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ABSTRACT

- Emulsion measurements of the energy spectra of T'+ and T+ decay
are presentea. The T’+ eneréy spectrum was measufed between O ahd 20 MeV
kinetic energy. The energies were determined by range measurements.
There were a total of_376 T'+ events in this region. If the Q value is
known a T+ decay 1s iinematically.overdetérmined by knowledge df the
directions of the momenta of the secondaries. The energies of the 3065
T+ events in.this sample were determined by this method. It is shéwn
that the density in a Dalitz plotvwﬁth no charge information is sensitive

to nonlinear terms in the square of the matrix element. The 7' decay’

data were combined with an earlier bubble chamber'measurement3 of the

spectrum which covered the region 10 MeV to the maximum allowed energy .

The data from both decays were fittgd with a power series

>

parametrization of the matrix element and the Brown and_Singer resonance

‘ _ . ‘ A ,
theory. The 0~10 MeV portion of the 7' spectrum was found to deviate

markedly frpm the linear behavior observed above 10 MeV. Thus the low-
energy @ortion of the‘T'+ spectrum is quite éensi£ive to the resonance

hypothesis parameters. _Tﬁe analysis of the‘T decay utilized “&l:Lontii .
information available in thevsaﬁple by using 8 maximum likelihéod method

along with a chi-square ahalysis to test goodness—of-fit. -Previous



;~vi--'
analyses Bf T deca& have uséd énly projectioﬂS'of the Dalitz plot distr%-' v
bution. Results show definite evidence for quadratic terms in the metrix .,
" elements of'b;th decays;. Best fit "o" resonance'paraméters ére: f;+ decay> |
M =345%5, T =8 £8 1 decayM_=348%2, I =h8%1l. A chi-
' square teét ofﬂthé resoﬁénce hypothesis‘with tﬂe T+ data yiéld5~a 34%ﬂ
probability of.fitﬂ thoughlthe mass valueé agfee quite well, the
disagreement of the width values and the fact that the T+ data.is fitted
sO poorly inéiéate théf thé present fofm»of'the'reSOnéﬁce hypothesis

o o . ' . . + + . v
does not provide .the correct matrix elements for 7 and t' decay.

s

L«
i d



I. INTRODUCTION
The three body decay reactions |

»K& s (T+ decay)

+ (@) o] + + .
K »n +7 +x (1" decay)

The matrix elements

5-8

have been studied by several experimental groups.

have been related to the n-x interaction by several authors. Relation-

ships between the matrix elements and isotopic spin selection rules have

been derived.9?lo

Both matrix elementsAhaﬁe béen found to vary at least
linearly with the energy‘of the odd pion.

In the case of T’+ decay the measurement of the x+ kinetic energy
spectrum by Kalmus et al.% madé in a heavy liquid bubble chamber, extends
from the upper‘energ& limit down to 10 MeV. We have uséd emulsion to
determine the'spectrum froﬁ 0 to 20 MeV. Combining the two sets of data 7
allows an analysis of the entire diétribution. |

Larlier measurements df the T+ deéay.energy spectrum have inclﬁdéd .

1,2 By foregoing charge identification we have

approximately 500 events.
obtained a samplg of 3065 T+-events,in the same'émuléion stack. These
T+ events are analyzed by a makimum likelihood méthod which uses all
the information available. . The iﬁcreased étatistics together with the
likelihood analysis provide a sensitive test.for the noplinear contribu~
tions to the matrix element. | |

EXpefimental details are pfesented iﬁ Secfion If. Section IIT
presents thé experimental'dafa and the results of'fits to a power seriles
paramatrizatioh of‘thé matrix element and the "o" resonaﬁce hypothesis.

A general discussion of the experiment and a summary of experimental

tests of the resonance hypothesis are given in Section IV.
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_follow1ng tracks from plate to plate A typlcal plate is shown in Fig. 3. .

' _reprodqctions of the coordinate grid. ' All track endings'in eaeh milli=

IT. EXPERIMENTAL PROCEDURE

A. 'Exgosure and Scanning _' S o E

e

A separated beam of positive kaons from the Bevatron was brought
to rest in a stack of nuclear emulsion. The stack, shown in Fig:. 1,

consisted of 250 pellicles of Ilford K.S5 emulsion, each pellicle being

600u thick and'37{by-23-cm. ‘The large stack was designed to assure
| identification of the long-range KH2 decay. mode for a'brahching ratio

study. The size of the ‘stack also facilitated K 3 decay studies because-

all such secondaries stopped in 4 he emulsion. The experimental arrangement ‘

.

is shown in Fig.'2. About 2 X 106 kaons entered ‘the stack normal to the

3

plane of the pellicles and came to rest in a 14 em” volume of emulsion

centered 13 cm from the'upper end. As the stack was dismantled the

density of each pellicle was measured and a coordinate grid was printed

_on the back. Stendard processing techniques were used. The minimum

'graln den31ty achieved was slightly lower than desired; however, mlnlmum

;onlzlng uracks_are clearly v1s1ble. Each plate hadan allgnmenu tab

. cemented to it along with reinforcement strips to reduce the chance of

accidental.breakage. The entlre stack was allgned to facilitate

The coordlnate grld is shown in Fig. h

A;l events were located by area scanning. ZXach scanner had large

.(
K

meter square were examined and the positions of acceptable events were

located on the grid-reproduction sheets.

: o -t 4+ - o L -
The 7 decay mode (K — = n = ) is quite spectacular in emulsion
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Fig. 3

Fig, 4
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and is easily identified by the presence of three coplanar, charged
secondaries with moderate to high grain density. Three prong events can
also be produced whenever-a neutral pion is a decay product by sequences'

such as

+ 0
K - VR S
- + - .
S lme e hYyo.

f
-

- This type of event is-rarely coplanar and is usually identifiable by

two or more prongs of low graln den51ty. These events, which contain
3

»Dalitz palrs, can be expected to contribute about 7.6% of the 3 prong

events seen. Other.sources of 3 prong events are the rare decay modes
Keh and Kph' These events again need not he coplanar and in the case
of Keu,will have at least one minimum ionizihg secondary. A few ‘
heutron-produced stars may simulate~r decay.

The quality of the sample of 1 events depends on the ablllty 40
locate 3 prong events and subsequently separate the - T—mode from the
rare-mode, Dallt;-palr and neutron-~star eventsc‘ The process of segre;
gating the.3 prong events which are hot T's is described'in.the section:
on da a reductlon.‘ | |

Thevefficiencyfof locating 3'prongmevehts Was.checked by a complete

rescan of the volume used. The appedrance of a T event can vary from a

.configuration of equal energy secondaries separated'by 120° angles to an’

event with collinear prongs. The decay plane of these events can also
appear at any orientation to the emuls1on plane. Flgure 5 shows several o

photomlcrographs of dlfferent T aecay conflguratlons.' In order to check -

for possible scanning bias due to the variety of configurations,efficiencies

k4
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weré calculated over the dist?ibﬁtidnétbf energy of mos® enérgeticvérgng{
‘iargest included angle, and direétionnbf'the normal to‘thetdecay pléne.
Al efficiencies vere between 97 and ;OO% and éonstant over the distriF
butiéﬁs}. The method bf-calcﬁléfing effiéiencies and fesﬁlts‘are given
in.Appendix A, o
The 1'-decay méde (K+ —>ﬂ+ﬂoﬂo) appears as a K+ ending with a

:single éssociated secondary Qf grainiaensity z 1.65 X minimum. Another K+
.decay mode wﬁich has thisvapﬁedra@ce ié'Ku3, .The.érain dghsity,of.the
highest energy T' secondary is l.6ﬁ X minimum,vBoth K, and K“2 ha&é érain
densities near thié (1.2 and l.OS'réspectively),énd the KH3 specfrum v
covers this range of grain densitiesvélSOf Tﬁus;measurement of thg'ﬁpper
end'of,ﬁhe 7' decay spectrum,isvdifficult. 'However,,reStficfing the
measurement to the low energy portion removeé the KTr2 and Kueicontaminétion
and greatly‘reduces the work required. In order to obtain the low energy
vortion of the f’ eﬁeréy spectrum, events with_a single sécondary of
_ionization ; twicé-minimum were recorded--a twice minimum ﬂ+ correspon@s

"to a range of 2.2 cm and a kinetic energy of 37_MeV.- The recorded‘events

were then followeéd. The T' events were identified by their characteristic

ol L EN

.ﬂ' —épi - ‘ deéayaseguepcg. Thg loﬁer porti§n of the.KLL3 energy spedtr@m ,
was unavoidably also obtained and when combined with the Ku3/Ke3,brgnéhihg
ratio provided a determination of the form factor ratio for'éhat decay
mOde.

.Since.wé are interestéd hefeidn%y in the shaﬁe ofithévenergyj
spectrumgthe abéolute efficiéncy of f{ détection is not.importanf.’ What
is fequired is a méésure of the relati#e detectién'efficiency_aS'av

fun¢tionAof energy. The relative efficiency can be defined by considera-
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§ ' + | N
tions of the angular distribution of the n secondaries. This distribution
should be isotropic in the absence of scanning bias. In Appendix A the

relative efficiency is defined and evaluated. It is found that fhere is no

significant variation of efficiency over the portion of the 7' energy

spectrum considered.

B. Measurements and Data Reduction

‘ + c 0
-.1. Range Measurement of n n x Mode

ot . e s .
The range of each n was measured on a microscope digitized in

| three mutually perpendicular directions. Each track was split up into

straight segments and the coordinates of the endpoints §f the segments
were punche& on IBM cards. The path length in enulsion was_calculated
with appropriate coffections for shrinkage of the emulsion. The energy
was determined froﬁ the range energy relation after correction for
emulsion density. The accurécy of the energy determined by this méthod
is limited by the‘range straggling effect which introduces an error of
from 1-2%.

2. . Mngle Measurement of ' n x Mode

\

The direcﬁion of each prong of the three'prong events was measufed
by recording th¢ coordinates of two pqints/on eaéh prong with a digitized
microscope. If the K rest.frame directions of the_piong in a T decay aré
known then relativistic mechanics supplies us with.four equatibns where,
if ome aséumes knowledge of the kaon and pion masses, only the magnitudes
of the three momenta ére unkﬁown. Since the_problem 1s overdetermined a
fitting»program.was'usedIto calculate the vaiues‘of the momenta for each
case. The fitting érogram is quite similar to thosé usea to it bubble
chamber events.ll A deécription of the fitting calculation is given in

Appendix B.
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Several precantions were teken infordeneio reeognize'eVentSYWhich
were not T decays: " |
| xll The volume of. the parallelepipedvformed bydnnit véctors along‘

the momenfum'difeCtions-was eompuﬁedl' If this volume was

greater than .1, the event was remeasuied. It the remeasure-
ment also produced a large VQlune tne event was set aéide for

further analysis. " (See Fig. 6:)

2. If the three directions-wefé'coplénaf they Werekcheckediﬁo_.
see if they all.pointed to one;half plane. Since it is
imposeible to balanee.momenta in’this case these events were
‘subjected to further analysis: (See Fig. 6.)

3. ALl eventéfwith cniésquare probability less than 1% were
Turther enalyzed.

k. Allieyents:fOr wnleh the iteration calewlétion aid not.eonverge
" were further analyied
her analysis con51sted of follow1ng the prongs. to 1dent1fy the evenu.

About lO% of the measured events had to be followed Ihls procedure

' -isolated many Dalltz palr events, flve K ol events and one examble of the

prev1ously unreported Knh decay.-l2

3. Q Value Determination ° , N

To nrov1de a cneck on the above flttlng procedure a sample of L? T
evenus were followed and range measured. Agreement ‘between: the two
methods was of the order of 1-2 MeV/c in the momenta: of the pions. .

- ”he L7 compleuely analyzed events were also used to deuermlne the
Q value of the reaction and hence\prov1de another measurement of the kaon

mMass . A fitting program,was written which used boﬁh the angular




0

=11~

Figure 6
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information and thefrange information and conservation of 3-momentum to
obtain the best energy values for each decay. The resultant kaon mass

was (493.8 % 0.2) MeV which agrees with the accepted value of (493.8 + 0.2)

MeV.ls..

I
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' III.HJRESULTS‘AND COMPARLSON WITH THEORY
The T' energy spectrdm obtained in this experiment is shown In
. Fig. lO} The 10-20 MeV region was ﬁsed €0 normalize oui'sample to the
data 6f Kalmus et al.3 and the resultant total spectrum (diVided by
Yhase spaée) is showvn in Fig. 7. A chi-squafé analysis was used to
determine the mos£ probvable parametefé for several types of natrix
element. The resultant spectra . (computed with best-fit parameters) afe
also indicated in Fig. 7.‘ The results of the chi-square analysis are
given in Table I, while thé matrix elements used arevshown in Appéndix C.
Appendiva gives a suﬁmary éf the statistical methods used to analyze
'_thé data. |

A look at Tablé I shows that thére 1s little distinction between
a resonance matrix element and alquad?atié'matrix element while the linear
element is & poorer fit.

A maximum likelihood method was used to defermine the best-fit
parametersvto the‘T decay Dalitz plot distribution. -In order to measure
the‘absolute‘gqodness of fit chi-square caléulations were also made.

Since the pion charges are unknown each event can be put on a
Dalitz plot in six different ways. Figure 8-shows a Dalitz plot with
an event’plotted at ﬁhe six possible points. There is one and only one
~ point per event contained in each df the sexﬁénts showvn on theAfigure.
Sextant I, where Tl ] T2 =z T3 was chosen for‘the fitting calculations.

| The density on a Dalitz ?lot is proportional to the absolute value
‘of the amplitude squared. Let | |

T

1

} kinetic energy of =
T,

1

. . S+
kinetic energy of one =



TABLE

~1lh- -

- pion Mendelstam variesble defined in Appendix C.

I. Besults‘bf T analysis.‘iv o
Matrix element and best fit XQ ~ Number of degrees | Chi-square
parameters of freedom - probability
o ‘ . ‘of fit
Linear Element
v = -+ - -
M=1 a(s3 so) |
a = -.225 + .18 11.98 9 . 20%
Quadratic Element -
M=11+ a(§3-so)
+ b(s_ -s )2A
3 0o
a = -.192 * .022 -
b = -.070 £ .028 5.84 |. 8 67%
Resonance ’
Mc 345 = 5 | _ o
r_= & + 8 Sk | 8 1%
Variable Width Resonance
= = ‘
M,=351%5 | )
r,= 897" 5.4L : -8 1%
T . : 2 o1 ‘
a is in units of —= , b is in units of and .s, 1s the odd~-.
o ‘ M2 - ’ ]:/[-E 3 v
b8 7T
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B ' +
T2+ = kinetic energy of second =
In general the density may be written as a function of all three energies

(although only two energies are independent)

po= olt, T, T,,) -

va the charges are not known the density is proportional to the sum over

all possiblebpermufations of the charges.
pC P(T_) ‘Tl+’ T2+4) + D(T2+; T, Tl+) + D(Tl+: T2+: T_) -

Heré permutations of the type T + T., are ignored due to Bose statistics.

1 2+

The density in sextant I of the Dalitz plot was calculated in this menner.
The matrix elemeﬁté’ﬁéed are described in Appendix‘c.

In order to present the data in a form which will be'both compact
and useful for future analysis the sextant has been partitionéd by'a
grid ihcluding EOvdivisions in each direction. Figure 9 sﬂows the
sextant with the number of events indicated in each grid. Chi-square *
miﬁimizatibn:calculations'using this grid and maxiﬁum'likelihood_
. calculations using the individual events give best-fit pérameters which
agree to within the computed errors. |

It is shown in A@pendix C that,.fo£ a matrix element M = 1 +
a(s3—so) + b(SS-So)E + c(sl—so)(se—so); keeping quadratic.tefms in s; in
the density allows us to determine the combinations of coéfficients
2b + a2 and c¢. However, it ﬁas.found that including the 2c¢ term inlﬁhe
density prdvided no bettér‘fit than wiﬁh oni& the termvwhose coefficient
is a2 + 2b. Therefore we have assumed the 2c term is not needed. Table II

gives the results of maximum likelihood calculations plué a chi~square

fit to the resonance hyoptheéis.
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TABLE IT.

Matrix element and most
probable values for

parameters from maximum
likelihood calculation.

-19-

Results of T analysis.

1ikelihood

resonance likelihood

Chi-square
probability

Resonance
M = 348 £ 2
T_= 50 £ 11 1 L%
Variable width resonance-
My =357T%5
Ty = 55 £ 16 1 ---
Quadratic matrix element
M = l+a(s3—so) * b(s3-so)2
2b + a° = (-1.8 t.s)x‘lb’s 7%35. ---

In order to determine the ﬁalue of b

~to these data using a matrix element of the

the valué a = .093 % .027 with a chi square

b

]

Mo

These results may be stated as follows: Since the qﬁadratic term_

were used to obtaln a measure of the linear term, a.

chi square value was 29. Using this value for a we have

-.00k £ .003

form M'="1 + a(s

the data of McKenna et al.;

A chi-square fit

3

of 17.4 while the expected '

1+ (.093 % .27)(83Aso) + (~.004 ; .003)(53-50)

in the Daltiz plot density is small’and the density ié proportional to
the matrix element squared the existence of a linear term in the matrix

element implies there must be higher order terms also. The fitting

-so) gives

2
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prbgrams used were,éésted with a_Moﬁté Carlo geheraﬁéd saméle of 7 events.
.The likelihood program and the chi-sqﬁare_program correctly reproduced
the origiﬁal generation parameters and the chi square value wés lhb wiih
‘an expected &alue of 135; | |

Several other‘forms of the matrix élement for T decay were tried
.in an attempt to.find a form which gave a better fit. The forms tfied
‘were the scattering length parametrization of Khuri and Treiman,7 a
matrix element suggéstéd by ZemachlO and a combination resonancé_plus:
phase space. In each case the best-fit parameters ied to é smaller
chi—square probability of fit thén-the‘other hypotheses.tested.

| Ear;ier analyses of T decay have used a squared ﬁatrix_eiement

 of +the fﬁrm Mf éfl.+lé(s3-so), This leads to a constant denéity in the
charge-undetermined Delitz plot. For our T+.daté; the ratio of constant-
density iikelihood to resohance likelihoéd’is_lb_9ﬁ- This fact cleéfly”
indicatés the nécessity of'nonlinéar terms in the square of the matrix

element.’
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Iv. DISCUSSION

When one considers the recent experimental developments involving

16-18

K meson decay, which include violation of time reversal invariance

and unexplained energy and angular correlation,l9f20

the fact that.
none of the various matrix elements used to fit T+ decay provided a fit
with better thén a ;% probability certainly indicateé a need for
addiﬁional theoretical consideration of these‘deéays and may also
provide a possible clue.to the form of these considerations. |

The lack of a good fit to the T+ charge-undetermined Dalitz plpt
density, when compared with the relatively good fits obﬁained earlierlrg
for a one-axis projéction of the Dalitz plot, indicates that vital
informaﬁion may be iost‘in making this projection. Thus it is pOSSibIe
that an experimental determinétion'of the two dimensional Dalitz plot
density for <! decay wbuld contribute new and useful information.

The data of this experiment provide a good test of the "o

p)

A . o o .
resonance hypothesis. The T and 7' hest-fit values for the mass agree

quite well. However, the widths aré‘several standard deviations apart

. o+ )
and in the case of v decay the fit was very poor. This is evidence

4 < +
that the resonance theory provides a poor description of X ﬂ decay

3

in its present form. Considering the excellent agreement of the mass
values, one may speculate that there is resonance ‘behavior and that the
data will contribute to the formulation of the éorrect energy dependence

of the width in this region, for this energy dependence is also an un-

15

settled question.

In order to consider the applicability of the "o" resonance:
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~ hypothesis it is necessary to consider experimental data from several

' ' ' ‘ ' ‘ . + - 0 22
sources. A study of the energy spectrum of the reaction n — 7 7t x :

produced best fit parameters M_ = 392 * 9 and ro = 88 + 15. .Again
23

the values are not consistant. A stuldy of Keh decay, where there

are only two pions available to interact, revealed that the di-pion

- mass spectrum was very close to phase space. This appears to be

inconsistent with the resonance parameters determined from ogr T+
data. Finally a work in progresszu which combines thé energy spectra
and branching ratios from both n and X decay data indicates.the
resonance hypotheéis must be modified by adding a non=-vesonant
background_with arbltrary ampiitude and. phase (i.e;; a k parametér

£it) in order to be consistant with these data. In view.of this

 evidence it may be said that the K-décay data are not satisfactorily

+
explained by the existence of an I = O, i?= 0 s~ resonance.



SR

. NN t‘

~23- -

ACKNOWLEDGMENTS
I would like to thank Professor Walter H. Barkas and Dr. Zack
Osborne for their guidance and suggestions concerning all phases of this
WOTK.
My thanks also to the scientific déta analysts of the Barkas
Physics Research Group for their excellent work in taking theée data,
in particular I must mention Jim Webbef and Peter Lindstrom who ofﬁered
many creative and helpful suggestions. SincereAthahks to Carol Pierson
who, through the years,‘has eased the weight of innumerable administrative
details. | ‘ | _ | v ,V
~This work‘could have never been done without the help and
encouragement of my Qife Penelope. Numerous communications with fhom,
Pari and Bert Carter IIT cleared up many points of confusion in the
early étages of this Work;
x This work was done under the auspices of the U. S. Aﬁomic.Energy

Commission.



D u_
APPENDICES

A. Analysis of Scanning Efficiency

1. =

In order to détermine the efficiency of finding T events a seCohd
independent scan wasvmade of all the area. Theyefficiency was éalculated
.Kés foliows. Let Ni anq N2 be the number of events found during the first
and, secoﬁd scans, respectivély. Let N be the actual number of eveﬁts in
ihe area. Then the effiéiencies of the two scanners are |

€& = Ni(N e, = NE{N .

If the,scans.dre inde?endent then

€8 = Nie/N = N_.LNQ/N2 ,
where.Nie = the number of events common to both scans.
These three equations may be solved for N, el.and 62} The‘solutiohs
are “
¥ = NlNé e = Nie c = Nie
N, 1 N, 2 N
. The total efficiency is then = .-
= -+ - -
€ € (1 . el)62

This method was applied to the distributions of largest energy,
largest included angle between secondaries and direction of normal +o
decay plane. Table 3 listé these efficiencies. The total efficiencies

were found to be between 97% and 100% and constant over the distributions.
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"TABLE ITI. © scanning efficiencies.

Cosemax | Efficiency E_ Efficiency | n-z = |Efficiency

Interval. ‘ ' Interval Interval
-1.0 to -.95 98,9 163 to 166 100.0. -1.0 to -.8 | 99.3
-0.95 to0 -.90 99.3 166 to 169 99.2 -0.8 to -.6 | 99.5
-0.90 to -.85 99.3 169 to 172 . 99.3 -0.6 to -.5 | 99.2
-0.85 to -;80 99.1 172 to 175 1 99.1 0.k to ~-.2 | 98.7
-0.80 to -.T5 | 99.k4 175 to 178 99.%  |-0.2 t0 0.0 | 99.3
-0.75 to -.70 99.5 178 to 181 98.8 . tpuOﬁtoQO;2 - 99.2
-0.70 to -.65 | 99.6 181 to 184 99.5 - ole to 0.k 98.9
_0.65 b0 ~.60 | 9922 184 %o 187 99.0 0.k £o 0.6 | 99.2
-0.60 to 0.55 97.7 1187 to 190 99.5 0.6 to 0.8 '9§.u
’-0.55 to ~-.50 1.100.0 0.8 to 1.0 99.3

*

The normal was defined by the cross product of the highest energy

prong direction into the lowest energy promg direction.
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A bias free sample of ' events with grain density 2 2 X minimum
would provide the energy spectrum up to 37 MeV. Since an actual grain
count was not made we expected'to lose events near the 2 X minimum'region.
Comparison with an earller sample of 7' events whlch were grain counted
showed that above 25 NeV the efficlency decreased. Therefore we cons1def
“the reglon 0- 20 MeV.

In order to test the energy varlaflon of the eff1c1ency, spllt
the distribution into S MeV intervals and con51der the distribution of
- dip angle.eosines,of the.events in each energy'interVal: Let ai.
represeﬁt the number of events in thevith dip angle eosine interval. A

measure of the. deviation from isotropy is the quantity

€ = <'-'--—~-—-—<-‘?'-2-‘---———'>--E .
SCHIEROLIAN

If the distribution is isotropic then (az) - (a)2 = {a) or € = 1. The
variation of ¢ over the 0-20 Mev_rangejis'quifeﬁsmallvshich implies the'
effieiency is constant over this energy region Table 4 gives the value
of e for each energy 1nterval The values of e’dlffer from unity due
to loss of events at large dlp angles, thls of'course does not bias
the energy spectrum. . Table V gives the dip angle dlstrlbutlon for tne
four'energyvihtervsls.' Flgure lO shows the orlglnal and correCued sneCura;
In both Table L4 and Fig. lO the corrected spectrgm is normallzed to the
eriginal.numbeffof eéents te eﬁphasize_the variation_of the effieieﬁcy

which is the prime consideration here.
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‘Table IV. T scanning efficiency
Energy Interval € Observed number Corrected number
: ' of events of events
Q0 - 5 MeV .76 Ll Lh.9
5 - 10 MeV .75 89 92.5
10 - 15 MeV 81 113 107.8
15 - 20 MeV 17 131 131.8
Table V. Dip angle distridbution
Dip cosirie 0-5 MeV 5-10 MeV 10-15 MeV 15-20 MeV
interval T . .
-1.0 to -0.8 1 5 7 "9
-0.8 to -0.6 4 L .9 10
-0.6 to -0.k4 2 12 15 9
0.4 to -0.2 5 6 1L 19
© -0.2 to -0.0 7 15 6 16
w0.0 to 0.2 7 12 10 T
0.2 to 0.4k 3 8 16 20
0.k to 0.6 10 11 18 16
0.6 to 0.8 L 13 . 12 17
- 0.8 to 1.0 1 3 5 8
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B. TFitting Procedure

Let (fil’ f be the coordinates of the point nearest to the

127 *i3)
K~decay vertex on the i‘“‘h track and (gil, gi2, gi3) be the coordinates of

the second point on the i°h track. These points are the measured coordinates
shown in Fig. 11. .Define the lengths x? as,

4

X = 8y mfp X T By mfj, Xy = '(g13 - f13)S
Y m S.m L

X, = 8y "Iy X5 T g T X5 T <g23 1‘23)S
mo_ , moo _ um _

Xp T By 7Ty ¥g = By~ Ty xg = gy - £35)8

’

Here, S, the shrinkage factor of the emulsion at the time of measurement,

is needed as x. . are the vertical directions.

1=3,6,9
Conseryaulon of momentum requires:
m m m
P.x P x P x
1 2 3
P P e P_g :
; + ; + - = 0 ~(2)
1 : 2
m m m
P x P x " P.x . -
%3 N _%_é + __23 = o _ (3)
1 - 2 3 ' :
. .L ) 1 ) 3, o .
(2 + )2 (%5 + u)2 + (P? +28)% oM = 0 - ()

1

. . s
where Pi = momentum magnitude of <the ibh track, z <’ j >.
: ‘ J=31-2

.th

the length between measured points on th i~ track, m = pion mass and

'

= kaon mass.

The gquantity chi square is defined as follows

= % - m v_ m ‘
2 (xi 'xi) Gij,<xj xj )

S5=1
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Here, the x. are the computed values of the lengths satisfying the restric-
: i
. . ‘ -1 : . . )
tions of equations 1-4. Also Gij = (Bxibxj), the matrix of input errors.
If one assumes there is no correlation between measurement errors on

separate tracks then G_l reduces to

i

&1 0] 0]
-1 4
G = 0 g, 0
0 0
&3

where 8; is a 3~by-3 error matrix for the ith track. Tests performed
with the microscope used showed there was negligible correlation between
measurements along different axes, therefore the g are diagonal. The

final form for gi in units of “2 was L ,

0 0
2
gl = QC'y | 0
. 2 22
.0 (85~x3i)‘+s o

whexre og 1s .015, and O oy, °,

The Lagrange multiplier method was used and equation 3 was taken

as the constraint. The quantity minimized was

M. = % x, - x0) G, (x_ - x") + 2aF(x
| B Gy - xD) Oy G - xD) + 2aF(x)
j=
. , 3 Pix3i . : .
vhere F(x) = 2 7 and a 1s the Lagrange multiplier. From this point -

1=l "4 .
the calculation proceeds exactly as shown in the article by Berge,

Solmitz and Taftll-—an iterative procedure is set up and the minimum of

M is approached.
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Figure 12‘shd%s the distribution of chi Sqﬁares;‘ The scale of_the
ordinate is qonsﬁructed so that a chi-square distribution with one degfee
of freedom and correct inpﬁt errors (a = 1) will fall'on the straight
line labeled a = 1. Astig. 12 shows,'the fesulting Xz‘distribution is
linear and indicates a slight overestimation of inpﬁt-errors; 2The
standard method of scaling ‘t,he‘jpx'opagedcedierqrorleL was used as-the time

and cost reguired for recomputation would have been excessive.
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C. Matrix Flements

L. 1! decay
Brown and Singer5 give the following matrix element assuming a

resonant reaction between the uncharged pions

. 1 ,
M = - . .

. . ' ilg |\ .
- (Mo 2 )

(p - 3,

Here Py isrthé K% h;moﬁentum, p% is the‘n+ L ~-momentum, MO is the mass
of the resonance and rg‘is the width of the fesonance.

Jackson15 has pointed out that the energy dependﬁnce of Qjmay be
important in evaluating resonance parameters. This possibility has been
eiamined in connection with the 7' and 7 data furnished by fhis experiment.

)

TIhe energy depehdence used was FG = Foq/qo where q = relative momentum

it

. ' . 2
of the resonance decay products in the resonance rest system‘ana_qo
M 2 2 “+ " e a ‘ . R . ’ R
(75) - oo, the relative momentum when the resonance rest mass is at the

J . ) - . .
central value.

Another matrix element tested was simply the first few terms of .

e o s : - 2
a power series expansion of the matrix element. Let Si = (pK - pi) 5

-~

where o, is the 4-momentum of the i P pion and s = (sl + s, +'53)/3.

-

M is then expressed in powers of (s, - so) where the subscript 3 refers

3

to the odd pion.
M = 1+ a(s ; s ) +b(s, -~ s 52 + ..
o 3 o/ .73 o :

. ) 2 N . . ’ .
Of. course terms of the form (sl - s2) are possible; however, we have

no measure of the values of sy and S,
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2. T decay

Again both forms of resonance matrix element were used. :Sirce

there are two possible resonant pion combinations the amplitude has the

form

1 . 1
2 il'g\2
- -(M -
(pe - 2.) (io =)

M

2 T, |2
‘(pK - P ) - (M- 22 )

1 : + '
where Pyi.s Poy refer to the L-momenta of the n decay products. The
resultant density 1s of=coarge-

L, * * *
p oM, my) M (p, py) + Mlny, py) Mpys pg) + Mlpg, 2y) M (pg; )

The following power series expansion of the matrix element was used
5 N
M = 1+ a(s. - +b - + - - .
( 3 so) (53 so) c (Sl so)(52 so)
N .

In this case the resﬁltant density becomes

i=3 ' . _ - 1=3 5
o a3+ (ata*) (si—so) + (b+b*+aa*) L (si—so)

i=1 - : ' i=1

# (ere®)((sy-5,)(s,78,) + (8578.)(s5750) + (-8} (s,-5))

1=3 ,
. 3
.+ (ab*+ba*)i§i (si—so) + 3(ac*+ca*)(sl—so)(se-so)(s3—so)

S o T (-8 ) + (oereto) (s, -5 )( e
2 8.-8 ) c+e slfso ‘sg—so)(s3-so)i=l (si-so)

+ éc*((si-so)E(sé-so)2.+ Kse—so)2(53—so)2 + <53—so)2(sl¥so)2>- |

‘\

. , i=3 . .
However Y (s-s) = 0
i=1 1 9.



and ( -5 ) (sl s ) + (é -5 )2(53-50)2 + (

o= ((sgms )syms ) + (52

86 we have

-8

o}

54-5,)" (5, 75,)°

)a578,) * (s765) sy 75,))°

i=3. , |
o3+ (bb*+aa*) L (s, -s )" + (c+C*)((sl-sO)(s ~s.) * (s -5 )(s

i=1

+ (33 0

1=3

+ bb* Z(sl—s )' + cc*((s. -s )(éé-so) + (se—so)(s

i=1 l.

1=3 v
s )(s -5 ))+(ab*+ba*) Z (s -5 )3 + 3(a c*+ca*)(s -5 )(s -so)(s

3

3'80)

; " n
-5o) + (85-8 )(s1-5.))

CIf we keep only terms up to quadratié in the variables si»we have

; .'3_—-3

k oo 3 + (b#b*+aa*) % (s, -55)2

i=1

+ (53-56)(51-50)).

# (ere®) (g -5 Nepms,) + (s,750) (s

Thus, using this method, we may evaluate (b+b*+aa*) and (c+c¥*). If all

- o . ' . .1 .
coeXficients are assumed real then, assuming an earlier value™ for a, it

is possible to determine b and c.

)

s.)
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D. tatistical Methods

-

1. Likelihood Methods

. Let f(x,y{pj) be a distribution function for the experimental
variables x and y where‘pj are certain input parameterg. The likelihood
function

- on

L(Pj) = _H £(x , Vi Iﬁ)
i=1

is the joint probability‘density.of getting a particular experimental
reéult, (xlyl), ..;, (xn,“yn) assuming f(x, v, pj) is the true normalized
distribution function. 'The most probable value of each,gb, found by
maximizing L(pj), is called the maximum-likelihood solﬁtion p?. In
practice this maximuﬁ—likeliﬁood solution is found by maximizing the

lov of L(Dj)l If the likelihood function is Gaussianlike in the region

Iﬁ PJ the error matrix for the p is
32 an(b -
(p, *2)(p p 5-5;75——~

A likelihood ratio is usefvl for choosing between different fgrms for

the distribution function. I g(x, Y, a) and f(x, Y b) are two

L

distribution functions then

n- f<xi) Yo b)

R = I

is the likelihood ratio. R is the probability of getting the set of n ‘
events assuming f is true divided by the probability of getting the n
events 1f g 1s true, or simply the betting odds of f against g.

2.' Chi-square methods
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 Assume we have n measurements at the points Xip vees Xh and the

results are_(yl = al), cee, (yn + on) and we have a distribution function

y(x, p uhen Chi-SOUO.re iS defined as
.S/ 7 X. k) D. ‘

2 n
K (pj) = 4 5
| i=1. o

. : C% o
The best fit parameters p; ere found by minimizing Xe(Pb) with respect
ﬁo the pj. If the X?(pj) function is Gaussianlike in the region of

* , .
pj.% pj then the error metrix is

— — 322

3. Coodness-of-fit -~

1

t 1s possible to calculate the expected distribution of x2 as

.a fupction of n;M wheré M is the nugfer of parameters pj'used in the
distridbution function. For given n-M (called fdegrées;of freedomf)
there are tables of" the probability of exceédihg a given vdlue of.x?
given in the Handbook of Chemistryfagd Physics and qther commbn
mathematicalitaﬁles. | i

This probability is generally called the chi—squére probability

P

for a given hypothesis and.is'uéed to provide a test of how well a

varticular hypothesis fits experimental data.

L. Example of x? calculation

| - In the case of T decay the Dalitz plot Qas partitionedgiﬁto bins
by a gfid of an appropriate number of divisions.in each.direction. Each
bin contained a number of events.yi with a stendard deviation o, = (y.)?.

‘The value of the distribution function for a bin was just the integral
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of the squared matrix element being tested over the energy region of

’

. o 2 .
the bin. The corresponding value of ¥ is

A1 bins i

' : . .th ..
whexre Ni = expected number of events in the 1 bin.
A function minimizing routine was used to find the parameters

. s 2
which gave the minimum value for x .
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FIGURE CAPTIONS

A photograph of the emulsion stack used in this experiment. The
K+ bean entered through the brass plate at the left. The stack

clamp design allowed all emulsion edges to be machined flat.

o

Experimental arrangement. Ml and M2 are bending magnets, Ql is

quadrupole focusing magnet and S, is a velocity selector.

1
A typicel plate showing alignment tab and reinforcement strips.

The one millimetexr coordinate grid which was contact printed in

“an. ldentical position on each pellicle to provide a .coordinate

.

freme visible in each field of view.
Several T decay configurations.
a. - Approximately equal energy prongs and flat decay plane.

b. An event where the decay plane is not horizontal.

c. Two prongs of this event are approximately collinear.

Momentum balance tests.

a. An event which can conserve momentum.

b. All prongs point into one hemisphere thus momentum cannov
balance.

c; The parallelepiped whose volumexmust be zeio for 7 decay.

7' spectrum divided by phase space, points above *10 MeV are from

reference 3. The curves are the best fit for resonance, quadratic

and linear matrix elements.

Dalitz plot showing the six possible locations for one event.

Sextant I was used in fittihg calculations.

The experimental aistribution of T events in sextant I of the

Dalitz plot.
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7! spectrum between 0 and 20 MeV.'
A 7 event with measured points indicated.

The distribution of chi squares.
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