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ABSTRACT OF THE DISSERTATION

Essaysin Testing and Forecasting With Nested Predictive Regression Models
Using Encompassing Principle

by

Yan Ge
Doctor of Philosophy, Graduate Program in Economics

University of California, Riverside, June 2015
Dr. Tae-Hwy Lee, Chairperson

Out-of-sample tests for equal predictive accuracy have been widely used in economics and
finance and are regarded as the "ultimate test of aforecasting model". When two non-nested
models are compared, Diebold and Mariano (DM 1995) point out that the t-statistic of the
mean squared-error loss-differential is asymptotically standard normal. When two models are
nested, however, Clark and McCracken (CM 2001, 2005, 2009) point out that due to the
parameter prediction error (PEE), the statistics will result in non-standard distribution. Further
more Clark and West (CW 2006, 2007) point out that the DM statistic for testing the equal
predictive accuracy of two nested mean regression models gives afavor to asmaller (nested)
model, because the DM statistic tends to be negative under the null hypothesis, penalizing the
bigger (nesting) model for the finite sample parameter estimation sampling error. They point
out that the negative bias can be corrected by adding a non-negative adjustment term. The
adjusted DM statistics (DM plus the adjustment term) is equivalent to the "encompassing test".
Thethesis consists of three chapters: The first chapter is comparing predictive accuracy and
model combination using encompassing test for Nested Quantile Models, we consider using
the quantile model and check loss function. We show that the adjusted DM statisticsis

asymptotically standard normal when out-of-sampl e to in-sample ratio goes to infinity. The



second chapter is comparing nested predictive regression models with persistent predictors, in
which we introduce a persistent estimator in the second model. We show that the adjusted

DM statistics will still be asymptotically standard normal due to the faster convergence rate of
the second model. The third chapter is encompassing test for nested predictive regression
models with near unit root and drift, the big model contains a persistent estimator with drift.
We show regardless whether drift term (deterministic trend) or the coefficient of
autoregressive process of the predictor (stochastic trend) dominates the model, dueto the
higher than root-n convergence rate of the coefficient in the second model, the adjusted DM

statistics is asymptotically standard normal.

Vi
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Chapter 1

Comparing Predictive Accuracy and Model
Combination Using Encompassing Test for Nested

Quantile Models

Yan Ge* and Tae-Hwy Leet

September 2014

Abstract

This paper extends Clark and McCracken (CM 2001, 2005, 2009) and Clark and West
(CW 2006, 2007) from the conditional mean to conditional quantile. CM/CW point out that
the statistic of Diebold and Mariano (DM 1995) for testing the equal predictive accuracy of
two nested mean regression models gives a favor to a smaller (nested) model, by penalizing
the bigger (nesting) model for parameter estimation error and making the DM statistic tend
to be negative under the null hypothesis. In this paper, we compare two nested quantile
regression models using the check-loss function. We point out that the same problem oc-

curs in using the DM statistic for quantile regression. We show that the DM statistic of the

*Department of Economics, University of California, Riverside, CA 92521. E-mail: yge001 @ucr.edu
TDepartment of Economics, University of California, Riverside, CA 92521. E-mail: taelee@ucr.edu

*The authors would like to thank Gloria Gonzalez-Rivera, Mike McCracken, Yundong Tu, Aman Ullah, and
participants at the Chinese Meeting of Econometric Society (CMES2014) at Xiamen, the 2014 NBER-NSF Time

Series Conference at St. Louis, and UCR econometrics seminar, for many valuable suggestions and comments.



check-loss differential of the two nested quantile regression models tends to be negative
under the null hypothesis of the equal predictive ability. We derive the adjustment term to
be added to the DM statistic such that the adjusted statistic has the zero mean under the null.
The finite sample behavior of DM and the adjusted statistic under the null and alternative
hypotheses are examined by Monte Carlo simulation. We show that the adjusted statistic is
the encompassing statistic for the quantile models and provides the optimal combination of
the two nested quantile models in the sense that the combined forecast error has the mini-
mum expected check-loss. It thus provides the optimal Stein-like shrinkage from the larger
quantile model towards the smaller quanitle model, as discussed in CM (2009) for the mean
regression. An application of the adjusted statistic to the predictive quantile regression of
the equity premium shows strong predictive ability (Granger-causality) of dividend-yield
ratio and dividend-price ratio for forecasting the quantiles of the equity premium, which

could not have been observed by using DM without the adjustment.

Key Words: check-loss, predictive quanitle regression, parameter estimation error, DM s-

tatistic, encompassing, combination, shrinkage, Monte Carlo, equity premium.

JEL Classification: C53, E37, E27



1 Introduction

Out-of-sample tests for equal predictive accuracy have been widely used in economics and fi-
nance and are regarded as the “ultimate test of a forecasting model” (Hansen and Timmermann
2012, 2013). Even if a great deal of test have been widely used for in-sample models such
as Wald test, t-test and F-test, Ashley, Granger, and Schmalensee (1980) advocate using out-
of-sample forecast comparisons to test Granger causality, i.e., using forecast comparisons to
determine whether one explanatory variable has predictive power on dependent variable has
been commonly used since at least the influential work of Meese and Rogoff (1983, 1988).
When two non-nested models are compared, Diebold and Mariano (DM 1995) point out that the
t-statistic of the mean squared-error loss-differential is asymptotically standard normal. When
two models are nested, however, Clark and McCracken (CM 2001, 2005, 2009) point out that
the DM statistic behaves quite differently from non-nested case since both the numerator and
denominator degenerate, which will result in non-standard distribution. Clark and West (CW
2006, 2007) point out that the DM statistic for testing the equal predictive accuracy of two nest-
ed mean regression models gives a favor to a smaller (nested) model, because the DM statistic
tends to be negative under the null hypothesis, penalizing the bigger (nesting) model for the
finite sample parameter estimation sampling error. They point out that the negative bias can be
corrected by adding a non-negative adjustment term. The adjusted DM statistics (DM plus the
adjustment term) is equivalent to the “encompassing test” (henceforth, ENC) of Nelson (1972)
and Harvey, Leybourne and Newbold (1998). The adjustment term not only corrects the size but
also increases the power of the test. CW (2006) show via an extensive Monte Carlo study that
the ENC statistic is approximately normal and has proper size and good power.!

Comparing predictive accuracy of two models is challenging and has long been researched,
although it has been almost entirely for the conditional mean regression. Sometimes we want
to investigate the Granger Causality in Distribution by checking if the unconditional CDF of y

equals the conditional CDF of y on x at every quantile ranging from O to 1. However due to

! Other tests for out-of-sample comparisons of nested models include those of Chao, Corradi and Swanson (CCS
2001), Corradi and Swanson (2002), and Giacomini and White (2006), all of which exploit the martingale differ-
ence property of the error term of the correctly specified model. These conditional moment tests are shown to be

asymptotically normal under some regularity conditions in each of these papers.



the complexity, we investigate the Granger Causality in certain quantiles. In financial market,
the Granger Causality in tail are usually linked with the downturn or upturn of the economy,
which can not be observed through Granger Causality in Mean model. In this paper, we extend
CM and CW from the mean regression to quantile regression and compare two nested quantile
regression models using the check loss function. We point out that the same problem occurs
when the DM statistic is used to compare two nested quantile regression models. We point
out that the DM statistic based on the expected check loss-differential of the two nested quantile
regression models is negative under the null hypothesis of the equal predictive ability. We derive
the adjustment term to be added to the DM statistic such that the adjusted statistic becomes the
encompassing statistic for the two nested quantile models. We show that the adjustment term is
positive and corrects the size of DM. The encompassing test has therefore correct size and better
power. To see the finite sample behavior of the DM and the adjusted encompassing statistic
under the null and alternative hypotheses, Monte Carlo simulation is conducted. It shows that
the bias in DM is often substantial and the encompassing statistic behaves excellently both under
the null and alternative hypotheses. As the encompassing test is a consistent test, its power
increases as the number of the out-of-sample observations in computing the statistic increases.

The encompassing test gives the estimates of the optimal weights of combining two nested
quantile regression models in the sense that the combined forecast error has the minimum ex-
pected check loss value, it also provides the optimal Stein-like shrinkage from the large model
towards the small model, as discussed in CM (2009) for the mean regression. We note that test-
ing for equal predictive accuracy is a special case of model combination in that the two models
under comparison will be given weights of either 0 or 1 (depending on the contribution of the
additional predictor). However, the weights can be any real numbers as considered by Bates and
Granger (1969). For nested models, CM (2009) set the coefficient of the additional variable to
be “local to zero” and examine how the optimal weights depend on the variance of the error term
(noise) and that of the additional variable (signal). The encompassing statistic also produces the
optimal shrinkage and the optimal combined forecasts.

An application of the adjusted DM test (encompassing test) to the predictive quantile regres-
sion of the equity premium shows strong predictive ability (Granger-causality) of dividend-yield

ratio for forecasting the quantiles of the equity premium under smaller in-sample observation to



out-of-sample observation ratio case, which could not have been observed by using DM without
the adjustment. also we observe strong predictive ability in tails, which could not have been
tested using mean regression. We also find that the encompassing test based on the asymptotic
distribution and the results from bootstrap method are consistent, which validates the asymptotic
normality of ENC in comparing the two nested quantile regression models.?

The paper is organized as follows. Section 2 is a review of CM/CW regarding the Granger-
causality in mean (GCM), to motive our work. Section 3 is the main part of the paper where
we extend the CM and CW methods for testing GCM to testing Granger-causality in quantile
(GCQ). Section 4 is the Monte Carlo simulation to examine the finite sample size and power
behavior of the DM and the adjusted statistics in comparing two nested quantile models. In
Section 5 we present the empirical analysis for Goyal and Welch (2008) in comparing the two

nested conditional quantile models. Section 6 concludes.

2 Comparing Nested Conditional Mean Models

To test for the out-of-sample predictive ability of z; for the conditional mean of y¢1, CW (2006)

compare the two nested mean models

Model 1 : yeq = el (1)
Model 2 @ yii1 = ¢+ bay + el @

where the dependent variable y;1 is a martingale difference series with respect to the predictor
2 for the first model. The null hypothesis that ¢ = b = 0 would be equivalent to the equal

predictive ability of the two model under the squared error loss, namely,

H : E [<e§1+)1>2 - (eﬁ)lﬂ =0 3)

2Other papers regarding the comparison of two nested quantile regression models include Lee and Yang (2012)

who use Giacomini and White (2006) for the quantile models, Giacomini and Komunjer (2005) who use a framework
of the generalized method of moments (GMM), Chuang et al (2009) who study the stock return-volume relations,

and Jeong et al (2012) who use a nonparametric test.



and the expectation is taken over the out-of-sample (OOS) period. Model 2 is estimated in a
rolling window scheme with window size R ending at time ¢ (starting at ¢ — R + 1). The out-of-
sample evaluation periodist = R, ..., T (hence the out-of-sample size is P =T — R+ 1). For
a fixed number of in-sample estimation sample R, the above population moment of the squared
error loss-differential can be estimated by the following OOS moment over t = R,...,T. The

Diebold-Mariano squared error loss-differential is defined as
; -1 22 )
Dp = Z ( t+1) - <€t+1> :
We have the following proposition:
Proposition 1: Under Hy, Eﬁp < 0.

Proof:

®>
S

Il

K
E

() = ()]

9 . N 2
(Yer1)” — (yt+1 — ¢+ btﬁCt)

il
=

1
b
B

I
=

Il
T
E

R . 2
241 (ét + btﬂvt) - (ét + btxt) ]

t=R -
T
= p! Z 265_131 (ét + i)tl't) — Z (Ct + btxt)
t=R t=R
= Bp — AP

R 2
LA O—E(ét—i—btxt) <0 asP — .

The first term vanishes because E (eifﬁxt) = 0 under Hy, which implies that E (B p) =
E [eﬁfl (ét + Etxt>] = 0. Therefore, the squared error loss-differential tends to be negative

under Hly, resulting in downward bias in size. |

Remark: Since, ateacht = R R+ 1...,T, yry1 = 6&)1 = ¢+ Bta;t + ég)p we have
6&)1 (ét + tht> = 6&)1 (61(t+)1 — ég)l). Therefore

P! ZT:eg.l& (ét + Etxt) = Z €i+1 ( €ir1 gl) ,

t=R

which gives the encompassing test statistic as we see below.



However, the first model is restrictive since the martingale difference (and thus zero-mean)

property of y must be known. CW (2007) relax this restriction by adding a constant term to

Model 1:
. _ (1)
Modell : ypp1=c1+ €141 4)
Model 2 : 41 = co + bxy + egl, )

where ¢; are constant terms for Model 7. Let éﬁr)l = Ys4+1—C1,¢ and éﬁ)l = Yp41—Coy —Etxt, and
) NN

the squared error loss L <é§21> = <é§21> ,© = 1,2. To test for the equal predictive accuracy

of the two conditional mean models, the null hypothesis is Hj as in (3). The test statistic of DM

(1995) is based on the mean squared forecast error (MSFE) differential

- Z [( ) - (éii)l)Z] - ®)

CW (2007) show that even when x has no predictive power, the MSFE loss-differential Dpis
expected to be negative, i.e.: EDp < 0 under Hy as shown below in Proposition 2. Therefore

they introduce a non-negative adjustment term

. 2
Ap = Z( §1+)1 éti1) O

and propose the adjusted MSFE loss-differential

Bp = Dp+ Ap
1 ¢ 9\2 (0 @
= PZ[ - 6t+1) +<et+l_et+1>:|
t=R
. }Di[zé;z(gz )] ®

t

I
=)

which has zero mean under Hj as shown in Proposition 2. CW (2007) use Monte Carlo simula-
tion to demonstrate that ED p < 0 under Hy and thus the size of the DM statistic based on D )
is biased downwards, while the adjusted DM based on B p has zero mean and thus the correct
size.

The DM statisticis DMp = S L2 \/]315 p, Where S 'p is a consistent estimator of var (\/ﬁf) p) .
The CW statisticis ENCp = QP1/2 \FBP, where Qp is a consistent estimator of var (pr)
CW (2006, 2007) show that D M p is under-sized while £ N Cp has proper size (and better pow-

er).



Proposition 2: (a) Under Hy the limiting distribution of ENCp = Q;,l/ *VPB p is standard

normal distribution when limp r_,~, P/ R is large. Hence, EB p = 0. (b) Under Hy, Ebp < 0.

Proof: As Bp = ﬁp + Ap and flp > 0, we have Ef?p > Ebp and hence (a) implies (b) and
it suffices to prove (a). Let limpp oo P/R = 7. For 0 < m < oo, we refer to the Not-for-
publication-Appendix of CM (2001), which gives the asymptotic distribution EN Cp as shown
in Equation (9) below. CM (2001) also point out that for the rolling window scheme with 7 = 0,
ENCp is asymptotically standard normal under Hy. If 7 = oo, the o (P/R) terms may not be
o (1) and hence may not be eliminated in the process of deriving the asymptotic distribution of
ENCp. However when 7 is large, we can show that the distribution of £ NC'p approaches
to standard normal. To see this when P/R is large, Let { = R/(R + P). For simplicity, we
consider the 1-dimensional case, i.e., we have only one additional variable z in Model 2. CM

(2001) give the following equation:
HW(s) = W(s = €)]dW(s)

1
ENCp = Je € ’
IS W () — Wis — P ds

€))

where W (s) is a Wiener process and s € [0,1]. For large P/R, the rolling window scheme
is the limiting case of CM (2001) with ¢ — 0. We can show that this case will restore the

asymptotic standard normality of the N Cp statistic under the null hypothesis, i.e.:

Lo Je €71 W) = Wis — )W (s)

~4 N (0,1). (10)
0 Je [LW(s) — W(s - P ds

We firstly consider the numerator of equation (10) by dividing [0, 1] to n equal segments and let
t = [sn], where [sn] is the integer part of sn and s € [0, 1] . Since £ is sufficiently small, we can
write £ = 1/n. We discretise both the numerator and the denominator. Let {u;}; _, is mixing
sequence with F (u) = 0 and var(u) = 1. Let V; = 3__, u; be the partial sum. Then we have
Vi =3t ui ~ N(0,t) and therefore

Vi Y
vnooovn

Vi (s) = W (s),



where V, (s) is a CADLAG function and W (s) is a Wiener process. Note that

D ww = 0D Vieu -0 Viow
t=1 t=1 t=1
1 1
N /é W (s)dW (s) — /€ W(s — €)dW (s)
1

- /£ (W (s) = W(s — )] dW(s).

Considering the term | 61 [W(s) — W (s — £)]*ds of the denominator, we have

n

n 1
2y u =0y (Vi - Vi) = / W (s) — W(s— &) ds.
t=1 t=1 3
We construct the an AR(1) regression model, regressing {us41} on {u;} :
Upp1 = OUs + €

The estimator & equals (37, ue—1uz) / (37~ u?_;) and the variance & equals

n -1 n -1
(Z ut2_1> var (u) = (Z uf_1> .
=1 =1

Therefore,by using CLT, Equation (10) can be approximated by
1
SHW () = W(s — )] aw (s)
IS () = W(s — ) ds
D U1t

\/ die u?—l

A/ Z?:l ut2—1

=

The DM and ENC test are compared with the CCS test, which is constructed as follows.

Under H, note that we have b = 0. If the model y;41 = 675_121 (CW 2006) or yey1 =1 + €

(CW 2007) is correctly specified, then it should be the case that £ (egfl |xt> = 0, which implies

(1)

E (et el xt> = 0. Therefore we construct the consistent out-of-sample conditional moment test

statistic

T
Mp=P 1Y el a,.
t=R

9



Under H, Mp has zero mean and CCS statistic is CC'Sp = WEUQ\/]SMP, where Wp is a
consistent estimator of var (\/13]\2 p) . Chao, Corradi and Swanson (2001) showed that under

the null hypothesis, the asymptotic distribution of CCSp is standard normal and

Wp = Sy + (7 — 7%/3) F'MSopsMF — /2 (F'MSi2 + S{,MF),

where
Su = Z E (((L%)'@m — 1) (Lwe—j) err1—j — M)/>
po= E((1,2) era)
Sog = Z E ((Yi-1e) (Yie1-jei—j)")
j=—00
Sz = Y E(((La) e — p) (Vi1 jery))
j=—00

F o= EYit1(1,21))

M = lim (%;Y{).

3 Comparing Nested Conditional Quantile Models

3.1 Encompassing Test for Equal Predictive Accuracy

We extend the out-of-sample predictive ability of x; for 4,11 and use the similar notations as
the paper of CW (2006, 2007), and Elliot, Komunjer and Timmermann (2005). One of the
main contribution of this paper is that we find the bias term as shown in Equation (18) . Given

a € (0,1), we compare the two nested quantile models:

Model I : g1 = cra+ ety a (12)
Model 2 : yiy1 = caq + bazt + el(j')lﬂ’ (13)

where ¢; , is the constant for model ¢, x4 is the additional covariate in the second model. Below
the subscript « is omitted for simplicity. At time ¢, both ¢; and b need to be estimated. Let

ft(}r)l = ¢y the forecasts for Model 1 and ft(i)l = ¢y + l;:ct the forecast for Model 2 at time ¢.

10



Also let éﬁ)l = Ytr1 — ft(}r)l and ég)l = Ypr1 — ft(i)l be the forecast errors of the two models,

the check loss function is
pu(62) =0 () e =12 )

where g (z) = [a@ — 1(z < 0)]. If  does not Granger-cause y, then b = 0. To test for equal

predictive accuracy of the two quantile models, the null hypothesis is

Ho i E [po (e3)) = pa (621)] = 0. (15)

If x; Granger-causes ¥ 1, i.e., b # 0, we have the alternative hypothesis
Hi < E [po (e)) = pa (631)] > 0 (16)

The DM statistic based on the check loss-differential is

Dp=rpP" Z [ ( t+1) et—i—l Y (éﬁ)l) éz(j-)l} ) (17)

where R is the number of observations for the in-sample estimation, P is the number of out-of-
sample forecasts, also R+ P =T + 1.

Below we will show that when comparing the first model that does not contain x with the
second model that contains the additional covariate x, under the null hypothesis that = has no
predictive ability, the check loss-differential in (17) is expected to be negative. In other words,
we will show that D P N Ef)p where ED p < 0 under Hy, which will distort the size of the

DM statistic downwards. The following propositions will imply that EDp < 0 under Hy.

Proposition 3: Let

A= P 3 [o (62) — o ()] 2 (18)
t=R

Then, flp > 0.

Proof: To see that Apis non-negative we show that {g (égr)l) —g <égl>] égr)l is non-negative

at each t. We consider four cases: (i) When both ég)l and éii)l are positive, g (eg +)1) =

j+1 j+1
negative, g <€£+)1) =g (égfl) = o — 1 and thus [ (éﬁ)l) —g < 531)} 61@1 = 0. (iii) When
521 < 0and e§+)1 >0, [ (egl) 9( E—l&—)l):| 675-231 =[a—(a—1)] ﬁ)l = éﬁh > 0. (iv)

g <é§-1+)1> = « and thus {g (é@) ) —g (é(-l) ﬂ égl = 0. (i) When both ég_lgl and é§+)1 are

11



~(2 2 1 (2 2 ~(2
Whenngr)1>Oand 2) 1 <0, [ (ng21)_9(€§431)}6£-31:[(04_1)_04]3(421:_‘3;421>

0. Therefore Ap > 0. |

With the adjusted check loss-differential denoted as

S [ () et - () 2] 2 X [ (62) - () )
— Py [o () (-] 19

we consider three standardized statistics to compare the predictive ability of the two nested

il
L

quantile models: First, the DM statistic is DMp = S”;l/ *VPD p and the encompassing statistic
ENCp = Q;l/Q\/?Bp is based on P, where Sp, Qp are the consistent estimators of Sp =

var <\/]3D p) and Qp = var (\/PB p) respectively. We have the following proposition.

Proposition 4: (a) Under the null hypothesis, the asymptotic distribution of ENCp = ngl/ *VPB P

18

Je &1 W (s) = W(s — ] dW (s)
VILE2W(s) =W (s — ) ds

For large P/R, the limiting asymptotic distribution of ENCp is standard normal. (b) Under

the null hypothesis, EDp < 0.
Proof: As A p > 0 from Proposition 3, (a) implies (b). The proof of (a) can be found in the first

part of Section 7. |

We will compare the DM and ENC test with the CCS test for conditional quantile and the
latter one is constructed as follows. Under Hy, we have b = 0. If the quantile model (12) is
correctly specified, then E [g (egfl) \xt] = 0, which implies E [ (ei +)1> ] = 0. Therefore
we construct the out-of-sample consistent conditional quantile test statistic that is analogue to

mean model case:
L~ (0
= 5> g (e (20)
t=R
The CCS statistic CC'Sp = WIZ 1 2\/13M p, Where Wp is the consistent estimator of Wp =

var <\/13Mp>.

12



3.2 Encompassing and Forecast Combination

The purpose of combining forecast is to find the optimal combining weight of the two models
such that the combining forecast error has minimum loss. As more information is given in the
second model, the weight of Model 1 will shrink and we are in favor of the second model. We

consider the following combining forecast:
1 2
ft(j-)l =(1-2) ft(+)1 + )‘ft(+)1 21

where the combining forecast error is

Et41 = Yt41 — ft(i)1 = (1 - )\) ég& + )‘éz(j-)l' (22)

We rewrite the equation above as

él(f-li-)l =A (él(f-li-)l - é§—2i-)1> + 41, (23)

(1) 5(1) (2)

and treat é,/; as the dependent variable and (et Y16 +1) as the regressor, thus ;41 is the

. T T
error term and A is estimated by regressing {égl} 20 { (é&)l - éfBJ } n using quantile
t= t=
regression, i.e., to minimize the expectation of the check loss of €44 1:

A = arg m/\in Epa (€141) - (24)

In the second part of Section 7, we show the first order condition (FOC) of equation (24) gives
the following conditional moment

E g (e) (62 - )| =0, (25)
Under the null hypothesis where the two models have equal predictive accuracy, A can be ar-
bitrary number, however for out-of-sample forecast, “due to the noise (the variance) of the
additional variable in the second model that pushes up the noise” (CW 2006), the out of sample
check loss from the second model is higher than that of the first model. Hence when combin-
ing two models, we are in favor of the first model and endow the second model with zero or
even negative weight. Therefore, A = 0 is a critical value of checking whether two model-
s are equal, in this case, we have égl = e¢+1 and E {g (é&)l> (é&)l — égl)} = 0. Hence
Bp = P! ZtT:R {g <é£1+)1) (ég)l - égr)l)} will converge to zero as P/R is large under Hp,
which is in accordance with Proposition 4. This is an extension of the encompassing test of
Nelson (1972), Mizon and Richard (1986), CM (2001), and CW (2006, 2007), from conditional

mean to conditional quantile.
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4 Simulation Results on Encompassing and Forecast Combination

4.1 Simulation Design

We consider the follow data generating process in quantile Model 1 and Model 2: the additional

variable x; in the second model is an AR(1) stationary process z; = ¢xy—1 + vy, Where |p| <

2

1 and E (v¢|z¢—1) = 0, v; is i.i.d, normally distributed and has zero mean and variance o;.

. . 2
Hence z has zero mean also and variance is 02 = 02/ (1 — qbQ). The error term eg +)1 of the

second model satisfies
E (a ~1 (e,ﬁ?l < o) | xt) -0, (26)

which implies that the g function of 61@1 is a martingale difference series and the conditional

] e of 0@ o .
« quantl €O €t+1 given x; 1S Zero.

In our DGP, we generate egl following normal distributions. To ensure that the a-quantile

of egr)l is zero as required in (26), the error term egr)l should satisfy

E(e?)) @) gty s 27)
Var (eg?gl) o

Therefore, if we set Var (egr)l> = 02, then E (e?&) = —® ! (a)o.. Hence, eg)l will be

simulated from N (—<I>_1 (@) oe, az) . Then {y¢11} is generated from y;41 = co + by + egi)l

and has the mean and variance as follows:

E <e§21> = E(yiy1—c1)=E (02 + by + eﬁ)l — cl) =cy+0—d! (@) oe — 1
Var (eg}gl) = Var (Y41 —c1) =Var <02 + bxy + egl — 01> = bQJg + ag.

Due to the same reason as in (27), under normality for the simulation design, egi)l should satisfy

1
E (ngr)l) - — o~ (a)o, _ g1 (a) (28)
- /122 2 - ’
Var (6&)0 blog +o¢

3If the error term e is normally distributed with distribution function F'(-) and the coefficient of varia-
tion should equal —®~' («) such that the a-quantile of e is zero. Let o be its standard deviation, thus the
mean equals —® ' (@) o. We have F (0) = fi)oo f(e)de = fi)oo ﬁexp [*l £— (-0t (06))}2] de

1 —1
= f:boo (e)e 771702 e /277 4y = ffw () \/#276_“’2/2&11 =3 (" (o) =
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which implies that co—c; = @1 (a) 0. — @1 (a) \/b202 + 2. Note that when b = 0 or when
a = 0.5, we have ¢; = c¢. Therefore, when v # 0.5 and b # 0, we have ¢; # co. Without loss
of generality, we set co = 1, and therefore ¢; = ¢y — [(I)*l (a)oe — @71 () \/W} .
We consider a« € {0.1,0.3,0.5,0.7,0.9}, ¢ € {0,0.95}, 0. € {0.1,1.0}, 0, € {1}, and
be {0,0.1}.

We use the MATLAB package by Roger Koenker to estimate the models. The first model is
estimated by regressing {ys}i:t_ R ON constant term to obtain ¢ 1, where t = R, ..., T. The
second model is estimated by regressing {yS}z:t—R+1 on {1, xsfl}fs:t—R+1 to obtain (éz’t Bt) .
The forecast errors from the two models are égi)l = Y41 — C1¢ and éﬁ)l = Y41 — Cop —
Etxt over the forecast evaluation period at ¢t = R, ...,T. The number of observations for the
rolling windows for estimation are chosen from R € {60,120,240} . Let P =T — R+ 1 €
{48,240, 1200}. From these, we compute the three statistics DMp, ENCp, and CCSp. The
above procedure is repeated 2000 times to find out the Monte Carlo distributions of DMp,

ENCp, and CCSp, and to compute their size and power.

4.2 Simulation Result on Size and Power

The tables and figures below show the Monte Carlo distribution and size and powers of the
ENCp, DMp and CCSp statistics under different settings. We can see that for size and power
of test, DMp has a downward size that is much less than 5% under 5% nominal size, since
DMp has a negative mean. Also both CC'Sp and ENCp statistic have good size under 5%
nominal size, and the distribution are both asymptotically normal especially when P/R is large.
However for smaller P/R ratio, CC'Sp and ENCp may suffer a extremely high kurtosis that
arise from degeneracy problem. Higher signal-to-noise ratio of the second model lead to higher

ENCp?

Tables 1.1-1.8 About Here

Figures 1.1-1.3 About Here

The main findings of these tables and figures are summarized as follows.

4Signal-to-noise ratio is defined as b%c2 / o2 where b is the coefficient of the additional covariate, o2 is the

variance of additional covariate and o2 is the variance of the error term of the second model.
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1. Tables 1.1-1.4: DMp tests have downward size, leading to an undersized problem under
Hy, whereas both ENCp and CCSp test have good size. The size of test of ENCp and

CCSp will approach to the nominal size (10%) for large P/R.

2. Figure 1.1 represents the sampling distribution of D M p has the negative mean under Hy,
while the sampling distributions of £ NCp and CC'Sp seem to be symmetric centered at

zero under Hy, also they approach to standard normal. Note that the pick of the density is

0.4 (~ 1/V2r) at zero.

3. Tables 1.5-1.8 and Figures 1.2-1.3 present the power of test for different b, ¢ and o,.
Figure 1.2 shows the distribution of the three statistics for low b, ¢ and high o.. Figure
1.3 shows the distribution of the three statistics for high b, ¢ and low o. We see that
increasing the signal-to-noise ratio by increasing b, ¢ or lowering o, will lead to higher

ENCp and CCSp, also D Mp test will have a higher power.

4.3 Simulation Result on Combining Forecasts

To see how combining forecast beats any of the models, we consider the out-of-sample average

of the check loss for Model 1 and Model 2:

>
8=
Il
ol =
(]~

a1 (&, <0)] b,

a1 (62, <0)] 2

I
=

>

O

Il
|~
(]~

t

Il
=y

. T
For combining forecast, A is estimated from (23) by running a quantile regression of { éﬁ)l } n
t=

T . <
on { <é£_121 — éﬁ)l) }t:R and ;41 = (1 — /\) ég_lgl + /\égr)l. The out-of-sample average of the

check loss for the combined model is

ol

T
Z { o — 1 8t+1 < 0)] 6t+1}

t=R

(1) ~(2)

Reported in Tables 1.9-1.16 are the out-of-sample average of pg’, pg = and p(c)

as well as the
asymptotic distribution of Ap from the 2000 Monte Carlo simulations. We will use Tables 1.7-
1.11 to show the estimator \ under different configurations and also to show that how combined

forecast beats the two nested models when b # 0. For each R and P we have a block containing
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6 numbers in 2 columns, the first column of the block represent the mean, skewness and kurtosis
of Ap from Monte Carlo simulation, the second column of the block represents the average

check loss ﬁfll) of the first model, /353) of the second model, and p:(f) of the combined model.

Tables 1.9-1.16 About Here

Figures 1.4-1.6 About Here

The main results from Tables 1.9-1.16 and Figures 1.4-1.6 are summarized as follows.

1. Tables 1.9-1.12 and Figure 1.4: Under H, other things equal, the optimal weight of the
second model is increasing as P increases. When P is lower (e.g.: 48), the optimal
weight on the second model is negative, when P is larger (e.g.: 1200), the optimal weight

is approached to 0.

2. Comparing Tables 1.9-1.12 with Tables 1.1-1.4 we see that under the null hypothesis, as
P/R is large, ENCp has the correct size, meanwhile, the average of Ais approached to

0, Both of which imply that we are in favor of the first model under the null.

3. Tables 1.13-1.16 and Figures 1.5-1.6: Under Hj, increasing b, ¢ or lowering o, leads
to higher optimal weight on the second model since the additional variable = gives more
information or “’signal”’. Combined with the analysis of Tables 1.5-1.8, other things equal,
we see that as b increases, the center of the distribution of \ shifts from 0 to 1. Also
similar to (1), other things equal, the optimal weight of the second model is increasing as
P increases. This is because when R is large or P is small, we can predict y.y1 using
the previous information of y up to time ¢, so we endow lower weight of the second
model. While for large P and small R, the previous y up to time ¢ does not contain full
information therefore can not completely predict ;1 1, hence we need to rely on additional

variable z to predict y.t1, thereby increasing the weight of the second model.

4. Tables 1.9-1.16 and Figures 1.4-1.6 conclude how the gradual change of signal-to-noise
ratio affects the weight of the second model. We see that when “noise” o, of the second
model decreases, both the power of ENC'p and the the average of X increase to 1, which

implies that we are in favor of the second model.
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5 Predictive Quantile Regression for the Equity Premium

We apply the three statistics to the Goyal and Welch (2008) study and construct nested quan-
tile models to test if dividend-yield ratio (DY) or dividend-price ratio (DP) Granger-causes the
equity premium. The dividend-yield ratio at time ¢ is defined as the most recent dividend at ¢
divided by stock price at time ¢, the dividend-price ratio at time ¢ is defined as the most recent
dividend at t — 1 divided by stock price at time ¢. The two nested quantile models are as shown
in (12) and (13), where y;11 is the equity premium and z; is the dividend-yield ratio or the
dividend-price ratio. We use monthly data ranging from 1926 to 2011, containing 1032 obser-
vation for both DP and DY models. In the first model, we only have a constant term, therefore
at time ¢, we predict the future equity premium by solely using the c-quantile of previous R
observations of the equity premium from time ¢ — R + 1 to . In Model 2, we use the 1-lag
dividend-yield ratio or dividend-price ratio to forecast the equity premium in the next month.
See Goyal and Welch (2008) for more on data descriptions. We intend to check if two nested
models have the same predictive accuracy under nine quantiles with « € {0.1, 0.2, 0.3, 0.4,
0.5, 0.6, 0.7, 0.8, 0.9}. We use rolling windows scheme and the total number of observations
is 1032. The in-sample observations ranges from 258 (R/P = 1/3) to 774 (R/P = 3/1). The
red line represents D M p under different allocation of R and P. The thick blue line and dotted

line represent 2N C'p statistic and C'C'Sp statistic respectively.
Figures 1.7-1.8 About Here

We conduct the analysis using the asymptotic normality and also using the bootstrap distri-
bution. The horizontal lines represent 90% and 95% percent confidence interval, corresponding
to +1.282 and +1.96. We find that for all figures. the £ N Cp have the highest power. Also by
comparing ENC'p with DMp, we find that (i). ENC'p lies above DMp almost everywhere.
When ENCp falls into 90% or 95% confidence interval, DMp is negative. By comparing
ENCp with CCSp, ENCp has better power. (ii). The three statistics vary depending on the
in-sample to out-of-sample ratio. When R is small, for example. R = 258 or 516, both DY and
D P Granger Causes the equity premium under 5% or 10% significant level. When R is large,
for example, R = 774, we find that both ENCp and C'C'Sp are in the 90% and 95% confidence

interval for a = 0.3, 0.5 and 0.7. This is because when R is small, we are unable to account
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for the y;11 by solely using the previous y up to time ¢ since the information available is scarce,
therefore we need to exploit the property of additional variable z. In this way, = has predictive
power and both ENC'p and D Mp lie above the upper bound of the confidence interval. As the
number of in-sample observations increases, the previous y has contained rich information and
can be used for forecasting and weakens the predictive power of z. Therefore large R leads the
ENCp curve fall into the confidence interval for o = 0.3,0.5,0.7. (iii). For tail cases such as
a = 0.1 and a = 0.9, we see that the ENC'p curve lies above the upper bound of 90% or 95%
confidence interval. the reason is that for tail cases, there are scarce y lying above or below the
historical quantile up to time ¢, hence we still need to rely on additional variable when making
the forecast, i.e.: the additional variable = has power even for large P. This can not be observed
using mean regression.

To see how the combining forecast beats any of the models and the relationship between the

combination factor and £NCp for different P and R, we do the following procedures:

1. Obtaining the empirical data that contains 7' = R + P observations.

2. Doing the quantile regression of the two models and obtaining the forecast errors égi)l =

Yir1 — ft(}r)l and ég)l = Ypi1 — ft(i)l fromt = RtoT.

3. The optimal combination weight A\ is solved using the following quantile regression

ég_lgl =A (ég_lgl — ég?:l) + &¢41, fort = R, ..., T and then calculate {st+1}tT:R .

4. Compute the average of the check loss from forecasting of the first model pg) , the average

of the check loss from forecasting of the second model ,053) and the average of the check

(c)

loss from forecasting of the combined model p’ defined in the previous section.

Table 1.17 About Here

We have different R and P in Table 1.17, which reports 5\, pg), p,(f), p((f) under 5 quantiles:
a € {0.1,0.3,0.5,0.7,0.9}, The number of in-sample observation R to the number of out-
of-sample observations P are (R, P) = (258,774), (516,516), and (774, 258) with R/P =
1/3,2/2, and 3/1. Table 1.17 shows how combination factor A changes with different R and P.
We see that for small R and large P (column 1 to column 4), the weight on the second model

is greater than 0.5, also the average of the check loss from the second model is lower than that
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of the first model for both DY and DP. While for large R and small P, column 9 to column 12
show that the weight on the second model is around O or even negative when « is 0.3, 0.5 and
0.7, however for tail cases such as & = 0.1 and 0.9, we still have higher A Taking into account
of column 5 to 8, we conclude that when « is not at tail, the optimal weight on the second
model will decrease as R increase since more information of previous y is available to use for
forecasting. However for tail cases, even for large I, we may still have higher optimal weight
on the second model.

Steps 1 to 4 above give the procedure of finding the optimal weight A under given R and P.
We are also interested in exploiting the confidence interval of A, testing if A = 0. For example,
in Table 1.17, we see that under « = 0.9, R/P = 3/1, A= 0.41, we are interesting in finding
the confidence interval. To do this, we follow the bootstrap method for quantile model by Feng,
He and Hu (2001) to find out the distribution and bootstrap confidence interval of ) as well as

the bootstrap t-statistic of . We do the following steps:

1. Obtaining the empirical data that contains 7' = R + P observations.

(1)

2. Doing the quantile regression of the two models and obtaining the forecast errors ;') =

Yirl — ft(}r)l and ég)1 = Yry1 — ft(i)l fromt = RtoT.

3. The optimal combination weight )\ is solved using the following quantile regression

ég)l =A (égl — ég)l) + €141, fort = R, ..., T and then calculate {5t+1}tT:R .
T
4. Fixing {égl — ég)l} . we obtain the B = 1000 bootstrap samples. For each boot-
t=

strap, we draw randomly from {5t+1}f: r With replacement, and denote them by 3, 4,
€Rig» - - - Ep and generate é&)l* =\ (égl - égl) + & fort = R,..., T, following
Feng, He and Hu (2011), where &}, = w11 ‘Efﬂ‘ and w; is the weight mentioned
below. By replicating the regression B times we get Mf, where b = 1, ..., B. Let

A =p1 25:1 5\2 Lett = E (5\ - )\) is the bias of \. The bootstrap estimator of the
bias 7 is (; — 5\) and the bias-corrected estimator of \ is given by M= A— (? — 5\> =

A~ T N A =\ 2
2\ — A*. The bootstrap standard error of Ais 0 = \/B—1 25:1 ()\g - /\*) .

5. Finding the #-quantile and (1 — #)-quantile of the bootstrap value from { ) 1 5\3 e S\*B}

and denoting them by 5\5 and 5\{_9, the (1 — 26) of confidence interval of A would be
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(25\ — 56{_9, 2\ — X;) We will report the bias-corrected X and the estimated standard
error ¢ from step 4, the 90% and 95% confidence interval from step 5 by setting 6 = 0.025

and 0.05.

The bootstrap procedure is different from that in GCM, see Inoue and Kilian (2005). We
follow Feng, He and Hu (2011) to construct the weight w;, the first method is the two mass
distribution with probability o and 1 — « at point 2« and 2 (1 — «) respectively. The second
method is to follow the section 3 of Feng, He and Hu (2011), called two-part continuous weight
distribution and w follows

—kw (—2a — 1/ (4k) <w < —2a+ 1/ (4k))
fw) = . (29)
kw (2(1—a)—1/4k <w < 2(1 —a) + 1/4k)
We need to be cautious for the tail cases of equation (29) since the method is applicable for
1/(8k) < a <1—1/(8k). In the paper of Feng, He and Hu (2011), they take £ = 1, which
will lose some tail case for « < 1/8 or « > 7/8. Therefore in our bootstrap, we set up & = 2 and
4 such that the bootstrap enables us to check the 10% and 90% quantile case. When k — 400,

the distribution of the weight w approaches to the two point mass weight distribution.

Tables 1.18-1.20 About Here

Comparing confident interval of A* from the bootstrap result in Tables 1.18-1.20 with Fig-
ures 1.7 and 1.8 that depict the how different R and P as well as a impact the three statistics, we
see that the bootstrap evidence and empirical results are consistent, which implies that under Hy,
by using the bootstrap method, we can not reject that A = 0. Specifically, in Tables 1.18-1.20,
when R: P =1:3o0r1:1 we can see that 0 is not contained in the 90% or 95% bootstrap
confidence interval of \* for all the five quantile values, meanwhile Figures 1.7 and 1.8 show
that the ENC'p is above 1.645 (or 1.96); When R : P = 3 : 1, we see from the Tables 18-20
that O lies within the 90% or 95% bootstrap confidence interval. Meanwhile, from the Figures
1.7 and 1.8, ENCp is in the £1.645 (or £1.96) when o € {0.3,0.5,0.7}. However for tail
cases a € {0.1,0.9} the lower bounds of 90% or 95% bootstrap confidence interval of A* are

above 0 from the tables and correspondingly, £ N Cp is above 1.645 (or 1.96).
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Using Tables 1.17 and 1.18-1.20, we can calculate the t-statistic using 5\/ o and compare
it with ENCp, In Table 1.21, & is chosen from two point mass weight distribution shown in
Table 1.20. We report the t-statistic using bootstrap method under five different quantiles in
Table 1.21.

Table 1.21 About Here

Comparing Table 1.21 with Figures 1.7 and 1.8, we see that the t-statistic of the optimal weight A
and EN Cp are highly positively correlated, e.g.: For small R and large P, suchas R/P = 1/3,
ENCp lie between 5 and 10 for o € {0.1,0.3,0.5,0.7} and between 2 and 3 for « € {0.9}.
Accordingly, the t-statistic of the optimal weight \ are greater than 5 for o € {0.1,0.3,0.5,0.7}
but only 3.6 for &« = 0.9. For large R and small P, such as R/P = 3/1, we see that both
ENCp and the t-statistic of the optimal weight A falls into 90% or 95% nominal confidence
interval for a € {0.3,0.5,0.7}, however for & € {0.1,0.9}, for both DP and DY models, the
t-statistic of the optimal weight A are around 2.5 and 5 respectively, and ENCp are above 1.96,

both of which imply that the DP or DY ratio has predictive power.

6 Conclusions

This paper is the extension of Clark and West (2006, 2007) from nested mean model comparison
to nested quantile model comparison. The contributions contain the following: Firstly we point
out that similar to Granger-causality in Mean models, due to the parameter estimation error,
the Diebold Mariano test for nested quantile models also has negative mean and distort the
size downward. Secondly, enlighten by Clark and McCracken (2001), Clark and West (2006,
2007), we find out a non-negative adjustment term as shown in Equation (18) that pushes up
the Diebold Mariano test from negative mean to zero mean, the adjusted Diebold Mariano test
is also the encompassing test. What is more, we show that after adding the adjustment term
on unadjusted check loss-differential, our test has zero mean and good size. Also we point
out that under alternative hypothesis, our test has good power, which increases with higher
signal-to-noise ratio. We apply our test to Goyal-Welch Study data to check if the additional
variable (dividend-price ratio or dividend-yield ratio) Granger Causes equity premium under

different quantile. We find that the our test improves the predictive accuracy compared with
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DM test, also the empirical results using our test are consistent with the findings using bootstrap
method. We see that when the out of sample observation P is large, FNC'p has high power
when detect the predictive ability of the predictor for the quantiles of the equity premium, we
have high bootstrap t-statistic of the optimal weight of the second model, which is greater than
2, meanwhile the 90% or 95% confidence interval of the optimal weight of the second model
is greater than 0. Note that when R is large, we have relatively smaller P = T'— R + 1 and
thus we have the smaller power of N Cp as depicted in the figures as well as smaller bootstrap
t-statistic. The predictive ability of the dividend-yield is generally stronger in tail quantiles with

a € {0.1,0.9}, which can not be detected using mean regression.

7 Appendix

This appendix collects two derivations. Part 1 is the proof of proposition 4(a) in Section 3. Part

2 is the derivation of the first order condition (25) for (24).

7.1 Proof of Proposition 4(a)

1 2 A(1 . 5
Under Hy, 6§+)1 = eEJr)l = e;4+1. We have defined 6§+)1 = Yit1 — Clt = Yi+1 — xﬁ,tﬂl,t and
éﬁ’l =Ypy1 — Cot — by = Ytr1 — $/2,t/§2,t’ where x’ljt =1and *73,2,t = (1, x¢). We also define
Qit = xi,tx;’t and B; = E [¢; ] where i = 1, 2. Therefore B; = 1 and

-1 -1
1 0 1 0

0 E(a) 0 o7/ (1-¢7)

hiy = [f (0)] " [a 1 (eg” < o)} .

The estimated parameter Bi,t (t=1,2,3...R)following the Bahadur Representation
VR (Bie = 8.,) = VEIB; (t) H; () + Res (1))
1\ -1
where B; (t) = (R_ Zj:t—R—i—l Qi,t> and

t
Hi(t)=R™" Y hiy Res(t) = O(R™*/**)
j=t—R+1

23



where £ > 0. Hansen (Ch13, 2013) shows that
Py ~ N (0[£(0))] 2a(1-a)By),

and by central limit theorem
t
VRIR S hyy| ~N (o, [F (0] 2a(l—a) Bg) .
j=t—R+1

Now define 02 = [f (0)] (1 — @) . Let k; = 1 the number of parameters to be estimated in
the first model and ko = 1 the additional number of parameters to be estimated in model 2. Let J
be a selection matrix (1,0) such that Jha; = hy ;. Let sup, denote sup;_ g1 <.<; - And matrix
A and C will defined later and hoy = 0L A'CBY *hyy, Hy (t) = o~ A'CBY*H, (t) . For
any m x n matrix A with element a; ; and column vector a;. Let vec (A) denote mn x 1 vector
[a’lyaémag]/ and let | A| denote max; j |A4; ;| . Let W (s,2) denote one-dimensional Brownian
Motion with covariance kernel 2 and let W (s) denote the same when 2 = 1. The sequence U

defined similar to H; (t) . Let

Up = [[f (0)] " g(er),ah, — E (25,

and

vec (BZIJLIQ,t —E (B27t557t)>/ ,vec (g — E (qg,t))/}/
Then we have E (Uy) = 0,E (¢24) < o0 is p.d. and E (g2 (¢;)) = o2. Define Uy the nonredun-
dant elements of Uy, then R~'E (Z;ZFRH Uj> (Z;ZFRH f]j), = Q < oo is p.d. We also

define limp g0 P/R =mand { = (1 + 7r)71 . We have the following lemmas.

Lemma 1. For each i = 1,2, we have sup, /% |U| = O (1).
Proof: Note that T'/2U (t) = T2 37, ., U;. Recall that || denote the maximum norm

and hence we have |U (t)| = ‘U (t)‘ and hence
t ~
sup T2 |Uy| = (T/R)sup | T—/? Z U;
t t ,
j=t—R+1

By assumption that 7'/ R is bounded even if we may have large P and small R. Given Corollary

29.19 of Davidson (1994) we know that

¢
12\ s ~1/2 o e1/2 =
T Zj:t—R+l vi = T Z Uj-T J



Lemma 2. Fori = 1,2, 3", h; ,B; (t) H; (t) = >, hi  BiH; (t) + o (1).
Proof: We need to show that }, A, (B; (t) — B;) H; (t) = o (1) . Note that

Zt h;,t (B; (t) — B;) H; (t)
T-1/2 Zt (T/R) vec[TY? (B; () — B))] & (Tq/zhi’lt ijt,R+1 hm‘) |

where the term S, (T/R) vec[TV/2 (B; (t) — By)] @ (T—l/th DA hi,j) is O (1) fol-
lowing 3.1 of Hansen (1992). |

. —-1/2 —1/2 00
Lemma 3. Let M = —J/B1J + By. We can verify that Q = B, '“MB, = ,

01

which is an idempotent matrix with rank 1. Define matrix A = (0,1)’ and C=1I3y2 Then

@ = CAA'C. We have the following result
t - -
(Cl). T_1/2 Zj:t_R+1 h2,j2’ héd — Il><1
t -
b TN ey €W ()= W (s - €)

Proof: (). Note that E (hs;) = E (071 A'CBy/*hy, ) = 0 and

Var (T—1/2 Z;:t—RJrl ﬁg,jﬁ’lj)
= 7! (O'_IA/CB;/Q) (Zj»:tfRJrl Var <h27jh/27j)) (O-—IA/C,B%/Q)/
= o7? (A/C'B%/Q) (0232—1) (A/CB%&)’
= ACB,”B;'B,*C'A

= A/CC/A =Tr (C/AA/C) =Tr (Q) = Il><1-
Then

t -
T—1/2 Z h?j
j=t—R+1

t—R ~

t -
= 172 ijl hoy =112 ijl h2,j

= W(s)—W(s—=¢).
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Lemma 4. Show that 3=, Hj (t) o1 —¢ €71 [ [W(s) = W (s — £)]dW (s), where Y,
denotes Z;zt_ R (similarly hereinafter).

Proof: We note that

S Hy (£ hoa = ;[Z ( 1/22J T 1/222 I:h/’ ) (T1/2E2,t+1>]-

Using T/R = ¢! and the continuous mapping theorem we have
TN By = W), TN R = W(s - )
and T71/2ﬁ21t+1 — dW (s) can we finish the proof. [ ]

Lemma 5. Show that 3, Hj (t) Ha (t) —4 £72 [/ [W(s) — W (s — £)]dW (s).

Proof: We note that
Zt H (t) Hy (t
1 T, —12\ 3 —12 N\ R /
FEE (X (1 S
12N G 1N TR
x (T S ey Y )]
By using Lemma 4 and the fact that 1/7" =ds. We have the proof. |
A(1) s 52 _ 2 (1) T
Lemma 6. Show that Y, g (&, | (&0, — &1 ) = 0% >, Hy (t) har1 +o(1).
Proof: We notice that
A(1 1 5
g+)1 = ez§+)1 95,1,1: (ﬁl,t - ﬁl,t)
and
(2 2 5
§+)1 = €§+)1 h 4 (52,t - ,82,t) .

Under H, ei +)1 = eg +)1 = e;41. Recall that

VR (B = 8.0) = VRIB () Hi (1) + R (1))
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Then we have the following equation

Ztg (é?l) (ég}k)l - éz@l)
= Ztg (ég-l&) {37/215 (52 t— 52,t> -, <Bl,t - ﬂl,t):|
3 o) 0 (1) - (62 s - ) s (- )

= Zt[_h/l,t—HBl (t) Hy (t) + hy 1 Ba (t) Ha (1)) +

Term(A)

2 Lo (@) o ()] [ohe (Boe — ) ~oi (Bue 51

Term(B)
= Zt[_hévt"'l J/Bl (t) JHQ (t) + h/27t+1Bz (t) H2 (t)] + Term (B)

= zt[—hé,t+1J/Bl<]H2 (t) + hy 1 Ba (t) Ha (t)] + Term (B) 4 o(1)

= Zt[h’Q,HlMHQ (t)] 4+ Term (B) .

We need to show that the second term (B) is o (1) . We consider

2o (%) =0 ()] [ (Boe = 62
and

3 [ (@) o ()] [ (e =) |
Knowing that e%_lgl — ei_lgl = a:lt <51,t — 51,t) ~ O (R*1/2) Therefore if g <e§+)1> and
g (eg +)1> have different values, egl and égl must scatter at the opposite sites of the origin.
Using Chebyshev’s Inequality we know that P (g (égl) #g (SSF)J) < O(R™1). Similar to
the proof by Davidson (1994) and Theorem 3.1 of Hansen (1992),

’Z { (6&)1) (et-i—l)} [m 2,t (th - 52,t>”
Z ’g <€t+1) - <et-1',-)1>‘ T4 (52,t - 52,15)) ~o(1)

Similarly, >, [g (éﬁr)l) -9 (egl)} [x’lt (Bl,t — ﬂl,tﬂ = 0(1) . Therefore by Lemma 3 and
the definition of A, and Hy (t), we have Y, [hb M Hy (t)] = 03, H} (t) hotir. W

2 ~ ~
Lemma 7. Show that 37, [g (¢, ) (el — 2 )] = o4 0, 5 (8) 2 (1) + o (1),
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Proof: The proof is similar to Lemma 6. We have

5, o (62 (et -ei2)]
Zt {9 <é§21> {wlzt </32,t - 52,t) — o <Bl,t - Bl,t)} }2
5 (o (ebn) 0 (52) = (el2)] o (B = ) = s (B = )]}

-3 {[—ha,tHBl (t) Hy (1) + h/2,t+1B2 () Ha (8)}* + 0 (1)

= > HI () By () hugahl oy By (0) Hi () + ) Hy (8) By (1) haahiy 1 Ba (1) Ha (1)
—22 Hy () By (t) h1p+1ho,+1 B2 (t) Ha (t) + 0(1)

SN A( (hlmhlm)Bl()H1 (t)
+Z H) (t (h2 t+1h 141) B2 (t) Ho (1)
~2) " Hi(t E (h141hh4q1) Ba (t) Ha (t) +0(1). (30)

Note that E (hoss1hb 1) = 0?By ', E (hygpihh,yy) = 02JBy " E (hygsrh) ) =

02J By 'J'. Therefore we have

and

> Hi ()
- QZ H (t
- QZ HY (t

> H(®)
- 22]{2

2, Hi)
= QZ H} (t
= 22 HY (t

E (h1t+1h 441) B (t) Hi (1)
)B1Hy (t) +0(1)

)J'BiJH; (t) 4+ 0(1),
E (hatt1ha 1) Ba (t) Ha (t)

) BaHs (t) +0(1),

(hl t+1h2 t+1) By ( )HQ (t)
t)J'By (JBy') BoHa (t) +0(1)

(t)J'B1JH;y (t) +0(1),
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and Equation (30) equals
’ZZ H (t) J'ByJHy (t +02Z H} (t) BoHy (t)
—20—22 Hy (t) J'B1JHa (t) + 0 (1)
— 022 H, (t) [=J'B1J+Bs] Ha (t) +0(1)

= 0> H(t) MHy (1) +0(1)

= o> Hj(t) By*CANCBY*Hy (t) + 0 (1)

— a4ztﬁf§(t)lfl2 (t)+o(1).

Based on Lemmas 4-7, we have

Zt‘g (égr)l) (ég-lk)l - éi—?l) = 22 H' (t) hae1 +0(1)
Zt [g (6&)1) (é§+)1 - eﬁ)lﬂ = o Zt HY (t) Hy (1) +0(1).

Also PC? ~ O (P~!), where C' = P! {Et g (égl> (%&31 Aﬁ)lﬂ . Therefore

ENCp = Qp'*VPBp
>0 9 (ég-lr)l) (eg—lr)l - e£?1>
2 _
\/Zt et+1 6&)1 - éfi-)l)} — PC?
€ LW (s) — W (s — )] dW(s)
NG [W(s) — W (s — €)] dW (s)
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7.2 The First Order Condition of Equation (24) is Equation (25)

Let po (€441) = [a -1 ((1 - ) égl + )\égr)l < 0)} ((1 —-A) é&)l + Aég?gl) . In this section
we show that the first order condition of Ep, (£/41) is equation (25). Let A € A the solution
and.let AY = {)\ eA(1-N) égl + )\égi)l = 0} . Therefore Ep,, (£4+1) is differentiable at
A € A\A®. Assume that Ep, (g,41) < oo so that we can exchange integral and derivative

symbols.

;)\Epa (et+1)
= DB {Ep () 1)
= B {Epa () 1)
_E (;’Apa (coi) X E[1 (A € A\AY)] m)
+E (;Apa (et+1) x E[1 (X € A?)] m) : 31)
Since 1 (A € A%) = 0 has zero measure, we have E [1 (A € A?)] = 0, the second term is of

equation (31) is zero and thus Ep,, (g¢+1) is continuous and differentiable at A € A\AO. a.e.

Following Elliott, Komunjer and Timmermann (2005), we have
0
ﬁEpa (et+1)
0 (1 (2 (1 (2
= E [_8)\1 ((1 — N e+ e < 0)] [(1 — e + )\€§+)1}
(1 (2 0 (1 (2
E o -1 (1= N +xedy <0)| xS [a-vel el

where 9/0\ [1 ((1 - ) ég1 +Aé7, < 0)} is the Dirac function, which is not equal to O for
A € A°. Therefore

9 RE IWAC) NEOIWNE)
. { [_6)\1 ((1 —A) e+ G < 0) % [(1 ~ A AL } =0
and

aaAEpa (cer1) = E { [a 1 ((1 el e, < o)} x ;A [(1 a4 Aéfgl} }
{

= E [a -1 ((1 — A e AT < 0)} <é£-2&-)1 - ég-ll-)l)} :
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Table 1.1: Size of test under nominal level 0.05,¢co =1,6=0,¢=0,0, =1

P =48 P =240 P =1200
Repeat = 2000 DMp ENCp CCSp DMp ENCp CCSp DMp ENCp CCSp
R=60 0.013 0.049 0.043 0.001 0.053 0.051 0.000 0.071 0.048
a=01 R=120 0.041 0.068 0.045 0.002 0.049 0.061 0.000 0.056 0.038
R =240 0.046 0.065 0.041 0.010 0.050 0.055 0.000 0.050 0.052
R=60 0.011 0.043 0.057 0.001 0.054 0.058 0.000 0.086 0.056
a=03 R=120 0.024 0.045 0.057 0.001 0.045 0.052 0.000 0.063 0.053
R =240 0.024 0.047 0.056 0.008 0.036 0.046 0.000 0.048 0.049
R=60 0.006 0.039 0.048 0.001 0.054 0.058 0.000 0.086 0.056
a=05 R=120 0.017 0.042 0.066 0.003 0.036 0.053 0.000 0.059 0.048
R =240 0.025 0.044 0.060 0.005 0.033 0.049 0.001 0.052 0.059
R=60 0.012 0.045 0.056 0.002 0.050 0.055 0.000 0.086 0.052
a=07 R=120 0.024 0.050 0.055 0.002 0.033 0.054 0.000 0.057 0.053
R =240 0.029 0.053 0.058 0.006 0.033 0.053 0.001 0.059 0.062
R=60 0.018 0.054 0.043 0.001 0.056 0.049 0.000 0.065 0.043
a=09 R=120 0.032 0.061 0.035 0.003 0.046 0.051 0.000 0.063 0.050
R =240 0.038 0.054 0.043 0.010 0.052 0.063 0.001 0.046 0.050

Notes: The tables show the size of DMp, ENCp and CCSp test under 5% nominal size
from Monte-Carlo Simulation of 2000 times. We have five quantiles: 0.1, 0.3, 0.5, 0.7 and 0.9.
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Table 1.2: Size of test under nominal level 0.05,¢co =1,b=0,¢ =0, 0. = 0.1

P =48 P =240 P =1200
Repeat = 2000 DMp ENCp CCSp DMp ENCp CCSp DMp ENCp CCSp
R=60 0.013 0.048 0.043 0.001 0.053 0.051 0.000 0.070 0.048
a=01 R=120 0.041 0.067 0.045 0.002 0.049 0.061 0.000 0.057 0.038
R =240 0.046 0.065 0.041 0.010 0.050 0.055 0.000 0.050 0.052
R=60 0.010 0.044 0.057 0.001 0.054 0.058 0.000 0.087 0.056
a=03 R=120 0.024 0.045 0.057 0.001 0.045 0.052 0.000 0.063 0.053
R =240 0.024 0.047 0.056 0.008 0.036 0.046 0.000 0.048 0.049
R=60 0.006 0.040 0.048 0.001 0.054 0.058 0.000 0.087 0.056
a=05 R=120 0.016 0.042 0.066 0.003 0.036 0.053 0.000 0.059 0.048
R =240 0.024 0.044 0.060 0.005 0.033 0.049 0.001 0.051 0.059
R=60 0.012 0.046 0.056 0.002 0.050 0.055 0.000 0.086 0.052
a=07 R=120 0.024 0.050 0.055 0.002 0.033 0.054 0.000 0.056 0.053
R =240 0.029 0.053 0.058 0.006 0.032 0.053 0.001 0.059 0.062
R=60 0.018 0.055 0.043 0.001 0.056 0.049 0.000 0.065 0.043
a=09 R=120 0.033 0.061 0.035 0.003 0.045 0.051 0.000 0.063 0.050
R =240 0.037 0.054 0.043 0.010 0.052 0.063 0.001 0.045 0.050

Notes: The tables show the size of DMp, ENCp and C'C'Sp test under 5% nominal size

from Monte-Carlo Simulation of 2000 times. We have five quantiles: 0.1, 0.3, 0.5, 0.7 and 0.9.
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Table 1.3: Size of test under nominal level 0.05,co = 1,6 =0, ¢ =0.95,0, = 1

P =48 P =240 P =1200
Repeat: 2000 DMP ENCP CCSP DMP ENCP CCSP DMP ENCP CCSP
R=60 0014 0.079 0.077 0.000 0.059 0.047 0.000 0.069 0.035
a=01 R=120 0.032 0.068 0.087 0.003 0.054 0.050 0.000 0.055 0.043
R =240 0.050 0.075 0.102 0.004 0.041 0.051 0.000 0.044 0.037
R =60 0.008 0.048 0.050 0.000 0.048 0.032 0.000 0.077 0.039
a=03 R=120 0.018 0.045 0.060 0.001 0.040 0.045 0.000 0.058 0.040
R =240 0.028 0.046 0.063 0.006 0.034 0.043 0.000 0.051 0.053
R =60 0.009 0.032 0.045 0.000 0.048 0.032 0.000 0.077 0.039
a=05 R=120 0.018 0.042 0.055 0.001 0.033 0.047 0.000 0.053 0.046
R =240 0.022 0.039 0.054 0.003 0.034 0.050 0.000 0.034 0.052
R=60 0.012 0.041 0.039 0.001 0.056 0.037 0.000 0.073 0.036
a=07 R=120 0.021 0.042 0.049 0.002 0.049 0.046 0.000 0.066 0.048
R =240 0.019 0.040 0.054 0.005 0.037 0.058 0.000 0.055 0.045
R=60 0.021 0.074 0.075 0.000 0.060 0.038 0.000 0.072 0.037
a=09 R=120 0.033 0.084 0.101 0.002 0.054 0.045 0.000 0.055 0.050
R =240 0.053 0.082 0.101 0.004 0.044 0.046 0.000 0.055 0.046

Table 1.4: Size of test under nominal level 0.05,co = 1,b =0, ¢ = 0.95, 0, = 0.1

P =48 P =240 P =1200
Repeat = 2000 DMp ENCp CCSp DMp ENCp CCSp DMp ENCp CCSp
R=60 0.014 0.078 0.077 0.000 0.060 0.047 0.000 0.069 0.034
a=01 R=120 0.032 0.068 0.087 0.003 0.054 0.050  0.000 0.056 0.043
R =240 0.050 0.075 0.102  0.005 0.041 0.051 0.000 0.044 0.037
R =60 0.008 0.048 0.051 0.000 0.048 0.032  0.000 0.077 0.039
a=03 R=120 0.019 0.045 0.060  0.001 0.040 0.045 0.000 0.058 0.040
R=240 0.028 0.046 0.063 0.006 0.034 0.043 0.000 0.051 0.053
R =60 0.008 0.032 0.045 0.000 0.048 0.032  0.000 0.077 0.039
a=05 R=120 0.017 0.042 0.055 0.001 0.033 0.047 0.000 0.052 0.046
R=240 0.022 0.039 0.054  0.003 0.034 0.050  0.000 0.034 0.052
R =60 0.012 0.041 0.039  0.001 0.056 0.037 0.000 0.073 0.036
a=07 R=120 0.021 0.042 0.049  0.002 0.049 0.046  0.000 0.066 0.048
R =240 0.019 0.040 0.054  0.005 0.037 0.058 0.000 0.055 0.045
R=60 0.021 0.074 0.074  0.000 0.060 0.038 0.000 0.072 0.037
a=09 R=120 0.033 0.085 0.101 0.002 0.054 0.045 0.000 0.055 0.050
R=240 0.052 0.080 0.101 0.005 0.044 0.046  0.000 0.055 0.046
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Table 1.5: Power of test under nominal level 0.05,co =1,b=0.1, ¢ = 0.95,0, =1

P =48 P =240 P =1200
Repeat = 2000 DMp ENCp CCSp DMp ENCp CCSp DMp ENCp CCSp
R=60 0.067 0.244 0.167 0.046 0.523 0.484 0.047 0.972 0.995
a=01 R=120 0.127 0.317 0.218 0.184 0.687 0.603 0.537 0.996 1.000
R =240 0.185 0.349 0.251 0.325 0.783 0.675 0.870 1.000 1.000
R=60 0.080 0.321 0.239 0.148 0.760 0.699 0.411 0.999 1.000
a=03 R=120 0.161 0.407 0.313 0.346 0.869 0.808 0.929 1.000 1.000
R =240 0.183 0.443 0.327 0.519 0.930 0.876 0.994 1.000 1.000
R=60 0.088 0.341 0.262 0.148 0.760 0.699 0.411 0.999 1.000
a=05 R=120 0.172 0.447 0.334 0.425 0.901 0.856 0.954 1.000 1.000
R =240 0.217 0.493 0.369 0.566 0.943 0.898 0.995 1.000 1.000
R=60 0.079 0.315 0.227 0.153 0.778 0.711 0.414 1.000 1.000
a=07 R=120 0.138 0.397 0.288 0.379 0.880 0.849 0.934 1.000 1.000
R =240 0.200 0.457 0.339 0.526 0.922 0.870 0.989 1.000 1.000
R=60 0.063 0.247 0.180 0.053 0.530 0.482 0.039 0.973 0.991
a=09 R=120 0.130 0.319 0.217 0.183 0.678 0.622 0.555 0.998 0.999
R =240 0.193 0.339 0.256 0.332 0.783 0.684 0.885 0.999 1.000

Notes: The tables show the power of DMp, ENCp and C'C'Sp test under 5% nominal size

from Monte-Carlo Simulation of 2000 times. We have five quantiles: 0.1, 0.3, 0.5, 0.7 and 0.9.

37



Table 1.6: Power of test under nominal level 0.05, co = 1,6 = 0.1, ¢ = 0.95, 0. = 0.1

P =48 P =240 P =1200
Repeat = 2000 DMp ENCp CCSp DMp ENCp CCSp DMp ENCp CCSp
R=60 0.990 1.000 0.804 1.000 1.000 0.999 1.000 1.000 1.000
a=01 R=120 0.993 1.000 0.790 1.000 1.000 0.992 1.000 1.000 1.000
R =240 0.995 1.000 0.771 1.000 1.000 0.980 1.000 1.000 1.000
R=60 0.999 1.000 0.900 1.000 1.000 1.000 1.000 1.000 1.000
a=03 R=120 0.998 1.000 0.928 1.000 1.000 1.000 1.000 1.000 1.000
R =240 0.999 1.000 0.938 1.000 1.000 1.000 1.000 1.000 1.000
R=60 1.000 1.000 0.912 1.000 1.000 1.000 1.000 1.000 1.000
a=05 R=120 1.000 1.000 0.945 1.000 1.000 1.000 1.000 1.000 1.000
R =240 0.999 1.000 0.975 1.000 1.000 1.000 1.000 1.000 1.000
R=60 0.999 1.000 0.893 1.000 1.000 0.999 1.000 1.000 1.000
a=07 R=120 1.000 1.000 0.927 1.000 1.000 1.000 1.000 1.000 1.000
R =240 0.999 1.000 0.942 1.000 1.000 1.000 1.000 1.000 1.000
R=60 0.992 1.000 0.814 1.000 1.000 0.999 1.000 1.000 1.000
a=09 R=120 0.998 1.000 0.794 1.000 1.000 0.993 1.000 1.000 1.000
R =240 0.995 1.000 0.773 1.000 1.000 0.980 1.000 1.000 1.000

Notes: The tables show the power of DM p, ENCp and C'C'Sp test under 5% nominal size

from Monte-Carlo Simulation of 2000 times. We have five quantiles: 0.1, 0.3, 0.5, 0.7 and 0.9.
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Table 1.7: Power of test under nominal level 0.05, co = 1,6 =0.1, ¢ = 0.95, 0. =1

P =48 P =240 P =1200
Repeat = 2000 DMp ENCp CCSp DMp ENCp CCSp DMp ENCp CCSp
R=60 0.067 0.254 0.227 0.050 0.545 0.544 0.041 0.969 0.989
a=01 R=120 0.141 0.323 0.264 0.193 0.683 0.673 0.534 0.998 0.999
R =240 0.180 0.360 0.302 0.315 0.780 0.730 0.851 0.999 0.999
R=60 0.079 0.323 0.281 0.142 0.764 0.715 0.406 1.000 0.999
a=03 R=120 0.151 0.406 0.365 0.370 0.867 0.847 0.933 1.000 1.000
R=240 0.198 0.460 0.400 0.508 0.924 0.894 0.994 1.000 1.000
R=60 0.081 0.339 0.289 0.166 0.799 0.755 0.488 1.000 1.000
a=05 R=120 0.158 0.415 0.379 0.413 0.879 0.866 0.971 1.000 1.000
R=240 0.213 0.469 0.409 0.547 0.949 0.916 0.995 1.000 1.000
R=60 0.073 0.312 0.279 0.139 0.756 0.728 0.395 0.999 1.000
a=07 R=120 0.152 0.393 0.351 0.366 0.856 0.839 0.931 1.000 1.000
R =240 0.204 0.454 0.410 0.522 0.928 0.886 0.993 1.000 1.000
R=60 0.063 0.227 0.201 0.051 0.532 0.524 0.044 0.964 0.988
a=09 R=120 0.132 0.341 0.272 0.181 0.695 0.678 0.533 0.998 0.999
R=240 0.178 0.355 0.304 0.335 0.787 0.738 0.870 0.999 1.000

Table 1.8: Power of test under nominal level 0.05, co = 1,5 = 0.1, ¢ = 0.95, 0, = 0.1

P =48 P =240 P =1200
Repeat = 2000 DMp FENCp CCSp DMp FENCp CCSp DMp ENCp CCSp
R=60 0.990 1.000 0.778 1.000 1.000 0.998 1.000 1.000 1.000
a=01 R=120 0.99%4 1.000 0.801 1.000 1.000 0.991 1.000 1.000 1.000
R =240 0.998 1.000 0.768 1.000 1.000 0.984 1.000 1.000 1.000
R=60 0.998 1.000 0.862 1.000 1.000 1.000 1.000 1.000 1.000
a=03 R=120 1.000 1.000 0914 1.000 1.000 0.999 1.000 1.000 1.000
R =240 1.000 1.000 0.938 1.000 1.000 1.000 1.000 1.000 1.000
R=60 1.000 1.000 0.885 1.000 1.000 1.000 1.000 1.000 1.000
a=0.5 R=120 1.000 1.000 0.932 1.000 1.000 1.000 1.000 1.000 1.000
R =240 1.000 1.000 0.970 1.000 1.000 1.000 1.000 1.000 1.000
R=60 1.000 1.000 0.870 1.000 1.000 1.000 1.000 1.000 1.000
a=07 R=120 0.998 1.000 0.901 1.000 1.000 0.999 1.000 1.000 1.000
R =240 1.000 1.000 0.940 1.000 1.000 1.000 1.000 1.000 1.000
R=60 0.989 1.000 0.781 1.000 1.000 0.998 1.000 1.000 1.000
a=09 R=120 0.995 1.000 0.784 1.000 1.000 0.994 1.000 1.000 1.000
R =240 0.995 1.000 0.787 1.000 1.000 0.984 1.000 1.000 1.000
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Table 1.9: Results from combining nested quantile models: co = 1,6 =0,¢ =0,0, =1

P =48 P =240 P = 1200
Repeat = 2000 A Average Loss A Average Loss A Average Loss
-0.2079 2 0.1790¢ -0.0202 0.1797 0.0210 0.1793
a=0.1 R=60 0.1887° 0.1841¢ -0.4236 0.1848 -0.2737 0.1844
14.9659 © 0.1738f 3.4100 0.1786 2.9573 0.1790
-0.2831 0.3528 -0.0456 0.3532 0.0396 0.3525
a=0.3 R=60 -2.1525 0.3584 -0.5902 0.3587 -0.2695 0.3578
24.1660 0.3467 3.5404 0.3520 2.9580 0.3522
-0.3181 0.4033 -0.0765 0.4041 -0.0004 0.4037
a=0.5 R=60 -0.6048 0.4093 -0.7516 0.4099 -0.2537 0.4095
5.5195 0.3973 44117 0.4027 2.9048 0.4034
-0.2269 0.3533 -0.0259 0.3532 0.0379 0.3526
a=0.7 R=60 -1.1172 0.3586 -0.7243 0.3585 -0.3289 0.3578
8.9691 0.3474 4.0574 0.3520 2.9418 0.3523
-0.2146 0.1799 -0.0355 0.1797 0.0232 0.1793
a=0.9 R=60 -1.0807 0.1848 -0.3508 0.1848 -0.2476 0.1844
12.4164 0.1749 3.1660 0.1787 3.0045 0.1791
-0.3951 0.1773 -0.3435 0.1763 -0.0696 0.1763
a=01 R=120 -1.3113 0.1798 -0.9517 0.1774 -0.9398 0.1775
20.4623 0.1723 5.1343 0.1752 4.7639 0.1761
-0.5392 0.3499 -0.4446 0.3491 -0.0732 0.3486
a=03 R=120 -3.1170 0.3523 -1.4893 0.3504 -0.9285 0.3498
42.8294 0.3440 7.6674 0.3478 4.3749 0.3483
-0.7103 0.3997 -0.4562 0.4006 -0.0976 0.4004
a=05 R=120 -1.2326 0.4026 -1.4289 0.4019 -0.9821 0.4017
8.2131 0.3934 7.4111 0.3993 4.5905 0.4001
-0.5816 0.3504 -0.3988 0.3495 -0.0852 0.3487
a=07 R=120 -1.7324 0.3527 -1.3523 0.3507 -0.7442 0.3500
15.9498 0.3443 9.4568 0.3483 3.8285 0.3485
-0.3452 0.1777 -0.1525 0.1777 -0.0741 0.1764
a=09 R=120 -1.9311 0.1801 -0.6198 0.1801 -0.7440 0.1775
40.9560 0.1725 3.5860 0.1766 3.9606 0.1762
-0.7020 0.1762 -0.3435 0.1763 -0.0696 0.1763
a=01 R=240 -2.4686 0.1773 -0.9517 0.1774 -0.9398 0.1775
26.1175 0.1712 5.1343 0.1752 4.7639 0.1761
-1.0431 0.3477 -0.4446 0.3491 -0.0732 0.3486
a=03 R=240 -1.5079 0.3489 -1.4893 0.3504 -0.9285 0.3498
10.6018 0.3414 7.6674 0.3478 4.3749 0.3483
-1.1361 0.4006 -0.4562 0.4006 -0.0976 0.4004
a=05 R=240 -19511 0.4021 -1.4289 0.4019 -0.9821 0.4017
14.0436 0.3938 7.4111 0.3993 4.5905 0.4001
-0.9199 0.3477 -0.3988 0.3495 -0.0852 0.3487
a=07 R=240 -1.1151 0.3491 -1.3523 0.3507 -0.7442 0.3500
13.6289 0.3413 9.4568 0.3483 3.8285 0.3485
-0.5111 0.1757 -0.3080 0.1767 -0.0741 0.1764
a=09 R=240 1.6066 0.1770 -1.0702 0.1778 -0.7440 0.1775
40.3058 0.1704 6.4055 0.1756 3.9606 0.1762

2 The average of the combination factor X
b The skewness of the estimator \.
¢ The kurtosis of the estimator .

4 The average of the check loss from forecasting of the first model p(g).

¢ The average of the check loss from forecasting of the second model p((f).

f The average of the check loss from forecasting of the combined model pSf).

40



Table 1.10: Results from combining nested quantile models: co = 1,0 =0,¢ =0, 0. = 0.1

P =48 P =240 P = 1200
Repeat = 2000 A Average Loss A Average Loss A Average Loss

-0.2538 0.0353 -0.0446 0.0179 0.0183 0.0179

a=0.1 R=60 -0.8435 0.0358 -0.5295 0.0184 -0.1659 0.0185
8.2425 0.0347 3.4388 0.0178 2.8330 0.0179

-0.3227 0.0405 -0.0377 0.0352 0.0402 0.0353

a=0.3 R=60 -1.3736 0.0411 -0.7065 0.0357 -0.2841 0.0358
13.0880 0.0398 4.1472 0.0351 3.1183 0.0352

-0.3227 0.0405 -0.0900 0.0405 -0.0026 0.0403

a=0.5 R=60 -1.3736 0.0411 -0.6578 0.0410 -0.3193 0.0409
13.0880 0.0398 3.9475 0.0403 3.0461 0.0403

-0.2286 0.0353 -0.0268 0.0353 0.0377 0.0353

a=0.7 R=60 -1.1154 0.0359 -0.7237 0.0358 -0.3273 0.0358
8.8870 0.0347 4.0485 0.0352 2.9395 0.0352

-0.2472 0.0180 -0.0226 0.0179 0.0218 0.0179

a=0.9 R=60 -0.7696 0.0186 -0.3812 0.0184 -0.2712 0.0185
12.5303 0.0175 3.2307 0.0178 3.1546 0.0179

-0.4027 0.0178 -0.1272 0.0178 -0.0158 0.0178

a=01 R=120 -3.6798 0.0180 -0.8854 0.0180 -0.3892 0.0180
57.5047 0.0172 5.3609 0.0176 2.9870 0.0177

-0.5446 0.0350 -0.2028 0.0350 -0.0120 0.0350

a=03 R=120 -1.3092 0.0353 -1.0681 0.0353 -0.4519 0.0353
15.1541 0.0344 5.4876 0.0349 3.2440 0.0350

-0.5606 0.0402 -0.2500 0.0402 -0.0433 0.0402

a=05 R=120 -0.9918 0.0404 -0.8591 0.0405 -0.5851 0.0405
10.6147 0.0395 4.2503 0.0400 3.5165 0.0401

-0.5832 0.0350 -0.1661 0.0351 -0.0014 0.0350

a=07 R=120 -1.7345 0.0353 -1.1048 0.0353 -0.5150 0.0353
15.8652 0.0344 5.4091 0.0349 3.5371 0.0350

-0.2882 0.0177 -0.1411 0.0178 -0.0024 0.0177

a=09 R=120 -03703 0.0180 -1.0301 0.0180 -0.4660 0.0180
10.5248 0.0172 5.6858 0.0177 3.5049 0.0177

-0.6488 0.0176 -0.3124 0.0177 -0.0612 0.0176

a=01 R=240 -1.5001 0.0177 -1.1133 0.0178 -0.7143 0.0178
18.0745 0.0171 6.9348 0.0176 4.0447 0.0176

-0.7171 0.0348 -0.4467 0.0350 -0.0776 0.0349

a=03 R=240 0.7163 0.0349 -1.8657 0.0351 -0.8407 0.0350
25.5898 0.0342 14.1154 0.0348 4.2084 0.0349

-0.9954 0.0398 -0.4501 0.0401 -0.1064 0.0400

a=05 R=240 -1.6778 0.0400 -1.9424 0.0402 -0.8615 0.0401
13.5171 0.0392 13.3723 0.0399 4.1970 0.0400

-0.9196 0.0348 -0.3993 0.0349 -0.0857 0.0349

a=07 R=240 -1.1103 0.0349 -1.3538 0.0351 -0.7412 0.0350
13.6486 0.0341 9.4409 0.0348 3.8247 0.0348

-0.6003 0.0176 -0.3200 0.0177 -0.0763 0.0177

a=09 R=240 -51930 0.0177 -0.7899 0.0178 -0.5904 0.0178
108.8263 0.0171 7.0292 0.0176 3.4340 0.0176
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Table 1.11: Results from combining nested quantile models: co = 1,6 =0, ¢ = 0.95, 0, = 1

P =48 P =240 P = 1200
Repeat = 2000 A Average Loss A Average Loss A Average Loss
-0.1297 0.1787 -0.0343 0.1791 0.0120 0.1794
a=0.1 R=60 -0.2751 0.1869 -0.3637 0.1868 -0.1071 0.1872
7.9819 0.1740 3.1279 0.1780 2.7983 0.1792
-0.2028 0.3527 -0.0280 0.3522 0.0220 0.3527
a=0.3 R=60 -0.5578 0.3609 -0.6913 0.3602 -0.3388 0.3608
8.8395 0.3470 4.1367 0.3509 3.2333 0.3524
-0.2830 0.4048 -0.0693 0.4034 -0.0097 0.4037
a=0.5 R=60 -19165 0.4136 -0.6089 0.4121 -0.4429 0.4124
17.2374 0.3986 3.4409 0.4021 3.3392 0.4034
-0.1297 0.1787 -0.0343 0.1791 0.0120 0.1794
a=0.7 R=60 -0.2751 0.1869 -0.3637 0.1868 -0.1071 0.1872
7.9819 0.1740 3.1279 0.1780 2.7983 0.1792
-0.1580 0.1801 -0.0257 0.1792 0.0212 0.1794
a=0.9 R =60 -0.6525 0.1881 -0.4265 0.1869 -0.0929 0.1870
8.0496 0.1751 3.2685 0.1782 29377 0.1792
-0.2770 0.1775 -0.0918 0.1775 -0.0179 0.1776
a=01 R=120 -1.0048 0.1806 -0.6363 0.1808 -0.3756 0.1809
17.2826 0.1725 3.9686 0.1765 3.1655 0.1774
-0.4121 0.3499 -0.1710 0.3504 -0.0124 0.3505
a=03 R=120 -0.9591 0.3534 -0.9975 0.3539 -0.4075 0.3540
22.1054 0.3439 4.6898 0.3492 3.2718 0.3502
-0.6381 0.4007 -0.2262 0.4016 -0.0438 0.4016
a=0.5 R=120 -2.5034 0.4044 -0.9526 0.4055 -0.6341 0.4054
29.8084 0.3944 4.5047 0.4003 3.8386 0.4013
-0.4768 0.3497 -0.1544 0.3505 -0.0121 0.3503
a=07 R=120 -1.7670 0.3530 -0.7785 0.3541 -0.5453 0.3538
18.0953 0.3436 4.1320 0.3493 3.5316 0.3500
-0.3008 0.1772 -0.1066 0.1779 -0.0145 0.1775
a=09 R=120 -0.2516 0.1805 -0.9516 0.1810 -0.4441 0.1807
15.1935 0.1719 5.3877 0.1768 3.3119 0.1773
-0.5273 0.1763 -0.2932 0.1769 -0.0511 0.1764
a=01 R=240 -04174 0.1776 -1.1093 0.1782 -0.6401 0.1777
16.3982 0.1712 6.5952 0.1759 3.5943 0.1762
-1.0051 0.3483 -0.4419 0.3495 -0.0729 0.3488
a=03 R=240 -3.8433 0.3500 -1.6042 0.3511 -0.7752 0.3503
57.7100 0.3423 8.3761 0.3483 3.9992 0.3485
-1.0507 0.3988 -0.4899 0.4006 -0.0915 0.4001
a=0.5 R=240 -1.2573 0.4005 -1.4400 0.4023 -0.7564 0.4017
11.9141 0.3921 7.6429 0.3993 3.8261 0.3998
-0.9932 0.3476 -0.4131 0.3493 -0.0782 0.3489
a=07 R=240 -1.1336 0.3491 -1.6503 0.3509 -0.7517 0.3504
10.9003 0.3414 11.8186 0.3481 3.6225 0.3486
-0.6917 0.1759 -0.3106 0.1766 -0.0656 0.1765
a=09 R=240 -2.1988 0.1772 -1.3190 0.1780 -0.6213 0.1779
24.2136 0.1707 8.6549 0.1756 3.4799 0.1763
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Table 1.12: Results from combining nested quantile models: co = 1,b =0, ¢ = 0.95, 0, = 0.1

P =48 P =240 P = 1200
Repeat = 2000 A Average Loss A Average Loss A Average Loss
-0.1304 0.0179 -0.0344 0.0179 0.0121 0.0179
a=0.1 R=60 -0.2165 0.0187 -0.3556 0.0187 -0.1117 0.0187
8.1932 0.0165 3.1024 0.0178 2.7987 0.0184
-0.2048 0.0353 -0.0280 0.0352 0.0220 0.0353
a=0.3 R=60 -0.5875 0.0361 -0.7013 0.0360 -0.3409 0.0361
9.1553 0.0336 4.1410 0.0351 3.2311 0.0363
-0.2821 0.0405 -0.0693 0.0403 -0.0095 0.0404
a=0.5 R=60 -1.8917 0.0414 -0.6150 0.0412 -0.4431 0.0412
17.0391 0.0388 3.4523 0.0394 3.3374 0.0415
-0.2208 0.0354 -0.0291 0.0353 0.0183 0.0353
a=0.7 R=60 -0.8027 0.0362 -0.5382 0.0361 -0.3276 0.0361
7.7581 0.0343 3.3923 0.0341 3.0990 0.0357
-0.1629 0.0180 -0.0259 0.0179 0.0212 0.0179
a=0.9 R=60 -1.0979 0.0188 -0.4137 0.0187 -0.0917 0.0187
13.4110 0.0168 3.2612 0.0174 2.9351 0.0175
-0.2775 0.0178 -0.0916 0.0178 -0.0178 0.0178
a=01 R=120 -1.0024 0.0181 -0.6458 0.0181 -0.3729 0.0181
17.3628 0.0169 3.9922 0.0170 3.1651 0.0186
-0.4098 0.0350 -0.1711 0.0350 -0.0122 0.0350
a=03 R=120 -0.9619 0.0353 -0.9967 0.0354 -0.4095 0.0354
22.0625 0.0347 4.6958 0.0338 3.2772 0.0362
-0.6320 0.0401 -0.2264 0.0402 -0.0437 0.0402
a=0.5 R=120 -2.4457 0.0404 -0.9539 0.0406 -0.6335 0.0405
30.0329 0.0396 4.5124 0.0390 3.8468 0.0416
-0.4734 0.0350 -0.1551 0.0351 -0.0120 0.0350
a=07 R=120 -1.7607 0.0353 -0.7786 0.0354 -0.5390 0.0354
18.0692 0.0343 4.1342 0.0340 3.5213 0.0365
-0.2977 0.0177 -0.1071 0.0178 -0.0145 0.0177
a=09 R=120 -0.2528 0.0181 -0.9705 0.0181 -0.4357 0.0181
15.1007 0.0169 5.3821 0.0168 3.2748 0.0183
-0.5340 0.0176 -0.2942 0.0177 -0.0509 0.0176
a=01 R=240 -04237 0.0178 -1.1061 0.0178 -0.6422 0.0178
16.1116 0.0175 6.6107 0.0174 3.6019 0.0175
-0.9866 0.0348 -0.4404 0.0350 -0.0731 0.0349
a=03 R=240 -3.8203 0.0350 -1.5208 0.0351 -0.7730 0.0350
58.1925 0.0349 7.6454 0.0346 3.9970 0.0345
-1.0584 0.0399 -0.4918 0.0401 -0.0915 0.0400
a=0.5 R=240 -1.2665 0.0400 -1.4402 0.0402 -0.7592 0.0402
12.1551 0.0397 7.6347 0.0401 3.8347 0.0398
-0.9984 0.0348 -0.4121 0.0349 -0.0788 0.0349
a=07 R=240 -1.0918 0.0349 -1.6552 0.0351 -0.7539 0.0350
10.9969 0.0345 11.8592 0.0347 3.6207 0.0344
-0.6743 0.0176 -0.3124 0.0177 -0.0655 0.0177
a=09 R=240 -2.2487 0.0177 -1.3119 0.0178 -0.6223 0.0178
24.0805 0.0166 8.6195 0.0173 3.4797 0.0176
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Table 1.13: Results from combining nested quantile models: co = 1,0 =0.1,¢ =0,0, =1

P =48 P =240 P = 1200
Repeat = 2000 A Average Loss A Average Loss A Average Loss

-0.0756 0.1798 0.0794 0.1800 0.1505 0.1803

a=0.1 R=60 -0.5428 0.1842 -0.6452 0.1844 -0.1786 0.1846
7.6280 0.1745 3.6668 0.1787 2.8697 0.1798

-0.0852 0.3543 0.1525 0.3539 0.2448 0.3544

a=0.3 R=60 -0.9517 0.3580 -0.8369 0.3574 -0.4095 0.3580
7.3348 0.3474 4.2894 0.3520 3.0587 0.3535

-0.1197 0.4066 0.1288 0.4053 0.2262 0.4056

a=0.5 R=60 -1.6872 0.4106 -0.8007 0.4092 -0.4375 0.4096
12.2036 0.3996 3.9977 0.4033 3.3563 0.4048

-0.0945 0.3551 0.1672 0.3543 0.2436 0.3544

a=0.7 R=60 -1.1104 0.3593 -0.6862 0.3578 -0.4750 0.3580
9.3809 0.3485 3.5687 0.3524 3.5839 0.3535

-0.1515 0.1809 0.0959 0.1802 0.1487 0.1803

a=0.9 R=60 -0.8224 0.1856 -0.5620 0.1843 -0.1675 0.1846
10.1451 0.1752 3.6113 0.1788 29119 0.1798

-0.1305 0.1784 0.0500 0.1784 0.2355 0.1785

a=01 R=120 -2.1966 0.1801 -0.9870 0.1799 -0.6954 0.1801
33.7838 0.1727 4.9891 0.1769 4.0836 0.1780

-0.1332 0.3515 0.1621 0.3521 0.3566 0.3522

a=03 R=120 -1.3990 0.3526 -1.3178 0.3530 -0.6189 0.3531
10.3417 0.3443 6.0604 0.3501 3.2693 0.3512

-0.1265 0.4027 0.1817 0.4036 0.3637 0.4036

a=05 R=120 -1.6797 0.4036 -1.4140 0.4045 -0.7586 0.4044
12.9162 0.3952 6.8728 0.4015 3.7459 0.4025

-0.0962 0.3515 0.1542 0.3522 0.3538 0.3520

a=07 R=120 -2.8510 0.3524 -1.3069 0.3531 -0.6246 0.3529
36.8570 0.3443 5.9969 0.3501 3.3702 0.3510

-0.1540 0.1782 0.0577 0.1787 0.2445 0.1784

a=09 R=120 -14722 0.1798 -1.0633 0.1804 -0.4986 0.1799
18.9987 0.1724 5.9632 0.1773 3.2002 0.1778

-0.1802 0.1771 0.0661 0.1776 0.3497 0.1773

a=01 R=240 -6.5548 0.1774 -1.2669 0.1780 -0.9450 0.1775
95.3777 0.1717 6.2634 0.1762 4.2285 0.1766

0.1712 0.3500 0.2709 0.3511 0.5010 0.3506

a=03 R=240 -2.0061 0.3494 -1.4914 0.3509 -1.3814 0.3501
28.4228 0.3426 8.4228 0.3491 6.8904 0.3493

0.0666 0.4008 0.2529 0.4025 0.5226 0.4021

a=05 R=240 2.5542 0.4001 -4.0318 0.4021 -1.2685 0.4015
86.4484 0.3929 49.2723 0.4002 5.9151 0.4007

0.0978 0.3494 0.2386 0.3509 0.5029 0.3506

a=07 R=240 -1.4663 0.3487 -1.9143 0.3506 -1.1675 0.3501
11.1317 0.3421 12.8961 0.3488 5.2037 0.3494

-0.2584 0.1767 0.0999 0.1775 0.3518 0.1774

a=09 R=240 -6.9202 0.1770 -1.7151 0.1777 -1.0941 0.1777
127.9914 0.1710 10.9887 0.1760 4.9227 0.1768
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Table 1.14: Results from combining nested quantile models: c; = 1,b=0.1, ¢ =0, 0, = 0.1

P =48 P =240 P = 1200
Repeat = 2000 A Average Loss A Average Loss A Average Loss
0.9401 0.0254 0.9248 0.0254 0.9258 0.0254
a=0.1 R=60 03948 0.0185 -0.1875 0.0185 -0.1848 0.0185
4.8386 0.0179 4.2035 0.0184 3.1287 0.0184
0.9708 0.0499 0.9607 0.0499 0.9612 0.0499
a=0.3 R=60 02879 0.0358 -0.1531 0.0359 -0.2005 0.0358
3.8091 0.0353 3.4959 0.0358 3.0662 0.0357
0.9745 0.0571 0.9644 0.0571 0.9663 0.0571
a=0.5 R=60 0.2800 0.0411 -0.1859 0.0410 -0.0674 0.0409
39113 0.0405 3.3255 0.0410 2.9629 0.0409
0.9720 0.0498 0.9591 0.0499 0.9610 0.0498
a=0.7 R=60 02437 0.0359 -0.1533 0.0358 -0.0818 0.0358
3.6522 0.0353 3.2813 0.0358 3.1002 0.0357
0.9456 0.0254 0.9257 0.0254 0.9253 0.0253
a=0.9 R =60 0.1009 0.0185 -0.3341 0.0185 -0.2434 0.0184
42515 0.0179 4.5591 0.0184 3.1196 0.0184
0.9887 0.0251 0.9611 0.0251 0.9608 0.0251
a=01 R=120 0.3954 0.0180 -0.0316 0.0180 -0.2411 0.0180
5.1576 0.0174 3.2745 0.0179 3.3112 0.0180
0.9993 0.0495 0.9812 0.0496 0.9802 0.0496
a=03 R=120 0.3230 0.0352 0.1101 0.0353 -0.1120 0.0353
3.8168 0.0346 3.1411 0.0352 2.8493 0.0353
0.9976 0.0567 0.9833 0.0568 0.9830 0.0568
a=05 R=120 0.1624 0.0404 0.0707 0.0405 -0.0079 0.0405
3.1891 0.0398 3.1605 0.0404 3.0643 0.0404
0.9962 0.0495 0.9802 0.0495 0.9801 0.0496
a=07 R=120 0.2441 0.0353 0.0557 0.0353 -0.1704 0.0353
3.5696 0.0346 3.6204 0.0352 3.0072 0.0353
0.9929 0.0251 0.9596 0.0251 0.9599 0.0251
a=09 R=120 0.2023 0.0180 -0.1157 0.0180 0.0039 0.0180
3.6305 0.0174 3.7617 0.0179 3.0051 0.0180
1.0024 0.0248 0.9850 0.0250 0.9793 0.0249
a=01 R=240 0.0031 0.0177 0.1489 0.0178 -0.2412 0.0177
3.5427 0.0172 3.5307 0.0177 3.6428 0.0177
0.9978 0.0492 0.9921 0.0494 0.9900 0.0493
a=03 R=240 0.2418 0.0349 0.0715 0.0350 -0.0708 0.0350
3.5586 0.0343 2.9847 0.0349 3.4034 0.0350
0.9980 0.0565 0.9935 0.0566 0.9911 0.0566
a=0.5 R=240 02217 0.0400 0.0942 0.0402 -0.0019 0.0401
3.2844 0.0393 3.1424 0.0401 3.1089 0.0401
0.9936 0.0492 0.9918 0.0493 0.9895 0.0493
a=07 R=240 0.1637 0.0349 0.0338 0.0351 -0.0440 0.0350
3.2809 0.0342 3.4276 0.0350 3.2063 0.0350
1.0030 0.0249 0.9816 0.0249 0.9794 0.0249
a=09 R=240 0.0713 0.0177 0.0465 0.0178 0.0456 0.0178
3.6235 0.0171 3.4019 0.0177 3.1834 0.0177

45



Table 1.15: Results from combining nested quantile models: co = 1,b = 0.1, = 0.95, 0, = 1

P =48 P =240 P = 1200
Repeat = 2000 A Average Loss A Average Loss A Average Loss
0.3191 0.1863 0.4358 0.1871 0.4906 0.1870
a=0.1 R=60 0.1013 0.1865 -0.8111 0.1873 -0.4253 0.1871
20.2249 0.1721 4.1367 0.1854 3.3408 0.1834
0.4475 0.3676 0.5811 0.3679 0.6270 0.3673
a=0.3 R=60 -1.4400 0.3609 -0.9925 0.3615 -0.5592 0.3606
14.6568 0.3460 5.7239 0.3561 3.8074 0.3540
0.4702 0.4212 0.5937 0.4212 0.6426 0.4204
a=0.5 R=60 -1.0812 0.4133 -1.0940 0.4132 -0.5025 0.4122
7.1388 0.4045 5.4297 0.4077 3.6247 0.4039
0.4553 0.3678 0.5686 0.3679 0.6276 0.3673
a=0.7 R=60 -1.0678 0.3611 -1.3024 0.3616 -0.5887 0.3607
8.8736 0.3506 8.5597 0.3582 3.6752 0.3546
0.3101 0.1872 0.4289 0.1867 0.4864 0.1868
a=0.9 R =60 -0.7424 0.1881 -0.8206 0.1869 -0.4202 0.1870
8.3002 0.1738 4.8079 0.1762 3.2136 0.1775
0.6429 0.1854 0.6443 0.1861 0.7021 0.1860
a=01 R=120 03474 0.1804 -1.2641 0.1809 -0.7369 0.1809
45.3352 0.1763 7.2125 0.1846 4.3044 0.1806
0.7646 0.3658 0.7786 0.3668 0.8075 0.3671
a=03 R=120 -0.6710 0.3535 -0.8976 0.3538 -0.4481 0.3540
17.2464 0.3422 7.9984 0.3608 3.4997 0.3605
0.7735 0.4197 0.7981 0.4209 0.8218 0.4208
a=05 R=120 -1.9538 0.4052 -1.1301 0.4055 -0.2875 0.4055
23.2532 0.3897 8.0592 0.4107 3.2173 0.4112
0.7507 0.3667 0.7763 0.3674 0.8108 0.3671
a=07 R=120 -1.2535 0.3539 -1.0166 0.3541 -0.3810 0.3539
16.2892 0.3407 6.7857 0.3537 3.4049 0.3587
0.6093 0.1857 0.6529 0.1864 0.7042 0.1859
a=09 R=120 -3.2795 0.1805 -1.5595 0.1810 -0.5966 0.1807
56.6386 0.1729 10.6889 0.1681 3.9911 0.1868
0.9155 0.1843 0.8301 0.1851 0.8434 0.1850
a=01 R=240 0.1889 0.1772 -0.9115 0.1780 -0.5772 0.1777
26.1892 0.1690 10.3321 0.1711 4.1165 0.1750
0.9497 0.3649 0.9131 0.3663 0.9053 0.3658
a=03 R=240 0.7793 0.3492 -0.2371 0.3507 -0.4064 0.3501
20.6424 0.3329 7.4334 0.3396 3.7972 0.3483
0.9932 0.4185 0.9130 0.4201 09154 0.4195
a=05 R=240 1.0518 0.4002 -0.2535 0.4024 -0.2882 0.4015
12.5876 0.3816 6.7039 0.3900 3.6502 0.3975
0.9484 0.3650 0.9015 0.3665 0.9084 0.3660
a=07 R=240 -0.3695 0.3493 -0.2941 0.3511 -0.1141 0.3502
25.2087 0.3293 7.1005 0.3445 3.2999 0.3452
0.9893 0.1849 0.8365 0.1852 0.8451 0.1853
a=09 R=240 22680 0.1772 -0.5299 0.1780 -0.4803 0.1779
37.4155 0.1685 10.9022 0.1744 3.7784 0.1774

46



Table 1.16: Results from combining nested quantile models: co = 1, b = 0.1, ¢ = 0.95,
. =0.1

P =48 P =240 P =1200
Repeat = 2000 A Average Loss A Average Loss A Average Loss
0.9857 0.0537 0.9799 0.0538 0.9795 0.0537
a=0.1 R=60 0.0162 0.0187 0.0800 0.0187 -0.0818 0.0187
5.8984 0.0173 3.9811 0.0183 3.0333 0.0192
0.9922 0.1089 0.9924 0.1092 0.9919 0.1089
a=0.3 R=60 -0.1473 0.0361 0.0134 0.0360 -0.0380 0.0361
6.3464 0.0346 3.4933 0.0360 3.0936 0.0370
0.9962 0.1245 0.9937 0.1253 0.9943 0.1258
a=0.5 R=60 0.1334 0.0413 -0.1378 0.0413 -0.0613 0.0412
4.9985 0.0410 3.3931 0.0413 3.0224 0.0407
0.9951 0.1086 0.9921 0.1091 0.9923 0.1094
a=0.7 R=60 02641 0.0361 -0.0504 0.0362 -0.0612 0.0361
5.7399 0.0357 3.3261 0.0358 3.0781 0.0358
0.9845 0.0537 0.9803 0.0538 0.9796 0.0538
a=0.9 R=60 02314 0.0187 -0.0595 0.0187 -0.0134 0.0187
6.5209 0.0182 3.2654 0.0184 3.1141 0.0185
0.9967 0.0579 0.9910 0.0573 0.9907 0.0573
a=01 R=120 -0.1105 0.0181 -0.0345 0.0181 -0.0883 0.0181
6.2782 0.0173 3.6637 0.0173 3.1405 0.0187
0.9951 0.1160 0.9962 0.1153 0.9967 0.1151
a=03 R=120 0.0049 0.0353 0.0729 0.0354 0.0154 0.0354
5.4411 0.0354 4.4169 0.0339 2.9469 0.0363
0.9979 0.1305 0.9977 0.1318 0.9976 0.1321
a=05 R=120 -0.0467 0.0405 -0.0590 0.0405 -0.0486 0.0405
4.7017 0.0390 3.6670 0.0410 3.1718 0.0411
0.9974 0.1134 0.9967 0.1149 0.9972 0.1149
a=07 R=120 0.0362 0.0354 0.0306 0.0354 0.0316 0.0354
5.3566 0.0340 3.7280 0.0355 3.1202 0.0358
0.9966 0.0564 0.9903 0.0571 0.9911 0.0571
a=09 R=120 0.1531 0.0181 -0.0662 0.0181 -0.1930 0.0181
4.9594 0.0173 3.6470 0.0181 3.1298 0.0184
1.0029 0.0587 0.9964 0.0586 0.9959 0.0587
a=01 R=240 -0.1000 0.0178 -0.1474 0.0178 -0.1580 0.0178
4.8734 0.0173 4.1090 0.0176 3.2096 0.0176
1.0022 0.1167 0.9990 0.1165 0.9986 0.1166
a=03 R=240 0.1793 0.0350 0.0467 0.0351 -0.0429 0.0350
4.7544 0.0352 3.7011 0.0350 3.1915 0.0348
0.9989 0.1342 0.9982 0.1335 0.9991 0.1334
a=05 R=240 0.1639 0.0400 -0.0367 0.0402 -0.0048 0.0401
4.5769 0.0380 3.6447 0.0390 2.9946 0.0398
0.9992 0.1169 0.9983 0.1163 0.9986 0.1162
a=07 R=240 0.1298 0.0349 0.0511 0.0351 0.0459 0.0350
5.2992 0.0329 3.7471 0.0345 2.9975 0.0346
0.9999 0.0588 0.9956 0.0584 0.9961 0.0584
a=09 R=240 -0.0797 0.0177 0.0058 0.0178 -0.0948 0.0178
7.7455 0.0165 4.3853 0.0176 3.0710 0.0179
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Chapter 2

Comparing Nested Predictive Regression Models with
Persistent Predictors”

Yan Ge' and Tae-Hwy Lee!

March 2015

Abstract

While Clark and McCracken (CM 2001, 2005, 2009) and Clark and West (CW 2006,
2007) assume that a predictor is weakly stationary, this paper considers a highly persisten-
t predictor with an autoregressive (AR) root local to unity. CW find that the statistic of
Diebold-Mariano (1995 DM) is under-sized because the DM statistic tends to be negative
under the null hypothesis of the equal predictive ability. We find this under-sized problem
in DM becomes even more severe when the predictor is persistent with the AR root closer to
unity. We find, however, this problem does not exist in the encompassing (ENC) statistic of
CM (2001) even when a predictor follows the Ornstein-Uhlenbeck process. This means that
ENC remains correct in size and high in power. The size of ENC is robust to near-unit-root
persistence in the predictor. We also examine the statistic of Chao, Corradi, and Swanson

(2001 CCS) in comparison with DM and ENC. It is shown that CCS is not robust to the

*We thank Aman Ullah for suggesting to consider persistent predictors for the encompassing test.
TDepartment of Economics, University of California, Riverside, CA 92521. E-mail: yge001 @ucr.edu

j5Depar*tment of Economics, University of California, Riverside, CA 92521. E-mail: taelee @ucr.edu
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persistent predictor as it becomes severely under-sized when the predictor becomes persis-
tent (even if it has correct size with a weakly stationary predictor) and it loses the power
substantially when the predictor is persistent. An application to the predictive regression of
the equity premium reveals strong predictive ability of several persistent predictors (such

as inflation and interest rate) by ENC, but with little or none from DM and CCS.

Key Words: predictive regression, local to unit root process, Ornstein-Uhlenbeck process,

encompassing, size and power, equity premium.

JEL Classification: C53, E37, E27
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1 Introduction

When two nonnested models are compared, Diebold and Mariano (DM 1995) point out that the
t-statistic of the mean squared forecast error (MSPE) loss-differential is asymptotically standard
normal. However, when two nested models in which a weakly stationary predictor is added
in Model 2 are compared, Clark and McCracken (CM 2001, 2005, 2009) point out that the t-
statistic of DM behaves quite differently from non-nested case since both the numerator and
denominator degenerate, which may result in non-standard normal distribution. They point out
that due to the finite sample parameter estimation error (PEE), the DM statistic tends to be
negative under the null hypothesis of the equal predictive ability. They correct the negative bias
by adding a positive term and propose a test that is equivalent to encompassing (ENC thereafter)
test of Nelson (1972) and Harvey, Leybourne and Newbold (1998) and the t-statistic. Under the
null hypothesis in which the stationary covariate has no predictive power, CM (2001) show that
the test is asymptotically standard normal when the in-sample number of observations (R) to
the out-of-sample number of forecasts (P) goes to infinity (R/P — o0). In this paper we show
that under the null hypothesis, the ENC test restores the asymptotically standard normal when
the ratio of the out-of-sample number of forecasts (P) to the in-sample number of observations
(R) goes to infinity (P/R — oo). Under the null hypothesis, the encompassing test also has
good power.

CM (2001, 2005, 2009) and Clark and West (CW 2006, 2007) considered predictive mean
regression with weak stationary predictor. This paper considers the predictive mean regression
with a highly persistent predictor with an AR root local to unity. We compare two nested
regression models using the squared-loss function. We show that DM statistic still tends to be
negative under the null hypothesis of the equal predictive ability and is more severely undersized
if the predictor is a highly persistent predictor. The t-statistic of encompassing test, in which
a positive term is added to correct the negative bias of DM, is a robust test and has the correct
size under the null hypothesis. We analytically show that the robustness arises from the super
consistency property of the additional predictor from Model 2 that follows Ornstein—Uhlenbeck
process, thus the convergent rate of the forecast error from Model 2 is faster than that from
Model 1 and the asymptotic distribution of ENC statistic has the same asymptotic distribution

as shown in CW (2006, 2007). We use Monte Carlo simulation to compare three different
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statistics and show that when the highly persistent estimator is added in Model 2, the ENC
statistic is robust and has the correct size, whereas both DM test and conditional moment test
(CCS test) are seriously undersized. An application to the predictive regression of the equity
premium reveals strong predictive ability of several persistent predictors (such as inflation and
interest rate) by ENC, but with little or none can be seen from DM or CCS.

The paper is organized as follows. Section 2 illustrates the methods of testing out-of-sample
Granger-causality in mean using rolling scheme. Section 3 illustrates the asymptotic distribution
of the encompassing test with a weak stationary predictor from CM (2001). Section 4 presents
the asymptotic distribution of the encompassing test with a weak stationary predictor when the
ratio of out-of-sample to in-sample observation is infinite. Section 5 presents the asymptotic
distribution of encompassing test with a highly persistent estimator when the ratio of out-of-
sample to in-sample observation is infinite. Section 6 is Monte Carlo simulation to examine
the finite sample size and power behavior of the DM, ENC and CCS statistics. In Section 7 we
present the empirical analysis for Goyal and Welch (2008) in comparing the two nested mean

models. Section 8 concludes.

2 Comparing Nested Conditional Mean Models

To test for the out-of-sample predictive ability of x; for 4,1, we consider the following two

nested models with the predictor z; in Model 2 being local to unit root process:

Model 1 : g1 = @4 Brs + el = e + el (1)
Model 2 : — a @) = ¢y + bay + el 2
ode U+ -TQ,t/BQ,t + €ti1 Cc2 + bxy + €41y (2)

where c; is the constant term for Model ¢, x; is the predictor with local to unit autoregressive

(AR) root process xsy1 = ¢z + v¢41. We will consider the simple case when x’Lt = 1and

x’27t = (1 x)". Under the null hypothesis, b = 0 and egl = e,(i)l, denoted as e;1. At each

time ¢, both ¢; and b are estimated with the rolling window of size R up to time ¢. Therefore

¢ig—c1 = Bi(t)Hi(t)

(ézt, Bt)' ~(ea, b)Y = By (t) Hy (1)
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where

/ / / /
L1 = 1, Tot = (1) y it = Ty Tt

-1
t—1
for Model i at time ¢, and B; (t) = <R‘1 > qi,j> , hiy = $;7tet+1 and H; (t) =
j=t—R
t—1 R
R! > hig Let ft(}r)l = ¢1,+ be the forecasts for Model 1 and ft(i)l = C2¢ + bix; be the
j=t—R
forecast for Model 2 at time ¢ and éﬁ)l = Yey1 — ft(}r)l, ég)l = Yey1 — ft(i)l be the forecast errors

with the squared forecast-error loss

L (eﬁjl) = (éﬁﬁl)z . i=1,2.
To test for equal predictive accuracy of the two models, the null hypothesis is

Ho : E [L (i) -2 (éﬁ)lﬂ ~0. 3)
Under Hy, z; does not Granger-cause y;+1 in mean and thus b = 0. If =y Granger-causes ¥y 1,

i.e., b # 0, thus the alternative hypothesis is
H, : E [L (éﬁfl) ) (éﬁl)} > 0. @
The Diebold-Mariano square loss differential is defined as
T
~ - (1 (2
Dp=pP" Z L <e§+)1) - L (€§+)1) , ©)
t=R
and the adjusted MSFE loss-differential is defined as
S (1) (1) (2)
B _ A1) (A1 (2
Bp=pP! Z Cit1 (€t+1 - 6t+1> ’
t=R
where R is the number of observations in the rolling windows for the in-sample estimation, P
is the number of out-of-sample forecasts, and R + P = 1" 4 1. We also compare DM and ENC

with CCS test by Chao et al (CCS 2001), which is constructed as follows: Under Hy, b = 0,

which implies E (e&)lxt) = 0. The out-of-sample test statistic of CCS is constructed from
T
’ - A1
Mp=P 'Y e (6)
t=R

The three statistics are standardized to form the DM statistic DMp = 5'1305\/]315 p, the en-
compassing statistic FENCp = Q;0'5\/]3Ep, and the CCS statistic CCSp = W;O'E’\/ﬁ]\]p,
where 5’p, Qp and Wp are the consistent estimators of Sp = var (\/Pﬁp) ,Qp = var (\/ﬁép) ,
and Wp = var (\/TDM p) , respectively.
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3 Asymptotic Distribution of ENC with a Stationary Predictor (CM

2001)

First, we consider a stationary predictor as in CM (2001, 2005), CW (2006, 2007), and CCS
(2001).
Assumption 1a. {z} is a weakly stationary process and E (¢; ;) is bounded for all ¢ and i =
1,2. We define B; = (Eqi,t)_l for model ¢ = 1, 2.

Let 7 = limpr oo P/Rand § = R/T = R/ (P + R). Note that 1/{ — 1 — 7. We
consider three cases on 7 :
Assumption 2a. 0 < 7 < oo.
Assumption 2b. 7 = 0 (or § — 1).

Assumption 2¢. 7 = oo (or £ — 0).

Proposition 1 (CM 2001). Under Assumption 1a and Assumption 2a,

Je €71 W (s) = W(s = ] dW(s)

VI 2 W) - Wis =P ds

under H, where W (s) is a Wiener process and s € [0, 1]. When Assumption 2a holds, the RHS

ENCp =

of Equation (7) is not standard normal.

Proposition 2 (CM 2001). Under Assumption 1a and Assumption 2b,

1g—1

E W (s) —W(s—€&)]dW (s
ENCp:>limf£ W) (s~ ()NN(0,1), (7
S e o) - Wi - oF s
under Hy, where W (s) is a Wiener process and s € [0, 1]. When Assumption 2b holds, the

RHS of Equation (7) is standard normal.

Remark 1. CM (2001) shows that when Assumption 2b holds (¢ — 1,7 — 0) then ENCp
is asymptotically standard normal. However, CM (2001) does not consider the case when As-
sumption 2¢ holds (¢ — 0,7 — o0). In Section 4 below, we consider this case and show that
ENC'p is still asymptotically standard normal.

Remark 2: CM (2001) assumes Assumption la that the predictor {x,} is weakly stationary and

shows that ENCp is asymptotically standard normal under Assumption 2b. In Section 5, we
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show that ENCp is asymptotically standard normal under Assumption 2c when the predictor

has a root local to unity.

4 Asymptotic Distribution of ENC with a Stationary Predictor when
P/R — o0

In this section, we will show that the asymptotic distribution of £ NCp under Hy, as shown in
Equation (7), is asymptotically standard normal under Assumption 2¢ (when limp p_,oc P/R —

Proposition 3. Under Assumption 1a and Assumption 2c,
Te1
W(s) —W(s—¢&)]dW (s
ENCP:hmfgﬁl (W(s) = W(s—¢)] 2()
0 [ e2W(s) - W(s — ) ds

~ N (0,1), ()

under H.

Proof: We firstly consider the numerator of equation (8) by dividing [0, 1] to n equal segments
and let t = [T's], where [T's] is the integer part of T's and s € [0, 1] . Since ¢ is sufficiently small,
we can write { = 1/n = 1+ P/R. We discretize both the numerator and the denominator.
Let {u;};_, be a mixing sequence drawn from the standard normal distribution N (0, 1) with
E(u) = 0and var(u) = 1. Let V; = >.'_, u; be the partial sum. Then we have U; =
St u; ~ N(0,t) and therefore

EZZLM: s s
N T = Un(s) = W(s),

where U, (s) is a ‘cadlag’ function and W (s) is a Wiener process. Note that

nt Z Up_1U = n~! Z Ui_qup — n~t Z Ui _ouy
t=1 t=1 t=1
1 1
N / W (s)dW (s) — / W(s — &)W (s)
€ 13
1

= [ W)W —oawe)
Considering the term | 51 [W(s) — W (s — £))*ds in the denominator, we have

n

= 1
& ;ug_l - ; (U1 = Up2)® = /E W (s) — W(s — €)]*dS.
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We construct the an AR(1) regression model, regressing {wu¢11} on {u;} :
U1 = Oug + ey
The estimator & equals (i ue—1we) / (37, ui,) and the variance § equals

n -1 n
(S - (55
t=1 t=1

Therefore Equation (8) can be approximated by

-1

Je W (s) = W(s — )] dW (s) . 2 U1t
V E2 [ [W(s) = W(s - &) ds &

5 Asymptotic Distribution of ENC with a Persistent Predictor when

P/R — o0

Suppose the predictor x; in Model 2 follows an AR process z;+1 = ¢x¢+vir1 where E (vt2 +1) =
o2, 1If |¢| < 1, then
-1 ‘ > n  Op —0.5 a o
T ;xt_)h&’ T ;xtvt+1:>N<0,l_¢2>,

as T — oco. Many recent papers generalize the above to the case when ¢ approaches to 1 as the
sample size 7" increases, see Bobkoski (1983), Cavanagh (1985), Chan and Wei (1987), Giraitis
and Phillips (2006), Mikusheva (2007, 2014), Park (2003), Phillips (1987), Phillips and Lee
(2013), and Stock (1991). Let ¢ = 1 — ¢/T for some fixed constant ¢ > 0, ¢ = [T'r], r € [0 1].
Let x[TT]/\/T = JS(r) = fre(r_s)chx (s) be an Onstein-Uhlenbeck process and B, is a

0
Brownian motion. If the AR coefficient ¢ is local to unity, then

T 1 T 1
T2 Z = /0 Je (7“)2 dr, 7! Z TiVi41 = /0 Jy (r)dBy (1),
t=1 t=1

as T" — oo. To consider the persistent predictor we take the local to unit root process in the

following Assumption 1b.
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Assumption 1b. {x;} follows an AR process with a root local to unity, ¢ = 1 — ¢/T’, for some

fixed constant ¢ > 0.

Lett = [T's|and ¢ = R/T. Then we have t/T — sand (t — R+ 1) /T — (s — &) . Under

Assumption 1b,

S
0y miuia = /éJ;(r)dBm(r), t=R,...,T,
j=t—R+1 S

as T' — oo. Now, we state the main result, for the numerator of ENCp, that is v/ PB p.

Proposition 4. Under Assumption 1b and Assumption 2c, we have

T T
Z é§1+)1 (ét}kl t+1> = Z €t+1 (6t+1 - €§+)1) +o(& 1)

t=R t=R
under H.
Proof: Under the null hypothesis that b = 0, eg)l = egr)l =: e;+1. Note that
s() r (g .
€if1 = €41 — L5y (Bz,t - 51)

for Model i. Recall 7 , = 1. For Bp, the numerator of ENCp, we decompose

(1 1 ~(2
61£+)1 (e§+)1 €§+)1>

M=

i
ES

I
M=

{6t+1 -z, (Bl,t - 51,t)] <€t+1 — (Bl,t - 51) — €1 + T (BZ,t - 52))

il
LY

Il
M=

[€t+1 - 33/1,75 (Bl,t - 51)} <—9C,1,t (Bl,t - /31) + «’E/27t <B2,t - 52))

cont [t (Bra— 3] + 3 eon [oh (oa — )]

i
ES

Il
Mﬂ

t=R t=R
+ Z (51 t— Bl) T t$1 p (51t 51) - ZT: (Bu - 52) £B1,t$/2,t (BQ,t - 52)
= Al + A2 + Az + Ay - €

Lemmas 1-3 show that A;+As+ (A3 + As) = O (%) +0 (%) +o0 (1) . Hence (9) is dominated

by A; because % — oo and % — 1 under Assumption 2c. |
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Lemma 1. Under Assumption 2c, A; = —o2¢7! f; [W(s) = W(s—¢)]dVe(s) =0 (£71)

0 (%) under H.

Proof: Following Lemma A6 of CM (2001), we show

A =

T «
Lemma 2. Under Assumption 2¢, Az = Y €441 [mgt (ﬁg}t — ﬁZ,tﬂ isO(1-¢)

under H,.

Proof: Rewrite

Az

ET: €t+1 [—96/1,,: (31,15 - 51)]

t=R

T

./
5 €1+1T9 ¢ (52,t - 52)
t=R

-1

T t—1

/ /
Zetﬂﬂfz,t Z L2,j%2,;
t=R j=t—R

t—1
X €2,5€54+1
j=t—R

t

T
z : / -1 -1 / -1
et+1x2’tGT GT Z J}Q,szijT /§
t=R

j=t—R+1

t

-1
X GT Z 332,]'6]'_,_1/5 )

j=t—R+1
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where G = diag (T 0'5, T ) as before, and for the two bracketed terms in the last line, we have

t

-1 / -1
j=t—R+1

£ 387 JS (r)dr
= Joe 2200 /€~ 0(1),

Sl derydr [2 (T8 (r) dr

Gr' > myjejn /€

j=t—R+1

* L 1dVL (r
= Joetave) /e~ 0(1),

fs‘ig ‘]a(:: (T) d‘/e (T)

where J¢ () is an Ornstein-Uhlenbeck process, and V. () is a Wiener process. Hence

-1
t

T
1A= | a1 Il
Ay = E er122,Gp | Gy E, 2,59 ;G /€
t=R j=t—R+1

t

x |Gy Z z25€541/§

j=t—R+1

1 6 fssf J.(t: (T’)d’l“
= [ (1 ze) T
Jo e Je(rydr [0 Jg(r)"dr

-1

S ‘/;2 ’[’
| et dv, (s)

Jo—e J5 (r)dVe (r)

= 0(1-¢)
T «
Therefore Ay = > et+1x’27t (/Bz,t — ﬂz,t> =0(1-¢). u
t=R

Lemma 3. Under Assumption 2¢, Az + A4 is o (1) under Hy.
Proof: Let Ep = diag(TO,T0'5), Fr = diag(Tl,T1'5) , Gp = diag(T0'5,T1) , then for any

2 x 2 matrix K, we have ErFp = GG and
ETXKXFT:GTXKXGT,
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because Er, F'r, G are diagonal. Therefore

T
Az + Ay =

~+

=7

t

Il
eyl

t)q14 B (t

(Bl,t - ﬁl,t) $1,t-1'/17t (Bl,t - Bl,t)

(Blt - B t) ﬂfl,tﬂf/z,t (Bu - 52,t)

ZH1

(t)w1 29, Ba(t)Ho (),

where the second line appears to be the same as the second bracketed right-hand side term in

(A7) of Lemma A10 in CM (2001), which shows that the above is o (1) under Assumption la.

However, under Assumption 1b, x; has an AR root local to unity. We show below that the local-

to-unit root in x does not affect Lemma A10 of CM (2001). This is because terms involving x

can be suitably normalized as follows

As+ Ay = ZHl t)q1,eB1(t)Hy (t)
—ZH{ (t) B1(t)
t=R
X [ Fp' < RHy (t) /€]
= ZHl
where

Bg (t) =

a1y (2, Er"') [Br x R™'Ba(t) x Fr x €]

= |G7 [R' By )]‘1G;1} x &
i -1
= G}l Z xQJxQJGTl x &
j=t—R+1
-1
5 JC(r)dr
Joe i (r)ar fs_5 (JS () dr
-1
0 0
= x0(§)=0(1),
0 0()



and

Hy(t) = Fr'x RHy(t) /¢
t
= Fp' Y wjein/¢
j=t—R+1
t

T-HEx X e

_ j=t—R+1
t
T15/6x 3 wjein
j=t—R+1

t
T70.5/§ X T70.5 Z €jt1
j=t—R+1

t
T-0%/ex T~ Y wjejn
j=t—R+1

T-0%/6 x [* 14V, (r)

T8 x [ J5 (r)dVe (r)

_ O (T95/¢) x O (€) 0 (T—0~5)

O (T7%°/€) x O (¢)

Therefore, i 4, Bs(t), Ho (t) have the same orders of magnitude as x4, Ba(t), Ha (t) in sta-
tionary case of Lemma A10 in CM (2001). Therefore Az + A4 is o (1) not only under Assump-

tion 1a but also under Assumption 1b. |

Based on Lemmas 1-3 under Assumption 1b and Assumption 2c, Z egl) (eg Jr)l — 65?1) =

T
— > e (et+1 — é&)l> + o (1). Hence, this is the encompassing test for the martingale dif-
t=R

ference model y;4+1 = es+1 and the constant mean model y.y1 = ¢ + 6&)1, as studied by CW

(2006). Under Hy, ENCp is asymptotically standard normal. Proposition 4 states this result.
Proposition 5. Under Assumption 1b and 2c, lim¢_,g ENCp = N(0, 1) under Hy.

Proof: From Proposition 2 and Lemma 1, A; = O ({fl) is the dominant term of in B p and
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hence ENC'p is

ENCp = Al/ VaI‘(Al) —|—0(1)
T
- Z €t+1 <€t+1 - ég«l&)
= = +0(1)

té% [—€t+1 (6t+1 - ég&) - éPr

—02¢7L [ W (s) — W(s — )] dVi(s)

= lim ~ N (0,1),
0 Jotx &2 [LW(s) - W(s — ) ds
where A; = —02¢71 [ [Vi(s) — Ve(s — OIdVel(s), eip1 = —era (etﬂ - éﬁ’l) and ép
T
= p1 > 1 = P~1A,. The denominator follows from Lemma 4. Therefore, ENCp is
t=R
asymptotically standard normal under Hy from Proposition 3. |

T 2
Lemmad. [—etﬂ (em . égl) - ap} = ot x €72 [LW(s) - W(s - )] ds.
t=R

Proof: Following Lemma A11 of CM (2001), we have

T 2
Z [—6t+1 (€t+1 - égﬁl) - éP}

t=

2
[€t+1 <6’t+1 - égﬂ)} — Pép

I
M~

I
L

2
t

|:€t+1 R7! Z €;j + O (P_l X 5_2)
j:

I
W

T2 T t t—R 2 1
t=R Jj=1 J=1
1
= 52/ o2 (oW (s) — oW (s — 5)}2ds,
3
where line 3 follows from Lemma 1 for Pép = A1 = O (5 _1). |

Remark 3: We have consider the nested models in which the null model contains a constant
term need to be estimated. We now consider the nested model analogue to Clark and West
(2006) in which the null model does not contain a constant term and the error term is martingale

difference series

Model 1 : g1 =0+el), (10)

Model 2 : yi 41 = xé’tﬁgﬂg + egi)l =c+bxy + eg)l, (11)
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hence in null model we impose O as predictors and the forecast error is the true error term.

therefore égr)l = Y41 = 6&)1’ égr)l = Ypt1 — ft(i)l. We have the following propositions.

Proposition 6. Under Assumption 1b and 2¢, CCS test, is standard normal.

Proof: Under Hy, égr)l = e411. Note that lim 7'/ P — 1. Therefore

T
Mp = P_IZegflxt

which follows Phillips and Lee (2014), Cai and Wang (2014). Particularly, if ¢ = 0, Mp ~

(0 02 fo ) . The consistent estimator Wp is

~

Wp = <€£BI$t W)2

v
M=

-+
I

Nk

(eg_lglxt) g PW?

ol =

t

Il
=y

where W = P17 eglxt ~ O (1) . Note that

S (o)’

t=R
o; Z 77
t=R
1
— azT2/ JE(r)?dr ~ O (T?)
3
T 1 \? . -
Therefore Zt: R\ €1t dominates Wp and

1 1
Wp — PlggTQ/ J (7“)2 dr — agT/ Js (r)2 dr,
13 13

we have

2 rl 7¢ 2
- J d
‘17];05 /P]‘[P ~ N O,P 06 fO x (T) r
02T [ T (r)*d

— 4N (0,1)
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Remark 4. Under Hy and assumption 2c, ENC test is normal. Under the null hypothesis that
{z1,+} = 0 Therefore Equation (9) only has A, term, whose limiting distribution is
-1
1 ¢ Jig JE(r) dr J e 1dVe (r)
/£ < L Jz () >

JoeJe(rydr [7 JE(r)?dr Jo e TE(r)dVe (r)

av.. (s)

In the next section, Monte Carlo simulation shows that ENC test is standard normal.

6 Monte Carlo Simulation

We compare the three statistics by changing {z; } from stationary process to Ornstein-Uhlenbeck
process and use the data generating process in Model 1 and Model 2 as follows: the addition-
al variable x; in Model 2 has the AR process: x; = ¢x;_1 + 2z, where z; is i.i.d, following
N (0,1), and E (2¢|x¢—1) = 0, The error term eg)l ~ N (0,0%). We set c; = 1 (we also
set co = 0 for martingale difference series {y;} and report the result.) b € {0.0,0.1,1.0}, ¢ €
{0,0.5,0.9,0.95,0.99,1}, and 0. € {0.1, 1.0} . Model 1 is estimated by regressing {yj};:t_RJr1
on constant term to obtain ¢; 4, where ¢ = R,...,T. Model 2 is estimated by regressing
{y; }§:t—R+1 on {1, J"j_l};:t—R—s—l to obtain (élt Et) . The forecast errors from the two mod-
els are éﬁfl = Yt+1 — €1, and égl = Yi+1 — C2t — Btmt over the forecast evaluation period at
t = R,...,T. The number of observations for the rolling windows for estimation are chosen
from R € {60,120,240}.Let P =T — R+ 1 € {48,240,1200}. From these, we compute
the three statistics DMp, ENCp, and CCSp. All above tests are repeated 2000 times to find
out the Monte Carlo distributions of DMp, ENCp, and C'CSp, and to compute their size and
power. Also we consider the test statistics when C'orr (v, ug+1) = —0.95, Rp = 0.8.

The Tables 2.1 shows the size of test with additional covariate from stationary process to
local to Ornstein-Uhlenbeck process. We see that DM statistics are undersized for large P/R
ratio for all cases. The CCS statistic has the correct size for stationary process covariate but
as ¢ increases from 0 to 0.99, the size distorts downward. ENC test is robust, having correct

size for all ¢ ranging from 0 to 0.99. Table 2.2 and 2.3 show the power of test. We see that

as ¢ increases, the powers approach to 1 dramatically since higher ¢ implies higher singal-to-
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noise ratio. Figures 2.1-2.12 show the Monte Carlo distributions of ENC'p, DMp, and CCSp
statistics. Under Hly, we can see that for size of test, if the predictor is a stationary process, both
ENCp and CCSp have correct size. However, when the predictor has a near unit root, such
as ¢ = 0.95 or 0.99, both DMp and CC'Sp lower the size whereas N C'p still has the correct
size. DMp and C'C'Sp have correct sizes for small P/R but suffer an undersize problem for

large P/R. Under H, all the tests have good powers.

Tables 2.1-2.6 About Here

Figures 2.1-2.24 About Here

7 Application

We apply the three statistics to the Goyal and Welch study (2008) and construct nested models
to test if covariates such as dividend-yield ratio (DY), dividend-price ratio (DP), long term rate
of yield (LTY) and inflation (INFL) Granger-causes the equity premium. The dividend-yield
ratio at time ¢ is defined as the most recent dividend at ¢ divided by stock price at time ¢, the
dividend-price ratio at time ¢ is defined as the most recent dividend at ¢ — 1 divided by stock
price at time . The explanation of other variables are available from the homepage of A. Goyal.

The two nested models are as shown in (12) and (13) below

Model 1 : g1 =1+ e, (12)
Model 2 : yii1 = co +bay + €l (13)

where y,11 is the equity premium and x; is the covariate. We use monthly data ranging from
1926 to 2011, containing 1032 observation for all four models. In Model 1, we only have a
constant term, therefore at time ¢, we predict the future equity premium by solely using the
historical average of previous R observations of the equity premium from time t — R + 1 to ¢.
In Model 2, we use the 1-lag covariate to forecast the equity premium in the next month. See
Goyal and Welch (2008) for more on data descriptions. We intend to check if two nested models
have the same predictive accuracy. We use the rolling window scheme of the window size R
starting from the 15% of the total observations is 7' = 1032 to the 85% of T'. The in-sample

observation R ranges from R = 155 (R/P = 155/877) to R = 877 (R/P = 877/155). The
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red line represents DM p under different allocation of R and P. The blue line and dotted line
represent &N C'p statistic and C'C'Sp statistic respectively.

We conclude that (1) The ENC statistics always have higher statistics than DM test. (2) DP
and DY figures show that ENC test is significant with small R/ P ratio. Intuitively, for R/ P, we
are unable to account for the y;4; by solely using the previous y up to time ¢ since there is not
sufficient information available, therefore we need to exploit the property of additional variable
x. In this way, = has predictive power for ENC test; however when R/ P is large, we can predict
Y¢+1 using previous information of y up to time ¢, which weakens the predictive power of x.
(3) LTY figure shows that long-term yield has predictive power for equity premium for all R
ranging from 150 to 877 using ENC test, which can not directly been observed from DM or
CCS statistic. (4) INFL figure shows that CCS test is seriously undersized if we use inflation
rate as a predictor unless the number of in-sample observations exceed 600, since the statistic
is lower than -1.645, whereas ENC test shows that the inflation rate has predictive power when

the number of in-sample observations is below 600.

Figure 2.25 About Here

8 Conclusions

This paper extends the work of Clark and West (2006, 2007) from nested mean model with
weak stationary predictor to nested mean model with a highly persistent predictor. CM (2001,
2005, 2009) and CW (2006, 2007) found that the DM statistic tends to be negative under the null
hypothesis of the equal predictive ability because of parameter estimation error. We find that the
DM is even more severely undersized when the predictor is highly persistent with the AR root
closer to unity. We find that the ENC test is robust as it remains the correct size under the null
hypothesis of the equal predictive ability, also it has high power under alternative. We show that
the highly persistent predictor following the Ornstein-Uhlenbeck process implies the convergent
rate of the estimator from Model 2 faster than that from a model with stationary predictor and
the ENC test can shown to be asymptotically standard normal when the ratio of out-of-sample
to in-sample observation is infinite. By using Monte-Carlo simulation, we see that ENC test is

robust and has the correct size under null hypothesis whereas DM or CCS are severely under-
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sized even if CCS is shown to have the correct size in CM (2001, 2005, 2009) and CW (2006,
2007) where a weak stationary predictor is used in Model 2. An application to the predictive
regression of the equity premium reveals strong predictive ability of several persistent predictors
(such as inflation and interest rate) by ENC, but with little or none can be seen from DM and

CCS.
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Table 2.1: Rejection frequency under 5% level, b = 0 (With intercept on small model)

P =48 P =240 P = 1200

Repeat = 2000 DMp ENCp CCSp DMp ENCp CCSp DMp ENCp CCSp
R=60 0.010 0.039 0.060 0.000 0.037 0.054 0.000 0.043 0.056

p=0,0=01 R=120 0.009 0.030 0.048 0.001 0.029 0.057 0.000 0.042 0.053
R =240 0.025 0.040 0.059 0.006 0.034 0.055 0.000 0.032 0.045

R=60 0.005 0.027 0.044 0.000 0.026 0.050 0.000 0.030 0.045

p=0,0e=1 R=120 0.016 0.037 0.050 0.000 0.029 0.044 0.000 0.038 0.047

R =240 0.029 0.046 0.064 0.006 0.025 0.050 0.000 0.031 0.057

R=60 0.012 0.049 0.066 0.000 0.037 0.049 0.000 0.040 0.054

p=010=01 R=120 0.018 0.040 0.055 0.000 0.029 0.044 0.000 0.031 0.045
R =240 0.018 0.033 0.048 0.006 0.030 0.056 0.000 0.029 0.050

R=60 0.008 0.036 0.059 0.000 0.037 0.053 0.000 0.040 0.049

p=01l0.=1 R=120 0.018 0.038 0.052 0.002 0.034 0.052 0.000 0.034 0.047
R =240 0.025 0.037 0.057 0.003 0.029 0.055 0.000 0.031 0.049

R =60 0.005 0.033 0.060 0.000 0.028 0.049 0.000 0.038 0.054

p=05,0=01 R=120 0.015 0.036 0.055 0.001 0.026 0.050 0.000 0.036 0.049
R =240 0.018 0.032 0.054 0.004 0.028 0.053 0.000 0.032 0.047

R=60 0.010 0.038 0.060 0.001 0.036 0.053 0.000 0.044 0.042

p=050.=1 R=120 0.019 0.036 0.051 0.000 0.028 0.055 0.000 0.039 0.058
R =240 0.023 0.039 0.056 0.004 0.029 0.049 0.000 0.035 0.049

R=60 0.007 0.035 0.050 0.000 0.033 0.048 0.000 0.043 0.044

p=09,0.=01 R=120 0.011 0.034 0.064 0.001 0.026 0.040 0.000 0.044 0.052
R =240 0.023 0.044 0.052 0.004 0.024 0.043 0.000 0.033 0.051

R =60 0.007 0.035 0.050 0.000 0.034 0.049 0.000 0.048 0.055

p=09,0.=1 R=120 0016 0.035 0.057 0.000 0.027 0.046 0.000 0.037 0.056
R =240 0.023 0.040 0.051 0.003 0.032 0.065 0.000 0.036 0.058

R=60 0.002 0.024 0.041 0.000 0.028 0.040 0.000 0.047 0.034

p=0950.=01 R=120 0.012 0.036 0.049 0.001 0.036 0.037 0.000 0.039 0.045
R =240 0.023 0.038 0.050 0.005 0.032 0.043 0.000 0.036 0.052

R=60 0.005 0.028 0.041 0.000 0.037 0.038 0.000 0.040 0.030

p=0950.=1 R=120 0.013 0.033 0.058 0.001 0.027 0.046 0.000 0.047 0.046
R =240 0.017 0.031 0.059 0.003 0.017 0.048 0.000 0.034 0.048

R =60 0.008 0.034 0.055 0.000 0.031 0.012 0.000 0.037 0.003

p=099,0=01 R=120 0012 0.036 0.058 0.001 0.034 0.030 0.000 0.043 0.011
R =240 0.026 0.049 0.058 0.001 0.019 0.036 0.000 0.040 0.032

R=60 0.003 0.033 0.043 0.000 0.032 0.013 0.000 0.045 0.004

p=099,0.=1 R=120 0.010 0.032 0.052 0.000 0.031 0.031 0.000 0.040 0.018
R =240 0.021 0.036 0.050 0.003 0.030 0.043 0.000 0.035 0.031

Notes: The table shows the size of DMp, ENCp and CCSp test under 5% nominal size

from Monte-Carlo Simulation of 2000 times.
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Table 2.2: Rejection frequency under 5% level, b = 0.1 (With intercept on small model)

P =48 P =240 P =1200
Repeat = 2000 DMp ENCp CCSp DMp ENCp CCSp DMp ENCp CCSp
R=60 0954 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=0,0e=01 R=120 0948 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240 0.943 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 0.023 0.107 0.121 0.004 0.233 0.342 0.001 0.601 0.935
p=0,0e=1 R=120 0.049 0.124 0.106 0.015 0.247 0.322 0.021 0.728 0.918
R =240 0.070 0.142 0.111 0.060 0.325 0.339 0.129 0.823 0.927
R =60 0.949 1.000 0.999 1.000 1.000 1.000 1.000 1.000 1.000
p=01,0=01 R=120 0943 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240 0.945 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 0.020 0.097 0.107 0.006 0.214 0.336 0.000 0.614 0.932
p=01l0.=1 R=120 0.040 0.108 0.102 0.016 0.255 0.327 0.032 0.731 0.926
R =240 0.069 0.149 0.108 0.055 0.331 0.347 0.110 0.829 0.927
R=60 0.983 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=05,0=01 R=120 0977 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240 0975 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 0.032 0.122 0.123 0.006 0.284 0.422 0.002 0.751 0.970
p=050.=1 R=120 0.057 0.159 0.141 0.031 0.347 0.408 0.064 0.848 0.968
R =240 0.081 0.164 0.120 0.079 0.404 0.416 0.238 0.923 0.976
R =60 1.000 1.000 0.985 1.000 1.000 1.000 1.000 1.000 1.000
p=09,0.=01 R=120 0.999 1.000 0.998 1.000 1.000 1.000 1.000 1.000 1.000
R =240  1.000 1.000 0.999 1.000 1.000 1.000 1.000 1.000 1.000
R=60 0.078 0.311 0.260 0.128 0.771 0.824 0.511 1.000 1.000
p=09,0.=1 R=120 0.133 0.390 0.293 0.301 0.865 0.859 0.936 1.000 1.000
R =240 0.170 0.445 0.322 0.435 0.933 0913 0.993 1.000 1.000
R=60 1.000 1.000 0.957 1.000 1.000 1.000 1.000 1.000 1.000
p=0950.=01 R=120 1.000 1.000 0.968 1.000 1.000 1.000 1.000 1.000 1.000
R =240 1.000 1.000 0.992 1.000 1.000 1.000 1.000 1.000 1.000
R=60 0.110 0.441 0.328 0.317 0.927 0.888 0.926 1.000 1.000
p=0950.=1 R=120 0.220 0.571 0.440 0.619 0.976 0.946 1.000 1.000 1.000
R =240 0.255 0.586 0.455 0.709 0.990 0.976 1.000 1.000 1.000
R=60 1.000 1.000 0.838 1.000 1.000 0.956 1.000 1.000 1.000
p=099,0=01 R=120 1.000 1.000 0.885 1.000 1.000 0.973 1.000 1.000 1.000
R =240  1.000 1.000 0.910 1.000 1.000 0.976 1.000 1.000 1.000
R=60 0252 0.623 0.400 0.676 0.986 0.735 1.000 1.000 0.999
p=099,0.=1 R=120 0434 0.770 0.533 0.928 1.000 0.879 1.000 1.000 1.000
R =240 0519 0.824 0.615 0.970 1.000 0.926 1.000 1.000 1.000

Notes: The table shows the power of DMp, ENCp and C'C'Sp test under 5% nominal size

from Monte-Carlo Simulation of 2000 times.
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Table 2.3: Rejection frequency under 5% level, b = 1 (With intercept on small model)

P =48 P =240 P =1200
Repeat = 2000 DMp ENCp CCSp DMp ENCp CCSp DMp ENCp CCSp
R=60 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=0,0=01 R=120 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 0964 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=0,0e=1 R=120 0.950 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240 0.953 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=010=01 R=120 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 0953 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=01l0.=1 R=120 0956 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240 0939 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=05,0=01 R=120 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 0979 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=050.=1 R=120 0980 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240 0.970 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =60 1.000 1.000 0.991 1.000 1.000 1.000 1.000 1.000 1.000
p=09,0.=01 R=120 1.000 1.000 0.998 1.000 1.000 1.000 1.000 1.000 1.000
R =240  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =60 1.000 1.000 0.986 1.000 1.000 1.000 1.000 1.000 1.000
p=09,0.=1 R=120 1.000 1.000 0.997 1.000 1.000 1.000 1.000 1.000 1.000
R =240 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 1.000 1.000 0.945 1.000 1.000 1.000 1.000 1.000 1.000
p=0950.=01 R=120 1.000 1.000 0.983 1.000 1.000 1.000 1.000 1.000 1.000
R =240 1.000 1.000 0.996 1.000 1.000 1.000 1.000 1.000 1.000
R=60 1.000 1.000 0.943 1.000 1.000 1.000 1.000 1.000 1.000
p=0950.=1 R=120 1.000 1.000 0.974 1.000 1.000 1.000 1.000 1.000 1.000
R =240  1.000 1.000 0.986 1.000 1.000 1.000 1.000 1.000 1.000
R=60 1.000 1.000 0.845 1.000 1.000 0.957 1.000 1.000 1.000
p=099,0=01 R=120 1.000 1.000 0.893 1.000 1.000 0.965 1.000 1.000 1.000
R =240  1.000 1.000 0.921 1.000 1.000 0.980 1.000 1.000 1.000
R=60 1.000 1.000 0.848 1.000 1.000 0.953 1.000 1.000 1.000
p=099,0.=1 R=120 1.000 1.000 0.897 1.000 1.000 0.968 1.000 1.000 1.000
R =240  1.000 1.000 0.915 1.000 1.000 0.981 1.000 1.000 1.000

Notes: The table shows the power of DMp, ENCp and C'C'Sp test under 5% nominal size

from Monte-Carlo Simulation of 2000 times.
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Table 2.4: Rejection frequency under 5% level, b = 0 (Without intercept on small model)

P =48 P =240 P = 1200

Repeat = 2000 DMp ENCp CCSp DMp ENCp CCSp DMp ENCp CCSp
R=60 0.006 0.042 0.053 0.000 0.045 0.055 0.000 0.047 0.047

p=0,0=01 R=120 0.016 0.040 0.056 0.000 0.033 0.052 0.000 0.047 0.049
R =240 0.019 0.042 0.051 0.002 0.035 0.049 0.000 0.032 0.054

R=60 0.004 0.032 0.051 0.000 0.035 0.041 0.000 0.048 0.046

p=0,0e=1 R=120 0.014 0.043 0.048 0.001 0.032 0.050 0.000 0.038 0.054

R =240 0.020 0.051 0.058 0.003 0.039 0.050 0.000 0.032 0.049

R =60 0.003 0.033 0.053 0.000 0.035 0.053 0.000 0.038 0.052

p=010=01 R=120 0.013 0.046 0.052 0.001 0.026 0.057 0.000 0.045 0.057
R =240 0.019 0.038 0.056 0.002 0.034 0.052 0.000 0.042 0.057

R=60 0.006 0.042 0.050 0.000 0.031 0.050 0.000 0.042 0.053

p=01l0.=1 R=120 0.013 0.046 0.048 0.001 0.029 0.049 0.000 0.041 0.053
R =240 0.023 0.052 0.060 0.003 0.030 0.049 0.000 0.040 0.053

R =60 0.006 0.038 0.047 0.000 0.035 0.046 0.000 0.041 0.043

p=05,0=01 R=120 0.010 0.039 0.051 0.000 0.025 0.044 0.000 0.036 0.045
R =240 0.018 0.041 0.060 0.001 0.033 0.052 0.000 0.034 0.041

R=60 0.006 0.039 0.056 0.000 0.038 0.055 0.000 0.036 0.052

p=050.=1 R=120 0.009 0.034 0.058 0.000 0.031 0.063 0.000 0.040 0.047
R =240 0.017 0.036 0.061 0.002 0.029 0.053 0.000 0.034 0.056

R=60 0.003 0.039 0.046 0.000 0.040 0.058 0.000 0.047 0.048

p=09,0.=01 R=120 0.008 0.037 0.054 0.000 0.038 0.052 0.000 0.036 0.045
R =240 0.023 0.043 0.052 0.002 0.032 0.046 0.000 0.038 0.052

R =60 0.003 0.032 0.044 0.000 0.044 0.047 0.000 0.045 0.052

p=09,0.=1 R=120 0.008 0.040 0.052 0.000 0.029 0.053 0.000 0.036 0.049
R =240 0.018 0.040 0.056 0.002 0.028 0.048 0.000 0.035 0.044

R=60 0.003 0.031 0.050 0.000 0.036 0.050 0.000 0.052 0.052

p=0950.=01 R=120 0.005 0.030 0.048 0.000 0.034 0.053 0.000 0.042 0.049
R =240 0.018 0.038 0.061 0.002 0.031 0.051 0.000 0.037 0.053

R=60 0.003 0.038 0.053 0.000 0.040 0.046 0.000 0.055 0.055

p=0950.=1 R=120 0.012 0.042 0.063 0.000 0.028 0.045 0.000 0.037 0.056
R =240 0.011 0.032 0.052 0.002 0.032 0.059 0.000 0.031 0.042

R =60 0.003 0.028 0.056 0.000 0.035 0.051 0.000 0.049 0.050

p=099,0=01 R=120 0.008 0.039 0.057 0.000 0.035 0.050 0.000 0.040 0.051
R =240 0.014 0.035 0.051 0.002 0.031 0.041 0.000 0.036 0.054

R=60 0.002 0.027 0.054 0.000 0.036 0.053 0.000 0.045 0.052

p=099,0.=1 R=120 0.005 0.030 0.054 0.000 0.028 0.055 0.000 0.045 0.052
R =240 0.015 0.037 0.061 0.002 0.023 0.049 0.000 0.030 0.055

Notes: The table shows the size of DMp, ENCp and CCSp test under 5% nominal size

from Monte-Carlo Simulation of 2000 times.
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Table 2.5: Rejection frequency under 5% level, b = 0.1. (Without intercept on small model)

P =48 P =240 P =1200
Repeat = 2000 DMp ENCp CCSp DMp ENCp CCSp DMp ENCp CCSp
R=60 0937 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=0,0e=01 R=120 0948 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240 0.943 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 0.013 0.078 0.100 0.001 0.157 0.311 0.000 0.463 0.935
p=0,0e=1 R=120 0.037 0.103 0.109 0.006 0.225 0.337 0.001 0.595 0.936
R =240 0.050 0.131 0.109 0.026 0.268 0.316 0.031 0.758 0.938
R=60 0932 1.000 0.999 1.000 1.000 1.000 1.000 1.000 1.000
p=010=01 R=120 0940 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240 0.935 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 0.014 0.073 0.100 0.002 0.182 0.355 0.000 0.484 0.941
p=01l0.=1 R=120 0.031 0.112 0.111 0.007 0.214 0.349 0.001 0.624 0.935
R =240 0.051 0.124 0.104 0.035 0.263 0.324 0.027 0.731 0.937
R=60 0973 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=05,0=01 R=120 0974 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240 0973 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 0.010 0.102 0.119 0.001 0.230 0.428 0.000 0.616 0.978
p=050.=1 R=120 0.038 0.129 0.124 0.012 0.296 0.434 0.007 0.753 0.977
R =240 0.062 0.150 0.132 0.051 0.366 0.431 0.075 0.873 0.982
R=60 0998 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=09,0.=01 R=120 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240 0998 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 0.052 0.298 0.342 0.050 0.753 0.924 0.119 1.000 1.000
p=09,0.=1 R=120 0.099 0.356 0.321 0.191 0.838 0.917 0.726 1.000 1.000
R =240 0.144 0.401 0.335 0.369 0.902 0918 0.967 1.000 1.000
R=60 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=0950.=01 R=120 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 0.114 0.468 0.518 0.264 0.941 0.989 0.818 1.000 1.000
p=0950.=1 R=120 0.194 0.552 0.519 0.521 0.972 0.986 0.995 1.000 1.000
R =240 0.228 0.577 0.495 0.678 0.989 0.991 1.000 1.000 1.000
R=60 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=099,0=01 R=120 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 0473 0.795 0.811 0.875 0.998 1.000 1.000 1.000 1.000
p=099,0.=1 R=120 0544 0.831 0.812 0.953 0.999 1.000 1.000 1.000 1.000
R =240 0.547 0.827 0.791 0.968 1.000 1.000 1.000 1.000 1.000

Notes: The table shows the power of DMp, ENCp and C'C'Sp test under 5% nominal size

from Monte-Carlo Simulation of 2000 times.
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Table 2.6: Rejection frequency under 5% level, b = 1. (Without intercept on small model)

P =48 P =240 P =1200
Repeat = 2000 DMp ENCp CCSp DMp ENCp CCSp DMp ENCp CCSp
R=60 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=0,0=01 R=120 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 0939 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=0,0e=1 R=120 0.940 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240 0939 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=010=01 R=120 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 0934 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=01l0.=1 R=120 0939 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240 0.940 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=05,0=01 R=120 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 0975 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=050.=1 R=120 0976 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240 0.970 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =60 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=09,0.=01 R=120 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =60 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=09,0.=1 R=120 0999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=0950.=01 R=120 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=0950.=1 R=120 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=099,0=01 R=120 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R=60 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p=099,0.=1 R=120 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R =240  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

Notes: The table shows the power of DMp, ENCp and C'C'Sp test under 5% nominal size

from Monte-Carlo Simulation of 2000 times.
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Encompassing Test for Nested Predictive Regression
Models with Near Unit Root and Drift

Yan Ge*and Tae-Hwy Lee'

June 2015

Abstract

Phillips and Magdalinos (2007, 2009), Phillips (2014), and Phillips and Lee (2013,
2014) consider limit theory for predictive regressions when the predictor is persistent with
an AR root in the vicinity of unity. Also, Phillips and Chen (2014) consider the limit
theory when the persistent predictor contains drift. These authors show that the in-sample
inference of the predictive regression is based on its asymptotic distribution which is mixed
normal. In this paper, we adopt these predictive regression models for the out-of-sample
comparison. We examine the asymptotic and finite sample properties of the encompassing
statistic to test for out-of-sample Granger-causality with this type of predictors (with an
AR root in the vicinity of unity and with drift). In contrast to the asymptotic mixed normal
distribution, we show that the out-of-sample inference of the predictive regression using
the encompassing test has the asymptotic standard normal distribution due to the faster
convergence rate of the coefficient in big model. A Monte Carlo simulation shows that the

asymptotic results also hold in finite sample.
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1 Introduction

A regression with a highly persistent estimator is being studied by a lot of econometricians,
Phillips and Lee (2013, PL thereafter) considered the predictive regression model with local
to unit root (LUR) process and derived the asymptotic distribution of the estimator. Phillips
and Magdalinos (2009) use the instrumental variable method when the predictor is endogenous.
Chen and Deo (2009, 2010, 2011) studied the restricted maximum likelihood when the estimator
is a unit root process, Phillips and Chen (2014, PC thereafter) considered the predictive mode in
which the autoregressive predictor contains both stochastic trend and deterministic trend. They
derived the convergence rate of the predictive regression equation and pointed out that a highly
persistent estimator {x;} leads to faster than or equal to y/n convergence rate of the estimator,
they also showed how the scale of the drift term interact the convergence rate of the estimator.
Our paper is based on the model and conclusions from PC (2014), extending from in-sample
model to out-of-sample model, we compare the equal predictive accuracy between two nested
models. We follow PL (2013), PC (2014), using the rolling scheme. We use encompassing test
and show that if the predictor is persistent, due to faster than or equal to the standard /n rate,
the encompassing test is robust as it has the correct size under the null hypothesis.

The organization of the paper is as follows. Section 1 is the introduction. Section 2 presents
the nested model and three test statistics. Section 3 presents the asymptotic distribution of the
encompassing test if the predictor is weak stationary and the ratio of out-of-sample to in-sample
observation is finite. Section 4 presents the asymptotic distribution of the encompassing test
if the predictor is weak stationary and the ratio of out-of-sample to in-sample observation is
infinite. Section 5 considers predictive regression with persistent predictor containing drift and
we consider six cases. Section 6 presents the theorems. Section 7 is Monte-Carlo Simulation,

Section 8 concludes.
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2 Comparing Nested Conditional Mean Models

We create the following nested model to test if the regressor x4 has predictive power on ;1

Model 1 : w41 = x’Ltfl + eg)l =m + egr)l, €))
Model 2 — ! T (2) _ (2) 2
ode DY =@y la ey =M+ Bar ey, 2)

where 7; is the constant term for Model ¢, x; is the predictor defined in Equation (10). Under

the null hypothesis, 8 = 0 and egl = eg)l (denoted as e411). At each time ¢, both 7; and 3 are

estimated with the rolling window of size R up to time ¢. Therefore
Tie—m = Bi(t)Hi(t)

~ !/
(ot Bi) = (m2.8) = Ba(t) Ha (1)

/ _ / _ W | ) . o
where 2 , = 1, 7%, = (1 21), ¢t = @ ,x;+ for Model 7 at time ¢, and

-1
11
Bity=R" Y aj|

j=t-R

t—1
hiy = $27t€t+1 and H; (t) = R™Y Y h;y. Let ft(i)l = 71, be the forecasts for Model
j=t—R

1 and ft(i)l = moy + Btact be the forecast for Model 2 at time ¢ and égl = Ypr1 — ft(i)l,

éﬁ)l = Y41 — ft(i)l be the forecast errors with the squared forecast-error loss
L(ef)) = (égfﬁl)Q, i=1,2.

To test for equal predictive accuracy of the two models, the null hypothesis is
Ho:E|L(eff) -1 (e2)] =o. 3)

Under Hy, z; does not Granger-cause y;+1 in mean. Under the alternative hypothesis that z;

Granger-causes ¥;41 in mean,
H, : E [L (é,ﬁ_lgl) ) (éfﬁl)} > 0. )
The Diebold-Mariano squared-error loss differential is defined as
T
~ - (1 (2
Dp =Py L(ef) ~ o (e)), 5)
t=R
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and the adjusted MSFE loss-differential (ENC) is defined as

T
R . 2
Bp = Dp+P! E :(ég-li-)l - éf&)
=R

= Pty el (i - ).
t=R
where R is the number of observations in the rolling windows for the in-sample estimation, P
is the number of out-of-sample forecasts, and R + P = T + 1. We also compare DM and ENC
with CCS test by Chao et al (CCS 2001), which is constructed as follows: Under Hy, 5 = 0,

which implies E <€£1+)1-75t) = 0. The out-of-sample test statistic of CCS is constructed from

T
Mp=P 1Y e a (6)
t=R

The three statistics are standardized to form the DM statistic DMp = S”;O'E’\/ﬁﬁ p, the en-
compassing statistic FNCp = Q;O'5\/]31§p, and the CCS statistic CCSp = W;0'5\/]3Mp,
where S’p, Qp and Wp are the consistent estimators of Sp = var (ﬁﬁp) ,Qp = var (\/JSBP> ,
and Wp = var <\/ﬁM p) , respectively.

3 Asymptotic Distribution of ENC with a Stationary Predictor when
P/R is finite

We consider a stationary predictor as in CM (2001, 2005), CW (2006, 2007), and CCS (2001).
Assumption 1a. {z} is a weakly stationary process and E (¢; ;) is bounded for all ¢ and i =

1,2. We define B; = (Eqi,t)_l for model 7 = 1, 2.

Let 7 = limpryoo P/Rand { = R/T = R/(P+ R). Note that 1/{ — 1 — 7. We
consider three cases on 7 :
Assumption 2a. 0 < 7 < oo.
Assumption 2b. 7 =0 (or £ — 1).

Assumption 2¢. 7 = oo (or & — 0).
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Proposition 1 (CM 2001). Under Assumption 1a and Assumption 2a,

Ll S) — s — S
ENCijgﬁ [W(s) = W( 5)]dW()’

VISR () = W(s — )2 ds

under Hy, where 1 () is a Wiener process and s € [0, 1]. When Assumption 2a holds, the RHS

of Equation (7) is not standard normal.

Proposition 2 (CM 2001). Under Assumption 1a and Assumption 2b,

_1 s) —
ENCp = hm [W( )~ Wis —91dW(s) ~ N (0,1), (7

o W £-2 W(s - ) ds

under Hy, where W (s) is a Wiener process and s € [0, 1]. When Assumption 2b holds, the

RHS of Equation (7) is standard normal.

Remark 1. CM (2001) shows that when Assumption 2b holds (¢ — 1,7 — 0) then ENCp
is asymptotically standard normal. However, CM (2001) does not consider the case when As-
sumption 2c holds (£ — 0,7 — o0). In Section 4 below, we consider this case and show that
ENCp is still asymptotically standard normal.

Remark 2: CM (2001) assumes Assumption 1 that the predictor {z;} is weakly stationary and
shows that ENC'p is asymptotically standard normal under Assumption 2b. In Section 6, we
show that ENCp is asymptotically standard normal under Assumption 2c when the predictor

has a root local to unity.

4 Asymptotic Distribution of ENC with a Stationary Predictor when
P/R — o0

In this section, we will show that the asymptotic distribution of £ N Cp under Hj, as shown in
Equation (7), is asymptotically standard normal under Assumption 2¢ (when limp p_,oc P/R —

00).

Proposition 3. Under Assumption 1a and Assumption 2c,

_1 s) —
ENCp = hm W) Z Ws ZOldWs) N(0,1), ®)

0 W £ Wi(s — )P ds
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under H.

Proof: We firstly consider the numerator of equation (8) by dividing [0, 1] to n equal segments
and let t = [T's], where [T's] is the integer part of T's and s € [0, 1] . Since ¢ is sufficiently small,
we can write { = 1/n = 1+ P/R. We discretize both the numerator and the denominator.
Let {u;};" , be a mixing sequence drawn from the standard normal distribution N (0,1) with
E(u) = 0 and var(u) = 1. Let V; = Y.'_, u; be the partial sum. Then we have U; =
St u; ~ N(0,t) and therefore

D Dot Ui =U, (s) = W(s),

vnooo/n

where U, (s) is a ‘cadlag’ function and W () is a Wiener process. Note that

n n n
n~! E Upequg = nt g Up_iug —n~ ! g Us_ouy
t=1 t=1 t=1

1 1
~ /é W (s)dW (s) — /E W (s — €)W (s)
1

_ /E W (s) — W(s — &) dW (s)

Considering the term f; [W(s) — W (s — £)]*ds in the denominator, we have

n

n 1
n2S =02 (U - Uy o) = / W (s) — W(s — &) ds.
t=1 t=1 3
We construct the an AR(1) regression model, regressing {wu11} on {u;} :
U1 = OUp + Vg1

The estimator § equals (37, us_quz) / (>-1, u? ;) and the variance § equals

n -1 n -1
(Z u?_1> var (u) = (Z u?_1> .
t=1 t=1
Therefore Equation (8) can be approximated by

Je € W) —W(s = Q1AW () ST wpaw
VERL W) —W(s—oPds /il

~ N(0,1).
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5 Predictive Regression with Persistent Predictor and Drift

We consider the out-of-sample predictive ability using persistent estimator with local to zero

drift 2 in the following Phillips and Chen (2014) in the following sense.

Yyl = T+ Prrt e &)
ot =g
v = plaotp), P+ (10)
Ty = pTi—1 T+ ext (1)
where
¢
p = 1+ Ta
_

where ¢ < 0, r is the coefficient of correlation of e;; and e, o determines the magnitude of
the stochastic trend. Equation (10) indicated that the autoregressive process {z;} is impacted by
stochastic and deterministic trend. We see that when o = 0 and 0 < —c¢ < 2, we have |p| < 1
and 7 is a weak stationary process. When a = 1, @ is a local to unit root process.. When 0 <
a < 1, z; is moderately integrated to unit root process. The parameter -y determines the scale of
drift, hence controls the deterministic trend of the predictor x;. We category the interaction of
drift and coefficient of AR process {z;} into seven cases. Phillips (2014) considered the local
to unit root process {x;} with coefficient p = 1+ ¢/T', where T' is the number of the predictors.
he showed that the confidence interval can not be estimated using ADF test if {z;} is a weak
stationary process. Phillips and Lee provided the asymptotic distribution of the coefficient of
the regression of y on = where = is an AR(1) process with persistent estimator but without
drift (1 = 0). They show that the coefficient follows Onstein-Uhlenbeck process and is 7'-
convergence. Phillips and Chen (PC 2014 thereafter) consider the local to unit root process {z; }
with a local to zero drift and pointed out how convergence rate of the coefficient of predictive
regression of y on z is higher than or equal to \/n.

Casel (p<landpu=pl™")

p = 1+%, with —2<¢<0, a=0
[l 1 1
1 %, with i #0, v € [0,2> orvy € [2,oo>
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In Case 1 {x:} is weakly stationary with p = 1 + ¢TI = 14 ¢ < 1. We treat this as
a separate case. For simulation, we consider p € {0,0.1,0.3,0.5,0.7,0.9,0.95} and v €

{0,0.3,0.5,0.6,0.9, 1} we notice that when {x} is a weak stationary process, we have
N/ _
(ﬁhﬁt) —(m,B8) =0 (R_0'5)

Case 2 (PL, p = 1 and » = 0): This is a special case of Case 5. We separately report this

case as Case 2 because this is when there is no drift term. This case has the AR unit root without

drift.
p = 1, withc=0No )
_ b - _
po= 5=0  (a=0o0ry=o0)
Ty = T1+ e
Try = .’E(]—f'i't

PC (2014) show that when ¢ = 0,7 > 0.5, B14 — S14 ~ O (R™)
Case 3 (PL, p = 1+ ¢T'~! and p = 0): This is a special case of Case 6. We separately
report this case as Case 3 because this is when there is no drift term. This case has the AR root

local to unity but no drift.
c .
p = 1+f,w1thc<0anda:1
po= o0 =0ory=c0)
T

Cased4 (PL,p =1+ c¢T~“and « € (0,1)): This is a special case of Case 7. We separately
report this case as Case 4 because this is when there is no drift term. This case has the AR root

moderately integrated to unity but no drift.

o = 1+%, with ¢ < 0 and a € (0,1)
= EzO (1=00rvy=o00)
7 T

Case 5 (PCLemma A.l,p=1and u = g1~ 7):

p = 1, withc=0

1 1
wo= %, withﬁ;é(),fye[o,Q) orfye[z,oo)
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PC (2014) show that when v € [0,3), it — Bt ~ O (T~1-577). When v € [3,00),

Bl,t — B~ O (T‘l). For simulation, we consider the following combination:
~v € {0,0.3,0.5,0.6,0.9,1} and i € {3,5,10}.
‘We consider

Lo = 0,0<y<05: By —Bra~0(T705)

2. ¢ = 0,y>05: BAM — B~ O (T_l)
Case 6 (PCLemma A2, p=1+cT'and pu=aT™")

p = 1+%, withc < Oanda =1

o o 1 1
o= with i #£ 0, v € [0,2> or~y € [2,oo>
PC (2014) show that when v € [0,1), 81— B1s ~ O (T~(@=7+09)) = O (T~(15-7)). When
s [%, oo), Bl,t — B~ O (T_(O‘/2+0'5)) =0 (T‘l). The convergent rate is identical to

Case 3, depending on . For simulation, we consider the following combination:
(a,y) € {(1,0),(1,0.3),(1,0.5),(1,0.6),(1,0.9),(1,1)}

and

fi € {3,5,10}.

Case7 (PCLemma A4, p=1+cI'"%and p = pgI™")

& .
p = 1+ﬁ,w1thc<0,oc€(0,1)
(L 1 1
W= %, withﬂ#0,7€[0,2> 0r7€[2,oo>

PC (2014) show that when v > 0.5 0r 0 < /2 < v < 0.5, B14 — f1s ~ O (T~ (@/2405)),
When 0 < v < /2 < 0.5: BLt — Bt~ O (T_(a_7+0'5)). For simulation, we consider the
following combination:

(a,7) € {(0.9,0),(0.9,0.3)}
(a,y) € {(0.9,0.5),(0.9,0.6), (0.9,0.9), (0.9,1)}

and

fi € {3,5,10} .
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To summarize, when using the whole data set, the table below show the convergent rate of

estimator B

Cases c « n ol Convergence rate
1 | Stationary c>0 a=10 any NA 705
2 | UR c=0 NA =0 NA T
3 | LUR ¢c>0 a=1 =0 NA T
4 | MIUR c>0 ae(0,1) =0 NA T/2+05
5 | UR+Drift c=0 NA p#0 >0 max {T'°77, T}
6 | LUR+Drift | ¢>0 a=1 4#0 >0 max {T'°77, T}
7 | MIUR+Drift | ¢ >0 a€(0,1) i#0 >0 max{To 705 7a/2+05}

6 Asymptotic Distribution of ENC with a Persistent Predictor when

P/R — o

Suppose the predictor x; in Model 2 follows an AR process z;+1 = ¢x¢+ver1 where E (vt2 +1) =
o2 1If |¢| < 1, then
—1 a > n 0o —0.5 a o
T ;xt_)%&’ T tzla:tvt+1:>N<0,1_¢2>,

as T — oco. Many recent papers generalize the above to the case when ¢ approaches to 1 as the
sample size 7" increases, see Bobkoski (1983), Cavanagh (1985), Chan and Wei (1987), Giraitis
and Phillips (2006), Mikusheva (2007, 2014), Park (2003), Phillips (1987), Phillips and Lee
(2013), and Stock (1991). Specifically for « = 1, let ¢ = 1 — ¢/T for some fixed constant
¢c>0,t=[Tr],r € [01]. Let xip)/VT = JE(r) = [, e""*)%dB, (s) be an Onstein-

Uhlenbeck process and B, is a Brownian motion. and

T 1 T 1
T2 Z = /0 J¢ (r)*dr, 7! Z TyVpy1 = /0 Jy (r)dBg (r), (12)
t=1 t=1

as ' — oo. To consider the persistent predictor we take the moderately local to unit root process

in the following Assumption 1b.
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Assumption 1b. {x;} follows an AR process
Tir1 = PTp—1 + v

with a root moderately local to unity, ¢ = 1 — ¢/T?, for some fixed constant ¢ > 0 and

a € (0,1].

Lett = [T's] and £ = R/T. Then we have t/T" — sand (t —R+1)/T — (s—¢).
Under Assumption 1b when o = 1, if {2} does not contain drift term, from Equation (12), for

t=R,...,T,we have
t s t s
T2y x§:¢‘/‘ Je(r)Pdr, Tty xﬂy+1=>j/ JE(r)dB, (1),
j=t—R+1 s—¢ j=t—R+1 s—¢
as T" — oo. Now, we state the main result, for the numerator of EN Cp, that is \/ﬁE p.

In the previous section, Case 1 can be referred to Clark and McCraken (2001). Case 2 and
Case 3 are based on Assumption, Yan and Lee (2014) show that due to the faster convergence
rate of 3, the forecast error of Model 2 will be more approached to the true error term compared
with that of Model 1, leading to the encompassing have the same asymptotic distribution as

Clark and West (2006). Case 2 is a special scenario of Case 3 as ¢ = 0.
Under Assumption 1b, PC (2014) show that

T T
TN 2 =0,(1), T )Yz =0, (1)
t=1 t=1
This corresponds to Case 4.
Now, we extend Assumption 1b to allow the drift term in the predictor.
Assumption 1c. {x;} follows an AR process
Tip1 = p+ Qx—1 + v

with ¢ = 1—¢/T?, for some fixed constant ¢ > 0, & € (0, 1] and the drift term p = 77 with

i # 0,7 > 0.

Assumption 1c includes Assumption 1b as a special case when i = 0. Cases 2-4 are based

on Assumption 1b. For Case 2 and Case 3, let = = 1. For Case 4, let z = (« + 1) /2. Cases
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5-7 are based on Assumption lc. For Case 5 and Case 6, let z = % — v when v € [0, %), and
let z = 1 when v € [%,oo). For Case 7, let z = a—fy—l—%wheno <y<5< %,andlet
z=9+ % when 0 < § <7y < % Note that for all six cases, z > % Following PC (2014), we

can show that

Yial Xigw Op(T)  Op (T7797)
erzl i erzl x? ) OP (TZ+O.5) OP (T?Z) |
and therefore
Zf:tfRJrl 1 EL#RH Li _ Op(T)€ Op (T#192) €
Zgzt—R—i—l L Zfzt—RH a? Op (T=0%) & Op (T%) ¢

We have the following two propositions under Assumption 1c. These propositions also hold

under Assumption 1b as Assumption 1c includes Assumption 1b as a special case.

Proposition 4 . Under Assumption 1c and Assumption 2c, we have

ZtT:R éﬁ)l (égk)l - égl) = ZtT:R €t+1 <€t+1 - éﬁ)l) + oy (5*1)
under H.
Proof: Under the null hypothesis that 5 = 0, egfl = eg)l =: e;41. Note that
é§21 =ery1 — Ty (fz‘,t - Fi)
for Model :. Recall x’u =1.For B p, the numerator of ENCp, we decompose
ST, (6, - o)
— ZtT:R [€t+1 — i, (fl,t - Flﬂ (€t+1 —ah, <f1,t — F1> — €41+ Thy (fz,t _ r2>>
— ZtT:R |:€t+1 — 7, (fl,t — Fl)} <_x/1,t (flyt — Fl) +ah, (f% _ r2)>
o 3 e [ )] 5 e [ ()
+ Z;AFZR (fl,t — F1> $1,tx/1’t (fu — Fl) — ZtT:R (fl,t — F1> thx’Q?t <f27t — F2>

Ay + As + As+ Ay (13)

Lemmas 1-3 show that Aj+As+ (A3 + As) = O (%)+0 (£)40(1) . Hence (13) is dominated

by A; because % — oo and % — 1 under Assumption 2c. |
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Lemma 1. Under Assumption 2¢, A = —o2¢~ ! f; [W(s) = W(s—8)]dVe(s) =0, (£71) =
Op (%) under Hp.

Proof: Following Lemma A6 of CM (2001), we show

4 = Y7 e[l (P-T)]
- ZtT:R ert1 (€t+1 - ég?l)
= _ ZtT: R ErHl (R_l Zj’:t—R—H € )
- ZtT: R ErHl (T_l Zj‘:tfRJrl “ ) /e
= - ZtT:R [(T_1/2et+1> (T_1/2 23:1 es =T Z:f e’jﬂ /¢

1
— o / W (s) — W(s — £)]dVi(s).
£

Lemma 2. Under Assumption 1c and Assumption 2c,

T

5 1)) -0 0-0,(2)

under H.

Proof: Rewrite
A :ETe x’(f —I‘>
2 g Gt (L2 2
-1

T t—1 -1
/ /
= Et:RetJrle,t E 22,52, E L2,j€j+1

j=t—R j=t—R
T t
I =1 [ 1 o1
= E €i+1%9 G [G E To Xy G }
p—p CtHL2tT T jet— R BTG /€

t
-1
X |G E T i€ }
[ T Lijo-Rri1" > /]

-1
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where G = diag (T 05 = ) For the two bracketed terms in the last line, we have

G (30, m20vhs) Cr' /€
o(T O (T7+05
= GEI ( )><§ ( )Xg G;l/ézop(1)7
0] (Tz+0.5) X& 10 (T2z) Xf
Gr' Zj-:t_RH x3,5€j+1/§
Jie 1dVe (r)
= G%l ‘ /5 = Op (1) )
O(T%) x ¢

Hence

Ay = g ’ i1y Gt [Gil g ' Ty xh Gl/E -
2 =g CtHIt2tT T j=t— R BIT2GT
X E T2 i€;
T j=t—R+1 2,765+1

= 3 b, Grl x 0(1)
i CtHI2tT

€t+1

= ZtT_R Gr'x0(1)=0(1-¢)

Et+1T¢
Therefore Ay = ZtT:R et+1x/27t (flt — F2> =0(1-9). [ ]

Lemma 3. Under Assumption 1c and Assumption 2¢, A3 + Ay is oy, (1) under H.
Proof: Let Er = diag(T°, T%7°%), Fp = diag(T", T°*%%) , Gy = diag(T%°,T7) , then for

any 2 x 2 matrix K, we have Ep-Fr = GpGr and
ETXKXFT:GTXKXGT,

because Ep, Fr, G are diagonal. Therefore

T - A
A3 + A4 = Zt:R <F17t — Fl) xlvtl‘/l,t <F1,t — F1>
T il A
—_ Zt:R (Fl,t - Fl) .7317t56127t <F27t — FQ)

= Zf:R Hi (t) By (t)QI,tBl (t)Hl (t) — ZtT:R H{ (t) B (t)l‘l,t.%‘é,tBQ(t)Hg (t) y

where the second line appears to be the same as the second bracketed right-hand side term in

(A7) of Lemma A10 in CM (2001), which shows that the above is o (1) under Assumption la.
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However, under Assumption 1b, ; has an AR root local to unity. We show below that the local-
to-unit root in x does not affect Lemma A10 of CM (2001). This is because terms involving x

can be suitably normalized as follows
T
As+ Ay = Zt:R Hi (t) Bl(t)qutBl(t)Hl (t)
T
=D, Hi () Bu()zre (¢ Er') [Br x R™'By(t) x Pr x ¢]
x [Fp' x RH, (t) /€]

ZtT:R H (1) By(£)que By (£ H, (£) — ZtT:R HY () By () ity Bo (1) 3 (2)

where

iy = 33'27tE:Fl = 0(1),

Er x R7By(t) x Fr x &

o
1\)
—

o~
S—

Il

= GT [RilBg(t)] GT X f
~1
G;l} x &
1N\ PP
- [GT Zj:t7R+1 x2’jx2’jGT} X<

= 0(),

= |67t [ B

and
Hy(t) = Fp'xRHy(t) /¢
= F;! Z;Zt-RH xoj€jt1/€
T705/¢x [ 1dVe (r)
T—=795/¢ x Z;‘:tfRJrl €2,j€5+1

fss_g 1dVe (r) /€

= 17 —0(T7%).

T2/ X Y5t gy T2 g€t
Therefore, &5 ;, Bs(t), Hy (t) have the same orders of magnitude as x4, Ba(t), Ha (t) in sta-
tionary case of Lemma A10 in CM (2001). Therefore A3 + A4 is 0, (1) under Assumption 1b

or Assumption 1c. n
Based on Lemmas 1-3 and Proposition 4, we have
T W (0 _ .2 T 5(1)
Zt:R €1 (et+1 - €t+1> == Zt:R €t+1 (€t+1 - et+1> +0p(1).
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Hence, this is the encompassing test for the martingale difference model y:y1 = e¢41 and
the constant mean model y;11 = ¢ + e&)p as studied by CW (2006). Under Hy, ENCp is

asymptotically standard normal. Proposition 5 states this result.

Proposition 5. Under Assumption lc and Assumption 2c, lim¢_,o ENCp = N(0, 1) under

Hp.

Proof: From Proposition 2 and Lemma 1, A; = O (5_1) is the dominant term of in Bp and

hence ENCp is

ENCp = Al/ Var(A1)+0(1)

- ZtT:R €t+1 (€t+1 - ég?l)
= +o(1)

\/ZtTR [_€t+1 <6t+1 - éz(jr)l) - éPr

o[ W (s) = W(s — &) dVe(s)
= lim

0 Jotx &2 [LW(s) - W(s — )] ds

~ N (0,1),

where Ay = o267 [} [Vi(s) = Ve(s = €)JdVe(s), er1 = —ersr (ersr — el ) and ép =
p1 Z;‘F: RCt+1 = P~'A,. The denominator follows from Lemma 4. Therefore, ENCp is

asymptotically standard normal under Hj from Proposition 3. |

Lemma 4. Under Assumptions 1c¢ and 2c,

S [ (e =) —er] st [ - wGs-

Proof: Following Lemma A1l of CM (2001), we have

T

Zt:R [—6t+1 (6t+1 - ég&) - éPr
= ZtT:R [et+1 <€t+1 - églﬁﬂz - Pé%
2
= ZtT:R [et“ <R_1 Zj'zt—R—i-l ej)] +0p (PTET)
2 B 2
= % ZtT:R [(et+1)2 <T1/2 Zj’:l e — T—1/2 Z;j eJ)

1
S g2 /£ 02 [0 W (s) — oW (s — )2 ds,

70 (PTIE)

where line 3 follows from Lemma 1 for Pép = A1 = O, (5*1). |
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7 Monte Carlo

We will examine the finite sample properties of the above asymptotic results by comparing
three statistics: DM, ENC and CCS test for size and power of test, the three tests have been
mentioned in CW (2006, 2007), Lee and Ge (2013, 2014). For simulation, We set Var (ey;) =
02 =1, Var(e;p1) = 02 € {0.1,1}, R € {50,100, 200,400}, P € {200, 400, 800, 1600},
v € {0.0,0,2,0.3,0.5,0.6,1.0,00}, a € {0.9,1.0}, ¢ € {0,—5},79 = 0, 29 ~ N(0,02).
g € {0,10}, # = 1, B8 € {0,0.1,1}. For size of test, the error terms {e;;} and {e:41}
are uncorrelated, we set = 0. For power of test, r = —0.95, simulating the high negative
correlation between stock returns and many commonly used predictors (PC 2014). The tables

below show the results under different settings
Tables 3.1-3.27 About Here
Tables 3.1-3.23 correspond to Cases 1-6 and Tables 3.24-3.27 show the test power.

1. Case 1 is researched by Clark and McCraken (2001), Clark and West (2006).
2. Case 2 and Case 3 are simulated by Lee and Ge, see Ge and Lee (2014b)

3. We report the simulation results for Cases 4-7.

Tables 3.1-3.23 show that both DM and CCS statistics distort downward for large P/R ratio
for all cases. The ENC test is robust, having the correct size regardless of the interaction of the
scale of stochastic trend and deterministic trend.Tables 3.24-3.27 show the power of test. We
see that as ¢ increases, the powers approach to 1 dramatically since higher ¢ implies higher

singal-to-noise ratio.

8 Conclusions

In this paper we propose the encompassing statistic for the out-of-sample inference on com-
paring two nested predictive regression models where the predictor has both an AR root local
to unity and the drift local to zero. The convergence rate of the predictive regression parame-

ter estimator is impacted by the scales of the stochastic trend or deterministic trend. With the

129



presence of the drift in addition to the near unit root, the convergence rate of the parameter
estimation can become even faster, and it essentially treat the unknown parameter values of the
predictive regression as if they were known. The nonstationary behavior of the predictor with
a unit root and drift would make the parameter estimator follow asymptotically a non-normal
distribution. However, the faster convergence rate of the parameter estimation make the out-of-
sample encompassing test statistic be asymptotically standard normal under the null hypothesis.
We conduct a Monte Carlo simulation and show that the asymptotic results also hold in finite
sample size.

In the present paper, we consider the predictive model when the predictor is not endogenous.
For our immediate future work, we are working on the predictive regression model with the
endogenous predictor by extending the IVX method by Phillips and Magdalinos (2007, 2009)

and Phillips and Lee (2014) to the out-of-sample encompassing inference.
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