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ABSTRACT OF THE DISSERTATION
Zeta Function of Hypersurfaces with ADE Singularities in P3
By
Matthew Cheung
Doctor of Philosophy in Mathematics
University of California, Irvine, 2022

Professor Vladimir Baranovsky, Chair

Stetson and Baranovsky provided an algorithm with Mathematica to compute the zeta func-
tion of projective hypersurface over F, with isolated ordinary double points. In this thesis,
I extend this algorithm to hypersurfaces with ADE singularities over P3. In the process of

doing so, I characterize the Jacobian ideal as a zero set of differential operators.
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Chapter 1

Introduction

1.1 Zeta Function

In the past, the zeta functions for smooth surfaces have been computed using different
methods. One method to computer zeta function of smooth surfaces is the deformation
method given in Lauder [12] and [13]. A second method involves computing the action of
Frobenius operator and reducing the image in cohomology-see Costa, Harvey, and Kedlaya
[4] and Rybakov [16]. A Sage code for computing zeta function of smooth surfaces is given by
Sperber and Voight [20]. Stetson and Baranovsky [19] extended zeta function computation to
hypersurfaces with ordinary double points, and Scott Stetson created a code in Mathematica
computing the zeta functions of hypersurfaces with ordinary double points. I will generalize
the theory from Stetson and Baranovsky [19] and give an algorithm for computing the zeta
functions of hypersurfaces with ADE singularities in the end of Chapter 3. Furthermore, I

will provide a Sage code for computing such zeta functions.

Definition 1.1. . Given a projective hypersurface X defined by equation f(w:z:y:2) =0

in P® with coordinates over a PID K, the affine cone over X is zero set of f(w:x :y: 2)



viewed as a function over K*.

Definition 1.2. . Let X be a hypersurface in B3 given by the zero set of f(w : x :y : 2).
Let f be f viewed as a function on the affine chart V = {w=1}. Let s be a Z, valued point
on X NV. Then by linear change of coordinates, s corresponds to the origin given by a map
Zylx,y,z] = Z,. The formal completion along the kernel of the map which is given by the

power series Zy|[z,y, z]]. Let g be a function given by one of the following equations:

Ap i xp+ai+ a2l =0
D, : x5+ zo(x] + 2572) =0
Es:ai+x3+a5;=0

By ol +x (23 +1235) =0

Es:al+ 23 +25=0

Then s is an equisingular ADE singularity over Z, if there is an isomorphism ¢ : Zy[[x,y, z]] —

L[z, 1, 5]] such that ¢(f) = § and ¢ is compatible with the surjections onto Z,.

There is a definition for ADE singularities over finite fields is given in Greuel [10]. We will
stick with the 5 given for now. The procedure we will create will cover the other forms given

in Greuel [10].

Let p be a prime. Let N, = |X(F,)|. Let X be the reduction of X in P to a variety over

F,. Then the zeta function of a variety X over [F, is a generating function for N, given by

N = Nt
Z(X,t):Z(t):eXpZ .
r=1

r

Let U = P> — X. Then U is affine and smooth. From formula of Gerkmann [9] applied to



IP)S

~ 1
Z(X7t> = (1 _ t)(l —pt)(l —pzt)v(t)

where v(t) = det(1 — tq3Frob;1|Hr21g(U)) and Hfig(U) is a rigid cohomology group of U. For
information on rigid cohomology, I refer the reader to Stum [21]. For affine schemes such as
U, rigid cohomology is equivalent to Monsky-Washnitzer cohomology which I will discuss in
the beginning of Chapter 2. Furthermore, we simplify even more. Suppose U = P— X where
P is smooth over Z,, and X is a smooth strict relative divisor with normal crossings. This

will be defined in Chapter 4. If we know P and X exists, then theorem from Baldassarri

and Chiarellotto [2] holds, i.e.

Hy,(U) = Hig(Ug,) 0 <i<2dim(U)

rig

where the right hand side is the de Rham cohomology on Ug, and Ug, is the complement to
the zero set of f over Q,. We will show the theorem applies with P being appropriate blow

up of P3.

1.1.1 De Rham Cohomology on the Complement of a Hypersur-

face

A differential n-form in Q; is a form w = ), cydw;, A... Adx;, where I = (iy,...,4,) and ¢; €

Qplxo, ..., z3]. Let QF be the space of n-forms of weight m where if w = x3°...2% dz;, A...Adx;,,

lw| =ag+ ... + as + s.



A differential form on Ug, in P? pulls back to a differential form on an open subset U@p in

Ay)
fs

A is the contraction of the Euler vector field ) xia%,- and v € Q%! where N = deg(f) and

Qﬁ. From Dimca [5], the pullback n-form w for n > 0 on U@p is written as w = , where

|A(7)] = sN. One can calculate that dw = —W.

Definition 1.3. Forn > 0, we define our differential operator dy: Q™ — Q" to be

wi

dy(w) = fdw — N

df Nw

for homogeneous differential form w.

In other words, the homogeneity condition allows us to forget denominators and work with
polynomials. However, our differential is no longer the usual one since the differential is now

in the form of the Koszul differential plus the de Rham differential.

Definition 1.4. Let (B,d’,d") be the double complex given by B*' = Q¥ where d' = d

and d"(w) = —|w|N~Ydf Aw for a homogeneous differential form w.

Definition 1.5. Let (Tot(B)*, D) be the total complex given by Tot(B)" = @,,,_,, B**
with, filtration F*Tot(B)™ = @, B®™* where Dy = d' + d".

The goal is to compute the cohomology of the double complex which gives the cohomology
on Ug,. For this, we use the theory of spectral sequences. For purposes of results regarding
the spectral sequence, we use @, and C interchangeably since result holds for both fields
due to the embedding of @, into C. Let dimg, f~'(0) is the dimension of the singular lo-
cus. Let H*(K}) is the cohomology with respect to the d” differential. Saito [17] shows if
m = dimg, f~'(0), then H*(K}) = 0 for k < 3 —m. In the smooth case, m = 0 so only
the top cohomology group H*(Kj);y is nonzero. As only one diagonal remains on the E,
page, the de Rham differential is trivial; hence, in the smooth case, the spectral sequence

degenerates at the F; page and converges to the cohomology of the total complex.



In the singular case, m =1 so HS(K;)tN and H4(K})t1\r are nonzero. Since there are two
diagonals on the F; page, the de Rham differential need not be trivial. Below is a piece of

the F, page which displays the top diagonal and subdiagonal below it.

For the purposes of this paper, we define the local Milnor number as the index of the type
A,, D,, F, singularities. For example, a type As singularity has Milnor number 3. The
global Milnor number, p(X), is defined to be the sum of all local Milnor numbers of singular
points. By Corollary 1.5 of Dimca and Sticlaru [8], H"(Ky),, = p(X) for m > 3(N — 2)
where N = deg(f). (The general formula is n(N — 2) if we are working in P" instead of P3.)
Hence, the dimensions of the vector spaces of the diagonals eventually stabilize to the global
Milnor number. Furthermore, Theorem 2 of Saito [18] proved that for hypersurfaces with
weighted homogeneous singularities, the spectral sequence degenerates on the F, page. From
equation 2.10 of Dimca and Sticlaru [7], for weighted homogeneous equations, all nonzero
terms on the Es page lie inside the first quadrant, not including the z-axis and y-axis. Using
this, I constructed a Sage code computing the basis elements on the Fy page. The code
mainly involves constructing the matrix for the two differentials and using linear algebra to

compute the quotient groups.



Chapter 2

Frobenius and Cohomology

2.1 Monsky-Washnitzer Cohomology

Let U be a smooth affine variety over Z, that is the complement to a hypesurface X given by
the zero set of a polynomial f. Let fi,..., f,, denote the partial derivatives. Then the rigid
cohomology groups coincide with the Monsky-Washnitzer cohomology groups. We define
the Monsky Washnitzer cohomology groups which is much simpler than the general rigid

cohomology groups. Let
Zy < w,a,y,2 > = {3 0uX € Zy[w,2,, 2] : IC > 0,p € (0,1) withlaal, < Cp¥a)

where X denotes any monomial in w, z,y, z and « is a multi-index and |«/| is the sum of the
exponents of w,z,y, 2. Let A =Z, < w,z,y,z > /(f1,..., fm). Let QAT/Z,, =@ Alz;/ <

> g—j;’?dmﬂk € {1..m} >. Now let Q' = A\’ QAT/ZP- Let dz = dxj, A ... Ndxj,. Define

4

- 9

di: Q= QL fdz — <§ j%d:ﬂj> A dZ
j=1



Then the Monsky-Washnitzer cohomology groups are the cohomology groups of the complex

given by

0 At Lo 42y

The theorem from Baldassarri and Chiarellotto [2] given in Chapter 1 allows us to work with
de Rham cohomology groups on U instead of the Monsky-Washnitzer cohomology groups
on U. The Monsky-Washnitzer cohomology groups come with an action of the Frobenius

operator which we define as follows.

2.2 Action of Frobenius Operator

The basis elements on the E5 page of the spectral sequence given before gives a basis on
the de Rham cohomology of U which gives a basis on the Monsky-Washnitzer cohomology
groups.For the remainder of the text, let {2 = dw A dx A dy A dz. A basis element h on the
E5 page corresponds to the basis element ]}—? on the Monsky-Washnitzer cohomology groups.

A

From equation 4.1 of Gerkmann [9], the action of the lifted Frobenius operator, F', is

F @ _ 3h(wp7xp7ypﬂzp)H?:0x§_lQ i ka/kgk
)t Iz )

k=0

where qy, is the k-th coefficient of the power series expansion (1 —#)~% = ag + ayt + apt? + ...
, Tg =W, = T,y = Yy, x3 = 2, pg = f(w,x,y,2)? — f(wP, 2P, y?, 2P), and the element on
the right hand side of the equation is an element on the Monsky-Washnitzer complex. Given
each term in the sum, the goal is to express the image of Frobenius that is cohomologically

equivalent to a linear combination of the basis elements on the F, page.



Since the action of the Frobenius operator is an infinite sum, we first truncate the sum into
a finite sum. We compute the truncated action and express the image into something that is
cohomologically equivalent. This turns out to be a linear combination of the basis elements
of the Monsky-Washnitzer cohomology groups. The truncated action of Frobenius, applied
to each basis element, gives a square matrix for the action. Corollary 4.2 of Gerkmann
[9] goes over how far one needs to truncate, but for the purposes of Sage calculation, each
additional term in the sum generally gives us accuracy up to the next power of p. To be more
accurate, the p-adic expansion of the numbers in the truncated Frobenius matrix converge
to the p-adic expansion of the actual value of the Frobenius matrix. If £ = 0 gives accuracy
up to p?, then going up to k = 1 gives accuracy up to p®. If one of the entries is —5, then

one might see

k=0—=5+524+2-52+3x5%+ .
k=0,1—-5+4-524+3-5+2.-5%+ .

k=0,1,2—>5+4-5244-53+.2.50

Continuing on, one will see the values converge to the 5+4-5%244-5%+4-5%+ ..., the p-adic

expansion of —5.

While the goal is clear, there are several issues that come into play. The first issue is that
reduction in cohomology is computationally infeasible if we go the direct route which is
explained in the following example. The second issue is that reduction involves using a
Grobner basis algorithm which may get computationally large. The third issue is that the
image of Frobenius has high powers of f in the denominator. Although my code does not

fix the Grobner basis issue, my code does fix the other two problems.

Example 2.1. Let f be degree 3 with p = 5 and hq, ha, hg be our basis elements on the Ej

page of degree 2. Then by homogeneity, £ = 2 in the Frobenius equation above. Now to make



things simple, let us consider k = 0. The sum goes away and on the denominator we have
fPt = f19. Since f is cubic, the denominator is degree 30. In order to express the image
as a linear combination of hy, ho, hs, one will need to compute the cokernel of the df A map.
Computing the quotient is computationally long, and we only reduce the degree of the image
by 3. Furthermore, this is just the k = 0 term of the summation and only for one of our

basis elements.

We now explain the action of inverse of the Frobenius operator which solves one of the issues

listed above.

2.3 Action of the Inverse of Frobenius Operator

To work with lower powers in general, we decide to use the left inverse of Frobenius. Remke
[15] showed that on the level of varieties, Frobenius has a left inverse. As Frobenius is
invertible after passing to the level of cohomology, we have an action for the left inverse. Let

us denote the left inverse by F!. Let ¢ : AT — At be the @, linear operator given by

_ [12%/" if a; = 0(mod p) Vi
e(][#i) =

0 otherwise

Note that since the action of Frobenius operator is taking p-th powers, the inverse should
involve taking p-th roots. Taking o = w, 21 = z,29 = y, 23 = z and A = f(w,z,y,2)P —

f(wP,xP yP, 2P), the action of the inverse is given by

1 (P2 PRIy A Q
() - (Z Fi )ﬁHi’;oxi'

Note this fixes one of the issues given in Example 1. In Example 1, for £ = 0, the summation




gives a degree 26 image for the coefficient of the 4 form on the numerator. The image
coefficient of the 4 form on the numerator for £ = 1 for the inverse is only degree 2. The
image coefficient of the 4-form on the numerator for £k = 9 of the inverse is of degree 26
which is the degree in the original Frobenius image for £ = 0. Working with low degrees for
high values of k£ makes computation slightly easier. The issue about computing the matrices

and quotients still remain.

10



Chapter 3

Differential Operators and

Subdiagonal

Recall from Dimca and Sticlaru [7], H"(Kf), = p(X) for m > 3(N — 2). We call the
values of m such that m > 3(N — 2) the stable range. Now, since the top diagonal for a
smooth hypersurface on the E; page lies only in the first quadrant and the Euler character-
istic is independent of whether the hypersurface is smooth or singular, we can conclude that

H"(K})y = u(X). Moreover, the Ey page is 0 in this stable range.

We now dive into where the assumption of our hypersurface X having ADE singularities is
used aside from showing the theorem from Baldassarri and Chiarellotto [2] holds which is

explained in Chapter 4.

Suppose hy, ..., h,, are basis elements of the Monsky-Washnitzer cohomology groups. Let h
be the element corresponding to the deepest pole of the truncated image of the Frobenius
operator applied to one of the h;. Then suppose h € P,{);. Then find a basis for Py €23.

As we are in the stable range, there are p(X) basis elements which we name as Sy, ..., B,()-

11



How we find these basis elements in high degree will be explained later. Applying the de
Rham differential, df, ..., dBux) € Pi{l. As the E; page is 0 on the stable range, lifting h
back to Ey gives h = a1df + ... + ayux)dBux) + fwhi + fuhe + fyhs + f.hs. Choose a singular
point s of our hypersurface X. The partials evaluated at s is 0. Stetson and Baranovsky
[19] showed that if all singularities are type A, we can evaluate at the singular points and

can solve for the variables given.

To see this, suppose there exists one A; singularity. Then g—a1dSy = by fi,+b2 [ +bs fy+baf..
To find a, evaluate both sides at the singular point. Then the right hand side is 0 by
definition of a singular point. Note, plugging in any other point will give an equation but
the issue is that by, bs, b, by are unknown. Similarly, suppose there are k A; singularities.
Then g — aydpy — ... — apdBr = bify + bafe + bsfy + baf.. We need to find ay, ..., ax; so
k equations are needed. Evaluation at each of the singular points will give k£ equations.
The equations will be linearly independent. In fact, I will show linear independence for
the general ADE case later in the paper. Hence, for A; singularities, finding the de Rham

component of ¢ is simple.

Suppose our hypersurface has one A, singularity. Then g — a1dfB; — asdfs = by fo, + bofs +
bsfy + baf.. We need to find a; and ay but evaluating at the singular point only gives 1
equation. Where will the second equation come from? In this case, the normal form of
an A, singularity is uv = t3. The partials are given by v,u,3t2. Along with evaluation
at the origin, the operator given by %](07070) annihilates the Jacobian ideal. The idea is
to transfer this operator to the original coordinates to obtain the second operator for the
second equation. In the general case, I establish an equality between the space annihilated by
specific operators depending on our ADE singularities and the Jacobian ideal for polynomials

with degree in the stable range-See Theorem 3.1.

12



3.1 Operators on ADE Singularities

Before we continue, in the case that there are two singularities in the same affine open set,

we need an algebraic way of working locally around the singularity.

Definition 3.1. Let M be a finite dimensional module over a polynomial ring R in several
variables over C. Let R be the power series ring in the variables of R. We define the formal

completion of M as M ®pr R.

Definition 3.2. A module over a polynomial ring in variables (x,y,z) is supported at

(o, B,7) if AN such thatV k> N, (x — a)fM = (y — B)FM = (z — v)*M = 0.

Proposition 3.1. Suppose M 1is a finite dimensional module over a polynomial ring sup-

ported at the origin. Let M be the formal completion of M. Then M = M as R-modules.

Proposition 3.2. Suppose M is a finite dimensional module over a polynomial ring sup-

ported at (v, B,7) # (0,0,0). Let M be the formal completion of M. Then M = 0.

Assuming these two claims, formal completion is a way to study a singularity locally. Propo-

sition 3.1 justifies working with the polynomial ring as opposed to the power series ring.

Proof. T will prove Proposition 3.1 first. Let R = C[z,y, z]. Suppose M is generated by
51,...,5j. Then an arbitrary element of M is of the form Zf s; ® f; where f; € R. As M is
supported at the origin, there exists NV such that for k > N, 2¥M = 0,y*M = 0,2*M = 0.

Now given h € R, we can express h as
h = Z‘Nhl + yNh2 + ZNhg + h4
where hy is a polynomial with powers of z,y, z smaller than N and hy, ho,hs € R. Let

13



h<N = hy. Define ¢ by

¢: M — M

J J

60> si@fi) =Y s

i=1 i=1

Then to show linearity,

¢<Zsz®f+2sz®h ¢<Z- (hi + 1)
= Z (hi+ )Mo = 3 hisi+ D f sy
=0 s @ f) + (Y s @ hy)

and Vr € R,
(b(r(z S5 X fz)) = gb(z 5 ® sz) — er<N )
_Z <Nf<N —T<NZf<N
_TZJC<N _ Z&‘@fi)

7

where the first and second to last equality on the previous line is because any degree N

piece or higher acts by 0 since M is supported by the origin. Hence, ¢ is an R—module

homomorphism. The map is surjective as any element of M is given by > .r;s; for r; € R

and ¢ maps the element Y s; ® 7; to > r;s;. Now suppose ¢(>. s, ® f;) = > [Vs;

Then we can write f=" = f; — £V, Then

Zsi®fizzsi®fi<N+Zsi®fi2N

14



For the first sum, as we tensor over R,

Zsi®fi<N:ZSifi<N®1: (Zsifi<N)®1:O®]_:O,

7 7 %

For the second sum,

Z 8; & fiZN = Z 8; & iUNfi,l + Z 8 & nyi,Q + Z 8; & ZNfi,3

= ZﬁNSi ® fin + ZyNSi ® fio + Z 2Ns; ® fiz=0.
Hence, the map is injective. So we have an isomorphism. ]

Proof. For Proposition 3.2, proceed the same way. For («, ,v) # (0,0,0), there exists N
such that for k > N, (z — a)*M = (y — B)*M = (2 — y)*M = 0. Without loss of generality,
let us just assume o # 0. Now consider M. First note that (z — a)¥M = 0 as its action on

M is zero. But then
1 MOR=M®1-R=M@@—-a)Nz-—a) " R=z-a)"M® (z—-a)"R=

Hence, M is the 0 module. Note, we are using the fact that in the power series ring, a

N

power series with constant term is invertible; therefore, since o # 0, (z — )" is an invertible

element in R. O

Before continuing to the main theorem, I will show that the quotient by the Jacobian is

invariant under analytic change of coordinates.

Let f be the defining equation of our hypersurface X over P? with coordinates w,z,v, 2
and suppose X has a type A, D,, or E, singularity. Let g be the standard equation of
the given singularity. Without loss of generality, assume the singularity lies in the affine set

w=1. Let f = f(1,x,y,z). Then there exists g1, g2, g3 € C[[u, v, t]] and an analytic change

15



of coordinates map ¢ : C[[z,y, z]] = Cl[u, v, t]] given by

¢($) = gl(u7vat)a ¢<y) = 92(u7v7t>7 §Z5(2) = 93(U7U7t)

that maps f(x,y,2) to g(u,v,t). Furthermore, there exists fi, fo, f3 € C[[z,y, z]] and an

analytic change of coordinates map, ¢ : C[u, v, t]] = C[[z,y, z]], given by

¢(u) = f1($7y, Z)/‘ﬁ(”) - f2(x7y7Z)7¢(t) = f3(l’,y, Z)

such that 1 o ¢ is the identity map.

Lemma 3.1. The quotient by the Jacobian is invariant under analytic change of coordi-

nates if the maps ¢ and 1 defined above descend to an isomorphism on quotients Tings

Clla,y, 2]]/(f) and Cu, v,t]]/(g)-

Proof. To show isomorphism on the quotient rings, we have to show the map ¢ is well defined

when passing to the quotient. First consider the ideal (f,, f,, f2)C[[z, v, 2]].

() = oS 1+ (0D 4 (DN L) = 6T g0+ bl g+ 6 o)g,

ot du Ov

o 5, 52 € Cl[z,y, 2]] as these are just the derivative with respect to z of fi, fa, f3. ¢

Now
maps these elements to a power series in u, v,t. Hence we have that gb(%) € C[[u,v,t]]. By

same argument, gb(g—i),gb(%) € Cl[u, v, t]] since

af ot . dg ou. ,0g ov . dg ot

(b(@_y) = ﬁf)(a—y)(a) + Cb(a—y)(%) + ¢(a—y)(%) = ¢(ay) ¢+ ¢( )gu + ¢(g—;)gv

and

of ot ., dg ou. ,0g Ov ., 0g ot

¢(§) = ¢(&)(a) + ¢(5)(%) + ¢(@)(%) = ¢(a )G + ¢( )gu + ¢( )

16



Hence, ¢((fs, fy, f-)Cllz, v, 2]]) C (9u-9v, 9:)C[[u, v, t]]. Hence ¢ induces a map

¢ : Cllw,y, 20/ (fa, £y, f) = Cllw, v,1]]/(gus 9o, 90)

where h is any lift of [h].
We prove the same holds for .

dg oxr. ,0f @ g 0z Of

V(5D = VGG + v GD(G) + GG

W(ED) =BG + vEDGH) + w(EIED)
and
W) = UGG + UG + (GG

Hence, ¢ induces a map

o= Cllu, v, 8]]/(9us 9o, 90) — Cllw,y, 2]/ (fe, fy, [2)

where h is any lift of [h]. Since the composition of ) and ¢ is the identity, we have an

isomorphism of quotient rings. 0

We now prove one of the main theorems and a following Proposition involving operators on

ADE singularities.
Theorem 3.1. Let s be the origin. Let m denote a number in the stable range. Let k € Z

17



and Clu, v, t, r|g be the polynomials of degree k. Let Jy, denote the polynomials in the Jacobian
of degree k. For type A, singularities, the space of polynomials in Clu,v,t, 7], annihilated
by the differential operators

a 82 an—l

6U|S7§|S7@’S?"‘W|S

is equal to J,,. For D, singularities, the space of polynomials in Clu,v,t,r|,, annihilated by

the differential operators

9,9 &
o' Ot 92 sy e

s equal to the J,,. For Eg singularities, the operators are

0,0, 00 & &0
v ot v ot 92t 92t v’

For E; singularities, the operators are

g, 9, 9o, 0* & o9 9?0

Bul Bt Do ar o R T el o e or

For Ey singularities, the operators are

v ot Qv ot 92t 92t v’ 93t 93t o'

Proposition 3.3. The differential operator %‘(0,0,0) is mapped by inverse change of coor-
dinates to a combination of k order and lower differential operators in x,y,z evaluated at
the origin with polynomial coefficients through the analytic change of coordinates. The same

holds true if we replace t with u or v.

Proof. To prove Theorem 3.1, we first consider the A, case. Let S be the space of polynomials
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annihilated by corresponding differential operators given in Theorem 3.1. Let J be the
Jacobian ideal. The partials of the standard A, equation are given by u,v,t". Note that
Jm C S, since the differential operators given in Theorem 3.1 annihilate the Jacobian ideal.
To prove this, we proceed by induction. First, assume the singular point lies in the affine set
r = 1. It is clear that evaluation at the origin annihilates the partials since this is the singular
point. Let h = hyu+ hov + hat™ where hy, ho, hy € Clu, v, t] such that h € Clu, v, t,r],,. Note
r is irrelevant as the operators involve only u,v,t so evaluation at r = 1 annihilates any r

term. For simplicity, let s be the point t = 0,u = 0,v = 0,7 = 1. The product rule shows

that

0 8 8 0

§h|8 = at |S U| + 5 ot |S U| + = h3| tn|s + nh3tn_1|s =0
Suppose that

g o' g

—hyuls, —h —hst"|s =

8 |S7 8t QU|57 8t 3 | 0

for i = 0,...,k where ¢ = 0 is the evaluation operator. Then for simplicity of notation, let

D(i,j)f1fa = 8%f1|361tf2| Then for k+1<n—1

ak+1

D(k+1,0)hiu = 0 because u evaluates to 0, and D(0, k+1)h,u = 0 since we are differentiating

u with respect to t. The other terms are 0 by the induction hypothesis. For

ak+1

8k+1th21}| = D<k+ 1 O)h2U+D<k 1)]12’1]"‘ +D(1 k)hg’U"—D(O k+ )hg?],

D(k+1,0)hiv = 0 because v evaluates to 0, and D(0, k+ 1)hgv = 0 as we are differentiating
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v with respect to t. The other terms are 0 by induction hypothesis. For

ak-ﬁ-l

tht% = D(k+1,0)hst" + D(k,1)hst™ + ... + D(1, k)hst" + D(0,k + 1)hst",

D(k+1,0)hit™ = 0 because t™ evaluates to 0 and D(0, k+1)hst™ = 0 as we are differentiating
t" with respect to t k+1 times. For k41 < n— 1, this leads to C'-#/ for some j > 0 and C a

constant so evaluation at the origin gives 0 .The other terms are 0 by induction hypothesis.

Therefore, J,,, C S,,.

Define

¢ : Clu,v,t,r],, — C"

a 877,—1

o(h) = (ev(h)]s, §h|s, cey WMS)'

The kernel of ¢ is S. To show surjectivity, let e; be the vector that is 1 on the ith component
and 0 elsewhere. Then 1 is mapped to e;, t is mapped to ey, t? is mapped to 2e3, and

continuing on, t" is mapped to nle,. Hence, the map is surjective. So we have
Clu, v, t,7]|m/Sm = C".

However, if the quotient by the standard equation is u, v, t", the quotient Clu, v, t,7]/J,,, = C"
is the space generated by r™, r™=1¢ .. t"1ym="*+l  Since from above, J,, C S,,, we have

that J,, = S,,.

Note the same proof works for type D, and type FE, singularities as well. The standard
equation for D, is given by u? + tv? +t"~1 = 0. The Jacobian ideal is J = (u, vt, "2 + v?).

The n operators that annihilate any element of the Jacobian are evaluation at the origin,

o, 9, 0 o3

001" or o3
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Let S,, be the space of degree m polynomials annihilated by all the differential operators.

As in the proof of Theorem 3.1, the space S, contains .J,,,. Define

¢ : Clu,v,t,r],, — C"

0 0 o3

¢(h) = (ev(h)]s, 5~

Bl sl o).

The kernel is S,, and the map is surjective as the polynomials ™, r™ =ty rm=1¢ .. pm-nt3gn=3
give a constant times vectors ey, ..., e, respectively as in the proof of Theorem 3.1. Hence, by
rank nullity, we have Clu,v,t,7],,/S = C". In the stable range, we have that the quotient

by Jacobian in degree m is a space of dimension n, hence S,, = J,,.

Now the standard Eg equation is given by u? + v® + t* = 0. The Jacobian ideal is J =
(u,v?,t%). Along with evaluation at the origin, the operators that annihilate any element of

the Jacobian ideal is

9,0 00 & &0
ov'” ot ov ot 92t 9%t Ov'”
Again, let S, be the space of polynomials of degree m annihilated by our operators and we

have J,, C S,,. Define

¢ : Clu,v,t,r]ym — CS
0 0 0 0 0? 9% 0

¢(h> = (ev(h)|5, %h|s> §h|57 %ath|s7 %}”57 %%hh)

The kernel is S and the map is surjective as the polynomials 7™, r™=ty, rm=1t, pm=2pt, pm =242 rm=3yt?

map to a constant times vectors ey, ..., eg respectively. Hence, S,, = J,,

The standard E; equation is given by u? 4+ v + vt3 = 0. The Jacobian ideal is given by

J = (u,3v* + 3, 3vt?) Along with evaluation at the origin, the operators that annihilate any
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element of the Jacobian are

g, 9, 99,6 0* & 9 9% 0

a0l ail B ot 3 38 T B o  Sarparl

Let S, be the space of polynomials of degree m annihilated by all the differential operators.

Again, we have J,, C S,,. Define

¢ : Clu,v,t,r], — C”’
0 0 ot 9% 0

e, Zhlyy s 2 — 32T,
ov | ot | ot )

o(h) = (ev(h)]., 3

The kernel is S,,, and the map is surjective as the polynomials 7™, r™ Ly, rm=1t ym=2pt pm=2¢2 pm=343

m—2,,2 ,rmf4t4 —r

T v, m=3p2t map to a constant times vectors ei, ..., ey respectively. Hence,

The standard Fg equation is given by u? + v + ¢°>. The Jacobian ideal is given by J =
(u,v?,t%). Along with evaluation at the origin, the operators that annihilate any element of

the Jacobian area

g, 9, 9009, 9 90, #, 6 90

oo Ot Bt 5% BP0 2 R
Let S, be the space of polynomials of degree m annihilated by all the differential operators.

We have J,, C S,,. Define

¢ : Clu,v,t,r]ym — C®
2% 0

s bl

0 0
O(h) = (ev()].s bl 5.

The kernel is S and the map is surjective as the polynomials 7™, r™ =ty r™m=1¢ pm=2pt M =242 pm=3¢2y pm=3¢

map to a constant times vectors ey, ..., eg respectively. Hence, S,, = J,,. O

22



As of now, Theorem 3.1 applies to the standard equations of ADE singularities. Our goal
is to apply Theorem 3.1 to operators on the original equation before the analytic change of
coordinates to the standard equations. We prove Proposition 3.3 which will give a set of

differential operators in x,y, z coordinates with which we can apply Theorem 3.1.

Proof. To prove Proposition 3.3, recall the multivariable chain rule.

0 ox 0
2= gl gt

Jy 0z 0

0
E‘s ’ a_y ’s + a‘s ’ &ms-

Let 2 = fi(u,v,t),y = fa(u,v,t), 2 = f3(u,v,t) € C[lu,v,t]] be the analytic change of coor-

dinates. Then g—f s 18 the coefficient of ¢ in the power series of x. %—f s is the coefficient of

t in the power series of y, and %

2|, is the coefficient ¢ in the power series of z. Hence, the

operator % is a linear combination of first order operators in x, y, 2.

What about (2)%? This is

9 9 a(axa dy 9 o a)

it ot\ot oz ot oy ot o2

0 0r 0 0 0y 0 00z 0

oo o) Tailar 3y T w52

I will compute the first term and the rest follow in the exact same way. In the first half of
the product rule, what I want to do is take the derivative of x with respect to t twice and
evaluate at 0. This is equivalent to 2 times the coefficient of #? in the power series expansion

of . In the second half of the product rule, we have

0 0 0x 0 0
(a@)a 000 =C - E%RO,&O)’
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where C' is the coefficient of ¢ in the power series of x. Now

(OO _oPn 00 0y 00 0 00,
otox” ot Oxdx Ot Oyoxr Ot 0z0x’"
0 0 0 0 o 0

where C4, (s are the coefficients of ¢ in the power series of y and z respectively. Hence, we

have a linear combination of second order partials.

Suppose g—;t|5 is a linear combination of k order and lower differential operators in z, vy, z for
7 up to k. So g—,i =CoDy+ C1Dy + C5Dg + ... + Ci. D), = D where C; are constants and D;
are differential operators of order ¢ evaluated at the origin. Then for k < n,

ak—i—l a ak a
—_— = —— = —|.D
akﬂth‘s atakth’S {%’5 h

ox 0 dy 0 0z 0
- (EL’ : % |5 + E|S . 3_yh|s + 5’5 . £h|s) Dh.

So (% s a%h\s) applied to C;D; gives an order i + 1 operator given by %h|sDi. So as the
highest order operator is Dy, our operator is at most order k + 1. The same applies for
the other terms. Note this actually holds in the u,v variables as we just repeat the proof

replacing u with ¢ or v with ¢. This proves Proposition 3.3.

We have shown for the polynomial ring, S,, = J,,. Originally, the space in consideration is
the power series ring. From Proposition 3.1, we show Cl[[x,y, 2]]/(fz, fy, f-) is supported at
the origin. The analytic change of coordinates maps the origin to the origin. So the analytic

change of coordinates has no constant term. Since Cl[[u, v, t]]/(gu, gv, g+) is supported at the
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origin, there exists /N such that

UNCHU7 v, t]]/(Qm 9o, gt)v UN(C[[“? v, t”/(gua Gu) gt)7 tNC[[u> v, t“/(gw Guv, gt) = 0.

Let © = hy(u,v,t),y = hao(u,v,t), z = hs(u,v,t). Then by the analytic change of coordinates

oM Cl[z,y, 2]/ (far fys f2), 5" Cllz,y, 2]/ (far £y, £2), 22V Cllw,y, 2/ (fo, fy, 1)

map to zero since the change of coordinates gives an isomorphism on the level of quotients
as shown in the proof of invariance of the Jacobian ideal. Hence, C[[x,y, 2]|/(fs, fy, f) is
supported at the origin as well so Proposition 3.1 applies. Hence, we can restrict to work

with the polynomial ring instead of the power series ring.

Lemma 3.2. Given a polynomial in the non standard coordinates w,x,y, z with ADE sin-
gularities, there exists homogeneous operators in w,x,y, z such that being in the Jacobian

1deal is equivalent to being annihilated by these operators in the stable range.

Proof. This comes immediately from Theorem 3.1 and Proposition 3.3 The fact the operators
are homogeneous is because the standard equations are in an affine set. Without loss of
generality, the affine set is w = 1. Then we can homogenize the operators by multiplication

by w. O

Here, we will go over examples on finding the differential operators given in Lemma 3.2.
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Example 3.1. Let f(w,x,y,2) = 2wz + w?y + 2* — y*x. The partials are given by

fw = zx 4+ 2wy
fo = 2w + 32% — 3
fy:wz—ny

f. = wx.

The singular point s = [0 : 0 : 0 : 1] is of type Ay. One can check that a%’s annihilates the

partials.

<(%>2<fwh>|s _ ((%)2fw)h|s 0

0

2 _ 9 2 —
(a—y) (feh)]s = ((a—y) fe)hls = =2h(s).

To fiz this, we add

0
2— .
8w|s

This will annihilate f,h. Since this operator annihilates f,, we have that

0

0
By

2
2_5
)"+ 25

annthilates f,h and fuh for all h. Similarly, this operator annihilates f,h and f.h.

The third order operator is

o 0 0
—_— 3 —_——— . — JES—
(ay) +28w8y 28x|8'

Instead of showing all calculations, let me summarize what is getting fixed. Applying (8%)3|S

to f.h does not annihilate f.h. To fix this, we add in 28%6%|5' This now annihilates f.h but
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does not annihilate f,h. To fix this, we add in —25%|S.

Example 3.2. Let f(w,z,y,2) = wzz +w® + 2® — y*x. The partials are given by

fo = 22 + 3uw?
fo = wz + 32% — ¢
fy = —2yx

f. =wz.

The singular point is s = [0:0:0: 1] is of type As. Instead of showing all the calculations,
it 18 more helpful to explain what doesn’t get annihilated and what the fix is. For first order

operator, we have that a%|s annthilates all partials.

For second order, we have

0

0
By

2 —_—
) +28wys.

(6%)2|5 does not annihilate f,h, so we add in 2a%|8'

For third order, we have

9., 90

9.0

(8%)3|5 does not annihilate f,h so we add in 68y ow s
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For fourth order, we have

) (k-

So (8%)4|S applied to f.h is not zero. Let us call this the error term. To fix this, applying
2(3) (%)Q%LQ gives us negative the error term + another term. So adding these two operators
gets rid of the error term but we are left with another term. Now to get rid of this other
term, we add 4(;1)(8%)2|8. This operator now annihilates f.h but in doing so, this operator
does not annihilate f,h. To fix this, we add in —24(;1)8%|s. Now, this operator annihilates

any linear combination of the partials.

Example 3.3. Let f(w,z,y,2) = z0? — zwy + w?x — wx®. This has one Al singularity
at [0:0:0: 1] and one A3 singularity at [0 : 0 : 1 : 0]. We work locally around the A3

singularity by letting y = 1. Then let
g(w,z,2) = f(w,r,1,2) = 20 — 2w + w’r — war?
where g has a singularity at the origin. The partials are given by

r = 2z2x — 2wz

G = —2 + 2wz — 27

g. = 1% —w.

Consider the change of coordinates given by

u:—z+wm—x2+x3
v=w— 1z’

t=xz-v1—uzx.

28



Let us reinterpret the derivative with respect to t in terms of our original coordinates. We

have

8_83: 0 ow 0 0z O

oo o o ow o oz
Note that since t* = 2* — 25, 4t3dt = (42® — 52*)dx. Therefore, we have

Ox 465 APl —x)¥t 4(1 - 2)Pt

Ot 4r3 — 54 423 — 514 4— 5z

Thus our expression above is

0 41-2* 9 ow 9 9z 0

ot 4—b5r  Ox E'ﬁw—ka'az‘

We have
8w_2$8x
ot ot
%— 8_w+ %_2 @_{_3 2@
ot Tt Vot T “Tar T ot

What about (%)2? This is
00 _0 (0w 0w 9 0z 0
otot  ot\ot O0xr Ot Ow Ot 0z

_ 0@ 0, 00w 0, 00: 0
ot ot Ox’ ot ot Ow otot 9z’

Let us calculate each of the 3 terms separately.
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1st term In the first half of the product rule, we want to take the derivative of x with respect
to t twice and evaluate at 0. This is equivalent to 2 times the coefficient of t in the power
series expansion of x. Let s denote the origin. From %|s = 1 and evaluation at the origin

being 0, the expansion of x is given as
v=(0+1t+ayt>+..).

We have that
th=a—2° = (t+agt* +.)" — (t +ast®* +...)°.

The t° coefficient in x* is 4ay and the t° coefficient in x® is 1. Thus ay = }l, and so evaluation

at 0 gives % In the second half of the product rule, we have

200w 00
otoxr ) ot'  otox'’

0 0 oxr O ow O 0z

00, _(@Qr 0 0w 0 0 0y 9y
otox"” ‘ot oxr ot Ow ot 0z° ‘oz’ '

So first term gives () +

N =
e

- ow __ oz
2nd term Using the fact 5} = 2w5;,

0 (Ow 0 (00w 0O ow (0 0
o (Ea_w) o = (55) ik (aa—w) g
(200) 0 e (B0) 8 Lo (00,
ot” ) ot ow'"” otot) ow’ ot \otow)"”
(2he) 0 2 (20,
ot ) otow” ot \otow) "

L0 w00y 0
C Tow ot \otow )" Tow’
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3rd term

¢
_9 a_“’,Jrﬁ 3_“3‘_2 2@|+2 32@,
o\ "o ) T o\ )T e o ) T e\ o ) e

So

00\ o _ 0
otot ) 9z 0z

Therefore, our second degree operator is (%)2 + %a% + 28% — 2%. Indeed, applying this

operator and evaluating at the origin annihilates all the partial derivatives of f.

3.2 Algorithm

Before giving algorithm for computing the zeta function of a hypersurface with ADE singu-
larities over P3, we define a method for finding a basis of a vector space of the subdiagonal

given a basis of a vector space of the subdiagonal of lower degree.

Definition 3.3. Let D* be a differential operator of degree k. Let f and g be two polynomials.

Let D be a differential operator. Then one has
D(fg)=> D'fD’g

such that i + j is the order of the operator D. We define the non-zero order operators of D

to be the D' such that i > 0.
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Theorem 3.2. Suppose we have a basis Py, Ba, ..., By in degree 4N on the subdiagonal.
Suppose there exists a degree (d — 4)N polynomial L satisfying the following properties.
Assume L is not annihilated by evaluation at any of the singular points. Let D1, ..., Dy be
the operators as given in Lemma 3.2. Furthermore, assume that non-zero order operators
as defined in Definition 3.3 annihilate L. Define x to be the multiplication by L map. This
map 1s well-defined. Furthermore, LB1, LBs,...LBy is a basis on the higher degree of our

subdiagonal.

Proof. We will first show x is well-defined. Since we can extend by linearity, consider the
3-form hdx A dy A dz. Let us call the lower degree on subdiagonal By and the upper degree
on the subdiagonal By. Let L be our multiplying factor. Then we have a map x given by

multiplication by the factor L.

XIB‘/—>BU

X(w) = Lw
for a 3-form w. By linearity, suppose hdx Ady Adz = (fyh1 + fyho + fohs)dx Ady Adz. Then
x(hdx Ndy Ndz) = h- Ldz ANdy N dz = (fuha L + fyhoL + f.hsL)dx A dy A dz,

which remains in the Jacobian.

For example, if the higher order operator is (%)2 + %% + %, then the assumption is that
P

each term in the sum annihilates L and %, a%’ a%’ 5, also annihilate L. Then suppose that &
does not lie in the Jacobian ideal. We wish to show that hL also does not lie in the Jacobian
ideal. Suppose that

hL = fmhl + fyh2 + fzh?)

Since h does not lie in the Jacobian, there exists D; that does not annihilate h. Applying D;
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to the right hand side gives 0. Applying D; to the left hand side, by the assumption on L,
we get D;(hL) = (D;h)ev(L) # 0. Hence, we have a contradiction. Thus, we can conclude
the image of an element not in the image of Koszul differential will not be in the image of
Koszul differential.

Using the fact that elements not in the Jacobian ideal are mapped to elements not in the
Jacobian ideal, we can now show that the image is a basis. Suppose we have linear indepen-
dence. Then from the result that the dimension of the space is the global Milnor number,
we immediately get that the M elements span the whole space. Suppose there is a nontrivial

linear combination

aLpy 4 colfBy+ ...+ ey LBy =0

where 0 is a representative of an element in the Jacobian ideal as we are on the F; page.
Then this means the term above lies in the Jacobian ideal so the term is annihilated by the
corresponding differential operators. We evaluate at a singular point s and get a contradiction
because the coefficients ¢; = ¢;L|s, ..., ¢y L5 give a nontrivial linear combination on the lower
level of the subdiagonal. Hence, we must have linear independence of the new basis elements
and from the argument above, these M terms form a basis for the subdiagonal of degree dNV.
This proves Theorem 3.2.

O

Example 3.4. In the case we have a single singularity at say [1:0:0 : 0], the operators are
in the variables x,y, z since we work in the affine open set. For an example of a hypersurface,
one can take the equation f = x> +y?>+ 22 = 0. We can take L to be w* for the appropriate
power of k. Evaluation at [1 : 0 : 0 : 0] does not annihilate L while all the other operators

annihilate L since the other operators are in the variables x,y, z.

Example 3.5. Suppose the singularities are the standard coordinates in the affine open set.

In other words, the singularities are [1 : 0 : 0 : 0],[0 : 1 : 0 :0],]0: 0:1:0], and
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[0:0:0:1]. For an example of an equation, one can take the Cayley cubic given by
f =ryz +wyz + wrz + wry = 0. In this case, suppose our corresponding operators have
at most degree k. Then L = w’ + 27 + 4/ + 27 for j > k will be a valid choice for Theorem
5. Since all operators are of degree at most k, applying the operators to L and evaluating at
the origin will annihilate L, and evaluating at the singular points will not annihilate L by

construction. For degrees lower, one will have to construct the matriz.

Before giving an algorithm, we state the following theorem.

Theorem 3.3. The subdiagonal on the E, page vanishes in the case the hypersurface in P3

has only ADE singularities.

Proof. Following the notation of Theorem 5.3 of Dimca and Saito [6] except for the fact we
replace p with m, let 21, ..., 2, be the singularities of f. Let n; be the 3-forms generated by
the generators of C[z,y, z|/(dh),where hy, is the local equation of f around zj. Let oy, ; be

the weight of 7;. Then from Theorem 5.3 of Dimca and Saito [6],

aim(N2) < #{ ()] ans="7},

where N? is the subdiagonal on the E, page. We only care about powers of f, and this
is when m is a multiple of d. In this case, we only care when a3, ; = %7 € Z. Second,
the inequality runs through all singularities. If we can show that on each singularity the

inequality shows that the dimension is 0, we are done since

#{(k,j)] . = %} = ;#{j‘ Qh;,j = %}

Let wt(h§2) denote the weight of the form hS). Let us first assume that our hypersurface has a
type A, singularity. Then using notation from Theorem 5.3 of Dimca and Saito [6], in a local

analytic coordinate system around our singularity, the function of the hypersurface can be
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written in the form xy = 2"™!. The weights of x,y, z are %, %, ﬂ%l respectively. The partials

with respect to x,y, z are y, x, (n + 1)z"™; so the quotient Clz,y, z]/(y, x, ™) is generated by

2 n

1,2,2%,...,2" ! over C. Hence the monomial basis of the quotient is given by

de ANdy ANdz, zde Ndy Adz, ..., 2" dae Ady A dz.

The weight of dz A dy A dz is

1

+1+ 1 n -+ 2
2 2 n+l1 n+1

Hence the weight of our forms are

n+2 n+3 2n
n+1'n+1"n+1

Let us label these values by «; respectively. For example, oy = Z—ﬁ and ap = 2. By

Dimca-Saito([6],Theorem 5.3),
. 2 p
dim(N, ) < # {k:| ap = c_i} :

where Nj2 is the dimension of the subdiagonal on the E, page of degree j. From above,
since the value of ay, ranges between 1 and 2 for all k, there is no way that o = £. Hence,
dim(NZf .¢) = 0, and so the subdiagonal vanishes on the E, page. This extends to hypersur-
faces with multiple A, singularities as it was noted that we can focus on one singularity at
a time.

Now suppose our hypersurface has a type D, singularity. Then in a local analytic sys-

1

tem, our function can be written in the form 22 + ya? + y"~!. The weights of z,y, 2 are

n—2 1

1
2(n—1)" n—17 2

respectively. The Jacobian ideal is given by (2z,2% + zy,y" ). The quotient

Clz,y, 2]/ (22, 2% + xy,y™ ') is generated by 1,zy* y?, where k and j run from 0 to n — 2.
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The weight of dz A dy A dz is 32:;

Let us consider the basis given by y/dx A dy A dz. This has weight

2] om—1 2j+1

2(n—1)+2n—2 2n — 2’

which is never an integer since the numerator is odd and denominator is even.

Let us now consider the basis given by zy/dx A dy A dz. This has weight

2j 2n —1 n—2 2] +n—1
-1 T2 oo T T2
Now 7 runs from 0 to n — 2. At 0, the value is between 1,and 2, and at n — 2, the value
is between 2 and 3. So the only case we need to consider is whether the value can be 2.
However, the value 2 means p = 2d so we are calculating the dimension of N2¢ which is not
part of the first quadrant. Hence, the subdiagonal vanishes in the case our hypersurface has
type D,, singularity.
Suppose the hypersurface has an Fjg singularity. Then there exists a local analytic system
where the function of the hypersurface can be written in the form z? + y3 + z*. The weights
of z,y,z are 1,1 1 respectively. The Jacobian ideal is given by J = (2z,3y% 42%). The
quotient Clz,y, 2]/(2x, 3y?,423) is generated by 1,y, 2z, 22.yz, yz*. The weight of dx Ady A dz

is given by % We have

13 17 16
wt(ldx A dy N dz) = 1’ wt(ydz AN dy N dz) = I wt(zdz AN dy N\ dz) = 1
9 19 20 9 23
wt(z%dx ANdy Ndz) = o wt(yzde A dy A dz) = o wt(yz®de ANdy N dz) = o
None are integers, so the subdiagonal vanishes.
Suppose the hypersurface has an F; singularity. Then there exists a local analytic system

where the function of the hypersurface can be written as 22 + y* + yz3 = 0. The weights

of z,y,z are 3,3, 3 respectively. The Jacobian ideal is given by J = (2z,3y* + 2%,32?).
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The quotient Clz,y, 2]/(2x,3y* + 23,32%y) is generated by 1,y, 2, y?, vz, 2%, y*2. We have

wt(dz A dy A dz) = 13. Then

2 2 1
wt(ydx A dy N dz) = 1—2, wt(zdx Ady Ndz) = 1—2, wt(y2de A dy A dz) = 31

18’

29 23 35

wt(yzdr ANdy N dz) = 1—8,Wt(22d$ Ndy A dz) = 5 wt(y?z) = 5
Hence, since none are integers, the subdiagonal vanishes. Suppose the hypersurface has an Ejg
singularity. Then there exists a local analytic system where the function of the hypersurface
can be written as #* + y* 4+ 2° = 0. Then the weights of z,y,z are 3,3, 1 respectively.

The Jacobian ideal is given by J = (2z,3y? 5z%). The quotient Cl[z,y, 2]/(2z, 3y?, 52) is
generated by 1,y, z,yz, 2%, 2%y, 2°, 2%y. We have wt(dz A dy A dz) = 35, Then
47

41
wt(ydx AN dy A dz) = 30’ wt(zdx Ady Ndz) = ;—g, wt(yzdx ANdy N dz) = 30

43 53 49
wt(22dx A dy A dz) = —, wt(22yde Ady A dz) = —, wt(2*de Ady ANdz) = —,
30 20 30
59
wt(2 ydz A dy A dz) = —.
30
None are integers so the subdiagonal vanishes. This concludes the proof. O]

We now go over the algorithm.

1. Calculate the basis on the E, page. Along with this, calculate the basis on the subdi-
agonal of the E; page for the smallest degree in the stable range. Using Theorem 3.2,

find an L to obtain a basis on higher levels of the subdiagonal.

2. For each basis element on rigid cohomology, compute the truncated image of the inverse
Frobenius and rewrite the truncated image into an element that is cohomologically

equivalent and expressed as a linear combination of the basis elements.

3. Compute the characteristic polynomial and use the Weil conjectures to obtain the zeta
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function.

Step 1 is done using the Sage code given and finding a multiplying factor L. We explain how

to perform step 2.

Let h be a polynomial of the truncated image of inverse Frobenius operator of degree d/N
for some d > 4. By Theorem 3.2, we can apply the de Rham differential on the basis for the
vector space of the subdiagonal of degree dN and call the images as, ..., as. Since all terms

on the Fy page are 0 past the first quadrant, there exist constants aq, ..., ap; such that

h — a1y — ... —apypy = fwhl + fzhz + fyh3 + fzh4.

There are M variables aq, ..., ay; that need to be solved for. From Theorem 3.1 and Propo-
sition 3.3, there exist M differential operators that eliminate the Jacobian ideal. Applying
these M differential operators to the equation above gives a system of M equations with
M wvariables. The system of equations have solution because h — a1y — ... — apas is in
the Jacobian ideal, and we established above that being in the Jacobian ideal is equivalent
to being annihilated by the M differential operators. From here, we find a preimage of
h —ajaq — ... — aprapy under the Koszul differential using a Grobner basis. We continue this
process to reach the vector spaces on the top diagonal-which contain the basis elements of

the Fy page.

For step 3, after expressing the truncated image as a linear combination of the basis elements
of Fs page, we represent this action as a matrix and compute the characteristic polynomial.
Because we used truncation, the eigenvalues are approximations of the true eigenvalues. We

use the Weil conjectures to recover the actual eigenvalues.
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Chapter 4

Results on Blow up and Zeta

Functions

Next, given a hypersurface X in P? with ADE singularities over Z,, we show the theorem by

Theorem 2.4 of Baldassarri and Chiarellotto [2] holds after a sequence of iterated blow ups.

4.1 De Rham vs Rigid Cohomology

Theorem 4.1. Let X be a hypersurface in P* with equisingular ADE singularities over Z,
given by vanishing of f (See Definition 1.2). Let U be the complement to X, U, be the

special fiber over U, and Ug, be the generic fiber over U. Then
Hy(Us,) = Hip(Ug,)  0<i < 2dim(U)

Proof. Since our singularities are isolated, by Theorem 2.4 of Baldassarri and Chiarellotto

[2], it suffices to show that iterated blow ups of a single singularity of type ADE give a
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smooth strict relative divisor with normal crossings. We consider this in cases.

Definition 4.1. Let X be a hypersurface in P with defining equation f on an affine subset
with coordinates x,y, z over a field or principal ideal domain K. Let €2 be the free rank 3
module over K[z, y, z]/(f) generated by dx,dy,dz. Let df = f,dx+ f,dy+ f.dz. X is smooth

when Q/df is a projective module over K[z, y, z|/(f) .

For checking smoothness, the module is not projective when df is 0.

To understand future definitions, we define the completion of a ring.

Definition 4.2. Let A be a commutative ring. Let I be an ideal of A and let I" be the nth
power of I. We have natural homomorphisms A/I** — A/I* which makes A/I™ into an
inverse system of rings. We say the formal completion of A with respect to I is given by the

following inverse limit, A = @A/I”. A ring is complete if A= A.

An example is the formal completion at the ideal of the origin of a polynomial ring is the

power series ring.

We plan to blow up P? at centers that are smooth over Spec(Z,) but closed subsets of
X. After a sequence of iterated blow ups, the strict transform of X is given by Ej, and
the exceptional divisor is given by a union of irreducible components F; U ... U E;. Take a
point in the union Ey U ... U E;. Then in a neighborhood of this point called V', we will be
doing the blow up such that there will always be at most 3 components that intersect the
neighborhood. Let ¢ : V' — A? such that ¢(s) = (fi(s), fa(s), f3(s)) If the intersection is 3
components, the 3 components are the vanishing of fy, f1, fo. If intersection is 2 components,
the 2 components are the vanishing of fy, fi and fy may be chosen to be transversal to fy, fi.
If we are considering 1 component, the component is given by vanishing of fy and fi, fo are

chosen to be transversal to fj.

Definition 4.3. Let Y be locally Noetherian and ¢ : X — Y s locally of finite type. Let
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x € X andy = ¢(x). Then let ¢ : @y’y — @X,x be the induced map on completed local rings.

The map ¢ is etale at x if the following holds:

1. @X,z/myéx,x is a finite separable field extension of residue field k(y). Note my is the

mazimal ideal of @y,y.
2. Ox, 15 a free Oy, module.

Definition 4.4. The divisor given by the 2 dimension stratification above is a strict relative

normal crossings divisor if the map ¢ : V — A3 is etale.

We now show we obtain a smooth strict normal crossings divisor on the standard equations
through iterated blow ups. We first consider the case X is an affine hypersurface with

standard ADE equations.

4.1.1 Standard A, case

Let X be an affine hypersurface with the A, standard equation given by zy = 2"*!. The
blow up at the origin is a subset of A3 x P? given by vanishes of all 2x2 minors of the matrix
with entries given by coordinates of A% and P2. Let x,y, 2z be the coordinates of A3 and
x1,Y1, 21 be the coordinates of P2. Then the matrix with coordinates of A% and P? is given

by

r1 Y1 2

Consider the affine patch on P? where x; = 1. Then the vanishing of all 2 by 2 minors of
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the matrix

x Yy z

Iy =

n+1 —

n—1 ?+1)

is given by y = zy; and z = zz;. Then our equation ry = z"™! becomes x?(y; — 2" 12

0. The surface x = 0 is our exceptional divisor of the blow up of A3. The second component
is the strict transform of our surface given by equation y; — 2" 12"t which is smooth. Let
¢ be any value in Z,. The intersection of the strict transform with the exceptional divisor
is given by x = 0,y; = 0. Take a point s in the intersection given by z = 0,y; = 0,2, = ¢

for some ¢ € Z,. This corresponds to ideals (z,y1, 21 — ¢) and (x,y1, 21 — ¢, p). The blow up

defines a map

¢ V(z,y1,z1) = A%(u,v,w)

¢($ayl7zl) = (xvyl - xn_l(zl + C)n+172) = (U,'U,’UJ)

where V' is a neighborhood of the point. The image of x = 0,y; = 0,21 = cisu = 0,v =

0, w = ¢ which corresponds to ideals (u, v, w — ¢) and (u,v,w — ¢, p). For ideal (z, 41, 21 — ¢),

we have Ox 5 = Q,[[z, 1,21 —d]] and Oy.4(5) = Qpl[u, v, w—d]] = Qp[[x, y1 —x" 27T 21 —]).

For ideal (z,y1,2 — ¢, p), we have Ox, = F,[[z,y1, 21 — ¢]] and @y}f(s) =F,llu,v,w —¢]] =

n—1.n+1
21

Fyllz,y1—= ,z1—c]]. In either case, condition 2 of 4.1 is satisfied because the quotient

field is either F, or Q, which is a finite separable extension of itself. For Condition 1,

there is a natural action of u,v,w given by the action of z,y; — 2" '27""! 2, which makes

>~

Ox.s into an Oy, ;) module. This module is free of rank 1 is because Q,[[z, 1,2 — ]

Qpl[z,y1 — 2" 2P 2 — ] and Fp[[z, y1, 21 — c]] Z Fp[[x, v — 2" L2t 2 — ).

Consider the affine patch of P? where y; = 1. The vanishing of all 2 by 2 minors of the
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matrix

x Yy z

T 1 Z1

n+1 —

becomes y?(z; —y" 2P

is given by x = yx; and z = yz;. Then our equation xy = z
0. The surface y = 0 is our exceptional divisor of the blow up of A3. The second component
is the strict transform of our surface given by equation z; —y" 127"t which is smooth. The

reason we have a strict normal crossing divisor here is the same reason as the first patch by

symmetry.

Consider the affine patch on P? where z; = 1. Then the vanishing of all 2 by 2 minors of the

matrix

x Yy z

1 Yy 1

is given by y = zby; and z = zx1. Then our equation zy = 2"™! becomes 22 (x1y; —2"1) = 0.
This is a type A,,_» singularity. Hence, it suffices to show that the result holds for type A;

and type A, singularity and the rest follows by induction.

For type A;, n+1 = 2 so the equation on the third patch of the blow up is given by z2(xy; —
1) =0. Let a # 0 € Z,,. Consider a point in the intersection of z = 0 and z;y; —1 = 0 given

by # = a,y = %,z = 0. We shift to the origin to get equation 2?((z; — a)(y; — 1) — 1) = 0.

a’

Let s denote the origin. The blow up defines a map

¢ V(ry,y,2) — A3(u,v,w)

¢($1>y172) = (337 (xl - a)(% - é) - LZ) = (uavaw)

where V' is a neighborhood of the origin. The image of (0,0, 0) under ¢ is (0,0, 0) which cor-
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responds to ideals (u,v, z) and (u,v, z,p). For ideal (z1,1, 2), we have Ox . = Q,|[x1, 41, 2]]
and @Y#,(S) = Qu[[u, v, w]] = @[z, (z1 — a)(yy — ) — 1, 2]]. For ideal (z1, 41,2, p), we have
Ox,s = Fyllz, (21-a)(y1— 1)~ 1, 2]] and Oy.g5) = Fyl[u, v, w]] = Fy[l, (w1 —a)(y1 — ) — 1, 2]].
In either case, Condition 2 of Definition 4.1 is satisfied because the quotient field is either
F, or Q, which is a finite separable extension of itself. For Condition 1, we check the de-
terminant of the 3x3 matrix formed from the coefficients of the linear terms of the map ¢ is

nonzero. The matrix is given by

1 0 0
—% —a 0
0 0 1

The determinant is nonzero so Oy, is free over Oy g(s).

For type As, n +1 = 3 so the equation on the third patch of the blow up is given by
22(x1y1 — 2) = 0. We blow up the yj-axis given by the ideal (z,z). Let us label the

coordinates of P! as |29 : 2y].

On the first patch, we have z = z;2,. The equation from the first blow up 2?(z,y; —2) = 0 is
then given by 2323 (y; — 20) = 0. There are three surfaces given by z; = 0, 2z = 0, y; — 20 = 0.
Let a € Z,. Let a € Z,. This covers the case for a point in the double and triple intersections
because for triple intersections, we take a = 0,b = 0. Take a point s in the double or triple
intersection given by at xy = 0, 25 = a, and y; = a. We do the case where a = 0 as the rest

is the same.

¢:V(r,y,z) — Ag(u,v,w)

¢($a Y, Z) = (iL‘, y—z Z) = (u7 v, w)
The map ¢ is an isomorphism so it is etale.
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On the second patch, we have x = z;x5. The equation from the first blow up 2z?(z1y; —2) = 0
is then given by 22(x9y; — 1) = 0. The two surfaces are given by z; = 0 and xoy; — 1 = 0.

This is a normal crossing divisor as this is the exact same case as the A; case.

4.1.2 Standard D, case

Now let X be an affine hypersurface with standard D,, equation given by 22 +yz2+y" ! = 0.

Similar to before, the blowup is a subset of A3 x P? with coordinates z,y, z, 1,91, 21.

Consider the affine patch on P? where x; = 1. Then the vanishing of all 2 by 2 minors of

the matrix
r Yy z
1y o=

is given by y = xy; and z = xz;. Then our equation z* + y2% + y"~! = 0 becomes z?(1 +

xy1 22 4+ 2" 3y 1) = 0. This surface is reducible into two components. The first component

given by x = 0 is our exceptional divisor of the blow up of A3. The second component is
n—3,n—1

the strict transform of our surface given by equation 1 + xy;27 + 2" 3y}~' = 0. These two

surfaces do not intersect since n > 4.

Consider the affine patch of P? where y; = 1. The vanishing of all 2 by 2 minors of the

matrix

x Yy z

T 1 21

is given by z = yx; and 2z = yz;. Then our equation z? + yz? + "' = 0 becomes y*(z? +

yz2 + 4" 3) = 0. This surface is reducible into two components. The first component given
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by %> = 0 is our exceptional divisor of the blow up of A%. The second component is the
strict transform of our surface given by equation z? + yz? + y"3 = 0. Note for n > 6, the
equation is exactly the standard D,,_o equation. Therefore, we just need to show the case

for n = 4 and n = 5 and induction proves the rest.

For the Dy case, after relabeling, the equation is given by y?(z? +y2?+y) = 0. This equation
is singular at z; = +/—1. We can assume that £+/—1 lies in Z,. If not, the same argument
given below will work over a quadratic extension of Z,. Hence, we let ¢ = y/—1. We shift

the equation to y*(z? + y(21 —1)? +y) = 0. We blow up at the origin.

On the patch x; = yxs, 21 = Yz, the equation becomes y4(yz§ — 2z9i) = 0. There is no

intersection between the exceptional divisor and the strict transform.

On the patch z; = 129,y = x1¥», the equation becomes z3y3(z1 + yo(r122 — 1)? + y2) = 0.
One more blow up on the same patch gives z7y3(1 + ys(zz3 — i)* + y3) = 0. There is no

intersection between the exceptional divisor and strict transform.

On the patch y = 21y, 1 = 2179, the equation becomes 2192 (x3 + Y221 — 2iy) = 0. We shift
to the origin so the equation becomes z{y3(x3 + y221) = 0. This is an A; singularity which

has been covered.
In the Dj case, we have y?(x3 + y27 + y*) = 0. We blow up the origin again.

On the patch z; = yzq, 21 = y29, the equation becomes y*(23 + 23y + 1) = 0. Let a € Z,,.
Consider a point in the double intersection given by y = 0, o = i, 2o = a. We shift to the
origin given by y*((z2 —i)* + (22 — a)>y + 1) = 0. Let s be the origin. This corresponds to

ideals (z,y, 22) and (x2,y, 29, p). The blow up defines a map

¢ : V<x2a Y, 22) - Ag(uvvv w)

A9, 7y, 20) = (2o —9)? + (22 — @)’y + 1,9, 2) = (u,v,w)
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where V' is the neighborhood of the origin. The image of the origin under ¢ is the origin. For
ideal (22,9, 22), we have Ox . = Q,[[za,, 2] and Oy 45 = Qp[u, v, w]] = Q,[[(z2 — i)? +
(22—a)?y+1,y, 2]]. Forideal (22,y, 22,p), Ox.s = Fpl[xa,y, 22]] and Oy sy = Fp[u, v, w]] =
Fpl[(xa — )2+ (22 — a)*y + 1, y, 2]]. In either case, Condition 2 of 4.1 is satisfied because the
quotient field is either ), or Q, which is a finite separable extension of itself. For Condition
1, there is a natural action of u,v,w given by the action of (zy — )% + (22 — a)?y + 1, ¥, 29
which makes O x,s into an (’jy7¢(s) module. We check the 3x3 matrix of the coefficients linear

terms of ¢. The matrix is given by

—2: 0 0
0 10
0 01

The determinant is nonzero so Ox , is free over Oy,,.

On the patch y = x1y2, 21 = 7129, the equation is given ziys(1 + z125y2 + y3) = 0. The
nontrivial intersection is given by z = 0 and the strict transform. Let a € Z,. Consider a
point in the nontrivial intersection given by x1 = 0, 2 = i, 29 = a. We shift to the origin so
the strict transform becomes 1+ z1(22 — a)?*(y2 — ) + (y2 —i)*> = 0. Let s be the origin. This

corresponds to ideals (z1,ye, z2) and (1, Y2, 22, p). The blow up defines a map

¢ V(x1,Y2, 22) = A3(U7U>w)

(b(xh Y2, Z2) - (Ilv I+ xl(z2 - a’)2(y2 - Z) + <y2 - i)za ZQ) - (u7 v, w)

where V' is a neighborhood of the origin. The image of the origin under ¢ is the origin.
For ideal (x1,ys, 22), we have @X,s = Qp[[x1, Y2, 22]] and @y’¢(s) = Q[u, v, w]] = Qp[[z1,1+
21 (22— a)*(ya — 1) + (y2 — )2, 22)]. For ideal (21,12, 20,p), Ox.s = Fpl[x1, Y2, 22]] and Oy 4(5) =
Fpllu, v, w]] = Fpllr1,1 + 21(22 — a)*(y2 — 7) + (y2 — ©)?, 22)]. In either case, Condition 2

of 4.1 is satisfied because the quotient field is either F, or Q, which is a finite separable
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extension of itself. For Condition 1, there is a natural action of u, v, w given by the action of
21,1+ 21 (20 — a)*(y2 — i) + (y2 — 1)?, 2, which makes Ox, into an @y@(s) module. We check

the 3x3 matrix of the coefficients of the linear terms of ¢. The matrix is given by

1 0 0
0 -2t 0
0 0 1

The determinant is nonzero so Oy, is free over Oy 4(s).

On the patch y = 2132, 7, = 21279, the equation is given by ziy2(z2 + 2190 + vy3) = 0. We
do the change of coordinates where we replace z; with z; — y5. The equation then becomes

2ty (a3 + z192) = 0 which is a type A; equation, and this case has been covered.

Finally, we head back to the beginning where we blow up the origin of the type D,, singularity
on the patch where z; = 1. The equation is given by 2%(z? + zy; + z”_3y{b_1) = 0. One can
check in all cases of n, the Hessian is non degenerate so this is a type A; singularity which

we proved the result holds already.

4.1.3 Standard E, case

Now let X be an affine hypersurface with standard Eg equation given by x? + y3 + 2% = 0.

Similar to before, the blowup is a subset of A® x P? with coordinates z, v, z, 1, Y1, 21.

Consider the affine patch on P? where x; = 1. Then the vanishing of all 2 by 2 minors of

the matrix
r Yy z
Iy =
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is given by y = zy; and z = xz;. Then our equation 2?2 + 3 + z* = 0 becomes x?(1 + zy} +

2222) = 0. There is no intersection between the exceptional divisor and strict transform.

Consider the affine patch of P? where y; = 1. The vanishing of all 2 by 2 minors of the

matrix

T Yy z

I 1 21

is given by x = yx; and z = yz;. Then our equation 22 + y3 + 2* = 0 becomes y*(z? +y +

y?2}) = 0. We now blow up at the z;-axis given by the ideal (z1,y).

On one patch, we have x = yxy. The equation becomes y*(yz2 + 1 + yz{) = 0. There is no

intersection between the exceptional divisor and strict transform.

On another patch, we have y = z,y,. The equation becomes z3y3(z1 + y2 + 219y527) = 0. We

blow up the z;-axis again.

On one patch, z; = yox3. So we get ySa3(z3 + 1 + y3z32f) = 0. The nontrivial intersection
is between y, = 0 and the strict transform. Let a € Z,. Consider a point in the nontrivial
intersection given by yo = 0,23 = —1, 23 = a. We shift to the origin so the strict transform is
given by x3 + y3(x3 — 1)(2; + a)? = 0. Let s be the origin. This is given by ideals (x3, 92, 1)

and (3, ya, 21, p). The blow up defines a map

¢ V(xs, Yy, 21) — Ag(u,v,w)

(3,92, 21) = (21, Y2, 13 + 95(333 —1)(z1 + a)2) = (u,v,w)

where V' is a neighborhood of the origin. The image of the origin is the origin which corre-
sponds to ideals (u, v, w) and (u, v, w, p). For ideal (x3,ys, 1), we have (’~)X7S = Qp[[xs, y2, 21]]

and @Y,¢>(s) = Q,[[u, v, w]] = Qp[21, Yo, 3 + y3(x3 — 1)(21 + a)?]]. For ideal (z3,ys, 21, p), wWe
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have Oy s = Fp[x3,ys, 21]] and Oy g(o) = Fpl[u, v,w]] = Fp[[z1,ya, 73 + y3(x3 — 1)(21 + a)?]].
In either case, Condition 2 of Definition 4.1 is satisfied because the quotient field is either
F, or Q, which is a finite separable extension of itself. For Condition 1, there is a natural
action of u, v, w given by the action of z1,yy, 73 + y3(x3 — 1)(2 + a)? which makes Ox, into
an @y,¢(s) module. We look at the 3x3 matrix of the coefficient linear terms of the map ¢.

It is given by

0 01
010
1 00

The determinant is nonzero so Oy, is free over Oy 4(s).

On other patch, y, = z1y3. So we get 29y2(1+ys+23y321) = 0. The nontrivial intersection is
between x; = 0 and the strict transform. Let a € Z,. Then consider a point in the nontrivial
intersection given by z; = 0,y3 = —1, 21 = a. We shift to the origin so the equation of strict
transform becomes ys + 22(y3 — 1)%(21 +a)* = 0. Let s be the origin. The origin is given by

ideals (z1,ys, 21) and (x1,ys, 21, p). The blow up defines a map

¢ Vix,y, z) — A*(u,v,w)

S, y,2) = (2, 2,y +2°(y — 1)*(z + a)*) = (u,v,w)

where V' is neighborhood of the origin. For ideal (z1,vs, z1), we have Ox , = Q,[[z1,ys, 21]]
and @Y7¢(5) = Q[[u, v, w]] = Q,[[x1, 21, x5 + y3(x3 — 1)(21 + a)?]]. For ideal (z1,ys, 21, p), we
have Oy s = F,[[z1,y3, 21]] and Oy ) = Fpl[u, v, w]] = Fy[[z1, 21, 23 + y3 (x5 — 1)(21 + a)?]).
In either case, Condition 2 of Definition 4.1 is satisfied because the quotient field is either
F, or Q, which is a finite separable extension of itself. For Condition 1, there is a natural
action of u,v,w given by the action of zy, 21, x5 + y3(z3 — 1)(21 + a)? which makes (’§X7S into

an (’~)Y,¢(S) module. We consider the 3x3 matrix given by the coefficients of the linear terms
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of ¢. It is given by

100
0 01
010

The determinant is nonzero so Oy, is free over Oy 4(s).

We go back to the third patch of the blow up at the origin. Consider the affine patch on P?

where z; = 1. Then the vanishing of all 2 by 2 minors of the matrix

x Yy z

1 Y1 1

is given by y = zy; and = zz;. Then our equation z? + 3 + 2% = 0 becomes 2%(z? + zys +

2?) = 0. This equation is an Aj singularity which was proven earlier.

Now let X be an affine hypersurface standard E; equation given by z? + 3> + 2% = 0. The

blowup of the origin is a subset of A3 x P? with coordinates z, v, z, 1,91, 21.

Consider the affine patch on P? where x; = 1. Then the vanishing of all 2 by 2 minors of

the matrix
r Yy z
1y o=

is given by y = xy; and z = xz;. Then our equation z? + y3 + y2* = 0 becomes z%(1 + x> +

22y123) = 0. There is no intersection of x = 0 and the strict transform.

Consider the affine patch of P? where y; = 1. The vanishing of all 2 by 2 minors of the
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matrix

x Yy z

T 1 Z1

is given by x = yx; and 2z = y2z;. Then our equation z? + y3 + y2* = 0 becomes y?(2? + y +

y?22) = 0. We blow up the equation at the z;-axis given by ideal (x1,y).

On one patch, z; = yzy. The equation becomes y*(yz3 + 1 + yz?). There is no intersection

between y = 0 and the strict transform.

On the other patch, y = z1y». The equation becomes x3y3(z1 + yo + 11y327) = 0. We blow

up at the z;-axis again.

On the patch z; = ypx3, we have ySz3(x3 + 1 + y3x327) = 0. The interesting intersection is
when yo = 0. Let a € Z, take a point in the intersection given by x3 = —1,y, = 0,2, = a.
We shift to the origin so the equation becomes 3 + y3(z3 — 1)(21 + a)? = 0. Let s be the

origin and s corresponds to ideals (x3,y2, 21) and (z3,ys, 21, p). The blow up defines a map

¢ V(xs, Yo, 21) = A3(U7an)

(w3, Y2, 21) = (21, Y2, T3 + yg(xg —1)(z1 + a)2) = (u,v,w)

where V is a neighborhood of the origin. For ideal (z3,ys, 1), we have Ox , = Q,[[z3, y2, 21]]
and Oy 4(s) = Qu[[u, v, w]] = Qp[[21, Y2, 73 + y3(v3 — 1)(21 + a)?]]. For ideal (x3,ys, 21, p), we
have Oy, = F,[[x3, 2, 21]] and @Y}d)(s) = Fpllu, v, w]] = Fp[lz1,y2, x5 + v3(z3 — 1)(21 + a)?]].
In either case, Condition 2 of 4.1 is satisfied because the quotient field is either I, or Q,
which is a finite separable extension of itself. For Condition 1, there is a natural action of
u,v,w given by the action of z,y,z + y*(x — 1)(z + a)? which makes Ox, into an (’N)y,(ﬁ(s)

module. We look at the 3x3 matrix given by the coefficients of the linear terms of ¢. The
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matrix is given by

0 01
010
1 00

The determinant is nonzero so Oy, is free over Oy 4(s).

On patch yo = z1y3, we have z$y3(1 + y3 + 23y327) = 0. The interesting intersection
is when z; = 0. Let a € Z,. Consider a point in the interesting intersection given by
z1 = 0,y3 = —1, z; = a. We shift to the origin given by y3 + x%(y3 — 1)%(21 — a)?. Let s be
the origin and s corresponds to ideals (x1,ys,21) and (x1,ys, z1,p). The blow up defines a

map

¢ V(w,ys, 21) = AS(U,%UJ)

¢(w1,y3,21) = (21, Y3 + x%(y?) — 1)2(21 - a)2, z1) = (u, v, w)

where V' is a neighborhood of the origin. For ideal (x1, ys3, 21), we have @X,s = Qpl[z1, Y3, 21]]
and Oy () = Qpl[u, v, w]] = Q,[[w1,y3 + 23(ys — 1)%(21 — a)?, z1]].For ideal (21, ys3, 21,p), we
have O = Fyllzr, s + 35 — 1221 — )%, 1)) and Oy = Fyllu,v, wl] = Fyflar, s +
22(ys — 1)%(21 — a)?, 21]]. In either case, Condition 2 of 4.1 is satisfied because the quotient
field is either IF, or @, which is a finite separable extension of itself. For Condition 1, there
is a natural action of u,v,w given by the action of x1,y3 + 23(ys — 1)*(21 — a)?, 21 which
makes @X,S into an @Y’qg(s) module. We look at the 3x3 matrix given by the coefficients of

the linear terms of ¢.

100
010
0 01
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Consider the affine patch on P? where z; = 1. Then the vanishing of all 2 by 2 minors of the

matrix

rT Yy z

oy 1

is given by y = zy; and x = zx;. Then our equation 2% +y* +y2* = 0 becomes 2%(z% + 2y3 +
2%y;) = 0. The strict transform is a singularity of type Dg. The result has been proven for

type Dg singularities so we are done with the E7 case.

Now let X be an affine hypersurface with a Fg standard equation given by x? + 33 + 25 = 0.

Similar to before, the blowup is a subset of A3 x P? with coordinates z,y, z, 1,91, 21.

Consider the affine patch on P? where a = 1. Then the vanishing of all 2 by 2 minors of the

matrix

T Yy z

Iy =

is given by y = zy; and z = xz;. Then our equation 22 + 3 + 25 = 0 becomes (1 + zy +

2327) = 0. There is no intersection of z = 0 with the strict transform.

Consider the affine patch of P? where y; = 1. The vanishing of all 2 by 2 minors of the

matrix

x Yy z

513112’1

is given by x = yx; and z = y2;. Then our equation z? + y* + 2% = 0 becomes y?(x? + y +

y329) = 0. We now blow up at the zj-axis given by the ideal (z1,y).
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On one patch, we have r; = yzy. The equation becomes y3(yx3 + 1+ y?z7) = 0. There is no

intersection of the exceptional divisor with the strict transform.

On another patch, we have y = x1y». The equation becomes z3y3(xy + yo + 23y327) = 0. We

blow up the z;-axis given by (z1,ys).

On one patch, 7y = yox3. So we get ySa3 (w3 + 1+ yar32y) = 0. The interesting intersection
is given in the double intersection of yo = 0 and z3 + 1+ y3232) = 0. Let a € Z,. Consider a
point in the interesting intersection given by x3 = —1,y, = 0, z; = a. We shift to the origin
denoted by s. The strict transform equation then becomes xs + y5(z3 — 1)?(21 — a)®. The

origin corresponds to ideals (x3, Yo, 21) and (3, Y2, 21, p). The blow up defines a map

¢ V(xs, ya, 21) = Ag(ua%w)

¢(m3vy27 zl) = (LEg + y;l(I?) - 1)2(21 - a)57y2721> = (u,v,w)

where V is a neighborhood of the origin. For ideal (x3,ys, 21), we have Ox , = Q,[[x3, y2, 21]]
and Oy 4(5) = Q,[[u, v, w]] = Q,[[3 + yi (x5 — 1)%(21 — a)®, y2, 21]]. For ideal (3, ys, 21,p), We
have Ox , = F,[[23, y2, z1]] and Oy 4(5) = Fp[[u, v, w]] = F,[[x3+ys (23— 1)%(21 —a)?, 3o, 21]].In
either case, Condition 2 of Definition 4.1 is satisfied because the quotient field is either I, or
Q, which is a finite separable extension of itself. For Condition 1, there is a natural action
of u,v,w given by the action of x5 + yi(xs — 1)>(2; — a)®, 2, 2, which makes Ox , into an
@qu(s) module. We look at the 3x3 matrix given by the linear terms of ¢. The matrix is

given by

1 00
010
0 01

The determinant is nonzero so Oy, is free over Oy 4(s).
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On the other patch, y, = x1y3. So we get 25y2(1 + y3 + x}y32}) = 0. The nontrivial
intersection is when x; = 0. Let a € Z,,. Take a point in the intersection given by z; = 0, y3 =
—1, z; = a. We shift to the origin so the strict transform becomes yz+z1(ys—1)3(z1—a)® = 0.

Let s be the origin given by ideals (x1,ys, 21) and (z1,ys, z1,p). The blow up defines a map

¢ V(xr,ys, 21) = A?)(%an)

¢(m17y3a 21) - (x17y3 + xéll(yi% - 1)3(21 - a>5’ 21) - (U,7U,'lU)

where V is a neighborhood of the origin. For ideal (z1,ys, 21), we have Ox , = Q,[[z1, y3, 21]]
and Oy 4(s) = Q[[u, v, w]] = Qu[[21,y3 + 21 (ys — 1)3(21 — @), 21]]. For ideal (1, ys, 21,p), we
have @X,s =F,[[z1,ys3, 21]] and @y’¢(s) =Fp[u, v, w]] = Fpllz1, ys+271(ys —1)*(21 —a)®, z1]].In
either case, Condition 2 of Definition 4.1 is satisfied because the quotient field is either I, or
Q, which is a finite separable extension of itself. For Condition 1, there is a natural action

5

of u,v,w given by the action of z1,ys + 2}(ys — 1)*(z1 — a)®, z1 which makes @X75 into an

@y’d,(s) module. We look at the 3x3 matrix given by the linear terms of ¢. The matrix is

given by

1 00
010
0 01

The determinant is nonzero so Ox , is free over Oy ().

Consider the affine patch on P? where z; = 1. Then the vanishing of all 2 by 2 minors of the

matrix

1 oy 1
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is given by y = zy; and = zz;. Then our equation z? + 5> + 2% = 0 becomes 2%(z? + zy3 +
23) = 0. The strict transform is the standard F; equation which we showed the result held

earlier. So we have shown the result for ADE singularities in standard form.

4.1.4 Transition to General Equation

We have shown that there is a sequence of blow ups on the standard equations that lead to
a divisor with simple normal crossings. We now show the same can be done before analytic
change of coordinates. On any stage of the blow up, we have a union of 2-dimensional
surfaces given by Fy U E; U ... U Ej, where Ej is the strict transform of the divisor given
before the blow up and F; for ¢ > 1 are the irreducible components of the exceptional divisor.
Suppose we have a standard equation, and there are k£ total blow-ups to obtain a divisor
with simple normal crossings. Let X} denote the strict transforms on the kth blow up with
Xy being the original surface. Let Z; denote the union of the irreducible components of
exceptional divisors on the kth blow up (in notation above, this is the union of E; for ¢ > 1).
Zo will be the singular point. Let Xo denote the surface before the change to standard form.

Let Zy denote the singular point. Let
Xolz, = lim Xo/Zy = lim Xo/Z3

where the limit runs as k — co. Since Zy and Z, denote the origin which is the ideal (z,y, 2),
the two spaces above are isomorphic by Definition 1.2. These are isomorphic by assumption
of equisingular lift. For simplicity, given a scheme X and ideal I, we will denote this inverse

limit as the formal completion of X along I given by X|;. We let

¢|(X,I) 2X|[ — X

57



denote the natural map into the formal completion. We let the blow up maps from X; to

X1 be denoted as

P Xipn — X

Base Case: We show that the blow up of the original of the standard equation and applying
formal completion gives a blow up procedure on the side with the original equation and
taking formal completion such that the formal completions are isomorphic. We have shown
the sequence of blow ups work on the side of the standard equation side so we have the first

blow up map

’l/)oZXl—)XO

Let Sy be the formal scheme that is isomorphic to the formal completion of both the original
equation and the standard equation. We then consider the formal completion along Z; with

map given by

Ol(x1,20) : Xilz, = Xu

But by Proposition 6 of Bosch [3], this is equivalent to taking the formal completion

¢|(X0,Zo) 15— Xo

and then blowing up along Z; to get a map

no = S1 — Xolz,

where S is the blow up of S along Z,. Then we have that S; = Xi|,.
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Xy ———— Xi|5 =5
Al(xy,21)

Yo 10

‘/"(x" Zy) >
X0< S 00

?(X0.,20)

~
o

But then by Proposition 6 of Bosch [3], formal completion and blow up commute so there
exists Z; , blow up map 1/30, and formal completion map ¢|( 1.2) such that the following

diagram commutes.

~J ~ Vv ¢|(X ’Z) %
‘Xrltﬂ—))(ﬂz1 = Sl = Xllzl —1§ X1

(X1,21
l 0 10
Y1(x0,Z)

X0< S )X()

?(X9,20)

o

<_
P —

Therefore, we have given a blow up after analytic change of coordinates , there exist a blow
up procedure on the original equation such that the formal completions of the corresponding

strict transforms are isomorphic, i.e. Xi|z, = 51X,z .

Suppose there exists a blow up procedure on before analytic change of coordinates and
after analytic change of coordinates such that the formal completions along the irreducible
components of the exceptional divisor are isomorphic up the the jth blow up. So Xj|z, =
ij(j| 7 We show the result holds for the (j + 1) blow up. By same process, we have the

blow up procedure on the side of the standard equation so we denote the blow up map as
Q/Jj : Xj+1 — Xj
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We then have the formal completion along the exceptional locus Z;;, given by the map

¢|(Xj+17zj+1) : Xj+1|Zj = Xjm

Note in the blow up procedure of the standard equation, we are always blowing up a point
or a curve within Z; so Proposition 6 of Bosch [3] applies. By Proposition 6 of Bosch [3],
formal completion and blow up commute so the same result holds if we do formal completion

along Z; first and then blow up. We will denote the formal completions and blow up as

¢|(vaZj) : XJ|Z]’ — Xj

But the formal completion of X; along Z; and blowing up a point or curve along S; is the
same as blowing up and completing. Denote S;;; the blow up of S; along the corresponding
point or curve. By induction hypothesis, we have the following commuting diagram.
Xy «— X o ~S.
Jj+1 ¢|(Xj+1azj+1) J+1|ZJ+1 Jj+1
;s nj

W(X”j,z})

X < > X

b(x;.2;) J

But by Proposition 6 of Bosch [3], formal completion commutes with blow up so we have

the following commuting diagram:

¢|(X- z.
” +1:Zj+1) ~
. « ; =S A2 '@ - J )
X]+1 #l ) XJH’ZJH S]+1 XJ+1’Zj+1 XJH
(Xj4+1:Zj41
;s nj &
d"(){ Z".) ~
X, < Sj A > XJ

b(x;.2;)

So we have that there is a sequence of blow up on the coordinates of the original equation
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such that Xj—l—lIZj_H = Oj4+1 = Xj+1|2j+1'

Lemma 4.1. Smoothness and strict relative normally crossing divisor holds on the formal

completion given above.

At the end of the final blow up of the standard equation side, we have union of two dimen-
sional pieces FyU E) U...U E; where Ey denotes the strict transform and E; for 7 > 1 denote
the irreducible components of exceptional divisor. Points not in any F; do not need to be
checked to satisfy the theorem by Baldassarri and Chiarellotto [2]. Points in only one E;
are smooth and normal crossings so they do not need to be checked. The interesting case is
when points are in double intersections or triple intersections of F; which we have checked
normal crossings have worked on the standard equation side. For the strict normal crossings
divisor, we needed to show the morphism given from the functions of the irreducible com-
ponents of the blow up on the 2 dimensional strata is etale at each point s in the irreducible
component. The etale condition is given in terms of maps of complete local rings. Since
we complete along the union of the irreducible components, we have two ideals in place.
We have ideal I given by the union of the irreducible components and ideal J given by the
point s. Note I C J. Let R is our local ring at s. Then let (R")’ be the completion of R
along I and then along .J. Let R’ be the completion of R along I + .J. From Atiyah and
MacDonald [1], (R!)? = R/, But since I C J, I + J = J so we have (R!)” = R’. Hence,
this says completing along the irreducible components and then completing along the point
is the same as directly completing along the point. Hence, we have our result since we are

completing the completion along the ideal correspond the point.
For smoothness, we show both directions. We work on an affine set.

Suppose all irreducible components on the 2 dimensional strata of the blow up are smooth.
Since smoothness is a local property, we restrict to the localization at a smooth point, s. Let

R, R be the ring corresponding to the surface the smooth point is in and the localization of
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that ring at a smooth point s respectively. Then Ry is regular since R is a smooth scheme.
Let M denote the completion along the maximal ideal of the smooth point given by ideal I.
Then since R, is regular, M is a regular scheme since completion does not alter the Krull
and essential dimension. Since the fraction field of our maximal ideal is either Q, or I, our

field is perfect and regular schemes over perfect fields are smooth.

Now suppose we have a smooth point in the formal completion. Then s belongs to one of
the irreducible components of the two dimensional strata of the blow up with ideal /. Let
F' denote the field of fractions of s which is either Q, or IF,. Denote the equation of the
irreducible component as f. Let R, Ry, M be as before. €;;/r be the module of Kahler

differentials over M , Qg ,r be the module of Kahler differentials over R,. Then

Qnyp =< Mdx, Mdy, Mdz > /Mdf

Qr,/r =< Rydz, Rydy, Rydz > | R.df

But Qy/p is projective by assumption so Mdf is nonzero at s. But then this means that
R.df is nonzero since there is an injection from R, to M. The kernel of the map is given
by the intersection of powers of I which is 0 by Krull’s intersection theorem since we have a

Noetherian local ring. So this means R, is smooth as s. O

4.2 Zeta Function and Run Time Complexity

Below is the link to the Sage code. There is a code for computing the basis on the FEj
page. This is fully automated. The user has to input the degrees of the Koszul map and
function f. The second code is the image of Frobenius and reduction. I attached videos in
the README file of my code on GitHub and Zenodo. The link is : https://zenodo.org/

record/5810714#.YhhcVorMJyw
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Note my Frobenius reduction code is not fully automated. A human will need to compute
the differential operators given in Theorem 3.1 and polynomial multiplier L used to find the

basis on higher level of the vector spaces.

Below, we give the examples of zeta function for cubic and quartics equations. The cubic
examples are for prime p = 5, and these can be computed without the differential operator
approach. For the quartic examples, consider the case when p = 11. For a zeta function is
of degree 6, we will need point counts up to ;6. For the point count of F;;6, since there

124 points. Assuming Sage takes

are 4 variables, we will need to brute force point count 1
1073 second to input the values, this would take Sage around 1.140015356 - 10'*® days to run.
Using the method given in this paper, all the zeta functions given below have been done

within a scope of a day to 3 weeks. I used the Sage cloud computing from CoCalc using a

31GB Virtual Machine.

Function Singularity E2 Basis Zeta Function
1
2x? — zwy + 23 1A1,2 A2 wy TP 5720557

202 — 2wy +wlr —wz? 1Al 1 A3 w?wx (1—T)(1—51T)3(1—25T)

2 2 1
za? — zwy + wx 1 AL, 2 A2 wzx (-T)(15T)2(1_257)

2 2 _ 3 2 1
2x® — zwy +wx® —z° 2A1, 1 A2 w? wy (—T)(1—57)3(1—257)

2 _ .3 2 2 1
FWT —ywT =yt —wy 2 A2 w5 WY AT A—5T)2(1+5T)(1—25T)

3 . 1
Zwx — Y 3 A2 no basis T 50157

In all the following examples for quartics, the identification of the singularity type has been

63



done using Sage as well. The code from Sage borrows from Singular with implementation

based off of Pfister, Marais, and Boehm [14].

Example 4.1. A more interesting hypersurface is the degree 4 quartic given by

f=wz+(@+y+2)(z—y—2)(z+y+22)(z—2y+2).

This quartic has an As singularity at [0: 0 : 1: —1] and Ay singularities at [0:1:0: —1],[0 :
1:3:=2,0:5:1:=3],0:3:2:1], and [0:1:—1:0]. Along with evaluation at the
singular points, here are the operators that annihilate the Jacobian ideal. For simplicity of
notation, I will only write the differential operators. Keep in mind one has to evaluate at the

corresponding singular point after applying the differential operators. For the As singularity,

0 0 0
Dr=dutoy o
82
Dy = —
> 92w
3 0

= e o
-9 _,006 0609 0929
1T 9w owdr OJwdy Owdz

For [0:1:0: —1], the operator is
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For [0:5:1: 3], the operator is

For [0:3:2:1]. the operator is

0 0 0 0
Dy=— 432 4207 1 2
s 8w+38x+ 8y+8z

For [0:1:—1:0], the operator is

0 0 0
Dy =— 4+ — — —.
’ 8w+8x oy

In this example, one does not need to find L since computation of inverse Frobenius operator
inwvolves only low degree terms. We first show Theorem 4.1 holds. We do this either by
showing the change of coordinates to the standard equation in which case Theorem 4.1 applies
or by blowing up the equation and show the blow up is a smooth strict relative normal crossing

divisor.

We use the following property: Suppose we have
w® = Lyi(x1, 29, x3) Lo (w1, 02, 23) L3(21, 12, ¥3) La(21, T2, 73)

where L; are general linear forms. Then we have 6 possible Ay singularities. The singularities
are given by solutions to equation w® = L; = L; = 0. This is because the other Ly, are
invertible in the neighborhood of the solution. So our L; and L; become our new variables u

3

and v giving equation w3 = uv which is an As singularity. Since w® = L, = Ly = 0 has no

solution, we end up with 5 As singularities.

For the As singularity, we use the same concept. The equation w3r+ (v +z+1)(x—2—1)(z+
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2z4+1)(z+2—2) = 0 has singularity at w = 0,z = 0,z = —1. We replace z with z—1 to make
singularity at the origin. The equation becomes w3z +(z+2)(x—2)(x—2243)(z—2—1) = 0.
The linear forms x — 2z + 3 and x — z — 1 are invertible in the neighborhood of origin. So
we make substitutions u = v+ 2z, v =x — z to get equation w?’(”T”) +uv = 0 after adjusting
w? by a cube root of (v — 2z + 3)(x — z — 1). We make a change of variables and replace u
with 2u and v with 2v. The equation becomes w3u + w3u + 4uv = 0. We relabel the equation

as wir + wiz + 4xz = 0. We blow up at the origin.

Since we know the leading differential operator corresponds to the w variable, we focus on the
interesting patch where x = wxy,z = wzy. The equation becomes wz(wle—i-wzzl—l—llxlzl) =0.
We notice the equation is the same as before except the power of w was reduced by 1 in the
first two terms of the strict transform. We blow up the origin two more times to obtain
wO(w3 + 23 +4w323) = 0. This is a strict relative normal crossing divisor due to the fact that
the map ¢ as in Theorem 4.1 constructed by the divisors gives a 3x3 matrix of the coefficients

of the linear terms with nonzero determinant.

Using the code, one can compute that the zeta function is given by

Z(x) = (1 —11z)*(1 + 112)*.

The case when p = 13 is more interesting with complex roots. The interesting part of the

zeta function, Z(x), is given by

Z(r) = 4826809x° — 1713662° — 26364x" + 16902 — 1562 — 62 + 1.

Example 4.2. A similar example is a hypersurface defined by equation

f=w?y? — 2y + zw2® + w?z?
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This quartic has an A; singularity at [0 : 0 : 0 : 1], As singularity at [1:0: 0 : 0], and Eg
singularity at [0 : 1 : 0 : 0]. The interesting part of the zeta function, Z(x) is of degree 5.
Along with evaluation at the singular points, here are the differential operators that annihilate

the Jacobian ideal.

For the A7 singularity, the operators are

p=?
2
-
3
4
Dy = aaTy + 4%%
2
D5 = aﬁTE’y + 60%8% 240%
Dy = % + 120%3% — 1440%% + 3608%8%.

For the Az singularity, the operators are

0
D. = 2
L

_ 00
87 02 O
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For the Eg singularity, the operators are

0
Dy = —
0
Dy = —
10 82’
0 0
Dy = ——
U 9y 0z
_ 00
27092, ow
9% 0 0 0

BT 9220y woy’

The operator L in Theorem 3.2 is given by w’ +x7 +27. We first show de Rham cohomology is
rigid cohomology. We first show Theorem 4.1 holds. We do this either by showing the change
of coordinates to the standard equation in which case Theorem 4.1 applies or by blowing up

the equation and show the blow up is a smooth strict relative normal crossing divisor.

For the Ay singularity, the equation becomes w?y? — xy> + zw +w?x? = 0. We blow up at the
origin and focus on the interesting patch given by x = yx,w = ywy. The equation becomes

V(yPw? — P’y + rwy + y?riw?) = 0.

The equation s still singular so we blow up at the origin again. We focus on the interesting

patch where x1 = yxq, wy = yws. The equation becomes y4(y2w§ — YTo + ToWws —|—y4x3w2) =0.

We blow up at the origin again and focus on the patch where x4 = yxz, wy = ywsz. The

equation is given by y®(y*w? — x3 + x3ws + y¥riw3) = 0.
We blow up the ws-azis given by the ideal (x3,y).

On the patch where y = x3y,, the equation becomes x5ys(zyiw? —1+wsz +2%yfw?) = 0. This
1s a strict relative normal crossing divisor due to the fact that the map ¢ constructed as in

proof of Theorem 4.1 by the divisors gives a 3z3 matriz of the coefficients of the linear terms
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with nonzero determinant.

On the patch where x3 = yx4, the equation becomes y (yw3 — x4 + zqws + y?x3w3) = 0. We

blow up the w-axis again.

The patch y = x4y5 gives a normal crossing divisor as argued before. On the patch x4 = yxs,
the equation becomes y®(w3 — x5 + xsws + y'%22w3i) = 0. This is a strict relative normal
crossing divisor due to the fact that the map ¢ as in proof of Theorem 4.1 constructed by the

divisors gives a 3r3 matriz of the coefficients of the linear terms with nonzero determinant.
For the Eg singularity, the equation is w?y* — y> +wz? +w? = 0. We blow up at the origin.

On the patch where y = wyy, 2 = wzy, the equation becomes w?(w?y? — wys + wzi +1) = 0.

There is no intersection and the surface is smooth.

On the patch where z = yzi,w = yw,, the equation becomes y*(y*w? — y + yziw; —w?) = 0.
We blow up the zi-azis given by the ideal (y,wq). On the patch wy = yws, the equation
becomes y3 (yPw2 — 1 — yziwy — yw3) = 0. There is no intersection. On the patch y = wyys,
we have ysw3 (yaw; —yo — yowy 2i —wy). We see on this patch, the wy term as the end reduced
in power. We blow this up again at the z-axis to turn the —w; to a —1. So the surfaces in
question are given by yo = 0, wy = 0, and (yaw? — yo — yow12? — 1) = 0. The interesting
intersection is wy = 0 and the strict transform. We can map y, to z, for the map ¢ as in

proof of Theorem 4.1 so we have a normal crossing divisor.

We work on the third patch given by y = 2y, w = 2w;. The equation becomes 2*(2*yiw? —
2y3 + zwy +wi) = 0. We blow up at the origin again and focus on the interesting patch
where w; = 2wy and y; = 2yo. Then we have z*(2*wiy2 — 22y3 +wy +w3) = 0. We blow up

at the ys-azis given by ideal (z,wy).
5

On the patch z = wqz3, the equation becomes w3z (w325ys — wezays + 1+ wq) = 0. The

interesting intersection is when zs = 0 and the strict transform. We can map wy to ys. Then
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this is a strict relative normal crossing divisor due to the fact that the map ¢ as in Theorem
4.1 constructed by the divisors gives a 33 matrix of the coefficients of the linear terms with

nonzero determinant.

On the patch wy = zws, the equation becomes 2°(2Pw3y} — 2y3 + w3 + zw3) = 0. We blow up
at the yi-axis again and focus on the interesting patch where ws = zwy. Then the equation
becomes 2°(2wiy? — yi + wy + 2*w?) = 0. This is a strict relative normal crossing divisor
due to the fact that the map ¢ as given in Theorem 4.1 constructed by the divisors gives a

3x3 matrix of the coefficients of the linear terms with nonzero determinant.

For the As singularity, the equation is y* — xy> + w2 + 2% = 0. We blow up the equation at

the origin.

On the patch where y = xyy, 2 = x21, the equation becomes x*(y? — 2%y} + 222 +1) = 0. We
shift a to a +1i so the intersection with the strict transform is at the origin. Then (a + 1)?
gives a linear term 2ar so this is a strict relative normal crossing divisor due to the fact that
the map ¢ as in Theorem /4.1 constructed by the divisors gives a 3r3 matriz of its linear

terms with nonzero determinant.

On the patch where v = yx1, z = yz1, the equation becomes y*(1 —y2xy +yx122+23) = 0. The
same argument as the example in paragraph before shows we have a strict relative normal

crossing divisor.

On the patch where x = zxy,y = zy1, the equation becomes 2*(y? — 2*yixy + 2z + 23) = 0.

We blow up at the origin again.

On the patch where y = 212, z = 212, the equation becomes x322(y2 — x122y3 + 20 +1) = 0.
The same argument as before where we shift the intersection to the origin gives a strict

relative normal crossing divisor.

On the patch where x1 = y1x9, 2 = Y129, the equation becomes yf‘z%(l—y%z%xg —i—xng—l—x%) =0.
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The same argument where we shift the intersection to the origin gives a strict relative normal

crossing divisor.

On the patch where 1y = zxq, Yy, = 2ys, the equation becomes z*(y2 — 2y3xy + 19 + 23) = 0.
This is a strict relative normal crossing divisor due to the fact that the map ¢ as in Theorem
4.1 constructed by the divisors gives a 3x3 matriz of the coefficients of the linear terms with

nonzero determinant.

For p =17, the zeta function is given by

Z(z) = —168072° + 2401x* + 6862° — 982 — Tz + 1.

For p =11, the zeta function is given by

Z(z) = —1610512° + 14641x* + 16942> — 1542” — 112 + 1.

The p = 11 case is more interesting as there are 4 complex eigenvalues and 1 real eigenvalue.

Example 4.3. In this example, we give a degree 9 zeta function, Z(x). Consider the hyper-

surface defined by equation

f=—zy® + w2 + 222 + w?2?
This hypersurface has 2 As singularities at [1 : 0 : 0 : 0] and [0 : 0 : 0 : 1] and an A,
singularity at [0 : 1 : 0 : 0]. Along with evaluation at the singular points, here are the
differential operators that annihilate the Jacobian ideal. Again, as a reminder, for simplicity
of notation, I will only provide the differential operators without the evaluation symbol. Keep

in mind one has to evaluate at the singular points after applying the differential operators.
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By symmetry, aside from evaluating at the singular points after, the operators for both As

singularities are the same. the operators are

b=

2
b

3
D= gy

4

For the Ay singularity, the operator is given by

0
Dy = —.

The operator L in Theorem 3.2 is given by w’ + 27 +27. We first show de Rham cohomology
1s rigid cohomology, i.e. Theorem 4.1 holds. We do this either by showing the change of
coordinates to the standard equation in which case Theorem 4.1 applies or by blowing up the

equation and show the blow up is a smooth strict relative normal crossing divisor.

For the As singularity, by symmetry, it suffices to show the result holds for one of the As

singularities. We make use of the fact that the leading term is y. We first do the change

of coordinates z = ;;H to get equation —xy® + 2% + u® = 0. We relabel the equation
as —xy® + 22 + 22 = 0. So we blow up at the origin. On the interesting patch where
T = yr1,2z = yz1, the equation becomes y*(—y*xy + 2% + 22) = 0. We now blow up at the
origin again to obtain on the patch x1 = yxa, 21 = yzo the equation y*(—yxs + 23 + 23) = 0.
We blow up at the origin one more time to get equation y®(—x3 + a2 + 22) = 0. This is

a strict relative normal crossing divisor due to the fact that the map ¢ as in Theorem /.1

constructed by the divisors gives a 3t3 matrix of the coefficients of the linear terms with
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nonzero determinant.

For the Ay singularity, the equation is —y> + w? + 22 + w?z?. We again do the same change
of coordinates for the As case to obtain the equation —y> + w? + 22 = 0. We blow up at the
origin again to get on the interesting patch the equation y*(—y+w? +z%). We blow up at the
origin again to obtain y*(—1 + yw? + yz3) = 0. There is no intersection so we have normal

CT0SSINGS.

For p =17, the zeta function is given by

Z(x) = —403536072° — 74118872° + 141178827 + 3361402° + 144062° — 2058z*

— 980x% — 8422 + 9x + 1.

For p =11, the zeta function is given by

Z(x) = —23579476912° + 2143588812° 4 77948684x" — 708624425 — 9663062

+ 878462* + 5324x° — 4842% — 11x + 1.

For p =13, the zeta function is given by

Z(z) = —106044993732" + 43296476732° — 637138788z + 311886122° + 11995622°

— 92274x* — 141962 + 171622 — 692 + 1.

For p =17, the zeta function is given by

Z(x) = —118587876497x" + 69757574412° + 1641354692x" — 965502762°

— 85191422° + 5011262* + 196522> — 115622 — 172 + 1.
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The examples for p =7 and p = 13 has 2 complex roots and 7 real roots, and examples for

p =11 and p = 17 has all real roots.
Example 4.4. In this example, we give a degree 10 zeta function, Z(x), over 2 different
primes. Consider the hypersurface defined by equation

f =9+ 2% yw + w?2? + ya.

This hypersurface has an As singularity at [0 :1:0: 0], a D5 singularity at [1:0:0: 0],
and Ay singularity at [0 : 0 : 0 : 1]. Here are the operators that annihilate the Jacobian
ideal aside from evaluation at the singular points. Since the operator for the Ay singularity

1s simply evaluation, I just need to provide the operators for the As and Ds singularity.

For the As singularity, the operators are

0
D=5,
0? 0
D=5, %ou
03 0 0
Ds =55 = 55032
4 2 2
D4:a__1 a_a _|_128_+48£

0z 92z Ow 02w oy

For the Dy singularity, the operators are

D=y
Y
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The operator L in Theorem 3.2 is given by w’ +x7+27. We first show de Rham cohomology is
rigid cohomology. We first show Theorem 4.1 holds. We do this either by showing the change
of coordinates to the standard equation in which case Theorem 4.1 applies or by blowing up

the equation and show the blow up is a smooth strict relative normal crossing divisor.

For the As singularity at x = 1, the equation is given by y* + yw + w?2? + yz2 = 0. We
show directly instead of change of coordinate this holds by doing the sequence of blow ups.

We make use of the fact that we know the leading term is z from the operators given above.

We focus on the patch that require multiple blow ups. On the interesting patch where w =
2wy, y = zy1, our equation becomes z*(z%yi + wiyy + 22wl + zy1) = 0. We now blow up
at the wi-axis given by ideal (yy1,z). On the patch where y; = zys, the equation becomes

23(2%y5 + wiys + 2y3 + 2y9) = 0.

We blow up at the origin and focus on the affine patch where wi = zws,yo = zyz. The
equation becomes 2°(27y3+wsys+zwi+y3) = 0. We now blow up at the ws-azis given by ideal
(2,y3). On the patch where y3 = zyy, the equation becomes 2°(2'%;+wsys+w3+ys) = 0. This
18 a normal crossings divisor due to the fact that the map ¢ as in Theorem 4.1 constructed by

the divisors gives a 33 matriz of the coefficient of the linear terms with nonzero determinant.

For the Ds singularity at w = 1, the equation is given by y* + 2%y + 2% + ywz? = 0. We start

with equation given by u? + v*t +t* = 0.

We do the change of coordinates given by v = y,t = 2z, and u = 2y/1 + yx to obtain the

equation we want.

For the A, singularity at z = 1, the equation is given by y* + 2?yw + w? + yx = 0. We start

off with t? — uv = 0.

We let uw = —ug to get equation t* + ugv = 0.

1)



Then, we let ug = u, +v* to get t2 + ujv +v* = 0.
Next, we let up = u3t + uy to get t* + uitv + ugv + vt = 0.
Finally, we let us = x,v =y, and t = w to get the equation we had.

For p =17, the zeta function is given by
Z(z) = —282475249x" + 57648012° + 2352982° — 48022 — 492% + 1.

This zeta function is interesting as there are no odd powers. Furthermore, all roots are of

the form a + bt where a =0 or b= 0.

For p =11, the zeta function is given by

Z(x) = —259374246012"° + 128615328602° — 28256397952° + 354312200"

— 241576502% + 1996502* — 2420022 + 159522 — 60x + 1.

This zeta function is also interesting as there is no x° term. There are 6 real Toots and 4

complex roots.
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Chapter 5

Conclusion and Future Research

5.1 Conclusion

To conclude, aside from the brute force point counting approach,from Remke [15], even
Lauder’s deformation method with Picard Fuchs equation may not apply in the singular case.
Along with building on the algorithm from Stetson and Baranovsky [19], I have identified the
Jacobian ideal as the zero set of differential operators as in Theorem 3.1. Furthermore, I have
shown that given an equisingular lift, the theorem from Baldassarri and Chiarellottto [2]. In
addition, I have shown for hypersurfaces with ADE singularities in P?, the subdiagonal on

the Fy page vanishes.

5.1.1 Future Work

While determining whether a polynomial in the stable range is in the Jacobian ideal does not
require the use of a Grébner basis, undoing the Koszul differential does. Therefore, the only

remaining issue is the lifting of the Koszul differential using the Grobner basis which takes

7



up most of the run time for the code. From Theorem 3.1, one hypothesis is that instead of
using a Grobner basis, a lift may be linked to these differential operators in the ADE case.
To clarify, given a polynomial A in the stable range that belongs to the Jacobian ideal, the
lifts ¢1, g9, 3, g4 such that

h=aqfo+qfet+afy+af

can be found by applying some differential operators similar to Theorem 3.1.

Aside from run time improvements for the code, another option is to consider higher dimen-
sions such as P*. The subdiagonal need not vanish now. To see this, part of the F; page is

now given by the diagram below.

To remind the reader the meaning of the coordinates, in Definition 1.3, the double complex
is given by B*' = Q. The ¢ coordinate gives the power of f while s+ ¢+ 1 gives the type
of differential form. For example, the coordinate (2,1) represents s = 2 and ¢ = 1. This
denotes the that the power of f is 1 and the form on the numerator is a 2+ 1+ 1 = 4 form.
Hence, given a form %, where Q = dxg A dzy A dxe A dxs, by homogeneity, if deg(f) = N,
then deg(h) = N — 4. Hence, one important thing to note is that in P3, when ¢ = 2 which

means the degree on denominator is of degree 2N, the term on the subdiagonal lies on the
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coordinate axis which Dimca proves is 0. In P*, when ¢ = 2, the point (1,2) lies in the first
quadrant. This is the only place where the subdiagonal is nonzero. Hence, when we reprove
the possible dimensions of the subdiagonal, we need to keep in mind that degree 2N is a

possibility.

Saito [18] shows that for hypersurfaces with weighted homogeneous singularities, the spectral
sequence degenerates on the Fy page. While the space of all such hypersurfaces is too large,
we can restrict to a subset. Aside from ADE singularities, a second path is to extend to
the other singularities in Arnold’s list given in Hikami [11]. In Arnold’s classification of
hypersurface singularities, along with ADE singularities, there are unimodal singularities.
As the unimodal singularities still have normal forms, the theory of operators still holds.
However, one needs to study the blow up of unimodal singularities and see if the isomorphism
between de Rham cohomology and rigid cohomology still hold. Similar to the P* case, the
subdiagonal need not vanish. A harder path would be to consider singularities not in Arnold’s
list. The definition of a Milnor number is still well-defined in that case, but since there is no
normal form to relate to, one has to consider a different approach as the theory of operators

is no longer relevant.
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