g™) (5.2.2)

Note that the spin networks in Eqs. 5.2.1 and 5.2.2 may also represent maps : $* — §* in
which case the group action on &* is represented by U T(g) rather than U (g9). By the group
representation property U(g)U(h) = U(gh), two consecutive g-insertions can be combined
to a single g-insertion,

g 1 h
[
1 1

: : = : . (5.2.3)
LA hg

- T
|
gi hi
The components of the SU(2) rotation matrices in the standard angular momentum basis
form the D-matrices (also called the Wigner rotation matrices). In Section 5.2.1 we construct
a remodeling algebra which connects two models of the D-matrix, one which takes place in a
2j-Schwinger Hilbert space and one which takes place in a 1j-Schwinger Hilbert space. Then
in Section 5.2.2 we introduce a third model, which treats the D-matrix as a wavefunction on
the group manifold SU(2). Thus the third model takes place in the Hilbert space L2SU(2).
We construct a remodeling algebra connecting this third model with the 2j-model of the
D-matrix and identify an isomorphism between L?>SU(2) and a subspace of S® S*. We also
explore the phase space T*SU(2) which contains the Lagrangian manifolds that support the
semiclassical approximation of states in L2SU(2). In Section 5.2.3 we discuss intertwiners in
the context of g-insertions. Finally, in Section 5.2.4 we discuss how the remodeling algebras
for the 3nj-symbols are modified to accommodate general g-inserted spin networks. We
conclude that section by discussing how the amplitudes in loop quantum gravity may be
interpreted as g-inserted spin networks.
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5.2.1 Models of the D-Matrix

The D-matrices (or the Wigner rotation matrices) are the components of U (g) with respect
to the standard angular momentum basis of S,

|
| 9
|

Diela) = GmiD{g)lim') = sm ——tr (5.2.4)
We may consider the D-matrix as a g-inserted version of the inner product (jm|jm’). The
asymptotic formula for the D-matrices has been known for a long time (Brussard and Tolhoek
[99], Ponzano and Regge [27], Braun et al [100], Sokolovski and Connor [101], Littlejohn and
Yu [76]) but it is useful to see how the remodeling algebra applies to this matrix element to
elucidate of the geometrical issues that arise in its asymptotics.

We set up the remodeling algebra for the D-matrix by considering the matrix element in
Eq. 5.2.4. The remodeling algebra is formed by first cutting the spin network in Eq. 5.2.4

on both of the legs,

|
9
|
|

*m

: : —m/. (5.2.5)

J J J
We make the choice in this spin network to place an irrep label on all three segments. The
operator in the middle segment is thus the projection of the rotation operator U (g) onto the
carrier space C;. We write this restriction U;(g) to distinguish it from the rotation operator
acting on the full Schwinger Hilbert space. This map serves as the M-state of the remodeling
algebra,

19

N = U,(g) = e;—< cS®S" (5.2.6)

We can just as well set up the remodeling algebra with the full rotation operator U (9)
acting as the M-state. However, the choice of Uj (g) has the advantage that the states in the
remodeling algebra and the Lagrangian manifolds in the remodeling geometry now share a
larger common symmetry group. We take the source Hilbert space to be &’ and the target
Hilbert space to be §, where the prime is used to distinguish between the two copies of the
Schwinger Hilbert space. The map U i(g) is an element of the product Hilbert space S @ 8.
Note that the image of Uj (g) is the carrier subspace C; C S and the orthogonal compliment
of the kernel of U;(g) is the carrier subspace C; C S'.

The a- and b-states of this remodeling algebra are the standard basis kets |jm) € S and
|7m’) € &', respectively, and the product state is [jm){(jm/| € S ® 8",

la) = m% €S; |b)= m’% es. (5.2.7)

Y = T e —( eS@S". (5.2.8)
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Note that [b) € (ker U;(g))..
Finally, the -state is the map U;(g) acting on the b-state,

g

18) = Uj(g)ljm') = &——<—m/ € 8. (5.2.9)

J

The [-state is a simultaneous eigenstate of I and a component of J. We demonstrate thus
using the adjoint formula, which relates the action of the SU(2) rotation operators with the
adjoint representation generators J,

U(g)JUt(g) =R (9)T: S = S, (5.2.10)

where R(g) is the 3 x 3 representation matrix of the group element ¢ in the adjoint repre-
sentation on R* and R(g)J = R;;(g)J;. Since U(g) : S’ — S the conjugation of the source
space angular momentum operator is a rotated target space angular momentum operator.
Thus, by the invariance of the inner product under rotation and unitarity of the rotation
operators,

U(9)(z- ') = (R(g)z) - JU(9)- (5.2.11)

Note that the operator U (9) may be replaced by the restricted operator Uj(g) in both
Eqgs. 5.2.10 and 5.2.11 since the operator that defines the representation is a Casimir and
commutes with the rotation operators. Acting U;(g) on the eigenvalue equation z-J'|jm’) =
m/|[jm') for the b-state gives

(R(9)z) - 3U;(g)|jm') = m'U;(g)|jm). (5.2.12)

Define n = R(g)z and let J, =n-J. Then we may write the 3-state as the simultaneous
eigenstate

18) = Us(g)ljm’) = ][ Jn > €S. (5.2.13)

m

This state U;(g) € S ® &' is the simultaneous eigenstate of operators I and J — R(g)J’T

as we now show. First, o )
1U;(9) = jU;(9), (5.2.14)
as can be seen by acting both sides of the equation on an arbitrary bra from the right. Next,

recall that the operator J'T is the action of J’ on &'* from the right. Consider J — R(g)J'T
acting on U;(g),

~

(J = R(@)IT)(U;(9) = IU;(9) = R(9)U;(9)d"- (5.2.15)
By Eq. 5.2.10 U;(9)J = R(¢~")JU,(g). Therefore

(J = R()IT)(T;(9) = 0. (5.2.16)
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The three components of J - R(g)j’T along with the operator I form a complete set of
observables that defines Uj (g9), Note that Uj (g) is also an eigenket of I —1I'T at eigenvalue
zero and an eigenket of I' at eigenvalue j. These eigenvalue conditions are not independent
of the four in Egs. 5.2.14 and 5.2.16, however.

The Lagrangian manifold £y that supports the semiclassical approximation to Uj(g) is

the level set /
Ly = ( § I %(9)‘] ) CXx " (5.2.17)

This manifold is also in the J level set of I’ and the zero level set of I — I’. In the remodeling
geometry connecting the 2j- and 1j-models of the D-matrix the manifold £ is the level
set I' = J and J, = m/. The transport of this manifold through Ly yields the level set
conditions I = J and n-J = m/, precisely the manifold expected to support the semiclassical
approximation of the [-state Eq. 5.2.13.

5.2.2 [2SU(2) and T*SU(2)

This remodeling leads to two models of the D-matrix, a 2j-model in S ® §" and a 1j-model
in §. We may however consider a third model which is related to “cutting” the spin network
in Eq. 5.2.4 along the dashed line of the g-insertion. That is, we may consider the D-
matrix D’ (g) for fixed values j, m, and m’ as a map : SU(2) — C in which case it is a
wavefunction on the group manifold SU(2). The inner product model then takes place in the
Hilbert space Mgy 2) = L2SU(2) of wavefunctions on SU(2). Just as a 1D-wavefunction ¢ ()
in the Hilbert space L*(R) is an inner product between the state |¢)) and the representation
ket |z) that specifies the value of x € R we may express the “lg-model” of the D-matrix
as an inner product (g|D? ) where |g) is the representation ket that specifies the value of
g € SU(2) and |D?, ) is a ket in L2SU(2). This ket may be defined by its action on Hp2):

|Dfnm/> t My — C: (gl = Dim,(g) = <jm|Uj(g)|jm’>. (5.2.18)

We may also write |D? ) as D’ () to emphasize that the D-matrix is the wavefunction
of |D] ) in Hgy(). We write this inner product model in the Dirac and spin network

notations as
'g
|

6
|

D3, (9) = (9| D) = m : ", (5.2.19)
J

where the network for an H gy (2) ket contains a dashed line terminating in a ket chevron and
the network for a bra contains a dashed line terminating in a bra chevron.

In light of this “lg-model” we may construct a second remodeling algebra for the D-
matrix where the H gy (o) is the target space and hosts the 1g-model and S* ® S’ is the source
space, which also hosts the dual of the 2j-model. The product space is thus Hgy2) ® S @S
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“lg-Model” | “lg/2j-Model” |
-
Vs. VS.
l9) |g) ® |jm) (Gm/|

“1j-Model” “2j-Model”
Uj(g)ljm’) Jj
VS.

ljm)

Figure 5.2.1: Schematic of the spaces and states in the remodeling algebras for the D-matrix.

and the M-state is the map Uj :S*® S = Hsu) : |gm!)(im| — |D;m,>. Note that by
definition (g|U; = U, (g).

A schematic of the remodelings for the D-matrix is shown in Figure 5.2.1.

A similar remodeling algebra can be set up for the map Ut : Hsve) > S®S™ 1 |g) —
U (g9). Note that we are no longer restricting to a given irrep label. The kernel of this map is
zero and thus orthogonal compliment of the kernel of this map is the full space Hgy(2). The
image of this map is the zero eigenspace of I — I'". Thus the core isomorphism identifies
L2SU(2) with the zero eigenspace of I — I'T in S ® S*.

The classical phase space associated with Hgy (2 is the cotangent bundle T*SU(2). As
discussed in Hedeman et al [51], points on T*SU(2) may be written as pairs (J, g) or (g,J’),
where J and J’ are the momentum maps for the right- and left-translation actions of SU(2)
on itself, respectively (these are similar to the space and body coordinates of a rigid body).
The two choices of angular momenta J and J’ in the fiber over g are related by J = R(g)J’.

In Hedeman et al [51] we found that symplectic reduction of the 2j-phase space X' x X™* by
the U(1) group generated by I — I’ yields a phase space that is isomorphic to the cotangent
bundle T2SU(2) with the exception of the zero section, which is identified with a single
point. This same phase space arises in the theory of “symplectic implosion” [102]. A similar
reduction is performed in the analysis of “twisted geometries” by Freidel and Speziale [103]
in connection with the classical phase spaces associated with spin networks in loop quantum
gravity. As in Hedeman et al [51] we write this phase space minus the zero point as Q.
We may specify coordinates on Q by the pair (J,g), which is the projection of the I — I’
group orbit in X x X’ such that the projection of z onto angular momentum space is J and
2 = g712. We may also use coordinates (g,J’), where the projection of 2’ onto angular
momentum space is J’ and z = ¢gz’. The core geometry associated with the map UT thus
contains T*SU(2) as the source space and X x X™*//(I —I' = 0) as the reduced target
space. A point (J,g) in the source space is mapped by the core symplectomorphism to the

point (J,g) in (). The symplectic structure of these spaces may be given by the symplectic
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potential, which we expressed in Hedeman et al [51] as

0 =iJ -tr(g'odg) = —id - tr(godg"). (5.2.20)

5.2.3 g-Inserted Intertwiners

Recall that an intertwiner is a linear map between vector spaces that commutes with the
actions of SU(2) on the two spaces. Let Hy; = Q S, 7 =1,---k and let Z;; C Hy; be the
space of intertwiners : Hj, — C. Since C is a carrier space for the j = 0 irrep of SU (2)
the intertwiner property implies that all elements of Z;; are SU(2) invariants. A rotation
by group element g € SU(2) on Hy; is tensor product Uy(g) & - - - @ Uy(g), where Uy(g) is
the SU(2) rotation operator acting only on S,. We may therefore represent the intertwiner
property in spin network language by

(5.2.21)

Applying this to the 2j-intertwiner yields
g

L = L <. (5.2.22)
j j
g

Note that the orientations for both g-insertions are such that the dashed lines represent the
operator U(g). Eq. 5.2.22 implies that we can “push” a g-insertion through a stub,

E E

| |

L (=1L (= L, 5.2.23
; ( )

T

|

gt
which can be seen by replacing the stub in Eq. 5.2.23 with the g-inserted stub network in
Eq. 5.2.22 (with group element g=') and then using Eq. 5.2.2 and Eq. 5.2.3 to replace the
two g-insertions to the right of the stub with the identity. Note that in the first equality
of Eq. 5.2.23 pushing the g-insertion through the stub inverts the orientation of the dashed
line with respect to the external chevrons or internal arrows. Note that the g-insertions
in the first two spin networks of Eq. 5.2.23 are the representation matrices on & and S*,
respectively. In fact, we may consider Eq. 5.2.23 to be the intertwiner property applied to
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the map K; : C; — C; introduced in Section 3.1.4, K;0U(g) = U'(g) o K;, where U(g)
and U T(g) are the unitary representation operators for S and S*, respectively. Egs. 5.2.22
and 5.2.23 hold for the full intertwiner K : S — S* as well as the intertwiner restricted to
the irrep carrier spaces.

Performing a g-insertion on a diangle state |Ky) € S, ® Sp (as defined in Section 4.1.1)
yields a “bent diangle” state,

La g Ka - . — - — - — 6 Sa®8 3 5.2.24
( )| b> ] 0 \/2] + 1 a b ( )

where the a subscript on the rotation operator indicates that it is only acting on the S, piece
of S, ® S. Note that if we pushed the dashed line of the g-insertion to the other side of the
stub it would represent the conjugated operator Ut(g) rather than U(g). Unless otherwise
noted all g-insertions in the remainder of this work will be oriented as in Eq. 5.2.1. We
have suppressed a downward-pointing arrow on the internal line between the stub and the
g-insertion since the orientation is clear from context. We will continue to suppress arrows
on internal lines when the orientation is clear by context. This state is a 0-eigenstate of
the operator J, + R(g)J, as can be seen from the considering |K,) as a map : Sf — S
and U(g) as a map : S, — S, (so that U(g) € S, ® 8 as before). Consider the map
(Jo + R(9)J0)(Ua(9)| K o)) acting on some arbitrary ¢, € Sp,

(30 + R(9)I) Ol Ka))| () = IR, + I0) [ Ka),  (5:2.25)

where we have used J,(U(g)) = R(9)J(U(g)). Since [Kgp) is a O-eigenstate of I+ 7,

'~

this expression is zero for all (| and thus (J, + R(g)Js)(Ua(9)|Kawp)) = 0. We write the
Hermitian conjugate of the bent diangle state as

T

g b
9__ ="""1 €80/, (5.2.26)

where we have pushed the g-insertion through the stub so that the dashed line again has the
correct orientation to stand for the group action by g on S rather than S*.
Applying Eq. 5.2.21 to the 3j-intertwiner yields

J1
= )2 : (5.2.27)
J3
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where there is an implied arrow pointing away from the node on all three lines coming out of
the node. Eq. 5.2.27 implies that we can always “push” a g-insertion on one line connected
to a trivalent node onto the other two lines. In particular,

(5.2.28)

If there is a g-insertion on all three legs of a 3j-intertwiner we may use Eq. 5.2.28 to eliminate
one of the group elements,

(5.2.29)

/ /
/g3 /9397 "

Given a tree-level kj-intertwiner ket we may perform a g-insertion on each of the n — 1
internal lines. By Eq. 5.2.29 and the tree-structure of the spin network we may always
move the g-insertions on an internal line to the external lines. For example, consider the 47-
intertwiner butterfly state in the ab-coupling scheme of Eq. 4.1.9 with a g-insertion performed
on the internal line,

(5.2.30)

We are again using the convention that all internal arrows are pointing away from trivalent
nodes and towards stubs and the placement and orientation of the g-insertion is chosen so
the g-insertion stands for the group action by g on § rather than S*. The g-insertion may
be pushed through the trivalent node on the right which yields a g-insertion by ¢g~! on the
two external lines on the right. We may also push the g-insertion first through the stub by
using the second equality of Eq. 5.2.23 and then through the trivalent node on the left which
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yields a g-insertion by ¢ on the two external lines on the left,

(5.2.31)

I [Ja| ZTR@r)JT ,
I 0 C Dyy. (5.2.32)

where the level set conditions defining the Lagrangian manifold in the 4;5 phase space ®4;
that supports the semiclassical approximation of the g-inserted 4j-intertwiner is given in the
expression on the right and r = a, b, ¢, d.

5.2.4 g-Inserted Spin Networks

We define a “g-inserted spin network” to be a closed spin network (of arbitrary valence)
where all stubs have been replaced by combinations of stubs and g-insertions. This is akin to
replacing all diangle states with “bent diangle” states. For example, consider the g-inserted
67-symbol,

(5.2.33)

|
|
|

[

4 4

This is a symmetric formulation since all six diangle bras are treated on an equal footing.

However we may also assign the g-insertions asymmetrically by pushing the g-insertion on

diangles ‘3’ and ‘6’ through the trivalent nodes. We make the replacements

g1 915 Ga v Gads s Ga Ge9ads s s — 9ags, (5.2.34)
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Figure 5.2.2: Schematic of the spaces and states in the remodeling algebras for the g-inserted
6j-symbol.

in which case the spin network in Eq. 5.2.33 becomes

(5.2.35)

This is the most convenient form for construction of the remodeling algebras of the g-inserted
6j-symbol.

This spin network may be cut as in Eq. 4.2.7 to create a remodel of the 6j-symbol in
which case the M-state, b-state, and [-states are identical to the states Eqs. 4.2.8, 4.2.16,
and 4.2.17 in the first remodel of the 6j-symbol as discussed in Section 4.2.2. The difference
is that the a-state is now g-inserted version of the a-state Eq. 4.2.13 of the first remodel of

the 6j-symbol,
1 2/ 4 5
)= 9 7 92 7 94 g B4 ey, (5.2.36)
1 2 4 5

The first remodel now connects a g-inserted 12j-model with a g-inserted 8j-model. A second
remodel connects the 8j-model with a 4j-model. The a- and b-states of the second remodel
are identical to the states Eqs. 4.2.31 and 4.2.32 in the second remodel of the 67-symbol as
discussed in Section 4.2.3. The M-state is now four bent diangle bras and the [-state is
proportional to a g-inserted 4j-intertwiner ket, with all g-insertions on the external legs as
in Eq. 5.2.32. A schematic of the two remodelings of the g-inserted 6j-symbol are given in
Figure 5.2.2.
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Now we can see how g-inserted spin networks represent the amplitudes in loop quantum

gravity. References for the geometry explored here include Baez and Muniain [104] and
Gambini and Pullin [22] and standard references and review articles for loop quantum gravity
include Rovelli [5], Ashtekar and Lewandowski [12], and Thiemann [13].

Let ¥ be a spacelike hypersurface and I' € ¥ a path. An SU(2) connection A on X is a
su(2)-valued one-form on ¥. The (open-path) holonomy H, is then a map from the space
of paths in ¥ to the group SU(2) given by the path-ordered exponential,

Ha(l) = Pexp (i/FA> . (5.2.37)

Given two paths I'; and I'y such that the final point I'; (1) of the first path is the initial point
['2(0) of the second path, the holonomy over the concatenated path T'; o I'y is the group
product of the holonomies,

HA(Ty 0Ty) = Hy(T)Ha(T). (5.2.38)

A gauge transformation by gauge function g : ¥ — SU(2) changes the connection via
A(z) — g(x)Ag~(z)+g(x)dg~'(z). Under a gauge transformation the open-path holonomy
transforms as

HA(T) = g(I'(0)) Ha(T') g~ (T(1)), (5.2.39)

where I'(0) and I'(1) are the initial and final points of the path I'. Given a closed path I" in
Y., the Wilson loop is the trace in SU(2) of the closed-path holonomy,

Wa(T) = tr Ha(T). (5.2.40)

The Wilson loops are all invariant under gauge transformations.

As stated in Chapter 1 a spin network basis state |S, k) is specified by a decorated spin
network S and a discrete label k£ that gives the knot class of the embedding of S into X.
This state may be considered a wavefunctional Wg,[A] on the space of connections, with
the Wg[A] being the holonomy with respect to connection A around the loop defined by
the embedding of the spin network S into ¥ [17, 5]. These wavefunctionals represent the
amplitudes of loop quantum gravity. The diffeomorphism invariance of the spin network
states is manifested in the freedom (up to a specification of the knot class) in choosing the
embedding of the spin network in ¥. Each edge of the spin network maps to an open oriented
path I' C ¥ under the embedding. In this work we choose to place stubs on all internal lines
so that all arrows on internal lines point away from nodes of valence three or higher and
point towards stubs. The orientation of the stub then determines the orientation of the path
in the embedding; the node counterclockwise of the stub is the initial point of the path and
the node clockwise of the stub is the final point, as shown in Figure 5.2.3. Thus a holonomy
may be assigned to each edge of the spin network. We may interpret these holonomies as
maps from the tangent space at the embedding of the initial node to the tangent space at
the embedding of the final node. The interpretation of the holonomy as a g-insertion is most
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Figure 5.2.3: The embedding of a spin network edge into a path I" in 3.

easily seen by considering a closed-path holonomy which is a map from the tangent space at
the embedding of a node to itself. The action of the holonomy group element acting on the
tangent vector J; to I' at the start of the path gives the vector J; tangent to I' at the end
of the path,

R(HYT)J; = J;. (5.2.41)

Note that the holonomy must be inverted in order to satisfy the homomorphism property
Eq. 5.2.38. Let J, = J; and J, = —J; so that J, and J; both point along the path I". Then
the holonomy implies

Jo + R(HA(T))J, = 0. (5.2.42)

This is precisely the classical version of the statement that the bent diangle bra of Eq. 5.2.26
is a O-eigenvalue of the operator J, + R(g)J,. Thus we may represent the action of a spin
network edge on a connection with a g-insertion,

:HA(F)

(M) A] = >—§—< (5.2.43)

The spin network in the expression on the left in Eq. 5.2.43 represents a segment of a spin
network in a spin network basis state and the subscript £ indicates the knot class of the
embedding (both the spin network and the knot class labels are required to specify a spin
network basis state). The left-hand side of Eq. 5.2.43 thus is a spin network basis state
treated as a wavefunctional and acting on a connection A. The expression on the right is
a g-inserted spin network with H4(I") the holonomy along I'; the embedding of the internal
edge into .

The gauge invariance of the spin network states is manifested in the intertwiner property
of the nodes. For example, consider the following segment of a spin network state,

b

(5.2.44)
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Let this spin network be embedded in X such that node r is at point x, € X with r = a,b, ¢, d
and the edge going from node r to node s follows the path I',; C . The three edges of this
spin network give three oriented paths I'y,, I'.,, and I'y4, where the orientation of the stub
determines which node marks the beginning of the path and which node marks the end. Let
the space ¥ carry the connection A and define h,s = H(T',5) to be the holonomy along the
oriented edge connecting node r to node s. Following Eq. 5.2.43 the evaluation of this spin
network segment on the connection A is the g-inserted spin network,

b

(5.2.45)

c d

Now suppose A is subjected to a gauge transformation A — A’. By Eq. 5.2.39 the
holonomies transform as h,s — g.h.sg; ', where g, is the gauge function evaluated at .
The spin network state acting on the connection after the gauge transformation is thus

b

_ gphbega

\

/ gchcagt:l \ / h —1
A] = \ Vsahaagy’" (5.2.46)

c d k c d

By Eqgs. 5.2.3 and 5.2.23 these g-insertions may be broken up,

(5.2.47)

Note that there is a g-insertion by the same group element (g, ') abutting node a on each of
the three edges that meet at node a. By the intertwiner property Eq. 5.2.27 we may make
the replacement

= : (5.2.48)
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A similar manipulation happens at each node of the spin network if the spin network has
no external edges. Therefore the g-inserted spin network in Eq. 5.2.47 simplifies to the
g-inserted spin network in Eq. 5.2.45 and we conclude that the spin network amplitude is
invariant under gauge transformations, as expected.

Thus the fundamental amplitudes of loop quantum gravity can be expressed in terms
of g-inserted spin networks. Performing a semiclassical approximation therefore amounts
to semiclassically evaluating these g-inserted spin networks. We may construct the same
remodeling algebras as in Section 5.1 to form different inner product models or we may
perform a remodel as in Section 5.2.2 to interpret these states in some power of L2SU(2) as
is done in the twisted geometries approach [103].

5.3 Co-Isotropic Manifolds

The semiclassical interpretation of a linear map M : Hy — M, as a Lagrangian manifold
Ly in the product phase space ®; x ®3 is one example of Weinstein’s symplectic creed
[105], “everything is a Lagrangian manifold!” In this section we use the remodeling algebra
and geometry to explore another example, wherein we may relate certain classes of co-
isotropic manifolds to Lagrangian manifolds of a larger space. In particular, we may use the
remodeling geometry to associate a canonical Lagrangian manifold in a product phase space
with a co-isotropic manifold in a target phase space.

Consider a Hilbert space H and a symmetry group G on H generated by the dual Lie
algebra-valued operator A:H— g" X H. Let u € g* be a fixed point under the Ad*-action
of G'on g* and define H, as the simultaneous p-eigenspace of the operator A,

Ho= {1y e H | Alw) =)} (53.1)

Let ® be the classical phase space corresponding to H and let A be the Ad*-equivariant
momentum map for the symplectic action of G on ®. As in Section 2.4.3 the eigenspace
H, may be represented semiclassically by two different manifolds. If #H, is interpreted
as a subspace of H then the associated semiclassical object is the co-isotropic level set
A~Yu) € ®. If H, is interpreted as a Hilbert space then the associated semiclassical
object is the phase space ®, obtained by the symplectic reduction ®//(A = p). Note that
by definition of the symplectic reduction there is an inclusion map 2, : A~*(u) — ® and
projection map m, : A~ () — @, such that 1w = T,wy, where w and w,, are the symplectic
forms on ® and ®,,, respectively.

Consider H,, as a Hilbert space in its own right and let 7 H, — H be the inclusion
map. That is, 7 maps the Hilbert space H, to the subspace H, C H. We may set up a
remodeling algebra and geometry for such a map, with the Hilbert space H,, and the reduced
phase space ®, acting as the source spaces and the original Hilbert space H and phase space
® acting as the target spaces. Then 7 is identified as a vector in the product Hilbert space
H ® H,, and the semiclassical approximation to 7 is supported by a Lagrangian manifold £z
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Figure 5.3.1: Phase spaces and the maps between them for the symplectic reduction and
remodeling geometry associated with the inclusion map Z.

in the product phase space ® x ®;. The phase spaces of the remodeling geometry and the
spaces involved in the symplectic reduction are shown in Figure 5.3.1.

We may determine the structure of £z by using the transport procedure of Section 2.2.2.
Let |¢)) € H, be a vector of the subspace H, and thus an element of both Hilbert spaces
H, and H. Let L be the Lagrangian manifold in ® corresponding to [¢) € H and let
EAR C ¢, be the Lagrangian manifold in @, corresponding to |¢) € H,,. By definition of H,,
AlY) = p|tp) and thus £ € A~ (u). This manifold projects onto the Lagrangian manifold
L% in the reduced space, Alternatively we could have started with the manifold £? C @,
and formed by the manifold £ by pulling back by forming the inverse image of £ under the
projection of the symplectic reduction and then pushing forward by the inclusion map,

LA =m,L), L= zu(ﬂ;l(ER)). (5.3.2)

Since jﬂ maps [¢)) € H, to the same vector in H we expect the transport of L# through
L, to give L,
L=T(LE =m(Ls Ny Y (GLLR)). (5.3.3)

Let points on ¢ and ®, be written z; and 2, so point on the product space are (z1, 22).
Egs. 5.3.2 and 5.3.3 hold for any Lagrangian manifold £® C @, so we may assume that

1w, (22)) 2 m(Lr Ny (Ga(z2)), Vg € (5.3.4)
The left-hand side of Eq. 5.3.4 is the set
n(m, () = {z € A7 (1) | mu(21) = 22} C @, (5.3.5)
while the right-hand side of Eq. 5.3.4 is the set
T (Lr Ny (Go(22)) = {21 €D | (21, 22) € L1}, (5.3.6)
where we have used 7, '(Ga(22)) = ® x {2,}. Comparing Eqs. 5.3.5 and 5.3.6 yields
Lr={(21,2) € P X P} | A(z1) =p, mu(z1) = 2} (5.3.7)

In terms of level sets Eq. 5.3.7 implies

Lr= ( ": 2 g”<21) ) €D x ¥, (5.3.8)
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where A has been pulled back by m; to a function on the product space and 7, is the
projection map of the symplectic reduction. This is the expected answer since the core
geometry of this setup has ®, as both reduced target and source spaces and the reduced
manifold £ is simply the graph of the identity map. We may construct a map : A~ (u) —
L7 : z1 — (z1,7,(21)). This map by construction is one-to-one and by Eq. 5.3.7 is onto.
Therefore,

A~Np) = L, (5.3.9)

where A~ (y) is a co-isotropic manifold in ® and L7 is a Lagrangian manifold in & x 7.
We have thus successfully reinterpreted a co-isotropic level set in one space as a Lagrangian
manifold in another space.

5.3.1 Quantization of [

For a Lagrangian manifold to properly support the semiclassical approximation to a quan-
tum state, the Lagrangian manifold must be “quantized” in the sense of Bohr-Sommerfeld
quantization [106, 58]. That is, the action integral with Maslov correction around any closed
path on the Lagrangian manifold must be an integer multiple of 27. This requirement is
essentially a consistency requirement for the WKB wavefunction. If a Lagrangian manifold
is specified as the level set of a momentum map then the Bohr-Sommerfeld quantization
conditions lead to the discrete spectrum of classical contour values that the momentum map
components can take. For example, applying Bohr-Sommerfeld quantization to the 1jm-
torus of Eq. 3.2.1 constrains I to be a half-integer and I + J, to be an integer, replicating
the usual conditions for quantum numbers j and m [11]. The restriction of possible contour
values J of I to half-integers does not just hold for the jm-tori, however. In general we
find that, given a Lagrangian manifold in an nj-classical phase space, partially specified by
the level set condition I, = J., Bohr-Sommerfeld quantization implies that .J, must be a
half-integer. In this section we apply the Bohr-Sommerfeld quantization to a Lagrangian
manifold associated with the coisotropic manifold 7=!(.J) in the Schwinger Hilbert space to
reproduce the quantized contour values of I.

It will be more convenient in this section to set up the remodeling geometry for the
projection operator ﬂj : 8§ = Cj, where § is a Schwinger Hilbert space and C; is the j-
eigenspace of the operator IonS. Considering C; as a Hilbert space in its own right yields
a remodeling geometry similar to Figure 5.3.1, with the roles of the source and target space
reversed, as shown in Figure 5.3.2. As in Appendix A, X is the Schwinger phase space
(C2idz" Adz). As usual let J = j+1/2. The level set 1-1(.J) has the topology of a 3-sphere
of radius J and the projection onto the reduced phase space C; is a 2-sphere of radius J,
with the projection of the symplectic reduction being the Hopf map : S3 — S2.

The Lagrangian manifold in X; x X* that supports the semiclassical approximation to
f[j is the manifold

Lr={J,2)e X x X | I(z)=J, J=m(2)} =S (5.3.10)
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Figure 5.3.2: Phase spaces and the maps between them for the symplectic reduction and
remodeling geometry associated with the projection map II.

We may find the quantized contour values of I in many ways. The first, as mentioned
earlier, is to apply Bohr-Sommerfeld quantization directly to Lagrangian manifolds whose
description contains the level set condition I = J, such as the jm-tori. Another method
is inspired by geometric quantization [69, 70, 71], in which we require a compact phase
space to contain an integer number of Planck cells equal to the dimension of the Hilbert
space. The reduced space Y; carries the symplectic form Jdf2 and thus has volume 4x.J.
Requiring 47J = 27n for some integer n (the number of Planck cells) yields the quantized
contour values J = n/2. This phase space corresponds to the carrier space C; of dimension
n = 2j + 1 which fixes J = j + 1/2.

In light of the connection between co-isotropic manifolds and Lagrangian manifolds,
however, we have a third method of finding the quantized contour values of . In particular,
we require that the Lagrangian manifold £7 be quantized in the sense of Bohr-Sommerfeld.
We will not directly apply Bohr-Sommerfeld quantization to the manifold S in X; x X* since
the product phase space is topologically non-trivial and we can not define a global symplectic
potential 6 on it and thus we would need to modify the definition of the action integral and
Maslov index. Instead we use the fact that Y; is a symplectic reduction and lift the product
space into Y x X* which is flat and has a globally well-defined symplectic potential. We
say that L7 is quantized if the lifted version of the Lagrangian manifold is quantized on
Y x X*. This is how, for example, the Lagrangian manifolds on JY; corresponding to the
states [jm) € C; are quantized [11]. The lift of £z into X' x X* is the manifold that supports
the semiclassical approximation to ij : § = C; with C; now interpreted as a subspace of
S rather than an independent Hilbert space. In particular, both target and source phase
spaces are copies of the Schwinger phase space.

Let I be the momentum map on X and let I’ be the momentum map on X*, in which
case Xy x X* is a symplectic reduction by I at contour value J. The group orbits of [
are circles and thus the lift of £z is an S bundle over S3. We quantize this manifold by
considering contours that follow the Hamiltonian flow of /. The Hamiltonian [ is conjugate
to the 4m-periodic angle ¢ so by Eq. A.4.4 of Appendix A the action integral around such a
contour is 47.J. As shown in Aquilanti et al [11] the Maslov index for this contour is p = 4
and thus the Bohr-Sommerfeld quantization condition is

n+1

An] — 27 =2mn, — J = 5

(5.3.11)

which is the familiar restriction on the values of J.
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5.4 Conclusions

During the writing of this dissertation we have begun to turn our attention to g-deformed
spin networks. The methods of semiclassical analysis used extensively in this work are not
immediately applicable to such systems since the Lagrangian manifolds that support the
semiclassical approximations of states involved can not be interpreted as level sets of mo-
mentum maps of some groups or as group orbits. This is because there is no Lie group
underlying the ¢-deformed spin networks. Rather, these networks are built upon the Hopf
algebras SL,(2). The group theory used to construct the invariant densities on the La-
grangian manifolds is no longer applicable, for instance. In order to tackle such networks we
first need to modify the semiclassical methods used and then analyze how the modifications
affect the various aspects of the remodeling procedure.

The work presented in this dissertation is meant to provide a framework for simplifying
semiclassical calculations of the objects that occur in Loop Quantum Gravity and in spin-
foam models. Sections 5.1 and 5.2 outlined exactly how the inner product remodeling applies
to the 3nj-symbols and the g-inserted spin networks. The next natural step would be to
carry out the semiclassical approximations of physically relevant objects such as the 157-
symbol using the structures set up in this chapter to simplify the calculations. It is the
hope of the author that the remodeling procedure will be a valuable tool in determining the
semiclassical and asymptotic behavior of spin network based approaches to quantum gravity.
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Appendix A

Representations of Angular Momenta

A.1 The Schwinger Hilbert Space

We begin by outlining our notation for the Schwinger formalism for representing angular
momentum operators in terms of harmonic oscillators [62, 63]. The method begins with a
pair of harmonic oscillators H,, = (1/2)(&2 + p%), u = 1,2, which act on the (Schwinger)
Hilbert space S = L*(R?) containing wavefunctions ¢ (x), x = (x1,23) € R? (or ket vectors).
We denote the dual space by §* which we also think of as a space of wavefunctions (or bra
vectors). To distinguish quantum mechanical operators from their classical counterparts, we
put hats on operators. Let a, = (&, + ip,)/+/2 and af, = (&, — ip,)/V2 (u = 1,2) be the
usual creation and annihilation operators and define

I=zata, J=Zdlea, (A1)

where o is the vector of Pauli matrices and contractions are implied among the two com-
ponents of @, a' and the components of the Pauli matrices. The operator I is half the
sum of the two harmonic oscillator Hamiltonians, with the zero point energy subtracted off,
I =(1/2)(H, + H, — 1). These operators satisfy the commutation relations

A A A

[j7 ja] = 07 [Jaa Jb] = ieabc Ja (A12)

as well as the operator identity ) o
J2=1(I+1) (A.1.3)

The operator J thus forms an SU (2) algebra on S, with I a Casimir operator. The spectrum
of I is the set of all non-negative half-integers, j = 0,1/2,1,--- and the eigenspaces of
I are in a one-to-one correspondence with the carrier spaces of the SU(2) irreps. These
carrier spaces will be written as C; wherever they arise. Since each irrep occurs precisely
once, S = P ; C;. Since J commutes with  we may interpret the operator J as either an
operator on the full Schwinger Hilbert space S or on the irreducible subspaces C;. We use
the standard physics phase conventions for the harmonic oscillator states and the Condon
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and Shortley [107] phase conventions for the standard angular momentum basis vectors |jm,).
With these phase conventions the basis vectors | ]m) in C; are identical to harmonic oscillator
eigenvectors |ning), with ny = j +m and ny = j —

The dual Schwinger Hilbert space S* is the space of bra vectors, or equivalently the
space of linear maps : S — C. For each operator on the Schwinger Hilbert space, there is an
associated operator on the dual space. Let A :H — H be a linear operator and define the
transpose AT H* — H* as the operator A acting on bras from the right,

AT((9]) = (4]A. (A.1.4)

The map from operators to their dual is an anti-homomorphism with respect to the com-
mutation algebra. That is, if [A, B] = C, then [AT,BT] = —CT. Note that [-J], —J/]] =
i€ae(—J] ) so the components of the operator —J T form an SU(2) algebra on S*, with IT a
Casimir operator.

The nj-Hilbert space for a collection of n angular momenta is the tensor product of n
copies of the Schwinger Hilbert spaces S;, H,; = S1 ® --- ® S,,, where the index is used
to distinguish copies of the Schwinger Hilbert space. Operators on the component spaces
can be lifted into operators on the full nj-Hilbert space. For example, an operator A on Sa
becomes an operator on the 2j-Hilbert space Hy; = &1 @ Sy defined by Id1 ® Jg, where ]d1
is the identity on H; and J, is the angular momentum operator defined on H,. In a slight
abuse of notation, we will let J,, stand for both the map : S — Sy and the map : Hoj — Hoj.

A.2 The Schwinger Phase Space

The Schwinger phase space X' is defined as the classical phase space for two harmonic oscil-
lators, X = (R*, > . dpy A dzy,), where i = 1,2 labels the oscillator. Complex coordinates
(24, Z,) on X' are defined by

1 , _ 1 ,
2 = E(:cﬂ +ip,), Z, = %(QJ# —ip,). (A.2.1)

The coordinates z; and zy can be combined in a column vector to form a two-component
spinor z. In these coordinates, the Schwinger phase space is (C?,idz" A dz), where dz' A
dz =) .4z, N dz,. The connection between S and Y is established in part by the Weyl
correspondence which maps operators that act on S into functions (or “symbols”) on X, as
discussed in more detail in Section C.3. In addition, the phase of a WKB wavefunction ¢ (z)
in § is given in part by the integral of the symplectic potential 8 = p dx along the Lagrangian
manifold in Y that supports the semiclassical approximation, as discussed in Section C.1.
The WKB phase of coherent state wavefunctions is given by the integral of the symplectic
potential § = $(dz2) along complexified versions of these Lagrangian manifolds 108, ,

) ]. The coherent states themselves live on C? and provide another link between the
classical and quantum descriptions of the Schwinger oscillators [63].
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Interesting functions on X are

1 1 1
I= §sz = Z(ﬁ +plt+as+py); J= ézTaz, (A.2.2)
where we perform contractions as in Eq. A.1.1. The function I is the Weyl symbol of I+1 /2
(it is one half of the sum of the classical harmonic oscillator Hamiltonians), and J is the
Weyl symbol of J. These functions satisfy the identities

J=1% z2:'=I1+J 0. (A.2.3)

The definition of J defines a map 7 : C* — R? (where R® 2 su(2)* is “angular momentum
space” ) which is the projection of the Hopf fibration, in which the Hamiltonian flow generated
by I defines the fibers (the Hopf circles) of the fibration. Thus, 7 is the projection map of
Poisson reduction under the U(1) symmetry generated by I. If m; is the projection map
whose domain is restricted to the level set I = j + 1/2 (a 3-sphere in C?), then it is the
projection map of symplectic reduction, and the reduced symplectic manifold (the symplectic
leaf in R?) is a 2-sphere with radius |J| = 7 + 1/2.

Consider a vector J € R? of length I. The inverse image of J under 7 is a Hopf circle of
spinors z € C? parametrized by 0 < 1) < 4m. Let 6 and ¢ be the polar and azimuthal angles
of J with respect to the z-axis. Then the vector J € R? and the spinor z € C? are

sin 6 cos ¢

B oo B gy [ cos(8/2)e /2
J=1 sm(f)s;nQS . z=V2le < sin(f/2)e 2 ) (A.2.4)

Plugging this spinor into the symplectic form dz' A dz on X yields
w=dl Ndy+dJ, N do. (A.2.5)

We associate the dual Schwinger Hilbert space &* with the dual Schwinger phase space
Y* = (R, —dp A dx), which differs from ¥ in having the opposite symplectic form. Let G
be the metric on the Schwinger Hilbert space, an antiunitary map

G:8 =8 ) = (W] h(x) — ()" (A.2.6)
It corresponds to the classical antisymplectic “dual” map
G: Y — X" (x,p) = (x,p): (2,2) — (2,2), (A.2.7)

which is not the identity map because the two copies of (x,p) belong to different spaces.
The map G is antisymplectic because the pullback of the symplectic form —dp A dx on X*
is minus the symplectic form dp A dx on Y.

Operators that act on §* are mapped into functions on X* by a “dual Weyl corre-
spondence,” which may be defined as follows. Let A:H — H be a linear operator with
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corresponding Weyl symbol A(z,p) : & — C. Let AT . H* — H* be the map defined in
Eq. A.1.4. The “dual Weyl symbol” A" (z,p) : ®* — C is defined to be the composition
AT (x,p) = AoG~*(z,p). That is, the functional forms of AT (x,p) and A(x,p) are the same.
Note that with this definition the Weyl symbol of the non-Hermitian operator a on S is the
z-coordinate of X, while the dual Weyl symbol of @' on S* is the z-coordinate of X*. The
symplectic form on X* in these complex coordinates is —idz! A dz. The Weyl symbols of
operators I" and J7 on 8* under the dual Weyl correspondence are given by Eq. A.2.2 (they
are the same functions in terms of the (z,p) or (z, Z) coordinates, but defined on a different
space). The semiclassical approximations to WKB wavefunctions in §* are supported by
Lagrangian manifolds in X*, in which the phase is computed in part as the integral of the
symplectic potential — [ pdz along the Lagrangian manifold.

The classical nj-phase space for a collection of n angular momenta is the direct product
of the Schwinger phase spaces Y., with r = 1,--- ,r, labeling the angular momenta,

D, =21 X - X X (A.2.8)

This phase space can alternatively be written (R*",w,;), where the symplectic form is the
sum of the symplectic forms on the component phase spaces,

n

n 2
Wy = Z Z dpur N dzyy = Z idzl A dz,. (A.2.9)

r=1 p=1 r=1

Functions on the component spaces can be lifted into operators on the full Nj-phase space.
For example, the operator for the 2nd angular momentum on ®5; = 2} x Xy maps (21, 22) —
Jo(z2). In a slight abuse of notation, we will let Jy stand for both the function : X — R?
and the map : ®y; — R3.

A.3 Group Actions

Each Schwinger Hilbert space S carries a unitary representation U (9) : § = § of SU(2)
generated by the operators J, defined in Eq. A.1.1. The matrix elements of U(g) in the
jm-basis form the Wigner D-matrix,

D3, (g) = (imlU(g)]jm'). (A.3.1)

The dual Hilbert space S* also carries a unitary representation Ut (g) : S* — S* : (1] —
(1h|UT(g) of SU(2) generated by the operators —J 7. This is a left action.

Just as the operators J generate a unitary SU(2) action on S, so also do the classi-
cal functions J defined in Eq. A.2.2 generate a symplectic SU(2) action on X under their
Hamiltonian flows. These flows are linear symplectic maps of X' onto itself, providing a real
representation of SU(2) as a subgroup of Sp(4). See Appendix A of Littlejohn [112] for more
information about the relation between the quantum and classical action of SU(2). Let
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z € C? be the coordinates of a point in X. For an element g € SU(2), the SU(2) action is
given by z — gz. The classical angular momentum functions J transform as a vector under
the SU(2) action, J(g7'2) = R(g)J(2), where R(g) € SO(3) is the representation matrix on
R3.

As a specific example, consider an SO(3) rotation about an axis n by angle ¢, R(n, ¢).
In SO(3), ¢ ranges from 0 to 2w. An arbitrary SU(2) rotation can also be expressed in
axis-angle form if we allow ¢ to range from 0 to 47 to compensate for the fact that SU(2)
is a double-cover of SO(3). This rotation is represented on & by the operator U(n, ¢) =
exp(—i¢n - J ). Classically, the rotation corresponds to a Hamiltonian flow by angle ¢ under
the U(1) subgroup of SU(2) generated by n - J which is the spinor transformation,

z s e WO/, (A.3.2)

The map J : X — R3 is a Poisson map [113], giving R? the Poisson structure {J,, J,} =
€ave J.- We denote R? with this Poisson structure by A. The map J can also be interpreted
as the momentum map [50] of the SU(2) action on X, so that A or angular momentum space
is identified with su(2)*.

Similarly, there is an SU(2) action on X*. It is generated by the Hamiltonian flows
of =J : ¥* — R3, which are the Weyl symbols of —JT. The action generated by J on
coordinates (z,p) € X is the same as the action generated by —J on coordinates (z,p) € X*.
This is because the negative sign in the generators cancels the negative sign on the symplectic
form on XJ*.

The operator I acting on S (defined in Equation A.1.1) serves as the generator for the
group U(1) and carries the representation U = exp(—i)I). The Hamiltonian flow of I is a
symplectic U(1) action on X,

z s e W2y (A.3.3)

where 1 is the variable conjugate to I. The orbit of the U(1) action generated by I passing
through any point z # 0 on X' is a Hopf circle on which 1 is a coordinate, covered once when
0 <1 < 4m. The level set I71(j + 1/2) is a 3-sphere of radius j + 1/2.

A.4 Representations in the Schwinger Phase Space

In the z-representation of the Schwinger phase space, the two harmonic oscillator coordinates
x, are taken to be the configuration variables and the coordinates p, are the conjugate
momenta. The states |z123) € S correspond to Lagrangian planes in X defined by the
vanishing of the one-forms dz,, © = 1,2. The planes are integral surfaces of the tangent
vectors X,, = 0/0p,. Configuration space is the plane R2. In this representation the
symplectic potential is 6 = > 2 Pud .

Transforming this to complex coordinates yields

0= pudr, = %Z(Eudzu — 2,dz,) + dF, (A.4.1)
m

o
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where F'= —iy" (22 — Z7) /4 = 3, 2upu/2-

Consider the x-representation action integral Sp = fFQ over some path I' C Y. The
exact one-form dF will only contribute a boundary term to the action integral and will be
dropped for now. Ultimately we are only concerned with action integrals around closed loops
in which case these boundary terms cancel out. This is expected because the precise form
of the symplectic potential depends on the representation and the action integral around a
closed loop is a representation-independent quantity. First let I' be a path starting at z5 and
generated by the Hamiltonian flow of I. Parametrize the flow by s so that z(s) = e™/2z,
and let s range from 0 to ¥. The one-form dz restricted to this path is

dz|r = dilf)ds = ;z(s)ds, (A.4.2)
and thus the symplectic potential from Eq. A.4.1 restricted to I is
1
Olr = §Z(s)z(s)ds = I(s)ds, (A.4.3)

where z € § is a two-component complex spinor, I(s) is the function I defined in Eq. A.2.2
evaluated at z(s), and the contribution from the exact one-form dF has been dropped. Under
the U(1) phase rotation the value of I remains constant and thus I(s) = Iy, the value of [
at the starting point of the path. The action integral therefore evaluates to

P
Sr = / I(s)ds = Iy, (A.4.4)
0

up to a correction from the boundary term.

Next let ' be the path based at zy and formed by the Hamiltonian flow of n - J for some
fixed axis n. Parametrize the flow by s so that z(s) = U(n, s)zy and let s range from 0 to ¢.
The one-form dz restricted to this path is

dz(s) , i
dz|r = s ds = - n oz(s)ds, (A.4.5)
and the canonical one-form restricted to I' is
1
Olr = 52(5)(n co)z(s)ds =n - J(s)ds, (A.4.6)

where J(s) is the function J defined in Eq. A.2.2 evaluated at z(s) and the contribution from
the exact one-form dF' has been dropped. Under a rotation about n the component n -J
remains constant and thus n - J(s) = n - Jy, the n-component of J at the starting point of
the path. The action integral therefore evaluates to

@
Sr = /0 n-J(s)ds = (n-Jy)o, (A.4.7)

up to a correction from the boundary term.
The results in Eq. A.4.4 and Eq. A.4.7 are useful in computing action integrals for SU(2)
spin networks.
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Appendix B

Symplectic Geometry

B.1 Symplectic Manifolds

A symplectic vector space is a pair (V,w) where V' is a vector space and w € Q?(V) is a closed,
non-degenerate two-form. The non-degeneracy condition implies that the dimension of V'
is even, so we set dim V' = 2n. Consider a subspace W C V. The symplectic compliment
W<« C V is the set of all vectors v € V' such that the one-form 2,w annihilates W. That is,

We=4{veV|whw) =0YweW}. (B.1.1)

Let w|w be the symplectic form restricted to W. One interpretation of w|y is as a map
W — W*, where W* is the set of linear maps : W — C, which allows definition of the
kernel ker w|y € W. The maximal dimension of ker w|y is n, half the dimension of V.
Physically relevant subspaces of V' typically fall into one of the following categories based
on the relationship between the subspace and its symplectic compliment. A subspace W
is symplectic when W« N W = 0. That is, the symplectic form restricted to W is non-
degenerate. The pair (W, w|y) is thus a symplectic vector space and necessarily has an
even dimension, dim W = 2m, with m < n. A subspace is co-isotropic when W« C W.
The smallest dimension a co-isotropic subspace can have is half the dimension of V', so
n < dim W < 2n. A subspace is isotropic when W¢ O W. Therefore the symplectic
form restricted to W vanishes on an isotropic subspace, w|y = 0. The largest dimension
an isotropic subspace can have is half the dimension of V, so 0 < dim W < n. Finally,
a subspace is Lagrangian when W% = W. Lagrangian subspaces are both isotropic and
co-isotropic and therefore a Lagrangian subspace must have exactly half the dimension of V/,
dim W = n. A maximally isotropic subspace (an isotropic subspace with dimension n) or
a minimally co-isotropic subspace (a co-isotropic subspace with dimension n) is necessarily
Lagrangian if V' is finite-dimensional.

Consider a co-isotropic subspace W C V and let w|y be the symplectic form restricted
to W. The kernel of w|y is an isotropic submanifold of V. Let Wg be the quotient vector
space W/ker w|y and let mg : W — Wx. Then by construction there exists a non-degenerate
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closed form wr € Q*(Wg) such that Thwr = w|w. The pair (Wg,wr) defines a symplectic
vector space called a “reduced” vector space of W.

A phase space or symplectic manifold is a pair (M, w) where M is a manifold of dimension
dim M = 2n and w € Q*(M) is a closed, non-degenerate two-form on M. The tangent space
to any point on M is a symplectic vector space. Submanifolds of a symplectic manifold fall
into the same categories as subspaces of a symplectic vector space based on the categorization
of their tangent spaces. A typical example of a phase space is the co-tangent bundle T*Q)
of some configuration space @), although not all symplectic manifolds can be interpreted as
co-tangent bundles (the two-sphere, for example). Darboux’s theorem (Darboux 1882) says
that there always exists a set of local coordinates (g;, p;) around a point P € M (i =1,--- ,n)
such that the symplectic form evaluated at P can be expressed in the form

W= dei A dg;. (B.1.2)

i=1

We usually write this symplectic form as simply dp A dq with a sum over index ¢ implied.
Since w is closed it is locally exact. The symplectic potential # (also called the symplectic,
tautological, Liouville, Poincaré, or canonical one-form) is locally defined such that w = df.
In Darboux coordinates, § = pdq, where a sum over ¢ is implied. The symplectic potential
is not unique since we may add any closed one-form to it without affecting the symplectic
form.

A map F : M; — M, between two symplectic manifolds (M;,w;) and (Ms,ws) is called
“symplectic” if it preserves the symplectic form, F*wy = w;. A symplectomorphism is a
symplectic map that is also a diffeomorphism. What is traditionally called a canonical
transformation is a coordinate representation of a symplectomorphism. Under symplecto-
morphisms the canonical one-form may shifted by a closed one-form but the symplectic form
remains invariant.

An important result that inspired the development of the remodeling geometry is that
the “graph” of a canonical transformation is a Lagrangian manifold [56, 39]. In particular
let ®; = (®,w) be a phase space, and let @ be the dual phase space (®,—w). Define the
product phase space @15 as the manifold & x & with symplectic form 7jw — miw,, where
m and 7y are the projections from ® x ® to the first and second copies of ®, respectively.
Let F' : & — ® be a canonical transformation and define the graph of F' to be the set of
points (z, 2') € ® x ®* satisfying z = F(2’). A vector X € T(p(.),.,)P12 tangent to the graph
satisfies m, X = F, o m, X. The product space symplectic form acting on any two tangent
vectors to the graph at a point (F'(Z), 2’) is thus

(mjw —mwW)(X,Y) = w(m.X, 1Y) —w(m.X, m.Y)
= Frw(mX,mY) — w(me X, m,Y) =0, (B.1.3)

where the last equality is due to the fact that F' is a canonical transformation and thus
F*w = w. Therefore the graph of a canonical transformation is isotropic in the product phase
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space. Since this transformation is an isomorphism the graph itself has the same dimension
as ® and thus half the dimension of the product phase space and we may conclude that the
graph is a Lagrangian manifold.

A smooth function H : M — R on a phase space is called a Hamiltonian. Given an
Hamiltonian H we may define a Hamiltonian vector field Xy € X(M), defined such that

Xy =w '(dH), 1x,w=dH, (B.1.4)

where w™! in the first expression is interpreted as a map from one-forms to vector fields on
®. The Poisson bracket of two Hamiltonians A, B is defined by

0A0B 0AOB
Z

A, B} = —w(X4, Xp)
4.5} = 4 Xp) dq; Op;  Op; Oq;

(B.1.5)

where the last expression is the Poisson bracket expressed in terms of local Darboux coordi-
nates.

A phase space representation is a foliation of a phase space ® into a family of Lagrangian
manifolds. “Representation space” Q is the space formed under a quotient operation where
two points in ® are considered equivalent if they lie on the same Lagrangian leaf. This is the
semiclassical setting for discussing representations in quantum mechanics. Let ¢; be local
coordinates on @Q so that a particular Lagrangian leaf is uniquely specified by the set of ¢;.
The forms dg; all vanish when restricted to a particular Lagrangian leaf and the leaves are
the integral surfaces of the Hamiltonian vector fields X,,. Consider a point z in phase space
and let p; be a locally-defined set of conjugate momenta to the g; so that the set (g;, p;) form
local Darboux coordinates (this involves an arbitrary choice of local Lagrangian section in the
leaf bundle over Q). In this case we may form a local symplectic potential § = pdx. Given
one representation we may change to another representation via a canonical transformation.
This generically will cause the local symplectic potential to change by a closed one-form. The
action integrals and Maslov indices along an open path are both representation-dependent
quantities. However, physical quantities such as the semiclassical approximations to inner
products will ultimately wind up being independent of representation.

B.2 Momentum Maps

A symmetry on a Hamiltonian system (a phase space with a Hamiltonian) allows for many
useful structures to be added to the phase space, such as group actions and momentum maps
[56, |. The group actions represent the application of the symmetry to the phase space
and the momentum maps act as the “conserved quantities” associated with the symmetry
under Noether’s theorem.

Let ® be a symplectic manifold and G a connected Lie group with a symplectic action
@y : & — @, Lie algebra g, and dual algebra g*. Let {{;} be a basis of g and let ck be the
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structure constants of the algebra in this basis, so [&,&;] = ¢};&. Let X; € X(®) be the
infinitesimal generators of the action ¢ corresponding to the basis vectors &;,

d

Xi = — ex . B.2.1
i t:OSO pté; ( )
Consider a map P : & — g*. Let P, = (P,&;) : & — R be the components of P with
respect to this basis and let Xp, = w™(dP;) be the associated Hamiltonian vector fields. The
map P is called a “momentum map” if the flow vectors X; are the same as the Hamiltonian
vector fields Xp, for all i. The map : g — X(®P) that takes a vector £ to the infinitesimal

generator X¢ is a Lie Algebra antihomomorphism,
[(Xe, Xeo] = —Xe1 60 (B.2.2)

The group G has a coadjoint action on the dual Lie algebra, Adj : g* — g*. A mo-
mentum map is called Ad*-equivariant if P o ¢, = Adj-1 o P for all g € G. If P is an
Ad*-equivariant momentum map then the component functions P; close under the Poisson
bracket. In particular,

{P, P} = (P&, &) = ijpk- (B.2.3)

Given a semisimple group G the existence of a corresponding Ad*-equivariant momentum
map is guaranteed [50].

On the Schwinger phase space the maps I : X' — R and J : & — R3 defined in Section A.2
are the momentum maps for the U(1) and SU(2) actions on Y. Note that u(1)* is identified
with R and su(2)* is identified with R3.

B.3 Level Sets, Orbits, and Lagrangian Manifolds

Let ® be a phase space and G be a connected, semisimple Lie group with a symplectic group
action ¢ on ® and an Ad*-equivariant momentum map P : ® — g*. The group orbit B C ¢
passing through z is the set {@4(2)} for all g € G. The tangent space T.B to the group
orbit at z is spanned by the vectors X; defined in Eq. B.2.1 evaluated at z. The rank of
the vectors is dim B = m < dim G. We call the dual Lie algebra element p = P(z) € g*
the “generalized momentum” at z. The level sets of the momentum map are the sets of
all phase space points with the same generalized momentum. Let L = P~1(u) be the level
set passing through z. The forms dP; all annihilate the tangent space T,L. Since w by
definition is nonsingular, the rank of the dP; is identical to the rank of the X; and thus L
has co-dimension m.

The isotropy subgroup H, C G is the group that leaves ;i invariant under the coadjoint
action, H, = {h € G|Ad}, p = p}. Let Z C B be the orbit of the isotropy subgroup at z. By
Ad*-equivariance, P(¢,(2)) = P(z) and we can conclude that Z C L. Therefore, Z C LN B.
Let 2/ € LN B. Since 2’ € B, there exists a g € G such that 2’ = p 2. By Ad*-equivariance,
P(2') = AdjP(z). Since 2’ € L, P(2') = p = P(z) and Ad;pu = p. Therefore g € H and 2’
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is an element the isotropy subgroup orbit. Since 2’ is an arbitrary element of L N B we may
conclude that L " B C Z. Therefore the intersection of the level set and the group orbit is
the isotropy subgroup orbit, Z = L N B.

An arbitrary vector Y € T, B can be expressed as linear combinations of the flow vectors,
Y = > a;X;. An arbitrary vector Z € T,L is annihilated by the forms dP; for all 7. From
these properties if follows that w(Y,Z) = 0, so T,B and T,L are symplectic compliments
of one another. It also follows that the symplectic form acting on any two vectors in 1,7
vanishes, so Z is an isotropic manifold.

Now let € g* be a fixed point of the coadjoint action, Ad, u = p for all g € G. By
differentiation and contraction with an arbitrary element of g this implies (u, [§;, §;]) = 0 for
all i,5. Therefore, cf;pu, = 0 and {P;, P} = ¢;P, = 0 for all points z € P~"(u). In other
words, the momentum map components P;, which in general form a nontrivial Lie algebra
on ®, have vanishing Poisson brackets among themselves on L. This in turn implies that the
P;’s are constant along each other’s flows on B, that is, X;(P;) = —{P;, A} =0,s0 B C L.
Alternatively, the isotropy subgroup for a fixed point is the full group G so Z = B and
B C L. It follows that B is an isotropic submanifold of ® and L is a coisotropic submanifold
of ® whenever p is a fixed point. In terms of dimensions, this implies that dim B =n < N
and dim L = 2N —n > N. In the case that L is compact and these inequalities are saturated
the group orbit and the level set coincide. In such a case L = B is a Lagrangian submanifold
of ®.

In spin networks, we will be primarily dealing with groups that are direct products of
U(1) and SU(2) groups. Since U(1) is an abelian group, every element of u(1)* = R is a
fixed point. The coadjoint action of SU(2) on su(2)* = R? takes the form of a rotation on
angular momentum space R3. The only fixed point of such an action is the zero vector 0.

B.4 Symplectic Reduction

Symplectic reduction [50, , 116] is a way of eliminating the symmetries of a Hamiltonian
system. Let ® be a phase space and let G be a Lie group with a symplectic group action
on ¢ and an Ad"-equivariant momentum map P. We may define symplectic reduction for
any generalized momenta p € g* but we are only concerned in this work with the case where
w1 is a fixed point of the coadjoint action and so we restrict our attention to such a case.
Let L = P~!(u) be the level set of the momentum map at a fixed point. As discussed in
Section B.3 since p is a fixed point the group orbit passing through any point z € L is
completely contained within L. Define an equivalence relation such that two points on L are
equivalent if they lie on the same group orbit and let ®, be the space of equivalence classes
L/G. Define the map 7 : L — @, as the projection map under this quotient operation. The
conditions listed above ensure that @, is itself a manifold and ensures the existence of a
symplectic form w, on ®, which satisfies 7*w,, = ¢*w. Thus the manifold ®, with symplectic
form w, has the structure of a phase space. We call ®, with this form the “symplectic
reduction of ® by G”. This reduced space is sometimes written as ®//G or ®//(P=pu). Let
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dim ® = 2n and let L have co-dimension m (note that m is not necessarily the dimension
of the group G). Then, as discussed in Section B.3, the group orbits are m-dimensional and
thus the reduced phase space has dimension dim ®,, = 2(n — m).

A Hamiltonian A on ® may be projected down to a reduced Hamiltonian H* on @,
only if it is constant on the group orbits of G in L. Conversely, we may lift a Hamiltonian
H?® from the reduced space into the level set L by demanding that the lifted function be
G-invariant (and thus constant along the G-group orbits). In terms of Poisson brackets this
means that {H,P} = 0 on L. Given two functions G-invariant Hamiltonian A and B on L
the Hamiltonian C' = {A, B} is then also a G-invariant function as a result of the Jacobi
identity. These Hamiltonians may all be projected down to the reduced space Hamiltonians
AR BE and Cf. As discussed in Abraham and Marsden [50], the projection of the Poisson
bracket is then the Poisson bracket of the projection, CF = {AR, BR}. Alternatively, the
Poisson bracket on ®, of two Hamiltonians on the reduced space is the Poisson bracket on
® of the lifted Hamiltonians.

Let X,Y € T, L be tangent vectors in the level set at some point z € L. Pushing forward
by 2 allows these vectors to be interpreted as vectors in T,® (this is equivalent to considering
T.L a vector subspace of T,®). We may also push these vectors forward by 7 to get the
reduced vectors X = 7, X, Y = 7,Y. By the definition of the reduced symplectic form,

w (XE Y = 1w, (X, Y) = w(X,Y). (B.4.1)

If X and Y are tangent to a manifold M C L then X and Y are tangent to the reduced
manifold formed by the push-forward of the manifold under the projection, M%® = 7(M).
If M% is isotropic then by definition w(X,Y) = 0 and thus w, (X% Y*#) = 0. Therefore
the projection of an isotropic manifold in L under symplectic reduction is itself an isotropic
manifold of the reduced space. Now consider a Lagrangian manifold £ C L C & which
necessarily has dimension n since dim ® = 2n. Since L is isotropic the reduced manifold
L% = 7(L) is also isotropic and thus dim £ < n —m since dim ®, = 2(n — m). However,
the group orbits in L are m-dimensional and dim 7(£) > n —m. We conclude that the
reduced manifold must have dimension n —m and is thus an isotropic manifold of maximum
dimensionality. Therefore a Lagrangian manifold completely in the level set of a symplectic
reduction projects onto a Lagrangian manifold in the reduced space.

As an explicit example of symplectic reduction, consider the Schwinger phase space X
with the U(1) group action given in A.3.3. The momentum map for this action is the
function I, defined in Eq. A.2.2. Given a value J # 0, the level set 17!(J) is a three-sphere
S3 € C? of radius J. The symplectic form in Eq. A.2.5 restricted to S? is v*w = dJ, A d¢
since dI = 0 on this level set. The U(1) group orbits are all circles which are the Hopf
circles of the Hopf fibration. The projection map of symplectic reduction is the Hopf map
7 5% — 82 and the reduced symplectic manifold is a 2-sphere of radius J. Moreover the
function J is invariant under this group action and so is a good function on the reduced
space. By choosing w, = dJ, A d¢ we satisty 7*w,, = 1*w and thus the symplectic reduction
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of the Schwinger phase space by the momentum map [ is

S/(I=J)=(S*dJ. Ndp). (B.4.2)

B.5 The Lagrangian Signature

Consider the 2n-dimensional symplectic vector space (V,w). The Lagrangian Grassmannian
Lag (V) is defined as the space of all Lagrangian vector subspaces of V. Elements A € Lag(V)
are isomorphic to R™ and are called Lagrangian planes. The Maslov indices that appear
in WKB theory can be interpreted as different manifestations of a signature defined on a
triplet of Lagrangian planes, o : Lag(V)? — Z [61]. We refer to this map as the Lagrangian
signature, though it is also known as the Wall-Kashiwara signature and the Maslov triple
index. It is closely related to the triple index defined by Kashiwara as described in Lions
and Vergne [60], the triple index defined by Wall [I17], and the higher-index structures
defined by Hormander [I18]. The Lagrangian signature is completely antisymmetric in its
three arguments and invariant under symplectic transformations,

O'(A17A2,A3> = U(SAl,SAQ,SAg) Vse Sp(Qn) (B51)
Furthermore, we require the property of symplectic additivity so that
O'wa(Al @All, AQEBAIQ, AgEBAg) = UV(A17 AQ, Ag) + Uw(All, Al2, Aé), (B52)

where A; € Lag(V), A, € Lag(WW) and the subscripts on ¢ indicate the symplectic vector
space on which the signature is defined. Up to a normalization these properties uniquely
define the Lagrangian signature [59]. The Lagrangian signature can be explicitly defined
as follows. Consider a triplet of Lagrangian planes A;, Ay, A3 € Lag(V) and construct the
quadratic form

Qa3 1 A1 x Ay x As = R

(517 52, 53) — w(,?l, 22) + W(gg, 53) + W(Eg, 51)

(B.5.3)

Let {e,;},7=1,--- ,n be a basis of A, for r =1,2,3 so that z, € A, =Y, zle,;. Let Q123
be the symmetric 3n x 3n-matrix representation of (123 with respect to this basis,

) 0 w(er, e2,5) | —w(ew, es3;)
Q123 = —W(Ggﬂ', 617j> 0 w(€2’i, 63,j) . (B54)
w(€3,z‘, 61,]') _w<€3,i7 62,j) 0

Since Q103 is a real, symmetric matrix we may define the matrix signature sgn (123, which
is the number of positive eigenvalues minus the number of negative eigenvalues that occur
in the spectrum of )1o3.
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We define the Lagrangian signature as the matrix signature of the matrix Q123 associated
with @123,

g Lag(V)3 — 7 : (Al X A2 X Ag) — sgn Q123. (B55)

This map by construction satisfies the requirements detailed earlier as well as a cocycle
condition [60, 61]. Given a set of four Lagrangian planes in Lag(V'),

O'(Al, Ag, Ag) — U(A27 Ag, A4) + O'(Ag, A4, Al) — O'(A4, A17 Ag) =0. (B56)

The Lagrangian signature may also be associated with the matrix signature of a pair of
real, symmetric n x n-matrices. Let A, € Lag(V') be a fixed reference Lagrangian plane and
let A, € Lag(V') be a choice of transverse plane to A, so that A, N A, = 0. The vector space
V' can then expressed as the direct sum V = A, @ A, and any vector z € V projects uniquely
into a pair of n-component vectors ¥ € A, and p € A,. Each real, symmetric matrix A
generates a Lagrangian plane Ay € Lag(V) such that, for all Z € Ay, & = Ap. The zero-
matrix in this scheme generates A, itself. Note that only the set of planes transverse to A,
can be generated this way. Let A4, Ap € Lag(V') be a pair of Lagrangian planes generated
by a pair of real, symmetric matrices A, B. The Lagrangian signature of the triplet of planes
A,, A, and Ap is then

o(Ay, Aa, Ap) = sgn(A — B). (B.5.7)

Note that while the transverse plane A, is needed to generate the planes, the resulting
signature is invariant under the particular choice of plane. A special case of Eq. B.5.7 is
when Ap = A, so B is Z€ro,

o(Ag, Aa, Ay) = sgn A. (B.5.8)

Another special case that is essential to the proof in Section 2.5.5 is the case where the
three Lagrangian planes satisfy Ay C (AjNAy) @ (A1 NA3). Note that if AN Az = 0 then this
subset relation is saturated. Then the characteristic polynomial for finding the eigenvalues
of C?123 18

det(Q1a3 — Msn) = A" f(\2) = 0, (B.5.9)

where 13, is the 3n x 3n identity matrix, m > n is the rank of the kernel of Q123 and f is a
polynomial. Eigenvalues of Qa3 are therefore either 0 or solutions of f(A2) = 0. Thus the
non-zero eigenvalues must come in pairs A and the number of positive eigenvalues n, is
equal to the number of negative eigenvalues n_ yielding

O'(Al, AQ,Ag) = sgn ngg =Ny —N_ = 0. (B510)
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Appendix C

The Semiclassical Approximation

In this section we review the various aspects of the semiclassical approximation of an inner
product. We are primarily interested in integrable systems, the semiclassics of which are

have been studied for a long time (Einstein [119], Brillouin [120], Keller [121], Percival [122],
Berry and Tabor [123], Gutzwiller [121], Brack and Bhaduri [125], Cargo et al [120], and
Aquilanti et al [11], among others). The link between the classical objects in phase space and

the quantum objects in a Hilbert space is provided by WKB theory. For modern treatments
of WKB theory, see Martinez [52] or Mishchenko et al [53].

For simplicity in this section we work in a flat phase space ® = R*" which is considered
the co-tangent bundle over a Euclidean configuration space @ = R™. Coordinates on R?*"
are (z,p) with x € Q the configuration variables.

C.1 The WKB Wavefunction

The semiclassical approximation to the z-space wavefunction (x|t is given in the allowed
region by the WKB wavefunction

w(x) =N Z ’Qk(x)’1/2 ei(Sk(%)*uka/?)7 (C.l.l)

branches k

where N is a normalization, k is a branch index, Q4 (z) is an amplitude, Si(z) is an “action
integral” and py is a Maslov index. We have set A = 1 as usual but it is worth noting
that when restored the action integral is Si(z)/h and thus in the limit of small A (or, more
physically, in the limit of large quantum numbers), the phase is rapidly oscillating. For the
WKB approximation to be valid we require that the amplitude be “slowly varying.” That
is, the amplitude does not change appreciably over the wavelength.

The action integral is a generating function for the momentum, py = 9Sk(z)/0zx. The
pair (z,p) then describes points in phase space belonging to a Lagrangian submanifold L.
The branches k of the WKB wavefunction are the same as the branches of the projection
m: L — @ from the Lagrangian manifold to configuration space, assumed to be locally
invertible.
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Consider a reference point zp € £ and a point z on the k-th branch of £ over z € Q, so
m(z) = x. Let I" be a path on L starting at zy and ending at z. The action integral Si(x) in
the WKB wavefunction Eq. C.1.1 may then be expressed as

Su(z) = /Fe, (C.1.2)

where 0 = pdx is the symplectic potential in the z-representation.

Caustic points on £ are points where the Lagrangian manifold is “vertical” over config-
uration space. That is, the caustic points are points where the projection map 7 : L — Q
is less than full rank. The z-representation foliates phase space into Lagrangian leaves L.
Caustic points may also be considered points where the tangent space to £ and the tangent
space to the Lagrangian leaf £, have a non-trivial intersection (the intersection represents
the directions in which £ is vertical over Q).

The idea underlying the Maslov method in WKB theory is that caustic points may be
avoided in stationary phase integrals by transforming from one representation to another
[127]. In particular, to get from a stationary phase point one branch of £ to another requires
passing through a caustic point. The stationary phase integral suffers a singularity at this
point. To properly perform the integral a Fourier transform is used to change from the z-
representation to the p-representation in a neighborhood of the caustic. Then we transform
back to the z-representation after the caustic has been cleared. The cost of this procedure is
an additional phase of e=*7/2 where i is the Maslov index, an integer. The Maslov index is
only accumulated at the caustic points. If T'(p) is the momentum-representation generating
function for £ at the caustic point then the Maslov index accumulated along a path that
passes through a caustic is the change in the matrix signature of the Hessian matrix,

(C.1.3)

The Maslov index may also be expressed in terms of the Lagrangian signature defined
in Section B.5. Since we are assuming a Euclidean phase space R?" the tangent spaces T,®
can all be trivially and uniquely identified which means that a single global Lagrangian
Grassmannian Lag(V) can be used for the phase space. Consider a point z near a caustic in
L. The manifold is locally described by z;(p) = —9T/0p;. The tangent plane at z to L is a

Lagrangian plane T,£ € Lag(V') and is spanned by the vectors aip + gipf%. The projections
7 7 i

onto the representation planes are then related by 7 = flﬁ, where

i Oz, B _82T(p)
Op; IpiOp;

(C.1.4)

Thus po = —Asgn A;;. Thus by Eq. B.5.8 the Maslov index along a path passing through a
caustic may be expressed as the change in a Lagrangian signature,

p=A0Ac(Ay, Aa, Ap), (C.1.5)
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where A, and A, are Lagrangian planes defining the z- and p-representations and A4 is the
tangent plane to the manifold L.

In Esterlis et al [55] we developed a method for computing the Maslov index that relies
only on Poisson brackets and simple linear algebra. We also developed a singular differential
form whose integral along a curve results in the Maslov index for the curve.

A Lagrangian manifold £ is said to be quantized if, for all closed paths I" on L, the action
integral (including Maslov correction) around the path is an integer multiple of 27,

j{e - u(r)g =0 mod2r, VICL (C.1.6)
T

This amounts to a consistency condition on the WKB wavefunction Eq. C.1.1. Littlejohn
and Robbins [128] showed that the closed-path Maslov indices of the type that occur here
may alternatively be expressed as winding numbers in the complex plane.

C.2 Densities

The function Qk(z) in Eq. C.1.1 on a given branch of the WKB wavefunction satisfies a
set of n amplitude-transport equations on Q [129, 11]. Given a point z € L on branch k
over representation-point x (with coordinates z1, - - x,), a volume form o € Q"(L) can be
constructed on the Lagrangian manifold,

ol, = Qp(x)dxy A -+ Adx,. (C.2.1)

Let £ be the a group orbit for some group GG with a symplectic action on phase space and
let P be the momentum map for this group action. The amplitude-transport equations for
Q(x) imply that the density o is invariant under the (left) action of the group.

If dim G = dim L then the left- and right-invariant forms and vector fields on the group
manifold G' can be locally pushed-forward into vector fields and forms on £. In particular
the Hamiltonian vector field generated by a component of P is the push-forward of a right-
invariant vector field on G. Let £ be described as the level set of a momentum map P for an
n-dimensional group G, £ = P~!(u), where p is a fixed point of g*. The set of Hamiltonian
vector fields {X;} at any point z € £ span the tangent space 1T.L,. Let {\;} be a set of
n 1-forms on £ dual to the vectors X;, that is, A\;(X;) = 6;;. These are locally the push-
forwards of right-invariant forms on G. The density ¢ may then be expressed in terms of
the right-invariant one-forms,

This volume form is uniquely determined once an ordered choice of basis vectors {¢;} is made.
The density defined this way is locally the pullback of the right-invariant Haar measure on
G. We will only be concerned with compact groups G in this work in which case the left- and
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right-invariant Haar measures on GG are the identical. Note that o is the unique left-invariant
volume form on £ up to an overall normalization factor.

The amplitudes () may be determined by acting both volume forms on the n Hamil-
tonian flow vectors X;. The o acting on the flow vectors is

(X1, -, X,) = det [N(X;)] = det [0;;] = 1. (C.2.3)
Eq. C.2.1 acting on the vectors gives
Qp(x) (dasl A A d:vn)(Xl, o, X)) = Qi) det [dxi(Xj)]. (C.2.4)
Each of the entries of the n x n matrix in the determinant is a Poisson bracket,
dzi(X;) = w ' (dwy, dP;) = {4, P;} . (C.2.5)

Therefore the amplitude € (x) is expressed as the inverse of an n x n matrix of Poisson

brackets,
1

) = G T BT

where the brackets are evaluated at the point z € £ on branch k over configuration point z.

Let Vp = [, . 0 be the volume of the Lagrangian manifold with respect to the left-invariant
density. When L is a single connected group orbit, as we assume in all applications, V is
related to the volume Vi of the group G with respect to the Haar measure ug. Let H C G
be the isotropy subgroup of G with respect to the group action on £. That is, H is the set
of elements h € G such that ¢z = z for all z € L. If H only contains discrete elements
then the group orbit covers £ exactly |H| times, where |H| is the cardinality of the isotropy
subgroup. Consider the map ¢ : G — L : g — g2, Where z; is some arbitrary reference
point on £. Then the Haar measure is the pull-back of the density, ug = ¢*o. Carrying out
the volume integral yields

VG:/MG:/¢*0:/ UZ’H’/UZlH’Vg. (C27)
G G ?(Q) L

Therefore the volume of a Lagrangian manifold is given by

(C.2.6)

Ve
Ve = —. (C.2.8)
| H|
As shown in Aquilanti et al [11] the overall normalization of the WKB wavefunction in
Eq. C.1.1is
1
N=—. (C.2.9)

VVe
Changing the basis of g* or changing the momentum map description of £ changes the
density form o by a scale factor. This in turn causes the amplitude Q(z) and the volume
V¢ to change by the same scale factor. However, only the combination \/Q(z)/V, appears
in the WKB wavefunction so this dependence on the choice of basis of g* cancels out.



APPENDIX C. THE SEMICLASSICAL APPROXIMATION 200

C.3 The Wigner-Weyl Transform

In this work we typically describe a quantum state as a non-degenerate eigenvector |A)
in a Hilbert space H of a set of observables 4; on H. Note that these observables do
not necessarily to commute on the entire space H. The classical analog to |A) will be a
Lagrangian manifold £, in the phase space ® that corresponds to H as seen in the “semi-
classical dictionary” presented in Chapter 2 of Bates and Weinstein [58]. As discussed in
Littlejohn [51] and Aquilanti et al [11], this Lagrangian manifold will be the level set of the
classical observables A; (without the hats) for appropriate contour values.

Classical observables on ® are formed by taking the Wigner-Weyl transform of operators
on H (Weyl [130], Wigner [131], Berry [132], Balazs and Jennings [133], Littlejohn [112], de
Almeida [131]). The function A : & — C corresponding to the operator A:H — H is called
the “Weyl symbol” of the operator. For example, the complex coordinates (2, z,) on X are
the Weyl symbols of the annihilation and creation operators (a,, dL) on §. Let operator A
be expressed in terms of the canonically conjugate configuration and momentum operators
q,p on H, A(Q,ﬁ) (an ordering convention is needed to make this notation meaningful).
The principal symbol of A, A,-(¢,p) is formed by replacing operators ¢,p with classical
coordinates ¢, p. The principal symbol is the lowest-order contribution to the Weyl symbol.
For operators that are linear or quadratic in ¢ and p the principal symbol and Weyl symbol
agree.

Let A and B be operators on some Hilbert space H and with Weyl symbols A and B,
respectively, on the corresponding phase space ®. The Moyal star product [135, | is
defined so that A x B is the Weyl symbol of the operator AB. Let the coordinates on @
be z, with g =1,---,2n (these are real coordinates on an arbitrary phase space, not to be
confused with the complex coordinates on the Schwinger phase space) and let the Poisson
tensor in these coordlnates be J #_ The star product can then be expressed in terms of the
“Janus operator” ? 3 wJH 8 where the arrows on the derivates indicate whether the

derivate acts to the left or to the right. In this notation A T'B= A, J"B, ={A,B}. The
Moyal star product then is

i<

AxB=Ae? B, (C.3.1)
where /i has been temporarily restored as an expansion parameter [135]. To second order in
h,

h2
AxB=AB+ I {A B} — 5 A" T B o + O(h%). (C.3.2)

If operator A; has the Weyl symbol A; then the eigenvalue condition A;|A) = a;|A)
translates into the level set condition A; = a; to lowest order in h. Note that we do not
adopt the convention that removing the hat gives the Weyl symbol in the case of the operator
I defined in Eq. A.1.1. Instead, the Weyl symbol of I is the function I — 1 /2, where [ is
defined as in Eq. A.2.2. Therefore the Lagrangian manifold corresponding to a state in the
j-eigenspace of & will lie in the I = j + 1/2 level set of X. For example, the Lagrangian
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manifold corresponding to the standard basis vector [jm) € S is the simultaneous level set
of [ =j+1/2and J, =m in Y.

The Weyl symbol for operators that are quartic in 2 differ from their principal symbols
by a term of order A% (all higher-order terms will vanish however). The operator J2 for
a single angular momentum has the Weyl symbol J? — 3h%/8, which is consistent with
the operator relation J2 = I(I 4+ 1). The error term is of relative order h? which is the
error expected in lowest-order semiclassical approximations. However, the operator identity
allows the quartic-operator eigenvalue condition on J2 to be replaced by a quadratic-operator
eigenvalue condition on I. The Weyl symbol of the coupled-angular momentum operator J
is J2, — 3h?/4. There is no quadratic operator I5 which could be used to replace the quartlc
operator to obtain exact eigenvalues in this case.

C.4 WKB Approximation of Inner Products

Let ‘H be a Hilbert space describing n classical degrees of freedom and let ® be the associated
2n-dimensional phase space. Consider two vectors |a), |b) € H with z-representation WKB
wavefunctions ¢, (x), ¥ (x) and let L,, L, C ® be the two Lagrangian manifolds that support
the semiclassical approximations. The inner product (a|b) is approximated by

(a|b) = /d$ Z ’Qa L Qb o ( )’1/2 ei(Sb,k/(4’9)—5a,k(%)—(Mz,,k/—Ma,fc)W/Z)7 (C.4.1)
kK’

where k and £’ index the x-representation branches of £, and L£,. The stationary phase
points occur when 0Sy y/0x — 0S5, ,/0x = 0 which is equivalent to pp () = pax(z). Thus
the stationary phase set is geometrically interpreted in phase space as the intersection points
of L, and L.

Let the states |a) and |b) be simultaneous non-degenerate eigenstates of sets of observ-
ables Al and BZ (t=1,---,n) and let AZ and BZ form Lie algebras for the groups G4 and G g
under the commutator. The Lagrangian manifolds £, and £, that support the semiclassical
approximations to |a) and |b) may then be described as the simultaneous level sets of mo-
mentum map components A; and B;, respectively. These are both n-dimensional manifolds
in a 2n-dimensional phase space. As in Section C.2 the amplitude €, (z) is related to the
determinant of a matrix of Poisson brackets, as is € ().

Let Z be the intersection £, N L,. When this intersection is a discrete set of points the
stationary phase approximation of Eq. C.4.1 evaluates to

(2mi)™ ;
{a|b) ~ m Zm |12 iz (C.4.2)

where V4 and Vg are the volumes of £, and £, with respect to the densities defined in
Section C.2. The phase ¢, is

02 = S (1(2)) = S (1(2)) = (1o, — pag.)~

5 —i—az(b,a)z

T (C.4.3)
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where 7(z) is the projection of the intersection points onto Q and k., k., are the branches
of L, and L, that contain z, V4 and Vp and o, is the “signature index,” which will be
discussed in Section C.5. As shown by Littlejohn [54], the amplitudes in this expression may
be expressed as the inverse of an n X n matrix of Poisson brackets,

. = (det {4, B;}.) ™, (C.4.4)

where the Poisson brackets are to be evaluated at the intersection point z in phase space.
In this context €1, is called the “amplitude determinant.”

The states in the inner product may feature a “common symmetry group” which manifests
itself as higher-dimensional intersections of the two Lagrangian manifolds that support the
WKB wavefunctions of the states. The intersection of £, and L is then a set of disconnected
group orbits of this common symmetry group. Let H be the common symmetry group which
generates flows along the connected pieces of the intersection manifold Z = £, N £, and let
both H and the group orbits have dimension s. As shown in Aquilanti et al [1] the common
symmetry group may be made explicit by choosing a basis of the Lie algebras for G4 and
G such that the first s components of the momentum maps A and B are identical. Let 7
in this case be divided up into a discrete set of H-group orbits indexed by . The stationary
phase approximation of Eq. C.4.1 in the presence of a common symmetry group evaluates
to

1/2 .
/62502

(271_2')(1173)/2
oy Vi 12

where Vp, is the volume of the group orbit with respect to the Haar measure on H. The

(alp) ~ , (C.4.5)

K

phase is the same as in Eq. C.4.3, with z an arbitrary point on the group orbit, but 62,4 is a
“reduced” amplitude determinant involving an (n — s) X (n — s)-matrix of Poisson brackets
of the last (n — s) components of A and B (the components that are not common to both
momentum maps). This is interpreted as the amplitude determinant in the symplectic
reduction of the phase space by the common symmetry group. The choice of point z on the
common symmetry group orbit is irrelevant because the path connecting one point on the
group orbit to another is completely contained within both £, and £, by definition of the
common symmetry group as the generator of the intersection. Therefore the action integrals
and Maslov indices on both the a- and b-manifolds change by equal amounts and the total
relative phase in Eq. C.4.5 is unaffected.

Note that in some cases the intersection manifold may be generated by a group which is
not a subgroup of G4 or Gp. In this case the bases of the Lie algebras in which the first s
momentum map components are identical are not fixed and in fact depend on the location
in phase space. This is an area of ongoing research and has applications to the 2j-symbol
and its g-deformed version.
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C.5 Phases in the WKB Inner Product
Approximation

Suppose there is a unique intersection point zy € ® and consider the phase ¢ defined in
Eq. C.4.3 at this intersection point. The expression o,,(b,a) is called the “signature in-
dex” and is a way of rewriting the imaginary units that result from the stationary phase
determinant. Let H,,(20) be the Hessian matrix defined as

az(Sbk(’) — Sako)

Hy, = , C.5.1
Hyalz0)l 0r:0j (o) .
(20
where ko and k{, are the branches of £, and £, where the intersection occurs. Then,
0. (b,a) = sgn Hyq(20), (C.5.2)

where the matrix signature sgn A of a real, symmetric matrix A is the number of positive
eigenvalues minus the number of negative eigenvalues that occur in the spectrum of A.

The signature index in Eq. C.5.2 may be expressed in terms of the Lagrangian signature
defined in Section B.5. Let ® be a Euclidean phase space isomorphic to R?". The tangent
spaces T,® can all be trivially and uniquely identified which means that a single global
Lagrangian Grassmannian Lag(V') can be used for the phase space. Let £ be a Lagrangian
submanifold of ® and consider a point z € £. In the z-representation, z is on some branch
of £ which carries the action function Si(z). Locally, the manifold is described by p;(z) =
0Sy/0x;. The tangent plane at z to £ is a Lagrangian plane T.L € Lag(V') and is spanned

by the vectors 8%1_ + %%. The projections onto the representation planes are then related

by p'= AZ, where
A-- = apj _ 02Sk '
" afL’Z 8371(% j
Given an z-representation, the tangent plane to a point z on a Lagrangian manifold is the
plane generated by the Hessian of the local action in that representation. Now consider two
Lagrangian manifolds, £, and £, with intersection point z on branches k, k', respectively.
Let (121)” = 025, /0z;0x; and (B)Z] = 0%Sy/Ox;0x;. From equation C.5.2, the signature
index (b, a) is the matrix signature sgn(B — A). Thus by Eq. B.5.7 the signature index can
be expressed as the Lagrangian signature of the triplet of Lagrangian planes

(C.5.3)

o(b,a) = oAz, Ap, Aa), (C.5.4)

where A, is the representation plane and A4, Ag are the tangent planes to the manifolds
L., Ly at the intersection point.

In general, there will be more than one intersection point. Label the intersection points
with the index 7 and define paths Fé‘? C L, and ng) C Ly, be paths from the reference points



APPENDIX C. THE SEMICLASSICAL APPROXIMATION 204

240 € Ly and 29 € Ly, to the i-th intersection point z; € £, N L,. The approximation of (a|b)
will then be a sum of terms A;e®i. The phases can be written

™ ™

©i /ng) 0 /Ff;;) 0 (u(FOz ) — (T, )) 5 + al(a,b)4 (C.5.5)

Typically, we will only be concerned with the relative phase between terms in the semi-
classical approximation, since the overall phase depends on the phase conventions of the
individual states and is not physically relevant. Let Ay;; = ¢; — ¢; be the relative phase of
the term due to intersection point z; with respect to the term due to intersection point z;.

Define paths I‘E}l) =TI\ 4 Fg‘;), Fg) =TI+ FS}), and I';; = Fg) — FE?). Note that path
I';; is a closed path that starts at point z;, goes to point z; along £, and comes back to z;

along £,. Given an algebraic function F on paths,

FOYY —Fr@y = Fr® 418 - 7@ 4@
0j 07 0i ij 0 ij
= F(IY) - FIO) + F(Ty). (C.5.6)

Since the integral fr 0 and the Maslov index p(T") are algebraic functions of paths, the above
result allows the phase difference Ayp;; to be written in terms of the closed path I';;:

™ T
Apy; = j{ 0 — N(Fij>§ + Aoy (0, CL)Z- (C.5.7)

Note that the change in the signature index will generically be a multiple of 2 and so the
signature index is sometimes treated as another type of Maslov index. Also note that the
Bohr-Sommerfeld quantization condition on Lagrangian manifolds £, and £, imply that
choosing different paths will only change the relative phase by integer multiples of 27.

The action integral part of the phase difference is independent of both reference point
and representation. Let the path I';; be the boundary of some surface S. Then,

jiﬂ_/sdé’_/sw. (C.5.8)

The symplectic form w is representation-independent. Changing the reference point on one
of the Lagrangian manifolds amounts to adding an additional piece of surface 0.5 that lies
entirely in that Lagrangian manifold, which adds zero symplectic area.





