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Abstract
Morse-Bott Embedded Contact Homology
by
Yuan Yao
Doctor of Philosophy in Mathematics
University of California, Berkeley
Professor Michael Hutchings, Chair

This dissertation constructs a Morse-Bott version of embedded contact homology (ECH).
The dissertation is comprised of two parts, corresponding to the two papers written by the
author as a graduate student at UC Berkeley. The first part explains how to compute ECH in
the Morse-Bott setting when certain transversality conditions are met and provided a certain
correspondence theorem is true; and gives a large class of examples where the transversality

conditions are satisfied. The second part provides the analytic foundations of the first part
by giving a proof of the correspondence theorem.
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Chapter 1

Introduction

1.1 Structure of the Dissertation

This dissertation is composed of two parts. The first part (Chapter 2) describes how to com-
pute ECH in certain Morse-Bott settings by using intersection theory. Chapter 2 assumes
certain transversality conditions and assumes an analytic result about correspondences be-
tween holomorphic curves and cascades . Chapter 2 then presents a large class of
examples where the transversality condition is always satisfied. The second part (Chapter 3)
presents the analytic foundations of Morse-Bott ECH by proving the correspondence between
holomorphic curves and cascades assumed in Chapter 2 . The results in Chapter 3
should generalize to other Floer theories and should be of independent interest.

The two parts of the thesis are self contained and can be read independently of each
other. Below we give an introduction to ECH and present some context for our results.

1.2 Introduction to ECH

Let (Y3, )\) be a contact 3-manifold. We assume that A is nondegenerate, i.e. for any periodic
orbit v of the Reeb vector field, the linearized return map dyr : C — C around each Reeb
orbit does not have 1 as eigenvalue.

Consider the symplectization of Y3, which we write as

(R x Y? w:=d(e*)))

where s is the coordinate on R and w is the symplectic form. We further choose a compatible
almost complex structure on R x Y3 (See Definition .

Then ECH is a homology group associated to the above data. The generators of the chain
complex are collections of Reeb orbits, and the differential counts J-holomorphic curves of
“ECH index one” (see Chapter 2 for a brief review) in the symplectization.
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ECH is only dependent on the contact structure & = ker)\, and is independent of the
contact form and the choice of almost complex structure. In particular it is isomorphic to a
version of monopole Floer homology (see [58, 59, (60, |61} 62]),

ECH(Y,¢,T) = HM(Y, s¢ + PD(T)).

Here T' denotes the homology class in H;(Y') represented by the orbit sets in the ECH
generators; PD(I") is the Poincare dual; and s, is a spin-c structure on Y associated to the
2-plane field &.

Being isomorphic to a version of monopole Floer thoery has given ECH a myriad of
applications in symplectic geometry, such as symplectic embedding obstructions [49, 30],
refinements of the Weinstein conjecture [16, [15], closing lemmas for Reeb vector fields in
contact 3-manifolds [44], and many others.

There has been many direct computations of ECH via enumeration of J-holomorphic
curves in the literature, see for example [37, 9, |52]. However in many of these examples,
the most naturally associated contact form A (and the one for which we can enumerate the
J-holomorphic curves) is degenerate with a specific type of degeneracy called Morse-Bott
degeneracy. The Reeb orbits, instead of being isolated, appear in families. Many of these
computations (e.g. [37, [9]) are done with certain assumption of how ECH in the Morse-
Bott setting should be defined in general. The purpose of this thesis is to give a rigorous
foundation to Morse-Bott ECH where the Reeb orbits are allowed to appear in S* families.

The idea of computing ECH in Mose-Bott settings is that instead of counting J holo-
morphic curves of ECH index one, one should count ECH index one J-holomorphic cascades
(See definition [3.3.7)), which one can think of as J-holomorphic curves connected to each
other by gradient flow lines (see for an illustration). In Chapter 2 we give a definition of
what it means to have a cascade of ECH index one, and under certain transversality condi-
tions characterize the cascades of ECH index one using intersection theory. We further find
large families of examples of contact 3-manifolds where our transversality conditions always
hold. In chapter 3 we establish a correspondence between cascades of ECH index one and
J-holomorphic curves of ECH index one, and hence show the chain complex constructed by
counting ECH index one cascades actually compute the embedded contact homology of the
underlying contact 3-manifold.



Chapter 2

Computing ECH in Morse-Bott
settings

2.1 Abstract

Given a contact three manifold Y with a nondegenerate contact form A, and an almost com-
plex structure J compatible with A, its embedded contact homology FCH (Y, \) is defined
([31]) and only depends on the contact structure. In this paper we explain how to compute
ECH for Morse-Bott contact forms whose Reeb orbits appear in S* families, assuming the
almost complex structure J can be chosen to satisfy certain transversality conditions (this is
the case for instance for boundaries of concave or convex toric domains, or if all the curves
of ECH index one have genus zero). We define the ECH chain complex for a Morse-Bott
contact form via an enumeration of ECH index one cascades. We prove using gluing results
from Chapter 3 [67] that this chain complex computes the ECH of the contact manifold. This
paper and [67] fill in some technical foundations for previous calculations in the literature
(191, 37)).

2.2 Introduction

Embedded contact homology

In this article we develop some tools to compute the embedded contact homology (ECH) of
contact 3-manifolds in Morse-Bott settings.

ECH is a Floer theory defined for a pair (Y, A), where Y is a three dimensional contact
manifold with nondegenerate contact form A (for an introduction see [31]). The ECH chain
complex is generated by orbit sets of the form a = {(v;,m;)}. Here 7; are distinct simply
covered Reeb orbits of \; and the m; is a positive integer which we call the multiplicity
of ;. To describe the differential, consider the symplectization (R x Y,d(e*))) of Y with
almost complex structure J. Here s denotes the variable in the R direction; and J is a
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generic A-compatible almost complex structure (see Definition . The differential of
ECH, which we write as 0, is defined by counting holomorphic currents of ECH index [ = 1
in the symplectization. More precisely, the coefficient (O« 5) is defined by counts of J-
holomorphic currents that approach a as s — oo and  as s — —oo, where convergence to
a, (3 is in the sense of currents. The resulting homology, which we write as ECH(Y,£), is an
invariant of the contact structure £ = ker. See Section below for a more precise review
of ECH and the ECH index.

In part due to its gauge theoretic origin, ECH has had spectacular applications to under-
standing symplectic problems and dynamics in low dimensions; for instance sharp symplectic
embedding obstructions of four dimensional symplectic ellipsoids ([49]), closing lemmas for
Reeb flows on contact 3-manifolds ([44]), the Arnold chord conjecture ([42} 43]), and quan-
titative refinements of the Weinstein conjecture [16]. Several computations (e.g. [37, 9, 46])
and applications (e.g. [30]) of ECH have assumed results from its Morse-Bott version, which
we develop in detail in this paper.

Morse-Bott theory

The original definition of ECH requires we use non-degenerate contact forms. However, in
practice many contact forms we encounter carry Morse-Bott degeneracies, for which the Reeb
orbits are no longer isolated but instead show up in families with weaker non-degeneracy
conditions imposed (for a more precise description, see Definition 3.2 in [53]). Although all
Morse-Bott contact forms can be perturbed to non-degenerate ones, it is often useful to be
able to compute ECH directly in the Morse-Bott setting, where often the enumeration of
J-holomorphic curves is easier.

For ECH, since we only consider 3-manifolds, the two Morse-Bott cases are either when
the Reeb orbits come in a two dimensional family, or come in one dimensional families. For
the first case it then follows that the entire contact manifold is foliated by periodic Reeb
orbits. ECH with this kind of Morse-Bott degeneracy has been computed in many cases by
[52], see also [18].

The other case is when Reeb orbits show up in one dimensional S' families, i.e. we see
tori foliated by Reeb orbits. We shall call these tori Morse-Bott tori. It is with this case
we concern ourselves in this paper (for a description of what the contact form looks like, see
Proposition . Examples of this include boundaries of toric domains, and torus bundles
over the circle see [25] |10, |13, 46].

For now we consider (Y3, \) a contact 3-manifold where \ is a Morse-Bott contact form
all of whose Reeb orbits appear in S' families. Later for the case of boundary of convex
or concave toric domains (Sections we allow the case of both nondegenerate Reeb
orbits and S! families of Reeb orbits. We consider the symplectization with a generic \
compatible almost complex structure J (see Definition

(R x Y3 d(e*))).
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Following the recipe described in [5], to compute ECH in the Morse-Bott setting we shall
count holomorphic cascades of ECH index one. The philosophy behind this is as follows:
given A\, a Morse-Bott contact form with Reeb orbits in Morse-Bott tori, we can perturb

)\—>)\5

where \s with § > 0 is a nondegenerate contact form up to a certain action level L >> 0. This
perturbation requires the following information. For each circle of orbits parameterized by
S1, choose a Morse function f on S! with two critical points. The effect of this perturbation
is so that each Morse-Bott torus splits into two nondegenerate Reeb orbits (corresponding
to the critical points of f): one is an elliptic orbit and the other is a hyperbolic orbit. We
also need to perturb the A-compatible almost complex structure on the symplectization into
a As compatible almost complex structure, Js. Since As is nondegenerate up to action L,
we can define the ECH chain complex up to action L in this case by counting ECH index
one Js-holomorphic curves. The idea is to take 6 — 0 and see what these ECH index one
holomorphic curves degenerate into.

By a compactness theorem in [6] (see also [5},(67]), such Js-holomorphic curves degenerate
into J-holomorphic cascades. For a definition of J-holomorphic cascade, see [67]. Roughly
speaking, a .J-holomorphic cascade, which we shall write as v/, consists of a sequence of
J-holomorphic curves {u',..,u"} that have ends on Morse-Bott tori. We think of the curves
u® as living on different levels, with «! one level above u*!. Between adjacent levels there
is the data of a single number 7; € [0, oo] described as follows. Suppose a positive end of
u'! is asymptotic to a simply covered Reeb orbit « with multiplicity n. This v corresponds
to a point on S! (the S' that parameterizes the family of Morse-Bott Reeb orbits). Then if
we follow the upwards gradient flow of f for time 7} starting at the point corresponding to
the Reeb orbit v, we arrive at a Reeb orbit 7, and a negative end of u is asymptotic to 7
with the same multiplicity n. We assume all positive ends of u**! and negative ends of u’
are matched up in this way. For an illustration of a cascadd’] see Figure 1.

Main results

The Morse-Bott ECH chain complex which we write as (CMZ 9),5) (see section can
be described as follows. Its generators are collections of Morse-Bott tori, equipped with a
multiplicity and additional data, which we write as o = {(7;, %, m;)}. Here T, denotes a
Morse-Bott torus; we call m; the multiplicity; and a choice of + or —. See Section for
a description. Suppose we can choose a A compatible almost complex structure J which
is “good” (see definition , meaning certain transversality conditions (Definition
are satisfied. The differential in the Morse-Bott chain complex d);p counts ECH index one
cascades between Morse-Bott ECH generators. The ECH index of a cascade is described in
Section We describe what it means for an cascade to be asymptotic to a Morse-Bott

IThis figure and the accompanying explanations are taken from Figure 1 in [67].
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T>0

L4

Figure 2.1: A schematic picture of a cascade: the cascade u’ consists of two levels, u and
v. Horizontal lines correspond to Morse-Bott tori. Moving in the horizontal direction along
these horizontal lines corresponds to moving to different Reeb orbits in the same S! family.
Arrows correspond to gradient flows, and diamonds correspond to critical points of Morse
functions on S families of Reeb orbits. Between the holomorphic curves u and v, there is a
single parameter T that tells us how long positive ends of v must follow the gradient flow to
meet a negative end of wu.

ECH generator in Section [2.6| For a description of what ECH index one cascades look like,

see Corollary [2.6.29, Prop. [2.6.33 We prove that

Theorem 2.2.1. Let A be a Morse-Bott contact form on the contact 3-manifold Y whose
Reeb orbits all appear in S* families. Assuming the almost complex structure J is good (see
Definition , the homology of the Morse-Bott ECH chain complex computes the ECH of
the contact manifold ECH(Y,£).

A slightly more precise version of this theorem that we prove is Theorem [2.8.1
We next find some instances there is enough transversality to compute ECH using the
Morse-Bott chain complex.

Theorem 2.2.2. Let A\ be a Morse-Bott contact form on the contact 3-manifold Y whose
Reeb orbits all appear in S* families. We can choose a generic J so that

o FEvery reduced cascade (See Definition of < 3 levels is transversely cut out (see
Definition .
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e Fvery reduced cascade where all of the (nontrivial) J-holomorphic components of the
reduced cascade (in all of its levels) are distinct up to translation in the symplectization
direction is transversely cut out (see Definition .

If we can show through some other means that we can choose a small perturbation of J to
Js satisfying conditions of Theorem [2.8.3 so that for small enough 6, all ECH index one
curves degenerate into cascades whose reduced version satisfy either of the above conditions,
then consider the Morse-Bott ECH chain complex (CMB 0y5) as described more precisely in
Section . For the differential Opp, if we restrict to “good” cascades (see Sectz’ons
for the notion of “good”) of ECH index one whose reduced versions are of the above form,
the differential is well defined and the chain complex (CMB 0yp) computes ECH(Y,E).

For a discussion how these conditions arise and a proof of this theorem, see the Appendix.
This list is by no means exhaustive. We expect there are many other situations where
transversality can be achieved; the particulars will depend on the specific details of the
contact manifold for which we are computing the ECH chain complex. In particular, for the
case relevant for boundaries of convex and concave toric domains, we have the following:

Theorem 2.2.3. Let \ be a contact form on the contact 3-manifold Y whose Reeb orbits
apppear either in Morse-Bott S' families or are non-degenerate. Let § > 0, and \s be
the nondegenerate perturbation of \ that perturbs each S family of Reeb orbits into two
nondegenerate ones. If for & > 0 small enough, all Js holomorphic curves of ECH index
one in R x Y3 have genus zero, then the embedded contact homology of Y can be computed
from the Morse-Bott chain complex (CMBitree girec) (see Section using an enumeration
of tree like cascades.

To be more precise, for the above theorem we need to use a slightly different description
of cascades which we call “tree like” cascades, which is explained in Sections [2.9 [2.10] [2.11]

Consequently, we can prove

Theorem 2.2.4. For boundaries of concave toric domains or convex toric domains, in the
nondegenerate case after a choice of generic almost complex structure all curves of ECH index
one have genus zero. Therefore the ECH of boundaries of concave/convex toric domains can
be computed using the Morse-Bott ECH chain complex (CMB:ree 9lree)  via counts of tree-like
ECH index one cascades.

For a definition of convex and concave toric domains, see Sections 2.17]

We mention some previous computations of ECH that have assumed Morse-Bott theory
of the flavour we develop in this paper, notably in [37] for the case of T2, and [9] for certain
toric contact 3-manifolds, and [46] for the case of T? bundles over S'. This paper and the
gluing paper [67] fill in the foundations for these results.

Remark 2.2.5. The above theorems say for genus zero curves we have all the transversality
we need by simply restricting to cascades of ECH index one and choosing a generic J;
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however this result is not strict, there could well be other scenarios where transversality can
be achieved. For instance we expect with some more care we can show the moduli space of
cascades of ECH index one and genus one can be shown to be transverse. For discussion of
general difficulties see the Appendix.

Some technical details

For ECH in the nondegenerate setting (see [31]), as we review in Section [2.3] the Fredholm
index of a somewhere injective curve is bounded from above by its ECH index. Further,
the ECH index is superadditive under unions of J-holomorphic curves in symplectizations.
Using the fact that after choosing a generic almost complex structure, all somewhere injective
curves are transversely cut out, it follows that by restricting to only ECH index one curves
we do not need to consider multiply covered nontrivial curves. With this, one defines the
ECH differential in the nondegenerate setting via counts of ECH index one J-holomorphic
curves.

Parts of the above story continue to hold in the case of cascades if we assume can choose
J to be good (Definition , as we explain below.

We first note that the notion of an ECH index continues to make sense for cascades,
as we explain in Section [2.6] The case of cascades, however, is more complicated, in two
directions.

e During the degeneration process for A\s as § — 0, simple curves may degenerate into
cascades that have multiply covered components;

e For generic J, and even if we restrict to cascades all of whose curves are somewhere
injective, the cascade need not be transversely cut out.

The second bullet point is the most problematic. This happens because by requiring there
is a single parameter between adjacent levels, we are imposing restrictions on the evaluation
maps on the ends of the curves in a cascade. Hence a cascade lives in a fiber product, which
need not be transversely cut out even if we restrict to only somewhere injective curves. For
an explanation of this, see the Appendix.

However, if we take as an assumption that J is good (which isn’t always possible, it will
depend on the specific contact manifold), then all cascades built out of somewhere injective
curves that we consider are transversely cut out. Then we can address the first bullet point
by using a version of the ECH index inequality for cascades .

To explain the ECH index inequality for cascades, consider the following. Given a cascade,
we can pass to a reduced cascade, which means we replace all multiply covered curves with
the underlying simple curves. See Section for a precise description of this process. The
reduced cascade also lives in a fiber product because of the conditions we imposed on its
ends. By the assumption that J is good (and consequently transversality assumptions in
Definition are satisfied), the reduced cascade is transversely cut out. To each reduced
cascade we can associate to it a virtual dimension, which is the dimension of the moduli space
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of curves that lies in the same configuration as the reduced cascade. We prove that the ECH
index of the cascade bounds the Fredholm index of the reduced cascade from above; and
that equality holds only if the original cascade had no multiply covered components (and is
well behaved in various ways, see Section .

In [67], we proved a correspondence theorem between certain cascades and J-holomorphic
curves.

Theorem 2.2.6 ([67]). Given a “transverse and rigid” (see Definition 3.4 in [67]) height
one J-holomorphic cascade u’ | it can be glued to a rigid Js-holomorphic curve us for 6 > 0
sufficiently small. The construction is unique in the following sense: if {0,} is a sequence of
numbers that converge to zero as n — oo, and {uj } is sequence of Js,-holomorphic curves
converging to u’, then for large enough n, the curves ug agree with us, up to translation in
the symplectization direction.

In this paper, using index calculations, we show that if J is good (some instances of
which are described in Theorems , then essentially all ECH index one cascades are
transverse and rigid’l Thus the gluing theorem above is then used to show the Morse-
Bott chain complex computes ECH (Y, A). In the cases where we use “tree like” cascades,
for instance for boundaries of convex or concave toric domains, the definitions are slightly
different, but essentially the same story holds true and we can always choose a generic J so
that the Morse-Bott chain complex computes ECH(Y, A).

Finally in the Appendix we explain why the usual techniques for achieving transversality
fails for cascades.

Acknowledgements I would like to thank my advisor Michael Hutchings for his con-
sistent help and support throughout this project. I would like to thank Morgan Weiler for
helpful comments. 1 would like to acknowledge the support of the Natural Sciences and
Engineering Research Council of Canada (NSERC), PGSD3-532405-2019. Cette recherche
a été financée par le Conseil de recherches en sciences naturelles et en génie du Canada
(CRSNG), PGSD3-532405-2019.

2.3 ECH review

For a thorough introduction to ECH see [31]. We will summarize much of the material from
[31] and [29] for convenience of the reader.

Let (Y3, ) be a contact 3 manifold with nondegenerate contact form . The generator
of ECH are collections ©, where each © is a set of Reeb orbits with multiplicities

© := {(v4, m;)|v; are pairwise distinct simply covered Reeb orbits, m; € Z, }.

2Technically we need to restrict ourselves to good ECH index one cascades. This is a fairly minor point,
but see Proposition 5.32 and surrounding discussion.
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We require m; = 1 if ; is a hyperbolic orbit. Then the chain for ECH are just
C.(N) == P z:(0).
0;

Remark 2.3.1. There is a decomposition of ECH according to homology class of ©; in
H,(Y). ECH can also be defined using Z coefficients. We will not address these issues here.

Let a, B be ECH generators. Consider the symplectization of Y, defined as the symplectic
manifold (R x Y,w := d(e*))), where a denotes the R coordinate. Equip it with a generic A
compatible almost complex structure J. By compatible we mean the following

Definition 2.3.2. Let A be a contact form (not necessarily nondegenerate) on a contact
3-manifold. Let J be a almost complex structure on the symplectization (R XY, w := d(e®X)).
We say J is compatible with X\ if

a. J is invariant in the R direction;
b. Let R denote the Reeb vector field, then JO, = R;
c. Let & denote the contact structure, then J& =& and dA(-, J-) defines a metric on &.

Then the coefficient (O« ) is defined by

Zy count of holomorphic currents C of ECH index [ =1,
(Oa, B) := < so that as s — 400, C approaches « as a current, and as s — —o0, (2.1)
C approaches [ as a current.

A holomorphic current C is by definition a collection {(C;, m;)} where each C; is a somewhere
injective J holomorphic curve and m; € Z-, accounts for the multiplicity of this curve. The
ECH index I of a holomorphic curve C' (or more generally a relative 2 homology class in
Hy(a, B,Y), see section below for a definition) is defined by

I(C) == Q.(C) + ¢, (C)+ CZ'(C) (2.2)

where Q,(C) is the relative intersection number, ¢.(C') is the relative Chern class, and C'Z is
a sum of Conley Zehnder indices used in ECH. We will review these terms in the upcoming
subsections.

Relative first Chern class

Let «, 8 be orbit sets. We define the relative homology group Hs(«, 3,Y) to be the set of
2-chains X with
oX=a—0



CHAPTER 2. COMPUTING ECH IN MORSE-BOTT SETTINGS 11

modulo boundary of 3 chains. This is an affine space over Hy(Y'), and each J holomorphic
curve defines a relative homology class.

We fix trivializations 7 of the contact structure £ over each Reeb orbit in Y. We then
define the relative first Chern class ¢, with respect to this choice of trivialization. For a given
homology class in Hy(«, 3,Y), choose a representative Z € Hy(«, 5,Y) that is embedded
near its boundaries o, 8. We assume 7 is a smooth surface. Let ¢ : Z — Y be the inclusion.
Then consider the bundle t*¢ over Z. Let ¢ be a section of this bundle that is constant with
respect to the trivialization 7 near each of the Reeb orbits, and perturb ¢ so that all of its
zeroes are transverse. Then c.(Z) is defined to be the algebraic count of zeroes of 1. See
[31] for a more thorough explanation and that this is well defined.

Writhe

Let C' be a somewhere injective J holomorphic curve in the symplectization of YV, (R x
Y, d(e*\)) (with generic A-compatible complex structure J) that is asymptotic to o as s —
+o0o and  as s — —oo. For simplicity we focus on s — +oo end. It is known (see for
example [57]) that for s sufficiently large, C'N {s} x Y is a union of embedded curves near
each orbit of a. For each orbit v; of «, the curves C N {s} x Y forms a braid &. We use the
trivialization 7 to identify the braids & with braids in S* x D?. We can define the writhe of
&' by identifying S' x D? with an annulus times an interval, projecting & to the annulus,
and counting crossings with signs. The same sign convention is clearly explained in [33].
Then given a somewhere injective J-holomorphic curve C' that is not the trivial cylinder,
with braids ¢;" associated to the i-th Reeb orbit it approaches as s — 400 and braids G
associated to the jth Reeb orbit it approaches as s — —oo we define its writhe to be

wT(C) = ZwT<CZ+> - ZwT(Cj_)'

We also recall the writhe of the braid ¢;" can be bounded by expressions in terms of the
Conley-Zehnder indices.

Proposition 2.3.3. Let C be a somewhere injective holomorphic curve that is not a trivial
cylinder which is asymptotic to ~y; with total multiplicity n;. Suppose there are k; distinct ends
of C that are asymptotic to ~;, with covering multiplicities g} . Then the writhe associated to
the braid ;" corresponding to Reeb orbit ~y; is bounded above by

k;

wlGh) £ Yo 070]) = Y ez 23)

J
A similar bound holds for braids at s — —oo with signs reversed.

We will derive an analogue of this bound for the Morse-Bott case. For now we recall
another definition:
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Definition 2.3.4. Let C' be a somewhere injective J-holomorphic curve that is not a trivial
cylinder. For each +; that C is asymptotic to as s — +oo, form the sum CZ!(vy;) =
Z;L=1 CZ(v]) as above, and for each ~, that C is asymptotic to as s — —oo, we form an
analogous sum, then we define

CzN(C) = > CZ () — > CZ'(+). (2.4)

!
Yis
C'is asymptotic to},
as s——00

Vi,
C'is asymptotic to~;,
as s—»+00

This is the Conley-Zehnder index term that appears in the definition of ECH index.

Relative adjunction formula

In this section we review the relative adjunction formula (see [31}, 29]). We first review the
notion of relative intersection pairing, which is a map depending on the trivialization 7:

QT : HQ(O(,B,Y) X HQ(O[,ﬁ,Y) — 7

as follows. Let S and S’ be surfaces representing relative homology classes in Hy(a, 5,Y).
If we identify R x Y with (—1,1) x Y C [-1,1] x Y, then we have by definition

08 =08 =Y m{l} x a; — Y _n{—1} x B

We make the following requirements on the representatives S and S’:

a. The projections to Y of the intersections of S and S” with (1 —¢,1] x Y and [0,¢) x Y
are embeddings.

b. Each end of S or S’ covers Reeb orbits «; (resp §;) with multiplicity 1.

c. The image of S (after projecting to Y in a neighborhood S! x D? of «; determined
by the trivialization 7) do not intersect, and do not rotate with respect to the chosen
trivialization 7 as one goes around c«;. Further, the image of different ends of S
approaching «; lie on distinct rays in a neighborhood of «;. More concretely using
trivialization 7 to identify a neighborhood of a; with S* x R2, ends of S approach o;
along different rays in R?. We make a similar requirement for 3;. We make a similar
requirement for S’.

d. All interior intersections between S and S’ are transverse.

Representatives satisfying all of the above conditions are called 7 -representatives in [29],
which is a definition we will adopt. Then given 7 representatives as listed above, Q.(S,S")
is defined to be the algebraic count of intersections between S and 5.

We are now ready to state the relative adjunction formula, see also [29].
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Proposition 2.3.5. If C' is a somewhere injective J holomorphic curve,
e (C) = X(C) + Q-(C) + wr (C) — 26(C) 2.5)

where 6(C) > 0 is defined to be an algebraic count of singularities of C'. Each singularity is
positive due to the fact C is J-holomorphic.

ECH index inequality

We have now defined all of the terms that appear in the ECH index inequality. We compare
this with the Fredholm index. Let C be a somewhere injective J-holomorphic curve, let
Ind(C) denote the Fredhom index of C, which in this case is given by

—x(C) + 2¢.(C) + CZ™(C).

Here CZm4(C) is defined as follows. If C is positively asymptotic to v with k ends, each
of multiplicity gx, then the contribution to CZ™4(C) from v is given by Y., CZ(y%). Sim-
ilarly if C is asymptotic to 7 at the negative ends, then its contribution to CZ™(C) is

=2, CZ(y).

Theorem 2.3.6. Let C' denote a somewhere injective J-holomorphic curve as above, then
we have the following inequality

Ind(C) < I(C) —25§(C). (2.6)
An immediate corollary of the above is

Corollary 2.3.7. Let C be a J-holomorphic current of I1(C) = 1. Then for generic J, the
current C must satisfy

a. It contains an unique connected embedded curve C of multiplicity one that is not a
trivial cylinder. The ends of C' approach Reeb orbits according to partition conditions.
(See (31, Section 3] for a discussion of partition conditions). We will review the relevant
partition conditions in the Morse-Bott setting later).

b. The other components of C are trivial cylinders with multiplicities.

Convention 2.3.8. In this paper we describe a correspondence between ECH index 1 currents
in the nondegenerate setting and FCH index 1 cascades in the Morse-Bott setting. We will
only care about the nontrivial part of the ECH index 1 current, as the trivial cylinders
correspond trivially in the non-degenerate and Morse-Bott situations. Hence when we say
cascade, or a sequences of ECH index one curves/currents degenerating into a cascade, unless
stated otherwise, we will always be considering what happens to the nontrivial part of the ECH
index one current, and what cascade it corresponds to.
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Jo index and finiteness
We recall (without proof) the following proposition (see [29],[31]):

Proposition 2.3.9. Let o, 5 be ECH generators. We choose a generic J, and let
M=o, B)/R denote the moduli space of ECH index = 1 currents from a to B modulo the
action of R. Then M!'=(a, 8)/R is a finite collection of points.

We will mention two results that go into this proof, for we will need analogous construc-
tions in the Morse-Bott context.

Definition 2.3.10. Let a = {(ci,m;)}, 8 = {(Bi,n:)} be ECH generators, let
Z € Hy(o, B,Y) be a relative homology class. We define:

Jo(, 8,2) = —c(Z) + Q-(Z) + CZ7(w, B) (2.7)
where - -
CZ% (o, B) = Z > Cz(af) - Z pREACH) (2.8)

We have the following proposition bounding the topological complexity of holomorphic
curves counted by ECH index 1 conditions:

Proposition 2.3.11. Let C € M=, 3), which decomposes as C = Cy U C where Cy is a
union of trivial cylinders, and C is somewhere injective and nontrivial. Let n; denote the
number of positive ends C' has at «;, plus 1 if Cy includes cylinders of the form R X «;, define
n; analogously for § and negative ends of C' then

—x(C) + Z(nj -1+ Z(n; —1) < Jo(C). (2.9)

Finally we state the version of Gromov compactness for currents. Let «, be orbit
sets, we define a broken holomorphic current from «, 3 to be a finite sequence of J nontrivial
holomorphic currents (C°, ..,C*) in Rx Y such that there exists orbit sets a = 4%, 41, .., 4F1 =
3 so that C* € M(~", 1) (this notation means C’ is a current from the orbit set 7* to ).
By nontrivial we mean a current is not entirely composed of unions of trivial cylinders. We
say a sequence of holomorphic currents {C,>1} € M(a, ) converges to (C°,..,CF) if for each
i = 0,..,k there are representatives C., of C, € M(a,)/R such that the sequence {C,>;}
converges as a current and as a point set on compact sets to C.

Proposition 2.3.12. ([31), [65] Prop 3.3 ) Any sequence {C,} of holomorphic currents in
M(a, B)/R has a subsequence which converges to a broken holomorphic current (C°,..,CF).
Further if we denote {C,} the convergent subsequence, we have the equality

k

C] =>[C'] € Hy(a, B,Y) (2.10)

=0
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2.4 Morse-Bott setup and SFT type compactness

Let (Y, A) be a contact 3 manifold with Morse-Bott contact form A. Throughout we assume
the Morse-Bott orbits come in families of tori.

Convention 2.4.1. Throughout this paper we fiz action level L > 0 and only consider ECH
generators of action level up to L. This is implicit in all of our constructions and will not
be mentioned further. We construct Morse-Bott ECH up to action level L, and the full ECH
15 recovered by taking L — oo.

The following theorem, which is a special case of a more general result in [53], gives a
characterization of the neighborhood of Morse-Bott Tori. Let Ay denote the standard contact
form on (z,z,y) € S' x S x R of the form

Ao = dz — ydx.

Proposition 2.4.2. [55/ Let (Y, \) be a contact 3 manifold with Morse-Bott contact form
A. We assume the Morse-Bott orbits come in families of tori T; with minimal period Tj;.
Then we can choose coordinates around each Morse-Bott torus so that a neighborhood of T;
is described by S* x S x (—¢,€), and the contact form X in this coordinate system looks like:

A= h(d/’? Y, Z>/\O

where h(z,y, z) satisfies:
h(z,0,2) =1,dh(z,0,z) =0

Here we identify z € ST ~ R/27T;Z

See [67] Theorem Proposition 2.2 for a sketch of the proof. By the Morse-Bott assumption
there are only finitely many such tori up to fixed action L. We assume we have chosen such
neighborhoods around all Morse Bott Tori 7;. Next we shall perturb them to nondegenerate
Reeb orbits by perturbing the contact form in a neighborhood of each torus as described
below. This is the same perturbation as in [67].

Let 6 >0, let f:2 € R/Z — R be a smooth Morse function with maximum at z = 1/2
and minimum = = 0. Let ¢g(y) : R — R be a bump function that is equal to 1 on [—er;, e7]
and zero outside [—2e¢7;, 2e7;]. Here e7: is a small number chosen for each 7; small enough so
that the normal form in the above theorem applies to all Morse-Bott tori of action < L, and
that all such chosen neighborhoods these Morse-Bott tori are disjoint. Then in neighborhood
of the Morse-Bott tori 7; we perturb the contact form as

A — N =P\

We can describe the change in Reeb dynamics as follows:
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Proposition 2.4.3. For fized action level L > 0 there exists 6 > 0 small enough so that the
Reeb dynamics of Ay can be described as follows. In the trivialization specified by Proposition
each Morse-bott torus splits into two non-degenerate Reeb orbits corresponding to the
two critical points of f. One of them is hyperbolic of index 0, the other is elliptic with rotation
angle |0] < C6 << 1 and hence its Conley-Zehnder index is 1. There are no additional
Reeb orbits of action < L.

For proof see [5].

Remark 2.4.4. Later when we define various terms in the ECH index, they will depend
on the choice of trivializations of the contact structure on the Reeb orbits. We will always
choose the trivialization specified by Proposition [2.4.2, For convenience of notation we will
call this trivialization 7 and write for example ¢, or @), for the definition of relative Chern
class or intersection form with respect to this trivialization.

We also observe that after iterating the Reeb orbit in the Morse-Bott tori, their Robbin-
Salamon index stays the same ([24]). So up to action L, in the nondegenerate picture, we
will only see Reeb orbits of Conley-Zehnder index —1,0, 1.

Definition 2.4.5. We say a Morse Bott torus is positive if the elliptic Reeb orbit has Conley-
Zehnder index 1 after perturbation; otherwise we say it is negative Morse Bott torus. This
condition is intrinsic to the Morse-Bott torus itself, and is independent of trivializations or
our choice of perturbations.

We recall our goal is to define the ECH chain complex up to filtration L, and then take
L — o0 to recover the entire ECH chain complex. Hence, let us consider for small 6 > 0 the
symplectization
(M*, ws) == (R x Y2 d(e*\s))

We equip (M,ws) with a A\s compatible almost complex structure Js, and (M,w) = (R x
Y3, d(e*As)) with A-compatible almost complex structure J. Both J and Js should be chosen
generically, with genericity condition specified in Definition and Theorem 2.8.3] In
particular Js should be a small perturbation of J, i.e. the C* norm difference between Js
and J should be bounded above by C§. For fixed L and small enough and generic choice of
d, the ECH of (Y3, \s) is defined for generators of action less than L via counts of embedded
J-holomorphic curves of ECH index 1. To motivate our construction, we next take 6 — 0 to
see what kinds of objects these J holomorphic curves degenerate into. By a theorem of that
first appeared in Bourgeois’ thesis [5] and also stated in [6] (for a proof see the Appendix of
[67]), they degenerate into J-holomorphic cascades. (For a more careful definition of cascades
see the appendix of |67] that takes into account of stability of domain and marked points,
but the definition here suffices for our purposes).

Definition 2.4.6 ( [5], See also definition in [67]). Let ¥ be a punctured (nodal)
Riemann surface, potentially with multiple connected components. A cascade of height 1,
which we will denote by u?, in (R x Y3, d(e°)\) consists of the following data :
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e A labeling of the connected components of X* = X\ {nodes} by integers in {1,...,1},
called sublevels, such that two components sharing a node have sublevels differing by at
most 1. We denote by X; the union of connected components of sublevel i, which might
itself be a nodal Riemann surface.

o T, €[0,00) fori=1,..,1—1.

e J-holomorphic maps u' : (3;,7) — (R x Y3, J) with E(u;) < oo fori = 1,...,1, such
that:

— FEach node shared by 3; and X;,1, is a negative puncture for u' and is a positive
puncture for u'Tt. Suppose this negative puncture of u' is asymptotic to some
Reeb orbit v; € T, where T is a Morse-Bott torus, and this positive puncture of
u™ is asymptotic to some Reeb orbit vi, € T, then we have that gb? (Yix1) = V-
Here (b? s the upwards gradient flow of f for time T; lifted to the Morse-Bott
torus T. It is defined by solving the ODE

Los(s) = I'(64(5)).

— u® extends continuously across nodes within ;.

— No level consists purely of trivial cylinders. However we will allow levels that
consist of branched covers of trivial cylinders.

Convention 2.4.7. We fix our conventions as in [677].

e We say the punctures of a J-holomorphic curve that approach Reeb orbits as s — o0
are positive punctures, and the punctures that approach Reeb orbits as s — —oo are
negative punctures. We will fix cylindrical neighborhoods around each puncture of our
J-holomorphic curves, so we will use “positive/negative ends” and “positive/negative
punctures” interchangeably. By our conventions, we think of u' as being a level above
u? and so on.

o We refer to the Morse-Bott tori T; that appear between adjacent levels of the cascade
{u',u"} as above, where negative punctures of u' are asymptotic to Reeb orbits that
agree with positive punctures from u™' up to a gradient flow, intermediate cascade
levels.

o We say that the positive asymptotics of u’ are the Reeb orbits we reach by applying o7
to the Reeb orbits hit by the positive punctures of u'. Similarly, the negative asymptotics
of u are the Reeb orbits we reach by applying ¢ to the Reeb orbits hit by the negative
punctures of u'. They are always Reeb orbits that correspond to critical points of f.
We note if a positive puncture (resp. negative puncture) of u' (resp. u') is asymptotic
to a Reeb orbit corresponding to a critical point of f, then applying Qﬁ]foo (resp. (;5]700)
to this Reeb orbit does nothing.
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Definition 2.4.8 (]5], Chapter 4, See also definition in Chapter 3 [67] ). A cascade
of height k consists of k height 1 cascades, uf, = {u', ..., u*} with matching asymptotics
concatenated together.

By matching asymptotics we mean the following. Consider adjacent height one cascades,
u¥ and wtY. Suppose a positive end of the top level of uY is asymptotic to the Reeb
orbit v (not necessarily simply covered). Then if we apply the upwards gradient flow of f
for infinite time we arrive at a Reeb orbit reached by a negative end of the bottom level of
u’. We allow the case where v is at a critical point of f, and the flow for infinite time is
stationary at v. We also allow the case where v is at the minimum of f, and the negative
end of the bottom level of u* is reached by following an entire (upwards) gradient trajectory
connecting from the minimum of f to its mazimum. If all ends between adjacent height one
cascades are matched up this way, then we say they have matching asymptotics.

We will use the notation u’, to denote a cascade of height k. We will mostly be concerned

with cascades of height 1 in this article, so for those we will drop the subscript k and write
s 1 !
u ={u',..,u'}.

Remark 2.4.9. As mentioned in Chapter 3 ([67]), we can also think of a cascade of height
k as a cascade of height 1 where £ — 1 of the intermediate flow times are infinite.

We now state a SFT style compactness theorem relating non-degenerate Js holomorphic
curves to cascades. However, the precise statement is rather technical and requires us to
take up Deligne-Mumford compactifications of the moduli space of Riemann surfaces. The
full version is stated in [6] (see also the Appendix of Chapter 3, [67], where we also sketch a
proof). For our purposes it will be sufficient to state the theorem informally as below.

Theorem 2.4.10. (See [6]) Let us, be a sequence of Js, -holomorphic curves with uniform
upper bound on genus and energy, then a subsequence of us, converges to a cascade of J-
holomorphic curves (which can be apriori of arbitrary height).

Since ECH is really a theory of holomorphic currents, we find it also useful to define a
cascade of holomorphic currents, which is what we shall primarily work with.

Definition 2.4.11. A height 1 holomorphic cascade of currents v’ = {u',..,u"} consists of
the following data:

e Eachu' consists of holomorphic currents of the form (C%,d:). Each C} is a somewhere

imjective holomorphic curve with E(CJZ) < o0o. The positive integer d; 15 then the
multiplicity.

e Numbers T; € [0,00),i=1,..,n—1

o Let vy; be a simply covered Reeb orbit that is approached by the negative end of some
component of u', say the components le, ...,Cjk (such curves have associated multi-

plicity dj , ..., d;, ). Each C} _ approaches v; with a covering multiplicity n;,, which is

how many times ~y; is covered by CJ’:* as currents. Then the total multiplicity of ~; as
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covered by u' is given by Y., dé»*nj*. Then consider gb?(%»ﬂ) .= ~;. Then u'*! is

asymptotic to vt in its positive end with total multiplicity Y, dé-*nj* also.

e No level consists of purely of trivial cylinders (even if they have higher multiplicities).

We define the positive asymptotics of u’ := {u!,..,u"} as before, except we only care
about Reeb orbits up to multiplicity. Then we can similarly define a cascade of currents of
height k by stacking together cascades of currents of height 1.

We will refer to ordinary cascade a “cascade of curves” when we wish to distinguish it
from a cascade of currents. Then given a cascade of curves, we can pass it to a cascade of
currents by using the following procedure:

Procedure 2.4.12. e Replace every multiple covered non-trivial curve with a current of
the form (C,m) where C' is a somewhere injective curve, and we translate all m copies
along R to make the entire collection somewhere injective.

e If we see a multiply covered trivial cylinder we replace it with (C,m) where m is the
multiplicity and C' is a trivial cylinder.

e [f we see a nodal curve in one of the levels, we separate the node and apply the above
process to each of the separated components of the nodal curve.

e We remove all levels that only have currents made out of trivial cylinders. Suppose u'
15 a level only consisting of trivial cylinders to be removed, and suppose the s — +o0
end is a intermediate cascade level with flow time T;_;, and the s — —oo end of u’
has associated flow time T;, after the removal of u® level, the newly adjacent levels u'~!
and ut have flow time between them equal to T; + T;_;.

In passing from cascades of curves to currents we have lost some information, but we
shall see currents are the natural settings to talk about ECH index.

We later wish to make sense of the Fredholm index of a cascade of currents. To this end
we make the definition of reduced cascade of currents.

Definition 2.4.13. Given a cascade of currents u’, for components within it of the form
(C,m) where m > 1 and C' is a nontrivial holomorphic curve, we then replace (C,m) with
gust (C,1). After we perform this operation we obtain another cascade of currents, which we
label 6!, which we call the reduced cascade of currents.

2.5 Index calculations and transversality

The heart of the calculation that underlies ECH is this: the ECH index bounds from the
above the Fredholm index, and if there are curves of ECH index one with bad behaviour
(singularities, multiply covers), this would imply the existence of somewhere injective curves
of Fredholm index less than 1, which cannot happen for generic J. In this section we take
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up the issue of establishing Fredholm index for J holomorphic cascades, and explain the
transversality issue we encounter.

Given a reduced cascades of currents, @ = {a@!,..., 4"}, we would like to assign to it a
Fredholm index. Ideally this Fredholm index measures geometrically the dimension of the
moduli space this particular cascade lives in. We note that by passing to the reduced cascade
the multiplicities associated to ends of adjacent levels, @' and %" do not necessarily match
up, but by imposing there is a single flow time parameter T; between adjacent levels still
means we can think of u’ as living in a fiber product with virtual dimension.

To this end we first recall some conventions when it comes to J-holomorphic curves with
ends on Morse-Bott critical submanifolds (in this case, tori). Consider @', for simplicity
suppose its domain Y; is a punctured Riemann surface that is connected. Let ij label
the positive/negative punctures, and the map @ is asymptotic to Reeb orbits (of some
multiplicity) on Morse-Bott tori at each of its punctures. We wish to associate to @' a
moduli space of curves that contain @' as an element and contains curves that are “close” to
@'. To this end we recall some conventions.

To each puncture pj»E of ', we can designated it as “fixed” or “free”, and each choice
of these designations leads to a different moduli space. The designation “free” means we
consider .J-holomorphic maps from 3; so that p;-t can land on any Reeb orbit with the same
multiplicity on the same Morse-Bott torus at the corresponding end of @'. For a puncture to
be considered “fixed”, we consider moduli space of J-holomorphic curves from ¥; so that pj[
lands on a fixed Reeb orbits on a Morse-Bott torus with fixed multiplicity (the same Reeb
orbit as ). Given a designation of “fixed” or “free” on punctures of @’, we can then consider
the moduli space of J holomorphic curves from 3; into R x Y with the same asymptotic
constraints as @' and living in the same relative homology class. We shall denote this moduli
space as M,(u'), using ¢ to denote our choice of fixed/free ends. This moduli space has
virtual dimension given by:

Ind(@") == —x(@")+2c, (@ —i—z,u Zu )+ = #free ends——#ﬁxed ends (2.11)

where y is the Euler characteristic, ¢; the relative first Chern class, u(—) is the Robbin
Salamon index for path of symplectic matrices with degeneracies defined in [24]. We use the
symbol 7 to denote the Reeb orbit the end pj[ is asymptotic to, with multiplicity g,=.

J

Given a reduced cascade of currents, @/, let a denote the designation of “free” /“fixed”
ends of @' at the s — 400 end, and let 8 denote the “fixed” /“free” designation of 4" at the
s — —oo end. Later we will see we can replace o and 8 with Morse-Bott ECH generators.
In order to define the Fredholm index we need to assign free/fixed ends to the rest of the
ends.

Convention 2.5.1. If a non trivial curve u' has an end landing on a critical point of f,
then we consider that end to be fized. If a trivial cylinder has one end on critical point of
f, the other end must also land on the same critical point. We allow trivial cylinders with
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both ends free. If the trivial cylinder is at a critical point of f, we take the convention we
can only designate one of its ends as fized.

Definition 2.5.2. Let i’ = {u!,..,u""'} denote a reduced cascade of currents of height 1.
Let ind(u®) denote the Fredholm index of each of u'. Note this makes sense since we have
assigned free/fived ends to all ends of u’ by our conventions above.

Suppose there are Ro, ..., R,_1 € Z distinct Reeb orbits approached by free ends as s —
—o0 at each intermediate cascade level. Let us denote k; and ki the number of free ends in
each intermediate cascade level. e.q. elements in u' has ky free ends as s — —oo, and u?
has kb free ends as s — +o00. Both counts of k; and k}, as well as R; ignores “free” ends
of fized trivial cylinders, as such “free” ends are artificial to our convention. Now we define
the cascade dimension

Ind(@') :==Ind(u') + .. + Ind(u""")
_ [k:lz + /ﬂ/@fl] — ke + ...+ kpa]+[Re+ ..+ R, 4]+ (n—2)—(n—1)—L

where L s the number of intermediate cascade levels without free ends plus the number of
intermediate cascade levels whose flow time is zero. Again in the count of L we ignore “free”
ends coming from fized trivial cylinders.

Observe for (reduced) cascades of height 1, we always have k; > R; and k, > R;.

We next explain how to define/compute the dimension of height & cascades. Let 0’ =
{u',..,u""'} denote a reduced cascade of currents of height N. We recall the difference
between height one and height N cascade is that between cascade levels v’ and u‘*! we
allow flow times T; = co. We assign the free/fixed ends to u’ depending on whether they
land on critical points of f as before. We can split a height N cascade into N height 1

cascades by partitioning the levels where the flow times are infinite. In particular we write
~ ¢ ~ ~4
uf = {Vl ,., v } Then the index of @ is given by the sum of the indices of vi .

Here we come to the key transversality assumption of this paper. We first make sense of
the notion of transversality.

Definition 2.5.3. Let \ be a Morse-Bott contact form, whose Reeb orbits come in S* fam-
ilies. We say a A compatible almost complex structure J is good if all reduced cascades of
height one are tranversely cut out, which is defined below.

Remark 2.5.4. We note the transversality conditions needed to count cascades given below
are quite natural. However, since cascades have many parts the notation is bit complicated.

Definition 2.5.5. Let uf = {u!,..,u" "'} denote a reduced cascade of currents of height 1.
We say ©’ = {u',..,u""'} is transversely cut out if the conditions below are met.

e Each moduli space M. (u') is transversely cut out with dimension given by the Fredholm
index formula. Here the subscript ¢ implicitly denotes the assignments of fixed and free

ends we assigned to each end of u' according to Convention |2.5.1. Note fized trivial
cylinders are assigned index zero.
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Suppose there are Ry, ..., R,,_1 € Z distinct Reeb orbits reached by free ends at each interme-
diate cascade level. We label them by ~(i,7) where j = 1,...,R;, and i indexes which level
we are referring to. For each (i, j), we choose a negative puncture of u'~! that is asymp-
totic to y(i,7). We call this puncture p~(i — 1, 7). The other negative ends of u'~" that are
asymptotic to v(i, ) are labelled p~ (i — 1, j,¢,1), where l = 1,2..,n(y(i, ), —). Next consider
¢~ Ti=1(~(i,7))). They are approached by positive punctures of u'. For each ¢~Ti-1((i,7))),
we pick out a special free puncture p*(i,7). The remaining free positive ends of u® that are
asymptotic to ¢~ T=1(vy(4,7))) are labelled p*(i,j,c,1) for 1 =1,....,n(y(i,5),+).

We next consider the evaluation maps. Given the collection of flow times Ty, ...,T,_1.
Let 3 C {1,..,n — 1} denote the subset for which T; > 0, we consider the evaluation map

EV™ : M(u') x M(u?) x ... x M(u™?) — (S)F2 x (SN x ... x (§1)fn—2 (2.12)

given by
(u't, .., u™2) = (evy (U, evy (W), ..., ev, o (u"?)) (2.13)
Here the evaluation is at the p~(i — 1, j) puncture of u'~'. We also consider the map
EVT: M(u?) x M(u?)... x M(u™ 1) — (S1)2 x (S1)3 x .. x (§)fin1 (2.14)
given by:
(u?, ., u" ) = (evd (u?), ..., ev)  (u™h)) (2.15)

where the evaluation is at p*(i,7) of u*. We consider the flow map
D (SN2 xR x .. x (St x R* — (S1)2 x (81 x .. x (1)1,

The notation R* means the following: if 1 € J then we include a factor of R in the above
product, otherwise we omit the factor. For x; € S' (i.e. a copy of S* among the product
(SHYfi), if i € T then the image of x; under ®; is given by gb?l(xz) If the index 1 is
not in J, then the image under ®; is x;. We use the notation ®¢ o EV™T to denote the
composition of the two maps, with domain M(u*) x R* x M(u?)... x M(u"™) x R* and
image (S1)f2 x (ST x ... x (S§1)Bn-1,

Let K_ denote the subset of M(u') x M(u?) x ... x M(u""?) so that the ends p~(i,7) and
p~(i,7,¢,1) approach the same Reeb orbit. Let K, denote the subset of M(u?) x M(u?)... x
M(u") where p*(i,j) and p* (i, j,¢,1) are asymptotic to the same Reeb orbit. Then

e Near @, both K+ are transversly cut out submanifolds.

Then we can restrict EVE to K+, in particular the map ® ;0 EV™ admits a natural restriction
to K_ x Rl our final condition is:

e ®;0EV* and EV~, when restricted to Ky x (R)?I and K_ respectively are transverse
at 0 = {u!, .. u"1}
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Assumption 2.5.6. We assume we can choose J to be good so that all reduced cascades of
current we encounter satisfy the transversality condition above.

In particular, this implies all reduced cascades of currents live in a moduli space whose
dimension is given by the index formula, and if such index is less than zero, then such
cascades cannot exist.

We note that in general the transversality assumption is not automatic. In a reduced
cascades of currents, all our curves are somewhere injective, but this is not enough. The
issue lies in the fact that the fiber product that defines cascade can fail to have enough
transversality. This is because all different levels of the cascade have the same J, and this J
cannot be perturbed independently in each level. When the cascade is complicated enough,
the same curve can appear multiple times in different levels, and this causes difficulty with
the evaluation map. Consequently when there is not enough transversality for the naive
definition of the universal moduli space of reduced cascades to be a Banach manifold, one
usually needs some additional arguments.

However in simple enough cases we can still achieve the above transversality condition.
This is the content of Theorem [2.2.2] which is proved in the Appendix.

2.6 ECH Index of Cascades

In this section we develop the analogue of ECH index one condition for cascades of currents.
We shall see this will impose severe limits on currents that can appear in a cascade, provided
transversality can be achieved.

To start the definition, we first consider one-level cascades, i.e. holomorphic curves from
Morse-Bott tori to Morse-Bott tori. We want to define an index [ so that for somewhere
injective curves:

1(C) > dimM(C) + 25(C)

where M(C') denotes the moduli space of holomorphic curves C' belongs in. Note the defi-
nition of dimM is ambiguous, because we need to specify which ends are “fixed” and which
are “free”. Our definition of I will depend on the type of end conditions imposed on our
curve. The key to our construction will be the relative adjunction formula.

Relative adjunction formula in the Morse-Bott setting

Here we clarify what we mean by the intersection form (). We first provide a provisional
definition that is very much similar to regular ECH, then we show this definition descends
to a more natural definition adapted to the Morse-Bott setting.

Let o, 8 be orbit sets. Observe here this means that they pick out discrete Reeb orbits
(potentially with multiplicity) among the S' family of Reeb orbits. Then we can define the
relative intersection formula as:
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Definition 2.6.1. We fiz trivializations of Morse-Bott tori as we have specified, and denote
it by 7. Given o, 8 orbit sets, given Z,Z" € Hy(av, 8,Y") we choose T representatives S S’ as
before, then Q. (Z,7Z') is defined as before as the algebraic count of intersections between S
and S’.

Because 1 here provides a global trivialization of all Reeb orbits in a given Morse-Bott
torus, the intersection () doesn’t depend on which specific Reeb orbit av or 8 picks out in a
given Morse-Bott torus. We state the phenomenon in terms of a proposition:

Proposition 2.6.2. Given orbit sets o, B and relative homology classes Z, 7' € Hy(a, B).
For definiteness let v be a Reeb orbit in the s — +00 end of a, let v be any translation of
in its Morse-Bott torus, then using v’ to replace vy defines another orbit set o/. There exists
corresponding relative homology classes AR Hy (!, B,Y) obtained by attaching a cylinder
that connects between v to ' to ends of S and S’ that are asymptotic to v, then

QT(Zv Z/) = QT(Za Z/)

Proof. Choose 7 representatives for Z, Z’ which we write as S, S’, then attach a cylinder
connecting between v to 7’ to S and S’. In our trivialization the resulting surfaces are still
T representatives, and this process does not introduce additional intersections. O

The above proposition suggests (), in the Morse-Bott case descends to a intersection
number whose input is not Hy(c, 3,Y) but a more general relative homology group adapted
to the Morse-Bott setting.

Definition 2.6.3. We define the relative homology classes Ha(cv, 5,Y"). Here «v, 5 are collec-
tions of Morse-Bott tori, and multiplicities. For instance we can write o := {(T;, m;)|m; €
Zso} where T; are Morse-Bott tori, and m; are multiplicities. A element Z € Ha(a, 5,Y) is
a 2-chain in'Y so that

0Z =a—p.

The above equality means the boundary (which includes orientation) of Z consists of Reeb
orbits on Morse-Bott tori {T;}, and each T; € a has a total of m; Reeb orbits (counted with
multiplicity) to which the ends of Z are asymptotic. Likewise for 3. We define a equivalence
relation on Ha(a, 3,Y), which we write as Z ~ Z' as follows: Z and Z' are equivalent if
there is a 3-chain W whose boundary takes the following form:

OW =27 +{I xS}

where the collection {I x S} consists of 2 chains on Morse-Bott tori that appear in either o
or 8. We think of these 2-chains as an Reeb orbit (which we think of S') times an interval,
I.

The idea is we consider 2-chains but allow their ends to slide along the Reeb orbits in
the Morse-Bott family. The next proposition proves the relative intersection ) remains well
defined.
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Proposition 2.6.4. (), as defined above descends into a intersection form:
QT : HQ(Q7B7Y) X HQ(Q7B7Y) — Z.

Proof. For clarity we use QT to denote the intersection form defined in Definition m
Suppose Z, 7' € Ha(a, 5,Y), and suppose Z” ~ Z. We pick a distinguished Reeb orbit ~;
for each Morse-Bott torus that appears in «, 8, and chosen so that +; does not appear as a
Reeb orbit in Z, Z" and Z". We connect Reeb orbits in Z, Z’ and Z” to {7;} counted with
multiplicities using cyliners along each Morse-Bott tori to obtain Z Z’ Z". We then define

Q-(2,2") = Q.(Z,2".

Observe in the above Q. is an intersection form defined on Hy (o, B',Y) where o and 3’ are
collections of Reeb orbits of the form {(v;,n;)}. It suffices to prove Q. (2", 2") = Q. (Z, Z").
To do this note the fact Z ~ Z” in Ha(a, 5,Y) extends to an equivalence of Z ~ Z" in
Hy(o/, 5',Y), hence @T(Z”, Z’) = QT(Z, Z’), and hence the proof. ]

We observe using the above reasoning the relative Chern class also descends to Ha (v, 8,Y).
We state this in the form of a definition:

Definition 2.6.5. Given Z € Ha(a,B,Y), we define the relative Chern class c.(Z) the
same way as before: choose a representative S of Z that is embedded near the boundary. Let
L Z — Y be the inclusion, then consider the pullback of the contact structure 1*¢ to Z,
pick a section ¥ of *& that does not rotate with respect to T near the end points and has
transverse zeroes, then c.(Z) is the signed count of zeroes of .

Finally we define writhe the same way as before:

Definition 2.6.6. Let C' be a somewhere injective curve that is not a trivial cylinder. We

assume at s — +00 (resp. —oo) it is asymptotic to orbit set a (resp. B). The trivialization
specified in Theorem gives an identification a neighborhood of each Reeb v € a, 8 with
St x R?, then using this we can define writhe of C as we had before in section [2.5,

Remark 2.6.7. The definition of writhe depends crucially on the fact C' is a holomorphic
curve, and does not admit constructions as before where we can slide the Reeb orbits of o, 3
around and obtains a surface with same relative intersection number/Chern class.

Hence we are ready to state the relative adjunction formula.
Theorem 2.6.8. If C is a simple J-holomorphic curve, then
& (C) = x(C) + Q-(C) + w-(C) = 26(C)

with the definition of relative chern class, relative intersection number, and writhe given
above.

Proof. This is a purely topological formula. The same proof as in [29] follows through. [
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Hence we would like to define a version of ECH index by applying the relative adjunction
formula to the Fredholm index formula of holomorphic curves as in [29]. Recall then the
proof of index inequality boils down to bounding the writhe of the J holomorphic curve in
terms of various algebraic expressions involving the Conley Zehnder indices that the curve
is asymptotic to. We turn to this writhe bound in the next subsection.

Writhe Bound

We recall the Fredholm index of a somewhere injective curve u depends on which end is free
and which end is fixed. Hence we anticipate that the ECH index we assign to a holomorphic
curve u will depend on which end is fixed and which end is free. The writhe inequality
we prove shall take into account of the assignment of free and fixed ends. We note that
this assignment of an index to a curve that depends on which end is free/fixed is somewhat
artificial, but it will be less artificial once we use this index to define the ECH index of an
entire cascade.

First we fix some conventions on Conley Zehnder indices. For a given Morse-Bott Torus T
assume the J holomorphic curve has N ends that are positively (resp. negatively) asymptotic
to Reeb orbits on this torus. They are asymptotic to the individual Reeb orbits labelled
Ry, .., R,. Writhe bound is a local computation so we only consider a particular Reeb orbit,
called Ry. Assume k ends of C' are asymptotic to R;. They have multiplicity ¢, .., q.. We
adopt the following convention on Conley Zehnder indices.

Convention 2.6.9. Recall for positive Morse-Bott torus p = 1/2. We declare py = 1,
p— = 0. For negative Morse-Bott torus we declare p, =0, p_ = —1.

This has the following significance: for a curve with free end as s — +oo landing in a
Morse-Bott torus (regardless of whether it is positive or negative torus), the Conley Zehnder
index term in the Fredholm index formula associated to this end is pu, (the specific value
depends on the positive/negative Morse-Bott torus as above), and the Conley Zehnder index
term assigned to fized end is pu_. Conversely, at the s — —oo end we assign p_ to free ends
and py to fized ends.

Using the above conventions given a somewhere injective holomorhic curve u, we assign
its total Conley-Zehnder index denoted by CZ™?(u) according to the convention above.
The goal of the writhe inequality is to come up with another Conley-Zehnder index term
CZFCH (y) so that the total writhe of u is bounded above by

wr(u) < CZFH (u) — 071 (u) (2.16)

By way of convention we will use C'Z*(R;,+to0) where x = Ind, ECH to denote the
Conley Zehnder index we should assign to the free/fixed ends approaching R as s — 400
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Positive Morse-Bott tori

Theorem 2.6.10. In the case of positive Morse-Bott torus, s — —oo, if & is an end of u
with covering multiplicity q; and u is not the trivial cylinder, we have the following inequality

n(&) > 1 (single end winding number).
For single end writhe, we have:

w(&) > n(&) (g —1).

Note this holds true for trivial cylinders (as long as it’s somewhere injective).
Let & and & be two braids that correspond to two distinct ends of u that approach the
same Reeb orbit, with multiplicities q; and winding numbers n;, then:

1(&1, &) > min(qinz, gam)

Note this holds if one of the ends & came from a trivial cylinder.

And finally to calculate the writhe of all ends approach the same Reeb orbit, w(§), let &
denote the total braid and &; the various components coming from incoming ends of u (this
holds for both s = +00):

w€) =) w(&) + > 1&.&)
i i#]

In the case of s — +o00, using the exactly the same notation, we have the following

mequalities:

n(&) <0
w(&) < n(&)(q; — 1) for single end writhe

1(&1,&) < max(qin2, 2m)

Proof. (Sketch) The proof constitutes an amalgamation of existing results in the literature.
The key result is an description of asymptotics of ends of holomoprhic curves on Morse-Bott
torus [57]. Namely, near the s — +00 end of u, the s constant slice of {s} x Y of u can be
described as follows. We can choose a neighborhood of trivial cylinder R x v as R x S! x R?
where s is the symplectization direction, ¢ is the variable along the Reeb orbit and {0} x R?
is the contact structure along the Reeb orbit, then we can write an end &; of u as

u(s,t) = (gs, qt, Zemei@)) (2.17)

where ); and e; are respectively the (negative) eigenvalues and corresponding eigenfunctions
of the operator A(t) : L*(S*,R?) — L?*(S',R?) coming from the linearization of the Cauchy
Riemann operator, which can be written as

A(t) = —Jo, — S
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With this normal form, the winding number bound comes from combining the results in
[24] about the meaning of Robbin-Salamon index and results in [27] relating Conley-Zehnder
indices to crossing of eigenvalues. The relations on writhe and linking number come from
direct modifications from the proofs in [29], once we realize that locally the braids can be
described by Equation 2.17] O

Next we move to use these relations to prove writhe bound. As in the case of ECH,
equality of the writhe bound implies certain partition conditions, which we will carefully
state.

Proposition 2.6.11 (link, —oo, positive Morse Bott torus). Consider the J holomorphic

curve u with negative ends on a Reeb orbit v. We have ke free ends of multiplicity ¢ ",

and kizeq fixed ends with multiplicity qf wed ond of total multiplicity Nyizeq. The writhe bound

i

reads
kj'ree+kfized kfree""kfized
w(§) > — Z ni + Z min(niq;,1;¢i) > (Niree — 1 4+ Nyizea) — (Kfived)
i=1 i

with equality holding implying there can be only free/fixed ends at this Reeb orbit. If there are
only fized ends the partition conditions is (n), and if there are only free ends the partition
condition is (n) or (1,n — 1).

Proof. We have the respective bounds

kfree
~kgree + ) min(1:4;,0;6) > Npree — 1

2

and

—kfiz + Z min(1iq;, 1) = Npiz — Kfized
1,3
and cross terms will imply strict inequality, hence only free or fixed term appears. In the
case of only fixed points, we see the only way equality can hold is with partition condition
(n). Similar considerations produces the partition conditions for free ends. ]

Proposition 2.6.12 (link, oo, positive Morse Bott Torus). In the s — +0o end, consider the
J holomorphic curve u with ends on a Reeb orbit v. We have kyyce free ends of multiplicity
qu " and kfigeq fized ends ¢/ of total multiplicity N Fized:

)

kfree+kfiz kfree+kfiz
w(f) S - Z i + Z max(‘]jnia Qi777j) S Nfree - (kfree)-
=1 ,J

The partition condition implies (1,...,1) on the free ends.

Proof. We see that [hs < 0, and RHS = 0 iff the free end satisfies partition conditions
(1,...1); there are no requirements on fixed ends. ]
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Negative Morse-Bott tori
In this subsection we take up the analogous writhe bounds for negative Morse-Bott tori.

Theorem 2.6.13. In the case of negative Morse Bott torus, s — —oo, we have the following
mequalities:
If & is an end of u and u is not the trivial cylinder, we have the following inequality:

n(&) >0

For writhe of a single end, with covering multiplicity q;, we have:

w(&;) > n(&)(q — 1)

Note this holds for the case of a trivial cylinder.
Let & and & be two braids that correspond to two distinct ends of u that approach the
same Reeb orbit, with multiplicities q; and winding numbers n;, then:

(&1, &2) > min(qinz, g2m)

Note this holds if one of the ends & came from a trivial cylinder.

And finally to calculate the writhe of all ends approach the same Reeb orbit, w(§), let &
denote the total braid, and &; the various components coming from incoming ends of u (this
holds for both s = +00):

w(€) =w(&) + > 1&.&)
1#]
In the case of s — 400, we have the following inequalities

n(&) < -1
w(&) <n(&) (g — 1) for single end writhe
(&1, &2) < maz(qin2, ¢2m)

Proof. The exact same proof for the positive Morse-Bott torus except we use Robbin-
Salamon index pu = —1/2. O

Proposition 2.6.14 (link, —oo,negative Morse Bott torus). Let u have ends asymptotic to y

on a negative Morse-Bott torus as s — —o00, suppose there are k.. free ends of multiplicity
free

q; ", of total multiplicity Ngyee; suppose there are kg, fized ends each of multiplicity gz,
of total multiplicity Nyi,. Then we have the writhe bound:

kfiz+kfree kfiz+kfree
’IU(f) Z - Z i + Z mm(’?z%amq@) 2 _Nfree - (_kfree)
i ij

with equality enforcing partition condition (1,..,1) on free ends and no partition condition
on fixed ends.
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Proof. 1 > 0 so lhs > 0, rhs = kfree — Nyree 50 inequality holds, and equality if free ends
has partition conditions (1, ..,1), no restrictions on fixed ends. O

Proposition 2.6.15 (link, +00,negative Morse-Bott torus). Let u have ends asymptotic to y
on a negative Morse-Bott torus as s — +00, suppose there are ke free ends of multiplicity
free

g, ", of total multiplicity Nree; and suppose there are ki, fived ends each of multiplicity
Qfiz, of total multiplicity Ny,

kfiac+k5free kfi:c""kfree
W(f) S - Z i + Z mam(ninv 77](1@) S _Nfzcc - Nfree + 1 + kfza:

1,J

with equality enforcing only free or fixed ends. In the case of only fixed ends the partition
condition is (n), and in the case of only free ends the partition condition is either (n) or
(n—1,1).

Proof. We can split the sum into:

kfree kfree
- Z n; + Z mZ?’L(ThQJa 77]%) <1l- Nfree
i isJ

and
kfixed k/'fixed
— Z M + Z man(n:q;, 1;4) < Kpiz — Nig.-
i i,

Each of the above inequalities hold individually, and when there are both free and fixed ends,
there are cross terms that make the inequality strict. As before, we can deduce the partition
conditions directly from imposing the equality condition. O]

Morse-Bott tori as ECH generators

Recall that for ECH of nondegenerate contact forms, the generators of the chain complex
are orbit sets satisfying the condition that if an orbit is hyperbolic then it can only have
multiplicity 1. There are analogues of this in Morse Bott tori. In Morse-Bott ECH, we think
of the generators of the chain complex as collections of Morse-Bott tori with additional data,
written schematically as:

a={(T;,£,m;)}

and the differential as counting ECH index one height one J holomorphic cascades connecting
between chain complex generators as above (which we will also call orbit sets). In the above
definition m; is the total multiplicity, which we think of as total multiplicity of Reeb orbits on
7; hit by the J holomorphic curves that have ends on this Morse-Bott torus on the top (resp.
bottom) level of a (height 1) cascade. =+ is additional information, which specifies how many
ends of the J holomorphic curve landing on 7; are free/fixed. We see that this also depends
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on whether a appears as the top or bottom level of a J holomorphic cascade, and in context
of our correspondence theorem free/fixed ends correspond to elliptic/hyperbolic orbits in the
non-degenerate case. We state this explicitly in the next definition in which we also describe
the expected correspondence between Morse-Bott ECH generators and nondegenerate ECH
generators after the perturbation.

Definition 2.6.16. We consider the case of positive Morse Bott tori. In the nondegenerate
case we let v_ denote the hyperbolic Reeb orbit that arises from perturbation with Conley
Zehnder index 0, and v, the elliptic orbit that arose out of the perturbation with Conley
Zehnder index 1. Then the description of our Morse-Bott generator, say (T,+,m) (this is
just one Morse-Bott torus, in general o will consist of a collection of such tori, we focus
on an example for the sake of brevity) and its correspondence with ECH generators in the
perturbed non-degenerate case is given by:

a. positive side s — 00,

i) The Morse-Bott generator (T,+,m) is defined to require all ends on T are free,
with total multiplicity on the torus being m. In the perturbed nondegenerate case,
this corresponds to ECH orbit set (v, m). We observe the nondeg partition (0
positive) condition is (1,..,1), and the Morse-Bott partition condition from the
writhe bound is (1,..1).

By the Conley-Zehnder index convention the ECH conley Zehnder index assigned
to (T, +,m) is given by: CZECH((T 400, +,m)) =m

it) The Morse-Bott generator (T,—,m) there is one end on T that is fized with
multiplicity 1, on the critical point of f that corresponds to the hyperbolic orbit.
The rest of the ends are free, and the total multiplicity of orbits on T is m. This
corresponds to the orbit set {(y_,1), (vy,m—1)} in the nondegenerate case. Note
the partition conditions between nondegenerate case and Morse-Bott case agree.

We also have CZEH (T, +00, —,m)) =m — 1.
b. In the case of negative ends, s — —o0,

i) The Morse-Bott generator (T,+,m) is defined to require all ends are fized and
asymptotic to the critical point of f corresponding to the elliptic orbits, and the
total multiplicity @s m. In the nondegenerate case this correspond to the orbit set
(v4,m). We observe Morse-Bott and nondegenerate partition conditions agree,
both being (m). By our conventions, CZECH(T + m)=m

ii) The Morse-Bott generator (T,—,m) requires there is a multiplicity 1 free end
landing on T, the remaining ends are fized and are also required to land on the
critical point corresponding to elliptic Reeb orbit. This corresponds to the orbit set
{(v4,m—1),(v_,1)} in the nondegenerate case, and we have analogous partition
conditions for both Morse-Bott and nondegenerate case. C Z¥“H (T, — m) = m—1
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We observe (T, £, m) imposes different free/fixed end conditions, depending whether it ap-
pears as s — oo ends, however we should think of it as being the same generator in the
chain complezx, as is evidenced by the fact that it is identified to the same nondegenerate orbit
set regardless of whether it appears at +00 or —oo end.

We also briefly summarize the analogous result for negative Morse-Bott torus.

Definition 2.6.17. In the case of negative Morse Bott tori, we use v_ to denote the elliptic
Reeb orbit after perturbation of Conley Zehnder index -1, and let v, denote the hyperbolic
orbit after perturbation of Conley Zehnder index 0. Let (T,£,m) denote a Morse-Bott
generator.

a. At the positive end as s — 00,

i) (T,—,m) requires all ends fized at the critical point of f corresponding to ~y_,
corresponds to (y—,m) in nondegenerate case, both degenerate and nondegenerate
case has partition conditions (m). CZFCH((T, -, m)) = —m

it) (T, 4+, m) requires one end free with multiplicity 1, the rest have multiplicity m — 1
fixed at the critical point of f corresponding to v_. The generator corresponds to
{(v, 1), (v=,m—1)}. CZECH((T,+,m)) = —m+1. Partition conditions match.

b. Negative end, as s — —00,

i) (T, —,m) has all ends free, of total multiplicity m. This corresponds to (y_,m) in
the nondegenerate case. Partition conditions match. CZECH (T, —,m)) = —m.

it) (T,+,m) has one fized end corresponding to the critical point of f at v, of
multiplicity one; the rest are free and of multiplicity m — 1. This corresponds
to the orbit set {(vy,1),(y—,m — 1). The partition conditions correspond, and
CZECH((T,+,m)) = —m + 1.

We would also like a more general notion of ECH Conley Zehnder index for when there
are more free/fixed ends than allowed by ECH generator conditions are above. To keep
track of the more refined intersection theory information, we need to make our definition
depend slightly on the behaviour of the .J-holomorphic curve as its ends approach Reeb
orbits on Morse-Bott tori. We consider a nontrivial somewhere injective holomorphic curve
uw: Y — R x Y3 We isolate this into the following definition.

Definition 2.6.18. Let u : X — R x Y3 be a nontrivial somewhere injective holomorphic
curve. Let v be a simple Reeb orbit on a positive Morse-Bott torus.

a. At the s — oo end, suppose ke ends approach v with total multiplicity Nyyee, and
ktizea ends approach ~y with total multiplcity Nyigea, then CZFCH () := Nypee.
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b. At the s = —oo end, suppose kyye ends approach v with total multiplicity Nyyee, and
k tizea ends approach v with total multiplcity N pipea, then CZFCH (y) := Nitreet+ Nfized—
1.

Similarly if v is a simply covered Reeb orbit on a negative Morse-Bott torus.

a. At the s — oo end, suppose kgee ends approach v with total multiplicity Nyyee, and
k tizea ends approach ~ with total multiplcity Ntizeq, then CZECH (y) := — Ny — Nppee +
1.

b. At the s — —oo end, suppose kyyee ends approach v with total multiplicity Nyyee, and
Etizea ends approach v with total multiplcity Nyizeq, then C’ZECH(fy) = —Ntree.

Note the above definition agrees with that of the ECH Morse-Bott generator. Then let u
be a somewhere injective JJ holomorphic curve with no trivial cylinder components, and we
have chosen which ends of u are fixed/free. Then we define its ECH index using the above
notion of ECH Conley-Zehnder index:

Definition 2.6.19. We define the ECH index of u as:
I(u) == cr(u) + Q- (u) + CZFH (v) (2.18)

Note the above definition not only depends on the relative homology class of u, it also
depends on how the ends of u are distributed among the Reeb orbits (for information of
free/fixed beyond that of the Morse-Bott ECH generators)- in particular we have to keep
the information of not only how many free/fix ends land on a Morse-Bott torus, we also need
to retain the information which ends are asymptotic to which Reeb orbit.

By using the writhe bound we recover directly

Proposition 2.6.20. Let u be a J-holomorphic map satisfying the conditions above,
Ind(u) < I(u) — 26(u). (2.19)
with equality enforcing partition conditions described in the writhe bound section.

We next include the case of trivial cylinders in our definition of ECH Conley-Zehnder
index.

Definition 2.6.21. Let v be a simply covered Reeb orbit on a positive Morse-Bott torus. Let
u: X — R XY be a J-holomorphic curve with potentially disconnected domain. When we
say trivial cylinders below, we allow trivial cylinders with higher multiplicities.

a. At the s — oo end, suppose kgee ends approach v with total multiplicity Ngyee, and
kfizea ends approach «y with total multiplcity Nigeq, then CZECH(v) = Nppee. Here
we allow holomorphic curves to be trivial cylinders.
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b. At the s = —oo end, suppose kyye ends approach v with total multiplicity Nyyee, and
ktizea ends approach v with total multiplcity Nyizeq. If at least one of the approaching
ends is not that of a trivial cylinder, then CZ¥“H(y) := Ntyee + Npigea — 1. If all the
approaching ends are trivial cylinders, then CZFCH .= N fized-

Next let v be a simply covered Reeb orbit on a negative Morse-Bott torus.

a. At the s — oo end, suppose ke ends approach v with total multiplicity Ngyee, and
Efizea €nds approach v with total multiplcity Nyizeq, If at least one of the approaching
ends is not that of a trivial cylinder, then C’ZECH(V) :=1— Nfree — Nyig. If there are

only trivial cylinders, then CZFCH = —Np;peq.

b. At the s = —oo end, suppose kjyee ends approach v with total multiplicity Nyyee, and
ktizeda ends approach v with total multiplcity Nizeq. Then we set CZECH(v) = —Ntree.
This includes the case of trivial cylinders.

Proposition 2.6.22. Let C' be a J holomorphic current which can contain trivial cylinders.
Each end in C' is implicitly assigned “free” or “fixed”, and recall the convention that we can
at most designate one end of a trivial cylinder as fized. With CZF“H as defined above, we
have the inequality:

Ind(C) < I(C) — 25(C)

Proof. Let C be a J-holomorphic current of the form {(C;, m;} where C; are pairwise distinct.
If C; is nontrivial, and m; > 1, then as in [29], we can consider m,; copies of C; translated by
m; distinct factors in the symplectization direction. Then we can represent (C;,m;) as m;
distinct somewhere injective J-holomorphic curves. We do this for all nontrivial components
of C'. Each resulting end of C; receives an assignment of “free/fixed”, hence both sides of the
inequality above are defined. (One can make all the copies of C; coming from (C;, m;) have
the same free/fixed assignments at their corresponding ends, but this won’t be necessary.)

As before this boils down to writhe bounds at s = 400 and s = —oo. We first consider
~ a Reeb orbit on a positive Morse-Bott torus. We first consider the s = 400 case. Here for
trivial cylinders ¢; = 1 and the linking number is zero, so the same proof as before produces
the writhe bound.

In the case s — —00, let Ny.via denote the multiplicity of trivial ends. Let Nyiia denote
the total multiplicity of trivial ends, fixed or free. First assume there is at least one nontrivial
end. The apriori bound on writhe is:

w(&) > —#nontrivial ends + Z min(gi, ¢;) + Niriviar - (#nontrivial ends).
i,jnontrivial ends
With our new definition of CZF“H we need to establish the writhe bound that
—#nontrivial ends + Z min(gi, q;) + Nipivia - (F#nontrivial ends)

i,jnontrivial ends

Z Nfree + Nfi:ped -1 (kfixed)
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We use the superscript 7 and M7 to distinguish whether the multiplicity is coming from
trivial ends or nontrivial ends. But the writhe bound already established implies

ree

—#nontrivial ends + Z mz‘n(qi, C]j) > NPT + N]]‘\ifaz;d —-1- k%ged

i,jnontrivial ends

Then it suffices to establish that
Niriviai - (#nontrivial ends) > N;?Free + Nﬁxed — k;‘fimd

which always holds, hence the writhe bound continues to hold.

When there are only trivial cylinders, the writhe is automatically zero, likewise the writhe
bound is trivially satisfied.

We next consider the case v a Reeb orbit on a negative Morse-Bott torus. We first
consider the s —+ —oo case. Since the winding number 7 in this case is bounded below by
zero, the writhe bound continues to hold even in the presence of trivial cylinders.

In the case of s — +00, the computation is very much similar to the —oo end of a positive
Morse-Bott torus. Assuming there is at least one nontrivial end

w(§) < + #nontrivial ends + Z max(1:q;,1;¢) — Niriviar - #nontrivial ends

i,jnontrivial ends

S_Nfim_Nfree+1+kfix-

With the previous writhe bound we have already proven

ree

#nontrivial ends 4 Z maz (s, 1;0:) < —Njig = Npyee + 1+ k}vg

i,jnontrivial ends
hence suffices to prove
s T T T
— Nirivial - #nontrivial ends < =Ny, — Ny + by,

but this follows directly from our assumptions.
In the case there are only trivial ends the total writhe is zero, and the writhe bound is
achieved. O]

We next establish the subadditivity property of the ECH index.

Proposition 2.6.23. Let C; = {(Cy,mqy)} and Co = {(Cy,mp)} denote two J-holomorphic
currents, and C, is never the same as Cy unless they are both trivial cylinders (they can be
R translates of each other). Then their ECH indices satisfy

[(CLUCy) > I(Cy) + I(Ca) +2C1 N C. (2.20)

In the above C1 NCqy counts the intersection with multiplicity of C, with Cy,. Note by intersec-
tion positivity each multiplicity is positive. Further by construction the intersection between
trivial cylinders 1s zero.
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Proof. We again apply the translation in the symplectization trick to represent nontrival
currents (Cy,mg) (resp. (Cyp,myp)) by m, (rep. my;) distinct somewhere injective curves.
After relabelling we can also denote them by C, (resp. ;). We apply the adjunction
inequality as in 29, 33] to obtain

I(CLUCy) — I(Cy) — I(Cy) — 2#Cy - Cy
=CZ"M(C U C) — CZPM(C) — CZPM(Cy) — 2 [ 1:(Ca, )
a,b

Then this reduces to a local computation relating linking number and our choice of Conley-
Zehnder indices. We take this up case by case. First consider v a Reeb orbit on a posi-
tive Morse-Bott torus, consider the s — oo end. In this case we have CZFCH(C, U Cy) —
CZECH(C)) — CZECH(Cy) = 0 and 1(C,, Cy) < 0. Hence all the contributions from this end
is > 0.

We next consider v on a positive Morse-Bott torus at s — —oo ends. Because how we
assigned Conley-Zehnder indices depends on whether all the ends are trivial, we split into
cases. In the case where all ends of C; and C, asymptotic to v as s — —oo are trivial, we have
again CZFCH(C, U Cy) — CZECH(C)) — CZECH(Cy) = 0 and the linking number vanishes.
If one of them has non-trivial ends approaching v (WLOG take this to be C; and take Cy
consists purely of trivial ends), then we have the Conley Zehnder contribution being

N}ree + N}imed -1+ N]%ized - (N}Tee + N)%ree + N}ixed + NfQixed - 1) = _Nj%ree

where we write N}, to denote the free ends coming from C etc. The linking number
contribution is bounded below by 2(N]%md + N%._..), hence the overall contribution is non-
negative. The case where both C; and Cy contains nontrivial ends at v as s — —oo, then
the Conley-Zehnder difference term is just —1, and the linking number term 21, (C,, Cy) > 2,
hence once again the overall contribution is non-negative.

We next consider the case 7 is a Reeb orbit in a negative Morse-Bott torus. This will be
largely analogous to the positive Morse-Bott torus case. For s — —o0o, we have the Coneley-
Zehnder indices contribute zero, and [.(C,, Cp) > 0 as s — 00, hence the overall contribution
is non-negative. We next consider v as s — +00. Again we break into cases because of trivial
cylinders. In the case where all ends approaching v from C; and Cs are trivial cylinders, the
Conley-Zehnder index contribution as well as the linking number is zero. Then in the case C;
has nontrivial ends but Cy has all ends trivial, then the Conley-Zehnder index contribution
is given by —N7,,., and the linking number 3 21.(C,, Cy) < —2(N7,.. + N7;,0q), hence the
overall contribution is nonnegative. Similarly in the case where both C; and Cy have nontrivial
ends, the difference of Conley-Zehnder index contribution is —1, whereas the linking number
20 (Cy, Cy) < —2, hence the overall contribution is positive. Hence combining all of the
above local inequalities we obtain the overall ECH index inequality. ]
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Multiple level cascades and ECH index

In this subsection we describe ECH index one cascades. We recall ECH index one cascades
should come from degenerations of ECH index one curves, and in particular should respect
partition conditions on the end points. In particular we should always keep in mind that
ECH index one cascades should flow from a generator Morse-Bott ECH a; to another a,,
which includes the information of multiplicities of free/fixed ends that land on Morse-Bott
tori.

Given any cascade v/ as given in our previous definition, we first turn it into a “cascade
of currents”: u’ = {u',..,u""'}. Then we can proceed to define the ECH index of u’. The
following is half definition half theorem, as in if this cascade is transverse and rigid and
we glued it into a J holomorphic curve the ECH index of its homology class is given by
the following calculation. Conversely, if u came from a cascade of curves that came from a
degeneration of I = 1 holomorphic curve in the As setting, then our definition of I for the
cascade of current will also be one.

Definition 2.6.24. Let u’ = {u!,...,u" "'} be a height 1 cascade of currents. Let its positive
asymptotics be denoted by a1 and negative asymptotics be denoted by cv,, both Morse-Bott
ECH generators. We can then define the ECH index for the cascade of currents as:

I(W) = c;(0)) + Q,(u') + CZFH (). (2.21)

The CZ¥CH index term for cascade is just the ECH index terms of oq and a,, which cor-
responds to the nondegenerate ECH Conley Zehnder index once we have identified free/fixed
ends with elliptic/hyperbolic orbits. The cascade Chern class and relative intersection terms
are just the sum of the Chern class of each of the levels, i.e.

er(u) == e (u) + 4 ey (u" )

and

QT(ui) = Qr(u) 4 ... + Q- (u")

We would like to compare the ECH index of cascade to the Fredholm index of the
reduced version, because then with enough transversality we would be able to rule out certain
configurations of cascade of ECH index one by index reasons. To this end, we decompose
the ECH index of a cascade into ECH index of its constituents, as follows:

n—2 n—1

Proposition 2.6.25. We assume all ends of u?,..,u""?2 are free, and all ends of u* and u
are considered free except those mandated by oy and «,, and we recall our conventions on

trivial cylinders with only one fized end. Then let R, ;.| denote the number of distinct Reeb

orbits on positive Morse-Bott tori approached by nontrivial ends of u* as s — —oo, and let

plos,i'+1 denote the total multiplicity of Reeb orbits on positive Morse-Bott tori approached

by u' at the s — —oo, so that at these Reeb orbits there are only trivial ends as s — —oo.

Similarly we let R, ; denote the number of distinct Reeb orbits on negative Morse-Bott tori
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approached by nontrivial ends of u' as s — 400, and let Yieg’i denote the total multiplicity

of Reeb orbits on negative Morse-Bott tori approached by u® at the s — 400, so that at these
Reeb orbits there are only trivial ends as s — +oo. Then we have

I =I(u") + ... + T(u")

! i ! R 02 . R v
POS,2 pos,n—1 pos,2 pos,n—1
- R:Leg,Z e R;Leg,nfl - Vrieg,2 e Vrieg,nfl
Proof. Follows directly from definition of ECH Conley Zehnder index. m

Remark 2.6.26. Note the assignment of free/fixed end points for calculation of ECH index
purposes is different from when we defined free/fixed punctures in the calculation of the
Fredholm index.

Remark 2.6.27. We remark the above formula makes sense in the case our cascade consists
purely of a chain of cylinder at a critical point. If it started at the minimum of f, the trick
is to notice by our convention all trivial cylinders below it are considered free.

In order to compare I(u’) and Ind(a), we first define

(@) == I(ud)... + I(u?)

/ / ! /

- Rpos,Z e T Rpos,nfl — Vpos,2 T T ‘/pos,nfl
/ . p 1 I v
neg,2 . neg,n—1 neg,2 . neg,n—1

by removing all multiple covers of nontrivial curves. Note we have
(@) < I1(u)) (2.22)
with equality holding only if u’ is already reduced. Next we compare Ind(t’) and I(@).
Proposition 2.6.28. Ind(®’) < I(af) — 25(w’) — 1
Proof. We make a term-wise comparison, e.g. we compare
Ind(ﬂ’) — k§+1 - kz’+1 + Ri+1 (223)
and . ‘
](al) - 25(,&1) - ;)05,i+1 - p/os,i—l-l - ;Leg,i—i-l - vrlbeg,i—i-l' (224)
Note there are two different conventions by which we assigned “free” and “fixed” ends to
ends of curves appearing in the cascade, we will refer to them respectively as the Fredholm

convention and the ECH convention.

We further refine our notation to Kposit1, Knegit1; Kposit1s Knegiv1 to denote the number
of ends among the k; and k;,; ends that land on positive/negative Morse-Bott tori, i.e. we

have kz = kpos,i + kneg,i-
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_ We first restrict to 1 < 4 < n — 1 To compare these two terms, we first decompose
Ut = C; U Tfreei U Trigeai, where C; is a collection of nontrivial somewhere injective curves,
T'tree;i is a collection of free trivial cylinders according to Fredholm convention, and T'izeq,i
is a collection of fixed cylinder according to the Fredholm index convention. Assume C; has
Lfree,i free ends, and lfizeq,; ends according to Fredholm convention, then we have:

Ind(cz ) Tfree,i U Tfimed,i) + lfixed,i S I(Cz ) Tfree,i U Tfimed,i) - 25(01 U Tfree,i U Tfixed,i) - |sz'zed,z'|

We may at later points further refine the notation to lfized pos/neg,+,i to indicate fixed ends
at positive/negative Morse-Bott tori, at positive/negative ends. Note Tzeq, is regarded as
free cylinders when we measure its ECH index. |T'zeq:| denotes the total number of fixed
trivial cylinders that appear in this level.

We will also later refine our notation to distinguish Tfized) free,pos/neg,i for trivial cylinders
on positive/negative Morse-Bott tori.

We next consider the case for i = 1. We can decompose as before @' = C; U Ttreeq U
Ttized 1 UT }ipeq - We explain the notation. Cj is a collection of nontrivial somewhere injective
holomorphic curves. The information of Morse-Bott generator oy tells us which of C; should
already be considered as fixed as s — oo. There are additionally lt;.cq ends of C that we
count as fixed when we compute its Fredholm index because they land on critical points of
f- Tfreen is a collection of free cylinders. T¥;, ;1 is a collection of fixed trivial cylinders that
come from requirements of a;. Each positive Morse Bott torus can only have one of these,
and they must all be multiplicity 1. T}, is a collection of trivial cylinders that don’t
come from requirements of o but also happen to land on a critical point of f. The index
inequality we have gives:

Ind(CyUT fined 1 UT preen UT fiea 1) Hlpizedn < T(C1UT fivea 1 UT freed UT figea ) =20 (') = Thiped |

where for the purpose of computing ECH index we have counted elements of T}, ,, as free
cylinders.

Similarly for the i = n — 1 level. As before we can decompose 4"~ ! = C,,_; U Ttreen—1 U
Ttivedn—1 U T peq, 1 With the same convention as before. Here we only need to prove:

Ind<Cn—1 U Tfree,n—l U Tfixed,n—l) + lfi:ped,n—l
SI(Cn—l U Tfree,n—l U Tfigced,n—l) - 25(’&”_1) - ’T]/‘ixed,n—ly

which holds by the one-level ECH index inequality. When we take the difference between
I(u?) and Ind(u?), we can break down their difference into the following form:

(@) =I(ub)... + 1@ )

/ . ! R Ve . R Ve
'POS,2 pos,n—1 Ppos,2 pos,n—1
/ _ _ / _ ! _ _ V/
neg,2 . neg,n—1 neg,2 . neg,n—1
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and the index term can be re written as

Ind =Y ind(@') = Y (kposi+kposi — Rposi) = > (knegi + Kiegs — Rregi) — 1 — L

i=2,...n—1 i=2,...n—1

If we take their difference, and take advantage of the inequalities we proved in the previous
paragraphs, we get:

] ]nd Z I - ZTLd ) + Z ((kpom + k;)os i RPOS i R;ms 7 ‘/p/os z)

1=2,...,n—1
+ Z (kneg,i + k;legﬁ' - Rneg 7 Rizeg i Vr/Leg z) + L + 1
i=2,...,n—1
226(11[) + Z (lfixed,i + |Tfimed,i ) + lfired,l + lfixed,n—l + |T}ixed,1| + |Tj/"ixed,n—1
1=2,..,n—2
+ Z pos i + pos i RpOS i R;)os i ‘/p,os z)
i=2,...,n—1
+ Z neg,z' + k;legﬁ' - Rneg % Rizeg 7 Vr/Leg z) + L + 1
i=2,...,n—1

It suffices to prove the above expression is bounded below by one. It suffices to prove

> Rposit Ropei + Vigsi D Buegi + Ripggs + Vs

1=2,....,n—1 1=2,....,n—1

S Z (lfixed,i + ’Tfi:ced,i ) + lfixed,l =+ lfixed,nfl + ‘T}ixed,l‘ + ‘T]/”iaced,n—l
i=2,..,n—2

+ Z POS i _'_ pos 7,) + Z (kneg i + kneg z) L

1=2,....,n—1 1=2,....,n—1

We break down the above inequality into several components. We first observe for ¢ =
2,..,n — 2 we have

/ /
R pos,i+1 + pos i+l = lfi:ced,pos,—oo,i + lfi:ced,pos,—i—ooﬂ + |Tfi:(;ed,i pos,i+1 + kp057z‘+1 - Rpos,i—i—l

We first observe the multiplicities counted by RpoS i1 and Vo o, are disjoint - if a
Reeb orbit appear in considerations of R, ;,; then it is not considered for V., and vice
versa. Multiplicities counted by Vpos i+1 are contained in Apos, —oc,i+1 and |Tfmed zJr1| and the
Reeb orbits counted by R/ pos,i41 are contained in the ends counted by [ftized pos,—oo,i+1 and
Epos,—cci+1- We observe for this range of 7, we only needed to use the fixed ends of C; in
ltized; as s — —00 to achieve this inequality, and the prescence of lfized i pos +0o Will make this
inequality strict by that factor. Finally we observe k! — Rpos,it1 > 0. This concludes

pos,i+1
this inequality.
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We next consider the case for i« = 1 for positive Morse-Bott tori, i.e. we consider the
inequality

/ ! l /
Rpos,? + ‘/;703,2 + RPOSQ S lfiIEd»POS,*Wl + lfi$€d7p057+001 + ‘Tfixed,pos,l‘ + kp0372 + kpos,?

This inequality does not hold in general. We first observe %0372 — Ry pos > 0, and the
Reeb orbits counted by R;zos,2 are included in kpos2 and {figed pos,—o0o,1- The issue for plos,2
is slightly more subtle, because each positive Morse-Bott torus can contain one fixed trivial
cylinder that is not included in |T%;,.4 051/, hence a Reeb orbit counted by V. , that does
not necessarily appear on the right hand side. If we follow this trivial cylinder downwards,
if we encounter an end of a non-trivial J-holomorphic curve that approaches this Reeb orbit
at s — 0o, then it will contribute to fized pos+00,i terms in one of the lower levels. And this
ltized pos,+00,i term was not used in our previous computations, so after we add up all the
terms in the inequality, the overall inequality will still hold.

If we go downwards and do not see a nontrivial end, then there must be a trivial cylinder
at the bottom level of the cascade making a contribution to T%;,.4 ,0s,_1 l0cated at this
specific Reeb orbit on this positive Morse-Bott torus. This cylinder counted by T%;, .4 0501
is not used anywhere else in any of our other inequalities, so makes up for the deficit coming
from the ¢ = 1 inequality.

Finally we consider the terms on the last level concerning the positive Morse-Bott tori
contributing to our inequality. This is just

|T],”ia:ed,pos,n— 1 | Z 0

which holds trivially. |T%;, .40 1] Peing nonzero does not necessarily mean our inequality
is strict, as some of these may be borrowed to make the inequality hold on the ¢ = 1 level as
per above.

We now repeat the analogous series of inequalities concerning negative Morse-Bott tori.
We first prove the inequalities

/ ! /
Rneg,i + Rneg,i + Vneg,i S kneg,i + kneg,i + lfized,neg,+oo,i + |Tfixed,neg,i|

orbits in R}, ; is included &}, ; and lfizedneg, +o0,i; and the count of V. is included among
Ttivednegi and k;ew. This concludes the proof of this inequality.

Next we focus on the ¢ = n — 1 case. We consider the inequality

for ¢ in range 2,...,n — 2. We have as before that R,c5; < kypeqi. Similarly the count of

/ / /! /
neg,n—1 + Vneg,nfl + Rneg,n—l S lfixed,neg,—i—oo,n—l + ’Tfi:ped,neg,n71| + kneg,n—l + kneg,nfl

This does not always hold, as before we first observe kposn—1 — Ryegn—1 = 0, and R;wg,n_l

is included in lfizedneg,+oon—1 and kpegn—1. However each negative Morse-Bott torus can
contain one fixed trivial cylinder not included in 7%, .4 egn—1- If we follow this trivial cylinder
upwards, if we encounter an end of a non-trivial J-holomorphic curve that approaches this

Reeb orbit at s — —oo, then it will contribute to lfized neg,—o0,i terms in one of the upper
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levels. And this lfized, neg—c0; term was not used in our previous computations, so after we
add up the terms in the inequality, the overall inequality will still hold.

If we go upwards and do not see a nontrivial end, then there must be a trivial cylinder
contributing to 7%, .4 n..,1 aPpearing at the very same Reeb oribt. This cylinder’s contribu-
tion is not used up by any of our previous inequalities, so makes up for the deficit in the
above inequality.

The i = 1 level terms for negative Morse-Bott tori is simply [T%;,.4.c51| = 0 which holds
trivially. This inequality being strict does not necessarily imply the overall inequality is
strict, by the mechanism discussed above.

Adding up the above inequalities we get the inequality in the proposition. O

We now state some consequences of the ECH index one condition, assuming transversality
can be satisfied.

Corollary 2.6.29. Assuming J can be chosen to be good, and we have a height one cascade
u?. Then we pass to cascade of currents u’, the ECH index being one imposes the following

conditions:

a. W is reduced.

b. All flow times are strictly positive.
c. All curves are embedded. Curves on the same level are disjoint.
d. Each level only has one nontrivial curve, the rest are trivial cylinders.

e. With the above choice of fized/free ends, all curves obey partition conditions of free
ends for ends that do not land on critical points. They obey the partition conditions
for fixed ends for those that land on critical points of f.

f. For any nontrivial curve C appearing in the cascade of currents u’:

e If C appears in either u' or u"~!, then its ends can appear on critical points of f
only as mandated by ay or as. All other ends must avoid critical points of f.

e If C appears in a level between u' and u"*', its ends can only end on a critical
point of f if this end is then connected by a fized chain of trivial cylinders to fixed
points mandated by oy or av,. All other ends avoid critical points of f, and hence
are free.

e [urther, if we see a chain of fixed trivial cylinders connecting a positive or negative
end of C' to a critical point of f, suppose the fized Reeb orbit is called v. Then
no nontrivial end may land on v on any of the levels of the components of the
chain of trivial cylinders in either s — 400 or s — —oo. On the level where C
18 asymptotic to v as s — oo or s — —o0, the end of C is the only end that is
asymptotic to v as s — 400 and s — —oo respectively.
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g. In particular, if C is a nontrivial curve in the cascade, and an end of C' is asymptotic
to 7y, a Reeb orbit in the s — 400 (resp. —o0) end, then no other curve (or other ends
of C) in the same level may be asymptotic to v as s — +0o0 (resp. —o0).

h. If an end of a nontrivial curve C' is asymptotic to v with multiplicity > 1, as s — o0,
and if we follow v upwards, e.g. we consider C' in the level above which is asymptotic
toy as s — —oo. If all curves above C' that are asymptotic to vy are trivial cylinders,
then we cannot draw any conclusions aside from partition conditions of C'. However,
if after some chain of gradient flow lines a nontrivial curve C” above C is asymptotic
to qﬁ%(’y) as s — —oo and is connected to the positive end of C at v via a gradient
flow, then by partition conditions both C' and C" can only be asymptotic to v with
multiplicity 1.

Proof. All statements in the above proposition comes from taking all the inequalities in the
previous proposition to be equalities. (a) comes I(u’) = I(@). (b) comes from L = 0. (c)
comes from §(u’) = 0. (d) comes from Ind = 0, otherwise the cascade lives in a moduli
space of dimension greater than zero. (e) comes from the fact that violations of partition
conditions for nontrivial curves would make the inequalities comparing Fredholm index to
ECH index strict.

Next consider (f), for the nontrivial curves appearing in u! or v"~*. We first consider
the case of u'. We observe all contributions to [ fized,+o0,1 from the s — 400 must be zero for
equality in to hold. Similarly we observe that for «”~! all contributions to [ fized,—oon—1
from the s — —oo must be zero for equality to hold.

If C is a nontrivial curve between u! and u"~ !, we have to separate this into cases. We
first assume it has a negative end landing on a critical point of f on a positive Morse-Bott
torus. Then this end makes a contribution to lfized pos,—oc;, and was used in our computation
of inequality. Call this Reeb orbit ~, and consider levels below C' that have nontrivial ends
asymptotic to v as s — +o0o. Say this occurs on level 7. If there are such curves, and if
~ does not appear as a fixed end assigned by a; and connected to a trivial cylinder in u!,
then it is a appearance of [ ized pos,+00,i that was not used in our proof of inequality in ,
hence the inequality is strict.

The case where v appears in a; as a fixed end of a trivial cylinder is handled as follows.
In the case there is a contribution to T%};,.q pos.n_1 00 the u"~! level from a trivial cylinder
at v, then we can use the additional lfized pos+o0,i at v to make the inequality strict. In
the case T};,.q4, 1 does not have a trivial cylinder at v, then for multiplicity reasons the
total multiplicity of nontrivial ends asymptotic to v as s — 400 in the entire cascade must
be greater than equal to two. If they come from two different ends (potentially at different
levels), then their contribution to lfized pos+00,« (Of various levels) is at least two, which makes
the inequality in proposition strict. If we only see a single nontrivial end approach ~
as s — +o0o below u! level, then this end must have multiplicity > 2, and this violation of
writhe inequality also ensures the index inequality is strict.

If no nontrivial curves below C' that are positively asymptotic to v exist, then with the
negative puncture of C' landing at v, the negative puncture is connected to the last level w1
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at v via a chain of fixed trivial cylinders. If v is a minimum of f, then this is a contribution
t0 |T}ized pos.n—1| that was not considered in the proof of inequality. This will make the overall
inequality strict if 7 did not appear as a fixed end connected to a trivial cylinder in u!. If
v did appear (as a fixed end mandated by ay), then again for multiplicity reasons there
is either an additional lfzed pos+o0i cOntribution from s — +oo ending on v on one of the
middle levels, or [T%;, .4, 1| at 7 has multiplicity greater than or equal to two. Either case
makes the index inequality strict.

However if v is at a maximum of f, the inequality is not violated if this is a chain of
trivial cylinders connecting to a fixed end mandated by «,. If «,, assigns free ends to this
chain of cylinders, then we have extra contributions to T%;,.40s»—1 Which make the index
inequality strict (in this case oy cannot assign v as a fixed end). Finally if this is indeed
a chain of fixed trivial cylinders connecting to a fixed orbit mandated by «,,, then on the
level where C' appears no other nontrivial end may be asymptotic to v as s — —o0o, this is
because if this is true, then we consider the inequality for C’s level

R;057i+1 + p/os,iJrl S lfixed,pos,—oo,i + |Tfimed,pos,i| + kpos,i—l—l + ;)os,iJrl - Rpos,i—i—l

Both nontrivial ends at v are counted once by R;OS’Z» 41, but twice by Ifized pos,—oc0,i» Which
makes this inequality strict. This automatically imposes the partition condition (n) on this
particular negative end of C'. Further, down this chain of fixed trivial cylinders, all the way
to a,, no further lower levels may have non-trivial curves whose ends are asymptotic to v as
— —o0. This is clear for the lowest level u"~!. We already argued [ Ffized,pos,—comn—1 = U, then
all fixed ends landing on v must be fixed ends assigned by «,,, then the partition conditions
imposed by ECH index implies we cannot have both trivial and nontrivial ends at v. On
levels above the lowest level and below the level of C', this follows from the inequality

R;)os,iJrl + p/os,i+1 S lfimed,pos,—oo,i + |Tfimed,pos,i‘ + kpos,i+1 + ;;os,iJrl - Rpos,i—l—l'
If we have both a trivial cylinder and an nontrivial end asymptotic to v in the negative end,
they make an overall contribution of 1 to the left hand side, but make a overall contribution
of 2 to the right hand side by increasing lfizedpos,—ocoi and |Tfizedpos,i|, hence making this
inequality strict.

We next consider C' has a positive end ending on a critical point of f. Call this Reeb orbit
of v. If v is not a fixed Reeb orbit mandated by «a;, then this already makes a contribution
t0 fized pos+o0o,i We did not use in the index inequality, which makes the overall inequality
strict. If v indeed appears in a; and is in fact connected to a trivial cylinder, then either
this end of C' is connected upwards to v via a sequence of trivial cylinders, or there are more
nontrivial ends above C that ends on v as s — +o00, but this makes the index inequality
strict due to multiplicity reasons (a; can only require a fixed end of multiplicity 1 at ).
Hence it must be the case C' is connected to v on the top level via sequence of fixed trivial
cylinders, and no level above C' have nontrivial ends approaching v as s — 4oc0. If a curve
above C' has a negative end approaching v, we are back to the previous case and this also
makes the index inequality strict.
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The case of negative Morse-Bott tori is similar to positive Morse-Bott tori but with the
signs reversed, so we will not repeat it. We remark the proof of Negative Morse-Bott tori is
independent of the proof of positive Morse-Bott tori because when we compute [T%;,.,,| the
trivial cylinders at negative and positive Morse-Bott tori are independent of each other.

To prove (g) and (h). We already took care of the case a non-trivial curve that is
asymptotic to a Reeb orbit corresponding to a critical point of f. We next consider the case
of free ends. Let our curve be C' in some level of the cascade and consider its +oo free ends
asymptotic to positive Morse-Bott tori. We have &, ;.1 = Rposi+1, this implies each free
Reeb orbit as s — +o0 is approached by a unique positive end of C'. The ECH index also
imposes partition conditions of (1,..,1), hence this end is simply covered. Recalling u’ is
reduced, any s — —oo free end of curves above C' arrived at by following the gradient flow
is also simply covered. This proves (¢) and (h) for positive Morse-Bott tori. The result for
negative Morse-Bott tori holds by considering the negative free ends of C'. O

We would also like a way to prove that provided our transversality conditions hold (i.e.
J is good), Js-holomorphic curves of ECH index one degenerate into cascades of height one,
as opposed to cascades of greater height. To do this we need a slight strengthening of the
above index inequality where we allow fixed trivial cylinders with higher multiplicities.

Proposition 2.6.30. Let ay and a,, be ECH Morse-Bott generators, except we relaz the
condition on multiplicities of fized/free ends - they are allowed to be arbitrary. Let u’ be a
cascade of height one connecting from oy to «,,. Then we have the inequality

Ind(@) < I(uv?) —20(u’) — 1

Proof. We repeat the proof of index inequality in Proposition and observe the inequal-
ities concerning the intermediate level curves continue to hold. The issue is in allowing fixed
trivial cylinders of high multiplicities allowed by «; and «, at the top and bottom levels.
We first focus on what happens near positive Morse-Bott tori. For simplicity we fix v a Reeb
orbit corresponding to the hyperbolic orbit in a positive Morse-Bott torus and consider what
happens to ends of holomorphic curves with fixed ends at 7. As we have seen above the
problematic term comes from the inequality

/ / ! !
Rp08,2 + pos,2 S kp0572 + kpos,Q - RPOSQ + lfixed,pos,—oo,l + lfimed,pos,—f—oo,l + |Tfixed,1|7

where V), can contain fixed trivial cylinders mandated by a; that appear in V5, but does
not appear in |T};,.4,| For simplicity we consider T, yi,.q appearing at v of multiplicity N.
In order for this to make a contribution to V; ,,, instead of Rj ., we assume that u' has no
nontrivial end that are asymptotic to v as s — —oo. We recall we would like to prove an
inequality of the form

I(uf) — 1> Ind(@’) 4 26(uf)

Consider for ¢ = 2,...,n — 1, the nontrivial currents (C; j, m; ;) C u’, where we think of m,
as the multiplicity of C;; (since we are working in the nonreduced case). We assume each
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C;,; has [; ; ends asymptotic to v as s — 00, and suppose C;; has total multiplicity n; ;
asymptotic to v as s — oco. Finally let T%zeq.n—1~ denote the number of trivial cylinders at
the last level u"~! at v. We have the inequality

/
N — E Mg < T fipedn—1.4]-

i!j

Let’s consider I(C; ;), by virtue of it being nontrivial and the writhe inequality, >, I(C; ;) >
> ;j(nij +1). This is coming from the fact in order for the C;; to exist its Fredholm index
must be greater or equal to one, and at the ends of v the ECH index is treated as free ends
whereas the Fredholm index is treated as fixed ends. So in passing from u’ to @' we decreased
the ECH index by at least >, ;(m;; — 1)(n;; + 1).

We next compare the ECH index of reduced cascade with its Fredholm index, in particular
we consider the inequalities
](UZ) - Ind(ui) + R;Jos,i—&-l + plos,i-l-l - [lfz‘aced,i + |Tfixed,i| + kpos,z‘+1 + zljos,i—i-l - Rpos,i-‘rl] >0
for i = 2,..,n — 2. We have that by virtue of the writhe inequality occurring at v across
these levels, the v orbit’s contribution is that the left hand side is at least ; Mij — i bigger
than the right hand side.

Finally, on the u"~! level, we originally had the inequality

|T}ixed,n71 | Z 0

In the above inequality we have included the [T%;,.4,, ;.| term coming from the last level in
our cascade contributed by v, and the writhe bound for this level also implies this there is
also an excess of the index inequality of size ) -1 — ln—1j.

Hence we can think of proving the index inequality as follows: there is a deficit of NV
at the top level contributed purely by «, and by making the inequalities of the lower levels
strict, we can make up for it. In passing from nonreduced to reduced curve, the “excess”
of ECH index is bounded below by >, .(m;; — 1)(n;; +1). The excess of comparing ECH
index of reduced curves C; ; to their Fredholm index coming from writhe inequality is given
by >, jmi; —lij, and the excess in the index inequality of various levels due to contributions
t0 { fized pos,+00,; COMIng from ~ is precisely Zl i l; ;. And on the last level the excess is given
simply by |1};,.4,-1,| Hence the excess due to v is bounded below by

> (mig =D+ 1)+ > nij—lig+ > lij+ [ Thiean 1]
i

i3 (2]

Using the fact N — >, m;jnij < [T},000-1,]; We see the excess outweighs the deficit at
the top level, so fixed trivial cylinders at v will keep the overall index inequality intact. We
can apply the same reasoning for every 7 at positive Morse-Bott tori.

We next consider negative Morse-Bott tori. We assume ~ is Reeb orbit on a negative
Morse-Bott torus, and «a,_; assigns a fixed end of multiplicity N to . We consider the
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overall inequality and show it still holds after we factor in the contributions from other
terms. Let [T};,.4, | denote the number of free trivial cylinders located at + at the u! level.
For i = 1,..,n — 2 we consider (C;;,m;;) C u' nontrivial curves that asymptote to v as
s — —oo. We let [;; denote the number of such ends at each level and n;; denote the
multiplicity. Then the same proof as before will show the inequality continues to hold. [

In fact we have equality of ECH index to Fredholm index also enforces that the cascade
is simple.
We now take care of the case of height k£ cascades.

Proposition 2.6.31. Consider a sequence of Js, -holomorphic ECH index one curves u, of
bounded energy from oy to oy, (as nondegenerate ECH generators) converging to a cascade
u? from oy and a,, viewed as Morse-Bott ECH generators, then u’ has height one.

Proof. Suppose v is a height k cascade, then it can be written as k height 1 cascades, which
we write as v, ...,v;. We recall that between cascades v/ and vf ; their end asymptotics
are connected by either infinite or semi-infinte gradient flows. We pass each to a cascade
of currents, and to each cascade v we assign to it two generalized ECH generators at its
topmost and bottom-most level, which we write as a; and ;. For a; we assign all the ends
approaching the minimum of f as fixed, and all others are free. For o}, we consider all ends
approaching the maximum of f are fixed, and the rest are free. The exception to this rule is
oy and «;_; which we assign Morse-Bott ECH generators corresponding to the degenerating
Js-holomorphic curve. With this we can assign an ECH index to each cascade I(vf). We
can also assign a relative ECH index between the general ECH generators a; and o}, which
we write as I(a}, ;). This number is always > 0, and we illustrate it as follows. Let T be
a Morse-Bott torus, and suppose coming from «; there is multiplicity n; at the minimum of
f and ny away from minimum of f. From o/ there is n} multiplicity at the maximum of f,
and nf, away from the maximum of f. Then we have the inequalities

ny > no
and

ny < ny.

Then we say contribution to I(a}, o;) from this Morse-Bott torus is (ny —nb) = nj —ng > 0.
Then we add up this term for each Morse-Bott torus that appears in «;. Geometrically this
is the total mulitplicity of complete gradient trajectories flowing between v/ and v/_, and has
potentially nonzero contributions to the ECH index. Then the fact that the cascade came
from a ECH index one curve implies

I(v}) 4+ I(ahy, an) + ... + T(v]) =1

And by previous proposition each I(v;) > 0,with equality only if it consisted entirely of fixed
trivial cylinders. Hence there is a unique v{ with ECH index 1, the rest have ECH index
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zero, and all I(a}, ;) = 0. This means there can only be fixed trivial cylinders above and
below v! and cannot be infinite gradient flows. This is equivalent to saying the cascade of
currents is height one. O

The above gives a description of what ECH index one cascades look like from the perspec-
tive of currents, we now reverse the process, and use the above to understand all cascades
of curves of ECH index one. We need to add back in the information that was lost from
passing from curves to currents. We only care about the cascades of curves that resulted
from degeneration of a nondegenerate connected ECH index one curve. Call this curve Cj.
We observe the Fredholm index of Cy, which we denote by Fred Ind(Cj), is equal to one. We
assume as § — 0, Cs degenerates into a cascade of curves u’, and denote u’ the resulting
cascade of holomorphic currents. From the above we know u’ is a cascade of currents of
height one, however 1 could apriori be of arbitrary height, and the levels that are removed
from u’to form u? must all be branched covers of trivial cylinders occurring at critical points
of f.

The first case we need to consider is if u’ is empty, then this implies that u’ consists
purely of branched covers of trivial cylinders. To be precise u/ may contain many levels
that consists of branched covers of trivial cylinders, and levels that begin and end on critical
point of f, however it may also contain levels where the trivial cylinders (branched covered
or not) are away from critical points of f. Here we allow levels where there is only a single
unbranched cylinder away from critical points of f. We assume Cj is connected. If at level ¢
a trivial cylinder is at the critical point of f corresponding to elliptic Reeb orbit (hyperbolic
for negative Morse-Bott torus) then all levels above i the trivial cylinders that connected to
the original cylinder will be at the same Reeb orbit. Similarly if at level ¢ a trivial cylinder is
at the hyperbolic orbit (resp elliptic orbit for negative Morse-Bott torus) then all the trivial
cylinders below this level connecting to this original (potentially branched cover of) cylinder
will also be at the same Reeb orbits.

If all the levels of u are at the same Reeb orbit which is also a critical point, then u came
from a branched cover of trivial cylinder in the nondegenerate case. If this is not the case,
then remove the top most and bottom most levels until none of the trivial cylinders in u’
begin/end on critical point of f. Then as currents we don’t care where the branched points
are, so we can think of u’ as a cascade of currents with only 1 level. Then the ECH index of
u’ is equal to one, which implies u’ consists of a free trivial cylinder with multiplicity one.
Hence the same must be true of u’ and there are no top/bottom branch covers.

We now turn our attention to the case where u’ is nonempty. We shall use the fact the
Fredholm index of Cjs is one to rule out configurations of height > 1. We observe the trivial
cylinders on levels above/below u’ admit the following description:

Proposition 2.6.32.  a. Let T denote a positive Morse Bott torus contained in the top
level of u’. For curves on the top level of v, as s — +oo all free ends have mul-
tiplicity one, and avoid critical point of f. The fired end can only have multiplicity
one. Hence all branched covers of trivial cylinders above this level can only happen at
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the critical point of f corresponding to the elliptic orbit. Moreover, because Cs obeys
partition conditions, the top most level in u’ of the stack of branched trivial cylinders
has partition conditions (1,..,1).

b. Let T denote a negative Morse Bott torus contained in the top level of u?, as s — +o00.
The positive free end of the top level of u’ has multiplicity 1, so there cannot be branched
cover of trivial cylinder at the critical point of f corresponding to the hyperbolic orbit.
The fixed end at the critical point of f corresponding to the elliptic orbit can have a
stack of branched cover of trivial cylinders on top of it on height levels above u', and
again by partition conditions on Cy the top most level is hit by partition condition (n).

c. Let T denote a positive Morse Bott torus contained in the bottom level of u’. The free
end has multiplicity one, so there cannot be branched covers of trivial cylinders at the
critical point of f corresponding to the hyperbolic orbit. The fixed end at critical point
of f corresponding to elliptic end can have a stack of branched cover of trivial cylinders
below it on height levels below u', and again by partition conditions on Cs the top most
level is hit by partition condition (n).

d. Let T denote a negative Morse Bott torus contained in the bottom level of u’. As
s — —oo all free ends have multiplicity one, and avoid the critical points of f. The
fized end can only have multiplicity one. Hence all branched covers of trivial cylinders
above this level can only happen at the critical point of f corresponding to the elliptic
orbit. Moreover, because Cs obeys partition conditions, the bottom most level (in terms
of height) of the stack of branched trivial cylinders has partition conditions (1,..,1).

In light of the above, we can compute the topological Fredholm index of Cy via the
following procedure:

First consider the height level corresponding to u?, we know all trivial cylinders connect-
ing between nontrivial curves are simply covered, so all the possible branched covers that
appear on this height level are chains of trivial branched covers of cylinders that connect to
the top and bottom levels of u’. We then create two additional height levels, one above u?,
denoted by u’ and one below u’, denoted by u’, and push all branch points of trivial cylin-
ders that appear in u’ onto these 2 levels u/,u’, so that all trivial cylinders that appear in
u’ have no branch point (though they may be multiply covered), and hence are transversely
cut out. We recall we assign Ind(u’) as the dimension of moduli space of u’ lives in, viewed
as a cascade of currents

Then the Fredholm index of (s is computed as:

[nd(C(;) =
Ind(u’) +1 = x(u) — x(u)

Note by the ECH index assumption Ind(u) = 0, so it will enforce no branched cover of
trivial cylinders appear. Hence we have the proved the following proposition:
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Proposition 2.6.33. Suppose J is chosen to be good, if Cs is a sequence of connected
nontrivial ECH index one curves of bounded energy that converges to a cascade of curves,
u?, then either

e v’ is a free cylinder of multiplicity one

e u’ is the same as a height one cascade of currents of ECH index one, described above,

and all trivial cylinders that appear in levels of u? either unbranched chains of fized
trivial cylinders, or trivial cylinders over a Reeb orbit of multiplicity one.

In the latter case, u’ does not contain a sequence of fized trivial cylinders that do not connect
to any nontrivial J holomorphic curve. See Convention [2.3.8

We call cascades of curves of ECH index one of the form stated in the above theorem
good cascades of ECH index 1.

Then this is more or less a complete characterization of ECH index one cascades we should
count in the Morse-Bott case provided we can achieve enough transversality. Assuming
transversality conditions, we quote a theorem from Chapter 3 [67] to show ECH index one
cascades can be glued uniquely (up to translation) to ECH index one curves.

Theorem 2.6.34 (3.4.5 Chapter 3[67]). Assuming transversality conditions[2.5.6, any given
ECH index one cascades can be glued uniquely to ECH index one Js-holomorphic curves for
sufficiently small values of & > 0 up to translation in the symplectization direction.

The key is to note ECH index one and transversality implies all of the cascades above
are transverse and rigid, as in Definition of Chapter 3[67] and hence can be glued. The
final ingredient we need is to show that assuming J is good, the set of good ECH index one
cascades is finite. To do this we need the notion of .Jy index for cascades.

2.7 Finiteness

In order to prove the differential in Morse-Bott ECH is well defined we need to prove the
for given generators «, 8 the set of good ECH index one cascades from « to [ is finite. For
J-chosen to be good, we already know this set is a zero dimensional space, hence it suffices to
prove that it is compact. To this end we develop the analogue of Jy index in the Morse-Bott
world. We start with 1-level cascades then build upwards to n level cascades. In this section
we assume J is good throughout.

Level 1 cascades

Consider an level 1 cascade of ECH index 1 from generator a to 8. In anticipation of multiple
level ECH index 1 cascades, here we relax some (but not all) of the conditions on «a, f to
remove conditions that require certain free/fixed ends (depending on whether we are on a
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positive /negative Morse-Bott torus) to only have multiplicity 1. This corresponds to relaxing
the condition in the nondegenerate case to only allow hyperbolic orbits of multiplicity one
(see Theorem [2.6.16)). We recall the consequences of generic J:

a. For positive Morse-Bott tori, as s — 00, all free ends are disjoint and are asymptotic
to Reeb orbits in the torus with multiplicity 1. Let n’’ J7¢¢ Jenote the number of such
orbits.

b. For positive Morse-Bott tori, the fixed ends at s — oo are disjoint from the free ends.
They are hit with partition condition (1). Suppose there are N _’;OS’f “* such ends.

c. For positive Morse-Bott tori, as s — —oo all free ends are disjoint and cover the Reeb
orbits in the torus with multiplicity 1. Let n?°*/"* denote the number of such orbits.

d. For positive Morse-Bott tori, as s — —o0, all fixed ends have partition conditions (n).

Suppose there are NP**™ guch ends, each with multiplicity n® O‘;f m

e. For negative Morse-Bott tori, as s — oo, all free ends are disjoint and cover the Reeb
orbits in the torus with multiplicity 1. Let n’” e Jenote the number of such orbits.

f. For negative Morse-Bott tori, the fixed ends at s — oo are disjoint from the free ends.
They are hit with partition conditions (n). Suppose there are N7*/* such ends with
g fi
multiplicity n/;""*
g. For negative Morse-Bott tori, as s — —oo all free ends are disjoint and cover the Reeb
orbits in the torus with multiplicity 1. Let N™*/"* denote the number of such orbits.

h. For negative Morse-Bott tori, as s — —oo there is only 1 fixed end for each Morse-Bott
tori, and has partition conditions (1). Let there be N™/* such ends total

Definition 2.7.1. For a level 1 good ECH index 1 cascade C' connecting generator o to [3,
we define:

Jo(Cra, B) = —=¢-(C) + Q-(C,C) = D>_ (5" = 1)) = D> _(n97 —1)]  (2.25)
j j
We observe that Jo(C,«, 5) can be computed from the knowledge of «, 5 and the relative
homology class of C' alone. We also remark that the Jy index can be similarly be defined
for nontrivial curves of higher ECH index, as long as they satisfy the long list of partition
conditions we listed above, and the same genus bounds below holds. We shall have need for
this fact for the proof of finiteness below.
Then we have the following genus bound:

Proposition 2.7.2. Let g denote the genus of a holomorphic curve C'. Then we have the

upper bound
—x(C) < J(C,a, B). (2.26)



CHAPTER 2. COMPUTING ECH IN MORSE-BOTT SETTINGS 52

Proof. We recall the adjunction formula in our case says
- (C) =x(C) 4+ Q- (C) + w.(C) —25(C)

plugging this into Jy yields

Jo(C.01,8) = =x(C) = 0,(C) = [ (") = 1] =[S o7 1] 4 20(C)

hence it suffices to prove

—w = [~ 1] = [T 1] 20

We break this into cases. If C' is a trivial cylinder, then this is trivial. If C' has a nontrivial
component along with fixed trivial cylinders, we only consider the nontrivial component, also
denoted by C. All of the computations below follow from the computations of the writhe
bound:

e At a positive Morse-Bott torus

— 5§ — 00, free end. —w, > 0 because the multiplicity is one.
— 5 — 00, fixed end —w, > 0 because multiplicity is one.

— § = —00, free end. w, > 0 by multiplicity.
pos, fix 1

— § — —o0, for given fixed end j, the writhe at this end satisfies w, > n
e At a negative Morse-Bott torus

— § — o0, free end. —w, > 0 due to multiplicity constraints.
— s — 00, for a single fixed end 7, the writhe satisfies —w, > nfg’ﬁx —1.
— 5§ = —00, free end. w, > 0 due to multiplicity constraints.

— § = —00, fixed end. w, > 0 by multiplicity.

combining all of the above we conclude our inequality.

Multiple level cascades

We now explain how to generalize the definition of Jy(C,«, ) to good ECH index one
cascades of arbitrary number of levels. Consider a n level cascade u’ = {u!,..,u"} of ECH
index one with input o and output 3. Recall we have so called fixed chains of trivial cylinders,
i.e. chain of trivial cylinders that all begin/end on a fixed end orbit of either « or § until this
chain of trivial cylinders meet an nontrivial holomorphic curve in one of the intermediate
levels (which has an fixed end at said Reeb orbit). We remove all of these kinds of trivial
cylinders, then the number Jy is defined for each of the intermediate cascade levels, which
we denote by Jo(u'), then we define the Jy of the entire cascade as
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Definition 2.7.3. ‘
Jo(u') =) Jo(u') (2.27)

We observe this definition also only dependents on the relative homology class and «, 5.
Recall the Euler characterisitc of the cascade x(u’) is the Euler characterstic of the surface
obtained if we glued a cylinder between each matching end of u’ and u‘*!, clearly then
the Euler characteristic of the cascade is the sum of the Euler characteristic of each of its
components. Applying the proposition for level one cascades we get

Proposition 2.7.4.
—x(u') < Jo(u’).

Finiteness

We finally prove

Theorem 2.7.5. Given generators «, 3, the moduli space of good ECH index 1 cascades
from a to B is compact.

Proof. Let {u’,} be a sequence of good ECH index one cascades from « to 3. Each u’,
is a cascade of the form {u"},. We show {u’ } has a convergent subsequence. From the
Morse-Bott assumption there is an upper bound to how many cascade levels there are, so
we pass to a subsequence where they all have N levels. For each n = 1,.., N, we apply the
compactness for holomorphic current from [31] to each of u]"'. To see this, note for fixed n,
the energy constraint of {u? } and Morse-Bott condition implies there are only finitely many
possible choices for the positive and negative asymptotics of "', so we pick a subsequence
(also denoted by u”") where the positive and negative asymptotics of u]" is independent of
m. Here, by positive and negative asymptotics of u]"* we simply mean the Morse-Bott tori T
that u" are asymptotic to at its positive/negative ends, and the total multiplicity of Reeb
orbits at each such Morse-Bott tori.

Then using the Gromov compactness for currents (see |31]) applied to {u!"} we conclude
we can refine a further subsequence of {u"} (for all n = 1,.., N) with the same relative
homology class (our notion of relative homology class here is in Ha(—, —,Y))). Now for each
u™ simply the knowledge of its asymptotics (which we can read off directly: by virtue of
being part of ECH index one cascade all the ends that avoid the critical points of f are free,
and those at critical points of f is fixed) and its relative homology class provides an upper
bound on its Jy index. This upper bound on Jy then provides a bound the genus of each
ur.n=1 .. N.

With the genus bound we can apply SF'T compactness: for fixed n, we observe w" cannot
break into a building, for that would yield (if we view u/, as cascade of currents) an ECH index
1 cascade of currents with T; = 0, which does not exist by genericity conditions. Similarly
ruled out by genericity conditions are overlapping free ends and free ends migrating to fixed

ends. The u] also cannot converge to a multiple cover of nontrivial curve, for that would
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yield an ECH cascade of current of index 1 with multiple covers of nontrivial curve, which
is ruled out by genericity. Hence we conclude that {u? } has a subsequence that converges
to a ECH index 1 cascade, and hence we have compactness. O]

2.8 Computing ECH in the Morse-Bott setting using
cascades

We now define the Morse-Bott ECH chain complex (over Zy). We write the chain complex
as
CME(NT) == P Za(6).
9;

Here ©; = {(7;,%+,m;)} denotes a collections of Morse-Bott ECH generators. Suppose we
can choose our J to be good, the differential, which we write as 0y;p is defined as

Zo count of J-holomorphic cascades C of ECH index [ =1,
(Omp©1,029) := ¢ so that as s — +o00, C approaches ©; and as s — —o0, (2.28)
C approaches O,.

We clarify that in the above definition the cascade C must be decomposable into Cy U Cy,
where Cy is a (potentially empty) collection of fixed trivial cylinders with multiplicity, and
C; is a good ECH index one cascade. We note if (T, n) is an element of Cy, if it is positively
asymptotic to Morse-Bott ECH generator (7 ,n, ), it is also negatively asymptotic to the
Morse-Bott ECH generator (7,n,+) (thus far we only considered nontrivial cascades when
we talked about their asymptotics).

We note by Theorem the operator Oy p is well defined.

Theorem 2.8.1. Assuming J is good, the chain complex (CMB 0yp) computes ECH(Y,€).

Before we prove this theorem we choose a generic family of almost complex structures
Js.

Recall that the traditional definition of ECH requires choosing a generic J from a residual
subset of almost complex structures. For fixed 6 > 0, we say Js is ECH adapted if it is an
almost complex structure with which the ECH chain complex is well defined.

Definition 2.8.2. Consider § € (0,do], we say a path of almost complex structures Js, each
compatible with As for any 6 € (0, 0], is generic if for any collection of Reeb orbits «, 3, the
moduli space

M(a, 5,6) == {(u,5)|5J5u = 0, usomewhere injective, lim v — «, lim u — 6} (2.29)

S—+00 S§——00

15 cut out transversely.
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Theorem 2.8.3. There is a small enough dy > 0 so that there is a generic path of almost
complex structures Js, 0 € (0,80 so that:

o Js, 1s ECH adapted.

e lims .o Js = J, where J is a generic almost complex structure we have chosen above to
count ECH index one cascades.

o |J—Js| <C6 in C* norm, k > 100, and Js take the prescribed form near small fived
neighborhood of Morse-Bott torus described in Section [2.4).

e For a residual subset S C (0,00, for all § € S, Js is ECH adapted.

Proof. This is standard application of Sard-Smale theorem. n

Proof of theorem [2.8.1. We observe for fixed L > 0, there are only finitely many ECH index
1 cascades of energy < L. We fix §p small enough so that for all 6 € (0, dy] the cascades can
be glued (uniquely in our sense specified) to ECH index 1 curves.

We assume 0y is such that Js, is ECH adapted. We recall we have chosen a generic family
Js, 0 € [0, o] so that the space:

{(u, J5) | § € (0,d¢] u Js holomorphic, somewhere injective ECH index 1}

modulo translation is a 1-manifold (not necessarily compact). A SFT compactness theorem
(167, 5, 6]) tells us the 6 = 0 ends of this manifold are precisely the good ECH index one
cascades.

We recall there is a residual set A C (0, d] so that for all § € A, Js is ECH adapted and
the ECH homology can be computed by counting ECH index one Js holomorphic curves for
de A

We make the following observation: if us and vs are Js-holomorphic curves of ECH index
one that converge to the same cascade as 6 — 0, by the gluing theorem, for small enough ¢
us and vs are in fact the same curve up to R translation.

Then we claim we can find small enough &' € A so that the corbordism from ¢§ =
0 to ¢’ built by {(u, Js)|é € (0,0’] uJs holomoprhic, somewhere injective ECH index 1} is
the trivial cobordism. Suppose not, then for arbitrarily small § we can find us a ECH
index one somewhere injective curve that does not come from gluing, take 6 — 0 and
after taking a subsequence, us degenerates into a good ECH index one cascade, but by our
observation must have come from a curve obtained by gluing together an ECH index one
cascade, contradiction. O

2.9 ECH index one curves of genus zero

We showed in the previous section that when there is enough transversality for cascades,
the cascades of ECH index one take a particularly nice form. However this is not always
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achievable, except in special circumstances. In this section and the next we outline some
special circumstances in which transversality can always be achieved. Here we consider the
case where all ECH index one curves in the perturbed picture must have genus zero. This
is the case for T and some toric domains.

We shall use a slightly different description of cascades that do not allow for the presence
of trivial cylinders. We will call this description “tree-like” cascades and will be described
below. The reason we can use this description is that if the curve has genus zero, we can do
the gluing without requiring that between each adjacent cascade levels there is a single flow
time parameter; instead we can assign a different flow time between each pair of adjacent
nontrivial curves.

We use the following convention to represent our holomorphic curves. We use a vertex
to represent a J holomorphic curve of genus zero, and use directed edges to denote the
positive and negative punctures of the curve. Edges directed away from the J-holomorphic
curve correspond to positive punctures, and edges directed towards the vertex correspond
to negative punctures. The figure below illustrates how we go from J-holomorphic curve to
vertex with directed edges.

positive punctures

N

negative punctures

Figure 2.2: Passing from genus zero curve to vertex with edges

Then a height one cascade with tree-like compactifications from Morse-Bott ECH gener-
ator consists of the following data:

a. A collection of vertices {vy, .., v,} each equipped with the data of inward and outward
pointing edges. Each vertex has at least one outgoing edge. Each edge is also equipped
with the information of which Reeb orbit it lands on.

b. Given two vertices v; and vj, if we can find a Morse-Bott torus 7 so that a positive
puncture of v; lands on v, and if we follow the gradient flow for time 7;; € [0, 00)
along v we arrive at a negative puncture of v; landing on the corresponding orbit, then
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we say it is possible to connect v; and v; via the given pair of edges. The data of a
height one cascade in this compactification consists of choices of connections between
the vertices of {vy,..,v,}, so that after we connect the edges, we obtain a connected
tree. See figure below for an example. We call these connections internal connections.

c. The positive punctures of {vy,..,v,} that are not assigned internal connections are
assigned free/fixed as per required by ECH generator a;, and likewise for negative
punctures and «,,.

Figure 2.3: Cascade with tree like compactification. The green arrow denote finite gradient
flow lines.

For genus zero Js-holomorphic curves degenerating into a cascade with our previous
compactification, we can easily pass to a tree like compactification by removing all the
trivial cylinders.

Given a cascade of height one with tree like compactification, which we write as u/ =
{v1,..,u,}. We can compute its ECH index as follows: we treat all edges participating in

internal connections as free, then the ECH index is simply given by
I(W') = I(v) + oo + 1(vy) = + 1.

In order to talk about Fredholm index we also need to pass to the reduced cascade
consisting of curves {v1,..,U,}. If in our tree like compactification all free ends assigned by
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a1 and «, as well as all internal connections avoided critical points of f, then the reduced
cascade lives in a transversely cut out moduli space of dimension

> Ind(v;) - 1

since being tree like removes the condition of needing to have the same flow time between
adjacent cascade levels.

Hence to achieve the necessary transversality conditions to count ECH index one cascades,
we choose a generic J so that

a. For any punctured sphere that is the domain of a J-holomorphic curve, we endow it
with an assignment of incoming and outgoing punctures, and for each end we assign a
free/fixed end; and if an end is assigned fixed it must land on a Reeb orbit corresponding
to a critical point of f under the J-holomorphic map; and if an end is free it must
avoid critical points of f. Then all moduli spaces of somewhere injective J holomorphic
curves with the above information are transversely cut out with dimension given by
the index formula.

b. For any two curves v; and vs satisfying the above condition and both rigid, if their
free ends land on the same Morse-Bott torus from opposite sides (one as a positive
puncture the other as a negative puncture), then they do not land on the same Reeb
orbit in the Morse-Bott family (we only care about where they land on the Morse-Bott
torus and ignore information of multiplicity, i.e. even if they cover the same Reeb orbit
of different multiplicity on their free ends, this is prohibited).

The above conditions are easily achieved by choosing a generic J by classical transversality
methods. We next consider cascades of height one. We observe we have the inequality (if
we treat all internal connections as free for both ECH index and Fredholm index)

I(w')—=n > Ind(d)—1>0

since each v;, by virtue of it existing and transversality conditions, must have Fredholm index
> 0. ECH index one implies Ind(vd;) = 1, hence all these curves are rigid, and embedded.
By the above genericity of J all flow times are nonzero, and the cascade itself is already
reduced. All free ends and ends coming from internal connections avoid critical points of
f. Also observe that by partition conditions derived previous sections that between internal
connections, the participating edges can only over Reeb orbits with multiplicity one.

Then suppose a sequence of genus zero ECH index one Js holomorphic curves from ay
to «,, degenerates into a cascade with tree like compactification for arbitrary height. This
just means we allow internal connections adjoint to each other with semi-infinite or infinite
gradient trajectories. Then for each internal connection whose flow time is infinite, we
separate them into two different cascades. Then we get a collection of height one cascades
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each of which is tree like. We write them as u, ..., u%. Then we can assign generalized ECH

generators to ends of uf as before, and the ECH index one condition imposes
I(u}) + I(ub) + - - + I(u}) + relative difference between ECH generators = 1

By relative difference between ECH generators we mean the same construction as proposition
2.6.31. We have for all height one cascades that

I(u}) — 1> Ind(d’) >0

Hence there is either a unique cascade uf of index zero, or the entire cascade is just one
gradient flow line. By considerations of topological Fredholm index we also rule out addi-
tional branched cover of trivial cylinders at the top/bottom level of the cascade with tree-
like compactifications. Hence using the above description we have the following proposition.

Proposition 2.9.1. In the nondegenerate case, ECH index one curves of genus zero degen-
erate into ECH index one tree like cascades that are reduced and transversely cut out.

We call the type of cascades of the above proposition “good ECH index one tree like cas-
cades”, because we eliminated branched covers of trivial cylinders via topological Fredholm
index.

As in the previous section we choose J;s to be a generic family of almost complex structures
satisfying the same conditions as Theorem [2.8.3]

We then quote a gluing theorem from Chapter 3 [67].

Theorem 2.9.2. Let v’ be a good ECH index one cascade of genus zero as per above, then
for small enough § > 0 there exists a unique (up to translation) Js-holomorphic curve in an
€ neighborhood of this cascade.

Proof. The main difference is that because the whole curve is genus zero, we no longer need
to make sure the pregluing is well defined by restricting our choice of asymptotic vectors to
A, as in proposition 8.28 in [67]. O

We define a chain complex as before. We We write the chain complex as

CMB tree )\ J @22

We use the superscript “tree” to denote the fact we are counting tree like cascades. As before
©; = {(7;, £, m;)} denotes a collections of Morse-Bott ECH generators. After we choose a

generic J, all good tree like cascades are transversely cut out. Then we define the differential
olree to be

Zo count of tree like J-holomorphic cascades C of ECH index I =1,
(0V£01,0,) := { so that as s — +00, C approaches ©; and as s — —o0,

C approaches O,.
(2.30)
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As before, we clarify in the cascade C must be decomposable into Cy U C;, where Cy is a
(potentially empty) collection of fixed trivial cylinders with multiplicity, and C; is a good
ECH index one tree like cascade.

Theorem 2.9.3. Suppose J is chosen to be generic so that all ECH index one good tree like
cascades are transversely cut out, and we can choose a generic family of perturbations to
J, which we write as Js that meets the conditions of Theorem [2.8.5. We further for small
enough 6 > 0, all Js-holomorphic curves of ECH index one are genus zero. Then the chain
complex (CMBitree glreey computes ECH (Y, ).

Proof of Theorem[2.9.5 The same proof as in Theorem works. O

2.10 Applications to concave toric domains

As an application of our methods we show that for concave toric domains, ECH can be
computed via enumeration of ECH index one cascades. By what we proved above, it suffices
to show all ECH index one holomorphic curves after the Morse-Bott perturbation have genus
Z€ero.

We recall the definition of a concave toric domain. Consider C? equipped with the
standard symplectic product symplectic form. Consider the diagonal S* action on C?, and
the associated moment map p : C* — R? given by

(21, 22) = (7T|Zl|2>7T|Z2|2)-
Let Q C R? be a domain in the first quadrant of R?, we define the domain Xq to be

Xq = {(21,22)|,u(21, 22) € Q}

Suppose €2 is a domain bounded by the horizontal segment from (0,0) to (a,0), the
vertical segment from (0,0) to (0,b) and the graph of a convex function f : [0, a] — [0, 0] so
that f(0) = b and f(a) = 0. We further assume f is smooth, f'(0) and f’(a) are irrational,
f'(z) is constant near 0 and a, and f”(z) > 0 whenever f’(z) is rational, then we say X is
a concave toric domain. Note our definition is slightly more restrictive than that of [10],
because we are not interested in capacities; we need the boundary of Xq to be well behaved
enough to define ECH.

For a concave toric domain Xgq, its boundary 0Xg is a contact 3-manifold diffeomorphic
to S%. We now describe the Reeb orbits that appear in 9X,. We also note their Conley
Zehnder indices, having chosen the same trivializations as in [10].

a. 11 = {(z1,0) € 0Xq}. The orbit v is elliptic with rotation angle —1/f’(a), hence
CZ(7y) =2|=k/f'(a)] +1

b. 72 = {(0,20) € 0Xq}. The orbit v, has rotation angle —f/(0), hence CZ(v§) =
2| —kf'(0)] + 1.
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c. Let z € (0,a) be such that f'(x) is rational. Then the torus described by
{(21, 22)|1(21, 22) = (x, f(x))} is a (negative) Morse-Bott torus. Each Reeb orbit has
Robbin-Salamon index —1/2.

We say a bit more about the Reeb dynamics for the third case. Consider the point
(x, f(x)) so that f'(x) is rational. We set f'(x) = tan(¢),¢ € (—m/2,0). Then the Reeb
vector field is given by (see [50])

2m
R = - — sin @0y, + cos(¢)0y, ).
—zsin(¢) + f(x) cos(gb)( 900, (6)0%)

For large action L > 0, we perturb each Morse-Bott torus to a pair of orbits, one elliptic,
the other hyperbolic. Then an ECH generator a = {«;, m;} is a collection of nondegenerate
Reeb orbits with multiplicities. We associate to each ECH generator a combinatorial
generator.

Definition 2.10.1. (see [10]) A combinatorial generator is a quadruple A = (A, p,m,n)
where

a. A is a concave integral path from (0, B) to (A,0) such that the slope of each edge is in
the interval [f'(0), f'(a)].

b. p is a labeling of each edge of A by e or h.
c. m and n are nonnegative integers.
Let A,,,, denote the concatenation of the following sequence of paths:

a. The highest polygonal path with vertices at lattice points from (0, B+n+ |—mf'(0)])
to (m, B 4+ n) which is below the line through (m, B + n) with slope f’(0).

b. The image of A under the translation (z,y) — (z +m,y + n).

c. The highest polygonal path with vertices at lattice points from (A+m,n) to (A+m+
|—n/f'(a)],0) which is below the line through (A 4 m,n) with slope f’(a).

Let £(A, ) denote the number of lattice points bounded by the axes and A,,, ,, not including
the lattice points on the image of A under the translation (z,y) — (z + m,y + n). We then
define

I (Apn) = 2L(Anp) + R(A)

where h(A) is the number of edges in A labelled by h. To each ECH generator o = {(cv;, m;) }
we associate a combinatorial ECH generator (A,m,n) as follows. The number m is the
multiplicity of v as it appears in «, and the integer n is the multiplicity of v; as it appears
in a. For other (nondegenerate) Reeb orbits of «, they all come from small perturbations of
Morse-Bott tori. If v € « is a Reeb orbit that comes from breaking the degeneracy of a Morse-
Bott torus at (z, f(x)), then let v; be the smallest positive integer so that vy = f/'(z)v; € Z.
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Let v denote the vector v = (vy,vy). The path is obtained by taking each Reeb orbit « in
a that come from Morse-Bott tori, associating to it the vector that is v multiplied by the
multiplicity of v as it appears in «, and concatenating these vectors in order of increasing
slope. The labelling p is obtained by labelling the vector associated to v the letter h if v is
hyperbolic, and e if v is elliptic.

Proposition 2.10.2. (/10]) If C is a current from « to (3, its ECH index is given by
Icomb<&) _ Icomb(ﬁ)‘

For future usage, we also record how the Chern class is computed (see [10]). Let a denote
a ECH generator, we associate to it the combinatorial generator (A, p,m,n), then we take

(o) =A+B+m+n.

Then if we have a J-holomorphic curves from ECH generator o to 3, then its relative first
Chern class is calculated by ¢, (a) — ¢, (8).

We need a version of the local energy inequality, which we take up presently. Versions
of this inequality have appeared in [38] 68, |14, 9]. Consider the boundary of € with its
intersections with the two coordinate axes removed, then its preimage under the moment
map is an interval times a two torus. We write the two torus as (z1,z2) € S} x S5, where
the first S} is the S coming from rotation in the first complex plane C, and the second S*
comes from the second copy of C. We use Z @ Z to denote the lattice of first homology with
Z coefficients. Consider a Morse-Bott torus at (z, f(x)) with f'(x) = vy/v; as before, then
the homology class of the Reeb orbit is given by the pair (—wvy,v;) € Z? (this is true before
or after the Morse-Bott perturbation).

Consider Fi;, ], by which we denote the preimage of the graph {(z, f(z))|x € [xo, 2]}
under the moment map. We similarly consider F,, which is the preimage of (z, f(x)) under
the moment map. Let C' be a somewhere injective J holomorphic curve, we consider C'N F,,
(we choose x generically so this intersection is transverse). We orient this intersection using
the boundary orientation of C' N Fj,,_c 4. Its homology class in Z* we write as [F;].

Proposition 2.10.3. Let (p,q) € Z* denote the homology of C' N Fy,, then we have the
inequality

p+f(x)g = 0.
We further observe equality holds only if C' is a trivial cylinder.

Proof. We consider C'N Fl, 4,], and observe with our conventions 0(C'N Fiz, 4,)) = CNF,, —
C N F,,. We next consider

/ d\ = / A — / A
CNFlay o) CNFa, CNFa

= / r1d01 + r2d92 — / r1d91 + 7"2d92
CNFzy

CNFay

= (x1 — 2z0)p + (f(z1) — f(x0))g > 0.
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By taking the limit xqg — x1, we conclude the proof. O]

Suppose the J-holomorphic C' current connects from a, to a_ and has ECH index
one. Suppose C' does not contain trivial cylinder components, hence it is embedded. Let
a4 contain vy; with multiplicity n,, the orbit ~» with multiplicity m,, and contains e
distinct elliptic orbits and hy hyperbolic orbits. Suppose further C' has k. ends at o,
with multiplicities m?,, and C has k;} ends at 4, with multiplicities n’, Likewise we use
m_,n_,e_,h_ and k_,,m' 'k~ .n' to denote the respective quantities in a_, except here e_

denotes the number of elliptic Reeb orbits counted with multiplicity. Then the key is the
following proposition (similar proofs have appeared in [14, 38| |9])

Proposition 2.10.4. For the case of concave toric domains, after a small perturbation away
from the Morse-Bott degeneracies, all ECH index one curves have genus zero.

Proof. Step 1 We know that the integers m’. and n’_ satisfy partition conditions because
C has ECH index one. Recall that for an elliptic Reeb orbit of rotational angle 6, suppose
C' is asymptotic to this Reeb orbit at its positive ends with multiplicity m. Consider the
line y = #x on the x — y plane, then draw the maximal concave polygonal path connecting
lattice points beneath y = #x. This polygonal path P starts at the origin and connects to
(m, |[mf]). The horizontal displacements of the edges in this path we will write as (m;) and
take the convention that if ¢ < j, then m, is the segment before m; if we count starting from
the origin. This gives an integer partition of m, which is the partition conditions for positive
ends of C' that are asymptotic to this Reeb orbit.

We observe that ) .|m;0| = [#m]. To see this, first it follows from the properties of the

floor function that

> [mid] < [mb)].
For the converse inequality, consider the polygonal path P with vertices at (3¢ m;, | S2F m,8]).
It suffices to show

2 E—1
| > [> mib] — > mib)].
This follows from the fact that

6> [P mif] — |32 mid)

M

which is a consequence of the fact that P is maximally concave.

We next recall the partition conditions for negative ends of C' asymptotic to the Reeb
orbit with rotation angle 6. Consider the line y = 6z, and the minimal convex path above
y = Oz that connects between (0,0) and (m, [m@] through lattice points. The horizontal
displacements of the edges of of this path are labelled (in order) m;, and form the partition
conditions for ends of C'. Using a very similar proof as before, we can show

> [mid] = [mf].
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Then we can compute the Fredholm index of C' as

Ind(C) =29 —2+ (ex + hy + k. + k) + (e +h_+k, +k,)
+2(Ay+By+my+ny —A_ —B_—m_—n_)
—e; e
+ (K + kb +k, + k)

+Y 2l /@) D0 2L )] = D 2-n @) = 2 f(O)]

Step 2 To analyze the above equation further, we first note that

Ayt 43 leml O] — A —n =S [—mt f(0)] 20 2.31)

=1 i=1

This is accomplished by considering the interior intersections of C' with v, x R. All
such intersection points are positive, by positivity of intersections. The count of interior
intersections is given by (see [32])

l+(0, ’72) -1 (07 72)

where [, denotes the linking number of positive ends of C' with 75, and [_ is the linking
of negative ends of C' with 5. We note the linking numbers in a concave toric domain are
calculated as follows ([10]):

lk(/yl),}/Q) == ]-7 lk(/yl) OU) = —Vg, lk(727 Ov) = V1, lk(Ov, O’w) == min{_vlw2; _UQMI}-

Here we use o0, to denote nondegenerate orbits that come from perturbing a Morse-Bott
torus at (x, f(x)), with f'(z) = ve/v;.

+ )

From this we see that lky = Ay, +ny + S0 [—mi f(0)], and k. = A +n_ +
S [—m £/(0)]. The Ay terms come from ends of C' asymptotic to o,, the ni term comes
from ends of C' asymptotic to v;, and the floor and ceiling terms come from ends of C
asymptotic to v2 and the fact that C' has ECH index one. From the partition conditions we

+ .
see that S5 |—m, f'(0)] = [=m4 f'(0)]. Likewise we can show

Bitmy + Y 2l-nl/f @) - B —mo =3 2l-n /(@) 20

Hence we conclude from the Fredholm index formula that if C' has ends at v, or _, then it
must have genus 0.

Step 3 Next we consider the case where C has no ends at v, or y7_. We assume C' has
genus one. Then A, = A_, B, = B_ from Fredholm index considerations. Let AL denote
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the polygonal paths associated to generators a. We first show A, lies outside A_. By the
above we already know they agree at end points.

As a preamble, we consider the homology classes F, N C. First for x very close to zero,
say equal to € > 0, let [F.] = (p,q). Then we have p + f’(0)g > 0. Similarly consider
[Fi_] = (—p,—q). We have —p — f’(a)g > 0. Adding these inequalities to get (f'(0) —
f'(a))g > 0 from which we deduce ¢ < 0. Then we have —f'(a)g > p > —f'(0)q, which
implies p = ¢ = 0. Incidentally this implies a kind of maximal principle for holomorphic
curves. Note p + f'(z)g = 0 only if the curve is a branched cover of a trivial cylinder. This
implies for our curves they are confined to have x € (0, 1).

Next we compute [F,] for any z irrational and € > 0 sufficiently small. We have

[F,] — [F] + homology class of Reeb orbits in [¢, z] approached by positive ends of C
— homology class of Reeb orbits in [e, z] approached by negative ends of C' = 0.

Next we consider the no crossing of polygonal paths.

Suppose the no crossing result does not hold, since we know Ay have the same beginning
and end points, there must exists two intersection points which we call (a,b) and (¢, d), with
a < c¢. Then on the interval (a,c) the path A_ is strictly above Ay except at end points
where they overlap. Form the line connecting (a,c) and (b, d), we can find zy € (a,c) such
that f'(xg) = g. We compute [F,,_] and apply the local energy inequality to it. We use
xo — € to avoid the case where g is the x coordinate of lattice points in Ay, practically this
will not make a difference.

Let the lattice point (p,q) have the following property: it is a vertex on A, , the edge
to the left of this lattice point has slope less than f'(x), and the edge to the right of this
vertex has slope greater than equal to f’(z). Then the contribution to [F,,_ ] from A, is
simply (—(B —¢q), —p). We also consider the contribution of F,,_. from A_, which takes the
form (B —¢',p’). The lattice point (p,¢") on A_ is chosen the same way as (p, ¢). If no such
vertex exists, then A_ must overlap with the line segment connecting (a, b) and (¢, d). Then
the point (p/,¢’) is still the lattice point on A_ which corresponds to the left most end point
of where A_ overlaps with the line connecting (a,b) to (¢, d). In either case the local energy
inequality says that i

/ /
(@=¢)+ — ' -p)=20
We first assume (p/, ¢’) is not on the line connecting (a,b) and (¢, d), then this means that the
point (p, q) is further away from the line connecting (a, b) to (¢, d) than (p', ¢'). Geometrically
this is described by

(b—d)(p—p)+(c—a)qg—q)<0.

which is impossible. Now assume (p’, ¢') is on the line connecting (a, b) to (¢, d), then since
we have chosen [F,, .|, we must have p’ < p. The energy inequality implies

—q¢ d—b
9—4q
p—p c—a




CHAPTER 2. COMPUTING ECH IN MORSE-BOTT SETTINGS 66

contradicting the geometric picture.

Step 4. After we proved no-crossing in the previous step, we show there cannot be a
genus one curve satisfying the assumptions of the previous step. The Fredholm index formula
tells us that (recall we are assuming g = 1)

1:h++h7+2€,

which means e_. = 0 and at most one of Ay and h_ is one. If hy = 1, and h_ = 0, then
a_ = (). By inspection C' cannot have ECH index one.

On the other hand, if h;, =1 and h_ =1, then A_ consists of a single line segment. A
has the same end points as A_ and is concave, hence must also agree with A_ as polygonal
paths. One checks easily that in this case the ECH index cannot be one.

This concludes the proof that all ECH index one curves have genus zero. O]

After we have proved all ECH index one curves have genus zero, we can then use the
tree like compatification to describe the moduli space of cascades. However there is the
complication that there are two nondegenerate orbits, 7, and y_. So in the tree like com-
pactification, we allow the ends of J-holomorphic curves to land on nondegenerate orbits.
Furthermore, connecting between two nontrivial curves, instead of a gradient trajectory, it
could be that adjacent ends of J-holomorphic curves land on the same non-degenerate orbits
and no gradient trajectories connect between them. See figure [2.4]

Figure 2.4: Cascade with tree like compactification for concave toric domains. The uncon-
nected ends of holomorphic curves can land on either Morse-Bott tori or nondegenerate Reeb
orbits. The green arrow denotes a finite gradient flow line connecting between two adjacent
ends that land on Morse-Bott tori. The dashed line is used to indicate the adjacent ends
land on non-degenerate Reeb orbits, and there is no need for gradient trajectories to connect
between them.

Given such a cascade of ECH index one, we can cut it into subtrees along each matching
pair of nondegenerate orbits, see figure [2.5

The ECH index is additive with respect to concatenation of sub-trees. So the ECH index
one conditions implies there are no matching along nondegenerate orbits, and we can use
the correspondence theorem [2.9.3] as before.



CHAPTER 2. COMPUTING ECH IN MORSE-BOTT SETTINGS 67

Figure 2.5: We cut along the red dashed lines to sub trees of cascades. For this figure each
subtree is circled by dashed blue lines. The ECH index is additive along concatenation of
such sub trees.

2.11 Convex Toric Domains

In this section we show we can compute the ECH chain complex of convex toric domains
via enumeration of J-holomorphic cascades. As there are many similarities with the case of
concave toric domains, we will be brief in its treatment.

Suppose €2 is a domain bounded by the horizontal segment from (0,0) to (a,0), the
vertical segment from (0,0) to (0,b) and the graph of a concave function f : [0, a] — [0,b] so
that f(0) = b and f(a) = 0. We further assume f is smooth, f'(0) and f’(a) are irrational,
f'(z) is constant near 0 and a, and f”(z) < 0 whenever f’(z) is rational, then we say X is
a convex toric domain.

As in the case of a concave toric domain, the boundary of Xq, written as 0Xgq, is a
contact 3-manifold diffeomorphic to S3. We now describe the Reeb orbits that appear in
0Xq. We also note their Conley Zehnder indices, having chosen the same trivializations as
in [30]

a. 11 = {(z1,0) € 0Xq}. The orbit v is elliptic with rotation angle —1/f’(a), hence
CZ(v) =2[-k/f'(a)] +1

b. v = {(0,20) € 0Xq}. The orbit v, has rotation angle —f/(0), hence CZ(v5) =
2|—kf'(0)] + 1.

c. Let x € (0,a) be such that f’(z) is rational. Then the torus described by
{(21, 22)|1(21, 22) = (w, f(x))} is a (positive) Morse-Bott torus. Each Reeb orbit has
Robbin-Salamon index +1/2.

Definition 2.11.1. A combinatorial generator is a quadruple A= (A, p,m,n) where

a. A is a convez integral path from (0, B) to (A,0) such that the slope of each edge is in
the interval [f'(0), f'(a)].
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b. p is a labeling of each edge of A by e or h.
c. m and n are nonnegative integers.
Let A,,,, denote the concatenation of the following sequence of paths:

a. The highest polygonal path with vertices at lattice points from (0, B+n+ |—mf’(0)])
to (m, B 4+ n) which is below the line through (m, B + n) with slope f'(0).

b. The image of A under the translation (z,y) — (z +m,y + n).

c. The highest polygonal path with vertices at lattice points from (A+m,n) to (A+m+
|—n/f'(a)],0) which is below the line through (A 4 m,n) with slope f’(a).

Let £(A, ) denote the number of lattice points bounded by the axes and A, ,,, including
the lattice points on the edges of A,,,,. We then define

[Comb(Am,n) =2(L(Amn) — 1) — h(A)
And the Chern class of A,,, is given by

cr(MApn) = A+ B+ m+n.

Theorem 2.11.2. The ECH index of a holomorphic curve between two ECH generators is
the difference of the I¢°™ we associate to their corresponding combinatorial ECH generators.

Proof. The proof is a generalization of the computation in [30, [10]. We briefly summarize
this below. Let « denote a ECH orbit set. We consider I(«, ), Z) where Z is the unique
relative homology class that is represented by discs with boundary «. Let m,n denote
the multiplicity of 75,7, respectively in «, and let A be the resulting convex integral path
defined by associating Reeb orbit sets to integral paths as in [30]. Then it suffices to show
I(a,0,Z) = I°"(A,,.,,). The computation is the same as the one in [30], except the Conley-
Zehnder index terms arising from ~; and 5 may not just be 1 due to the fact their rotation
angles 6 need not be very close to zero. This is accounted for by the polygonal paths we
append to image of A under the translation (z,y) — (z +m,y + n).

O

Theorem 2.11.3. A nontrival Js-holomorphic curve in a convex toric domain of ECH
index one has genus zero. Here we use Js to mean we have perturbed away all Morse-Bott
degeneracies.

Proof. We borrow the notation of the previous section, except here e, denotes the total
multiplicity of elliptic Reeb orbits in « arising from Morse-Bott tori and e_ denotes the
total number of distinct elliptic Reeb orbits in a_ arising from perturbations of Morse-Bott
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tori. The Fredholm index of a connected J-holomorphic curve C' between two orbit sets o
and a_ is given by

Ind(C) =29 — 2+ (e +hy + kL + kM) + (e +ho + Kk, + k)
+2(Ay +Bi+my+ny —A-—B_—m_—n_)
+ey —e_
+ (kg 4k + ke + E)
kit ki, kn km
+ D 20=nt/f(@)] + ) 20=mi f(0)] = Y 2[=n’ /f'(a)] = ) 2[-m’ f(0)].
i=1 i=1 i=1 i=1
The same linking number relations as in holds in the case of convex toric domains;

so similarly by considering the intersections of C' with the trivial cylinders at v; and ~,, we

conclude
kit

km
Aptne 4+ [-mi f(0)] —A —n_ =) [-m’ f'(0)] >0
i=1 =1
and
kb kn
Byt my+ > 20 /f(@) ~ B —m_ — 2l /f(@)] >0
i=1 =1
Hence for C' to have genus nonzero it must not have any ends at v; and ~s.

The local energy inequality holds as before, to prove the no-crossing lemma, we can
associate two polygonal paths A, and A_ to ECH generators oy and «_ respectively. As
before from index considerations the x and y intercepts of A, and A_ agree. Hence as before
we can choose points (a,b) and (c,d) where A, and A_ intersect, and between these two
points A_ is strictly above Ay. As before we may choose zq € (a,c) so that f'(zo) = L2
Let the lattice point (p/,¢’) have the following property: it is a vertex on A_, the edge to
the left of this lattice point has slope greater than or equal to f’(xg), and the edge to the
right of this vertex has slope less than f’(xg). Let (p, q) denote a vertex of A, with the same
property. We assume such a vertex (p, q) exists and leave the case where such a vertex does
not exist to later. Then consider [F} ] = (¢ — ¢/,p' — p). Now again the energy inequality
says

d—b
(@—d)+— (' =p) 20

In this case, the point (p, q) is closer to the line connecting (a,b) and (¢, d) than (p',q’), but
this time on the other side of the line. This means that

(p—p)b—d)+(c—a)(g—q¢) <0

Comparing with the energy inequality we see a contradiction. Now if (p, ¢) is in fact on the
line connecting (a,b) and (c,d), then since we are computing [Fy, 1], we must have p > p/,
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from which we have

/
d—> - q—q
c—a p-—p
which is a contradiction.
With the no-crossing result at hand, we turn to the index formula. If C' had genus one,
then
1=2e; +hy+h_.

As before we break this into cases. We must have e, = 0. If oy = 1 then A, consists of
a single edge, by no-crossing A_ is either an identical edge or empty. We check either case

cannot produce an ECH index 1 curve. hy cannot equal zero because then A, = ().
m

Hence we concluded all ECH index one curves are index zero, a similar description of
tree-like cascades shows we can use them to compute the ECH chain complex.

2.12 Appendix: Transversality Issues

In this Appendix we describe some the transversality difficulties in the moduli space of
cascades, even if all the appearing curves are somewhere injective. Note we are not claiming
transversality is impossible, we are simply saying there are issues with the standard universal
moduli space approach of transversality. We give some simple examples below to illustrate
this.

Consider the universal moduli space of somewhere injective cascades, written as

B := {(«,J)| v’ is a J-holomorphic cascade, and that all curves appearing in u’ are simple}.

We explain why the standard proof that B is a Banach manifold does not necessarily work.
Given a cascade u’ € B, there are two evaluation maps EV* and EV~ that map into a
product of S!, as in Definition The usual procedure to show that B is a Banach
manifold is to show the maps EV* are transverse to each other. However in complicated
enough cascades, the same curve can appear in multiple different levels. An illustration
is given in the figure below. Here we have a cascade of 5 levels. The red curve is a map
u: Y — R x Y3 and the blue curve is a map v : ¥ — R x Y3. Green horizontal arrows
denote the upwards gradient flow, and the black horizontal lines denote Morse-Bott tori.
Diamonds denote the critical points of f on the Morse-Bott tori. For instance, one of the
positive ends of the black curve ends on a critical point of f, and there is a chain of fixed
trivial cylinders atop this end. This is an illustration of how the same curves can happen
in the same cascade. To illustrate the transversality issue, we assume that the configuration
consisting the red and blue curves (which we labelled v and v) in figure happens n times
in a cascade u’. We assume both u and v are rigid (we are allowed since we are working
in the universal moduli space, in general more complicated things can still happen but the
principle is the same). We label the n identical copies of v and v as u;,v; with ¢ = 1,...,n.
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Figure 2.6: Cascade with 5 levels

Figure 2.7: A repetitive pattern that can appear multiple times in a cascade.

The two negative ends of u; and the two positive ends of v; are labelled by 1,2, as shown in
the figure. The remaining end of u; and v; is labelled 3. We denote their evaluation maps
by ev(u;, k) and ev(v;, k) where k = 1,2,3. As a necessary condition for the EV ' and EV~

to be transverse, we must have

@(dev(ui, 1) + dev(v;, 1) + t;, dev(u;, 2) + dev(v;, 1) + t;) : TW, & TW, @ R

i=1,..,n
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is surjective. Note (t1,....t,) € @,_; ,R. The vector space TW, has the following de-
scription. Recall a neighborhood of (ﬁét necessarily J holomorphic) curves near u can be
represented by W2P4(w*TM)®TJT @&V, & Vo @ V. Here W2P4(y*T M) is the Sobolev space
of vector fields on u with exponential weight e?*l near the cylindrical ends. T'7 is a finite
dimensional Teichmuller slice, and the vector spaces V; consist of asymptotically constant
vectors near each of the cylindrical ends, which we labelled 1,2,3 (see [67, |65]). Recalling
the coordinate choices of Section near Morse-Bott tori, the V; is spanned by vector fields
of the form

B0,  [0a, PO

[ here is a cutoff function that is one near a cylindrical neighborhood of a puncture and zero
elsewhere. We denote a triple of these vector fields in V; as (7, a, p);.
Then the vector space W, is given by

{(& (r,a,p);, Y) € WP TM)@TT&Vi&Va@Vs@TI| DO, (E+Y (r,a,p)i)+Y oTuoj = 0}

DOy is the linearization of Cauchy Riemann operator along u that includes deformation of
the domain complex structure of u. Here TZ denotes the Sobolev space that is the tangent
space of all A compatible almost complex structures (we should choose a Sobolev space for
this but that is unimportant for now). A similar expression holds for TW,. We note the
same Y € TZ appears in the definition of TW, as well. Now since u is rigid for given Y there
exists a unique tuple (&, (r,a,p);) (up to translation in the symplectization direction) so that
&, (r,a,p);,Y) € TW,. A similar statement holds for W,. Conversely, given two tuples
(p1(u), pa(u), ps(u)) and (p1(v), p2(v),p3(v)) (we use brackets to denote whether the vector
field is living over u or v, we can find Y € T'Z and (§(u), (r(u),a(u));) and ({(v), (r(v), a(v));)
so that the tuples (&(u), (r(u), a(u), p(u));, Y) € TW,, and similarly for TW,.. Hence we can
think of the map described in Equation 7?7 as the following. Its imagine is spanned by vector

fields of the form
@(351 +y +ti, o+ y2 + 1)

(2

where (z1,y;) and (z2,y2) are arbitrary real numbers. We think of z; as p;y(u), zo corre-
sponding to ps(u), and likewise for y and p(v). For given n the domain has 2+n independent
variables, but the target is 2n dimensional. Hence for large values of n this space cannot be
transverse.

Proof of Theorem [2.2.4. We note if the above situation does not happen, then the usual
proof that B is a Banach manifold follows through. To be precise, if we let B denote the
universal moduli space so that

) u? is a reduced J -holomorphic cascade as in Definition
B :={ (v/,J) | in addition, either all nontrivial curves (2.32)
are distinct, or the cascade has less than or equal to 3 levels
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Then B is a Banach manifold, and for generic J, cascades satisfying the extra hypothesis
of B are transversely cut out living in moduli spaces given by the virtual dimension. In
particular if we take as assumption after we perturb away the Morse-Bott degeneracy, all
ECH index one curves degenerate (as reduced cascades) to reduced cascades of the form
specified in B, then we can choose a J so that the conditions are satisfied for these
cascades. A straightforward modification of the proofs in Sections [2.7] shows the Morse-
Bott chain complex (CMB 9,,5) when we further restrict the differential to only consider
cascades whose reduced versions can appear in B is well defined and computes EC H (Y, €).
The only different part is showing the cascades counted by 0yp is finite. Consider the
following. Suppose u? is a sequence of cascades of the form allowed in B and ul —
Then for each u/, there is a sequence of Jsm-holomorphic curves v of ECH index one that
converges to u’ as m — oco. We pass to a diagonal subsequence, which we denote by w,,,
of ECH index one Js, -holomorphic curves that degenerate into u. By assumption, then the
reduced version of «/ must be of the form allowed in B, and this concludes the proof of
finiteness. [
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Chapter 3

From cascades to J-holomorphic
curves and back

3.1 Abstract

This paper develops the analysis needed to set up a Morse-Bott version of embedded contact
homology (ECH) of a contact three-manifold in certain cases. In particular we establish
a correspondence between “cascades” of holomorphic curves in the symplectization of a
Morse-Bott contact form, and holomorphic curves in the symplectization of a nondegenerate
perturbation of the contact form. The cascades we consider must be transversely cut out
and rigid. We accomplish this by studying the adiabatic degeneration of J-holomorphic
curves into cascades and establishing a gluing theorem. We note our gluing theorem satis-
fying appropriate transversality hypotheses should work in higher dimensions as well. The
applications to ECH is worked out in Chapter 2 [66].

3.2 Introduction

Let (Y2 )\) be a contact 3-manifold. We assume the Reeb orbits of A are Morse-Bott and
come in S! families, i.e. we have tori foliated by Reeb orbits of equal period, which we call
Morse-Bott tori. Examples of this include the standard contact structure on the 3-torus,
and boundaries of toric domains. See [37], [10]. (Toric domains are also called Reinhardt
domains in [25].)

In this setup, one would like to make sense of Floer theoretic invariants constructed via
counting J-holomorphic curves in the symplectization of our contact manifold, which we
write as

(R x Y?, d(e*))).

In the above a is the variable in the R direction, d(e®)) is the symplectic form. We also fix
J to be a (generic) almost complex structure compatible with A.
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However, most versions of Floer homology require the contact form to be non-degenerate.
One way to get around this is as follows. We first fix a very large number L > 0, and consider
the action filtered version of our Floer theory up to action L. We will have embedded contact
homology (ECH) in mind when we describe this process, but it also applies to other types
of Floer theories assuming suitable transversality. For a Morse-Bott torus with action less
than L, which we write as T, we perform a small perturbation of the contact form A written
as

A —> )\5

for 6 > 0 small, in a small fixed neighborhood of 7. Such perturbation requires the infor-
mation of a Morse function f : S' — R, with two critical points. After this perturbation we
also need to change the almost complex structure to Js to make it compatible with the new
contact form As.

The effect of this perturbation is so that the Morse-Bott torus 7 splits into two nonde-
generate Reeb orbits corresponding to the critical points of f, one elliptic and one hyperbolic,
and that no other Reeb orbits of action less than L are introduced. We perform this per-
turbation for all Morse-Bott tori of action less than L. Then in this case, for at least up
to action L, we can define our Floer theory with generators as collections of non-degenerate
Reeb orbits with total action < L and the differential as counts of Js-holomorphic curves
connecting between our generators (the details of which Reeb orbits/holomorphic curves to
consider depend on whichever Floer theory we choose to work with.)

However, it is often desirable to be able to compute our Floer theory purely in the
Morse-Bott setting, in part because often the count of J-holomorphic curves is easier in the
Morse-Bott setting. To this end, in order to find out what kind of objects that ought to be
counted in the Morse-Bott setting, one can imagine turning the above process around. For
given § > 0, we know how to compute our Floer theory up to action L with the contact
form A5 via counts of a collection of Js-holomorphic curves; then we take the limit of § — 0,
and see what kind of objects our Js-holomorphic curves degenerate into. It turns out in
this process J-holomorphic curves degenerate into cascades [5], [7],[20], [6]. See Definition
for the definition of a (height one) cascade, and Definition for the more general
case. See Section and the Appendix for a fuller explanation of setup and more precise
definition of degeneration of Js-holomorphic curves into cascades.

Roughly speaking, a cascade u/ = {ul,...,u"} consists of a sequence of (not necessarily
connected) J-holomorphic curves with ends on Morse-Bott tori. We think of the curves u’
as living on different levels. Between adjacent levels, say v’ and u‘*!, there is also the data
of a number T} € [0,00]. The negative ends of u’ and positive ends of u'™' are connected
by gradient flow segments of length T;. Said differently, recall each S! family of Reeb orbits
is equipped with a Morse function f on S!, and if we start at a Reeb orbit reached by a
positive puncture of ™!, follow the upwards gradient flow of f on S* (this S' means the S*
family of Reeb orbits) for time 7T}, we will arrive at a Reeb orbit hit by a negative puncture
of u*. The Reeb orbits hit by the positive punctures of u' and negative punctures of u™ are
connected to Reeb orbits on the Morse-Bott tori corresponding to critical points of f via the
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upwards gradient flow. The cascade v/ = {u!,...,u"} has n levels, and if in addition no flow
time 7T; between adjacent curves u’ and u‘*! is infinite, we say the cascade has height one.
See Definitions [3.3.7] and [3.3.9] for slightly more precise definitions. In particular a height one
cascade can have arbitrary number of levels, and we mostly concern ourselves with height
one cascades in this paper. A schematic picture of a height one cascade (of two levels) is
given in Figure [3.1]

T>0

¢

Figure 3.1: A schematic picture of a height one 2-level cascade: the cascade u’ consists of
two levels, u and v. Horizontal lines correspond to Morse-Bott tori. Moving in the horizontal
direction along these horizontal lines corresponds to moving to different Reeb orbits in the
same S! family. Arrows correspond to gradient flows, and diamonds correspond to critical
points of Morse functions on S! families of Reeb orbits. Between the holomorphic curves u
and v, there is a single parameter 7" that tells us how long positive ends of v must follow the
gradient flow to meet a negative end of w.

We would then like a way to compute Floer homology purely in the Morse-Bott setting
via an enumeration of cascades. To prove that the enumeration of cascades recovers the
enumeration of Js-holomorphic curves in the non-degenerate setting, we would require a
correspondence theorem between the two types of objects. The correspondence theorem
will of course then involve gluing cascades into Js-holomorphic curves. We remark that we
currently do not have the technology to glue together all cascades; there are issues pertaining
to transversality: curves could be multiply covered, and even if they are somewhere injective
and even after a generic choice of J, there could still be non-transverse cascades because we
required all negative ends of u’ meet positive ends of u'™! after flowing for a single time length,
T;. In general it is convenient to think of a cascade as existing in a fiber product, and we
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require the fiber product to be transverse. Also we only concern ourselves with rigid cascades
and their correspondences with rigid holomorphic curves. For a more precise definition of
transverse and rigid, as well as the description of this fiber product, see Definition [3.4.4]
Our version of the gluing theorem should work for gluing higher index (transversely cut out)
cascades, but making sense of a correspondence between two high dimensional moduli spaces
could be much trickier. With the above preamble we state in a slightly imprecise way our
main theorem:

Theorem 3.2.1. Given a transverse and rigid height one J-holomorphic cascade u?, it can
be glued to a rigid Js-holomorphic curve us for 6 > 0 sufficiently small. The construction
is unique in the following sense: if {d,} is a sequence of numbers that converge to zero as
n — oo, and {us } is sequence of Js,-holomorphic curves converging to u’, then for large
enough n, the curves us agree with us, up to translation in the symplectization direction.

See Definition for the description of “transverse and rigid”. See Theorem for

a more precise formulation of this theorem.

Remark 3.2.2. The purpose of Morse-Bott theory is usually that J-holomorphic curves are
often more easily enumerated in the Morse-Bott setting due to presence of symmetry. While
cascades are built out of J-holomorphic curves in the Morse-Bott situation, counting them
explicitly can be difficult in its own way. Even though rigid and transverse cascades are
themselves discrete, they may be built out of curves that live in high dimensional moduli
spaces. Since in principle arbitrarily high dimensional moduli spaces can show up, one
usually needs some extra simplifications for the enumeration of cascades to be tractable.

Remark 3.2.3. Since we will have future applications to ECH in mind, we make some
comments about our “transverse and rigid” condition versus the ECH index one condition:

e In general restricting to cascades that have ECH index one (of course one first needs
to extend the notion of ECH index one to cascades) and choosing a generic J does
not necessarily imply the cascades we get are transversely cut out. However there are
special cases where transversality can be achieved by restricting to ECH index one
cascades, and the correspondence theorem (Theorem would allow us to compute
ECH using an enumeration of J-holomorphic cascades. For details of computing ECH
using cascades, see Chapter 2 [66].

e If we already had cascades that are transverse and rigid, from a gluing point of view,
further restricting to the cascades that have ECH index one does not change very
much: it just implies all the curves in the cascade are embedded (with the exception
of unbranched covers of trivial cylinders) and distinct curves within each level do
not intersect each other. We further have some partition conditions on the ends of
holomorphic curves in the cascade, but again from a gluing point of view this does not
make a difference.
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Relations to other work

The idea of doing Morse-Bott homology certainly isn’t new. Methods of working with
Morse-Bott homology predate the construction of cascades, and were described in [2], [21].
The construction of cascades was discovered independently in [5] and [20]. There were
then a plethora of constructions of Floer-type theories using cascades (or in many cases,
constructions very similar to cascades). For Lagrangian Floer theory, in addition to [20],
there was also |4]. For symplectic homology, see [7]. See also [54]. For Morse homology, see
[3], [28]. For special cases of contact homology, see [34],]51]. For the special case of ECH
where the cascades can only have one level and in context of stable Hamiltonian structures,
see [12]. For abstract perspectives on Morse-Bott theory, see [69], [35]. Finally, the gauge
theory analogue of ECH, monopole Floer homology, has a Morse-Bott version constructed
in [47], though there they do not use a cascade model.

For cascades there are two general approaches to show the Morse-Bott homology theory
constructed agrees with the original homology theory. One way is to show the differential
obtained via counts of cascades squares to zero, hence one has some homology theory. Then
one shows that this homology theory is isomorphic to the original by constructing a cobor-
dism interpolating the Morse-Bott geometry and the non-degenerate geometry. For standard
Floer theory reasons this cobordism induces a cobordism map between the two homology
groups. Also for standard Floer theory reasons we could show this cobordism map induces
an isomorphism on homology. This is the approach taken in [20], [4].

The other approach is to directly show that non-degenerate holomorphic curves degen-
erate into cascades in the 6 — 0 limit, and there is a correspondence between cascades and
holomorphic curves. This degeneration of holomorphic curves into cascades is also sometimes
called the adiabatic limit. This approach of computing Morse-Bott homology is taken in [7]
[5] [3] [p4]. This is also the approach we take here. We prove the correspondence theorem
under transversality assumptions (Definition [3.4.4), and the applications to ECH are in a
separate paper (Chapter 2 [66]).

The reason we take the latter approach is that in ECH, which is the application we
have in mind, everything except transversality is very hard. That the differential squares
to zero requires 200 pages of obstruction bundle gluing calculations [40] [41], and a similar
story must be repeated in the Morse-Bott case for showing the count of ECH index one
cascades defines a chain complex. Constructing cobordism maps in ECH is even harder,
and generally relies on passing to Seiberg-Witten theory. Cobordism maps on ECH defined
purely using holomorphic curves techniques have only been worked out for very special cases
[56], [8],[23],]22]. Hence in light of these difficulties, it would seem the path of least resistance
would be to prove a correspondence theorem and do the adiabatic limit analysis for ECH,
despite this being a generally difficult approach.

We must highlight the relation of our work with [7], which produces a correspondence
theorem in the case of symplectic homology. We borrowed heavily the techniques of that
paper in the areas of analysis of linear operators over gradient flow trajectories (most notably
the construction of uniformly bounded right inverses in the § — 0 limit), as well as the
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degeneration of holomorphic curves into gradient trajectories near Morse-Bott tori. Both
of these ideas have previously appeared in [5] but were worked out in more detail in [7].
However, our construction of gluing is markedly different from [7], as we were unfortunately
unable to adopt their approach. Instead, our approach of both gluing and proving the
gluing procedure produces a bijection between cascades and holomorphic curves mirrors the
approach of [40] [41], the two papers where Hutchings and Taubes show the differential in
ECH squares to zero using obstruction bundle gluing. In particular, our approach can in fact
be rephrased in terms of obstruction bundle gluing, see Remark[3.9.23] though in our case the
obstruction bundle gluing is particularly simple and can be thought of as an application of
the intermediate value theorem. For a formulation of this kind of gluing results in a simpler
case in ECH where there is only one level in the cascades using the language of obstruction
bundle gluing, see the Appendix of [12], which we wrote jointly with Colin, Ghiggini and
Honda.

We briefly outline the differences between our approach to gluing compared to those in
[7], [p4]. In [7], [54], the gradient trajectories connecting different levels of the cascade are
preglued to the J-holomorphic curves in the cascade; they consider the deformations of the
entire preglued curve, and use the implicit function theorem to obtain gluing results. In our
approach, in following the approach of [40], [41], the condition that a cascade can be glued
to a Js-holomorphic curve is translated into a system of coupled nonlinear PDEs, which we
loosely write as {®; = 0}. Gluing is established by systematically solving this system of
PDEs. How this is accomplished is explained first in a simplified setting in Section [3.7] then
in the general case in Section

To briefly explain the difficulties of the gluing problem, we first observe that here we are
gluing with less transversality than the usual gluing problems. In the usual case when ends of
pseudo-holomorphic curves meet along a critical submanifold (for instance the gluing problem
described in Chapter 10 of [48]), in order to glue we require the evaluation maps of the
respective moduli spaces of pseudo-holomorphic curves to be transverse to each other. Here,
however, we require the evaluation maps to be transverse up to a flow time parameters 7T; (see
Definition for the precise transversality conditions). Hence we adopt the obstruction
bundle gluing setup of Hutchings and Taubes ([40, 41]) to find a gluing with less transversality
by solving a sytem of PDEs (We do not explicitly use obstruction bundles, but they are
implicit in our setup. See remark for an explanation).

To say a bit more about this system of PDEs, we note that in this system there is
a PDE for each J-holomorphic curve that appears in the cascade, and a PDE for each
upwards gradient trajectory. In some sense this allows us to think about deformations of
J-holomorphic curves and deformations of gradient trajectories separately from each other
(of course in the end the equations are coupled, so this is only metaphorically true). The
main technical difficulty this addresses is that in considering cascades, gradient trajectories
and J-holomorphic curves are in some sense different kinds of objects. For small values of
0 > 0, measured in a suitable norm, J-holomorphic curves in the cascade are very close to
being Js-holomorphic curves in the perturbed picture, but the gradient flow trajectories in
the cascade come from very long gradient flow cylinders (their lengths go to 0o as § — +00)
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that follow a very slow gradient flow (the gradient flow of §f). For a description of these
cylinders see Section [3.5 The consequence of this is that deformations that appear to
be small from the perspective of J-holomorphic curves in the cascade can be extremely
large from the perspective of gradient flow cylinders in the cascade. See Figure and
the accompanying explanations. Hence a sizable portion of the work after writing down a
system of equations {@; = 0} is to keep track of which deformations are very large from the
perspective of gradient flow trajectories, and to understand the effects of these deformations
on the equations in {®; = 0} and the way different equations in the system {®; = 0} are
coupled to each other.

Figure 3.2: On the left we see a cascade of two levels consisting of the curves {u,v}. They
meet along a Morse-Bott torus in the middle, and their ends are connected by a gradient
flow trajectory of length 7', shown by the green arrow. On the right, we imagine slightly
displacing the end of the curve v along the Morse-Bott torus, shown in dashed blue lines.
From the perspective of v, measured with appropriate norms this is a small deformation of v.
The flow time from this deformed v to w is given by 7" =T + AT, which is a slightly longer
flow time, indicated by the black arrow. However the picture is deceiving, because for small
values of 9, the gradient flow cylinder corresponding to the black arrow is significantly longer
than the gradient cylinder of the green arrow in the original picture, by an additional length
of order AT'/§. This is because for small values of 9, the gradient flow is very slow (it follows
the gradient of d f), hence it needs to flow for very long to cover that extra distance. This is
what we mean when we say deformations that can seem very small from the perspective of
J-holomorphic curves in the cascade can be arbitrarily large from the perspective of gradient
trajectories.
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Finally, we remark that despite only working with Morse-Bott tori, we expect our ap-
proach to work for most Floer theories based on counts of holomorphic curves that do not
have multiple covers or issues with transversality (both in the non-degenerate setting and
the Morse-Bott setting). We expect the generalization from Reeb orbits showing up in S*
families to higher dimensional families to be straightforward, and the rest of the analysis
should carry over directly. However, we do not know how our analysis or proof of corre-
spondence theorem interact with the virtual techniques that are often used to define Floer
theories when classical transversality methods fail.

Applications to ECH

As mentioned above the main application we have in mind of this work is the computation of
embedded contact homology in the Morse-Bott setting. Previously several computations of
ECH (or its related cousin periodic Floer homology) have assumed results about Morse-Bott
theory and cascades, for instance computations in [39], [37], [9].

This paper does not contain the full construction of Morse-Bott ECH, but the analysis
done here lays the groundwork for constructing a correspondence theorem for ECH index one
cascades and ECH index one holomorphic currents. This is worked out in detail in Chapter
2 [66).

In particular, the machinery developed here and in Chapter 2 [66] fill in the foundations
for Morse-Bott ECH for the computations in [39], [37], [9].

For contact 3-manifolds, Morse-Bott degeneracy might also mean the Morse-Bott critical
manifold is two dimensional, which means the manifold itself is foliated by Reeb orbits. The
computation of ECH in that case was done using different techniques, see [52], [18]. However,
our methods (suitably extended to allow for the case where Reeb orbits can come in higher
dimensional families) could potentially be applied to ECH computations in these cases as
well.

Applications beyond ECH

Morse-Bott situations are ubiquitous in contact geometry. In many instances, to conclude re-
sults about the behaviour J-holomorphic curves in nondegenerate settings, a correspondence
in the style of Theorem has been cited without complete proofs. Examples include the
computation of the contact invariant in ECH in the presence of planar torsion in [64, The-
orem 2|, and the computations of algebraic torsion in [45]. We expect this paper (see also
the appendix of [12] for cascades of one level in stable Hamiltonian settings) to fill in many
gaps in the existing literature. In particular we note that our gluing construction can be
modified in a straightforward manner to glue together cascades in higher dimensional contact
manifolds (and higher dimensional Morse-Bott critical submanifolds). Hence we expect our
main theorem to be a useful tool to understanding the behaviour of J-holomorphic curves
in many applications to come.
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Outline

The paper is organized as follows. After some quick descriptions of the geometric setup,
we describe in Section how holomorphic curves in the non-degenerate case degenerate
into objects we call cascades, and introduce a version of SFT type compactness, already
introduced in [6], [5]. We relegate the more technical definitions of convergence and the
proof of degeneration into cascades to the Appendix for the sake of exposition.

In Section we establish what we mean by a generic choice of J, the definition of
transversality, and in particular describe the set of cascades we will be able to glue into
J-holomorphic curves.

Then we get to the most technical part of the paper, in which we prove transverse
and rigid J-holomorphic cascades can be glued to Js-holomorphic curves as we perturb the
contact form. We first start with some preamble on differential geometry in Section (3.5 and
describe the gradient trajectories that arise from perturbing the contact form. We then find
a suitable Sobolev space for the gradient trajectories which we will use for our gluing, and
prove some nice properties of the linearized Cauchy Riemann operator in this Sobolev space
for later use in Section 3.6

To initiate the gluing, first as a warm up we explain how to glue a semi-infinite gradi-
ent trajectory to a J-holomorphic curve in Section [3.7, This corresponds to gluing 1-level
cascades to Js-holomorphic curves as we perturb the contact form from A to A5, which is
also done in [12]. We then prove an important property of the curve we constructed in this
process, i.e. the solution exponentially decays along the gradient trajectory. This is done in
Section and will be crucial for gluing together multiple level cascades.

Section [3.9, we complete the gluing construction. We first consider the simplified case
of gluing together 2-level cascades, which will contain the heart of the construction and is
markedly different from gluing semi-infinite trajectories. As before we first do some basic
Sobolev space setup. The key idea is to first preglue, then use the solution constructed for
semi-infinite trajectories to construct another pregluing on top of the original pregluing with
substantially smaller pregluing error, and then use the contraction mapping principle one
last time to turn the second pregluing into a genuine gluing. As illustrated in Figure |3.2]
during the 6 — 0 degeneration the gradient flow cylinders correspond to very long necks,
and when we try to preglue a cascade, deformations that appear small from the perspective
of J-holomorphic curves in the cascade can become very large from the perspective of the
preglued curve when we try to fit a gradient flow cylinder between adjacent levels of the
cascade during the pregluing. So all of the complications in the gluing we mentioned above
arise from trying to keep track of these deformations and finding a setup where all of the
vectors that we see are sufficiently small, so that the contraction mapping principle can be
applied.

After this, the generalization to multiple level cascades is mostly a matter of keeping
track of notation.

In anticipation of proving bijectivity of gluing, we deduce some analytic estimates of how
Js-holomorphic curves behave near Morse-Bott tori as we degenerate the contact form \s.
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This is done in Section [3.10f Much of this analysis is taken from the appendix of [7] where
they work out a very similar case in symplectic homology. This kind of analysis has also
appeared in [5].

Finally we take up the bijectivity of gluing; for this step we largely follow the footsteps
of [40] [41]. This is taken up in Section [3.11]

The appendix contains the necessary background to state the SE'T compactness theorem
required for our kind of degenerations, which was stated in [6] and proved in [5|. A similar

result also appears in [7]. We also provide a proof for completeness, which relies also on the
analysis done in Section [3.10]

Acknowledgements

First and foremost I would like to thank my advisor Michael Hutchings for his consistent
help and support throughout this project. I would also like to thank Ko Honda, Jo Nelson,
Alexandru Oancea, Katrin Wehrheim, Morgan Weiler and Chris Wendl for helpful discussions
and comments.

I would like to acknowledge the support of the Natural Sciences and Engineering Research
Council of Canada (NSERC), PGSD3-532405-2019. Cette recherche a été financée par le
Conseil de recherches en sciences naturelles et en génie du Canada (CRSNG), PGSD3-532405-
2019.

3.3 Morse-Bott setup and SFT type compactness

Let (Y3, \) be a contact 3-manifold with Morse-Bott contact form A. Throughout we assume
all Reeb orbits come in S! families; hence we have tori foliated by Reeb orbits, which we call
Morse-Bott tori.

Convention 3.3.1. Throughout this paper we fiz a large number L > 0, and only consider
collections of Reeb orbits that have total action less than L. This is implicit in all of our
constructions and will not be mentioned further. We prove the correspondence theorem be-
tween cascades and Js-holomorphic curves up to action level L, and then when we need to
apply this construction to Floer theories we can take L — oo.

The following theorem, which is a special case of a more general result in [53], gives a
characterization of the neighborhood of Morse-Bott tori. Let Ay denote the standard contact
form on (z,z,y) € S* x S! x R of the form

Ao = dz — ydzx.

Proposition 3.3.2. (M3 )\) be a contact 3 manifold with Morse-Bott contact form . We
assume the Morse-Bott Reeb orbits come in families of tori, which we write as T;, with
mainimal period T;. Then we can choose coordinates around each Morse-Bott torus so that
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a neighborhood of T; is described by (z,x,y) € St x S* x (—¢,€), and the contact form X in
this coordinate system looks like

)‘ = h(.’ﬂ, Y, Z))‘O

where h(z,y, z) satisfies
h(z,0,z) =1, dh(z,0,z)=0.

Here we identify z € S ~ R/27T;Z.

Proof. This is implicitly in [53]. We need to apply the setup of [53] Theorem 4.7 to [53],
Theorem 5.1.

In [53] Theorem 4.7, in their notation we have £ = 0, Q = S' x S, with coordinates
(2,2), and @ = dz. The foliation N is given by {z} x S'. The contact form on the total
space of the fiber bundle F' = T*N = R x T? is given by dz + ydz. Our proposition then
follows from Theorem 5.1 in [53] (we need to take another transformation y — —y to get

our specific choice of contact form, our sign conventions for the contact form are different
from those of [5].) O

We assume we have chosen above neighborhoods around all Morse-Bott tori 7; with
action less than L. By the Morse-Bott assumption there are only finitely many such tori up
to fixed action L. Next we perturb them to nondegenerate Reeb orbits by perturbing the
contact form in a neighborhood of each torus.

Let § > 0, let f: 2 € R/Z — R be a smooth Morse function with max at x = 1/2 and
minimum x = 0. Let ¢g(y) : R — R be a bump function that is equal to 1 on [—er;, e7]
and zero outside [—2¢7, 2¢7.]. Here €. is a number chosen for each 7; small enough so that
the normal form in the above theorem applies, and that all such chosen neighborhoods of
Morse-Bott tori of action < L are disjoint. Then in a neighborhood of the Morse Bott torus
T;, we perturb the contact form as

A — A= P\
We can describe the change in Reeb dynamics as follows:

Proposition 3.3.3. For fized action level L > 0 there exists 6 > 0 small enough so that the
Reeb dynamics of \s can be described as follows. In the neighborhood specified by Proposition
each Morse-Bott torus splits into two non-degenerate Reeb orbits corresponding to the
two critical points of f. One of them is hyperbolic of index 0, the other is elliptic with rotation
angle |0 < C§ << 1 and hence its Conley-Zehnder index is £1. There are no additional
Reeb orbits of action < L.

Definition 3.3.4. We say an Morse-Bott torus is positive if the elliptic Reeb orbit has
Conley Zehnder index 1 after perturbation, otherwise we say it is negative Morse Bott torus.
This condition is intrinsic to the Morse-Bott torus itself, and is independent of perturbations.
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Proof of Proposition[3.5.3. After we have fixed our local neighborhood near a Morse-Bott
torus from Proposition [3.3.2] we get natural trivializations of the contact plane along the
Morse-Bott torus given by the x — y plane. With this trivialization in mind, the linearized
return map takes either of the following formsﬂ

e Positive Morse-Bott Torus: ¢(t) = E) _11 .

e Negative Morse-Bott torus: ¢(t) = [(1) ﬂ :

They are degenerate, but they admit a Robbin-Salamon index, see Section 4 of [24]. The
positive Morse-Bott torus has Robbin-Salamon index 1/2 and the negative Morse-Bott torus
has Robbin-Salamon index —1/2 (see [24], Proposition 4.9). Then the claims behaviour of
Reeb orbits follow from Lemmas 2.3 and 2.4 in [5]. O

Remark 3.3.5. Later when we define various terms in the Fredholm index, they will depend
on choices of trivializations of the contact structure along the Reeb orbits. We will always
choose the trivializations specified by Proposition [3.3.2, and where the return maps take the
form specified above. For notational convenience we will call this trivialization 7.

We also observe that after iterating the Reeb orbits in the Morse-Bott tori, their Robbin-
Salamon indices stay the same. So up to action L, in the nondegenerate picture, we will
only see Reeb orbits of Conley-Zehnder indices in the set {—1,0,1}.

Let us consider for small § > 0 the symplectization
(M*, ws) == (R x Y3 de®\s).
We also consider the symplectization in the Morse-Bott case
(M*,wp) := (R x Y3 de®)).
We fix our conventions for almost complex structures for the rest of the article as follows:

Convention 3.3.6. We equip (M,wy) with A compatible almost complex structure J (for
purposes of tranversality Deﬁm’tion we may want to take J to be generic). We restrict
J to take the following form near a neighborhood of each Morse-Bott torus (if we are using
the action filtration we can only require this condition for Morse-Bott tori up to action L ).

1This fact is referenced in Section 4 of [12], and Section 5 of [30]. Section 3 of the paper [26] works out
the detailed computation leading up to this result. We remark that in all of these three papers the linearized
return map is lower triangular. This is because we have chosen different conventions. For instance in [26]
they chose their y coordinate to denote the S! family of Reeb orbits, and their = coordinate to denote the
normal direction to their Morse-Bott torus. Hence their contact form is written as dz 4+ zdy. Our linearized
return maps agree with theirs after we switch to their coordinate system.



CHAPTER 3. FROM CASCADES TO J-HOLOMORPHIC CURVES AND BACK 86

Recall each Morse-Bott torus has neighborhood described by (a,z,z,y) € R x ST x S? x R,
then on the surface of the Morse-Bott torus, i.e. y =0, we require

J0, = 0,.

Our requirement for Js is that it is Ay compatible, and in a neighborhood of each Morse-
Bott torus (resp. Morse-Bott tori up to action L), its restriction to the contact distribution
agrees with the restriction of J. See Remark[3.4.6 for additional comments for genericity.

For fixed L > 0 large and § > 0 small enough, all collections of orbits with total action
less than L are non-degenerate, and hence there are corresponding .J-holomorphic curves
with energy less than L with non-degenerate asymptotics. To motivate our construction, we
next take 6 — 0 to see what these J-holomorphic curves degenerate into. By a theorem that
first appeared in Bourgeois’ thesis [5] (Chapter 4) and also stated in [6] (Theorem 11.4), they
degenerate into J-holomorphic cascades. (For a more careful definition see the appendix that
takes into account of stability of domain and marked points, but the definition here suffices
for our purposes).

Definition 3.3.7. [5] Let ¥ be a punctured (nodal) Riemann surface, potentially with multi-
ple components. A cascade of height 1, which we will denote by u’, in (R x Y3 X\, J) consists
of the following data :

o A labeling of the connected components of ¥* = ¥\ {nodes} by integers in {1,...,1},
called levels, such that two components sharing a node have levels differing by at most
1. We denote by X; the union of connected components of level i, which might itself be
a nodal Riemann surface.

o T, €[0,00) fori=1,...,1— 1.

e J-holomorphic maps u' : (3;,7) — (R x Y3, J) with E(u;) < oo fori = 1,...,1, such
that:

— FEach node shared by 3; and X;1,, is a negative puncture for u' and is a positive
puncture for u*t'. Suppose this negative puncture of u' is asymptotic to some
Reeb orbit v; € T, where T is a Morse-Bott torus, and this positive puncture of
u™ is asymptotic to some Reeb orbit ;1 € T, then we have that ¢? (Vit1) = Vi-
Here gzﬁ?’ 18 the upwards gradient flow of f for time T;. It is defined by solving the
ODE

2 55(9) = F(o5(6)).

— u® extends continuously across nodes within ;.

— No level consists purely of trivial cylinders. However we will allow levels that
consist of branched covers of trivial cylinders.
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With v’ defined as above, we will informally write u’ = {u', .., u'}.
Convention 3.3.8. We fiz our conventions as follows.

o We say the punctures of a J-holomorphic curve that approach Reeb orbits as a — oo
are positive punctures, and the punctures that approach Reeb orbits as a — —oo are
negative punctures. We will fix cylindrical neighborhoods around each puncture of our
J-holomorphic curves, so we will use “positive/negative ends” and “positive/negative
punctures” interchangeably. By our conventions, we think of u' as being a level above
u? and so on.

o We refer to the Morse-Bott tori T; that appear between adjacent levels of the cascade
{u', w1} as above, where negative punctures of u' are asymptotic to Reeb orbits that
agree with positive punctures from u™' up to a gradient flow, intermediate cascade
levels.

e We say that the positive asymptotics of u’ are the Reeb orbits we reach by applying o
to the Reeb orbits hit by the positive punctures of ut. Similarly, the negative asymptotics
of u’ are the Reeb orbits we reach by applying ¢ to the Reeb orbits hit by the negative
punctures of u'. We note if a positive puncture (resp. megative puncture) of ul (resp.
ul) is asymptotic to a Reeb orbit corresponding to a critical point of f, then applying
ng;foo (resp. ¢;°°) to this Reeb orbit does nothing.

Definition 3.3.9 ([5], Chapter 4). A cascade of height k consists of k height 1 cascades, uf, =
{u, ..., u*} with matching asymptotics concatenated together. By matching asymptotics we
mean the following. Consider adjacent height one cascades, u’ and w'™'%. Suppose a positive
end of the top level of u't is asymptotic to the Reeb orbit v (not necessarily simply covered,).
Then if we apply the upwards gradient flow of f for infinite time we arrive alt a Reeb orbit
reached by a negative end of the bottom level of u'. We allow the case where 7y is at a critical
point of f, and the flow for infinite time is stationary at y. We also allow the case where vy is
at the minimum of f, and the negative end of the bottom level of u¥ is reached by following
an entire (upwards) gradient trajectory connecting from the minimum of f to its maximum.
If all ends between adjacent height one cascades are matched up this way, then we say they
have matching asymptotics.

We will use the notation u’, to denote a cascade of height k. We will mostly be concerned
with cascades of height 1 in this article, so for those we will drop the subscript k and write

uf = {ut, ... ul}.

Remark 3.3.10. In this paper our families of Reeb orbits are parameterized by S', and
in particular there are no broken gradient flow lines on S!. In general, when the critical
manifold (the manifold that parameterizes the Morse-Bott family of Reeb orbits) is more
complicated, the notion of matching asymptotics between height one cascades mentioned in
the above definition involves going from a Reeb orbit hit by a positive puncture of the top
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level of 4 to a Reeb orbit hit by a negative puncture of the bottom level of 4 via broken
Morse trajectories on the critical manifold.

Remark 3.3.11. Once we have given the definition of cascades, we must then describe what
it means for two cascades to be equivalent to each other. The precise definition of when two
cascades are equivalent to one another can only be more precisely stated after we have given
the more precise definition of cascades in the Appendix, where we keep track of all of the
marked points and punctures of each level. Essentially we simply need to adapt the definition
of when SFT buildings are equivalent to one another as stated in [6] Section 7.2 by viewing
gradient flow trajectories in cascades as extra levels. Here we just remark that for our gluing
purposes this is not really an issue for us, all of the cascades we care about (see Definition
3.4.4) will have v’ : ¥; — R x Y be somewhere injective J-holomorphic curves, with the
possible exception of unbranched covers of trivial cylinders, hence for us it will be obvious
when two cascades are equivalent to one another.

Now we state informally our version of the SF'T compactness theorem, the full version
with a precise definition of convergence is stated in the Appendix.

Theorem 3.3.12. A sequence of Js-holomorphic curves {us,} that have fized genus, are
asymptotic to the same non-degenerate Reeb orbits, and 6, — 0, has a subsequence that
converges to a J-holomorphic cascade of height k.

Remark 3.3.13. It is apparent, with the definition of convergence outlined in the Appendix,
that if us, converges to a cascade uji, of height k, and all the curves in the cascade are
somewhere injective (except unbranched covers of trivial cylinders), then this limit u% is
unique up to equivalence.

3.4 Transversality

In this section we describe the necessary transversality hypothesis we need for gluing and
the correspondence theorem.

We fix a metric g that is invariant under R which we shall use for linearization purposes.
We require that it is of the form

g = da® + dz* + dy?® + d2*

in a neighborhood of each Morse-Bott torus.
We also note the following convention that will be followed throughout this paper:

Convention 3.4.1. Since we will be doing a lot of gluing in the paper there is a lot of
demand for various cut off functions. We fix once and for all our convention for cut off
functions. We use the notation Bupeq : R — R to denote a function with support in (b, c),
all of its derwatives are also supported in this interval. Bap.c.qa i equal to 1 on the interval
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(b + a,c — d), and over the interval (a,b + a) it satisfies a derivative bound of the form
16'(s)| < C/(a), and likewise for the interval (c — d, c).

If we would want cut off functions that are equal to 1 at either o0, we will write B_s ¢
0T Baboo- The behaviour of the cut off function on intervals (¢ —d,c) (resp. (a,b+a)) is the
same as the above paragraph.

Let u : ¥ — (Y x R, \) denote a holomorphic curve from a punctured Riemann surface
> with Ny positive (resp. negatlve) punctures labeled p , the collection of which we denote
by I't. For each puncture p] we fix cylindrical nelghborhoods around the puncture of the

form (s,t) € [0, £00) x S*. The punctures of ¥ are asymptotic to Reeb orbits on Morse-Bott
tori. There are moduli spaces, which we generally write as M, of J- holomorphic maps from
3 — (Y x R, A), which can be specified as follows. For given puncture p , we first specify
which Morse-Bott torus Ti that it lands on and with what multiplicity 1t covers the Reeb
orbits on that Morse- Bott torus. Then we have the option of specifying whether this end is
“free” or “fixed”, and each choice will lead to a different moduli space. By “free” end we
mean elements in the moduli space can have their p puncture be asymptotic to any Reeb
orbit on ’7'i with glven multiplicity. By “fixed” end we mean elements in the moduli space
must have thelr p end land on a specific Reeb orbit in Ti with given multiplicity. With this
designation it W111 enough to specify a moduli space of J-holomorphic curves. The virtual
dimension of this moduli space with the above specifications, is given by (See Section 3 of
[65] or Corollary 5.4 of [5])

_ q,- 1 1
Ind(u) = —x(u)+2¢ (u —i—Zu ( >—Zu (fy i >+§#free ends—§#ﬁxed ends (3.1)
Pj
where x is the Euler Characteristic, ¢1 the first Chern class, pu(—) is the Robbin Salamon
index for path of symplectic matrices with degeneracies defined in [24]. The letter v denotes
the embedded Reeb orbit the end pjc is asymptotic to, with covering multiplicity Q-

To explain the notation we think of u as being an element of the moduli space M, and
Ind(u) is the Fredholm index of w. Implicitly when we write Ind(u) we are including the
information of which punctures of 3 are considered free/fixed. We also note in constructing
this moduli space the complex structure of ¥ is allowed to vary.

This moduli space can be viewed as the zero set of a Fredholm map. We borrow the
set up as explained in Section 3.2 of [65]. To this end, consider the space of vector fields
W2Pd(y*T M) with exponential weights at the cylindrical ends of the form e?*l. We consider
the map, following [65] Section 3.2

Dy W' TM) ® Ve & TT — W4 (Hom (T, u*TM)) (3.2)

where Vp = GBVji is a direct sum of vector spaces for each puncture pji. For a positive
puncture at a fixed end, it is 2 dimensional vector space spanned by vector fields

61;0,008157 ﬁl;(),ooaa
2In [65] this operator is denoted by D3;.
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where a € R is the symplectization coordinate. For negative punctures we use instead cut
off functions B_ 0.1-

For free ends we additionally include another asymptotic vector that displaces the ends
along the Morse-Bott torus

B0y

where 3, is as above, depending on whether this end is at a positive or negative puncture.

TJ is a finite dimensional vector space corresponding to the variation of complex struc-
ture (in [65] Section 3.1 it is called a Teichmuller slice). We note we have chosen the variation
of complex structure to be supported away from the fixed cylindrical neighborhoods.

Remark 3.4.2. It will later turn out very important to us we work with W?2? as our domain
instead of WP, The reason for this is the analytical fact that product of LP functions is
generally not in LP for p > 2, but products of WP functions remain in W!?. In particular
in Equation we took one more s derivative than usual due to translations of terms, and
if we used WP spaces we would have ended up with products of LP functions.

Another possibility is working with the Morrey spaces in Section 5.5 of [41], where all
products are allowed and the space has an L2-type inner product. In fact this is the approach
taken in the Appendix of [12], and if we did this we might be able to avoid the awkward
exponential factors of 2/p that appear in our subsequent exponential decay estimates.

If ¥ is stable, u is somewhere injective, not a trivial cylinder, and of positive index, then
for generic J, the operator D; is surjective and its index is equal to the dimension of the
moduli space M, which is given by Ind(u).

If 3 is not stable and  is not a trivial cylinder, u still lives in a moduli space of dimension
calculated by the index, after we quotient out by automorphisms of the domain. As an
analytic matter we address this by adding some marked points to make the domain stable
and make the appropriate modifications to Sobolev spaces, in the following convention:

Convention 3.4.3 (Stabilization of Domain). Given a cascade u’, each of the u' may have
components that are unstable, i.e. holomorphic curves whose domain are cylinders or planes.
A main source of example is trivial cylinders. Since in this paper we are gluing curves as
opposed holomorphic submanifolds, we stabilize these domains following Section 5 of [55] (see
also (11] Section 4). For each J-holomorphic curve whose domain is a cylinder, we first fix
a surface ¥ that intersects the J-holomorphic curve transversely at one point. We endow the
J-holomorphic curve with an additional marked point on its domain and require this marked
point passes through Y. For a J-holomorphic curve whose domain is a plane, we fix two
disjoint surfaces 31,39, each of which intersects the J-holomorphic curve transversely at a
single point. We add two marked points pi,ps to the domain and require the J-holomorphic
curve maps them to Xy and o respectively.

The effect of this is that we eliminate the reparametrization symmetry of the domain.
This makes (subsequent) uniqueness statements unambiguous. We note here during the
gluing construction, we will be performing large scale symplectization direction translations of
each of the u'. We translate the surfaces 3; along with u® in these large scale symplectization
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direction translations. We shall make no further remark on this point and henceforth assume
all u* have domains that are stable.

For trivial cylinders there is a tad more to be said. If both ends are free then the moduli
space is transversely cut out of index 1, where the one dimension of freedom is moving
the the trivial cylinder along the Morse-Bott torus. With one end fixed the other free the
moduli space is still transversely cut out of index zero. However with both ends fixed the
D operator is of index —1, yet obviously such trivial cylinders still exist. In this discussion
we will only talk about trivial cylinders with at most one fixed ends.

We now come to the definition of what we call transverse and rigid cascade. It is these
cascades that we will eventually glue.

Definition 3.4.4. Suppose u’ = {u',..,u"} is a height 1 cascade that satisfies the following
properties:

a. All curves u' are somewhere injective, except trivial cylinders, which can be unbranched
covers.

b. The)| numbers T; satisfy T; € (0, 00).

c. Given u' andi > 1, the s — oo ends of u' approach distinct Reeb orbits. For u', and
i <mn, the s — —o0 ends of u* approach distinct Reeb orbits.

d. No end of u* land on critical points of f, with the following exceptions:

i) If a positive end of u' lands on a Reeb orbit corresponding to a critical point of
f in the intermediate cascade levels, it must then be the minimum of f. Suppose
this orbit is vy. Furthermore, for all j < i, w/ has a trivial cylinder (potentially
unbranched cover) asymptotic to vy and no other curves asymptotic to ~y.

ii) If a nmegative end of u' is asymptotic to a Reeb orbit corresponding to a critical
point of f in the intermediate cascade levels, it must be the mazximum of f. Call
this orbit . For all j > i, v/ has a trivial cylinder (potentially unbranched cover)
asymptotic to v and no other curves asymptotic to .

We call the chain of trivial cylinders all at a critical point of f a chain of fixed
trivial cylinders.

e. We remove all chains of fived trivial cylinders from u?. For the remaining curves, if

an end of u® lands on a critical point of f, we designate it as fived, and if an end of
u® avoids critical points of f, we designate it as free. Then each u® can be thought of
as living in a moduli space of J-holomorphic curves. If the domain of u® is written as
S, this is the moduli space of J-holomorphic maps from (Z,j) — (Y xR, J) where we

3We only consider T; > 0, the case of T; = 0 requires different transversality assumptions and is handled
by standard gluing methods.
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allow the complex structure to vary, but impose the same fixed/free conditions on the
punctures as u'. We denote this moduli space by M(u'). Then M(u') is transversely
cut out, and its dimension is given by Ind(u’).

f. Again we assume we have removed all chains of fized trivial cylinders and u’ satisfy
all of the previous conditions. FEach M(u') comes with two evaluation maps, evii

M(ui) = (SY5 where k* refers to how many Reeb orbits are hit by free ends of ul
at £oo. Note k; = ki++1' The evaluation map simply outputs the location of the Reeb
orbit that an end of u® is asymptotic to on the Morse-Bott torus. If we let u" € M(u'),
and the map

EVT i M@u®) x Rx M(u?) x R x ... x M(u") x R (3.3)
5 (SR x (SR x L x ()R (3.4)

given by

!

(W T, T) — (0 (evf (u?), o (evf (W), . 67 (ev (™)) (3.5)
and the map
EV™ i M(u') x M(u?)... x Mu"™) — (SHF x (SH)*2 x ... x (S (3.6)
given by
(W, ™) — (evy (U, ..., ev,_ (W) (3.7)
are transverse at u’, then we say the cascade u’ is transversely cut out.

g. In particular if u’ is transversely cut out, it lives in a moduli space that is a manifold.
The manifold has dimension given by the following formula. Assuming again we have
removed all chains of fixed trivial cylinders, then the dimension is given by

Ind(u’) := Ind(u") + ...+ Ind(u™) —k; —---—k, ,+(n—1)—n

If u is transversely cut out and Ind(u’) = 0, then we say u’ is rigid. Note here we
have quotiented by the R action on each level.

h. (Asymptotic matchings). [f

4We describe the analogue of this construction in the nondegenerate case. Suppose u and v are both
nontrivial somewhere injective transversely cut out rigid holomorphic cylinders in R x Y3, and the negative
end of u approaches an embedded (nondegenerate) Reeb orbit v with multiplicity n, and the positive end of
v also approaches v with multiplicity n. Then there are n distinct ways to glue v and v together, and we use
asymptotic markers to keep track of this. This is explained in Lemma 4.3 of [36]. Our definition of matching
is an analogue of this phenomenon for cascades, except we fit a gradient trajectory (or several segments
of gradient trajectories connected to each other by trivial cylinders) between two non-trivial curves. Our
notation for asymptotic markers is taken from Section 1 of [40].
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Suppose C; is a nontrivial curve that appears on the ith level, i.e. it is a component
of u', and a negative end of C; is asymptotic to a Reeb orbit ~y. Suppose v is the m
times multiple cover of an embedded Reeb orbit, v'. Consider the preimage of a point
w in " of the covering map from ~ to ', which is a set of multiplicity m that we write
as {1,....,m}. Consider the smallest j > i such that ! contains a nontrivial curve C;
that has a positive end that is asymptotic to a Reeb orbit v that is connected to v by the
upwards gradient flow segments inu’. (If j > i+1 we allow several segments of gradient
flow concatenated together with trivial cylinders in the mz’ddleﬂ ) The orbit 74 covers
some embedded Reeb orbit 4 with multiplicity m. Let w denote the point in 7 that
corresponds to w under the gradient flow, i.e. in the neighborhoods we have chosen for
Morse-Bott tori, w and w have the same z coordinate. Then the preimage of y under
the covering map 7 — 7' is a set with m elements, {1,..,m}. A matching, which is
part of the data of the cascade u’, is a choice of a function from {1} to {1,..,7m}.

With the above conditions all satisfied, we say u’ is a transverse and rigid height 1 cascade.
Now we are in a position to state our correspondence theorem:

Theorem 3.4.5. For all 6 > 0 sufficiently small, a rigid transverse cascade v’ can be
uniquely glued to a Js-holomorphic curve us with non-degenerate ends.

The free ends in the u' level correspond to ends of us that are asymptotic to Reeb orbits
corresponding to the mazimum of f. The fized positive ends of u* correspond to positive ends
of us that are asymptotic to the Reeb orbits at the minimum of f. Similarly the free negative
ends of u"™ correspond to negative ends of us that are asymptotic to the Reeb orbits at the
minimum of f, and the fixed negative ends of u™ correspond to negative ends asymptotic to
Reeb orbits corresponding to the mazimum of f. The curve us also has Fredholm indez 1.

By uniqueness we mean that if {0,} is a sequence of numbers that converge to zero as
n — oo, and ujy is a sequence of Js,-holomorphic curves converging to u’, then for large
enough n, the curves ug agree with us, up to translation in the symplectization direction.

Remark 3.4.6. In Section [3.5) we will see that in perturbing from A to As, the almost
complex structure J will need to be perturbed to .Js to ensure it is compatible with As.
We will specify how to perturb J into Js near each Morse Bott torus in Section [3.5 We
can in fact perturb Js to be different from J away from the Morse-Bott tori as well. Our
construction works as long as in C'"* norm the difference between J and Js is bounded above
by C'§. We bring this up because we can choose a generic path between J and Js as 6 — 0
so that for generic > 0, the glued curve u; is also transversely cut out. This will be useful
for Floer theory constructions in Chapter 2 [66], and will be explained in more detail there.

5As explained in the proof of Theorem [3.12.6|in the Appendix, we should really think of collections of
trivial cylinders connected by finite gradient flow segments between them as being a single gradient flow
segment that flows across different cascade levels.
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3.5 Differential geometry

In this section we work out the differential geometry surrounding the Morse-Bott tori. We
first work out the Reeb dynamics, then we show two gradient flow trajectories of f correspond
to Js-holomorphic cylinders.

Reeb dynamics

We recall the local neighborhoood near a Morse-Bott torus: if (Y3, \) is a contact 3 manifold
with Morse-Bott degenerate contact form, near a Morse-Bott torus we have coordinates
(z,7,y) € ST x ST x R. Let

A = dz — ydx
denote the standard contact form, then by Theorem A looks like
A= h(z,y,2)\o

where h(z,y, z) satisfies
h(z,0,z) =0, dh(z,0,z)=0.

Next we perturb the contact form to
A — Ns = el )

We assume we are working in a small enough neighborhood so that ¢ = 1. We are interested
in the Reeb dynamics on the torus y = 0.

Proposition 3.5.1. On the torus y = 0, let Rs denote the Reeb vector field of 5. We write
it in the form Rs = R+ X where R = 0/0, is the Reeb vector field of A. Then the following
equaitons are satisfied

1—ef
WA= TG
de’!

LXd)\ = 62_6f

and these two equations completely characterize the the behaviour of Rs on the y = 0 surface.

Proof. From definition

LR(;A(; =1
hence we have
\ 1— e
XA = =

For the second equation,
LR+Xd (66f)\)
= tpax (e dN+ 6T df A N)
=) +ex(.)
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If we look at the first term we see

Lr(e¥dN + 62 df A N)
= 1pe?fd\ + 566f(LRdf) AX— e df up\
=0+ 0— de¥df.

Next we look at the second term

LXd)\(;

= 1x (e d\ + 5’ df A N)

= 1xe® A\ 4 6e (Lxdf )N — deP dfux A
= e xd\ + (56‘”‘(Lxdf))\ — 8’ df Ly )\

Combining the above two equations we get
ey d\ + 565f(Lde))\ — 8 dfux X = deddf.
Evaluate both sides with ¢ we see that
txdf =0

so we get

_ oOf
i xd\ = de®! <1 + 1 5; )
e

Lxd\ = de® /e

In particular on the y = 0 surface we can write

_1- eéfa B 5t f'(x)0,

X oof 7 028f

Almost complex structures and gradient flow lines

95

For (R x Y3, \) we choose a generic almost complex structure J that is standard on the
surface of the Morse-Bott torus, i.e. JO, = 0,. After we perturb to \;, we must perturb
J to Js to make the complex structure compatible with the new contact form. However we

keep the same complex structure on the contact distribution, i.e.

Js0y = 0.
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We wish to understand what Js does to the Reeb vector field and the vector field in the
symplectization direction. By definition

Js(R+X) =—0,

Js0, = R+ X.

From the above we deduce

1— of Sf g1
JsR = —0, — JsX = —0, — Js (—e —m)

eof 0. 020f

5e¥l f'(x)0, ,
J50, = e <_8a - 62—5f) = —edfaa —0f (l‘)ax

Next we consider Js-holomorphic curves constructed by lifting gradient flows of 6 f. Consider
maps

v:(s,t) — (a(s), 2(t), 2(s),y(s)) e R x S x ST x R

defined b
Y d.a = 81 (x(s))

0z(t) = R
Dsx(s) = +0f'(x)
y=20
and initial conditions
a(0,t) = 0,2(0) = constant.

Proposition 3.5.2. The map v as defined above is a Js-holomorphic curve.

Proof. Let 0 := (2(t),x(s),y(s)). We apply the Js holomorphic curve equation to v

85’0 + as(lg + J@t@
da

0

_ e 9 Py

% — (€0, = 6f'(x)0, = 0.
[

We observe since there are two gradient flow lines on S!, there are two Js-holomorphic
curves as above corresponding to their lifts. Further:

Proposition 3.5.3. The curve v is transversely cut out. The same is true for unbranched
covers of v by cylinders.
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Proof. We use Theorem 1 from Wendl’s paper on automatic transversality [65]. In the
language of Theorem 1, Ind(v) =1, I'o = 1 (only one end is asymptotic to Reeb orbits with
even Conley-Zehnder index), there are no boundary components, and ¢y = 0, hence

Ind(v) =1>¢eny + Z(du) = 0.
The same proof works for unbranched covers of v as well. n

For future references, we record the form of the vector field

0,0, = /@, 4+ 5 (2)0,.

3.6 Linearization of 0 J; OVer v

In this section we define the linearization of the Cauchy Riemann operator O 7, over v, the
holomorphic cylinder constructed in the above section that corresponds to a gradient flow
of f. We also equip it with an appropriate Sobolev space on which the linearized operator
is Fredholm. This is preparation for the gluing construction.

Convention 3.6.1. For this point onward in the paper we will assume all gradient trajecto-
ries are simply covered for ease of notation. In practice they can be (unbranched) multiply
covered. For any of the analysis we are doing this will not make any difference.

The point to note here is that if we see any finite gradient cylinders (or chains of finite
gradient cylinders connected to each over by trivial cylinders) that are multiply covered con-
necting between two non-trivial curves in the cascade, the number of ways to glue is counted
precisely by the number of different matchings (see Definition we can assign to such
a segment.

Fix a holomorphic cylinder vs (we make the § dependence explicit), consider the space
of vector fields over v,
['(vsTM).

We take a weighted Sobolev space
W2Pd(p*T M)

which is the W?2P(viT M) with exponential weight () = ¢% where d > 0 is a small fixed
number that only depends on the Morse-Bott torus. Here we can also use e~%.

Note as given, these are vector fields with exponential decay as s — oo and exponential
growth as s — —oo. The end with exponential growth is not suited for nonlinear analysis
of the Cauchy Riemann equation, but we will find them useful as a formal device so all our
linear operators have the right Fredholm index and uniformly bounded right inverse. It will
be apparent from our gluing construction that vector fields with exponential growth will not
cause any difficulty. This is also the approach taken in [12]. The main result of the section
is the following:
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Proposition 3.6.2. Let D, denote the linearization of 0;, along vs using metric g. Then

the operator
Dy, - W2PL(sTM) — W23 T M)

is a Fredholm operator of index 0. In particular it is an isomorphism. Further it has right
(and left) inverse Qs whose operator norm is uniformly bounded as 6 — 0.

The proof will occupy the rest of this section. The idea is for sufficiently small § > 0
the Js-holomorphic curve vs is nearly horizontal, and hence can be approximated by a finite
collection of trivial cylinders glued together. But the linearization of @ over a trivial cylinder
is an isomorphism with inverse independent of §, and by standard gluing theory of operators
the operator glued from linearizations of 0 over trivial cylinders has the properties described
in the theorem.

Linearizations over trivial cylinders

Fix @, which corresponds to fixing a Reeb orbit in the Morse-Bott torus. Consider the trivial
cylinder C, at x. The Cauchy Riemann operator 0; (with unperturbed complex structure
J) has linearization D, of the form

0y + Jod, + Sa(t).

The matrix Jy is the standard complex structure on R?*, and S,(f) is a symmetric matrix.
Considered as an operator, we have

D, : W*P4C*TM) — WHPA(C*T M)
with exponential weight e? on both sides.

Lemma 3.6.3. D, is an isomorphism.

Proof. We consider this operator defined on W2?(C*T'M) instead of W2P4(C*T M) by using
the isometry
e~ WE(CET M) — W2PA(CHTM).

The effect of this on the operator D, is
e Dye” % W2P(C:TM) — WP (CHT M)

e®Dye™ % = 0, + Jo0, + Sy(t) — d.

The operator A(t) : W2P(S1) — WP(Sh) given by A = —Jy0; — S, () +d has eigenfunctions
{e,} with eigenvalues {\,}, and no eigenvalue ), is equal to zero. This shows D, is index
0 because there is no spectral flow. An element in the kernel of e D,e~% can be written in

the form
Z cne’\"sen(t)
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but all ¢, must equal to zero because terms like e*»® have exponential growth on one end
hence cannot live in W*P(C*T'M). This implies D, is an isomorphism hence has an inverse,
which we denote by (.. Note this inverse does not depend on §. n

Observe since x varies in a S! family, there exists C such that

1Qu[l < C

in operator norm for all x € S*.

Uniformly bounded inverse for D,

In this subsection we prove the main theorem of this section. This is inspired by analogous
constructions in Proposition 4.9 in [7] and Proposition 5.14 in [5].

Proof of Proposition[3.6.3 We identify S*, the circle of Morse-Bott orbits, with = € [0,1]/ ~,
and we recall f has critical points at = 0 and z = 1/2. WLOG we consider the vs(s, t)
corresponding flow from with —oco end at = = 0, towards z = 1/2 as s — 400 and take
Sg = —OQ.

Fix N large, let x; = 1/2N, i = 1,.., N denote Reeb orbits on the Morse-Bott torus. Let
s; € R denote the time it takes for vs to flow to x;, i.e. when  component of wvs(s;,-) = z;.
We implicitly take sy = 4+00. We observe s; implicitly depends on ¢ and

Si+1 — S; Z C/((;N)

We let D; := 05+ JoO; + S,, (t) denote the linearization of the d; operator at a trivial cylinder

at z;. We define the parameter

1 1
= —log -
=gyl

Let B,(s) be a cut off function equal to 1 for s > 1 and 0 for s < 0. we define the “glued”

operator
N-1

#nD; = 05 + JyO, + Z(l — Bo(5 = 5i41)) Bo(5 — Si)SxiJrl(t)'

=0

So we have #yD; = D, on the interval [s;_1 + 1, s;] by construction. Viewed as operators
W2PA (X T M) — WP (u3T M)

we have

|Dj; — #nDil| < C(1/N +6)

in operator norm with constant C' independent of § or N. It follows from the same spectral
flow argument as above that #yD; is Fredholm of index 0. We now proceed to construct a
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uniformly bounded (as § — 0) right inverse @)y for it. Let (); denote inverses to D;, we first
construct approximate inverse (Jg using the following commutative diagram

Wird(pr T M) — 28 W2ed(ysT M)

Jsm o |

) D Qs \
(WA (o TM)); = @,[W*P(v;TM)];

with splitting maps sp and gluing maps gr defined as follows: if n € WhP4(viT M), sp(n) =
(Mi, .., ) where

i =11 = Bo(s — 5:))Bols — si-1).
We see immediately sg has uniformly bounded operator norm as 9 — 0, and that its norm is

also bounded above independently of N. Let yr(s) be a cut off function vg(s) =1 for s < 1
and Yg(s) = 0 for s > R/2 and v/(s) < C/R. If (&,...&n) € @, W2P4(viT M) we define

gr(&i, . EN) = ZfﬂR(S — 5i)Yr(Si—1 — ).

We also see that gr is an uniformly bounded operator as 6 — 0 and its upper bound on
norm is independent of N. We conclude Qg has uniformly bounded norm as 6 — 0. We
next show it is an approximate inverse to #y.D;.

If we start with n € W'P4(v;TM), with Qr(n) = >, &vr(s — si)Vr(si—1 — s). We apply
#nD; to it and observe away from the intervals of the form (J,[s; — R, s; + R] - which we
think of the region where gluing happens,

#NDiQrn = DiQin; =1

so we focus our attention to an interval of the form [s; — R,s; + R], in which Qr(n) =

Vr(s = 8:)& + Yr(Si — 8)&iv1-
We observe over intervals of this form ||D; — #nD;|| < C/N in operator norm, so when we

apply #nD; to Qr(n) we get

#nD;Qrn =#nD;i(Vr(s — 5:)& + Yr(si — 5)&i41)
=7r(s — 5:)& — Yr(si — 5)&ir1
+Yr(5 — 8i)#NDi& + Yr(5i — 5)#NDikit1.

In light of the above, in this region we have

#nDi& = D& + (#nD;i — D;)§;
= Bo(s — si)n + (#nD; — D;)§;

with
[(#~Di — Dy)&|| < C/N[&| < C/N|In||
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and likewise for the &, term in weighted Sobolev norm. We also note v, < C/R, so we can
write

#NDiQrn = Yr(S — 5:)Bo(s — 8i)n + Yr(si — 8)(1 = Bo(s — s;))n + error

for s € [s;— R, s; + R]. But by the construction of 3, and g, we have yr(s — s;)5o(s — s;)n+
Yr(si —s)(1 = Byo(s — s;))p =n in [s; — R, s; + R], so we have

1# 5 DiQrn — nll < C/N|ln]|

in weighted Sobolev norm. So for sufficiently large values of N, the operator Qg is an
approximate right inverse. Then we can define a true right inverse #yD; by

Qn = Qr(#~DiQr)™"

which also has uniformly bounded norm as § — 0. This in particular implies #xyD; is
surjective.
Finally using

|1Ds; = #nDil| < C(1/N + )

in operator norm we see that () is an approximate right inverse to D, because:

D5 Qnn —nll = [(Dy; — #5Di)Qn + #nxDiQnn — 1|
= [(Dy; — #nD;)Qnn|
< |@nll - I(Dgs — #5D3)|l - ||nll
< C/N|n||

and hence D, has uniformly bounded right inverse as § — 0. O]

Remark 3.6.4. We proved for given D, acting on WP4(v3T M) over fixed vs it has uni-
formly bounded right inverse. For our proof we assumed the exponential weight is of the
form e, but it should be apparent from our proof even as we translate the weight profile
from e?* to e®~T for any T € R, the same proof goes through. Said another way, for any
sufficiently small § and any T, the operator Dj, defined over W?2P?(viT M) with weight
e*+T has a uniformly bounded inverse.

Remark 3.6.5. In the above construction we implicitly fixed a parametrization of vs with
respect to the ¢ variable, i.e. we picked out which point on the Reeb orbit corresponds
tot = 0. We could also have changed this, resulting in a reparametrization of vs, of the
form ¢ — ¢+ c. For all such reparametrizations it is obvious D, continues to have uniformly
bounded right inverse, and this upper bound is uniform across all possible reparametrizations
in the ¢ variable.
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3.7 Gluing a semi-infinite gradient trajectory to a
holomorphic curve

In this section we glue a J-holomorphic curve u to a semi-infinite gradient trajectory v. This
is a simpler case of gluing for multi-level cascades, and properties of this gluing developed
here and in the following sections will be used extensively in gluing together multiple level
cascades. The novel feature of this gluing construction, which separates it from standard
types of gluing constructions, is that we will make the pregluing dependent on asymptotic
vectors. The general setup will follow that of Section 5 in [41], and in a sense we are doing
obstruction bundle gluing, see also Remark [3.9.23] This approach to gluing has appeared in
the Appendix of [12].

The section is organized as follows: in subsection 1 we first introduce the gluing setup.
In subsection 2 we do the pregluing. In subsection 3 we take care of the differential geom-
etry /estimates needed to deform the pregluing. Further, we write down the J-holomorphic
curve equation we need to solve, and split it into two different equations as was done in
Section 5 of [41]. And finally in subsection 4 we solve both of these equations. We do not yet
say anything about surjectivity of gluing and save it for the end when we discuss surjectivity
of gluing in the general case.

Gluing setup

Let u : ¥ — M be a J-holomorphic curve with only one positive puncture which is free,
asymptotic to a Morse-Bott torus with multiplicity 1 (higher multiplicities are handled sim-
ilarly). We choose local coordinates on u around the puncture given by (s,t) € [0, 00) x S*.
We also assume Y is stable. Our assumptions are purely a matter of convenience since it
will be apparent from our construction how to glue semi-infinite gradient trajectories with
arbitrary number of positive/negative ends. We also assume (purely as a matter of nota-
tional convenience) that we have shifted our coordinates so that lims_, u(s,t) converges to
the Reeb orbit at x = 0, and the critical points of f are at x = £1/4 with max at x = 1/4
and min at x = —1/4. We assume wu is rigid, i.e. the operator

Dy WP TM)® Ve & TT — W4 (Hom (T, u*TM))

is surjective of index 1. It has a right inverse @,,. Here Vi := span{£1.0.000z, 51.0.000as £1:0,000x } -
This is a 3 dimensional vector space with a given basis, we denote elements of this space by
triples (r,a,p). The norm of elements (r,a,p) € Vr is simply |r| + |a| + |p|. We will often
write |(r, a,p)| to mean this norm.

Convention 3.7.1. We will generally use the symbol (r,a,p) as a shorthand for the asymp-
totically constant vector field

Tﬁl;(],ooaz + aﬁl;ﬂ,ooaa + pﬁl;(],oo@z'
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This is generally the case when we use (r,a,p) to deform curves, and the case later where
the symbol (r,a,p) appears in the equations Or. We will also sometimes to use the symbol
(rya,p) to simply denote the tuple of numbers, r,a,p. It will be clear from context what we
mean.

We observe by definition D;(r,a,p) decays exponentially (at a rate faster than e~

which we denote by e™P*, D >> d) as s — oo.

Convention 3.7.2. We use the following convention regarding d and D. The symbol D,
when written as e~ P will always be used to denote a rate of exponential decay that only
depends on the background geometry, say the local geometry around the Morse-Bott torus.
An example will be the rate of exponential convergence to a trivial cylinder of a J-holomorphic
curve asymptotic to a Reeb orbit. The lower case d will be chosen to be independent of 9,
d << D and as usual much smaller than the distance between the nonzero eigenvalues of
operator A(t) and 0. This is the exponential weight we will use in our weighted Sobolev
spaces.

The rest of the section is devoted to proving the following:

Proposition 3.7.3. For every 6 > 0 sufficiently small, there is a Js-holomorphic curve
us X — M that is positively asymptotic to the Reeb orbit x = 1/4 obtained by gluing a
semi-infinite gradient trajectory along the Morse-Bott torus to u.

Pregluing

We make the pregluing dependent on the triple of asymptotic vectors (r,a,p). We first
describe the neighborhood of w|j o)xs1. Recall we are working in a neighborhood of the
Morse-Bott torus whose local coordinates in the symplectization are given by

RxS'x S'xR 3 (a,zz,7)

where x is displacement across Morse-Bott torus direction, y is the vertical direction, a
symplectization direction, and z Reeb direction. At the surface of y = 0, J is the standard
complex structure. The metric here is the flat metric, so we will simply “add” vectors
together as opposed to taking the exponential map. The map u comes in the form

u(s,t) = (s+ €5, t + €M, 1y)

where
lim n, =0
S——>00

of order e=P* where D is some fixed constant specific to Morse-Bott torus (d << D). We

also have
€y R O(e_Ds).
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Then
U(S, t) + (Ta C%Z?) = (S + €s + aﬁl;O,ooa t+ €t + 7"51;0,007 Nz + Bl;O,oopa 77y)

Recalling the important parameter R:
R =~ log(1/5)
=—1lo
5d °

which we will take to be our gluing parameter, we cut off u + (r,a,p) at s = R and glue in
a gradient trajectory v, ,,(s,t) satisfying

Vrap(R,t) = (R+a,t+r,p,0).

We observe that since 6 << R, in the range of s € [R, 5R], the map v, ,,(s, t) remains almost
a trivial cylinder, which can make precise by noting

|Vrap — (R+5,t,p,0)|cr < CRS, s € [R,5R].
We are now ready to define the pregluing. We define

u(s,t) + (r,a,p),s < R—1

Urap,§ > R—1/2

smooth, bounded interpolation between u + (r,a,p) and v, ,, for
se[R—1,R—1/2].

Upap(S,t) =

The interpolation above should be chosen so that the difference between ., , and the trivial
cylinder of the form (s,t) — (R + a,t + r, p,0) should be bounded by e P in C* norm.

We first observe the preglued curve is still defined on the same domain 3. It still has
the same coordinate neighborhood [0,00) x S* near the unique positive puncture. As a
warm up to considering the deformations of this preglued curve, we next measure how non-
holomorphic this preglued curve is by applying 9, to it.

Remark 3.7.4. Here in constructing the domain for the pregluing we “rotated” our gradient
trajectory v, ., (denoted by v in Section by r to match u + (r,a,p). It is also possible
to instead glue u, 4, With vy 4, by making the identification ¢ ~ ¢+ at s = R. In this case
we get back the same surface, however when we later glue over finite cylinders this will make
a difference, as it corresponds to the same topological surface but a new complex structure
on the preglued domain.

Convention 3.7.5. We adopt the convention that for terms that are supposed to be small,
e.g. uniformly bounded by Ce (in say C* norms or any norm we care about), we just write
the upper bound Ce instead of the specific term in its entirety.
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Proposition 3.7.6. After we apply the 0;, operator to the preglued curve Upqp OvEr the
interval (s,t) € [0,00) x S* we get terms of the form

[DJ(T7 a, p) + C(S, t)l(?“, a, p) |2€_D8]5[0,R+1;1]
+ Co(1 + (7, a,p))]Bo,rRt1:1]
+ Cle "1+ |(r, a,p)|) + CO(1 + |(r, a, p)|)] Brr.r—2,r 2,11

By C(s,t) or oftentimes C, we mean a function of (s,t) and occasionally also including the
variables (r,a, p), whose derivatives are uniformly bounded. When we write |r,a, p| we mean
the absolute value of the numbers |r|, |al, |p|.

Note the term D;(r,a,p), which is the only term in this expression that is not “small”.
Figuratively we can write this as

Dy(r,a,p) + F(r,a,p) + E(r,a, p)

where
‘F(Ta a,p) = 0(57 t)’(?”, a7p>|267Ds

and

E(r,a,p) =C[0(1+ (r,a,p))] Bio,r+1;1)
+C [G_DR(]' + (7’, a7p)) + C6(1 + (Ta aap))} 6[1;R—2,R+2;1]

where we think of F(r,a,p) as a quadratic order term and E(r,a,p) as an error term.

Remark 3.7.7. We first note that u is holomorphic with respect to J, but in the above
theorem we applied the 0 operator with respect to Js, which is responsible for the appearance
of several error terms. Further since u is not holomorphic with respect to Js, there is another
error term that appears in the interior of u, i.e. 3\ [0,00) x S* of size C'§. Note no such
error term appears in the interior region of v,,, This term is not very important because
by our metric it is (uniformly) small, we will include it when we solve for the equation more
globally:.

Proof. We first consider downwards of the pregluing region, in the region s € [0, R — 1], the
pregluing is simply consider u + (7, a, p), then after applying 0, we get

Os[u+(r, a, p)|+J(u+(r,a,p))0i(u+(r, a,p)) = B0 (rd:+ad,+pdy)+0su+J(u+(r, a,p))dyu.

To this end, observe dsu + J(u)d,u = 0 so we get an expansion of the form D,(r,a,p) +
> C|(r,a,p)|"=?0}, ,J (u)dpu. This is a C° bound, we will need a better bound since eventu-
ally the size of the vector will be measured with respect to weighted Sobolev norms. Observe
Oyu is of the form

(Ores, 1 + Over, O, Opmy)-
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All 7, terms decay like e=P%, except (0, 1,0, 0). But we observe by compatibility of .J, the term
(02, (u(00,1)))(0,1,0,0) = 0. Hence overall the second term C|(r, a, p)[*=20}", ,J (u)Oyu is
of the form

C\r,a,p|Qe’Ds.

Next let’s include the effect of Js, now we have

(055 = 0)(u+ (r,a,p)) = (Js(u+ (r,a,p)) = J(u+ (r,a,p))0(u + (1, a, p)).

This term has size §C' and it only exists for length s € [0, R] and disappears after the
pregluing region. We clarify its dependence on various variables: it is of the form

65(1 + |7’, avp‘)ﬂ[O,R—&-l;l]

and this is everything in the region s € [0, R — 1]. We observe by definition w, ,, is Js-
holomorphic in the region s > R so we only need to look at the pregluing region to find
rest of the pregluing error. It follows from the uniform boundedness of our interpolation
construction in the pregluing that this error is of the form Cle PE(1 + |r,a,p|) + Co(1 +
7, a,p|)] B, r—2,r+2;1), whence we complete our proof. H

Remark 3.7.8. The reason we are painstakingly computing all of these terms carefully
(and in our subsequent computations) is because later we will be differentiating this entire
expression with respect to (7, a, p) so we must take note how our expressions depend on these
asymptotic vectors.

Deforming the pregluing

Now that we have constructed u,,,, we deform it to try to make it Js-holomorphic. We
recall a neighborhood of u is given by: W2P<4(u*TM) @& Vr & TJ. We recall for [0, 00) x S?
there is an exponential weight e?*. We already explained how to construct the pregluing with
asymptotic vector fields (7, a, p). We fix v € W2P4(u*T M), 65 € TJ. Recall deformations
of complex structure of the domain 04 is away from the cylindrical neighborhood so does not
affect our gluing construction for the most part, so unless it is explicitly needed for rest of
this section we will drop it from our notation. Now for vy, fix ¢ € W?P* (v}, ' TM). Note
this choice of Sobolev space is dependent on the asymptotic vectors (r,a,p). We equip the
space W>4*(v¥ ' TM) with weighted Sobolev norm ewls) = eds,
We fix cut off functions

Bu = 5[700,21%;1?,/2]
and

By = Bir/2;R 400
We deform the pregluing w, 4, via

(ur,a,p7j0> — (Ur,a,p + ﬁu¢ + 5v¢7j0 + 5]) (38)

The next proposition describes what happens to the deformed curve when we apply 0 7, to
it.
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Proposition 3.7.9. The deformed curve (uyqp, + Butd + Bu®, jo + 07) is Js-holomorphic if
and only if the equation

Bu@u + 51)@1) =0

1s satisfied. ©, and ©, are equations depending on Yy, Yy, 05, and they take the following
form

Oy = Dytp + B¢ + Fu(th, ¢) + Eu(t), 9)
and

@v = B{Ldj + DJ§¢+ ]:U((b? 77/})

The forms of functionals F,,E. are given in the course of the proof.

Remark 3.7.10. We will write the equation ©, and ©, in two different forms, one form
will make it easy to apply elliptic regularity, the other makes it easy to use the contraction
mapping principle. It will be later crucial for us to use elliptic regularity, as when we do
finite trajectory gluing we will lose one derivative by lengthening/shortening the domain of
the neck, and we will use elliptic regularity to gain one derivative to make up for this. The
key ingredient is to arrange things so that ©, does not contain derivatives of ¢, and ©,
does not contain derivatives of ¢. We shall see that this requires some careful differential
geometry to achieve.

Proof. Step 0 We first prepare to write our equation in a way that makes apparent the
elliptic regularity in the equation, then we will linearize everything to make linear operators
appear. We first consider

5J5 (ur,a,p + @ﬂﬁ + ﬁv‘b)

in the region s > R. We recall over in this region 4, ,, = v;4,. Let’s use u, to denote u, 4,
for short. Then we are looking at the equation

Os (s + Byt + Bud) + Js(us + Byt + Bud)Or(us + Buth + By0) = 0.

We rewrite this in the following fashion

Ostis + By + Bod + BuOst) + 8,050 + J5(us + Buth + Bu@)Op(ws + But) + B0)
=0.

Recalling that dsus + Js(u.)Ou, = 0 in this region, we can write
Osu + Js(u + By + Bud)Owu as

asu* + Jd(u*)atu* + aﬁud;J&(u*)atu* + aﬁv¢<]6(u*)atu* + G(ﬁfu¢: 5u¢) =0
where we can further write

G(ﬁﬂﬁ, ﬁu(ﬁ) = ngbgv(ﬁvﬂ/)v ngb) + @ﬂ/}%(@ﬂb; ﬁvd))
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where g, (z,y) and g,(x,y) are smooth functions so that pointwise

g«(z,y)| < C(|z] + |y) (3.9)

and g, have uniformly bounded derivatives. If we introduce the modified cutoff functions,
Bug = 5[1/2;R—1/2,2R;R/2]

Bug = B(Rr:R/2,2R+2;1/2]-
Then we define 6, to be

61) ::8s¢ + J(S(Ur,a,p + Bug,éb + 5[1;R72,oo]ﬁv¢)at¢ + a(bjé(vr,a,p)atvr,a,p (310)
+B[1;R—2,oo} d)gv(ﬁugwa ﬁvd)) + BLw (311)

We make a few remarks about the important features of our definition of ©,. We first
remark by our cut off function 3;r_2 ., the equation becomes linear for s < R — 1, as
all the quadratic terms have disappeared. This is desirable as we will be solving ©, with
W2P(v*T' M) with exponential weight e?*. Usually having vector fields that grow exponen-
tially is undesirable for doing analysis, but in our case where the vector field grows exponen-
tially the equation is linear, and hence poses no problem for the solution for our equation.
The deformed preglued curve also doesn’t see the segments of ¢ that grows exponentially by
our choice of cut off functions.

We also remark that ©, appears in a form that allows us to apply elliptic regularity as
stated in Theorem [3.7.11] which we will need much later on.

The definition of ©, is slightly more involved. From now on we think of (s,t) as coordi-
nates in the cylindrical ends of u. Let @ denote the interpolation from v, 4, to u + (r,a,p)
that starts at s = 2R + 1 and finishes the interpolation process at s = 2R + 2. The dif-
ference between v,.,, and u + (r,a,p) in this interval is uniformly bounded in C* norm by
C(e ?PE 4 R§) over s € 2R+ 1,2R +2]. Note also where 3, is nonzero and s > R, u agrees
with u,. Let us also consider

05t + J5 (T + By + Bugp)Oru
which we expand as
Osu + Js(0) 0y + 0,4 Js(W)OT + 0p,,0J5(W) 04 + G(Bur, Bugd)

where the definition of G is analogous to that of G. We recognize that the first term
dsu + Js(w)0yu is supported for s € [2R + 1,00] whenever s > R + 1 and is of size (in C*
norm) C(e 2PR + R§). The term G (8,1, Byy¢) admits a similar expansion as G above that
gives

é(ﬁuw’ ﬁvggb) - ﬁugqbgv (6u¢7 ﬁvggb) + ﬁu¢§u (Bu¢a ngqs)
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with g, satisfying the same norm bound as before. Then for s > R we define ©, to be

Oy = B0 + 0utb + J5(T + Bugd + Buth) D) + OpJ5(T) + 1, (Buth, Bug®).

Note that we choose g, to agree with g, for s < 2R. Then we observe by this construction
over s € [R,00), the equation:
Bu@u + 51)@1) =0

implies directly that the deformation of the pregluing u, under 8,¥ + 3,¢ is Js holomorphic.
The definition of ©, extends also naturally to s € [0, R] as

Os(us + 1) + Js(us + ) O(u + 1) =0

as in this region the effect of ¢ vanishes. The extension of ©, to the interior of u is standard,
albeit one also needs to take into account of deformation of complex structure ¢j in the
interior of u.

As promised the derivatives of ¢ does not appear in ©, and vice versa. As written it is
manifest that solutions of ©, and 0, satisfy elliptic regularity. We next rewrite them into a
form that makes the linearizations of operators appear, and hence more amendable to fixed
point techniques.

Step 2 We now establish an alternative form of ©,, namely we take Equation [3.10] and
expand the nonlinear terms. We get

@v = DJ5¢ + Bqlﬂvb + /8[1;R72,oo]¢gvl (5ugwa Bv¢) + atgsgv?(/ﬁugw? B[l;RfQ,oo]Bvqb)

where ¢g,, have the same properties as g,. Even though they are different functions, we will
sometimes just write g,(¢ + 0;¢) for convenience. We then can take

fv = ﬁ[l;R—2,oo]¢gvl (ﬂugwa Bv(b) + 8t¢gv2(ﬁugw7 B[l;R—Q,oo]ﬂv¢)

which we think of a quadratic term. There is no error term.

Step 3 The analogous expression for O, is more complicated, in part because we have
to deal with asymptotic vectors and have to pull back everything to W2P<4(u*T M) @ Vp. We
first focus on s > R part of ©, from which we can write this as

Buo + (05 + Js(@) )t + Oy Js(W)] + G, (Buth, Buogd) + (Js(U + Bugd + Buth) — J5(10))9ptp = 0.

We loosely think of [(9s + J5(@)0:)y + Oy J5(w)] as the linearization, and the rest of the terms
as quadratic perturbation. The quadratic terms

¢§u(5uwa nggb) + (JzS(ﬂ + 5vg¢ + 5u¢) - Jzi(ﬂ))atw

generally take the form: ¥ - g(v, ¢) + 9;10g(v, ¢) where g is the function having the property
of Equation [3.9] and uniformly bounded derivatives.
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Next we consider what happens for s < R, where O, takes the form
0s(U + 1) + Js(U + )0y (T +1p) = 0
which we can rewrite as
st + Js5(@)0pp + Oy Js(W)0su + g(v) O + 05t + Js5(w) Oy

We think of 0,9 + J5(u)0p + 0y Js(w)0iu as the linear term, ¢(1)0;¢) as the quadratic
correction (g is just some function satisfying property of Equation , and 0su + Js(uw)oyu
the pregluing error, which was already estimated in the previous proposition.

We next wish to understand how the linear terms in the various segments of ©, compare
with the linearization of d; along u, which we turn to in the next step.

Step 4 We first focus on s < R. We are trying to compare the linearization term in ©,
to Dy, which can be written as

Os¢ + J(uw)0pp + Oy J (u)Oyu.

We compare their difference. We first consider the linear term in ©, with J instead of Jj,
and in taking their difference we see terms of the form

(J(w) — J(@)9 + 3y J (w)yu — By J (7)0,T.

In the first term above the difference is of the form
C(s,t)(r,a,p)opp + C(s,t)ﬁ[l;R,Q,RH;l]e*DR@tz/) where e PR9,) is coming from pregluing
error. In the second term above we can write it as:

0(87 t) (T’ a, p)l/J + C¢6[1;R—2.R+2;1]6_DR

the second term coming from the difference between 0,u and 0yu.
Then we must take into accout the difference between Js and J, this introduces terms of
the form

Coh + C30.

This concludes our computations for the s < R region. For s > R, we repeat a similar
procedure, we recall the linear term in ©, in this region takes the form

0 + Jg(ﬂ)@tw + 8¢J5(ﬂ)8ﬂ.
As before to understand this difference we first replace instances of Js with J, and get

Dy — (059 + J (@) + Oy J (w)0pu)
=C(s,t){((r,a,p) + C(6 + e_Ds))ﬁ[l;R—l,zRJrz;l] + B[l;QR—Q,ZR-{-Z;l](e_DR +0) }ou
+ C(s, ){((r,a,p) + C(0 + € ")) Bisp-12r+2:1) + Buzr—2.2r+20)(€ 7% +0) }
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where the terms of the form C(6 + e*DS)/B[l;R_LgRH;H and B[l;gR_mRJrg;l}(e*DR + §) came
from the difference between v, ,, and u. Finally the effect of putting J; is to add a term of
size:

Cop + Coop.
Hence collecting all of the above computations, we can write

where we think of F, as the quadratic term and &, as the error term. They take the following
forms:

9()0ab + C(s,8)(r,a, ) + C(s, t)(r,a, p)Op + C(s,t)(r,a,p)*e™ ", s < R

u

¢§u(5u¢, nggb) + (JcS(ﬂ + 6vg¢ + 5u¢) - J5(ﬂ))8ﬂ/] + C(S, t) (’I“, a,p)@/)
+C(s,t)(r,a,p)0ppfors > R

and for s < R
&, =Cop + Co0pp + 6[1;R—2.R+2;1]€7DR8tw + 5[1;3—2.R+2;1]€7DR@¢

+ 05(1 + |7ﬂ7 a7p|)6[0,R+1;1}
+ Cle " (1 +|r,a,p|) + C5(1 + |r, a, p|)] Bpi;r—2, R 421

For s > R we have

Eu =C{(6 + ¢ P*)Bu.p-12r+21) + (Buar—22r120 (e "% + 8)) }0

+ C{(6 + €_Ds)ﬁ[1;Rf1,2R+2;1] + (5[1;2372,2R+2;1](€_DR +9))
+ Co + CoO.

]

We also need to version of elliptic regularity given in Proposition B.4.9 in |48|, which we
reproduce here.

Theorem 3.7.11. Let Q' C Q be open domains in C so that Q' CcQ. Letlbea positive
integer and p > 2. Assume J € W'P(Q,R*™) satisfies J*> = —1, and ||J|lwr < co, then:

a. Ifue LV (Q,R?), n € WP(Q,R?), and u weakly solves

loc loc
Osu + JOyu = 1. (3.12)

Then u € W/llotl’p(Q, R?"), and satisfies this equation almost everywhere.

HUHWH»I,;D(Q/’RZ?'L) S c(H@Su + Jatunwl,p(Q’R%z) + Huuwl,p(g?ﬂpn)) (313)

where ¢ only depends on ¢y, <), and €Y.
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Remark 3.7.12. In what follows, ignoring for now our choice of cut off functions, we will
think of F, in the following form:

where measured in C° norm we have,

l9(z,y)| < C(lz| + |y|)

[z, y)| < C(lal + ly])

We also have g, h are both smooth functions whose derivatives are uniformly bounded, which
in particular implies that the W*P norm of g(¢,%) and h(¢, 1) are bounded above by the
W P norm of ¢ and 2.

In comparison with Section 5 of [41], our conditions on F, are slightly stronger than the
condition in there called quadratic of type 2 because only the derivative of ¢ is allowed to
appear. We will think of F, in the following form (note this is slightly different from above
conventions):

Fu=9g(Bud,b,7,a,p) + h(Bug, ¥, 7, a,p)0(¢))

Ignoring the precise details of cut off functions, we have (all norms below are the C° norm)

lall < Clell - Il + 181 + [(r,a, p)*e™* + |(r, a, p)| (01| + 1¥1))
12l < C((r,a, )| + N2l + [[¥1])

Analogous expressions for pointwise bounds for higher derivatives of F,, also hold, essen-
tially because JF, comes from expanding a smooth function. For most of our purposes the
bounds above will suffice.

Remark 3.7.13. The terms F, and &, are viewed as error terms, so what is important is
their relative sizes and not the constants appearing in front of them. In what follows we will
not be too careful to distinguish +F, and —F, and similarly for &,.

Solution of ©, =0,0, =0

In this subsection we will finally solve the system of equations ©, = 0, ©, = 0. We will
adopt the following strategy:

e Given fixed (r,a,p), ¥, construct our lift of gradient trajectory, v, 4 ,, which we preglue
to u+ (r,a,p).

e For this fixed choice, we solve ©,(¢) = 0 over v, TM using the contraction mapping

principle to obtain an unique solution, ¢(r, a, p, ).
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e Then we try to solve ©, = 0 over w*T'M. We do this via another contraction mapping
principle with input variables (¢, 7, a, p, 7). The function ¢ enters the equation, but as
a dependent on these variables. As such, we need to understand how ¢ varies when we
change 1, r, a, p. This is made non-trivial by the fact when we change variables 7, a, p,
the deformation is not local, we are twisting/moving an entire semi-infinite cylinder.
We will need to understand under these changes, how the ¢ terms that enter ©, change.
Hence to keep track of these changes, we will make certain identifications of bundles
vy o pI'M and vy, TM so we can compare the solutions of different equations over
the same space. Then from that we get from the perspective of the equation ©, over
u*TM, ¢4, depends nicely on the variables (r, a, p, ¥, 07).

e We apply the contraction mapping principle over ©*T'M to solve ©,,.

Proposition 3.7.14. Let € > 0 be fized and sufficiently small (small relative to the constants
C' that describe the local geometry of Morse-Bott torus but fized with respect to 6 > 0). Let
the tuple (¢, r,a,p,07) be fized and in an € ball around zero. Then we can view ©, = 0
as an equation with input ¢ € W2P4(y vy o, I'M). This equation has an unique solution ¢ €
W2pd(yr TM) whose norm is bounded by

o]l < e/R.

Furthermore, this solution ¢ is actually in W3P4(y

bounded by Ce/R.

’I’(lp

vr S TM), its W34 norm, is likewise

Proof. The equation we need to solve is

Dy¢ + Fu(o, ) + B =0

where D, is the linearization of 9, along v,,,, which we previously denoted by D;,. We
dropped the subscript (7, a, p) to make the notation manageable.
Let ) denote the inverse of D,. Now consider the map

I-W2Pd(vr, TM) — WP4(yr  TM) defined by
¢ — Q(=B,¥ — Fu(9, 1))

We note a solution to ©, = 0 is equivalent to I having a fixed point. We demonstrate a
fixed point exists via the contraction mapping principle. Since ¢ € W*P<4(y*T'M) has norm
< ¢, the function 3,1 viewed as a element in W2P4(v* ,I'M) also has norm bounded above
by €, hence [|5.0| < ¢/R. Also we note for ||¢|| < e, ||Q o F,|| < Ce?, both of these being
measured in W*P4(v% , TM) norm.

If we let Bc(0) denote the e ball in W?P4(vx , TM) then by the above, we see I sends
B.(0) to itself. We also see it satisfies the contraction mapping property. If ¢, ¢ € B.(0)
then

rap

11(¢) = I < 1Fo(¢,9) = Fuld', ¥)]
< Cmaz{|[¢llwzra, |¢'[wara, [[Pllwera}llé — ¢
< Cellgp — ¢/l
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Hence for small enough € the conditions for contraction principle is satisfied, the map I has
a unique fixed point. Since D is invertible, this is equivalent to ©, having a unique
solution.

We can estimate the size of this fixed point. Consider the equation

¢ = Q=B — Fuo(o,¥))
TM) we get

Ur,a,p

If we measure the size of both sides in W2P4(y* Uy ap

o]l < Ce/R+ Cel| ]|

hence we get
[6]] < Ce/R.

The fact we can improve the regularity and bound the W34 norm of ¢ follows directly from

Theorem B.7.11] O

We next need to solve ©,. As we mentioned in the introduction to this subsection, we
think of this equation taking place over W2P4(u*TM) & Vp @ TJ, with input variables
(r,a,p,1,d7) in an € ball. We think of the ¢(r, a, p,v,07) term that appears as a dependent
variable. From above we know that for each tuple (r, a, p, 1, §j) there exists a unique solution
¢(r,a,p,1,07) of small norm. To apply the contraction mapping principle we need to see
the derivative of ¢(r,a,p,1,dj) with respect to the tuple (r,a,p,1,dj) behaves nicely as
well. This is made nontrivial by the fact when we vary (r,a,p) we are pregluing different
gradient trajectories, hence the solution of ©,,, = 0 takes place in different spaces. We
take the approach of identifying all the solutions into one space, and that as (r,a,p) vary
the equation over the same space changes, and by understanding this change, we understand
how the terms in ©, change.

To this end we let the pair (D,, W) denote the vector space

{W2Pe (v o TM), e®}

with operator D, given by D, , ,-the linearization of 0 7s OVer vg 9. We first consider varying
r,a, and keeping p = 0. Let ¢, .0 € W?P%(v Uy g0l M ), then there is an obvious parallel
transport map PT : W*Pd(v*  TM) — W that sends

raO
(br,a,O — ¢r,a,0 —r—ac W

which is an isometry. Here we are using additive notation for parallel transport maps because
the metric is flat. We denote its image by gzﬁmo Under this identification qu,g satisfies a
different equation, which we denote by ©,. This equation is of the form

f)r,a,oqgr,a,() + ﬁv(ér,a,m ¢) =0
If we write D, = 05 + Js(s,t)0; + S(s,t), then lA)m,O is given by

Os + Js(s+a,t+1)0, + S(s+a,t +r)
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and the term F, has some mild dependence on 7, a depending on the local geometry of the
Morse-Bott torus. The point here is that the term c;S(r a,p,1,07) that enters directly O,
can be identified with s < 5R portion of ¢m0 solving ©, = 0. Hence to understand how
¢(r,a,p,v,0j) feeds back into ©, as we vary (r,a) we only need to understand how the
parametrized solutions qﬁm o solving the (r,a) parametrized family of PDEs ©,, changes.

We would like to extend the previous discussion to include variations of p. To do that
we need the next lemma which concerns the differential geometry of the situation.

Lemma 3.7.15. In our chosen coordinate system, let vy(s,t) = (ay(s),t,xy(s),0) be a lift
of gradient trajectory satisfying

ay(0) = 0,2,(0) = p
and let vy = (ay(s),t, 2y (s),0) be another lift satisfying

ay (0) = 0,2, (0) = p/
with |p — p'| < e then there exists a C independent of § such that:

[up(s,t) — vy (s, )] < Clp —p|
for all s,t.

Proof. This is a fundamentally a statement about gradient flows. We recall z, satisfies the
equation x,(s)s = 0 f'(x,). If we reparametrize ,,(s) to be z,,(5) then it is simply a gradient
flow of f, then we have for all § and all s

W (3) e (] <

where C' is independent of §, and the claim follows. To verify the claim about a, and a,,
we need to be a bit more careful. Assume we have re-chosen coordinates [U, V] around p so
that on x € [U, V], we have f(x) = Mz and on x € [0,U + €| f(x) = M'z?/2.

This fixed choice of coordinate is independent of d so our quantitative conclusions drawn
from this coordinate system continues to hold in our original coordinate system up to a change
of constant. Then we analyze the behaviour of a,(s) and a,/(s) as s — —oo, with the positive
end being similar. For s so that x,(s) € [U,V], x,(s) = dMs + p and zy(s) = 6Ms + p/,
since a; = /(@) this is equivalent to

ap(s)/ _ 66(6M5+p)

and
/
(Ip/(S), 65(5Ms+p )

If we take T large enough so that x,(—7),z,(—=T) € [U,U + €], we have the upper bound:

T < C(max(p,p’) — U)/o.
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Hence we have a uniform upper bound in the integral of the form:

A/s
p(~T) = ay (-T) < | [ et cesan g,
0

1 /

< (SQ—M(€62MA/5 . 1)(65;) _ 65}7 )
<Clp—p|

where A is just some constant. Next for s < —T', the curves z,(s) and z, (s) enter the region

where f(x) = M’'z?/2, and they satisfy the differential equation

z,y(s) = oM’z
so they satisfy
5y(s) = ()"
and likewise for z,/(s), hence the difference between a,(s) and a, (s) satisfies

V1 /S /S
as(ap . (Z;) — eéxp(—T)e‘SM o eéxp/(—T)e‘sM )

Since we are taking s — —oo the right hand side can be bounded by
Cb(wy(=T) — 2y (=T))e"™* < 6C|p — pl|”M".

Hence for s < =T ’

la, — ay| gC\p—p’](S/ eéM’sds§C|p—p’\

—00

and hence our conclusion follows. O
With the above calculations we have can extend the parallel transport map
PT : WP (v, TM) — W

defined by
PT(@/)) = — (Uo,o,p - Uo,o,o)

which is also an isometry. The ©, = 0 equation also pulls back to W, the linearized operator
Dy, given by

Bsb0.0,0 + J5(0)0rP00,p + S(, 5. t)do,0p-
This is what D,,,  would look like in the coordinates we chose for vy ,. The full equation
O, = 0 looks like

DO,O,p(%O,O,p + ﬁv (p, <130,0,p7 ) = 0.

The previous lemma ensures the coefficient matrices Js, S(p,s,t), as well as F, are
uniformly well behaved (say in C* norm) as we vary p as 6 — 0. And as before the
components of ¢(r,a,p,1,dj) that enters ©, can be identified with the s > 5R component
of 9230704,. Combining the previous discussion, we have:
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Proposition 3.7.16. The derivative of the operator ﬁvmm : W= Whpd( T M) with
respect to (r,a,p) is well defined, and satisfies for a fized constant C

10D |=0

'Ur,a,,pl
10, D
10, D

|<C
| <cC.

Ur,a,p

Further we have the bound: )
0. Full < C.

In the above, 9,D,,, , is viewed as an operator W — WhP(vsTM), and F, is viewed as a
map from W — WhPd(; T M) and its derivative is a map over the same space.

The next step is to understand how &mm varies with respect to the variables (r, a,p, ).

Proposition 3.7.17. Fiz (r,a,p,v), let ¢(7" a,p,,8j) (which for the purpose of this proof
we abbreviate (b) denote the solution of@ = 0 viewed as an element of W. We can take the
derivative of O, (b(r, a,p, ) where x = r a,p, . They salisfy the equations

10.0]| < Ce,  *=r,a,p,,08j

where the norm is measured in W?P<(viTM) for * = r,a,p and in
Hom(W?P (w*T M), W*P* (vgTM)) for * = 4, and Hom(TJ, WP (vgTM)) for x = &j.
See Remark for the interpretation of terms Oy¢.

Proof. The fixed point equation looks like

é = Qr,a,p(_ﬂ;w - ﬁv(éa wa T, aap))'

This is really a family of equations over v, 7, a, p.
We first differentiate w.r.t. ¢. Note unlike differentiating w.r.t. r, a,p, the term
Frechet derivative which should be viewed as a linear operator

do
d
and when we measure its norm it is the operator norm. When we write /3, below we mean

the operator defined by multiplication by /!, etc. Differentiating both sides of the fixed point
equation we have

dé

b 1S a

L WP (T M) — WP (0T M)

~

dg

dip

<cllo (1/R+w—¢+<at¢> 9 a2 )H

dvp
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where the norms of both sides are operator norms. To make sense of ngﬁc?t @ See Remark

m We recall the C! norm of is 1 bounded above by Ce via the Sobolev embedding
theorem, so the above equation can be rearranged to be

(1—Ce)|ldd/dp| < C(1/R) < e

and this proves the claim for x = ¢). We next consider the case x = p, the cases for x = r,a
are analogous. We consider the equation

Dyap® + Fo(th,7,0,p,0) + Blab =0

and differentiate both sides w.r.t. p:

—nR g 4 lA?m,p—A = —ifv(r, a, p, 1, @) (3.14)
dp p

rearranging to get

dé

A dDra d
dp Qrap [_ p(b——]:(rap,z/} (b)

The only new thing we need to estimate is dip]:" (r,a,p,, ngS) which we calculate as

. d . .
Qr,a,p o d_pfv(ra a, p, ?ﬁ, ¢)H

~

Orap o { 0,0(6,0) % o 03h(, 0010 ¢ C (o, w>atd¢ T B,9(h,0) + O,h(d, w>at<¢>}||
Kz
CII - 101+ 161°) + ¢ | 52

where 0,h and 0,g refer to how the functions h and g themselves depend on p. The norms
above are all in W27 norm in the domain. Combining the above inequalities we conclude

|dé/dp|| < Ce.

The same proof works for * = r a,d;j.
O

Remark 3.7.18. As we mentioned in the course of the proof, the attentive reader might
feel uneasy about the appearance of the term () o atj—i. The proper way to take this Frechet
derivative is explained in Proposition 5.6 in [41]. The idea is to take the fixed point equation

Qg = Qr,a,p<_B:ﬂ/} - ﬁ(’f’, a,p, (%7 ¢))
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Let Dy and Dy denote the derivative of the right hand side of the above equation with
respect to 1, gb respectively, then the derlvatlve is defined to be (1 — D, q;)*lDw, and sends

W2Pw(u*TM) — WP (i TM). In light of thls the composition @ o atj—g is not at all
problematic, and our estimates of norms continue to hold.

We take our approach to things because in the case of differentiation with respect to
the parameters * = r,a,p (say for p for definiteness), the resulting derivative is a linear
map from R — W2P¥ (T M), and hence has a right to be viewed as an honest function
in W2Pw(vsTM). Tt further satisfies an elliptic PDE as in Equation [3.14] which gives us
estimates on its norms and exponential decay properties, which will be essential for our later
purposes.

Remark 3.7.19. We can actually show Z_i (and likewise for x = r, a) belongs in W34 (v T M)
with the help of elliptic regularity. If we recall the form of ©, = 0 written in Equation [3.10]

we differentiate with respect to p to see d¢ Weakly satisfies an equation of the form
do 19,2 do
83% + Jé(“r,a,p + 5ug¢ + ﬁ[l;RfQ,oo]ﬁvqb)at (¢7 8t¢a ,’QD) =0

where F is a smooth function. Using elliptic regularity we see that 3—;% is in W3Pd(vsT M)
with norm bounded above by Ce.

Finally we turn our attention to solving ©, (¢, ¢,r, a,p) = 0.
Proposition 3.7.20. The equation ©, = 0 has a solution.

Proof. Recall we view O,(r,a,p, v, ¢(r,a,p,1)) as an equation with independent variables
(r,a,p,v,65) € WrPA(u*T M) ® Vp @ TJ, and we have the surjective linearized operator

Dy - W*P(*TM) ® Ve @ TT — W4 (Hom(TY, u*TM)).
The equation ©, = 0 over the entire domain ¥ can be written to be of the form
Dj(r,a,p, v, ¢) + Fu + Eu + Fine(1,67) =0 (3.15)

where F, is supported in the cylindrical neighborhood [0,00) x S and the term Fj,; is
quadratic in v, 6 and supported in ¥ \ [0,00) x S and &, is described by Proposition
and supported in the cylindrical neck. We let (), denote a right inverse to D ;. Then to find
a solution to ©, it suffices to find a fixed point of the map

[ : (7"7a,p,¢>5j) — Qu<_fu - Su - Ent)

Let B, denote the € ball in W2P4(u*TM)® V& T J . Tt follows from the fact Fy,; is quadratic,
our previous derived expressions for F,, &,, and our size estimate ||¢|| < Ce that for § << €
small enough, I maps B, to itself. It further follows from the fact that ||0.¢|| < Ce and the
explicit expressions of F,, Fiu, &, that I is a contraction mapping, and hence a solution to
0, = 0 exists. O
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Remark 3.7.21. The contraction mapping principle actually says the fixed point of I is
unique. However this does not mean the solution to ©, is unique. If D; is not injective
(which it never is if the curve is nontrivial due to translations in the symplectization direction,
and if the curve is a free trivial cylinder there is also a global translation along the Morse-
Bott torus), we could have chosen a different right inverse )" which leads to a (presumably)
different solution of ©,. We leave discussions of uniqueness of gluing to after when we glued
together general cascades.

We note that even though the previous construction was only for one end, the construction
works for arbitrary number of free ends.

Corollary 3.7.22. Given a transversely cut out J-holomorphic curve u with free-end Morse-
Bott asymptotics, the ends can be glued with semi-infinite gradient trajectories into Jg-
holomorphic curves.

Remark 3.7.23. In the above we only glued gradient flows to free ends. We could have also
glued in trivial cylinders to fixed ends. The only difference is instead of Vi being spanned
by r,a,p it is only spanned by 7, a. The rest of the argument follows exactly the same way.

3.8 Exponential decay for solution of O,

Consider, in notation of previous section, ©, = 0 for s > 3R, then it is an equation of the
form

Dy¢ + F(¢) =0

where D, denotes the linearization of J;, operator, and F we loosely think of as an quadratic
expression in ¢ and 0,¢, see Remark [3.7.12] In this section we study the properties of
this solution, in particular, it exhibits exponential decay as s — oo for ¢ sufficiently small
(exponential decay beyond what is imposed by the exponential weight e?*). This property
will be crucial for our gluing construction for multiple level cascades. The idea why ¢
undergoes exponential decay is the following: for ¢ > 0 sufficiently small, the gradient flow
cylinder v, ,, flows so slowly that locally the geometry resembles that of a trivial cylinder,
and the usual proof that J-holomorphic curve decays exponentially along asymptotic ends
can be applied.

The section is organized as follows: We first remove the exponential weights from our Sobolev
spaces and work instead in W?2?(v*T'M). Next we follow the strategy of [27] Section 2(this
strategy as far as we know also dates back at least to [19], see Section 4, and is used
frequently in various kinds of Floer homologies to prove exponential convergence), using
second derivative estimates to derive the exponential decay, and finally we show the various
derivatives of ¢ also decay exponentially.
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Exponential decay for solutions of O,

We begin by studying the exponential decay of ¢, then move on to study the exponential
decay of its derivatives. First some setup that will be used for both cases.

Change of coordinates and setup

We study 6, = 0 for s > 3R, which takes the form
Dy¢ + Fu(¢) = 0.

WLOG we assume (r, a,p) = (0,0, 0) and write v instead of v,.,,. It will be clear our analysis
holds for any value of (r, a, p) and later we will identify sections of v, TM with sections of
v I'M via parallel transport.

Recall F,(¢) takes the form

Here we have made explicit the dependence of this term on the p, which controls the back-
ground geometry. It also implicitly depends on (r,a), which we suppress from our notation.
Here the functions satisfy (uniformly in p) ||g(¢)||co < ||¢]|co, [|Vg(P)||co < ||[V|co. For
h(¢) we have ||h(¢)||co < ||9llco, IVR(D)]|co < ||V||co. These bounds will be important to
us in the subsequent estimates.

Next we change variables to W2P(v*T'M) i.e. by conjugation we remove the exponential
weights on our space. We use the following diagram:

W2P (0 TM) —2 s W2P(v*T M)

lefas) ed(sﬁ

W20 TM) —22s W2PA4(0* T M).

We use this to define the operator ©!. In terms of actual equations it looks like this: if ¢
is the corresponding element of ¢ without exponential decay (i.e. ( = e%¢), then ©/ is the
same as

D) ¢+ e F (em™)) =0

where D', = e®Dje=®. We decompose D’; as follows
Dy =d/ds — A(s) — 0A

where by A(s) we denote self adjoint operator associated with linearizing 9; along Morse-
Bott orbit plus d due to the exponential conjugation

A=—-Jy0,—S+d.

Consequently the eigenvalues of A(s) are bounded away from zero, say by a factor of A > 0.
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Remark 3.8.1. We will often change the value of A from one line to another, as long as it
is bounded away from zero. The choice of A above depends somewhat on the choice of d,
because the operator —JO% — S has zero as an eigenvalue. With more careful estimates we
can make the decay rate only depend on local geometry, but this won’t be necessary for us
for purpose of gluing.

In the Section we also use a A to describe exponential decay behaviour of Js-
holomorphic curve near a Morse-Bott torus, there the A is genuinely independent of d and
only dependent on the local geometry, as will be apparent from our proofs.

0A is the perturbed correction to A due to the fact we are using Js instead of J. It has
the form
JA =6Md/dt + 0N

where we use M, N to denote matrices whose entries are uniformly bounded in C* (by abuse
of notation we will later use them to denote other matrices where each of the coefficient
terms is uniformly bounded).

Exponential decay estimates

Let us define

We shall show:

Proposition 3.8.2.
q'(s) > \g. (3.16)

This proposition combined with the following proposition, will imply exponential decay:
Proposition 3.8.3 (Lemma 8.9.4 in [1]). If ¢"(s) > A2g(s) for s > sq, then either:

* g(s) < glso)e ),

e g(s) = 00 as s — 0.

Proof of Proposition[3.8.3,
9"(s) = 2({Cs, Cs) + (Gss, ©))

where when we write (-,-) we implicitly take the S* integral over ¢. The proof is long and
we separate it into steps.
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Step 1 Let us first determine (s, (s). This is given by

(Gor Gy =((A+0A)C + "D F (e779(), (A + §A)C + ™ F (e ()
=(AC, AQ)

+ (AC, 0 AQ)

+ (A eV F (e710())

+ (0AC, §AQ)

+ (SAC, e F, (e7)0))

(M F (e 100, eI F (e ().
We recall we are not tracking the signs in front of the term F, since it will eventually be
upperbounded. We look at the six terms, which we label by T1-T6, in the above expression
one by one, we use bold to remind the reader which term we are referring to since the
computation gets very long. Also when we upper bound terms from T1-T6 we are implicitly
taking the absolute value of terms. We shall keep this convention for all proofs involving
exponential decay.

T1 gives
(A, AC) > N*(¢, ¢).
This is because if we expand ( = > a,e,, with the collection {e,(s)} of eigenbasis for A(s),
we have Aaye, =Y \jane,. We see this is greater than A*(¢, ().
T2 is given by
(A, 0AQ) = (AC, 0(MA+ N)()
6(AC, MAC) + 6{A¢, NC).
The first term above is bounded in absolute value by
|6(AC, MAG)| < 0(J|AC” + [MAC?) < Co(AC, AQ).

The second term satisfies

0{A¢, NQ)| < 6((AC, AQ) + (N¢, NQ)).

Hence for the T2 term we have the overall bound by

(A, 0AQ) < CO((AC AQ) + (. Q)
T3 satisfies

|(AC, d(s)f( ~0)

= | (V€A \/ O F,(e71¢))

SEAC, AQ) + O F, (70, M F (e 00))
<e(AC, AQ) + €6, 0.
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In the last line we used the fact 9,¢ and ¢ have C° norm uniformly bounded above by Ce.
T4 satisfies

(§AC,0AC) =68*(MA + NC, MA + N()
=0*(MAC, MAC) + (NC,NC) + (MAC, NC)
<20%(MAC, MAC) + (N¢, NC)
<CO*((AC, AC) + (¢, €))-

T5 satisfies
(0AC, e Fy(e™90)
=6 (MA+ N¢, e F, (7))
<6 [CLAC, "D F(em™)Q)) + (N¢, " F,(e719())]
<6 [Ce(AC, AQ) + (1 + €)(C, )]
as the second last line follows from previous computation. T6 satisfies
(e F (e 100), 1O F(e190) < Cel(. Q)

simply because F, is quadratic. Putting all these terms together we conclude

<CS7 Cs) > <)‘2 - CE) <C7 C>

and this concludes the first step.
Step 2 We next compute

(G )
(LA +BAY + O F (0], 0
(d/ds(A+6A)C, Q)
+H{(A+54)6,0)

(O F ()G 0)

We will need to dissect these terms one by one. We label them T1-T3. For T1 recall

A= —Jod/dt — S(s,t) +d,

hence its s derivative is a uniformly bounded matrix % of norm < (9. Here we are using the
fact J is the standard almost complex structure along the surface of the Morse-Bott torus.
We also recall

0A =6(M0O, + N).
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When we take its s derivative we get

d dM AN
TOA =80, 0=

Again we have
0s(6A) = 0*(MA + N)

where M, N denotes matrices with bounded entries. So the T1 term is given by:

[{0s(A + 6A)¢, Q)

< O3(C. Q) + (0°A¢, )
< C8(C, ¢) + 0°(AC, AQ).

The T2 term looks like

((A+054)¢, €)
(G (A + MT)C)
{

{

(A+6A) + M F,(em)¢), (A4 5AT)C)
AG, AQ)

+ (6AC, AC) + (A¢, 6ATC)

+ (e F (e U)0), A+ 6 ATC).

We can estimate the above using the same analysis as before (JAT behaves really similarly
to 0 A since we only care about the ¢ factor in front, technically we will need to take a ¢
derivative of M but in our case this is still upper bounded by ¢ multiplied by a uniformly
bounded matrix). This shows all these terms combine to make the T2 term satisfy

> \?/2g(s).

Finally we look at the T3 term

(5 0).C)

<{K¢“<<+m“ogmc>
(5-tate
)

)
O + <%%me
<el¢,0) + €l )

where we used the elliptic estimate [|(st||co < Ce and ||¢||co < Ce (technically the version
of elliptic regularity in [1] or [48] only applies to ¢ = e~%(, but seeing everything we used

ds
d
d
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above is local, that this implies corresponding bounds on ( is immediate). As before we need
to estimate

€(Cs, €)
= e(A+ AC + M F,(e7 )¢, ).

The third term in the equation above is easily bounded above by

€(¢, ¢)-

The first term is bounded by

The second term is similarly bounded by

e6C((AC, AQ) + (¢, €))

thus the entire T3 term satisfies

< Ce({A¢, AQ) + (¢, Q)

then putting all of these terms together globally we have
g// Z /\2 g
for small enough ¢ > 0 and this concludes the proof. m

It still requires some work to go from this to exponential decay in the Sobolev spaces we
want. The easiest way to do this is to realize our solution ¢ has C° norm bounded above
by Ce/R. Hence for small enough e, its C° norm always below 1. This means L? norm
bounds over intervals of form [k, k + 1] x S! gives rise to LP norm bounds over this interval.
Using a version of elliptic regularity found in Theorem 12.1.5 in |1] (there’s a typo in this
version) or appendix B of [48], reproduced in Theorem [3.7.11] we conclude the exponential
decay bounds can be improved to W*P which we can then turn to pointwise bounds. We
summarize this in the following theorem:

Proposition 3.8.4. For s > 3R, 7 =0,1, ..k,

' 2
IV ¢li(s.1) < CHCH@V“(Slx[sR,oo))e_A(s_gR)'

Note the X here is not the same as A from before.

More details of the elliptic bootstrapping argument is written up in Corollary [3.8.7
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Exponential decay w.r.t. p

In this subsection we show the derivative of ( with respect to p also decays exponentially. To
explain the notation, we recall for each p we can use the parallel transport map to transport
o(r,a,p, ) to W. We remove the exponential weights to view them as vector fields:

C(p) € W*P(usT M)
(we suppress the dependence on 7, a,1), and for s > 3R they satisfy equations
D'(p)§ + " F, (p, e ((p)) = 0
where D'(p) is of the form
D'(p) = d/ds — (A(p) + 0 A(p)).
As before A(p) and JA(p) take the form
A(p) = —Jod/dt — S(p) + d

JA(p) =dMA— N.

The nonlinear term takes the form

where ¢ and h and their p derivatives (uniformly with respect to p) satisfy the assumptions
listed in Remark as well as Proposition [3.3.2

We know from the above subsection that for each fixed p, the vector field ((p) is expo-
nentially suppressed as s — o0o. In this subsection we show the derivative of this family of
vector fields

d

d_pC (p)
is exponentially suppressed as s — oo, as this will be crucial for our applications in gluing
together multiple level cascades. In this subsection we use ((p) to make explicit the depen-

dence on p, and use subscripts ¢, to denote the partial derivative with respect to p. For this
subsection we define

P =p/e
for € > 0 small enough. This € is comparable to the € balls we have chosen (we can take
them to be the same), and depends only on the local geometry near the Morse-Bott torus,
and is in particular independent of §. We write everything in terms of p’ instead of p. We
next differentiate the defining equation for ((p) w.r.t to p':

dD d¢(p)  de®™™ F,(p,e=((p))

i C(p) + D'(p) o o :
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By elliptic regularity we can assume ( in this region is infinitely differentiable in s,¢, and
its p’ derivative is also infinitely differentiable in s,¢. Further the s,¢ derivatives of (,; are
bounded in W' norm by W?%? norms of (,; and ¢. Now we observe that

dD'(p)
dp

((p) = (MA - N)((p)

because when we are differentiating D’(p) w.r.t. p we are really looking at how the coefficient
matrices Js, S(p) behave w.r.t. p, and this is determined by the local geometry and hence
their variation is uniformly bounded. Hence by our definition of p’ we have

dD(p')
dp’

=¢(MA— N)=:eBog.

Recalling the form of F,:
Fo(p,8) = g(p, ¢) + h(p, $)0;9.

Here we have a p dependence on both g and A since we are shifting the local geometry when
we change p. Thus

e®Fo(p,e=C) = g(p, e )¢ + h(p, e~ )0

Hence the p’ derivative of e F,(p, e~%() looks like

d ds —ds
d_ple «Fv(p7€ C)

=eg1(p, e~ )¢ + ehi(p, e ™)
+ g(p, e ®)Cy + h(p, e )0y
+ ga(p, e )¢ + ha(p, e *¢)0:( ¢y

where ¢g; and hy; denote the derivative with respect to its first variable, namely p. The €
appears because we are differentiating with p’ instead of p. The functions ¢g; and h; have
the same properties as g and h, i.e.

g1(z,y) < |z| +y|

and ¢g; has uniformly bounded derivatives with respect to each of its variables; similarly for
hi.

go and hy are the derivatives of g and h on their second variable. They are just bounded
functions whose derivatives are also bounded.

Hence we can write

d

d—p,edev (p,e™™¢) = F + G(¢, &) ¢y + hp, e ()0,
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where
F = egi(p, e "¢ + eha(p, e ¢)DiC
which essentially behaves like e®F,(p, e=9¢), and

G(C, gt) - g(p7 e—dsg) + 92(]9, e_dSC)C + h?(pa e_dSC)Ct-

Hence G is obviously bounded pointwise by C(|C| + |¢;|), and the derivatives of G w.r.t s,t
are also bounded by the corresponding derivatives of ¢ and (.
So the equation satisfied by ( is

Gy = Ay + BAGy + eBC + F + (G, GGy + hlp. e 006y

The idea is to let
g(S) = <C7 C> + <Cp’7 Cp/>

and repeat the proof of the previous subsection to show:
Proposition 3.8.5. ¢"(s) > M\g(s).
Proof. The term involving (¢, () behaves exactly the same way. So let’s examine

<<p’7 Cp’>// = 2(<Cp/8a Cp’8> + <<p/a Cp’ss>)-
Step 1: The first term looks like
(Cprss Cprs)-
This is equal to
<ACp’v ACp’> + []
We have as before (A(y, ACy) > A*(Cy, (), we think of the terms in [...] as error terms. We

will introduce them one by one and show they are bounded. The first few are of the form
(the list continues)

<ACp’> EBC>7 <ACp’7 F>7 <A<p’7 G(Ca Ct)Cp’ + h(p> e_dsg)ath’>‘

We shall resume our convention of using bold face letters T1-T3 to refer to the above terms.
T1 can be bounded

<\/EACp’a \/EBO
€<ACp’v Agp’> + <\/EBC, \/EBO
e{AGy, AGy) + €({A¢, AQ) + (¢, €))-

<
<
<

For T2

<ACp/7 6C> + <ACp’7 6hl (pa efdsC)atO
e((AGy, AGy) +(C, Q) + €({AGy, AGy) + (1, ha)
Ce((AGy, AGy) + (€, Q))-

<
<
<
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T3 is bounded by

(AGy, €Gy) + (AGy, h(p, eidsogp’»
€(<ACp’7 Agp’> + <Cp’7 Cp'> + <C> C>)
There are actually several ways to bound this term. The easiest way as above is to observe
(p has W?P norm < Ce, hence ( has C” norm bounded by Ce, and hence (,; has C° norm
bounded by Ce, hence the second term is bounded above by €((A(y, Ay) + (h, h)) which

implies the overall bound by the form of h.
More terms that also appear in ((ys, (ys) are given below:

(0AGy, €BC),  (6AGy, F + G(¢, GGy + h(p, e C)orGy),
<€BCa €B<>> <€BC7 F + G(Ca Ct)Cp/ + h(p> e_dSC)ﬁth/%
(F+G(C, )G+ hp, e Qi , F + G(C GG + hp e C)DGy).

The common feature with all of the above terms is that both inputs into the inner product
are small, hence we can bound all of the terms above by

<5ACP'75ACP/>’ <€B<,€BC>, <F,F>, <G(C»Ct>Cp’7G(<aCt)<p’>7
(h(p, Q)G h(p, e C)DrG).

Using techniques already established when we considered exponential decay in the pre-
vious subsection, we can bound each of these above terms by (respectively)

CO((AGy, AGy) + (G, (), Ce({AC AQ) +(C,C)),  Ce({AC, AQ) + (¢, ),
€<Cp’a Cp’)a C€<C, C>

This concludes the first step, in which we bounded all terms appearing in ((ys, Cys)-
Step 2 We next compute

<Cp/887 Cp’>
= (0:((A + 5A)<p’ +eB(+ F+G(C, Ct)Cp + h(p, ‘dSC)ath'L Cp’)

QA+&M@+fB<+dF+ L Ge )6 + d(@,soa@»@>
+ ((A+ (5A)Cp/s + eB(, §p>.

<
<

We label the above two terms by T1 and T2 respectively. We first examine T1. In order
to make the sizes of various terms more apparent, we shall replace d%F with

CC + CCOC + +0CC + CGG + OCs

where the C' as it appears in each of the above terms may be different, but they are all
uniformly bounded smooth functions of (s, ¢) with uniformly bounded derivatives.
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Similarly we shall replace %G(C, Gt)¢y with
(OC + OCS + CCQ + CCCS + OCCt + CCSCt + OCCts)Cp’ + (CC + OCQ + CCCt)Cp’s

with the same convention on C' as before. Finally we shall replace d%h(p, e~ %¢)(yy with

(CC + Cs)(tp’ + Crgp’ts‘

We examine various components of the T1 term, starting with
<(A/ + 5AI)§p/ + EB/C, Cp/>'

The operator A’ 4+ 0A” for our purposes looks like €(A + N), since the derivatives of the
coefficient matrices with respect to p’ are bounded by €. Similarly eB’ behaves like € B so we
have, using these estimates

<(A/ + 5A/)Cp’ +€B'C, Gr) < Ce({AGy, AGy) + (G, Gr)) + €((Gprs Gr) + (€5 C) + (AC, AQ)).

We next estimate
d
—F (¢
<ds G >

<(OC? + CCOC + +CCC + CCG + CClis, G
§06(<C7 C> + <Cp/7 Cp’)) + Ce(cta Cp’>

where we used the fact C° norm of ¢, 9,(,0s(, (s are all uniformly bounded by Ce using
elliptic regularity. The term Ce((;, () is bounded by

C€<Ct>Cp/>
<Ce((Cr, ¢r) + <Cp’v€p’>
<Ce((AG AQ) + (¢, ¢) + (G, G))-

which concludes the estimates for (% F, ().
We next examine <d%G(C LG Cp/>, which we can bound by

< (G Gpr) + €{Gyrsy Gr)-
The second term in the above inequality is in turn bounded by
E(Cp’ D Cp’>

(Al + 0ACy +eBC+ F + G((, ¢) ¢y + h(p, eidsoatgp/v )
e((AGy, AGy) + (G, Gr) + (¢, €) + (AC, AQ))

IAIN TN

using techniques of the previous step. This concludes all bounds for (d%G (¢, C) G, Cpr)-
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We next turn to <%h(p, e ")y, Cp/>, which we bound by

<(CC + CCs)gtp’ + CCCp’tsa Cp’>
(Cipr> Gpr) + €{Cprts> Gpr)
((ACp/a ACp’> + <Cp’7 Cp/> + €<Cp/tsa Cp’)‘

<e
<e
To bound €((yts, (), We use

e(Ctprss Cpr)

< €{Cpiss Gprt)

< (Al +0AGy +eBC+ F + G(C, G)¢y + h(p, eidsoat(p/)a (MA+ N)Gy)
< e[(AGy, AGy) + (G, Gr) +(C, €) + (AC, AQ)].

This concludes the bounds for <%h(p, e %)y, (), and consequently all of T1.
We now turn to T2. We first examine (eB(;, (). It can be rewritten as

(G, eBT(y) = ((A+ A + e D F (e7)¢), eBT ().

We recall that eB = eM A + N. Now in taking the adjoint we had to differentiate the
coefficient matrices w.r.t the variable ¢, but in our case eB” would still take the same form.
Hence these terms can be handled by entirely similar techniques as before, giving

< €<<Agp/> Agp’> + <A<7 AQ + <§> Q + <Cp’v gp’>)-

We consider the remaining term (A + 6 Ay, (). We can rewrite it as

<<{U’s; (A + 5AT)CP’>'

Noting that §AT essentially takes the same form as JA, the above term will resemble the
terms we computed in step 1. Hence it is equal to

<ACp'7 Agp/>
plus an error term which is uniformly bounded by
€(<ACp’7 Agp’> + <Cp’7 Cp'> + <A€a AC> + <C7 C>)
This gives bounds on all of the terms appearing in ¢”(s), from which we conclude that
g"(s) = Ng(s)
for € > 0 sufficiently small. O

We now switch to trying to understand ((,,(,), we can get this simply by rearranging
terms in g(s) and realizing derivatives w.r.t p versus p’ differ by a factor of e.
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Corollary 3.8.6.

<Ca C>L2(Sl)(50> + € <§pa gp)LQ(Sl)(SO) €_>\(S_50)

€2

(G Gp)r2sny(s) < C

for s > sq (in our case we can take sy = 3R, we are just stating the corollary more generallly
to indicate the decay starts at sg.)

It might seem unpleasant we are dividing by €2, but in practice by elliptic regularity (and
the ¢ term we will be working with) we will have (¢,¢) ~ Ce?/R?, so the decay really is of
the form C'(e? + #)e‘A(S_SO). Also in the cases that interest us the decay will be so large
factors of size 1/¢* will become irrelevant.

Using the same argument as before ¢, has W*? norm of size C'e so our previous strategy
of bounding L? norm with L? norm continues to work, so we obtain the bound:

Corollary 3.8.7. For s > sq > 3R, we have

B =

USIven + IGollv2n) |7 ~as-s0)
€2

G(s, )] < C

Here X is different from the A\ we chose previously. We will abbreviate this by writing
6,(s,1)] < Ce 7% as some more careful estimates can show the coefficient in front to
be of order O(1), similarly using elliptic reqularity we can bound

Cpu(5,1)] < Ce™57%0) s — 5 t and higher derivatives.

Proof. For completeness we explain how elliptic regularity is used. First using WP — C°,
we have

120 + 16 3r2e —ags—s
<CP7CP>L2(31)(S) <C we = PIUW2P ,—A(s=s0)

Using the fact C° norm of ¢, is < 1, we have
Il + 160
/k <Cp7Cp>L2(51)(S)d5 S W2.p - p W2106 )\k.

1 €

||Cp||’2p([k_1,k+g]xsl) < c

Given this LP norm bound, we can use elliptic regularity and the fact ¢, satisfies an equation
of the form

D'¢y = B+ F +G(C, )G + hp, e #C)iG,.

Here we are differentiating with respect to p instead of p’ so we are rescaling some of the
above terms so that they have norm O(1) instead of O(e).
From elliptic bootstrapping we have

1 Collwrrrpryxst)y < ClGll o r—1k+21x51) + 1<l wrrr—1,p4+2x51) < Ce M
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where we used the exponential decay estimate of (. Note we have slightly shrunk the domain
to [k, k + 1] x St to use elliptic regularity. We can iterate this argument to show

Collwin (i pt1yxsty < Cre™"

and use Sobolev embedding theorems to obtain pointwise bounds as in the proposition. []

We also note the could have used the exact same techniques when applied to the r
asymptotic vector. There we need to identify r € S*' = [0,1]/ ~, and ' := r/e € S' =
[0,1/€]/ ~. The result is very similar: we can obtain exponential decay bounds on (., given
as:

Corollary 3.8.8. For s > sy > 3R, we have

1
(€. +2||CTII€V2,p) 7 ~Als=s0)
€

(s, D) < C

Ga(5,8)| < Ce™57%0) s — 5 t and higher derivatives.

We do not need such a result for the a-asymptotic vector since the geometry is invariant
in the a direction.

3.9 Gluing multiple-level cascades

We have assembled all the technical ingredients we need to do gluing, which we take up in this
section. We note gluing together cascades with finite gradient trajectories is substantially
harder than semi-infinite gradient trajectories. We start with a simplified setup of gluing
together 2-level cascades, which captures most of the technical difficulty. The generalization
to n level cascades is then a problem of linear algebra.

Our simplified setup is this: let uy : ¥4+ — (M, J) be two rigid (nontrivial) J-holomorphic
curves. u, has one negative end, asymptotic to Reeb orbit v, ; and u_ has one positive end,
asymptotic to Reeb orbit v_. Both of these ends are on the same Morse-Bott torus, and
in fact they are connected by a gradient trajectory of length 7. We will perturb J to Js
near this Morse-Bott torus (and nowhere else), and glue uy along with the finite gradient
trajectory into a Js-holomorphic curve. This construction ignores the other ends of uL,
which we assume to remain on other Morse-Bott tori, and we only have two levels. The
reason for this is that the process of gluing together two J-holomorphic curves along a finite
gradient trajectory is very technical, and we would like to carry out the heart of the technical
construction with as little extra baggage as possible.

This section is organized as follows: we first introduce the general setup and the process of
pregluing. We, as before, show gluing can be realized by solving a system of three equations.
We then proceed to discuss the linear theory required to describe the linearization of 0 s
over the finite gradient trajectory. After that we show the feedback terms coming from O,
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and going into Oy (defined in the subsection below) depend nicely on the input - this is
the most technical step and will take some careful estimates. Finally after this we will be
able to solve the three equations as we did in the previous section. Finally, we explain the
generalization to n-level transverse index one cascades.

Setup and pregluing

Recall near the Morse-Bott torus we have coordinates (2, z,y) € S* x ST xR. For definiteness
we assume vy, is the Reeb orbit with x coordinate z and v_ is at z_. To simplify notation
we assume we have rescaled the z coordinate so that f(x) = x + C over the interval on S*
connecting x_ and x .

We recall for each ui we choose a cylindrical neighborhood around each of its punctures
(s,t) € ST x (0,£00). We also recall near our punctures u4 has the coordinate form

Uty = (aj:7zj:7xﬁ:7yﬁ:)~

We assume u, (s = —00,t) — (—00,t,24,0) and u_(s = 0o,t) — (00,t,x_,0). For each uy
we describe a neighborhood of this map as

W2PA(ATM) S TTL ® VL O Vs

where W2P4(y% T M) is the weighted vector space of vector fields with weight X4 at pos-

itive/negative punctures. We use T'J. to denote a Teichmuller slice. We use V| to denote
asymptotic vectors at other ends of uy, and V. is the end that we are considering, being a
3 dimensional space consisting of vectors (r,a, p)+.

We recall the important gluing constant

1
R := 0 log(1/6)
which we think of our gluing parameter.
Let vs be a gradient trajectory suitably translated so that over the interval s € [0,7/6], the
map vs corresponds to the gradient flow that connects 74, in particular this means the x
component of vs satisfies
x component of vs(R) = z_

x component ofvs(T/0 — R) = x.

We next construct our preguling, similar to the semi-infinte case our pregluing will depend
on our asymptotic vectors (7, a,p)+.

Given fixed (1, a,p) 1, let v, 4, = (ay($),t,(t), z,(s),0) (we suppress the + that should ap-
pear in the subscript to ease the notation) denote the suitably translated gradient trajectory,
so that when restricted to s € [0, T,/d] satisfies

U”vaul’(Tp/é - R7 t) - (CL+(—R, 0) + A, t+ Ty, Ty +p+7 O)
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and
Urap(R,t) = (ay(R),t + 7,2 +p_,0).

We observe that due to the form of f in this region, we have T, = T+ (p+ —p_). We preglue
this gradient trajectory to the deformed curve uy + (r,a,p); at s =1,/6 — R of v, 4,. This
value of s over v,,, is identified with s; = —R over u,. At the other end we consider u_
translated in a direction so that a_(R) = a,(R) — a—. Then we would like to preglue v, 4,
at s = R tou_ + (r,a,p)_ at s- = R, except there is an issue that since r, is in general
different from r_, the curve v, ,,(—,t) has z component ¢ +r,, while u_(s,t) + (r, a, p)_ has
t component roughly equal to t + r_. To remedy this we need to preglue with a different
domain 3, ,, so that at s = 7,,/§ — R we do our usual pregluing (as in the semi-infinite
gradient trajectory case), but at s_ = s = R we glue with a twist: recall (s_,¢_) € Rx S is
a cylindrical neighborhood on u_ and (s, t) is the usual coordinate on v, ,, then we construct
the domain %, ,, by identifying ¢t_ +r_ ~t+r at s = s’ = R. Then we can construct a
preglued map
Urap : Srap — (M, J)

that depends on the asymptotic vectors (r, a, p)+.

Remark 3.9.1. We first observe that here the domain depends non-trivially on the asymp-
totic vectors (r,a, p)+, in fact in the case where the domains for uy are stable, changing the
pregluing in ry, i.e. “twisting”, or changing the length of the cylindrical neck by changing
p+ or ax correspond to changing the complex structure of the domain curve.

We also observe here that if we change ai by size €, then the length of cylindrical length
changes by size e. Similarly if we change r. by em in some appropriate sense the complex
structure changes within an € neighborhood. However when we change p+ by ¢, the length
of the neck changes by €/d. This is in some sense the main source of difficulty in studying
this degeneration. Since § << € they operate on different scales, and care must be taken to
ensure all the vectors we encounter have the right sizes.

Remark 3.9.2. Here because we only have one end the pregluing is rather simple, when
there are multitple ends and/or when we talk about degeneration into cascades more care
must be taken to into pregluing, which we defer to subsection 3.9

Linear theory over v, ,,

In this subsection we take a detour to study the linearization of 0 J; OVer Uy q,. In particular
we find a suitable Sobolev space with suitable exponential weights so that for given (7, a, p)+,
the said linearization denoted by D}, is surjective with uniformly bounded right inverse as
0 — 0.
After fixing (7, a,p)+, we consider

Dy, : WP (¥ TM) —s WhPwr(y* TM).

r,a,p ,a,p
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Here w, is a piecewise linear function that is zero at s = 0 and s = T,/, has a peak at
s =T,/26, and has slope +d. Explicitly it is given by

w, = —|d(s — T,/20)| + dT,/20.

It looks like an 1nverted V. The space W2Pr(y Uy o p M ) is a weighted Sobolev space with
exponential weight e*»'*). As is with the case for semi-infinite ends these vector fields have
exponential growth as s — 400, but we do not care about them because those regions do

not make an appearance in our construction.

Remark 3.9.3. Observe with our choice of w,(s), which we sometimes denote by w(s) for
brevity, over the preglued curve u,,,, the pregluing takes place at s = R and s = 7/0 — R,
and at these two values of s where the pregluing takes place, the exponential weight profile
of v, 4, agrees with the exponential weight profile over u..

Theorem 3.9.4. Dj, as defined above is surjective of index 3. It has a uniformly bounded
right inverse as 6 — 0.

Proof. We can view D, as the gluing of two operators Dy and D,. The operators D; are
both defined over W?2P¥i(y vy ., I'M), except they use different exponential weights. We let
wi(s) = d(T,/6 — s), and ws(s) = ds We glue Dy and D, together at s = T,,/20 to recover
Dj,. By results in Section D; are both surjective with uniformly bounded right inverse
(i, hence as before we can construct approximate right inverse of D, via (1#()2, hence
D, is surjective with uniformly bounded right inverse as 6 — 0.

The index computation is done by conjugating to W*P(v*_ TM) via multiplication by

rap
e“r(®) . There we observe by shape of wy(s) there are 3 eigenvalues that cross 0 as s goes

from —oo to 0o, hence by spectral flow this operator has index 3. O

We now proceed to describe the kernel of D, and a codimensional 3 subspace Hj of its
domain so that Dy, |y, is an isomorphism with uniformly bounded inverse as 6 — 0. This
will be crucial for us when we try to solve equations over WP (v* TM).

Consider the vector fields

rap

0,0, € WPup (v TN).

rap

They are asymptotically constant, but they live in W*P*»(v* , TM) because as |s| — oo the
Sobolev norm is exponentially suppressed (written as is they still have very large norm, of

order e .) Also observe they live in the kernel of D,. Recall from the differential geometry
section

0,05 = /@D, 4+ 5 (2)0,

This vector field also lives in the kernel of Dj,, and is linearly independent of {0,,0,}, we
modify it to have more palatable form. Consider

U*as - aa [ 5f((

- )~ 1]/80, + f'()0
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This still lives in the kernel of D, and we see from Taylor expansion that the coefficient in
front of 0, is bounded above as 6 — 0. We defined the vector field 9, to be a@ +b0, where
a,b are constants (both of order 1, bounded above and away from 0) chosen so that 0,(s =

T,/26,t) = 0,. Thus the kernel of D, is spanned by {0., 0,, 0, }. We construct a complement
of this space. Consider the linear functionals L., * = z,a,v : W?P¥(v* TM) — R defined
by

rap

1
L.:¢eW2re (. TM) — / (6(s,1),0,)dt € R.
0

We define the complement subspace of kerD ;;, which we write as Hy, via

Hy:={p € W*P*(v¥, TM)|L.(¢) =0,% = z,a,v}.

rap

We next show:

Proposition 3.9.5. The projection map

I : W2P*(v*  TM) —s Hy

rap

has uniformly bounded norm as 6 — 0. The map 11 also commutes with D, .

Proof. We first observe II is defined by
=6—> L(¢)d

We now estimate the norm of this operator. By the Sobolev embedding theorem

W2pw( rapTM> % CO( TapTM)'

In view of the fact we have exponential weights, we have the upper bound
L.(¢) < Ce™/2||¢||ap.

Hence to estimate the norm of II it suffices to calculate
| L. ()0, ||

o]l
Sce—dTp/%Ha*”

Tp/26 0
<Ce ¥v/2 [/ e®ds +/ edsds]
0 —00

<(Ce—dTn/20 (eTr/20)
- d

<C.
We only integrated from (—oo,T/2J) because the integral over (7/2),00) takes the same
form. And hence we see readily the operator norm of II is uniformly bounded above inde-
pendently of 0.
The fact that II commutes with D, follows from the fact II subtracts off elements that are
in the kernel of Dy;,.

Hence we conclude I o () is a uniformly bounded inverse to D, restricted to Hy. ]
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Deforming the pregluing

Recall that given a pair of asymptotic vectors over u., which we denote by (r,a,p)s, we
constructed a preglued map v, 4, @ Xrap — M. Next given vector fields with exponential
decay, 1y € W2PA(yt TM), and ¢ € WP (v*, TM), we use them to deform w,.,,. Tech-

T7a7p
nically the space of deformations of uy also includes T'J; @ VI, but we suppress them from
our notation because these deformations happen away from the region where the pregluing

takes place. For s € [R,T,/0 — R] considered over v,,,, we define the cut off functions
B = Bl-cc,2R;R/2

By = B[R/2;Tp/572R,oo]
By = 5[R/2;R,T,,/5-R;R/2]-
We would like to deform w, o, by B+¢+ + B_¢_ + B,¢, however there is one subtlety that
when we constructed X, ,, there was a twist at s = R when we identified t_ +7_ ~ ¢ 4+ 14
when we glued v, ,, with u_. Since S_ cuts off ¢_ within the interior of v,,,, the only
effect of this is that when we view the equation over v, ,, instead of seeing ¢_(s, t), the term
we see is ¥(s,t + (ry —r_)). Aside from this point, as before we can add the vector field
By + B_tp_ + By¢ to Uy 4 p, and apply the 9, operator. Using the same “splitting up the
equations” trick as we did for semi-infinite trajectories we get:

Proposition 3.9.6. The deformed curve u,q, + B104 + _tY_ + B,¢, where
e € W2EPA(WLTM)®TT O VL implicitly includes the variations of complex structure away
from the gluing region, is Js-holomorphic iff the following 3 equations are satisfied

@v<¢7 wi) =0
6i(¢7 wi) =0

where ©, is of the form
D¢+ Bitps + Fuld, ).

Here F, is of the same form as semi-infinite case (except at the end near s = R we see
effects of Y_ and near s = 1,,/6 — R we see the effect of 11 ). The equations © take the
form

O = Dyby + Dy(r,a,p)y +Fr +E + B,

©_ =Dy + Dy(r,a,p)- +F_+E + B¢

where the scripted expressions Fi,EL taking the same form as they did in the semi-infinite
case. Implicit in the above notation is also the variation of the domain complex structure
U+, which we denote by 67+ when we need to make them explicit.
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Solving the equations O, 0,
Preamble

In this very lengthy subsection we show the system O, = 0,0, = 0 has a solution with nice
properties. Since this is a long process we give a preamble:

e We first show as before given fixed tuple of input data (¢4, (r,a,p)+) there exists a
unique solution ¢(r,a,p,¥+) € Hy to ©,.

e Then we verify that when we vary the input, 14 the solution ¢ behaves nicely (in the
sense that its input into the equations into ©. varies differentiably, as was the case for
the gluing of semi-infinite gradient trajectories.)

e Then we verify as we change p. the solution is well behaved. This is the crux of the
matter, because when we vary p. what is actually happening is that we are drastically
changing the pregluing by dramatically lengthening/shortening the length of the neck.
We do this via the following process:

— We make sense of what it means for ¢ to be well behaved when we vary p..

— We translate ©, into the vector space W?P(v*T'M) by removing exponential
weights.

— We write the solution ¢ as a sum of two terms: an approximate solution v, (, +
v_(_ to ©, that behaves nicely when we vary pL and a correction to this approx-
imate solution 0¢, we show d( is extremely small. Here v, are cut off functions
(and definitely not Reeb orbits).

— We consider the behaviour of 6 as we vary pL. We consider two ways p. can
vary called “lengthening/stretching” and “translation”. We show §( varies nicely
with p4, hence the entire solution ¢ varies nicely with p.

e We finally show as a much easier step ¢ varies nicely with (r, a).

e Using all of the above steps, we solve ©, with the contraction mapping principle.

Solution to 6,

Proposition 3.9.7. For € > 0 sufficiently small, for all 6 > 0 sufficiently small, for fixed
tuple (Y4, (r,a,p)+) with norm less than € > 0, there ezists a unique solution ¢(y,r,a,py) €
Hy to ©, = 0 of size Ce/R. Moreover the regularity of ¢ can be improved to WP (vy, T M)
with its norm similarly bounded above by Ce/R.

Proof. Let () denote the uniformly bounded right inverse to D ;. Consider
MoQ:Whtrw(v* TM) — Hy. We observe this operator has uniformly bounded norm as

T7a7p
d — 0. Further we claim this is an inverse to D, |m,. To see this first oberseve D, |g, is
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an isomorphism, as it has the same image as DJ6|W2,p,w(U::apTM) and has index 0. Hence it
suffices to show Il o @) is a right inverse for ¢ € H,. This follows from

Djllo Q¢ =11(¢) = ¢.

Hence we consider the map I : Hy — Hj defined by

I(gb) =1lo Q(_ﬁil:w:t - fv(¢v¢:ﬁ:))

(For ease of notation we will write ¢ when both v, and i_ appear in similar ways). It
is apparent that a solution ¢ € Hy to ©, is equivalent to a fixed point of I(¢). We show
that a fixed point in an epsilon ball B, € Hj exists and is unique via the Banach contraction
mapping principle. Since 11 has norm < €, we have I(¢) < C(¢/R + Ce?) hence it sends
B, to itself. That I satisfies the contraction property follows from the fact F, is quadratic
in ¢, 1, 0p, Ohy, as well as the fact ||| < e. Hence it follows from contraction mapping
principle there exists unique ¢(¢+,r, a, p+) solving ©, in B.. We can use the equation itself
to estimate the size of ¢ as before and get the size estimate of C'e/R. The improvement to
W3P% and its norm bound follows from elliptic regularity. m

How ¢(¢+,r,a,p) varies with ¢

For fixed (r,a,p)+ we consider the variation of ¢(¢y, (r,a,p)+) as above with respect to
1. As we recall from the above the expression D01 is a linear operator W22 (u . TM) —
WP (y vy, I'M) and has its sized measured via the operator norm. When we write below
B!, we really mean the multiplication map operating between Sobolev spaces. As in the case
of semi-infinite gradient trajectories, we have:

< Ce.
TM)

Proposition 3.9.8.

H Wt || W2.pw (ur TA)—W2pw (0

Vr,a,p

Proof. Consider the fixed point equation
¢ = 1o Q(=pLvs — Ful¢, 1))
We differentiate both sides w.r.t 14 to get (see Remark |3.7.18| for this kind of operation)

o d
dis iy

Since we know F, is a polynomial expression of ¢, ¢, 0;¢, 1+, we can bound (norm wise)

il

= —1Ilo Q(ﬁi v)'

d
HHO dipy Clloll + [[v£l]) + Ce
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where in the above equation, the norm for |[II o Q2% 7| and || || are operator norms,

and ||¢]| and ||1)+|] are W2P® norms.
Since 3 have C! bounds of size < Ce, we can move the term d¢/di. to the left and get

o

+

(1 Ce) < C(1/R)

which implies our conclusion. O]

Variation of ¢ w.r.t. pi

In this subsubsection we study the variation of ¢ w.r.t. p;. When we change pi, we are
considerably changing the pregluing. So we need to make sense of what kind of result that
we want. We recall from previous section we already found a solution to ©, in Hj for every
choice of (¢4, (r,a,p)+), so our next order of business is to solve O, and in order to do that
we need to show as we vary p4, the part of ¢ that enters into equations ©, varies nicely
w.r.t. pi. We recall Oy is an equation defined over wi7T'M. What is happening is as we
vary p4, the maps uy are translated further/closer to each other, but since our equations
are invariant in the symplectization direction, we can identify all those translates of uy and
consider one set of equations ©,,0_ as we vary p+. Thus we need to understand how ¢
behaves near the pregluing region. We make this a definition.

Definition 3.9.9. Let s € [-3R, 3R], recall if we let sy denote coordinates near the cylin-
drical neighborhoods of punctures of uy, then we have identified s ~ s_ and s ~ —s; +1,/9.
Then for s € [-3R, 3R] (resp. [-3R+1T,/0,3R+1T,/d]), the vector field ¢(s,t) can be viewed
as a vector field in W*P4(u* TM) (resp. WP (uiTM) ), as we noted in the pregluing
section. We say ¢(vx,r, a,p) is well behaved w.r.t. p1 if over s € [-3R, 3R],

Hd;%gb(s +Tp/6,t)H < Ce

and

H—gbst < (Ce

where dd—¢ is viewed as a vector field over W2P4(w T M), and the norm is the weighted
p+

Sobolev norm in W2P4(u T M).

Remark 3.9.10. Actually because no derivatives of ¢ appears in ©4, only the W!? norm
is enough for our purposes.

The main theorem of this subsubsection is then:

Proposition 3.9.11. ¢ s well behaved w.r.t. p.
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To do this we need to very carefully analyze the solutions to ©,. It turns out it is
not so convenient to analyze this equation with exponential weights, because the weights
themselves depend on py. So we first remove the exponential weights via conjugation. We
use the following convention:

= ey,
L= ey

The exponential weights are removed and ©, is rewritten using the following diagram:

W2p(pr, TM) — s W2(*TM)

r7a’7p

le—wm ew<s>T (3.17)

W2pd(y  TM) —22y W2pd(y*  TM).

r,a,p r,a,p
Then the equation ©, can be rewritten as
O, i= D'} ( + Bl + eV F (eI eyl ) = 0

where ¢ € Hy € W?P(vr, TM). We use Hj to denote the subspace in W?P(vr, TM)
corresponding to Hy. To better understand ¢, let us focus our attention near s € [0,7,/20].
For this range of s, the equation ©, is exactly the same equation as we had solved for semi-
infinite gradient trajectories since we do not see the effects of 1»,. Then by previous result
we have a (uniquely constructed) solution ¢_ € W?2P4(v*  TM) for s € [0,7T,/25] subject

T’a7p
to exponential weight e (which for our range of s agrees with e*(¥)). Defining

=G

we see (_ is a solution to ©/ for s € [0,7,/20].

There is a slight subtlety in that near u_ there is a twist in the ¢ coordinate as we
constructed the pregluing domian, ,,,. By the construction in the semi-infinite gradient
trajectory case, ¢_ should depend on input variables (s_,t_), which we write as ¢_(s_,t_),
but when we view it as a vector field over vy, TM, using coordinates (s,t) it should be
written as ¢_(s,t+ (ry —r_)). This won’t make a difference for us as we consider variations
in the (p_, p;) direction, and for the most part we will suppress the ¢ coordinate for brevity
of notation. We will take up variations in the (r,,r_) variables after considerations of p..

We similarly construct (. The point is:

Proposition 3.9.12. (1 is well behaved w.r.t. p. i.e. the part of (1 that enters into O4 has
deriwative w.r.t. py+ bounded above by Ce.

Proof. This follows from our results on ¢4 when we proved this property for semi-infinite
trajectories. O
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The next step is to actually construct ¢ from approximate solutions (. Consider the cut
off functions 4 defined by

T+ = 5[00,Tp/2571;1]
T+ = 5[—oo;Tp/25—1;1]~
Then we consider the approximate solution

Y+ (4 + -G

We also observe by construction that v,y +v-(_ € H|. We plug this into ©!, we observe
by definition this produces zero for all s except s € [1,,/26 — 2,T,/26 + 2]. In this interval
the ©! takes the form:

DYy, (14 Ge +7-C2) + eI F (e () (3.18)
which equals
E =) (vils + 72D () + "D F, (7" Wypty).
+

Observe D' (¢ = —e“) F,(e7*)(1) so the error term takes the form

E=y,¢ +7.¢C
+ "D F (7 ¢y) = e O F (70
FOF () = e ()

We can estimate the size of this term (say in C'! norm), by elliptic regularity it is easily
bounded by the WP norm of (4 restricted to s € [T,,/20 — 2,T,/20 + 2]. (We actually see ¢
derivatives of (+ in F, but this is fine, we can bound them by elliptic regularity). We know
the norm of (4 undergoes exponential decay as s moves into this center region, so the size
of the error term is bounded above by

¢ maX{ ||C+ || ’ HC— || }2/p6_)‘(T/26_3R)

where in the above equation [|(1|| denotes the full norm of (1 over WP (v}, TM), or equiv-
alently the norm of ¢ € WP%(v¥, TM).

From the above we conclude the error term to the approximate solution v, (; +~y_(_ is very
small-exponentially suppressed in fact. We now perturb it by adding a small term 0¢ € H),

to make it into a solution to ©!. We state this in the form of a proposition:

Proposition 3.9.13. We can choose 6¢ € H| so that { = v+(4 + - + 0. Further, the

norm of 4C, as measured in WQvP(U;fﬂWTM) is bounded above by

CEQ/pef)\(Tp/ZtsfiSR) .

The wvector field 6¢ also lives in W3P(v: , TM), and its W3P(v:, TM) norm is similarly

7,a,p r,a,p
bounded above by
C€2/p6_)\(Tp/26_3R).
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Remark 3.9.14. We remark in the term 7,,/20 — 3R, the term 3R appears because we can
only start the exponential decay after the effects of ¢/, in ©/ disappear. (Technically we
could have used 2R but this will not make a difference).

Proof. We plug ¢ := v+ +v-(_+0¢ into O] and solve for §¢ using the contraction mapping
principle. We are now looking at an equation of the form:

Dy (v4Gs +7-C +6C) + Bty + e F (e eyl ) = 0.

We examine the term e?(*) F,(e=%()¢ ey ), recall F, generally takes the form:

Fv - ﬁ[l;R—Q,oo]qbgvl(ﬁugwa Bv¢) + at¢gv2(ﬁug1/)v B[l;R—Q,oo}Bvd))'

Hence our expression can really be expanded as

e O F (7 e y) =e O F (€7 (e )
+ Gr(e79¢L, e @0, ¢e, ey, e 950) ¢
+ Ga(e™ ¢y, ey )9,6¢.

The functions G, (the functions themselves, ignoring its inputs such as (1) have uniformly
bounded smooth derivatives and are bounded in the following way:

G*<ZL'1,...,£L'”) S |x1’ +.o..t |:En|

for z, small. Recalling our choice of cut off functions we always have w(s) > 1, so this
assumption is always satisfied. Recalling the elliptic regularity results on (. above we can
actually bound the W?2?(v*, TM) norm of G; and Gy by €. Then our equation for O
simplifies to

T‘(lp

D.0¢ + G19¢ + G20,0¢ = E

where ' was defined as the error term above. We now apply the contraction mapping
principle to this equation, let II'o Q) denote the right inverse to D’ |g; (where I’ corresponds
to projection to H{, as we have removed exponential weights). Consider the linear functional
1(6¢):

0 — ' o Q(—G16¢ — G20:0C + E).

Let B, C H{ denote a ball of size €, then it follows from the form of G, as well as the size
estimate of E that I maps B, to itself. It follows similarly from above that I is a contraction
mapping, hence it follows from the contraction mapping principle that such 6¢ is unique.
It follows from uniqueness of ¢ € H{) in previous theorem that this ¢ from this contraction
mapping is the ¢ we constructed earlier.

The norm estimate of d¢ follows directly from the norm estimate of E. The improvement
from W2P to W3P is as follows: we first realize ¢ = v, (. +~v_(_ +6C lives in W3P, the same
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is true for v.+(s, hence §¢ also lives in W3P. To get the actual norm estimates, we recall the
fixed point equation

8¢ =1 0Q(—G16¢ — G20,0¢ — E).
We first realize —G15¢ —G20:0¢ + E actually lives in W2P(v* , TM) by previous elliptic regu-

r7a7p

larity results. We then realize II' o Q restricts to a bounded operator from W2?(v*, TM) —

r,a,p
WaP(vf, TM) with image in Hy C W*P(v), TM) by applying elliptic regularity to Dy;.
Finally we observe the W2? norm of E is similarly bounded above by
Cmaz{||C,]|, [|¢-]|}#/Pe=AT/20=38) owing to the fact in the region where F is supported, (s
is smooth. Then to get the W3? norm of 6¢ we just measure the W3? norm of both side of

the fixed point equation and conclude. O

We now investigate how ¢ varies w.r.t. py, because we already understand (. is well
behaved w.r.t. p4. Instead of varying p4 individually, we find it is more convenient to change
basis and distinguish two kinds of variations. We introduce the new variable p.

e We call the transformation of this type: (p_,ps+) = (p— — p,p+ + p) a stretch.
e We can transformation of the type (p_,py) — (p— + p,p+ + p) a translation.

We shall vary 6¢ w.r.t. p with these kind of transformations. In both cases we shall show §¢
is well behaved w.r.t. differentiating via p.

Stretch

Observe in our region of interest we assumed f'(x) = 1, and that 2/(s) = 6f'(z). The
effect of stretch will be thought of as keeping the same gradient trajectory v,,, prescribed
by (py,p-) but lengthen the interval s € [0,7,/d] to [~p/d, T, + p/d] over vy, TM with
the peak of exponential weight profile w,(s) still at s = T,,/20. We translate u; and u_
in opposite directions along symplectization coordinate. We then think of equation O, as
taking place over the same gradient cylinder, but various terms like ¢/, being translated as
we stretch along p. (There is some abuse in notation here, T, refers to the gradient flow
length for original pair (p,,p_), and p is how much we stretched).

The a distance between a(—p/d) and a(7, +p/d) also changes but not in a linear fashion
since a'(s) = ¢*/(®) but this is fine since none of our operators depend on a.

We make the following important observation about ¢.. In our section dealing with
semi-infinite trajectories when we moved the asymptotic vector p (p here as in an element
among the tuple (r,a,p)) we preglued to a different gradient trajectory. To be specific, let’s
focus on ¢_. In the case of semi-infinite trajectories, after changing gradient trajectories, no
matter the value of p_ the pregluing always happened at s = R. We denote the resulting
function of (s,t) by ¢_(p) so that in this system preluing always happened at s = R. Now
in the stretch picture we are taking a different perspective, that when we deform by p we
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are pregluing to a different segment of the same gradient trajectory v, 4, so QNS_(p) and ¢_
are related via translation, to be precise

d—(s+p/6) = o_(p)(s)

Here we only consider variations in the py directions and have suppressed the t variable

- there should be some identification of ¢t + (ry —r_) and ¢_. Variations in ry will be
considered in a subsequent section. The feedback into ©_ is given precisely by ¢(p)(s) for
€ [-3R,3R]. And we understand how b (p) depends on p, and by our previous sections
its feedback into equation ©_ is well behaved w.r.t. p. A similar relation also holds to ¢,

and 9.

Here we see the advantage of working in W*? (v}, /T M) instead of W*P* (v, TM) since
our norms are independent of p. Observe similarly our definition of H{ is independent of p.
The only dependence in p comes from terms of the form e*»(*) (we include, where relevant, the
subscript p into our exponential weight profiles), which we will be able to describe explicitly.
The formulate the following proposition:

Proposition 3.9.15. In the case of a stretch,
| o] < Cosmscn
where the norm of ||d/dpd¢|| is measured w.r.t. W>?(v:, TM). We are taking the derivative
at p =0, but it is obvious a similar formula holds for all small values of p uniformly.
Proof. We already know for every p there is a d¢ (we suppress the dependence on p) satisfying
D} 6¢ + G10¢ + G20,0¢ = E
which we may rewrite as
6¢ =110 Q(—G16¢ — G20,0¢C + E).

We next proceed to differentiate both sides w.r.t. p. We see that the result is an expression
of the form

d
%)

:(dipn' 0 Q)(—G13C — GoD,0C + E)
IoQ- (_d—Gl(sg — dd—GZéWC)
IT'o Q(—Gy - %(K — GQd_pat(;C)

+1II'o Q@



CHAPTER 3. FROM CASCADES TO J-HOLOMORPHIC CURVES AND BACK 148

See Remark B.7.18 for this kind of differentiation.
Step 1. We first differentiate ITo Q w.r.t. p. Recall over WP (y*

form:
—¢—> L.(9)d

after we remove the exponential weights the corresponding operator I’ takes the form:

¢ =(— Y L(e ") ™o,

TM) II takes the

rap

For stretch 0, is independent of p, so the only dependence we see is on w(s). We realize
L((e7*®)()) = L(¢)e~T»/2) but we realize that w(s) — w(T,/29) is independent of p, so
we conclude II" is independent of p.

We next consider d H’ o ). We observe this is a map from W'P(v* TM) — Hy. It is

7’ a,p
the inverse of D | H s so we can instead differentiate the relation

(Il'oQ)o (D) o) =1.

where ¢ : Hj — W??(vr, TM), to get
d(IloQ) -, (Dj,00)
200+ (o P12 <
dIl' o Q) , d(Df,é o)
. —(IT"o Q)T(H °Q).

We already know IT' o @ is uniformly bounded w.r.t. 6 — 0, now recall that
DfLs =Dy, + w'(s).

Of course we know that w(s) has a “kink” where the absolute value bends (see definition
equation for w) but we can smooth it. Noting that D, is independent of p and w'(s) is
independent of p, we conclude that

(Il 0 Q)
[€5%]=

where we use the operator norm. (In this case it’s in fact zero).

Step 2 We next examine the term %. There are two kinds of dependencies, one on how

the function G, depends on p, which we denote by dG/Jp, and second how its arguments
¢land ¢4 depend on p. We first recall G, comes about from the expansion

ew(s)‘Fv(efw(s)C e W s)w ) w(s fv<€7w(s)<7+c+ +’Yf<7),€7w(s)wli)
+ GO, e 9y, e Y e 60) ¢
+ Gy(e™O s, e Dy )0,6¢.
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The function F, only depends on the geometry, so the only dependence of the function G
on p is given by dw/ds:

9G. dw < /6.

gp —  |dp
Next we try to understand the dependence of dG,/dp through its dependence on terms like
d¢s/dp and dy)’ /dp. From previous remark by the semi-infinite trajectory case we understand
dCs/dp < Ce, and (1 = C+(sFp/d). Similarly we have ¢, = /(s Fp/d). Noting b+ doesn’t
depend on p, we have

d , 1d -
d_p¢:t = —SE@/&
thus estimates: a
< J.
' D || = Ce/

Note taking the p derivative of ¢’ has cost us a derivative, hence the above norm can only
be measured in WP, Thankfully this is enough for our purposes because @ brings back
another derivative.

Hdgi < Ce(1+1/5)

<[ £z

1) d »
SHEQ

Now in this computation %Ci lives naturally in 2P, by elliptic regularity ¢, lives in W32,
so its s derivative lives in W?2?. Hence the above inequality can at most hold in W27, which
suffices for our purposes.

Next we need to consider the W' norm of < 8&;, which we re-write as

dipatc,t:t(s Fp/d) = atapézl:(s Fp/d) — gasatéi(s Fp/0).

We first make a remark about commutativity of derivatives, e.g. we have commuted 8p8t§i =
010pCs. We know 9, is in W*P, hence we can commute the derivatives using the following
version of Clairut’s theorem:

Proposition 3.9.16. If f : R* — R is so that O, f,Daf, 021 f exists everywhere (here Oy f
denotes the partial derivative of f w.r.t the first variable), 021 f is continuous, then O of
exists and is equal to Oz f.

Hence we can commute the derivative, measure the W'? norm of ,0,(+(s F p/d), and
bound it by the W?? norm of dipfi, which is bounded above by Ce. The WP norm of
950,C+ (s Fp/d) is bounded by the W3? norm of (4, which is also bounded by Ce by elliptic
regularity.

But observe the expression involving
the estimate:

{5252

dc;* is multiplied by ¢ or 0;0¢, so overall we have

< Ce/6e MTe/2=3R) o el dS¢ /dp)|w.. (3.19)

W2.p
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The last term coming from the dependence of G on §¢. We remark in the above the term
dd—Gpl - 0,0¢ we have a product of W1? functions, which remains in W*?. This is where we
justify our use of W2? instead of W'?. See Remark [3.4.2]

Step 3 The next term is IT' o Q(—G} - dipéc — GQ%@(SC). Note we have C! bound on G,
which is bounded by Ce, so after we apply II' o ) the norm of this term is overall bounded
by C’e||%||wz,p, and we move this term to the left hand of the equation.

Step 4 We finally estimate how the error term E depends on p, and here we shall use the

exponential decay estimates proved in Section |3.8, Recall E takes the form

E =71 (s + [0 F (e ly) — e F, (e )]
FIOF () — e Fy (e )]

The important feature of this expression is that it has support in s € [1,,/26 —2,T,/26 + 2],
dE d
il ——e "0y

the term E and its derivative over p can be upper bounded by the terms:
s, 1
dp (5:9) dp )

[E(s,t)] < Clee(s,t)[(1+ ]0Ce(s, 1))

d

B 1)

dp
where for both equations size refers to C' norm. Since this is supported over s € [T},/2§ —
2,T,/26 + 2], bounds on the uniform norm imply bounds on Sobolev norms. Furthermore
we know by elliptic regularity (4. and its p derivative are smooth over this region so it make
sense to talk about C! norms. We first note

+

<C

d
+ C'[¢«] (‘d—pew(s)@

d ., C _,

dp6 -5
So the only terms we need to worry about are

d d

— —0

over the interval s € [T},/26 — 2, T,/26 +2]. We recall by our convention (4 (s) = (1(s Fp/d)
so we have
dG+

Fa dipéi(s Fp/o) + %d%(fi(s Fp/0)).

By the constraint that s € [1,/26 — 2,7,/25 + 2], the terms on the right hand side have
already decayed substantially, hence they are bounded by

C
= o~ MTp/25-3R)

J

which quickly decays to zero as 6 — 0. Finally we compute the derivative d%atgi for
s € [T,/20 —1,T,/26 + 1]. We can also break this down into

dCry d - 1

S (Crls T /).
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The exponential decay estimates in Corollary [3.8.7] as well as exponential decay in Propo-
sition |3.8.4] say in the interval s € [1,,/26 — 1,7,/25 + 1] the above is also bounded by

¢ o~ MTp/25-3R)

J

Step 5 Combining all of the above estimates we see that

d C .
a < Y o -\(Ty/26-3R)
dp(%“ ) ©

as claimed. ]
Now we use the above to show ( is well behaved in the sense we originally described.

Proposition 3.9.17. (, and hence ¢ is well behaved with respect to p when p controls a
stretch.

Proof. Note what we feed into ©. are vector fields with exponential weights, so we put ¢
back into ©1 we need to turn it back to ¢ via

6= e

but note that from above we have

¢ =710 +7-¢_ +e (.

And we know terms like vL¢1 behave nicely with respect to p. So it suffices to understand
how e “()§¢ feeds back into ©,. For simplicity we focus on ©_. For fixed p, and for
s € [-p/d, —p/d + 3R], if we define §¢ := e *)§¢, then from the perspective of ©_, the
vector field we see is d¢ (s’ — p/d) for s’ € [0, 3R] equipped weighted norm e®’. We observe
over the region s € [0,3R], the weight function coming from ¢“() = %' so when we
calculate how the p variation feeds back into ©_ we are really looking at

H 0 )

for s’ € [0, 3R] with respect to the norm W?2?4(y* T M), which is equivalent to the expression:

Hdipc%(s’ —p/é)”

with the unweighted WP norm over the interval s’ € [0,3R]. We observe

| socts =io)| < | 5octs =i | octs = pran)

W2p W2p W2.p

Here we have used elliptic regularity on d¢ to control its W3P norm by its W?2? norm. The by
the preceding proposition both of the above expressions are bounded above by & e~*(Tr/20-3R),
hence the proof. O
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Translation

The case of translation is much easier than the case of stretch, as it bears many similarities
with the case of semi-infinite trajectory. We don’t even need to remove exponential weights.
The only salient difference is we now have to work in a subspace H.

Let us first recall/set up some notation. Fix tuples (r,a,p)+, and they determine a
pregluing between v, and u_. We use v,, to denote the intermediate trajectory that connects
between uy + (r,a,p)+ and u_ + (r,a,p)_ in the pregluing. As before we define w,y(s) as
our exponential weight profile, and we have the codimension 3 subspace Hy. We fix (s,t)
coordinates over v,,, with gluing happening at s = R and s = 7,/0 — R. Let p € R be a
small number denoting the size of the translation, let p% = p+ + p, and let v, denote the
gradient trajectory between the pregluing determined by p%. We equip vector fields over v,
with Sobolev norms as previous described and it also has a subspace Hj. On v, we choose
coordinates (s*,t*) and because we assumed the function f(z) is locally linear (after maybe
a change of coordinates) we have that pregluing happens at s* = R and s* = 7,,/d — R.
Observe there is a parallel transport map using the flat metric

PT - WP (v . TM) — WP (vsT M)

such that if ¢*(s*,t*) is a vector based at v, (s*,t*), it is transported to ¢(s = s*,¢t = t*)
over v,(s,t). Note the parallel transport map send Hj to Hy. And the solution ¢z*)*i to O,
over v,~ can be identified with ¢(p) € Hy to an equation of the form

DJé(p>¢p + fv(p7 wia ¢p> + B/i,l/} =0

and the feedback term from ¢j, into ©4 (p%) can be identified with the feedback of ¢, which

corresponds to regions s € [-3R, 3R] for ©_ and s € [T,/ — 3R, T,/0 + 3R] for ©,. Then
it suffices to calculate the norm of d¢,/dp in Hy.

dsy

p < Ck.

Proposition 3.9.18. ‘
W2:psw (vx T M)

Proof. Observe that ||d/dpDy|| < C when measured in the operator norm because the
coefficient matrices in this operator only depend on the background geometry. The same is

true for || 852” (p, =, —)|lcr < C. We recall Dy, (p) is an isomorphism from

Hy — WY (0" T M)

hence has an inverse whose operator norm is uniformly bounded over p and as 6 — 0.
The same is true for the derivative in p of this inverse. To see this, we recall Dy (p) :
W2pw (s TM) — WP (p*TM) has a right inverse uniformly bounded in p and § — 0,
which we denote by Q). We also recall the inverse for D, (p) is obtained by IT o ). Hence it
suffices to show II has uniformly bounded norm as p changes in a translation.

Recall
(¢p) = ¢p — Z L.(¢p)0.
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as an operator we see that the terms involving x = z, s are independent of p, the vector field
v = a%%=% 4 b9, depends on p but we see in C* norm that |§—;| < O, so we see II has
uniformly bounded norm as p varies, which in turn implies Il o () has uniformly bounded

norm. We now investigate dipHoQ, which we can understand by differentiating the expression

ITo Q © DJa(p)‘Ho = Z'd|Ho
w.r.t. p, which yields

d d
TloQ = ~To QD) 10 Q

which implies as an operator %H o () has uniformly bounded norm. Next we recast the
equation:
DJa(p>¢p + Fv(p7 wjn (bp) + ﬁli’l/} =0

as a fixed point equation

¢p = 110 Q(=Fu(p, Vs, ¢p) — Bit))

using the exact same procedure as we did for for semi infinite gradient trajectories, we
differentiate this equation in p to show ||d¢,/dp|| < Ce. Observe after parallel transport
there was no translation of ¢4 involved. O]

Since in this case we worked directly with weighted norms we can directly conclude:
Corollary 3.9.19. With respect to translations, the vector field ¢, is well behaved.

With this and the previous subsection, we conclude that ¢ is well behaved with respect
to variations of p4. In the next part we examine how ¢ varies when we change r4, a.

Variations in r4, at

In this subsection we show that when we vary the parameters a4 and ry the solution ¢ is
well behaved.

Proposition 3.9.20. The solution ¢ to ©, is well behaved w.r.t. a.

Proof. Observe that changing a. can also have the effect of lengthening and shortening the
gradient trajectory we need to glue between u, and u_, though the process is substantially
less dramatic than when we changed p.. For instance when we change a4 by size ¢, the
connecting gradient trajectory may lengthen/shrink by size Ce, instead of C'¢/§. In particular
we can redo all of the previous subsection. We separate the change to stretch and translation.
We first observe in case of translation the equation ©, actually stays invariant, because all
of our background geometry is invariant in the a direction. In the case of stretch, we remove
the exponential weights, and repeat the above proof. The difference is that no factor of C'/§
ever appears, so we don’t even need the exponential decay estimates. The rest follows as
above. O]
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Proposition 3.9.21. ¢(r,a,p) is well behaved as we vary r.

Proof. Recall for r, in the pregluing construction we are rotating the entire gradient tra-
jectory v, ., along with it, so we can again use parallel transport in 7} to turn it into a
family of equations over the same space, which we denote by W as before, and the resulting
(ro,r_) family of PDEs over W by ©,. We use ¢(ry,r_) to denote the solution to ©,. By
assumption, the almost complex structure J, when restricted to the surface of the Morse-
Bott torus, is r invariant, however, the local geometry is not necessarily invariant. Therefore,
the linearized operator as well as nonlinear term picks up a r, dependence, so the equation
solved by ¢(r,,7_) has a linear operator Dy, (r.) and a nonlinear term F,(r,, —) with .
dependence. Also observe Hj is invariant under changing 4, so we denote it by the same
letter when viewed as subspace in W.

We now recall what happens to the pregluing near the u_ end, the domain Riemann
surface X, is constructed at s = R with the identification ¢ +7r, ~ t_ +r_. So we see this
effect in the equation ©, via the dependence of ¢)_ on 7, in particular the ¢)_ term in O,
should be instead ¢_(s, ¢+, —r_). Hence after parallel transport we see ¢(r,r_) is the
unique solution to the equation in H:

DJa(T+)<5 + B (s,t) + (s, t+ry —ro) + ]:—v(“mwi) =0.

Again, following the same procedure as we did for semi-infinite gradient trajectories we recast
this as a fixed point equation

¢ =ToQ(=B Yi(s,t) = B (s, t + 1y — 1) — Fylry,iha))

and differentiate both sides with respect to 74, observing that %ﬁr’wi) = g(p,9) +
h(¢,1)0:(¢) as in Remark [3.7.12] However, it is important to note that taking an 7, deriva-
tive of the above equation will produce a t derivative of ¥ _, which will produce a function in
WP (we neglect any mention of weights for now). But since we are not taking any further
derivatives of 14, this is fine as @ will send this to W?P, then the same argument as before
shows that

do

<
s < Ce

M)
as desired. ]

w2pw(yr T

Solution of 64

In this subsection we use the results from previous section to finally solve ©. and hence
conclude gluing exists. Recall deformations of uy are given by the elements

(Y, (rya,p)x, 0, 0j+) € WHPA(ui TM)DVL DV BT Jx, and the linearized Cauchy Riemann
operator

DOyy : WP TM) @ Vi @V, @ TTx — WHP4(Hom(TS, u,TM))
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is surjective with right inverse (). Then O are equations of the form

DgJ:t((qu):l:a (7’7 aap):ta 8;:’ 5.]:|:)) + Fi((¢i7 (Ta a7p):|:7 a;y 5j:|:7 ¢) + g:l: + B;,Cb =0

where F. is a quadratic expression in each of its variables, implicit in F. are quadratic terms
depending on (§j+, 1+ ) responsible for variation of domain complex structure away from the
punctures. And implicit in term &, are error terms uniformly bounded by C'§ in the interior
of u4 responsible for the fact that u4 are J-holomorphic, instead of Js-holomorphic.

Theorem 3.9.22. The system of equations ©1 = 0 has a solution, and hence 2 level cascades
with one intermediate end can be glued. Furthermore, for specific choices of Q+, which are
right inverse to DOy, , there is a unique solution in the image of (Q4+,Q-).

Proof. We consider the system of O, as a map from

(OL,0.) (WP TM)e VoV, @ TT,) ® (WP (" TM)® V-V & TJ.) —
WPt (Hom (T, ui TM)) @ W4 (Hom(T%, u* TM)).

We solve this via a fixed point theorem by finding a fixed point to the map

[(1/}+7 (Tv a’p)—i-u af}-’ 5j+>’ (¢—’ (ra aap)—v al—u 6.7—)]
— Q4 (=Fy — &4 = B,9),Q_(=F- =& = B,0)].

We show it maps the e ball to itself. This follows from the size estimates we had of ¢ relative
to 14, as well as the fact Fy is quadratic, and the size of the terms that appear in £ are very
small. We next argue this map has the contraction property as we vary ¢y, (r,a,p)+, 0y, 6ji;
this follows directly from the previous subsection in which we showed ¢ is well behaved with
respect to these input variables, plus the fact F is quadratic (see remark .The sizes
of terms that appear in &4 are also uniformly small, as we derived in the pregluing section.
Hence the contraction mapping principle shows there is a unique solution in the image of

(Q-HQ—)' u

Remark 3.9.23. Relation to obstruction bundle gluing. We remark we could have
proved a gluing exists via obstruction bundle gluing methods in [40],[41]. This is more
similar to how the gluing of 1 level cascades was constructed in [12]. We explain this in
the simplified setting as above, and the general case of multiple level cascade can be done
analogously. Recall D3, is index 1 (i.e. uy is rigid), we let Ux be a 1 dimensional vector
space in WhP4(Hom(T'Y, u* TM)) spanned by image of asymptotically constant vector field
9, under DO+, and let UL denote a fixed complement given by the image of (¢4, 74, ax, §j+)
under DJ; 1. The fact U, is closed follows from the fact our operators are Fredholm, and it
form a complement for index reasons (as long as neither uy is a trivial cylinder).

Then we form the (trivial) obstruction bundle with base (p;,p_) € [—¢,€]? and fiber
Uy ®U-. Then instead of solving ©4 on the nose we introduce projections Il that project
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to U.. Then for fixed input data {(p4,p-), (¥+, 7+, a+,dj+)} in an epsilon ball, we solve the
equation ©, for ¢

DJng + ﬁ;¢+(87t) + 611/}(8715 + T+ — T—) +-7'—U(T+7¢i> =0.

Its (unique) solution ¢, which depends on all input data {(py,p_), (¥x, 7+, ax,07+)}, will
have norm uniformly bounded by Ce/R (the C' is uniform as we vary (p;,p-)). Then the
solution to the system of equations ©L = 0 is equivalent to the solution of the following
system of equations

0 = D0y1(tps, (r,a) s, 0, 6j1) + My [(+Fs + Ex + B9]

DOy ypy + (1 =Ty )[(+F + &4+ B,9)] =0
DOy—p- + (1 — Iy )[(+F- + E- + B,¢)] = 0.

We observe for fixed (pi,p_) the equations 6. can always be solved via contraction
mapping principle, essentially because the nonlinear term under the projection Il always
lands in the image of Dd; . by construction, and we have estimates ||¢|| < Ce/R. The other
two equations in the language of [41] define an obstruction section to the obstruction bundle,
as

s = {ps+(1-Mp ) [(Fe -84 4810], p-+ (1-TIy ) (F-+E_+B,¢]} € TUBU- — [—e¢,€]?)

and the vanishing of s corresponds to gluing. In the above expression we think of py as real
numbers (because we have projected to the one dimensional spaces Uy). But we observe by
the size estimates of ¢, 1., the size of the nonlinear term (1 — Iy, )[(Fix + &+ + B ¢)] under
[y, is uniformly bounded above by C'e¢?/R. However the linear term p. varies freely from
—e to €. The nonlinear term is clearly continuous with respect to variations in p.. Hence
from topological considerations the obstruction section must have at least one zero, hence
we have at least one gluing.

The difficulty with the above approach, is of course there is at least one gluing, but it is
unclear how many there are in total. One could improve the above conclusion by trying to
argue that s is not only C? close to the (p,,p_) but also C*' close, and this would imply the
zero is unique. In fact what we proved about “¢ being well behaved w.r.t. p.” is tantamount
to showing s is C' close to (py,p_). This required we do very careful exponential decay
estimates as well as another contraction mapping principle. That we previously proved
gluing via contraction mapping and here phrased it here as obstruction bundle gluing is
purely a matter of repackaging.

Remark 3.9.24. Another possible approach to obstruction bundle gluing might be to show
for generic choice of Js; we can arrange to have the zeros of the obstruction section be
transverse to the zero section. This will show there is only one gluing up to sign. This is
more in line with the strategy taken in [41]. However, it’s unclear whether we can choose
generic enough Js since here we have a family of Js degenerating as 6 — 0 as opposed to
some fixed generic J.
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Remark 3.9.25. We shall later prove surjectivity of gluing. The appendix of [12] used a
different strategy for surjectivity, hence did not need to prove the solution obtained via ob-
struction bundle gluing is unique. Conceivably the methods there could also be applied here,
but the construction would be difficult for two reasons: one they used stable Hamiltonian
structures as opposed to contact structures, therefore their equation is nicer than ours. Two
it seems their methods would be difficult to carry out in multiple level cascades where the
dimensions of moduli spaces that appear could be very high. Instead in what follows we use
an approach in Section 7 of [41].

Gluing multiple level cascades

In this subsection we generalize gluing to multiple cascade levels. Given what we have proved
above, this is mostly a matter of linear algebra. However there are still subtle details we
need to take care of, we first take care of the simple case where we are still gluing together
a 2-level cascades, except now with multiple ends meeting in the middle. This contains all
the important features required for the gluing. Then we will simply generalize this situation
to n level cascades.

2-level cascade meeting at multiple ends

We consider a 2-level cascade built out of two J-holomorphic curves uy and u_ meeting
along n free ends along an intermediate Morse-Bott torus. It does not matter how many
intermediate Morse-Bott tori are there, so for simplicity we assume there is only one. We
assume all ends of u_ and u, landing on this Morse-Bott torus avoid critical points of f, and
we have chosen coordinates so that the Morse function looks like f(z) = x. We assume this
cascade is rigid, and ev_(uy) and ev,(u_) are separated by gradient flow of f for time 7.
We also assume the x coordinates of the positive asymptotic Reeb orbits of u_ are labelled
by z1,...,x,.

In this example, for simplicity of exposition, we only focus on gluing finite gradient
cylinders, and ignore gluing for semi-infinite trajectories. Hence we assume no positive end
of u, nor negative end of u_ lands on the Morse-Bott torus that appear in the intermediate
cascade level, and we only perturb the contact form to be nondegenerate in a neighborhood
of this torus.

The fact the cascade is rigid and transverse implies the following operator is surjective

D,®D_W* > TM)eTJ, &V, ®V/
WPl TM)DTI- oV @ V" (A) —
Whrd(Hom (TS, u’. TM)) & W'P4(Hom(TY, u* TM)).
V1 denotes asymptotic vectors associated to ends away from glued ends. V' denotes asymp-

totic vector fields at glued ends except they only include (r,a)+ components. A; is a n + 1
dimensional vector space that consists of asymptotic vectors that satisfy relations p;” —p; = t,



CHAPTER 3. FROM CASCADES TO J-HOLOMORPHIC CURVES AND BACK 158

where t is a positive real number that varies freely. D4 is our shorthand for the linearization
of the Cauchy Riemann operator, which implicitly also depends on the complex structure of
the domain.

We next do a much more careful pregluing. The main difficulty is for fixed o > 0, suppose
we start at x;, and connect to a lift of a gradient trajectory that flows for distance 7" in the
x direction, if we used (s,t) coordinates on this gradient flow cylinder, the s coordinate
has range s € [0,7/d] which is independent of i. But the a distance (i.e. distance in the
symplectization direction) traveled by this gradient trajectory for the same s from 0 to 7'/
varies depending on 4, fundamentally this is because the a coordinate satisfies the ODE

d/(s) = )

which depends on the value of f. Hence in the pregluing, instead of using the vector field A,

where p;” — p; = t, there would be some nonlinear relations between the asymptotic vectors

0s and 0,.

Fix cylindrical coordinates (s;,t;) around each of the punctures of u, that hits the inter-

mediate cascade level (i.e. the Morse Bott torus) and likewise (s; ,t;) for punctures of u_.

Near each of the punctures the maps u4 takes the form
(aii(siivtii)vZii(‘szi?tzi)vxii(siivtii)vyii(‘gzi?t?[»'

We use 7, for * = a, z, 2,y to denote the relevant component of a map, i.e. (m,uy); denotes

the a component of u, at its ith end. We use the following notation to denote the various

evaluation maps

ev; (a)(R) := /51 mo(u)i(=R,t)dt, evi(a)(R) = /51 Ta(u™ )i (R, t)dt

ev- (2)(R) = /S R, e (@)(R) = /5 ()R, 1) (R Bt

We observe the deformation with respect to the asymptotically constant vector field 9, is
constructed the same way as before, so we focus our attention on the vector spaces V. (z) ®
V_(z) ® V,(a) ®V_(a) consisting of the tuples (p;",p; ,a; ,a; ).

777

Let T" > 0. Consider the submanifold A in V()@ V_(z) @ Vi (a) ® V_(a) defined as follows
pi—p =T
pz—l— _pz_ = T/ + fi(a?:aaitapi_7 R)
i, 77| < e

where f; is defined as follows: let vy, denote the gradient trajectory connecting the ¢ = 1
ends between u, and u_. We endow it with the following specification: its a coordinate at
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s = R starts at ev) (a)(R) + a;, and its = coordinate at s = R starts at ev (z)(R) + p;.
It follows the gradient flow for s length 7”. We then translate u in the a direction so that
evy (a)(R) + ay— = mo(vi,(T"/§ — R, t)). Further we have ev; (z)(R) + py = mo(vip,(T"/5 —
R, 1)).

Then for aii,i > 2, we define f; to be the amount of displacement in the = direction
required so that a gradient flow of s-length (7" + f;(a;, af, p, R))/d flows from ev; (a)(R) +
a; to evi(a)(R)+a; at the i th end between uy +p; and u_ +p; . By s-length we mean for
a finite segment of gradient cylinder, after having chosen coordinates (s,t) on the gradient
cylinder, the amount by which s needs to change to go from one end of the gradient cylinder

to the other end. We see immediately that

fi<Co
and P
fi < (9 where 7 =1,1
a;
ofi
< (9.
op; ~

From this it follows immediately that A is a submanifold. And that for small enough § the
operator

D, & D_ W TM)STJ, &V, &V (r)
WP TMYSTI_ oV & V'(r)® (A) —
Whed(Hom(TS, w, TM)) & WhP4(Hom(TS, u* TM))

is surjective with uniformly bounded right inverse. By V! (r) we mean the subspace of V7
that only includes the r components of the asymptotic vectors. Then it follows immediately
that any element in A gives rise to a pregluing, since the a and x components of u4 and the
intermediate gradient trajectories match.

Remark 3.9.26. Our operator

D, ®D_ W* i TM)sTJ, &V, @ Vy(r) & Wi (u*TM)
STI aV aV'(r)® (A) —
WP (Hom(TY, w' TM)) & WP (Hom (TS, u* TM))

has a two dimensional “kernel”. The kernel is in quotations because A is a submanifold
instead of a vector subspace, but as we have seen it is exceedingly close to a linear subspace,
so we gloss over this point. The two dimensional “kernel” consists of two kinds of elements,
they both come from the fact uq are J-holomorphic curves in symplectizations and hence
there is a translation symmetry. The first kind of kernel element comes from translating
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uy and u_ by the same amount in the sympletization direction. This is an genuine kernel
element of Dy @® Ds. The other kernel element is translation v, and u_ in opposite directions,
so that they become closer/farther away from each other. This is no longer in the kernel
because of the nonlinearities of A, but as we see the corrections are small. For the purposes
of this section choosing a right inverse for D ® D, doesn’t matter, since we only need to show
a gluing exists. Later when we need to prove surjectivity of gluing we will choose specific
right inverses for D; @ Dy, which amounts to saying we consider vector fields where there
are approximately no R translations over the curves v, and u_.

We can now state the gluing construction.

Theorem 3.9.27. 2-level cascades of the form above can be glued. The gluing is unique
up to choosing a right inverse for Dy & Dy when we restrict the allowed asymptotic vectors
corresponding to ends that meet on the intermediate cascade level on the Morse-Bott torus
to A@ Vo (r)" & V"(r) as above.

Proof. Given a tuple of elements (af,pf) € A, as well as 1 € Vi (r)” @ V_(r)" as twist
parameters, we can define a preglued curve u, by pregluing n gradient trajectories v; between
u_ and a translated uy. Then, just as how we proved gluing for two curves with a single
end meeting at intermediate cascade level, we deform the pregluing with appropriate vector
fields, i.e. starting with vector fields ¢y € W2P4(u TM) and ¢; € W2P¥i(v;TM). We
also implicitly deform the domain complex structures of uy using dj+; we also deform using
asymptotic vectors at other ends in uy, they live in V] and we denote them by 9 ; since
they are not super relevant to our construction we suppress them from our notation. We
construct the perturbation

By + b+ Z B, @i

And as before, the deformation is holormophic iff the system of equations can be solved:

@+<w+7 <T7 aaP)iiv ai,-a 5]+) =0
9—(¢—7(T7a7p):|:i78,_75j—) 0

Then we follow the same strategy of proof as before, given the tuples (¢, (1, a, p)ix, 0, 6j1)
of input along u+ we can define subspaces Hy; C W2P%i(v*T'M) such that there exists unique
solution to ®; = 0, ¢; € Hy;. It follows immediately from previous theorems that ¢; has
norm bounded above by Ce/R and is nicely behaved with respect to variations of all input
data (¢4, (r,a,p)ix, 0%, 07+). We then view the system ©L = 0 as looking for a zero of a
map

W2 TM) @ TT, @ VI @ Vi(r) @ WP TM) e TJ- eV e V'(r) & (A) —
W (Hom (T3, utTM)) ® WP (Hom (TS, u* TM)).



CHAPTER 3. FROM CASCADES TO J-HOLOMORPHIC CURVES AND BACK 161

It follows from our previous calculations of how ©. looks like in these coordinates, as
well as the fact the operator D, @ D_ restricted to W2P4(u TM) S TT, ® V] & Vi(a)” ®
W2rd(y* TM) & TJ- & V' & V"(a) @ (A) being surjective that O can be solved simulta-
neously for (¢4, (r,a,p)ix, 0, 07j+) via the contraction mapping principle. Such a solution
is unique provided we fix a right inverse for D, & D_. n

We now turn to gluing n-level cascades. It will follow the same strategy as above as long
as we introduce some new notations so we will be brief. The main purpose of the ensuing
proof is to introduce some useful notations.

Theorem 3.9.28. n-level tranverse and rigid cascades can be glued, and the solutions are
unique up to choosing a right inverse, as specified in the proof.

Proof. Let vf = {U’}zzln be an n level cascade that is transverse and rigid. For each u® we
let T; denote the vector space W2P4(uwTM)®TJ, ® V] ® Vi(r)” and L; the vector space
Wipd(Hom (TS, u*TM)) and let A;;4; denote the submanifold consisting of asymptotic
vectors in a,z directions corresponding to free ends that meet each other between u’ and
ui™!, analogous to A for the 2 level case, so that pregluing makes sense. Then the fact that
the cascade exists, is transversely cut out, and of Fredholm index 0 implies the operator

oD, Wi d A, ®... oW, —-L0,®..0L,

is surjective with uniformly bounded right inverse. Hence for each element in AMH we
preglue together v’ and u'*! by inserting a collection of gradient trajectories in the middle.
In case u’ and u*! have components consisting of trivial cylinders that begin and end on
critical points, we recall such chains of trivial cylinders will eventually meet a non-trivial
J holomorphic curve with fixed end at the critical point. We replace such chains of trivial
cylinders with a single fixed trivial cylinder as in the case of gluing fixed trivial cylinders
in the case of semi-infinite trajectories. We add marked points to unstable components in
cascade levels to make them stable, see Convention . For the positive ends of u! and
negative ends of u”, if it a free end we glue in a semi-infinite gradient trajectory, and if it is
a fixed end we glue in a trivial cylinder. This constructs for us a preglued curve u,. Then we
deform this preglued curve using vector fields 1); over u* and ¢; over the gradient flow lines
we preglued. We require that ¢; lives in the vector space Hy;, which is defined analogously
to Hy in the case of 2 level cascades, if ¢; corresponds to a finite gradient flow trajectory, and
no such requirement is imposed if ¢; is over a semi-infinite gradient trajectory. As before
the entire preglued curve can be deformed to be holomorphic iff the system of equations

®i(¢ia(raaap):tivquvaz{;aji) = 07 ®Uz(¢“¢3) =0

can be solved. We use bold to denote a system of equations. ©;(¢;, (r,a,p)1i, ¢, 0;, 8Ji)
corresponds to equations over u’, and ®,, corresponds to equations over gradient flow tra-
jectories, which implicitly includes semi-infinite trajectories. As before for fixed epsilon ball
in W, & Ai;qu, the equations ©,, have unique solutions in Hy, that are well behaved w.r.t.
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input. Then the equations ©;(v, (1, a, p) 4, ¢;, i, 6j;) = 0 have unique solutions follow from
the fact ®D; is surjective with uniformly bounded inverse and the contraction mapping
principle. The solution is unique to a choice of right inverse for the operator ®D;. O

Remark 3.9.29. We note here by elliptic regularity all of our solutions are smooth, with
their higher W*? norms bounded by their W'? norm.

Remark 3.9.30. We note by the additivity of the relative first Chern class and the Euler
characteristic, the resulting glued curve has Fredholm index one.

3.10 Behaviour of holomorphic curve near
Morse-Bott tori

In this section we prove a series of results concerning how J-holomorphic curves behave near
Morse-Bott tori. This is part of the analysis that is needed to prove the degeneration result
from J-holmoprhic curves to cascades in Bourgeois’ thesis [5]. We redo this part of the
analysis, not only to prove the degeneration result in our case in the Appendix, but we will
also need them to later show that the gluing we construct is surjective. The analysis here
is very similar to the analysis performed in the Appendix of Bourgeois and Oancea’s paper
[7], the only major difference is we are working in symplectizations where they work near a
Hamiltonian orbit. We start with a series of analytical lemmas.

Semi-infinte ends

Recall the neighborhood of Morse-Bott torus we have coordinates (z,z,y) € S x St x R,
with J chosen so that at the surface of the Morse-Bott torus Jd, = 0,. The linearized
Cauchy Riemann operator along trivial cylinders that land on this Morse-Bott torus takes
the form 0, + A, where

—A = Jo(d/dt) + Sy(z, 2)

S(z, z) is a symmetric matrix that only depends on z and z. The kernel of A(s) is spanned
by 0,,0.,0,. Let P denote the L? projection to its kernel, and let @) denote the projection
ker A+,

Theorem 3.10.1. Let us(s,t) = (a(s,t), z(s,t), x(s,t),y(s,t)) be a Js-holomorphic map that
converges to a simply covered Reeb orbit corresponding to a critical point of f as s — oo.
We also assume for s > 0, the map us stays away from all other Reeb orbits corresponding
to other critical points of f, uniformly as & — 0. Assume for s > 0 we have

[yl |2 = t], 05" 2], [0 y| <

where x = s,t, and € > 0 is sufficiently small (but independent of ). We also assume all
other derivatives are uniformly bounded above by C. There is some r > 0 independent of §
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and only depending on the local geometry of Morse-Bott tori so that
[yl. |2 =t + ¢l < CIQM)(0, 1) s
2 = 2,(s)] < CIQE)(0,1) [ g™

a(s,t)—c—/ @) g/

S0

< CQUY)(0, )34 g5 e

where inheriting previous notation, we use ,(s) to denote a gradient trajectory of d f(x), the
definition of Y s given in the proof. Further, inequalities of the above form continue to hold
after we differentiate both sides with respect to (s,t), in other words the inequalities hold in
the C* norm.

Proof. In the course of this proof we first perform some important calculations which we will
later reuse for decay estimates over finite gradient trajectories.

Step 0 In our coordinates system the equation looks like (we will drop the ¢ subscript
from )

Osu + Js(u)opu = 0.
Following the Appendix of [7], let’s change variables

Y = (w,v,x,y)
where w := a(s,t) — s and v := z — t. Then the equation changes to
0s(Y) + J5(w)0Y + (05 + Js(u)0;) =0
We simplify this as

0.Y + JWOLY) + 8T()@Y) + (D, + Js(u)d)
x,y,2)(0,Y) + (0 + J(;(u)@t) +0J0Y

=0,Y + Jo0,(Y) + Si(
=0,Y + Joo(Y) + Si(z,y, 2)(0Y) + (05 + J(w)0y) + 6 (w) 0y + 6 JO,Y
=0,Y + Jo0,(Y) + Si(x,y, 2)(0Y + 0;) + 6J(u)0; + 6 J Y
=0,Y + Jo0,(Y') + So(z, 2)y0;
+ Si(x,y, 2)(0,Y) + Sa(x,y, 2)0p + 0J(w)0y, + §JOY

We clarify J(u) is the Morse-Bott complex structure evaluated at u, and Jy is the standard
complex structure, which coincides with the Morse-Bott almost complex structure on the
surface of the Morse-Bott torus. 0J := Js — J is the difference between the Morse-Bott
complex structure and the perturbed almost complex structure, and as a matrix is has norm
bounded above by (its derivatives are also bounded above by) the expression C'd. The term
Sy is a 4 by 4 matrix coming from the linearization of 9; on the surface of the Morse-Bott
torus, and hence it only depends on =z, z.
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In the above expansion, we have the estimates

Si(z,y,2) < C(x,y, 2)|y|

and
SQ(IJ Y, Z) < C(l’, Y, Z)y2

We implicitly assume we have taken absolute values of both sides. Similar expressions hold
for their derivatives (lowering orders in y as we differentiate).
Next consider the term

('9tu + 0T (v, z,y)you
(Y + 0y) + 0T (v, z,y)y(0,Y + 0)

where 67 is some matrix whose C* norm is bounded above by C¢§. We further observe

dJ(x,0,v) doesn’t depend on v since at the surface of Morse-Bott torus it is rotationally
symmetric.
We further examine

0J (u,v,2,0)(0Y + )
=0J(u,0,2,0)0(a,t + v, z,y)
(1-— e‘sf)ﬁt(t +v)
- _lﬁta
—0f'(x )at(t + v)
-0 f'(z)0a

where we used the fact J restricted to the surface of the Morse-Bott torus is invariant in the
(x,y) direction.

Now we recall our assumptions about the form of z(s, ). In particular we assume z(t) = t+v
with |v| < e (this can always be achieved via a reparametrization of the neighborhood around
the puncture), so if we plug that in to the above expression it is equal to:

(1 _ e&f)atv 1— edf(ac(s,t))
—65{;;18{/@ 0
; +
5f (I)aﬂ) —8$5f($<3, t))

—0f'(x)0a 0
Having performed these computations we return to the overall equation of the form

0sY + Joo(Y) + So(x, 2)y
+ Si(x,y, 2)(0,Y) + Sa(x,y,2)0p + 0J ()0 + 0T (x,y, 2)y(0,Y + 0;) + 0J(u)d,Y.
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For later elliptic regularity purposes it will be useful to write the above in the following form:
0sY + Js(u)0Y + 0Ty(0Y + ;) + S10,Y + 6J(0;) = 0.
Step 1 As before consider the operator
—A(s) := Jo(d/dt) + So(z, 2).

Note this operator as it appears in the above equation depends on the z(s,t),z2(s,t) co-
ordinates of u, but we observe it remains true there exists a A so that for all functions
h(t) € WH(Sh),

(Ah, Ah>L2(51) > /\2<h, h>L2(51).
As a matter of bookkeeping we observe our vector field Y is smooth, hence Y has a well
defined restriction to {s} x S! for any value of s .

We define
g(s) = (QY, QY ) 12(sm

as before for our decay estimates we compute
g"(s) = 2(0,QY, 9,QY ) + 2(QY, 87QY).

We observe both (Q and P commute with J,,* = s, t.
Step 2 Examining the first term above

(0,QY, 0,QY)
:HQ(AY + Sl(x7 Y, Z)(aty> + Sg(l‘, Y, Z)at + 5J<I>at
+ 06T (z,y, 2)y(8Y + 9y) + 6T (w)9,Y)|>.

Let’s dissect these terms one by one. First since () commutes with A we have
JAQY || > N|QY||?

for some A independent of s.
We next consider

QdJ(x(s,1), 2(s,t))0

which warrants special treatment. For fixed s we denote by Z the average value of (s, 1)
over t.
Then we can write terms like

fla(s,t)) = fla(s,t) =7+ 7) = f(7) + Go(r = 7) < [(2) + Go(QY)

and for |Y|co < Ce we have G, (x) < C|x|. Therefore we observe @ f(z) = 0 and hence we
have the estimate

Qf(x(s,1)) < CQY.
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The same also applies to other functions built out of f(z), hence we have
1Q0J (x(s,1))0:[| < CHlQY].
Here we also note that the equation satisfied by QY is of the form
0,QY + J5(u)0,QY + 0T (z,y,2)QY - (0,QY + 0;) + S10,Y + 6C(x,y,2)QY =0  (3.20)

where C'(x,y, z) is just a function of x,y, 2 whose derivatives are uniformly bounded.

Aside from the two terms we calculated above, applying ) to Y does not have a major
impact on other terms. To consider the rest of the terms appearing in (9,QY,0;QY) let’s
estimate their norms (since later we can just use the triangle inequality to either estimate
their cross term with themselves or with terms involving || AQY[|?).

The norms of the terms below after we apply @

Sl(x,y,z)(atY), S2(xay7z>ata 5J(x>at7 5T($,y,z)y(8tY + 8t)7 5J(u>aty)
are respectively bounded by the norms
ElQAY P + QY 11", . e[QY |, *(|QY), & (|AQY|* + [|QY*) + 6*| QY.
([ AQY|I* + 1QY %)

The key observation is 0¥y < € as part of our assumption, as well as the fact all occurrences

of y are upper bounded by QY. Another key observation is 0; = 0,Q), so every time we see

0;Y we replace it by 0,() hence the appearance of the many () in the above expression.
Step 3 We look at the next term

(QY, 5,QY)
=(QY, Q0s(AY + Si(x,y,2)(0Y) + Sa(x,y,2)0 + 0J(x)0;
+ 0T (z,y, 2)y(0Y + 0p) + 0J(u)0,Y)).

Note for terms we think of being small, we are not careful about their signs. We introduce
some more convenient notation. We write the .J-holomorphic curve equation as

oY —AY +E(Y)=0
Then we have

(QY, Q0,(AY + E(Y)))
(QY,eQY) + (QY, QIA(AY + E) + 0,E])
(QY,eQY) + (QAY, QAY) + (QAY, QE) + (QY, QO,E).

To obtain the first term in the above expression we used the fact that

0, A
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is a 4 by 4 matrix whose only nonzero entry is the diagonal entry corresponding to ¥, so
Q(0:AY) = ey.

The only term we don’t know how to control is the last one (QY, QO;E), the previous ones
follow from computation in previous steps. Let’s recall the terms in E:

Sl(xvyv Z)<aty>? S2<x>yaz)at7 5J<I>at7 5T(x,y,z)y((9tY + at)75‘](u)aty

We need to compute the L?(S1) norm of these terms after we take their s derivative. We
first only consider the s derivatives on Sy, 8T, 8.J(u), by assumption that %y < €, when we
take the s derivatives of S, 0T, dJ(u), they are still operators of the same form. For example
0,91 is of the form Ci(x,y, 2)y + Co(x,y, 2)ys, and the norm of each term can be bounded
above by e. The same can be said about 0567, 950.J(u), so by abuse of notation we use the
same symbols. Then techniques from previous steps immediately show the norm of these
terms are upper bounded by

{0,500, 0.6Ty)aY. 0,612} < Cle+8)[QOY > < Cle+8)(|AQY |+ QY ).

We next consider the s derivative of Qd.J(z,x)0;. We first observe () commutes with 0,
so we are evaluating Q0s0.J(z,x)0;. Recalling the previous form of this vector field, the
components are essentially built out of f(x(s,t)), so we need to take its s derivative and
projection via (). Using the previous trick of introducing z

5 f(x(s, 1))
7@ s f(x(s,t) — T(s) + Z(s))
=fo(x(s,t) — T(s) + T(s))(s(s,t) — Ts + Ts)
=fo(@)(@s(s,1) — Ts) + T fal@(s, 1) — Z(s) + 2(s))
=fu(2)(Qus) + Zs[f2(Z5) + Gu(Qu)].

Observe Q(Zsf.(Zs)) = 0 because this term doesn’t depend on t. Hence pointwise

QO f(zs(1)) < ClQY | + QY.

Hence:

10:Q0J 04| L2(s1) < CO([|QY [| 22 + [| QY[ 2)

and we have seen above how to bound the norm of ||QYj|| 2. Next:
05520, = Cyys0;.
We assumed y,; < € this term can be upper bounded by

CeQY.



CHAPTER 3. FROM CASCADES TO J-HOLOMORPHIC CURVES AND BACK 168

Finally we turn our attention to terms of the form
635(9,5}/

which appear once the s derivative hits QY. Here € denotes a matrix whose C*~! norm
is uniformly upper bounded by the real number e¢. We can insert a factor of () after the ¢
derivative and get

<QK 68satCQYv>

:<€TQatY> asQY> + <€$QK a562}/)
<e(|QaY 1> + 18.QY 1 + QY |I*).

The terms in the last line are already well understood by previous computations. In par-
ticular ||0;QY||* was worked out in the previous step and [|Qd,Y ||* was worked out in this
step. Hence putting all of these terms together we have

g"(s) > (4\* — Ce)g(s)

hence from previous lemma we have g(s) < g(0)e™*, hence the L? norm of QY undergoes
exponential decay. That this extends to pointwise C* norm follows from elliptic regularity,
using equation [3.20]

Step 4 In this step we look at what equation PY satisfies. Let’s recall the original
equation

0s(Y) + 0s + Js(u)0Y + Js(u)0, = 0.
We split Y = QY + PY and plug into the above equation to get the pointwise bound:

2 —As
.PY + 670, < ClIQY)(0, 8)][74{grye
where we used the previous bound on the norm of QY. We remind ourselves A might change
from previous parts because of various changes in norm. We can replace f(x) with f(Px)
because 0;x is bounded by 0;QY, which decays exponentially, so we can take the error term
to the right hand side to get
2 —As
0,PY +8J(PY)d,| < ClQ(Y)(0, ) gy
Observe that the function PY only depends on s, and the above are pointwise inequalities.
Differentiability of PY comes from bootstrapping and observing the differentiability of QY
in the s variable. The decay estimates of the higher order s derivatives follow as well. We
let PY,, where x = a, z, x,y denote the various components of PY. The equations in these
coordinates are
PY, =0

0.PY| < ClQUY)O, )[4 giye ™
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0.PY, — 6 (PY,)] < ClIQIY)0, 8)|[38 g1 e

10,PY, — 1Y < CllQ(YV) (0, 1) |17 g1 e,

r2(sm®
We now solve the above inequalities. For brevity we denote by G(s). the expression on

the right hand side for x = z, x, a, and the only property we will need about G(s) is that it
is asymptotically of the form e~**. The inequality

0,PY.| < CIQY)(0, )22 g1 e

L2 51
/ G.(s")ds'
0

Next |0;PY, — 6 f'(PY,)] < C||Q(Y)(0, t)||i/21251 —s_we pick a coordinate neighborhood so
that f(z) = Fi2? + C. We can do this because we know u eventually limits to a critical
point of f as s — oo and stays away from all other critical points of f, the choice of F
corresponds to whether we are in a neighborhood of maximum or minimum of f. Then this

is an equation of the form

integrates to

< CIQY)(0,8) |72 g1 e

|PY;—C|= L251

8, PY, £ 0PY, = G(s),.

Then we have
(PYRe™%), = G,(s)e*.

We can write
PY, = c(s)eT%

where ¢(s) satisfies the equation

d

—c(s) = G(s),e.

() = G(s)

Since we known G(s), decays quickly when s — oo, the function ¢ must have a limit as

s — 00, call this limit ¢,,. Then we have

c(s) = o —i—/ Go(t) ™t dt

hence

o
PY,(5) = cooe™® + ejF‘sS/ G.(t)edt.
S

We recognize coe™* as the gradient flow x,(s) we identified earlier and e¥* [ G(s),e*" is
considered the error term, and by the form of G, the error term has the decay we needed.

We note in the case f = —%xQ—l—C’ the gradient flow converges to zero, and this corresponds
to “free” ends converging to the maximum of f on positive punctures. In the case where
f = +1:17 + O, the gradient flow segment c.e®, if we have c, # 0, will actually flow
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away from the critical point x = 0, so it will eventually leave the neighborhood where the
expression f(x) = %xZ + C is valid, and instead flow to the other critical point/maximum
of f, for which we can use the above analysis directly. The exception is if ¢,, = 0, and
this end will converge to the x = 0, or the minimum of f. This corresponds to the case
of a “fixed” end converging to the minimum of f. Implicit in the above discussion is the
assumption that us stays away from all except one critical point of f uniformly as § — 0.
This, in the language of our equations, means c.(9) (this constant implicitly depends on §),
is either bounded away from zero for all 4 small enough, or is identically zero for § small
enough. These correspond respectively to the above two cases. The case where ¢y (5) — 0
and ¢ (0) # 0 as § — 0 corresponds to the Js-holomorphic curves ug breaking into a cascade
of height > 1, and is outside the scope of our discussion.
Finally we consider the equation

0, PY, — MPm) — Ga(s).

Now by the above estimate on P(z), there is a gradient trajectory v whose x component,
v is approximated by PY,, in the sense that

2/ —As
|PY, — o] < ClQOY)(0,8) 75567

Then for small enough ¢, we have the estimate

€5 PY) _ I)| < ORI QY )0, )]0 g e

hence we can write

asPa - eéf(ﬂ-zv) = Ga(S)

where we absorbed the error term C§||Q(Y)(0, 75)||i/gps1 2 into G,(s) since they are of the
same form. Then we integrate both sides to get:

Pa(s)—/o e (=) _/0 G.(s')ds'

Using the same trick as before we write [ Go(s')ds’ = coo — [ Go(s')ds’, recognizing co +

fos e/ (mv) s the a component of a lift of a gradient trajectory, we arrive at the desired
bound. 0

Remark 3.10.2. In the above proof and what follows we assume that us stays uniformly
away from all but one critical point of f. The estimates for Q(Y) is largely unaffected by
this assumption, the main reason we use this is so that we could have nice exponential decay
estimates for PY (this is where we used local form of f). In general (and in manifolds where
the critical Morse-Bott manifolds are higher dimensional) we could have us degenerate into
a broken trajectory of f along the critical set, and the estimate there is more involved.
Fortunately our transverse rigid constraint means our assumption about us being away from
except at most one critical point of f will be sufficient for our purposes.
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Finite gradient segments

We now extend these exponential decay estimates to finite gradient trajectories.

Theorem 3.10.3. Consider an interval I = [sg,s1] and a Js-holomorphic curve u so that
when restricted to s € I the map u is close to the Morse-Bott torus, i.e. in a neighborhood
of the Morse-Bott torus u has coordinates (a, z,x,y) and the functions a, z,x,y satisfy

for some € > 0 depending only on the local geometry and independent of &, then

cosh(A(s — (so + $1)/2))
cosh(A(s1 — s0)/2)

2 2
1QY s+ < max(QY (so, )12 g1, QY (51, 6) [ 1))

for some A > 0 only depending on the local geometry.
If w is uniformly bounded away from all critical points of f except maybe one, there is a lift
of a gradient trajectory, which we denote by v, so that

cosh(A(s — (so + $1)/2))
cosh(A(s1 —s0)/2)

2 2
1PY = vllcer < max((|QY (so, )74 g1y, 1QY (51, )47 g1)

Proof. The proof will follow the general thread of the semi-infinite case. We recall our
convention A may change from line to line, but not in a fashion that depends on 4. Recall
we defined the function

g(s) == (QY, QY ) r2(s1)

then we have the inequality
g// > )\2 qg.

We define the auxiliary function

cosh(A(s — (so +51)/2))
cosh(\(s; — sp))

k(s) = max(|QY (s0)l72(s1), QY (s1)72(s1))

then we have the inequality
(9= k)" = N(g — k).

Then g — k cannot have positive maximum, and by construction ¢ — k < 0 at s = sp, 1.
Hence g < k globally for s € I.
With elliptic regularity as before, we obtain the pointwise bound

1Q(Y)(s,t)] < k(s)'/”

which by elliptic regularity can be improved to bound the derivatives of QY. Using the
inequalities
¢; cosh(z/p) < cosh(z)? < ¢y cosh(z/p).
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We then obtain inequalities:

cosh(A(s — (so + $1)/2))
cosh(A(sy — $0)/2)

QY llor+ < max(1QY (so, )75 50), QY (s1, 074

where we have of course changed the definition of \. We also have
|0, PY — Js0,| < ky

where for brevity we have defined

cosh(A(s — (so + 51)/2))
cosh(A(s1 — s0)/2)

2 2
ki = mazx(||QY (so, t) ||, [|QY (51, )| 751

We try to integrate this inequality as before: |0sPY — Js0;| < ki. There are various compo-
nents to this equation, which we examine one by one. For the easiest case we have:

Integrating both sides we get
PY.o) = PYsots)/2 < [k
(so+s1)/2

max([|QY (so, )|, |QY (51, )] 2))
cosh(A(s1 — $0)/2)
./s cosh(A(s" — (s1 + s0)/2)ds’
(so+s1)/2
max((|QY (so. )75, QY (s1,)|[75.))
cosh(A(s1 — s0)/2)
‘| sinh(A(s — (so + $1)/2))]
<Cmax((|QY (so. 1) [, QY (s1, )| 2240)
.cosh()\(s — (s0+51)/2))
cosh(A(s1 — sg)/2

<C

<C

Identifying PY,((so+s1)/2 as a constant, we obtain the required estimate. We next examine:
|0s PYy — (0.0 f)(PYy)| < ky.

For segments of gradient flow uniformly away from all critical points of f, then we can choose
our coordinates so that locally f(z) = x + ¢. Then the above equation takes the form:

|0 PY; — (0:0f)(PYa)| < ku.
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Using the exact same techniques as above, we conclude

|PYa(s) = PYa((so + $1)/2) = (5 = (s0 + 51)/2)]
cosh(A(s — (sg + $1)/2))
cosh(A(s; —s0)/2

<Cmax(||QY (so, )|, |QY (51, 8)[| 7%

Identifying PY,((so+ s1/2)) — (s — (so + s1))/2 as the x component of a lift of the gradient
flow, the conclude the required estimate.

If w is uniformly bounded away from all critical points of f except one, then we can only
choose coordinates so that f(z) = 122 (the case for f(z) = —3z? is similar), then the above

equation takes the form
|0sPY, — dPY,| < k.

Recyling notation from the previous proof we get
0,PY, — §PY, = Gy(s)
where G (s) < ki(s) Using integration factors as before we obtain
(PYe %) = G,(s)e .
Integrating both sides, from (sg + s1)/2 to s
PY, = ¢(s)ed6—Go+s1)/2)
where c(s) = G,(s)e™%. Then

c(s) = ¢ +/ Go(s)e™ ' ds'

o+s1/2

S

’P}/;E _ 6065M(5—(SQ+31)/2)‘ S 65(8—(80+$1)/2)/ GI(S/)Q_és/dS/-
(s14s0)/2

Here we need be a bit careful about this integral, by our assumptions on G,(t) it is upper

bounded by:

cosh(A(s — (so + 31)/2)).

Ga(t) < Cmax(1QY (0, )50, QY (on, D7) e G He ™S

WLOG we assume s > 0 and (sg + s1)/2 = 0, then we have the inequalities:
C’ cosh(\s) < e < Ccosh(\s).

Then the integral
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%) / Gx(sl)e—és’ds/
0

maz(|QY (so, )74 1) QY (51, B)[74 g1)) -0 — 1
cosh(A(s1 — s0)/2) A—0

cosh(\s)
< Omaz([QY (so. t)Hi/;le)’ 1QY (s, t)Hi/QIESl))cosh()\(& —50)/2)

fE 668(j

which is exactly our estimate. The same works for s < 0.

Finally we consider |9, PY, — e (PYe)| < k;(s). As before we replace f(PY,) with f(r,v),
which introduces an error of the same form as k; due to our above estimate, so we simply
absorb it into k; on the right hand side, we then integrate both sides to get

‘PYQ +c— / 07 (mzv)

0+s1/2
_ (Y (o, D20 QY (o1, D))
- cosh(A(s1 — s0)/2)

osh(A(s — (so + 51)/2))

from this we conclude the proof. O

3.11 Surjectivity of gluing

In previous sections we proved every transverse rigid cascade glues to a Js-holomorphic curve
of Fredholm index 1. In this section we show this gluing is unique, i.e. if a Js-holomorphic
curve is sufficiently close to the cascade, then it must have come from our gluing construction.
The main strategy is to consider a degeneration us — u’ = {u’} of a Js-holomorphic curve
us into a cascade {u’}. Using the compactness results stated in Section 11.2 of [6] (See also
Chapter 4 of [5]) and proved in our appendix, we know the convergence is using our
local estimates we show us corresponds to a solution of our tuple of equations

0
locy

®,=0 ©6,=0.

Here we use ©, = 0 to denote the system of equations over the J-holomorphic curves in the
cascade, and ©, = 0 denotes the system of equations over each gradient trajectory (finite or
semi-infinte) that appear in the cascade. Furthermore, we show we can arrange that vector
fields among the equations in ®, = 0 that correspond to finite gradient trajectories all live
in Hy, the codimension 3 subspace we fixed for each finite gradient trajectory (we abuse
notation slightly, there is a different Hy for each different finite gradient trajectory). We
showed in the gluing section such vector fields in Hj are unique. We also make a choice of
right inverse for & D; for the system ©, = 0, and show we can arrange so that the vector field
producing ugs lands in the image of said right inverse for & D;. Therefore from the uniqueness
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of our gluing construction there is a 1-1 correspondence between Js-holomorphic curves and
cascades.

The outline of this section is as follows. We will first focus on the simplest possible case:
a two level cascade u’ = {u',u?} meeting along a single Reeb orbit in the intermediate
cascade level. Even in this simplified setting there are several stages to our construction: we
first use the previous decay estimates to show that ug is in an € neighborhood of a preglued
curve constructed from the cascade v/. Then we adjust the pregluing using the asymptotic
vectors so that the vector field over the finite gradient trajectory v lives in Hy, and the part
of the vector field living over u lives in the preimage of our specified right inverse, while
maintaining the fact the vector field still lives in the € ball. Finally we extend the vector
fields over all of u*T M and v*TM so that they become solutions to @, = 0 and ©, = 0,
using tools from Section 7 of [41]. We also develop some properties of linear operators for
this purpose.

Then after the 2-level cascades case has been thoroughly analyzed and proper tools
developed, we introduce some more elaborate notation to set up the more general n-level
cascade case.

Notation and setup, for 2-level cascades

We note here that we are not proving the SFT compactness statement, we are simply using
it. For ease of exposition, we first describe the case with us degenerating into a 2 level
cascade consisting of u! and u? and such that they only have 1 intermediate end meeting in
the cascade level. We let v, := ev™(u!), and 75 := ev™(u?) denote the Reeb orbits on the
Morse-Bott torus. We fix domains ¥; and %5 for u' and u?. We fix cylindrical neighborhoods
near punctures of ¥;, and let (s,t); denote coordinates near the puncture that meet along
the intermediate Morse-Bott torus. We let also let (s,t); denote the cylindrical coordinates
on u’ that are on punctures away from the Morse-Bott torus that appear in the intermediate
cascade level. Recall a neighborhood of the maps u’ is given by

W2PA(*TM) oV, & V) & T T,

We let 25 denote the domain for us. Then by the analog of SF'T compactness, for each § we
can break down the domain s into 3 regions,

N5 = Y UN;s U S,

where we think of Y5 as regions that converge to 3J;, and N the thin region biholomorphic to
a very long cylinder that converges to the finite (yet very long) gradient trajectory connecting
u! and u®. To be more precise, we can translate us globally so that over Ys, the map us
converges in Cf° to u', and there exists a sequence of a translations, we denote by as, so
that after we translate u? by as, which we denote by u? + a5, the map us when restricted
to Ms_ converges in Cp° to uy + as. Technically the convergences to u' and u? are over
compact subsets of Y51, near the other punctures (s,t); there are additional convergences
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to semi-infinite gradient trajectory. Here we only concern ourselves with convergences near
Ny, and worry about semi-infinite gradient trajectories in a later section.

Finding appropriate vector fields

We first consider the degeneration in the intermediate cascade level. We will later consider
degeneration to the configuration of a semi-infinite gradient trajectory.

Finding a global vector field

Let 0 < € << ¢, the specific size of € will be specified in the course of the construction. We
fix a large real number K > 0, then we consider the region |s;| < K, |s;| < K as subsets of
Y;. We denote this compact subset of the domain by ¥;. We take K large enough so that
for |s;] > K the maps u' are in a small enough neighborhood of ;, that up to k derivatives,
we can think of u' as exponentially decaying to trivial cylinders, with exponential decay
bounded by e~

This choice of K also determines a decomposition of the domain of us, to wit
X5 = Yqor U Nk UX_sk.

Then the convergence statement in C;2, implies there are vector fields (;s € u*TM]|s,,. of C*

norm < €' and variation of complex structure dj; € T'7J; of size < € so that

Us ’25“{ = ETPy1 55y (Cla)

and

u5|26—K = €XPy2 55, (<26)'
We shall for now suppress the variation of complex structure (u’,dj;) and simply write u'.
When later we want to include it in the notation we shall write (u’, §j;). We also recall that
our metric is flat around Morse-Bott tori, so for small enough (s, we have exp,,i (Gis) = u'+is
near Morse-Bott tori.

We here simply note the W?2P4 norm of (5 is then bounded above by Ce'e®. For fixed
K, as 0 — 0, by Cp2 convergence we can take €/(6) — 0 to make this expression as small
as we please. We also observe for fixed K and small enough € the deformations ((s,07;)
are within an e ball of W2P4(u*TM) & V; ® V! & TJ;. We next consider the behaviour
of us when restricted to the neck region Ns. We first informally write Nsx as the cylinder
0, Nsx] x S'. We start with the following lemma:

Lemma 3.11.1. By our assumption as K — oo (which would take 6 — 0 with it in order
to satisfy our previous assumptions) we have us|n;, converges in Cps. to trivial cylinders.
This is also true uniformly, i.e. for given €’ > 0, there is a K large enough so that for every
small enough values of 6 > 0, Us|jkkr1)xs1 @ within €' (in the C* norm) of a trivial cylinder

of the form v x R for all values of k so that [k, k + 1] x ST C Nsx x St.
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Proof. Step 1 We claim for K large enough |dus| < C for all of Nsx. Suppose not, then we
can find a sequence (ss,ts) where |dus(ss,ts)| — oo, by Gromov compactness a holomorphic
plane bubbles off. But a holomorphic plane must have energy bounded below, by the Morse-
Bott assumption. However as K — oo the energy of us|n,, goes to zero, which in particular
is less than the minimum energy required to have a holomorphic plane, this is a contradiction.

Step 2 We argue by contradiction, Suppose for all K > 0 there exists an interval [a s, ax+
1] x S' so that the distance of us|(q,,ax+1]xst and any trivial cylinder is > €”. However we
observe as K — oo the energy of ws|jg, ax+1]xst goes to zero uniformly in K, then by
Azerla-Ascoli this converges to a holomorphic curve of zero area, which must be a segment
of a trivial cylinder. Hence we have a contradiction. O]

Then the previous convergence estimate implies the following:

Proposition 3.11.2. We take €’ > 0 small enough so that previous convergence estimates
near Morse-Bott tori apply. Then there is a large enough K, and small enough € (which
depends on K ), so that if we choose small enough 6 > 0 (which depends on the choice of €
and K but can always be achieved), there is a gradient trajectory vk defined over the cylinder
(S0, ) € [0, Nsx] x St so that there is a vector field x over vg so that

and the norm of (x satisfies

cosh(A(s — N5k /2))
cosh(ANsk /2)

¢k llorr < Cmax([|Ca (0, =) Frgny 1 (Naze, =) 7 say)

[eS)
loc

1<k O)IP77, 1Cre (Nox) PP < €,

and in particular, if we choose § > 0 small enough, by convergence

We estimate the norm of (x for later use. With some foresight we realize we need to use
a weighted norm e®(sv) for g, € [0, N5k |, where

w(s) = d(Nsx /2 + K — |s — Nsi /2]|).

Then we measure the W norm of (x with respect to (), but by the previous proposition
the norm of (x undergoes exponential decay as it enters the interior of Nsx. Hence we have

Nsk
/ / ¢k ||erdsdt < Ce'edX
St Jo

We now come to the main result of this subsection. We combine (;5 and (i into a vector
field over some preglued curve built from Y54 g, the curve vg and some asymptotic vector
fields. We first recall that

ul(—K, t) -+ Clé(—K, t) = U5(N5K, t) = VK —+ CK(NgK,t).
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Now we have the C* norm of (;5(—K,t) and (x(0,) are both bounded above by €, then we
can deform U,1|21 . by asymptotic vectors 71, a1, p; all of which are of size < € so that

”Ul(—Ka tl) + (7"176117271) - UK(N(SKJU)Hck <.

There are naturally several possible choices possible for (r1,aq,p1). In anticipation of our
later constructions, we make the following important specification.
Recall for (sq,t1) € (—00,0] x S, for s; << 0 the map u' converges to a parametrized trivial
cylinder

(s, t) R x St —s M
whose image is of course the trivial cylinder v; x R. The key property is that ul‘(—oo,O]X 51
decays exponentially to 7;:

lu' = Fullox < CemPe.

We also recall properties of vg, which is the finite gradient trajectory us converges to. For
small enough 6 > 0, the gradient flow is extremely slow, so for s, € [Nsx — 2R, N5k, there
is another trivial parametrized cylinder

'3/1(Sv7tv) : R X Sl — M
so that for s, € [Nsx — 2R, Nsk|
171 — vkllexr < CRO

which goes to zero as § — 0. By the comparison result above there are vectors (ry, a;,p;) < €
so that:
Y1+ (r1,a1,p1) =71
Then we choose this particular choice of (71, aq,p;). There is some free choice of (r1, a1, p1)
up to size R, which for our purpose is extremely small. We will always make a choice so
that the s; = R end of u' + (r1,a1,p1) and s, = Ny — R+ K of vg can be preglued together,
in the sense we preglued them together in Section [3.9] (Also see below).
Similarly we recall that

(K, ) + Cos(K, t) = us(0,t) = vk + (x(0,t,).

By the same reasoning there is a parametrized trivial cylinder 75 : R x S' — M that u?
decays exponentially to:

lus — Follon < Ce™Pe2.

And we can find parametrized trivial cylinder 4, so that for s, € [0,3R] we have
172 — vk || < CRO.

Hence by comparison we choose asymptotic vectors (72, as, p2) of size bounded above by ¢
over u? so that

||u2(K7 t2> + (7‘2,&2,])2) - UK(O,t)”Ck(Sl) < €.
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The trivial cylinders satisfy the relation

Ao + (12, ag, p2) = Ya.

Observe since v as a parametrized cylinder does not rotate in the z direction, here we have
r1 = ro. We note this here because in our gluing construction earlier where we identified
t, ~t_ +ry —r_. We shall see where this is used in a later section.

Then we construct the preglued domain by gluing together

EJ,K,(T,a,p)i = (Ul,5j¢)+(7‘1,a17P1)|21RU[R—K; N5K+K—R] X Slu(u2,5j2)—|—(r2,a2,p2)|2m

by ¥z we mean the domain of u! with s; < —R removed. In other words ¥z = g U
(s1,t1) € [-R,—K] x S*. (We ignore the ends of u' glued to semi-infinite trajectories
for now). A similar expression holds for Yor. By (u;,07;) + (74, a;, p;) we mean ¥,z with
complex structure deformed by ¢4; and the cylindrical neck twisted /stretched /translated by
asymptotic vector fields (7, a;, p;). We specify the gluing as follows. We glue together

[ul + (T1,a1,p1)](81 - _Ru tl) ~ UK(SU = N5K — R+ K’ tU)

Using the same pregluing interpolation as we did in our pregluing construction. At u? end
we are making the identification

[u® + (9, a2, pa)(s2 = R, t2) ~ vg(s, = R — K, t,)

and this determines our preglued domain, s k. (rq,),- In constructing this preglued domain,
we have identified:
—s51—R~s,— Nsg — R+ K

s$9—R~s,—R—K
t1 ~t, ~ tq.

Since r; = 7y, here the t, is identified with ¢, without any twist. It carries a natural preglued
map into M by defining it to be (u’, §j;) + (r;, a;, p;) on Xz and v on [R — K, Nsx — R +
K] x S, and interpolated in the pregluing region the same way we preglued in Section .
We call the preglued map us k. (r,a,p),- Then we can form the interpolation of the vector fields
Gis and (g into a vector field we call sk (r,a,), SO that

u(s - uéva(T7a7p)i + <57K7(T7a7p)i

We should at this stage measure the size of (5 k (r,a),- We need to measure it with exponential
weights. The weight in question takes the form e?®! over ¥, and of the form e*® over Njg.

Proposition 3.11.3. The norm of (s i (r,a,p);, Measured 0Ver Us g (rap);, With weights as spec-
ified above is bounded above by

Ce(C + ) + CRe™§ 4 Ce P,
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For small enough 0 we can make this bound be as small as we please. For convenience we
use another letter €, informally thought of as € << € << ¢, and say given € > 0, we can take
0 > 0 small enough so that norm of (5 (rap), s bounded above by €. With some foresight,
we will need to make it a bit smaller than €, we can take d small enough so that the vector
field is bounded above by é.

Proof. The norm of (5 k. (r,q,p), Measured over ¥;x is upper bounded by C'¢’ edX as we discussed
earlier.

Next consider the segment of (s (r.q,p), Over vk for s, € [R — K, Nsx — R+ K|. Recall we
glued at the end points of this interval, hence by previous estimates the norm of (s k (r,ap),
it is bounded above by Cé'e?®. Next we address the remaining region. WLOG we focus
on s; € [K,R] for u*. In this region, the distance between vy and ugs is bounded above
(even when integrated against weights) by C¢’e?®. The distance between vy and the trivial
cylinder 45 is bounded above by Re?®§ after integrating with the exponential weights. The

distance between u? + (79, as, p2) and 4, in pointwise C* norm is bounded above by
Ce P

so when we integrate this pointwise difference over s; € [K, R — K| with weight e®!, we have

the upper bound
Ce—(D-DK

and hence our overall bound on (s k. (r.q,p), 1S as claimed in the proposition.

To explain how we make the vector field smaller than €, we first choose K fixed large
enough so that e << € then by choosing € small enough we can make C¢'(C + )
much less than ¢, and we recall as 6 — 0, ¢ — 0. Finally Re?®§ — 0 as 6 — 0 by the
definition of R. O]

Separating global vector field into components

After we have obtained the preglued map u; g (r.q,p), and vector field (s k (rap),, there are a
few more steps to complete our construction. They are:

a. Truncate the vector field (s g (r,a,p), into

C&K,(T,a,p)i = Cl’éva(r»avp)l + C&,K,(T,a,p)i,v + C2767K7(r7a7p)2

where A
Ci,é,K,(r,a,p)i € ul* (TM)

oK, (rap)iw € Ve (TM).
b. Adjust the asymptotic vectors (7, a, p); in the pregluing so that the vector fields

Gird, K, (ra,p)i» C8,K,(ra,p),w Live in images of Q; and Hj respectively, where the definition of
these conditions will be specified below.
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c. Show G s,k (r.a,p); and G5 i (r,a,p);,0 Can be extended to (unique) solutions of the equations
®; = 0 and ®, = 0, subject to our choice of right inverse in the previous step.

In this subsection we address the first two bullet points, and the third bullet point will
conclude the surjectivity of gluing, which we will take up after a technical detour.
To address the first bullet point we introduce the cut off functions over vi. We define

51(81;) = 5[R/2;N5K—K—2R,oo]

52(81;) = 5[—00,2R—K;R/2]
Bo = BiR/2:R—K,Nsx+K—R:R/2]-

The obvious inference is that if we imagine we constructed ¥; g (r.q,p), from a prelguing
construction by deforming u® with (r;, a;, p;) and gluing to it a finite gradient segment, the
cut off functions listed above should correspond to the cut off functions we used for our
gluing construction. In fact this is exactly the case, 3; ought to be identified with 5. The
only difference is a change in notation where our coordinates are shifted by a factor of K.

Then to address the first bullet point, we take some care to specify what we mean in our
definition of ( 5k (rap);,* = 1,2,v in anticipation of our upcoming proof of surjectivity of
gluing. In particular we must define (, 5 i (ra,), S0 that they satisfy the following properties:

Cé,K,(r,a,p)i = 61C1,5,K,(r,a,p)1 + B2<§,K,(r,a,p)i,v + Bva,é,K,(r,a,p)i'

e Their norms satisfy

< CE(C + ) + CReRS + CeP'K

H Ci,é,K,(r,a,p)i

as measured in W2P(ul + (r;, a;, p;)*TM) & T J; with weighted norm (we ignore the
other ends of u’ for now). As well as the fact

< C(C + ) + OReRs + Ce 'K

HCv,é,K,(r,a,p)i

as measured in WHP¥(vi.TM).

[0, Nsk] x S* over (o6 (rap), = 0 for s, > 3R — K. The vector field (i 4,x (r,a,p):

for s, < Nsx — K — 3R, and (y5.k,(rap) = 0 for s, < R — K and Nsg — K — R < s,.
(These supports are not too significant as we will find some other way to extend them
later).

e The vector fields (.55 (rap), have support as follows. Using coordinates (s,,t,) €
=0

We observe such extensions are always possible. We note the previous theorem on the norm
of the global vector field (s k (rq,p), implies analogous statements on the individual vector
fields G5,k (ra.p)i» Co,K,(rap)i,o- Lhe bullet point about support follows from choice of cut off
functions f,.
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To address the second bullet point, we specify what we mean by the “right spaces”.
Assume u' are nontrivial with stable domains, recall for u' and u? (or rather a suitable
translate of u? in the symplectization direction) with domain ¥; the space of deformations
is given by

W2P(u*TM) oV, ® V! ® T J,.

The operators D; with domain W2PA(y*TM)®V;® V! ®TJ; are defined as the linearization
of 0; along with variations of complex structure of ;. By assumption D; have index 1 with
kernel d,, i.e. global translation in the a direction. Recall to define the equations ©; we

needed to fix a right inverse Q; to D;. We choose ); as follows, consider the codimension 1
subspace W; C W2P4(y*T M) defined by

¢ e W'iff /ﬁ(g,aa) — 0 (3.21)

K3

where 3; is the compact subset of ; with all cylindrical neighborhood around punctures
removed. Then D; restricted to W/ @ V; & V! @ T'J; is an isomorphism with inverse @);, and
we take this (); to be the right inverse used in the contraction mapping principle we use to
solve ®; = 0. In the case where the domain is not stable, we note the following convention.

Convention 3.11.4. For definiteness say the domain of u' is either a plane or a cylin-
der, then the act of placing marked points in the domain presents us a subspace W' C
W2Pd(y*TM) so that the restriction of Dy to W & Vi @ V] @ TJ, is an isomorphism: we
simply take W' to be vector fields that preserve the condition that marked points remain on
the auxiliary surfaces we chose in Convention . If u' has several connected components,
some of which are stable, and some of which are unstable prior to adding marked points, then
we impose the integral condition[3.21] for vector fields over the domains that are stable with-
out adding marked points, and the marked point condition in Convention[3.4.3 for domains
are stable only after adding marked points. This picks out the subspace W'.

We now explain our definition of Hy. Recall vk is a segment of a gradient trajectory that
has coordinates (s,,t,), with the segment of interest being [0, Nsx| x S, with exponential
weight e®(®) with peak at s, = Nsx/2. We recall the functionals, analogous to previous
section: L,,* = a, s,v : W?P¥ (v, TM) — R defined by

1
L.:C e W2Pe(ut TM) —> / (C(5y = Ny /2,4), 0,)dt € R
0

and we define
Hy = {C € WP (0} TM)|L.(C) = 0,% = a,, 2},

We now deform the pair (7,a,p); to ensure our vector fields lie in the correct subspace.
We first observe we can ensure (s (rap), lives in the image of ¢ by using the global a
translation of us, i.e. when we first started talking about the degeneration of u; into u!' and

u?, we translate us by a so that us always converges to u! in C5°, via a vector field that lives
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in image of ();. This degree of freedom is afforded to us by the fact that the problem is
R invariant. Hence we next focus on vector fields (o 5k (rap). and Gy 51 (rap),- We imagine
Uy ‘El,K is fixed in place. To make (55 k. (r.a,p), live in the image of ()2, we change py — pa+0ps.
This changes the pregluing domain: s i (ra.p), ,(rap+op). @ Well as the associated map into
M, which is given by

Us K, (r,a,p)1,(r,a,p+0p)2

The effect of changing p, changes the length of the finite gradient trajectory that is glued
between u' and u?. Naturally changing the preglued map also deforms the global vector
field s (a1, (raptop). and its cutoffs. (Adjusting our cut off functions accordingly). We
observe to make (2 5 k., (r,a,p+5p), live in the image of Q2 we need to lengthen/shorten the glued
cylinder by a-length €', this corresponds to a dp, of size €6. After this adjustment, if we take
o sufficiently small, the global vector field still has size bounded above by € (or in the case
we will need, €2), and hence the same is true of its cut offs.
Finally we turn our attention to (s (rap),- 10 do this we need the following lemma:

Lemma 3.11.5.

Lo, 5 (rap)i) < Ce?/Pe=ANsk—CR)/2

forx=a,z x.
Proof. Follows directly from exponential decay estimates O]

Observe this upper bound is extremely small in the following sense. If we consider the
vector field Ce?/PeNsxk—=CR)/29 where * = a,z,x and measured the size of this vector
field over v, with domain s, € [0, N5x], with the exponential weight ¢“(*), we would still
get an extraordinarily small number, of size Ce?/Pe~(A=dNsx/2eCAR wwhich goes to zero as
§ — 0. This means we can apply a constant translation of form Ce?/Pe A Nox=CR)/25  oyer
sy € [=K,Nsg + K] to the vector field (,sk,(rap), tO try to make it land in H, while
still keeping its overall norm < €. In practice this is done by further adjusting the pair of
asymptotic vectors (rq, a1, p1), (2, az, ps + dp2) used in the pregluing, which we take up in
the next lemma.

Lemma 3.11.6. By adjusting the pair of asymptotic vectors (r1,a1,p1), (r2, az, pa + dpa) we
can make Cy 5k (rap); € Ho while keeping its norm < €. We can also maintain the vector
fields G 5.k (rap); are still within the image of Q;.

Proof. We examine L, for * = r,a,z one by one, as the different cases are relatively inde-
pendent of each other.

Let us consider L,. The idea is to change both p; and p, in the same direction, which we
denote by p; + Ap, and preglue to a different gradient trajectory v/, but the trouble is as we
change p; to p; + Ap, the new gradient trajectory v} connecting p; + Ap to py + Ap travels
a different amount of a distance as s, (the variable for v};) ranges from s, = 0 to s, = Nsk,
hence there must be a corresponding deformation in the pair of asymptotic vectors a; and
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as to make the curves still match up and glue. Further we must also choose the deformation
of a; and ay so that (;5x (rap), € ImQ;. Said differently we deform a; and ay so that
there is no induced global translation of u! or u? that enters the pregluing. This is always
possible. The exact expressions for these quantities are not so important, the important
information is their sizes. The size of A, is Ly (Cos s (rap);) < Ce?/Pe A Nosx=CR/2 t5 make
the new C{)@K’(m’p)i evaluate to 0 under L,, the corresponding change to a;,as is also of
size COe?/Pe WNsx=CR)/2 wwhich we absorb into our notation (r,a,p);. It is also apparent
after this deformation all vector fields are still small. Next we adjust both a; and as by
Lo(Co5.5,(rap);) to make Lqo(Cosk,(rap);) = 0. We adjust a; and ay by the same amount in
the same direction so as to maintain ; 5 x(ra,p), € ImQ;. It is clear this will land C, 5 k., (r,a,p)
in Hy and keep the norm of ¢, 5k (r,a,p), small.

Finally we consider 0.. We shift v by size —L,((y.5k,(rap):), and twist the segment of
gradient trajectory vi along with it. But we do not change r,, hence there is an new iden-
tification ¢, + L, ((y, K,(r,a,p)i) ~ t5 near the u? end. The result is a new Cu,8,K,(r,a,p);» denoted
by the same symbol by abuse of notation, so that L, (s k,(rap)) = 0. We also observe by
the previous discussion the norm of ¢, sk (rap); changed at most by Ce*/Pe~A-dNsx/2gCAR,

It is also clear that this process will keep (s k. (ra,p) i the image of @); because the

i

i

regions in which we are performing these deformations are disjoint. ]
To summarize:

Proposition 3.11.7. We can choose suitable asymptotic vectors (r,a,p)1, (r,a,p)s, from
which to construct a preglued domain X5 (rqp), that decomposes as

25,1{7(”@#’)1‘ = (u1> 5ji)+(rla &17p1>’E1RU [R_Ka N5K+K_R] X 31U(u2, (5j2)+(7“2, a27p2)‘22R

where §j; represents variation of complex structure on ¥;r, and we let vk denote the segment
of gradient trajectory whose domain is [R — K, Nsx + K — R] x S*. There is a preglueing
MapP Us K, (rap); © 26,K,(rap); — M that agrees with our prescription for constructing pregluing
maps in Section[3.9, so that there exists a vector field (s k (rap), s0 that

Us = Us, K (r,a,p); T Co,K,(ra,p):-

If we split G5k (rap); into components that live over u', u? vi using cut off functions B, as

we did in our gluing sections. The resulting vector fields Ci 5k (rap)1» C6,K,(rap)ivs 62,6,K,(rap)
satisfy
Ci,é,K,('r,a,p)l € Im Q’L
Cé,K,(r,a,p)i,v € HO

and they all have norm < € when measured with erponential weights. For (s (rap), this
means WP (uwTM) and (s x (rap)o € W2PCE (v TM). We remark here we are bounding
the size of our vector fields by €, but it practice we can make them as small as we please, by
€2, for instance.

Now we are in the position to extend (5 x,(rap), and G s i (rap), t0 solutions of ©;, O,,
but before that we need to take a detour on linear operators.
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A detour on linear operators

In this detour of a subsection we prove several key facts about linear operators to be used
later. Naturally, very similar lemmas appear in Section 3 of |41] since we are using their
strategy for surjectivity of gluing.

We shall first consider the case for semi-infinite trajectories, then we will do the case for
finite gradient trajectories.

We shall first work out the case for p = 2, then deduce the necessary results p > 2 from
Morrey’s embedding theorem. For this section we shall work with Sobolev regularity k > 3,
this will not make a difference to us since elliptic regularity will afford us all the regularity
we need.

Let

v:[0,00) x St — M

be a semi-infinite gradient trajectory, equipped with linearized operator
Ds =05 — (A(s,t) + 0A) (3.22)

where A(s,t) = —(Jo +.5) corresponds to the linearized operator of the Morse-Bott contact
form, and 0 A is a operator of the form §(M % + N) is the correction due to having used the
Js almost complex structure.

We equip it with the weighted Sobolev space W*2%(s) where

w(s) =d(s+ R).
We conjugate this over to W*?2 at which point it becomes
Dy =0s— (A+0A) —d. (3.23)

Let’s first consider the restriction of A + d to s = 0, which we shall denote by Ay. By the
spectral theorem there exists an orthonormal basis of L?(S') given by eigenfunctions of Ay,
which we write as {e, },ez with eigenvalue \,. By assumption 0 is not an eigenvalue of A,
and by convention we say A, > 0 for n > 0 and vice versa.

Theorem 3.11.8. There is a continuous trace operator T : W*2([0, 00) x S1) — Wk=1/22(51)
given as follows, if f € WF2([0,00) x S1):

(Tf)(t) = f(0,2)

The norm in W*=1/22(SYis given as follows, every f(t) € W*=1/22(8Y) has a Fourier ex-

Pansion
f(t) = Z anen(t)
then the norm is equivalent to following expression:

IFOI =D laaPA2
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Proof. This is a standard theorem in analysis, for a description of this see for instance proof
of Lemma 3.7 in [41]. O

Then we come to the first main theorem of this detour.

Theorem 3.11.9. Let W /*%(5%) denote the subspace of W =1/22(SY) such that a, = 0
for allm > 0, let TI_ : Wk=1/22(SV) 5 W*V22(51) denote the projection. Then the map
(T, 8, — Ag) : WF2([0, 00) x S1) — WF122(51) 5 WHhL2(]0, 00) x SY) taking

f(57 t) — (H*f<07 t>7 (as - AO)f(Sat»
s an isomorphism.

Proof. We can solve this equation explicitly. Given a pair
(g,h) € WHF1/22(S1) x WE=12([0,00) x S'), we can write

g = Z Cnén(t)

h=" bu(s)en(t)

where

lgll> = > leal?[Aal*

n<0
1A = Z/ (10 ()P A2 4 107, () P[5 4 [ ()P s,
n 0

The usual Sobolev norms are equivalent to the expressions we’'ve written above. Comparing
term by term we see that a,, satisfies the following ODE:

Uns — Ay = by()

with boundary condition a,(0) = ¢, for all n < 0. They have solutions
ay, = e)‘”s/ bn(s')e_)‘”(sl)ds' + ¢, e
0

where the ¢, term only appears for n < 0. We need to verify several things:
a. The terms e, (t)e** [ b,(s))e ™) and c,e,(t)er* are in WHE2([0, 00) x S1).

b
/0 (lanl|Aal? + @, (5)PAa*72 + .+ [ag? () P)]

<C(lenl|Aa* ) + C/O (1Ba ()P [Aal™ 72 4 [ ()PP~ . [V () )
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The first item says our constructed solution f lives in our Sobolev space, the second item
says its norm is upper bounded by our input.
First consider c,e,(t)e*®; its norm in W*?2(S1 x [0, 00)) is given by

(o]
/ |Cn|2’)\n|2k62)‘"sd8 S C|Cn|2|/\n’2kfl
0

and that this is finite after we sum over n follows from our assumptions on g. Similarly
consider d,, 1= e** [ b, (s')e"*()ds/, its norm as measured in W*?([0, 00) x S') is given by

/0 (Idn () Pl + 1l () PN+ L+ [dP(5) ).
We have

01 < ) {nl [0+ o e
0
+\)\n|l_2|bg)(s)|6_)‘"s + ...+ |b£f_1)\e_’\”s}

and we need to take derivatives up to [ = 0, ..., k. We remind ourselves we need to place
upper bounds on terms of the form |)\n|2k*21|d,(1l) |, hence from above it suffices to bound
terms of the form

/ A 2FI D00 2ds, = 0, ...k — 1
0

) s 2
/ e |\, |2 (/ bn(sl)e_)‘”(s/)ds) ds.
0 0

The first term is bounded by the norm of g. The second term really is the L? norm of a,
multiplied by A?*. We use a technique (probably much more well known) we found in [17],
Chapter 3. We first observe by Sobolev embedding our functions are at least C!, so we can
use the fundamental theorem of calculus. We then consider the defining equation for a,,

d

Ean — A\, = by,

from which we get

d ? 2 2 d 2
(gan) + (Anan)” =10; + )\nE(an) .

Integrate both sides from [0, 00) to get

) 2 o0
/ (ian) + (Anay)*ds = / b2ds — An|cn|?
0 ds 0
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where we used continuity to apply fundamental theorem of calculus. We also used the fact
for any fixed b,,, we have lim,_,,, €2* fos bi(s’)e*””(sl)ds’ — 0. Hence we get

oo 1 o
/ lan|?ds < —2/ b, 2ds + | An] e
0 [Anl? Jo

From which we deduce the second term is also bounded by norm of g and h. Combining
the above computations we see that our solution f is indeed in W*2([0, 00) x S'), and the
inequality

A< Cigh + [171)

holds, from which we conclude the theorem. O

Corollary 3.11.10. Let Dgqo denote the operator Ds restricted at s = 0, i.e. Dgg = 05 —
A(0,t) —5A(0,t) —d, then for small enough § > 0, the map (I1_, Dgg) : WE2([0, 00) x S1) —
WE22(61y s WE=12([0, 00) x S is an isomorphism with inverse Qo whose operator norm
is uniformly bounded as 6 — 0.

Using the above results we come to the theorem we will really need later on:

Theorem 3.11.11. For small enough § > 0, the operator (II_, D}) : W*2([0,00) x S') —
WET22(51) 5 Wh=12([0, 00) x S1) is an isomorphism whose inverse Q has operator norm
uniformly bounded with respect to § — 0.

Proof. The proof is reminiscent of our original proof that Djs (which we earlier denoted by
D, ) has uniformly bounded inverse over the entire gradient trajectory, i.e. we approximate
it by a sequence of operators over trivial cylinders.

Let N be a large integer, choose z; for « = 0,1,..N so that zy is the x coordinate on
the Morse-Bott torus of v(0,t), we have |r; — z;_1| < 1/N, and zy is distance < 1/N
away from the critical point on the Morse-Bott torus corresponding to v(oo,t). We let
D} : WEXHR x S') — WF LR x S') denote the linearization of d; at the trivial cylinder
located at x; on the Morse-Bott torus, and conjugated by exponential weights to remove
exponential weight. In formulas we have

D; = 85 + Jat—i‘S(Iz,t) —d.

Uniformly in N and § > 0 and independently of i, the D} are isomorphisms with uniformly
bounded inverses (). Then similar to previous section we construct the glued operator # D)
which satisfies

|1Ds — #Di|| < C(1/N +9).
As before we construct an approximate inverse to #D;, which we call Q%. If we let W_
abbreviate W#12([0, 00) x S1) @ W*/*?(S1)], we have via the following diagram:

QR

W_ @ [WF12((—00,00) x S]; & . .. s WF2([0, 00) x SY)

| o |

W_ @ W*12((—00,00) x S1)1 @ .. L2905 k20, 00) x S1))o @ WH2((—00, 00) x SY);..
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where we clarify
SR|W571/2,2(51) =1Id.

The subscripts under W*?((—o0, 00) x S')); denote the copies of Sobolev spaces in the direct
sum. And the splitting map sg and the gluing map ggr are defined exactly the same way we
did in section We observe as before this Q) is uniformly bounded as 6 — 0. Let’s verify
that this constructs an approximate inverse to #D.. We first observe away from the gluing
region

#D;Qrn =1

and near the gluing region as before we have

1N DiQrn — nll < C/N|n]l.

Hence we can construct a right inverse of #D; with uniformly bounded norm. Next since Dj
is a uniformly bounded small perturbation of # y D}, it also has a uniformly bounded right
inverse.

To see that this operator is injective, since we don’t have index calculations (versions of
index theorems probably exist but we cannot find an easy reference) we take a more direct
approach, in part inspired by the appendix of [12]. Suppose (; € Ker(Il_, Dj) is of norm
1, consider s = R, for definiteness we first assume for all § the norm of (5 restricted to
0<s< Ris>1/2. Let Bg := B]—00,2R; R], and consider Sz(s. Then we can consider it to
lie in the domain of (II_, 8, — Ag) : WF2(]0, 00) x S1) — WF/22(51) 5 WE-12([0, 00) x S1).
To estimate its image under (II_, d; — Ap), first consider

| DsBrG || = [18R¢1 < C/R.

Observing that over s < 2R we have ||0; — Ay — Dj|| < C§, we have

(I, 95 — Ao)(BrCs) = (0, (05 — Ao)Brs)
where ||(0s — Ao)Br(s|| < C/R, but then the element

BrGs — (I, 0, — Ao) ™ ((I1-, 9, — Ao)(BrGs)) € WH2([0,00) x ST)

has norm > 1/3, but lies in the kernel of (II_, 05 + Ap), which is a contradiction.

Similarly, if the norm of (5 when restricted to s > R is > 1 /2 for all § > 0, then we use a
similar cut off function g := Bir/2;r/2,00 tO View Br(s as element of (D}, VV’g 2(v*T'M)) and
use the same process to produce a nonzero kernel of Dj, which cannot exist since Dj is an
isomorphism. O

We now state the finite interval analogue of the above theorems for later use.
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Theorem 3.11.12. Let v be a gradient trajectory. Let Dj be the linearization of O;, over
v with exponential weight removed via conjugation as above. We consider its restriction
to (s,t) € [0,CR] x S, and the Sobolev space W*2([0,CR] x S, R*). Consider the two
projections Iy, where they project to the positive/ negative eigenvalues of Ay := —A(0,t)—d.
Then the map

(H—a H-H D:S) : Wk’2([07 OR] X Sl>R4)
— W22 (8 x WETV22(9Y) 5 W20, CR) x S1,RY)
defined by
f(s,t) — (- f(0,8), 11, f(CR, t), D5 [)
1s an isomorphism whose inverse has uniformly bounded norm as 6 — 0.

Proof. As before we first show the map (II_,I1,,0; — Ag) : W*2([0,CR] x SY,RY) —
WHE1/22(S1) 5 WHEL/22(S1) x WH12(]0, CR] x S*,R?) is an isomorphism with uniformly
bounded inverse ()y. This is essentially the same proof as before, i.e. if (IT_, 11, 0s — Ag) f =
(9-, 9+, h) with f => anen, g+ = > cpre, and h = bye, then we still have the formulas

S
_ !
a, = e/\”s/ b (s)e N ds’ + ¢, e
0

for n < 0 and

a, = 6/\n(sC'R)/ bn<8/)67)\n(8l)dsl + CnJre)\n(stR)
CR

for n > 0. This already implies injectivity. The same proof shows @)y exists and is uniformly
bounded as 4 — 0. To elaborate a bit further, we still need to estimate sizes of 3 kinds of
terms. For definiteness we focus on the case n < 0. The terms we need to consider are of
forms

o Jy " lenPAa[PePsds

b, fOCR |)\n|2(k_]_1)|b£ij)|2d87j = O7 cees k - 1

e TP N P ( [ ba(s)e A ds' )2 ds
- Jo n 0o "n '

The first two terms work exactly the same way as before with C'R replacing co. The third
term requires a bit more care in that when we tried to estimate the L? norm of a,,, the domain
of integration is different giving us an extra term via integration by parts. So instead we
have

&A mﬁng bulds + Au{(an(CR))? — (a(0))?).

The additional term we need to estimate is |A,|a2(CR). This is upper bounded by

2

CR
’)\n’ X |Cn,‘262/\CR + ‘)\n’€2)\nCR (/ bn(S/)B_)‘"Sldsl>
0
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The first term above, after multiplying by |\,|?*72, is upper bounded by the norm of g_ with

the correct weight of |\,|. To examine the second term note it is bounded above by

CR CR , CR
|/\n|e2’\”CR/ bi(s’)ds’/ e s’ < C’/ b2(s')ds'
0 0 0

by Cauchy-Schwartz, and this has the right weight of |\,| so that when we multiply by
|\.|?*72 it is upper bounded by the norm of g. This concludes the discussion of the third
bullet point. Putting all of these together as in the semi-infinite case we see that the inverse
is well defined, and its norm is uniformly bounded above as § — 0.

To conclude (I1_, I, D) has uniformly bounded inverse we need to be slightly careful,
since as 6 — 0 the domain changes. Since 6 R — 0 the actual operator (II_, 11, Dj) is a size
< R0 perturbation of (IT_,II;, 05 — Ap), then by the above we can construct a right inverse
with uniform bound @ for (II_, II;, D) and this implies surjectivity. To show injectivity we
proceed similarly as before, we assume (5 has norm 1 and lives in the kernel of (II_, T, Dj),
then ||(IT_,I1, 0s — Ao)¢s|| < CRO||C||, then the element

C(S - QO(H—7 H+7 as - AO)C&

is an element of norm > 1/2 in the kernel of (II_, I1;, d; — Ay), contradiction. [

Surjectivity of gluing

In this subsection we finally prove surjectivity of gluing in our simplified setting. The idea
is that we shall extend our vector fields (, 5k (rap),,? = 1,2,v so that they satisfy the set of
equations ©; = 0,0, = 0, subject to our choice of right inverses, which we constructed in the
pregluing section. Then this shows our holomorphic curve us can be realized as a solution
of ©®, = 0,0, = 0. Since we proved such solution is unique, this shows gluing is surjective.
We will first focus on extending the vector fields (5 (rap), Over the intermediate finite
gradient trajectory. The extension to semi-infinte trajectories is similar but independent of
this process so will be treated separately.

We remark additionally since there are exponential weights in place, we clarify our nota-
tion: when we write a vector field (, without ', we think of it as living in some exponentially
weighted Sobolev space, when we write ¢, we think of it as living in an unweighted space
where the weight has been removed by multiplication with the exponential weight. When
we write W524 we will always mean the exponential weight e®; we will write W52¥ if a
more complicated weight is used.

Finally we remark that we will work with Sobolev exponent p = 2, then extend our result
for p > 2, since all of our linear theory was only worked out for p = 2. We first observe
by virtue of us being Js-holomorphic, the vector fields (. sk (rap), already satisfy ©, = 0
at most places. We focus on what happens around u? and where u? is glued to the finite
gradient cylinder simply for ease of notation. Entirely analogous statements hold for u!.
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i

Proposition 3.11.13. For (s,,t,) € [3R—K, Nsxk —3R+K]x 5", the vector field (5 K (r.ap)
satisfies ©, = 0.

For (sy,t,) € [0, R— K| x St UXag, the vector field (o5 k. (rap), Satisfies ©2 = 0. An entirely
analogous statement is true near u;.

Because of our choice cut off functions, the global vector field (s g (rap), agrees with

Co,6,K,(rap)s A 8y = R— K and Gy 5k (r,ap); at Sv = 3R — K. Here we use (s,,t,) coordinates,
and see next proposition for using (ss,t3) coordinates.

Proposition 3.11.14. There exists a unique vector field & of norm less than € over W*2v (| R—
K,3R — K] x S, R*) where w = d(s + K) that satisfies

H—g(R - Ka tv) = H—C&,K,(r,a,p)i (R - K; tv)
H+€(3R - K) = H+<5,K,(r,a,p)i (3R - K7 tv)

and v + & is Js-holomorphic. An entirely analogous statement holds near the ends of u'.

Proof. The Jsg-holomorphicity condition amounts to £ solving a equation of the form
Ds§+ F(§) =0

where F is an expression bounded above in C* by C|¢|* + [£]|0,£|. We next remove the
exponential weights to get an equation

Dig' + /() =0

where we also have F' < C|¢'|? + |¢']|0;€'|. Then finding a solution to this equation with
prescribed boundary conditions amounts to finding a fixed point of the map

I:WR(R—K,3R— K] x S, R*) — W*([R — K,3R — K] x S, R?)
defined by

I(gl) - Q(H—Cé,K,(r,a,p)i (R - K7 tv)? H-FCz/S,K,(r,a,p)i (SR - K? tU)? _f/(g/))
where () is inverse of the operator (II_,II, Djf), and C(’S’K,(m,p)i(R — K, t,) is G (rap)s (R —

K, t,) multiplied with the inverse of the exponential weight. That () exists, is an isomorphism
with uniformly bounded norm follows from previous section on linear analysis. That [ is
a contraction mapping principle follows the fact F is quadratic, the images of projection
maps 14 are independent of the input &', as well as the fact that the norm of @) is uniformly
bounded as  — 0. The fact that I sends € ball to itself is inherited in the fact F’ is quadratic.
We also need to recall from previous estimates that the W?2#%* norms of (hence its C° norm)
G5,k (rap); can be made arbitrarily small as we take 6 — 0 and the norms of I, and () are
uniformly bounded, which ensure the image of the contraction map I land easily in the €
ball in the codomain (in our previous propositions we used €? to bound the norms, and this
is where it comes in). The theorem now follows from contraction mapping principle. O
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We next extend (5 k., (r,a,p) a0 Gy 5,k (r,a,p); O solutions of O, = 0 and ©, =0 for s, < IR
and sy > R. We recall there is a slight subtlety in that near the pregluing at us there is
a twist in the domain, i.e. an identification ¢, = ts + (r; — 72), and the vector fields over
ug have coordinates t,. We will be careful to make this identification, though we remark it
doesn’t cause any difficulties.

Proposition 3.11.15. There are vector fields CzaK(mp )a s CU(;K (rap); defined over
Wh24([R, 00) x ST RY) and Wk24(|—00,3R — K) x S1,R*) respectively, both of norm < €
so that

@U(éQ,é,K,(r,a,p)w (Av,é,K,(r,a,p)i) =0
@2(62,6,1(,(7‘,(1,10)27 Qtv,é,K,(r,a,p)i) =0
where the exponential weight looks like e® over W*24([R, 00) x SY,R*) and e¥+5) over
Wk2d([—00,3R — K) x S, R*). Further, we have the boundary conditions that
T (G K (rap)s (52 = Rot2)) = T (o rag), (S0 = R — K by — (r1 = 72))

H—&-(év,&K,(r,a,p)i)(sv =3R — K, tv) = H—i—(CJ,K,(r,a,p)i(Sv =3R — K, tv)

Proof. We immediately switch to primed coordinates by removing the weight. In these
primed coordinates the equations look like

e, = D+ F,

where F/ can be upper bounded by quadratic expressions of C2 SK(rap)s (A'T’J 5,16 and

v p ) yOy by T7a7p)i’

their ¢ derivatives, as in Remark [3.7.12] Likewise for
Oy, = D5+ Fy+ &

We remark for ©), the operator Dj is the linearization of the 0 7, along uo, with exponential
weight removed via conjugation. The dependence on (79, as, p2) of the linearization appears
in the quadratic term Fj. The term &’ is the corresponding error term which takes the form
in pregluing section (it is slightly different since we are using Dj as the linear operator, but
this is of no consequence). For ©, Dj is the linearization of d;, along v with exponential
weights removed.

Then finding an solution to the equation is tantamount to finding a fixed point of the
operator

I WFR2([R, 00) x ST, RY) @ WF?([~00,3R — K) x S*, RY)
— WHE2([R,00) x S*,R*) @ W"?([~00,3R — K) x S*, R*)
defined by:

<<2 6, K (r,a,p)2) Cv L6, K, (r,a,p); ) {Q2< (Cé,K,(r,a,p)i (S”U - R? ty — (Tl - TQ))? _‘Fé - gl)ﬂ
QU(H'F(C(/XK,(na,p)i (SU = 3R — K7 tv))’ _‘/—-1/1)}
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Where @, is the inverse to the pair

(D}, I1,) : W*2([—00,3R — K) x S*,RY) — W 12([—00,3R — K) x S, RY) @ WH1/22(1)
where I1, take place at s, = 3R— K. @y is the inverse to (D}, I1_) : Wk2([R, 00) x ST, R*) —
WE-12([R, 00) x 51, R*) @ W"/*2(S1) where I1_ takes place at sy = R. It follows as in the
previous proposition that I is a contraction, from the € ball to itself, and translating back
to the weighted Sobolev spaces proves our theorem. O

It follows from the above proposition and uniqueness that the extensions extend smoothly
past s, = R and s, = 3R — K, and they recover us:

Proposition 3.11.16. The concatenation of CAQ(;K (rap)e 0t So = R with G5 K (rap), 0 S2 =
R is of class C*, we denote the resulting vector field by C2,6,K,(rap)e, With slight abuse in
notation. A similar story holds for Gy sk (rap),- The resulting vector ﬁelds C2,6,K,(rap)e ONd
i (rap) are < € in W2PA(usTM) and WP (viT M) respectively, and satisfy the pair of
equations O = 0,0, = 0.

Proof. By Proposition there exists a unique vector field over s, € [R — K,3R — K|
satisfying the boundary conditions imposed by (s x (rap),, and by whose deformation of
v makes the resulting surface Js-holomorphic. But observe /8262,57 K, (rap)s T @,&,75, K, (ra.p)i
satisfy these conditions as well by virtue of the defining conditions for the pair 62757 K, (ra,p)s>
and CMK (rap);: that they are solutions of the pair of equations ©, = 0,0, = 0. Hence
we conclude BQCQ 5K (rap)s T ﬁUQ} 6K (ra,p); agrees With (5 x (ra,p), OVer s, € [R K,3R — K],
and by our choice of cut off functions this implies the concatenation of CQ(; K (rap), With
(2,6,K,(r,a,p)> 18 smooth, and likewise for C,, 5.K,(ra,p)e With G5 K (rap),- That we can take p > 2
when we only constructed CQ 5,K,(rap)s 10 p = 2 follows from the fact that the vector fields
and their first order derivatives have C° norm < 1, and in which case we have their WP
norm bounded above by powers of their W22 norm. Hence in this case the extended parts
C275,K, (rap). and Cv,& K. (rap), have their W2P? norm (over u**TM and vy TM respectively)
bounded above by €2/P, and for small enough € this lands in the € ball in W24 (4> T M) and
W2pd(yx. T M) respectively. O

We make one additional remark that the equations Oy = 0 and ©, = 0 also depends on
the asymptotic vectors (r, a, p);, but from our constructions these vectors have norm < €.

Extension of solutions near semi-infinite gradient trajectories

In this subsection we briefly outline how to carry out the above in the case where u! is glued
to a semi-infinite gradient trajectory. This is simpler than the finite gradient case because
we don’t need our vector fields to lie in Hy.

Recall our conventions, we assume us degenerates into the cascade {u', u*}. We focus on
what happens near a positive puncture of u!, which has coordinate (s},t}) € [0,00) x S*.



CHAPTER 3. FROM CASCADES TO J-HOLOMORPHIC CURVES AND BACK 195

For large K > 0 we can recall the decomposition of the domain of u!
{(s),t)) € [K,00) x S'} Uk U other punctures of u'.

We will not worry about the other punctures of u' and only talk about X5 U [K, 00) x ST
Similarly we can break down the domain of u;s into

Ysx U [0,00) x S' U other parts of us.

As above we will only care about Msx U [K, 00) x S and neglect other parts of u;.

Following our previous conventions, we take ¢ > 0 to be the € that controls the size of €
balls we use in the contraction mapping principle and it is fixed for any choice of 9 > 0. Let
the parameter ¢ depend on K, and go to zero as § > 0. We further introduce é which we
consider to be of the form 0 < ¢ << € << € to help bound various norms of vector fields as
in the previous discussion.

The convergence to cascade implies for given K, we can choose small enough § > 0 so
that there exists a vector field (;5 and variation of complex structure of u; so that

ué\zw = eXpul,éjl(CM)

and for given K, as § — 0, the C* norm of (;5 — 0 (we will take § small enough so that it
is bounded by €'). We now turn our attention to the cylindrical end of wus, which is of the
form [K, 00) x S*.

Proposition 3.11.17. For K large, (which would take § — 0 with it in order to satisfy
our previous assumptions) we have us| [k oo)xs1 converges in Cry, to trivial cylinders. This is
also true uniformly, i.e. for given €’ > 0, there is a K large enough so that for every small
enough values of § > 0, us| r1)xs1 is within € (in the C* norm) of a trivial cylinder of the
form v x R for all values of k so that [k, k+ 1] x S* C [K,00) x S*.

Proof. The same proof as Proposition |3.11.1] m

Therefore we can choose a large enough K so that when us is restricted to [K, 00) x S*
the conditions for asymptotic estimates are met, namely we have the following:

Proposition 3.11.18. We take €’ > 0 small enough so that previous convergence estimate
near Morse-Bott torus applies. Then there is a large enough K, so that for small enough €
(which depends on K ), and for small enough § > 0 (which depends on €' ), there is a gradient
trajectory v defined over the cylinder (s,,t,) € [K,00) x S* so that there is a vector field ,
over vg so that

Us|[K,00)x 51 = €XDy, (Co)

and the norm of ¢, measured in C* satisfies the bound

2 —)s
16 (DI < NG EN T g1y
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Retracing our footsteps we now construct a preglued curve u,,,. There is a trivial
cylinder v x R so that over the interval [0, R) the difference between vk and v x R is
bounded above by RS — 0, then choose (r,a,p) so that for u' + (r,a,p), the difference
between

|(u' + (r,a,p)) (R, 1) — (v x R)(R, 1})| < C(e™”" + RY)

then using this choice of (r, a, p) we construct a pregluing, by gluing together u!'+(r, a, p)(R, t})
to v (R — K, t}) as we did in the section for gluing. This constructs for us a preglued map

Utrap)  (Zks,01) UK, 00) x S' — M
so that there exists a vector field ¢ so that over (Xgs,d71) U [K,00) x St

us = exp,, , (C).
We also have estimates of the size of (:

Proposition 3.11.19. Ouer the semi-infinite interval [0,00) x S* C (Xgs, 0j1)U[K, 00) x S*
we impose the exponential weight e, Then with respect to this exponential weight the Wk
norm of ¢ 1s bounded above by:

IC]| < CE(C + ) + CReRo + Ce P

which can be made arbitrarily small by taking K large and € — 0 as 6 — 0. In particular
for given € we can upper bound its norm by € by taking § — 0.

Proof. The same proof as Proposition [3.11.3] O

Then we truncate ¢ into 8,(, + 51(1 so that the pair ((,, ;) solves the equations ©, =
0,0, = 0 near the cylindrical end. Here ©, is the equation living over the gradient cylinder
v, and O, lives over u'. This process is entirely analogous to the previous section, to wit, we
apply the contraction mapping principle over domains of the form [R, 00) x S* to show ((,, (1)
can be extended to solutions of ©, = 0,0, = 0. We note that we no longer need to worry
whether (, lands in Hj because there is no such requirement over ©,. Further (; already
lands inside image of (); because we arranged this when we preglued the finite gradient
trajectories, and that conclusion is unaffected by extensions of (; near the cylindrical neck.
Hence we apply the above to each of the ends of «* and in conjunction with the extension of
vector fields along the finite gradient trajectories, we conclude :

Proposition 3.11.20. The gluing construction is surjective in the case of 2-level cascades
with one finite gradient cylinder segment in the intermediate cascade level. To be more
precise, suppose us degenerates into a transverse and rigid 2-level cascade {u',u*}, with only
one finite gradient trajectory in the intermediate cascade level, then us corresponds (up to
translation) to the unique solution of the system of equations © = 0,0, = 0 with our given
choice of right inverses.
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Multiple level cascades

In this subsection we generalize our result to multiple level cascades. The main subtlety
is when two consecutive levels meet along multiple ends on an intermediate cascade level.
Hence we take that up first in what follows. The main difficulty will be setting up notation.

2-level cascade meeting along multiple ends

Let us converge to a 2 level cascade {u',u?}. Each u’ is not necessarily connected. As
before we first consider the finite gradient trajectories. The maps u! and u? meet along
i € {l,..., N} free ends in the middle. Consider the tuple (i, j) where i € {1, .., N} label the
specific end, and j € {1,2} denotes whether the end belongs to u' or u?. We fix cylindical
ends around each puncture of the form [0, +00) x S! (we won’t bother labelling these with
(7,7) to avoid further clutter of notation). Recall the vector spaces with asymptotic vectors
we associate to each end that meets the intermediate cascade level of u*, which we denote by
Vii.j)- Each of these vector spaces are spanned by asymptotic vectors (0,,0:, 0,), we denote
an element of these vector spaces by triples (7, a, p)q ;). Recall there is a submanifold

A C D5V

within an e ball of the origin of ®; ;)V(; ;) so that if we used elements in A we would be able
to construct a pregluing from the domains of u! and u?. Recall the reason we have to do
this is that, as we recall, moving each p(; ;) affects the a distance between u! and u?, and we
need to make sure that the ends (7, j) can be matched together.

Now given the degeneration of a Js-holomorphic curve u; to the cascade u’ = {u', u?},
let K > 0 be large enough, for each end i there is a gradient flow trajectory v; so that when
restricted to the segment [—s;, s;] x S1, we have that

lvi(s3,t) — u' (=K, )], [vi(=si, 1) — u? (K, t)| < €

and ug is very close to the gradient flow v;. Then as before we can constructed a preglued
CUIVE U(rap); ;) SO that over the domain of the preglued curve, we have

Us = eXPU(r,a,P)(i,j) (C)

for ¢ a global vector field whose norm can be taken to be arbitrarily small by picking K large
enough and (consequently) € and ¢ small enough. Again here we are only worrying about
the finite gradient trajectories, we will worry about the semi-infinite trajectories later.

Then we can split ¢ into a sum of several other vector fields as before, namely we can
write

C:C1+C2+ZCi

where ¢; € W2PA(u*TM) for i = 1,2, and ¢* € WP (v;TM) for i = 1,...,N. Using
global a translation of entire cascade we can ensure (; € Im();, and using a global increase
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in pi1)y — Pae) inside A we can ensure also (; € Im();. Here the definition of @); is as
before: we take compact neighborhoods of u’ and require the integral of (¢,d,) over these
neighborhoods is zero. This defines a codimension one subspace which we take to be the
image of Q;.

Finally to ensure (* € Hy. As before by exponential decay estimates the actual size
of vector fields to make (' € Hy,; are negligible compared to ¢. The difference from the
previous case is that now there are multiple ends to worry about. To do this we need some
understanding of A as a manifold.

Recall for near any point x € A, its tangent space is spanned by

{7“(1',1)7 7”(2',2)}, {a(i,j)}a
{pay —paz =T.pay —paz) =T + 0 filaq), aeu), Pa2)s 4, aa2)}

the functions f; have uniformly bounded C' norm. The reason they appear is because ends
meeting at different values of f travel different amounts of a distance for the same change
of p, so a correction term is needed so the preglued curve can be constructed.

Recall that for (; € Hy; we must have the functionals

Ll,*(cl) = 07 * = T7 aap'

For * = r, this can be adjusted for each ¢ by a change in {71y = rs2)}. For x = p,a, we
first repeat the previous construction for i = 1 verbatim to get vector fields ¢! € Hy; while
keeping ¢; € SQ;. Le. we take a( ), pa ;) so that it does not induce global translations in a
direction of the thick parts of u!, u? as they enter the pregluing to ensure (* € Hy,. For any
other ¢ > 1, the only constraint is p;1) —pu2) = T + fi(a@,1), 21), Pi2s A3,1), Ga,2)), hence as
before we first change p(; ;) simultaneously by Ap; to make L,(¢") = 0 and in this process we
adjust a(; ;) to make the pregluing condition still hold. Finally we change a(; ;) by the same
amount Aa;; to make L,(¢") = 0 while preserving the previous equalities.

Using the same kind of machinery to extend the vector field { to solutions of ©; = 0, ©5 =
0,0,, = 0, and using the exactly the same set up for semi-infinite gradient trajectories, we
arrive at the follow proposition:

Proposition 3.11.21. If a sequence of Js-holomorphic curves us degenerates into a trans-
verse and rigid 2-level cascade {u',u?}, then us comes from the unique solution to our gluing
construction, namely, ©1 = 0,0, = 0,0,, = 0, subject to our choice of right inverses.

General case

The general case proceeds largely analogously to the 2-level case. We shall be very brief in
sketching it out. Assuming u; degenerates into an n-level transverse and rigid cascade, u’ =
{u',..,u"}, then we use the notation v(; ;) to denote a finite gradient trajectory connection
between u! and u**!, connecting between the jth end in that intermediate cascade level. As
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before we can find a pregluing u,,. : ¥ — M depending on the data (r,a,p) i) € ®V,j) so
that there is a global vector field ¢ so that

u(s = expup're (C)

where ( has very small norm. and as before we split
EPNES
i (4.4)

for the intermediate cascade levels. by adjusting the asymptotic vector fields p;; we can
ensure (; € Im@;, and using the same kind of adjustments as above we make sure () € Hy;;.
Finally using the same analysis we extend them to solutions of ®, = 0 - here we just mean
the system of equations we used in the gluing construction, using the same kind of analysis
to take case of semi-infinite gradient ends. Hence we have proved:

Theorem 3.11.22. The gluing construction is surjective in the following sense: if us con-
verges to a n-level transverse and rigid cascade u?. Then for each such cascade v’ after our
choice of right inverses we constructed a unique glued curve for § > 0 small enough, and us
agrees with this glued curve up to translation in the symplectization direction.

Remark 3.11.23. We note our theorem about correspondence between transverse rigid
cascades and rigid Js-holomorphic curves studies the correspondence of a single cascade and
a single curve. Usually in Floer theory one needs to show the collection of all transverse and
rigid cascades is in bijection with the collection of all rigid holomorphic curves. To apply our
results in these circumstances one usually needs some finiteness assumptions on the cascades
and the holomorphic curves. For more details see Chapter 2 [66].

3.12 Appendix: SFT compactness for cascades

In this appendix we outline the SF'T compactness result required for the degeneration of
holomorphic curves to cascades.

We borrow heavily the results and notation from the original SF'T compactness paper
[6]. In fact our compactness theorem will follow from their setup in combination with our
estimates of how Js-holomorphic curves behave near Morse-Bott tori. The behaviour of
holomorphic curves near a Morse-Bot torus is already discussed in Chapter 4 of [5], and is
implicit in [7], for example their Section 4.2 and Appendix. Hence this appendix is more
of an expository nature for the sake of completeness, and we will point out the differences
and similarities between our results and theirs in the course of proving our version of SF'T
compactness theorem.
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Deligne-Mumford moduli space of Riemann surfaces

We begin with a review of the Deligne- Mumford compactification of stable Riemann surfaces.
Most of the material in this section is taken directly from Section 4 of [6], but is repeated
for the convenience of the reader.

Let S = (5,7, M) denote a closed Riemann surface S with complex structure j with
marked points set M. The surface is called stable if 2g + p > 3, where g is the genus and
p := |M| is the number of marked points. Stability implies the automorphism group of the
surface S is finite.

The uniformization theorem equips S := (S'\ M, j) with a unique complete hyperbolic
metric of constant curvature and finite volume, which we denote by hS. Each puncture in
S corresponds to a cusp in the metric. We let M, , denote the moduli space of Riemann
surfaces of signature (g, ).

Thick-Thin decomposition

Fix € > 0, given a stable Riemann surface S, for = € S let p(x) denote the injectivity radius
of hS at x. As in Section 4 of [6], we denote by Thin,(S) and Thick.(S) its e-thin and thick
parts where

Thin.(S) := {z € S|p(x) < €}
Thick.(S) := {z € S|p(z) > €}.

It is a fact of hyperbolic geometry that there is a constant ey = sinh™'(1) so that for all € < €
we have each component of Thin,(S) is conformally equivalent to either a finite cylinder of
the form [—L, L] x S! or semi-infintie cylinder [0, 00) x S*. Each compact component of the
form C' = [-L, L] x S contains a unique closed geodesic of length equal to 2p(C'), which we
denote by I'c. Here we set p(C') := inf,cc p(x).

Oriented blow up of punctured Riemann surface

Given S = (5,4, M), let z € M, then as in [6] we can define the oriented blow up S* as the
circle compactification of S\ z with boundary I'; = T.S/R? . The complex structure j defines
an S! action on I',. The surface S* comes equipped with a map 7 : S* — S\ {2} which
collapses the blown up circle. Given a finite set M = {z1, ..., 2z} we can similarly define the
blown up space S™ with boundary circles Ty, .., Ty, with projection 7 : SM — S\ M that
collapses the boundary circles.

Stable nodal Riemann surface

See Section 4.4 in [6]. Let S = (5,7, M, D) be a possibly disconnected Riemann surface,
where M, D are both marked points, and the cardinality of D is even. We write D =
{di,dy,...,dg,dp}. The nodal Riemann surface is the tuple S = (5,4, M, D) under the
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additional equivalence relations so that each pair (d;,d;) and the set of all such special
pairs are unordered. o
From a given nodal Riemann surface S = (S, j, M, D) we can construct the following
singular surface
Sp = S/{d; ~dy,i =1,..,k}. (3.24)

The arithmetic genus of a nodal Riemann surface is defined to be g = %#D — b0+2§11 gi+1,
where by is the number of connected components of S. The signature of a nodal Riemann
surface is given by the pair (g, u), where g is the arithmetic genus and p is the number of
marked points in M.

A stable Riemann surface S = (S, j, M, D) is called decorated if for each pair (d;, d;) we
include the information of orientation reversing orthogonal map

ri i Ty o= (T3S \ 0)/Rag — Ty = (T4, \ 0)/ R, (3.25)

We also consider partially decorated Riemann surfaces where such r; maps are only given for
a subset D' C D. o
We consider the moduli space of nodal Riemann surfaces M, , and decorated nodal

Riemann surface Mi ., of signature (g, 1t). The moduli space of smooth Riemann surfaces of
signature (g, 1), which we write as M, ,,, includes naturally in the above spaces. We refer
the reader to Section 4.5 in [6] for detailed topologies of these spaces. For us we only need
the notion of convergence, which we summarize below.

Given a decorated stable nodal Riemann surface (r denotes the decoration), which we
write as (S,r) = (S,75, M, D,r), we first take its oriented blow up along points of D, to
obtain boundary circles I'; and I'; associated to the pair {d;, d;}, then using the orthogonal
maps r;, we glue the resulting pieces together along F_Z,L and call the resulting surface
SPr The glued copy of I'; and I'; is called I';. The surface SPT has the same genus as the
arithmetic genus of (S,r), and inherits a uniformizing metric from A»"YP which we write
as hS. The metric hS is defined away from the I'; and points of M. We can talk about the
thick/thin components of S and view them as subsets of S, Every compact component
C of Thin.(S) C SP™ is a compact annulus, it has either a closed geodesic which we denote
by I'c, or one of the special circles I'; constructed above, which we will also denote by I'c.

Let (Sp,7mn) = {Sn,Jn, Mn, Dy, 1} be a sequence of decorated stable nodal Riemann
surfaces. We say (S, r,) converges to a nodal stable Riemann surface (S,r) = (5,4, M, D, r)
if for large enough n there are diffeomorphisms ¢,, : SP" — SPn™ with ¢,(M,) = M, and
the following conditions hold (Section 4.5 in [6]):

e CRSI1 For all n > 1, the images ¢,(I';) of the special circles I'; C SPrfori=1,..,k
are special circles or closed geodesics of the metrics h/nMnUPn on SPrm  Moreover, all
special circles on SP"" are among these images.

e CRS2 h,, = hin C3

loc

(SPr\ (M U U’f ;) where h,, := ¢} himMnOPn,
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e CRS3 Given a component C' of Thin(S) C S which contains a special circle
I';, and given a point ¢; € I';, we consider for every n > 1 the geodesic arc ¢ for
the induced metric h" = ¢ h/»MUDn which intersects I'; orthogonally at c¢; (even
though the distance is infinite it still makes sense to talk about geodesics intersecting
orthogonally at infinity), and whose ends are contained in the e-thick parts of A". Then
C'NéP converges as n — oo in C? as a continuous geodesic for AS which passes through
the point c¢;.

We note that CRS2 is equivalent to ¢7j, — j in C2(SP"\ (M U Ulf I';)). The topology
on M, is defined to be the weakest topology for which the forgetful map Mju — M,,
defined by forgetting the r; is continuous. Finally the compactness theorem.

Theorem 3.12.1 (Theorem 4.2 in [6]). The spaces M, and Mju are compact metric
spaces that contain My, and are equal to the closure of the inclusion of Mgy, (i.e. they are
compactifications of Mg, ). As we are in a metric space, sequential compactness suffices.

We now state a proposition which we will later need to find all components of a holo-
morphic building/cascade.

Proposition 3.12.2 (Proposition 4.3 in [6]). Let S,, = (Sn, jn, My, Dy) be a sequence of
smooth marked nodal Riemann surfaces of signature (g, u) which converges to a nodal curve
S = (5,7, M, D) of signature (g, ). Suppose for each n > 1 we are given a pair of points
Y, ={y}, 42} € S, \ (M, UD,) so that

dist,(yL,y2) — 0 (3.26)

where dist, is with respect to the hyperbolic metric hi»M=YPr  Suppose in addition there is

a sequence R, — 400 such that there ezists injective holomorphic maps ¢, : Dgr, — Sy \
(M,,UD,) where Dg, is the disk in C with radius R,,satisfying ¢,(0) =y}, ¢,(1) = y%. Then
there ezists a subsequence of the new sequence S! = (Sp, jn, M,, UY,,, D,,) which converges
to a nodal curve S" = (S',j', M', D") of signature (g, u+ 2), which has one or two additional
spherical components. One of these components contains the marked points y*,y*, which
corresponds to the sequence yl, y2. The possible cases are illustrated in Fig 5 of [6].

Stated in words (and also explained in Section 4 of [6]), the scenarios are as follows. Let
r, and r be decorations on stable nodal Riemann surfaces S,, and S respectively, and we
have S,, — S in the sense specified above, and ¢, : SP" — SPnm he the corresponding
diffeomorphism. Let Sp be the singular nodal Riemann surface obtained from S by gluing
together the nodal points D, and 7 : SP" — SP the associated projection. Let Z, =
7(¢~(Y;)) € Sp. Then the following can happen:

e The points 2}, 22 € Z,, converge to a point z,, which does not belong to M or D. Then

n»n

the limit S’ of S/, has an extra sphere attached at z; on which lie two extra points
1,2
Y,y
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e The points 2!, 22 € Z, converge to a marked point m € M. In this case the limit S’

is S with two extra sphere T} and T5 attached. The sphere T} is attached at co to the
original m, and has m at its zero. The sphere T, has its co point attached to 1 € T}

and y',y? lie on Th.

e The points z},22 € Z, converge to a double point d corresponding to pair of points

n~n
{z,2'} € D. Then we insert a sphere T} between nodes z, 2/, with z attached to oo on
T) and 2’ attached to 0. We insert a second sphere Ty whose oo point is attached to 1

in T}, and the two points y; and y, lie on T5.

SFT compactness theorem for Morse-Bott degenerations

We are now ready to state the SF'T compactness theorem for degeneration of holomorphic
curves to cascades. We first state a more careful definition of holomorphic cascades of height
1, taking into account of decorations. This is also taken directly out of [6].

Recall \ is a Morse-Bott contact form, and )4 is its perturbation defined by \s = e?/\.
Fix L >> 0, then for all 4 > 0 small enough all Reeb orbits with action < L come from
critical points of f on each Morse-Bott torus.

Definition 3.12.3 (Section 11.2 in [6]). Suppose we are given:

e n nodal stable J-holomorphic curves

u' = (a', 0% S;, Dy, Z' UZ),i=1,..,n (3.27)

where u' is a J-holomorphic map from S* to R x Y. The map o' goes from S; to
R, the symplectization direction; and 4* is the map to Y. The sets ZZ,Q correspond
to punctures that are asymptotic to Reeb orbits hit by u* at s = 400 and s = —o0
respectively.  Let Ff denote the corresponding boundary circle after blowing up the
marked points Z, Z,; respectively.

e n+1 collections of cylinders that are lifts of gradient trajectories of f along the Morse-
Bott tori, which we write as

{Gj,i,ij = 17 "api}7 1= 07 - N (328)

In the above, i indexes which collection the cylinder is in, and j indexes specific element
in that collection. Said another way, 1 indexes the specific level in the cascade, and j
refers to which gradient flow segment in the level. The numbers T; denotes the flow
time along gradient flow of f, with Ty = —o0, T}, = 00, 0 < T; < o0 fori =1,.,n.
Denote the domain of the cylinders by S;, and f‘ii their boundary circles corresponding
at positive/negative ends. Even though the gradient flows may be finite, we think of
these domain cylinders as infinitely long, and will think of them as living in the thin
part of the glued domain Riemann surface. We do this even if the flow time T; is zero.
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e Each positive puncture of u* (with i = 1,..,n) is matched with a negative puncture of
u'™t, where they cover Reeb orbits on the same Morse-Bott torus of the same multiplic-
ity. Between these two matched pair of punctures there is a unique gradient trajectory
G, that connects between them after gradient flow of time T;. Then there are ori-
entation reversing diffeomorphisms ®; : I — Iy and W,y : T} | — Ty which are
orthogonal on each boundary component.

e We glue the domains SZ-ZZ' and S; via the maps ®; and ¥;, to obtain a surface

§ = go U\po SZZl Uq;l U... Uq;n S’n (329)
The maps u' and G, 1, fit together to define a continous map fromu : S — R x Y.
Here for defining w, on the gradient segment parts we use the literal gradient flow of f
without re-scaling by ¢.

e For the surface S, we describe its complex structure. The idea is to keep the thin parts
corresponding to Zi,ilH, and insert between them an infinite cylinder corresponding
to the connecting gradient trajectory (with one marked point added to make it stable),

with now Zi,7+1 viewed as nodal points which comes with their own special circles.

In our case, two points among Zi,7i+l are viewed as nodal points for each gradient
segment we are gluing in. Then the new decorated Riemann surface underlying the
cascade can then be written as

(S, M = U M; U {one for each gradient flow segment}, (3.30)

D = Uii U Z; U {punctures corresponding to gradient flow cylinders})  (3.31)

)

We note this does not necessarily guarantee the stability of the underlying domain S,
since the definitions of stability of Riemann surface and J holomorphic curves are
distinct (see remark below). However we can always add several marked points M’ to
make the underlying nodal Riemann surface stable.

Then we say we have defined a n level J holomorphic cascade of curves of height 1.

Remark 3.12.4. In the above definition by stable we mean stable in the sense of .J- holo-
morphic curves, i.e. no level consists purely of trivial cylinders, and if a component of J
holomorphic curve is constant, then the underlying domain for that component is stable in
the sense of Riemann surfaces. We will treat the issue of stability of domain separately.

The definition of height & holomorphic cascade is very similar, we stack k height 1 cascades
on top of one another, and identify the edge punctures with maps like ¥ and ®. The definition
of when two cascades are equivalent to one another is identical to the definition in Section
7.2 of [6] of when two SFT buildings are equivalent to one another, with the addition that
we think of gradient flow trajectories in the cascade as extra levels with marked points.

Then we are ready to state the SF'T' compactness result.
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Definition 3.12.5 (Section 11.2 of [6]). Let (us,, Sn, jns My, Dn, 1) be a sequence of Js, -
holomorphic curves. And let u’ = {u,..,u™} be a height k holomorphic cascade (we allow k
infinite flow times), and let (S, j, M, D, r) be the underlying decorated nodal Riemann surface.
We say (us,, Sn, jn, My, Dy, m0) converges tou’ if we can find an extra set of marked points M’
on (S,j, M, D,r), and an extra sequence of marked points M! on (us,, Sn, jn, My, Dp,ry) to
make the underlying nodal Riemann surfaces stable, with diffeomorphisms ¢,, : SP — SPnrn
with ¢, (M) = M, and ¢,(M') = M] satisfying the convergence definition of stable decorated
Riemann surfaces in CRS1 — 3, and suppose in addition the following conditions hold:

e CGHC1 For every component C of SP\ |JT'; which is not a cylinder coming from a
gradient flow, identify the corresponding component Cy, in (us, , Spy jn, Mpy UM, Dyyyry),
and if we write us, = (as,,Us,) and similarly for u’

Cioe(Y)

e CGHC?2 If C;; is the union of components of SP"\|JT; which correspond to the same
level j of height i of u’, (recall specifying height i specifies a height 1 cascade, and
J labels the level within that height 1 cascade), then there exists sequences ¢ so that

anoqbn—a—qﬂcij — 0 in C,

. Then 1, |c, converges to uf|c in

Then we say the sequence of Js,-holomorphic curves are convergent to the J-holomorphic
cascade u?.

Theorem 3.12.6. [Theorem 11.4 in (6] Let 6, > 0 and 6, — 0, let (us,,Sn, jn, My U
M! . D,,r,) denote a sequence of Js, -holomorphic curves of fixed signature and asymptotic
to the same Reeb orbits (recall as long as § > 0 and all orbits have energy < L, the orbit
themselves do not depend on &), then there exists a subsequence that converges to a J-
holomorphic cascade of height k.

The rest of this appendix is dedicated to the proof of this theorem. First a theorem on
gradient bounds:

Theorem 3.12.7. (Gradient Bounds, Lemma 10.7 in [6]) Let 6, — 0 and (us,, Sy, jn, Mp U
M! . D,,r,) be a sequence of Js-holomorphic curves with fized signature, and the curves
us, have a uniform energy bound E. Then by Deligne-Mumford compactness the domain
(Sns Jn, My UM, Dy, 1) converges in the sense of CRS1 — 3 to a decorated Riemann surface

(S’j7M7D77UZ7T)

Then there exists a constant K which only depends on the upper energy bound E so that if
we add to each M, an additional collection of marked points

Yn = {y}mwia 7y7€<7w711(} C Sn = Sn \ (Mn UéUZ_n)
we have the following uniform gradient bound
C
Vus, (1)[] < — 3.32
Vs, ()] 07 (3.32)
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Here the gradient Vus, () is measured with respect the fized R invariant metric in R x Y in
congunction with the hyperbolic metric on S, \ Y,, and p(z) is the injectivity radius of the
hyperbolic metric at x.

Proof. The same proof as in for Lemma 10.7 in [6] goes through. The only two observations
needed are: first the analogue of lemma 5.11 continues to hold even as we take J;, — J.
The second observation is that due to Morse-Bott assumption each plane or sphere that
bubbles off also has a lower nonzero bound on energy, so the set of points that bubbles off
is finite. [

Proof of Theorem[3.12.6, Step 1. We first discuss convergence in the thick parts. The
discussion largely mirrors the discussion of [6] Section 10.2.2. Following the setup in Theorem
3.12.7, we assume we have added enough marked points to the converging Riemann surfaces
(Sns jn, My UM! , D,,, 1) so that the gradient bound holds everywhere away from the marked
points. We call the limit of the sequence (S, 7, M, D, Z U Z,r). We let I'; denote the special
circles on S, then we may assume

C
IVus, © ¢n(2)]| < @) " es\Ym
where ¢, is the diffcomorphism from S — S,, (defined away from the nodes) given by the
definition of convergence. Then by Azerla-Ascoli and Gromov-Schwarz we can extract a
subsequence that over the thick parts of S, converges in Cp0.(Y x R) to a J holomorphic
map defined on thick parts of S.

Step 2. Next we consider what happens on the thin parts near a node, following [6]
Section 10.2.3. Let C1, .., C'y denote the connected components of S\ UT';, we have from the
above discussion that u;, o ¢ converges to J-holomorphic maps in C}}. over each of C;. Call
these maps u;. The point is in this description there may be levels missing near the nodes
that connect between C;, and by examining closely what happens near the nodes we recover
the entire cascade.

The first case is if u; is bounded in R x Y near one of the nodes, then by the removal of
singularities theorem then wu; extends continuously to the node. If u; is unbounded near a
node then it must converge to a Reeb orbit, and extend continuously to the circle at infinity
which compactifies the puncture.

Given a pair of components of S\ UI';, call them C; and Cj, that are adjacent to each
other. The behaviour of u; and wu; could be quite different. The maps u; and u; may be
asymptotic to either a point or a Reeb orbit at their connecting node, and even if they are
both asymptotic to Reeb orbits they might not even be asymptotic to the same one (not
even Reeb orbits that land on the same Morse-Bott torus). The reason for this, as explained
above, is that there may be further degenerations of the curve us, near this node. To capture
this idea, let 4= denote the the asymptotic limit of u; and u; (which could be either a point
or a Reeb orbit), then there is a component T of the e-thin region of the hyperbolic metric
h" = ¢t hinMn on § = SP7 with conformal parametrization

gn A= [=NG N x ST — T
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such that in C*(S!)

lim lim s, o ¢, 0 olanexst =7*
e—0n—

Note that gf, can be chosen to satisfy

Vg, (@)l < Cplg,(x))

where the norm on the left hand side is measured with respect to the flat metric on the
source and the hyperbolic metric on the target. Then under this parametrization we have

[Vus, o dnogpl| <C
and if we take a subsequence of ¢, — 0 (also denoted by €), then we have

kkril U5 O¢kogk(iNkXS) :t
and hence obtain a homotopically unique map ® : [0, 1] x S* — Y satisfying ®(0 x S') =~
and ®(1 x S1) = ~,.

Sinice we have a uniform bound on ||Vus, o ¢, 0 ¢ ||, by Azerla-Ascoli it converges in CF2,
to holomorphic curves (which specfic curve it converges to might depend on which shift we
are considering on the domain, this is akin to the degeneration of a gradient flow line to a
broken gradient flow line in the Morse case). We break it down in to cases:

° f7+)\_f7’/\:0
o [A—[ >0

Case 1: We first consider when fv* A — fv‘ A = 0. If both 4* are points, then they are
connected by a sequence of J-holomorphic spheres touching each other at nodes, however in
symplectizations all J holomorphic sphere are points, so in this case 4 are the same point.

If one of the ends (say ) is a Reeb orbit, and '™ is a point. The fact that us, o ¢, o g5,
converges in C7° implies we can find a J holomorphic plane with v as its positive puncture.
But then this J holomorphic plane must have zero energy, which contradicts the Morse-Bott
assumption.

The last case is if both 4 are Reeb orbits. Then they must lie on the same Morse-
Bott Torus, because the energy of the segment us, o ¢y, © g5|[— N, N,]xs1 approaches zero as
n — oo, and there is not enough energy to support a cylinder connecting Reeb orbits from
one Morse-Bott torus to another, hence the Reeb orbits must lie on the same Morse-Bott
torus.

Then by Lemma [3.11.1] for large enough n the derivatives of us, o ¢, o g5, are pointwise
bounded by € > 0, then by Propositions [3.10.3] [3.10.1] there is a number T' € [0, 0], a
segment of gradient trajectory of f of time 7T,,, lifted to be a J;5 -holomorphic curve, which
we denote by vs,, such that after taking a subsequence, over [—N,,, N,,] x S, us, o ¢, 0 g¢ is
C*([=N,, N,] x S1) close to vs.
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To elaborate a bit more, we note Propositions [3.10.3] only apply when we can
establish the segment of Js-holomorphic cylinder is uniformly bounded away from all except
at most one critical point of f. If this is not the case, then necessarily 7,, — +o0o0. We
assume g, o ¢, o g5(—N,, x S') approaches the minimum of f and us, o ¢, o g5(N, x S!)
approaches the maximum of f. Then we can choose L, € [—N,, N,] so that us, o ¢, o g5
restricted to [—N,, L,] x S* is uniformly bounded away from the maximum of f, and its
restriction to [L,, N,] x S* is uniformly bounded away from the minimum of f. Then we
apply Proposition to find two semi-infinite gradient cylinders vs, — and vs,  to which
the restriction of us, o ¢, 0 g to [—N,, L] x S (resp. [Ly, N,] x S*) converges in C* norm.
By local convergence the restriction of v5, _ and vs, 4 to L, x S* are C* close to each other,
so for our purposesﬁﬂ we can take vs, to be either vs, 4 or vs, .

The estimate we proved for its local behaviour also tells us how to define the relevant
gluing maps ®; and ¥;. We should also attach a marked point to this cylindrical segment to
make the domain stable.

Case 2: We consider the second case fv+ A — fv‘ A > 0. We first observe that there
is a lower bound on fy LA — f,y_ A by the Morse-Bott assumption. We shall see that over
[—N,, N,,] x S* the map us, o ¢, o g converges to a sequence of J holomorphic cylinders
(and in the case where v~ is a point, a collection of cylinders followed by a J-holomorphic
plane) connected by gradient cylinders along Morse-Bott tori similar to the previous case.
We first observe by the gradient bounds that there is no bubbling off of holomorphic planes,
and that over any compact domain of [—N,,, N,,] x S* the sequence us, o ¢, o g¢ converges
uniformly to a J holomorphic curve. We note this is very similar to the case in Morse theory
where a gradient trajectory converges to a broken gradient trajectory.

Let h denote the minimal energy of a nontrivial J holomorphic curve in the Morse-Bott
setting, after successively taking subsequences, we pick out numbers a0’ € [—N,, N,]
which partition the interval [—N,,, N,] so that the following holds:

o U —al — oo, attt — bl — oo.

® u;s o ¢, o0 ¢S converges uniformly to a nontrivial J holomorphic curve u' over [a’, b’ ].

e us, o P, o ¢S restricted to [b, a’] has energy < h/20. We shall show that in fact the
energy goes to zero as n — oo.

We first observe by our assumptions there must be an interval of the form [a!, V! ], because

n»-n

otherwise the entire interval [—N,,, NV,,] the curve ugs, o ¢, o g5 has energy less than h/20,

SEstablishing exponential decay estimates for gradient flow lines that go from critical point of f to
another critical point requires more careful analysis, and is outside the scope of this work. Incidentally this
is related to the problem of gluing cascades of height greater than 1 - we need to think more carefully about
how we choose our Sobolev spaces and place our exponential weights.

"We mention here our work is simplified because our critical manifold (the manifold that parametrizes
the space of Reeb orbits) is S1, hence there are no broken gradient trajectories. In the case where the critical
manifold is higher dimensional the analysis near broken trajectories is more delicate, and is outside the scope
of the current work. However it is probably within the convex span of current technology.
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hence over each compact subset the curve converges to trivial cylinders, then this implies
that 4+ and y~ are on the same Morse-Bott torus, which is the situation in case 1.

We note in the second bullet point we required uniform convergence over the interval
[ai bl ], as opposed to the usual convergence over compact set. The reason is that if we had
Cr2 convergence over an interval of the form [a’,b’], and by looking at different compact
subsets in the domain we got convergence in C}%. into two different curves, we could have
inserted more partitions into the interval [al,?’] until the three bullet points above are
achieved.

We also observe that the evaluation maps ev™ (u?) and ev™ (u*1) land in the same Morse-
Bott torus, since over [bi, ait1] the energy is too small to cross from one Morse-Bott torus to

the next, hence in fact the energy of us, o ¢, o g¢ over [b¢, atF'] converges to zero. As in the

proof of the previous case, over the interval [b’, a’"'], the map ug, 0¢, 0g5, converges uniformly
to a gradient flow trajectory v?, as was shown in the previous case. As a technical point, once
we have found u® and u**!, we should identify the region when they first enter the Morse-
Bott torus, and perform the analysis as we did in propositions [3.10.3] to identify the
correct length of the gradient trajectory (this may result in us moving the partition points
bl al to lengthen the segment that we think of as being the gradient trajectory). We add
marked points to both domains of v* and u’ to make the domain stable, and the gluing map
® and ¥ are naturally supplied by considerations of convergence.

Step 3: We remark that the behaviour of ws, near a puncture (either symptotic to
a Reeb orbit or to a point), around which the hyperbolic metric produces another thin
region, is entirely analogous to the analysis we performed above: we can choose a cylindrical
neighborhood of the form [0, 00) x St or (—o0, 0] x S, and along this neighborhood the curve
us, reparametrized as above degenerates into a cascade of cylinders connected by Morse flow
lines. The only additional piece of information which follows readily is that if in the original
us, is asymptotic to v near this puncture, then the end of the chain of holomorphic cylinders
and gradient trajectories also is also asymptotic to 7.

Step 4: Finally we discuss the level structure.

Recall that after the previous modifications the domain of wus, converges to a stable
Riemann surface (S, j, M, D, ZUZ,r) so that each connected component of S\ D; is assigned
either a J-holomorphic curve u, or a gradient cylinder v. We label the components of
the domain associated with J-holomorphic curves C; and those labeled with gradient flow
cylinders C;. Now for each C; we pick a point z; € C; and define an ordering that

C; < C

if

an(qbn(xz» - an(gbn(xj)) <0
and if C; < C; and C; < C;, we say C; ~ C;. This ordering defines a level structure as in
the SE'T picture, then we add in the gradient flow v; by hand at each of the levels. We note

that if a gradient flow flows across multiple levels of holomorphic curves, then it will appear
at these levels as a trivial cylinder. With this convention we see that then the flow time at
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each intermediate cascade level is the same for all Morse-Bott tori on that level (if a gradient
flow needed to flow longer it would simply appear as a trivial cylinder). Then we have the
SFT compactness result as desired. O
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