Lawrence Berkeley National Laboratory
Recent Work

Title
RATE OF CONVERGENCE OF MADELUNG SERIES BY THE METHOD OF BERTAUT

Permalink
https://escholarship.org/uc/item/6942g4f9

Author
Templeton, David H.

Publication Date
1954-11-26

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/6942q4f9
https://escholarship.org
http://www.cdlib.org/

"UNIVERSITY OF
CALIFORNIA

TWO-WEEK LOAN COPY
This is a Library Circulating Copy
which may be borrowed for two weeks.
For a personal retention copy, call
Tech. Info. Division, Ext. 5545
L _

BERKELEY, CALIFORNIA

I et o

UCRL A g

UNOLAGTIFIED




DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
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process, or service by its trade name, trademark, manufacturer, or otherwise, does not
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United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.
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ABSTRACT
A calculation is made of the correction to be applied to the
Madelung constant when computed by a method given by Bertaut

with a finite number of terms. Some advantages of this method

are discussed,
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There are many problems in crystal chemistry in which it is of

interest to consider the electrostatic energy of a crystal resulting

from the interaction of the ions considered as point charges.. This

energy is given by the sum of an infinite series which converges

" slowly and conditionally. Considerable effort has been devoted to

methods of carrying O;J.t tHis computation.

Ber_t:a.ut1 noticedv the connection between the terms of this.
series and the Patterson function of the charge distribution. He
showed how the calculation could be carried out if the point chr—._l_rgehs_
are replaced by spherically syinm et1;ica1 charges of various shapes.

If the charge of each ion is spread uniformly over the volume of a |

_sphere of radius R, With R no greater than the shortest interionic

distance, an expression results which has several advantages for

numerical work: .

2
_ WL _ 3L L 2 181rR L (sin a = o, cos a)
A=- =T srz ¥ - E|F| 4
where
a = 2thR ' (2)

1. F. Bertaut, J. Phys. Radium, 13, 499 (1952)
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and

F=3 ZjeZ-rrl((hlxlj + h.ZXZj_ + h.3x3j) ‘ (3)
j C R .

Equation (1) is Bef'rtaut’“vs équation (41) with slight ch'énges of notation. N
Here A is the Ma;:'lelung constant based on L as unit distance, W is
the electrostatic :ener'gy"per molecule; € is the electronic charge, Z
is the num"t”)er of molecules in the unit cell, ‘zj is the charge number
of atom j» Vis the volume of the unit "cell, and h is the magnit'ude of -
the vector"(h’1 h, h3). in ifeciprocal space or the reciprocal of the
spacing’d of the planes (hl h2 h3). The coordinates of atom j are le’
xst x3j. The.sum over h in Eq. (1) includes the infinite number of
reciprocal vectors corresponding to all combinations of integral
values of hl’ h, and h.é, positive, zero, and negative. It'is convenient
to insert a factor P, the multiplicity of the form ((h1 hz h3) for the
crystal ander consideration, and to include in the sum only one term
for each group of equivalent terms. Since F((OOO) = 0 for an
electrically neutral crystal, there is no difficulty with singularities.
The sums over jin Eqgs. (1) and (3) include the atoms of one unit
cell. The structure factor F is the ordinary X=r5y structure factor
with charge numbers in place of atomic form factors. The value
used for R is arbitrary, as long as it is less than half the smallest
interionic distance, but the convergence is more r#pid the larger its
value. |

The convergence of the series in Eq. (1) is reésonabiy rapid,
but the work involved is not trivial éxcept for the rﬁos_t simple structures. W
A special advantage, at least for crystallographers, is that the

geometrical part of the calculations is reduced to the familiar structure
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factors and vectors in reciprocal space. It is simple to arrange the
terms in order of inc:feasing h and to check that none has been omitted.
Full usé of the symmetry may be made to combine like terms. The
geometry of the unit cell is separated from that of the atomic coordinates
in this ca_lculation‘. Thus it is possible to calculate the .energies of
several arrangeménts of the atoms in unit cells oﬂ_a given shape with
much less effort than that required to carry out an equal number of
separate calculations. o

| In the appl‘ication of Eq. (1) it is advantageous to know the errbr
introduced if the sum over h includes only those values of h not greater
than some quantity m. This becomes especially of interest when the
number of terms in a small interval of h becomes large. Under this
condition IFIZ may be replaced by its average val‘u.e2 JZ,Z.Z. The

density of terms in reciprocal space is V. Therefore the error, AA,

2 2
_18xR"L 2 (sina - a cos a) : o :
is éf)proximated by an integral:
2 o 2
_187R"L 2 (sina - a cos a) 2 :
J a ‘
' 2 oo 2 o '
_ 9LZz (sin a = a cos a) ,
= IRZ BI % da (6)

2. The derivation given ‘by H. Lipson and W. Cochran (The determination

of crystal structures, G. Bell and Sons, Ltd., London, 1953, p. 134) -

applies equally well when some of the 'z's are negative.
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where
B = 2«xRm. . . . D
The integral in Eq. (6) can be reduced by f ive successive integrations

by parts to the form -

| 2 (o .2 .y | 2
AA = dLZzz {3s1n Baéslnﬁcosﬁ+2+cos B -

5TRZ 55 o 53
_sinpcosp 1 -2sin®p zsuzp% o .
B ' a .
where
| 28 .. |
sigpy = [ TP at. | (9)

The function Si(x) can be found in tables3, The error may be written

as:

_ AARZ _ =-AWRZ

Q =
’ 'LZZZ GZZZZ

(10)

'Selected values of Q are tabulated in Table I. It so happens4 that the
value of ARZ/LZZ2 is always of the order of 0.4 if R is half the shortest
interionic distance. Therefore we can also list in Table I approximately
the percentage error in A if the series is terminated at o = .

If the ééléuia_ted errors Hst’ed in Table I afe__. applied as

corrections to the computed series, then the accuracy of the result

3. Work Projects Administration, Tables of sine, cosine and

e

exponential integrals, New York, 1940. Two volu‘mes._
4. This can be shown by a simple extension (unpublished) of the W
generalizations of A. Kapustinsky, Z. phys. Chem. B22, 257 (1933)

and D. H. Templeton, J. Chem. Phys. 21, 2097 (1953).
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is an order of fnagnitude better than without the correction. This table
is also very useful for Planning-t’he work so that enough-but only |
enough terms are inc'lu;dej‘d to obtain fhe desired accuracy. |

One should not interpolate in Table I, bécause the-flinction
Q(B), though monotonic, has zero slope at certain points near those
where B is a half integral. multiple of w..

I thank Mrs. Carol Dauben for aid with the calculations. This

research was supported by the U, S'. Atomic Energy Commission.



Corrections. for termination of:the’'series -
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. .Table I

B/ R
0.5 0.172664 - .43
1.0 :015992 - 4.
1.5 .004715 .l
2.0 -.001950 . 0.5
2.5, . 000996 - .2
3.0 . 000574 .1
3.5 .000362 .09
4.0 . 000242 . 06
4.5 . 000170 .04
5.0 .000123 .03
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