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Abstract

Topics in theoretical condensed matter physics
by

Chaitanya R. Murthy

We investigate various topics in theoretical quantum condensed matter physics. First,
we show that a one-dimensional quantum wire with as few as 2 channels of interacting
fermions can host metallic Luttinger liquid states of matter that are stable against all
perturbations up to ¢'"-order in fermion creation/annihilation operators for any fixed
finite ¢. The leading relevant perturbations are thus complicated operators that are
expected to modify the physics only at very low energies, below accessible temperatures.
The stability of these Luttinger liquid fixed points is due to strong interactions between
the channels, which can (but need not) be chosen to be purely repulsive. Our results
might enable elementary physical realizations of these phases, and may also serve as a
useful paradigm for thinking about higher-dimensional non-Fermi liquids.

Separately, we present an elementary but general description of relaxation to gaussian
and equilibrium generalized Gibbs states in lattice models of fermions or bosons with
quadratic hamiltonians. Our analysis applies to arbitrary initial states that satisfy a
mild condition on clustering of correlations. We obtain quantitive, model-independent
predictions for how quickly local quantities relax in such systems. These predictions can
be tested in near-term quantum gas experiments.

Finally, we study chaotic many-body quantum systems that obey the eigenstate ther-
malization hypothesis (ETH). We show that a known bound on the growth rate of the
out-of-time-order four-point correlator in such systems follows directly from the general

ETH structure of operator matrix elements. This ties together two key paradigms of
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thermal behavior in isolated many-body quantum systems. We also consider a biparti-
tion of the system, and study the entanglement properties of an energy eigenstate with
nonzero energy density. When the two subsystems have nearly equal volumes, we find a
universal correction to the entanglement entropy that is proportional to the square root
of the system’s heat capacity (or a sum of capacities, if there are conserved quantities in

addition to energy).
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Chapter 1

Introduction and outline

The branches of physics are differentiated by the nature and scale of the phenomena that
they seek to explain. Condensed matter physics concerns itself with phenomena whose
basic length scales range from nanometers to centimeters. These encompass the vast
majority of material phenomena—that is, phenomena involving inanimate objects—that
we humans encounter in our everyday experience[[] The fundamental equations governing
all ordinary matter are known; these are the equations of electrodynamics and quantum
theory (for most purposes one can also ignore relativity and incorporate only its leading
corrections, such as spin-orbit coupling). But we cannot solve the equations in general.
To quote P. W. Anderson, “the ability to reduce everything to simple fundamental laws
does not imply the ability to start from those laws and reconstruct the universe,” or—
more succinctly and famously— “more is different” [I].

Since the behavior of large and complex “many body” systems is not easily under-

stood by extrapolation of the properties of systems involving a few particles, organizing

'T adopt a suitably broad definition of “condensed matter physics” that includes fluid dynamics,
materials science, and some parts of chemistry. Research in condensed matter often admits a further
coarse classification into either “soft” or “hard” varieties, depending on whether the researchers’ preferred
value for Planck’s constant is i = 0 or i = 1, respectively. In this dissertation, i = 1.
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principles are needed [2]. Some of the most important of these, for the physics of many-
body systems near equilibrium, are: la) symmetry/symmetry breaking, 1b) topological
order, 2) the notion of elementary excitations, and 3) the renormalization group and
universality. To place the results of this dissertation in a suitable broader context, I now
briefly discuss these basic principles in turn.

Symmetry plays a central role in all branches of physics. In condensed matter, it forms
the basis for the conventional Landau paradigm for describing phases of matter [2]. In
this paradigm, phases are distinguished by a local order parameter that characterizes the
various symmetries that the phase breaks. The Landau paradigm is hugely successful, but
incomplete: there are phases of matter that it fails to describe. Its completion involves the
more modern notion of topological order [3], which may be caricatured mathematically
as “homotopy theory in the space of gapped Hamiltonians” or physically as “the study of
patterns of entanglement in the ground state” (more on entanglement later). Together,
the principles of symmetry breaking and topological order appear to give a satisfactory
theoretical classification of most known phases of matter.

The many body problem in full generality is intractable because it involves a large
number of particles that interact strongly with one another. In many cases, however, it
is possible to describe the low-energy physics of a system of many strongly interacting
particles in terms of some other effective degrees of freedom that are weakly interacting;
the latter are called the elementary excitations of the system [4]. Such a description,
when it exists, is hugely powerful. The prototypical example is Landau’s Fermi liquid
theory, which describes a high-density gas of fermions with strong repulsive interactions in
terms of weakly interacting fermionic quasiparticles (defined only near the Fermi surface)
and long-wavelength bosonic collective modes [5, [6]. Fermi liquid theory explains the

success of the naive Drude-Sommerfeld “free electron” theory of conduction in metals:
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the eponymous “free electrons” are really quasielectrons, whose residual interactions are
weak enough to be treated in the relaxation time approximation [7]. In addition, many
other low-temperature phases can be quantitatively understood as instabilities of the
Fermi liquid, most famously in the BCS theory of superconductivity and its various
extensions [§]. The modern conception of Fermi liquid theory [9] places it within the
general framework of the renormalization group, to which we now turn (historically,
Landau arrived at it via different arguments [10]).

The renormalization group (RG) describes changes in the theory of a physical system
when the system is viewed at different scales [I1]. We start with the observation that a
well-defined physical theory describes physics only up to some high-energy “cutoft” scale
E|. Then, one can in principle “integrate out” high-energy modes to get a theory that
describes the same system but at lower energy scales. The key insight of the RG is that
it is generally better to do this “integrating out” in many small steps, rather than all
at once ﬂ In the limit of infinitesimal steps, we obtain a continuous flow (“RG flow”)
in the abstract space of theories. The question of how the physical theory changes as
we change energy scale is thereby mapped to a dynamical systems problem in theory
space, and can be analyzed as such [I2]. In particular, one concentrates on the RG flow
in the vicinity of its fixed points; these represent theories that are scale-invariant. Near
a fixed point, the RG flow can be linearized E| Its eigendirections define a preferred set
of scaling operators at the fixed point, and its eigenvalues define the scaling dimensions
of the associated coupling constants. In some directions the RG flow will be directed

towards the fixed point, in other directions it may be directed away from it, and in

2For the sake of exposition, I consider energy scales, but one could consider length scales instead (the
resulting RG transformation may differ), or something else entirely. The basic principle is the same.

3In other words, the insight is that “physics is local in scale”.

4In some cases, one is forced to retain higher-order terms to properly describe the topology of the
flow in the vicinity of the fixed point (e.g. the Kosterlitz-Thouless transition). The analysis of such
exceptional cases can be systematized using normal form theory [13].
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yet others it may stagnate. These directions correspond to irrelevant, relevant, and
marginal perturbations of the fixed point theory, respectively. Any fixed point which has
few relevant directions and a large basin of attraction [] is of special importance: the
associated effective theory captures the universal low-energy physics of many distinct
physical systems (all those whose microscopic theories lie in the basin of attraction). If
an effective theory turns out to be a weakly coupled field theory, then the quanta of its
fields may be identified with the elementary excitations discussed earlier [14].

In the RG framework, Fermi liquid theory describes marginal deformations of the
Fermi gas fixed point in spatial dimensions d > 1. Its great success is indicative of a
large basin of attraction. Metallic systems which fall outside the basin—whose properties
cannot be reconciled with Fermi liquid theory—are called non-Fermi liquids. The canon-
ical example of a non-Fermi liquid is the interacting electron gas in d = 1 dimension [15].
The special kinematics of d = 1 preclude well-defined fermionic quasiparticles, but allow
for well-defined bosonic collective modes. The universal physics is then controlled by a
different manifold of fixed points, collectively called Luttinger liquid theory [16], which
is a solvable theory of these bosonic modes.

In Chapter 2| we consider the general question of stability—in the linearized RG sense
discussed above—of multi-component Luttinger liquids (LLs). The one-component LL is
quite fragile: it can always be destabilized by disorder-induced localization or proximity-
induced superconductivity (or both) [I5]. We show that this is the exception rather than
the rule. For any number of components N > 2, we find families of LLs that are robust:
the perturbations that might destabilize them can be made arbitrarily complicated, and
hence are expected not to affect the physics at energy scales of practical interest (one
cannot create an infinitely large system and cool it to absolute zero). Our results build

(in particular) on earlier work [17] in which it was shown that, in principle, 23-component

5More precisely, basin of attraction of a small ball in theory space around the fixed point.

4
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LLs exist that are completely stable (i.e. admit no relevant gap-opening perturbations).
The new results described in Chapter [2 of this thesis provide experimentally realizable
approximations to this “perfect metal” that may provide a valuable platform to study
non-Fermi liquid physics in experiments. The analysis of Chapter [2| is based on the
(standard) technique of Abelian bosonization; for completeness, I have included a short
review of this technique in the technical appendices following the chapter.

In Chapters [3H3], we move away from relative safe haven of low-energy equilibrium
physics and venture into the territory of far-from-equilibrium physics, where significantly
less is known. Here, far from the ground state of the system, the powerful organizing
principles described earlier can no longer be relied upon. The principles that replace them
are still being discovered, and many basic questions remain unanswered. Nevertheless,
one can can still hope to find results that are universal in the sense of broad applicability
and insensitivity to microscopic details. The results described in Chapters all have
this flavor of universality.

One of the most venerable puzzles in statistical physics, which has occupied physi-
cists and philosophers since the time of Boltzmann, concerns how to properly reconcile
microscopic determinism with the obvious tendency of most macroscopic systems to ir-
reversibly approach thermal equilibrium. In my opinion, a satisfactory answer to this
question appears only when one realizes that thermalization is a property not of a sys-
tem alone but of the preferred class of physical observables relative to that system [f| In
the case of isolated quantum many-body systems, this leads to the Eigenstate Thermal-
ization Hypothesis (ETH) [I8, [19]. The ETH is an ansatz, motivated by quantum chaos
theory, that describes the coarse structure of matrix elements, in the energy eigenstate

basis, of observables in a chaotic quantum system [20]. It has not been proven rigorously,

6This is most obvious in quantum mechanics: projectors onto eigenstates of the Hamiltonian do not
evolve with time, so if they were physically observable, the system would never thermalize. It is equally
true in classical mechanics.
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but it is supported by a variety of analytical arguments and by extensive numerical stud-
ies on small systems [21], 22]. The ETH is sufficient to ensure thermalization (in the sense
stated above) from generic physical initial conditions [20].

Having understood (at some level) the eventual fate of a generic thermalizing sys-
tem, we would next like to understand the dynamics of thermalization. This problem is
difficult, and remains very much unsolved. Dynamics is easier to study in integrable sys-
tems, but the same integrability that permits their analysis also ensures that they retain
too much memory of the initial state to ever truly thermalize [23]. Instead, integrable
systems are expected to relax to more complicated equilibrium states, called generalized
Gibbs ensembles (GGEs) [24]. In Chapter [3} we provide a complete analysis and de-
scription of this relaxation process in the simplest class of integrable models: those that
are quadratic in a set of fermion or boson operators. Our analysis is general—we treat
arbitrary initial states that satisfy a weak condition on clustering of correlations—and
leads to a simple and appealing physical picture of the relaxation process. We also obtain
quantitive, model-independent predictions for how quickly local quantities relax in such
systems. Finally, we extend our analysis to cover periodically driven (Floquet) systems.

In Chapter [4] we return to chaotic quantum systems. A defining property of clas-
sical chaos [25] is sensitive dependence on initial conditions, colloquially termed “the
butterfly effect”. In quantum systems, similar sensitivity can be diagnosed using out-of-
time-order four-point correlators (OTOCs), which probe how operator insertions inhibit
cancellation between forward and backward time evolution [26]. In some systems with a
suitable hierarchy of time scales, the OTOC exhibits exponential behavior oc e at early
times, and the exponent A\ may be regarded as a quantum analogue of the Lyapunov
exponent [27]. Maldecena et al. [28] conjectured a sharp bound on how rapidly chaos

can develop in such quantum systems, A < 27/, and were able to prove this “bound
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on chaos” under certain assumptions. The bound is saturated in the SYK model, and
in large-IN conformal field theories with gravitational duals, where it is related to the
physics of information scrambling in black holes [29]. In Chapter [4] we show that the
bound A < 27/ can be derived from ETH in systems that obey it (and also have the
required hierarchy of time scales). Our proof relies on a quite different set of physical
and mathematical assumptions than that of Maldecena et al., and it ties together two
important paradigms of thermal behavior in chaotic quantum systems.

In contrast to chaos, which manifests both classically and quantumly, entanglement
is uniquely quantum mehcanical [30]. In recent decades, entanglement has played an
increasingly important role in our understanding of phases of matter and the general
low-energy properties of quantum many-body systems [31]. In Chapter , we analyt-
ically study the entanglement structure of highly excited eigenstates (at finite energy
density) of lattice models that obey ETH. In the past, Deutsch [32] and others have con-
vincingly argued that the leading term in the bipartite entanglement entropy of a typical
eigenstate of a chaotic quantum system equals the thermodynamic entropy of the smaller
subsystem at the same energy density E] In Chapter , we show that there is a universal
correction to this result that appears when the two subsystems have nearly equal size,
and which is proportional to v/C, the square root of the heat capacity of the system.
In odd spatial dimensions, this correction therefore scales with a half-integer power of
the linear dimensions of the system (whereas naively, one would expect all corrections
to the entanglement entropy to scale with integer powers of the system size). We also
calculate corrections to the Rényi entropies, obtaining new results for Rényi index n < 1.
In addition, we generalize all of the above results to the case of generic systems that have

a finite number of conserved quantities in addition to the energy.

“In a system with bounded Hilbert space, the infinite-temperature limit of this result agrees with
the well known fact that randomly chosen states in a bipartite Hilbert space are typically maximally
entangled between the subsystems, up to an order-one correction [33].

7
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In closing, Chapter [6] contains some thoughts regarding promising directions for future

research, based on the work presented in each of the earlier chapters.

1.1 Permissions and Attributions

The content of Chapter [2| is the result of a collaboration with Chetan Nayak, and
has previously appeared in Physical Review Letters [34]. Excluding Appendix [2.4] it is
(© 2020 American Physical Society. The content of Chapters [3] [ and [ is the result
of a collaboration with Mark Srednicki; Chapter 4| has previously appeared in Physical
Review Letters [35], while Chapters|3|and |5| have previously appeared in Physical Review
E [36, B7]. The content of these chapters is (©) 2019 American Physical Society. All
content is reproduced here with the permission of the American Physical Society (https:

//journals.aps.org/copyrightFAQ.html).


https://journals.aps.org/copyrightFAQ.html
https://journals.aps.org/copyrightFAQ.html

Chapter 2

Almost perfect metals in one

dimension

In this chapter, we show that a one-dimensional quantum wire with as few as 2 channels
of interacting fermions can host metallic Luttinger liquid states of matter that are stable
against all perturbations up to ¢'"-order in fermion creation/annihilation operators for
any fixed finite q. The leading relevant perturbations are thus complicated operators that
are expected to modify the physics only at very low energies, below accessible temper-
atures. The stability of these Luttinger liquid fixed points is due to strong interactions
between the channels, which can (but need not) be chosen to be purely repulsive. Our

results might enable elementary physical realizations of these phases.

2.1 Introduction

Metallic states of matter are gapless and often unstable to either insulating behavior
or superconductivity. This is especially true in one-dimensional systems, where the lo-

calizing effects of disorder are particularly strong [38]. For a single channel (i.e. a single

9



Almost perfect metals in one dimension Chapter 2

propagating mode of each chirality at the Fermi energy), disorder-induced localization
can only be avoided when the interaction is strongly attractive, while proximity-induced
superconductivity can only be avoided when it is strongly repulsive [15]. The situation is
more complicated—and much more interesting—when there are multiple channels. We
will show that, surprisingly, even for N = 2 channels, it is possible to have a metallic state
that is stable against all perturbations up to ¢*®-order in fermion creation/annihilation
operators for any fixed finite ¢ (but not ¢ = c0), which we call (absolute) q-stability.

Gapless phases of interacting fermions in one dimension are described at low en-
ergies by Luttinger liquid (LL) theory [16]. They exhibit a remarkable and universal
phenomenology that distinguishes them from Fermi liquids, but this is often obscured in
experiments due to dimensional crossover, ordering, or localization [I5]. Thus, a physi-
cally realizable stable LL is not only interesting as a matter of principle, but also for the
practical reason that it would provide a useful experimental platform to study non-Fermi
liquid physics.

For N = oo, it was shown two decades ago in Refs. [39, 40], 4T, 42| 43|, [44] [45] 146]
that there exist “sliding Luttinger liquid” phases which are stable against many, but not
all, low-order perturbations; it was argued that the relevant perturbations are likely to
have small bare values E] More recently, it was discovered that it is possible for a one-
dimensional metal to be stable against all non-chiral perturbations (without restriction
on the order) [I7]. An explicit construction was given for N = 23 which exploited the
properties of integral quadratic lattices. In this chapter, we show that a slight relaxation
of the condition of complete stability to the weaker condition of ¢-stability brings the
required number of channels down from 23 to 2, thereby greatly increasing the chances

of experimental realization.

'We restrict attention in this chapter to systems with short-ranged interactions. Long-ranged inter-
actions can also stabilize a Luttinger liquid against a 2kp potential and disorder [47]

10
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The basic observation underlying the results of this chapter and of Ref. [I7] is that
the possible perturbations of an N-channel LL can be represented as lattice points in a
fictitious 2 N-dimensional space equipped with two different metrics: the mixed-signature
(N, N) metric diag(—Iy, ) and the Euclidean metric Isy, where Iy is the N x N iden-
tity matrix. The mixed-signature interval from the origin to a lattice point measures the
chirality of the associated perturbation, while the Euclidean interval measures its scaling
dimension; points sufficiently far from the origin are irrelevant in the renormalization
group (RG) sense. The lattice is naturally graded into “shells” consisting of perturba-
tions of a given order; low-order perturbations belong to the inner shells. The effect of
interactions is to deform the lattice by an SO(N, N) transformation [} For N = 1, the de-
formation is a Lorentz boost that is “aligned” with the lattice; such a boost unavoidably
pulls one of the innermost lattice points closer to the origin, enhancing the susceptibility
of the system to either localization or induced superconductivity. For N > 2/ on the
other hand, the boosts can be “misaligned” with the lattice planes in such a way that
all lattice points in the innermost g shells are pushed away from the origin, making the
corresponding perturbations irrelevant.

Remarkably, these absolutely g¢-stable phases can occur even for purely repulsive
interactions. Two-channel repulsive LLs can occur in a number of different contexts.
One simple example, with sufficient generality to permit the phases described here, is
a single-spinful-channel quantum wire with strong spin-orbit coupling. In this case, the
two Fermi points of each chirality have different Fermi momenta and velocities, and
the interactions between the densities at the different Fermi points are not excessively
constrained by symmetries. Our construction shows that, for any fixed finite ¢, there exist

purely repulsive local interactions for which such a metallic state is absolutely ¢-stable.

2The Lie group SO(N, N) consists of all matrices A € R?V*2N that satisfy AK AT = K and det A = 1,
where K = diag(—In,In).

11
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2.2 Model and Definitions

Consider a system of interacting fermions in a 1D quantum wire. At low energies,
the effective theory of the system involves 2N chiral spinless Dirac fermions 1y, where
1/)} (@b} +n) creates a right-moving (left-moving) excitation about the Fermi point kr;
(kpr+n), with Fermi velocity v; > 0 (vriny < 0). The index I distinguishes different
bands, accounting for both spin and quantization of the transverse motion. The effective

action is given by Seg = So + Sint + Spert, Where

SO‘I'Sint = /dtdl‘ [@D}l(@t—l—?}[ax)@/ﬁ— UIJp[pJ . (21)

Here, the indices I, J are implicitly summed from 1 to 2N, p; = @D}@/}I, and the real
symmetric 2N x 2N matrix U parametrizes all density-density interactions. All other
interaction terms, as well as any quadratic terms accounting for dispersion nonlinearities,
are packaged into Spes. If the system is perturbed in any way, for instance by introduc-
ing disorder or by proximity-coupling the wire to an external 3D superconductor, the
appropriate terms are also included in Speyt.

The first part of the action, S = Sy + Sin, describes a gapless N-channel Luttinger
liquid. S can be treated non-perturbatively via the method of bosonization [48]. For
completeness, we review it in Appendix [2.A] Introducing a chiral boson ¢; for each chiral

fermion 7, we obtain the bosonic representation

1
S = o= [ dtde [Kisdiondu6s — Vistuoio.0,], (22)
with K = diag(—Iy,Iy) and Vi; = |vf]|d1s + %UU. The fermion operators are given

in terms of the bosons by ¢! = (2ma)~"/2e¥91~,, where the sign is — (+) for I < N
(I > N), a is a short-distance cutoff, and the Klein factors v; satisfy vy, = —vy 7 for

12
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I#J.
The LL action (2.2)) is a fixed point under RG flow, parameterized by the symmetric
positive definite 2N x 2N matrix V. Our results are based on a systematic linear stability

analysis of these fixed points S[V]. A generic perturbation of S[V] has the form

S:/ﬁmk@w@@+w@@@ﬂ, (2.3)

where O is a local bosonic operator and £(z) is an appropriate function. It is natural to
distinguish three types of perturbation: (i) global perturbations, in which &(x) = ge™ is
constant in space, (ii) random ones, in which £(x) is a Gaussian random variable with
&(x) = 0and & (2)&(2') = /g (v —2'), and (iii) local ones, in which &(z) = ge'®d(z — o)
acts only at a point. In each case, the linearized RG equation specifying how the coupling

constant g changes with the energy scale A is

dlng
dln A

= A~ dg, (2.4)

where dog = 2, %, 1 for global, random, or local perturbations respectively, and where A
is the scaling dimension of . The perturbation is relevant if A < de, marginal (at
tree-level) if A = dog, and irrelevant if A > deg.

The quadratic action ([2.2]) can be destabilized by localization or the opening of a gap,
either of which can be caused by a relevant perturbation if O is a vertex operator

Om = ™91 where m € Z* (we suppress cutoff factors for brevity) !l The operator

3Besides vertex operators, the other local bosonic operators in the theory are the currents 9,¢;. These
have dimension A = 1, so terms linear in J,¢; are relevant. In fermionic language, they correspond to
chemical potential terms. However, such terms can be removed from the action via an appropriate x-
dependent shift of the fields ¢; (correspondingly, a shift of the Fermi wavevectors kp ). Terms quadratic
in 0,¢; are exactly marginal; these are already included in S[V]. Cubic and higher terms are irrelevant.

13
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O is bosonic if and only if its conformal spin,
K(m) = im"Km, (2.5)
is an integer. At the fixed point S[V], the scaling dimension of Oy, is

A(m) = im"Mm, (2.6)

where M = ATA, and A € SO(N, N) diagonalizes the interaction matrix, AVAT =
diag(u;); for a derivation of Eq. , see Appendix . Although V' does not uniquely
determine A by this criterion, it does uniquely determine M = ATA, so the right side of
Eq. is well-defined (a proof of this assertion, and a detailed characterization of the
map from V' to M, is given in Appendix . Given any M, the set of corresponding

interaction matrices can be parameterized as

X 0
V=M1? M2 (2.7)
0 Y

where X and Y are arbitrary symmetric positive definite N x N matrices, and M ~1/2
is the unique positive definite square root of M~! (see Appendix for details; in
particular, Lemma (3| proves the validity of the parameterization ([2.7)), and Section m
provides some intuition for it). This parameterization of V is closely related to, but
distinct from, the one used in Refs. [49] 50].

Note that, since K = AKAT and |27 Kz| < ||z[|°, where ||-|| denotes the Euclidean
norm, the quadratic forms A(m) and K (m) obey the inequality

A(m) > |K (m)]. (2.8)

14
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Thus, only perturbations that involve operators Oy, with conformal spin K(m) = 0, +1
have a chance of being relevant; those with K(m) = 42 can be at most marginal at
tree-level, while higher-spin perturbations are irrelevant on the entire manifold of fixed
points S[V].

We define two notions of stability of a LL fixed point S[V]. We say that it is oco-
stable if all non-chiral (i.e. K(m) = 0) perturbations are irrelevant at S[V]. We say
that it is absolutely co-stable if all chiral (i.e. K(m) # 0) perturbations are irrelevant
as well ﬂ The scaling dimensions are continuous functions of V', so each stable fixed
point belongs to a stable phase. oo-stable phases cannot exist when the LL has only
N = 1 channel. They can be shown to exist—by explicit construction—when N > 23
[17]. In the intermediate range, 1 < N < 23, the existence of co-stable phases remains an
open question at this time. Meanwhile, upper bounds on the density of high-dimensional
sphere packings [51] imply that absolutely co-stable phases cannot exist with N < 11
channels. It is again possible to show—Dby explicit construction—that they do exist when
N is sufficiently large. For completeness, we discuss these matters in more detail in
Appendices and [2.F]

From a physical point of view, however, the notions of stability introduced above are
unnecessarily restrictive. If there are physical reasons to expect the bare value gg of a
relevant coupling to be small, then although this coupling will eventually destabilize the
metallic state, this will only happen at very low temperatures T ~ Ag g(l]/ (det=2) " YWe
expect go to be small for perturbations that are sufficiently high-order in the fermion
fields. This is based on the assumption that such terms are not appreciably generated
during RG flow from the underlying microscopic theory (which only has terms up to

quartic order) to the effective theory Se.g which describes the system at energies ~ Ay.

4Chiral perturbations cannot themselves lead to an energy gap, but one might worry that such
perturbations, if relevant, will grow large enough to affect the scaling dimensions of nonchiral operators.
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Each vertex operator Oy, in the bosonic formulation corresponds to terms that are

"_order in the fermion fields, where |m| = ?J:Vl |my|. We say that the fixed point

ml
S[V] is g-stable if q is the largest integer such that all non-chiral perturbations of S[V]
with |m| < ¢ are irrelevant. We say that it is absolutely q-stable if ¢ is the largest
integer such that all perturbations with |m| < ¢ are irrelevant. Our earlier notions of
stability are the limiting cases ¢ = co. Based on the comments in the previous paragraph,

it is plausible that, in any real system, there will be no observable difference between

g-stability and oco-stability at accessible temperatures if ¢ is sufficiently large E]

2.3 Relation to Integral Quadratic Lattices

As described in the Introduction to this chapter, there is a beautiful geometric picture
associated with all of this. To any interaction matrix V' diagonalized by A € SO(N, N),
we associate a lattice AZ*N = {Am | m € Z*"} in a fictitious R?*" equipped with
two metrics: the mixed-signature (N, N) metric K = diag(—Iy,Iy) and the Euclidean
metric Iy. The scaling dimension of an operator is equal to half the Euclidean interval
from the origin to the associated lattice point, A(m) = %HAmH? There are three
“spheres of relevance” centered at the origin, with Euclidean radii v/2deg = 2, V3, V/2;
any lattice point inside these spheres represents a perturbation that is relevant if it is
global, random, or local, respectively. The chirality (i.e. conformal spin) of an operator
is equal to half the mixed-signature interval from the origin to the associated lattice
point; chiral operators correspond to “spacelike” or “timelike” intervals, and non-chiral

operators to “lightlike” (null) intervals. The lattice is naturally graded into “shells” of

fixed |m| = 327, |my|, which equals the order of the corresponding perturbation Op, in

5Even if this assumption turns out to be false, a g-stable phase can be expected to exhibit novel and
exotic instabilities, since all the usual instabilities correspond to operators with small |m)|.
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-3 -2 -1 0 1 2 3

Figure 2.1: Lattice of perturbations for an N = 1 channel LL. Large dots are bosonic

operators, while small gray dots are fermionic ones; the latter can be ignored. A per-

turbation is relevant if it falls within the appropriate circle ( global, —-—- random,

------- local). The lattice shown is Z2, corresponding to the noninteracting fixed point,

A = 0. With attractive interactions, A < 0, the lattice deforms as indicated by the
flow field. With repulsive interactions, A > 0, the flow is in the opposite direction.
the fermion fields. Bosonic operators have even |m|. The fixed point S[V] is g-stable if no
lightlike even lattice point in the innermost ¢ shells falls within the sphere of Euclidean
radius 2 centered at the origin. It is absolutely g-stable if the same also holds for spacelike
and timelike even lattice points in these shells.

Figure illustrates these ideas in the simplest case, that of N = 1 channel. The
matrix A € SO(1,1) then describes a boost (hyperbolic rotation) of the plane, and
can be parameterized as A(\) = e~ M2 At the noninteracting fixed point, A = 0,
the most relevant perturbations couple Osc = Yhy! ~ =91792) to an external 3D
superconductor, or Ocpw = waz ~ e!(@1192) to g periodic potential. The corresponding
lattice points are m = (—1,1) and m = (1, 1) respectively. When A = 0, both operators
have A = 1, so both perturbations are relevant; the associated instabilities are induced

superconductivity (SC) and a pinned charge density wave (CDW) respectively. When
17
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interactions are turned on, so that A # 0, the lattice deforms to A(\)Z? as indicated
in the Figure. Thus, A < 0 makes Ocpw less relevant but Osc more relevant, while
A > 0 does the opposite. The interaction matrix V' can be parametrized as in Eq. ,
with X = u; >0, Y = uy > 0, and MY? = A(=)) = e its off-diagonal element

is Vig = 5(uy + ug)sinh A. Thus, A < 0 (A > 0) corresponds to attractive (repulsive)

1
2
interactions, and we reproduce the well-known phenomenology of the 1-channel Luttinger

liquid [I5]. Clearly, stability is impossible with just N = 1 channel.

2.4 Stable Luttinger Liquids

We now turn to the general case of N channels. Our approach is to study all pos-
sible scaling dimension matrices M. After we have identified some M’s of interest, we
reconstruct the corresponding V'’s using Eq. .

A useful structure theorem for SO(N, N), called the hyperbolic cosine-sine (CS) de-
composition [52], ensures that M can be written as a product of independent boosts in

orthogonal planes:

o c -5 0
v |9 O 7 (2.9)
0 Qg -5 C 0 Q-

where @Q1,Q2 € SO(N), C' = diag(cosh )\;), and S = diag(sinh \;), with \; € R, i =
1,2.... N.

The crucial geometric fact distinguishing N > 2 from N = 1 is that the boost planes
of M can be rotated out of alignment with the lattice planes of Z?" by suitably chosen

Q;. As a consequence, we have:
Theorem 1. For N > 2, absolutely g-stable phases exist for any finite q.

Proof. Take A\; = A in the expression (2.9) for M, and let m = (mp, mz), with mp/;, €

18



Almost perfect metals in one dimension Chapter 2

ZN. 1f either mp or my, vanishes, then A(m) = 1 im||> cosh A > 2 for A > arccosh 2. If

neither mg nor my, vanishes, we can rewrite the inequality A(m) > 2 as

2 csch A
) coth A — —— oA (2.10)

Ty [ mp||
mRQmL| < f<HmL||

where Q@ = Q{Qs € SO(N), i, = m,/|m,|| and f(z) = J(z + 2™'). There are a
finite number of vectors m € Z*V that satisfy |m| < ¢, so the unit vectors Mg/, in
Eq. belong to a finite set {2,. This set cannot fill the unit sphere densely, so there
exists @ € SO(N) and € > 0 such that [m,Qm;| < 1 — € for all g/, € Q, But
f(x)cothA > 1 for any x, A > 0, while cschA — 0 as A — oo. Thus the right side of

Eq. (2.10) is greater than 1 — € for sufficiently large A. ]

In the N = 2 channel case, M is parameterized, according to Eq. (2.9), by two
rapidities (A1, A2) and two angles (01, 5, where 6; is the rotation angle of @Q); € SO(2)).

It is convenient to write these as

)\172 =0+ /\, 9172 = %(0 + O./). (211)

In the limit 6 — 0, the dependence on « disappears. The full parameterization of M is
written down explicitly in Appendix [2.H.1]|

We construct an “absolute g¢-stability phase diagram” for the 2-channel LL by as-
signing to each point (A, 4,60, a) in the resulting parameter space its absolute g-stability
value, ¢. Figure shows the 0 = 0 slice of this diagram; other slices may be found
in Appendix Each point in the phase diagram corresponds to a 6-parameter family
of interaction matrices V', which can be obtained using Eq. . The resulting general
expression for V is given in Appendix 2.H.2] Here, we concentrate on the particular case
in which the diagonal blocks Vzg and Vi are equal, and § = 0 (see Appendix for
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0 7TI/8 7TI/4 37TI/8 /2
6

Figure 2.2: A slice of the absolute g-stability phase diagram for the N = 2 channel
LL. Each point on the plot is assigned the largest integer ¢q such that all perturbations
with |m| < ¢ are irrelevant for those parameter values (A, 8). The diagram is identical
for 6 — 0 + nm/2.

details). In this case,

V= , (2.12)

Ci Cy |V W

co C_|w v_

where vy = v £ u,

c+ = (wsinf + vy cos @) tanh A, (2.13a)

co = vsinf tanh \. (2.13b)

The parameters v, u, and w do not affect scaling dimensions; they can be chosen arbi-

trarily subject only to the constraint that V' must be positive definite, which requires
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v > 0 and

(usin® — wcos #)? cosh* X\ + (ucos 6 + wsin §)* < v, (2.14)

If in addition @ € [0, 7] and

ucosf + wsin O > v|cos b, (2.15)

then every entry in the V matrix is nonnegative. Note that the above inequalities can
be satisfied simultaneously—the first defines the interior of an ellipse in the (u/v,w/v)
plane, and the second selects a segment of this ellipse. Thus, we can realize any of the
absolutely ¢-stable phases in Figure with purely repulsive interactions.

The 2-channel LLs defined by Eqgs. and can in principle be realized
in a single-spinful-channel quantum wire with either time-reversal or spatial inversion
symmetry, but not both; see Appendix for details. (We hasten to emphasize that
these LL phases are g-stable with respect to perturbations that break the symmetry as
well.) If the system also has spin-rotation symmetry about some axis, one can reformulate
the effective action in terms of non-chiral charge and spin fields [15], as described in

Appendix In the time-reversal invariant case, the corresponding Hamiltonian takes

the form
H= / Ao v Ko(TTL)? + ~=(0pe) + 0Ky (7T1,)2 + = (0rp,)’
2 K. K,
+ dy () 0pps + d_(7ll) Oppe | 5 (2.16)

where @5 is the charge (spin) phase field, with conjugate momentum density IL). The
parameters v.(s), K.), d+ are simple functions of vy, w, cy, co; the expressions are given

in Appendix [2.G] The ¢-stable phases identified in this work require d; # d_. Standard
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treatments of a spin-orbit-coupled LL, such as Ref. [53], make the additional assumption
that interactions are pointlike; this leads to Eq. (2.16]) with d, = d_. However, d, # d_
is perfectly consistent with the symmetries of the problem, and appears naturally if one

allows for more general short-range interactions.

2.5 Conclusions

As we have seen in this chapter, the 1-channel Luttinger liquid is the exception. For
any number of channels N > 1—including even N = 2—there are parameter regimes
in which, for any desired finite ¢, all instabilities up to ¢-th order in electron operators
are kept at bay. These phases are, in some sense, better examples of non-Fermi liquids
than the 1-channel LL since they do not have a tendency to order frustrated only by low
dimension. We cannot take ¢ = 0o, so these states will eventually be unstable, but this
may not occur until unobservably low temperatures. Moreover, it is much more likely
that it will be possible to tune the parameters of an N = 2 channel Luttinger liquid
into the necessary regime in an experiment than it would be for N = 23, which appears
to be necessary for ¢ = co. Thus, the work described in this chapter may facilitate the
observation of these phases in experiments and may serve as a useful paradigm for think-
ing about higher-dimensional non-Fermi liquids. Our results can also be translated into
statements about stable phases of classical 2-dimensional or layered 3-dimensional sys-
tems; it would be interesting to explore the consequences for particular classical systems

of experimental interest.
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Appendices

2.A Abelian bosonization

In this section, I review the method of abelian bosonization, following the constructive
approach described by von Delft and Schoeller [48] (who in turn mostly followed and
simplified Haldane [I6]). T set i = 1 throughout. I work everything out in detail for a
single chiral fermion. The generalization to multiple species is a straightforward exercise
in bookkeeping, and I merely state the results. Note that my normalization and sign

conventions differ from those of Ref. [48] in several places.

2.A.1 Setup of the (fermionic) problem

The starting point is a set of fermion operators ¢, indexed by a discrete and unbounded
momentum index k € (2w/L)Z (this is appropriate for periodic boundary conditions; I
ignore most boundary effects). These operators obey the standard anti-commutation

relations

{Ck,Ck/} = O, (217&)

{ck, e} = O (2.17b)
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The associated number operators are
iy = e (2.18)

The fermion vacuum |0) is defined as the Dirac sea with all k£ > 0 levels empty and

all k& <0 levels occupied:

|0y =0 for k>0, (2.19a)

|0y =0 for k<O0. (2.19b)

Note that |0) is the (grand canonical) ground state, at chemical potential y = 0, of
any hamiltonian of the form Hy = ), €,ny, as long as ¢; is a monotonically increasing
function of k that changes sign at & = 07. The fermion Fock space H is (heuristically)
the set of states obtained by acting on |0) with arbitrary combinations of the ¢;’s and
CL’S. Fermion-normal-ordering is defined with respect to |0); to fermion-normal-order a
function of the ¢;’s and ¢;’s, one moves all ¢;’s with & > 0 and all ¢;’s with £ < 0 to
the right of all other operators. The fermion-normal-ordered form of an operator A will
be denoted :A:. The operator that counts the total number of fermions, relative to the
Dirac sea |0), is

N=> . (2.20)

Here and below, ), means a sum over all k € (2r/L)Z.
The set of all states with N -eigenvalue N is called the N-particle Hilbert space Hy.

The full Fock space splits as H = @y, Hn. The N-particle ground state |N) € Hy is
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defined as:

(

CLN e CLQCLI 0) if N >0,

[N)=410) if N=0, (2.:21)

\CkN+1 v Ck_q Cky |0> if N< 0,

where k, = 27n/L. Thus, |N) is indeed the N-particle ground state of Hy, with N
measured relative to |0).

The fermion field ¢ (z) is defined in terms of the ¢;’s as

— 1 ikx
Y(z) = NG Zk:e Chs (2.22)

where x € [—L/2, L/2]. The inverse transformation is

ok = % /dx e~ k(). (2.23)

Here and below, [dz is shorthand for fféz dr. The fermion field obeys the anti-

commutation relations

{t(z),¥(2")} =0, (2.24a)
{¥(x),¢"(2")} = d(z — ). (2.24D)

Note that, with the definitions above, the fermion field ¥ (z) is right-moving; in the

Heisenberg picture of Hy = ), vkny, one has ¢(z,t) = ¢ (z — vt,0).
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2.A.2 Bosonic operators and their properties

One can define bosonic particle-hole operators indexed by ¢ € (2r/L)Z™:

o 1/2
by = —i (L—q) > e (2.25)

k

Again, these are only defined for ¢ > 0. They obey the commutation relations

A

[bg, N] = 0, (2.26a)
[bg, by] = 0, (2.26b)
(b, bl] = G4q. (2.26¢)

The first one is obvious, since each term in b, commutes with N. The second is straight-
forward to verify. The third requires some care; one can only cancel terms that are

normal-ordered (otherwise each term might be infinite). This is only an issue when

q4=4q-

2T
[bg. bj;] = Lq Z (CLCk: - Cch+qu+q>
k

27 . . R .
— L_q Z (:nk: — Mgt + (o — (nk+q)0>.

k

The normal-ordered terms cancel upon shifting & — k — ¢ in the second one. The
remaining sum gives 1 (since (ng)o — (Mgiq)0 = 1 for k € [—¢,0) and 0 otherwise).
Acting on [N), the operator b creates a linear combination of particle-hole excitations

with momentum ¢q. The b,’s annihilate the N-particle ground states:

by |N) = 0. (2.27)
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Boson-normal-ordering is defined with respect to these states: to boson-normal-order a
function of the b,’s and bfl’s, one moves all b,’s to the right of all b;’s. The boson-normal-
ordered form of a bosonic operator B will be denoted :B:. It is easy to check that an
expression consisting purely of boson operators is boson-normal-ordered if and only if it
is fermion-normal-ordered (hence the same notation).

Let F,y denote the set of states obtained by acting on |N) with arbitrary combinations

of the b:;’s. Fuw is spanned by the set of orthonormal basis states

(o))"
Vit = [T 25 190

(2.28)

Here and below, [, ., means a product over all ¢ € (27/L)Z". The justification for the

entire bosonization technique rests on the following result (a self-contained proof is given

later, in Appendix [2.A.7)):

Theorem 2. Fn = Hy.

To complete the bosonic representation, one needs Klein factors F' and F that raise

or lower the total fermion number by one (and thus connect the different Hy sectors) [f]

These may be defined in the basis (2.28)) as:

F =5 STIN =1 {mg YN {mg . (2.29)

NE€Z {mq}

SNote that, in the main text of the chapter, we denoted the Klein factors by + instead of F.
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The Klein factors obey

[N, Ff] = FT, (2.30a)
FFT=F'F=1. (2.30c)

At this stage, the bosonic representation has been established in principle. By acting
on |0) with suitable combinations of the Klein factors and the bg’s, we can reach any
state in the fermionic Fock space H. It follows that the ¢;’s and ¢;’s have bosonic
representations. In practice, however, it is more convenient to work with the Fourier
transforms (field operators).

The hermitian bosonic field is defined as

¢(x) = p(x) + ¢'(2), (2.31)

where

o\ 12
p(r) = Z (L—Z) elar=aa/2p (2.32)

4>0
Here and below, > _; or >° mean a sum over all ¢ € (2r/L)Z" or all ¢ € (27/L)Z,
respectively. a > 0 is an infinitesimal UV regularization parameter. According to Hal-
dane, a “in no way plays the role of a cut-off length.” However, 1/a can be interpreted
as a kind of “effective band-width” [16], 48].

The boson fields obey the commutation relations

[o(2), (2')] = 0, (2.33a)

[p(x), ' ()] = —Tlog (1 — e>7/F), (2.33b)
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where Z is the complex conjugate of

z=a+i(x —2a).

(2.34)

The argument of the logarithm is always in the right half plane; the branch cut can be

taken along the negative real axis. As L — oo,
(@), ' (2")] ~ —log(27Z/L).
It follows from Eq. (2.33)) that

o). o) = g (1=

= log(z/z) — %(z )

— o
~2iarctan(x m)—ﬂ(a:—x').

a L

In the limit a — 0, this reduces to

21

(6(x). 6(a)] ~ im sgn(a — o) — 2 (z — o)
Finally, differentiating Eq. (2.36)) with respect to z’, we obtain

/ |1 a 1
[p(x), Opp(2")] ~ —2mi o e e R

(2.35)

(2.36)

(2.37)

(2.38)

As a — 0, the first term in brackets reduces to d(x —x’). The 1/L correction ensures that

the commutator is consistent with [ da’ 8, ¢(a') = ¢(L/2) — p(—L/2) = 0, as required

by periodic boundary conditions. When performing calculations it is always safest to use

the commutator formulae with a finite, and to only take a — 0 (if possible) at the end.
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Note that, with the definitions above, the boson fields are also right-moving; in the

Heisenberg picture of Hy = ), vk fg, one has ¢(z,t) = ¢(z — vt,0), as can be verified

using Eqgs. (2.25) and ([2.32).

2.A.3 The bosonization formulae

The fundamental “bosonization formula” expresses the fermion field ¢(x) in terms of
operators that have simple representations in the bosonic basis (2.28): the boson field
¢(z), Klein factor F', and total number operator N. Almost as useful (and much easier

to derive) is the bosonic representation of the normal-ordered electron density,

p(r) = PH(a)y(x): LZeWZ el o (2.39)

(the summand is already normal-ordered for ¢ # 0). In terms of the boson operators,

one has
. q 1/2 iqT —zqaz Jr
x):zz<27T—L> (e"by — by Z Mgt
q>0
and thus
1 N
) = 5-0u0(a) + T (2.40)

This is the first “practical formula” of bosonization. It holds for a — 0 on the right side
of the equation. In the limit L — oo, the second term can be dropped (since N measures
fermion number relative to the Dirac sea).

The bosonic representation of ¢(x) is derived by studying its action on arbitrary

states in Hy, starting with the N-particle ground state |N). It is easy to verify (from
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the definitions) that

[bg, ()] = g (x)¢(2), (2.41a)
(b, ()] = ag(2)v(z), (2.41b)

where

o (z) =i (21) " el (2.42)

Since b, |[N) = 0, this implies

byt (2)|N) = ay(x)¢p(x)|N) . (2.43)

Thus ¢(x)|N) is a simultaneous eigenstate of all the b,’s, with eigenvalues ay(x). It must

therefore have a coherent state representation of the form
G(@)IN) = Ay (@) F eZeo e | N), (2.44)

where Ay () is a complex-valued function of N and z, and the Klein factor F' is needed
to decrease the total number of fermions in the state by one. Projecting the equation

onto |N — 1), and noting that (N — 1| F eXa>0 bl — (N|, we obtain

eikNac

An(@) = (N — 1jb(2)|N) = , 2.45
N(z) = ( (@) N) Nis (2.45)
where ky = 27 N/L. Thus, in the limit a — 0,
1 I )
() |N) = —=Fe?Ne/L gie"@) | Ny (2.46)

VL

Here, I commuted the factor e past F' and wrote it as an operator acting on |N). It
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is convenient to define

F(z) = FemNa/E (2.47)

and to regard the exponential as the x-dependence of the Klein factor.
Having determined the action of ¢(z) on |N), one can determine its action on an

arbitrary state in ‘Hy. By Theorem , any state in Hy can be written as f({b!}) |N),

for some function f. Using Eq. (2.41b)), one has
()bl = (0] — ag(@))y(2). (2.48)

Therefore,

Y(@) f{bIH) IN) = f({B] — ag(2)}) 9 () [N)

L pine @ et — o (e
= \/ZF( ) f({by — ag(z)}) [N).

The second equality holds because F(x) and ¢f(z) commute with the b}’s. From the

definition of ¢(z), one has, in the limit a — 0:

(), b]) = icy(w), (2.49)

> g

and so

eigp(az) b:; e—ig&(z) — b:; _ Oé;(l') (250)

Thus,

FUB, = ag(2)}) [N) = 9 f({bl}) e |N)

= O F({B1}) IN).
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The second equality holds because ¢(z) annihilates |/V). Combining this with the inter-

mediate result above, one gets

¢@ﬂ%WM=§fWWWWWWMDW%

This holds for arbitrary states of the form f({b!}) |N). By Theorem [2| these states span

the fermion Fock space H. Thus the bosonization formula

U(x) = LF(yc)ei“’f(”‘”)e"“"(”“”) (2.51)

VL

holds as an operator identity in 4. The right hand side is normal-ordered, and can be

evaluated with a = 0. There is also the (more common) un-normal-ordered version:

Y(x) = \/217T_aF(x)ei¢(x). (2.52)

This form obviously requires a > 0. The equivalence of Egs. (2.51]) and ([2.52)) follows from

the Baker-Campbell-Hausdorff (BCH) formula and Eq. ; ei#'eiv = ileTHe)—3leTel =

(3%)"2€". In the limit L — oo, the 2-dependence of the Klein factor can be dropped.
Our earlier formula for the normal-ordered electron density, Eq. , can be re-

covered from Eq. . To do this, we “point-split” the otherwise singular product of

operators ¢ (z)1(z) and compute

pla) = lim (@ + a)oh(a):

a—0
— lim L i) i),
a—0 27a
= lim :%e—i¢<w+a>+i¢(w>eé[¢<x+a),¢<x>1:
a—0 27a
= lim o (L 0d,0(2) + - ) = o 0,0(), (2.53)
a—0 27a 1
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which agrees Eq. (2.40) in the limit L — oo (one can also recover the 1/L term by being
more careful). Here, the second equality uses FTF = 1, the third uses the BCH formula,
and the fourth uses Eq. (2.37)) for the commutator. Finally, normal ordering gets rid of

the infinite constant term 1/27a.

2.A.4 Bosonization of the free fermion hamiltonian

We could bosonize the free fermion hamiltonian by carefully point-splitting and ap-
plying the bosonization identity, Eq. (2.51)). However, the algebra involved is somewhat
tricky and quite tedious (see Appendix G of Ref. [48] for this derivation). Luckily, there

is a simpler and more direct method. First consider the case of linear dispersion,
Hy = Zk by = /da: W1 (x)(—i0 )1 (x): (2.54)
k

Recall that the N-particle ground state |N) € Hy has all k£ > ky levels empty and all

k < ky levels occupied, where ky = 27 N/L. Hence, by inspection,

Hy|N) = ZN(N +1)|N). (2.55)

s
L

Furthermore, a simple calculation using the definition (2.25)) of the bosonic operators b,
shows that

Hob! = bl(Ho + q). (2.56)

Now, the fact that the bg’s acting on |N) span the entire N-particle Hilbert space Hy

(Theorem [2)) implies that Hy must have a unique representation in terms of the bosonic
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variables. The only bosonic operator that satisfies both of the preceding conditions is

i “N(N +1). (2.57)

h

RIS 1
Hy = qu;bq + zN(NqL 1) = yym /da: (0,0(x))*: +
q

The second form is easily seen to be equivalent to the first by using the definition of
the boson field ¢(z). In the limit L — oo, the second term can be dropped (since N
measures fermion number relative to the Dirac sea).

Nonlinearity of the dispersion relation of the fermions gives rise, in the bosonic hamil-
tonian, to interaction terms that are proportional to higher powers of 0,¢ [16]. For in-
stance, a quadratic term oc k% in the fermion dispersion relation gives rise to a (9,¢)*
interaction, while a cubic nonlinearity oc k% gives rise to a (9,¢)* interaction. These
interaction terms can all be derived by simply repeating the steps above with a general
dispersion law, e(k) ~ c1k + cok? + c3k® + - - - . Very heuristically, a k™ nonlinearity cor-
responds to 1 (—id, )", and each derivative acting on ¢ ~ € pulls down an additional
factor of 0,9, leading to a term o< (9,¢)" ™" in the boson hamiltonian. These interaction
terms are all irrelevant in the RG sense, and can be neglected for the purposes of this
chapter. However, when one considers dynamic quantities these terms are often danger-
ously irrelevant and cannot be handled using naive perturbation theory. For a deeper
discussion of dispersion nonlinearities in Luttinger liquids, and how to properly treat
them, see Ref. [54]. We will also touch on this topic again briefly in Chapter 3| of this
thesis (Section , in the context of understanding relaxation to equilibrium following

a quantum quench.

2.A.5 Multiple fermion species

The preceding results may be easily generalized to the case of multiple fermion species,

distinguished by an index I. If the species are all (mathematical) right-movers, the
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formulae simply acquire an extra species index I. The only nontrivial change occurs in
the definition of Klein factors, which must now capture the anti-commutation of fermions

belonging to different species. Instead of Eq. (2.29)), we have

Fr=3" 30 IN = L (m )N {my}| (~1)%73 7, (2.58)

N {mq}

These Klein factors obey

(N1, ] = 61, F), (2.592)
[bar, FJ] = by, FJ] = 0, (2.59Db)
{F, Fi} = 20;;, (with FJF; = 1), (2.59¢)
{Fi,F;}=0 forI#.J. (2.59d)

We may introduce left-moving fields by simply noting that if ¢;(x) is a right-mover,
then ¥;(z) = v¥;(—xz) is a left-mover (we should also change k — —k and ¢ — —¢q
for the left-movers if we want these quantities to consistently label quasimomentum).
The corresponding left-moving bosonic fields are defined as ¢; (x) = —¢r(—x); the extra
minus sign in this definition ensures that there is no minus sign in the formula p;(x) =

@(x)z/?l(:c) = %arqgl(a:) Dropping tildes, we have

1
V2ma

Yr(x) = Fl(x)eiid’f(x), (2.60)

where the sign is + (—) for right-movers (left-movers). Also, as just discussed,

pi(x) = W}(e)a(e): = 5 -0un() (2.61)
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holds for both right- and left-movers. The free fermion hamiltonian with linear dispersion,

= szﬂ{f el enr = /dxz ol (@) (—iv; 0,01 (2):, (2.62)

where vy > 0 (v; < 0) for right-movers (left-movers), has bosonic representation

Hy = 47T/d$Z|UJ| Oy r(x))*: ZNI Nr+1 (2.63)

Again, nonlinearities in the dispersion relation give rise to (9,¢;)® and (9,¢7)* interaction
terms that are irrelevant (although dangerously so for dynamic quantities).

The part of the full hamiltonian describing “forward scattering” interactions between
the electron densities p; at the different Fermi points can be immediately bosonized using

the identity p; = %8&,@5[:

H, = /dx Uryp1(z)ps(x) = ﬁ/d‘x Ury 0:01(x) 0p9(7). (2.64)
Thus,
H=H,+H, = ! d 0 0. 2
= Hy+ 1—@/ x Vi 0ppr(x) 0ppy(2), (2.65)

where Vi = |vg|07;+ %UU. The associated action is given by S = [dt (3, ﬂ;@tqﬁf —H),
where the II;’s are conjugate fields satisfying [¢;(z),I1;(2)] = (i/2)d(z — 2'); the extra
factor of 1/2 is because the ¢;’s are chiral. From Eq. 1} we identify II; = $ﬁ8x¢1,

where the sign is — (+) for right-movers (left)-movers. In this way, we arrive at Eq. (2.2)),

1
§=_ [ drda [KUatcplaxqu—anx@am%} (2.66)

where K;; = k075 and k; = — (+) for right-movers (left-movers). There are several other
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ways to derive this action. One is to demand that 0.5/d¢; = 0 give the correct equations
of motion for the densities p; o 9,¢; when U = 0: right-movers obey (9, + 9,)pr = 0,
while left-movers obey (9, — 0,)pr = 0. This fixes the first term in S.

Finally, any other terms in the fermion hamiltonian can also be bosonized by applying

the bosonization formula t; ~ ¢=1. For example, 1} g + iy ~ cos(dr, + dr).

2.A.6 Correlation functions and scaling dimensions of vertex

operators

As usual in many-body theory, the generating functional of imaginary time-ordered
correlation functions of the boson fields at zero temperature may be written as a func-

tional integral,

Z[h] = /[dgb] e~ SB[ Fxhr(x)dr(x) (2.67)

Here x = (7, z), the integral [ d?z is over all x € R?, the h;(x)’s are source fields, Sg is

the Euclidean version of the action S,

1

Sele] = I /d2$ [— iK1;0:010.¢5 + VIJawcbfﬁxng], (2.68)

and the functional integral [[d¢] is over all field configurations ¢(x); the measure is
normalized so that Z[0] = 1. Recall that K = diag(x;) with diagonal entries x; = %1,
while the matrix V' is positive definite.

We are free to change integration variables in Eq. from ¢;(x) to ¢r(x) =
¢7(x)(A71) 5, where A is any invertible matrix with det A = 1; the Jacobian of this

transformation is 1. Doing so, we obtain

Z[h] = /[dqg] eS8l +f Exhi()é1(x) (2.69)
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where h;(x) = A;shy(x) and

PO 1

5eld) = 5 [ e[~ (AKAT),0.6:0.6, + (AVAT) 10,010.6,). (270)

Assume that we can choose A so that AKAT = K and AV AT = diag(u;), with u; > 0.

Then the action Sg simply describes a collection of free chiral bosons with velocities & ;u;,
5610 = 4= | #2300+ (06 (2.11)
Consequently, Eq. yields
Z[h] = eXP(% /d%/d%lzﬁj(x)ﬁj(x - X/)BJ(X/)>> (2.72)
J

where g;(x — x’) is the propagator of the free chiral boson ggj,

627

ST o) |y~ ()% (x))- (2.73)

h=0

9i(x =x') =

Computing this propagator in any of the usual ways (e.g. by expanding the field in
Fourier modes and explicitly performing the field integral, by returning to the hamiltonian

formulation, or by solving the appropriate differential equation), we obtain [4§]

gj(x) = — log(%r[(ujn’ — IK;T)SgnT + a]). (2.74)

Now consider the vertex operator O, (x) = Npe™™ ) where Ny, is a normalization

factor. The imaginary time-ordered correlation function of a pair of vertex operators is

(Om(x1)0u(x2)) = [ [d6] 57 O (x1)Onox2). .75
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Comparing this expression with Eq. (2.67]), we notice that
(Om(x1)On(x2)) = Nin Na Z[h1(x) = impd(x — x1) + inpd(x — x3)]. (2.76)
The right side can be easily evaluated using Eq. (2.72) with h;(x) = A h(x):

(Om(%1)On(x2)) = Nop Na o5 [ Pz [ dPa’ 3716 (x—x1) 418 (x—x2)]g; (x—x') [/ 6 (x' —x1) 4728 (x —x2))]

1

= Nin Na H o3 (M5 +73)3;(0) — L3 (x1—x2)+3; (x2—xl)]’ (2.77)
J

where m; = A;ymy and iy = Aryny. Using Eq. (2.74) for the propagator g;(x), we get

2 3(m3+n3) /92 i
%) (—”[(uﬂ—mjx)sgmm}) . (2.78)

(Om(x1)0n(x2)) = New N ] ] ( L

where 7 = 71 — 7o and * = 7 — x9. A correlation function of physically meaningful
operators should not depend on the UV regularization parameter a when the separation
between the operators is large compared to a. Therefore, we choose the normalization
factors to be

Nm = a_%Zj ﬁl? — afémTATAm, (279)

With this choice E], the expression for the correlation function reduces to

27T %Z:j(fnj"'_ﬁj)2 . ﬁlj'ﬁj
(O (x1)On(x2)) = (f) T [(ur — inja) sgnr +a] ™™ (2.80)
J
Clearly the correlation function is nonzero in the limit L — oo only if n = —m (or
equivalently, since A is invertible, only if n = —m). This is as it should be. The action

SEg(¢] is invariant under a shift ¢;(x) — ¢7(x) + constant, so the same is expected of a

7NOtiC€ that the normalization factor is precisely ./\/;n =a ( ), where A(m) is the scaling dimension
g
of (Qn-,7 this makes sense dimensionally.
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correlation function of two properly normalized exponentials of the boson fields. This is

only true for a correlator o< (¢/™1¢1¢m797) if n = —m. In the limit L — oo,

5 2

(Om(x1)On(x2)) = On, mH u;T —ikjz)sgnT +al Y, (2.81)

where, as before, 7T =7 — » and © = 1 — x».
The scaling dimension of the vertex operator Oy,, A(m), is encoded in the transfor-

mation of its two-point correlation function when we uniformly scale spacetime:

(Om(X%1) O m(N62)) |\ _ssem)

2.82
(Om(x1) O-m(x2)) (252
It follows from Eq. (2.81]) that
A(m) = lzn% ~ LA m (2.83)
2447972 ’ '

where the matrix A satisfies det A = 1, AKAT = K and AV AT = diag(u;). In the case
K = —Iy & Iy, this yields Eq. (2.6) in the main text.

2.A.7 Proof of Theorem 2|

Recall that Hy is the set of states in the fermion Fock space H with N -eigenvalue
N, while F,y is the set of states obtained by acting on |/N) with arbitrary combinations

of the bosonic b’s. The states |N; {m,}) defined in Eq. (2.28),

[N {mg}) =

q>0
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form an orthonormal basis for F,ny. We need to prove that F,y = Hy. I follow Haldane
[16].

It is obvious that F,n C Hy, because the bosonic operators are themselves functions
of the fermionic ones, and [bfl, N] = 0. To prove that, in fact, F,ny = Hy, we count states.
The overall strategy is as follows. Let Try denote the trace on Hy, and Tryy the trace
on Fpy. Given any positive definite operator p : Hy — Hy whose trace is finite, we can
define Z.n = Try(p) and Zyny = Trpn(p| 7,y ), Where p| 7, denotes the restriction of p to
Fun- Since p is positive definite, it is clear that Z,ny = Z.y if and only if Fyny = Hy.

A suitable operator is p = e—PH , where

H= Z(k‘ — ) g (2.84)

Let us first compute

ZbN = TrbN(e*BH|;bN). (285)

Recall that the state |[N) € Hy has all k& > ky levels empty and all k& < ky levels

occupied, where ky = 27 N/L. Hence,
H|N)=ZN?|N).

Also note that

Hbz = bfl(H +q),

which follow directly from the definitions (2.84) and (2.25)). Therefore, each |N; {m,})
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is an eigenstate of H:

A IN; {1mg}) = (H%) (74 X am ) 0,

q>0 q>0

= (%N? + quq) [N; {ma})

q>0

the sum is over all ¢ € (2r/L)Z*. Consequently,

Zyn = Z e BEN?+3 50 amyg)

{mq}
| ( e—ﬁqm)_
q>0 *m=0

Summing the geometric series, we obtain

Zyy = wV [J(1—w?), (2.86)

n=1
where w = e /L.
Next, we compute
Zoy = Try (e ?H). (2.87)

As before, let kyy = 2N/ L. Consider the fermion occupation number basis for Hy. Each
state in this basis is obtained from |N) by creating some number of particles and an equal
number of holes. Call this number r. The particles must occupy levels k;” = ky +27a;/L,
where a; € {1,2,...}. The holes must deplete levels k; = ky — 27b;/L, where b; €
{0,1,2,...}. The state can be uniquely labeled by the pair of vectors a = (ay, as, . .., a,)

and b = (b1, bs,...,b,). Clearly, one must have a; # a; and b; # b; for ¢ # j. Explicitly,
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the basis states are

r

r
|a7 b> = H CLN+2Trai/L Cky—2mb; /L |N> ’
=1

J=1

It is easy to see that

Hla,b) = (%N2 + 2 (a; + bi)) la,b).
=1
Therefore,

Zen=) e~ (Br/L)IN*+2377_ 1 (ai+bi)]
a,b

— wNz Z w? E;:I(ai-i-bi)’
a,b
where, as before, w = e #™/L. We can write this as
Zoy =w™ Y a(Ow?, (2.88)
(=0

where a({) counts the different ways of expressing the integer £ > 0 as

r 1§a1<a2<---,
i=1 0<b <by<---,

for some r > 0.

Miraculously, the sum in (2.88) equals the product in (2.86). This can be proven
using some elegant combinatorics, which I now describe.

First, some terminology. The partition number p(¢) counts the distinct partitions of
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¢, where a partition is a way of writing £ as a sum of positive integers,
(=Y "d;, 1<d<dy<-- (2.90)
j=1

for some v > 1. By convention, p(0) = 1.
A simple graphical argument, adapted from Ref. [55], shows that a(¢) = p(¢). The
argument is as follows. Every partition (2.90)) of ¢ is uniquely associated to a Young

diagram, consisting of £ boxes arranged in v rows of length d;. For instance, the diagram

represents the partition 27 = 8 + 8 + 6 + 4 + 1. Now decorate the diagram by coloring

all boxes on or below the main diagonal:

The colored set consists of r columns, each with a; boxes. Because the diagonal is
included, a; > 1. Because of the slope of the top edge, a; # a; for i # j.

The uncolored set consists of r rows, each with b; boxes. Because the diagonal is
excluded, b; > 0. Because of the slope of the left edge, b; # b, for i # j.

Thus, the colored diagram gives a decomposition of ¢ of the form (2.89)). Conversely,
given a decomposition of ¢, we can construct its associated colored diagram and
then forget the coloring to obtain a partition of £. This procedure establishes a
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one-to-one correspondence between decompositions of ¢ of the form (2.89) and those of
the form (2.90). Thus, a(¢) = p(¢), as claimed.

The upshot of this combinatorial interlude is that
ZCN = wN2 Zp(g)w%a
=0

where p(¢) counts the number of distinct partitions of ¢, with p(0) = 1.

Now, every partition of ¢ can be uniquely associated to a vector m = (mq,mg,---),
where m,, € {0,1,2,---} counts how many times n appears in the partition. For instance,
5=2+414 141 corresponds to (3,1,0,...). Conversely, every such vector m labels a

unique partition of the integer £ =) m,n. It follows that

S - o
=0 m

Summing the geometric series, and taking = w?, we finally obtain
ZcN = UJN2 H(l - wzn)_l = ZbN~ ]
n=1

Note that, in the literature, equality of Z.y and Z,y is typically established by con-
sidering the corresponding grand canonical partition functions Z. and Z;, and using the
Jacobi triple product identity to show that these are equal for any value of the chemical
potential p. The proof given here is longer because it is self contained (in fact, it gives

the Jacobi triple product identity as a corollary).
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2.B Properties of the map ¢ : V — M from interac-
tion matrices to scaling dimension matrices

Let &y denote the set of real symmetric positive definite N x N matrices, and let
My = SO(N,N)N Pyy. The map ¢ from interaction matrices V- € Py to “scaling

dimension matrices” M € .#y is defined as

0 Pon — M,
(2.91)

01 Vs ATA,

where A € SO(N, N) and AVAT = D is diagonal.

2.B.1 General properties

The first and second lemmas below show that ¢ is well-defined. The third, fourth and
fifth lemmas characterize the inverse images ¢! (M), and yield the parameterization of
V matrices used in the main text of the chapter. All of these results are elementary, but

we record them here for completeness.

Lemma 1. If V € Py, then there exists A € SO(N,N) such that AVAT = D is

diagonal and positive definite.

Proof. (by construction). Let V/2 denote the unique symmetric positive definite square

root of V', so that
VIZ— (v v S0, (VB2 =Y, (2.92)
and let V=12 = (V¥/2)=! = (V=1)1/2. The matrix V"/2KV =2 (where K = —Iy © Iy)

is symmetric, and can therefore be diagonalized by some @) € SO(2N). Furthermore,
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Sylvester’s theorem of inertia [56] ensures that V2KV ~!/2 has N positive and N

negative eigenvalues. Thus, () can be chosen so that

QVTEKVTPQT = DK, (2.93)

where D is diagonal and positive definite (this can be arranged by re-ordering the rows
of @ and, if necessary, multiplying one row by —1 to maintain det@ = +1). Taking
the determinant of both sides of Eq. , we have detV = det D. Therefore A =
D'Y2QV 12 satisfies the desired properties: AKAT = K, det A=1, and AVAT = D. O

Lemma 2. If A; € SO(N,N) and A;VAT = D; is diagonal for i = 1,2, then ATA; =
AT 4,.

Proof. Note that every A € SO(N, N) is invertible, with A™' = KATK, where K =
—In®ly (this follows immediately from the defining condition for the group, AK AT = K,
and the fact that K? = Iy.). Thus, to prove the lemma it suffices to prove the equivalent
statement that Dy = AD; AT implies ATA = Iy, where A = A, A7 € SO(N, N).

Using AT = KA™'K, the equation Dy = AD; AT can be rewritten as

DyK = A(DiK)A™. (2.94)

Thus, the matrices Do K and DK are similar. But similar diagonal matrices can differ
only by a permutation of the diagonal elements. Taking account of the sign structure
due to K, one must have Dy = PD;P~!, with P = PM @ P® | where the P%) are N x N
permutation matrices. Defining B = P~!A, Eq. reduces to

DK = B(D,K)B™". (2.95)
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This implies that B preserves each eigenspace of D1 K. Hence it must (at the very least)
have the block form B = B @ B® | where the B are N x N matrices. Since A = PB,
and P has a similar block structure, one must also have A = A® @ A® where the
A% are N x N matrices. Then the condition AK AT = K implies A® € O(N), so that
ATA =Ty O

Lemma 3. V € ¢~ *(M) if and only if

X 0
V=M1? M2 (2.96)
0 Y

for some X,Y € Py, where M~/? denotes the unique positive definite square root of

Mt

Proof. (=>): Assume that (V) = M. Every M € #x = SO(N,N)N P,y has a
unique positive definite symmetric square root M'/? € .#x. Furthermore, any matrix
A that satisfies ATA = M can be written as A = RM'/? for a suitable R € O(2N).
If A e SO(N,N), then we must have R € O(2N) N SO(N,N) = O(N) x O(N)/Zs,.
Therefore, o(V) = M implies that (RM/?)V(RM'?)T = D for some diagonal positive
definite D and some R € O(N) x O(N)/Zs; equivalently, V = M~Y2RTDRM~'/2 which
is of the form indicated.

(«<=): Assume that V has the form indicated. Then there exist Ry, Ry € SO(N) that
diagonalize X,Y respectively. Let A = [R, @ Ry]M'/?. Then A € SO(N, N), AVAT = D
is diagonal, and ATA = M. Thus ¢(V) = M. O

The scaling dimension matrix M € .#y can, by the hyperbolic CS decomposition,
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be written as [Eq. (2.9)]:

QT 0 C =S| |Q: 0
M= ' : (2.97)

0 Qi |-s c||o @
where Q1,Q2 € O(N), C = diag(cosh )\;), and S = diag(sinh );), with \; > 0, i =
1,2,...,N. Note that we can equivalently take (), Qs € SO(N) if we allow one of the

Ai’s to be negative, as done in the main text of the chapter.

Lemma 4. V € o }(M) if and only if

X+ FYFT' XF+FY
V= , (2.98)
FIX4+YFT FIXF+Y

for some X,Y € &y, where
F = QT diag(tanh()\;/2)) Q. (2.99)

Proof. According to Lemma , Ve (M) iff V= M?X@Y|M 2 for some
X.Y € Py. From Eq. 1} it follows that

¢, S
M= T (2.100)
ST G

where C,, = Q7 diag(cosh()\;/2)) Q, (v =1,2) and S = QT diag(sinh();/2)) Q2. Thus,
CiXC,+SYST XS+ SYC,

V=| T (2.101)
STXC, + CY ST STXS + C,Y Oy
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Now define X = élXél and Y = 6’2376’2. These maps from X, Y € Py to XY € Py
are bijections, because C,, € Py. Noting that SC;! = C71S = F, we obtain the claimed

result, Eq. (2.98). O

We now write the interaction matrix in block form as

Var Vi
v=| (2.102)
VLR VLL
where Vg, Vi, € Py and Vg = VI%L
Lemma 5. V € o~ }(M) if and only if
Vrr € PN, (2.103a)
Var — Vo Vil Vi € P, (2.103b)
Var + FVE F —VgpF — FVip =0, (2.103c)

where F' is defined in Eq. (2.99) above.

Proof. Equations ([2.103al) and (2.103b]) are the Schur complement condition for posi-

tive definiteness of a symmetric matrix [57]; V € Pon iff these equations hold. By
Lemma Ve Y(M)iff MY2VMY? = X @Y for some X,Y € Py. In the notation
of Eq. (2.100), one has

¢, -8
M= | T (2.104)
~5T Gy

Conjugating the equation M2V M'/? = X @Y by the positive definite matrix C; '@ C;

it becomes

I —F||Var Var|| Iv —F X 0
—~ , (2.105)

—FT Iy | |VE Vip| |[-FT7 Iy 0 Y
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where X = C7'XCtand Y = C; 'Y Cy L. These maps from X,Y € Py to X,Y € Py
are bijections. Therefore, V € ¢~1(M) iff Eq. holds for some X,Y € &y. The
off-diagonal block of Eq. yields Eq. (2.103c]). The diagonal blocks of Eq.
are automatically satisfied, because the matrix on the left side is positive definite (it was

constructed by conjugating V' € Pon by other matrices in Pay ). n

2.B.2 Intuition for the parameterization (2.7) of V, and its il-

lustration in the case of N =1 channel

To gain some intuition for the parametrization (2.7)) of V' furnished by Lemma

X 0
V=M1 MY (2.106)
0 Y

first consider the limit M = Iyy. Then the interactions encoded in X simply mix the
right-movers amongst themselves, leading to new modes with renormalized velocities,
while Y does the same with the left-movers. All scaling dimensions (being determined
by M alone) remain equal to their values at the free fixed point. Next consider a different
limit, X =Y =1Iy. Now V = Mt isitself in SO(N, N), and its inverse gives the scaling
dimensions directly. To connect these two limits, consider the Euclidean space of all
symmetric N x N matrices, RVW+1/2 The positive definite matrices occupy the interior
of a convex cone Py C RNW+D/2 The space of interaction matrices is ¥ = Pon.
According to Eq. , ¥ should be regarded as a bundle of lower-dimensional convex
cones Py x Py (parameterized by X,Y) as fibers over the N2-dimensional submanifold
My = SO(N, N)N P,y (parameterized by M). The scaling dimensions A(m), regarded
as functions from 7 — R, are then constant on each fiber. Each Luttinger liquid phase,
defined in terms of its instabilities (or lack thereof), thus extends over the interior of a
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solid cone emanating from the vertex of ¥'.
The N = 1 channel case again provides a nice illustration of these general ideas. The

set ¥ = P, consists of all 2 x 2 matrices

I (2.107)

v a-§

with (o, ,7) € R® and a > (3% +~?)'/2. This is quite clearly the interior of a circular

cone in R®. The parameterization (2.106)), with M = e=*%= € .4, corresponds to

o= 1(z+y)cosh\, (2.108a)
B=35x—y), (2.108b)
v = 1(z +y)sinh A, (2.108¢)

where z,y > 0. For fixed A, the image of the resulting map (x,y) — (o, 3,7) is a
slice of the cone P, in a plane parallel to the f-axis and at an angle arctan(tanh \)
from the a-axis. Each such slice is the interior of a cone in R?, with an opening angle
that decreases with increasing |A|. In terms of stability with respect to clean SC and
CDW perturbations, ¥ = %, splits into four regions: A < —log2 (Asc < 2 < Acpw),
—log2 < A <0 (Asc < Acpw < 2), 0 < XA <log2 (Acpw < Age < 2), and A > log2
(Acpw < 2 < Agc). These regions indeed take the form of solid cones emanating from

the vertex of P, as illustrated in Figure 2.B.1]
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Vs

ACDW <2< ASC

1.0

0.5
Acpw < Agc < 2
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v/

0.0 +

ASC < ACDW <2
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2
1
—0.5 -?
// Asc < 2 < Acpw
~1.0 './///////////".”’///. 7

-1.0 —-0.5 0.0 0.5 1.0
B/a
Figure 2.B.1: Phase diagram for the N = 1 channel Luttinger liquid, in terms of

stability with respect to global SC and CDW perturbations. The hatched region is
unphysical (V' is not positive definite for these parameter values).

&

2.C Restrictions on the interaction matrix V' imposed
by symmetries

Consider the effective theory of a system that is invariant under one or more sym-
metries that interchange right and left-movers, such as time-reversal (7), and/or spatial
inversion (P). On general grounds, 7 must be implemented in the effective theory by
an anti-unitary operator that squares to —1 when acting on fermionic operators. Spatial

inversion P must be implemented by a unitary operator that squares to +1.

2.C.1 7T symmetry but no P symmetry

First consider the case in which the system has time-reversal symmetry but no inver-

sion symmetry. The chiral boson fields ¢; can be chosen to transform as follows under
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time-reversal (here the index I =1,2,...N):

T - et = drnle ), (2.109)

dren(z,t) —  m+@r(w,—1).

In addition, 7 complex conjugates ¢ — —i. Then, T correctly interchanges right- and left-
movers, and squares to —1 when acting on the fermion fields 1/; o< e¥*7v;. (Alternatively,
one could omit the 7 in Eq. (2.109) and have the Klein factors ; transform nontrivially.)

In this representation, 7 symmetry imposes that the interaction matrix V' must satisfy

VS =V, (2.110)

where ¥ = 0, ® Iy and o, is the usual Pauli matrix. Thus, V must have the block form

Vi Vs
V= : (2.111)

Va Vi

where V; = V.. Conversely, any 2N x 2N positive definite matrix V' of this form can

serve as the interaction matrix of a 7-symmetric N-channel Luttinger liquid.

2.C.2 P symmetry but no 7 symmetry

Next consider the case in which the system has inversion symmetry but no time-

reversal symmetry. The chiral boson fields ¢; can be chosen to transform as follows
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under spatial inversion (again the index I =1,2,...N):

¢[(ZL‘,Z§) — _¢I+N(_xvt>7
P (2.112)

bran(w,t) —  —or(—x,t).

Then, P correctly interchanges right- and left-movers, and squares to +1 when acting on
the fermion fields ;. In this representation, P symmetry imposes that the interaction
matrix V' must satisfy Eq. , and hence that it must have the block form (2.111]).
Conversely, any 2N x 2N positive definite matrix V' of the form can serve as the

interaction matrix of a P-symmetric N-channel Luttinger liquid.

2.C.3 Both 7 and P symmetry

Finally, consider the case in which the system has both time-reversal symmetry and
inversion symmetry. The transformation laws and correspond to different
representations of the fermion fields in terms of bosons, and hence cannot be used simul-
taneously. As is well known, symmetry with respect to P7 enforces a twofold degeneracy
of the bands at each point in k-space. Therefore, the low-energy effective theory now
involves 4N chiral spinless Dirac fermions 7, where I = 1,2,...,2N labels right-movers
and I = 2N + 1,...,4N labels left-movers. The corresponding chiral boson fields ¢;

can be chosen to transform as follows under time-reversal and spatial inversion (here the
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index [ =1,2,...N):
(
¢r(z,t) —  ¢rpan(T, —1),
dren(z,t)  —  brpsn(w, —t),
T : (2.113a)
Greon(z, 1) — 7+ or(z, 1),
\¢I+3N(1’7t> — 7T+¢[+N(Z', _t>7
.
¢]($,t) — _¢I+3N<_x7t)7
¢ren(z,t)  —  —drpan(—m,t),
P - (2.113Db)
Greon(z,1) —  —drin(—u,t),
\¢I+3N(x7t) — —¢[<—$,t)

Now, 7 symmetry and P symmetry respectively impose that the interaction matrix V'

must satisfy

(T)

(P)

VE =V,

2Vie =V,

(2.114a)

(2.114Db)

where X1 =0, @, ® [y and ¥y = 0, ® 0, @ [y. Thus, V must have the block form

Vi
Va
Vs

Vi

Va
Vi
Vi
Vs
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Vi
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Va
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where V; = V.. Conversely, any 4N x 4N positive definite matrix V' of this form can

serve as the interaction matrix of a 7- and P-symmetric 2/N-channel Luttinger liquid.

2.D Restrictions on the scaling dimension matrix M
imposed by symmetries

Let P be any permutation matrix that satisfies P? = I,y and PKP = —K. Let
Ip={A e R*N2N | PAP = A}. Then, the following results hold:

Lemma 6. If V € Py N.Fp and M = p(V), then M € Sp.

Proof. Pick some A € SO(N, N) such that AVAT = D is diagonal, and define B = PAP.
It is easy to check that BKBT = K and det B = 1, so B € SO(N, N). Also, BVBT =
PDP is diagonal, since P is a permutation matrix. Thus, M = B'B = PATAP =

PMP. [l

Lemma 7. Assume M € #x N.%p. Then V € ¢ 1 (M) N .#p if and only if V =
M=Y2ZM=12 for some Z € (P x Py)N.Ip.

Proof. Lemma (3| implies that V € ¢~ !(M) iff V has the specified form with Z € Py x
ZPy. Note that PM*/2 = M*/2P. Thus V and Z are conjugates of one another by an

invertible matrix that commutes with P. It follows that PV P =V iff PZP = 7. O

Taking Z = Iy shows that ¢! (M) N.#p is nonempty for any M € .4 N.#p. Thus,
the set of interaction matrices V' that satisfy the constraint PV P = V maps (under ¢)
onto the set of scaling dimension matrices M that satisfy the constraint PMP = M.
The constraints on V' derived in Section are precisely of the form PV P =V (with
P =%, ¥ or ¥s). Hence the allowed scaling dimension matrices M for a system with

time-reversal (7)) and/or spatial inversion (P) symmetry may be characterized as follows.
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2.D.1 7T symmetry or P symmetry, but not both

First consider the case in which the system has either time-reversal symmetry or

inversion symmetry, but not both. We choose the 2N chiral bosons ¢; to transform

according to Eq. (2.109) in the former case, and according to Eq. (2.112)) in the latter.

Then, in either case, the scaling dimension matrix must satisfy

SMY = M, (2.116)

where ¥ = 0, ® Iy (with no further constraints). Imposing this constraint on the

hyperbolic CS decomposition of M, Eq. (2.97), yields the conditions

QCQT =C, (2.117a)

QRSQ =5, (2.117b)

where Q = Q;QT. Assume, without loss of generality, that there are m distinct rapidities
Ao with multiplicities N, (satisfying Ny + --- 4+ N,, = N), ordered so that C' = cosh L,
S =sinh L, and L = M\In, @ Aoln, & - & A\ly,,. Then the conditions above require
that

Q=R ®Ry® - ® Ry, (2.118)

where R, € O(N,) and R, = R (i.e. each R, is an N, x N, reflection matrix). In the

special case in which all rapidities are equal, one has

IxycoshA —Rsinh A
M = (2.119)

Y

—Rsinh A I ycosh A

where R € O(N) and R = R”.
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2.D.2 Both 7 and P symmetry

In the case that the system has both time-reversal and inversion symmetry, we choose
the 4N chiral bosons ¢; to transform according to Eq. (2.113)). Then, the scaling dimen-

sion matrix must satisfy

(P)  SyMS,= M, (2.120D)

where 31 = 0, ® b, ® [y and ¥y = 0, ® 0, ® Iy (with no further independent con-
straints). We can again impose these constraints on the hyperbolic CS decomposition of
M, Eq. , to obtain an explicit parameterization of all scaling dimension matrices
that are consistent with both 7 and P symmetry. However, the general parameterization
is somewhat cumbersome, so we will omit it. In the special case in which all rapidities

are equal, one finds

Iyprcosh A —Rsinh A
M = (2.121)

Y

—Rsinh A Iy cosh A

where R € O(2N) has the block form

Ry Ry
R= , (2.122)

Ry Ry

with R; = R (i.e. Ris a 2N x 2N reflection matrix with this particular block form).
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2.E Construction of co-stable (absolutely oco-stable)
Luttinger liquid phases with N > 23 (N > 52),

following Plamadeala et al. (2014)

In this section we review the approach introduced in Ref. [17] to construct oo-stable
and absolutely co-stable phases. Note that this construction, while elegant, is not neces-
sarily optimal, so that oo-stable or absolutely co-stable phases with fewer channels than
the ones constructed below may exist.

Consider the field redefinition ¢; = W[J(g], where W € SL(2N,Z), the group of
2N x 2N matrices with integer entries and determinant 1. This transformation permutes

the integer vectors labelling vertex operators:
O = ™1 = (M1, (2.123)

where m = WTm € Z*. Meanwhile, the fixed-point action S [Eq. (2.2)], written in

terms of the ¢ fields, reads

1 S
S = o= [ tde [Ris0idi0u6 - Vis.610.5.], (2124)

™

where K = WTKW and V = WTVW. The conformal spin of the operator O = ei™1%1
is easily seen to be

K(m) = im" K 'm. (2.125)

Its scaling dimension is

m’ ATAm, (2.126)

where A € GL(2N,R) simultaneously diagonalizes K and V; AKAT = K, AVAT =
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Now assume that K and V are both block-diagonal:

K=-Kr® Ky, (2.127a)
‘7

=Ve® V1, (2.127D)

with K, and V, positive definite (v = R/L). Then we can take A = @RK;/QEBQLKEI/Q,
where Q, € SO(N) diagonalizes K, "/*V, K, '/?; it follows that

ATA=K'e K (2.128)

Thus, if K and V are both block-diagonal, the conformal spin and the scaling dimension

are given by

K(m)=AL — AR (2.129a)

A(m) = AL + AR (2.129b)
where

AR = Im], K;'mg, (2.130a)

AL =1lm] K;'m; (2.130D)

are the right and left scaling dimensions of the operator. Here, we have split m =
(ﬁlR,ﬁlL), with ﬁlR/L e 7ZN.
By construction, K, (v = R/L) is a positive-definite integer matrix with determinant

1, and so the same is true of its inverse. Thus, K ! can be regarded as a Gram matriz of
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an N-dimensional unimodular integral lattice T,, with positive definite inner product (see
Ref. [58] for the basic terminology of lattices). Concretely, one can take the columns of
f(,,_l/Q to form a basis for fl,, so that the lattice vectors are v, = f(l,_l/thl,, m, € Z~. The

right /left scaling dimensions are equal to half the norm-squared of these lattice vectors,
(AR ALY = G1vr, S1vi)?). (2.131)

Non-chiral operators have AR = AL and hence |vz| = |[v,|. Thus, if all nonzero lattice
vectors in 'z or in I, have norm-squared > 2 (i.e. if at least one of the two lattices is
“non-root”), then the corresponding Luttinger liquid phase is oo-stable. There are of
course chiral operators for which only one of vi or v is nonzero. Therefore, to obtain
an absolutely co-stable phase, the lattices I g/L must both have minimum norm-squared
> 4.

Unimodular integral lattices are self-dual, so K, is also a Gram matrix of T, (possibly
with respect to a different basis). Therefore, K = —Kp @ K|, is a Gram matrix of
the unimodular integral lattice I'z & 'z, of signature (N,N). Conjugating the Gram
matrix K by W € SL(2N,Z) corresponds merely to a basis change in this lattice. Thus,
TraT; 72N, the signature (N, N) lattice with Gram matrix K = —Iy @ Ly.

Let us summarize what we have accomplished so far. We have reduced the construc-
tion of oo-stable (absolutely oo-stable) phases of an N-channel Luttinger liquid to the
identification of N-dimensional unimodular integral lattices r r/r With minimum norm-
squared > 2 (> 4), subject to the constraint that T ®T, 2 Z?N as a lattice of signature
(N, N).

We now make use of two mathematical facts. The first fact is that there is a unique
signature (N, N) unimodular lattice of each parity (even/odd), where an integral lattice is

even if the norm-squared of all lattice vectors is an even integer, and is odd otherwise [5§].
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The lattice Z2V with Gram matrix K = —Iy @ Iy is clearly odd. Thus, fR ® fL >~ 72N
if (and only if) at least one of T'g,y, is odd.

The second fact is that, for any positive integer p, there exists an N-dimensional
positive definite unimodular lattice whose shortest nonzero vector has |[v|*> = p [59]. The

required dimension N increases with y; a theorem of Rains and Sloane [60] states that
p<2|N/24| +2, (2.132)

unless N = 23, in which case p < 3. Here |z| denotes the integer part of = (i.e. x
rounded down). Thus, to obtain p = 3 requires N > 23, and to obtain y = 5 requires
N > 48.

In N = 23 dimensions, the shorter Leech lattice As3 has minimum norm-squared
p = 3. Correspondingly, there is an oo-stable 23-channel Luttinger liquid with Ip =
', = Ay3, dubbed the “symmetric shorter Leech liquid” [I7]. The “symmetric” modifier
distinguishes this phase from the “asymmetric shorter Leech liquid” which has T = Aoy
and I'; = Z23, and which is also co-stable. These phases are discussed in more detail in
Ref. [17], and the remarkable transport properties of the latter were analyzed in Ref. [61].

In N = 52 dimensions, the lattice G55 has p = 5 [62], and there is a corresponding

absolutely co-stable 52-channel Luttinger liquid with I'g = I';, = Gss.

2.F Sphere packing bounds and the non-existence of
absolutely oco-stable phases for N < 11

The sphere packing problem [58] is to find the densest possible packing of non-
overlapping spheres into R". The density of a packing is the fraction of space that

is contained inside the spheres. Given any lattice I' C R", we can obtain an associated
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sphere packing by placing spheres at each lattice point, with radii equal to half the length
of the shortest lattice vector. If I' has a unit cell of volume €2 and shortest nonzero vector
of length 2r, then the density of the associated packing, dr, equals the volume of an
n-ball of radius r, divided by €:

1 a2

=9 T(n/2+1)

(2.133)

Hence, upper bounds on the density of sphere packings in R" yield upper bounds on the
length, 2r, of the shortest nonzero vector in I'.

For an N-channel Luttinger liquid, the scaling dimensions of bosonic vertex operators
are given by A(m) = %HAmHQ, with A € SO(N,N) and m € Dyy, the “checkerboard
lattice” Doy = {m € Z*N : |m| € 2Z}. D,y has unit cell volume Q = 2. Since det A = 1,
the same holds for the deformed lattice I' = ADyn C R?Y. Absolute oo-stability requires

every nonzero vector in I' to have norm-squared > 4, which corresponds to r > 1. Thus,

the corresponding sphere packing would have density

1 N

> S TN

(2.134)

For N < 11, this contradicts known upper bounds on the density of sphere packings [51].

Hence, absolutely oo-stable phases cannot exist with NV < 11 channels.

2.G Representation of 2-channel Luttinger liquid in
terms of charge and spin fields

A single-spinful-channel quantum wire provides the simplest example of a 2-channel

Luttinger liquid. Standard treatments of this problem [I5] are usually phrased in terms
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of non-chiral charge (¢) and spin (s) fields, ¢, and ¢, and their canonical conjugates,
I, = %896196 and Il = %&Eﬁs respectively. These fields are related to the slowly varying
parts of the charge density, p., and spin density, ps, via p. = —}r v and ps = —% e Ps
(we follow the normalization and sign conventions of Ref. [I5]). Our analysis in this
chapter, meanwhile, has been phrased in terms of chiral boson fields ¢;, which are related
to the densities at each Fermi point via p; = %axgb[.

A rigorous reformulation of the bosonic effective theory in terms of charge and spin
fields is possible when the system is invariant under spin rotations about some axis n.
(Note that such a symmetry, by itself, imposes no constraints on the interaction matrix
V.) Then, the component of the spin along i is a good quantum number, and it labels

the different Fermi points. One possibility for this labelling is

(&1, P2, 3, 04) = (Prp, OrY, DLy, PLt), (2.135)

where R/L distinguishes right movers from left movers, and 1 / | denotes the spin

component along . With the choice ([2.135), the fields transform under time-reversal T
according to Eq. (2.109)).

Another possibility is to take

(01, b2, @3, P1) = (DRt DRY> DLt PLL)- (2.136)

With the choice (2.136)), the fields transform under spatial inversion P according to
Eq. (2.112).
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In either case, one has

Pe 1 -1 -1 —1| |¢n
e 11 1 -1 -1 |¢r
- Y (2.137)
o] V2111 -1 1| e
Vs r -1 -1 1 oLy
and the inverse relation
dry -1 1 -1 1| |¢.
Or 1 -1 1 1 -1 I,
i [— (2.138)
o] V2ol -1 -1 -1 e
oL, 1 -1 1 1| |v,

Then, p; = —}r s 1s indeed the slowly varying part of the density of excess spin in the
n-direction.

If spin rotation symmetry is completely broken, on the other hand, one cannot easily
reformulate the bosonic effective theory in terms of charge and spin fields. One can
of course still use the above formulae to define non-chiral fields ¢, and v, as linear
combinations of the ¢, but in general these non-chiral fields will have nothing to do with
the physical spin.

Now consider a 2-channel Luttinger liquid with effective action specified by Egs.

and (1)

1
5= qp ) [KUatquaxqu — Vis0:10:0 |, (2.139)
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where K = diag(—I5,I,), and

V4 w Cy Co
w v_|c c_
V =
cy Co|ve w
co Cc- | w v_
To shorten subsequent expressions, let
vy =0V T u,
c+ =ctb.

(2.140)

(2.141a)

(2.141D)

As discussed earlier, the V matrix (2.140]) describes a system that has either time-reversal

(7) symmetry or spatial inversion (P) symmetry, but not both. Assuming that the

system also has spin-rotation symmetry about some axis f (as mentioned above, this

assumption does not constrain V' at all), one can use Eqs. (2.135H2.138)) to write down

the corresponding effective Hamiltonian H in terms of charge and spin fields.

In the case of 7 symmetry, we use Eqgs. (2.135) and (2.138)). The result is

1
2

H=— [ dz |v.K.(0,9.)* + =
o om0+ 3

+ d+8x1908x905 + d—axﬁsaxsoc ;
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where

Ve(s) = [(v £ w)? — (c % co)?]M?, (2.143a)
n e
Jr s ) (2.143b)
vitwxcH+c
dy = —2u+ 2b. (2.143¢)

Using I, = 28,0, and II, = 28,0,, we recover Eq. (2.16).

In the case of P symmetry, we use Eqs. (2.136) and (2.138|) instead. The result is
then

H = i /dl‘ |:U¢:Kc(agﬂ9¢)2 + &(azgocf + Usf(s(aa:ﬁs)2 + k(astS)Q

2m K. K,
F dyDpeDyps + d_0y0.050, |, (2.144)
where
Vo) = [(0 £ w)* = (e £ c0)*)"?, (2.145a)
+ow— 1/2
. (2.145b)
viw+cEoe
dy = 2u =+ 2. (2.145c¢)
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2.H Explicit parameterization of matrices for the 2-
channel Luttinger liquid

2.H.1 Scaling dimension matrix M

Let Q(¢) denote the SO(2) rotation matrix

Q(P) = oo Singb, (2.146)

—sing cos ¢

let R(¢) denote the O(2) reflection matrix

cos¢  sin¢

R(¢) = : (2.147)
sing —coso
and let
o+A 0
L= (2.148)
0 Jd—=A

The parameterization of M € .,

SO(2,2) N Py described in Egs. (2.9) and (2.11])

corresponds to

y QT((’—TQ) 0 coshL, —sinhL| [Q(%9) 0

0 QT(”TO‘) —sinh L cosh L 0 Q%)
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where each entry is a 2 x 2 matrix. Performing the matrix multiplication, we can write
the result as

I, cosh A —R(0) sinh A RO — a)sinh A —Q(a)cosh A
M = ? ) coshd + ( ) Q) sinh 9,

—R(A)sinh A Tcosh A —Q™(a)cosh A R(6 + «)sinh A
(2.150)

where II5 is the 2 x 2 identity matrix. The dependence on « disappears in the limit 6 — 0,

as stated in the main text. Similarly, the dependence on # disappears in the limit A — 0.

2.H.1.1 7 symmetry or P symmetry, but not both

If the system has either time-reversal symmetry or inversion symmetry, but not both,
the scaling dimension matrix must satisfy XM>Y = M, where ¥ = 0, ® . Applied to
Eq. (2.150]), this condition requires a = 0. Hence, in this case,

10/2 0 coshL —sinh L 6/2 0
v |02 Q(6/2) (2.151a)
0 Q*(0/2)| |—sinh L cosh L 0 Q(0/2)
IycoshA  —R(0)sinh A R(#)sinh A —I5 cosh A
= coshd + sinh 0.
—R(A)sinh A Iycosh A —Iycosh A R(6)sinh A

(2.151Db)

Note in particular that the presence of 7 symmetry or P symmetry (but not both si-
multaneously) places no restrictions on the allowed values of the parameters A, , and 6.

Changing the sign of A is equivalent to shifting 6 by 7, so we can assume A > 0.
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2.H.1.2 Both 7 and P symmetry

If the system has both time-reversal and inversion symmetry, the scaling dimension
matrix must satisfy X, M>; = M for i = 1,2, where ¥; = 0, ® I, and ¥y = 0, ® 0,.

Applied to Eq. (2.150)), these conditions require a = 0 and 6 = 7 /2. Hence, in this case,

T /4 0 coshL —sinh L m/4 0
| Qr/4) 150
0 QY(r/4)| |—sinh L cosh L 0 Q(m/4)
IrcoshA —o,sinh A oysinh A —I,cosh A
= coshd + sinhd.  (2.152b)
—oysinh A T cosh A —Iycosh A o, sinh A

2.H.2 Interaction matrix V' (general expressions)

We parameterize the interaction matrix V' € £, using Lemma [4] Let

Var Vi
v=| " (2.153)

Vir Vio

Lemma {4 states that V' € o' (M) if and only if

Ver =X+ FYFT, (2.154a)
Vir=Y + F'XF, (2.154b)
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for some X,Y € 5. The 2 x 2 matrix F' corresponding to the M given in Eqs. (2.149)

or (2.150) is

tanh(‘”—’\) 0
F=Q1(%) 2 Q(*4e)
0 tanh(%)
sinh \ sinh ¢
~ cosh \ + cosh § R(0) + cosh A + cosh § Qla),

where Q(¢) and R(¢) are defined in Eqs. (2.146]) and ([2.147)).

The matrices X,Y € &, can be conveniently parameterized as

To + X1 T
X = :
i) Ty — X1
Yo + W Y2
Y = ,
Y2 Yo— W

(2.155)

(2.156a)

(2.156b)

where (1o, 71, 73) € R®, 29 > (22 + 22)Y/2, and (yo,y1,v2) € R?, yo > (2 + y2)'/2. Using
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Egs. (4.5) and (2.156]) in Eq. (2.154)), we obtain

VRR = - - -
RR + (cosh A + cosh §)2

T2 o — 1

xo + x1 z2 sinh2\ Yo + y1 cos 26 + yo sin 20 y1 sin 260 — y2 cos 260
y1 sin 26 — y2 cos 20 Yo — Y1 cos 20 — yo sin 260

2sinh Asinhd | y1 cos(0 + &) + y2 sin(f + o) + yo cos(d — o) Yo sin(f — «)
(cosh A + cosh §)2

yo sin(6 — ) y1 cos(0 + a) + y2 sin(f + a) — yo cos(f — )

—_ 2.157.
+ (cosh A + cosh §)2 ( 2)

sinh2§ Yo + y1 cos 2 + y2 sin 2« Y2 cos 2 — Y1 sin 2«
Y2 cos 2a — y1 sin 2« Yo — Y1 cos 2 — y2 sin 2«

I AN
(cosh A + cosh §)2 x1 sin 20 — x5 cos 20 o — x1 cos 20 — x2 sin 20

v Yo + Y1 Y2 sinhZ)\ T + o1 cos 20 + x2 sin 20 1 sin 20 — x2 cos 20
LL =
Y2 Yo —y1

2sinh Asinh § 1 cos(6 — a) + xa sin(0 — a) + xg cos(f + ) zo sin(f + «)
(cosh X\ + cosh §)2

o sin(f + o) x1 cos(f — a) + z2 sin(f — o) — xg cos(f + «)

(2.157b)

+ (cosh X\ + cosh §)2

sinh2§ xo + x1 cos 2a — x9 sin 2« x1 sin 2a + x2 cos 2«
9
x1 sin 2a + x2 cos 2« xo — T1 cos 2a + x2 sin 2«

" cosh A + cosh é

_ sinh A (1 4+ y1 + 20 +yo)cosO + (x2 +y2)sinf  (xo + yo + 1 — y1)sinb — (x2 — y2) cos
(zo +yo —x1 +y1)sinf + (2 —y2)cos® (z1 +y1 —xo — yo) cos + (z2 + y2) sin 6

sinh & (xo+yo+x1 +y1)cosa— (xz2 —y2)sina (z2 +y2)cosa+ (x1 — y1 +xo + yo) sinw
cosh A + cosh § '

(w2 +y2)cosa + (z1 —y1 — 0 —yo)sina (o +yo — 1 — y1) cosa + (v2 — yo) sina
(2.157c)
Equation gives a complete and explicit parameterization of the possible in-
teraction matrices V € £, of a 2-channel Luttinger liquid, in terms of the ten real
parameters (A, 0,0, «, zg, 1, T2, Yo, Y1, Y2). Of these, only the first four (A, 4,0, «) affect
scaling dimensions; they determine the scaling dimension matrix M via Eq. .
The remaining six parameters can be chosen arbitrarily, subject only to the constraints
zo > (22 + 22)Y2 and yo > (y? + y2)'/? (if either of these inequalities is violated, the

resulting V' will fail to be positive definite).
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2.H.2.1 7 symmetry or P symmetry, but not both

When symmetries are present, it is convenient to parameterize the interaction matrix
V € &, using Lemma [7| instead. In the present case, Lemma [7| gives V = M~1/2 (X &
YIM~? with X,Y € 2, satisfying L[X @ Y] = X @Y, where ¥ = 0, ® I; the
condition fixes Y = X. Thus, V = M~Y2[X @& X]M~/? with X € &,. The scaling
dimension matrix M is given by Eq. . Thus,

12 _ Q1(6/2) 0 cosh(L/2) sinh(L/2)| |Q(0/2) 0
0 Q*(0/2)| |sinh(L/2) cosh(L/2) 0 Q(6/2)

M (2.158)

The inner factors of Q(0/2) in the product V = M~Y2[X @ X]M /2 may be absorbed

into X, since the latter is an arbitrary element of &%;. Doing so, we obtain

Q1(6/2) 0 cosh(L/2) sinh(L/2)| |X 0

0 Q*(0/2)| |sinh(L/2) cosh(L/2)| |0 X

. |cosh(L/2) sinh(L/2)| 1QE®/2) 0 | (2.159)

sinh(L/2) cosh(L/2) 0 Q(0/2)

We can parameterize X € &, as

X=¢ , (2.160)
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where ¢ > 0 and (a,b) € R? a? + V> < 1. Performing the matrix multiplications in

Eq. (2.159)), we obtain

Vi Vo Vo Vi
V= coshd + ¢ sinh ¢, (2.161)
Vo Vi i WV,
where
cosh A+ acosf@cosh A+ bsinf asinfcosh A — bcos
Vi = , (2.162a)
asin@cosh A — bcosf cosh A — acosfcosh A — bsin 6

a+ cosf sin 6
Vo = sinh \. (2.162b)

sin 8 a — cosf

Equations (2.161]) and ([2.162)) gives a complete and explicit parameterization of the

possible interaction matrices V' € &, of a 2-channel Luttinger liquid with either time-
reversal symmetry or inversion symmetry (but not both), in terms of the six real pa-
rameters (X, 0,6, a,b, (). Of these, only the first three (), d, ) affect scaling dimensions;
they determine the scaling dimension matrix M via Eq. . The remaining three
parameters can be chosen arbitrarily, subject only to the constraints a? 4+ b* < 1 and
¢ > 0 (if these inequalities are violated, the resulting V' will fail to be positive definite).

Note that ( is an irrelevant overall scale factor.

2.H.2.2 Both 7 and P symmetry

As above, we parameterize the interaction matrix V € 2, using Lemma [7l In this
case, Lemma @ gives V. = M~Y2[X @ YIM~'/? with X,Y € 2, satisfying %;[X @
Y, = X@Y fori= 1,2, where ¥; = 0, ® I, and 3y = 0, ® 0,. The conditions fix
Y = X = xoly + 710, with (2g,71) € R? 29 > |7;|. Thus, V = M~Y2[X @ X]M~Y/?
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with X of the form specified. The scaling dimension matrix M is given by Eq. (2.152)).
Thus,

e _ Q(r/4) 0 cosh(L/2) sinh(L/2)| [Q(7/4) 0
0 Q*(m/4)| |sinh(L/2) cosh(L/2) 0 Q(m/4)

M (2.163)

Writing X = ((I 4 ao,) with ¢ > 0, |a| < 1, and performing the matrix multiplications
in V=M"Y2[X @ X]M~'/2, we obtain

iV, Vo W1
V= coshd + ¢ sinh 6, (2.164)
Vo 1 Vi Va
where
1 a
Vi= cosh A, (2.165a)
a 1
a 1
Vo = sinh \. (2.165b)
1 a

Equations and gives a complete and explicit parameterization of the
possible interaction matrices V' € &, of a 2-channel Luttinger liquid with both time-
reversal and inversion symmetry, in terms of the four real parameters (A, 0, a, {). Of these,
only the first two (), d) affect scaling dimensions; they determine the scaling dimension
matrix M via Eq. . The remaining two parameters can be chosen arbitrarily,
subject only to the constraints |a| < 1 and ¢ > 0 (if these inequalities are violated, the
resulting V' will fail to be positive definite). Note that, as before,  is an irrelevant overall

scale factor.
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2.H.3 Interaction matrix V with 7 or P symmetry (but not

both), in the special case j =0

In the limit 6 — 0, Eqs. (2.161]) and (2.162)) together yield

vy w Ct+ Cp

V= : (2.166)

co Cc_ | w v_

where

ve =vtu, (2.167a)
v = (cosh A, (2.167b)
u = ((acosfcosh A+ bsinf), (2.167c)
w = ((asinfcosh A — bcosh), (2.167d)
c+ = ((a % cosf)sinh \, (2.167e)
co = (sinf@sinh \. (2.167f)

We assume A > 0 (without loss of generality), and identify the values of a, b for which all
matrix elements of V' are nonnegative. The diagonal elements of a positive definite matrix
are necessarily positive, so v+ > 0 is automatic. ¢q > 0 requires 6 € [0, 7]. Nonnegativity

of the remaining matrix elements, c. and w, requires

a > |cosb|, (2.168a)

asin @ cosh A > bcosb. (2.168b)
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In fact, Eq. (2.168b)) is superfluous, because it follows from Eq. (2.168al) and the positive

definiteness condition a? + b* < 1; assuming the latter, we have |b| < (1 — a?)/2 <
|sin 0| < |cos@tand| cosh A < altan @] cosh A, which implies Eq. if 0 € [0, 7]. We
conclude that the V' matrix given above is positive definite with all entries nonnegative
if A>0,0€0,n],a®>+b* <1, and a > |cosb)|.

These results are completely equivalent to the ones stated in the main text. Indeed,

using Eq. (2.167)), one can verify that the following linear relations hold:

¢+ = (wsinf + vy cos @) tanh A, (2.169a)

cop = vsin @ tanh \. (2.169b)

These are precisely the relations that one obtains by using Eq. (2.166]) and F' = Q(¢) tanh()\/2)
in Eq. (2.103d) of Lemma [5] Therefore, we can regard (v, u, w), instead of (¢, a,b), as the
independent variables parameterizing V. From Eq. (2.167)), we have

u/v cosf  sinfsech A a
_ . (2.170)
w/v sinfl —cosfsechA| |b
Inverting this linear system,
a cos 0 sin u/v
- . (2.171)
b sinfcosh A —cosfcoshA| [w/v
Thus, the conditions a® + b* < 1 and a > |cos | translate to:
(usin® — wcos 0)? cosh?\ + (u cos 6 + wsin §)? < v?, (2.172a)
ucosf 4+ wsinf > v|cos ] (2.172b)
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These conditions are stated in the main text of the chapter as Eqgs. (2.14) and (2.15)).

2.1 Absolute g-stability phase diagram for N = 2 chan-
nel Luttinger liquid

The interaction matrix V' € &, of a 2-channel Luttinger liquid depends on ten real
parameters; these can be chosen according to Eq. . Of the ten, only the four
parameters £ = (A, 0, 0, «) affect scaling dimensions; they determine the scaling dimension
matrix M () via Eq. , which in turn determines A(m;¢) = sm”M ({)m.

Let ¢(&) denote the absolute g-stability value of a Luttinger liquid with parameters
¢. By definition, g(€) is the largest integer such that A(m;¢) > 2 for all nonzero m € Z*

with K(m) € Z and |m| < ¢(§), where K(m) = tm’Km, K = I, ® —I,. Because

3
of the inequality A(m) > |K(m)|, one can restrict attention to those m for which
K(m) = 0,£1,42. Thus, an equivalent definition of ¢(§) to the one given above is:
q(€) is the smallest positive integer such that A(m;&) < 2 for some m € Z* with
K(m) € {0,£1,£2} and |m| = ¢(£) + 1.

We use the second definition to determine the phase diagram numerically. The al-
gorithm is straightforward: at each point £, compute A(m;¢) for all integer vectors m
with K(m) € {0,£1,£2} in shells of increasing |m|, until either a vector m, is found
for which A(m,;¢) < 2, or |m| passes a specified cutoff value g,. Set ¢(§) = |m,| — 1 in
the former case, and ¢(§) = ¢, in the latter. The shells of vectors with jm| = 2,..., ¢,
can be tabulated in advance, and the matrix M () only needs to be computed once at

each point £. Figure of the main text and Figure below were obtained by this

method, with cutoff ¢, = 22.
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q 6=2,a=0 q
8 1 8 -
20 20
6 6 -
16 16
~< 44 12 ~< 4 - 12
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O T T T 0 0 T T T 0
0 /8 w/4 3n/8 /2 0 /8 /4 3n/8 /2
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0=1,a=m/8 q o=1,a=m/4 q
8 - g -
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6_
16
< 4 4 12
8 8
2 1 5 ]
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0 /8 /4 3n/8 /2 0 /8 /4 3n/8 /2
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Figure 2.I1.1: Various slices of the absolute ¢-stability phase diagram for the N = 2
channel Luttinger liquid (compare Figure .
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Chapter 3

Relaxation to equilibrium in systems

with quadratic hamiltonians

In this chapter, we present an elementary, general, and semi-quantitative description
of relaxation to gaussian and generalized Gibbs states in lattice models of fermions or
bosons with quadratic hamiltonians. Our arguments apply to arbitrary initial states
that satisfy a mild condition on clustering of correlations. We also show that simi-
lar arguments can be used to understand relaxation (or its absence) in systems with
time-dependent quadratic hamiltonians, and provide a semi-quantitative description of

relaxation in quadratic periodically driven (Floquet) systems.

3.1 Introduction

In recent years, there has been much work on understanding the nature of the equi-
librium state, and the dynamics of the relaxation to this state, in quantum many-body
systems with an extensive number of local conservation laws. The motivation for the

study of these integrable models is twofold. First, beautiful cold-atom experiments have
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successfully realized many such models and studied their nonequilibrium dynamics (for
reviews, see Refs. [63] [64] 22] [65]). Second, integrable models are much easier to analyze
theoretically than their non-integrable brethren (for reviews, see Refs. [66, [67]).

When prepared in a generic initial state, an integrable system does not thermalize in
the usual sense of the word, due to the extensive number of local conserved quantities.
Instead, the stationary behavior at late times can be described by an appropriate gen-
eralized Gibbs ensemble (GGE). For our purposes, the “GGE conjecture” put forth in
Ref. [24] and subsequently refined by many authors ([22] and references therein), asserts
the following: assuming that local observables in an integrable many-body system relax

to stationary values, these values may be computed using the density matrix

ZGeE

A 1 :
PCCE = exp <_ Z )\mlm> > (31)

where {1,,,} is the set of all local conserved quantities (here locality means that each I,
is a sum of local densities), Zgge = Tr(e™ Zm>»Im) is the partition function needed for
normalization, and {),,} are Lagrange multipliers chosen so as to satisfy the constraints
Tr(In pace) = (In)(t = 0). The density matrix pggg is readily obtained by the general
prescription [68] of maximizing the entropy S = — Tr(p log p) subject to these constraints.

In this chapter we consider the simplest class of integrable models: those whose hamil-
tonians can be expressed as quadratic forms in a set of canonical particle creation and
annihilation operators. Such so-called non-interacting integrable models describe not only
truly non-interacting particles, but also mean-field approximations to models of interact-
ing particles. In view of this, we will refer to the models of interest as “quadratic” rather
than “non-interacting integrable”. In one dimension, certain other integrable models—
some spin chains and systems of hard-core particles—can be mapped to quadratic ones.
However, simple observables in the original model often map to complicated operators
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in the quadratic model, and one must take this into account when using the mapping to
study relaxation [69)].

In quadratic models, the local conserved charges I, are also typically quadratic (we
demonstrate this explicitly in Section , and therefore the GGE density operator
pcce 18 gaussian. It is thus quite natural to divide relaxation in quadratic models into
two process: (i) relaxation of the initial state to a gaussian one, and (ii) relaxation of
the gaussian state to the appropriate GGE. Our arguments will make clear that these
two processes occur for fundamentally distinct physical reasons, and also that the first
process often (but not always) occurs faster than the second. We will also show that
similar arguments can be used to understand relaxation in systems with quadratic time-
periodic hamiltonians. Considering the great recent interest in driven quantum systems
([0, [71] and references therein), we believe that this is a useful synthesis of ideas.

Recently, Gluza et al. [72] have argued that the first process mentioned above (which
they term “gaussification”) can be understood as a consequence of exponential clustering
of correlations in the initial state, together with “delocalizing transport” (the sufficiently
rapid suppression of the component of an operator on any given site, due to its “spreading
out” over a large area), and have rigorously proven this implication for fermionic lattice
systems with quadratic time-independent hamiltonians. The importance of clustering
of correlations in the initial state for relaxation had earlier been emphasized by Cramer
and Eisert [73], and by Sotiriadis and Calabrese [74], who had shown that it is in fact a
necessary and sufficient condition for relaxation to GGE in a broad class of translation-
invariant quadratic models. Other early studies of the validity of the GGE in quadratic
systems (e.g. [75] [76]) typically assumed gaussian initial states, and hence addressed only
the second process described in the previous paragraph. Our results are consistent with,

and generalize, the results of these earlier works.
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Note that, in the decade since Ref. [24] appeared, the validity of the GGE has been
the subject of a large number of theoretical and numerical investigations, of which the
works cited above comprise only a handful. For a reasonably complete summary and
critical discussion of all these efforts, we refer the reader to one of the recent reviews of
the field, e.g. Refs. [22] 66, [67].

Here, we distill the basic ideas present in Ref. [74] and especially in Ref. [72], and
give an elementary, general, and semi-quantitative description of relaxation in quadratic
lattice models. To state our results, we need to introduce some notation. Let ;Eg denote
the particle creation (a = +) or annihilation (e = —) operator for the site at position x.
Under Heisenberg time-evolution with any time-dependent quadratic hamiltonian H (1),

these operators evolve linearly:

=> > G (3.2)

b==% vy

This equation defines the single-particle propagator Ggg(t), which plays a central role in
the following.

For most of this work, we assume delocalizing dynamics:
‘G;Z(t)‘ —0 as t— oo. (3.3)

The terminology is adapted from Ref. [72]. Equation (3.3) may be interpreted as saying
that a particle (or hole) created at x has vanishing probability amplitude to be found at
any given y after infinite time, because its wavefunction “spreads out” indefinitely. In
the case of bosons, we also require the quasiparticle spectrum of H (t) to be uniformly
bounded and positive-definite. Note that we do not restrict the hamiltonian to be time-

independent in general.
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We treat arbitrary initial states that satisfy a mild condition on (algebraic) clus-

tering of correlations:

~ ~

((W” Tas wan» _ o(lxz . :Ej|_(d+€)) as ’131 — xj| — 00, (3.4)

1 X2 Tn

for some ¢ > 0. Here, ((---)) denotes the connected correlation function in the initial
state, and d is the spatial dimension. We emphasize that the initial state is not assumed
to have any relation whatsoever to the hamiltonian under which the system subsequently
evolves. In particular, the initial state may be strongly interacting. We also emphasize
that the cluster decomposition property is an extremely weak constraint on the
state; one can expect it to hold for most initial states of interest. In fact, a stronger
version of has been rigorously proven for large classes of states, including ground
states of interacting local hamiltonians with a spectral gap [77, [78], as well as thermal
states of arbitrary short-ranged fermionic lattice models at sufficiently high temperature
[79].

Our emphasis throughout this chapter is on simplicity and physical transparency
rather than on mathematical rigor; the reader in search of the latter is encouraged to
consult Refs. [72, 80] and similar works in parallel with our treatment. Nevertheless,
we believe that most of the arguments presented here can serve as sketches for rigorous
proofs.

Our main technical results are summarized below.

1. “Gaussification” under general conditions: In any lattice system of fermions or
bosons prepared in an initial state satisfying (3.4) and evolving under a quadratic hamil-

tonian H(t) that leads to delocalizing dynamics (3.3)), all local (n > 2)-point connected
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correlation functions vanish at late times:
(Do (tr) e (t)) = 0 as t; — oc. (3.5)

Following Ref. [72], we refer to this vanishing as “gaussification”, because it is equivalent
to the dynamical recovery of Wick’s theorem—the distinguishing property of a gaussian
state. This result significantly generalizes that of Ref. [72], where gaussification was
proven for time-independent fermion lattice models and initial states with exponential

clustering of correlations.

2. Universal power-law gaussification: In many cases of interest one can identify, for
each x, a, and t, a definite volume V?(t) of y-space in which the single-particle propagator

Ggg(t) is meaningfully supported. In these cases we obtain a more quantitative version

of Eq. (3.5)):

(g (t) - () ~ VOT 2D as = oo, (3.6)

Tn

where t = (1 + -+ + t,)/n. This asymptotic result holds in the limit [¢; — ;| < ¢,
with V(t) = V% (t;) = Vi!(t;). Typically, V(t) grows like a power of t. Thus, Eq. (3.6
gives power-law decay of the connected correlation functions in time, with exponents that

depend only on n and on how fast the single-particle propagator of the system spreads.

3. Gaussianity of GGE: We prove that all local conserved quantities of a time-
independent quadratic hamiltonian with delocalizing dynamics (3.3) are also quadratic,
and therefore that the associated GGE density matrix is indeed gaussian. In past work

this property appears simply to have been taken for granted.

4. Relaxation to GGE: For any time-independent hamiltonian that satisfies (3.3)),

and any initial state that satisfies (3.4) and an additional assumption to be described
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below, we show that the system relaxes to the GGE; for any local operator O,
(O(t)) = (O)gep as t — . (3.7)

This result is consistent with and generalizes existing proofs of relaxation to the GGE
to a larger class of models and initial states. The additional assumption is formulated
precisely in Section (Eq. ) Roughly speaking, it excludes situations in
which the initial profiles of local conserved densities are inhomogeneous on length scales
comparable to the system size. In such cases, the GGE conjecture fails for a trivial
reason: it takes infinitely long for the locally conserved density to flow across the whole
system in the thermodynamic limit. A mathematically rigorous version of this result has
recently been proven in Ref. [80], but under somewhat more stringent conditions than

those assumed here.

5. Universal power-law relaxation: Under the conditions of the previous result, we
also obtain quantitative estimates for how the local 2-point function relaxes to its GGE

value. Consider the instantaneous deviation
SC (1) = (WL(t)Uh(t) — (D) aan. (3.8)

Assume, as is often the case, that the density of quasiparticle states of H near the band

edge has the form g(¢) ~ &°. We show that, generically,
ab —a(l+s
6C, () ~t (+9) as t — oo, (3.9)

where o = 1 if there is a density wave of one or more of the conserved quantities in

the initial state, and o = 2 if not. In particular, for translation-invariant quadratic
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hamiltonians in d dimensions,
ab —ad/2
0Cs (t) ~t as t— oo, (3.10)

where « is defined above. Note that this result holds for generic hamiltonians and initial
states of the types considered; different exponents can and do occur if the hamiltonian
and/or initial state is fine-tuned. Again, a mathematically rigorous version of the result
(3.10) was recently proven in Ref. [80], in the form of a bound ’5052(15)’ < t77, but under
somewhat more stringent conditions than those assumed here, and with v < «ad/2 in

general; Eq. (3.10]) represents a more accurate asymptotic result.

6. Floquet-GGE: For any time-periodic quadratic hamiltonian H(t) = H(t + T) that
satisfies , we prove that all local conserved quantities of the associated Floquet
hamiltonian Hp are quadratic, and hence that the Floquet-GGE [R1] density matrix,
pr, is gaussian. For any initial state that satisfies the assumptions of result 4 above,
we show that the system eventually relaxes to this (time-periodic) Floquet-GGE. In the
limit 7" — 0 of fast driving, we expect to observe power-law relaxation to pp, with
the exponents given by results 2 and 5 above applied to Hp. In the opposite limit
T — oo of slow driving, we expect to observe power-law relaxation toward a GGE of the
instantaneous hamiltonian H(t), followed by much slower exponential relaxation ~ et/
toward pr. Our results are consistent with, and generalize, the original treatment of this

problem by Lazarides et al. [82] (in which the initial state was assumed to be gaussian,

and no estimates like the ones above were given for the relaxation process itself).

7. Effects/non-effects of localized states: We find that dynamics generated by a
quadratic fermion hamiltonian H whose quasiparticle spectrum includes discrete localized

levels (so that Eq. (3.3)) is violated) will still lead to gaussification and equilibration to an
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appropriate GGE, as long as (i) the initial state has a finite correlation length £, and (ii)
the spatial distance between any pair of localized levels is large relative to . This result
should be viewed as an interesting (but easily understandable; see Section exception
to the general rule [83, 84] that the GGE fails if the spectrum of H contains a pure-point
part coming from localized levels. If either of the conditions (i) or (ii) above is violated,
we recover the expected failure of gaussification and of the GGE. Thus, our results are
fully consistent with those of Ziraldo et al. [83, 84], who considered the case that H is

disordered; in this case condition (ii) will typically be violated.

Organization of the chapter

In Section [3.2 we introduce our arguments in a simple and concrete setting: a 1d tight-
binding model of spinless fermions. In Section we define the general problem and fix
terminology and notation. In Section [3.4] we present our argument for gaussification in
arbitrary quadratic models (of particles), and predict the exponents of the power law
decay in time of all higher-point connected functions. In Section [3.5) we describe the
manner in which, for time-independent hamiltonians, the gaussian state equilibrates to
the GGE. In Section we describe how discrete localized levels in the spectrum of
the hamiltonian affect relaxation. In Section we consider quenches to time-periodic
quadratic hamiltonians, and describe relaxation to the Floquet-GGE. In Section |3.8| we
briefly comment on the application of our arguments to spin models that can be mapped

onto quadratic fermion models. Finally, in Section [5.6| we summarize our results.
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3.2 Example: Relaxation in a nearest-neighbor tight-
binding chain

In this section we introduce our arguments by working them out carefully in a simple
and concrete example, while emphasizing the key ideas. This will also serve to motivate

the subsequent general development.

3.2.1 Setup

Consider a tight-binding model of spinless fermions in d = 1 dimensions, with nearest-

neighbor hopping. The hamiltonian is

L
N 1 . R .
Hy = -5 Z (clcmﬂ + CLHCQU) : (3.11)
=1
where ¢l and ¢, respectively create and annihilate a fermion on the site at position z.

These operators obey the standard anti-commutation relations

Coll 4 €y = 04y, (3.12a)

Caly + Eyy = 0. (3.12b)

We have set the lattice spacing equal to 1 and hopping energy equal to 1/2. We will also
set i = 1. Periodic boundary conditions are assumed (site L + 1 is identified with site
1).

Imagine a quench in which the system is prepared in some non-equilibrium initial
state, represented by the density operator pg, at time ¢ = 0, and subsequently evolved
with the hamiltonian Iflo of Eq. . For the majority of this example (up to and
including Section , we make only two assumptions about py.
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The first assumption is very important: po must obey the principle of cluster de-
composition [85]. Roughly speaking, this principle requires correlations between local
operators in the state py to factorize as the operators are taken far apart from one an-
other. We will make this precise in Eq. (we use a stronger version of the principle
in this section than we do in our general treatment).

The second assumption is not important, and we impose it only to simplify the

example. We assume that the initial state conserves total particle number:
[N, po] =0, (3.13)

where
N=> dé. (3.14)

In the general treatment of Section onwards, we make no assumption like Eq. (3.13]).

In the last part of this example, Section [3.2.6, we will add a third assumption about

po, Eq. (3.65)). Nothing in Sections through relies on this extra assumption;

it is only needed for the analysis of Section [3.2.6| Therefore, we do not state it here.
We will study whether and how local observables of the system relax to their values
in an appropriate generalized Gibbs ensemble as time progresses. We first discuss the

construction of this GGE density operator.

3.2.2 Conserved quantities and GGE density operator

The hamiltonian (3.11) can be diagonalized by introducing quasi-momentum mode

operators:

A L eikxé
by = \/sz: (k), (3.15)
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where k runs over all integer multiples of (27/L) within the Brillouin zone (—m,7]. In

terms of these mode operators,
Hy =Y w(k)él(k)e(k), w(k)= —cosk. (3.16)
k

The various mode occupation number operators,
n(k) = él(k)e(k), (3.17)

clearly commute with H, and with each other. Furthermore, by forming appropriate
linear combinations of them, we can define an extensive set of local conserved quantities

in involution:

L
. 1
o = cos(mh)ia(k) = 53" (v + it ) (3.18)
k

=1
and
N L
Iyt = Zsin mk)n Z (c Cotm — x+mA ) ) (3.19)
k =1
where m = 0,1,2,.... These clearly commute with H, and with one another:
[Ho, I,] =0, (3.20a)
(L, Iw] =0 (3.20D)

(in fact, Hy = jg, so the second equation implies the first). They are local because their

densities,

x <cTcz+m + chA ) ,

act nontrivially only on finite intervals of length m.

The set of local conserved quantities {I,,} defined in Egs. and - has the
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further property of being maximal: any local conserved quantity I that commutes with

all of the I,, can be expressed as a linear combination of them,
[fm, f} =0 Vm = Iespan({l,}), (3.21)

where
span {Im} {Z Ly,

This claim is easy to verify if we assume that Tisa quadratic operator; the only quadratic

Uy € R} (3.22)

operators that commute with (k) for all k& are indeed of the form [ = 37, f(k)n(k) for
some function f. However, once we drop this assumption, the validity of the claim is
much less obvious. One can certainly write down many nonlocal conserved quantities that
violate Eq. (3.21))—products of mode occupation numbers, such as 7 (k)A(k')—and one
might wonder whether it is possible to build a local quantity out of linear combinations
of these, a la Eqgs. or . We will address this concern later in our general
treatment: in Section , we prove that, for a wide class of quadratic hamiltonians (to
which H, belongs), all local conserved quantities I are themselves quadratic. The claim
follows.

Thus, one is tempted to assert that the GGE density operator for the tight-binding

chain has the form

H = 3.2
PGGE = ZGGE €xp ( Zm: ) (3.23a)
k

= Zeon exp( ) (3.23b)
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where the Lagrange multipliers {\,,} are fixed by requiring that
Tr (fm pGGE> ~ Ty (fm ;30>; (3.24)

this in turn fixes the function p(k), which is in general unrelated to the function w(k)
appearing in f[o.

One may also consider truncated GGFEs in which only the “most local” conservation
laws are taken into account (i.e. only I, with m < 20 are retained in the density matrix)
[86]; this is equivalent to truncating the Fourier series of p(k) at order . More generally,
in the limit of infinite system size, L. — oo, one can require that \,, decay in a certain
manner as m — oo; this is equivalent to placing a smoothness condition on p(k). Thus,
the GGE (truncated or not) can be defined either in terms of the local charges I, or in

terms of the mode occupation numbers 7(k) [86].

Actually, page is not uniquely given by Eq. (3.23) for this model. Although the set
{fm} defined by Egs. 1) and 1} is maximal, it is not complete: there exist local

conserved quantities I’ that cannot be expressed as linear combinations of the I, A

simple example [66] of such a quantity is

== (éxéHl n éLHéL) . (3.25)

xT

In k-space, I’ takes the form

I'=Y e ™¢(m — k)é(k) + he. (3.26)
k
This quantity is conserved because the mode spectrum w(k) = — cos k of the hamiltonian
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H, of Eq. {D has the symmetry
w(k) = —w(m — k). (3.27)

One can verify that I does not commute with the I,,, so its existence does not contradict
maximality of {I,,}.

Note that the symmetry is actually a degeneracy of the spectrum |w(k)| =
|cos k| of positive-energy quasiparticles of Hy. In general, the existence of “extra” local
conserved quantities such as I'—and the associated ambiguity in the definition of the
GGE—is related to degeneracies in the quasiparticle spectrum of the hamiltonian [87].
We discuss the general relationship in Section [3.5.2

One way to deal with an incomplete maximal set {fm} is to simply complete it by
adding to {fm} additional local conserved quantities, such as I'. This is the approach
advocated by Fagotti [87], who studied this problem in significant detail. The operators
comprising the expanded set will no longer be in involution, but one can still assign to
each one a Lagrange multiplier and define pggg by maximizing the entropy subject to
all constraints. We obtain an expression identical to Eq. , but where the index m
ranges over the complete set. This maneuver is valid because local conserved quantities
satisfy a closed algebra [87] (of which the various maximal sets are maximal abelian
subalgebras). The advantage of this approach is that the resulting pogr depends on the
initial state only through the Lagrange multipliers {\,,}. The primary disadvantage is
that one can no longer write pggg in terms of a single set of mode occupation numbers,
as in Eq. .

Our approach to this problem, which we describe in Section |3.5.2} is slightly different.
In short, we retain pggg in the original form , but allow the maximal commuting

set {I,,}, or equivalently the set of mode occupation numbers {fi,}, to depend on the
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initial state. In this approach, pggr always has a mode number representation similar to
Eq. (3.23b)); however, different classes of initial states lead to inequivalent GGEs.
For now, we can ignore these subtleties, because we assumed that the initial state p

conserves total particle number (Eq. (3.13])). For this class of initial states, the GGE is

correctly given by Eqgs. and , with I, defined in Eqgs. and , and

n(k) in Eq. (3.17). We leave the proof of this assertion as an exercise for the reader.

3.2.3 Relaxation of local observables: preliminaries

Having defined the GGE, we turn to the relaxation of local observables. It is conve-
nient to work in the Heisenberg picture. The operators representing observables evolve

according to

A

O(t) = et Oe~iHot (3.28)
while the density operator is always pg. The expectation value of an observable at time
tis

(O(t)) = Tr(@(t) ,30). (3.29)

By a local observable we mean any bosonic hermitian operator O that acts nontrivially

only on a finite interval (at time ¢ = 0). Consider the quantity

Ro(t) = lim (O(1)) — (O)acs| » (3.30)
where
(O)acr = Tr(O pac).- (3.31)
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We say that the system relazes (locally) to the GGE if
Ro(t) -0 as t— o0 (3.32)

for every local observable 0.

Now, any number-conserving local observable has a unique expansion of the form

=0+ Z O}k, + Z o5 yy’czcl/cyéy’ +o (3.33)

z,@"y,y’

where locality implies that all sums over positions are restricted to a finite interval, and
therefore that the expansion terminates at a finite order (because the space of operators
supported on a finite interval in a system of fermions is finite dimensional). Our sim-
plifying assumption on the initial state means that we do not need to consider
non-number-conserving observables; their expectation values vanish identically.

Thus, it is sufficient to study the relaxation of local static 2n-point correlation func-

tions:

(@)L (t) - e (O, (1)eyt) - &, (1)) (3.34)

More generally, one might also consider dynamic correlation functions, in which the
various t’s are allowed to be different. These describe, for instance, the response of the
system to an external probe.

For systems with a Lieb-Robinson bound [88], there is a general result [89] which
states that, if the system relaxes to a stationary state pgay as t — oo (as measured by
local static correlations), then all local dynamic correlations are also described by pgiat
as t — oo. In this section, we will simply appeal to this result and concentrate on
static correlations. But in fact, most of our arguments apply equally well to dynamic
correlations, and we will work directly with the latter in the general treatment from
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Section onwards. We will do this, despite the result of Ref. [89], for two reasons:
firstly, to keep our arguments self-contained, and secondly, because we are interested not
just in the limiting behavior of quantities as t — oo, but also in the manner in which
they relax to those limits.

Note that the density operator pqgg is gaussian—it is the exponential of a quadratic
form in the creation and annihilation operators. Therefore, all correlation functions
computed with respect to page Wick factorize into products of two-point functions, and

are determined entirely by the latter:
(@l - el ey eace = > sen(P) (e] i dace -+ (6], Eyp dac, (3.35)
P
where sgn(P) is the sign of the permutation
P:(1,2,...,n)— (P(1),P(2),...,P(n)). (3.36)
For instance,
(el el euluaar = (€] ér)aar (€], ¢ aar — (6], u)aar (6] ér)aan. (3.37)

Since the initial state py need not be gaussian, the real correlation functions certainly
need not behave in this manner at early times. To show relaxation to the GGE, we
therefore need to show that, as time progresses, (i) Wick factorization is recovered, and
(ii) two-point correlation functions approach their stationary GGE values.

In any state, such as pg, one can also define the connected 2n-point correlation func-

tion. Roughly speaking, this is the part of the 2n-point correlation function that fauls to
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factorize into lower-point correlation functions. For instance,

and

The general definition of connected functions is reviewed in Appendix [3.A] The vanishing
of all connected (2n > 2)-point correlation functions is equivalent to Wick factorization,
as is evident from the formulae above:

((éT e élnéyl -+ &y, ) Wick factorizes V n

1

N——

— (<<éT el Gy N =0 V> 2). (3.40)

Therefore, we are led to study the relaxation of static local connected 2n-point cor-

relation functions:

(L (el (t) el (B)ey()ent) - ¢, (1)), (3.41)

These functions, and their dynamic brethren, will be the primary objects of study in this
chapter.
We can now state precisely the cluster decomposition condition that the initial state

po is assumed to satisfy (in this section). We assume that

A

<<é:rv1 o 'Clnéan e éxzn» = 0(6_|xi_xj|/£) as ’1’1 - xj| —r 00, (342)

for any pair of indices i,7 € 1,2,...,2n, where £ is some finite correlation length, and
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where “f(z) = o(g(x)) as * — a” means that f(z)/g(x) — 0 as © — a. In the general

treatment of Section onwards, we will significantly weaken this assumption, and

require only algebraic decay (rather than exponential) of the initial connected correlation

functions (Eq. (3.42) will be replaced by Eq. (3.83))).

3.2.4 The single-particle propagator

Because Hj is quadratic, the fermion operators
éx(t) — ezHotéxe—zHot

evolve linearly; they obey

where

St

k

It follows from Eq. (3.44) that
(012 (t)2}(0)]0) = Guy (1),
where |0) is the fermion vacuum, specified by

¢ 0)=0 V.

§ eik(a:fy)qtit cosk

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

Thus, G, (t), which is defined as the coefficient appearing in Eq. (3.44)), may be identified

as the single-particle propagator (the amplitude for a particle added to the vacuum at

site y to be found after time ¢ at site x).
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Figure 1: Magnitude of the single-particle propagator |Guy(t)| = |Jy—y(t)| for the
model described by Eq. (3.11)).

Equation (3.44)) also implies that
Tr([e.(t), e5(0)], po) = Guy(t), (3.48)

where [d, IA)} L= ab+ ba denotes the anticommutator. Thus, Glzy(t) can also be identified
with the retarded single-particle Green’s function (if the hamiltonian is quadratic, this
quantity is independent of the state py).

These interpretations are useful for guessing properties of G, () in situations in which
one cannot write down a simple expression for it. We will not need to rely on intuition
in this section, however. In the limit L — oo, one has

T dk .
ny(t) _ / %ez(x—y)k-l-ztcosk _ ix_ny_y(t), (349)

where J,(z) is the Bessel function of order n € Z. The magnitude of the propagator,
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|Gay(t)], is plotted for various values of ¢ in Figure [I]

We will show in the following that the leading late-time behavior of the connected
(2n > 4)-point functions is actually determined by very basic properties of the
propagator. Basically, all that matters is how the propagator “spreads out” with time.
Let us characterize this “spreading out” more precisely.

Although |G, ()] itself is a rapidly oscillating function of  — y at fixed ¢, its smooth
envelope is nonzero and slowly varying inside the “lightcone” |z —y| < ¢, and decays
exponentially to zero for |z —y| > t. Qualitatively, this can be seen by glancing at
Figure[l] More quantitatively, one can apply the method of stationary phase [90] to the

integral expression in Eq. (3.49)) to obtain

|Gay(t)] ~ {ﬁ} " ‘COS(%(T — 3) — rarcsin(r/t) — Vit? — r2>‘

as t— oo if ’Lt| <1-0(t"?), (3.50)

and

|Gay(t) =0(t™) Vn as t—oo if @ > 1403, (3.51)

where r = x —y. The |cos(- - )| factor in Eq. describes the lattice-scale oscillations
of |Gy (t)]; we replace it with a constant to obtain the smooth envelope.

The two relevant properties of the propagator are that the interval of |z — y| values
over which G, (t) is non-negligible grows linearly with ¢, and that the matrix elements of

1/2

Gz, (t) inside this interval have a typical magnitude o< ¢/, The second property can be

extracted from Eq. (3.50)), but it can also be deduced very simply from the first property,

as follows. Unitarity of time-evolution implies that G(t) is a unitary matrix:

L= |Gy ()" (3.52)
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We can restrict the sum to the interval over which |G, ()| is non-negligible:

-+t

L Y |Gyt (3.53)

Yy~ r—t

Since the envelope of |G, (t)] is nonzero and slowly varying within this interval, and since

the interval grows linearly with ¢, one must have |G, (t)| ~ t~1/2.

3.2.5 Decay of local connected (n > 4)-point functions. “Gaus-

sification”

We are now in a position to understand why Wick factorization is recovered as t
increases. Consider the equal-time connected 4-point function (&l (£)él (¢)¢y,(t)éz (1))
Equation shows that this function measures the extent to which the 4-point func-
tion (&1 (¢)el (¢)uy(t)é,(t)) fails to Wick factorize. Using Eq. and its adjoint to

express the operators at time ¢ in terms of operators at time zero,

(el (e (0 eO) = Y Gapp(D)Gi )G Gaalt) (), 8,88, (3.54)

Y1-y4

We can estimate the magnitude of this quantity by multiplying the number of significant
terms in the sum by the typical magnitude of each one. We have already seen that
|G'zy(t)] is negligible outside the lightcone |z — y| ~ ¢, and that it has typical magnitude
|Gy(t)| ~ 712 inside. By our assumption (3.42) on exponential clustering of correlations
in the initial state, the function (&} &l ¢é,,¢é,,) is negligible whenever |y; — y;| > £, where
¢ is the finite correlation length. As a result, the sum over y = (y; - - - y4) in Eq. is
restricted to a region of size ~ £t (this is illustrated in Figure :

vol{yy [G;yl(t)G* (1) Gagys(t) G aga(t) <<e;1@;26y36y4>>} non-negligible} ~ &%,  (3.55)

Z2Y2
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Figure 2: Schematic showing spreading of operators in the model of Eq. , and
how this leads to the decay of connected correlation functions as time ¢ increases. The
points x; are the locations of the operators on the left side of Eq. ; the points
y; are for a representative term in the sum on the right side of this equation. Each
y; must lie inside the backward light-cone of z; in order for the propagator Gy, (1)
to be nonzero. Configurations of the ’s in which the distance between any pair is
much greater than the correlation length £ (as is the case in the figure) give negligible
contributions due to clustering of correlations in the initial state. This effectively
restricts the sum over y; - - - y4 to a region of size ~ £3t (Eq. )

while each term in the sum is of order
Gy (D) ~ 72 (3.56)

Hence the right hand side of Eq. is of order ~ ¢! and the connected function on
the left vanishes in this manner as t — oo.

As t increases, there will be additional constructive or destructive interference between
different terms in the sum of Eq. , that we have not taken into account in our crude

accounting. Thus, we expect in general that

(e DeDzm) ~ D as 1500, (3.57)

T T2

where z(t) is some oscillatory function of time.
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A similar argument shows that

L)+ 2 (06w 1)+ 1)) ~ 20D (359)
as t — oo, where the z,(t) are some other oscillatory functions of time.

Thus, as t — oo, only the fully disconnected parts of local correlation functions
survive (the parts that factorize into products of 2-point functions); in other words, we
recover Wick factorization as t — oo. As mentioned above, this is the defining property
of a gaussian density matrix. We conclude that, as ¢ — oo, the “local state of the system”

may be described by a density matrix of the form

pi(t) = %(t) exXp (_ Z éley(t)éy) ) (3.59)

where K, (t) is chosen such that

Te(E (1), (01 (1)) = (h(0)2, (1)) (3.60)

for all sites z, y with |x — y/| finite in the limit L — oo, and Z;(t) ensures normalization.
As long as K,,(t) is chosen to satisfy this condition at each time ¢ (actually, Eq. (3.60)

only needs to hold up to terms of order ~ ¢~!), we have
(Ot)) ~Tr(O(t)in(t)) +O(t™) as t— o0, (3.61)

for all local observables O.
We have shown that the state becomes “locally gaussian” at late times. Following
Ref. [72], we refer to this process as “gaussification”. In Section [3.4| we describe gaussifi-

cation in arbitrary quadratic lattice models by generalizing the chain of reasoning leading
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from Eq. (3.44)) to Eq. (3.58]).

3.2.6 Equilibration of the local 2-point function to its GGE

value

It remains to compute the local equal-time 2-point function, and to verify that it
relaxes to its stationary GGE value. By definition of the GGE, Eq. (3.23)), this stationary

value is

NI 1 —ik(z1—x ~
<Cjclcx2>GGE = Z Ze k(o 2)<n<k>>> (362>
k

where (n(k)) is the expectation of the mode occupation number 7 (k) in the initial state.

The results of this subsection depend on a third assumption about the initial state py,
in addition to Egs. and . Roughly speaking, we want to exclude situations
in which the initial profiles of local conserved densities are inhomogeneous on length
scales comparable to the system size—for instance, an initial state in which sites x =
1,2,...,L/2 are occupied by fermions and the rest are empty. True local equilibration
in such cases occurs on timescales of order L, simply because that is how long it takes a
locally conserved density to flow across the system.

In order to formulate this assumption precisely, recall that the local conserved quan-

tities (Eqgs. (3.18) and (3.19)) are of the form
L
=1

where the density Z,,, is supported on a finite interval of length [m/2]| near site z.
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Define the “local excess density”

zo+Lo/2

5T (20; Lo) = Lio S (Fn) - %@n). (3.64)

z=x0—Lo/2

We assume that these excess densities can be made small by taking L, sufficiently large

(but finite and independent of L as L — 00):

1
3Ly : 6T (x0; Lo) = 0<L—) Y zo,m as L — oo. (3.65)
0

We emphasize that the results of the previous subsections hold even when this assump-
tion is violated. In particular, the system still “gaussifies” as described in Section [3.2.5]
Thus, if the initial state violates Eq. , the natural description of the local state of
the system at late times is in terms of a time-dependent gaussian density matrix, given
by Egs. and .

To study relaxation of the 2-point function, we will finally need to use the diagonal
form (3.16|) of the hamiltonian Hy, or equivalently, the full form of the propagator

Glay(t). We may write

1 . )
<éjcl(t)émg(t)> _ z Z e—z(klm—kgm)e—z(coskl—coskz)t F(l{?h k2)7 (366)
k1,k2
where
F(ki, ko) = (el(kr)é(ks)). (3.67)

We begin by showing that, under the assumptions we have made, the function F
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must have the form

Jmax

F(kla kQ) = 5k1,k2< kl + Z 5k1 —q;,k2 f](kl) + f(klv kQ) (368)

7=1

where each ¢; # 0 remains finite in the limit L — oo, and where (n(k)), f;(k), and
f(k, k') are smooth O(1) functions. The various Kronecker deltas contain all of the
singular dependence of F'(kq, ko) on its arguments.

We arrive at Eq. (3.68)) as follows. Invert the Fourier transformation and write

y17y2
L Ze (k1+k2) (y1—y2)/2 ilk1— kg)(y1+y2)/2< yléy2> (369)
Y1,Y2

The sums over y; and gy in Eq. may be performed with respect to the central
coordinate (y; +y2)/2 and relative coordinate (y; —y2). Due to clustering of correlations,
the sum over the relative coordinate converges absolutely (it is effectively restricted to a
finite window |y; — | < €), and consequently F' must be a smooth function of (ki + k).
On the other hand, the central coordinate is summed over the whole system, and so F’
can depend in a singular manner on (k; — k2). In particular, F'(ky, ko) is O(1) if and only
if the terms in the sum over the central coordinate add constructively. This occurs when
(k1 — ko) = 0 (in which case the phase factor in Eq. is independent of the central
coordinate), but it may also occur for (k; — ky) = ¢ # 0 if the initial state has a density
wave with wavevector ¢, so that (¢] ¢,,) oc e”WH%2)/2 " OQur extra assumption on the

initial state, Eq. (3.65]), implies that ¢ /A 0 as L — oo. This establishes the validity of

Ea. (9.

109



Relaxation to equilibrium in systems with quadratic hamiltonians Chapter 3

Using Eq. (3.68)) in Eq. (3.66)), we obtain

]max
(@ (1)t =2 Zeﬂk z1—2) )+ Z(s D) &)+ 6Ca, a(t), (3.70)
where
6Cx17x2< ) Z Z efzk(z1fx2)fijxgefz[cos k—cos(k—q;)]t fj(k), (371>
k
and
1 )
(5011712(15) = 7z Z e i(k1z1—kaw2) ,—i(cos k1 —cos k2)t f(kla kg) (372)
k1,k2

When ¢t > 1, we may apply the method of stationary phase to estimate the time-
dependent pieces. The cleanest way to do this is to first take L — oo, so that %Zk —
dk , and only then take t large, and that it what we will do here. However, we note in
passing that it is also possible to perform a similar analysis without first taking L — oo;
one can use the Poission summation formula to represent + Y, as a sum of integrals—
each integral corresponding to a translated copy of the finite system—and then estimate
each of these integrals by stationary phase. As long as t < L/Uyay, Where vy, is the
maximal group velocity of particles in the system, the extra translated integrals generate
only exponentially small (in ) corrections to the L — oo result.
For completeness, let us briefly review the method of stationary phase. This method

is described in detail in many standard texts, such as Ref. [90]. A nice heuristic and

mathematically elementary treatment may be found in Section 3.3 of Ref. [91]. In the

limit L — oo, Egs. (3.71)) and (3.72) are both of the general form

I(t) = / (Zﬂljd a(k) ekt (3.73)

where a and ¢ are smooth functions. The k-integral is one-dimensional in Eq. (3.71)
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and two-dimensional in Eq. (3.72)). In both cases, the integral is over a compact region
without boundary. As ¢ — oo, the dominant contributions to the I(¢) integral come from
the vicinity of points k, at which V. (k.) = 0, called critical points of . A critical

point k, is nondegenerate if the Hessian matrix at that point,

0 0

H.y (k) = % a—kb@(k‘*)a (3.74)

is invertible. Each isolated nondegenerate critical point k; gives a contribution I;(¢) to
I(t) that can be obtained (to leading order in t) by expanding the phase function ¢(k)
up through quadratic order in (k — k;), extending the limits of the k-integral to infinity,

and performing the resulting gaussian integral; the result is

oi(m/4)s;

alk,) ekt ... 7 3.75
(2t) /2 |det H(k;)| " (k) (3.75)

I;(t) =

where s; is the signature (number of positive eigenvalues minus number of negative
eigenvalues) of the symmetric matrix H(k;). The dots are subleading terms proportional
to higher derivatives of a(k) evaluated at k;. Terms with n derivatives are suppressed
relative to the leading term by an additional factor of t~"/2.

We obtain I(t) by simply adding up these contributions (assuming ¢ has no other
critical points):

I(t) ~ Z Li(t). (3.76)

Thus, whenever the phase function ¢ has a finite number of critical points, all of which
are nondegenerate (and assuming that the amplitude function a(k) does not vanish at
all of these points),

I(t) ~ 792 as t — co. (3.77)
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This is the generic situation.

If, however, ¢ does have degenerate critical points, their contributions must also be
accounted for. The power of ¢ associated with such a contribution can often be estimated
very simply as follows. Assume that k, is a critical point at which ¢(k) — ¢(k.) has a
zero of order m, while a(k) has a zero of order n (that is, the Taylor expansions of
these functions about k& = k, start with monomials of order m and n respectively). In
spherical coordinates centered at k,, we would have (k. + k) =~ ¢(k,) + |k|"®(6) and
a(ks + k) = |k|"A(6), where ® and A are appropriate functions of the angular variables,
collectively denoted #. Thus the leading contribution from the critical point is of the

form
d—1
I;(t) ~ / k(z—;flk / dQ k" A(9) O, (3.78)
7T

Scaling t out of the integral by changing integration variables to p = t'/™k, we obtain
the estimate

L(t) ~ =@M as o0 (3.79)

Note that larger m leads to slower decay. Thus, in the (non-generic) case that ¢ has
degenerate critical points, the “most degenerate” of these will typically dominate the
t — oo behavior of I(t). This concludes our brief mathematical interlude.

For a given g; # 0, the phase function ¢(k;¢;) = cos(k — ¢;) — cos(k) appearing in
Eq. has precisely two distinct nondegenerate critical points: k = ki = %(qj + ).
Thus, assuming that f;(k) does not vanish at these points, the method of stationary
phase yields

SCY) (1) ~t7 Y2 as t — 0. (3.80)

Z1,T2

A similar analysis applies to Eq. (3.72). In this case, the phase function ¢(k1,ks) =

cos ko — cos k; has precisely four distinct nondegenerate critical points: (ky, ko) = (0,0),
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(0,7), (m,0), and (m, 7). Thus, assuming that f(ki, k2) does not vanish at these points,
6Coy mt) ~t7! as t— oo (3.81)

Note that the locations of the critical points in k-space are determined by the dispersion
relation of the hamiltonian Hy, whereas the functions f;(k) and f(ki, k;) are determined
by the initial state. Therefore, these functions will only vanish at the critical points
for special, fine-tuned, choices of the initial state. We conclude that, for generic initial

states, as t — oo,
(e ()ens(t)) ~ (el ) GGE + Rayay (1), (3.82)

1/2 if the initial state has a density wave, i.e. if

where the remainder R,,(t) is of order ¢~
(c(k)é(k — q)) is sharply peaked at one or more nonzero wavevectors ¢, and is of order
t=1 if not.

We have now explicitly shown that, for any initial state py that satisfies Eqgs. ,
and , all local observables of the system relax to their values in the GGE
1) as t — oo under time evolution generated by H,. Furthermore, we have obtained
the exponents of the power laws governing the relaxation processes. We have shown that
if the initial state has a density wave, then we generically expect the system to relax
first to a (time-dependent) gaussian state like ~ ¢7!, and then to relax to the GGE
like ~ ¢~1/2. In Section we describe relaxation of the local 2-point function—and
hence relaxation of a gaussified state to the GGE—in arbitrary quadratic models, by
generalizing the chain of reasoning leading from Eq. to Eq. .

Although we derived them for the specific model of Eq. , the relaxation expo-

nents 1/2 and 1 are actually generic for quenches to clean quadratic fermion models in

one dimension. Different exponents may be obtained if the final hamiltonian is fine-tuned
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(so that the dispersion relation has degenerate critical points) and/or if the initial state
is fine-tuned (so that the functions f;(k) and f(k1, k2) vanish at the critical points). For
instance, Ref. [02] studied parameter quenches in a dimerized chain and in the Kitaev
model of a 1d spinless p-wave superconductor, and obtained parameter-dependent relax-
ation exponents for the 2-point function. In all cases, however, the exponents can be
associated to degenerate critical points and/or to the vanishing of f;(k) or f(ki,ks) at
the critical points, and their values agree with the simple estimate (the authors of
[92] perform a more sophisticated steepest descent analysis to also obtain the prefactors).
Moreover, one can easily verify that generic small perturbations of the pre-quench state
and post-quench hamiltonian cause the exponents to return to the parameter-independent
values 1/2 and 1.

Finally, we briefly comment on relaxation from initial states that violate Eq. .
One might still expect the conclusions of this section to apply locally, so that the system
relaxes as described above toward a “local GGE” in which the Lagrange multipliers are
slowly varying functions of position and time. This “local GGE” would in turn relax—
over timescales comparable to the system size—to the global GGE of Eq. (3.23), in a
manner consistent with a generalized theory of hydrodynamics [93]. This is certainly
a tempting picture, but because one cannot associate a timescale to local power-law
relaxation, it is not immediately clear that such a description—based on separation of

timescales—is self-consistent. We will not explore these questions further in this thesis.
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3.3 (General treatment. Setup and basic definitions

3.3.1 System

We consider a lattice system of fermions or bosons in d dimensions, with one orbital
per lattice site and N sites in total (the generalization to multiple orbitals per site is
straightforward, and merely complicates the bookkeeping). Let 1&; and ﬁj = (@Z; )
denote the annihilation and creation operators respectively for the site at position x.

Although we work on a lattice, we believe that many of our arguments also apply
in the continuum limit, if the symbols in the equations are reinterpreted correctly; in
particular @f should be regarded as the operator that creates or destroys a wavepacket

at position z. With this in mind, we will also make statements about relaxation in

systems of massless particles, etc.

3.3.2 Initial state

At time ¢ = 0, the system is prepared in some non-equilibrium initial state represented
by the density matrix pg. For the majority of this chapter, the only condition that we

impose on py is that it have the cluster decomposition property [85]:
ja1,7,a2 han\\ _ —(d+¢)
(v - g = ol — x4 ) as |r; — x| = o0 (3.83)

for any pair of indices 7,5 € 1,2,...,n, where ¢ > 0 is some positive real number.
Here ((---)) denotes the connected correlation function or cumulant of the operators

A;i e &gg in the state py (the definition of connected correlation function is reviewed

in Appendix [3.Al). Equation (3.83) says that the connected function vanishes at least as

d+e)

rapidly as |z; — :cj\_( when |z; — x;| — oo, for some € > 0. The cluster decomposi-

tion property ensures that correlations in the state py factorize as groups of operators
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are taken far away from one another, and it is quite reasonable from a physical stand-
point. The cluster decomposition property (in fact a stronger exponential version of
it) has been rigorously proven for large classes of initial states. These include ground
states of interacting local hamiltonians with a spectral gap [77, [78], as well as thermal
states of arbitrary short-ranged fermionic lattice systems at sufficiently high temperature
[79]. We emphasize again that the initial state py need not be related in any way to the
hamiltonian of the system. For instance, it can be the ground state or thermal state of
some completely different interacting hamiltonian; the only requirement is that it satisfy
Eq. .

In Sections [3.5.3], [3.6.4] and [3.7.3], we will require the initial state to satisfy a second

condition, in addition to cluster decomposition. This extra assumption is needed in

these three sections and nowhere else, so we state it when it first becomes relevant, in

Section In the rest of the chapter, only Eq. (3.83) is assumed.

3.3.3 Hamiltonian

For t > 0, the evolution of the system is governed by a quadratic, possibly time-

dependent, hamiltonian of the form

A1) = 3 | hay (00 + 5(05 Ay (O + e (3.84)

x?y

where h;y = hy, and A,, = £A,, for bosons/fermions respectively. This is the most
general possible form of a quadratic hamiltonian. The term involving h accounts for
hopping and on-site potentials, while the term involving A allows for pairing. In the
bosonic case, we assume that any linear terms have been eliminated by appropriately

shifting the operators, and that the quasiparticle spectrum of H (t) is positive-definite.
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It is often convenient to organize the annihilation and creation operators into a 2/N-
component column vector . If one orders the sites in some manner from 1 to N, and

temporarily denotes the operators acting on site number j by zZA)ji, then
U= Wfﬂ/fz_» a"p]:[?wf—aw;a"' 7¢]—i\_f)T' (385)

The hamiltonian can then be written in the form (column vector times matrix times row

vector):

~

H(t) = 2U'H ()T + constant, (3.86)

where

| A0 A
(t) = , (3.87)
LA () £h*(t)

and where the plus (minus) signs apply to bosons (fermions). H(t) is a 2N x 2N hermitian
matrix whose blocks are the matrices h = h and A = £A” with components h,, and
A,, (ordered to match the operators). In the bosonic case, we require H(t) to be positive-
definite at each t (this is equivalent to requiring the quasiparticle spectrum of H (t) to be
positive-definite).

In general, we will refer to any 2N x 2N matrix M as a canonical hermitian matrix

if it is of the form
X Y
M = , M=M" (3.88)
+Y* +X*
We find it preferable to work in the Heisenberg picture throughout our analysis, so

that the operators zzg(t) evolve with time ¢, while the unspecified density matrix pg does

not.
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3.3.4 Observables and relaxation

The observables of interest are local correlation functions; by this we mean any n-
point function (&;} (t1)--- &gz (tn)) in which |z; — z;| < L for all pairs of indices i,j €
1,2,...,n, where L is the physical extent of the system (assumed to be of the same order
of magnitude in each spatial direction). This notion of locality can be made precise in
the thermodynamic limit L — oo, by requiring that all distances |x; — x;| remain finite.

We say that the system (whose true state in the Heisenberg picture is always given
by po) relaxes to a state described by the density matrix p;(¢) if the latter reproduces all

local correlation functions at late times.

3.3.5 Gaussian density matrices

A density matrix p is gaussian if it is of the form

b= % exp<—§¢ﬂf< xp) , (3.89)
where K is a 2N X 2N canonical hermitian matrix (that is, it satisfies Eq. (3.88)). The
quadratic form %@TK U may be regarded as a “statistical hamiltonian” for the gaussian
state (compare Eq. (3.80)).

A density matrix p’ is gaussian if and only if, for each n # 2, all connected n-point
functions with respect to p’ vanish (this is equivalent to Wick’s theorem). Any gaussian

state is therefore entirely determined by its 2-point functions.

3.4 “Gaussification” of the initial state

We will first study the relaxation, in the sense defined above, of a system prepared in

the initial state py and evolving according to the quadratic hamiltonian ([3.84)), to a state
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described by a gaussian density matrix. Following Ref. [72], we refer to this process as
“gaussification”.

This section can be regarded as generalizing the logic that led from Eq. (3.44) to

Eq. (3.59) in Section 3.2]

3.4.1 Spreading of operators. General properties of the propa-

gator

As stated earlier, we work in the Heisenberg picture. Since the hamiltonian ([3.84)) is
quadratic, the Heisenberg equations of motion for @E;(t) yield a system of linear ordinary

differential equations. These may be written in matrix form, following the notation of

Eq. (3.80), as

0 - . 2
(1) = —iM (@), (3.90)
where
M(t) = hlt) AW ) (3.91)

—Ar(t) —hr(1)

Recall that h' = h and AT = +A for bosons (fermions). Thus, for fermions, the matrix
M (t) = H(t) is always hermitian, whereas for bosons it is only hermitian if A = 0. In

either case, one may immediately integrate this matrix differential equation to obtain

A

() = G(t)T(0), (3.92)
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which defines the propagator G(t); in general G(t) is the time-ordered exponential of the
matrix-valued function M (t):

G(t) = ¢ 0 = Te i MWt (3.93)

G () GT(1)

One always has GT1(t) = [G~(¢)]* and G~ (t) = [GT~(¢)]*. The matrix G(t) is unitary
in the case of fermions (or bosons with A = 0), since in these cases it is the time-ordered
exponential of a hermitian matrix-valued function. For bosons in general, G(t) is instead
pseudo-unitary; it satisfies G'n G = n, where n = Iy ® —Iy and Iy is the N x N identity
matrix. We will at first restrict attention to the cases in which G(t) is unitary, and
postpone the discussion of the slightly more subtle case of bosons with nonzero pairing

(with A # 0) to Section [3.4.5

Equation (3.92)) can be written in component form as

=> > G (3.94)

b==% vy

where 1&2 = 1&2(0) The components Ggg(t) of the propagator may be interpreted as
giving the amplitude for a particle (b = —) or hole (b = +) added to the “vacuum” at
position y to be found, after time ¢ has elapsed, as a particle (a = —) or hole (a = +) at
position . Ggg(t) also equals the retarded single-particle Green’s function of the system
(both normal and anomalous parts); with a quadratic hamiltonian H(t), this Green’s
function is independent of the state pg.

Unitarity of the matrix G(t) ensures that

>N lER ) (3.95)

b=+ y
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In accordance with the interpretation of Ggg(t) given above, this equation may be un-
derstood as expressing conservation of probability of particles along with holes.

Our argument for “gaussification” depends only on very coarse properties of the
propagator—on whether and how rapidly it “spreads” as time progresses. Let us make
these notions precise. Following the terminology used in Ref. [72], we say that the

dynamics are delocalizing at (z,a) if
ab .
|Ge, (1) =0 as t—o00 V(y,b); (3.96)

otherwise we say that the dynamics are localizing at (x,a).

If the dynamics are delocalizing at (x, a), then for any ¢ > 0, at sufficiently late times
t one has |G (t)] < ¢ for all (y,b). In order to satisfy Eq. , |G ()| must then be
nonzero for at least 1/c? pairs (y,b). Thus, “delocalizing dynamics” requires spreading
of the propagator. In order to quantify how rapidly this spreading occurs, consider the
smooth envelope égg(t) of |Ggg(t)], obtained by coarse-graining the latter in = and y
(in the example of Section , for instance, we obtain CNJW (t) by averaging the curves in
Figure || over their rapid oscillations on the lattice scale). For given position z, index a,

time ¢, and constant ¢ > 0, define
Di(t;6) {y | G“+ ) >4 or G“ ) > 5} (3.97)

and

Vi (t;0) = Vol, [D5(t;9)]. (3.98)
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By choosing d small enough, we can ensure that, to any desired accuracy,

> Z G ()] =1 - é(t,8) = 1, (3.99)

yeDL(L;6) b

where the first equality defines €(¢,d). Thus, whenever G4 (t) is present in a sum over
y, we may restrict the sum to y € D%(t;) while only making an error of order €(t, ).
In what follows, we will assume that § = J,(¢) has been chosen small enough so that the

error €(t,,(t)) is negligible, and suppress it in writing
Dy(t) = Dy(t; 6.(1)) (3.100)

and

VE(t) = Vo(t: 6, (t)). (3.101)

In many cases of interest, including lattice systems with Lieb-Robinson bounds [88,
941 [72], V4(t;0) depends much more weakly on ¢ than does €(t,d) in the limit § — 0 (a
glance back at Figure [I] shows that this is true in the example of Section [3.2)). In order
to satisfy Eq. , the non-negligible components G‘;Z(t), which belong to the region

y € D¢(t), must then have magnitude
|G§‘;Z(t)| ~ V&) Y2 for typical y € DI(t). (3.102)

If the dynamics are delocalizing, one must have V¢(t) — oo as t — oc.

Usually, the dimension d' of the region D¢(t) equals the dimension d of the ambient
space. However, there are also cases in which d’ < d. For instance, for a system of massless
particles with an isotropic dispersion relation, D¢(t) is the d’ = (d—1)-dimensional surface

of a d-dimensional sphere centered at x.
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Before proceeding, let us comment on three generic ways in which the dynamics may

fail to delocalize:

1. The most obvious one is that H describes a system that is Anderson localized [95]; in

this case the dynamics are localizing at all points x.

2. More generally, imagine that the quasiparticle spectrum of H includes a level whose
wavefunction is exponentially localized in space near position zy. The propagator
Gig(t) will then include a term, due to the localized state, that does not vanish as
t — 0o. However, this contribution will be exponentially small in the distances |z — x|
or |y — x| if either of these is large. Thus, to an excellent approximaiton, the dynamics
will only be localizing very near zy, and will remain delocalizing elsewhere. We will
discuss the special effects that arise when the quasiparticle spectrum of H contains
one or more localized states, in addition to extended states, in Section |3.6, For the
remainder of the chapter, we exclude this possibility. Because we define relaxation
as a local phenomenon, however, our general conclusions also apply to systems with
localized states, as long as we consider a region of space that is sufficiently far from

them.

3. Finally, consider a system of non-interacting particles moving in two dimensions in a
constant perpendicular magnetic field. In this case, the dynamics are again localizing;
the propagator G(t) is a periodic function of time [96]. This may be inferred from the
fact that, in the classical problem, all particles move in circular orbits at the cyclotron
frequency wy = eB/mc, regardless of their initial velocity (here m is the mass and e
the charge of each particle, B is the magnitude of the magnetic field, and ¢ is the speed
of light). Consequently, the wavefunction of a single particle prepared in a wavepacket

at some point ry simply expands and contracts rhythmically with period 27 /wy.
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3.4.2 Decay of connected correlation functions. “Gaussifica-
tion”

Using Eq. (3.92)), any time-dependent connected n-point function can be expressed

as a linear combination of connected n-point functions at time zero:

(s ()0t i (t)) = 30 G )+ Gl (b (Wl ).
bi-bo=% Y1-Yn

(3.103)
We are interested in local correlation functions, so we assume that the z;’s are all close
to one another (relative to the size of the system). We can estimate the magnitude of
the connected n-point function by simply multiplying the number of significant terms in
the sum by the typical magnitude of each one. Based on the discussion in Section [3.4.1],
the summand is negligible unless each y; is contained in the appropriate region ng (t;).
Assume for a moment that the initial state py obeys a strong version of cluster decom-
position, and has a finite correlation length ¢ such that ((1&211[123 o %Z» is negligible
whenever |y; — y;| > £. Then, the summand at y = (y1,%2, ..., y,) is significant only if

y € D({xu tl})7 where

D({it:}) ~ {y| v € DU(t;) ¥ j and |y —y| < € Vi), (3.104)

and the number of significant terms in the sum, N(¢), is proportional to the volume, in
y-space, of D({z;,1;}).
With delocalizing dynamics, each region DZj (t;) grows without bound as ¢ — oo,

so that Vi’ (t;) > &7 at late times. In this case, it is easy to see that the number of
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Figure 3: Schematic showing how the spreading of operators in d = 2 dimensions

causes the connected 4-point function ((

92 (1) g3 (t)bgi(t))) to decay as time ¢

increases. As in Eq. (3.103]), this function is expressed as a weighted sum of connected

4-point functions at time zero, <<1/AJ§} 12}231&2312)23 ). Cluster decomposition ensures that
only configurations of the y’s of the form depicted in the left panel contribute to
the sum; configurations like that shown in the right panel do not, because the con-

nected function ({ 2} 231/}23 ba

,4)) is negligible. This restriction in allowed phase space

is ultimately responsible for the power-law decay of all connected 3- and higher-point

functions, as explained in the text.

significant terms in the sum is

N(t) ~ V()7 (3.105)

where

V(t) = min{V (), V2 (ta), - , Vo (t,)}. (3.106)

The factor of V(t) comes from a sum over the central coordinate y = %(yl +ya+- -+ yn),

while the (n — 1) factors of £€% come from sums over the relative y-coordinates; the latter

are restricted by cluster decomposition, while the former is not. This straightforward

geometric argument is illustrated in Figure [3]

Meanwhile, each G2 (t;) factor in the summand has typical magnitude ~ [Va(t;)] 7% <
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[V(t)]7*/2. We conclude that |{( Agi(tl) A;;(tg) . Agz(tn)>>| < W)Y as t — oo.
If the various times t; are comparable (quantitatively, if the time differences |t; —t;| are
small compared with the average time ¢ = (t; + t2 + --- + t,)/n), then we expect that
Vil (t;) = V(t), and we may boldly promote this bound to an asymptotic estimate of the
relaxation rate: (1% (t)0%2 (ts) - - 2 (t,)) ~ [V(t)]7"2~D as t — oo. This estimate
ignores all interference between terms in the sum in Eq. . We briefly comment on
some of these neglected interference effects at the end of this section.

With localizing dynamics (as in quenches to disordered hamiltonians in d = 1 or 2
dimensions), the result depends crucially on the ratio of the localization length &, to £. If
&loc > &, the conclusions of the previous paragraph are essentially unchanged, except that
V(t) = (Eoc)? ast — co. Thus, the connected functions still relax like [V(¢)]~*/2~D | but
to a finite value of order ~ (£,o.)~™2~D4 rather than to zero, and subsequently oscillate
forever. If & < &, then the y-sums in Eq. are always restricted to regions of size
~ (£100)", cluster decomposition plays no role, and one expects little or no relaxation to
occur. One can also consider the intermediate case in which the dynamics has both a
localizing and a delocalizing component. We study this in some detail in Section [3.6|

A slight refinement of the argument just presented allows us to handle initial states

in which the correlation length ¢ is infinite, but which nevertheless obey the weaker

algebraic form of cluster decomposition (3.83)). Thus, assume that <<1/321@E§§ > 7,@22 )~

ly; — yj|_(d+€) as |y; — y;| = oo, with € > 0. Let £ now denote the length scale beyond

which this power law is valid. Each propagator Ggg(t) factor in Eq. (3.103)) still has

~1/2_ We may rewrite the sum over g, - - - i, as a sum over one

typical magnitude < [V(t)]
central coordinate g and (n — 1) relative coordinates z;. The sum over y is unrestricted
by cluster decomposition, and yields a factor ~ V(¢) as before. In order to estimate the

. . . aq . . .
sums over the relative coordinates, assume that each region Dy} (t;) is d-dimensional, and
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let (t) denote some typical length scale of these regions. Then,

by o b (n—1)d r(t) |Z|d_1 d|Z| n—1
Z ‘((wy+21wy+22 o wy_(zl+22+~~-+zn,1)»| ~ 5 + A T

Z|
21 Zp—1 |

~ gD g e=(n=De /e (3.107)

where we have retained only the leading terms in the limit r(¢) > £ (if the dynamics
are delocalizing, r(t) — oo as t — 00, so this limit will be reached at late times). The
important point is that this leading term is a constant independent of ¢. Consequently,
our earlier asymptotic estimate of the relaxation rate of the connected n-point function
is not modified. If instead the regions D’ (f;) are d’-dimensional (with d’ < d), the
requirement that each y; lie on the appropriate d’-dimensional manifold places some
additional constraints on the z;’s, but this is a detail that does not affect the main
conclusion.

Thus, whenever the initial state obeys cluster decomposition, as defined in Eq. ,

we expect that

[ (05 (852 (82) - - n (b D] ~ (]2, (3.108)

with V(t) given by Eq. . Our arguments suggest that this result holds whenever
V(t) > €, where d’ < d is the effective dimension of the regions D3’ (t;), and ¢ is an
appropriate length scale in the initial state (either the correlation length, if this is finite,
or the length scale beyond which the initial connected n-point functions exhibit the power
law decay required by cluster decomposition).

Notice that Eq. does not give any information about the relaxation behavior
of the 2-point function, since the exponent of V(t) vanishes when n = 2. This is easily

understood. As we saw in the example of Section [3.2] and as we will show later in
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generality, the relaxation of the 2-point function is governed by interference between
the terms in the sum in Eq. (3.103). This interference was completely ignored in our
derivation of Eq. , which relied only on gross phase space arguments. For n > 2, we
hypothesize that the neglected interference effects merely lead to an additional oscillatory
time-dependence about the power-law decay exhibited in Eq. , without modifying

the exponent of the power law itself.

3.4.3 Relaxation power laws

Equation gives estimates of the leading time-dependence of all local (n > 2)-
point connected functions of the system in terms of the coarse spreading behavior of
the propagator (as encoded in the function V(t)). Although a detailed study of possible
spreading behaviors is beyond the scope of this chapter, we describe some generic types
of spreading below.

Typical spreading behaviors fall into two broad classes. In the first class, which
we call “volume spreading”, the smooth envelope égg(t) of the propagator (as defined
in Section is non-negligible for most points y inside a d-dimensional region of
characteristic size 7(t) centered at position z, so that V() ~ [r(¢)]¢. In the second class,
which we call “area spreading”, égg (t) is non-negligible only for points y near the (d—1)-
dimensional surface of such a region of size r(t) centered at z, so that V(t) ~ [r(¢)]¢1.
In either case, the dynamics are delocalizing if r(f) — oo as t — oo, and localizing if
not (with the exception of area spreading in d = 1, a case that we discuss separately in
Section below).

We expect behavior of the “volume” type for massive particles in a slowly varying po-

tential (dispersive spreading) and of the “area” type for massless particles (non-dispersive

spreading). In both these cases, r(t) ~ vt, where v is the maximum local group veloc-
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“Dispersive” “Non-dispersive” “Localized”
/ \ A A ' A
r(t) ~vt r(t) ~vt r(t) ~VDt (0 ~&loc
V() ~t? V(t) ~t@b V() ~ ¢°

Figure 4: Paradigmatic spreading behaviors of 1-particle propagators. This list is

certainly mot exhaustive, but the spreading behaviors shown may be regarded as

“typical”.
ity of the particles. In the presence of weak disorder, we again expect behavior of the
“volume” type. In d > 3 dimensions, the expectation is diffusive spreading of the form
r(t) ~ /Dt (here D is the diffusion constant), while in d = 1 and 2 dimensions the
expectation is that r(t) saturates at a finite localization length, r(t) ~ . as t — oo [38].
These four paradigmatic spreading behaviors are depicted schematically in Figure[dl The
corresponding relaxation exponents may be easily obtained using Eq. .

For a time-independent hamiltonian H with a Lieb-Robinson bound [88, ©94], we ex-
pect the propagator to generically behave in one of these manners; in the example of
Section for instance, the propagator exhibited what we are now calling dispersive
spreading (of course, there are exceptions, such as the pathological ones noted in Sec-
tion . More complicated behavior is certainly possible for time-dependent hamilto-
nians H (), but generically we expect that these will still lead to spreading of either the
“volume” or “area” types, with some characteristic size r(¢) that must be computed on
a case-by-case basis.

If the hamiltonian H contains non-local terms, so that there is no Lieb-Robinson
bound, we cannot say as much about the envelope of the propagator. However, the
unitarity condition still relates the typical magnitude of non-negligible matrix

elements G () to the volume V() of the region on which the propagator is meaningfully
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supported: G2 (t) ~ [V(t)]7"/2. Since, in the absence of a Lieb-Robinson bound, we
expect V(t) to grow quite rapidly, the basic argument of Section still applies, and
we expect the system to “gaussify” rapidly (as measured by local operators).

Therefore, if the hamiltonian describes a delocalized system in the sense that r(t) —
oo as t — oo, then all local (n > 3)-point connected functions decay with the power
laws obtained above, and the system can be described at late times by a gaussian density
matrix. As mentioned earlier, there is one important exception to this result, which we

now discuss.

3.4.4 Non-dispersive spreading in d = 1 dimension: absence of

gaussification

Recently, Sotiriadis [97] has analytically studied the quench dynamics of a massless
free bosonic scalar field in one spatial dimension, and has shown that the system always
retains significant memory of non-gaussian initial correlations. Thus, the system fails to
relax to the corresponding bosonic GGE, which is gaussian. A very similar result was
obtained earlier by Ngo Dinh et al. [98].

This result can be understood very easily within the framework that we have estab-
lished above. The propagator of massless particles is supported entirely along the light
cone. In d = 1 dimension, at each instant of time, the light cone simply consists of two
points. Therefore, unitarity implies that the propagator can never decay; it follows from
the analogue of Eq. that higher connected correlation functions never relax to
Zero.

More generally, for any system whose propagator exhibits “area spreading”, we have
V() ~ [r)]“ Y, and so |Guy(t)] ~ [r(t)]7@"Y/2. In d = 1 dimension, these factors

are constant, implying that higher connected correlation functions fail to relax, and the
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system fails to “gaussify”. This conclusion is special to 1 dimension; in d > 1 dimensions,
the same type of system will relax to a gaussian state. It is important to keep in mind,
however, that the observables for massless particles are typically not correlation functions
of the fields themselves, but rather—as discussed in Chapter 2 of this thesis—correlation
functions of wertex operators (exponentials of the fields) or of derivatives of the fields.
Therefore, the precise arguments and decay rates for these systems are slightly different.
We will not delve into these details here.

Many properties of (seemingly diverse) gapless systems in one spatial dimension can
be obtained within the unifying framework of Luttinger liquid theory [16], which, in its
simplest incarnation, can be formulated as a theory of non-interacting massless bosonic
fields, as we did in Chapter 2] However, this formulation relies on linearization of the
single-particle dispersion relation, and while this is innocuous for most static properties,
it is clearly dangerous when considering relaxation behavior: even a slight dispersion
nonlinearity will cause a crossover from non-dispersive to dispersive spreading of the
propagator at late enough times, and hence lead to the relaxation that is absent in
the free massless bosonic field theory. Thus, any consistent description of the quench
dynamics of a one-dimensional system (even an exactly integrable one) using Luttinger
liquid theory must account for dispersion nonlinearities [54, [99], unless the initial state
is itself gaussian in terms of the bosonic fields [T00].

These points were emphasized by Ngo Dinh et al. [98], and also by Sotiriadis [101]
in follow-up work to Ref. [97]. These references contain a comprehensive analysis of
relaxation in the Luttinger model, and conclude that any weak nonlinearity of the dis-
persion would ultimately lead to gaussification, in agreement with the intuitive argument
sketched above. We refer the reader to these works for a detailed discussion of most of the

issues mentioned in this subsection, and to Ref. [100] for a general pedagogical discussion
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of quenches in the Luttinger model.

3.4.5 Bosons with pairing

We now comment on how our “gaussification” results are modified in the case of
bosons with pairing. As noted in Section [3.4.1] the propagator for bosons has the general

form

G(t) = Te o MWt (3.109)

where

M(t) = he) Al , (3.110)
ARt —h*(t)

and where hf = h and AT = A. When A # 0, the propagator is not unitary, but rather
pseudo-unitary; it satisfies G'n G = n, where n = Iy ® —Iy and Iy is the N x N identity
matrix. Consequently, the right hand side of Eq. (3.95]) is no longer simply 1, but rather

some function of time:

DD IGE M) = gi(t) > 0. (3.111)

b=+ vy
The non-negligible matrix elements of G4 (¢) thus have typical magnitude ~ [V (t)]7/2[g2(t)]*/>.
Repeating the phase-space arguments of Section [3.4.2] we obtain the appropriately mod-

ified form of Eq. (3.108)):

Ta1 Tas Tan [g<t)]n/2
(s (tr) a2 (ta) - - ar (tn)) ~ Ok (3.112)
where
g(t) = [got (t) g (t2) -+ g (ta)] " (3.113)
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In general, g(t) could be a complicated function of time, whose form is difficult to pre-
dict without some further knowledge of M(t). However, if the hamiltonian is time-

independent, we can easily derive the bound (see Appendix for details)

1< g(t) < (“’ma"f, (3.114)

€min

where wp.x is the largest boson mode energy, and €.,;, > 0 is the smallest eigenvalue of the
hermitian matrix H that defines the hamiltonian via Eq. (recall that, for bosons,
we require H to be positive-definite). In this case, although the relaxation behavior
described by Eq. is complicated, it has a power-law envelope determined entirely
by V(t).

Time-evolution in bosonic systems approximately described by unstable or metastable
quadratic hamiltonians (those whose mode spectra are not positive-definite) has been

studied in Ref. [102].

3.5 Equilibration to the GGE

We have shown in Section that, if the initial state has the cluster decomposition
property , and if the dynamics are delocalizing in the sense of Eq. , then, as
t — o0, all local (n > 2)-point connected correlation functions relax to zero in a manner
given by Eq. . Thus, as t — o0, local correlation functions themselves Wick
factorize and are determined entirely by the local 2-point function <z@§(t)¢§(t)), up to
corrections of order 1/V(t). All the results of Section 3.4/ hold for general time-dependent

quadratic hamiltonians H(t).

If H is time-independent, we can go further—as we do now—and show that the system

locally equilibrates to the appropriate GGE. In Sections|3.5.1and [3.5.2] we construct the
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GGE density operator and show that it is gaussian; these sections generalize and complete
the discussion in Section [3.2.2] In Section [3.5.3 which generalizes Secton [3.2.6, we study
equilibration of the local 2-point function to its GGE value. Combined with the results
summarized in the previous paragraph, this analysis proves equilibration to the GGE for
a wide class of quadratic lattice models, and also furnishes predictions for the leading

time-dependence of local observables as t — oo. A similar analysis is carried out for

time-periodic H(t) in Section

3.5.1 Conserved quantities

Consider any quadratic time-independent hamiltonian H which gives rise to delocal-
izing dynamics. We begin by showing that in this case all local conserved quantities I,
are themselves quadratic in the particle creation and annihilation operators.

By definition of the conserved quantities, we must have I, (t) = I,,(0). Without

loss of generality, we can take I,, to have a definite order n in terms of creation and

annihilation operators, because the latter evolve linearly:

=30 Y e g (3.115)

{z;} {aj=%}

Locality (recall that this means that the I, are sums of local densities) requires that the

coefficients Z!:¢» vanish unless all |z; — z;| < L. Using Eq. (3.92)), we have

Tn

L®)="%_ > T Guon(t) - Guy (1) by -y (3.116)

{z;,y;} {a;,bj==%}
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The conservation condition I,,(0) = I,,(t) then requires that

A S A e () R C (8 (3.117)

{zj Haj=+}
The same “phase space” arguments that we used in the previous section to show de-
cay of all local connected (n > 3)-point functions also apply to the right hand side of
Eq. ; locality of the coefficients Z7! = here plays the role of cluster decomposition.
We conclude that for n > 3, the right hand side of Eq. must vanish as t — oo if
the dynamics are delocalizing. The left hand side, however, is obviously time-independent

and finite. This contradiction proves the claim.

Thus, all local conserved quantities of H must be of the form

A

I, =0T, 0, (3.118)

N —=

where 7,, is a canonical hermitian 2N x 2N matrix in which each block is banded to

ensure locality.

3.5.2 GGE density operator

A quadratic hamiltonian H = %@TH@ (with #H positive definite in the case of bosons)
can always be diagonalized by a Bogolyubov transformation [103]; we can introduce new
canonical “quasiparticle” operators {4} that obey the same (anti)commutation relations

as the {z@f}, and are related to the latter by a linear transformation,

S
I
0

\.’1>

(3.119)
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where

A

F:(:Ylif?;u 7&&7&?7&;7'” afAVjJ\r/')T~ (3120)
The transformation S has the block form

U v
S = (3.121)
v U

to preserve adjoints), satisfies STS = I for fermions, or STnS = n for bosons, where
J n n

n = In @& —Ix (to preserve the operator algebra), and is diagonalizing:

STHS = Q = diag(wi, . .., wn, —Wi, ..., —WN) (3.122)

for fermions, or

STHS =nQ (3.123)

for bosons. In terms of the quasiparticle operators, we have

N
H=FEo+ ) wjy, (3.124)
j=1
where
;=475 (3.125)

and w; > 0 (in the case of bosons, w; > 0 is required for physical stability).

The mode occupation number operators n; commute with H and with one another.
If the spectrum {w;} is nondegenerate (that is, if w; = w; implies ¢ = j), then the set of
operators {n;} is uniquely defined, and forms a linear basis for the set of all quadratic

conserved quantities of H. We have already shown (in the previous section) that all
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local conserved quantities I, of H are quadratic if H gives rise to delocalizing dynamics.

Therefore, in this case we may conclude that the GGE density operator has the form

PGGE —

exp( > Al ) (3.126a)
exp( Zu]n]> (3.126D)

ZGGE

where only the Lagrange multipliers {\,, }, or equivalently {1}, are left to be determined
by the initial state. We emphasize again that this conclusion relies on two assumptions
in addition to H being quadratic: (i) that the dynamics are delocalizing and (i) that the
mode spectrum {w;} is nondegenerate.

If the mode spectrum is degenerate, on the other hand, there is some freedom in
the choice of diagonalizing canonical transformation S, and consequently in the mode
operators and conserved quantities. For instance, if w; = wy, consider the family of

quasiparticle operators defined by

=q ; (3.127)

also commute with the hamiltonian H. However, they do not in general commute with

the old ny, ny operators:

[H, 7] =0 but [A;, 7] #0 (i,j=12) (3.129)

J
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Therefore, the primed (') and unprimed (n) operators yield inequivalent sets of con-
served quantities. This ambiguity is fundamental [87]—it is present whenever the mode
spectrum is degenerate—and it leads, in principle, to additional dependence on the initial
state, as we now describe.

Each inequivalent set of conserved quantities gives rise to its own family of GGE
density operators (parameterized by the Lagrange multipliers of that set of quantities).
Given an initial state py, we must chose the canonical transformation S to also diagonalize
the correlations within each degenerate subspace; that is, we must choose S so that, for

all pairs 7 # j such that w; = w;, we have
(3747) = Te(3745 po) = 0. (3.130)
In the case of fermions, we must also choose S to ensure that, whenever w; = w; = 0,
(%47 =0. (3.131)

It is always possible to find a canonical transformation S that diagonalizes H and also
satisfies these conditions. The GGE density operator can then be constructed using the
associated mode operators in the usual manner, following Eq. .

Thus in general pggg, written in the form , depends on the initial state pg
in two distinct ways: (i) the definition of the occupation numbers operators {n,} corre-
sponding to degenerate modes {w;} of H, and (ii) the values of the Lagrange multipliers
{1}

The general construction of the GGE density operator that we have outlined in this
section can be applied to any quadratic hamiltonian H that gives rise to delocalizing

dynamics; it will indeed yield a density operator paag that correctly describes all local
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observables of the system at late times (as we demonstrate in the next section). However,
we have in some sense “cheated” by phrasing our general construction in terms of the
mode occupation numbers {n,} rather than in terms of the local conserved quantities
{I,,}. Since we are studying local relaxation, the latter are really the quantities of
fundamental importance.

From a more fundamental point of view, then, a set {n;} is admissible only if, by
taking linear combinations of the 7, one can construct a maximal set of local conserved
quantities {I,,} (recall that the set {,,} is maximal if any local conserved quantity I that
commutes with all of the I, can be expressed as a linear combination of them). Given a
maximal set {I,,}, we can always obtain a corresponding admissible set {f;} by finding
the Bogolyubov transformation S that simultaneously diagonalizes the I,,. Sets {n;}
that are inadmissible can—regardless of the initial state—be ignored for the purpose of
writing down pggg, and one only needs to use initial correlations to distinguish between
admissible sets. Thus, the construction outlined in this section, although valid, might

overestimate the degree to which the GGE depends on the initial state.

3.5.3 Relaxation of the local 2-point function

Having constructed the GGE density operator, we now study relaxation towards it
by analyzing the long-time behavior of the local 2-point function. As in the example of
Section [3.2] this part of the analysis requires us to make an additional assumption about
the initial state pg; roughly speaking, we need to exclude situations in which the initial
profiles of local conserved densities are inhomogeneous on length scales comparable to
the system size. True local equilibration in such cases occurs on timescales of the order
of the linear dimension L of the system, simply because that is how long it takes a locally

conserved density to flow across the system.
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In order to formulate this assumption precisely, recall that the local conserved quan-

tities are of the form

where the density fmw is supported in a finite region centered at position x. Define the

“local excess density”

1 7 <Im>
Z ) = 7T - 1
1) m(x07 T) VOl(BT) meBZ(x )< m,$> Vol(sys) ) (3 33)

where B, () is the d-dimensional ball of radius r centered at x¢, Vol(B,) is the volume
of this ball, and Vol(Sys) is the volume of the entire system.
We assume that these excess densities can be made small by taking r sufficiently large

(but keeping r fixed as Vol(Sys) — o0):
371 6T (ze;7) = O(r™®) YV xz9,m as Vol(Sys) — oo. (3.134)

We emphasize that the “gaussification” results of Section hold even when this

assumption is violated (the results of Sections [3.5.1 and [3.5.2| hold as well). Thus, if the

initial state violates Eq. (3.134)), the natural description of the local state of the system

at late times is in terms of a time-dependent gaussian density matrix, of the form

exp(—l\iﬁ K(t)\i/), (3.135)

where K(t) is a canonical hermitian matrix (it satisfies Eq. (3.88))) that must be chosen

so that

Te (V4040 (1)) = (WDE(0)L(0) (3.136)
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for all pairs of indices a,b = + and positions z, y with |z — y| finite in the limit of infinite
system size.

Also as in the example of Section [3.2] this part of the analysis requires more de-
tailed knowledge of the spectrum of the hamiltonian, or equivalently, of the propagator,
than is needed to show “gaussification”. Consequently, our treatment will be somewhat
schematic.

In terms of the matrix S of the Bogolyubov transformation ¥ = ST that diagonalizes

the hamiltonian H , the propagator may be written as
G(t) = Se” ™ 571, (3.137)

where

O = diag(wy,wa, - . ., WN, —W1, —Wa, - - ., —WN), (3.138)

and {w; > 0} is the spectrum of quasiparticle excitations. This form of G(t) is valid for
both fermions and for bosons; the difference between the two is the unitarity or pseudo-
unitarity of the matrix S. It is standard to regard the 2N columns of S as eigenvectors
of a fictitious single-particle problem whose eigenvalue spectrum is symmetric about zero
(while keeping in mind that, for bosons, the eigenvectors are orthonormal with respect to
n = Iy ®—1Ix rather than Iry). If we label these eigenvectors by their energy € (¢ = fw)
and additional quantum numbers o, so that (g, 0) together form a complete set, we can

write

Go(t) = Si(e,0) e (ST)(c,0). (3.139)
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The equal-time 2-point function is then given by

(W) = D [Sie, o) Sh(e, o) e Fe, 03¢ ), (3.140)
where
Fle,0:¢',0") = (I(e, o) (e', o)), (3.141)
and where
) Ale,o)  if e>0
[(e,0) = . (3.142)

A (—e,0) if <0

The GGE value of the same 2-point function is

(W, "Pphaae = ) [Sa(e, 0)]"S)(e, 0) (IM(e, )T (e, ). (3.143)

€0

Equations (3.14013.143|) are the obvious generalizations of Eqs. (3.66)), (3.67) and (3.62)).

In the limit of large system size, the spectrum {e} will in general consist of a con-
tinuous part due to spatially extended quasiparticle states and a discrete part due to
localized states. For now, we assume that all quasiparticle states are extended. We will
discuss what happens when the spectrum includes a discrete part coming from localized
states in Section (see also the comments in Section [3.4.1)).

Since the spectrum is by assumption purely continuous in the limit of large system
size, the sums over ¢ and ¢ in Eq. become integrals in this limit (whether the
other quantum numbers ¢ are discrete or continuous is less important). The t — oo
asymptotics of the (g,¢’)-integral is then determined by the analytic structure of the

function F'. This structure can in turn be deduced from general arguments of the type
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used in Section 3.2} Inverting the Bogoliubov transformation, we have

Fe,o56,0) = > Y [(S)ale,0)]"(S7y(e, o) 4y, (3.144)
ab=* zy

The sums over x and y in Eq. may be performed with respect to the central
coordinate (z+vy)/2 and relative coordinate (x —y). The sum over the relative coordinate
converges absolutely (due to clustering of correlations), whereas the central coordinate is
summed over the whole system (because the states are extended). It follows that F' can
become singular only along “curves” in (g, 0;¢’,0’)-space, which we may identify with
the zero sets of appropriate functions C;(e, 0;¢’,0’). The most obvious such curve is the
trivial one, (¢’,0’) = (g,0), which may be identified with the function Cy(e,o;¢’,0") ~
(e—¢')(0 —0’); additional curves C; can occur if the initial state has an appropriate order
(in Section , for instance, we found that such curves were present if the initial state
had a density wave with nonzero wavevector ¢). We conclude that F has the (highly

schematic) general form

A

F(e,o:¢',0") = 8(e —€)d(0 — ') (IT(e,0)L (e, 0))

+) 0(Ci(e.03¢', ) file,0) + fle, 03¢, 0"), (3.145)

where the sum in the second line is over a finite number of curves C; that, as a consequence
of our assumption (3.134)), remain distinct from the trivial curve in the limit of infinite
system size. The various deltas functions represent all of the possible singular dependence

of F on its arguments; (I''(¢,0)['(,0)), fi(e,0) and f(e,0;€,0’) are smooth functions

in the relevant domains of integration.
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Taking account of this structure, Eq. (3.140|) becomes

(5 ()5 (1)) =/ [S3(e, 0)]"Sy (e, 0) (T (e, 0)L (e, )

£

+ Y [6C; ()] + [C (). (3.146)

The first term reproduces the GGE result, Eq. (3.143). The remaining 6C; and 6C' pieces
come from the second and third terms in Eq. (3.145) respectively.

Let us first analyze the 6C' term,

6C(®))y = / ) / ,[Sg(g,a)]*SZ(a’,a’) e = f(e oy o). (3.147)

The behavior of the integral as t — oo can be extracted from a straightforward stationary
phase analysis (apart from the factor e~ the integrand is a smooth function of the
integration variables). The phase function ¢(e,¢’) = (¢ — €’) clearly lacks stationary
points, so the dominant contribution to the integral as ¢ — oo comes from the corners of
the (g,€’)-integration region. Near each corner, the smooth function f can be regarded
as a function of ¢ and ¢’ alone. The integrals over ¢ and ¢’ will then yield factors
proportional to the (local) density of states g(¢) and g(¢’) near the band edges. We are

led to conclude that, as t — oo,

2

SC(t) ~ () x / dz g(e)e =t (3.148)
If, as is often the case, the density of states near the band edge has the form
g(e) ~ &, (3.149)
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then [deg(e) e ™ ~ =149 [ dz 2%~ and we obtain the estimate

6C(t) ~ 720+, (3.150)

This result assumes that f does not vanish at the corners of the (e, £’)-integration region.
Generically, this will be the case. In special fine-tuned circumstances, in which f does
vanish at the corners, the exponent of the power law may be larger (more negative).
We can perform a similar stationary phase analysis of each dC; term in Eq. .
In this case, the phase function ¢ is the restriction of (¢ — ¢’) to the curve C;. If ¢
is nonstationary along this curve, and if the curve terminates at the boundary of the
(¢,€’) integration region, then the same reasoning that we applied to 6C' in the previous
paragraph yields the estimate
5C;(t) ~ =19, (3.151)

Again, this result may be modified if the initial state or final hamiltonian are fine-
tuned. More complicated time-dependence will occur if the phase function ¢ is stationary
somewhere along the curve Cj; such a contribution, if present, will likely dominate the
t — oo relaxation behavior. However, this must be analyzed on a case-by-case basis, and
we will not attempt to make any further statements about the general case.

If the hamiltonian H is translation-invariant, then one typically has

g(e) ~ b (3.152)

at each band edge, where d is the dimension of space. In this case the above estimates
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become

SC(t) ~t™¢, (3.153a)

5C;(t) ~ 172, (3.153b)

The results obtained in the example of Section [3.2}—Egs. (3.80) and (3.81))—are recovered

if one sets d = 1.

It is interesting to compare Eq. , which gives the asymptotic relaxation of the
2-point function in a translation-invariant lattice system, to the asymptotic power law
with which such a system should gaussify according to the results of Section (3.4, The
latter power law is set by the lowest nonvanishing (n > 2)-point connected correlation
function. Assuming that this is n = 4, Eq. suggests that the system gaussifies
like ~ [V(t)]!, where V(¢) is the volume on which the 1-particle propagator is mean-
ingfully supported. In a translation-invariant lattice model, the propagator spreads at
the maximal group velocity, so we expect this volume to grow like V(t) ~ t¢. Hence we
conclude that the system gaussifies like ~ t~¢. If there is a density wave of one or more of
the conserved quantities in the initial state, then 0C;(t) terms are present in the 2-point
function; these relax like ~ t~%2 by Eq. . Thus the system first gaussifies like
~ t=% and then relazes to the GGE like ~ t~%?. If, on the other hand, the initial state
lacks such order, then only the 6C(¢) term is present in the 2-point function; this relaxes
like ~ t=¢ by Eq. , so gaussification and relaxation to the GGE both occur with
the power law ~ t=<.

Notice that gaussification and relaxation of the 2-point function are controlled (in
translation-invariant systems) by fundamentally different aspects of the band structure:
gaussification is controlled by the maximal group velocity—typically a property of the
middle of the band(s)—whereas relaxation of the 2-point function is controlled by the
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density of single-particle levels at the band edge(s).

3.6 Effects due to localized states

Assume now that the quasiparticle spectrum of H contains, in the limit of large
system size, both discrete localized states and a continuum of extended states. We can

write the diagonalizing Bogoliubov transformation as

z&;:/E/Us;(g,a)f(g,a)+221~z;m?, (3.154)

b=+ g

where, as before,

. F(e,0) if ¢>0
I'(e,o) = : (3.155)
At(—e,0) if <0

The operator 47(w, o) creates a quasiparticle in the continuum level with energy w > 0
and additional quantum numbers o; the operator ’y;-r creates a quasiparticle in the discrete

level j with energy w; > 0.

3.6.1 The propagator

The propagator splits naturally into two pieces:
G(t> = Gext(t) + Gloc(t>a (3156)

where the first piece Ge(t) involves only the extended states, and the second piece

Gloc(t) involves only the localized states. For fermions,

(e ()] = / / 5%(c,0) e~ [S1(e, o))" (3.157)
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and

Croe(t))2 = 373 R et (Rl (3.158)

c=% j
For bosons, one must multiply the integrand in Eq. (3.157) by —bsgn(e), and the sum-
mand in Eq. (3.158)) by be.
The dynamics of the propagator G(t), as defined in Section are thus in general

the sum of a delocalizing part, due to Gey(t), and a localizing part, due to Gioc(t). We

have already discussed general properties of G (t) in Sections 3.4.1) and |3.4.3] Let us

now briefly discuss general properties of Gyoc(t):
Each level j of the discrete spectrum is exponentially localized near some position z;;
in other words,

R3S ~ e~lemml/G for o — x| 2 ¢, (3.159)

where ¢; > 0 is the decay length. It follows from Eq. (3.158]) that
(Guoc B2 ~ /5 for o —y| 2 G, (3.160)

where (, is roughly the largest decay length of the states localized near z. Thus, [Gloc(t)]gl;
is negligible whenever |z — y| > (,. Given a position x, we may restrict the sum over
7 in Eq. to those levels that are localized within a few decay lengths (; of z,
because the remaining levels give negligible contributions. Finally, for fixed x and y, the

propagator [Glec(t)]% oscillates forever without decaying as ¢t — co.

3.6.2 Gaussification

Having understood how the propagator is modified, let us study how the local-

ized states affect gaussification and the conclusions of Section [3.4l Consider the time-
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dependent connected n-point function. Equation (3.103|) becomes

<< Agi (tl) wan Z Z { ext tl + Gloc(tl)]zizll e [Gext(tn) + Gloc(tn)]gzgz
{yi} {bi=+}

X (- -@/3§Z>>}- (3.161)

Write this as

n

(e () - dgn(ta)) = D {5 (t) - dn (B Dictoe (3.162)

k=0
where ((- - -)k_1oc contains all terms in Eq. that have k factors of G and (n — k)
factors of Gext.

We have already studied the contribution ((--))g_10c, in which all the propagators
are Gy, in detail in Section . As t — oo, {(--)o_10c decays to zero as described
by Eq. (3.108). Next, consider the contribution ((---))1_c, in which a single propagator
is Gloe. According to the discussion above, this contribution is significant (at any time
t) only if one or more of the z; are located within a few decay lengths of a localized
state. The sum over the corresponding y; is restricted by the propagator [Gloc(tl)];f;z to
a region of volume ~ Cgi around z;. Repeating the analysis of Section m, the sums
over the relative y-coordinates converge absolutely due to cluster decomposition, so the
entire y-sum yields a finite, t-independent contribution as ¢ — oo. Meanwhile, typical
matrix elements of the propagators are of order Gex(t) ~ [V(t)]7"/? and Gioc(t) ~ 1/¢2

We conclude that, as t — oo,
(- Mioroe ~ (O], (3.163)

This decay is faster, by a factor of [V(¢)]7/2, than that of {(---)o_iec.
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By similar reasoning, we conclude that
(- Nectoe ~ VO] R2 (k> 1), (3.164)

Note that, for k& > 1, (- ) (s+1)-10c decays slower, by a factor of [V(t)]7/2, than does
(- - “Nk-10c. Thus, the leading ¢ — oo behavior of the connected (n > 2)-point function
1s

(51 (1) - - n (tn) ) ~ (@2 (1) -+ 8 () D ntoe + OV ). (3.165)

Only the fully localized contribution ((---))n_10c survives in the limit ¢ — oo. Let us

analyze this term in more detail:

« gi (tl) e g: n n loc — Z Z Gloc tl Zi?fl s [Gloc(tn)]gzl;/?L «77/)21 o ¢§:>>
{yl} {b :t}
(3.166)

Using Eq. (3.158]) or its bosonic version, we have

DY [Groe®)Bdh ="y " Ri et (3.167)

b=+ y c=% j

Consequently,

(S (1) bt hnroe = 3 Y Rl Ry el Bimversatt (450 450 (3.168)
{i} {ei=%}

Each sum over j; in Eq. (3.168)) may be restricted to those levels that are localized near x;,

in accordance with our previous discussion. It is evident that the localized contribution is

C1L.C2 2,Cn

negligible as ¢t — oo if and only if (951457 ---4;")) itself is negligible. In bosonic systems
prepared in generic initial states, this condition will be violated as soon as there is a

single localized level. This is because the nth cumulant of the occupation of this level,

150



Relaxation to equilibrium in systems with quadratic hamiltonians Chapter 3

{(A*47)™), will be nonzero in general. In a fermionic system, on the other hand, the
occupation of a single localized level is characterized entirely by the expectation value
(T47), so these higher cumulants all vanish.

Thus, consider a system of fermions in which the quasiparticle spectrum of H contains,
in addition to a continuum of extended states, a set of discrete levels {j} that are localized
near positions {z}} with decay lengths {(;}. Assume that the initial state py has a finite
correlation length &, and that for each pair (i, j) of localized levels, |z} — 25| > {+(+(;.
Then any connected function involving the operators of two distinct levels ¢ # j, such
as (9¢45---), is negligible. Of course, any connected function involving three or more
operators of the same level, such as (%4245 - -)), vanishes identically. It follows that all
{(- ) (k>2)—10c contributions to the connected n-point function are negligible. Since the
k = 0,2 terms decay in the same manner with time, and since the £ = 1 term decays
faster than either of them, we reach the following somewhat surprising conclusion:

Discrete localized levels in the quasiparticle spectrum of a quadratic fermion hamil-
tonian H have a negligible effect on gaussification if (i) the initial state has a finite
correlation length &, and (ii) the spatial distance between any pair of localized levels is

large relative to &.

3.6.3 GGE density operator

Next, we study how the localized states affect the conclusions of Section [3.5 Before
considering equilibration, we must revisit the construction of the GGE density operator
itself.

In Section , we showed that, for any quadratic time-independent hamiltonian H
which gives rise to delocalizing dynamics, all local conserved charges I,,, are themselves

quadratic in the particle creation and annihilation operators. Let us see how this argu-
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ment changes with localized states. Equation (3.117)) remains valid, but each propagator

factor now has an extended piece and a localized piece:

Tt =N N T T (G () + Gloc(®)]20 -+ [Gext () + Groc (]2 (3.169)
{mz}{az—i}

As we did with the connected n-point function in Section [3.6.2] write this as

I = [T ()]0 (3.170)

k=0
where Zy,_10c(t) contains all terms in Eq. that have k factors of Go.(t) and (n—k)
factors of Gey(t). Repeating the arguments of Section [3.6.2) we conclude that for n > 2,
only the Z,,_1,.(t) contribution survives as ¢t — oo. Then, Eq. requires that Z,,_joc
actually be time-independent, and that Z = Z, ... It is clear that the corresponding

local conserved quantities are those that can be built from the quasiparticle operators

&f of the localized levels:

AC1 2C2

~ATAE A with Y ciwy, = 0. (3.171)

’\|>

In addition, the participating levels {j;} must all be localized in the same region of
space (otherwise I, will not be local). Conversely, all local conserved charges involving
products of n > 3 creation or annihilation operators must be of this form. Thus, in
a bosonic system, the existence of even a single localized level leads to non-quadratic
local conserved charges (powers of the occupation of this level, (4797)"). In a fermionic
system, however, one can only construct non-quadratic local conserved charges if there
are two or more localized levels close enough to one another in space (how close depends

on how local we want the charges to be).
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We conclude that, in a quadratic bosonic system, the GGE (defined in terms of local
conserved quantities) is gaussian if and only if there are no localized levels at all, whereas
in a quadratic fermionic system, the GGE remains gaussian to an excellent approximation
even when localized levels do exist, as long as they are located sufficiently far apart in
space. In the latter case, the mode occupation numbers n; = ’y;“yj’ of these levels are local
conserved charges, and must be included in pgge. The general analysis of Section [3.5.2

does not require modification.

3.6.4 Equilibration to the GGE

Finally, let us consider equilibration. As in Section [3.5.3] we must make an additional
assumption on the initial state, Eq. , to exclude situations in which the initial
profiles of local conserved densities are inhomogeneous on length scales comparable to
the system size.

Following Section |3.6.2 we may identify three contributions to the equal-time 2-point

function:

(W (O (0) = D (g (D (8))ktoc- (3.172)

We have already studied the fully extended piece, (1 a(t)@ﬁly’(t»o_loc, in detail in Sec-
tion |3.5.3. It generically relaxes to its GGE value as ¢ — oo in a manner described by
Eq. (3.150]) or (3.151)), and this relaxation is due to “interference” effects. On the other

hand, the 1—loc piece vanishes as t — oo for simpler “phase space” reasons: the results

of Section [3.6.2} in particular Eq. (3.163)), show that

W OV () 1—10e ~ V)] V? as t — 0. (3.173)

Y

This piece is fully off-diagonal in the quasiparticle basis of H , so its GGE value is also
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Zero.

Therefore, we only need to study the fully localized (2—loc) piece. It is given by

(compare Eq. (3.168))):

W D) omroe = D Y [RIG]RY ¢milernn = eawn)t (31502 (3.174)

J1,J2 c1,c2=%

where the sums over j; and j, are over all levels in the discrete part of the spectrum.
Recall (Section [3.5.2) that the mode operators 4; can (and should) be chosen so that,
c1 262

in each degenerate subspace (i.e. when wj, = wj,), one has (7;,“95?) o d¢¢,05,5,- This

ensures that the infinite time-average of Eq. (3.174) agrees with its GGE value:
(i )5 o = Z Z [REST Ry (377°45). (3.175)
In general, the instantaneous difference

[0Cs 10e(B))28 = (B (L) 2100 — (7 INNSSE (3.176)

oscillates forever about zero without relaxing as t — oo. However, if the localized states
are located far enough apart in space that the initial correlations (7]101 755} between them
are negligible (this must hold for all nondegenerate pairs j; # ja), then it follows that
dC5 10c(t) is negligible at all times. We conclude that:

Dynamics generated by a quadratic fermion hamiltonian H whose quasiparticle spec-
trum includes discrete localized levels will still lead to gaussification and equilibration to

the GGE, as long as (i) the initial state has a finite correlation length £, and (ii) the

spatial distance between any pair of localized levels is large relative to &.
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3.7 Time-periodic hamiltonians and the “Floquet-

GGE”

Our arguments for gaussification in Section were extremely general; they relied
only on clustering of correlations in the initial state, and on spreading of the propagator
G(t). Thus, they apply to any quadratic hamiltonian H (t), as long as it leads to delo-
calizing dynamics. In this section, we consider the particularly interesting time-periodic

case:

A~

H(t) = L0TH(t)¥ + constant, (3.177)

where
h(t) A2

H(t) = —H(E+T), (3.178)
EAS() R (1)

and where, as before, the plus (minus) sign is for bosons (fermions). H(t) describes a

periodically driven, or “Floquet”, closed quantum system.

3.7.1 Floquet theory basics

Let us briefly review some simple facts about this problem [104]. In order to give a
complete “stroboscopic” description of the system at times t = nT (n =0,1,2,---) one

only needs to know the time-evolution operator over a single period,

U(T) = Te o At (3.179)
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(to describe the system at intermediate times, one also needs to know U (t) for all 0 <

t < T). Since U(T) is unitary, it has a spectral decomposition of the form

U(T)=> e "la)al, (3.180)

where {|a)} forms a basis for the Hilbert space of the system, and where the “quasiener-

gies” e, are defined modulo 27 /T. The associated “Floquet hamiltonian”

Hp = eola)al (3.181)

generates

U(T) = e iHrT (3.182)

by construction. Hp is quadratic because H (t) is quadratic (quadratic forms in fermion
or boson operators form a Lie algebra, and the unitary group is compact). Thus, apart
from the subtlety that the quasienergies {e,} take values on a circle rather than on the
real line, the dynamical problem at times ¢ = nT is formally identical to one with a

time-independent quadratic hamiltonian

Hp = 20"Hp U + constant, (3.183)
where
h A
He=| 7. (3.184)
LAY R
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3.7.2 Propagator and gaussification

Recall that the propagator G(t) is defined by the solution of the Heisenberg equations

of motion,

A

T(t) = G(t)T(0). (3.185)

Since W(t) = Ut () ¥(0)U(t), and since U(T) = Te~iJo A = ¢=ifieT one obtains two

equivalent expressions for the propagator over one period:

G(T) = Te 'Jo TMWA — =iMrT, (3.186)
where
ht) At
M(t) = ) ) (3.187)
—A(t) —h*(t)
and
hp A
Mp=| T (3.188)
—Ap —hp

As one might expect for a quadratic system, G(T') completely determines Hp (modulo
shifting the quasienergies by multiples of 27 /7).

The propagator at any time ¢t = nT 4 ', where 0 < ¢’ < T, is given by

G(nT + 1) = Gt [G(T)]". (3.189)

As t — o0, the relaxation behavior will be dominated by the [G(T)]™ factor, except
possibly in some pathological cases. Therefore, we expect any local connected 3- or
higher-point function of the driven system to relax (or fail to relax) with time in ex-

actly the same manner as that of an undriven system with hamiltonian Hp, up to a
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multiplicative periodic factor f(t) = f(t + T') coming from the G(t’) part of the propa-

gator. The results of Sections (3.4.3] |3.4.4| and [3.4.5 may thus be applied with only minor

modifications.

3.7.3 Relaxation to the Floquet-GGE

Having discussed gaussification in the Floquet context, let us next consider the even-
tual fate of the effectively gaussian state. Following Section |3.5.2] we may construct a
GGE density operator pr out of the local conserved charges of the Floquet hamiltonian
Hrp: the argument of Section applied at stroboscopic times t = nT', shows that
these charges are all quadratic, so that pg is indeed gaussian. It is natural to suspect
that the system eventually relaxes to a state described by pp. Note that such a state is

a limit cycle: for any operator O, one has
Tr(@(t)ﬁp> - Tr<U(T)(§(t + )0t (T)ﬁp) " (@(t + T),ép) (3.190)
(the second equality follows from the definition of pr), but in general
Te(O(t)pr) # Tr(O(t)pr). (3.191)

This time-periodic limiting state has been called the “periodic Gibbs ensemble (PGE)”
or the Flogquet-GGE [82, [105), [81].

We can generalize the analysis of Section to study relaxation of the gaussified
state to the Floquet-GGE. It is sufficient to study this at stroboscopic times ¢t = nT". As
in Section , we must make an additional assumption on the initial state, Eq. ,
needed to exclude situations in which the initial profiles of local conserved densities

are inhomogeneous on length scales comparable to the system size. Equations (3.137]
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3.146|) are unchanged, except that S must now be understood as the matrix of the
Bogoliubov transformation U = ST that diagonalizes the Floquet hamiltonian Hp, and
¢ as a quasienergy defined modulo 27/T.

First consider the limit of very fast driving, 7" — 0. In this limit, we expect that we
can ignore the periodicity of e (since the period 27/T — o0), and that the quasiparticle
states of Hp are organized into one or more well-defined bands. If this is so, the remainder
of the analysis in Section [3.5.3| applies, and we conclude that the gaussified state relaxes
to pr with a power law; in the simplest cases, this power law is given by Eq. or
(3-151])).

Next consider the opposite limit of very slow driving, so that T — oo and H(t) is
a slowly varying function of ¢. On timescales t < T, we expect, based on an adiabatic
approximation and our arguments in the time-independent case, to observe power-law
relaxation to a GGE of the instantaneous hamiltonian H(¢). On much longer timescales
t > T, the Floquet drive becomes important, and we except to eventually observe relax-
ation to the Floquet GGE, pg. Stationary phase analysis suggests that this relaxation
will be ezponential in time, ~ e~*/T. To see this, consider Eq. . The quasienergies
e are defined on a circle of radius 27/T — 0, so the spectrum is likely to be relatively

smooth, without well-defined bands. Therefore

27r/T 2m /T ' )
Ct)rv/ / de’ a(e, ') e et
27

ﬁ dz/ dz' a e_i(z_z/)t/T, (3.192)

where a(z/T, 2’ /T) is a smooth function of z and 2’ on the torus T. It follows that 6C(¢)
must vanish faster than any power of (¢/T) as (t/T) — oo. Similar arguments apply to

5C5(t).
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Thus, in the limit 7" — 0 of fast driving, we expect to observe power-law relaxation
to pp, the (time-periodic) GGE of the Floquet hamiltonian Hp. In the opposite limit
T — oo of slow driving, we expect to observe power-law relaxation toward a GGE of the
instantaneous hamiltonian H (t), followed by much slower exponential relaxation ~ e~/7
toward pg. It is more difficult to make semi-quantitive general statements about the

regime of intermediate driving, and we leave this as an interesting question for future

work.

3.8 A comment on spin models mappable to quadratic
fermion models

Everything that we have said also applies to any spin system that can be mapped
to a quadratic model of fermions (via a Jordan-Wigner transformation or otherwise),
assuming (i) that the observables of interest map to local operators in terms of the
fermions, and (ii) that the initial state py obeys cluster decomposition with respect to the
fermion operators. It is by no means obvious that a given physical initial state, which
obeys cluster decomposition with respect to spin operators, also does so with respect to

the fermions. It would be interesting to identify which states have this property.

3.9 Conclusions

In this chapter, we have presented a general framework for understanding relaxation
phenomena in systems described by quadratic fermion or boson hamiltonians that may
or may not be time-dependent. We have shown that, as long as the hamiltonian yields

delocalizing dynamics, and for any initial state that satisfies a condition on algebraic
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clustering of correlations, all local operators of the system relax to values consistent with
a gaussian state at late times—the system “gaussifies”. Furthermore, we have shown that
gaussification can be understood as a simple consequence of the spreading of operators
in real space, and that the exponents of the power laws with which quantities gaussify
can be extracted from the smooth envelope of the one-particle propagator of the system
(which does not depend on the initial state). In this sense, gaussification in quadratic
systems appears to be quite universal in character.

Using similar arguments, we have given a simple proof that all local conserved quan-
tities of a quadratic time-independent hamiltonian with delocalizing dynamics are them-
selves quadratic, and hence that the GGE density operator of such a system is gaussian.
We have described how to construct the GGE out of mode occupation numbers in a
manner that properly accounts for degeneracies in the mode spectrum. Under an addi-
tional assumption on the initial state (needed to avoid having to deal with hydrodynamic
timescales comparable to the system size), we have shown that the local 2-point function
of the system relaxes to its GGE value with a power law whose exponent can typically be
extracted from the local density of single-particle levels at the band edge. Combined with
our gaussification results, this proves relaxation to the GGE for a large class of quadratic
systems and a large family of initial states, and also gives quantitative information about
how local observables relax. We find that, if the initial state has a density wave of some
conserved quantity, the system generically relaxes first to a gaussian state, and then,
with a smaller inverse power of time, to the GGE. If the initial state is not ordered in
this sense, “gaussification” and relaxation to the GGE occur with the same powers of
time and cannot be distinguished as easily in general.

We have also studied situations in which these conclusions break down, such as the

case of free massless bosons in one dimension [97, 101], or when the mode spectrum of
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the hamiltonian includes localized levels, and have explained precisely why the break-
down occurs in these cases. We have argued that, perhaps unexpectedly, well-separated
localized levels in a system of fermions do not hinder gaussification or relaxation to the
GGE. Finally, we have applied our arguments to the case of periodically driven systems,
and have shown that the relaxation of such systems to the Floquet-GGE can also be

understood semi-quantitatively within our framework.
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Appendices

3.A Connected correlation functions

For completeness, in this section we review the standard definition of a connected
correlation function [85].
Let (X) = Tr(Xp) denote the expectation of the operator X in a given state p. The

connected correlation function or cumulant ((---)) of a set of operators X1, Xo, ..., X, is

defined inductively by the formula

(XX Xa) = (&) [ [ Xa ) (3.193)

P acP
where the sum is over all partitions P of the set {1,2,...,n}, each element «; of the
partition is ordered so that a;(1) < «;(2) < ---, and the sign is + or — according to
whether the rearrangement
(1,2,--- ,n) = (aqg(1),01(2), -+ ,an(l),an(2), - - v-- ) (3.194)

involves altogether an even or odd number of exchanges of fermionic operators, respec-
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tively. Unpacking the definition for small values of n,

(X1) = (X)), (3.195a)

(X1X5) = (X1 Xo) + (XD (X2, (3.195b)

+ (XD (KD (X)), (3.195¢)

and so on.

Informally, the cumulant (X1 X5 - - - X,,)) equals the correlation function (X; X5 - - - X,,),
minus all possible ways of factorizing this function into products of two or more lower-
order cumulants (with additional minus signs as needed to account for exchanges of

fermionic operators).

3.B Bounds on ¢(t) for bosons with pairing

Any quadratic time-independent hamiltonian H= %@TH@ for a system of bosons, in

which H is positive-definite, can be diagonalized by a Bogolyubov transformation [103]:
U =ST, (3.196)

where

F:(ﬁ/l_7;y2_7 7&&7&??&;7'“ 7’3/]—{_7)’11- (3197)
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The transformation S has the block form

U v
S = , (3.198)
vV U

satisfies STnS = n, where n = Iy ® —Iy, and diagonalizes the hamiltonian matrix:

STHS = nQ, where
O = diag(wy,wa, . . ., WN, —W1, —Wa, . . ., —WN ). (3.199)

Since H is positive-definite, all w; > 0 (by Sylvester’s theorem of inertia). The condition

S™nS = n may be rewritten as ST = nS~1n. It follows that
nH = SQS~. (3.200)
In terms of the quasiparticle operators, we have

N
H=FEy+ ) wjy, (3.201)
j=1
where 7; = 47795 .

It is very important to note that, since S is not in general a unitary transformation,
the boson mode energies w; are not the eigenvalues of the hermitian matrix H. We will
denote the eigenvalues of the matrix H as €;. We recover w; = ¢; only when all pairing
terms in the hamiltonian vanish; in this limit S is indeed unitary.

The propagator G(t) may be written in matrix form as

G(t) — efinHt — Sefiﬂt Sfl — SefiﬂtnSTn' (3_202)
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At each time ¢, it satisfies G(t)n GT(t) = . From this fact, we easily obtain the lower

bound 1 < g%(t), as follows (no sum on z,a):

1= |n5al

= 1> > G, G (0O

b=t y

= ¢(b). (3.203)

More work is required to derive an upper bound on ¢%(¢). We have

ZZ|Gab

b=+ vy

= [GT(H)G(t)]™ (no sum on z,a). (3.204)

rxr

By definition of the operator norm ||-||,
ga(t) < |GTBG )] - (3.205)

For bounded operators A and B, one has ||AB]|| < ||A]|||B|| and ||AT|| = ||A]|. Since

In]| = |le=™*|| =1, it follows that
get) < |IS|". (3.206)
We can derive a bound on [|S|| from the condition

STHS = nQ = diag(wy, wa, . . ., W, W1, Was -+ ., WN)- (3.207)
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Since the hermitian matrix H is positive-definite, it has a unique positive-definite square
root, H'/2. Let R = H'/2S, so that RTR = nf). The operator norm of R equals the

square root of the largest eigenvalue of RTR, so

IRII* = wimax = max{ws, wa, -+, wy}- (3.208)

Since S = (HY?)71R, it follows that

IS < IR (3.209)

The operator norm of (#/?)~! equals the square root of the largest eigenvalue of the

product ((HY2)"1)H(HY2)"t =H L, so

1
HYHY| = ——, 3.210
[(H=) NG (3.210)
where €,;, = min{ey, €9, -+ ,en} is the smallest eigenvalue of H. Thus,
IS|| < f<me (3.211)

min

and we finally obtain the desired upper bound:

gz(t) < (wm“>2. (3.212)

€min

Equations (3.203) and (3.212)) together yield Eq. (3.114)).
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Chapter 4

Bounds on chaos from the eigenstate

thermalization hypothesis

In this chapter, we show that a known bound on the growth rate of the out-of-time-
order four-point correlator in chaotic many-body quantum systems follows directly from
the general structure of operator matrix elements in systems that obey the eigenstate
thermalization hypothesis. This ties together two key paradigms of thermal behavior in

isolated many-body quantum systems.

4.1 Introduction

In recent years there has been renewed interest in various ways of quantifying the rates
of runaway growth processes in quantum chaotic many-body systems. One particular
quantity that has been studied extensively is the four-point out-of-time-order (OTO)

correlator [106] 27, 28]; for a recent overview, see Ref. [26]. Here, following Ref. [28], we
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consider the thermally regulated OTO correlator,
Forolt) = Te[p (1) 9 A(0)p A (1) A 0)], (4.1)

where A(t) = etftAe~*t is a local operator in the Heisenberg picture, H is the hamil-
tonian, p = e ##/Z is a thermal density operator at inverse temperature 3, and Z =
Tre P is the partition function. (We set h = kg = 1 throughout.) Following Refs. [27,
28], we consider systems with a scrambling time (also called the Ehrenfest time) ¢, that
is large compared to the dissipation time ¢4 that governs the exponential decay rate of

the two-point correlator. In this case, for times t4 < t < t,, we expect
Foro(t) oc 1 — A7t (4.2)

where A is a growth rate that is analogous to the Lyapunov growth rate of the deviation
of nearby classical trajectories in chaotic systems. The hierarchy of time scales ts > t4
typically arises only in systems that have a small parameter € that determines t5 via
ts ~ A 'In(1/¢). Examples include ¢ ~ 1/N? for the Sachdev—Ye-Kitaev model of
N > 1 Majorana fermions with all-to-all random four-point interactions [107, 27], and
for conformal field theories with N? > 1 fields that have gravitational duals [28], and
€ ~ heg, an effective dimensionless Planck’s constant, for semiclassical systems such as
the kicked rotor [108] and quantized area-preserving maps [109].

Making a set of physical and mathematical assumptions that are plausible in such

systems, Maldecena et al. [28] argued that the growth rate A should be bounded by

A < 21/B. (4.3)
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This bound is saturated in the SYK model, and in large- N conformal field theories with
gravitational duals, where it is related to the physics of information scrambling in black
holes [29].

Another paradigm that is believed to apply broadly to many-body quantum systems
with sufficiently strong interactions and no disorder (or, more generally, disorder that does
not result in many-body localization [110]) is the eigenstate thermalization hypothesis
(ETH) [18, 191 20, 21, 22], which supposes that the energy eigenstates of such a system
cannot be distinguished from a thermal density matrix when probed by local observables.

More precisely, according to ETH, the matrix elements of a local observable A in the

energy-eigenstate basis, H|i) = E;|i), take the form

Aij = A(E)(Sw + €7S(E)/2f(E, (U)Rij, (44)

where £ = (E; + E;)/2 is the average energy of the two eigenstates, w = E; — Ej is the
energy difference, A(E) = Tr pA with g fixed by E = Tr pH, S(E) is the thermodynamic
entropy (logarithm of the density of states) at energy E, f(F,w) is a smooth, real function
of its two arguments with f(EF,w) = f(E, —w), and R;; is a hermitian matrix of erratically
varying elements, with overall zero mean and unit variance in local ranges of E and w.
It is consistent (as will be seen below) to treat E as an extensive quantity and w as an
intensive quantity.

Our purpose in this chapter is to derive the bound on the OTO correlator growth
rate, Eq. , directly from ETH. In doing so, we relate two important paradigms of
thermal behavior in isolated many-body quantum systems.

Our methodology is to use known properties of the ETH matrix elements to put a
bound on the Fourier transform of the OTO correlator (more specifically, on its connected

part, defined below) at high frequencies. This bound can then be used to infer bounds
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on the OTO correlator itself at intermediate times, with some additional dependence on
its precise functional form. For a family of functions that includes the OTO correlator
for a conformal field in one spatial dimension, as computed by Maldacena et al. [111]
via the AdS, gravity dual, we find that the bound of Eq. must hold. For a simpler
family of functions that is sometimes used as an approximation to the OTO correlator,
we find a stronger bound, indicating that this approximation should be used with care.
Our methods do not require the factorization assumption that was used in Ref. [28] (and
which we review below). Hence we believe that our result is more general, and that
the bound on the exponential growth rate of the OTO correlator holds in any quantum
many-body system that obeys ETH and also has the hierarchy of time scales ¢ > t4.
Note that we do not claim that ETH is either necessary or sufficient to have expo-
nential growth of the OTO correlator; we claim only that the exponential growth rate,
if nonzero, is bounded by Eq. in systems that obey ETH. Also, it may also be
possible to weaken our assumptions and still prove the bound; for example, our proof
would go through if we allowed the envelope function f(FE,w) to become noisy (rather

than smooth) at sufficiently low frequencies w.

4.2 Bounds on the high-frequency behavior of ETH
envelope functions

It will be most convenient to work with an observable A for which A(E) = 0, either
due to a symmetry, or simply by subtracting Tr pA from A; we therefore take A(F) =0
from here on.

We begin by considering a thermally regulated two-point correlator for such an ob-
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servable A at inverse temperature [3,
Fy(t) =Tr [,01/2A(t),01/2A(0)]. (4.5)

Inserting two complete sets of energy eigenstates and using Eq. (4.4) with A(F) =0, we

have
1 — — W
t) = EZG SEBE| £(B, w)[*e™!| Ry . (4.6)
ij

We replace |R;;|? with its statistical average 1, and then write each sum as an integral

with a suitable density of states, >, — fooo dE; e3F) . Using E;,;=FE+w/2, we get

// S(E4+w/2)+S(E—w/2)—S(E)-BE |f( )|2 zwt (47)

where [, = [**dF and [, = [7°dw. We now assume (and later verify) that f(F,w)

falls rapidly enough at large w that we can expand the exponent in powers of w,
S(E +iw) = S(E) £ 15(E)w + 1S"(E)w* + - - -, (4.8)

which yields
1 . )
Fy(t) = 2/ eS(E)_BE/ e (E)w2/4ewt|f(E,w)|2. (4.9)
E w

We do the FE integral by Laplace’s method; this fixes E to be the solution of S'(E) = 3,
which is the usual thermodynamic relation between energy and temperature. We can
then also identify S”(E) = — 3%/ C, where C is the heat capacity of the system at inverse
temperature S. The remaining integral over E yields a factor of the partition function

7. We therefore find
R(t) = [ e (B w) (4.10)
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Next we note that Tr(pA?) is equal to FQ(:‘:%), and this should be a finite quantity.

In the infinite-volume limit, C' — oo, and we have
Tr(pA?) = /w 512 £(E, w)[2. (4.11)
For this to be finite, f(E,w) must satisfy
[f(E,w)| S exp(=plw]/4) as |w] — oo (4.12)

We next consider the general four-point correlator for a single observable A at inverse

temperature (3,
F4(t1, tg, tg) =Tr [p1/4A<t1)p1/414(t2)p1/4A(t3>p1/4A<0)] . (413)

Inserting four complete sets of energy eigenstates, we have

1 .
_ - Z e—ﬁEez(wltl+w2t2+w3t3)AljAjkAklAli’ (4.14)
ijkl
where E = (E; + E; + E, + E)), wi = E; — Ej, wy = E; — B}, wy = E — E;. We use

Eq. (4.4) with A(E) = 0 for A;;. We then replace R;;R;x Ry R;; by its statistical average,

which, following the general analysis of Foini and Kurchan [112], we take to be

R R Ry Ry = 0 + 051 + e 5B (B, wy, wy, w3). (4.15)

Here the first two terms account for the fact that for ¢ = k or j = [ the left-hand side
reduces to the product of the absolute square of two R’s, and then the statistical aver-

age is 1. The final term accounts for exponentially small correlations between different
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R’s. Such correlations arise from treating the inner product of energy eigenstates (in
a small range of energy) with eigenstates of A (in a small range of its eigenvalues) as
a pseudorandom unitary matrix [112]. We view this as a generalized version of Berry’s
conjecture [IT3] that the energy eigenstates of a chaotic quantum system can be ex-
pressed as superpositions of suitable basis states whose coefficients are pseudorandom
numbers with a gaussian distribution; the specific form of the appropriate basis states is
system-dependent [114] 115 [IT6]. Berry’s conjecture underlies the formulation of ETH
presented in Ref. [19], and so Eq. should be viewed as a consequence of ETH.
Returning to Eq. , we replace the sums by integrals, . — [ E, eSE) | expand
the entropies to linear order about E, change the integration variables to £ and the three
w’s, and perform the integral over E by Laplace’s method. The final result, in the infinite

volume limit, is

Fy(ti,to, t3) = Fa(ts — ta + DYFa(ts + L) + Fy(ty — L) Fo(ty — ty — &)

+ Fyc(ty, ta, t3), (4.16)

where the connected part of the four-point function is

Fic(ty,ta, t3) = / 6i(w1t1+w2t2+w3t3)f(w1)f(w2) flws) f(—w1 — we — ws) glwr, wa, w3).

w1 w3
(4.17)
Here we have suppressed the F dependence of f and g.
Next we note that
Tr(pA*) — 2[Tr(pA*)]? = F4C(—%, —%, —%) (4.18)

should be a finite quantity. Given Eq. (4.12)), convergence of the integral over ws in
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Eq. (4.17), with w; and ws fixed, requires that g(w;,ws,ws) must satisfy

|g(w1, we, ws)| < exp(—fFlws|/4) as  |ws| — oo. (4.19)

4.3 The OTO correlator and “bound on chaos”

We now turn our attention to the OTO four-point correlator Foro(t) = Fy(t,0,1),
which is given by
Foro(t) = 2Re[Fo(t + )2 + Fic(t, 0, ). (4.20)

For times large compared to the dissipation time t4q, which itself should be comparable
to or larger than £, the first term in Eq. (4.20]) will have decayed to a negligible value,
and we can replace Fyro(t) with its connected part Foroc(t) = Fic(t,0,1).

We will be interested in the Fourier transform of Fioc(t), given by

FOTOC(W) = / € ZWtFOTOC(t)

o 2T

- / @) F@2) fw — o) f(—w — wn)g(@nwmw —w).  (4.21)

From the large frequency behavior of f and g specified by Egs. (4.12)) and (4.19), we can

infer that ﬁOTOC(w) must fall off at large |w| at least as fast as
Foroc(w) ~ exp(—3|w|/4). (4.22)

To use this information, we need a more complete specification of the OTO correlator
than is found in Eq. (4.2]), which applies only for intermediate positive times. Assuming

an exponential decay at late positive times, a simple model is Foroc(t) o< 1/(1 + 2(2))",
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where

2(t) = N8, (4.23)

and 7 is a positive real parameter. However this Fyroc(t) is not time-reversal invariant,

whereas Eq. (4.1]) is. To remedy this, and assuming \t; > 1, we make the ansatz
Foroc(t) = NG(z(t))G(z(—t)), (4.24)

where we take G(z) = 1/(1 + 2)"; later we will consider other possibilities for G(z). The

normalization constant is
N = Tr[(p1/4A)4] —2(Tr p**4p" " A)2. (4.25)

From the product form of Eq. (4.24)), it follows that the Fourier transform is given by

the convolution

Foroo(w) = N / G~ ). (4.26)

From this it follows that the large-w behavior of ﬁOTOC(w) is the same as the large-w

behavior of G(w). We find

G(w) = e b L+ MQ/?/)\l;((O;) — iw/)) K(w), (4.27)

where I'(x) is the gamma function, and K (w) = 1 has been introduced for later conve-
nience. Eq. yields Firoo(w) ~ G(w) ~ exp(—m|w|/A) at large |w|, independent of
1. Requiring this fall-off to be at least as fast as Eq. , we find the bound A < 47/3p,
which is more stringent than Eq. (4.3)). This shows that for A\ = 27 /3 (expected in confor-
mal field theories with gravity duals), the form G(z) = 1/(1 + 2)", which has sometimes
been used as an approximation (e.g., [I17]), is inconsistent with our Eq. (4£.22)).
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Maldacena et al. [I11] computed the OTO correlator for a conformal field with di-

mension A = 7/2 via the AdS, gravity dual. In our notation, their result is
Glz) = / duh(w)(1 + uz)~" (4.28)
0
with h(u) = e “u"Y/T'(n). This yields Eq. (4.27) with

K(w) = /000 du h(u)u™/, (4.29)

For the h(u) of Ref. [I11], K(w) = T'(n + iw/\)/T'(n) ~ exp(—n|w|/2A), and hence
Foroo(w) ~ exp(—37|w|/2)). Requiring this fall-off to be at least as fast as Eq. ,
we find the bound A < 27/, the same as Eq. .

More generally, the bound A < 27/ holds if K(w) ~ exp(—ecm|w|/2)) with ¢ < 1 at
large w. The Paley—Wiener theorem [118] implies that this will be the case if and only if

there is a value of 6 € [—7/2, 7/2] such that
/ duu|h(e®u)|? = co. (4.30)
0

For example, this is the case if h(u) ~ u®exp(—bu?) at large v with a > —3, b > 0
and v > 1. However, we have not been able to connect the mathematical condition of

Eq. (4.30) to a physical property of the system.

4.4 Discussion and conclusions

We can compare our derivation of Eq. (4.3 with that of Ref. [28]. A key assumption

used in Ref. [28], their Eq. (23), is an approximate factorization of a different regulariza-
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tion of the four-point function at intermediate times tq4 < t < g,
Tr [pl/QA(t)A(O)pl/QA(O)A(t)] < (Tr pl/QApl/QA)2 +¢, (4.31)
where ¢ is a small tolerance parameter. In our notation, this is equivalent to

1Pt — L)+ Fuc(t — 2, -2y <e. (4.32)

We expect the first term to be negligible at the relevant intermediate times, and it is
plausible that the second term, which is an in-time-order connected four-point function,

is also negligible. However, we do not need to assume this in our analysis.
Assuming Eq. (4.31), Ref. [28] then establishes that the rescaled correlator f(t) =

0| < 2 com(H) AL (4.3

Because of the factor of 1— f2 on the right-hand side of Eq. , it provides a meaningful
bound on A in Eq. if and only if f(t) = 1 — ™% for ty < t < t,, where we now
have an equality rather than a proportionality. Equivalently, Foro(t) must be very close
to F5(0)? for these intermediate times. In our notation, this requires N~ F5(0)?, where
N is the normalization constant of Eq. . Such a relation would follow from large- N
factorization, Eq. (9) in Ref. [28], but is not expected to be true more generally. Our
derivation of Eq. does not require this assumption.

We note that the scrambling time t5 appears as the period of an oscillation in the

amplitude of Fyroe(w), cf. Eqs. (4.26114.27), that must have its origin in a correspoding
oscillation in the amplitude of g(w;, we, ws3), cf. Eq. (4.21)). The underlying physics of this
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sort of oscillation in the four-point correlation of operator matrix elements, cf. Eq. ,
is worthy of further exploration.

Recently another measure of chaos was introduced by Parker et al. [I19]: an operator
complexity growth rate o that was shown to be bounded by a < 7/f. This bound on
« is related to the the large-w behavior of f(FE,w), and follows from Eq. . Parker
et al. conjecture that, very generally, A < 2a. Our analysis shows that the bound on
A requires information about the large-w behavior of g(F,wq,ws,ws) in addition to the
large-w behavior of f(F,w). A proof that A < 2a would therefore imply a further
relationship between these two functions, and hence further structure in the ETH matrix
elements. This is an interesting topic for further research.

To conclude, we have derived the known bound of Eq. on the growth rate of
the out-of-time-order four-point correlator from the structure of operator matrix ele-
ments that follows from the eigenstate thermalization hypothesis, Eqgs. . We
also needed a mild assumption on the functional form of this correlator, as specified by
Eqgs. . However, we did not need the assumptions of Eq. and of
large-N factorization (or its equivalent) that were needed in the analysis of Ref. [2§].

We hope that this unification of two key paradigms of thermal behavior in many-body

quantum systems will lead to further insights into this important branch of physics.
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Chapter 5

Structure of chaotic eigenstates and

their entanglement entropy

In this chapter, we consider a chaotic many-body system (i.e., one that satisfies the eigen-
state thermalization hypothesis) that is split into two subsystems, with an interaction
along their mutual boundary, and study the entanglement properties of an energy eigen-
state with nonzero energy density. When the two subsystems have nearly equal volumes,
we find a universal correction to the entanglement entropy that is proportional to the
square root of the system’s heat capacity (or a sum of capacities, if there are conserved
quantities in addition to energy). Our conclusions are based on a refined version of a
model of a chaotic eigenstate originally due to Deutsch, and analyzed more recently by

Lu and Grover.

5.1 Introduction

Consider a macroscopic system of volume V' partitioned into two spatial subsystems

1 and 2 with volumes V; and V5 =V — V;. We assume, without loss of generality, that
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Vi < V5. We also assume that the hamiltonian of the system is a sum of local terms, and
so can be partitioned as

H = Hy, + Hy + Hya, (5.1)

where H, acts nontrivially only in region a (a = 1,2) and all terms coupling the two
subsystems are contained in Hy5. We further assume that the system obeys the eigenstate
thermalization hypothesis (ETH) [I8, [19, 21] for matrix elements of local observables
between energy eigenstates corresponding to nonzero energy densities.

To simplify notation, we take all energies to be in units of a fundamental energy scale
(e.g., the coefficient of an exchange term in a spin chain) and all lengths, areas, and
volumes to be in units of a fundamental length (e.g., the lattice spacing). We also set
kp = 1 throughout.

Let |E) denote an eigenstate of H with energy E, with nonzero energy density £/V .
For notational convenience, and again without loss of generality, we shift H5 by a con-
stant (if necessary) so that

(E|Hys|E) = 0. (5.2)

We can write |F) in a basis of tensor products of the eigenstates of H; and Ha,
E) =Y Mis i)y @), (5:3)
i

Deutsch [32] conjectured that the coefficient matrix M;; can be treated as a random
matrix with a narrow bandwidth that keeps the sum of the subsystem energies Ey; + Fy;
close to the total system energy F, and using this conjecture showed that the entangle-
ment entropy of the smaller subsystem equals its thermodynamic entropy. More recently,
Lu and Grover [120] used this ansatz to calculate the Rényi entropies of the subsystem.

Other related work on entanglement entropy at nonzero energy density in chaotic systems
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includes Refs. [121], 122 123, 124], 125]; for a review of basic concepts, see Ref. [31].
Here, we refine the original conjecture by characterizing the coefficient matrix more

completely. We further show that at or very near V;, = V5, there is an extra contribution

to the entanglement entropy that scales like v/V. Specifically, for V; = Vj exactly, we

find that the entanglement entropy is given by

1 /1 C
— = - 4
Sent 2S 27T+()(A), (5.4)

where S is the thermodynamic entropy of the system at energy E, C is its heat capacity,
and A is the area of the boundary between the two subsystems. When the system is far
from a critical point (which we assume for simplicity), both S and C' typically scale like
the volume V' of the system. We do not compute the coefficient of the O(A) term, since
it depends on details of the hamiltonian. The v/C' and O(A) terms are distinguished
by their scaling with system size (except in d = 2 spatial dimensions). They are also
distinguished by the fact that the latter depends on a property of the boundary between
the two subsystems, while the former depends on a property of the system as a whole.
The extension of Eq. to V4 # V4 is given in Eq. (5.16) below; the v/C correction
remains significant for [V; — V3| < VV.

A contribution to Sy scaling like v/V was found previously by Vidmar and Rigol
[126] in a study of a one-dimensional system with one conserved quantum number. Our
explanation for the appearance of such a term is essentially the same as theirs, but our
formula applies more generally to any system that obeys ETH, and relates the correction
to thermodynamic properties of the system. Furthermore, we generalize our result to
systems with any finite number of conserved quantities in addition to energy. In such
cases, C'in Eq. becomes the sum of all entries in a matrix of capacities; see Sec. .

The rest of this chapter is organized as follows. In Section [5.2] we summarize all
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of our key results in more precise language, for the simplest case in which only energy
is conserved. Sections [(.3H5.5 elaborate on the derivation of the summarized results.

The generalization to systems with additional conserved quantities is discussed in the

second half of Sec. and full details are provided in the [Appendixl Section [5.6] has

our concluding discussion.

5.2 Summary of results

5.2.1 Structure of the coefficient matrix

Assuming, in line with Refs. [32, 120], that M;; has the general structure of a random
matrix that is sharply banded in total energy, and neglecting any dependence of M;; on

the energy difference Ey; — Eoj, we show that it takes the form
My = e SEHE 2 PB4 By — EYY2Cyy, (5.5)

where S(E) is the thermodynamic entropy of the full system at energy E (equal to the
logarithm of the density of states, and assumed to be a monotonically increasing function
of energy, so that temperature is nonnegative), F'(¢) is a window function centered on

e = 0 with a width A equal to the quantum uncertainty in the interaction hamiltonian,
A =\ /[(E[H}|E), (5.6)

and C;; is a matrix of coefficients which, when averaged over narrow bands of energies

of each subsystem near F; and Es (but with each band still containing many subsystem
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energy eigenstates), obeys

Ciy =0, CHCyyp =001y, (5.7)

where the overbar denotes the dual narrow-band energy averaging. Furthermore, for a

system in two or more spatial dimensions, the window function is a gaussian,

6752/2A2

- V2rA

F(e) (5.8)

In two or more spatial dimensions, where Hi5 is a sum of local terms along the boundary
between the two subsystems, we show that A ~ /A, where A is the area of the boundary.
For a one-dimensional system, A is an order-one quantity (in terms of its scaling with

system size). These results are derived in Section [5.3]

5.2.2 Structure of the reduced density matrix

The reduced density matrix p; = Try |EXE| of subsystem 1 takes the form

(p1)i = o~ S(E)+S2(E—Ey) 5 + e—SQ(E—El)/Qe—w2/8A2Rij]’ (5.9)
where By = (Ey; + E1;)/2 and w = Ey; — Eyj, S.(E,) is the thermodynamic entropy of
subsystem a at energy E, (a = 1,2), and the R;; are O(1) numbers that vary erratically.
We have dropped terms of order A2 ~ A and smaller in the exponents. Section
contains details of the derivation.

The diagonal term in Eq. is in agreement with Lu and Grover [120], and matches
the “subsystem ETH” ansatz of Dymarsky et al. [127]. The off-diagonal term, though

exponentially smaller than the diagonal term, alters the spectrum of eigenvalues of p; at
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energies Fy > Ef, where Ej is the solution to
S1(ED) = So(E — B)). (5.10)

For Fy > EY, the density of states of subsystem 2 is smaller than the density of states
of subsystem 1. However, the nonzero eigenvalues of p; are the same as those of py =
Try |[EXE|. This effect occurs locally in energy. Hence, in the energy interval [E;, Ey +

Sy(E—E)

dEy] for Ey > Ef, p; has approximately e )dE; nonzero eigenvalues, and each of

these nonzero eigenvalues is approximately equal to e~5(F)e51(F1),

5.2.3 Correction to the entanglement entropy
From the discussion above, it follows that

. f dE; ¢Smin(E1) [@*S(E)esmax(Eﬂ}n

Trpl - e*S(E)del esmin(E1)+Smax(El) 9 (511)

where
Smax(El) = maX[Sl(El), SQ(E — El)], (512&)
Swmin(E1) = min[Sy(E4), So(E — Ey)). (5.12b)

The denominator in Eq. is the numerator with n = 1, and itself equals one up to
small corrections; see Sec. The entanglement entropy is the n — 1 limit of the nth
Rényi entropy,

S () = i Spen (), (5.13)
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where

1
Srenn(E) = | log Tr pf. (5.14)

—n
From Eqs. (5.11) (5.14), we get

B del 651(E1)+52(E—E1)[S<E) — Smax(El)]
Sent (E) = By S B . (5.15)

After performing the integrals over F; by Laplace’s method, we find

Sent(E) = min(gl, 52) - g P <Sf/;—lfl> -+ O(A), (516)

where S; = S (E)) and Sy = So(E — E)) are the subsystem entropies at the stationary
point E, given by
S1(Er) = Sy(E — Ey), (5.17)

K = C,Cy/(C1+Cy) is the harmonic mean of the subsystem heat capacities C, = —32/5"

at constant volume and inverse temperature 3 = S (£} ), and we have defined the function

+o0
O(z) = /_ dy e_yQ(]y — x| —|z|) = Vr(zerfz — |z]) + e (5.18)

[e.e]

where erf x is the error function; see Fig. . Since ®(z) decays to zero exponentially from
®(0) = 1, this correction is negligible for |Sy — S| > VK.

For a uniform system with V; = fV, V5 = (1— f)V, and f < 1, we have S| = fS(E),
Sy =(1-f)S(E),Cy = fC,Cy = (1— f)C, and K = f(1— f)C, where C = —3%/S"(E)
is the heat capacity of the full system. The heat capacity C' scales like the volume of the
system, so |So — 81| > VK is equivalent to |3 — f| > 1/VV. For f = I exactly, we
recover Eq. .

Section [5.5] contains details of the derivation of these results, and also describes their
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Figure 1: A plot of the function ®(z) defined in Eq. (5.18)), which parameterizes the
correction to the entanglement entropy, Eq. (5.16)).

generalization to systems with additional conserved quantities.

5.2.4 Correction to the Rényi entropy for n < 1

Evaluating Eq. (5.11]) by Laplace’s method, and then evaluating the leading terms in
Eq. (5.14), we find

[51(81> + ?”LSQ(E — 81) — nS(E)]

Stenn (E) = , 5.19
e E) - (5.1
where
& =min(E, EY), (5.20)
E} is the solution to Eq. (5.10)), and E| is the solution to
S1(Ey) = nSy(E — Ey). (5.21)

For By < Ef, Eq. (5.19) coincides with the result of Ref. [I20]. For n > 1, the convexity
of the entropy function (equivalently, positivity of the temperature and the heat capacity)

guarantees that E; < Ef. However, for n < 1, it is possible to have Ef < Ej, and then
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Eq. (5.19)) differs from the result of Ref. [120]. In particular, for a uniform system split
exactly in half, B} < F; for all n < 1, and then Sgenn<i(E) = S(E)/2, up to subleading

corrections.

5.3 Envelope function of the coefficient matrix

We first establish a useful identity. In the limit of A — 0, we can ignore the energy
of the interaction. Then we can compute the density of states e”¥) of the total system
at energy F by dividing the energy between the two subsystems, and taking the product

of the number of states of each subsystem. This yields
E
%) :/ dE, e%1(F1)S2(B=F) (5.22)
0
Note that Eq. (5.22) shows that the denominator in Eq. (5.11)) equals one in the A — 0
limit.
Next we warm up by computing (E|E) = 1. From Egs. and (5.5), we have

(E|E) = ZeS<Eu+E2J F(By + Eay — E) |Cig)?. (5.23)

The sums over i and J implement the narrow-band averaging of Eq. (5.7)), and can then

be replaced by integrals over E; and Es with factors of the densities of states, yielding
(E|E) = / dE, e (E) / dE, e%2(52) o= SEFE) PR 4 B, — F). (5.24)
0 0
In the limit A — 0, F'(¢) — d(¢), the Dirac delta function. In this limit we have

(B|E) = e 5®) /OO dEy eSS (BB = (5.25)
0
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where the final result follows from Eq. .

For finite A, we take F'(g) to have the gaussian form of Eq. (5.8), although we only
need that F'(¢) be sharply peaked at ¢ = 0 with width A. We then evaluate the integrals
in Eq. by Laplace’s method. The conditions for a stationary point of the exponent

are

Si(El) = S/(El + EQ) + (El + E2 — E)/AZ, (526&)

For small A, the solution is E; = E,, Fy = E,, where

E\+ Ey,=E, (5.27a)

Si(Ey) = Sy(Ey) = S'(E) = B, (5.27b)

where [ is again the inverse temperature of the system as a whole and of each subsystem.

Next we Taylor-expand the entropies about the stationary point,

S(By + By) = S(E) + B(Ey + By — E) — }(B*/C)(By + By — B+, (5.28)
Si(E1) = 81+ B(Ey — Er) — 5(8°/C1)(Br — B )* + -+ (5.29)
Sy(Ea) = Sy + B(Ey — Ey) — 5(8%/Co)(Ey — Ey)* + - - (5.30)

To leading order in the system volume, Eq. ((5.22) implies

S;+ Sy =S(E). (5.31)

Thus the constant and linear terms all cancel in the combination S;(E;) + Sa(Es) —
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S(Ey + E,) that appears in Eq. . This cancellation is why it was necessary to have
S(E1+ E,) in the exponent in Eq. rather than S(F). The remaining quadratic terms
yield gaussian integrals that give an O(1) result for the integral in Eq. (5.24). Adjusting
the O(1) terms in the entropies is then necessary to yield the final result of (E|F) = 1.
The heat capacities in Egs. — are proportional to the volumes of the cor-
responding macroscopic regions, whereas A? oc A (the area of the 1-2 boundary), as
will be demonstrated below. Consequently 1/A% > 3%/C, %/C}, 3%/Cs, and hence the

distribution of E) + E5 is controlled by F(¢). Then we have the following generalization

of Eq. (5.24),

(E|(H, + Hy — E)"|E) ~ / e P (5.32)

—00

We emphasize that the derivation of Eq. (5.32)) from Egs. (5.5) and (5.7)) does not rely

on the precise form of F(¢); it relies only on F(¢) being sharply peaked at ¢ = 0 with
width A that satisfies 32A% < €}, Cs.

For n = 1,2 in Eq. , we can replace H; + Hy, — E with Hy + Hy — H, since
H will always appear next to either the ket or bra form of its eigenstate. Then using

H1 + HQ —H = —ng, we find for n = 1 that

/+<><> de F(e)e = —(E|H2|E) =0, (5.33)

o0

where the second equality follows from our shift of Hi5. For n = 2, we get

/+OO de F(e)e* = (E|HZ|E). (5.34)

—0o0

The left-hand side equals A? by definition, and so Eq. (5.34)) verifies Eq. (5.6)).

In two or more spatial dimensions, our assumption on the locality of H implies that
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H,5 is a sum of local terms on the boundary B between regions 1 and 2,

Hyy = h,. (5.35)

zeB

We then have
(E|HYL|E) = > (E|hahy|E). (5.36)

z,y€B

Assuming that ETH holds for the bilocal operator h,h,, the eigenstate expectation value
can be replaced by a thermal expectation value at inverse temperature 5. We further
assume that this thermal correlation function decays rapidly for |z — y| > £ to the
disconnected form (h,)(h,), where ¢ is an appropriate correlation length[[] Summing the
disconnected form over x and/or y yields zero, by Eq. . Hence the double sum in
Eq. effectively becomes a single sum over the boundary, yielding

A? = (E|HY|E) ~ A"™H(h3), (5.37)

where h, is any one term in His, and the angle brackets denote either the eigenstate
or thermal average, which are equal by ETH. Equation shows that A? ~ A, the
boundary area.

We can now generalize this argument to higher powers of Hi,, again assuming rapid
decay of (hyh, ---) whenever an index or group of indices is separated by more than &
from the others. The multiple sum over x,y, ... will then yield approximately zero for

odd powers, and be dominated by the factorization into correlated pairs for even powers

INote that the eigenstate expectation value (E|h,hy|E) must in general differ from the thermal
expectation value (h,hy) by O(1/V), even when |z—y| > &; this is needed to recover (E|(H —FE)?|E) = 0.
However, this difference only contributes an O(A/V') correction to Eq. (5.37)), and hence can be neglected.
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E|. This then yields, in accord with the usual combinatorics of Wick’s theorem,
(B|HZ|E) =~ (2n — 1)1 A®", (5.38)

characteristic of a gaussian distribution.

Returning to Eq. (5.32), and using
Hi+Hy—E=H—E— Hpy, (5.39)
we have

/wﬁd%k%m«H—E—H@%>

o0

~ (Hiy) — (Hip(H — E)HE ) + - (5.40)

The first term is given by Eq. , and we would like to show that the remaining terms
can be neglected. From Egs. and , we see that we effectively have His ~ VA,
so the terms in Eq. with factors of H — E will be suppressed unless H — E ~ VA
as well. In each of these terms, H acts on a state of the form Hf5|E). But His = > h,,
and each h, is an O(1) operator that can change the energy only by an O(1) amount.
Hence, acting with k such operators can change the energy by at most an O(k) amount,
which is O(1) in terms of its scaling with A. Summing over x can increase the coefficient

of the normalized state, but does not increase the maximum change in energy. Hence

H — E ~ O(1), and so the terms with one or more factors of H — E in Eq. (5.40)) can be

2More precisely, the third and higher cumulants of Hy5/A in the state |E) are suppressed relative to
the variance, (E|(H2/A)?|E) = 1, by powers of 1/v/A.
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neglected. We conclude that, up to corrections suppressed by powers of £€471/A or A/V,

/+oo de F(e)e™ = (2n — 1)1 A*", (5.41)

o0

and therefore that F'(¢) is a gaussian with width A, Eq. (5.8).

In one spatial dimension, Hjy is a single term, rather than a sum of O(A) terms.
Hence the combinatoric analysis that led to Eq. does not apply, and so we cannot
conclude that the shape of F'(¢) is gaussian. However, Eqs. and are still valid,
and so F(e) is still sharply peaked at ¢ = 0 with a width A that is given by Eq. (5.6). All

of our results for the corrections to the entanglement entropy, including Eqs. (5.4]) and

(5.16)), and their generalizations to multiple conserved quantities via Egs. ((5.57)—(5.59)
below, only depend on this sharply-peaked nature of F'(¢), and not on the details of its

shape, and so hold for all dimensions, including d = 1.

5.4 Reduced density matrix

From Eq. (5.3]), the reduced density matrix of subsystem 1 is
(p1)ij = > Mic M. (5.42)
K

Using Egs. (5.5), (5.8), and (5.28)), assuming A% < C'/3?, and neglecting prefactors, we

have

(p1)ij = o S(B)—w?/8A% Z o BBk +E1—E) *(E2K+E17E)2/2AQCiKC;K7 (5.43)
K
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where By = (Ey; + E4;)/2 and w = Ey; — Ey;. Taking the statistical average and using

Eq. (5.7), only the diagonal term survives, hence w = 0, and we get

(Pl)z’j — ¢ S(B) Z e BE2x+E1—E) *(E2K+E1*E)2/2A25ij_ (5.44)

K

We again replace the sum over K with an integral over E, weighted by the density of

states of subsystem 2, which yields
(pl)ij = Q*S(E) /OO dEQ eSz(EQ)efﬁ(EerE&*E)7(E2+E1*E)2/2A25ij. (545)
0

The last exponential factor, arising from the window function F'(¢), forces E, to be close

to F — F;. Expanding Ss(FEs) about this point, we have
So(Ey) = So(E — Ey) + Por(Ea+ Ey — E) + -+ (5.46)

where [y = S4(E — Ej) is the inverse temperature of subsystem 2 when its energy is

E — E,. Performing the integral over Es in Eq. (5.45)) then yields

(Pl)ij — e—S(E)+52(E—E1)+A2(ﬁ—521)2/25ij. (5.47)
Since A% ~ A, the last term in the exponent is smaller than the first two, which scale like
volume. Additionally, we expect other terms of O(A) to arise from finer structure in the
C; coeflicients that we have neglected. These are necessary to produce the usual “area
law” for the entanglement entropy of the ground state (for a review, see Ref. [12§]), and
we expect such correlations to persist at nonzero energy density.

To estimate the size of the fluctuating off-diagonal elements of p;, we compute the

statistical average of the absolute square of (p1);j, @ # j. We neglect any statistical
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correlations in the C;x coefficients, and assume that

C’ZKCJ*KC:LCJL = 5KL- (548)
Then we have
(o)) = o~ 28(B)—w?/4A% Z o 28(Bax+E1—E) —(Bax +E1—E)? /A% (5.49)
K

Following the same steps that led to Eq. (5.47)), we get

[(p1)ij]2 = e~ 29(B)+S2(E—E1)—w?/AA?+ A% (B—f21/2)* (5.50)

As in the case of the diagonal components, we expect additional terms of O(A) to arise

from neglected correlations in the Cjx coefficients. In the limit that we neglect O(A)

corrections, Eqgs. (5.47) and (5.50) together yield Eq. (5.9).

5.5 Corrections to the entanglement and Rényi en-
tropies

In the limit that we neglect all subleading corrections, we evaluate the numerator of
Eq. by Laplace’s method, which simply yields the maximum value of the integrand.
This gives Eq. for the nth Rényi entropy.

We consider subleading corrections only in the case of the entanglement entropy,

n = 1. In this case we must evaluate Eq. (5.15). We have
Smax = %(Sl + SQ) + %|Sl - S2| (551)
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Using Eqs (5.27a)) and (5.29)—(5.31)), and changing the integration variable from E; to

u=p(E, — E), (5.52)

we get
S;+ 8y =8 —u?)2K, (5.53)
31—52:5’1—52+2U+O(U2/K), (554)

where again K = C1Cy/(C) + C3). The factor of e */2K in the integrand is peaked
well away from the lower limit of integration, which can therefore be extended to —oo.
When performing the gaussian integral, values of u? larger than K are exponentially
suppressed; thus the O(u?/K) term in Eq. gives only an O(1) contribution, and
can be neglected. Putting all of this together, Eq. becomes

o g LT aue RS, - 5)
ent — o~ T .

2 f—i-oo du 6_"2/2K
—00

(5.55)

Making a final rescaling of u — 2Ky, we get Eq. .

Note that, if we are interested in infinite temperature (5 = 0), then we should also
take C; — 0 so that 4?/C; remains finite and nonzero. In this limit, C — 0, and so the
correction in Eq. vanishes. Also note that the precise distribution of eigenvalues of p;
near £; makes at most an O(1) correction to the entanglement entropy. For example, the
Maréenko-Pastur law [129] gives the Page correction —eSmin /2¢5max to the entanglement
entropy of a random state [33], [130]. This can be neglected.

We can also generalize to the case of a system with additional conserved quantities,

such as particle number. In the most general case, there are m conserved quantities Q¢
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(a = 1,...,m), including energy, which we take to be Q'. A quantum state is then
labeled by the values of all m quantities. We can then repeat our entire analysis (see
Appendix for details). The thermodynamic entropy of the full system as a function

of the @*’s (near the values that label the state) takes the form
S(Q +0Q) = S(Q) + X6Q" — L(C™)y NOQUNGQ" + - (5.56)

with A! = 3. This generalizes Eq. (5.28)); similar generalizations apply to the subsystem
entropies. We then ultimately arrive at Eq. (5.55) with u = A*0Q* and

K= Zm: [(ci'+c;hH 1, (5.57)
a,b=1
=f(1=1) > Cu, (5.58)

a,b=1

where C; and C, are the capacity matrices for the two subsystems, and the second

equality holds for a uniform system with capacity matrix C and with f = V;/V. Equa-
tion (5.16]) then holds with K given by Eq. (5.57)), and Eq. (5.4]) holds with

C = zm: Cu- (5.59)

a,b=1

We can now reproduce the results of Ref. [126] for a system with a conserved particle
number. There the system was studied near infinite temperature, so that the thermo-
dynamic entropy was taken to be effectively independent of system energy. Hence the
problem reduces to the case of a single conserved quantity, the filling fraction n. Then

the thermodynamic entropy of the system takes the form

S(n)=—-Lnlnn+ (1 —n)In(l —n)], (5.60)
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where L is the linear volume of the one-dimensional system; this is Eq. (13) in Ref. [126].

In the notation of our Eq. (5.56)), with a single @) that we identify as n, we have

A= 5'(n), (5.61)

MOt = —5"(n), (5.62)

which yields

C = Ln(l—n) {m(l_”)r. (5.63)

n

When used in Eq. (5.4]), this reproduces Eq. (17) of Ref. [126] (with L, = L/2).

5.6 Conclusions

We have reconsidered the ansatz of Refs. [32, [120] for an energy eigenstate of a chaotic
many-body system that, by assumption, obeys the eigenstate thermalization hypothesis
for local observables. This ansatz expresses the energy eigenstate of the full system in
the basis of energy eigenstates of two subsystems, each contiguous in space, that interact
along their mutual boundary, and is specified by Eqgs. , , and .

One of the results of this chapter is that the width A of the energy window function
F(e) is given by Eq. in terms of the subsystem interaction hamiltonian, and that
(in two or more spatial dimensions) F'(¢) has the gaussian form of Eq. (5.8).

We further showed that the ansatz for the energy eigenstate leads to a reduced density
matrix that takes the form of Eq. . The off-diagonal elements, though exponentially
small, are relevant to the calculation of Rényi entropies when the fraction of the energy
in the smaller subsystem is large enough to give it a larger entropy than the larger

subsystem; this modifies the results of Ref. [120] for n < 1.
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In the case of equal or nearly equal volume for the two subsystems, there is a universal
correction to the entanglement entropy (corresponding to Rényi index n = 1) that scales
like the square-root of the system volume. In the case of equal subsystem volumes, this
correction, displayed in Eq. , is ASent = —\/W, where C' is the heat capacity of
the whole system. Such a correction was previously found in a specific system by Vidmar
and Rigol [1206]; our analysis is more general and shows that the effect is generic. We also
extended our results to the case of multiple conserved quantities. The correction to the
entanglement entropy at equal subsystem volumes is the same, but with C' now given by
a sum of the elements of a matrix of capacities.

We believe that this work further illuminates the role of the entanglement and Rényi
entropies of a subsystem as quantities worthy of study that encode key features of the

physical properties of the system as a whole.
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Appendices

5.A Multiple conserved quantities

In the most general case, there are m conserved quantities Q* (a = 1,...,m), includ-
ing energy, which we take to be Q!. We assume that each Q% is a sum of local terms,

and so can be partitioned as in Eq. (5.1)),

Q" = QF + Q5 + Qs (5.64)
with
(@, Q"] =0, (5.65a)
[QF, QY] =0, (5.65b)
[Q5, Q5] = 0. (5.65¢)

Let |¢) denote a simultaneous eigenstate of the Q% with eigenvalues ¢®. Without loss of

generality, we shift each Qf, so that

(q|Q2lq) = 0. (5.66)
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We can write |¢) in a basis of tensor products of the eigenstates of Qf and Q3,
lg) =D Misli), @ |), (5.67)
iJ

where Qf |i), = ¢f;|i), and Q% |J)y = ¢5;|J)y. The thermodynamic entropy of the full
system is now a function S(q) = S(q',...,q™) of all the ¢*’s. Tts Taylor expansion, about

the values that label the state, takes the form
S(q+0q) = S(q) + A6q" — $(C™ "y X*0q*\0¢" + - - -, (5.68)

with A = 3. This generalizes Eq. (5.28). We assume that A\* > 0 and that the capacity
matrix C is positive definite; this generalizes positivity of temperature and heat capacity.
Similar generalizations apply to the subsystem entropies.

We can then repeat our entire analysis. The coefficient matrix M;; takes the form
My = e S0t R)2E (g + goy — q)V* Cyy. (5.69)
Here F(z) is a window function centered on z, = 0 with second moments given by
/dmz F(2) 2420 = Doy = {q|Q%,Q%,|q). (5.70)
Equations and together imply

(al[@12: Q] la) =0, (5.71)

so Dy, is symmetric, as it needs to be for the equality in Eq. (5.70]) to make sense. The C;;

coefficients obey Eq. ((5.7]), with the averaging now over narrow bands of all components
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of ¢; and ¢3. For a system in two or more spatial dimensions, the window function is a

multivariate gaussian,

e—z~D’1z/2

(2m)m/2y/det D

The matrix elements of D scale like D,, ~ A, where A is the area of the boundary

F(z) = (5.72)

between regions 1 and 2. When m = 1 (i.e. only energy is conserved), D reduces to AZ.

The reduced density matrix p; = Try |¢)g| of subsystem 1 takes the form
(p1)ij = e~ 5(@)+52(9—q1) di; + e—Sz(q—q1)/2e—w~D‘1w/SRij : (5.73)

where ¢f = (¢f;+4qf;)/2 and w* = qf,—q{;, the R;; are O(1) numbers that vary erratically,
and we have dropped terms of order Dy, ~ A in the exponents.

We adopt the notation

q =< q it Si(q) < S2(q — q1), (5.74a)
q = q it Si(q) > S2(q — q1), (5.74b)
q~q i Si(q) = 5(q—q). (5.74c)

In other words, > is the order on ¢; induced by the function Si(q1) — Sa2(¢ — ¢1), and ¢}
is some point at which this function vanishes.

The off-diagonal term in Eq. , though exponentially smaller than the diagonal
term, is relevant for ¢; = ¢f. In the small box [q1, ¢l +dqi| x - - - x[¢]", ¢*+dg}"] for ¢1 = ¢,
p1 has approximately e%2(4=@)dq! ... dg" nonzero eigenvalues, each one approximately

equal to e 9F)eSila),
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Equation (5.19)) for the Rényi entropy generalizes to

Sienn(g) = U2 nsj(q_; Q) —ntall (5.75)

where Q; is the point at which S;(q;)+nS2(q—q1) attains its maximal value in the region
¢ 3 q¢f. For n > 1, the convexity of the entropy function guarantees that Q; < ¢j. In

this case, Q; = q1, the solution to
VSi(q1) = nVSy(q — q). (5.76)

However, for n < 1, it is possible to have Q; ~ ¢ < ¢. In particular, for a uniform
system split exactly in half, ¢f < ¢ for all n < 1, and then Sgenn<i1(q) = S(q)/2, up to
subleading corrections.

For the entanglement entropy, we repeat the steps in Sec. and arrive at the
generalization of Eq. (5.55)),

[ dm™v e*”'K_lv/QE(gg =S —r-v

1
Sent = 58 - fdm,v e—vK~1v/2 ’

(5.77)

where K™' = C;' + C;*', C; and C, are the capacity matrices for the two subsystems,

r=(1,1,...,1), v = X(q¢ — @), S1 = S1(q@1), S2 = Sa(q — q1), and G, is the solution to

VS1(q1) = VSa(q — qu). (5.78)
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The integral in Eq. (5.77) is of the form

I = / d™y e VKT f (e w)
_ /du/de 67U'K71v/2(5<u —r -’U) f(u)

d -1 -
:/du/g/dmv €—v~K v/2+zk(u—r~v)f(u)‘

Performing all the gaussian integrals,

I x /du e WD) £(y).

Thus, Eq. (5.77)) reduces to Eq. (5.55) with

K=r-Kr= zm:Kab,

a,b=1

which is equivalent to Eq. ((5.57)).
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Chapter 6

Future directions

The results presented in Chapter [2| on “almost perfect metals” suggest a few natural
directions for follow-up work. The first is to try and observe absolutely g-stable Luttinger
liquids in experiments. We saw that absolutely g¢-stable LL phases can occur in one-
dimensional quantum wires with as few as 2 channels of strongly interacting fermions.
Furthermore, we saw that these phases can occur even for purely repulsive interactions,
and even when the unperturbed system has time-reversal or inversion symmetry (but not
both). Thus, they can in principle be realized in as simple a system as a single-spinful-
channel quantum wire with strong spin-orbit coupling. One could also try to realize them
in other experimental platforms that are inherently more tunable, such as gate-defined
wires in a two-dimensional electron gas (2DEG), or quantum gas (“cold atom”) systems.

To actually realize absolutely g-stable phases, it will be helpful to understand which
microscopic models (and in particular, which patterns of microscopic interactions) lead to
the patterns of effective low-energy interactions that we identified in Chapter 2] as required
for absolutely ¢-stability. This is a nontrivial task, and will likely require a combination
of physical intuition and extensive numerical work. It will also be important to identify

and calculate physically measurable properties, either thermodynamic or transport, that
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can serve as experimental signatures of absolutely g¢-stability (or which can be used to
infer the pattern of effective interactions in the experimental system directly, thereby
pointing one in the right direction).

On the theoretical side, one could explore whether the geometric ideas described in
Chapter [2| also form a useful paradigm for thinking about higher-dimensional non-Fermi
liquids, and whether our ¢-stability results have interesting consequences for classical
systems |I| of experimental interest. There are also some lingering mathematical questions
that would be nice to resolve, in particular: “what is the minimum number of channels N
required to obtain an absolutely oo-stable (or just oo-stable) phase?” Abstracting away
the physics interpretation, the question is: “what is the smallest positive integer N for
which there exists A € SO(N, N) such that ||Am||* > 4 for all m € Z*" (or just for all
m € Z?N that satisfy m” Km = 0, where K = —Iy ® Iy) E| 7”7 Call the solutions to this
question Ny (Ny).

So far, we only have very loose bounds: 12 < N; < 52 and 2 < N, < 23 (as discussed
in Chapter [2). For Ny, the problem is to find a lattice in R** whose shortest vector has
length > 2 and for which there exists a generator matrix (that is, a matrix whose columns
constitute a basis for the lattice) belonging to SO(Ny, Ny). Motivated by this problem, I
have constructed SO(N, N) generator matrices for a few famous lattices (Ay, Dy, Es, Agy)
that are known to be optimal E| in their respective dimensions (2N = 2,4,8,24); see
Appendix [6.A] Tt is possible that a similar construction might also yield good lattices in

dimension 2N > 24; this remains to be seen. From a mathematical point of view, the 12-

!(via the usual mapping between a quantum system in d dimensions and a classical system in d + 1
dimensions)

2This would ensure stability with respect to both bosonic and fermionic perturbations (the latter
are physically meaningful if we consider an array of coupled wires). If one is only interested in bosonic
perturbations, one can replace Z?N by Doy = {m € Z*V : |m| € 2Z}, the “checkerboard lattice”.

3Given a normalized lattice L of dimension n (normalized means that the unit cell of L has volume
1), define p(L) to be the length-squared of the shortest nonzero lattice vector in L. The lattice L is said
to be optimal if p(L) > p(L') for any other lattice L’ of dimension n; we then write u(L) = uy, which
defines the Hermite constant .
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channel Luttinger liquid associated to the Leech lattice Ay (via the above construction)
is quite fascinating. At tree level, it has no RG relevant operators, but 196584 marginal
ones (one marginal vertex operator for each minimal vector of the Leech lattice, along
with the 24 currents 0,¢;)! The one-loop analysis is therefore formidable. However,
given the remarkable and mysterious properties of the Leech lattice, and its central
role (along with Eg) in the mathematical theory of lattices [58], we can speculate that
aspects of the one-loop analysis may have number-theoretic significance; it would be
interesting to explore whether such connections indeed exist. For N,, the problem is
further complicated by the fact that the set of lattice vectors satisfying m” Km = 0 do
not in general form a sublattice. Finally, I note (as mentioned in Chapter [2|in connection
with the distinction between stability and absolute stability) that the effect of relevant
spin non-zero operators on the IR physics of a Luttinger liquid is still unclear [131], 132):
everyone agrees that they cannot directly open a gap, but a generally accepted picture
of how they renormalize the scaling dimensions of spin-zero operators—that can open a
gap—is lacking. It would be useful to develop such a picture.

The results of Chapter |3| on relaxation to generalized Gibbs ensembles in systems
with quadratic hamiltonians also suggest some natural directions for follow-up work.
Our analysis there led to several quantitative predictions. In particular, we argued that
connected correlation functions of local operators will generically decay to their GGE
values according to model-independent power laws, and we predicted the exponents of
these power laws. These predictions appear to be testable in quantum gas experiments
with existing technology. By utilizing Feshbach resonances, it is possible to prepare
an ultracold gas of particles in a strongly interacting initial state, and then to quench
the interactions to zero and study the subsequent evolution [133, 64]. In addition, the

measurement of higher-order correlation functions (up to tenth order!) has already been
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demonstrated experimentally in such setups [I34]. Thus, we hope that our predictions
will be tested experimentally in the near future.

On the theoretical side, the results of Chapter [3| (or their weaker but rigorous ana-
logues, cf. Refs. [72, B0]) may serve as a starting point to develop a satisfactory theory
of relaxation to thermal equilibrium in generic weakly interacting (nonintegrable) sys-
tems. Here, the standard description of non-equilibrium dynamics involves some sort
of quantum Boltzmann equation, with a collision integral accounting for the interac-
tions [I135]. Such a description has many desirable properties, most notably physical
transparency. However, its mathematical derivation from the underlying microscopic
dynamics (i.e. the Heisenberg evolution of operators) involves several uncontrolled ap-
proximations associated with truncation of the BBGKY hierarchy of evolution equations
for connected correlation functions (or corresponding uncontrolled approximations in the
Keldysh technique [I36]). It is possible that our results on relaxation of correlation func-
tions in the absence of interactions can be used to bound the errors introduced by these
approximations, and hence to theoretically justify the quantum Boltzmann equation in
a wide range of situations.

Finally, there are some—rather more vague and speculative—directions suggested by
the results of Chapters [4] and [5] In the former, we established a relation between the
“bound on chaos” A < 27/8 and the Eigenstate Thermalization Hypothesis. One might
hope that other similar, conjectured, bounds on transport coefficients can also be related
to the ETH. In the latter, we characterized the bipartite entanglement structure of finite-
energy-density eigenstates in chaotic systems. One might hope to similarly characterize
tripartite entanglement, etc. There are two different ways to obtain a given tripartition of
a system via successive bipartitions, but both must lead to the same final decomposition

of the state in the tripartite tensor product basis. The resulting consistency conditions
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may have interesting implications for the entanglement structure of eigenstates; this is

worth exploring.
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Appendices

6.A Optimal lattices with Gram matrices belonging
to SO(N,N)

Here, I write down Gram matrices M € SO(N,N) for the following normalized
lattices, known to be optimal in dimensions 2N = 2,4, 8 and 24 respectively: A, (the
hexagonal lattice; uy = 2/4/3), Dy (normalized even sublattice of Z%; py = v/2), Ex

(us = 2), and Ayy (Leech lattice; pog = 4). In all cases, the Gram matrix has the form

pan In Viiy — 1R

M= , (6.1)

vV Mgz\/ —1R" pon In

where R € O(N). An associated generator matrix A € SO(N, N) is easily obtained as
A = M*'/? (the unique positive definite square root of M).

For A,, simply take R4, = +1.

For D,, take

(6.2)
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For Eg, take

Rg, =

Sl
w

|

—_

e}

—_

|

—_

0o 1 1 1

For the Leech lattice, the off-diagonal block v/15 R,,, is constructed by finding 12

mutually orthogonal vectors of the form (41 42), and stacking them into a matrix.

Explicitly,
- -1 1 1 -1 -1 -1 -2 1 1 -1 -1 1 -
-1 -1 -1 -1 -1 2 -1 1 -1 1 1 1
-1 -1 1 -2 1 -1 1 -1 -1 1 -1 1
1 -2 1 1 1 -1 -1 1 -1 -1 1 1
-1 -1 -1 1 1 -1 -1 1 1 2 -1 -1
1 1 -1 1 -1 -2 -1 1 1 1 1 1 -1
R, = (6.4)
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