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A D e v e l o p m e n t a l  M o d e l  fo r  A l g e b r a S y m b o l i z a t i o n : 

T h e Resu l t s o f  a  Difficult y F a c t o r s A s s e s s m e n t 

Nei l  T .  Hefferna n (Neil@cs.cmu.edu ) 
Kennet h R .  Koedinge r  (Koedinger@cniu.edu ) 

Schoo l  o f  Compute r  Science ;  500 0 Forbe s Avenu e 

Carnegi e Mello n University ;  Pittsburgh ,  P A 1521 3 U S A 

Abstrac t 

Given that the single most important mathematical skill for 
student s wh o wis h t o stud y beyon d arithmeti c i s th e abilit y 
t o tak e a  proble m situatio n (usuall y state d i n words )  an d 
formulat e a  mathematica l  mode l  (usuall y a n equation) ,  w e ar e 
workin g o n a  cognitiv e developmenta l  mode l  o f  thi s skil l  t o 
be use d i n a n intelligen t  tutorin g system .  W e cal l  thi s skil l 
symbolization .  Hig h schoo l  student s d o i t  poorl y an d 
improv e slowly .  W e ar e usin g a  Difficult y Factor s 
Assessmen t  a s a n efficien t  methodolog y fo r  identifyin g th e 
critica l  cognitiv e factor s tha t  distinguis h competen t  fro m 
les s competen t  symbolizers .  W e presen t  a  developmenta l 
model  identifyin g thre e majo r  transition s throug h whic h a 
studen t  mus t  pass .  Underlyin g th e developmenta l  mode l  ar e 
empirica l  result s whic h suggest ,  contrar y t o prio r  researc h 
and c o m m o n belief ,  th e difficult y i n algebr a wor d proble m 
solvin g i s les s abou t  th e difficultie s o f  comprehendin g th e 
wor d problems ,  an d mor e abou t  th e difficult y o f  speakin g i n 
th e foreig n languag e o f  algebra .  Man y o f  students '  error s ar e 
analogou s t o th e error s peopl e mak e whe n learnin g t o spea k 
i n a  ne w language .  Whil e i t  ma y b e tha t  mathematicall y 
algebr a symbolizatio n i s a  generalizatio n o f  arithmetic , 
cognitivel y i t  i s  mor e accurat e t o sa y algebr a symbolizatio n 
i s th e articulatio n o f  arithmetic . 

Introduction 

W h en a  studen t  i s  presente d wit h a n algebr a wor d proble m 
suc h a s proble m C S i n Tabl e 1  an d aske d t o provid e a 
symboli c expressio n (rathe r  tha n a  numerica l  answer) ,  sh e i s 
doin g wha t  w e refe r  t o a s symbolizing .  Fo r  instance ,  th e 
symboli c expressio n fo r  C S i s  "(72-m)/4. "  I n studyin g 
symbolizatio n skill s w e hav e focuse d o n algebr a stor y 
problem s bu t  ou r  result s m a y als o b e relevan t  mor e generall y 
t o symbolizatio n skill s  neede d i n usin g a  calculato r  o r 
programmin g a  spreadshee t  o r  computer .  A s thes e 
computationa l  device s tak e ove r  mor e o f  th e symbo l 
manipulatio n o f  algebra ,  symbolizatio n deserves ,  an d i s 
receiving ,  increasin g instructiona l  emphasis .  W e ar e tryin g t o 
understan d h o w student s lear n t o symbolize .  T o tes t  tha t 
understandin g w e ar e buildin g a  cognitiv e developmenta l 
model  whic h wil l  b e use d i n a n intelligen t  tutorin g system . 

M u ch o f  th e prio r  wor k ( C u m m i n s et .  al. ,  1988 ;  LeBlan c 
& Weber-Russell ;  1996 ,  Lewi s &  Mayer ,  1987 ;  Paig e & 
Simon ,  1979 )  o n wor d proble m solvin g ha s focuse d o n 
students '  comprehensio n abilities .  C u m m i n s et .  al .  "sugges t 

tha t  m u c h o f  th e difficult y childre n experienc e wit h wor d 
problem s ca n b e attribute d t o difficult y i n comprehendin g 
abstrac t  o r  ambiguou s language. "  Th e genera l  conclusio n 
fro m th e abov e researc h i s tha t  comprehensio n rule s ar e ke y 
knowledg e component s student s mus t  acquir e t o becom e 
competen t  proble m solvers . 

Generalization/Comprehension Hypothesis 

Thi s bring s u s t o th e firs t  naturall y intuitiv e hypothesi s 
abou t  wha t  make s algebr a symbolizatio n difficult .  Wha t  w e 
cal l  th e generalizatio n hypothesi s flow s naturall y fro m th e 
previou s literatur e tha t  ha s focuse d o n comprehensio n 
difficultie s cause d b y abstrac t  language .  A n importan t 
conceptua l  lea p fo r  student s i s  t o m o v e fro m th e concret e 
grounde d worl d o f  arithmeti c problem s t o th e mor e abstrac t 
wori d o f  algebr a problem s wit h variables .  Accordin g t o thi s 
hypothesis ,  wha t  i s har d abou t  algebr a i s th e generalizatio n 
abilit y  neede d t o thin k abou t  a  proble m wit h a n abstrac t 
variable ,  a s oppose d t o a  concret e known . 

But  mor e recen t  researc h b y Koedinge r  &  Anderso n (i n 
press )  foun d evidenc e tha t  acquirin g suc h comprehensio n 
skill s i s  no t  sufficien t  fo r  symbolizatio n competence .  The y 
reporte d tha t  i n 3 6 % o f  problem s tha t  student s comprehende d 
wel l  enoug h t o find  a  numerica l  answer ,  student s nevertheles s 
faile d t o correctl y symbolize .  W e cal l  th e differenc e betwee n 
th e students '  performanc e o n symbolizatio n problem s an d o n 
simila r  arithmeti c problem s th e symbolizatio n effect . 

Previous Results on this Problem 

T o determin e i f  th e symbolizatio n effec t  i s  well-explaine d 
by th e generalizatio n hypothesi s w e (1997 )  performe d a n 
assessmen t  i n whic h w e compare d students '  performanc e o n 
symbolizatio n problem s (lik e proble m C S )  wit h thei r 
performanc e o n arithmeti c symbolizatio n problems .  W e 
coul d tur n proble m C A int o a n arithmeti c symbolizatio n 
proble m simpl y b y changin g th e final  questio n t o "Writ e a n 
singl e expressio n tha t  show s al l  th e computation s yo u woul d 
nee d t o d o i n orde r  t o find  h o w m u c h sh e ca n spen d o n eac h 
sister. "  Th e correc t  answe r  fo r  thi s proble m woul d b e "(72 -
32)/4. "  Arithmeti c symbolizatio n problem s ar e a  specia l  typ e 
of  symbolizatio n proble m tha t  hav e n o variables .  W e foun d 
no statisticall y significan t  differenc e betwee n student s 
performanc e o n thes e tw o type s o f  problems .  Thi s suggest s 
tha t  th e presenc e o f  a  variabl e di d no t  increas e difficulty ,  thu s 
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CS: 

CA: 

DSl 

DS2 

DAI 

DA2 

Sue mad e 7 2 dollar s b y washin g car s t o bu y holida y presents .  Sh e decide d t o spen d "m "  dollar s o n a  presen t  fo r  he r  mo m an d the n us e th e 
remainde r  t o bu y present s fo r  eac h o f  he r  4  sisters .  Sh e wil l  spen d th e sam e amoun t  o n eac h sister .  Ho w muc h ca n sh e spen d o n eac h sister ? 
Sue mad e 7 2 dollar s b y washin g car s t o bu y holida y presents .  Sh e decide d t o spen d 3 2 dollar s o n a  presen t  fo r  he r  mo m an d the n us e th e 
remainde r  t o bu y present s fo r  eac h o f  he r  4  sisters .  Sh e wil l  spen d th e sam e amoun t  o n eac h sister .  Ho w muc h ca n sh e spen d o n eac h sister ? 

Sue mad e 7 2 dollar s b y washin g car s t o bu y holida y present s fo r  eac h o f  he r  "s "  sisters .  Sh e wil l  spen d (h e sam e amoun t  o n eac h sister .  Ho w 
much ca n sh e spen d o n eac h sister ? 
Sue mad e 7 2 dollar s b y washin g car s t o bu y holida y presents .  Sh e decide d t o spen d "m "  dollar s o n a  presen t  fo r  he r  mo m an d the n us e th e 

remainde r  t o bu y present s fo r  he r  sisters .  Ho w muc h ca n sh e spen d o n he r  sisters ? 
Sue mad e 7 2 dollar s b y washin g car s t o bu y holida y present s fo r  eac h o f  he r  4  sisters .  Sh e wil l  spen d th e sam e amoun t  o n eac h sister .  Ho w 
much ca n sh e spen d o n eac h sister ? 
Sue mad e 7 2 dollar s b y washin g car s t o bu y holida y presents .  Sh e decide d t o spen d 3 2 dollar s o n a  presen t  fo r  he r  mo m an d the n us e th e 
remainde r  t o bu y present s fo r  he r  sisters .  Ho w muc h ca n sh e spen d o n he r  sisters ? 

Tabl e 1 :  Th e 4  Proble m Types :  Compose d Symbolization(C5) ,  Compose d Arithmetic(C4) ,  Decompose d Symbolizatio n 
(DSl  an d DS l  together) ,  an d Decompose d Arithmetic(D/i y an d DA2. ) 

callin g int o questio n th e usefulnes s o f  th e generalizatio n 
hypothesis' s focu s o n th e variabl e pe r  s e a s th e facto r  tha t 
cause s th e symbolizatio n effect . 

An alternativ e hypothesi s wa s suggeste d b y anothe r  facto r 
we tested .  W e foun d wha t  w e calle d th e compositio n effect . 
The compositio n effec t  i s  th e differenc e i n studen t 
performanc e o n wha t  w e cal l  compose d problems ,  lik e C S , 
and thei r  decompose d analog s {DS l  an d DSl) ,  whic h ar e tw o 
separat e problem s fro m th e student' s poin t  o f  view ,  bu t  fo r 
analysi s purpose s the y ar e treate d a s a  singl e proble m an d th e 
proble m i s correc t  onl y i f  bot h part s ar e correct .  Th e 
decompose d versio n o f  a  compose d proble m i s mad e b y 
dividin g th e compose d proble m int o tw o separat e question s 
tha t  eac h as k fo r  on e o f  th e step s require d t o solv e th e 
compose d version .  Ou r  result s showe d tha t  ther e wa s a 
significan t  compositio n effec t  becaus e man y student s coul d 
correctl y answe r  bot h part s o f  a  decompose d proble m bu t  fai l 
t o correcd y answe r  th e compose d version .  I n othe r  words ,  i n 
thi s case ,  th e whol e i s greate r  tha n th e su m o f  it s  parts .  Th e 
siz e o f  thi s compositio n effec t  overshadowe d th e smal l  an d 
not  statisticall y significan t  difference ,  mentione d above , 
betwee n arithmeti c symbolizatio n an d symbolization . 

Articulating Composition Hypothesis 

We suspecte d tha t  th e caus e o f  th e symbolizatio n effec t  wa s 
actuall y th e compositio n effect .  W e wil l  illustrat e wit h a n 
actua l  studen t  w h o answer s "72-m=n/4= "  fo r  C S .  Thi s 
studen t  demonstrate s tha t  sh e kne w th e tw o step s sh e woul d 
need t o perfor m i f  sh e ha d bee n give n th e arithmeti c versio n 
CA.  Thi s studen t  mus t  lear n ho w t o correctl y represen t  thes e 
tw o steps .  Sh e use s a  placeholde r  variable ,  possibl y becaus e 
she doe s no t  kno w ho w t o represen t  anythin g bu t  a  singl e 
operatio n a t  a  time .  Fo r  th e exper t  i t  i s  obviou s tha t  "72-m " 
can b e treate d i n th e sam e wa y an y numbe r  i s treated .  Bu t 
th e novice ,  w h o look s a t  "72-m "  a s a  recip e an d no t  a s a n 
objec t  o f  reflection ,  doe s no t  kno w tha t  sh e ca n operat e o n 
thi s quantit y directl y b y addin g parenthese s an d "/4" .  W e cal l 
thi s missin g skil l  articulatin g compositio n an d w e suspec t 
tha t  i t  i s  thi s difficult y tha t  explain s w h y symbolizatio n 
problem s ar e s o muc h harde r  the n arithmetic . 

An importan t  distinctio n betwee n th e articulatio n 
compositio n hypothesi s an d th e generalizatio n hypothesi s i s 
on wher e i n th e translatio n proces s a  studen t  ha s difficulty : 
th e comprehensio n o f  th e sourc e language ,  o r  th e 
production/articulatio n o f  th e targe t  language .  Th e 

generalizatio n hypothesi s suggest s tha t  student s ar e havin g 
difficult y o n th e comprehensio n sid e o f  th e translatio n 
process .  Th e articulatin g compositio n hypothesi s suggest s 
th e difficult y i s o n th e productio n side .  T o investigat e i f  thi s 
"articulatin g composin g hypothesis "  i s a  goo d explanation , 
we performe d th e curren t  difficultie s factor s assessmen t 
(Koedinge r  &  MacLaren ,  1997) . 

Experimental Design and Predictions 

The tw o factor s w e studie d wer e 1 )  arithmeti c vs . 
symbolizatio n (C A vs .  C S an d D S vs .  D A )  crosse d wit h 2 ) 
compose d vs .  decompose d (C S vs .  D S an d C A vs .  D A ) . 
Remember  tha t  th e decompose d proble m D S i s actuall y on e 
problem s fro m th e analysi s poin t  o f  view ,  bu t  tw o separat e 
problem s fro m th e student' s poin t  o f  view .  I n ou r  previou s 
stud y (1997 )  w e ma y hav e eve n underestimate d th e siz e o f  th e 
compositio n effect ,  becaus e w e ha d a  fe w student s w h o woul d 
answer  "(72-m)/4 "  fo r  D A 2 .  Thes e student s ha d notice d th e 
superficia l  similarit y o f  th e tw o problem s part s o f  a 
decompose d proble m an d interprete d th e secon d on e t o b e 
linke d t o th e first.  T o avoi d suc h misinterpretatio n b y 
student s w e superficiall y  change d a  fe w aspect s o f  th e secon d 
par t  o f  th e decompose d problem s includin g th e participant s 
name.  W e als o change d th e number s (makin g sur e no t  t o no t 
decreas e th e difficult y o f  th e arithmetic )  t o ensur e tha t  th e 
result s o f  th e first  par t  o f  a  decompose d proble m di d no t 
appea r  a s a  give n i n th e secon d par t  o f  th e problem .  Fo r 
example ,  D A 2 wa s change d t o "Rebecc a mad e 8 1 dollar s 
workin g a t  th e grocer y store .  Sh e decide d t o giv e he r  m o m 
25 dollar s fo r  Mother' s Da y an d pu t  th e remainde r  i n he r 
saving s account .  H o w muc h ca n sh e pu t  i n th e saving s 
account? "  W e foun d thi s strateg y worke d wel l  an d student s 
di d no t  thin k th e tw o problem s wer e connected . 

The articulatin g compositio n hypothesi s suggest s tha t 
ther e shoul d b e n o compositio n effec t  fo r  arithmetic ,  bu t  a 
larg e compositio n effec t  fo r  symbolization .  Th e reasonin g 
behin d thi s i s tha t  student s kno w h o w t o combin e step s i n a n 
arithmeti c problem ,  bu t  the y don' t  kno w h o w t o say ,  i n 
symbols ,  h o w t o pu t  tw o step s together .  Therefore ,  i t 
predict s tha t  ther e shoul d b e man y student s w h o kno w h o w t o 
do bot h compose d arithmeti c problem s an d decompose d 
symbolizatio n problem s bu t  fai l  t o d o compose d 
symbolizatio n problems .  Th e tw o hypothese s diffe r  i n thei r 
prediction s becaus e th e articulatin g composin g hypothesi s 
predict s a n interactio n betwee n thes e tw o factors ,  whil e th e 
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generalizatio n hypothesi s doe s no t  predic t  a n interactio n an d 

instea d predict s on e broa d symbolizatio n effect . 

Procedure 

Given the two binary factors that were studied, there were four 
differen t  proble m types :  compose d symbolization ,  compose d 
arithmetic ,  decompose d symbolizatio n an d decompose d 
arithmetic .  Thes e 4  proble m type s wer e crosse d wit h 8  differen t 
cove r  storie s an d distribute d i n a  Lati n squar e desig n amon g 4  tes t 
form s tha t  wer e balance d fo r  eac h factor .  Therefor e eac h for m ha d 
tw o problem s o f  eac h type .  Give n tha t  student s ten d t o perfor m 
wors e o n item s nea r  th e en d o f  a  test ,  th e orde r  o f  variou s proble m 
type s wa s systematicall y varie d o n eac h form .  Th e cover-storie s 
wer e no t  a  variabl e o f  critica l  interest ,  an d fro m ou r  previou s DF A 
we kne w th e performanc e o n th e cove r  storie s woul d var y 
considerably .  W e use d 6  o f  th e 8  cove r  storie s use d previousl y 
and adde d tw o ne w cove r  storie s t o replac e th e tw o easies t  cove r 
storie s fro m th e prio r  study .  Becaus e w e wante d t o b e abl e t o 
compar e th e performanc e o f  student s o n cove r  storie s w e mad e 
tw o version s o f  eac h for m tha t  differe d onl y i n th e orde r  o f  th e 
problems .  Th e subject s wer e 7 6 nint h grad e student s i n th e firs t 
mont h o f  a  regular-leve l  algebr a cours e fro m a n urba n hig h 
schoo l  i n Pittsburgh .  T w o subject s wer e droppe d fo r  lac k o f 
participatio n i n th e test .  Eac h studen t  wa s randoml y give n on e o f 
th e 8  differen t  tes t  form s an d enoug h tim e t o complet e th e test . 
Each tes t  wa s the n grade d an d n o partia l  credi t  wa s given .  A 
decompose d proble m wa s considere d correc t  onl y i f  bot h part s 
wer e answere d correctly . 

Analysis and Results 

T o tes t  fo r  th e effec t  o f  th e tw o factor s w e performe d bot h 
an ite m analysi s an d a  ite m analysi s a s recommen d b y Clar k 
(1973) .  W e performe d a  subjec t  analysi s o n th e student s 
m e an scor e fo r  eac h o f  th e fou r  proble m types .  W e performe d 
a ful l  two-facto r  (2*2 )  repeate d measure s A N O V A wit h eac h 
facto r  a s a  within-subjec t  variable .  W e foun d significan t 
effect s o f  symbolizatio n (F (  1,73) = 170.8 ,  p<.0001 )  an d o f 
compositio n (F(l,73)=22.4 ,  p<.0001. )  bu t  no t  th e expecte d 
interactio n (F (  1,73)^1.024 ,  p>.31) .  T o verif y tha t  thes e 
effect s generaliz e acros s item s a s wel l  a s acros s subjects ,  w e 
performe d a n ite m analysi s o n students '  mea n performanc e o n 
th e 3 2 differen t  item s ( 8 cove r  storie s an d 4  proble m types ) 
appearin g o n th e test .  W e performe d a  ful l  two-facto r  (2*2 ) 
A N O VA o n th e ite m means .  Eac h facto r  wa s treate d a s a 
repeate d measure .  W e foun d significan t  effect s o f 
symbolizatio n (F(l,28)=55.476 ,  p<.0001 )  an d a  smalle r  effec t 
of  compositio n (F(l,28)=13.26 ,  p<.0083) .  Th e siz e o f  th e 
symbolizatio n effec t  wa s m u c h large r  the n th e siz e o f  th e 
compositio n effect .  Contrar y t o th e predictio n o f  th e 
articulatin g compositio n hypothesis ,  ther e wa s no t  a 
significan t  interactio n (F(l,28)=.821 ,  p>.395) ,  an d thi s wil l 
be addresse d below .  Sinc e th e subjec t  an d th e ite m analysi s 
agree ,  w e ca n b e confiden t  tha t  bot h effect s ar e rea l  an d 
generaliz e acros s th e large r  population s o f  bot h simila r 
student s an d simila r  items . 

We wer e initiall y  surprise d a t  th e absenc e o f  th e expecte d 
interaction ,  bu t  upo n investigatio n w e sa w tha t  th e individua l 
variation ,  a s show n b y th e histogra m i n Figur e 1 ,  wa s ver y 
large .  Figur e 1  show s h o w averag e studen t  performanc e 
change s a s thei r  abilit y  leve l  increases .  Th e lower-performin g 
students ,  wit h tota l  score s o f  1 ,  2  an d 3 ,  ar e al l  a t  th e floo r 

fo r  symbolization .  The y als o sho w a  compositio n effec t 

durin g arithmeti c problems .  Thi s i s th e exac t  opposit e 
interactio n w e wer e expectin g t o see ,  bu t  it s caus e i s 

intuitivel y sensible .  Student s firs t  lea m t o dea l  wit h th e 
easie r  arithmeti c problems ,  an d th e lower-performin g student s 

wil l  sho w competenc e onl y i n these .  Th e fac t  tha t  ther e i s a 
compositio n effec t  a m o n g th e arithmeti c problem s wil l  b e 
explore d below .  Th e middle-performin g grou p (tota l  score s o f 
4 )  sho w tha t  th e compositio n effec t  fo r  arithmeti c problem s 
i s goin g awa y a s overal l  performanc e improves .  Th e high -
performin g student s ,wit h tota l  score s o f  5 ,  6  an d 7 ,  ar e doin g 
equall y wel l  o n bot h type s o f  arithmeti c problem s an d ar e 
improvin g o n symbolizatio n bu t  primaril y decompose d 
symbolization .  I n othe r  words ,  th e student s sho w th e 
interactio n tha t  th e articulatin g compositio n hypothesi s 

predicted . 
T o statisticall y characteriz e th e individua l  variatio n w e 

witnessed ,  w e classifie d th e subjec t  populatio n int o a  top -
performin g hal f  an d a  bottom-performin g hal f  (usin g tota l 
score) .  W e performe d a  ful l  three-facto r  (2*2*2 )  A N O V A o n 
th e averag e o f  students '  means ,  agai n treatin g ou r  tw o 
difficult y factor s a s within-subjec t  repeate d measures ,  an d 
treatin g th e facto r  o f  "to p hal f  vs .  botto m hal f  a s a  betwee n 
subject s factor .  Agai n w e ha d highl y significan t  effect s o f 
symbolizatio n (F(l,280)=172.5 ,  p<.0001 )  an d compositio n 
(F(l,280)=22.1 ,  p<.0001) .  N o n e o f  th e thre e possibl e two -
w ay interaction s wer e clos e t o statistica l  significanc e (P>.2 4 
i n al l  cases) ,  bu t  w e di d fin d a  highl y significan t 
(F(l,280)=14.0 ,  p<.0004 )  three-wa y interaction .  Again ,  t o 
verif y tha t  thes e effect s occurre d acros s item s a s wel l  a s acros s 
subjects ,  w e di d a  three-facto r  (2*2*2 )  A N O V A o n th e ite m 
means,  treatin g al l  thre e factor s a s withi n ite m repeate d 
measur e factors .  Again ,  th e onl y significan t  effect s wer e th e 
tw o mai n effect s fo r  symbolizatio n (F(l,56)=50.1 ,  p<.0002 ) 
and compositio n (F (  1,56) = 11.7 ,  p<.012 )  an d th e three-wa y 
interactio n (F(l,56)=9.4 ,  p<.0183) . 

We wil l  speculat e belo w a s t o whethe r  o r  no t  th e 
compositio n effect s see n i n arithmetic(a t  th e lo w end )  an d i n 
symbolizatio n (a t  th e hig h end )  ar e cause d b y a  singl e effec t 
or  tw o separat e effects .  Ou r  articulatin g compositio n 
hypothesi s suggest s tha t  the y ar e differen t  effect s an d thi s wil l 
be explore d now .  W e wil l  the n explor e th e othe r  transition s 
we observed ,  whic h wer e no t  th e mai n focu s o f  th e 
experiment ,  bu t  nevertheles s provid e u s wit h insigh t  int o th e 
composit e skill s  fo r  compose d symbolization . 

Why are Composed Symbolization Problems 
Hard ? 

Our  articulatin g compositio n hypothesi s predicte d tha t  ther e 
woul d b e a n additiona l  cognitiv e hurdl e fo r  student s t o b e abl e 
t o solv e compose d symbolizatio n problems .  W h e n w e loo k 
at  th e top-performin g hal f  o f  th e student s w e se e th e 
interactio n whic h suggest s tha t  compose d symbolizatio n 
problem s ar e undul y difficult .  Bu t  h o w i s tha t  w e ge t  thi s 
averag e performance ? Ar e mos t  o f  thes e student s 
demonstratin g th e sam e effects ? Th e answe r  i s "some ,  bu t 
not  all. "  Le t  u s cal l  th e prerequisite s t o bein g abl e t o d o a 
compose d symbolizatio n proble m th e abilit y  t o d o bot h 
decompose d symbolizatio n an d compose d arithmeti c 
problems .  The n 4 0 % o f  th e student s w h o hav e me t  th e 
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prerequisite s fo r  compose d symbolization ,  faile d t o solve d a 
compose d symbolizatio n problem .  W h e n w e sa y a  studen t 

has me t  th e prerequisites ,  w e mea n tha t  a  studen t  wa s abl e t o 
do a t  leas t  on e compose d arithmeti c problem ,  a s wel l  ;i s  on e 
decompose d symbolizatio n problem ,  ther e wer e 4 3 student s 
w ho me t  thi s criterion ,  an d 1 7 o f  the m faile d t o solv e a 
compose d symbolizatio n problem .  W e thin k tha t  thes e 1 7 
student s ar e missin g th e knowledg e o f  h o w t o compos e tw o 
symboli c expressio n together . 

Thes e 1 7 student s mad e a  tota l  o f  3 4 error s o n compose d 
symbolizatio n problem s an d w e woul d lik e t o se e i f  thes e 
error s ar e consisten t  wit h th e articulatin g compositio n 
hypothesis .  Th e larges t  categor y o f  error s ar e th e 8  example s 
of  error s wher e student s wrot e onl y th e firs t  ste p (i.e .  on e 
studen t  wrot e "72-m "  fo r  proble m CS. )  Thes e error s ar e 
consisten t  wit h th e articulatin g compositio n hypothesis , 
becaus e a  studen t  tha t  doesn' t  k n o w h o w t o pu t  tw o step s 
togethe r  migh t  simpl y sto p onc e sh e get s t o a  poin t  wher e 
she doesn' t  kno w h o w t o continue .  Ther e wer e 3  error s o f 
missin g parenthese s an d on e studen t  w h o incorrectl y use d 
parentheses .  Thes e error s ar e als o consisten t  wit h wha t  on e 
woul d expec t  fro m a  perso n w h o ca n bot h symboliz e singl e 
step s an d d o th e arithmeti c fo r  tw o ste p wor d problems ,  bu t 
doesn' t  ye t  kno w h o w t o pu t  tw o symbolization s together .  I t 
i s als o goo d t o se e tha t  th e missing-parenthese s error s ar e 
responsibl e fo r  a  smal l  portio n o f  thi s effect .  M a n y o f  th e 
othe r  error s ar e no t  easil y categorizabl e an d don' t  giv e u s 
much insigh t  int o wha t  th e studen t  wa s thinking .  I t  i s  tru e 
tha t  abou t  a  thir d o f  th e error s o f  student s w h o appeare d t o b e 
tryin g t o overcom e thi s hurdl e ar e thos e tha t  th e articulatin g 
compositio n hypothesi s woul d predict . 

Our  articulatin g compositio n hypothesi s i s  wha t 
Newell(1990 )  woul d hav e calle d a  knowledge-leve l 
explanatio n a s oppose d t o a  symbol-leve l  explanation .  W e 
hypothesiz e tha t  student s ar e missin g a  certai n bi t  o f 
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Figur e 1 :  Th e tw o mai n effect s acros s abilit y  level s 

knowledg e (e .  g. ,  productio n rules )  tha t  w e ca n poin t  to .  Bu t 
an alternativ e explanatio n o f  th e additiona l  difficult y o f 
compose d symbolizatio n problem s coul d b e mad e a t  th e 

symbol  level .  Fo r  example ,  mayb e bot h symbolizatio n 
problem s an d compose d problem s pu t  a  burde n o n workin g 
memory,  an d whe n thes e tw o factor s combine ,  ther e i s  a 
stron g interaction .  W e looke d fo r  evidenc e o f  suc h a  symbol -
leve l  explanatio n b y seein g i f  th e compositio n effec t  whil e 
doin g symbolizatio n problem s increase d unde r  a  workin g 
memory load .  Convenientl y w e hav e dat a t o mak e thi s 
comparison ,  fro m ou r  previou s difficult y factor s assessment . 
I n thi s w e studie d bot h compositio n whil e symbolizin g a s 
wel l  a s th e effec t  o f  distracto r  numbers .  T o illustrate ,  w e ha d 
studie d proble m D S l  wit h an d withou t  a  distracto r  phras e 
wher e w e change d th e proble m t o rea d " 6 cars "  rathe r  the n jus t 
"cars. "  W e foun d a  larg e effec t  fo r  thes e distracto r  phrases , 
and w e clai m tha t  thi s m a y b e du e t o a n increase d workin g 
memory load .  I f  th e compositio n effec t  i n symbolizatio n 
problem s i s a  workin g m e m o r y phenomeno n w e shoul d 
expec t  t o se e th e compositio n effec t  increas e fo r  distracto r 
problems .  Unfortunately ,  th e result s ar e inconclusive .  Figur e 
2 show s a  tren d toward s th e predicte d interactio n bu t  i t  i s  no t 
significan t  (F (  1,250) = 1.48 ,  p=.23) . 

But  w e d o hav e evidenc e tha t  conclusivel y show s tha t  a 
knowledge-leve l  componen t  i s  definitel y present .  I n ou r 
previou s wor k (1997 )  w e conjecture d tha t  i f  th e har d par t  i s 
composin g step s together ,  the n instructio n focuse d o n 
teachin g student s jus t  th e missin g knowledg e shoul d improv e 
thei r  performance ,  eve n i f  divorce d fro m practic e o n wor d 
problems .  W e haven' t  spac e fo r  a  ful l  reporting ,  bu t  i n short , 
we traine d 3 9 student s o n problem s lik e "Le t  X = 72-m .  Le t 
B= X/4 .  Writ e a  ne w expressio n fo r  B  tha t  compose s thes e 
tw o steps. "  W e the n looke d fo r  transfe r  fro m th e learnin g o f 
thi s skil l  t o students '  improvemen t  o n algebr a symbolizing . 
I n a  singl e hou r  o f  trainin g o n thi s skill ,  w e sa w statisticall y 
significan t  increase s i n studen t  performanc e o n algebr a 
symbolizatio n a s a  resul t  o f  trainin g o n symboli c 
substitution ,  eve n factorin g ou t  gain s du e t o usin g 
parenthese s correctly .  Thi s i s possibl y th e stronges t  evidenc e 
we coul d presen t  i n favo r  o f  th e articulatin g compositio n 
hypothesis .  Thi s resul t  als o support s th e mor e genera l  ide a 
tha t  ther e i s greate r  difficult y o n th e productio n sid e rathe r 
the n th e comprehensio n sid e o f  translation ,  sinc e thes e 
student s improve d withou t  practic e readin g algebr a wor d 
problems ;  th e onl y practic e the y ha d wa s composin g 
expression s together . 

Symbolization Effect among Decomposed Problems 

We n o w conside r  on e o f  th e transition s student s mus t  mak e 
befor e bein g abl e t o dea l  wit h compose d symbolizatio n 
problems .  Thi s transitio n occur s whe n student s lea m 
decompose d symbolizatio n problems .  Th e evidenc e suggest s 
tha t  thi s transitio n i s difficult .  Full y one-thir d o f  th e student s 
w ho demonstrate d competenc e (a t  leas t  on e correct )  i n th e 
decompose d arithmeti c problem s coul d no t  d o ge t  an y o f  th e 
decompose d symbolizatio n problem s correc t  (le t  alon e th e 
compose d one) .  Thi s i s a  substantia l  effec t  tha t  result s i n a n 
additiona l  10 8 error s occurrin g (15 2 error s o n decompose d 
symbolizatio n problem s whil e onl y 4 4 error s o n decompose d 
arithmeti c problems) .  W h a t  i s  th e explanatio n fo r  thi s 

487 



A 

O Distractor s 

No Distractor s 

C o m p o s ed Decompose d 

Figure 2. A possible working memory induced interaction. 
symbolizatio n ga p o f  10 8 errors ? W e not e tha t  ther e wer e 
m a ny mor e "n o answers "  increasin g fro m 1 2 t o 57 ,  bu t  thes e 
"n o answer "  response s d o no t  giv e u s m u c h insigh t  int o wha t 
i s causin g th e difficulty .  W e n o w loo k a t  fou r  differen t 
explanation s tha t  migh t  accoun t  fo r  w h y ther e ar e s o man y 
mor e errors . 

Th e first  hypothesi s t o explai n th e symbolizatio n effec t  i n 
decompose d problem s i s simila r  t o th e articulatin g 
compositio n hypothesi s i n tha t  w e focu s o n difficultie s 
student s hav e wit h productio n an d no t  wit h comprehension . 
We wil l  introduc e tw o type s o f  error s tha t  ar e analogou s t o 
th e sort s o f  error s mad e whe n learnin g a  natura l  language . 
O ne suc h erro r  i s t o sa y word s i n th e wron g order ,  fo r 
instance ,  writin g "m-72 "  whe n "72-m "  i s intended .  W e cal l 
thes e reversa l  errors .  A  secon d languag e productio n erro r  i s 
t o us e th e wron g verb .  Fo r  instance ,  writin g " 7 2 + m "  whe n 
"72-m "  i s intended .  W e cal l  thes e wron g ver b errors .  Bu t  jus t 
becaus e a  perso n ha s writte n " 7 2 + m "  doe s no t  mea n w e ca n 
assume the y mean t  "72-m "  s o w e wil l  hav e t o compar e th e 
erro r  rate s o n symbolizatio n problem s wit h th e numbe r  o f 
analogou s error s o n arithmeti c problems(fo r  instanc e th e 
number  o f  peopl e w h o adde d 72+3 2 t o ge t  10 4 fo r  proble m 
D A2 i n Tabl e 1 )  I t  turn s ou t  tha t  ther e ar e 7  error s o f 
student s usin g th e wron g ver b t o arriv e a t  a  arithmeti c 
answer .  I n contrast ,  fo r  symbolizatio n problems ,  ther e ar e 3 1 
suc h errors .  Th e increas e i n thes e wron g operato r  error s i s 
du e t o th e fac t  tha t  tha t  students '  difficultie s aris e no t  s o 
m u ch i n Englis h comprehensio n bu t  i n symboli c production . 
We se e a  simila r  patter n fo r  th e reversa l  errors ,  wit h n o suc h 
error s occurrin g fo r  arithmeti c problem s (nobod y answer s " -
4 0 "  fo r  D S 2 )  whil e ther e ar e 1 2 suc h error s fo r  symbolizatio n 
problems .  Th e differenc e i n thes e simpl e articulatio n error s 
account s fo r  abou t  4 0 % o f  th e symbolizatio n gap . 

A secon d explanatio n i s a  possibl e consequenc e o f  th e 
generalizatio n hypothesis .  Conside r  th e 6t h grad e studen t  w h o 
has neve r  see n a  variabl e befor e an d i s suddenl y confronte d 
wit h a  proble m wit h a  variabl e fo r  th e first  time .  Sh e woul d 
probabl y b e totall y confuse d an d b e inhibite d fro m usin g tha t 
variabl e i n he r  answer .  Sh e migh t  b e muc h mor e likel y t o 
randoml y guessin g usin g th e mor e familia r  number s fro m th e 
problem .  O r  sh e migh t  answe r  a s on e studen t  o f  our s di d o n 
severa l  o f  th e symbolizatio n problems :  "No t  enoug h info" . 
Thi s lead s t o th e predictio n tha t  novice s ar e inhibite d fro m 
usin g a  variable .  O f  th e student s w h o gav e a n answe r  3 8 
answer s di d no t  contai n th e give n variabl e eve n thoug h i n a 
decompose d proble m ther e ar e onl y tw o numbers .  Thi s 

account s fo r  3 5 % o f  th e symbolizatio n gap .  Bu t  ther e i s a 
consistenc y proble m wit h thi s variabl e inhibitio n 
hypothesis .  I n previou s researc h w e (1997 )  foun d tha t 
students '  abilit y  t o d o arithmeti c symbolizatio n (e.g . 
answerin g wit h "72-32 "  rathe r  the n "40" )  wa s no t 

significantl y differen t  (F(l,30)=.9 ,  p>.35 )  fro m thei r  abilit y 
t o d o algebrai c symbolizatio n (e.g .  answe r  wit h "72-m") . 
However ,  w e d o not e tha t  th e tren d i n th e dat a wa s 
particularl y larg e an d i n th e predicte d direction :  th e absolut e 
performanc e o n decompose d problem s rises  fro m 5 8 % fo r 
arithmeti c symbolizatio n problem s t o 6 8 % fo r  symbolizatio n 

problem s wit h a  variable .  Furthermore ,  th e student s i n th e 
curren t  stud y wer e generall y a t  a  lowe r  leve l  wher e variabl e 
inhibitio n m a y b e greater .  O n th e 6  cover-storie s tha t  th e tw o 
population s ha d i n c o m m o n th e percentag e correct ,  o n 
average ,  fo r  symbolize d problem s wa s significantl y differen t 
(F(l,10)=7.292 ,  p<.02 )  wit h thi s presen t  grou p averagin g a 
lo w 2 7 . 2 % whil e th e previou s grou p average d a  highe r 
42 .8% . 

A thir d hypothesi s i s tha t  th e symbolizatio n effec t  fo r 
decompose d problem s i s cause d b y th e fac t  tha t  student s ma y 
be usin g back-u p strategie s (lik e repeate d addition : 
40+40+40 )  fo r  th e arithmeti c problem s instea d o f  th e direc t 
arithmeti c strateg y (e.g .  3*40 )  tha t  i s  necessar y fo r 
symbolization .  W e looke d a t  al l  o f  th e response s student s 
gav e t o th e arithmeti c problem s t o se e i f  w e sa w an y evidenc e 
tha t  student s wer e usin g an y mat h operation s othe r  tha n thos e 
expected ,  an d foun d n o evidenc e t o suppor t  thi s hypothesis . 
At  th e sam e time ,  sinc e student s di d no t  alway s sho w thei r 
work ,  w e ca n no t  rul e thi s out . 

A fourt h explanatio n fo r  th e presenc e o f  a  symbolizatio n 
effec t  i n decompose d problem s i s wha t  w e cal l  th e semanti c 
suppor t  hypothesis .  I f  a  studen t  actuall y ha s number s tha t 
the y ca n us e t o comput e answer s the y hav e th e advantag e o f 
bein g abl e t o loo k a t  th e answe r  t o detec t  violation s wit h th e 
semantic s o f  th e problem .  W e discusse d abov e tha t  ther e 
wer e n o reversa l  error s o n arithmeti c problem s bu t  1 2 o n 
symbolizatio n problem .  M a y b e th e reaso n reversa l  error s 
don' t  occu r  o n decompose d problem s i s tha t  i f  a  studen t 
calculate s "-40 "  sh e wil l  quickl y detec t  tha t  a  negativ e numbe r 
of  dollar s t o giv e t o th e sister s doe s no t  mak e sense .  Th e 
semanti c suppor t  hypothesi s als o suggest s tha t  eve n withou t 
doin g an y o f  th e arithmetic ,  i t  migh t  b e easie r  fo r  a  studen t 
t o figure  ou t  whic h operato r  t o us e i f  the y kno w th e relativ e 
siz e o f  th e number s given :  student s see m t o hav e heuristic s 
lik e "i f  on e numbe r  i s m u c h large r  the n th e other ,  the n 
divisio n i s likely" ,  i n additio n t o heuristic s lik e "alway s 
subtrac t  th e smalle r  numbe r  fro m th e larger. "  S o a  studen t 
migh t  benefi t  mor e b y havin g number s rathe r  the n variable s 
eve n befor e sh e actuall y doe s an y math .  I n ou r  previou s 
work ,  thoug h w e faile d t o find a  significan t  differenc e 
(F(l,30)=.9 ,  p>.35 )  betwee n th e performanc e o n arithmeti c 
symbolizatio n vs .  algebrai c symbolizatio n problem s (a s 
mentione d i n th e introduction) ,  ther e wa s a  differenc e o f 
averag e percentag e correc t  o f  abou t  1 0 % fro m 5 8 % correc t  t o 
6 8 % correct .  Thi s suggest s tha t  ther e migh t  b e a  rol e fo r  th e 
semanti c suppor t  hypothesi s tha t  help s student s us e heuristic s 
base d o n th e siz e o f  number s a s wel l  a s heuristic s tha t  chec k 
th e resul t  o f  arithmeti c computation s fo r  semanti c violations . 
Neithe r  o f  thes e strategie s i s possibl e i f  th e proble m ha s a 
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variabl e present .  Furthe r  researc h i s neede d t o conclusivel y 
distinguis h betwee n th e merit s o f  thes e explanations . 

Comprehension Effect in Arithmetic Problems: 

The thir d developmenta l  transitio n w e detecte d wa s th e ga p 

shown b y student s w h o coul d no t  d o compose d arithmeti c 
problem s a s wel l  a s decompose d arithmeti c proble m (whic h 
lead s t o wha t  w e cal l  a  compositio n effec t  i n th e decompose d 
problems) .  Th e ga p i s no t  large ;  ther e wer e 4 2 error s o n 
decompose d problem s whil e compose d problem s ha d 52 . 
Agai n w e notic e tha t  1 0 o f  th e answer s fo r  compose d 
problem s wer e th e resul t  o f  doin g jus t  th e firs t  o f  tw o require d 
steps .  Thes e student s possibl y sto p earl y becaus e the y ar e 
not  readin g th e questio n carefully .  Ther e wer e onl y 5  student s 
who wer e abl e t o ge t  a  decompose d proble m correc t  bu t  faile d 
t o ge t  an y othe r  typ e o f  proble m includin g compose d 
arithmeti c problem s correct .  Mor e generally ,  ther e wer e 2 4 
student s whos e performanc e o n compose d arithmeti c 
problem s wa s wors e tha n thei r  performanc e o n decompose d 
arithmeti c problems .  W e woul d assum e tha t  thi s 
compositio n effec t  i s  partl y explaine d b y referenc e t o 
cognitiv e model s lik e LeBlan c an d Russel l  (1996 )  tha t 
attemp t  t o explai n arithmeti c wor d proble m performanc e 
base d o n workin g memor y loa d considerations .  Tha t  is , 
compose d problem s ar e somewha t  harde r  t o read .  I t  als o 
migh t  b e tha t  som e student s d o no t  bothe r  t o re-rea d suc h 
problem s eve n i n th e fac e o f  thi s hig h workin g memor y load . 

A Sketch of a Developmental Model 

Based o n thes e result s o f  ou r  difficultie s factor s assessmen t 
(her e an d i n Heffema n &  Koedinger ,  1997) ,  w e hav e begu n t o 
creat e a  developmenta l  mode l  o f  h o w student s lear n t o 
symbolize .  Contrar y t o c o m m o n belie f  an d th e emphasi s o f 
prio r  cognitiv e scienc e research ,  student '  difficult y i n algebr a 
word  proble m solvin g appear s les s relate d t o comprehensio n 
difficultie s an d mor e relate d t o difficultie s i n producin g 
symboli c expressions ,  particularl y expression s tha t  involv e 
more tha n on e operator .  W e wil l  summariz e thre e mai n 
transition s thi s model .  A t  th e star t  o f  th e developmenta l 
progressio n ar e student s (tw o i n thi s study )  w h o fai l  t o ge t 
any o f  th e problem s correc t  an d w e wil l  ignor e them .  A t  th e 
first  non-trivia l  level ,  w e sa w five  subject s w h o showe d 
competenc e i n decompose d arithmeti c problem s (wher e 
competenc e i s a t  leas t  on e o f  th e tw o problem s correct )  bu t 
faile d t o sho w competenc e i n an y othe r  proble m type .  W e 
speculate d tha t  thei r  poore r  performanc e o n compose d 
problem s migh t  b e du e t o workin g memor y limitation s o r 
relate d t o difficultie s comprehendin g mor e complicate d 
compose d stories .  Th e student s a t  thi s leve l  sho w evidenc e 
predicte d b y th e generalizatio n hypothesis .  I n goin g t o th e 
nex t  leve l  student s mus t  lear n t o dea l  wit h compose d 
arithmeti c problems .  The y mos t  likel y nee d t o improv e thei r 
readin g skill s  an d mak e sur e the y answe r  th e questio n asked . 
Twenty-fou r  student s ha d mad e thi s transitio n t o competenc e 
i n compose d arithmeti c bu t  w e no t  successfu l  o n an y 
symbolizatio n problems . 

The nex t  hurdl e student s surmoun t  i s learnin g ho w t o dea l 
wit h decompose d symbolizatio n problems .  I t  i s  interestin g t o 
not e tha t  n o studen t  wa s competen t  i n decompose d 
symbolizatio n problem s w h o wa s no t  als o competen t  i n 

compose d arithmetic .  Thi s i s mos t  likel y du e t o th e fac t  tha t 
student s se e compose d arithmeti c problem s i n elementar y 
school ,  bu t  mos t  se e variable s muc h later .  Ther e wer e a t  th e 
leve l  o f  showin g competenc e i n bot h compose d arithmeti c 
and decompose d symbolization ,  bu t  wer e no t  successfu l  o n 
any o f  th e compose d symbolizatio n problems .  W e considere d 
fou r  altemativ e hypothesi s regardin g wha t  student s nee d t o 
lea m t o mak e thi s transitio n t o competenc e o n simpl e 
decompose d symbolizatio n problems . 

At  th e highes t  leve l  ther e wer e 2 5 student s w h o wer e abl e 
t o ge t  on e o f  th e compose d symbolizatio n problem s correc t 
(onl y on e studen t  go t  bot h compose d symbolizatio n problem s 
correct) .  I n makin g thi s transitio n t o competenc e i n 
compose d symbolizatio n problems ,  student s lea m h o w t o 
combin e th e articulatio n o f  individua l  steps . 

We wil l  limi t  ourselve s t o on e instructiona l  desig n 
suggestio n tha t  ca n b e derive d for m thi s developmenta l 
model .  I n helpin g student s transitio n fro m competenc e a t 
symbolizin g on e operato r  problem s t o competenc e a t 
symbolizin g multipl e operato r  problems ,  w e recommen d 
practic e o n symboli c substitutio n problems .  A t  th e fac e o f 
it ,  suc h problem s see m totall y unrelate d t o translatin g won J 
problem s t o symbols .  However ,  ou r  cognitiv e analysi s an d 
difficult y factor s assessment s hav e identifie d substantia l 
overia p i n th e skill s  require d fo r  thes e apparentl y unrelate d 
tasks .  Furthermore ,  w e hav e preliminar y evidenc e tha t 
trainin g o n substitutio n transfer s t o symbolization . 
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