UC Santa Barbara
UC Santa Barbara Electronic Theses and Dissertations

Title
Topological Phases of Matter: a mathematical approach

Permalink
https://escholarship.org/uc/item/6c63g51m

Author
Babakhani, Arman

Publication Date
2021

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqgital Library

University of California


https://escholarship.org/uc/item/6c63q51m
https://escholarship.org
http://www.cdlib.org/

University of California

Santa Barbara

Topological Phases of Matter:

A Mathematical approach

A thesis submitted for the degree of
Masters of Science in

Chemistry

by

Arman Babakhani

Committee in charge:
Professor Vojtech Vlcek, Co-Chair
Dr. Parsa Bonderson, Microsoft, Co-Chair Professor
Mark Srednicki

Professor Bernard Kirtman

December 2021



Arman Babakhani’s Master’s thesis is approved by

Professor Mark Srednicki

Professor Bernard Kirtman

Dr. Parsa Bonderson, Co-Chair

Professor Vojtech Vicek, Co-Chair

December 2021



Topological Phases of Matter
Copyright © 2021
by

Arman Babakhani

iii



Acknowledgements

It should go without saying that no individual achievements are truly individual.
If it was not for the support of my parents, and the opportunity given to me by
many amazing mentors and professors including Vojtech Vlcek, Mark Srednicki, and
especially Parsa Bonderson, I would not be able to learn as much as I have. Graduate
school has been an immense journey of not only academic exploration, but of self-
discovery. It has been quite a challenge not to be intimidated by the intellectual
brilliance of many of my peers and Professors. Through the engagement and belief
of many of my mentors, however, I have been able to cultivate some confidence in
my knowledge and be eager to learn more. I would like to thank Bernard Kirtman
for dedicating some of his time towards the development of this thesis and being on
this committee. I would also like to thank many others in the chemistry department,
including Trevor Hayton, Petra Van Koppen, and Frank Brown.

I have had many insightful conversations with Postdocs and graduate students
in Vlcek group namely Carlos Mejuto-Zaera, Anna P. Vidal, Gwen Weng, Mariya
Romanova and others. I have also tremendously benefited from participating in weekly
meetings with Mark Srednicki and his former and current student (Chaitanya Murthy
and Fernando Iniguez). I should also thank Hassan Shapourian at station @ for his
support and engaging conversations.

Finally, I would like to especially thank my uncle, Vartan, for our long intellectual

conversations on endless topics, and his encouragement for my pursuit of science.

iv



Topological Phases of Matter:

A mathematical approach
by

Arman Babakhani

Abstract

In this work, I provide a literature review of earlier works on classification of
topological phases. In doing so, we motivate the idea of topological order and
phases of matter that are dependent on global geometric features of systems in
consideration.

I review an algebraic formalism to categorize phases of matter containing
non-abelian anyons, known as Braided Tensor Categories (BTC). With the mo-
tivation to study the relationship between non-abelian anyonic and symmetry
defects, I also introduce the an algebraic formalism describing the interplay
of global symmetries with the anyonic degrees of freedom. This formalism is
known as G-crossed BTC. These algebraic formalism provide observable topo-
logical quantities, such as the topological S-matrix, that can be probed by
interference measurements [1]. When the topological S-matrix of the BTC is
unitary, it is said that the fusion theory is said to be modular. Hence, one calls
the algebraic formalism a Modular Tensor Category (MTC).

I present the results of our work showing that one can construct projective
representations of the mapping class group of the punctured torus from the
topological formalism given by G-crossed BTC. This is pivotal in constructing
a G-crossed BTC for surfaces of higher genus, as one can build surfaces of

arbitrary genus by gluing many punctured tori. Throughout my mathematical



analysis, I also show that modularity of BT Cs are not destroyed by the presence

of symmetry defects.
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I. INTRODUCTION AND OUTLINE

I. INTRODUCTION AND OUTLINE

Quantum mechanics has been very successful in explaining the behavior of systems in
atomic scale, a scale that was not well-understood by classical theories of mechanics
and electromagnetism. It has also helped explain various phenomena on larger length
scales. Electronic transport properties through a process called quantum tunneling
is an example of such phenomena. Quantum mechanics has also revolutionized the
fields of technology and engineering, through the invention of transistors, and the
most valuable of its applications might yet to be realized in quantum computers.

Even though some features of quantum mechanics, such as quantum entangle-
ment, might seem unintuitive and complicated, the mathematical formalism describ-
ing quantum mechanics is quite straightforward: there is a single equation, namely
the Schrodinger Equation (SE), that explains how a quantum system evolves as a
function of time [2]. How the system evolves, depends on the types of interactions
and microscopic mechanisms inherent to the system, described by a Hamiltonian.
That is all it takes to do quantum mechanics. All the complicated and eerie features
arise as a result of solving the SE, using a given Hamiltonian. Though, one must
admit that solving the SE can be incredibly daunting.

As a result of solving the SE, one finds all the possible states (eigenstates) in which
one can find the system upon measurement at a particular time!. Each eigenstate has
a well-defined energy, and sometimes multiple states have the same energy eigenvalue.
These states are called energy degenerate states. In order to distinguish eigenstates,

especially degenerate states, one must specify how the states project or overlap onto

!Eigenstates are the equilibrium states of a Hamiltonian. A general quantum system can be
described by a superposition of such states.



I. INTRODUCTION AND OUTLINE

one another. In this sence, it is possible to think of eigenstates as vectors, and define
an inner-product operation to specify how two states align with respect to each other.
In order to consider all possible quantum states, one must then specify the space
spanned by all the solutions to the SE, known as the Hilbert space.

Due to the difficulty of solving the SE, physicists and chemists, for the most part,
have relied on approximation methods [3]. If the eigenstates of a particular Hamilto-
nian H; is very difficult to solve for, a possible approach is to find another Hamiltonian
H, for which one can solve the eigenstates with ease, and relate the eigenstates of Ho
to Hy, with an approximation method, such as perturbation theory. There are vari-
ous limitations to using perturbation theory, namely that the difference of energies
induced by the two Hamiltonians AH = H; — H, must be much smaller than the en-
ergy scales of the Hamiltonian H,. In other words, the bigger the difference between
the two Hamiltonians, the poorer our estimation for the eigenstates of H;. Therefore,
generally, most of the qualitative features of H; will be removed if AH is significantly
large. This is called the breakdown of perturbation theory. One might naturally
come to ask the following questions. Given two different Hamiltonians H; and Hs,
are there any common features between the two systems, even when A H falls outside
of the domain of perturbation theory? What set of quantities remain unchanged upon
perturbations? Are there a set of Hamiltonians that share universal characteristics,
independent of the detailed description of the microscopic interactions?

These types of questions have motivated the search for the types of systems that
have intrinsic features which cannot be removed upon perturbations. These features

are often called topological features. This implicitly defines what most physicists



I. INTRODUCTION AND OUTLINE

mean by a “topological” feature: a quantity that is robust under smooth deformations
of the Hilbert space. To highlight why this definition is suitable, one can draw an
analogy between deformation of the Hilbert space to deformation of surfaces in real
space. Consider the surface of a torus: irrespective of how one smoothly? deforms the
surface of this torus, the hole surrounded by the torus can never be removed. The
number of holes of a surface is thus a topological quantity, known as the genus of
the surface. Of course, the Hilbert space is not the real space, so I will provide more
specific examples and emphasize what is meant by smooth deformations in quantum
mechanical setting.

The existence of topological features was not obvious in the early days of quan-
tum mechanics [4]. It took clever thought experiments and masterful use of physical
intuition in order to hypothesize the existence of such features. One of the first
such thought experiments was due to Aharonov and Bohm [5]. Contrary to classical
electromagnetism, they argued that electromagnetic potentials produced physically
observable effects on a quantum system. The classically held belief was that as long
as there are no electric or magnetic fields in the region of a charged particle’s presence,
no physical effects due to the electromagnetic gauges will be observable. However, in
a set up shown in Figure 1, Aharonov and Bohm argued that the wavefuction of an
electron traveling around a solenoid in a region of zero magnetic field, will pick up a
phase, which can be detected upon interference measurements.

The topological feature in the Aharnov-Bohm (AB) experiment is due to the
path-independence of the phase picked up by going around the solenoid. Since the

phase €7(®) only depends on the angle traversed (as shown in the RIGHT figure of

2Smooth deformation refers to a deformation that does not rip or cut the surface.

3



I. INTRODUCTION AND OUTLINE
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Figure 1: Aharonov and Bohm experiment showing the path of a quantum system in a
region of zero magnetic field. LEFT: figure of a solenoid showing the traversed path of
the particle. RIGHT: Top View of the setup. The phase picked up by the wavefunction is

dependent on the angle traversed around the solenoid.

Figure 1), moving all the way around the solenoid will result in a fixed phase 77,
regardless of the specific path taken. In other words, this phase is robust under smooth
deformations of the path chosen around the solenoid, and so one can think of it as a
topological feature.

A similar path-independent phase is gained by the electronic wavefunction in
chemical systems of polyatomic nature. Herzberg et al. in 1979, showed that given
the presence of a certain type of degeneracy in polyatomic systems, known as a conical
intersection(CI), the electronic wavefunction gains a minus sign upon going around
the conical intersection, regardless of the specific path taken around it [6]. Figure 2
illustrates the intersection of two potential energy surfaces in a polyatomic system.
CIs have been an important topic of research in molecular dynamics in the last few
decades. Subtle treatments that account for effects due to the phases gained by the
electronic wavefunctions must be accounted for when computing the scattering of
electronic orbitals [7, 8]. These effects are typically categorized as non-adiabatic (dia-

batic) effects. I will explain how the presence of Cls in a molecular system introduces



I. INTRODUCTION AND OUTLINE

Figure 2: Conical intersection of two potential energy surfaces. The electronic wavefunction
gains a minus sign upon going around the center of the intersection. The figure is taken
from [7].

complications in later subsections. I mention this example to highlight the types of
observation that have motivated theoretical chemists and physicists to study systems
with topological features.

The systems which possess such features have gained popularity not for purely
mathematical reasons, but also for their application in explaining superconductivity
and other exotic phenomena such as quantum Hall effect (QHE). In this work, I will
review some quantitative metrics used to capture topological features in materials.
I will discuss some models containing topological features and highlight signatures
of topological effects in physical systems, namely a class of material known as topo-
logical insulators. I will also emphasize topological aspects governing the QHE, and
highlight the existence of excitations that are neither bosonic nor fermionic. These
excitations are known as anyons, the existence of which has been experimentally veri-
fied in fractional quantum hall states [9]. Anyonic systems are attractive test grounds
for studying many-body phases that are topological. This is because the path of every

particle around any other particle in the system produces observable effects on the
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state of the system. Therefore, to characterize the topological properties of a system,
it is important to analyze the way the paths of the particles ‘thread” around all the
other ones. ‘Threading’ of particles around one another is called braiding.

It is important to emphasize that most of the discussion in this work will be
limited to two spatial dimensions, (241)D?. This is because studying the braiding of
particles around one another requires specifying path of one or many particles that
enclose other particles. In three spatial dimensions, one can reduce closed loops into
single points, rendering the effect of enclosed particles on the closed paths trivial [10].
In sections -1V, I will provide some background on topological character of various
systems, including quantum hall states. I will provide a motivation to consider phases
of matter that are known to have 'topological order’. In doing so, I will motivate an
algebraic approach that takes a fundamental step in characterizing topological phases
of matter that is consistent with Quantum Field theory.

Quantum field theory (QFT) provides an alternative, but similar, approach to
studying quantum systems. Instead of a Hamiltonian description and Schrodinger’s
Equation, one often uses path integral formalism, describing the quantum system
via Lagrangian dynamics [11, 12]. An intricate approach to studying topological
aspects of quantum theory is through Topological Quantum Field Theory (TQFT)
[13]. TQFT is the study of properties of quantum fields that do not depend on
the details of the spacetime on which the fields live, i.e. properties that are metric
independent. Prominent work has been done by Edward Witten in this field to relate
the structure of certain quantum field theories to those of knots and closed links

[14]. TQFTs are a general framework in which physical observables and topological

3two space and one time dimension.



I. INTRODUCTION AND OUTLINE

quantities can be computed from a microscopic description of interaction of various
types of quantum fields. Even though TQFTs provide a detailed picture of the types
of interaction in a system, computation of observables and topological features of a
physical system involves challenges such as evaluating Wilson loops [13].

In section V, I will delve into a simpler mathematical formalism than TQFTs,
which allows one to describe excitations and the resulting topological features upon
their braiding in many-body systems. This mathematical structure, known braided
tensor categories (BTC), are equivalent to TQFTs for two-dimensional systems with
low-energy excitations such as those of QHE [15, 16]. However, BTCs are a more
pragmatic algebraic method of describing topological features of anyonic states in
low-energy two-dimensional systems. Provided the types of excitations and how they
interact with each other, BTCs allow for the categorization of possible anyonic phases
due to the transport of excitations around one another.

The effects of global symmetries on systems with anyonic excitations is an inter-
esting ongoing topic of research. One can use BTCs to study the topological phases
arising in systems with anyonic excitations. However, applying BT Cs on systems with
global symmetries requires a richer structure. Violations of the global symmetries,
called symmetry defects, require one to not only study the interaction of quasiparticle?
excitations but those of the symmetry defects themselves. In section VI, I will briefly
review the mathematical structure created by the interplay of symmetry defects with
electronic excitations, known as G-crossed BTC. In a recent work, Barkeshli et al.

have shown that G-crossed BTCs provide a consistent mathematical structure that

4Quasi-particles are localized excitations that are not destroyed by small perturbations. They
are called quasi-particles because they are emergent excitations and do not constitute an individual
particle by themselves.



II. ADIABATIC THEOREM AND GEOMETRIC PHASES

allows one to study defects and quasi-particles on a torus, a surface of genus one [17].

Finally, in sections VII and XI, I will introduce and present the results of our recent
project, showing the relationship between BTCs and topological representation of a
torus and surfaces with higher genus. As a result of the our mathematical analysis,
we come to the conclusion that if BTCs preserve unitarity of quasi-particle processes®

(especifically a quantity known as the S-matrix), the G-crossed BTCs also preserve

this property.

II. ADIABATIC THEOREM AND GEOMETRIC PHASES

In order to study smooth deformations and be able to characterize features that are
independent of such deformations, one needs to define what is meant by smoothness.
A precise approach requires one to consider adiabatic processes. In thermodynamics,
an adiabatic process is one that occurs slow enough that no energy is entered or exited
a closed system. In order to highlight the precise definition of adiabaticity in quantum
systems, [ will begin by introducing adiabatic transport using Schrodinger’s Equation
(SE).

For a general treatment of the problem, one could define a Hilbert space, specified
by a set of parameters {\;}, H({\;}). Let us denote the Hamiltonian of the system
by H(X(t)), where A(t) is a vector in the space of parameters given by A;, and for
generality, let us assume that this vector is time dependent. Given the initial state of

the system, [1(0)), in order to describe the state |1(t)), one could use SE to write

H (X)) () = iho [(1) (1)

5This feature is called modularity of the fusion category.




II. ADIABATIC THEOREM AND GEOMETRIC PHASES

If one assumes that the \;(¢) is a smooth function of ¢ for all ¢, then the eigenstates

of H, {‘n(X(t))>} satisfy
H (X)) [n(X(#) = Ea (X®) [n(X()) - (2)

Working in the Schrodinger’s picture, and writing [¢(t)) = 3, ca(t) ’n(X(t))>, one

can write a differential equation for the coefficients ¢, (t) by using SE (having set

J P
<
©
I
\g
/N
o
3
=
S~—
S
~~
>\

)+ a2 ()
= =il (X(t)) [9(1)) = =i e (D Ea(t) [n(A(®)) ) - (3)
Note that the dot over a variable represents a time derivative. Now, taking the

inner product of the equation above with <m(x (t))‘ results in the following differential

equation for the coefficients ¢,, ()

To obtain the right hand side of the equation above, I have used the fact that
(m| 0 In) = % for n # m. To see this, one can time differentiate Eq. (2), and
take the inner product of the resulting equation with (m).

When the minimal energy differences between eigenstates are significantly larger
than the rate of change of the Hamiltonian, one can simply neglect the right hand

side of Eq. (4). This condition can be stated as follows

[{(m(X(®)| HX®) [n(X(#)) | < [En(t) = Ea(t)]. (5)

9



II. ADIABATIC THEOREM AND GEOMETRIC PHASES

This is the precise adiabatic condition in quantum systems. This condition obvi-
ously fails if there are degeneracies or band-crossings along the path of transport.

Under adiabatic conditions, Michael Berry offered a solution to Eq. (4) by con-
sidering the adiabatic limit (setting the right hand side of the equation to zero) [18].

The solution, thus, is written by the following

em(t) = exp [i (Ym(t) — [y Em(t)dt)] (6)
Ynlt) = [ A (X(2)) - dA (7)
An (X)) = =i (m(X(£)| Va |m(X(®))). (8)

This solution entails the usual phase corresponding to the energy of the system
at any particular time, with an additional term, 4, (), which has been popularized
as the Berry’s phase, due to major contributions from Michael Berry. The term
An(X) is known as Berry’s connection, and is a vector quantity, quantifying the
smooth deformations of the eigenstates. The Berry’s phase is an entirely geometric
contribution, as it depends on the traversed path in the parameter space. Berry’s
phase and connection vector will be used to account for topological effects upon
smooth deformations of solid crystals upon smooth deformations in k-space, in later
sections.

We must note that our analysis above is restricted to Hamiltonians that com-
mute with themselves in the entire parameter space given by {\;}. In other words,
[H(X(t)), HX('))] = 0 for all X(£) and X(¢'). These types of systems are known as
Abelian systems. In non-Abelian systems, the components of the Berry-connection

vector are matrices. Thus one must also account for the order in which Berry-

10



A. Avoided crossings II. ADIABATIC THEOREM AND GEOMETRIC PHASES

connections act on the evolution of the system. Without getting into the details
of such systems, we state that the non-Abelian nature of Berry’s phase is captured
by the following quantity (also known as ‘Wilson line/loop’ in topological quantum
field theory context)

v =Pexp </A(X) -dA). 9)
P exp() denotes a path-ordered exponential, and the integral is along the path taken
in the parameter space. References [19, 20| provide a detailed discussion of Berry-
connections in non-Abelian systems.

As mentioned earlier, transport in systems with band crossings and degeneracies
fails to satisfy the adiabatic condition, regardless of the speed of transport. In these
instances one must also account for non-adiabatic transitions, i.e. transitions to dif-
ferent energy levels implied by the right hand side of Eq. (4). In most polyatomic
materials, due to large number of degrees of freedom (DOF), crossing of energy levels
near the valence bands are a rarity. In fact, Herzberg and Longuet-Higgins extended
the eigenvalue crossings observation by von-Neumann and Wigner, and analyzed sys-
tems with eigenvalue crossings. I will review the importance of these analyses in the
next few subsections and emphasize the importance of adiabatic theorem in quantum

chemistry and materials.

A. Avoided crossings

One of the first works highlighting the relationship between symmetry and level statis-
tics and energy level crossings was done by Wigner and von-Neumann [21]. Wigner

and von-Neumann showed that in order for a system with no symmetries to have

11



A. Avoided crossings II. ADIABATIC THEOREM AND GEOMETRIC PHASES

energy level crossings, one must tune at least two parameters. This is easily demon-
strated by a simple model. One can demonstrate this fact by considering a Hamil-
tonian specified by a parameter vector X = (Ao, A1, A2, Az), and Pauli matrices {o;},

represented in vector form &, H (X) = A - 0. Note that with this notation oy = 1 is

the identity matrix. The Hamiltonian can be written in the following matrix form

Ao+ A3 AL — 1A
H(Xo, M, Ao, Ag) = (10)
AL+ iy Ao — A3

Since the Hamiltonian does not have any symmetries, \; s are arbitrary complex

parameters. The eigenvalues of the Hamiltonian is thus given by

Ey =AMt A2+ A2+ 22 . (11)

Thus, in order for the two eigenvalues to coincide, one must require A2 +\3+A2 = 0.
This implies that at least two of the three parameters must be specifically chosen in
order to achieve this. The general argument holds for any Hamiltonian with N DOFs.
Without any symmetries, one must tune N —2 DOFs in order to achieve level crossings.
This argument can be extended to molecules. In diatomic molecules without any
symmetries, the only DOF is the bond length between the two molecules. Thus,
from arguments above, one might infer that no level crossings occur. Thus, systems
with insufficient DOFs cannot host degeneracies or level crossings. This phenomena

is referred to as avoided crossings.

12



B. Conical intersections II. ADIABATIC THEOREM AND GEOMETRIC PHASES

A 1. Degeneracies due to symmetries

It is worth emphasizing that symmetries can often create degeneracies in a system.
For instance, if one requires that the Hamiltonian in Eq. (10) be symmetric under
o, conjugation, i.e. [H,o,] =0, we must have that \; = Ay = 0. This suggests that,
by tuning a single parameter A3, one can obtain level crossings. In general, a system
H with a set of symmetries J; could host degeneracies, when the symmetries do not
commute. This can be observed by picking two non-commuting operators J; and Js,
such that [H, Ji] = [H, J2] = 0. Assuming that {|n)} are a complete set of eigenstates

of H. One should observe that J; 5 |n) is also an eigenstate of H by the following

0=[H, Jig][n) = H (J12|n)) — En (J12|n)) (12)

From the relation above, we see that both states J; |n) and Js |n) have the same energy,
however, they are not necessarily the same state. Now, repeating this argument with

the states Jy 2 |n)

0=[H, J21] (J12|n)) = H (Jan1Ji2|n)) — Ep (JanJi2|n)) (13)

This shows that the state J;.J2 |n) has the same energy JoJ; |n). However, since
[J1, J2] # 0, these two states are not necessarily identical. So, non-commuting sym-

metries could enforce degeneracies and level crossings in a quantum system.

B. Conical intersections

From the discussion of symmetries, one can note that in diatomic molecular systems,

level crossings due to existence of different types of non-commuting symmetries are a

13



B. Conical intersections II. ADIABATIC THEOREM AND GEOMETRIC PHASES

possibility. In complex structures, such as polyatomic molecules, due to large num-
ber of DOFs, level crossings are not contingent upon the existence of symmetries.
Herzberg and Higgins went beyond diatomic molecules and analyzed triatomic struc-
tures, and highlighted the nature of the level crossings near the center of the molecular
structure [6]. They observed the existence of a conical intersection of potential energy
surfaces and noted that the electronic wavefunction attains a non-trivial minus sign
upon transporting the system around the center of the conical intersection.

Upon the observation that the electronic wavefunction acquires a negative sign
upon being transported around the center of the conical intersection, one must be
vary of the implications of this observation on the single-valuedness of the total wave-
function of the system. It is clear that in order to preserve the single-valuedness of the
total wavefunction of the conically intersecting systems, then the nuclear wavefunc-
tion must also acquire some phase in order to compensate for the sign gained by the
electronic wavefunction upon transporting around the loop of the intersection. This
indicates that our usual assumptions about the separation of the total wavefunction
into electronic and nuclear parts, given by the Born-Oppenheimer approximation is

invalid. Namely, one can no longer split the nuclear and electronic DOFs and write

) = [Yetec) @ [Ynuc) (14)
U ({rit {R;}) = Yerec({riH{R;}) Ynuc({R;})- (15)

Before the work of Herzberg et al., quantum chemistry calculations relied on Eq.
(15), with the justification that in non-relativistic systems, the nuclear dynamics are

orders of magnitude smaller that those of electronic, and so one could neglect any

14



III. TOPOLOGY AND TRANSPORT

correlation between the nuclear and electronic wavefunctions. However, in the pres-
ence of entanglement between nuclear and electronic DOFs, one cannot apply the
Born-Oppenheimer approximation. Therefore, adiabatic quantum chemistry calcu-
lations might be inappropriate for systems exhibiting long-range entanglement and
topological order at molecular level.

In light of the signatures of breakdown of Born-Oppenheimer approximation in
presence of conical intersections, Mead et al. introduced a mathematical formalism to
account for non-adiabatic corrections by unitary transformations on nuclear wavefunc-
tions [22]. Since 1980s, great progress has been made on incorporating geometric phase
effects from non-adiabatic dynamics due to conical intersections. Intricate methods
to go beyond Born-Oppenheimer approximation and account for non-adiabatic effects
upon doing molecular dynamics simulations have been explored in the recent years
23, 24, 7, 8]. Molecular systems with CIs remain an ongoing topic of research in

theoretical chemistry.

ITI. TOPOLOGY AND TRANSPORT

A. Topological invariants in solids

Insulators are a class of materials about which topology has helped expand our un-
derstanding. Conventionally, one thinks of insulators as systems with a band gap.
This gap between the occupied and unoccupied states is large enough that no sig-
nificant thermal excitations from the valence band maximum (VBM) to conduction

band minimum (CBM) can occur. Thus, using band-theory one can predict insulat-

15



B. Chern Numbers III. TOPOLOGY AND TRANSPORT

ing behavior on systems with large gaps between VBMs and CBMs. However, not
all insulators are alike. In fact, there are classes of insulators exhibiting topological
character. I will emphasize the importance of topological insulators after introducing
Chern numbers and their role in transport properties of material.

In order to describe the topological character, we need to consider smooth de-
formations of the bands, keeping in mind the symmetries possessed in the system.
For instance, a solid with crystal structure has translational symmetry, and one by
smoothly deforming the bands, by either varying the chemical potential of each con-
stituent or by changing the cell dimensions, still retains the translational symmetry.
Therefore, when applying topological methods to studying material, one assumes that

periodicity is not broken upon deformations (change of parameters).

B. Chern Numbers

In this subsection, I introduce Chern numbers and their relation to the topology of
quantum systems. In order to define the mathematical form of the Chern number,
let us limit ourselves to 2 spatial dimensional systems (2+1)D. The reason for this
is not only to simplify some of the mathematical expressions, but to also merge our
discussion with anyonic systems, which are (24+1)D phenomena. Let us start from

the definition of Berry’s phase, given in Eq. (7), defined in the momentum space, i.e.

X=F.
(k= k) = [F ALK - dk (16)
V(e — k) = 6 [v X Am(/%’)} Pk = § (k) - Pk (17)
= L., (k) Pk (18)
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Eq. (18) defines Chern number C,, of a band m in a solid. It is worth noting that,
in the second step of Eq. (17), we have used Stoke’s theorem and Qm(/;) is called the
Berry-curvature of band m. However, one must be careful to keep in mind that the
integrals in Eq. (17) are contour integrals in the 2d complex plane. This means, that
closed loop line integrals are not always vanishing. They vanish only if the integrand
of the line integral does not contain any singularities. The number of singularities in
the Berry-connection vector is a topological quantity that cannot be altered by small
perturbations.

There are rigorous arguments using complex analysis that one can employ to show
the quantization of the Chern number. A simple observation, however, is to require
single-valuedness of the wavefunctions (bands) upon traversing along the entire Bril-
louin zone. This suggests that the Berry’s phase, 7,,(k — k) gained upon traversing
through the entire Brillouin zone (a closed loop in k-space) should have a trivial phase,
ie.

TYm(k — k) = 27n, n € 7. (19)

Using this argument, and the definition of the Chern number for band m from Eq.
(18), we see that the Chern number of a band m could only take on integer values,
namely C,, = n. We end this subsection by emphasizing that the Chern number,
like the winding number® or the genus of a surface, is quantized, and it relates many

important ideas in quantum mechanics to the study of geometry and topology.

6In simple terms, the winding number is the number of full circular turns that a closed curve
makes.
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C. Anomalous velocity

To observe the geometric effects due to Berry-curvature, N. Qian and S. Ganesh ana-
lyzed the equations of motion of a semi-classical system, described by wave-packets, in
presence of external electric and magnetic fields [25]. By calculating the expectation
values of momentum and position operators, they obtained dynamics that closely re-
sembles those described by classical equations of Lorentz forces in electromagnetism.

These resulted in the so called semi-classical transport equations, given as follows

&= VB, (k) —k x Q,(k) (20)

k= —¢cE —eci x B. (21)

We observe that there in addition to the usual group velocity of band m, v¥ (k) =
Vi En(k), we have an extra term in Eq. (20), k x Q,,(k), known as the anomalous
velocity. This term is a topological contribution to the velocity, and is the only
term that is due to quantum mechanical effects in the equations above. One way
to rationalize the appearance of the Berry-curvature is to consider the action of the
position operator on a wave-packet described in the quasi-momentum space, with

{|k, m)} as the complete set of quasi-momentum states with band labels m as follows

) = (o) ) = 5 [ d' (eome) (el = [ dloe = (b, ue)

- é/ddxe_ik'wfn,k@wm(w)'

In the last step we defined the functions fi, ()t () = (bymi| ). Now, consid-
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ering &, (k), we have

#n(k) = / Al f () () = o / iV (€Y fop(2) o ()

= iVitn(k) — / e (1Y, fr (1)) U ()
d°K’

oyt () U (K)(22)

= ka’(/)(k) — é/dddf@_ik.m (kafm,k(x))/

The second term in the last line of the equation above simplifies to the following

A’k diz .,

/W¢m(k/) / 7$€_Z(k_k ) (kafm’k(a)')) f:%k,(gg)
dk’ dde

= Z/me(k/) / 7m€*l(k:fk )z <kam,k| CC) <CC‘ bm’k,>

Q'K
- Z/ @y Vm () (V kbl b3k = K) = ith (R) (V7 kb | b i)

= —Um(k)An(k). (23)

Therefore, we see that &, (k) = (iVg + A, (k)) ¥ (k). This is where the Berry

connections enter into the equations of motion.

C 1. Hall conductivity from linear response

In order to see the observable effects of Berry connections in material conductivity,
it is common to use the Boltzmann equation with relaxation time approximation to
write a continuity equation for the electronic distribution function g,,(x, k) for band

label m as follows [26]

(at +x- Vw + k ’ vk) gm(ma kat) ~ _L (9m<m7 k7t) - 955‘1)(% k)) (24)

T,k
where g9 (x, k) is the equilibrium electronic distribution function and 7, is the

average collision time between electrons of band m and momentum k.
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Using the equations of motion in Egs. (20) and (21), one can find the response
of the distribution functions g,,(x, k,t) to external electric field F, in the absence of

magnetic fields, by writing
gm(, k1) = gCD (2, k,t) + Ogm(x, K t) + .. (25)

where 0g,,(x, k,t) is O(E): a perturbative response due to the external electric field.

By making simplifying assumptions about g,,(x, k, t), namely that it is a uniform
distribution function in real space and time, i.e. Vg, (x, k,t) = Ogm(x, k,t) =
0. If we further assume that the equilibrium distribution is nothing but a Fermi-

distribution ng (E,,(k)), we find that Eqgs. (24),(25), and (21) imply that

eE - Vig“D(k) = eE - Ving (B (k) = iégm(k). (26)

T,k
This implies that the first order response of the electronic distribution function is
Ogm(k) = €Tk Vinp(E(k)) - E = ety nm(E)v (k) - E.
Now, in order to find the conductivity tensor o,,, we must find the electronic
current due to the external electric field. Electronic current j(z,t) is nothing but the

expectation value of the electronic velocity, i.e.

(. t) = —262/%%(%1@)%@,&&. (27)

The factor of 2 in the equation above, comes from contribution of spin. Using the

results of Eq. (26) in Eq. (27), with the the equation for band velocity from Eq. (20),
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we obtain

= 23" gﬁ’;’d (03, (k) + B x (k) (np( B (k) + 7l (k)05 (k) - B)

= Jo(z)

03, (k) (05, (K) - B) T k1 (K) + 10 (B (k) (k) X E) + O(E?).

(28)
We have defined jo(x) to be the equilibrium zero-field current. From the expression
above, we see that there are two types of first order contribution to the current due to
applied electric field. The first simply gives a contribution to the current if the applied
field E is in the direction of the group velocity. However, we note that the second
term in the integrand above implies that there is current generated in perpendicular
direction to the applied field E. This is the contribution to Hall current. Thus, in
order to predict the Hall conductivity, we must only account for the contributions
from the second integral.

Note that the conductivity tensor is defined as j, = 0, £,. The contribution from

the second term in the last equality of Eq. (28) can be written as the Hall current

d
et =265 [ e ()l (L LB (29

We see that the Hall conductivity o can be written as

=265 / é&w(izﬂm(k))emﬂmmny. (30)

In order to predict the Hall conductivity for a planar 2d (two real-space dimensions)
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system (on the z-y plane), we can assume that E is along say z-direction and note

that from the definition of Berry’s curvature in Eq. (17), €,,(k) = §,,(k)Z is purely in

z-direction. Noting that the Hall conductivity tensor is asymmetric, i.e. o/ = =03,
we write the Hall conductivity
2
Ozy — Oya 9 d°k
= ——=— ——np(E,(k))Q,,. (k). 31
7= T =Y [ e, ()0 ) (1)

In the zero temperature limit, since np(FE,,(k)) = 1 — O(F,,(k)), in presence of a
band-gap (for insulating material), the sum over all bands turns into only a sum over
the occupied bands. We, thus, arrive at the following result

o2

Opy — e?
og(T =0) = y2 27T Z /dsz =5 Z =5 (32)
m(oc

s
m(occ.)

In the last equality, we used the fact that the Chern number is quantized, as implied
by Eq. (19). We observe that Eq. (32) implies that the the hall conductivity is
quantized, without presence of any magnetic field. In fact, ferromagnetic systems

also exhibit this effect, known as the Anomalous Quantum Hall (AQH) effect.

D. Topological Insulators (TT)

Eq. (32) implies that certain insulating systems exhibit Hall conductivity. These
insulators are classified by the sum over the Chern numbers of all of the occupied
bands. For systems with time-reversal symmetry, the sum of all Chern numbers is zero.
This can be seen by noting that the Berry-curvature is antisymmetric under time-
reversal. Insulators with a sum of Chern numbers >°,, C,, = n = 0 are called trivial
insulators, and ones with n # 0 are referred to as topological, or more specifically as
Chern insulators. The sum of the Chern numbers of the occupied bands, denoted by
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the integer n, classifies integer quantum hall (IQH) insulators.

It is important to emphasize that Eq. (32) implies that non-trivial insulators
conduct electricity. Since, we are dealing with insulators, no current can be conducted
through the bulk of the material. However, one way in which Chern insulators can
conduct electricity is through the edges (surfaces) of the material. The reason for
this is as follows. Two Chern insulators with different sum of occupied band Chern
numbers are topologically distinct. This means that one cannot smoothly deform a
system of class n TI into a class n’ # n TI without introducing gapless states (band-
crossings) [27]. Thus, at the boundary of the Chern insulator and the vacuum or a
trivial topological state, we must have band-crossings. Due to these band-crossings,
there are states at the boundary that are gapless. These are often referred to as
gapless edge modes. These ‘modes’ are excitation channels that cannot be destroyed
by small perturbations or disorder. Hence, they are also referred to as topologically
protected surface states. In Figure 3, we show the edge states on the boundary of
an IQH insulator, produced on the boundary by ‘unclosed” qunatized landau levels.
Even though, Quantum Hall effect will be discussed further in the next section, I
emphasize the classification of Chern insulators and the existence of edge modes due

of their topological nature.
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Figure 3: This figure shows a system of IQH landau levels represented by the loops with
arrows. In an IQH system, the edges of the material produce unclosed landau levels that
connect neighboring localized wavefunctions. This allows for conduction of current along
the edges of the material. These states, shown in blue and red lines in the figure flow in the

opposite directions and are topologically protected.

In the recent years, it has been shown that such topologically protected surface
states can be realized in not only 2d Chern insulators but a more general class of 2d
and 3d topological insulators, even in presence of time-reversal symmetry [28]. As
mentioned above, the sum of the Chern numbers of the occupied bands is a metric
that classifies insulators with broken time-reversal symmetry. However, there are
various other classifications metrics for a more general class of topological insulators
with time-reversal symmetry [29].

Topological insulators are classes of material whose topological character mani-
fests under breaking of time-reversal symmetry, as discussed earlier. These classes of
material are known as symmetry-protected topological (SPT) phases, due to the fact
that they are topologically trivial in presence of certain global symmetries. There are
other classes of topological phases of matter that do not lose their topological charac-
ter in presence of global symmetries. These are called symmetry-enriched topological
(SET) phases. Thus in order to distinguish between systems with SPT and SET, it is

important to study the influence of global symmetries on topological degrees of free-
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dom of a system. The discussion of global symmetries and their effects on topological
quantities will be taken up mostly in section VI, where we introduce a formalism
called G-crossed modular tensor categories. One of the motivations for considering
such mathematical formalism is to precisely explore the relationship between global

symmetries of a system and its topological character.

IV. TOPOLOGICAL ORDER

Before the discovery of the quantum Hall effect, a typical approach to the study of
phase transitions and novel phases of matter was to find a symmetry breaking mecha-
nism for the degenerate subspace of a model that was described by Landau-Ginzburg
theory. This model has been very successful in describing various symmetry-broken
phases of matter, namely that of liquid-crystals and superfluids [11, 30]. However,
quantum Hall effect, as shall be explained in the next sections, is not the simply a
result of a symmetry-breaking mechanism. Even though breaking of time-reversal
symmetry, through application of strong magnetic fields, produces the observable ef-
fects of landau levels of Integer Quantum Hall (IQH) effect, there are more intricate
relationships between fluxes and electronic occupation. Furthermore, given the fact
that IQH and fractional Quantum Hall states are robust against disorder, more sub-
tle explanations that symmetry-breaking was required to explain the electronic order.
Inspired by the topological nature of IQH and many other mentioned effects such as
Berry’s phase, the term topological order was introduced to capture a phase of matter
due to topological phenomena, robust under perturbations that did not destroy bulk

properties of a system [31]. Characterizing topological order is still a topic of ongoing
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research. In subsection B., we introduced Chern numbers, C,,, that characterized
some topological information about the band m. In fact, C,, tells us whether there
are any singularities in the Berry-connections A,,(k), upon traversing the Brillouin
zone of a crystal across band m. Chern numbers are one example of a topological
quantity that characterize nontrivial geometric effects. Another important character-
istic describing the topology of a system is ground state degeneracy. In the following
sections, we will show how the topology of a system could be characterized by the

degeneracy of the ground states of a system.

A. The 2d Toric code

A toy model describing the intimate relationship between topology and degeneracy
of the ground states of a system is the 2d toric code [32]. We will show that the
boundary conditions” of the following lattice model determines the number of ground
state degeneracy. We provide a brief highlight of the model by describing the Toric
code Hamiltonian describing an N x N lattice (with N? placquettes and junctions)

as follows
HTom'c = —SZAZ _pZBJ (33)
7 J

Here, the operators A; = [[pc Zr and Bj = []j¢ jen X, are operators defined

Jjunc. plac.

on a 2d lattice containing spin—% in between the junctions of the lattice. Z and X
are pauli spin operators. Figure 4 demonstrates the spins on which A; and B; act on

the 2d lattice. We must note that to build the entire lattice, one can define a unit

"The boundary conditions is a way of specifying the topology of the space. Open boundary
conditions imply that the two ends of the lattice are not connected, describing the topology of a flat
space. Periodic boundary conditions imply that the two ends of the rectangular lattice are connected,
exhibiting the topology of a torus.
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cell with 2 spins for each placquette. This suggests that there are 2N? total spins in
this model. It should be emphasized that first I will show briefly describe the ground
state properties of the Hamiltonian in Eq. (33)

In order to solve for the ground state of this model, we shall first note that
[A;,Bj] = 0, for all i and j. This is because a placquette and a junction opera-
tor only act on even number of common spins. FEither they are too far apart, in
which case they do not share any common spins, or they are in immediate proximity,
in which case they act on 2 common spins. Even though pauli spin generators X
and Z on a specific spin anticommute, since even number of spins are shared by the

placquette and junction operators, the anticommutations cancel out.

Figure 4: 2d lattice of spin—%. Aj is an operator acting on the spins surrounding a placquette,

and B; is an operator acting on the neighboring spins of a junction.

Since, the placquette and junction operators commute, we can simply find the
ground state of the entire system by finding states that minimize placquettes and
junctions terms individually. Let us work in the Z-basis, and denote |—) for the
ground state of Z with energy —1, and |+) for the excited state with energy +1. One

can note that the following state

|AP) = |4+), ® [+)5 ® ... @ |[+) g2
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minimizes the junction terms in Hropic, i.6. — 32, B;. We used the notation |AP) to
denote the state with ‘All Plus’. Since, the operation of A; term on the state |AP) has
the effect of flipping all the spins on the i placquette from |+) to |—), we can note
that such a state has the same energy as |AP), since any junction will be surrounded
by even number of |—) states. In Figure 5, we have shown the state A; |AP) which

has the same energy as |AP), i.e.
(Z Bj) (A;|AP)) = (A;|AP)) |AP) = —N*|AP). (34)
J

In fact, any string of A;s will not change the energy of the state |AP).

Figure 5: The state A; |AM) denoted by a red loop. One can see that any of the junction

terms Bj surrounding the ith placquette will have even number of spin downs.

Any state that produces even number of |—) will have the same energy as |AP).
Figure 6 shows some states satisfying this condition, and in fact, one can observe that

any state with closed loops of |—) s will fall in this category.
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Figure 6: A few degenerate configurations with the same energy as |AP). In the diagram,
the red lines represent and the black lines represent |—) and |+) state for a single spin

respectively.

From these analysis, one can conclude that the ground state of the 2d Toric code
is nothing but an equal-weight superposition of all the possible configurations with

the same energy as |AP), i.e.

(35)
We observe that the ground state is a highly entangled state. We further emphasize
that our analysis, so far, pertained to the toric code with open boundary conditions.
We shall extend the analysis to periodic boundary condition, by noting that one can
count the expected number of degeneracy in the ground state, n, by considering the

difference between the dimension of the Hilbert space and the number of DOF| i.e.

n — 92(N?-DOF) _ yN*-DOF (36)

This is because each spin has 2 configurations, |—) and |4), and for every unit cell there
are 2 spins. So, the dimension of the Hilbert space for a unit cell is 4, and since there
are N2 unit cells, the dimension of the full Hilbert space is 4V . However, the number
of DOFs, i.e. independent action of string of A;, should determine how many ways one

can construct a ground state. Since, there are N? placquette operators, A;, for the
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toric code with open boundary conditions, one expects that DOF = N2, and so n =
1. However, when we require periodic boundary conditions, the situation is slightly
different. The reason is that a string of A;s along the entire horizontal and vertical
dimension would act trivially, due to the periodicity of the lattice. Mathematically,

this suggest the following constraint
N2
[JA =1 (37)
i=1

This suggests that the number of DOFs have been reduced by one due to the constraint
imposed on the possible outcomes of the strings of A; due to periodicity of the lattice.
This makes the ground state degeneracy n = 4V ~(V*~1) — 4,

The connection between the ground state degeneracy and the topology is the
following. The 2d lattice wiht open boundary condition has the same topology as
a flat space. Simply put, the ends of the space along either direction never meet.
However, periodic boundary conditions suggest that the two ends of each direction
loops around. This is exactly the topology of a torus: a 2d space with genus g = 1.
As discussed above, for every additional genus, we will have to require a constraint

equation on the periodic strings of A;, so the DOF of the system is given by N2 — g.

This gives us the degeneracy of the toric code for a lattice on a surface of genus g
n =49 (38)

It is important to exclamate the nature of ground state degeneracy of the Toric
code Hamiltonian. It is not an artifact of a symmetry: it is simply due to the topology
of the 2d lattice of the model. This system provides an example of the type of order

that is subject to change due to global geometric properties of the system. This is an
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example of topological order that we have previously mentioned.

B. Quantum Hall Effect
B1. IQH

The theory behind IQH is well understood, and in fact, one can write a Hamiltonian
and solve for the eigenstates and show that the Hall conductivity for such a system
is integer quantized. The Hamiltonian given for an electron in a magnetic field given

by the vector potential A is as follows

b 2
H=x-p £—2m(p+eA). (39)

We will assume that we have a 2d system, with 2 component of momentum vector
pz and p,, and introduce a magnetic field along the perpendicular direction, i.e. B =
V x A = BZ. We can pick a gauge, A, satisfying this condition, namely A = xBj).

Now, one can write a functional form of SE as follows

HY(r,) = 5 (72 + (py + eBa)?) Wiz ), (40)

keeping in mind that p, and p, are derivative operators on the spatial wavefunction
U(z,y). Since, there is translational invariance in the y-direction, we can substitute

the plane wave ansatz vy (z,y) = e* fi.(z) into Eq. (40), and obtain

Hu(r,y) = 507 + (b + eBa (e, g) = Wkl ). (41)

Restoring our h, we note that h(k) = 51-p2 + ™% (z + ki%)?, with w = eB/m and

Ip = \/h/(eB), a length scale known as the magnetic length. We can note that the
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Hamiltonian, with the given wavefunction ansatz, is that of a quantum harmonic
oscillator, shifted along x-axis by an amount —kl/%. Similar to Harmonic oscillator,

the energy eigenvalues are

E, =hw(n+ =), (42)

with the given eigenstates:
Una(w,y) o< €V H, (2 + klj)e "B/, (43)

Note that in writing 1), x, we have restored our units of /, manifested in the magnetic
length units.

The quantum number n defines the energy of the state, and we shall consider the
degeneracies in such a state, given some finite length along y-direction (specified by
L,) and z-directtion (specified by L,). To count the degeneracies, we shall integrate

over the phase space

dk L, [° L,L, eBA &
= k)—~ -2 dk = =1 = = —. 44
N /p( )271' 2m J_ 1, 27l%, h O (44)
Due to the localization of the wavefunction around z = —kl%, we can estimated the

integral over the phase space for k given by * = 0 and © = L,, from which we
determine the bounds using k = —x/I%. In the last equality, we have denoted the flux
quantum by ®; = h/e. The discussion of degeneracies highlights the fact that for a
single electron, there is a single magnetic flux of ®, which gives rise to the IQH states.

This is summarized by defining the following quantity, known as the filling fraction

N

N
N 5a (45)

v

and observing that v = 1 for IQH.
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To highlight the similarity between the landau levels and the wavefunctions de-
scribing FQH states, is more convenient to work in the symmetric gauge, A =

%55 + ?3}. The Hamiltonian becomes

1 eyB\? exB\?
H(x,y; pz, py) = 5 ((pz — 2) + (py + 2) : (46)

By introducing the complex variable s = x 4 iy and its complex conjugate s = = — 1y,

we can write Eq. (46) as follows

1 Bs B B

The eigenstates of the equaiton above is given by Laguerre polynomials L! (s, 3) as

follows

|s|2

P X lefl(s, S)e g (48)

We note that we have restored units of A in the equation above. These states give us
an idea of lowest landau levels, which is useful for the discussion of FQH. We note

that, the lowest landau level (LLL) (n = 0), is

_ls?
¢lLLL(S7 5) x sle V. (49)

Recall that we briefly introduced IQH states in section III.-B., through discussion
of the Hall conductivity. The landau levels described in Eq. (43) share the same

properties on Hall conductivity.

B 2. FQH

Soon after the discovery of the IQH in the early 1980s, various experiments observed

a fractional Hall conductivity [33, 34]. Experimentalists observed plateaux not only
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near Hall conductivities with integer proportion to the universal constant e?/h, but
fractional proportions, %, mostly with an odd denominator. Figure 7 shows Hall

resistance Ry o< 1/oy, in units of h/e?.

—_— -
-~
1

Ry [he?|

13

MAGNETIC FIELD (Tesla)

Figure 7: Observation of FQH. Plateaux observed at fractional conductivities. Observe that

almost all of the fractions have an odd denominator. This figure is used taken from [34]

Many successful attempts have been made in describing most classes of FQH
states, especially states with odd denominators. Since FQH states host fractional
electronic charges, the fundamental attempts were to guess an antisymmetric wave-
function that allowed for fractional occupation of electrons and quasiparticle excita-
tions. Laughlin proposed the following wavefunction ansatz for the ground states with

fractional electronic occupations of 1/m, with odd m

Yy = ]__[(sZ — ;)" H e lskl?/4% (50)
k

i>j

Note that since Quantum Hall effect is observable in high magnetic fields, the system
is spin-polarized. Thus, the spinor part of the electronic wavefunction is symmetric
by the nature of the setup. Therefore the spatial ansatz wavefunctions must be
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antisymmetric in exchange of electronic exchange. Thus, for odd m, we see that
Eq. (50) is antisymmetric upon exchange any two s;s. We must also note that the
laughlin wavefunction in Eq. (50) is very similar to the single electronic LLL given by
Eq. (49). We can estimate the fractional occupation of electrons per flux quantum
by a similar analysis to Eq. (44). In Eq. (44), we had a state with zero angular
momentum, since our wavefuction was purely a gaussian. However, any additional
power of spatial component s in the wavefunction adds to the angular momentum of
the state. A single electronic wavefunction with canonical angular momentum m will
enclose an area of 2wl%(m + 1) [35]. Since, the highest power of a single electronic
coordinate z; in the Laughlin wavefuntion in Eq. (50) is m (/N — 1), so the occupation

of electron per flux is

N N 1
— —, (51)

T3/ m(N-1)+1 ' m

where the last arrow indicates the thermodynamic limit. Thus, we see that, per
flux, there is a fractional electronic occupation, explaining the plateaux in the Hall
conductivity with 1/m fractional proportion.

It is important to emphasize, again, that the wavefunction proposed in Eq. (50)
is for ground state of 1/m FQH states. In order to consider excited states, we need to
create quasi-particles, or quasi-holes. One does so by adding moments of J; or s into
the laughlin wavefunction 1,,, with a given coordinate for the position of the localized
quasi-particle/hole 1. As an example, consider the following wavefunction specifying
the 1/m wavefunction with excitations, given by their coordinates {7, } [36]

N n

whote — o T L Gss = ) TT (e = ) /e 2o, (52)

=1 p=1 p<v
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This trial wavefunction not only predicts the fractional occupation of electrons cor-
rectly, but it captures the fractional charge excitations that are observed in FQH

systems. To see this, one can compute the Berry connection and observe that

Ay, = —i (Whole

On,,

whole) = —ie (53)

am

Ay, =il (54)

Upon integrating this around a loop, one finds out that the Berry’s phase is nothing
but an Aharonov-Bohm contribution that is due to the flux enclosed by the area of
the path of taking a quasi-hole around another [36]. However, exchanging two quasi-
holes, namely 7, with 7, in the trial wavefunction in Eq. (52) will introduce a complex
phase

(=1)V/m = eim/m, (55)

This phase is —1 if m = 1, which is nothing but a fermionic exchange contribution.
However, when m > 1, we get a phase that is called an anyonic phase. Anyons are a
class of 2d particles that have exchange statistics different than bosonic and fermionic
systems[37]. In fact, one of the early motivations to study anyonic phases of matter
came from understanding FQH states. So far, we have introduced the emergence
of anyonic quasiparticle states by considering laughlin trial wavefunctions for v =
1/m FQH states. There are other classes of FQH states, with odd denominators.
Various approaches to classifying such states have been presented over the years. One
approach by Jain, known as the composite fermion, in which the physical intuition
of the treatment for FQH states comes from binding electrons to even number of

flux quantas [38]. However, there are a few FQH states with even denominators such
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as v = 1/2 and v = 5/2, which are explained by more mathematically intricate
methods [39]. Due to theoretical predictions, FQH states are also an exciting topic of
research for non-Abelian statistics [37]. This means that the exchange of two quasi-
particles/holes is not simply accounted for by a phase (as given by Eq. (55)) but a
matrix operation. To study the statistics in systems with non-Abelian anyons, one
needs to consider the entire degenerate subspace and analyze the action of braiding
(exchanging) two or more quasi-particles in the entire degenerate subspace. This is
one of the motivations to consider Braided Tensor Categories (BTC). BTCs provide
mathematical toolkit to predict phases and quasiparticle statistics. We shall further
motivate the use of BTCs through the discussion of highly degenerate excited many-

body states that exhibit anyonic statistics.

V. FUSION AND BRAIDED TENSOR CATEGORIES (BTC)

A. Motivation

FQH-like systems have highly degenerate ground states that are preserved under
breaking of time-reversal and many other common symmetries [34]. These are states
that have low-energy excitations (quasi-particles and quasi-holes) that exhibit anyonic
statistics, as discussed in the previous section. FQH quasi-particle and quasi-hole
states discussed above for v = 1/m are Abelian, i.e. the braiding of two quasi-
particles/holes around one another introduces a simple phase given by Eq. (55).
However, in a more general setting, due to presence of degenerate configurations, the

action of braiding two quasi-particles introduces a more complicated action. In other
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words, due to existence of degenerate ground states of quasi-particle configurations,
systems of quasi-particles could exhibit non-Abelian statistics. One by considering
all the possible ways in which a system of quasi-particles can map back onto itself,
could capture the entire action of a braiding operation. As briefly mentioned in the
last section, there are theoretical predictions for more exotic systems like v = 5/2
that are expected to have non-Abelian quasi-particles [40, 39]. However, existence of
non-Abelian FQH states are still in need of experimental verification.

We begin our introduction to Braided Tensor Categories (BTC) with the motiva-
tion to find a suitable way to describe the ways in which the paths of quasi-particles
around one another can produce physical effects on the many-body system. A quan-
tum system of N quasi-particles is described by a wavefunction Wy ({n;}) that is a
function of the quasi-particle coordinates. The interpretation of this wavefunction as
a probability density, enforces a normalization condition on Wy. The evolution of the
quantum system must also preserve the normalization condition in closed systems, so
that no particles/information is "leaking out” or "flowing into” our system. Of course
one could consider a more general setting in which a system of N quasi-particles are
allowed to interact with a thermal bath or a particle reservoir, in which case effec-
tive non-unitary dynamics could introduce significant perturbation so that the system
wavefunction no longer carries the information about the N quasi-particle state. We
will avoid the discussion of such topics which consider effects of open-system dynam-
ics. A justification for the avoidance of open-system dynamics is that quasi-particle
states discussed in fractional and Integer Quantum Hall systems are quite robust to

perturbations and disorder. After all, this was partly why such states are thought of

38



B. Quasiparticle Fusion and Braiding V. FUSION AND BRAIDED TENSOR CATEGORIES (BTC)

as having a topological character.

B. Quasiparticle Fusion and Braiding

The underlying mathematical structure of quasiparticle excitations in two-dimensional
systems is provided by Braided Tensory Categories. Since we apply this mathemat-
ical formalism on closed quantum systems, the mathematical representations used
to describe actions such as braiding must be Unitary. For this reason, the specific
representations of BTCs on quantum systems are called Unitary Braided Tensor Cat-
egories (UBTC) [16, 15]. This formalism requires one to specify the types of possible
quasiparticles, the ways in which these excitations fuse, and the action they produce

upon braiding.

B 1. Fusion

The starting point of descibing a system of quasiparticles is to define fusion rules, i.e.

rules about the resulting quasiparticles upon fusing two quasiparticles
axb= Z Nge. (56)

The indices N¢, are integers that specify the number of resulting ¢ quasiparticles
upon fusion of quasiparticles a and b. The topological charges a,b,c,... € C are
elements of the UBTC C. It is natural to require that the fusion is finite, i.e. > . Ng,
is finite for any a and b in the system. N¢, specifies the number of distinguishable
ways that quasiparticle ¢ arises as a result of fusing a and b. The states resulting from
the fusion can be considered as the orthonormal basis states of a Hilbert space V,
more specifically referred to as the fusion space of @ and b. By definition, this implies
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that the dimension of the fusion space dim(V5) = NS,. Similarly one can consider
the ways in which quasiparticle ¢ splits into quasipartticles a and b, specifed by the
splitting space V2.

For logical and physical consistency UBTC C must satisfy a few conditions. One
such condition is associativity. Fusing a with b or b with a should result in the same
quasiparticles, thus

Z:chbNgc - Zf:Nngzfc- (57)

One can adopt a diagrammatic way to represent the quasiparticles states indicating

the topological events such as fusion and splitting. The following define our fusion

and splitting states

C
(o dudy) " Kb —labie € V5, (58)
a

a b
(de)dudy) " Y —Jasbsea) € VOO, (59)
C

c

, N&. (Many anyon models of interest have no fusion multiplicities,

where p=1,...
ie. NS = 0 or 1 only, in which case the trivial vertex labels p will usually be left
implicit.) The bra/ket basis vectors are orthonormal. d,, d,, and d. are quantum
dimensions of the corresponding quasiparticles. We shall explain what is meant by
quantum dimension shortly. The normalization factors (d./dady)"’* are included so
that diagrams will be in the isotopy invariant convention, as will be explained in
the following. Isotopy invariance means that the value of a (labeled) diagram is not
changed by continuous deformations, so long as open endpoints are held fixed and

lines are not passed through each other or around open endpoints.

Diagrammatically, inner products are formed by stacking vertices so the fus-
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ing/splitting lines connect

C M d d &
a b = 600/5“//“2717 . (60)
d W ‘

Note that the orthonormality of states imply conservation of charge.
Given the inner product defined above, one can think of an identity operation

through the following diagrammatic expression

a b y a b
c 1
1, = =Y EQ | (61)
G Y a b

It is also worth emphasizing that the conjugate of a topological charge a is denoted

by a and diagrammatically it is represented as follows

- o

Before we end the discussion of fusion, it is important to remark that fusion
associativity, coupled with consistency of fusion and splitting results in the following

equalities for the dimension of the fusion spaces

N, = Ni, = N

ac

:N;E:NZ’

ca

— NE. (63)

B 2. Associativity and F-moves

In the previous subsection we briefly mentioned associativity. I will briefly clarify
what is meant by this, and introduce what are called F-moves on anyonic charge
lines. In the case of fusion of three topological charges, we obtain more complicated

diagrams such as
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This diagram is obtained by considering the fusion of the resulting charge e, from
fusing a with b, with ¢. In other words, (a x b) x ¢. However, we could have instead
considered a x (b X ¢), i.e. the fusion of the resulting charge of b and ¢ with a, which

corresponds to a diagram of the following form

The two diagrams above are related through F-moves, given by the following equation

a b ¢ a b ¢
a _ Fabc M. 4
e fz [ d Lwﬁ)(f,u,u) \\>f/ oy
MLV
. d

The F-moves are isomorphisms® relating different fusion spaces given by (axb) x ¢
and a x (b x ¢)

Vdabc ~ @ ‘/eab ® Vdec ~ @ V;;c ® Vdaf‘ (65)
e f

B 3. Quantum dimensions

We should first note that our normalization conventions for the orthonormal states

(Eq. (59) and (58)) imply that the inner product of the bra and the ket states result

8One-to-one mappings between fusion spaces space that preserve the fusion structure.
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in the following

1 ¢ 1
0rcOpp = (a,b;y,v|a,b;e, uy = 5765”“67 tr, [ ] = 5705yud— @ . (66)

This implies that we have implicitly defined the diagrammatic notation

O

However, this definition is nothing but a diagrammatic convention. The physical

d.. (67)

significance of the quantum dimension can be interpretted by the following. Let us
examine what happens when there are two pair-creation and pair-annihilation events.
Then there are two ways in which one can recombine the opposite conjugate charges
(a,a) and (a,a). One is that each pair is annihilated by their corresponding pairs,
the other is that the conjugates of opposite pair annihilate each other. The ratio of
the probabilities of these two events is what is defined as the quantum dimension of

quasiparticle a. Diagrammatically, it is the following relation

o o;
_ a ‘ a a ‘ a _ L
ARG a"\a dq

io 0

B 4. Braiding

The counterclockwise braiding exchange operator of two anyons is represented dia-

grammatically by

R e (69)

(I\ b d
b _ / _ c
\ Z,; dady U i,

a
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where the R-symbols are the maps R : V" — V% that result from exchanging two

anyons of charges b and a, respectively, which are in the charge ¢ fusion channel. This

a7 b a
f: =3 [r) yb. (70)

Similarly, the clockwise braiding exchange operator is

1 b a
(R*) = X . (71)

In order for braiding to be compatible with fusion, we require that the two opera-

can be written as

tions commute. Diagrammatically, this means we can freely slide lines over or under

N I%b/ . (73)
A=k

C. Topological quantities

fusion/splitting vertices

In this subsection, I will emphasize a few important quantities that characterize the
types of anyonic phases present in the system. Most of these quantities express the
action of braiding two pairs of either the same or different types of topological charges
on the entire system.

According to Eq. (64), the associativity of the vacuum charge 0 (F%¢ = when a, b,
or ¢ = 0) is trivial. Consistency of F-moves with braiding implies that R = R =
(R9)™" = (R%)™" = 1. If we further require unitarity of the fusion theory, then

a

( Rab)_l — ( R“b)T, which can be expressed in terms of R-symbols as {(R?b)_l} =

5%

44



C. Topological quantities V. FUSION AND BRAIDED TENSOR CATEGORIES (BTC)

[Rgb] " (which are simply phases when N& = 1).
v
An important quantity derived from braiding is the topological twist (or topolog-

ical spin) of charge a

do 1
o=0=¥ g, = (), (7

which is a root of unity [41]. This quantity expressed the probability amplitude of
creating to pairs of topological charges (a,a), braiding the conjugate charge a of the
first pair with the charge a of the second and annihilating the pair. Eq. (74) can be

used to show that the R-symbols satisfy the “ribbon property”

> [Rret] . [R*] = ef;bd“”' (75)

A

Another important quantity is the topological S-matrix

S =D Y Naglod = 5 1) ) (70

We emphasize the importance of the quantities described above in describing the
anyonic nature of the system, as these quantities specify the way in which various
topological charges braid around one another. The S-matrix, for instance, specifies
the amplitude of a quasiparticle process in which two pair-annihilation and pair-
creation events are intermediated by a braiding of the opposite pairs twice. More
precisely, one can think of the S,; as representing the amplitude of creating conjugate

pair (a,a) and (b,b), braid @ and b twice and annihilate the pairs.
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VI. SYMMETRIES AND TOPOLOGICAL DEFECTS

We start with a brief review of the algebraic theory describing the interplay of global
symmetries of a system with topological degrees of freedom (DOF), e.g. braiding and
fusion.

Let us consider a system with a global symmetry group G. In short, this means
that any group element of G commutes with the total Hamiltonian H of the system.
Here, we do not specify any Hamiltonians, but we highlight the definition of what
is meant by a global symmetry group. The local violations of this global symmetry
group are thought of as defects. In real materials, defects could simply be any im-
purities which break the time-reversal symmetry locally. When the physical system
has a symmetry G, one can consider the possibility of point-like defects associated
with group elements g € G, which may be thought of as fluxes. In many ways, a
defect behaves like a quasiparticle. However, an important distinction is that when
a quasiparticle is transported around a g-defect, it is acted upon by the correspond-
ing symmetry action on the topological DOF, denoted by pg, possibly permuting the
quasiparticle’s topological charge value. These defects are externally imposed on the
system by modifying the original Hamiltonian of the system, and can be thought of

as confined excitations [17].

A. Topological Defects

As explained above, considering the action of extrinsic defects, thought of as symmetry
fluxes, can alter the topological phases of a system. The algebraic theory describing

the action of fluxes on topological phases is built by separating the original unitary
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braided tensor category (UBTC) C into regions with topological fluxes, represented by
the group elements of G. The extended algebraic theory, Cq, now takes into account
various sectors of the space which contain the symmetry flux g € G, and are said to

represent a GG-graded fusion theory

Ca = @ Ce- (77)

gead
The fusion and other topological relations of quasiparticles in different defect sec-
tors of Cg respect the group multiplication of G. In particular, a quasiparticle in g
sector and another in h, fuse into a quasiparticles in gh sector. It is important to
emphasize that in the absence of any defects, the topological phases correspond to a
0-defect sector, Co = C. The fusion algebra of the action of defect lines on the fusion
channels and braiding of topological charges is thus called G-crossed extension of the

UBTC C, denoted by C*¢.

B. (G-crossed BTC

We start the brief review of the G-crossed fusion theory by emphasizing the utility
of topological data on defining the S-matrix and other topological properties of the

system.

B 1. (G-Graded Fusion

Fusing topological charges of a g-defect with that of an h-defect, resulting in charge(s)

of a gh-defect can be described by the following
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ag X bh = Z N(fbcgh (78)

CECgh

Each topological charge ag is accompanied by its unique conjugate @g € Cg-1.
Since the conjugate charge is unique, we can see that N, 3gbh = Oagby, -

The quantum dimensions for each topological charge d,, obeys the relation
dogthy, = 3 Niydy, (79)

We also define the total quantum dimension of Cg to be

Dg= [|> da, (80)

a€Cyg

We also see that, given this definition, the following relation holds

Di = Z dio = Z daod;glNgbdcg = Z dcch%daOd;gl = Z dzg = Dé (81)
a€Cop aego aggo cng
celg ceCg

In the second line of the equation above, we have used equation (79) and the fact
that Ng, = Ng. The above relation on the total quantum dimensions hold for any

g € G with nonempty Cg # 0.

B 2. G-crossed Topological Eigenstates

In order to proceed with characterizing the topological properties and phases of a
system, we need to begin with defining G-crossed topological eigenstates (bras) and

their duals (kets) that label the fusion states

d 1/4 cgh
c M _ . c
(dadb> agAbh <6Lg7 bh7 Cgh, :u| € Vb (82)
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d 1/4Gg bn
( ) 7 g, b cam 1) € V. (83)
dadb Cgh

As a result, we could specify an inner product on the topological states, by first

considering the stacking of two fusion vertices on top of each other

e Cgh
[ d, Y
d db a’g§ bh: 5’}/0&/# = |ag> bh; Cgh, :u> <ag7 bh? Ygh, I/‘ (84)
a Cg I

Taking the trace over the labels c of the category Cgn and dividing by the dimension

d., results in orthonormality condition of the topological states

(ag, bu; Vgh, V| ag, by Can, 1t)

Cgh

1 1
:5vc<5wdtrc[ ]:5765% 5.5, (85)

With this inner product, the identity operator in the on a pair of anyons with

charges ag and by, is written (diagrammatically) as the partition of unity
ag  1bn

1(g,h), = Ch
(g )b C“ ddb

I

(86)

It is worth noting that we may see this idenity operator acting on the sector (g, h)

of G-crossed fusion category and is thus a mapping from the sector (g, h) to itself.

B 3. G-Crossed Braiding

Braiding of defects is a group action on the system that is compatible with G-Graded
fusion and is associated with the action of exchanging the positions of two defects. It
must be noted that the usual notion of braiding in fusion categories is quite differ-

ent than G-Crossed braiding as when the group G is non-Abelian, G-graded fusion
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category is not commutative. This prevents any meaningful way of defining braiding
in the usual sense of exchange of two topological charges. Thus, there must be a
group action when the positions of defects, carrying non-trivial group elements, are
exchanged.

We begin by defining the G-crossed braiding by the following
bn

ag by g
Ko S ”
Ragbh — e c Ragbh Cgh, 87
bh \hag C%,:l/ dadb |: Cgh :| nv b H i ( )

Qg

where the R-symbols for a G-crossed theory are the maps R% : Vn"as — Vs that
gh gh

result from exchanging (in a counterclockwise manner) two objects of charges b, and

}_‘ag, respectively, which are in the charge cgn fusion channel.

The G-crossed R-symbols can equivalently be written in terms of the relation

ag b ag by

“~
T sl Y &

Cgh v Cgh

Similarly, the clockwise G-crossed braiding exchange operator is

bh Bag bh Bag
agb -1 o / - dC agb -1 v
(Rest) = a>\ -2 \ad (i) ],w by (89)
g h ag .

In order for G-crossed braiding to be compatible with fusion, we wish to have the
ability to slide lines over or under fusion vertices. However, unlike anyonic fusion
category, we may not assume that such operations are completely trivial, since one

must at least account for the group action on a vertex. The appropriate relations are
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given by the unitary transformations

ag by ag by
)
% = Zyj[Uk(a,b;c)]W % (90)
ag by "Bay ag by DBy |

g / /
S = n(gh) T (91)
//

Here, we have used the notation [Ux (a, b; ¢)] . b0 signify the global symmetry action
upon moving defect line with element k over a fusion vertex, and the phase 7, (g, h)
introduced upon moving the fusion vertex with elements g and h on top of the defect
branch with topological charge x. The group actions U and the phases 1 can be
thought of as gauge transformations on the topological states.

Sliding a line over a vertex, as in Eq. (90) is a unitary transformation between

k,k

Vit b and V% as specified by the unitary operators Uy (a,b;c). This requires the
dimensionality of the fusion spaces to be preserved under the corresponding symmetry
action, giving

k

N &, =N% (92)

ag kbh - agbh

for any k acting on a vertex. It follows that the quantum dimensions are also invariant

Aoy = i, (93)

Clearly, if the sliding line has vacuum charge x, = 0, the sliding transformations

should be trivial, so

[Uo (a,b50)],, = 0w (94)

m(g,h) = 1. (95)
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We require that the sliding rules are compatible with the property that vacuum
lines can be freely added or removed from a diagram, i.e. sliding over/under a vertex
la, b; ¢) with a = 0 or b = 0 should be trivial, since it is equivalent to simply sliding

over a line. This imposes the conditions

Uk (0, O; O) = Uk (a, O; CL) = Uk (0, b; b) =1 (96)

1:(0,0) = 1. (g,0) =7, (0,h) = 1. (97)
Combining Egs. (90) and (91) with trivial braidings, such as

al |[b  a\ )b
H - ) (98)
(

we see that sliding lines over or under vertices with the opposite braiding are given

by

ag by ag by
X _ [Uk (ka, k. kc)]w K&bj (99)
T&k = Mz <g7 h) Qﬂ\hzk : (100)

Compatibility of the sliding moves with the inner product Eq. (84)) is obtained

by sliding a line over a bubble diagram, as in Eq. (84)). In this way, we obtain the
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corresponding relations for sliding over fusion (rather than splitting) vertices

Cgh Cgh

/tbl = > [Uk(a,b;0)] / (101)

v  x k
Home ke

+ v
Rag l7‘1)}, Rag l7‘1)},

Cgh Cgh

¢ X

= Uk (%a, ¥b; *c j\b : (102)
ke Tk ) ) Tk
H v vp +

Kag kpy, Kag by,

A similar calculation gives the relations for sliding lines under fusion vertices

Cgh DBy Cegn  D8gy

w/ J\/
Y = n(gh) (103)
mk\I Tk\%
w, = e (8h) N, - (104)
ag }\ ag mkbh\\

We have the following consistency conditions arising from the compatibility of F-

moves in G-crossed theory with sliding lines over and under fusion vertices

k k. k k. k .k kokpke
a’7%’V/ |:Uk( G/, b’ e):|o¢o¢’ |:Uk< 67 C’ d):|ﬂ/3/ |:de i|(ke7a/7ﬁl)(kf7ul7yl)
k k .. kp\— k ke kpn— _ abe
o R N Lo e e e I L PR ¢ 1)
nee (h, k)1, (g, hk) = n, (g, h) 7, (gh, k). (106)

This is a central statement used throughout the paper, mainly for the proof of
the modularity of the projective operators. The consistency condition above is also a
statement of the fact that symmetry fractionalization is consistent in the G-crossed
theory framework. A detailed discussion of this is done in [17].

We also have the G-crossed Yang-Baxter equation
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k k k
ag bh Tk Qg bh Tk

. |
< - ";ak(lz{lk}’li‘) / : (107)
}\ 7\

Tk bn hag Tk by hag

k

Furthermore, the compatibility of G-crossed braiding with sliding lines over and under

fusion vertices implies

1k, (khk, k)

7 (K, 1) Z [Uk<kb7 kﬁa; kcﬂ

1t
l’l’7V

tgkb}ull/ [Uk(ka, kb; kc)—l}

= [re] L, (108)

!

12482

pr! [
This is the G-crossed generalization of the statement that the R-symbols are in-
variant under the symmetry action.

Finally, we have the GG-crossed ribbon identity

q 8 [Ugh<aa b; C)]
Rlc’h ag] Rggbh _ ¢ L 109
(7], B - e i b (109

B 4. (-crossed Invariants and the S-matrix

As seen in Eq. (105) and (108), R and F' matrices are invariant under the symmetry
actions and so these quantities are the same in both BTC and G-crossed BTCs. We
will discuss the invariance of various topological quantities and discuss the implica-
tions on the S-matrix.

Eq. (105) with e = f = 0 yields the relation

kagkgkg —
i _ [Fka }oo _ Ux(Xa, *a;0) (110)
*a [Fe®log  Ukl(*a, *a;0)

The topological twists are defined the same way as before by taking the quantum

54



B. G-crossed BTC VI. SYMMETRIES AND TOPOLOGICAL DEFECTS

trace of a counterclockwise braid of a topological charge with itself

d
0, =— = E —<[R™] . 111
d C7/J/ da [ C ]Mu ( )

Using Eq. (107) with the definition of the twist, we find the general relation

between 6, and 0x,, is

.. (kgk, k w (k, kgk
0, = TeoslkBR K, m(lokel), (112)
Nkag (ka g) Nag (g7 k)
When *a = a, it follows that
Nag (8, K) = 1o, (K, 8). (113)

We also note that Eq. (106) gives mx,(k,k) = 1,(k, k) for any = and k, so we also

have
Nag (K, K) = 1ag (k, k) (114)

when ¥a = a.

The definition of topological twists can also be written in the form

Qg Qg Qg
‘[3 |- 5)
ag Qg }‘g

as is the case with BTCs. It is clear that the inverse topological twists are similarly

obtained from clockwise braidings

Qg Qg ag
b =01 = %’ (116)
}lg Ag ag

Unlike a BTC, it is not necessarily the case that 6,, and 05, are equal in a G-crossed
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BTC. In particular, we have

Oug = Ug(ag, ag; 0)na, (8, 8)0a, - (117)

and
Oy = Uslag,ag;0)o, (R (118)
= g (g.8) ) (Re™E) (119)

Consistency of sliding over and under fusion channels also gives us the following

relations

kR (ki k) o
e T LG (120)
. Ukl(a,&;())
(K, D)77a(k, 1) = (a0 (Faka0) (121)

1
Saghy = Doa@

= Y AR

0 cu,v
Do 00, na(g, h)my(h, g)

A

2 v

One should note that the quanitity above is only well-defined if gh = hg, otherwise
the loops will not be able to close back upon themselves, as the topological charge
values would change upon braiding.

Following from the definition of the topological S-matrix above, the following

property follows

nk&(lfa h)nkb<k7 g_)
(kb k) (kgk, k) ™

Skcag kty, = (123)
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From these definitions, it also follows that when hag = ag and 8by, = by, (and hence
gh = hg), so that the corresponding S-matrix element is well-defined, we have the

loop-removal relation

bn bn

gj) - goz , (124)

which can be verified by closing the b line upon itself in this expression. In fact, if
either "ag # ag or 8by, # by, then left hand side of the equation evaluates to zero, so,
for these purposes, we can consider S,;, = 0 when it is not well-defined. Thus, in order
for the G-crossed theory to be consistent on a surface of arbitrary genus, we need to
generalize the topological S-matrix defined above in Eq. (122) to be compatible with

arbitrary defect lines enclosing the puncture on a punctured torus.

VII. MODULARITY OF C*“Y ON TORUS *

When the S-matrix of the G-crossed theory is unitary, the theory is said to be modular,
and described by a G-crossed Modular Tensor Category (MTC). Modularity is an
important property of the theory, as it allows us to define information preserving
operators to map the topological state between various sectors of the G-crossed theory.
Let us establish a few important properties when the original anyonic theory with only

trivial defects, namely Cq, is an MTC. From this, one obtains the following relation

_ * _ *
5aga/g o Z Sagxo Sa/gl“o o Z Smoag :voa;,' (125)
:E()Gcg xo Gcg

Furthermore, we can write this relation in terms of defect lines enclosed by loops,
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by defining the w,-loop enclosing a single defect line for a G-crossed theory
Tbg Tbg be
G 7 X S G e | (126)

An MTC can be used to describe the topological phases of a theory. This descrip-
tion, however, depends heavily on the topology of the surface on which the theory is
defined. The genus g and the number of boundary components n, define the impor-
tant topological properties of the (241)-D surface. Topology determines important
properties of the topological phases of the system, namely the ground state degener-
acy. In the 2d toric code, for example, the ground state degeneracy is equal to 2%9.
Thus,it is important to define the (2+1)-D surface as a compact, orientable surface
Ygn, labeled by the genus and number of boundary components.

The ground state subspace of the system is finite and independent of the system
size, as the dimension of the Hilbert space Hy is determined by the topological aspects
outlined above. In order to describe the topological phases hosted in the system, it is
important to consider the homeomorphisms of the surface ¥, , onto itself, and study
their action on the ground states of the system. In particular, it is important to study
the set of orientation preserving automorphisms of the surface ¥, modulo the contin-
uous deformations (mappings that preserve the topology). These automorphisms are
called “Mapping Class Groups” of 3 and are denoted by MCG(X). We outline how
the action of MCG(X) on the ground state subspace forms a projective representation,
and we show the specific form of these representations using the data describing the
MTC.

The simplest nontrivial surface in consideration is a torus, and we shall denote
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VII. MODULARITY OF C*¢ ON TORUS *

the surface with ¥, o (genus-1 surface, with no boundaries). The mapping class group
of a torus is also referred to as the ‘modular group’ and the action of its elements
on the torus is called ‘modular transformations’ The modular group is isomorphic to

SL(2,7) group, i.e.
MCG(1) = {s,|(st)® = 5% 5* = 1} (127)

A torus can be described by a generating pair of oriented cycles, having algebraic
intersection number +1. We will label the two generating cycles as [ and m. As shown
in the Fig. 8, [ and m can represent the longitudinal and meridian cycles of the torus.

The action of the mapping class group on the pair of generating cycles (I, m)
produces a new pair of generating cycles that provide an equivalent description of the

torus. The generators of the modular group can be chosen to be the following

0 —1
5 (128)
1 0
11
= (129)
0 1

It is quite straightforward to notice that the matrices s and t defined above satisfy
the properies of the modular group outlined in Eq.(127). We can also write the action

of these matrices on the pair of generating cycles (I, m) as follows

l 0 —1| |m
m 1 0 —1
l 1 1| |I—m
= (131)
m 0 1 m
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VII. MODULARITY OF C*¢ ON TORUS *

From the equations above, we can see that the choices of the generating cycles (m, —I)
and (I —m,m) are related to (I, m) through the modular transformations presented
in Eq.(127).

To describe the topological state on a torus, we shall label a set of basis states
using the charges a € Cg and b € Cy, along with the pair of generating cycles (I, m) of
the torus. We can, thus, use the notation ‘a(gg’h)>(l7m to describe the topological state

living on (g, h)-sector of the torus. One can equivalently describe the topological

state using the flux-line h in the (g, h)-sector, i.e. ‘bﬁh’g)>( Ly

Figure 8: Longitudinal(l) and meridian (m) generating cycles of a torus in a particular
embedding in 3D

In Fig. 9, two different basis ‘a(gg’h)>(l ) and ‘bﬁh’g)> are drawn. They are re-
m

(m,—1
lated by a modular transformation Séi;:). In FIG. 9, it can be seen that the topological
states can be thought of as flux lines threading the torus across their corresponding
cycle. Upon measurement of topological charge through the flux threading the torus
(orthogonal to the direction of the cycle), one obtains the corresponding topologi-
cal charges labeling the topological states. Note that, in FIG. 9, the torus is not
punctured and so the only well-defined way one could relate (through the topological

S-matrix) the two topological states, drawn in the figure, is if the two defect lines g

and h commute.
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m m.
° -/
-1

Figure 9: 3d and the corresponding 2d figure showing the two basis related by a modular

Ség;)h) transformations. The generating cycle [ corresponds to the defect line g and m
gVh

corresponds to h. Measurement of topological charge along m on the left will result in a
measurement charge value of a. Correspondingly, measurement across [ on the right figure

will result in a topological charge value of b.

—
e l-m bg
bn gh
l N0
(b) ©

Figure 10: 2d diagrams showing the transformation S(g’g) and 7;(5;:) on the state

L) (a): 2d representation of the (g,h)-sector. (b): 2d representation of the
m

(h,h g)-sector given by S transformation of the state (gg’ )>( (c): (g,gh)-sector given

Lm)
by T transformation of the state ’ ,(;g’h)>(l )

Similar to Eq.(127), we can write the following transformations relating the basis

states describing the topological state

) oy = Z Seam %) (132)
‘ (gh >(lm _bzcjg 7;<gg,g ‘ g’gh)><z_m,m) (133)
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VIII. G-CROSSED MTC ON SURFACES OF ARBITRARY

GENUS *

In order to construct a G-crossed MTC on higher genus surfaces, one can first con-
struct the theory on a torus with a boundary (a punctured torus). This will provide
the building block for higher geni as any surface of arbitrary genus can be constructed
by gluing multiple punctured tori along their boundaries. We shall start by defining
the topological states occupying the punctured torus with a given choice of generating
cycles (I,m), defined on a particular (g, h)-sector. We further specify how the defect
line with label z connects the hole of the punctured torus to the two possible defect

lines around the torus.

Il

(g;Zvu>(l,m;w)|zgﬁghvzgﬁgh;()) (134)

Similarly, on the (h,}_1 g)-sector, the topological state is defined as

Zgﬂgh

Japdi*

= (b0, "8 Oh3 2,2) 10 1 1) | ZBizhs Zghigni 0) (135)
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and finally, on the (g, gh)-sector, we have the state

“ghgh

h1 —
= |bg7 bg;z’y>(l—m.m:w—l) Zgl_]gh’zgl_]gh;())' (136)

The torus with the defect lines drawn in FIG. 11 are a 2d graphical representation
of the defects on the punctured torus. The generalization of the Eq. (132) and (133)

on the punctured torus can thus be written as

h- .
ag’ ag’ Z7 M>(l m.w)

_ (2)
__' :E:: g‘;(UL 1) (bn,v)

beln

)10 bg j - 2 V>
h7 h; < (m,—l;w—‘r%)

= :E:: ’7-ag,u bg,

beCy

) [ba B 2, ) (137)

(I—m,m;w—1)

It is worth emphasizing that S J(op) A0 T )(by,) AT€ MAPPIngs that trans-
form (g, h)-sector to (h,2 g)-sector and to (g, gh), respectively.
In order to consider the inner product between such states, one should cut along

the corresponding generating cycles, make sure that the direction of the generating

cycles [ and m align, and then glue them. Taking the inner product of the states
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VIII. G-CROSSED MTC ON SURFACES OF ARBITRARY GENUS *

defining Eq. (134) and (135) results in the following diagrammatic definition

:

dod hg - ho
ath (by,, 8 by; z,u\(Lg,h Qg: 2, 4

>(l,m ;w)

(m.fl:ur-%—%)

9

Zghgh

(2) (138)

= Slag.u) bnw)

We have included the extra factors of dimensions of d, and dj, for consistency with
choices of normalization made in defining the topological states in Eqgs. (82) and
(83). The factor of D is contained in the definition of the topological S-matrix for
convenience.

Further, by taking the inner product between the states defined and note that this
state and the original state defined in Eq. (134) and (136), gives us a diagrammatic
definition of the modular transformation 7252) )by )

e

hr . h- .
bg, bg; 2,V ag, " Gg; 2, b

>(l.m sw)

(l—m,m;wfl)<

(139)

The inner products defined in Eq.(138) and Eq.(139) motivates the definitions of
a more general set of operators S, T, and C which will be defined in the following

section. In our paper, we show that these operators provide projective representation
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of the mapping class group of the punctured torus, namely that

(ST)? = ©,5? (140)
S=cCsT (141)
c?’=Q! (142)
CS=ScC (143)
CT =TC (144)

S? =C. (145)

Note that these relations are quite similar to modular group properties in Eq. (127).
The relations above, however, these relations are more appropriately described by the
mapping class group of the torus with a boundary (puncture), i.e. MCG(X1;) =
{s,t|(st)> = s?}. This mapping class group has an equivalent representation, us-
ing operators called ‘Dehn Twists. The main distinction between MCG(X; ) and
MCG(X;,) is that in MCG(X; 1), unlike MCG( ), the relation s* = 1 is not satis-
fied. Instead, s* is equal to a Dehn Twist operator, which has infinite order. Given
these properties of MCG(X ), we can see how the relations given in Eqs. (140-144)
provide a projective representation for MCG(X; ;). Egs. (143) and (144) show that
the operators defined commute. Eqs. (145) and (142) indicate that S* = Q~', which
as discussed above, is a relationship that is expected from operators representing
MCG(%1,).

Another important observation is the following. Eqs. (141) and (145) indicate
that S~! = St. This implies the unitarity of the S operator, which means that the
G-crossed theory on the punctured torus is modular. We need to reiterate that the
only assumption made in showing the modularity of G-crossed theory, i.e. proving

Egs. (145), was that the underlying BTC theory Co is modular. Thus, by proving
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Eqgs.(140 - 144), we prove that modularity of Cy implies the modularity of C/.

Figure 11: 2d figures representing the defect sectors on the punctured torus. The colored
zig-zag lines represent specific symmetry line defects. (a): diagram of the (g, h)-sector on
a punctured torus. The boundary of the puncture carries a charge that is equal to the
charge of the defect line g closing on itself after being conjugated by the loop h (around
the meridian). (b): diagram of (h,}_1 g)-sector on the punctured torus, given by a modular
S transformation. (c): diagram of (g, gh)-sector on the punctured torus, given by the T

transformation.

A. Modular transformations

Let us define the operators S, T', Q, and C' explicitly.

b "8hy
bn l7'317)11
Vdad, 1 (2) d.
SEM= 27D Gan ﬁ ~ 2 Senono\ T (146)
ENTRY \

a€Cy a,bECg;
ENTRY

\ (2) d.
T(g,h) = Z na(g,h)P = Z 0 1a(g, h) = T (g (o) dody

El
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hgh —
a

h) =) By ™™ 1, (0,5 @)1 (8,75 B)Uiag, (P, ;0) \
0 a a hegh ) )
a€Cyq /
ag

/-
Bag
. (Z) /
- (ag ) (bg,v)
a, bEC
ENTRY
(Lg
_ - = (h
Qe h) = 3 (e Feheh g) (D8

aec, na(8. 8

(148)

=1

(149)
Un ((7],7 a; 0)

Usgngy, (P8ha heh &;O)Ugg( 0 a;0)Ughgn(a; a;0)

X

In the previous section we tried to provide a motivation for these definitions.

In our paper, we show that the operators defined above satisfy the mapping class
group relations for the punctured torus in Eqs. (140-145). We further emphasize
that Eqs. 145 and 141 imply that the S-matrix is unitary, and thus the G-crossed
theory is modular. However, in our analysis, we show that Eq. (145) is valid only
if the underlying fusion theory without defects (Co) is modular. This proves that
modularity of Cy implies the modularity of C*¢, i.e. symmetry action on topological

DOF does not destroy the modularity of the fusion theory.
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IX. PROOF OF MODULAR GROUP RELATIONS *

A. (ST)3 = 6,8

In order to prove this identity, we will prove an equivalent relation, namely that

TSTST = 0yS. Starting with the definition of TST ST

(150)
c€Cgn; hagh

c
bECH
h
1 a
g 5

T(g.h)S(g. gh)T(gh."5)S(gh, h)T(h." hg) =
“gh
eaﬁbec 1 B~ 1 hi=
o(g.h)—— n.(ghltg)— — n(h h
ag; D2 V dadydena(g )Ugh(uﬂ:()) ne(g g)Uh((‘j:O)m( g) f
a Qg

Using our defined actions upon crossing lines over and under vertices, as shown in

FIG. 12 of Appendix-A, we obtain

5 0,050, Yalie et h)o(h " B, (gh " ) Usg (e, 50)
rieTpr 1a(hg,P gh) Un(c, 0)

a,b,c

(151)

Then by fusing the lines wrapped around by the loop }_‘cgh, and summing over all

the topological labels ¢, we get

_ Vdady  Faba, 1a(g, h)a(gh P 8)nien, ("gh,P hg)
—0 Y Y 0 oat g, "e)
a,b r€Cghn, Tia( g, gh)
v

(152)

[Uﬂfqg(l—]ag- bh§ﬂ ffgh)},uu
0.1:(gh, hg)

Ry

a

h>
g Qg

Using the inverse of G-crossed ribbon identity Eq.(109) (by summing over z, pu,
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and v) and noting that

_ _ _ h _ _ _ B
[L%Bg(hagabhflxgh”uv:: NN v L= [D%gh(hghagahgbhflmgh) Hows

our expression simplifies to

Vdody | Faba, n4(g,h)n.(ghPg)

=0y 0,0,~2" R, =ik S W
az,bggecgh,a D2 Y (gl g)n.(ghg. e h) }
v
N (153)
Na(h,P g)n,.(8h," g) )
/ h—
bn h“’flh
Vi, 1 J
=0 o =0 S(g,h 154
OO; D Un(a,a;0) ﬁ 05(g.h) (154)
Qg Bag

To follow the details of the last step, refer to the appendix. This proves our first

relation.

B. §=CS'

Starting from the definition of S(g, h)

Vdgdy 1 (j
S(g,h) = az; D Un(a,a;0) PKJ

_ Z \/dudbe“uzFlg 77(1(}_1-,__) 78 (Eg Eg = Bgl,
D 0 N (hh_) hg ) bh bn
a€Cyq; e, 8
bee,
% Usg (b, b;0)Usgg ("a,"

)
mO)[\_IEQ\\\\ (155)
a// he
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For details of steps, refer to the appendix. By noting that - (ﬁ = =
b, L
na(h,2 ). (gh,PE 1), we can rewrite this as
Vdody Faba, o E o w - )
=) ) ® Ry 0o (b, P 8)1a(8h,"5 h) Usg (b, b 0)
a€Cg;
beCy, bn  "Ebn
X Usgt E&,EG;O % h—
st = C(g.0)S'(h" g)

Noting that the last equality follows from the definition of ST(h,l_1 g)

bn ng)h
= Vd.d .
S'thig) = > Yol pp (b, 5;0) K (156)
acCyq; D g
becy,
(Lg E&g

and that of C(g,h) introduced in Eq. (148). This concludes the proof.

C. C?=Q"!

By using the inverse of Eq. (149), we have the following
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Q '(g.h) = Z 1 ﬁa(_g7g?7)ﬁa(hgﬁhghgh h) _
' 5 na(hehg hehEh g) p, (hghg hehEh g)r, (g, h)e(gh,heh g) hgh,,  hehgh ;
3 g g
Ugghgh(ﬂgha,ﬂgh a; ())Ugg(}_‘a,_ @;0)Ugpgn(a, a;0) /
Un(a,a;0) / /
s O (157)
-y (Ossngnglieng) " 14 (8, 8"8)na ("8, "E"E" h) hgh,, PehERG

52 ma(PglEhg)  na(hghg PEhER )i (g, h)na(gh Pek g)

« Uﬁghéh(ﬂghd,ﬂgh a; O)U;.g(r‘a,Fl @;0)Ughgn (@, a;0)
Un(a,a;0)

The last equality follows from the following relation

}}ghag thgl’-ag Eghug thgﬂa

j U

/ _ m(Pehg PR ) (P TEER ) ) . (158)
/ / na(hg’hgh g) nu(hg<hgh g)
e
| PF ()
g "Gy (g VG ag  “ag
Using Eq. (148), we note that C? is given by the following expression
thtlg thgﬂﬁ

C(g.h)C(Pgreh) = > Ry “Ry™ " 0, (b P g)1.(gh."2 h)
a€eCyq ( 159)

« nﬁa(ﬁgﬁﬁﬁgh g)nﬁa(ﬁgg}‘l’ﬁghg h) U;.gﬁ(_(_l,}_' a; O)Uggh,;h(ﬁgha,ﬁgh a;0) {
ag F‘ag

Using the relations between G-crossed braids R and the twist angles given by

equations (117) and (119), together with the G-crossed ribbon identity, we note the

following
o U’ (ﬁgha Egh a: 0)
hghghgh hghg ) )
= 160
0 eﬁgha ( )
hohg 1
R, = = —. (161)
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Using these relations, we can now rewrite the algebraic expression in Eq. (159) as

hgha hgha

B A C e -
Ry* Ry na(h,” 8)na (gh," h)n; ("8h,"e" g)
x 15 ("Bgh PERE M) U - (Pa,P a5 0) U gng,, (P87, 78" a; 0)

Uﬁghg(hghavhgh a, 0)

Boy o Bei hgi hgh
= =— ———1a(h," g)na(gh,"® h)n; _("€h, 8" g)
0%gn 95,75, ("B @), (PE P 8) “
X 15, ("8gh,"8P8 h)Ug, o ("a," a; 0)Upgng,, (""a,"8" a;0)
__ 1 7na(h,"8h)na(g"g " g)na(ggE, " e h)
Oren U5, na(h,? g)na(gh,P g)na(h,hek g)

—h7lf|g 171 — — - - — —
X o (g_ h ) Uﬁghg(hgha7hgh (_17 O)Uﬁg}_‘(ha’7h a; O)Uﬁghgh(hgha»hgh a’! O) (162)
Na (gh7 g)

The last equality follows from the following relations

Noting the following identities

(8 28"8)n4(2"g,"*"5 h)
1a(8, ghg"g)

h- hehg Na
na(gg"g,"e"8 h) =

na(gﬁgﬁgh g) = 1a (8 gﬁg_)ﬁa(l_i:aﬁgh g)
1a(8, 88"8)

T]a(h7flg ﬁ) _ 1a(8:; h)?d(g_l}flg B)
1a(8: 8"8)

7a(l, P8R ) — na(8, h)na(gh,Peh g)

na(g, ghgPg)

we can simplify the terms with 7; in the outermost right terms in Eq. (162), as
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follows

na (h,"® h)na (g"g,"" g)na (gg"8,"¥"8 h) _ na(gh,"® h) na("g,"%" g) 1a (8. g"E)na ("8, " € h)

Jal8 S 7 2 ki i =5 A (163)
na(h,P g)na(gh,P g)na(h,beh g) na(8h,Pg) na(h,Bg) na(gh,"8h g)na(g, hghg)

5 o (hebg BehEhs o
Finally, by noting that 6z, = ”“i’(l;l);‘%(;j@g”h;;g) Ongneg, 7a(Eh,"8h)n,(ghPeh) =

U _(a,a;0) 5 = . .
o ha,ha;0)’ and na(gh’h g)na(gh’h g) - Ugh(t'z,a;O)UEg(EEL,Ea;O)7 we rewrite C” as

Ugn (@,0;0)Ugg ("@,Ra;0

CQ _ Z (eﬁghé_ﬂa‘g_ﬁgha)_l f?i(_gagfg)%(ﬁgaﬁghgﬁ h)_
a€Cy na(hg_’hgh g) na(hghg_’hghgh g)'f]a(g, h)TZa (ghvhgh g)
thflg Eghgﬁa
o o . (164)
x Uﬁghgh(hghaahgh Fz;())Ur,g(ha,h _“(J)Ugl_lg'h(a’v“;o) = QVI
Un(a,a;0)

ag "ag
proving that C? = Q.
D. CS=5C
We first start by noting that
B Vdady Bep Fep R Re hep,  hehey
S(g.m)C(hPg) =) T Ry ™ ny("g. e h) A
a,b

_ Usen., (P20,58 b; 0) /
hi = hgh shg v
x 1y ("hg, "8 g) Un(a.2:0) z
ng Bag

Now, we can start from the definition of C'S = C(g, h)S(*g,"¢ h) and show that

after sliding some appropriate lines over and under vertices, we get an expression that
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is equivalent to SC.

£ E hgp  hghg;
— — D)
— da db hgh [ h h

C(gvh)s(hg’hg h) = i D2 R() # J
% 0a(h,” §)na(gh,"% h) / (165)
e

We can manipulate the diagram in Eq.(165), as laid out in the FIG. 14 of Appendix-

C , and note that

J Rngh hep Tla(ﬁgaﬁg h)
/ Ry (b ), ("D S b) A%
(166)
A
Qg i‘(—l,g o ) . o
. ("8 8)5e, ("ER,"E" ) Usang ("€5,2 b; 0)
7/r,g1,(r’g,f‘g h) Un(a,a;0) X
o !

h
g a

g,
g

Substituting the diagram obtained in Eq.(166) into Eq.(165), we get

hs hg Z \4 dadh R;‘gbh hap, W{L(gh,hg }_{)7711 (jlg_hg h)
" D nﬂgl\a(hghﬂhg h)

X Wﬂgb(];%ﬁ”l?gh 8) Uﬁghg(ﬁggwﬁg b; 0) / : <167)
Mo PETER)  Un(a,0:0) /

— (Egﬁ7ﬁghg)

Using Eq.(106), we see that nggha(}_‘gh,ﬁg h) = n,(gh,"2h)n,("g. P g) and nzi(ﬁw =
b

nb(ﬁg,ﬁg B)nb(ﬁﬁg,ﬁgh g). Using these relations, it follows that

74



E. CT=TC IX. PROOF OF MODULAR GROUP RELATIONS *

pap, haj, h- hg [ hi = hgh hej  Bghg
Ry ™ (Mgt h)ny("hg, "B g) M

hgh Egi,ﬂg ;0 h —
 Uneng ("E0,746:0) — S(g.h)C(hFg)
Un(a,a;0) /

This concludes the proof of commutativity of C' with S.

E. CT=TC

From the definition of given in Eqs. (147) and (148), we first note that

hgh
&'a

A

T(g.h)C(g, gh) =Y Ry % (g, h)na(gh.” &)1 (h.* hg)Unjz("a.” a; 0) /

a P hr (168)

(Lg Lg
hghag
h h- h hi h- h /
= Re" *na(g, h)na(gh,” &)1 (h,"” hg)Usgg("a,” a;0) ba,
a A
g hag

- h B _ . - - -
C(g' h)T(hg‘hg h) = Z R(]agagna(hvh g)"]a(ghvhg h)UES}_l( 6g7h (Lgl O)TIEE(hg#hg h)
a

RN (169)

3
ag Qg

high -
(lg

Paha, B - hgi E- & B he o /
= > Ry na(b.” 8)na(8h,"8 B) Uy, ("ag,” ag; )y ("8, 1) O, ,X

a X
he
ag o

We first note that 05, = A (Ea,ﬁa;ogj;(agéi}:%eg)n}(Eg,ﬁg)' Furthermore, using Eq. (112),
g a

the algebraic expression inside the sum can be simplified as follows (ignoring RE‘IB&,
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as it is the same in both expressions SC and C'S)

na(hvh g)na(ghvhg B)Uﬁgﬁ(hdgvh Qg O)nﬁa(hg7hg B)Hﬁag

he h; b hs he h)6
= hvhg gh’hgh Ukei h(i ,ha ,0 = _ hg’hgh _ qa(ga a_ .
77a( )na( ) hgh( g g )nha( ) Uﬁg(h&,h a; O)Th_]a(hg’h g)

(170)

We also acknowledge that Eqs. (120) and (121) imply the following relations

Us ‘(BEL B 0) = U_'_“gh(}_lgh_a’hgh a;P)_l_ _
gh ) ) nﬁgha(hgh>hg h)ﬂﬁgha<hgh7hg h)

UEE(BEL,B a;0)

Us g (", ; 0) Usgy, (787,781 a5 0)

— 15, ("hg, "8 h)s, ("hg, "8 h).

Using the two equations, we see that

75, ("hg,P® h)ns, ("hg,"e h) Uﬁﬁg(ﬁa,ﬁ a;0)
a

User l_’EL,Ba;O = — — _ i
" h< ) nﬁgha(hghahg h)rr]};gha(hgh7hg h) Uﬁg(havh 70)

(171)

Substituting Eq. (171) in the right hand side of Eq. (170), we see that the original

algebraic expression in Eq. (169) reduces to

na(h," §)11 (81,8 1) Usg, ("g." ag; 0)s, ("8, h) s,

ag
_ S = (g h)ns (PhgPeh
:na(h,hg‘)na(gh,hgh)Uﬁa(hg,h ) 7 (g}—; )nha( Bg7 - )_
na(ha g)nﬁgha( &h, gh)
N5y ("hg, M8 h) o (g heh
nﬁgha(flgh’ﬁg }_1) hg

o]

X

Now that we rewrote Ggag in terms of #,, we can simplify many of the n terms in

the expression above, using Eq. (106). First, we simplify n-terms containing the label

a
S S na(h,Pg)na (8h,Peh) | ( 1a(h,Phg)n. (g, eh)
nag("hg, & W), ("g, "8 h) ( a(h.Phg) ) < na(h.Fg) ) .
Tieng ("€h, "2 h) (na(Pg, " h)n,(gh P b))
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Then, we can simplify the n-terms with the label a

7.(h,2 g)77,(gh ("hg,"8 h)ns, ("g.” 8)1.(g, h)

8)7ren, ("h, P2 h)
h Be ) ( na(."hE)n. (g k) h h g
>( BB ) (1, (0, ) (g0, &) (e )
Na(h,2 &) (1a(PE, "8 ), (gh, P b))

)15

h,"¢ h)y,
na(h,
na(h," ). (80

= 1,(g, h)7.(h, P hg)n.(gh P g) (173)

We see that the U-term obtained in Eq. (172) is the same as the U-term in Eq. (168).

Using the results of Eq. (173), we have our desired relation

h— he i }_‘a}_‘ag h — hoai—
C(g, T ("g, "8 h) =) " R, “*" na(g h)na(gh," §)1a(h," hg)

h{_)ha
/ ’ (174)
x Usgg (M@, a;0) 0o, s = T(g,h)C(g. gh)
ag f‘ag

F. §*?=C

We emphasize that §2 = C implies that ST = §~!, given that we have already shown
that § = C'ST in subsection B.. This implies that S is unitary and so C*¢ is modular
on higher genus surfaces. However, as we will demonstrate shortly, in order to show
that 82 = C, we must require that Cy is modular. Therefore, our analysis implies
that modularity of the underlying UMTC Cy, implies G-crossed modularity of C*¢.
In the earlier derivations, we manipulated the diagram to be able to sum over the
middle loop and use the Ribbon property due to presence of twist terms # in the sum.
However, we do not have any twist terms in the expression 8%, so we must employ a

different strategy. We restate relevant identities that will be used for the proof. From
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the MTC Verlinde formula, Egs. (125) and (126), we have

Z %OZ Z %500560 7= 0gq 1%

0 ceCy 0z,
Lo

We start the proof by assuming the modularity of S(0,0), and showing that
S(g,0)S(0,g) = C(g,0). Then, using the fact that § = CST, we see that this
implies the modularity of S(g,0), i.e. S~!(g,0) = ST(g,0). We can then use a

similar identity for the sum of the w,-loop on the (g, 0) sector, i.e.

SCh.’lfﬂ *

ce€Cp Ch ceCh 0z
{T‘)

To show that, in general, S? = C.

F1. S5(g0)5(0,g) =C(g,0)

(175)
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Using the modularity properties above, the sum over ¢ results in a kronecker delta

0.0, and so the expression simplifies to

= > R = C(g,0) (176)

Note that the last equality follows from straightening the bends on the diagram
above. This results in a trivial ratio of Frobenius coefficients. The reason this factor
is trivial is because we have to bend two conjugate defect lines, each of which have

Frobenius factors that are conjugates (inverses) of each other.

This proves our first result.

F 2. S(g,h)S(h"g)=C(gh)

Starting with

s
hsy dadb dc J
Slgb) S(h"8) 'Z; DT Un(a,a 0)Usg(c, 50) 8 (177)

ag Gg

We can reduce the diagram to the following, similar to the method explained in

FIG. 12 in Appendix.
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a,b,c D? ‘ (Bg’ﬁglg
DRV [Usai ("2 52| (178)
) zE€Cos dadh nﬁgé(ﬁg’ﬁ g)
Noting that 7s,("g,"§) = n:(gh.” g)n:(h." g) g), we see that the 7

terms cancel, and we can simply sum over ¢ using the w,. loop relation mentioned

above, as we showed that S(h,0) is modular, i.e.

Sch:ro dc

Sowzy D

Sch:ro
SOmg

>

ceCp

-T

ceCp

SCQSSO - (501 (179)

Using these relations, and noting that nf,gha(ﬁgh,ﬁg h) = na(hg,ﬁg h)na(gh,ﬁg h),

the expression for S? reduces to

=57 Ry (0. ), (0,58 B) Uiy (P 3 0)
a€Cyq
AN
Eghug
17|a lr_xa T R S Xﬂa
=Y Ry" “na(h” g)na(@h," h)Usgg (Ma," a;0) o = C(g,h) (180)
ang hgha / X
Qg (g
. Xh,, Xhghgh (hghy
Note that to get the last equality, we used the fact that —o& = = ="CFlae)
thhag thhag
Upgr (Ma.Pas0 . . .
ook Fafan) Thus, we see that our expression reduces to C(g, h) defined earlier. This
hgﬁ kl )

concludes the proof.
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X. CONCLUDING REMARKS

We shall emphasize that the most important results of our work was to show that uni-
tary of the topological S-matrix is not destroyed by the action of the symmetry group
on the topological degrees of freedom. Further research will be done to investigate
whether similar relationships hold in a context where the underlying theory is purely
fermionic. This is especially interesting as systems such as fractional quantum hall
(FQH) effect are built by an underlying fermionic structure (electrons), however, the
additional structure imposed by magnetic fluxes and fractional occupation induces a
topological anyonic phases on top of the underlying fermionic system. Even though
there have been attempts in understanding the algebraic structure of FQH systems
and the role of symmetries in enriching the topological phases using G-crossed MTCs

[42], further research is required to understand the exotic FQH phases such as v = 5/2.

81



A (ST)?® = ©0S*: DETAILED DIAGRAMMATIC STEPS

A (ST)? = ©,S?: DETAILED DIAGRAMMATIC STEPS

b P8by

3 g ) na(gh." g)
' U ( B 0) 7a("g," gh)
en(a, @; 2 \
/ Bﬁgh

h_
Qg g

Ung (¢, & 0)7en, ("gh,” hg)

Figure 12: Diagrammatic steps in deriving equation (152) from (151)

By collecting all the terms in ¢ in equation (152), we have

Zed

c€Cgh
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rECgh r€C
(181)
c;0) -

=Y 6 a7 )np(gh hg)n(hg. P g)
c€Cgn

Z [ ¢ [Uhhg a, b ) v Shch

X
mEC d db Sons

By noting that

Shchz _ nﬁé(}—l7 gh) ’I’]}‘,x( 7Bg) Scx
SO}‘:I: nﬁé(hgh7 h) nﬁ$(hhg7 h) SOI
1 i.(h,gh)n_(h, hg
_ mielD g (WhE) __pp i) S N6,
0c0:ds 15 (Pgh, h)ns, (Phg, h)1, (gh, hg) meCo

and applying the inverse of G-crossed ribbon identity Eq.(109), which reads

() [ ), -
)\ F‘ar:gh r‘;cgh -

Av

b, )" on Eer R ok -

By _

( — - ) [Uﬂgh(hghag,hg bh;" Tgn) 1} Nigng ("8, "8 ) nig, ("8h," g)
thhaehgb %

72

we get Eq.(153). After attaining Eq. (153) from (152), we manipulate the diagram

of Eq. (153) to get Eq. (154) through the steps shown in Fig. 13.

83



B S =CS": DETAILED DIAGRAMMATIC STEPS

bn F'gbl
/j 7a("g. "8 h)
== a h’]; 5 b, hgp,
/ <
Qg i'(lg
b e, /
N
\ (R:“gag>
Un(a,@;0)""
Qg Eﬁg

Figure 13: Diagrammatic steps in deriving equation (153) from (154)

B S =(CS": DETAILED DIAGRAMMATIC STEPS

bn f’gi)h b B"’l;h
bn bep, B
Un(a,@;0) Usg (b, 5;0)
ﬁ Qg Eig ag Eig
Qg B&g
ma(bh) g e
0 i "
k ro bn "8bn
. Ungﬁ(h@ha;o) Rz“gﬂ‘ig
ag "o «—
ag 7~ F‘('zg (Lg/ Qg

Figure 14: Diagrammatic steps in deriving equation (155)
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hgt hghg hgj  hghg hgj  hghg
hep, - heghgy Sy ENEDY Ebn by

hg7 hg 77]%*‘(5%5’?@_@
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— >

a ho
g Gy

a hy
€ Qg

hegp,  behg),
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Figure 15: Diagrammatic steps in deriving equation (166) from (165).
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