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ABSTRACT

The connection between formal perturbation theory and the modern theory
of superconductivity is investigated. It is found that the condition for ladder
diagrams to give a convergent sum is identical with the condition for the
temperature to be above the critical temperature. The effect of the residual
terms of the Hamiltonian is investigated and found to be small. They give rise
to a correlation between electrons in the normal state and to a lT - TCI-l/Q
singularity in the specific heat, but with a very small coefficient in both
the normal and supérconducting states., It is found that, below the critical
temperature, most of the divergence is removed by using the BCS Hamiltonian
as the unperturbed Hamiltonian, but that ladder diagrams with momentum exactly
zero still diverge. The convergence of the ladder diagrams is suggested as a
criterion which the BCS solution must satisfy, and this criterion is used to
investigate some more complicated interactions. It is found that there is an
interaction for which pairing of particles with opposite spih or with the

same spin is not possible, and a more complicated trial wave function must

be used.

This work was performed under the auspices of the U.S. Atomic Energy

Commission.
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I. INTRODUCTION
In the past few years, powerful methods have been developed.for treating

1,2,53

the statistical mechanics of quantum systems. These methods are based on

the fact that the grand canonical partition function is

3/: Tr ¥ = Tr exp(aN - BH) , (1)

and the distribution function ¥ satisfies the Bloch equation

oV _
3 ° ° By (2)
since the Hamiltonian H commutes with the number operator N . Here B is

(kT)”l, where X is the Boltzmann constant and T is the temperature. This
equation looks like the time-dependent Schrodinger equation, and the whole
apparatus of formal perturbation theory--originally developed for studying
field theories, but later used for a more closely felated problem, the
detérmination of the ground-state energy of a manjofermion systemh--can be
taken over with a few modifications. The main differences are that we

assume the solution known for B = 0 , infinite temperature, instead of for

t = -00, before the interaction wasswitched on, and that the derivative on

the left of Eq. (2) is not multiplied by 1 as it would be in the Schrodinger
equation. A particularly important feature of the methods is that cumbrous

expressions in the perturbation expansion can be represented by comparatively
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simple Feynman diagrams, and this notation allows some otherwise complicated
formel manipulations to be carried out quite easily.

The theory of superconductivity developed by Bardeen, Cooper, and
Schrieffer5 (which is referred to throughout this paper as BCS) seems to
account for most of the phenomena observed with superconductors. This theory
is based on the discovery by Cooper that, if we have an extended system of n
electrons (density kept constant as n varies) which interact by predominantly
attractive forces, there is a wave function ¢C with a lower energy than the
wave function ﬁo for a degenerate Fermi gas.6 The wave function ¢C differs
from ﬁo by the coherent excitation of pairs of particles, Cooper pairs. The
~expectation value of H for ¢C differs from the expectation for ¢O by an
amount which varies as exp(-;/g), where g 1is the strength of the attractive
interaction, so that no expansion in powers of g can give ¢C . The difference
between (¢C, Hﬁc) and (ﬁo, Hﬁo) is almost entirely due to the interaction
between particles of exactly opposite momentum and spin, and the rest of the
interaction could be thrown away without altering Cooper's result. The
interaction terms in the Hamiltonian which are significant are a fraction n
of the total (each electron interacts with only one other instead of with all
others), and any finite order of perturbation theory, starting with ﬁo as
the unperturbed wave function, gives a contribution to the energy which is,
at best, independent of n . Cooper's result is, however, that there is a
contribution to the energy proportional to n , and this result, being based
on a variational argument, cannot be doubted.

The unusual properties of this wave function ¢O are basic in the BCS
theory of superconductivity. A variational principle can also be used to derive

the free energy at finite temperatures, and very good agreement with the
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qualitative thermodynamic properties of superconductors is found. The excitation
spectrum obtained by considering a simple class of excitations from the ground
state has the important property that the first excited state is separated from
the ground state by an eﬁergy gap independent of n ; this is essential for an
explanatioh of the stability of supercurrents. A different approach, used by
Anderson, based on the random phase approximation, shows that there are other
excitations, longitudinal sound waves, which are not separated by an energy gap
unless the Coulomb repulsion is taken into account.,7 The problem hére is that
there is no variational principle to give a rigorous proof of the existence of
a gap.

Perturbation theory is used to examine certain important questions in
the BCS theory. The question of whether ﬁc is an exact solution of the
Schrodinger equation when there is interaction only between particles of opposite
spin and momentum has been discussed by several authors. Bogoliubov has
demonstrated that every term in the perturbation series for the energy (using
¢C as the unperturbed wave function) remains constant as n increases, and
he interprets this as showing that the solution is‘asymptotically exact in the
1imit of large n . This conclusion 1is by no means certalin, since any
contribution to the energy varies as exp(ml/g) gives zero in all orders of
perturbation theory. The selection of a proportion nml of the terms in the
interaction makes the application of perturbation theory uncertain. A concrete
illustration of this is that Bogoliubov, Zubarev, and ’I'serkovnikov9 find, by
applying perturbationvtheory to the Bloch equation, that both the BCS free
energy and the free energy for a ncninteracting Fermi gas are exact solutions
in the liimit of large n , for temperatﬁres below the critical temperature.
They interpret this as meaning that the éystem can be either in a "superconducting"

or in a "normal" state, with the normal state metastable below the critical
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temperature. It has been shown by the author that, in the strong coupling limit
of this model, the normal state is certainly not metastable below the critical
temperature,lo and this interpretation of the apparent existence of two solutions
for the equations for the partition function is open to doubt.

Perturbation theory has also been used to calculate the effect of the
"residual terms" in the Hamiltonian, the terms describing the interaction of a
particle with any particle other than the one with exactly opposite spin and
momentum. The small size of the low-order terms in this perturbation series is
not adequate justification of the neglect of these terms, since the same peculiar
features of the problem which led to the existence of Cooper pairs may lead to
more complicated wave functions, with lower energies than ¢C , Giffering from
¢O by the coherent excitation of groups of four or more particles. A concrete
example of this is given in this paper, although, fortunately, the interaction
assumed does not seem to occur in metals., It is possible for there to be
competition between the formation of Cooper pairs with spin zero and with spin
one. As the ratio of the Interactions leading to spin-one peirs and to spin-
zero pairs varies, there may be an intermediate region in which coherent
"quartets" are formed. Furthermore, it has been suggested by Heine and Pippard
that, if the interaction between particles with momentum not exactly opposite
is taken into account properly, it may be possible to explain the paramagnetism
of small samples of superconductors which seems to be observed even at very
low temperatures.ll This conjecture is not supported by the work described
here.

Anderson's approach to such problems seems more satisfactory than
the perturbation methods, but it has not yet answered many of the questions
raised here. An attempt has been made by Prange to use modern perturbation

theory in this problem, and he concludes that there is no gap between the

NJ
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ground state and the first excited state512 this would probably mean thaf the
actual phenomenon of superconductivity remains unexplained. The difficulty seems
to be that it is not known how the simple BCS theory can be expreésed in the
language of formal perturbation theory. It is widely believed that there is an
infinite class of terms in the perturbation series which can be formally summed
to give the BCS results, but it is not known what this class of terms is.

For these varied reasons i1t seems desirable to examine the BCS theory
by using the language of formal perturbation theory, and this is the principal
aim of this paper. The clue to the connection between BCS theory and formal
perturbation theory was discovered in the course of work on the foundations of
Brueckner's theory of the energy of nuclear ma't’cerul5 It was found that
Brueckner's equation for the effective interaction between two particles has
divergences if the force is on the whole attractive. These divergences occur
for two particles with almost opposite momentum and with energies close to the
Fermi energy, and its occurrence does not depend on the strength of the inter-
action. The weaker the interaction is, the nearer to the Fermi surface the
particles have to be; and the closer to zero their total momentum has to be.

The terms in zero-temperasture perturbation theory which Brueckner's
equation takes into account are represented by "ladder diagrams"; in these, the
two particles of a pair scatter each other any numbgr of times in such a way
that their intermediate states are always outside the Fermi sea. The "ladder
diagrams" used in this paper are an obvious generalization of the Brueckner
type of ladder diagrams, in which states below the Fermi surface are given
the same weight as states above the Fermi surface; This is clearly necessary
in any theory of the behavior of particles very close to the Fermi surface.

At zero temperature the divergence of the expansion is still there, for the

same reason as in the Brueckner theory. At finite temperature the expansion
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of the thermodynami& potential (minus pressure times volume, equal to -kT log ;;,),
which is the analog of the expansion of energy at zero temperature, may converge x
if only the ladder diagrams are taken into account. The condition for convergence

is found to be that the temperature should be greater than the greatest

temperature for which a solution of the BCS variational problem is possible.

is identical with the equation derived
The equation derived for the critical temperature by Bogoliubov, Zubarev, and

9

Tserkovnikov,” and the temperature above which the‘ladder diagrams converge will

therefore be referred to as the critical temperature. This is the main result

of Sec. IT. The sum of the ladder diagrams is similar in form to the sum of

ring diagrams derived by Montroll and Ward,2 and their result is rederived in

a slightly simpler form in Appendix A to show the relation between the two sums.
Bach ladder diagram is characterized by its total momentum, the sum of

the momenta of the two particles involved. It is the sum of those ladders which

have total momentum zero which diverges at the critical temperature. The sum

of those ladder diagrams which have a particular momentum 2K not equal to

zero is convergent even at the critical temperature, but this sum goes to

infinity like -log K as K approaches zero. In Sec. III the properties of

the system in the "normal state" just above the critical temperature are

examined in the ladder approximation. It is found that the ladder diagrams

with K close to zero could produce some interesting physical properties.

The most striking result is that the specific heat should behave like (T - TC)_%/E,

which is similar to the behavior of specific heats near a critical point at o

which a second-order transition becomes first-order, in the Landau theory.l

A1l the effects discussed seem tc be far too small for observation because

of the very small ratio of the critical temperature to the Fermi temperature

of the electrons, and the properties discussed are of merely theoretical
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interest. Another result of this nature is that there is a correlation between
electrons, of the same nature as the correlation in the superconducting state
of the BCS theory, but this correlation (eifher in the BCS theory or here) seems
to be too small to observe.

In Sec. IV an attempt is made to apply similar methods to the
superconducting state. The perturbation series diverges below the critical
temperature in the ladder approximation, and there is always a value of the
total momentum 2K . for which the sum of ladders with that momentum is infinite,
so that it does not seem reasonable to try to make an analytic continuation.
Instead, we make a canonical transformation of the Bogoliubov type, and then
apply perturbation theory in the ladder approximation. This is just using
perturbation theory to estimate the effect of the residual terms of the
Hamiltonian, but it is a consistent approximation. The ladder diagrams give
the divergence in the perturbation series which indicates the phase transition,
and Qe want to find if the canonical transformation can remove this divergence.

After making the temperature-dependent transformation given by

9

Bogoliubov, Zubarev, and Tserkovnikov,” we can add up the ladder diagrams, if
we use the simplified interaction (8 function in coordinate space, ﬁith a
cutoff in momentum space) assumed by BCS. It is found that the sum of ladders
with momentum zero is infinite, and we have to neglect these on the grounds
that they should contribute only a negligible amount for an extended system.
The sum of ladders with momentum 2K 1is finite in the transformed systenm,

but goes to infinity like -~log K as ‘K goes to zero. There is a
distinction between K close to zero and K = O, since some of the interaction
between a pair of particles with total momentum zero is included in the

unperturbed Hamiltonian by the Bogoliubov transformation, and the more

difficult problem of adding up ladders with K = O is treated in Appendix B.
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The value of palring particles with exactly opposite momentum in the BCS theory
can be understood in these terms; if particles with total momentum 2Kb were

paired, ladder diagrams with total momentum 2K < 2K. would give a divergent

0]
sum.

Once again an attempt is made to find what physical effects the ladders
with momentum almost zero might have. The specific heat behaves like (TC - T)-l/2
in the neighborhood of the transition, but the coefficient of this term is again
very small. Other effects considered also seem to be too small for detection,
and, in particular, the hypothesis of Heine and Pippardll that there.should be
a finite paramagnetism at zero temperature is rejected.

In Sec. V the methods developed in the earlier parts of the paper are
applied to interactions with a more complicated form than the one originally
used in BCS. The equations for the canonical transformation usually have more
than one solution, and the usual criterion for distingﬁishing between these
solutions is that the right one should give the lowest free energy. The
methods of this paper suggest the alternative criterion that the ladder
diagrams with nonzero momentum should havé a convergent sum in the transformed
system. The vélue of this criterion is illustrated by considering a problem
in which neither of the two possible BCS solutions makes the ladder diagrams
converge. In this case, there is in fact a lower energy state in which four
particles are excited at a time from the Fermi sea. Applicatién of this |

criterion to an angular-dependent interaction leads to conditions for the

ground state to be not spherically symmetrical.
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II. THE LADDER APPROXIMATION AT TINITE TEMPERATURES
We wish to work out the equation of sfate of a system of fermions
interacting by two-body forces. The crystal structure of the superconducting
metal is ignored, except in so far as it changes the effective mass of the
electrons and the Fermi energy. There is a predominantly attractive interaction
between electrons mediated by phonons, as well as the repulsive Coulomb force,
but we include both of these in a two-body potential acting between the particles.

The Hamiltonian must conserve momentum and spin, and we can write

- = T a T
H - uN i ek<a L k,- ak,_)
K T
+ = 2 { al, a a
K p g P31 Kyt Kep,- Keg,- Kiq,+
1 K, _t T
T3 wpq (a K+p, + & K-p, + aK;q,+ aKi+q,+
t t
+ al a a a .
K+p,- = K-p,- "K-q,- K+q,—)} ()
The operators aTk + and ak , are the operators which create and destroy
J : 2
particles with momentum k and spin up (any specified direction), and the
operators aTk and ak refer to particles with spin down. ek is the
7 7

single~particle energy of an electron in the state k , measured from the
chemical potential p , while V and W give the interactions of particles
with opposite spin and the same spin, fespectively. The sums go over all
states in momentum space.

We use the expansion of the thermodynamic potential derived by Bloch
and De Dominicis.5 Graphs, consisting of vertices (denoted by dots) and

directed lines, are drawn with the following properties. FEach line Jjoins two
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vertices, or joins a vertex to itself. Two directed lines go into each vertex,
and two come out of each vertex. Bach vertex i 1is labeled with a coordinate
ti where 0 < ti < B; we draw the graph so that a vertex has a greater value
of the coordinate +t +than all vertices to its right. We refer to a line going
fromlleft to right as a hole line, and a line going from right to left as a
particle line. The graphs must be connected; that is, they must not consist
of two or more parts unconnected by any lines. Each line is labeled with a
momentum k and a spin up or down; there is no restriction on the label except
that 1t must correspond to an eigenstate of the unperturbed Hamiltonian. It
is convenient to regard a line as continuing through an interaction above the
6ther line if it was originally above, and below it if it was originally below.
The directed lines then form a series of closed loops whose number is well
defined.

The contribution of a graph to the thermodynamic potential is found by
getting a factor from each vertex, a factor from each line, and a factor -1
from each closed loop. The factor from a vertex is -1 +times the matrix
element of the interaction which annihilates particles in the states that
label the lines entering the vertex and creates particles in the states that
label the lines leaving the vertex. We use the convention that the upper line
entering a vertex corresponds to the annihilation operator on the right, and
the upper line leaving the vertex corresponds to the creation operator on
the left of a term in/Eq. (3). The factor from a line with momentum k

going from a vertex at t +to a vertex at t' is the propagator

-f_exp [g(t - t")] , t >t
S(k, t - t') k &

i

(1-1£)exp [t -t)], t o<t
(%)
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where

-1

£, = [m@wﬁg + 1] _— (5)

We take the product of all these factors for a particular graph, integrate over
all the coordinates from O to B , and divide by B . We must add the
contributions from all distinct graphs to the expression for the thermodynamic
potential of noninteracting fermions,15 which we would get if V and W in
Eq. (3) were zero.

Since it is impossible to make an.exact calculation, we try to take
into account a large class of graphs, in the hope that these will give the most
important properties of the system. The usual first step in such an approximation
is to redefine the single-particle energies so that they include some of the
effects of the interaction;'this is the procedure used to obtain the Hartree-Fock
approximation, for examplé°l6 It wili be assumed that this has been done
already, since the single-particle energy spectrum used in Eq. (3) is the
experimental one, and we cannot conveniently separate effects due to the
lattice structure from the effects of the interaction of conduction electrons
with one another. We therefore ignore ”éelf—enérgy parts" of graphs. It can
be seen from the results of Sec. IIT that the effects we consider here do not
mﬁéh influence the single-particle energies.

The graphs we consider are the ladder graphs, of which a few are
shown in Fig. 1. These have the property that the two lines coming but of
one vertex both go to one other vertex. We do not distinguish between particle
lines and hole lines, which makes this definition of ladder diagrams different

3,1

from the definition used in some other papers. ' This class of diagrams,

like the ring diagrams of Montroll and Ward,2 is one of the simplest infinite
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classes. We will now derive a linear integral equation which gives the sum of
these graphs, and show how an explicit formula can be derived for simple forms v
of the interaction.

Since momentum and spin are conserved in the interaction, the total
momentum and total spin of a pair of lines going from one vertex to another is
constant within a ladder diagram. We call these the momentum and spin of the
ladder, and add together ali ladder diagrams with the same momentum and spin.

We consider only ladders with spin zero, since ladders with spin up or spin
down can be summed in the same manner, replacing V by W. We define the
ladder propagator Ihm(K5 t', t) to be the propagator which carries a pair of
lines [K +m, +] and [K - m, -] at coordinate t to a pair of lines

[K+n, +] and [K - n, -] at coordinate +t' with any number of vertices

in between, provided that the two lines which leave one vertex both go on to
the next. Some diagrams contributing to the laddef propagator are shown in
Fig. 2. To a first approximation, it is just the product of two single-particle
propagators as defined by Eq. (4), for m = n. It satisfies the integral

equation

]

an(K; t', t) S(K+m, t -t'")S(K-m t - t')anm

B .
- % [S(K+mn, t" -t")S(K-mn, t" - t')V Ky (K; t", t)dat".
np pm
p O :
(6) :
Unless this equation is singular, we can show that an(K; t', t) is
periodic with period B , and that it is a function only of t - t' .17 We

use the property of S which follows from Egs. (4) and (5), that, for

0o<t<p,



-1k~
s(k, t) = -S(k, t - B) . ' (7)
This gives, with Eq. (6),
LK 0, t) = L (K; B, t) . - (8)
. 3
We can now operate on Eq. (6) with ( 5 ¢ t') to get
( 0 + 0 )L (K; t', t) = = [S(K+mn, t" - t')S(K -n, t" - t")V 5, (K;t",t)] P
g.g 5‘51 mm 2 ) = 5 ) ’ np “pm E) 2 0
z ?S(K + " - $')s(K t" - 1)V K( 0 + 0 )L (K; t", t)dt"
- . . n, - - n, - ‘np B',E gt‘n pm > H
= - I ? S(K + n, t" - t')S(K - n, t" ~ t')V K ('a + 0 )L (K; t", t)dt"
= - S . » ’ np g_E 6%1! pm H 2 .

(9)

Since this is a homogeneous integral equation for ( é% + gi,)an(K; t', t)
with the same kernel as Eq. (6), which we have assumed to be nonsihgular, we
know that an(K; t', t) must be independent of t + t' , and must be a function
only of t - t'.

Since Eg. (8) shows that L is a periodic function, we can write it

as a Fourier series,

Ihém V,t).= %mﬂgd)en)MﬂiV(t-fﬂ)B]. (10)

0 0]

g

b

Substitution of this in Eq. (6) gives the matrix equation
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' tanh( % B €,y,) *+ tanh( % B e ) K
L (K )) = (8, -8 & V"1 (K V)]
2B(€K+n + eK-n) - hg iy
(11)

The solution of this equation does not immediately give the contribution
of the ladder graphs to the thermodynamic potential Q . .If we close the graphs

of Fig. 2 with a vertex, getting a series for - X = anK an(K; t, t), we

m n
have closed-ladder graphs with one vertex singled out, and we obtain each distinct
ladder graph a number of times equal to the number of its vertices. This means

that - X I anK an(K; t, t) gives the contribution of the ladder graphs

to g dQ?ﬁgn, where g 1is a coupling constant measuring the strength of the
interaction V , rather than to Q itself. There is also a slight difficulty
due to the discontinuity in an(K; t', t) at t' =t , which comes from the
discontinuity in S given by Eq. (4). This discontinuity is entirely in the
first-order term, and we get around the difficulty by subtracting out the first-

order term, represented by Fig. 1(a), and treating it separately if necessary.

The behavior of Eq. (11) is best illustrated by choosing VnpK to be

"separable." The most generél separable potential is
K *
an = 8V .,V (12)

where the coupling constant g is a real number. If this is substituted in

Eq. (11), we can immediately solve the equation to get

22 v Lo(K Vv = 87 ek, )AL + gk, N1, (13)

mn
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1 2
s | v |
Ak, ) - 3 ——2—= [tanh( 5 B €, ) + tamh (5 B )]
n f3(eK+n + eK_n) -2 iV

(14)
We can also solve for an(K, YY) alone, and get

gpv v FK m V)

L (K: ))) = F(K: n, 1)) 3 - ) ' (15)
i i 1+ g QK, )
where
1 1 1
F(K, n, ﬂ) = 26(6K+n + e n) - by iy [ tank( 2 B €K+n? + tanh ( 2 B eK-n)]
(16)

Equation (13) gives the contribution of the ladder diagrams to
g d@/&g , and so we must integrate from zero to g in order to get the
contribution to Q. The integral is B-l logll + gQ(X, ¥)]. If we subtract
the first-order term %rom this to remove the discontinuity in L(K; t', t),
we can substitute the expression for L(K, j) into Eq. (8) and take the
limit t' = t. The contribution of the ladder diagrams to the thermodynamic
potential is now

®© -1

9 = £ B ( logll + gq(k, ¥)] - ealk, V) . | (17)

K J=-m
This expression is similar in structure to the expression obtained by
Montroll and Ward for the sum of the ring‘diagrams,2 although there the final

sum (integration) is over the momentum transfer ¢ rather than the total
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momentum 2K. In Appendix A, the result of Montroll and Ward is rederived by
the methods used here, in order to emphasize the closeness of the énalogy.
Equation (17) was derived by formally summing a power series in g ,
and this derivation will be suspect unless the sum has a convergent power series
'in g ; the condition for this is | g@(K, ¥ ) | < 1 . Every term in the sum of
Eq. (lh)'is positive for ) = 0, and therefore K, 0) is greater than the
sum of the moduli of the terms in the sum for any (K, Q), ));£CL Therefore
Q(K, 0) determines theiradius of convergence of the power~series expansion
of the summand of Eq. (17). It aiso seems probable that Q(K, 0) has a
maximum for K = O, although this depends on the behavior of Vs SO that
Q(0, 0) determines the radius of convergence. The question of the maximum of
Q(K, 0) will be examined more carefully in Sec. IIT. The condition_for

convergence is | gQ(0, 0) | < 1, and, from Eq. (14), this gives
gl = (v l%/é € ) tanh( 2p e ) < 1 (18)
n n n 2 n )

The failure of convergence would be of no particular interest for positive g
(repulsive forces), since one could then regard Eq. (17) as an analytic contin-
uation, similar to that made in the papers of Gell-Mann and Brueckner18 and
Montroll and Ward.2 If, however, g is negative (attractive forces) and the
inequality (18) is not satisfied, then there will be some value of K for
which gQ(K, 0) = -1, since @Q(K, O) falls off smoothly to zero for very
large K , with a finite potential. This means that there are infinite terms
in the sum of Eq. (17). For fixed g , which we take equal to -1, Eq. (18)

can be regarded as a con@itionvon the inverse of the temperature, and can be

written as B < BC , Where
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= ( !vnli/é en) tanh( % Bo€) = 1 . (19)

The potential used for the calculations of BCS is of the form (12), with g = -1
.and Ivn|2 a constant for n within a certain distance of the Fermi surface
and zero otherwise. Equation (19) is identical with the BCS equation for the

critical temperature. The condition for convergence of the sum of the ladder

diagrams is simply that the temperature be greater than the critical temperature,

or that the equilibrium state of the metal should be the normal state.

It is nof only with this simple inferaction that our condition for
convergence 1is eqpivaient to the BCS condition for the normal state to be the
stab}e state. We can replace Vnp in Eq. (11) by -gVnP , and then get a
power series in g by iterating the equation. This power series will converge
for g=1 if an , regarded as a function of g , has no singularities for
lg| <1 . The condition for a singularity is the existence of a nonzero

solution of the homogeneous equation

(20)

2

c,6 = g B g MK, n, Q)Vnp C

p
where F 1is defined by Eq. (16). The condition that there should be no
solution of this for K=0, ) =0, [g[ < 1, can be regarded as a condition
on the temperature. Since F(K, n, 0) is real and positive, Eq. (20) can be
written as an eigenvalue equation for the Hermitian matrix

[(F(K, n, 0O)F(K, p, O)]]'/2 Vnp , and the eigenvalues must be real. For a
repulsive potential, the eigenvalues are negative and do not correspond to

infinite terms in the ladder approximation. For an attractive potential, the

existence of solutions of Eq. (20) with g < 1 is equivalent to B < Bo >
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where B, is the smallest solution of

' 1
c, = g (1/2en)tanh( 3 B en_)vmp cp . (21)

This is equivalent to the condition for the critical temperature derived by
Bogo]jubov.l9
It will be convenient here to generalize these results and consider a
representation in which the propagators S defined by Eq. (4) are not diagonal.
Writing the Pourier transform of the product of two propagators as Snm(K,'V),

where the index m defines the initial state and the index n defines the

final state, we get an equation for the ladder propagator eguivalent to Eq. (11),

LK ) = S V) -8 22 s Mg Lgn(S V) - (22)

If we can write the potential as

-z g viwvl, (23)
i

A
Pa i P q

we can transform the matrices to

R
| (ek)
s, ) - (a8 2z v 8 (& v

and get the equation

¥k, V) = 89K, ¥)

1
w

z sk, Y, ) . (25)
2
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If the eigenvalues of SY5(K, y) are N (K, ) , then this gives

e (K, A) = DI e (K V)T (K, D) (26)

The condition for convergence of the series expansion of this is 1sxi| <1,
although there is an infinity in the sum only if there is an i for which

Bhi = —l .
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III. APPROACH TO THE CRITICAI, TEMPERATURE FROM ABOVE

Evaluation of the Thermodynamic Potential.

When B 1is just below the value B, defined by Eq. (19) or (21), the
series expansion given by perturbation theory should converge, but the sum on
the right of Eq. (17) has some very large terms in it, because @Q(0, O) 1is very
nearly unity. We use Eq. (14) to evaluate Q(X, )) for B Jjust less than Bo
and K small. For simplicity, we take the potential used in BCS; this is like
the potential of Eq. (12), with Ivn!2 equal to a constant, i/?//, where

J/ is the total volume of the system, for k- w<n <k, +w, and vith

]vnl2 equal to zero otherwise. The Fermi momentum kF is defined by

/M = o, (27)

where u 1is the chemical potential and M is the electron effective mass; we

set A = 1 throughout this paper. We have, then,

kF+w , 1 N
ax, ) = Ly [ nPan [ alcos 8) —g——ps—3p
8" Igyw A BIK" +n° -k )/M-2x 1y

X ¢ tanh [B(K° + n° - k.F2 + 2n K cos 8)/hM)

+ tanh[fs(K2 +n° - kF2 - 2n K cos 6)/4M]

cosn (Bl (k) - k.2 /b0
cosh(a[(n-K)2 - kFel/hM} ’

n dn

W
_:T_M._._kF
- 2

on” K ki:-w B(K® + n° - kngM - 21 iV

log

(28)
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To evaluate this integral, we must make some assumptions about the
magnitudes of the quantities entering the expression. Our assumptions are

kp >> w >> K and B ka/M >> 1. We change the variable to

N
]

B kp(n - k)/2M - p Ko/ (29)
and drop all but the highest powers of kF. This gives

2 B+C

, M dz cosh(z + A)

K, ) = ﬂQB " -£+C bz -2 1y tog cosh(z - A) ~’ (30)
where

A = BKKP/EM, B = Bka/eM, c = aKEyuM . (31)

The integral on the right of Eq. (30) can be evaluated by contour integration,
because of the assumption thét B is large. The integrand has branch points
at z = %(2‘%' +1) i+ A, where ' is a whole number, and we define the
integrand by making straight cuts of length 2A between them. There is a
pole at =z = % n i) for V -0dd, but we take the contour of integration
in the lower half plane if Y  is positive, and in the upper half plane if

3 is negative, and thus we avoid contributions from the pole. We take
the contour of integratién to be three sides of a rectamgb:with vertices at
z=<B+C z=-B+C+niy', z=B+C+xid', and z=3B + C,
where " is a whole number of opposite sign to 3. The logarithm in
Eq. (30) tends to =-2A if the real part of 2z 1is negative, and to 24 if
the real part of 2z is positive, with only exponentially small terms left

over. The sum of the contributions to the integral of the first and third

sides of the rectangle is
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1 (B+C--}2"-ni-;))(-B+C--%ztiﬁ/)

5 A log

(B+C+mx iy" - % # iV)(-B+C +x iy" - % x i)
(32)

On the second side, the modulus of the integrand is not more than
%/En l2 AL VI , so that the integral along a line of length 2B can be made
to vanish by taking | ﬁ“l large enough. The contribution from one of the

cuts is

1
=(2V'+1)ni+A ) .
+ 2 i 2 i —dz ____ _ -1,y log ni(2)' - 5

1 hg - 20 1V + 2
§(2;/' +1)i-A
(33)

where the upper sign is for Y positive and the lower for Y negative. We

can combine the expressions (32) and (33) to get the result

B+C
: dz cosh(z +A) 1 1 . 1. 2
_B£C Ty o8 ——(———-}coshz_A = SAlogl(B+C-Zmiy)(B-C+5miy)/" ]

1)""1
+ lim -A log " + B i X log
1" 2
Y —00 y'=0

(34)

The dependence on C 1is unimportant and is neglected. If A is much less
than unity, we can expand Eq. (34) as a power series in K , and, keeping the

leading terms, we get
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2 2 2
B W
UK, V) = 'JMEF % log ———Egﬁ——— + % ne 92 +7 + log(h/x)
. 2n - 4 M ;
1
1. 2 2 = V|
-e_élz?)!e, l~B ng [7@(5)-22' (2? )5
gr=1 2d' - 12 7 M L =1 -1
for 'ﬂ even,
2. 2 2
My | g B W 1 2 2
K, ¥y) = = log + = ) ¥ - log =
2n2 2 L M2 L t o8
l 1 3
| y/]-1) 2.2 2 v ]-1) |
eelzl L 20 §(3)-2l2| IR
))i=l ))v 12 312 1\/_{2 L ))v%l ))v J ?
(35)

for )) odd.

Here Y is Euler's constant, equal to 0.577, and ((3) is the

Riemann zeta function of argument three, equal to 1.202.

We can evaluate the integral in Eq. (30) for A large (bﬁt still

smaller than B) by putting log[cosh(z + A)] = | 2z + A |. This gives, if

we neglect C ,

: 2 1 2 42
M |1 B g ) 1)) -1, 2 A
Q(K, ))) = 2ﬂ2 '5 log A2 - % ﬁe 2)2‘ + 1 = A tan ( W ) .
| J(36)

According to Egs. (35) and (36), Q(K,'Q) appears to have its largest
value for K= 0 and )) = 0, while Q(0, 0) = 1 substituted in Eq. (35)

gives an equation for BC in agreement with BCS Egq. (3.29). We wish to
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evaluate Eq. (17) for the case of Q(0, 0) Jjust less than unity, and we are
intefested mainly in the effect of the logarithmic singularity of the summand.
Now, although the argument of the logarithm in Eq. (35) is a large number,
essentially the square of the ratio of the Debye temperature to the critical
temperature, the logarithm is only about 10, and Q(0, ;/ ) falls off from its
ﬁaximum.value quite rapidly as >/ increases from zero. For this reason, we
shall consider only those terms in Eq. (17) with y = 0, since we should be
able to use low-order perturbation to take account of the effects of the other
terms. For the same reason, we consider the contribution only of terms with
very low K , and we therefore cut off the summation over K at a value L,
using Eq. (35) to determine Q(K, O) in this region. Comparison of Egs. (35)
and (36) shows that the cutoff 1, should be of the order of 2¥y@kF. In this

approximation, we get Eq. (17) as

2. 2 1
L B 7 6(3)8 |
9 = hg}” / K> log { —%5— [log Eg + 5% ) K2 ] g dK ,
: 7 B 0 on 12 n M |
/

(37)
where we have made use of the equation for ac. This expression can be
evaluated by use of the equation

L o 2 .2 2 3  2a° 1 .3 2 2.2
[ K 1log(a® + b K?)dK = -= L+ ==L + = L” log(a”™ + b~ L7)
o 9 3 .2 3
S 208y st (1 2) (38)
3 Db a :
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Specific Heat Anomaly

Thermodynamic quantities can be calculated by taking derivatives of
Eq. (37) withvrespect to B and k; . The terms on the right of Eq. (38) are
all regular near a = 0 except for the last one. This‘last term is finite and
has finite first derivatives, but its second derivative with respect to a2
-1 b-5 ‘

behaves like ~'% % a near a = 0. It follows that the specific heat

of the electron gas should become infinite at the critical temperature TC .
If we write this anomalous part of the specific heat per unit volume as Ca

and write € = (T = TCZ/TC , we get, from Egs. (37) and (38),

e, - LY P Tt el 62 (39)

a

This must be compared with the contribution from the unperturbed system at the

temperature TC , Which isgo

C = Mk, K2 TO/B s ' (40)

and the ratio of the two is
2 _-1/2
ca/b = 12.6 (TO/TF) < , (141)

where the Fermi temperature TF is defined by k TF = kF%/éM R

Equation (41) shows that this specific-heat anomaly is far beyond the
range of observation'for usual superconducting substances. A quite favorable
case would be niobium,21 which has TC = 8.80, C=71v T, where 1y =19 x 1o'u
ca%/hole deg.g, and, presumably, five electrons per atom. This would give

6 enl/é, so that it would be necessary to go within .'LO-ll

C/C=1.3x10
degrees of the critical temperature for the anomalous part of the specific

heat to be comparable to the normal part of the electronic specific heat.
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Although this specific-heat anomaly is so small, it is of some theoretical .
interest, since the theory presented here suggests that the specific heat appears
finite but discontinuous at the critical temperature only because of the small
ratio of the critical temperature to the Fermi temperature. This behavior of the
specific heat should be contrasted with the logarithmic behavior of the specific
heat of Heu observed near the lambda point.22 The specific heat of a substance
near a critical point at whiéh a second-order transition becomes first-order
behaves like Eq. (39), according to landau's theory.lu

Electron Correlation Function

The electron correlation function g(x+, x'-) is defined as the
probability per unit volume of finding an electron with spin up at x and an
electron with spin down at x' , minus the probability of finding an electron
at x times the probability of finding an electron at x' . Making use of the

conservation of momentum, we can write this as

' ] - + +- i(n-m)(x-x')
R A TTAL T PP
2
YT E < a;)+ o, 1

(42)

where the averages are taken over the statistical ensemble. For noninteracting
particles, this function would be zero. In the ladder approximation, the first

average is just 1im an(K; 0, t). Use of Egs. (10) and (15) shows .
t- +0 '
z v, F(K, m, Y)exp[i m(x ~ x')]

.(+,X'-)=f3')/-22 =z )
o ~ 1 - QX, V) |

~ ™M

(43)



UCRL-888L

=08~

This function venishes for x and x' far apart. From Egs. (16) and (14) and
from the form of interaction we have chosen, with Ivml2 equal either to qyﬁy”

or zero, we.deduce
glxt, x-) = (BIY)7" 2 2 oK, NIE/ 11 - ax, )] . (44)

Again we are interested in the effect of the smallness of the denominator, we
take only the ))= 0O +term, and integrate over K within L of zero, putting
Q(K, 0) = 1 in the numerator and using the same approximation for the

denominator as was used in Eq. (37). This leads to

glxr, %) = 86 P 1626”2 s i u e VR, (i9)
wvhere © again denotes (T - TC»/PC and
b = 7 t(3) 52 kFe/le M. . (46)

The right<hand side of Eq. (45) goes to zero if © is large, but
goes to 8%/@ J2 M kF b2 if e 1is muéh less than unity, since L b 1is of
the order of unity. Therefore, as © goes to zero, the probability of finding
two electrons of opposite spin close together increases. The range of this
correlation is of the order of b—l, since the main contribution to the sum
over m 1in Eq. (43) comes from the region in which m 4is less than b. Thus,
there is a correlation between electrons of opposite spin in the normal state
Just above the critical temperature very similar to the correlation in the
superconducting state of the BCS theory, with the same range, and of the
same order of magnitude. This correlation is, however, very small, and it can

be described by saying that the electrons are distributed in such a way that
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fhere are about TC/I‘F more electrons within a distance b'l of a given electron
than there would be in a random distribution.

There are various other effects predicted by this theory which should
alsovbe very small. There is a slight enhancement of the spin paramagnetism,
and an enhancement of the number of high-energy phonons present as the temperature

approaches the critical temperature. No effect has been found which might be

experimentally detectable.
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IV. THE SUPERCONDUCTING STATE

The Ladder Approximation in the BCS Theory

Below the critical temperature, the perturbation series no longer converges
in the ladder approximation. We might try to avoid this difficulty by making
an analytic continuation and using Eq. (17), in spite of the lack of convergence
of its power-series expansion. Such a procedﬁre is used in the theory of
Montroll and Ward,2 but there are two reasons for not using it here. One reason
is that, before we take the limit of an infinite system, Q(K, 0) may take the
value unity for a point on the reciprocal 1attice,‘and the pressure will be
infinite in such a case. There will therefore be violent and quite meaningless
fluctuations of the pressure which depend on the size of and shape of the
system. The second reason is that we know from BCS theory that interactions of
éarticles with total spin and momentum zero contribute a finite amount to the
pressure (or to the energy per particle at zero temperature), and no such effect
appears from Eq. (17).

We therefbre take the'BCSAtheory as a starting point, and then apply
perturbation theory. The most convenient form of the theory is that proposed
by Bogoliubov, Zubarev, and Tseikovnikov,9 which is equivalent to BCS theory.

We make the canonical transformation

* T
% = *m %m,+ " Ym%m,-
(47)
%1 T *nm & m,- T am,+ ?

where
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2 2
Ixml + lyml = 1,
lxm|2 - Iym|2 em/gzm )
X Vo = Cm/ég s

o, - Il . | (48)

The quantity Cm is determined by

. |
Gy = mZV,(c/Rn) tam( 5B 8) | (49)

where 'Vﬁgf‘is the interaction between particles of opposite spin which occurs

in Eq. (3). If the transformation (47) is applied to the part of the Hamiltonian
which takes into account interaction between particles with opposite spin and
momentum-~-the first sum on the right of Eq. (3) tdgether with the X = O term of

the second sum=-the Hamiltonian becomes

, 2 1
(B -pw)y = Zlg -a +(lc[/20) tam( 58 a)]
+ Szn(ozrno Qo+ a-/'nl o:nl) + D2V B-i:m B,
n mn (50)
where

1 |
B, = T (cm/éam) tanh( 58 gm) . (51)
The operators o and o, are annihilation operators for '"quasiparticles,"

and the BCS solution of the statistical mechanical problem is the solution
for noninteracting quasiparticles, so that the probabllity of a quasiparticle
states being occupied is [exp(p Qn) + l]-l « The first two sums on the

right of Eq. (50) give the unperturbed Hamiltonian, while the third sum on
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the right of Eg. (50), together with the "residual" terms not included in Eq. (50),
give the perturbation. |

In this section we assume that W 1is zero and that V 1is separable, given
by Eq. (12) with g = =1, as we assumed in the preceding section. In Sec. V we
consider the effects of removing this restriction in some simple cases.
Equations (49) and (48) now have a unique solution for B > Ba (apart from an
arbitrary phase factor), and no solution for B < BC « There are two kinds of
tegms in the perturbation series which we must consider separately. Firstly
there are those which result from interactions between particles with total
momentum zero. It is shown in Appendix B that the series of ladder diagrams
with total momentum zero gives an infinite sum even when the BCS energy has
been subtracted. This indicates that the Hamiltonian (50) requires more careful
study, but we ignore this, and neglect these terms on the usual grounds that
their contribution to the pressure is of order 2/-1 . Secondly there are those
terms which result from interactions between particles with nonzero total
momentum, and it is_from these that ﬁe expect results not contained in BCS.

We use a particle representation rather than a quasi-particle
representation. The propagétors, being diagonal in the quasi-particle repre-
sentation, are nondiagdnal, since they mix a particle of one spin and momentum
with a hole of the opposite spin and momentum. We wish to solve Eq. (22),
which ;s an equation in a space of two-particle states. The intermediate
state in this equation could be two particles, or a hole and a particle, or two
holes. We ignore the possibility of the state's containing one hole and one
particle, since the corresponding matrix element of V gives a small
momentum transfer K to two particleévinstead of involving two particles

with small total momentum 2K , and we are neglecting the long-range part of
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the potential. We denote the state with particles in [K + n,+] and [K - n,-]
by the suffix n , and the state with holes in [-K - n,-] and {-K + n,+] by

' tﬁé‘suffix n . The potential is given by

*
Ve = ¥V = -V Vv ,
mn nm nomnm
(52)
V- = V- = 0
mn mn
Application of the transf_ormatioh (47) to the propagators , which look like
Eq. (4) with € replaced by & in the quasi-particle répresentation, gives
the two-particle propagators as
T L 2 vm I v IP
s (K ))) _ 2! *gim ! *K-m 2 ! "K+m K-m
2 - ’ R
i By * Yy - 2 1V B2y + Sep) * 2N y,
1 1
X [tanb( 5 B @ ) + tanh( 389 ) ]
Ling, Plogy B 31w Pl I
+ 2 K-+m K-m + 2 K+m *K-m
L B($2K+m h QK-m) - 2x 1)) ﬁ(gK+m - QK-m) +on 1Y
X [tanh( 28 9, ) - tanh( =B 2. ) ]
2 K+m 2 K-m ?
‘- tanh(-l-s )+tanh(lssz )
Y 2 -QK+m 2 K-m
5K, V) = =xp o Ve X ¥ Re » A
mm +m “K+m ~K-m “K-m B( + ) = 2n iy
Q’K+m VSZK-,m
tauh( 5 P Gp) - tauh( 3P )
- Re : ’ (53)

By, = % ) - 2x iy . v
‘ (Eq. (53) Cont.)
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s- (K, ) = 8 = 1))

(53)
s (K, Y)

SI?]I-II(K’ V)

with all other matrix elements zero.

The potential defined by Eq. (52) is the sum of two separable parts, the
first part being zero for all hole states, and the second part being zero for
all particle states. We can define the two-by-two matrix SlJ(K, ;/) in

. 2 Jy
accordance with Eq. (24); this has components equal to -XZ Ile Smm(K’ ),
m
2 * 2 2
Zv, Sa (6 ), 2 Tep e ), and 2 v T s (6, 5)

This can be evaluated by using Eq. (53), together with Eq. (48), to give

ij 1 lvm12
S J(K, 9Y) = -2 3 Re .
" B(Q’Kﬂn + Q’K—m) -en iy
P 2 2 2 'leg
el gnl” = gl I pl?)

B(SZK+m +Q‘K-m) -2n iy

1 0

% ¢ tanh( % P QK+m) + tanh( % P Q’K-m) o 1

e 5 B Gyy) ¢t 5P Be,) tem(pg)- temn(pe )

+ Z Re -
i By + By ) - 20 1Y By - ) - 1)
M rienl® *+ Femen ) 1% | W
24U ¥ Kem I+ K~m m x'K+myK+m xK-myK-m n
" oo F e T T L M T
* g’ Km X Kem® Kem ' m U Kem! T k™ kem! Vi

(59)
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In the case K = O , the second matrix on the right of Eq. (54) can be
, %
simplified, since Eq. (49) shows that Cm/v n must be a constant A . If we

take the factor Ivmli/égm out of the matrix, according to Eq. (U48) we are left

with a matrix independent of m , whose €lements are 1A12 y A2 s AWE ,  and

2 , L} .
IA] , and whese eigenvalues are zero and EﬁAJE « The eigenvalues of SlJ(O; /)

are therefore

,"1(0’, Y) = ag ‘:Ivm’lg[Re(-eeszm aon 1Y) 4 en/szm)lm(emm - 2x i ;))'l}tanh(% B )
(55)
F 12 2 2. | . ‘,'-‘l.
ry(0, V) = -2 v 1% /9 ") Re(2pa_ s on 1))
+ ('err/gm‘)lm(emm w. 2 1 ;))"l 1} %anh( % aszm)
. 2/ 2 2, 1
_,i (Icm vml//hﬁm ) sech.( 5 BQm)ayo
Equation (49) gives
(v ]2/252 )tanh( = o ) = 1 ' (56)
n . n n’ 2 "'n ’ _ :

and so xl(o, 0) is —B-l , while kl(O, y) has modulus less than B-l for
))77%0 . The modulus of xé(‘o, ) is clearly less than B“l for »#0 , and
the modulus of xg(o, 0) 1is less than 6”1 because (Eﬁgm)—ltanh( % BQm) is
greater than %'sechg( % Bgm). Since the condition for convergence of the
perturbation series is thaﬁ [BKJV should alwéys be less than unity, we need
be concerned only with Kl(K, O) , when KX 1is close to zero.

Considering just this eigenvalue ‘KI{K, 0) , ﬁith‘ K close to zero,

we shall certainly not decrease the modulus of the eigenvalue if we replace
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the nondiagonal elements of the second matrix of Eg. (54) by their moduli; for

K = 0 this does not change the eigenvalue. The eigenvalue is

M 0) = T [ [* (28(8g,, + B )17 [tamn( 5 pay, ) + tann( 3 pa_ )]

5 'leg(gK}m QK-m ) eK+m eKI--m ) ch+m CK;ml)

" b SzK+zn QKmm

+

1 1 1 1
tanh(§ 69K+m) +=ta?h(§ﬁﬂK;m) _ .tanh(§ BQK}m) - tanh(§ BQK-m)

X .
B + Upn) ‘ B = o)

(57)

This equation.is also valid if v is everywhere real. Equation (48) shows -

Yim Kem = KemKem " ch+m CK-m"

S 2 ™
= (€K+m Ckem! = 'CKfml eKLm) (QK+m.QK-m * &%um Kem T ICKi+m Cmm )

_ (58)
which is always positive. The second sum on the righﬁ of Eq. (57) is therefore
always positive, but whether fhe first sum on the right is greatef or less
than -B-l depends on the form of }jmlz . For Ivmle roughly constant in
the neighborhood of the Fermi surface, we expect xl(K, 0) to have a minimum
at K= 0.

We now make an expansion of Eq. (57), keeping only the second order

in K . We neglect the variation of 'Cm with m, so that we have

Yem = % * RV ok am v (o, [Vt ) (m)® (59)
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In this approximation, Eq. (57) becomes

(K 0) p lvml2 em K2 Blvm Clmlg (m.K)2
1+ Bh - ~mm
S mo| g 2 e g

1 2
X | tanh( % B szm) -5 BR seche( -213 aszm)
2 2 . :
v | 8% € ® (m-x)
‘ m 2, 1 1
+ ﬁ 8M2523 sech(gﬁszm) tanh(-g-aszm) .
m | (60)

The assumption of very large kF , with Ivml2 an even function of m - kF,
which was made in Sec. III and in BCS, can be used to simplify this considerably.
If we do the angular integration, and then cancel out terms in the sums which

have an odd dependence on €, » we are left with

1+ ga(K, 0) = i ('lvm|2 sz K2/121\42szm5)[3|ch2 tanh( % fsszr'n)

2 2 2 2,1 1
€, B 9 sech (5 6£2m) tanh( 5 Bszm)

)=

3 2 2, 1
- 2 !cml Ba, sech ( 582 ) + -

(61)
which is certainly positive.

Specific Heat Anomaly

Just below the critical temperature, as ICmI tends to zero, Eq. (61)

tends to the limit

J
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| 2 2 > 2, 1
1+ Skl(K, 0) = g ( |vm|2 B® K KE/?hM € ) sech™( —%— B e,) tanh( 3 5 c)
, 2 3 2 ® 2
= (JB L KZ/ASn M) [ x ~ sech” x tanh x dx
: -0

= 74(3) 3 acg kF5 K%h o, (62)

which agrees with Eq. (35) in-the same limit. Although Kl(K, 0) gives no
anomalous effects, x2(K, 0) differs from Kl(K, 0) by approximately
2, 1

(5 Bﬂm)] .

”

~ . 2 1 1
MK, 0) - MK, 0)= Z (le, va/QBSZmB)[tanh( 5 6a.) - -Q-.BQm sech

| (63)
Expanding Eq. (56) in powers of lCnl2 and in powers of 6 = (T - TC) T, ,

wve get, close to the critical temperature,

2 1 1 2, 1
Z (lo, v, [/ ¢)tann( 58 ¢) - 38 ¢ sean( 35 &)

88z % Ivml2 sech™( -;-B ¢) (64)

1

-3 Mk, 8/ox®
Close to the critical temperature, we get from Eqs. (62), (63) and (64)

2 2, 2 2.2
1+BC)\2(K, 0) = (JMkF/Qn )[-26+7§(5)B_C kg ;{2/12:: M1 .
(65)
This produces a specific-heat anomaly very similar to the one predicted for
the normal state. The contribution to the thermodynamic potential is
1

5 B—l E logl[l + B KQ(K, 0)], since we have counted graphs in such a way that
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we have gone round each ladder once in each direction, so that each graph has
been counted twice. Comparison of Egs. (65) and (37) shows that the anomalous

specific heat just below the critical temperature is 7r§ﬁ times Eq. (39),

with © replaced by =6 , and so it also is far too small to be detected.

Low -Temperature Paramagnetism

It has been suggested by Heine and Pippardll that, if proper account
were taken of interactions between particles with momenta not exactly opposite,
a finite spin paramagnetism might be obtained. The BCS theory gives a
23

paramagnetism which falls off exponentially as B goes to infinity, and we
shall examine the perturbation-theory corrections to this result. Suppose that,
when we switch on a magnetic field of strength H , allthe single-particle
states with spin up lose energy X Ho » and all the states with spin down
gain the same amount. The same will be true of the quasi-particle states
defined by Eq. (47), and they will lose or gain energy according to whether
they have the label zero or one. We can do all the calculations with these
.altered” quasi-particle energies, and then find the susceptibility by
calculating ng/§H2 for H = 0. Equation (56) is altered by the magnetic
field, and this gives the BCS expression for the spin susceptibility. The
quantities of Eq. (48) are altered by only a small amount which falls off
exponentially at low temperatures. In Eq. (54), H o must be subtracted
from QK+m and added to QK-m everywhere they occur. For large B ,
however, this makes only exponentially small alterations, and the same is

true of Eq. (60), and so there is only an exponentially small contribution to

the magnetic susceptibility.
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V. MORE GENERAL FORMS OF THE INTERACTION

A Criterion for Convergehce

In the form of the theory &veloped by Bogoliubov and his collaborators,9
the canonical transformation (L47), with coefficients given by Egs. (48) and (49),
is made. The new unperturbed Hamiltonian is given by the first two sums on the
right of Eq. (50), amdwewish to find the condition that the sum of ladder
diagrams should now converge. We know from Appendix B that the sum of ladders
with momentum zero is infinite, but we require that the sum_of ladders with any
other momentum should converge. Since Eq. (49) in general has several sets of
_ solutions, this requirement may enable us to determine which éolutions are
acceptable.v

The condition for convergence is that the solution of Eq. (22) can be
expanded as & power seriés in the coupling constant. An equivalenf cdndition

is that the equations

Ad = -B E(ansnndn + ansnﬁdﬁ> ,
(66)
Ad- = -B ﬁ(vﬁﬁsﬁndn + vﬁﬁsﬁﬁdﬁ)

should have no eigenvalues with A >1, éince the thermodynamic potential

is % B-l times a sum of the possible log(l - N). The terms in Eq. (66) are
understood to be functions of the total momentum 2K of the ladder, and of the
Fourier component )/ . As in Egs. (52) and (53), m denotes a state

consisting of two holes, and we negiecf statés consisting of a hole and a
particle, on the grounds that they involve the long-range part of the interaction.
The elements of the matrix & are given by Eq. (53), and 4 = V;n . For

the case of total momentum close to zero and 3/ = 0 , Eq. (66) becomes
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Adoo= Evmn( -Ad |xnldn + X ds)
(67)
%, *
Ad- = TV (X .d - Ad- + |x |a=) ,
m n mn nn nn n' n
where
-1 1
A, = (2szn) tanh( 5 5szn) ,
(68)
2 3 1 1 2, 1
x = (c /b ”)tann( 569 ) - 569 sech™( 3 68)]
*
One solution of Eq. (67) is certainly given by A= 1, 4 =¢C , d-=-C_,

since it then reduces to Eq. (49) and its complex conjugate. We require that
there be no eigenvalues greater than this.

The advantage of using Eq. (67) to distinguish between different
solutions of the BCS problem is that, unlike the original Eq. (49), it is a
linear equation. We use it here to study fhe problem of more general interactions
than the one we have so far studied, which is the separable S-state interaction
between two particles of opposite spin.

Interaction between Particles with Parallel Spin

The first problem to which we apply Eq. (67) is a very artificial one.
We assume that, in addition to the interaction (12).between two particles with

opposite spins, there is a separable interaction
% .
w = W w (69)

between two particles with parallel spins. This interaction is an S-state
interaction, and therefore has the wrong symmetry, but the simplification

produced by assuming the potential to be separable is considerable.
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Suppose that the usual Bogoliubov transformation (h7), peiring particles
of opposite spin, is made. Then the sum of ladder graphs with total spin unity
is given by an equation like Eq. (67), with V replaced by W . The solutions
of this equation are given by %m/hfm and dﬁ/@m equél to constants, and there

are two eigenvalues,

2 2 :
o=z - I DR [P s Tz v ~ (70)

n

If we take both v, and Wn to be real, the largest eigenvalue is
A o= = (w %/ég ) tanh( 1 BR ) . (71)
n n n 2" n

If v, and w_are proportional, then Eq. (71) gives an eigenvalue
less than one for vn2 > whg , and greater than one for whe > Vn2 « In the
latter case, we could make a transformstion which correlated particles with

parallel spin, and we would then get a set of equations analogous to Egs. (48),

(49), and (71),

(72)
E( wn272sz'n) tanh(

h 2 ' ' i 1
g(vn/esz o) temn( 5BR) 2 1 .

If v, and wn are proportional, one and only one of these two sets of
equations is consistent. If they are not proportional, it is possible for
neither to be consistent, but it is not possible for both to be consistent.

The relations which would have to be satisfied can be written as
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2
A~ = zp f(p)
82 5> S aq £ (p)

. n G Th\Py/ v

(73)

2
B® = Eqnfn(qn) )
2% > =p_ 7 (p)

7 h n ntn’ ’

2 2 2 2 2 2 2 2
where we have written Qn =€ + A v, P, = A v, o q, = B LA
"and f_(x) = i(e 2 4 xg)-l/2 tanh| X B(e 2 + x2)l/2 ] These four relations

n 2'n 2 n
imply
oz (p, - o )£ (p) - £(a)] > 0 , S (74)

whiéh is impossible, since fn(x) is a monotone decreasing function of x for
positive X . We have therefore proved the statement that both of the possible
solutions cannot give a convergent perturbation series.

At zero temperature, we can show how the intermediate region, in which
neither coupling with spins opposite nor coupling with spins parallel gives a
convergent perturbation expansion in the ladder approximation, really gives
rise to a more complicated coupling, even when we use a realistic Hamiltonian
like Eq. (3). We take all the matrix elements of the interaction to be

real, and use the trial wave function

Vo= [;] [oy + Bk(Jk,+ éT:k,— * éT-k,+ érk,-)
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where the product is taken over all single-particie states which have positive
component of momentum in a chosen direction. The expectation value of the
reduced Hamiltonian, the part of Eq. (3) which includes only the interactions

between pairs of particles with total momentum zero, is

2 2
E = % ) em(sm T, o+ ) + z z (a B, * B, am)vmn(an B, +B, 0 )

+ g ﬁ (a Tt Ty Sm)Wmn(an Y, +v,8) (76)

where the sums go over all states in momentum space. We understand that o , B ,
and © for states of opposite momentum are the same, but that y has opposite
signs in the two states. One set of coefficients which gives a s%ationary

value of Eq. (76) is o = xm2 , By = xm Vpr Yp=0, & = ymz., where

x and y are given by Egs. (48) and (49), since Eq. (75) is then the BCS trial
wave function. We make a small variation of the coefficients away from this

solution of the variational problem, by making Ym proportional to dm/egm 5

where dm satisfies the -equation

4 = -2 2 (v /20 . , (77)

m

We have to make changes of order y'2 in @, B, and & , but Eq. (76) is

stationary with respect to changes which satisfy 02 + 232 + 82 =1, and so
the change in Eq. (76) depends only on the values of the T, - Equations (148),
o .
m

(49), and (77) show that the change in E is simply (1 - A) ﬁ 2 ]'rm
The existence of an eigenvalue of Eq. (77), which must also be an eigenvalue
of Eq. (67), greater than unity is a sufficient condition for a trial wave
function like Eq. (75) to give a lower energy than the BCS wave function. The

best solution can therefore be more complicated than the solutions considered
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by BCS, and the failure of convergence of the perturbation expansion in the ladder

approximation seems to be a sign of this possibility.

Angle-Dependent Interactions

It is usually assumed that the solution of Eq. (L49) is spherically
symmetric, so that only the S-state parf of V 1s effective. It is possible
for there to be solutions which have a dependence on angle, either because of a
strong interaction in some higher angular momentum state, or because the
effective mass depends on angle.2u There are many possible forms of the
dependence of the solution on angle, since Eq. (49) is nonlinear, and Eq.(67)
may tell us which forms are acceptable.

Suppose we have an interaction

v : *
S zfo (24 + 1)v m, 2 Vn, Pﬂ(cos emn)
(78)
00 A .
- dx =S v Y (s gv Y, (8, )
- J 2
4=0 p=-f m, 4 fut m’ “m’ n,f "4utn’ "n
where vm 2 1/Jz for m within a certain distance of the Fermi surface.
)

Equation (21) for the critical temperature is a linear equation, and it
separates into angular-momentum components in such a way that Cn must be a
pure spherical harmonic. If the largest of the numbers Jz is JO s, then the
S-state potential alone will determine the critical ﬁemperature. Below the
critical temperature, we have the usual spherically symmetric solution, and
Eq. (67) is also separable. The larger eigenvalue corresponding to a solution

with the angular dependence of an 4th-order spherical harmonic is
N = = (v, /22 ) tanh( 2B Q) (79)
m = m,4 m 2 m’ 7

and this will be less than unity if the S-state interaction is the strongest

interaction.
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If the S-state interaction does not dominate, and solutions of Eq. (49)
other than the spherically symmetric one are involved, the sitpation becomes much
more complicated, because of the angular dependence of Qm . We take, for
example, a potential which acts only in the state with angular momentum £ ,

and, at zero temperature, Eq. (49) becomes

* : *
c_ = E v Pu Y z“(em, ¢m) R - (80)
where l/
2
2 2
D= kx Zv G Y, (e, gm)/é(em + lc_[%) L (81)

The dependence of Ile2 on angle can therefore be quite complicated, although
it does not depend on the magnitude of m if vm2 = J , and the integration
over energies can be done by the usual methods, We assume that Qm is axially
symmetric, since this is the simplest case. Only one of the numbers 1"u is
nonzero, and the equation that must be satisfied if Egs. (80) and (81) hold is
2. Y2
lc 19" =

izt 5 v ¥, (8 ¢m)l%//2(em2 + 1. (82)

With this solution for C_, we look for a solution of Eq. (67) of the

form
* *
a = v Ah, Y m_,(@m, ¢m) ,
(83)
dﬁ = Vi Eu' Y£,2u-u'(em’ ﬁm) ?

and this satisfies Eq. (67) if
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My, o= bz vy 9% (8, ﬁn)lg//één - v, Y8, 2, e, | e/ug
- _[vne ¢’ L IMICIN RE SRR ¢n)//ugn5]Eu,
B, = Ut E [lvn Y£,2u-u'(en’ ¢n)|%/égn - |vn Yﬂ,zu-u » #.)¢C ///Lg "

*¥ 0 %2 % * 3
- by n Cn ¥ 2,2u-u'(en’ gn)Y ﬂ,u'(en’ gnz//hgn 14

(84)
There are also solutions of Eq. (67) which have a different value of £ , but we
do not consider those here. If we take V= -yJ for kF -w<mnm< kF + W,

we can perform the integrations over energy which occur in Egs. (83) and (84).

The integrals we need are

b
€ .
'_Wk}{m 22+ [cH)Y2 tos(2vi/Mle])
(85)
I Jc]? ae -

ol =

=Wl [cf)”

The eigenvalues of Eq. (84) can now be determined by comparing the angular

integrals which occur in Egs. (82) and (84).
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We take the simplest example, which is a P-state interaction. For u = O,

there is a solution of Eq. (84) with A, = E, , and the corresponding eigenvalue

is

1 A
g f sin2 ) log(A/qcos e]) a(cos o)
-1

1
f cos® 6 log(A//lcos 6|) a(cos ©)

(161 \ Y]

(86)

I 1
(log A + 3L/ﬁpgA + 3) R

which is greater than uﬂity, since Jlog A is positive. The solution with . |
L =0 is not allowed, so we try u = 1. There are then solutions of Eq. (8k4)
with EO = 0 or with E_

for p' =0 is

1 = 0, and both have eigenvalue unity. The eigenvalue

1

g / cos® 8 [log(A/sin 6) - —:EL-] d(cos 8)

T
: 13; J sin® © log(A/sin ©) d(cos 8)

(87)

It

(log A + 2 - log 2) (log A + 2 -log2) = 1.
[ [

In this way, we have shown which of the axially symmetric solutions of the .

BCS equations is possible with a pure P-state interaction.
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VI. CONCLUSIONS

We have shown that there is a close connection between the BCS theory of
superconductivity and the ladder diagrams of perturbation theory, although we
have not been able to show which graphs of perturbation theory the BCS theory
takes into account. It seems likely that, if a wider class of diagrams than the
_ladder diagrams were taken into account in the normal state, the critical.
temperature would be different. The Bogoliubov transformation almost solves
" the convergence problem below the critical temperature, but not quite, since
perturbation theory applied to the reduced, transformed Hamiltonian does not '
give a convergent result if only the terms independent of the extent of the
system are included. Convergence of the other laddér terms in the perturbation
series, which involve the residual terms of the Hamiltonian, seems to be a
useful criterion for the best BCS solution, although nothing general has been
proved about this. It is a simple criterion, because it involves only linear
equations. This work reveals more that is new about perturbation theory than.
about superconductivity theory, but may provide a useful additional tool for
the latter study.

I should like to tﬁank Dr. A. E, Glassgold and Dr. B. J. Mottelson

for some useful discussions.
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APPENDIX A

The riﬁg diagrams look very like the ladder diagrams, but half the
lines are reversed, so that there is one particle line and one hole line
joining two successive vertices, instead of two particle lines or two hole
lines. We can define a propagator an(q; t - t') as the sum of graphs like
those shown in Fig. 3. They start with the state m+ g, m~- g at t, and
end with the states n + g, n - q at t'. Since one line is reversed in
direction, it is now the relative momentum rather than the total momentum
which is conserved by the interaction. The propagator now satisfies an

equation analogous to Eq. (6), which is

Ro(35 £ - 8 = 8( + g, ¢ - 1) S(n - g, ¥ - 0)8,

O -

+ 3 S(n+gq, t" -1t') 8(n-q, t'- t")V(q)Rpm(q; t - t")at" ,
P .

(A1)

where we have assumed the matrix element of the interaction to depend only on
the momentum transfer 2q. We have written R as a function of t - t',
since this can be proved in the same way as it was proved for L . It

satisfies the same periodicity condition
R (a5 t-8) = R (a5 %) . (a2)
In the same way as in Sec. II, we write R as a Fourier series, and solve
Eq. (Al) to get

8 =ZR (0, V(0 = X(g M1 +xe I, (3)
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where

B WQBle, - e ) - 2xi )T

|

X(Q: 7}) = X
n

1 1 o
% [ tanh( 5P en+q) - tanh( 5P en_q)] .
(AL)
The contribution to Q , excluding theifirst-order term, is
+00
-1
B ))z logl1 + X(a, )1 - X(a, W) , (a5)
==00 .

L

which is very similar to the expression found by Montroll and Ward.2
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APPENDIX B

We outline the proof that ladder diagrams with zero momentum still diverge

after the transformation (47) has been made. It has been shown9 that only terms
in which each Bm or BTm is paired with another Bm or Bfm do not vanish,

and that these terms give a contribution of order unity to the thermodynamic
potential. We use this fact by introducing, as well as the two-particle states
m and the two-hole states m , & third kind of state ‘% which has no particles

or holes in it. Equations (50) and (51) show

* 1

Vo= v vn(cn/zszn) tanh( 58 Q)
* * 1

Vee = vV n(c r/eszn) tanh( 5B szn) s

* : 1
Yorr = =2 Re[(v*m v, C . cn/uszm sz.n) tanh( 5 B szm) tanh( % B szn)]

(B1)
The sum of this and Eq. (52) is still the sum of two separable potentials. The
propagator of the state T is unity, and therefore the matrix SlJ(O, 0) is given

by the limit K = O of Eq. (54) together with the additional term

| 24, 2 2 2, 2
2, 1 ICm le//hgm Cm vm,/hﬂm
R;;(0, 0) = = tamn™( 58 Q) .
m | *2 ¥2, 2 2/ 2
c m v m/mm ICm Vm.l/b'gm

(B2)
The matrix here is the same as the second matrix on the right of Eq. (54) in
the limit K = O, and one eigenvalue of the sum of Egs. (54) and (B2) is still

-3'1 .
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CAPTION FOR FIGURES

Fig. 1. Some typical ladder diagrams.
Fig. 2. Some diagrams contributing to the ladder propagator Lhm(K5 t', t).

Fig. 3. Some diagrams contributing to the ring propagator an(q; t - t').
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