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EPIGRAPH

Mathematics is the science of skillful operations with concepts and rules invented just for this
purpose. The principal emphasis is on the invention of concepts. Mathematics would soon run

out of interesting theorems if these had to be formulated in terms of the concepts which already
appear in the axioms.

—FEugene Wigner
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This thesis contributes to the emerging field of nonlinear random matrix theory and deep
learning theory. The main contributions are summarized as follows:

In the linear-width regime, where the network widths scale proportionally with the sample
size, we include proof of the global laws of the neural tangent kernel (NTK) and conjugate kernel
(CK) matrices across layers. For datasets with low-dimensional signal structures, we characterize
the outlier eigenvalues and eigenvector alignments of the CK matrices, extending recent results
on spiked covariance models. In the ultra-wide regime, where the first layer’s width is much

larger than the sample size, we show that spectra of both CK and NTK matrices converge to a
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deformed semicircle law.

Going beyond random initialization, we investigate the spectral properties of trained
weight, CK, and NTK matrices through empirical and theoretical analyses. Empirically, it
demonstrates the invariance of bulk spectra under small learning rates, the emergence of outliers
with large learning rates, and the heavy-tailed distributions after adaptive gradient training,
correlating them with feature learning. Theoretically, we prove the invariance of bulk spectra
under small constant learning rates and characterize the feature learning phenomenon, where
gradient descent optimizes the first-layer weights, leading to a rank-one spiked structure in the

weight and CK matrices, with spike eigenvectors aligning with test labels.
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Chapter 1

Introduction

Random matrix theory (RMT), free probability, and high-dimensional statistics have been
recently employed successfully to study deep learning in a variety of cases. In this work, we aim
to build a spectral analysis of neural networks [FW20, WZ24, WES*23, BEST22, WWF24],
which may have important practical and theoretical consequences in deep learning. Generally
speaking, there are three pillars of deep learning: neural network architectures, optimization and
training dynamics, and data structures. In this thesis, we use high-dimensional probability theory
to more realistically understand how these three pillars efficiently support neural networks (NNs)
to achieve learning tasks:

(i) For architectures, we explore the impact of both the depth and width of fully connected

neural network models. We consider different asymptotic scaling of the width of NNs.

(i) For data structures, we go beyond isotropic Gaussian datasets to establish theory on datasets

with anisotropic structures or even deterministic datasets with certain orthogonal properties.

(ii1) For optimization, we analyze various training processes of NNs and how they learn features
from training datasets and improve the representation learning in the neural network.
Modern datasets in areas like genomics, finance, and image processing usually have
extremely large sizes in high dimensions which makes them difficult to process using traditional
data processing techniques. In the context of machine learning and artificial intelligence, big

data provides the extensive information needed to train artificial intelligence, improve accuracy,



and make data-driven decisions. Random matrix theory helps in studying the properties of these
high-dimensional big data structures, by considering the sample size and feature dimension grow
to infinity proportionally and then analyzing the eigenvalues and eigenvectors of matrices that
represent the data. These properties can reveal important insights about the latent structure of
high-dimensional data in large sizes.

Moreover, overparameterization (i.e., a large number of training parameters; [BHMM]19,
BHX?20]) has become an indispensable component of artificial intelligence due to its presence
in popular machine learning models, yet many properties of overparameterized estimators
remain mysterious despite having been a major focus of recent research. To study the role
of overparameterization in NNs, high-dimensional probability tools should be introduced to
analyze the performances of NNs when sample size and width go to infinity with various rates.
High-dimensional probability emerges as a potent tool in analyzing the asymptotic performances
of overparameterized machine learning models.

Below, we will first summarize the background in deep learning theory and RMT, and
then outline how our results harness the methodologies from random matrix theory to scrutinize

spectral phenomena across diverse statistical and machine learning applications.

1.1 Neural Network Model and Kernel Matrices

In this section, we define the neural network model and its corresponding kernel matrices

that will be discussed in this thesis.

Fully connected neural networks (NNs)
We define a fully-connected, feedforward neural network with input dimension d(, hidden
layers of dimensions dj,...,dy, and a scalar output. For an input x € R%, we parametrize the

network as

fe(x>:WT_G(WL : o(...l (wz— (Wpc))))eR. (1.1.1)

§-



Here, 0 : R — R is the activation function (applied entrywise to matrices or vectors) and
W,eR¥>d1  for1<(<L,  weR%"
are the network weights. We denote the collection of all training parameters by
0 = (vec(Wy),...,vec(Wr),w),

where vec(-) means vectorization of the weight matrix. We call L € N the number of layers (the
depth) of this NN and d, the number of neurons (the width) in ¢-th layer for 1 < ¢ < L. Then,
W, is the weight matrix at the ¢-th layer for 1 </ < L.

The scalings by 1/+v/d; in (1.1.1) reflect the “NTK-parametrization” of the network
[JGH18]. We will discuss alternative scalings and an extension to multi-dimensional outputs in

Sections 2.2.4 and 5.4.2.

Empirical kernel matrices in NN models

Kernel matrices associated with the nonlinear feature map of deep neural networks
(NNs) provide insight into the optimization dynamics [JGH18, MZ20, FDP*20] and predictive
performance [LBN" 17, ADH" 19a, OJMDF21]; consequently, properties of these kernel matri-
ces can guide the design of network architecture [XBSD* 18, MBD*21, LNR22] and learning
algorithms [KO20, ZNB22]. Particular emphasis has been placed on the spectral properties of
kernel matrices, due to their connection with the training and test performance of the underlying
NN [BCP20, LGC*21a, WHS22]. This thesis will focus on two empirical kernel matrices on n
training data points.

Given 7 training samples x{,. .., X, € R%, we denote the input data matrix by

X=X)= <x1 xn) € Rbxn, (1.1.2)



When passing through these n samples in (1.1.1), we can define the output matrix of post-

activation at each layer by

1
X, = —0c(W,X,_;) c R for{=1... L 1.1.3
V4 \/CT(G( Ay I)E 3 or 5 Ly ( )

with weight matrices W, € Réexde-1 | X o = X and dy = d, and a nonlinear activation function

o : R — R applied entrywise. The in-sample predictions of the network in (1.1.1) are given by

foX) = (fo(x1),..., fo(xn)) =w' X, € R,

Definition 1. The Conjugate Kernel (CK) at /-th layer of NN in (1.1.1) with n sample dataset
X in (1.1.2) is defined by
KS® =X/ X, c R (1.1.4)

for ¢ = 1,...,L. We denote the last layer CK as KX for simplicity.

This KK is also called the equivalent Gaussian process kernel [Nea95, Wil97, CS09,
DFS16, PLR*16, SGGSD17, LBN*18, MHR18]. Fixing the matrix X, this KX governs
training and generalization in the linear regression model fg(X) = w'X;. For very wide
networks, K“® may be viewed as an approximation of its infinite-width limit, and regression
using X is an approximation of regression in the Reproducing Kernel Hilbert Space (RKHS)
defined by this limit kernel [RRO8]. In this thesis, we use “conjugate kernel” and “neural
tangent kernel” to refer to these matrices for a finite-width network, rather than their infinite-
width limits. In the high-dimensional asymptotic setting where the width of the NN and the
number of training samples diverge at the same rate, prior works employed random matrix
theory to analyze the limit eigenvalue distribution of the CK matrix at random initialization
[PW17, LLC18, Péc19, FW20]. These and related characterizations of the CK resolvent enable
precise computations of various errors for NNs with random first-layer weights, known as

random features models [MM22, TAP21, HJ22].



Definition 2. The Neural Tangent Kernel (NTK) is the Gram matrix of the Jacobian of

in-sample predictions with respect to the network weights
KNK— 777 = (Vofo(X)) ' (Vofo(X)) e R™", (1.1.5)
where we denote the Jacobian matrix of the network predictions with respect to the weights 6 as

J=Vgfo(X)= (Vef(xl) Vef(xn)> e RUM(8)xn

This KNTK was introduced to study network training [JGH18, DZPS19a, AZLS19].
Under gradient-flow training dynamics, the in-sample predictions follow a differential equation
governed by the NTK. Under gradient-flow training of the network with weights 6 and training
loss given by (1.1.7), the time evolutions of residual errors and in-sample predictions are given

respectively by

d

E()’—fmg(")) = —K""™()- ()’—fe(t)(X)>7 %fe(z)(x) =K"5(1) - <)’—fe(r)(X))

where 0(¢) and KNTK(¢) are the parameters and NTK at training time ¢ [JGH18, DZPS19al.

Denoting the eigenvalues and eigenvectors of KN'X(¢) by (Aq(t),va/(t)) and the spectral

n
a=1°
components of the residual error by r4(t) = v (1) (y — fo(1)(X)), these training dynamics are
expressed spectrally as

T4
dt

(7 a0 )) = ~Ralora). Goforg K) = X Aaltrats) vele)

Vval(t)

Note that these relations hold instantaneously at each training time ¢, regardless of whether
KNTK (1) evolves or remains approximately constant over training. Hence, A4/(f) controls the
instantaneous rate of decay of the residual error in the direction of v (t).

For very wide networks, KNTK Aw, and vy will all approximately stay close to the initial



values over the entirety of training [JGH18, DZPS19a, DLL"19b, AZLS19, COB19]. This
yields the closed-form solution r¢ (1) & rq (0)e "2, so that the in-sample predictions fon)(X)
converge exponentially fast to the observed training labels y, with a different exponential rate A
along each eigenvector vq, of KNTK,

The spectral decompositions of these kernel matrices are related to the training and
generalization properties of the underlying network. Training occurs most rapidly along the
eigenvectors of the largest eigenvalues [ASS20], and the eigenvalue distribution may determine
the trainability of the model and the extent of implicit bias towards simpler functions [XPS19,
YS19a]. Itis thus of interest to understand the spectral properties of these matrices, using random
matrix theory, both at random initialization and throughout training.

As an example, when L = 2, let d; = h and dy = d be the widths of the output and input
layer. The CK is defined as K% := X ITX | € R™" where X| := Lo <WX / \/3) Specifically,

NG
the empirical NTK of two-layer NN can be explicitly written as

.
KNTK — éXTX ® %a’ (%WX) diag(v)*c’ (%WX) + KK, (1.1.6)

Here we train both layers, so we have two parts in the NTK expression. If we only train the

first-hidden layer, we can simply remove the second CK part.

Training processes of NNs.

We focus on the NTK parameterization and consider the kernel machine (1.1.9) induced
by the initial NTK of the NN. We aim to seek the cases when the NN outperforms this kernel
during the training process. For this purpose, we adopt different optimizers of training this NN
to obtain different testing performances and spectral properties of trained weights and empirical
kernels.

The loss function for training is a mean squared error (MSE)

1
£(0) =5y = foX)|*. (1.1.7)



NN are usually trained by gradient-based methods such as full-batch gradient descent (GD),
mini-batch stochastic gradient descent (SGD), Adaptive Gradients (AdaGrad), and Adam [KB14].
We can represent GD by

0,11 =6,—MnVeZ(6), (1.1.8)

where 7 is the learning rate (step size) and V.2 (6;) is the gradient of the training loss w.r.t.
trainable parameters 6 at step > 0. We will prove the global convergence of GD in some special
(overparameterized) cases ensuring the convergence to the NN that interpolates the data. We will
also show that the hyper-parameters (e.g. learning rate 1) affect the spectral properties of NNs

during training.

Lazy training regime.

Lazy training [COB19] can be viewed as a linear approximation of the NN, i.e.

fo(x) ~ fo,(x)+ (6 — 60) ' Vo fo, (x),

defined by minimum-norm interpolation

0:= argmin{HG— 6ol : (6 —60) " Voo, (X) :}’—feo(x)}'

Then, lazy training also represents a kernel machine

F(x) = fo,(x)+ (y — fo, (X)) K(X,X) 'K(X,x) (1.1.9)

where f(x) is the unregularized regression prediction on test data x € R¢, the kernel K(X,X)
is the initial KN™® on training data, and K(X,x) = (Vg fo,(X))" (Ve fa,(x)). The asymptotic
performance of f (x) has been analyzed by [AP20] under the LWR. We view this regime as a
benchmark: [COB19, BMR21] prove that NN through gradient flow is close to lazy training if

h > n; [HXAP20] shows NN can go beyond lazy training under a non-proportional regime.



1.2 An Overview of Random Matrix Theory
1.2.1 Empirical Spectral Distributions and Stieltjes Transforms

We will derive almost sure weak limits for the empirical spectral distributions (ESDs) of
random symmetric kernel matrices K € R"*" as n — oo, Throughout this thesis, we will denote
this as

limspecK =

where u is the limit probability distribution on R. Letting {44 },_, be the eigenvalues of K, this

means
n

Y f(Aa) = By f(A)] (1.2.1)

1
na=1
a.s. as n — oo, for any continuous bounded function f : R — R. Intuitively, this may be understood
as the convergence of the “bulk”™ of the spectral distribution of K. we call this convergence as
global law of K. To be clear, this does not imply convergence of the extreme eigenvalues of
K to the support of u, which is a stronger notion of convergence for global law. We will also
show that ||K|| < C a.s., for a constant C > 0 and all large n. Then (1.2.1) in fact holds for any
continuous function f : R — R, as such a function must be bounded on [-C,C].

We will characterize the probability distribution u and the ESD of K € R"*" by their

Stieltjes transforms. These are defined, respectively, for z € CT, as

noo 1
Y = —Tr(K —zId) L.

1 1
(@) = [ odn me@ = Y

X—2Z

Here Id represents the identity matrix. The pointwise convergence mg(z) — my(z) a.s. as
n — oo over z € CT implies lim spec K = . For z =x+in € CT, the value £~ Immy, (z) is the
density function of the convolution of u with the distribution Cauchy(0,7n) at x € R. Hence, the
function my, (z) uniquely defines pt, and evaluating 7~ ! Immy, (x +in) for small 7 > 0 yields an

approximation for the density function of ut (provided this density exists at x).



For any n x n Hermitian matrix A,, the Stieltjes transform of the empirical spectral

distribution of A, can be written as tr(A, —zId)~!. We call (A, —zId)~! the resolvent of A,,.

1.2.2 Deformed Marcenko-Pastur Law

An example of limiting eigenvalue distribution is given by the Marcenko-Pastur law,
which describes the spectra of sample covariance matrices [MP67a]. Back in 1928, [Wis28] first
studied this kind of random matrix model in statistical analysis.

Let X € R?*" have i.i.d. .4 (0,1/d) entries, let ® € R™" be deterministic and positive
semi-definite, and let n — oo such that lim spec® = v and n/d — 7y € (0,). Then the sample

covariance matrix ®!/2X T X®!/2 has an almost sure spectral limit,
lim spec ®'/2X "X @'/ = pMP . (1.2.2)

We call this limit p%}dp X v the MarCenko-Pastur map of v with aspect ratio ¥, where X is an
analog of the classical notion of multiplicative convolution of probability measures, called free
multiplicative convolution in free probability theory. This distribution p%yﬂ) X v can be defined
by its Stieltjes transform m(z), which solves the Maréenko-Pastur fixed point equation [MP67a].
We define this fixed point equation below.

This free multiplicative convolution is from free harmonic analysis. For full descriptions
of free independence and free multiplicative convolution, see [NS06, Lecture 18] and [AGZ10,
Section 5.3.3]. The free multiplicative convolution X was first introduced in [Voi87], which
later has many applications for products of asymptotic free random matrices. The main tool for
computing free multiplicative convolution is the S-transform, invented by [Voi87]. S-transform
was recently utilized to study the dynamical isometry of deep neural networks [PSG17, PSG18,
XBSD" 18, HK21, CH23]. Some basic properties and intriguing examples for free multiplicative
convolution with g can also be found in [BZ10, Theorems 1.2, 1.3].

For a probability measure v supported on [0,0) and an aspect ratio parameter y > 0,



consider the deformed Maréenko—Pastur measure
u=p)/"Rv
and its “companion” probability measure
fi=yp+(1-7)d.
In general, p and fi represent the limit eigenvalue distributions of
G'GeRY, and GG' eRVN

respectively, when G = \/Lﬁ[gl ..., 8&y] € RM*" has i.i.d. rows with mean 0 and covariance X,
and n,N — oo with n/N — vy and %Z?:l Oy,(x) — v weakly.

These measures W, fI can be defined by their Stieltjes transforms

m(z):/ ! du(x), ﬁa(z):/Ldﬁ(x) (1.2.3)

X—Z X—Z

where 7i(z) = ym(z) + (1 — y)(—1/z). By the results of [MP67a, SB95], for any z € C*, m(z)
and 7(z) are the unique solutions in {m € C: ym+ (1 —y)(—1/z) € C*} and C™, respectively,

to the Marcenko-Pastur equations

1 1 A
m(Z)=/M1_y_yzm(z))_zdvm), z=—m+y/mdv(x). (1.2.4)

We define m(z) and r(z) via (1.2.3) also on the full domains C\ supp(u) and C\ supp(fi)
respectively. Notice that the support sets supp(u) and supp(fi) may differ only at the single
point {0}.

In the setting £ =1d (and v = 0y), the law u = p%}’IP is the standard Marcenko-Pastur law
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[MP67a], with explicit density function with respect to Lebesgue measure

1A DA A
2n YA

dpyp(l) = '116[1—,7@] dA, Ari=(1+ \/7)2

for y <1, and an additional point mass (1—1/y) at O when y > 1. Here 1 ¢3_ 3, is the indicator
function on the subset [A_,A,] C R.
In general,  and fi may not have analytically explicit densities. However, supp(il) is

explicitly characterized in [SC95], and we review this characterization here: Define
T ={0}U{—1/A: A €supp(v)}. (1.2.5)

For/m € C\ .7, define
A

1+ Am

z(m) = —%4—'}’/ dv(R). (1.2.6)

In light of the second equation of (1.2.4), this may be understood as a formal inverse of 7i(z).

From [SC95, Theorems 4.1 and 4.2], we have the following properties.

Proposition 3. 7i(-) defines a bijection from {z € R\ supp(ft)} to {i € R\ 7 : 7/ (m) > 0},
whose inverse function is z(-). In particular, x € R does not belong to supp(ft) if and only if

there exists /i € R\ .7 such that 7/ (/i) > 0 and z(i) = x.

1.2.3 Deformed Semicircle Law

The semicircle law is another fundamental distribution in random matrix theory. It
describes the limiting distribution of eigenvalues for many types of random symmetric matrices
as the matrix size grows to infinity. The Wigner semicircle law Theorem [Wig55] states that the
empirical distribution of the eigenvalues of a symmetric n X n random matrix with independent
and identically distributed (i.i.d.) entries (up to the symmetry constraint) converges to a semicircle
distribution as n approaches infinity. This type of random matrix is called the Wigner matrix

in random matrix literature. If the entries of the matrix are centered (mean zero) with variance

11



02 /n, the density of the eigenvalue distribution in the limit is given by the density function:

1
52 V402 =A% 1131069

p(A)=5

where 1 is the indicator function, restricting A to the interval [-20,20|. We denote the standard
semicircle law as pi; with density function p(A) and ¢ = 1. We refer to [Gui09, BS10, AGZ10,
Taol2] for more details on the Wigner matrix, semicircle law g and its relation with free
probability.

Similarly with deformed Marcenko-Pastur Law, we can define the deformed semicircle
law p = u; X ug for a probability measure tg supported on [0, +e0). This probability measure

L can be characterized by its Stieltjes transform m(z) governed by the following equation

Hep ()
+/Z+[3 B (1.2.7)

for each z € C*, where B(z) € C" is the unique solution to

xdle(x)
B(ZH/W =0. (1.2.8)

When pe = 61, U is exactly the standard semicircle law. For more details on this deformed

semicircle law, see Chapter 4.

1.3 Summary of Contribution

Recently, nonlinear random matrix theory has emerged in neural networks (1.1.1) at
random initialization, e.g. [PW17, LLC18, BP21]. This thesis contributes to this field by deriving
the limiting spectral distributions of neural network kernel matrices in (1.1.4) and (1.1.5) for
different regimes and general dataset X. Furthermore, we analyze spectral properties of weight

matrices in (1.1.1) and neural network kernel matrices in (1.1.4) and (1.1.5) during the training

12



processes of neural network functions. We summarize the main contribution of this thesis below.

Global law for the linear-width regime in Chapter 2.

First, we considered the linear-width (proportional) regime where all the widths are
scaled with the sample size n, i.e. n/d; — ¥. In Chapter 2, we prove the limiting spectral
distribution of CKy, can be obtained by a recursive sequence of deformed Marcenko-Pastur
distributions p; = p)'* ) ((1 — bg) + bgpie—1) where b = E¢._y0.1y[0"(€)] and p}!* is the
Marcenko-Pastur distribution with aspect ratio Y, for 1 < /¢ < L. Here U is the limiting law
of the initial data matrix X ' X. For this model, we proved the limiting spectrum of NTK is a
linear combination of limiting spectra of CK, for all 1 < ¢ < L. Our analysis shows how spectra
propagate through multiple layers of a random neural network under the linear-width regime. The
dataset we considered is very general with only some approximate orthogonality; for example,
the CIFAR-10 image dataset can be covered in this case. Moreover, our proofs provide new
techniques to extend the analysis of a single hidden layer to multi-layer networks and deeper

NTKSs, in a systematic and recursive way.

Spike analysis for linear-width regime in Chapter 3.

Following the global law results in Chapter 2, we studied the outlier eigenvalues in CK;
when the dataset X has some spikes that often capture the low-dimensional signal structure of
the learning problem. Following the setup of Chapter 2, we consider the CK matrix defined by
(1.1.4) in an L-layer fully connected NN at random initialization under the linear-width regime.
Given spiked input data, we compute the magnitude of the eigenvalues in CK, outside the bulk
distribution u, and the alignments between the corresponding CK eigenvectors with those of the
input data, across network depth 1 </ < L.

To quantify these spike eigenvalues in CK,, we develop a new result of the signal
eigenvalues and eigenvectors of spiked covariance matrices with arbitrary and possibly nonlinear
dependence across features, showing a “universality” with the quantitative spectral properties of

linear spiked covariance models established by [BY 12]. We prove a deterministic equivalent for
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the Stieltjes transform and resolvent for any spectral argument z separated from the support of
the limit spectral measure, extending recent results for spectral arguments bounded away from
the positive real line [Cho22, Cho23, SCDL23]. Using this, we characterize the BBP-type phase
transition [BAPOS] and first-order limits of the eigenvalues and eigenvector alignments in the

proportional asymptotics regime, for spike eigenvalues of bounded size.

Global law for the ultra-wide regime in Chapter 4.

In Chapter 4, we focus on the ultra-wide regime for L = 1, where the width d; of the
first layer is much larger than the sample size n. Under similar assumptions on X as [FW20],
we showed that as d /n — oo and n — oo, a deformed semicircle law i, X ((1 — b2 ) + b2 - Up)
emerges for both normalized CK and NTK, where (i, is a semicircular distribution. In the
proof, we first established necessary random matrix results for generalized sample covariance
matrices with some dependency and a nonlinear Hanson-Wright inequality that is suitable for
neural networks with random weights and Lipschitz activation functions. We also demonstrated
non-asymptotic concentrations of CK and NTK around their limiting kernels in the spectral
norm, along with sharper lower bounds on their smallest eigenvalues, which are useful in deep
learning theory [DLL*19a, 0S20, MZ20, BMR21]. As an application, we showed that random
feature regression induced by CK and NTK achieves the same asymptotic performance as its
limiting kernel regression under the ultra-wide regime. This allows us to calculate the precise

asymptotic training and test errors for random feature regression using the corresponding kernel.

Empirical and theoretical analysis of trained weight and kernel matrices in Chapter 5.
Going beyond the random initialization of NNs, we study the spectral properties of NNs
in (1.1.1) with L = 1 after certain training processes under the linear-width regime, empirically
and theoretically, respectively.
Empirically, we show that the spectra of the weight matrix, CK, and NTK are invariant
when trained by gradient descent for small constant learning rates. We demonstrate similar

characteristics when training with stochastic gradient descent with small learning rates. When the
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learning rate is large, we exhibit the emergence of an outlier whose corresponding eigenvector is
aligned with the training data structure. We also show that, where a lower test error and feature
learning emerge after adaptive gradient training, both weight and kernel matrices exhibit heavy
tail behavior. Simple examples are provided to empirically explain when heavy tails can have
better generalizations. We exhibit different spectral properties such as invariant bulk, spike, and
heavy-tailed distribution from a two-layer neural network using different training strategies, and
then correlate them to the feature learning. Analogous phenomena also appear when we train
conventional neural networks with real-world data. We conclude that monitoring the evolution
of the spectra during training is an essential step toward understanding the training dynamics
and feature learning.

Theoretically, we prove the invariance of the bulk spectra for both CK and NTK when
the NN is trained by gradient descent for small constant learning rates. However, these invariant
spectra impede the NN from learning informative features from the dataset during the training
process. Therefore, we further investigate the phenomenon of emergence of an outlier we
empirically observed. With proper scaling of NN and learning rate in [BES™22], we prove
the feature learning of NN, where the first-layer weights in a two-layer NN are optimized by
gradient descent, and the learned weight matrix exhibits a rank-one spiked structure. Applying
the spiked sample covariance result in Chapter 3, we characterize the spiked eigenstructure of
the corresponding CK matrix for independent test data, and the alignment of spike eigenvectors
with the test labels. This provides a quantitative description of how gradient descent improves

the NN representation.

1.4 Notation

Let [n] = {i=1,...,n} forany n € N. We use tr(A) = L ¥;A;; as the normalized trace of

a matrix A € R"" and Tr(A) = };A;;. Denote vectors by lowercase boldface. Throughout this

thesis, v* and M* denote the conjugate transpose, || - || denotes the ¢, norm for vectors (Euclidean
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norm), £, — £, is the operator norm for matrices, i.e. ||M|| = sup,ccn.y|=1 [|MV]], while || - [
is the Frobenius norm, i.e. |M|r = (TrM*M)'/2 = (Yo IMop 2)!/2. We define the entry-wise
2-co matrix norm as

[M]|2,00 := max |[my]],
1<i<N

for any matrix M € RY*¢ with the i-th row m; € R? and 1 <i < N. We denote || - || as the /.,

norm for vectors. Note that we have
M| < ||M| < IM|lF,  IM|lF<VnlM|,  |wAB| <n '|A|lF||BlF, (1.4.1)

for any matrices M,A,B € R"*". Denote that A ® B is the Hadamard product of two matrices,
ie., (A®B);j =A;jB;j for any i, j € [n]. Given any vector v, diag(v) is a diagonal matrix where
the main diagonal elements are given by v. Apin(A) and Amax(A) are the smallest and largest
eigenvalues of any Hermitian matrix A, respectively. smax (A) is the largest singular value of any
matrix A. Let I,, be the n X n identity matrix. For simplicity, we may ignore the dimension n and
denote I as the identity matrix. We will also use Id to denote the identity matrix.

Let Ey[-] and Vary[-] be the expectation and variance only with respect to random vector
w. Also, let o4 p(-) represent little-o in probability as d — co. For a probability measure L, its

support is the closed set
supp(pt) = {x € R: u(0) > 0 for any open neighborhood O > x}.
We write dist(x,A) = inf{|x —y| : y € A} and define the £-neighborhood
supp(p) + (—¢€,€) = {x € R : dist(x,supp(u)) < €}.

We write 0, for the probability measure given by a point mass at x € R, and the linear transfor-

mation a ® u @ b for the law of aX+ b when X ~ u and a,b € R.
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Chapter 2

Deformed Marcenko-Pastur Law for
Linear-Width Multi-Layer NNs

In this Chapter, we apply techniques of random matrix theory to derive an exact asymp-
totic characterization of the eigenvalue distributions of the CK and NTK at random initialization,
in a multi-layer feedforward network architecture. We study a “linear-width” asymptotic regime,
where each hidden layer has a width proportional to the training sample size. We impose an
assumption of approximate pairwise orthogonality for the training samples, which encompasses
general settings of independent samples that need not have independent entries.

We show that the eigenvalue distributions for both the CK and the NTK converge to
deterministic limits, depending on the limiting eigenvalue distribution of the training data. The
limit distribution for the CK at each intermediate hidden layer is a MarCenko-Pastur map of a
linear transformation of that of the previous layer. The NTK can be approximated by a linear
combination of CK matrices, and its limiting eigenvalue distribution can be described by a
recursively defined sequence of fixed point equations that extend this Marcenko-Pastur map. We
demonstrate the agreement of these asymptotic limits with the observed spectra on both synthetic
and CIFAR-10 training data of moderate size.

In this linear-width asymptotic regime, feature learning occurs, and both the CK and NTK
evolve over training. Although our theory pertains only to their spectra at random initialization

of the weights, we conclude with an empirical examination of their spectral evolutions during
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training, on simple examples of learning a single neuron and learning a binary classifier for
two classes in CIFAR-10. In these examples, the bulk eigenvalue distributions of the CK and
NTK undergo elongations, and isolated principal components emerge that are highly predictive
of the training labels. Recent theoretical work has studied the evolution of the NTK in an
entrywise sense [HY 19, DGA20], and we believe it is an interesting open question to translate

this understanding to a more spectral perspective.

2.1 Related Work

Many properties of the CK and NTK have been established in the limit of infinite
width and fixed sample size n. In this limit, both the CK [Nea95, Wil97, DFS16, LBN'18,
MHR 18] and the NTK [JGH18, LXS™"19, Yan19] at random initialization converge to fixed
n x n kernel matrices. The associated random features regression models converge to kernel
linear regression in the RKHS of these limit kernels. Furthermore, network training occurs
in the lazy regime [COB19], where the NTK remains constant throughout training [JGH18,
DZPS19a, DLL"19b, AZLS19, LXS"19, ADH"19b]. Spectral properties of the CK, NTK, and
Hessian matrix of the training loss have been previously studied in this infinite-width limit in
[PLR™16, SEG"17, XPS19, KAA19, GSd*19, JGH19]. Limitations of lazy training and these
equivalent kernel regression models have been studied theoretically and empirically in [COB19,
ADH™19b, YS19b, GMMM19, GMMM21, LRZ19], suggesting that trained neural networks of
practical width are not fully described by this type of infinite-width kernel equivalence. The
asymptotic behavior in the linear-width regime is different from the infinite-width regime: For
example, for a linear activation o(x) = x, the infinite-width limit of the CK for random weights
is the input Gram matrix X ' X, whereas its limit spectrum under linear-width asymptotics has an
additional noise component from iterating the Marcenko-Pastur map.

Under linear-width asymptotics, the limit CK spectrum for one hidden layer was char-

acterized in [PW17] for training data with i.i.d. Gaussian entries. For activations satisfying
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Eg s 0,1)[0"(8)] = 0, [PW17] conjectured that this limit is a Mar¢enko-Pastur law also in
multi-layer networks, and this was proven under a subgaussian assumption as part of the results
of [BP21]. [LLC18] studied the one-hidden-layer CK with general training data, and [LC18b]
specialized this to Gaussian mixture models. These works [LLC18, LC18b] showed that the
limit spectrum is a Mar¢enko-Pastur map of the inter-neuron covariance. We build on this insight
by analyzing this covariance across multiple layers, under approximate orthogonality of the
training samples. This orthogonality condition is similar to that of [ALP22], which recently
studied the one-hidden-layer CK with a bias term. This condition is also more general than the
assumption of 1.i.d. entries, and [FW20] describes the reduction to the one-hidden-layer result of
[PW17] for i.i.d. Gaussian inputs, as this reduction is not immediately clear. [Péc19] provides
another form of the limit distribution in [PW17], which is equivalent to our form via the relation
described in [BG10].

The limit NTK spectrum for a one-hidden-layer network with i.i.d. Gaussian inputs was
recently characterized in parallel work of [AP20]. In particular, [AP20] applied the same idea as
in Lemma 7 below to study the Hadamard product arising in the NTK. [PB17, PW18] previously
studied the equivalent spectrum of a sample covariance matrix derived from the network Jacobian,
which is one of two components of the Hessian matrix of the training loss, in a slightly different
setting and also for one hidden layer.

The spectra of the kernel matrices X ' X that we study are equivalent (up to the addi-
tion/removal of 0’s) to the spectra of the sample covariance matrices in linear regression using the
features X. As developed in a line of recent literature including [Dic16, PW17, DW18, LLC18,
LC18a, HMRT22, MM22, AP20, dRBK?20], this spectrum and the associated Stieltjes transform
and resolvent are closely related to the training and generalization errors in this linear regression
model. These works have collectively provided an asymptotic understanding of training and
generalization errors for random features regression models derived from the CK and NTK of
one-hidden-layer neural networks, and related qualitative phenomena of double and multiple

descent in the generalization error curves.
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2.2 Main Results
2.2.1 Additional Notation and Assumptions

In this Chapter, we use Greek indices o, 3, etc. for samples in {1,...,n}, and Roman
indices i, j, etc. for neurons in {1,...,d}. For a matrix X € R4*" we denote by xq its oth

column and by x; its i row.

Definition 4. Let £, B > 0. A matrix X € R?*" is (&, B)-orthonormal if its columns satisfy, for

every a # f € {1,...,n},

n
Ixal®—1] <&, |xixg|<e.  IXI<B, Y (Ixal?—1)?<B
a=1

Assumption 1. The number of layers L > 1 is fixed, and n,dy,d,...,dp, — oo withn/dy —

for constants 9y € (0,00) and each ¢ = 1,2, ..., L, such that

(a) The weights 6 = (vec(W;),...,vec(W),w) are i.i.d. and distributed as .4#°(0, 1).

(b) The activation o(x) is twice differentiable, with sup, g |06’(x)|,|6” (x)] < A5 for some

As < 0. For & ~ .A4(0,1), we have E[c(&)] = 0 and E[c?(&)] = 1.

(c) The input X € R%*" is (g,, B)-orthonormal in the sense of Definition 4, where B is a

constant, and enn1/4 —0asn—» oo,
(d) Asn — oo, limspecX ' X = p for a probability distribution gy on [0, o).

Part (c) quantifies our assumption of approximate pairwise orthogonality of the training
samples. Although not completely general, it encompasses many settings of independent samples

with input dimension d < n, including:
* Gaussian inputs x¢ ~ .47(0,X), for any X satisfying TrX = 1 and ||Z|| < 1/n.

* Inputs x4 drawn from certain multi-class Gaussian mixture models, in the high-dimensional

asymptotic regimes that were studied in [CBG16, LLC18, LC18b, LC18a, LC19].
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e Inputs that may be expressed as v/dj - Xo = f(z¢ ), where zo € R™ has independent entries

satisfying a log-Sobolev inequality, and f : R” — R% is any Lipschitz function.

In particular, the limit spectral law Lty in Assumption 1(d) can be very different from the
Marcenko-Pastur spectrum that would correspond to X having i.i.d. entries. This approximate
orthogonality is implied by the following more technical convex concentration property, which

is discussed further in [VW 15, Adal5]. We prove this result in Section 2.3.

Proposition 5. Let X = (xi,...,X,) € R%*" where xi,...,X, are independent training samples
satisfying E[Xo] = 0 and E[||x¢||?] = 1. Suppose, for some constant ¢y > 0, that dy > con, and

each vector v/dj - X satisfies the convex concentration property

P|[9(v/do-Xa) ~Ep(v/do-Xa)| > 1] <2e™"

for every r > 0 and every 1-Lipschitz convex function ¢ : R% — R. Then for any k > 0, with

probability 1 —n =, X is ( Clc?og " B)-orthonormal for some C,B > 0 depending only on cg, k.

In Assumptions 1(a) and (b), the scaling of 6 and the conditions E[c(£)] = 0 and
E[o?(&)] = 1, together with the parametrization (1.1.1), ensure that all pre-activations have
approximate mean 0 and variance 1. This may be achieved in practice by batch normalization

[IS15]. For & ~ .47(0, 1), we define the following constants associated to & (x):
, , -1
bs =E[0(§)], ac=E[0'(6)"], ar=(e)"", r=ac’, ri=) rn-q. (21
(=0

We verify in Proposition 11 that under Assumption 1(b), we have b% <1 < ag. These parameters
in (2.2.1) related to activation function o will be employed to characterize the limiting spectra of

empirical CK and NTK matrices in the following sections.
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2.2.2 Spectrum of the Conjugate Kernel

Recall the Marcenko-Pastur map (1.2.2). Let iy, U, U3, ... be the sequence of probability

distributions on [0, ) defined recursively by

=P} ((1-b3) @2 @ ). (222)

Here, L is the input limit spectrum in Assumption 1(d), b is defined in (2.2.1), and (1 — b%,) &b
b2 ® u denotes the translation and rescaling of u that is the distribution of (1 — 52 ) +b%X when
X~ u.

The following theorem shows that these distributions Ly, Uy, Us, ... are the asymptotic
limits of the empirical eigenvalue distributions of the CK across the layers. Thus, the limit
distribution for each layer ¢ is a Marcenko-Pastur map of a translation and rescaling of that of

the preceding layer ¢ — 1.

Theorem 6. Suppose Assumption 1 holds, and define ly,..., U by (2.2.2). Then (marginally)

foreach ¢ =1,... L, we have lim specXETXg = UWy. In particular,
lim spec KK = ;.

Furthermore, | KK|| < C a.s. for a constant C > 0 and all large n.

If o(x) is such that b = 0, then each distribution p is simply the Maréenko-Pastur
law p%}fp. This special case was previously conjectured in [PW17] and proven in [BP21], for
input data X with 1.1.d. entries. Note that for such non-linearities, the limiting CK spectrum
does not depend on the spectrum Ly of the input data, and furthermore u; = ... = y if the
layers have the same width d; = ... = dr. Implications of this for the network discrimination
ability in classification tasks and for learning performance have been discussed previously in

[CBG16, PW17, LLC18, LC19, ALP22].
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To connect Theorem 6 to our next result on the NTK, let us describe the iteration
(2.2.2) more explicitly using a recursive sequence of fixed point equations derived from the

Marcéenko-Pastur equation (1.2.4): Let my(z) be the Stieltjes transform of 1y, and define
- . 1 T 1 1 -1
fo(z—1,2¢) = lim —Tr(Z,11d+Zng X)) =—my| ——).

n—eo 1

Applying the Marcenko-Pastur equation (1.2.4) to my(—z—1/z¢), and introducing §y(z_1,z¢) =

[zo(1 — Yo+ Yoz—171(z—1,2¢))] "', one may check that (2.2.2) may be written as a pair of equations

o) 7 (z . 1-b% b ) (2.2.3)
bR = U T 2 ) Selanozn) ) -

Se(z—1,20) = (/ze) + Y <5z(z_1 ,20) —2—180(z—1,20)f1(z—1 ,Zz)> , (2.2.4)

where (2.2.4) is a rearrangement of the definition of §;. Applying (2.2.3) to substitute 7;(z_1,2¢)
in (2.2.4), the equation (2.2.4) is a fixed point equation that defines §; in terms of 7;_;. Then

(2.2.3) defines 7; in terms of §; and 7,_1. The limit Stieltjes transform for KK is the specialization

mck (2) =1L(=2,1).
2.2.3 Spectrum of the Neural Tangent Kernel

In the neural network model (1.1.1), an application of the chain rule yields an explicit

form for NTK in (1.1.5)

L
KN =x"x,+ Y (S/S0) o (X, 1 Xe-)
=1
for certain matrices S; € R%*" where ® is the Hadamard (entrywise) product. We refer to
Section 2.8.1 for the exact expression; see also [HY19, Eq. (1.7)]. Our spectral analysis of
KNTK

relies on the following approximation, which shows that the limit spectrum of KN'X s

equivalent to a linear combination of the CK matrices XOT Xo,...,X LT X1 and 1d. We prove this in

23



Section 2.8.1.

Lemma 7. Under Assumption 1, letting r and qy be as defined in (2.2.1),

lim spec KVTK = lim spec <r+ Id+X,' X, —I—LZI qu(;TXg) :
(=0
By this lemma, if bs = 0, then go = ... = g1 = 0 and the limit spectrum of KNT¥
reduces to the limit spectrum of r Id —|—XLT X1, which is a translation of p%P described in Theorem
6. In the following, Thus we assume that b5 7% 0. Our next result provides an analytic description
of the limit spectrum of KNTX, by extending (2.2.3) and (2.2.4) to characterize the trace of
rational functions of XOT X0, ... ,XLT X7, and Id.

Denote the closed lower-half complex plane with 0 removed as C* = C~ \ {0}. For

¢=0,1,2,..., we define recursively two sequences of functions
1 (C” xR xC ) xC*2 = C, (z,w) — t(z,w),
sp:C xR xC* = CT, z so(z).

where z = (z_1,20,...,2¢) € C” x R x C* and w = (w_1,wo,...,wy) € C*2. We will define

these functions such that #/(z, w) will be the value of

lim n ' Tr(z_ Id 420Xy Xo + ... + 22X, Xo) "L (w1 Id+woXy Xo+ ... +weX, Xp).

n—yoo
For ¢ = 0, we define the first function ¢y by

w_1+wox

t0<(z_17zO),(w_1,w0)> = /—d,u{)(x) (2.2.5)

71 +20x
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For ¢ > 1, we then define the functions sy and #, recursively by

se(z) = (1/20) + Yuto—1 (Zprev (5¢(2),2), (1 — b%,0,...,0,b3)), (2.2.6)

to(z,w) = (We/z¢) + ti—1 (Zprev(5¢(2), ), Wprey) (2.2.7)

where we write as shorthand

1 —b2 b2 _ _ .
ZpreV(Sg(Z),Z) = (Zl +TZ>67Z07"'3Z€—2aZ€—I+ﬁ) € C XRE ! XC ) (228)
Wprev = (W—17' .. ,Wg_l) - (Wﬂ/Z€) ’ (Z—la cee 7Z€—1) S Cg—i_l' (2.2.9)

Proposition 8. Suppose by # 0. For each £ > 1 and any z € C~ x R x C*, there is a unique

solution s4(z) € C™ to the fixed point equation (2.2.6).

Hence, (2.2.6) defines the function sy in terms of the function #,_1, and this is then used

in (2.2.7) to define t,. This is illustrated diagrammatically as

%

Specializing the function 77, for the last layer L to the values (z_1,20,...,2.—1,2L) =
(r+,90,---,q1—1,1) and (w_1,wp,...,wr) = (1,0,...,0), we obtain an analytic description for

KNTK

the limit spectrum of via its Stieltjes transform.

Theorem 9. Suppose bs # 0. Under Assumption 1, for any fixed values z_1,29,...,z1 € R
where 71, # 0, we have lim spec (z_ Id +ZOXOTX0 +...+ ZLXLTXL) =V where V is the probability

distribution with Stieltjes transform my(z) =t ((—z+z-1,20,---,21),(1,0,...,0)).
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In particular, lim spec KNK is the probability distribution with Stieltjes transform

mNTK(Z) :tL<(_Z+r+7q07"~7qL*17 1)7<170770)>

Furthermore, | KNK|| < C a.s. for a constant C > 0 and all large n.

We remark that Theorem 9 encompasses the previous result in Theorem 6 for KK =

X;' X, by specializing to (zo,.-.,z11,z1) = (0,...,0,1). Under this specialization,

S@(Z—laoa"' Joazf) = 5€(Z—17Z€)7

te((z-1,0,...,0,2¢),(1,0,...,0)) = fs(z-1,2¢),

and (2.2.6) and (2.2.7) reduce to (2.2.3) and (2.2.4), respectively.

2.2.4 Multi-dimensional Outputs and Rescaled Parametrizations

Theorem 9 pertains to a network with scalar outputs, under the “NTK-parametrization”
of network weights in (1.1.1). As neural network models used in practice often have multi-
dimensional outputs and may be parametrized differently for backpropagation, we state here the
extension of the preceding result to a network with k-dimensional output and a general scaling
of the weights.

Consider the model

B 1 1 1 1 )
fe(x)_WLTH\/d_LG(WL dL_16<...\/d_26<W2\/d_IG(W1x))>)ER (2.2.10)

where WLTJrl € R¥*dL We write the coordinates of fp as ( fé yeens fé‘ ), and the vectorized output

for all training samples X € RY>" as fo(X) = (f3(X),..., f5(X)) € R"™. We consider the NTK

L+1 T
KNTK— Y g, (VW(, fo (X)) (VW[ fa (X)> c Rkxnk, 2.2.11)
/=1
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For 1) = ... = 1,41 = 1, this is a flattening of the NTK defined in [JGH18], and we recall
briefly its derivation from gradient-flow training in Section 2.9.1. We consider general constants
Ti,...,Tr+1 > 0 to allow for a different learning rate for each weight matrix Wy, which may arise
from backpropagation in the model (2.2.10) using a parametrization with different scalings of

the weights.

Theorem 10. Fix any k > 1. Suppose Assumption 1 holds, and bs # 0. Then |KNX|| < C
a.s. for a constant C > 0 and all large n, and lim spec KN'X is the probability distribution with

Stieltjes transform

L—1

my1k(2) ZIL<(—Z+T'F+, TlQOw~-aTLQL—177L+1)7(1=07~'-70>)a Tre =) T(re—qe)
=0

2.3 Proof of Proposition 5

We prove Proposition 5. For convenience, in this section, we denote the input dimension
do simply as d, and we denote the rescaled input by X = /dX, with columns %o = Vd - Xg.
Bound for ||%¢||?: Note that E[||%4||?>] = d. Applying the convex concentration property

and [Adal5, Theorem 2.5] with A = Id, we have for any # > 0 that

2
IP’[‘HiaHZ—d! >t} SZexp(—cmin(%,t)) (2.3.1)

for a constant ¢ depending only on ¢y. Applying this for t = \/Kdlogn and a union bound, with

probability 1 —2ne~cKlogn

‘Hiaﬂz—d’ < /Kdlogn forall & € [n]. 23.2)

Rescaling, this shows |||x¢||?> — 1| < /(Klogn)/d.

Bound for f(;f(ﬁ: Since X and Xg are independent, conditional on Xg, we have E[f(giﬁ |

Xg] = 0, and the map Xy igiﬁ is convex and ||%g||-Lipschitz. Then the convex concentration
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property implies, for any ¢ > 0,
P“igim > ;(gﬁ} < e~/ IS,

On the event (2.3.2), applying this for t = \/Kdlogn, this probability is at most Qe cKlogn,

Taking a union bound, with probability 1 — 2n?e—¢Klogn,

igiﬁ‘ < +/Kdlogn forall o # B € [n].

Rescaling, this shows [x,xg| < \/(Klogn)/d.

Bound for || X||: Fix any unit vector v = (v, ...,v,) € R". By [KR19, Lemma C.11],
the random vector Xv also satisfies the convex concentration property, with a modified constant

c). Note that E[||Xv||?] = d||v||> = d. Then, as in (2.3.1), we have

~ tZ
IP’[H]XVH2 —d| > t} < Zexp(—cmin<g,t)> :

Applying this with ¢ = (B?/4 — 1)d, and taking a union bound over a 1/2-net N of the unit ball

{v €R": ||v|]| = 1} with cardinality 5", we have with probability at least 1 — 5" - D¢ B that
IXv|| < (B/2)Vid forallveN.

Since

1X|| = sup [[Xv[| <sup|Xv|+[X]/2,
veN

vi||v|]|=1

we have ||X|| < Bv/d on this event. Rescaling, this shows || X|| < B.
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Bound for Y, _,(||%¢/||*> — d)?: Define z = (z1,...,2,) Where zq = ||%¢||> —d. Fixing

any unit vector v = (vq,...,v,) € R", let us first bound v z: We have

n

= Y va(l%a|* - a),

a=1

which has mean 0. Note that integrating the tail bound (2.3.1) yields the sub-exponential
condition

]E[exp(/l(”iaﬂz —d))] < exp(CdA?) forall |A| < ¢

and some constants C,c’ > 0. (See e.g. [BLM13, Theorem 2.3], applied with (v,c) = (C'd,C")

and a large enough constant C’ > 0.) Then, as %;,...,%, are independent and ||v||> = 1, also

E[e/'Lsz]

exp( Z va(|[%e|? —d))] <exp(CdA?) forall [A] <.
For any ¢ > 0, applying this with A = min(z/(2Cd),c’) yields the sub-exponential tail bound
2
t
Pv'z>1] < e ME[* 7] < exp (—cmm(d t))

Now applying this for = (B/2)d, and again taking a union bound over a 1/2-net N of the unit

ball, we have with probability 1 — 5" - =B that
v'z<(B/2)d forallveN.

On this event, we have as above that ||z|| < Bd, so ||z||> < B?d?. Rescaling, this shows
et ([Re]* =1)* < B2
Applying all of the above bounds for sufficiently large constants K, B > 0, we obtain that

these bounds hold with probability at least 1 —n~*, which yields Proposition 5.
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2.4 Overview of Proofs and Preliminary Lemmas

The proofs of Theorems 6, 9, and 10 are contained in the subsequent Appendices 2.5-2.9.
We provide here an outline of the argument.

We will apply induction across the layers £ = 1,...,L, analyzing the post-activation
matrix Xy of each layer conditional on the previous post-activations X, ..., Xy (i.e. with respect
to only the randomness of Wy). For the Conjugate Kernel, this will entail analyzing the Stieltjes
transform

1
—Tr(X, X, —zId) ™!
n

conditional on the previous layers. For the Neural Tangent Kernel, given the approximation in

Lemma 7, this will entail analyzing the Stieltjes transform
1 T 1
—Tr(A+X; X, —zId)
n

conditional on the previous layers, where A is a linear combination of XOT Xo, - - ,XLT_lXL_ 1, and
Id. Note that this matrix A is deterministic conditional on the previous layers.

In Section 2.5, we carry out a non-asymptotic analysis of (&,B)-orthonormality. In
particular, we show that if the deterministic input X = Xj is (€, B)-orthonormal, then X is
(Ce,CB)-orthonormal with high probability, for a constant C > 0 depending only on 4. Note

that we require the fourth technical condition

n

Z (|[xe]|*> —1)* < B?

in Definition 4 to ensure that the operator norm || X || remains of constant order, as otherwise X;
may have a rank-one component whose norm grows slowly with n. Applying this result condi-
tionally for every layer, Assumption 1 then implies that Xy, ...,X; are all (£,,B)-orthonormal for

modified parameters (£,,B) with high probability.
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In Section 2.6, we carry out the analysis of the trace
1
~Tr(A+ aX| X; —z1d) ™!
n

in a single layer, for a deterministic (&,,B)-orthonormal input Xy, symmetric matrix A € R"*",
and spectral parameters & € C* = C~\ 0 and z € C*. We allow o € C* (rather than fixing
o = 1), as the subsequent induction argument for the NTK will require this extension. When
A =0 and a = 1, this reduces to the analysis in [LLC18], and also mirrors the proof of the
Marcenko-Pastur equation (1.2.4). For A # 0, this trace will depend jointly on A and the second-
moment matrix ®; € R"*" for the rows of X;. We derive a fixed point equation in terms of A
and &, which approximates this trace in the n — co limit.

In Section 2.7, we prove Theorem 6 on the CK, by specializing this analysis to the
setting A = 0 and o = 1. The inductive loop is closed via an entrywise approximation of the
second-moment matrix &, in each layer by a linear combination of XET_IXg_l and Id in the
previous layer. The main argument for this approximation has been carried out in Section 2.5.

In Section 2.8, we prove Theorem 9 on the NTK. Our analysis reduces the trace of any
linear combination of XOT Xo, ... ,XLT X1, and Id to the trace of a more general rational function
of XOT Xo, ... ,XLTleL,l and Id in the previous layer. In order to close the inductive loop, we
analyze the trace of such a rational function across layers and show that it may be characterized
by the recursive fixed point equations (2.2.6) and (2.2.7). In Section 2.8, we also establish the
approximation in Lemma 7 and the existence and uniqueness of the fixed point to (2.2.6).

Finally, in Section 2.9, we prove Theorem 10, which is a minor extension of Theorem 9.

Before presenting all the proofs, let us first collect here a few basic results, which we

will use in the subsequent sections.

Proposition 11. Under Assumption 1(b), the constants a5 and bs in (2.2.1) satisfy

|b6’ <1< as < Ae.
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For a universal constant C > 0, the activation function ¢ satisfies
|o(x)] < As(|x|+C) for all x € R. (2.4.1)
Proof. It is clear from the definition that a; < A2. By the Gaussian Poincaré inequality,
I =E[0(£)’] = Var[o(£)] <E[0"(&)*] = do-
By Gaussian integration-by-parts and Cauchy-Schwarz,
bo| = [E[0"(8)]] = |E[S - 0(&)]| < E[E*]/*E[a(8)*]/* = 1.

We have

|6(0)] <E[|l6(0) - a(&)[] +E[|0(8)]] < AE[IE[] + E[0(8)*]"/* < CAo (2.4.2)

(the last inequality applying Ag > 1). Then |6 (x)| < |0(0)] + As|x| < As(|x| +C). O

Proposition 12. Suppose M = U + iV € C"*", where the real and imaginary parts U,V € R"*"
are symmetric, and V is invertible with either V > cold or V < —c¢(Id for a value c¢g > 0. Then

M is invertible, and |[M || < 1/cy.

Proof. For any unit vector v € C",
M| = [[My]|-[[v]| > [v*Mv| = v Uv+i-vVy| > V],

the last step holding because U,V are real-symmetric so that v*Uv and v*V'v are both real. By
the given assumption on V, we have [v*Vv| > ¢, so ||[Mv|| > ¢ for every unit vector v € C".

Then M is invertible, and ||[M~ || < 1/co. O
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Proposition 13. Let M, M € R"*" be any two symmetric matrices satisfying
1 7112
| — M| = 0

a.s. as n — oo, If lim spec M = v for a probability distribution v on R, then also lim spec]\7l =V.

Proof. For fixed z € C*, let m(z) = tr(M —zId)~" and /i (z) = tr(M — zId)~" be the Stieltjes

transforms. Then applying the identity
Al —B ' =A"1(B-A)B!, (2.4.3)

we may bound their difference by

m(z) — m(2) P = | Te(v — 1)~ — (4 1) |

1 ~1/77 Y 1
:E‘Tr(M—zld) (M — M)(M — 71d) ‘

. . .
S;HM—MH%H(M—ZM) HM—z1d) 77

1 = - ~ _
< M — M7 (M — z1d) | (M — z1d) 2

Applying ||(M —zId)~!|| < 1/Imz by Proposition 12, and similarly for M, the given con-
dition shows that m(z) —7i(z) — 0 a.s., pointwise over z € C*. If limspecM = v, then

m(z) = my(z) = [(x—z)~'dVv(x) a.s., and hence also 7ii(z) — my (z) a.s. and limspecM = v. [
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2.5 Propagation of Approximate Pairwise Orthogonality

In this section, we work in the following (non-asymptotic) setting of a single layer:

Consider any deterministic matrix X € R4*" 1et W € R*4 have i.i.d. A (0, 1) entries, and set

1
X = —o(WX) e R, (2.5.1)

vd

Note that X has i.i.d. rows with distribution o(w'X)/v/d, where w ~ .#(0,1d). Define the

second-moment matrix of X by
®=EX'X]=E[c(w'X) o(w'X)] € R™" (2.5.2)

where the expectations are over the standard Gaussian matrix W and standard Gaussian vector w.
Let @4 denote the (o, §) entry of @ for any a, B € [n]. We show in this section the following

result.

Lemma 14. Suppose X is (€, B)-orthonormal where € < 1/As. Then for universal constants
C,c > 0, with probability at least 1 — 2n2e=C€* 3= the matrix X remains (g, B)-orthonormal
with

e=C\2, B= C(l +n/d> A2B.

Corollary 15. Under Assumption 1, there exist parameters (&, B) still satisfying &n'/* — 0,

such that a.s. for all large n, every matrix Xy, ..., X is (&,,B)-orthonormal.

Proof. Note that increasing &, represents a weaker assumption, so we may assume without
loss of generality that &, > n~%%°. Then by Lemma 14, there is a constant Cy > 1 depending
on Ag,M,---, YL, such that if X, _; is (Cgflen,Cg*IB)-orthonormal, then conditional on this
event, Xy 1s (Cgen,CgB)—orthonormal with probability at least 1 — """ for all large n. Thus,
setting &, = Ch¢, and B = C§B, with probability at least 1 — Le™™ | every matrix Xy, ..., Xy is

(,,B)-orthonormal. The almost sure statement then follows from the Borel-Cantelli Lemma. [
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In the remainder of this section, we prove Lemma 14. We divide the proof into Lemmas
16, 17, and 18 below, which check the individual requirements for (&, B)-orthonormality of X.

We denote by C,C’,¢,c’ > 0 universal constants that may change from instance to instance.
Lemma 16. If X is (&,B)-orthonormal where € < 1/Ag, then for universal constants C,c > 0:

(a) Forall oo # B € [n],

|®op — bexyXp| < CAgE? (2.5.3)
Eur010)[0 (W Xa)]| < Cho Ixal® ~ 1] < Choe 25.4)
B — 1 gch’HxaHZ—l‘ < Choe (2.5.5)

(b) With probability at least 1 — 2n2ecde?, simultaneously for all @ # B € [n|, the columns of

X satisfy

’Hxa“z —-1|< CAge, ’xjx—xﬁ{ <CAZe.

Note that (2.5.3) establishes an approximation of off-diagonal entries for & which is
second-order in €—this will be important in our later arguments which approximate & in both
Frobenius norm and operator norm.

Proof of Lemma 16. For part (a), observe that ({y, g) = (WTmeTXﬁ) is bivariate Gaussian,
with mean 0 and covariance
x> xo%p

L= = 1d+A
xgXp  |Ixg]?

where A is entrywise bounded by €. Then performing a Gram-Schmidt orthogonalization

35



procedure, for some independent standard Gaussian variables &, éﬁ ~ A (0,1), we have

Co =uaba, g =uplp+vp&a (2.5.6)

where ug,ug > 0 and vg € R satisfy [ug — 1, |ug — 1[,|vg| < Ce for a universal constant C > 0.
By a Taylor expansion of 6({) around { = &, there exists a random variable 1 between

¢ and & such that

G(C)=0(6)+6’(§)(C—5)+%G”(n)(<§—f§)2- (2.5.7)

For a # B, applying this for both {4 and (g, noting that the product of leading terms satisfies
E[o(Ea)o(Ep)] = 0, and applying also the bounds |6’ (x)],|6” (x)| < Ay where A > 1, it is easy

to check that

Pap = E[0(6a)0(8p)] = E[0(Ea) - 0'(65) (&5 — Ep) + 0(&p) 0/ () (L — &) | + remainder

where this remainder has magnitude at most CA2€?. For the first term, substituting (2.5.6) and

applying independence of &, and &g, we have

E|0(8a)-0'(85) (85— &p) + (&) - 0 (€ (La — Ea)
— (ug — DE[0(Ea)] - E[0 (85)85] + VsElo(Ea)al - E[o(Ep)

+ (g — 1)E[0(8p)] - E[0"(Ea)Eal-

Applying E[c(&)] = 0 and the integration-by-parts identity E[c(&)E] = E[o’(&)] = bg, this
term equals vﬁb%. From (2.5.6), we have uqvg = E[{q (] = ngﬁ. Since |ug — 1| < Ce and

X Xp| < &, this implies |vgb3 — b3xgXg| < Cbae* < CAZe?. Combining these yields (2.5.3).
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Similarly, from a first-order Taylor expansion analogous to (2.5.7),

[Elo(w xa)]| = |El0(6a)] ~Elo(Ea)])| < Cho-lua— 1],

[Paa 1] = |[El0(6a)?) - Elo(£0)*]| < Cmax (Ao ua — 1], A2 - fua— 17)

The bounds (2.5.4) and (2.5.5) follows from the observations u2, = E[{2] = ||x¢/||? and |uq — 1| <
lug — 1| |ug + 1| = |u, — 1| < €.

For part (b), let w; be the k™ row of W. Then by definition of X, for any &, € [n]
(including o = B),

XoXp = é i cr(w,jxa) G<w,;rxﬁ>.
k=1

We next apply Bernstein’s inequality. Denote by || - ||y, and || - ||y, the sub-Gaussian and sub-
exponential norms of a random variable. For any deterministic vector x € R?, the function

w > o(w'X) is Ag||x||-Lipschitz. Then for w ~ .#°(0,1d) and a universal constant C > 0, we

have by Gaussian concentration-of-measure
lo(w'xa) —E[o (W' xa)][lys < Cho|Xall-
From (2.5.4), |E[c(w'xq)]| < CAge. Thus (recalling that |||x4|| — 1| < €), we have
lo(w"xa)lly, < CAs
for a constant C > 0, and similarly for Xg. So
lo(w'xa)o(w ' xp)lly; < oW xa)lyullo(w' xp) 1y, < CA5. (2.5.8)

Applying Bernstein’s inequality (see [Ver18, Theorem 2.8.1]), for a universal constant ¢ > 0 and
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any t > 0,
P[‘xTx —E[xTx ”>t] <2exp| —cdmin —tz L
o*rp a’rfB = 281723 :

Applying this for = A2€ and taking a union bound over all &, B € [n], we get

P||xfxp — E[xgxp]| < A2e forall o, B € ]| > 1-2n”exp(—cd - &?). (2.5.9)
Since E[xgxﬁ] = @, part (b) now follows from part (a). O
Lemma 17. If X is (&,B)-orthonormal where € < 1/Ag, then for universal constants C,c > 0:

(a) ||®| < CAZB.

(b) With probability at least 1 —2e™ ",

X|| §c<1+\/m)xaa

Proof. For part (a), define
S=E o(waWa(wa)} _Elo(w'X)] " E[c(w' X)] (2.5.10)
where the first term on the right is ®. Then

|Z]|= sup v'Zv= sup ’E[(G(WTX)V)z}—E[G(WTX)V]2’= sup Var[o(w'X)v].

v:|v||=1 vi||v||=1 v:||v||=1

We bound this variance using the Gaussian Poincaré inequality: Let us fix v € R” with ||v|| = 1

and define

Fw)=oc(w'X)v= z: Voo (W' Xg).

Then, letting u € R” be the vector with entries ug = v46' (W' xg),

VEwW)= Y voo' (W xq) xg =Xu,  |[VF(w)| <[IX|-|u] <AsB.  (25.11)

a=1
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Then by the Gaussian Poincaré inequality, Var[F (w)] < E[||VF(w)||?] < A2B?, so |Z| < AZB>.

In addition, by (2.5.4), the difference between ® and X is a rank-one perturbation controlled by

n
|®—%| = ||E[c(wX)]||> = ZIE (w'xq)2<C Z (|[xall> —1)> < CAZB%, (2.5.12)

the last inequality using the final condition of (&,B)-orthonormality in Definition 4. This
establishes part (a).

For part (b), we apply the concentration result of [Ver10, Eq. (5.26)] for matrices with
independent sub-Gaussian rows. For any fixed unit vector v € R”, recall from (2.5.11) that

F(w) = o(w'X)vis AsB-Lipschitz. Then by Gaussian concentration of measure,
|F(w) — E[F (w)][lys < CAoB.

We have |E[F(w)]| < ||E[oc(w'X)]|| < CAsB by (2.5.12), so also ||F(w)||y, < CAsB. This
holds for any unit vector v € R”, hence ||6(w ' X)||y, < CAsB for the vector sub-Gaussian norm.
Thus, v/dX /(AsB) has i.i.d. rows whose sub-Gaussian norm is at most a universal constant.
Recalling @ = E[X " X] and applying [Ver10, Eq. (5.26)] with A = \/dX /(AsB), we obtain for

some universal constants C,c > 0 that
P(|XTX — ®| > max(8,8)||®||| <27,  §=C/n/d+1t/Vd.

Note that the complementary event || X ' X — ®|| < max(§,8%)||P| implies

X < /(1 + max(8,62) @] < (1+C'8)/[[®]

for a constant C’ > 0. Then choosing ¢ = /n and applying part (a) yields part (b). O

Lemma 18. If X is (€, B)-orthonormal where € < 1/Ag, then for universal constants C,c > 0,
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with probability at least 1 — e~ ", the columns of X satisfy

i xa]|®—1)> < c(l +n2/d2)z§32.

o=1

Let us remark that in settings where € > 1/+/n, applying Lemma 16(b) to bound each
term (||xq ||> — 1)? separately would not yield a constant-order bound for this sum. The proof
below performs a more careful analysis of the combined fluctuations of (||x¢/||*> — 1)2.

Proof. Letz = (z1,...,2,) € R" andr = (r,...,r,) € R" be defined as
20 = |[xal® —E[lxal], ro = E[|lxq|*] -

The quantity to be bounded is ||z +r||>. Note that ||z +r||> < 2||z||> +2||r||>. We have

d
E(|xa|’] =E Z w!xq)? | = Paa,
d =
so applying (2.5.5) from Lemma 16,
n n
Irf> =Y (®aa—1)* < Z (Ixal® = 1)> < CA2B?. (2.5.13)
a=1 a=1

Thus it remains to bound ||z||?.

Let .4 be a 1/2-net of the unit ball {w € R" : ||w|| = 1}, of cardinality |.4"| <5". Then

lz] = sup w'z< supv'z+z]/2,
wiljw||<1 ves
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50 ||z|| < 2sup,_4 v'z. For each fixed vector v = (v|,...,v,) € A4, we have

L (az (00w xa)? —E[G(W,-TXa)zDva) . (2.5.14)

We will bound the sub-exponential norm of each summand i = 1,...,d and apply Bernstein’s
inequality.

For standard normal random vector w ~ .47(0,1d), denote

a=aw) = (i g) = W xiwx). F@)= Y. (0(ge) ~Elo(ga))ve.

o=1

Observe that q(w) = X "w. Thus we wish to bound the sub-exponential norm of F(q(w)) when

w ~ 4(0,Id). By the Gaussian Sobolev inequality (see [AW 15, Eq. (3)]), for any p > 2,

IF(@w)lier < VB |IVwF @m)l]| | (25.15)

where ||Y||z» = E[|Y|?]'/P denotes the LP-norm of a random variable (and ||V, F (q(w))|| is the

usual ¢, vector norm of the gradient of F(q(w)) in w). By the chain rule,
VwF(a(w)) =X-VqF(q),

SO

IVwF (@w))I> < X117 VoF (a)|* < B[ VqF ()]

We have (0/dqq)F(q) =206(qa)0’(qa)va. Hence,

n n
IVaF(@)II* = Y. 40(q0)*0"(4a)’vg < 445 ), 0(q0) Ve
o=1
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Recalling (2.5.8), we have ||6(qa)?|ly, = [|0(W'X¢)?|ly; < CAZ. Then

i G(Cla)z‘%z

n
<CAg Y vo =CAg,
Vi a=1

and, hence,

[1vuF @)

< CALB%.
Vi

This implies the bound (see [Ver18, Proposition 2.7.1]), for any p > 1,

[Ivwr@w]” = E[IVur@w) ] = [Iver@w)?||), < @i py

for a universal constant C’ > 0. Thus, applying this to (2.5.15), we obtain for any p > 2

IF(a(w))llz» < v/P-CAgB\/p = CAGB - p.

Finally, this implies (see again [Ver18, Proposition 2.7.11) ||F (q(w))||y, < C'A2B for a universal
constant C' > 0, which is our desired bound on the sub-exponential norm of F(q(w)).

Applying this and Bernstein’s inequality to (2.5.14), for any ¢ > 0,

2
T . t t
P[V Z>t] §exp(—cdmm(w,m)).

Setting
t = CoA2B-max(§,5%), 0=+/n/d

for a large enough constant Cy > 0, and taking the union bound over all 5" vectors v € N, we get
P[||z|| > 2] <P {suvaz > t} <e
N

ve

for a constant ¢ > 0. Combining with the bound on ||r||? in (2.5.13), we obtain the lemma. []
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2.6 Resolvent Analysis for Single Layers

We consider the same setting of a single layer as in the preceding section. Let X and &
be defined by the deterministic input X € R?*” and Gaussian matrix W € R?*¢ as in (2.5.1) and

(2.5.2), and define the (n-dependent) aspect ratio
y=n/d.

Consider a deterministic real-symmetric matrix A € R, and two (possibly n-dependent)

spectral arguments o € C* and z € C*, where C* = C~ \ {0}. We study the matrix
T
A+oX X —zId.

We collect here the set of assumptions that we will use in this section.
Assumption 2. There are constants B, Cy,co > 0 such that
() o € C*and z € C*, and 7, |al,|z|,Imz € [cg,Co].
(b) X is (g,, B)-orthonormal, where &, < n=091,
(c) A € R is deterministic and symmetric, satisfying ||A|| < Cp.

(d) W hasi.i.d. .47(0,1) entries, and o (x) satisfies Assumption 1(b).

Throughout this section, C,C’,c,c’,ny > 0 denote constants changing from instance to
instance that may depend on Ag and the above values B, Cy, ¢o.

Proposition 12 ensures that A + aX ' X — zId is invertible. Define the resolvent
R=A+aX'X—zId) ' eC™" (2.6.1)
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and the deterministic (n-dependent) parameter
§=o '+ y E[trRP|. (2.6.2)

The goal of this section is to prove the following result, which approximates this resolvent
R by replacing the random matrix oX ' X with a deterministic matrix 5~ '®, and provides an
approximate fixed point equation that defines this parameter 5.

For A =0 and o = 1, we will verify in Section 2.7 that this result reduces to the

Marcenko-Pastur equation (1.2.4).

Lemma 19. Under Assumption 2, there are constants C,c,c’,ng > 0 such that for all n > ny,

any deterministic matrix M € C"", and any t € (n',c’),
(@ P[|oRM —tr(a+5'®—21d) "' M| > |Me] < Cne”
(b) P[5 (a ' +yu(a+5 0 —z1d) '®)| > 1] < Cne
2.6.1 Basic Bounds

Proposition 20. Recall the notation in the above section. Under Assumption 2, deterministically

for some constants C,c,ng > 0 and all n > ny,

IR|| <C, |®| <C, 5<C, Im§>c.

Furthermore, with probability at least 1 — 2¢=" for a constant ¢’ > 0,
ImtrR® > c.

Proof. We may write A+ aX 'X —zId = U +iV where U = A+ (Rea)X ' X — (Rez)Id and
V= (Ima)X'X" — (Imz)Id. Both U and V are symmetric, and V < (—Imz)Id because

Imo < 0and Imz > 0. Then ||R|| < 1/Imz < C by Proposition 12.
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The bound ||®|| < C comes from Lemma 17(a) and the (&,, B)-orthonormality assumption
for X. Then from the definition of § in (2.6.2) and the bounds ||R||, ||®|| < C, we have also |5| < C.

For the lower bound for Im § and Imtr R®, let us write

R+ R* R — R*
trR® =tr > D+tr > d.

The first trace is real because R + R* is Hermitian, so

ImtrR® = Imtr (R _ZR* ) .
Denoting ¥ = A+ oX ' X — zId and applying the identity (2.4.3), we have
R—R =y ') 'l=ylr —) ") '=R*-Y)R"
Then, writing Y = U + iV as above and applying Y* —Y = —2iV, we get

ImtrR® =Im(—i-trRVR*®)

= Re(—(Im o) -trRX ' XR*® + (Imz) 'trRR*qD) :

Since trRX ' XR*® = tr®!/2RX "X R*®!/ 2 where this matrix is positive semi-definite, this trace
is real and non-negative. Similarly, tr RR*® is real and non-negative. Then the above yields the
lower bound

ImtrR® > Imz- trRR*® > Imz- Apin (RR") - tr D,

where Amin(RR*) is the smallest eigenvalue of RR*. By (2.5.5) and the condition g, < n 001 we
have tr® > ¢ for a constant ¢ > 0 and large enough 1. Observe that Ay, (RR*) = 1/||Y||, and
1Y|| < ||A|| 4 |e| - |X |2+ |z]. By Lemma 17(b), with probability 1 —2¢ <", we have || X|| < C,

so putting this together yields Imtr R® > ¢ with this probability. Finally, for the deterministic
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bound Im 3§ > ¢, we may apply Imtr R® > ¢ on the event where || X || < C holds, and ImtrR® > 0
on the complementary event. Taking an expectation and applying the definition (2.6.2) yields

Ims§ > c. ]

2.6.2 Resolvent Approximation

We recall the result of [LLC18, Lemma 1], which establishes a concentration of quadratic
forms in the rows of X. The following is its specialization to standard Gaussian matrices W, and

stated in our notation.

Lemma 21 ([LLCI18]). Suppose o(x) is Ag-Lipschitz, and let x| be a row of X. Then for any
deterministic matrix Y € R"™" with ||Y|| < 1, for some constants C,c > 0 (depending on As),

and for any t > (),

2
t
“x Yxi— trY<I>’ > z) < Cexp(—ﬁmm(t—z,z» (2.6.3)

p(l
Y 0

where ty = |6(0)| + As || X ||/ 1/ 7.

Using this result, we establish the following approximation for the resolvent R in (2.6.1).

Lemma 22. Consider any deterministic matrix M € C"*", and set

6,,:trM—trR(A+ <I>—zId>M.

a~!+ ytrR®

Under Assumption 2, there exist constants C,c,c’,ng > 0 such that for alln > ng and t € (n=1,¢"),
P[5, > |M|/f] < Cne "

Proof. By rescaling M, we may assume that |[M|| < 1. We have Id = R(A+ oX ' X —zId) =

RA+aRX "X —zR. Writing X 'X =Y x;ix; (where x; is the i" row of X), multiplying by M,
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and taking the normalized trace tr = n~ ! Tr,

trM = trRAM + octrRX ' XM — ztr RM

d
o
= trRAM + = Y x/ MRx; — ztrRM.
ni3

Hence
tr RObM

a d
:—leTMRx,—il—
n = o~ +yuwRP

Let us define the leave-one-out resolvent, for each 1 <i<d,

-1
RO — (A—i—och]x zId) .

JiJ#

We may then decompose 6, as 9, = J; + ¥J, where (recalling y = n/d)

ytrRO DM
a-!'+ytrROP

d( trRO DM tr ROM )

T4 yuROD o T+ yuRD

Let us denote these summands as

ytr RO DM trRO®dM

tr RObM

and Jéi) =

1) = aox] MRx; — —* :
a ! +yuwROP

Bound for J;. Momentarily fix the index i € {1,...,
Woodbury identity, we have
aRxx] RV

R=RW_ == ~5i—
1+ ox ROx;

Then, introducing A; = xl-TMR(")x,- and A, = xiTR(i)xi,

2
T a°A1A> Al
ox: MRx; = aA| — = .
l ’ Y15 aA,  a+A4A,
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o+ yrRO® a1+ yuRD’

d}. Applying the Sherman-Morrison-

(2.6.4)



Recall that the rows of X are i.i.d. Let X be the matrix X with the i" row Xx; removed, and let
E,,[-] be the expectation over only x; (i.e. conditional on X (i)). Observe that R" is a function of
X Applying Proposition 20 with X¥) in place of X, we see that |[R")|| and |[MR"]| are both
bounded by a constant. Then applying Lemma 21 conditional on X (), and recalling the bound
(2.4.1) for 6(0), there are constants C,c > 0 for which

P[|Ax — Ex[A]| > 1] < Ce™™Mn*0)  fork =1,2.

Note that
Ex[A1] = TTMRVE[xix/ ] = ~ TrMRO® = yu RV M.

Similarly, Ey [A2] = }/trR(i)q), SO

Jo_ AL EgA]
a1+ Ay a '+ Ey[Ay]

Applying Proposition 20, we have for some constants C,c,c’ > 0, on an event & (X (i)) of

probability 1 — 2e <" that
Ex[A]l <C, a7 +Exg[A2)] > Im(a" +Ex [A2]) > c.

Then, for any ¢ such that t < ¢/2, on the event where [A| —E, [A1]| <1, |A2 — Ey,[A2]| <t, and

i

& (XYY all hold,

< AL EgfAd|

|Ay — Ey,[A2]|
' < Ct. 2.6.5

o1+ Ay| - o + By, [A]] —

i’

+|]Exi[A1]| :

Thus, forz < ¢’ and a sufficiently small constant ¢ > 0, we have P[|J l(i)| > < Ce="". Applying

a union bound over i € {1,...,d}, this yields P[|J;| > ¢] < Cne—<nt’.
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Bound for J,. Applying the identity (2.4.3),
RW —R=RORT—(RY™NR = arWx;x]R.

Then, applying also the bounds ||R||,|[R”)|| < C from Proposition 20,

X2

. 1 : C
|tr(RY) — RY®M| = —|ax, ROMRx;| <
n

Applying Lemma 17(b), with probability 1 —2e~", this is at most C/n forevery i € {1,...,d}.

tr(RY) — R)®| < C/n with this probability. Applying again |trR®M| < C, |a~! +

Similarly,

ytrR®| > ¢, and an argument similar to (2.6.5), we obtain \Jg)] < C’'/n for a constant C' > 0.
Taking a union bound over i € {1,...,d}, this yields P[|J| > C/n] < C'ne". Combining these

bounds for J; and J», choosing ¢ > ¢n~!, and re-adjusting the constants yields the lemma. [

2.6.3 Proof of Lemma 19

We now prove Lemma 19 using Lemma 22. Define the random n-dependent parameter
s=o !+ ytrR,

so that § = [E[s]. The following establishes a concentration of s around 5.

Lemma 23. Under Assumption 2, for some constants c,ny > 0, all n > ng, and any t > 0,
Plls— 35| > 1] < 2e~"".
Proof. Define F(W) = ytrR®, where R and X are considered as a function of W. Fix any matri-

ces W,A € R" where ||A||r = 1, and define W; = W +tA. Then, applying dR = —R(d(R~1))R
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and R=R",

vec(A) T (VF(W)) = % _JFW) = —ytR (% t_OR_l)RQJ
= —2y0trR <XT : % t_ox) R®
2ya :
:—ﬁtR(X (o (WX)@(AX)))RCD,

where © is the Hadamard product, and ¢’ is applied entrywise. Applying Proposition 20,
vee(&) T (VEW))| < - [|RX T (o' W) 0 (ax))- R < - RXT |0’ (W) © (AX)).
Vd vd
For the first term,

IRXTIP = IR@X KR < (IR(A +aX X — 1R + [R(A ~ IR )

o]
1

|a|(”R||+||R|| (1Al +12))) < €

For the second term,
|6’ (WX)© (AX)|| < [[6'(WX) © (AX)||F < As[|AX|[F < As[AllF- X < C.

Thus |vec(A)" (VF(W))| < C/+/n. This holds for every A such that ||Al|r = 1, so F(W) is
C/+/n-Lipschitz in W with respect to the Frobenius norm. Then the result follows from the
Gaussian concentration of measure. [

To conclude the proof of Lemma 19, we may again assume ||M|| < 1 by rescaling M. Set

M=(A+5"®—z1d) " 'M.
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Note that 5! € C~, so |[M|| < ||(A+5 '®—z1d)~!|| < C by Proposition 12. Applying Lemma
22 with M,

Pl —wR(A+57' @~ z1d)M| > 1] < e~ (2.6.6)
forall 7 € (n~!,¢'). Furthermore, applying the definition of M,

[R(A+5™' D~ ZId)M — wRM| = |wR((A+5™'®—z1d) — (A+5' @~ z1d)) M|

= s =51 |wROM| < C|s ' =57

Recall that |§| > Im§ > c. Then, on the event where |s —§| <t and 7 < ¢/2, we have ]s_l -5 i<

Ct. Then applying Lemma 23, for some constants ¢,¢’ > 0 and all € (0,¢'),
P||tR(A+s™'®—21a) M — trRM| > 1] <2¢7".

Combining this with (2.6.6) yields Lemma 19(a). Specializing Lemma 19(a) to M = ®, we
obtain

IP’HS — (Oc_1 +ytr(A+5 D —zId)_lcb) ! >1] < Cne™"",
Applying again Lemma 23 to bound |s — 5|, we obtain Lemma 19(b).
2.7 Analysis for the Conjugate Kernel

Theorem 6 is a special case of Theorem 9, but let us provide here a simpler argument.

Define, for each layer, the n X n matrices

@, =E, [o(wag,l)To(wTXg,l) 2.7.1)

&, =b2X," X+ (1—b2)1d (2.7.2)
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where E,, denotes the expectation over only the random vector w ~ .47(0,1d). Here, ®, and b,
are deterministic conditional on X,_{, but are random unconditionally for £ > 2. For each fixed

¢=1,...,L, we will show that as n — oo,
lim spec ®; = lim spec ®;. (2.7.3)

Conditional on X,_1, the spectral limit of XéT Xy was shown in [LLC18] to be a MarCenko-Pastur
map of the spectral limit of &,—we reproduce a short proof below under our assumptions,
by specializing Lemma 19 to o = 1 and A = 0. Combining with (2.7.3) and iterating from

¢=1,...,Lyields Theorem 6.

Lemma 24. Under Assumption 1, for each £ = 1,... L, almost surely as n — oo,
1 3112
[P0 =7 — 0.

Proof. By Corollary 15, increasing (&,,B) as needed, we may assume that each matrix X, ..., Xy
is (&,,B)-orthonormal. Denote by ®;[a, 8] and ®,[c, ] the (e, 3) entries of these matrices.

Then Lemma 16(a) shows for o # p that
"bg[a,ﬁ] _(i)é[aaﬁﬂ < Cgr%

For o = 3, applying ®/[a, ] = 1 — b2 + b2 ||x ! ||?, we have

[Pefer, o] = Dylar, ar]| < |@ofar, o] — 1 +bg|[xg [P~ 1] < Cey.

Then

| By — By||2 < Cn(n—1)e} +Cne?,
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and the result follows from the condition Snnl/ 450. []

Proof of Theorem 6. By Corollary 15, we may assume that each matrix Xy, ..., Xy is (&,,B)-
orthonormal. This implies the bounds ||X;|| < C and ||[KX| < C for all large n.
For the spectral convergence, suppose by induction that lim spec XZ 1 Xo—1 = Ug—1, where

the base case lim specXOT Xo = Uo holds by assumption. Defining
ve=(1—-bg)+bg- 1,
Proposition 13 and Lemma 24 together show that
lim spec @y = lim spec P, =v,.

Specializing Lemma 19(b) to the setting A =0, ¢ = 1, X = X;_, and X = X/, and choosing

t =t, such thatz, — 0 and nt,% > logn, we obtain
§—1—(n/d))tr(57 'y —zId) "' Dy| = 0 (2.7.4)

a.s. as n — oo, where

S=1+ dﬁ]EWK [tr(X, X, — z1d) ' ].
{

Here, this expectation is taken over only W; (i.e. conditional on X, ...,X;_1).
Proposition 20 verifies that § is bounded as n — oo, so for any subsequence in n, there is

a further sub-subsequence along which § — s for a limit so = so(z) € C*. Applying (2.4.3) and
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Propositions 12 and 20,

tr(s'_l(I)g—zId)_ICDg—tr(salcbg—zld)_]q)é‘
= [spt 571 s — 21d) (g — 1) |
<lsg" =57 (s " Pe—zId) |- |5 Dy — 21d) |- |||

<Clsg'—s7".
Thus, along the sub-subsequence where § — s, we get
(5 '@y —z1d) '@y — tr(sy ' @y — 21d) Dy — 0. (2.7.5)

We have also
X

tr(sy '@ — 21d) "y / dvy(x), (2.7.6)

—1
since the function x — x/(s,'x — z) is continuous and bounded over R, and lim spec ®; = v;.

Thus, taking the limit of (2.7.4) along this sub-subsequence, the value sy must satisfy

so—1 —w/ L av(x) =0, 2.7.7)
SO X—Z
Now applying Lemma 19(a) with M = Id, and taking the limit along this sub-subsequence,

by a similar argument we obtain that

1

-1

(X, Xy —z1d) ™' — / dvy(x). (2.7.8)

Denoting this limit by m(z), and rewriting (2.7.7) by applying

/Sali_zdvé(x):SO/<1+S61i_Z>dW(x) = so(1+2zmy(2)),
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we get s, U= 11—y — yizm(z). Applying this back to the definition of my(z) in (2.7.8), this

shows that my(z) satisfies the Marenko-Pastur equation

1
)= |

dvf(x)a

s0 my(z) is the Stieltjes transform of w, = p)F K v, = pF R ((1 - b)) DbE @ 1).

We have shown that tr(X," X, —zId) ~! — m,(z) almost surely along this sub-subsequence
in n. Since, for every subsequence in n, there exists such a sub-subsequence, this implies
limy,—e0 tr(X,' X — z1d) ! = my(z) almost surely. Thus limspecX,’ X; = py, which completes

the induction. n

2.8 Analysis for the Neural Tangent Kernel
2.8.1 Spectral Approximation and Operator Norm Bound

We first prove the spectral approximation stated in Lemma 7, as well as the operator
norm bound || KNTX|| < C. The following form of KN'X is derived also in [HY 19, Eq. (1.7)]:
Denote by Xfx the a™ column of X,. For each £ = 1,...,L, define the matrix S; € R%**" whose

a™ column is given by

T T
o —pt Ve pro Wi pen Wiy w 2.8.1)

where we define diagonal matrices indexed by o € [n] and k € [L] as

Dt = diag (o’(ka’f;‘ )) e R%xdk,
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Applying the chain rule, we may verify for each input sample x, that
Vifo(Xa) =Xg € R, Vi, fo(Xa) =8 @X | € RU1,
Then, we can write

(Vwfo (X)) (Vwfo(X)) =X/ Xz,

(Vi fo (X)) (Vw, fo (X)) = (] S0) © (X, 1 Xi),

where © is the Hadamard product. Thus, the NTK is given by

T L
KNTK _ <V9 fe(X)> (vg fo (x)) — XX+ Y (S50 © (X[ X ). (2.8.2)
/=1

Lemma 25. Let X € R¥" be (g, B)-orthonormal, let W € R4 have i.i.d. A (0,1) entries, and
let Xq,Xg be two columns of X where o # B. Then for universal constants C,c > 0 and any

t>0:

(a) With probability at least 1 —2e~4",

‘éTr (diag (0'(Wxq)) diag (GI(WX[;))) — b2 <CAX(e+1).

(b) Let M € R?*? pe any deterministic symmetric matrix, and denote
1 ) .
T(Xq,xg) = ST (d1ag (6’ (Wxq))WMW ' diag (G/(WXﬁ))> :
With probability at least 1 — (2d + 2)e‘cmi“(’2d”‘/3),

T (xq,Xg) — b2 TrM| < CAZ (g\/3+t\/2z+z\/3) IM|F.
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Furthermore, both (a) and (b) hold with (X¢,Xq) in place of (Xq,Xg), upon replacing b2 by ag.

Proof. Write w,;r € R? for the k™ row of W. Then

I M&

Ly (diag (0’ (Wxq)) diag (' (Wxg) )

y o' (w] xq )0’ (W, xﬁ)

Applying o'(w/ x4)0’ (w,jx[;) € [-A2, 2] and Hoeffding’s inequality,

|

To bound the mean, recall that (£, {g) = (W) Xq, wkaﬁ) is bivariate Gaussian, which we may

1 d

3 & (0 0uxa)0 0uxp) Lo 0 ) 39

2
> lét] < 2e ¢l

write as

Co =uaba;  Cp=ugp+vpda

as in (2.5.6). Here, &g, &g ~ 47(0, 1) are independent, uq,ug > 0 and vg € R, and these satisfy

lug — 1|, |ug — 1|, |vg| < Ce. Applying the Taylor expansion

o'(§)=0'(§)+a"(m(E-¢)

for some 1 between ¢ and &, and the conditions E[o’(&)] = bs and |6” (x)| < Ag, it is easy to

check that |E[6”($q) 0" (8g)] — b5| < CAZe. Then part (a) follows. The statement with (X, X¢)

and ag follows similarly from this Taylor expansion and the bound |E[c”({y)?] — ag| < CAZe.
For part (b), we write

T
Xa,Xﬁ — Wk Xa Wk Xﬁ) WkMWk.

HM&

By the Hanson-Wright inequality (see [RV 13, Theorem 1.1]),
P||w] Mwy—TrM| > M| -1v/d| < 2¢~cmin(dvad)
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for a constant ¢ > 0. Then, applying |6'(x)| < A and a union bound over k = 1,...,d, with

probability at least 1 —2de ¢ min(i*d.1V/d)
1 d
T (Xq,xg) —TrM - yi Y o' (wixa)o'(wixp)| < |M||F-AgtVad.
k=1

Then part (b) follows by combining with part (a) and applying TrM < v/d||M||r. O

Corollary 26. Let sfx be as defined in (2.8.1), and let gy, ry be the constants in (2.2.1). Under

Assumption 1, for a constant C > 0, almost surely for all large n and for all ¢ € [L] and

o # B € [n],
st s — g1 | < Cmax(gy,n %), ‘Hsguz - rH] < Cmax(g,n %),  (2.83)

Proof. By Corollary 15, we may assume that each matrix X, ..., Xy is (&,,B)-orthonormal.
Since a larger value of €, corresponds to a weaker assumption, we may assume without loss of
generality that g, > n~043.

Fix ¢ € [L] and o, B € [n], and define

¢ Y
M; = DDy

M, = DX,

T T
Wk D€+1 W€+1 DE Dﬁ Wé+1 Df}+1 W Dk (284)

N R/ i P yd, k-1 B

for /+ 1 < k < L. Recalling the definition (2.8.1) and applying the Hanson-Wright inequality

conditional on Wy,..., W,
1
s s s — 7~ TrM| < Ce/i- —||ML||F (2.8.5)

with probability 1 — e—emin(einen/n) > | _ =" Next, for each k = L,L—1,...,0+ 1, we
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apply Lemma 25(b) conditional on Wy, ..., W;_1, witht = &,, M = My_1/dy_1,d = di_1, and

d = dy. Note that k — 1 > ¢ > 1, so that both d;_; and d} are proportional to n. Then

1 1
—TrM; —b% - ——TrM,_
d %Y di—1 k=t

1
chn\/ﬁ'dk_lHMk—lHF

with probability 1 — e Finally, for k = ¢, applying Lemma 25(a) conditional on Wy,...,W,_,
and withr = ¢,,

1
- TrM, — b2 | < Cg,

1

with probability 1 —e """ . Combining these bounds, with probability 1 — C'e™""",
0Tt 2 L—tr1] — Cén
i 85~ (08) T < LMLl Ml )

We also have ||W;/+/di|| < C for each k = 2,...,L with probability 1 — C'e™", see e.g. [Verl38,
Theorem 4.4.5]. Then, applying ||Di|| < As, we have ||My||r < Cv/n||M;|| < C'\/n for every
k=1,...,L. Then the first bound of (2.8.3) follows. The second bound of (2.8.3) is the same,
applying Lemma 25 for (Xq,X¢) instead of (xq,Xg). The almost sure statement follows from the

Borel-Cantelli Lemma. O]

Lemma 27. Under Assumption 1, almost surely as n — oo,

2
1 L—1
—|| KNTK — (m d+x/ X + Y aiX, X4> —0.
n (=0 F
Furthermore, for a constant C > 0, almost surely for all large n, | KNTX | <C.

Proof. By Corollary 15, we may assume that each matrix Xo,...,Xy is (€,, B)-orthonormal.

Then

1T = —
x| <en |IXGP -1 <
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Increasing &, if necessary, we may assume &, > n~"*. Combining with (2.8.3), we have for the

off-diagonal entries of the Hadamard product that
‘((SZSE) © (XL X)) [ B] —618—1X£T—1Xé—1[057ﬁ]‘ < Ce;,
and for the diagonal entries that

‘((SZSE) ® (XL Xo—1)[on, o] — qr1 (X, X)) [, 0] — (e —614—1)‘

< ‘((SZSg)@(XZLXg,I)[a,a] —rg,l‘ +qg,1’XJ_ng,1[a,a] — 1‘ < Cg,.

Then applying this to (2.8.2),

2
< Cn(n—1)g} +Cne?.

=0 F

L—1
KNTK _ <r+ d+Xxx.+ ) qugxg)

The first statement of the lemma then follows from the assumption g.n/* = 0.
For the second statement on the operator norm, we have

:
15750 ® (X X 1)l < max |st, sl
<a<n

.
| X X1 ]]-

See [Joh90, Eq. (3.7.9)], applied with X =Y = S,. Then ||KNTX|| < C follows from (2.8.2), the

(&,, B)-orthonormality of each matrix X;_;, and the bound for |[s’, ||* in (2.8.3). O

Combining Lemma 27 and Proposition 13, this proves Lemma 7.
As a remark, Lemmas 27 and 7 imply lim spec KNTK = lim spec (ry1d —|—XLT X;) when

b = 0, since every g; = 0 in this case. Thus, the Stieltjes transform of lim spec KNTK

is actually
mntK (2) = m(—ry 4 z) defined by the Stieltjes transform of p}* in (1.2.4) with y = y;. Thus in

the following arguments for the limit spectrum of KN'X, we restrict to the case bg # 0.
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2.8.2 Unique Solution of the Fixed Point Equation

Let A,® € R™" be symmetric matrices, where @ is positive semi-definite. Let z € CT,

o € C*, and y > 0. For s € C*, define
S(s)=(A+s'd—zId)™,  fu(s) = a ! +ytrS(s)d.
Lemma 28. (a) Forany s € C™, setting S = S(s),

Im f,(s) > Imz- ytr SOS™ > 0.

(b) For any s,s, € CT, setting S| = S(s1) and S» = S(s2),

|fn(sl) _fn(52)|

< | Im £, (s1) — Imz- ytrS; S} \ /2 (Im f,(52) — Imz - ytr S, 83\ /2
S1— 82 -
="l 2 Ims; Ims,

Proof. For part (a), let us write
SP = SPS* (A+s 'd—zId)* = SOS* A+ (1/5%)SPS*® — 7" SPS*.
Since SPS* is Hermitian and positive semi-definite, the quantities tr S®S*A, tr S®S*P, and

trSPS* are all real, and the latter two are nonnegative. Then

Ims

Im f,(s) :Ima_l+ylmtrS<I>:Imoc‘l+ BE
S

YUSOS* ®+Imz- yurSOS*.  (2.8.6)

Each term on the right side of (2.8.6) is nonnegative, and dropping the first two of these terms

yields (a).
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For part (b), applying the identity (2.4.3), we have

51— 82

S;—Sy =S1(sy '@ —s7'®)S, = S1®S,,
5152
SO
_ _ Y(s1—s2)
fn(sl) —fn(SZ) =ytr§1P —ytr$HP = ——tr §; PS5, P.
S182

Applying Cauchy-Schwartz to the inner-product (S, 52)e = trS; PS5 P,

[trS PSP > = [(S1,85) 0| < (S1,51) 0 - (S5,55) 0 = trS;DS; D - tr S, PS5 P.

Then

ytrSlch’{CI)) 1/2 <}/trSzCI>S§<I>) 1/2

|51]2 |52]2

Fuls1) = falsa)] < st s3] (

2, part (b) fol-

Dropping Ima~! in (2.8.6) and applying this to upper-bound ytr S®S*®/|s

lows. O]

Corollary 29. As n — oo, suppose that f,(s) — f(s) pointwise for each s € C*, the empirical
spectral distributions of ® and A converge weakly to deterministic limits, and the limit for ® is
not the point distribution at 0. Then the fixed point equation s = f(s) has at most one solution

seCTt.

Proof. Let us first show that for each s € C* and a value co(s) > 0 independent of n,
lirr_1>inftrS(s)<I>S(s)* > co(s) > 0. (2.8.7)

Denoting S = S(s) and applying the von Neumann trace inequality,

1 1 &
trS®S* = —TrdS* s > — Aa(®)A1_g(S*S
r " r _nO;l a(P)Anir1-a(S7S),
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where A;(-) > ... > A,(-) denote the sorted eigenvalues. Since ® has a non-degenerate limit
spectrum, there is a constant € > 0 for which Ag,(®) > € for all large n. (Throughout the proof,

€n, €n/2, etc. should be understood as their roundings to the nearest integer.) Then
1 En
wSPS* > e-— Y Api1-alS'S).
=1
Denoting by o4(+) the o' largest singular value, observe that
Ani1-a(S*S) = Cpi1-a(S)? = 0g(A+s 'd—zId) 2
Applying 641 p_1(A+B) < 0¢(A) + 0g(B), we have
Ou(A+s~'®—zId) < g n(A) +|s| " Og n 1 (P) + 2.

Since the spectra of A and & converge to deterministic limits, this implies that there is a
constant C(s) > 0 (also depending on z and €) such that 64 (A +s~!® — zId) < C(s) for every
o € [en/2,€n] and all large n. Thus

en—en/2
n

trS®S* > ¢ C(s)~2

for all large n, and this shows the claim (2.8.7).

Then, taking the limit n — oo in Lemma 28(b), we get

Im f(sq) —Imz-yco(sl)) 172 (Imf(sz) —Imz-yco(sz)> 12

Im S Im 52

F(s1) = f(s2)] < Is1 — 52l (

If s; = f(s1) and s, = f(s7), then this yields |s; — 52| < |51 — 52| - A(s1,52) for some quantity
h(s1,s2) € [0,1), where h(sy,s2) < 1 strictly because co(s1),co(s2) > 0. This contradiction im-

plies s; = s2, so the equation s = f(s) has at most one solution s € C™. N
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2.8.3 Proof of Proposition 8 and Theorem 9

The operator norm bound in Theorem 9 was shown in Lemma 27. For the spectral

KNTK

convergence, note that by Lemma 7, the limit Stieltjes transform of atany z € C™ is given

by
-1 -1
mtk(2) = lim tr( (—z+r ) Jd+HX X+ ) qeX,' Xe |
=0

provided that this limit exists and defines the Stieltjes transform of a probability measure. For
2=(z_1,...,20) €eC xR xC*,  w=(w_y,...,w) € C"*2,
recall the functions
2 50(2), (W) > t(z,w)

defined recursively by (2.2.6) and (2.2.7). Proposition 8 and Theorem 9 are immediate conse-

quences of the following extended result.
Lemma 30. Suppose bs # 0. Under Assumption 1, for each { = 1,... L:
(a) For everyz € C~ x R x C¥, the equation (2.2.6) has a unique fixed point s;(z) € C*.
(b) For every (z,w) € (C~ x R x C*) x C**2, almost surely
t@(sz)

-1
= limtr <z, Id 420Xy Xo+ ...+ 20X, Xg) (w, LI FwoXg Xo -+ ... +weX, Xg) .

(2.8.8)

In particular, for any z_1, ...,z € R where 7y # 0,

lim spec <Z_1 Id +Z()X(;|—X() +... —I—ZEXZTXE) =V
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where V is a probability measure on R with Stieltjes transform
m(z) =t ((—z—kz,l,zO, —20), (1,0, .. ,0)) .

Proof. By Corollary 15, we may assume that each matrix Xy, ..., X, is (&,,B)-orthonormal.

Define @, ®; by (2.7.1) and (2.7.2). Forz = (z_1,...,2¢), let us write as shorthand
Z- XTX(E) =271 Id—{—Z()XOTX() +... —|—ZgX€TXg,

where the parenthetical (¢) signifies the index of the last term in this sum. Let us define similarly
w-XTX(0).

Note that part (b) holds for ¢ = 0, by the assumption lim spe(:XOT Xo = Mo, the definition
of to((z—1,20), (W_1,wp)) in (2.2.5), and the fact that the function x — (w_ +wox)/(z—1 + z0x)
is continuous and bounded over the non-negative real line when z_; € C~ and zg € C*.

We induct on ¢. Suppose that part (b) holds for £ — 1. To show part (a) for /, fix any

z=(z_1,...,20) € C~ xR x C* (not depending on 1) and consider the matrix
- ~1
R= <z X X(é)) . (2.8.9)
We apply the analysis of Section 2.6, conditional on Xy, ..., X, and with the identifications
XZXK; XZXE*I) d:db d:dé,b

A:ZQX()TXO—I—...—FZg,ngT_ng,l, o =2y, = —2-1-

Observe that @ € C* and z € C~. The matrix R in (2.8.9) is exactly

R=A+aX'X—zId) .
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Since each Xp,...,Xy_1 is (&,,B)-orthonormal, we have ||A|| < C for some constant C > 0
(depending on z_1,...,2s, As). Thus Assumption 2 holds, conditional on Xp,...,X,_1. Let us

define the n-dependent parameter

1 n
§= — + —trEy, [RD
5 a+d4f w, [R®(]

where this expectation is over only the weights W,. Then, applying Lemma 19(b) with a value

t = t,, such that t — 0 and nt> > logn, we obtain

1
5—— — Lt(A+5 Dy —z1d) '@y >0 (2.8.10)
(04 dg

almost surely as n — oo.
Proposition 20 shows that |5] is bounded, so for any subsequence in 7, there is a further
sub-subsequence where § — s for a limit so = so(z) € C*. Let us now replace § and ®, above

by so and ®;: First we have
tr(A+5 1y —21d) " Dy — tr(A + 55Dy —21d) Dy — 0

by the same argument as (2.7.5). Then, we have

tr(A + 55Dy — 21d) " Dy — tr(A + 55 ' By —zld)*lqagj

sg (At sg ' Dy — 21d) (B — D) (A+ 55 ' By —zId)_ICI)e’

a

< ;chg — Dyl ||(A+sy '@ —21d) DA+ @ —zId) |,

C = 1 _ _ -
S_nH‘I’é—CI’eHF'!I(A+801<1>—21<1) - llefl- 1A +s5 ' —21d) | = 0,

66



where the convergence to 0 follows from Lemma 27. Finally, we have

‘tr(A—ksald)g —21d) '@, — tr(A+ sy '@y —zld)*lci:g‘
1

\/ﬁH(A +5 @ —21d) 7| | @ — Pyl — 0.

1 _ _ -
< I+ sg ' @e—21d) - g — B <

Applying these approximations to (2.8.10), we have almost surely along this sub-subsequence

that

1 . .
‘so—a—}/gtr(A+s61CI>g—zId)_1(I>g‘ — 0. (2.8.11)

Now observe from the definitions of A, ®;, and z that

B _b2 (=2 bZ
A"—Salq)g —zIld= (Z_l + 5 G) Id+ Z ZkaTXk—{- <Zg,1 + s_z-)XfT—IXZI’
k=0

&) = (1 -b2)Id+b2X," | X;_1.

Then, applying (2.8.11) and the induction hypothesis that part (b) holds for £ — 1, we obtain that

the value sp must satisfy

1
S0 = a + Yﬂ[*l (ZPFCV(SO7Z)7 (1 _b%WO’ Tt ’O’b%y)>’

where Zprey is defined in (2.2.8). This shows the existence of a solution (in C™) to the fixed point
equation (2.2.6). Notice that because b # 0 and sy € C*, the last entry of Zprev(S0,2) is in C*
and (Zprev(50,2), (1 —b%,0,...,0,b%)) is in the domain of function 7.

To show uniqueness, we apply Corollary 29: For any fixed s € C", defining

Fuls) = $+ (n/dy) tr(A+5~ 1y — 21d) @y,
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the same arguments as above establish that

. 1
lim fu(s) = f(s) = a+W_1(zprev(s,z),(l—bg,o,...,o,bf,)).

n—oo

Part (b) holding for £ — 1 implies that both A and ®, have deterministic spectral limits, where
lim spec ®; = lim spec &,

by (2.7.3). This cannot be the point distribution at 0, because (2.5.5) implies that tr®, > 1/2
for all large n, and ||®,|| < C so at least n/(2C) eigenvalues of @, exceed 1/2 for every n. Thus,
Corollary 29 implies that the fixed point s = f(s) is unique. So the fixed point sy(z) € C™ is
uniquely defined by (2.2.6), and this shows part (a) for /.

By the uniqueness of this fixed point, we have also shown that so = s/(z), where sg is
the limit of § along the above sub-subsequence. Since for any subsequence in n, there exists a
sub-subsequence for this which holds, this shows that lim,,_,.. § = s¢(z) almost surely.

Now, to show that part (b) holds for /, let us also fix any w = (w_1,...,wy) € cH2,

Using that z; # 0, we may write

w-XTX(0) = 2L 2 XTX(0) + Wprey - X X(£— 1),
)

where Wpey is as defined in (2.2.9). Then

(z-XTX(€)>_1 (w-XTX(€)> - VZ"—jld+(z-XTX(£))_] <wpreV-XTX(€— 1)). (2.8.12)

We now apply Lemma 19(a) conditional on Xj),...,X;_1, with the same identifications as above

and with

M = Wyrey - X X(£—1).
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Note that M is indeed deterministic conditional on Xp,...,X; 1, and ||M|| < C for a constant
C > 0 (depending on z and w) since Xy, ..., X, | are (&,, B)-orthonormal. Then, we can apply

Lemma 19(a) to conclude that
tr [(z-XTX(€)> - (wprev XTX((— 1))} - [(A—i—s__lq)g —z1d)"! (wprev XTX(0— 1))} 0.

By the same arguments as above, we may replace § by so = s/(z) and ®, by &,. Then, applying

this to (2.8.12),

Wy

o [(Z‘XTX(@)l (w-X"x()]- 2

Y

_ [(A—I-Sg(z)_l(i)g —zId)”! (wprev XTX(0 - 1))] 0.
Finally, applying that part (b) holds for £ — 1, this yields

lim tr [(z - XTX(£)> - <w - XTX(E)H =t (Zprev (50(2),2), Wpren)

n—oo 2y

which is the definition of #,(z, w). This establishes (2.8.8).
For any fixed z_1,...,z; € R where z; # 0, and any fixed z € C", this implies that the

Stieltjes transform of z- X X(¢) has the almost sure limit

m(z) :tg((—Z—i-Z_l,Z(),...,Zg),(l,(),...,())).

So m(z) defines the Stieltjes transform of a sub-probability distribution v, and the empiri-
cal eigenvalue distribution of z- X" X(/) converges vaguely a.s. to v. Since |z- X X(¢)|| is
bounded because Xy, ..., Xy, are (&,, B)-orthonormal, this limit v must, in fact, be a probability

distribution, and the ESD converges weakly to v. This concludes the induction and the proof. [
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2.9 Multi-dimensional Outputs and Rescaling

In this section, we provide some motivation for the form of the NTK in (2.2.11) for

networks with a k-dimensional output, and we prove Theorem 10 regarding its spectrum.

2.9.1 Derivation of (2.2.11) from Gradient Flow Training

Consider the training process of the network (2.2.10) based on a gradient flow with

training samples {Xq,yq }7,_, Where xo € R% and y, € R¥, under the general training loss

n

F(8)= ), Z(fo(Xa),¥a)-

a=1

Here, .2 : R¥ x R — R is the loss function. We denote by V.Z(fg(X¢),Yo) € R¥ the gradient
of . with respect to its first argument, and by Vyy, fp(X¢) € REMW)*K the Jacobian of fg(x¢)
with respect to the weights W,.

Consider a possibly reweighted gradient-flow training of 6, where the evolution of

weights W, is given by

d

W) = —1-Vw,F(6(1)) = —7 Y Vi fow(Xa) - VL (fou)(Xa),Ya)-
a=1

The learning rate for each weight matrix Wy is scaled by a constant 7,—this may arise, for
example, from reparametrizing the network (2.2.10) using W, = 7 . W, and considering gradient

flow training for Wg. Denoting the vectorization of all training predictions and their Jacobian by
FolX) = (5K FEO) ER™, Wiy, fo(X) € RIMOVxrk

and the corresponding vectorization of (V.Z (fp(Xa),¥Ya))%—; by V-Z(fo(X),y) € R™, this may
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be written succinctly as

d

EWz(f) = =7V, for)(X) - VL (fo)(X),y).

Then the time evolution of in-sample predictions is given by

T d

%fe(t) (X) = (Vefe(,)(X)> .EQO)

L+1

= X (Vo)) (Fwifoy (X)) V2 (3).9)

= —K"*(1) - VL (fo) (X)),
where KNTK is the matrix defined in (2.2.11). For 7; = ... = 7,1 = 1, this matrix is simply

N
KN = (Vofo(X)) (Vofo(X)) € R,
which is a flattening of the neural tangent kernel K € R™*"<kxk (identified as a map K : R"" —

R¥*kY that is defined in [JGH18].

2.9.2 Proof of Theorem 10

The matrix KNX in (2.2.11) admits a k x k block decomposition

NTK NTK
Kll ot K]k
KNTK —

NTK NTK
K o K

where
L+1

KN = /; 7 (wafé' (X)>T (Vszé(X)) e R,
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for general constants 7y,...,Ty+1 > 0. Considering

wi
WL—|—1 - 9

.
Wi

we can use the chain rule similar to (2.8.2) to verify

L
. . i1 o
K™ = 1i= Yoo X X+ Y u(si sho (X )
/=1

where S@ € R4 is the matrix with the same column-wise definition as in (2.8.1), replacing w

by w;.

Lemma 31. Under the assumptions of Theorem 10, for any indices i # j € |k|, almost surely as
n — oo,

LNtk 2
;HKij |7 — 0.

Furthermore, for a constant C > 0, almost surely for all large n,

Proof. By Corollary 15, we may assume that each Xy, ..., Xy is (&,, B)-orthonormal.
Let us fix i, j,¢ and denote the columns of 52 and S] by sfxl and sél for a,f € [n].
We apply the Hanson-Wright inequality conditional on Wy, ..., Wy, which is similar to (2.8.5).

However, since w; and w; are independent, there is no trace term, and we obtain instead
4,
‘Sa s J‘ <C8n\/_ ||ML||F

for both a = 8 and « # B with probability 1 — e " , where M is the same matrix as defined

in (2.8.4). Applying the bound |M_||r < C+/n as in the proof of Corollary 26, this yields

sa SB ‘ <Cg,
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almost surely for all o, B € [n] and all large n. Combining with the (g,, B)-orthonormality of

Xy_1, we get for a # B that
il Qi i1
(5" sho X laBl| <cel, |8 sh o (LiXe e o < Ce

Then

ST
1657 "51) @ (X Xeo1) |13 < Cn(n— e} + Cnel,

and the first statement follows from the assumption €,n'/% — 0. The second statement on the

operator norm follows from the bound

AN
s’ sg’

] 1/2
max
1<a<n 1<a<n

See [Joh90, Eq. (3.7.9)] applied with X = S, and ¥ = SJ. The bound KT < C then follows

il Qi T il 0 /2 T
1(Sp87) © (X Xe—1)|| < | max ‘Soé Sa N[ Xp— 1 X [-

from the (&,,B)-orthonormality of X, | and Corollary 26, applied to SZ and Sg . [l

Applying this lemma together with Proposition 13, we obtain

NTK
Kii
lim spec KNTE = lim spec

NTK
Kkk

where the off-diagonal blocks K}}ITK may be replaced by 0. Then the limit spectral distribution

of KNTK is an equally weighted mixture of those of KﬁTK, e ,K}{\II{TK. For each diagonal block

KNTK the argument of Lemma 27 shows that

L—-1
lim specKiI;ITK = lim spec (‘C Ty Id—H:LHXLTXL + Z ‘Cg+1cMXZTXg> .
=0

Then by Theorem 9, each diagonal block K}l\-m{

has the same limit spectral distribution, whose
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Stieltjes transform is given by the function mn7k(z) in Theorem 10. Furthermore, since

IKZTE|| < C by Lemma 27 and || K}™®|| < C for i # j by Lemma 31, this shows [ KNT|| < C.

KNTK
21

This establishes Theorem 10. Again, when bs = 0, the limit spectrum of each reduces to

limspec (7 -r41d —M’LHXLT X1,), which can be computed via the Stieltjes transform of p%}fp.

2.10 Numerical Solution of the Fixed Point Equations

Theorem 9 characterizes the limit Stieltjes transform m(z) of matrices such as KX and
KNTK By the discussion in Section 1.2.1, a numerical approximation to the density functions
of the corresponding spectral distributions may be obtained by computing m(z) for z = x+in,
across a fine grid of values x € R and for a fixed small imaginary part n > 0. We describe here
one possible approach for this computation.

To compute the limit spectrum for z_ Id —I—ZOXOT Xo+...+ zLXLT X1 and general values

Z-1,...,21 € R, fix the spectral argument z = x 4-in and denote

z2r = (—2+2-1,20,---,2L), Z1—1 = Zprev(SL(ZL),2L), Z1—2 = Zprev(S1—1(20-1),21—1), etc.

Here, for s € C* and z € C~ x RY x C¥, the quantity

1—b2 b2
Z,20, -+, 20-2, 21 +TG) eC xR xC*

Zprev(suz) = (Zl +

is as defined in (2.2.8). Denote sy = s/(z¢) for each £ = 1,... L. Observe that, if we are given
S1,...,5L, then the value 7/(zy, w) may be directly computed from (2.2.7), for any ¢ € {0,...,L}
and any vector w € C/*2. This is because the fixed points needed to compute the arguments

Zorev(50(Z0),21), Zprev(Se—1(Z¢—1),2Z¢—1), etc. for the successive evaluations of 7, ,_;, etc. are

provided by this given sequence sq,...,SL.
Thus, we apply an iterative procedure of initializing S(10)7 .. ,s(LO) € C*, and computing
the simultaneous updates s(ltH), . ,s(LIH) using the previous values sgt), . 7s(Lt). That is, we
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iterate the following two steps:

1. Set zg) = z;, and compute z(Ltzl = zprev(sg),z(g)), zgzz = zprev(sgzl,zgzl), etc.

2. Compute an update ng) for the value of s/(z;) and each £ = 1,..., L, using the right side

of (2.2.6) with zét) and zét_)] = zprev(sgt),zg)) in place of zy and Zprey (s¢(2¢),2¢).

After this iteration converges to fixed points s7,...,s;, we then compute
m(z) = IL(ZL, (1,0, e ,0))

using (2.2.7) and these fixed points. For each successive value z = x + i1 along the grid of values
x € R, we initialize sgo), . ,sg)) by linear interpolation from the computed fixed points at the
preceding two values of x along this grid, for faster computation.

Note that for each value z = x +in, if the above iteration converges to fixed points

sik, ..,8] € CT, then this procedure computes the correct value for m(z): This is because,

denoting
* * * * * * * %
] 1= ZpreV(SLvZL)7 ] = ZpreV<SL—1sz—1)v sy A ZpreV(52>Zz)a

it can be checked iteratively from (2.2.6), (2.2.7), and the uniqueness guarantee of Proposition 8
that s7 = s1(z}), then s5 = 52(2}), etc., and finally that s; = s7(zz). This then means thatz; | =
Zprev(S1(21),21) = 211, then 2], = Zprev(S1—1(Z2-1),2Z1—1) = 212, etc., and so s} = s¢(z;) for
each £. Then this method computes the correct value for m(z) = 1,.(z,(1,0,...,0)).

We have found in practice that the above iteration occasionally converges to fixed points
s1,...,5. not belonging to C* (i.e. this is not a mapping from (CT) to (C*)E). If this occurs,
we randomly re-initialize sgo), e 7S£0) € C*, and we have found that the method reaches the
correct fixed point within a small number of random initialization.

To clarify this approach, let us illustrate this computation in a simple example: Consider

L = 2. Fix any grid value x € R and 1 > 0. An approximate density function for the limit
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spectrum oszTXz at x is given by %Im t((—z,0,0,1),(1,0,0,0)), where z = x+ in. Based on
(2.2.5), (2.2.6), and (2.2.7), we can get

t((-z,0,0,1),(1,0,0,0))

1-b% b2
z.((—z+ ,0, ),(1,0,0))
82 52
1—b% 1-—0b% b2
IO((_Z+ g+ 67_6)5(170))
52 S1 S1

1—b2 1—p2 p2 \ !
_/< . S1G+S_?x> dHo(x),

where 51,52 € CT satisfy the fixed point equations

1—02 1—0% b2
52 = 1+72s2+72f0(<—2+ ° + 07—6) , (822, 0)> (2.10.1)
52 §1 S1
1-b2 1-b2 b2
s1=—+ntol [ —z+ S + J(1—b3b%) ). (2.10.2)
b2 52 S1 S]

We randomly initialize sgo) , sgo) € C*, and update ng—l) , ng) simultaneously by substituting

s1 = sY) and s, = sg) into the right side of (2.10.1) and (2.10.2). We iterate this until convergence,
and then substitute into the above expression for #,((—z,0,0,1),(1,0,0,0)) to approximate the

limit spectral density of X2T X, at x.

2.11 Experiments

We describe in Section 2.10 an algorithm to numerically compute the limit spectral
densities of Theorem 9. The computational cost is independent of the dimensions (n,dy, .. .,d),
and each limit density below was computed within a few seconds on our laptop computer. Using
this procedure, in this section, we investigate the accuracy of the theoretical predictions of

Theorems 6 and 9.
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Figure 2.1. Simulated spectra at initialization for i.i.d. Gaussian training samples in a 5-layer network,
for (a) the input gram matrix X, Xo, (b) K¥ = XJ X5, and (c) KNT¥. Numerical computations of the limit
spectra in Theorems 6 and 9 are superimposed in red.

2.11.1 Simulated Gaussian Training Data

We consider n = 3000 training samples with i.i.d. .47(0,1/dp) entries, input dimension
dp = 1000, and L = 5 hidden layers of dimensions d; = ... = ds = 6000. We take o(x) o<
tan~!(x), normalized so that E[c(&)?] = 1. A close agreement between the observed and limit

KNTK at initialization.

spectra is displayed in Figure 2.1, for both K“¥ and
We highlight two qualitative phenomena: The spectral distribution of the NTK (at
initialization) is separated from 0, as explained by the Id component in Lemma 7. Across layers

¢=1,...,L, there is a merging of the spectral bulk components of the CK, and an extension of

its spectral support.

2.11.2 CIFAR-10 Training Data

We consider n = 5000 samples randomly selected from the CIFAR-10 training set [Kri09],
with input dimension dyp = 3072, and L = 5 hidden layers of dimensions dj = ... = ds = 10000.
Strong principal component structure may cause the training samples to have large pairwise
inner products, which is shown in Figure 2.2. CIFAR-10 training samples were mean-centered
and normalized to satisfy x, 1 = 0 and ||x||? = 1 in Figure 2.2(a) and (b). The pairwise inner-
products in Figure 2.2(a) span a typical range of [—0.5,0.5]. Those in Figure 2.2(b) span a range
of about [—0.2,0.2], and those in Figure 2.2(c) about [—0.02,0.02]. Thus, with 10 PCs removed,
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Figure 2.2. All pairwise inner-products {xoxg : 1 < o0 < B < n}, for (a) 5000 CIFAR-10 training
samples, (b) 5000 CIFAR-10 training samples with the first 10 PCs removed, and (c) i.i.d. Gaussian
training data of the same dimensions.
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Figure 2.3. Same plots as Figure 2.1, for 5000 training samples from CIFAR-10 with 10 leading PCs
removed.

these inner-products for CIFAR-10 are larger than for i.i.d. Gaussian inputs by a factor of 10.
Thus, before computing the spectra of CK and NTK on the CIFAR-10 dataset, we pre-process
the training samples by removing the leading 10 PCs—a few example images before and after
this removal are depicted in the Appendix of [FW20]. A close agreement between the observed
and limit spectra is displayed in Figure 2.3, for both K“* and KN, Without removing these
leading 10 PCs, there is still a close agreement for KX but a deviation from the theoretical
prediction for KNTK, This suggests that the approximation in Lemma 7 is sensitive to large but

low-rank perturbations of X.

In conclusion, we analyze the limiting eigenvalue distributions of CK and NTK for linear-
width neural networks at random initialization. These results can be viewed as a benchmark for

spectral analysis of trained neural network models. In the following chapters, we will extend
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these results from different perspectives. Here, we derive the convergence of empirical eigenvalue
distribution of CK to a deformed Marcenko-Pastur law, globally. Chapter 3 will address the
possibility of spikes in CK, i.e. extreme eigenvalues of the CK which converge outside the
bulk of deformed Marcenko-Pastur law. In Chapter 4, we will analyze the limiting eigenvalue
distributions of CK and NTK when the width is much larger than the sample size. Additionally, in
Section 2.11, we only present the spectra of CK and NTK at random initialization, but the spectra
behavior for trained neural networks is more intriguing for deep learning theory. In Chapter 5,
we will further explore the spectral behavior of CK and NTK matrices during the training process

and compare with the results of limiting spectra at initialization from this Chapter.
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Chapter 3

Spike Analysis for Linear-Width Multi-
Layer NNs

In this Chapter, we study the spike eigenvalues of the CK matrix at random initialization.
It is worth noting that while Chapter 2 establishes the weak convergence of the empirical spectral
measure, the precise behavior of “spike” eigenvalues that are separated from the spectral bulk
remains largely unexplored. In learning applications, these spike eigenvalues and corresponding
eigenvectors are often the primary spectral features (signal) of interest, because they pertain
to low-rank structure of the underlying learning problem (e.g., class labels or the direction
of the target function). For the linearly defined spiked covariance model X = Zx!/? ¢ Rrxd,
whose dependence across features is induced by a linear map x!/ 2() applied to Z having i.i.d.
coordinates, classical work in random matrix theory provides a quantitative description of the
spike eigenvalue/eigenvector behavior [JohO1, BS06, BGN12, BKYY16]. In this Chapter, we
establish an analogous characterization of spiked spectral structure for the CK, motivated in part
by the following applications:

Real data often contain low-dimensional structure despite the high ambient dimension-
ality [LVO7, HTFF09, PZA21], and the leading eigenvectors of the input covariance matrix may
be good predictors of the training labels. Common examples where the input features exhibit
a low-dimensional spiked structure include Gaussian mixture models [LGC*21a, RGKZ21,

BAGJ23] and the block-covariance setting of [GMMM?20, BES*23, MHWSE23]. Assuming

80



that the input data X has informative spikes eigenvectors, we ask the natural question:

How does the low-dimensional signal propagate through nonlinear layers of the NN?

When do we observe a similar spiked structure in the CK matrix?
3.1 Related Work

Eigenvalues of nonlinear random matrices.

Global convergence of the empirical eigenvalue distribution of nonlinear kernel matrices
has been studied in both proportional and polynomial scaling regimes [EK10, CS13, FM19,
LY22, DLMY23]. Building upon related techniques, recent works characterized the spectrum
of the CK matrix [PW17, LLC18, Péc19] and the neural tangent kernel (NTK) matrix [MZ20,
AP20], with generalizations to deeper networks studied in [FW20] and [Cho23].

[BP22] gave a precise characterization of the largest eigenvalue in a one-hidden-layer CK
matrix when the input data X and weight matrix W both have i.i.d. entries, identifying possible
uninformative spike eigenvalues when the nonlinear activation is not an odd function. [GKK 23]
and [Fel23a] recently characterized spiked eigenstructure in models where an activation is applied
to a spiked Wigner matrix or rectangular information-plus-noise matrix entrywise, for possibly

growing spike sizes and activations having degenerate information/Hermite coefficients.

Precise error analysis of NNs.

An important application of spectral analyses of the CK matrix is the precise computation
of generalization error of random features regression, first performed for two-layer models
in proportional scaling regimes [LLC18, MM22] and later extended to deep random features
models [SCDL23, BPH23] and polynomial scaling regimes [GMMM21, XHM*22]. These risk
analyses reveal a Gaussian equivalence principle, where generalization error coincides with
that of a Gaussian covariates model, and this equivalence has been extended to other settings of
nonlinear (regularized) empirical risk minimization [HL20, GLR 21, MS22].

Going beyond random features, [BES™22] derived the precise asymptotics of represen-

tation learning in a two-layer NN when the first-layer weights are trained by one (or finitely
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many) gradient descent steps; see also [DLS22, BES*23, DKL 23]. The computation follows
from an information-plus-noise characterization of the weight matrix due to a low-rank gradient
update. [MLHD?23] derived a corresponding information-plus-noise decomposition of the CK
matrix defined by the resulting trained weights, in an asymptotic regime different from ours
where the learning rate and spike eigenvalues diverge. [BAGHJ23] examined the emerging spike

eigenstructure in the NN Hessian that arises during SGD training.

Eigenvalues of sample covariance matrices.

Asymptotic spectral analyses of sample covariance matrices have a long history in random
matrix theory [MP67b, Sil95, SB95, BS98], with the strongest known results in the linearly
defined model X = Zx!/ 2, see e.g. [BEK™ 14, KY17]. Outside of this linear setting, [SV13] and
[CT18] develop sharp bounds for the extremal eigenvalues with isotropic population covariance,
and [BX22] develop eigenvalue rigidity and Tracy-Widom fluctuation results for isotropic and
log-concave distributions.

The spiked covariance model was introduced in [JohO1]. [BAPO5, BS06, Pau07] initiated
the study of spiked eigenstructure and phase transition phenomena for spiked covariance matrices
with isotropic bulk covariance. [Péc06, BGN11, BGN12, Capl13, Capl8] studied spiked eigen-
structure in related Wigner and information-plus-noise models. Closely related to our work are
the results of [BY12] that characterize spike eigenvalues in linearly defined models X = zZx!/?

with general population covariance X, and we extend this characterization to nonlinear settings.

3.2 Propagation of Signal Through Multi-Layer NNs

Consider input features X = [x1,...,x,] € R¥" where x; € R? are independent samples.
Define a L-hidden-layer feedforward neural network by (1.1.3). The Conjugate Kernel (CK) at

each layer £ =1,...,L is given by the Gram matrix

K/ =X/X,cR™". (3.2.1)
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In the limit n,dy, ...,d;, — e with n/dy — ¥ € (0,0) for each ¢/ = 0,..., L, under deter-
ministic conditions for the input data X and for random weight matrices W,..., W as specified
below, Chapter 2 showed that the empirical eigenvalue distribution fiy of K, foreach £ =1,...,L

satisfies the weak convergence

PR R
Heo= - Y Sk, — Mo as. (3.2.2)
i=1

for limit measures Ui,..., 4, defined as follows: Let Ly be the limit eigenvalue distribution of

the input gram matrix Ko = X ' X (c.f. Assumption 4). Then, for ¢ = 1,...,L, let
Vi1 =bg @y @ (1-by) (3.2.3)
denote the law of b2X + (1 — b2) when X ~ py_; and b := Ee s (0,1)[0"(8)], and define
e =pytR{ve_y. (3.2.4)

Here, p%y[P X v is deformed Marcenko-Pastur law defined in Chapter 1.

In this section, we provide a precise quantitative characterization of the spike eigenvalues
and eigenvectors of K, for each ¢ = 1,...,L when the input data X has a fixed number of spike
singular values of bounded magnitude. We assume the following conditions for the random

weights, input data, and activation.

Assumption 3. The number of layers L > 1 is fixed, and n,dp, . ..,d;, — oo such that
n/dy — vy € (0,00) for each ¢ =0,...,L.

The weights W, ..., W have entries [W|;; Yoy (0,1), independent of each other and of X.
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Definition 32. A feature matrix X € R?*" is 7,-orthonormal if
lxall =1 <t gl =1 <50 |xgxp] < T

for all pairs o # B € [n], where {x4}7,_, are the columns of X.

Assumption 4. For some 7, > 0 such that lim,, e Ty - nl/3 = 0, X = X is 1,-orthonormal
almost surely for all large n. Furthermore, Ko = X ' X has eigenvalues A (K),. .., A,(Ko) (not

necessarily ordered by magnitude) such that for some fixed r > 0, as n,d — oo,

(a) There exists a compactly supported probability measure pi on [0,0) such that

1

n—r

Z 3,(k,) — Mo weakly a.s.
i=r+1

and for any fixed € > 0, almost surely for all large n,

Ai(Ko) € supp(uo) + (—¢€,€) forall i > r+1.

(b) There exist distinct values Ay,..., A, > 0 with A;,..., 4, & supp(up) such that

Ai(Kp) > A; as.foreach i=1,...,r.

Assumption 5. The activation ¢ : R — R is twice differentiable with sup,.p |6’ (x)|,|6” (x)| <
Ao for some Ag € (0,00). Under & ~ .47(0,1), we have E[c(&)] = 0 and E[6?()] = 1. Further-

more,

be :=E[6’(E)]£0,  E[6”"(£)] =0. (3.2.5)

Assumption 3 defines the linear-width asymptotic regime. Similarly to Assumption 1(c),
Assumption 4 requires an orthogonality condition for the input features, and also codifies

our spiked eigenstructure assumption for the input data. We briefly comment on (3.2.5) in
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Assumption 5: The condition b5 # 0 ensures that the linear component of ¢ (-) is non-degenerate;
if b = 0, then spiked eigenstructure does not propagate across the NN layers in our studied
regime of bounded spike magnitudes. The condition E[c” ()] = 0 ensures that K; does not have
uninformative spike eigenvalues; otherwise, as shown in [BP22], K, may have spike eigenvalues
even when the input K¢ has no spiked structure. We assume E[c” ()] = 0 for clarity, to avoid
characterizing also such uninformative spikes across layers. This condition holds, in particular,
for odd activation functions ¢ (-) such as tanh.

The following theorem first extends Theorem 6 by affirming that the weak convergence
statement (3.2.2) holds under the above assumptions, and furthermore, each K, has no outlier

eigenvalues outside its limit spectral support when the input Ky has no spike eigenvalues.

Theorem 33. Suppose Assumptions 3, 4, and 5 hold. Then for each ¢ =1,... L, (3.2.2) holds
weakly a.s. as n — . Furthermore, if the number of spikes is r = 0 in Assumption 4, then for

any fixed € > 0, almost surely for all large n,
Ky has no eigenvalues outside supp(ty) + (—¢,€).

The main result of this section characterizes the eigenvalues of Ky outside supp(tty) when

r > 1. To describe this characterization, define for each ¢ = 1,..., L the domain
Ty ={—1/A: A € supp(v;-1)}
where v, is defined by (3.2.3), and define z/, ¢y : (0,00) \ 7 — R by

)‘ /
v, at =S (3.26)

z(s) = —§+Ye/

It is known from the results of [BY12] and [YZB15, Chapter 11] that these are precisely the

functions that characterize the spike eigenvalues and eigenvectors in linear spiked covariance

85



models. Set
1

B2+ (1—52)

J():{l,...,r}, Si0 = fori € ¥,

where A; and by are defined in Assumptions 4 and 5 respectively. Here, .#, records the indices

of the spike eigenvalues of the input Gram matrix K. Then define recursively for £ =1,... L

1
b%ze(sie—1)+ (1 —b3)

g ={ie g igls) >0}, sp=- fori€.%. (3.2.7)

The condition zj(s; ¢—1) > 0 describes the “phase transition” phenomenon for spike eigenvalues
in this model, where spikes i € ._; with z,(s; .—1) > 0 induce spike eigenvalues in the CK
matrix Ky of the next layer, while spikes with zj(s; —1) < 0 are absorbed into the bulk spectrum

of K 0.
Theorem 34. Suppose Assumptions 3, 4, and 5 hold. Then for each ¢ =1,... L:

(a) sio—1 € (0,00)\ T for each i € Fy_y, 50 z¢(si¢—1) and Iy are well-defined. Furthermore,

ifie I (ie if zy(sio—1) > 0) then zy(s;¢—1) > 0 and @y(s;—1) > 0.

(b) For any fixed and sufficiently small € > 0, almost surely for all large n, there is a 1-to-1
correspondence between the eigenvalues of Ky outside supp(ly) + (—€,€) and {i:i € ;}.

Denoting these eigenvalues of Ky by {/ii’g (i€ Sy}, foreachi € Fyasn— oo,

~

Aio — ze(sig—1) a.s.

(c) Let Vi be a unit-norm eigenvector of K, corresponding to its eigenvalue A; ¢, and let v;
be a unit-norm eigenvector of Ko corresponding to its spike eigenvalue A;(Ky). Then for

eachi € yand j € Yy, asn — o,

V4
Viwil* = T exlsinm1) - i = j} as.
k=1
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Moreover, for each i € %y and any unit vector v € R" independent of W1,... , W,

J4
~T
|"i,€"|2 — [T ox(sin—1)- v/ v]*> = 0as.
k=1

We present the following corollary as a concrete example in which the assumptions of
the theorem are satisfied. The corollary encompasses, for instance, Gaussian mixture models

with a fixed number r of balanced classes, each class having ®(n) samples.

Corollary 35. Suppose the input data X is itself a low-rank signal-plus-noise matrix

X =

-

6ia;b; +Z € RV (3.2.8)
i=1

where 01,...,0, > 0 are fixed distinct signal strengths, ay,...,a, € R and by,...,b, € R" are

orthonormal sets of unit vectors, and Z has i.i.d. A4 (0,1/d) entries. Assume that by,...,b,

satisfy the ls-delocalization condition: for any sufficiently small € > 0 and all large n,

max bl < n~1/2E,
1<i<r
Define @y(-) and si¢—1 by (3.2.6) and (3.2.7), with the initial measures [y = p%lp and vy =
b2 @ Uy ® (1 — b%) and initial spike values A; = (14 0?)(w + 6?)/67? fori € ..
Then for each ¢ = 1,... L, K; has a spike eigenvalue corresponding to the input signal

/4

component 6; if and only if 6; > y," " and i € 7. In this case, its corresponding unit eigenvector

Vi ¢ satisfies, as n — oo,

4 2
=T 2 Y(1+ 0; )
Viebil” — I(I_Il Or(Sik—1)- (1 - m a.s. (3.2.9)
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Figure 3.1. Spectra of three-layer CK matrices defined by (3.2.1) on GMM input data with » = 3 in
(3.2.8). (a)-(c) are theoretically predicted (red) and empirical (blue) bulk distributions and spikes of K,
for / =0,1,2.

Numerical illustration.

A simple illustration of this result for a 3-component Gaussian mixture model is provided
in Figure 3.1. Here, we present the spectra of three-layer CK matrices defined by (3.2.1) with
n=5000, dy = d| = d» = 15000, and o o< arctan. The input data is a GMM satisfying (3.2.8) with
r=73,0; =2.0, 6, =1.18, and 63 = 1.0. Observe that, in Figure 3.1, the number of informative
spikes is non-increasing with respect to the depth. Theorem 34 shows that .#; C --- C .%; and
@¢(sir—1) € (0,1), so the number of spike eigenvalues of K, induced by K¢ and the alignment of
the spike eigenvectors of K, with the true class label vectors {b;}/_, are both non-increasing in
the network depth, see also Figure 3.2. In other words, at random initialization, the input signal
diminishes as the depth of the NN increases.

In Figure 3.2(a), we consider multiple-layer NNs at random initialization in (1.1.3)
with varying hidden widths N = 2048,4096, 8192, 10240, and the activation function ¢ o tanh
satisfying Assumption 5. Here we propagate a Gaussian mixture data (3.2.8) with r = 1 and
6; = 2.5. Figure 3.2(a) presents the eigenvector alignment between the largest eigenvector v; ¢
of the CK matrix K, with genuine signal b; (class labels) for different layer / = 1,...,8.

Figure 3.2(b) considers a NN with d; = 6000 for £ =0, 1,...,7 using n = 2000 training
data points sampled from (3.2.8) with r = 1 and 6; = 1.8. Figure 3.2(b) shows the eigenvector

alignment between the largest eigenvector v ¢ of the CK matrix K, with genuine signal b;
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Figure 3.2. We consider multiple-layer NNs in (1.1.3) on Gaussian mixture data with » = 1, and compute
the alignment between the largest eigenvector of the CK matrix K, with genuine signal b; (class labels) for
different layer ¢. (a) NNs at random initialization with varying hidden widths N = 2048,4096, 8192, 10240.
(b) NNs trained by gradient descent with learning rate 1 = 0.1 for varying steps ¢ = 0, 10, 20, 50.
(class labels), for different layer £ = 0,...,7. Here, we train the NN by gradient descent with
learning rate n = 0.1 for varying steps t =0, 10,20, 50; we use the p-parameterization [YH20] to
encourage feature learning. When ¢ = 0, Figure 3.2(b) presents the initial eigenvector alignment
at different depths, which matches the theoretical solid curve in red from Corollary 35.

In Figure 3.2, all dots are empirical values (over 10 runs) and solid curves represent

theoretical predictions at random initialization from Theorem 34. In summary, we can observe

that Figure 3.2 highlights two remedies to this “curse of depth” at random initialization.

* In Figure 3.2(a) we observe that when the width of NN becomes larger, alignment between
the leading eigenvector of Ky at random initialization and the signal can be preserved across

a larger depth. This illustrates the benefit of overparameterization by increasing the network

width.

* In Figure 3.2(b) we observe that gradient descent training on the weight matrices also restores
and even amplifies the informative signal in the CK matrix of each layer; specifically, after 50
steps of GD training (yellow curve), the alignment between the class labels and the leading
eigenvector of K, may increase through depth. This demonstrates the benefit of gradient-based
feature learning. In Section 5.4.2 we precisely quantify this improved alignment due to gradient

descent in a simplified two-layer setting.
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In addition, Figure 3.2(b) illustrates that gradient descent training on the parameters also
restores and even amplifies the informative signal in the CK matrix of each layer, demonstrating
the benefit of feature learning. In Section 5.4.2 we precisely quantify this improved alignment

due to gradient descent in a simplified two-layer setting.

3.3 Results For the Nonlinear Spiked Covariance Model

In this section, we state a new random matrix result for nonlinear spiked sample covari-
ance matrices. The proof will be presented in the next section. Theorem 34 for spikes in CK
matrices can then be analyzed by this general random matrix result. In Chapter 5, we will employ
this nonlinear spiked random matrix result again to investigate the trained CK matrix. Before

stating the main results, we first introduce the following notation and proposition.

Stochastic domination notation.
We use the following standard notation for stochastic domination of random variables,
see e.g. [EKY 13, Definition 2.4]: For random variables X = X («) and Y =Y (u) > 0 depending

implicitly on N and a parameter u € Uy, as N — oo, we write
X <Y or X = O<(Y) uniformly over u € Uy
if, for any fixed €,D > 0 and all large N,

sup P||X (u)| > N¥Y (u)| < N7P.

ucly

Throughout, “for all large N’ means for all N > Ny where Ny may depend on &, D, any quantities
that are constant in the context of the statement, and convergence rates of the spike eigenvalues
and empirical spectral measures in the given assumptions.

If X = 1{&} is the indicator of an event & = &y, then 1{&} < 0 means P[&] < N~ for

any fixed D > 0 and all large N. If X and Y are both deterministic, then X <Y means |X| < N¢Y
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(deterministically) for any € > 0 and all large N. For an event & = &y, we will write
X =0%(¥)
as shorthand for X - 1{&’} < Y.
We will use the following basic properties often implicitly.

Proposition 36. Suppose X < Y uniformly over u € Uy.

(a) If [Uy| < N€ for a constant C > 0, then for any fixed &, D > 0 and all large N,

P [there exists u € Uy with |X (u)| > N¥Y (u)| < NP,

(b) If |Uy| < N€ for a constant C > 0, then ¥,y X (1) < Lep, Y ().
(c) If [Un| < C for a constant C > 0, then [],cq, X (1) < [Tyep, Y ().

(d) If Y is deterministic, and E[X?] < N¢ and Y > N~ for a constant C > 0, then also

E[|X|] < Y uniformly over u € Uy.

Proof. The first three statements follow from a union bound over Uy. For the last statement, for

any fixed € > 0, observe that
E|X| < N¢%y + E||X|1{|X| > N¢/?Y}| < N¢/%y + E[x*]'/?P[|X| > N¢/?Y]'/2.

Applying E[X?] < N€, Y > N, and P[|X| > N¢/2Y] < NP for sufficiently large D > 0 shows

that the second term is less than N&/2Y for all large N, hence E|X| < N¢Y. O
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3.3.1 Deterministic Equivalent for the Resolvent

We consider the sample covariance and Gram matrix

. 1
K=G'GeR", K=GG' eR"N  where Gzﬁ[gl,...,gN]eRNX”.

The following are our basic assumptions, where we recall that 1{&} < 0 means P[&] < N~ for

any fixed D > 0 and all large N.

Assumption 6. The rows of G are independent and satisfy E[g;] = 0 and E[g,g;'] = £ for all

i € [N], such that:
(a) There exist constants C,c > 0 such that c < n/N < C and ||Z|| < C.
(b) There exists a constant B > 0 such that 1{||K|| > B} < 0.

(c) Uniformly over deterministic matrices A € C"*" and over i # j € [N],

g Agi—Eg/Ag) < |Allr, & Ag;<IA|F.

(d) For any integer o > 0, there exists a constant C = C(a) > 0 such that E[||g;||*] < N€.

Denote the finite-N dimension ratio and empirical eigenvalue distribution of X by

n 1 &
W=y W= ;;5&@)- (3.3.1)

Let

pv =Py Bvy, iy =iy + (1= ).

Denote the Stieltjes transforms of py, fiy by my(z), 7y (z). These are characterized exactly as in

(1.2.4) with (v, vy) in place of (7, V).
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We first establish that with high probability, K and K have no outlier eigenvalues far

from the support set

&~ = supp(in) U{0} = supp(fiy) U{0}. (3.3.2)

Theorem 37. Suppose Assumption 6 holds. Then for any fixed € > 0,
I{K has an eigenvalue outside ./ + (—¢€, 8)} <0.

In asymptotic settings where vy — v and uy — 1 weakly and X has no spike eigenvalues,
this set .y will converge to . := supp(u) U{0}. In general, .#y may contain intervals around
spike eigenvalues of K that are separated from supp(u) U{0} if  has a spiked structure, and
this will be clarified in the subsequent section.

Next, we establish a deterministic equivalent approximation for the resolvent of K, for

spectral arguments separated from this support set .#y. Let us denote by

R@)=(K—ad),  me() = TrR()

the resolvent and Stieltjes transform of K for z ¢ supp(ty). For any € > 0, define the domain
Un(e) = {z €C: |z < et dist(z, Sy) > s}. (3.3.3)

Theorem 38. Suppose Assumption 6 holds. Then for any fixed € > 0, uniformly over z € Uy(€)

and over deterministic matrices A € C"", we have

mg(z) —my(z) < ]l\f’ Tr |R(z)A — (—zin(2)E —zI) 'A| < % |AllF-

For spectral arguments z € C\ R separated from the positive real line, such a result has

been shown recently in [Cho22, SCDL23] (using different proof techniques). We use Theorem
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37 as an input to establish this approximation also for spectral arguments in R \ .#y, as such
a result (and its extension to a generalized resolvent) is needed for our analysis of spiked

eigenstructure to follow.

3.3.2 Spike Eigenvalues and Eigenvectors

Now we consider an asymptotic setting with a specific spiked structure for the population
covariance matrix X, having a fixed number of spikes outside the support of the weak limit of its

spectral law. This assumption is summarized as follows.

Assumption 7. ¥ has eigenvalues A;(X),...,4,(X) (not necessarily ordered by magnitude)

where, for a fixed integer r > 0, as N — oo:
(@) n/N — vy € (0,0).

(b) There exists a probability measure v with compact support in (0,o0), such that

1 n
Z 0y,(x) — v weakly.
i=r+l

Furthermore, for any fixed € > 0 and all large N,

Ai(Z) € supp(v) + (—¢€,¢€) forall i > r+ 1.

(c) There exist distinct values Ay, ..., A, > 0 with A, ..., A, & supp(V) such that

Ai(X) = A foralli=1,...,r.

Under this assumption, we analyze the outlier singular values of G and their correspond-

ing singular vectors. Let

n—r 1 .
.0 N NO = . Z 2i(Z)



be the finite-N aspect ratio and population spectral measure corresponding to the bulk component

of X. Define the laws

v =Py ®Vyo,  fivo = Woky.o+ (1—"v0)8

and let my o(z), 7y 0(z) be their Stieltjes transforms. In the setting of Assumption 7, we note
that uy o — 1 = p%y[P Xvand fiyo — I = yu+ (1 —7y)6 weakly as N — oo, where the Stieltjes
transforms m(z),(z) of these limits w, {i are characterized by (1.2.4).

Denote the limit support set

" = supp(u) U{0} = supp(f1) U {0}. (3.3.4)

Under Assumption 7 when r = 0, i.e. £ does not have spike eigenvalues, the following is a
corollary of Theorem 37. A similar “no outlier” statement has been shown for linearly defined

sample covariance models in [BS98].

Corollary 39. Suppose Assumptions 6 and 7 hold, where r = 0. Then for any fixed € > 0,
I{K has an eigenvalue outside .’ + (—¢, 8)} =< 0.

We now give a more quantitative description of the spike eigenvalues of K = G'G and
corresponding singular vectors of G when there are possibly spike eigenvalues in X. Define the

domain

Ino={0yU{-1/A: A € supp(vno)}.
For m € C\ 9y, define the functions

A _ Thzy ()
g dwolA) ewoli) = —— (3.3.5)

) 1
av0(m) = m + }’N,o/
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We note that under Assumption 7, the domain o converges in Hausdorff distance to .7
as defined in (1.2.5). We will verify in the proof (c.f. Lemma 51) that zy ¢(si7) — z(s/) and
Zy o) — /(i) for each fixed /i € C\ 7, where z(-) is as defined in (1.2.6). Then also
¢n.0(7i) — @(mm) for the limiting function

m7 (i)

Q(m) = — ) (3.3.6)

Theorem 40. Suppose Assumptions 6 and 7 hold. Let
g ={ie{l,...;r}:Z(-1/4) > 0}.

(a) For any sufficiently small constant € > 0 and all large N, on an event & = &y satisfying
1{&°} <0, there is a 1-to-1 correspondence between the eigenvalues of K outside . +

(—€,€) and {A; :i € I }. Denoting these eigenvalues of K by {1, i€ I}, we have

i —zno(~1/2(E)) = 0% (%)

foreachi e 7, where zy o(—1/Ai(X)) = z(—1/A;)) >0 as N — oo.

(b) On this event &, for each i € ., let v; € R" be a unit-norm eigenvector of K (i.e. right sin-
gular vector of G) corresponding to its eigenvalue A;, and let v; be a unit-norm eigenvector

of £ corresponding to Ai(X). Then, uniformly over (deterministic) unit vectors v € R",

A 1
v — \/(pr(—l/?Li(Z)) v =09 (T\/) (3.3.7)

where @y o(—1/A(Z)) = @(—=1/A;)) > 0 as N — oo. In particular, for each i € .7,

Vi Vil> = @(=1/A) and sup .z v Vil* = 0 almost surely as N — .

(c) Let u= \/Lﬁ(ul ..., uy) " € RN be a random vector such that [u,G] € RV*"+1) hag inde-
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pendent rows also satisfying Assumption 6. Denote by Elug| € R" the common value of
E[u;g;] for all j € [N].
On this event &, for each i € 7, let u; € RN be a unit-norm eigenvector ofI? (i.e. left

singular vector of G) corresponding to its eigenvalue A;, and let v; be the eigenvector of £

as in part (b). Then

Tl Vavo(=1/A(Z))ex (1//1())“

|u u 7(«,(2) E[ug]Tvl

1
=0¢ (ﬁ) (3.3.8)

3.4 Proof Ideas of Theorem 40

Statements (a—b) in Theorem 40 are known in a linear setting g; = xl/ 2z,~ when z; has
i.i.d. entries, see e.g. [BY12] and [YZB15, Theorems 11.3 and 11.5]. The above theorem thus
verifies an exact asymptotic equivalence between spiked spectral phenomena in a nonlinear
spiked covariance model with those of a linearly defined (possibly Gaussian) model.

In Section 3.2, each CK matrix K, has (approximately) the structure of the above matrix
K over the randomness of W, conditional on the features X, of the preceding layer, and
Theorem 34 follows from Theorem 40(a,b). Additionally, in Section 5.4.2, the CK matrix
K defined by trained weights has (approximately) this structure over the randomness of X,

conditional on W 4ined, and Theorem 105 follows from Theorem 40(a,c).

Proof ideas of Theorem 40.
Analyses in the linearly defined model g; = x1/2 commonly stem from block matrix

inversion identities with respect to the block decompositions

X, 0
- . G- (G, Go)
0 X
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where X, contains the spike eigenvalues of X, and G, is independent of Gy. This independence
does not hold in our setting, and we develop a different “master equation” approach.
Let A'/2 be a spike singular value of G with corresponding unit singular vectors (#,).
We consider the linearized equation
21 G\ ¥

0= R . (3.4.1)
G -1)\A'2a

Writing V. € R for the r spike eigenvectors of X, we define a generalized resolvent

-1

—d—aV,V] G'
‘@(ZJ a) = )
G —I

vV, %
add to (3.4.1) the quantity —« . VrTv on both sides for some large o > 0, and rewrite this

~

\% -~ Vr ~
~ = —a B\, q) -V;rv. (3.4.2)
)’1/23 0

We will show that Z(z, ) exists and is bounded in operator norm for any z separated from
the limit bulk spectral support of K and any large enough & > 0. Then, multiplying (3.4.2) by

(V] 0) and applying a block matrix inversion identity,

r o~ Vr

~ -1
Viv=—a Z(A.a) Vv=-av(G'G-2U-av,V]) V, V]
0 0

As a result, spike eigenvalues A are roots z = A of the master equation

~1
det (1, tav) (GTG - avrvj) V,> —0,
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for any fixed and large o > 0. Singular vector alignments may be characterized likewise from
(3.4.2).
The core of the proof is an asymptotic analysis of this master equation via a deterministic

equivalent approximation
Vi R(D)vy:=v] (G'G-T) vy = —v| (T +zi(2)Z) v, (3.4.3)

for any deterministic unit vectors vy, v, € R” and low-rank perturbations I'" of zI, where 7i(z)
is the Stieltjes transform of the “companion” limit measure fi for the eigenvalue distribution
of GG' € RV*N. We extend results of [Cho22, SCDL23] by establishing this approximation
not only for I = zI but also perturbations thereof, and for spectral arguments z € C \ supp(u)
that may belong to the positive real line. The latter extension requires showing, a priori, that all
eigenvalues of K = G' G fall close to supp(ut) in the absence of spiked structure. We show this
by adapting an argument of [BS98] and using a fluctuation averaging lemma described below.
Let us conclude with a brief discussion of our proof of (3.4.3): From manipulations of

the identity

1 N
TrB=Tr(G'G—T)R(T)B= —TrR(I')BT + N g/ R(T')Bg;
=1

1

for appropriately chosen matrices B € C"*", the Sherman-Morrison (leave-one-out) formula for

matrix inversion applied to R(I"), and the concentration of bilinear forms in g;, one may show

v (T+z0(2)Z) vy = —v{ R(D)vy +

1 1 Y
1+N-ITrE2R(T) N <

1

(1—Eg)T; (3.4.4)
1

where T; = g/ RO(T)v, - v] (F—f—zmg) (T)Z)"'g;. Here, R¥(T) and m;? (I") are generalized
leave-one-out resolvents and empirical Stieltjes transforms defined by {g j} j+i» and [Eg is the

partial expectation over only g;. Under our assumptions for g;, each error term (1 —Eg )7; has
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mean 0 and O(1) fluctuations. In the next section, we develop a fluctuation-averaging lemma
using recursive applications of the Sherman-Morrison-Woodbury identity to further resolve the
dependence of RY(T) and mg.) (T') on fixed subsets of rows {g;} j+;, to show that the errors
(1 —Eg,)T; are weakly correlated across i € [N]. Hence their average has a mean 0 and fluctuates

on the asymptotically negligible scale of O(N -1/ 2), and applying this to (3.4.4) shows (3.4.3).

3.5 Analysis of the Resolvent

We now prove the results of Section 3.3.1. Section 3.5.1 first develops a fluctuation
averaging lemma for the sample covariance model. Section 3.5.2 applies this lemma within
the arguments of [BS98], to prove the “no outliers” result of Theorem 37. Section 3.5.3
uses Theorem 37 and a second application of the fluctuation averaging lemma to prove the

deterministic equivalent approximation of Theorem 38.

3.5.1 Fluctuation Averaging Lemma

Recall the definitions
K=G'G, K=GG'.

For S C [N], let G®) € RV-ISD*n pe the matrix obtained by removing the rows of G correspond-

ing to i € S, and define

KO =g GO =L y ol cpmn
N icinl\s
Then, for I" € C"*", define
_ 1
ROM) = (KO -D)"",  m(T) = TrRI(T),
. s N1 N (3.5.1)
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Importantly, these quantities are independent of {g; : i € S}. We say that RY) (T) exists (and hence
also mg) , nﬁg) exist) when K (5) _I'is invertible. For simplicity, we write R = R?, R — R({i}),

RGD = RSYUD and similarly for mg and rig.

Lemma 41. Suppose Assumption 6 holds. Suppose also that there are constants Cy,cg, 8,0 > 0,
N-dependent domains U C C\ {0} and Zr, P4 C C"*", and N-dependent maps Oy : Dr X Dy —

(N"V,NV) and Wy : Dr — (N~°,N'=9), such that for any fixed L > 1, the events

S)(D)Al|r < @y (T,A), [RS(T)[|F < Ey(T),

&(z,T,A,S) = {R<S> (T
(T4 (D)E) 1| < o and |1 +N "¢ RS (D) > co forall j 5

(3.5.2)

satisfy 1{& (z,T",A,S)‘} < 0 uniformly over z€ U, T’ € Ir, A € Dy, and S C [N] with |S| < L.
Then, denoting by Eg, the partial expectation over only g; (i.e. conditional on {g j} i)

also uniformly over z€ U, I € Ir, and A € Dy,

=

]lV (1-Eg)[g' R()(F)A(Z*IF—FM?(F)E)*I&} < max(

) - y(T,A).
(3.5.3)

2
el

i=1

We remark that applying Assumption 6(c) and the conditions of &(z,I",A,i) separately

to each summand of the left side of (3.5.3) gives the naive bound

i (1—-Eg,)[gf RV(D)A('T +ing (1)) 'g)]

l:

< max [RO(D)A|r-|(z'T+my (D)Z)~"|| < @n(T,A).

1<i<N

—

The content of the lemma is to improve this by the additional factor of max(‘y",’\gr) , f) < 1.

In this work, we will apply Lemma 41 only to spectral arguments z with O(1)-separation
from supp(py) (and matrices I' = z/ or a finite-rank perturbation thereof), in which case we will

take Wy (T") = C/+/N for a constant C > 0. For full-rank matrices A having bounded operator
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norm, we will also take ®y(T",A) = C/+/N, whereas for finite-rank matrices A we will take
®y(I',A) = C. We state the result here more abstractly, as it may be of independent interest

to prove local laws in this nonlinear sample covariance model for spectral arguments z that

approach supp(uy).
In the remainder of this section, we prove Lemma 41. Fix z € U, I" € 9, and A € Y,

and write as shorthand

RO =ROM), a®=adm), Q= 'T+adrE) ",

Oy =dy([A), Yy=%yI), &) =& (TAS).

All subsequent instances of < will be implicitly uniform over z € U, I" € Zr, and A € Zy4. Define

the quantities, fori € S, j,k € S\ {i}, and d > 0,

v d) = Tr(gig] — £)RSAQS [2Q)],

1

S
Z,

[d] = N~! Tr(g,-giT — Z)R(S)gjg,jR(S)AQ(S) [EQ(S)]d,
By =N"g] RO,
) =N"2g] (RY)2g,,

0 = (14N g RUg,) !

For each L > 1, define also the event

= [ &©). (3.5.4)
SCINJ:|S|<L

Lemma 42. For any fixed L,D > 1, uniformly over S C [N]| with |S| < L, and over i € S and
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J, ke S\{i} and d < D,

1) = 0% (@), Z31d) = 05 ("),
(3.5.5)
Furthermore, for any a > 0, there exists a constant C = C(a,L,D) > 0 such that
E[yd)|*1{&($)}] <N, E[|Z3[d)|“1{£(5)}] <N, 556

E[|BY 11 (5)}] <N, E[ICR)[“1{&($)}] <N¢, E[|0}"|“1{£(8)}] < N,

Proof. On the event &(S), we have by definition QE-S) < 1/cy, so the two statements for QE.S)
hold immediately. The remaining statements of (3.5.6) follow easily from Holder’s inequality,
the moment bounds for ||g;|| in Assumption 6(d), the bound ||Z|| < C in Assumption 6(a), and
the conditions |[R®A| < ®y < NP, |[R®)|r < Wy <N, and | Q|| < Cy defining &£(S).

For the bounds for B;i) and Cﬁi) in (3.5.5), note that when j # k, Assumption 6(c) implies
BY < N1 IR)||p and € < N72[|(RS)?||p < N2||RS)[[}. When j = k, Assumption 6(c)

implies also

) < N2 TrE(RO)2 4+ N2(|[(RS)?|

< N2 ZRO| IR ||p + N2 R 7 < NZ2(IZ) + DIRD |7

Then these bounds in (3.5.5) follow from the condition ||[R®) ||z < Wy defining &(S).

Finally, for the bounds for Y; ) [d] and Z [d] in (3.5.5), observe that for any matrix A €
Ccrxn mdependent of g;, we have Tr(g;g; —X)A < ||A||r by Assumption 6(c). Then Y( )[d]
IROAQE [EQO))||r < |[ROA||r - [|QS) |1 ||£]|<, so the bound for ¥,*)[d] in (3.5.5) follows
from the conditions |[R®A|r < @y and | Q)| < Cy defining &(S). For Zl.(jSk) [d], similarly by
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Assumption 6(c),

z5) < N7 |R9g gl ROAQDEQ)!|Ip <N |Rg| - ] ROA||- |||+ 2]

Applying again Assumption 6(c), we have
IR g, * = g] (R®))'Rg; < | TrE(R®) RS |+ |(R®)"RY|Ir < RO

and similarly ||g, RSA|? < ||[R®A|/%. Then the bound for Z [d] in (3.5.5) follows from the
conditions [ROA||r < ®y, |[RY)||r < Py, and || Q)] < Cy defining &£(S). O

Lemma 43. Fixany L,D > 1. Then there exist coefficients o.(d,d’, D) € R such that the following
holds: Uniformly over S C [N| with |S| <L—1, and overi € S, j,k € S\{i}, I € [N|\S, and

d < D, we have

d+[D/2]

W= ¥ e(d.d.D) )" (10~ 2B 10l + 0% (v PwRay)

! (3.5.7)

Z3)ld) = iif a(a.d D)ol (A1 -2 1 o)

z @By o +Z§5” @18 BE (0F?) + 0% (N PRRy),  (358)
Bﬁ):Bﬁ” ]l lk Ql ) (3.5.9)
¢y = =B ol — B o + BV B (0, (35.10)
00—y (@) [0l ] + 0 (v, (3.5.11)

d=1

Proof. By the Sherman-Morrison-Woodbury formula, on the event &7 where R and RB) both
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exist, we have

R® = RS) — N~1RS g gTRSD . 5D, (3.5.12)

Applying this to each copy of RY) defining Bﬁ) and Cﬁ.,f) yields immediately (3.5.9) and (3.5.10),

as well as the identities

P AR ICI) Nl (N*lTrR“) T yN)(—1/z)>>:

— ('T+m®g) - og

Y

1+B =148 — 8520/

Taking inverses and applying the expansion

[D/2]
(A-8)'= Y A7AA) T (a-a) (AP,
d=1

we obtain

[D/2]
Q) — Z Q(Sl)[CI(ISI)QI(SI)ZQ(SI)]d_l+E, (3.5.13)
d=1

! SI 1) A(SD1d—
0" = Y oIBY 20 o1 +e, (3.5.14)
for remainder terms E € C"*" and e € C satisfying, by the bounds of Lemma 42,

1Bl = 0% (Ic"1P2) = 0% (N')P), el = 0% (|(BGVPIP2) = 0% (N"e)P).

In particular, (3.5.14) shows (3.5.11). Applying (3.5.13) to the definitions of YI.(S) [d] and Zl(]Sk) ],
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we get
v9ld) =Tr(g,8] —Z ( Y. BNl sashd- +E>
d'=1
( )d
1 —
z3ld) = - Tr(gig] ~E)Rg 8/ R ( Y, @@ o st 4 )
d'=1
)d

For any matrix B € C"*" independent of g;, observe that Tr(g;g; —Z)R')AB = Of(s) (Pn||Bl|)

Z Qsz Sl)ZQ(Sl)]d 'L E

D/2]
( [Z Qsz Sl)ZQ(Sl)]d 'L E

and Tr(g,g; — )RS )gjg,;rR( JAB = O;( )(‘PNQDNHBH) by the same arguments as those bound-
ing Yi( )[d] and Z( k) [d] in the proof of Lemma 42. Then, expanding the above and absorb-
ing all terms containing E and all terms with combined power of CZ(ZSZ) larger than D/2 into

3

0. (5) (N -b ‘P]DVQDN) remainders, we obtain for some coefficients o (d,d’, D) € R that

[D/2]

YZ(S)[d] :Tr(gl.giT—}: SA Z o(d,d D)[C(SI)QESI)]d’Q(Sl)[ZQ(SI)]cH—d’
d'=0
+02 (N PERy),
(5) 1 T (S g .ol RO) S / (SI) A(SD1d’ (y(SI) (S)1d+d'
Zijk[d]:NTr(gigi —Z)RYg g, RYA Y a(d.d',D)C; 011 QP [EQPY]
d'=0

+05 (N PERDy).

Finally, applying the Sherman-Morrison-Woodbury formula (3.5.12) to expand each copy of
RY), and re-indexing the summations by d +d’ — d’, we get (3.5.7) and (3.5.8). O
Lemma 44. Fix any L,D > 1. Uniformly over S C [N]| with |S| < L and overi € S, the following

holds: Denote S = S\ {i}. Then there exists a collection of monomials #; s such that Yi(i) [0] can
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be approximated as

rPo)= Y Q({Y @y a<ip/ {23 1d)} saes asioyo) ABR Y jces:

{c k}jk€S7{Q }je§)+OfL(N_D‘P11\)/fDN). (3.5.15)

Each monomial g € #; s is a product of a real-valued scalar coefficient and one or more factors
S . . S S . G

of the form Y [d] l]k[ ], g.k) with j # k, C;k), Q§. )for J. k€ Sandd < |D/2]. We have

q= 0} (®y) uniformly over q € M; s, and the number of monomials |.#; s| is most a constant

depending on L,D. Furthermore:
(a) There is exactly one factor of the form Yi(s) d] or Zl.(jSk) [d] appearing in q.

(b) The number of factors Zl.(jSk) [d], B§ k)’ and C ( k) appearing in q is no less than the number of

distinct indices of S (not including i) that appear as lower indices across all factors of g.

Proof. We arbitrarily order the indices of S = S\ {i} as Iy, s,...,[jg_;. Beginning with the
monomial Yi(i) [0], iteratively for j = 1,2,...,|S| — 1, we replace all factors with superscript
(ily...Lj—1) by a sum of terms with superscript (i/; ...l;), using the recursions (3.5.7)—(3.5.11).

It is then direct to check that this gives a representation of the form (3.5.15), where:

* Each application of (3.5.7)—(3.5.8) replaces a factor Y.("') [d] or zt " [d] by terms having

1

exactly one such factor. Thus, each monomial g € .#; g has exactly one factor Y [d] or

* The number of total applications of (3.5.7)—(3.5.11) is bounded by a constant depending on
L,D, so |.#; s| and the scalar coefficient of each g € .#; 5 are both bounded by constants
depending on L and D. Then, by the bounds of (3.5.5), each ¢ € .#; g satisfies g =
OfL (Py), and the remainder in (3.5.15) is at most OfL (N"PWRdy). If ¢ has the term
Yl-(s) [d] or Zi(S) [d], then it also has combined power of {C](i)} jkes €qual to d, and hence

may be absorbed into the remainder of (3.5.15) if d > D/2.

107



* Each term on the right side of (3.5.7)—(3.5.11) that contains the new lower index / has
at least one more factor of the form Zz'(j}é) [d], Bﬁ.'k"), or CE.;C”) than the left side. Thus, each
monomial g € .4 s is such that the number of distinct lower indices of S across all of its

factors is no greater than the number of its factors of the form Zz'(j}é) [d], ng) or Cj(k)

Combining these observations yields the lemma. 0

Proof of Lemma 41. For each €,D > 0, let us fix an even integer L = L(g,D) > D/¢. The
assumption of this lemma guarantees 1{&’(S)} < 0 uniformly over S C [N] with |S| < L. Since
the number of such subsets is at most N%, we may take a union bound (c.f. Proposition 36(a)) to
obtain 1{&f } < 0 for the intersection event &z, of (3.5.4). Noting that (1 — Egi)[giTR(i)AQgi] =

v\ [0], to prove the lemma, it suffices to show for any €, D > 0 and all sufficiently large N that

1

1Y (i) Yy 1 €
<N;Yl [O])l{é"L}>max(W,ﬁ><bN-N

In anticipation of applying Markov’s inequality, we analyze

P <N7P, (3.5.16)

N \* N Lo
E (ny”m) ey = Y E|[Ir"onis}|. (3.5.17)
i=1 ityni=1  |I1=1

;:E[ma';...,iL)]

Fix any index tuple (ij,...,ir). Letting S = {ij,...,ir} be the set of distinct indices in this tuple,

we apply Lemma 44 to each term Yl.gil ) [0], with this set S and with D = L. This gives

L
miy,....ie)= Y ... Y [ld" &) +os(NIey)tek),  (3.5.18)
q(1)€<//(i1,5) q(l)€<%(il,5)l:1

where each .# (i;,S) is the collection of monomials arising in the approximation of Yifi’ ) [0], and
we have applied ¢g() = OfL(CIDN) to bound the remainder. Observe that by (3.5.6) and Holder’s

inequality, we have E[|m(iy,...,i)|?] < N€ and E[|TT-_, ¢ -1{&.}|?] < N€ forall g1, ... ¢
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and a constant C > 0. By this and the given condition ¥y, ®y > N~ ", we may take expectations

in (3.5.18) using Proposition 36(d) to get

~

Hq(l) 1{é&)

=1

Em(ir,....ie)l]= Y, ... Y E +O0< (N ey D). (3.5.19)

q(l)eﬂ(ll,s) q([)e'%(ihs)

Now to bound E[[T%_, ¢\") - 1{&.}], we consider separately two cases, focusing on those
indices i; which appear exactly once in (iy,...,ir). In the first case, suppose there is some such
index #; that does not appear as a lower index of q(l,) for any I # [. Fixing this set S = {ij,...,iL}

and index i; € S, let us introduce
&= {R<S> exists, [ROAr < @y, [R]|r < By, |7 T+aO8) ) <G,
and [1+N~'g]R®g;| > co forall j € S\ {i,}}.
Comparing with the definition of &(S) from (3.5.2), observe that only the last condition defining

&' is different (where we do not require the bound for j = i;), so that this event &” is independent

of g;. Then & C &(S)C &', and

L

Hq(l) 1{&)

=1

L

Hq(l) 1{&EN

=1

L

[T4"-1{e&{e)

=1

E =K —E . (3.5.20)

For the first term of (3.5.20), observe that both {q(l/) :1' #1} and & are independent of 8;,and

only the one factor Yl-l(S) [d] or 7z [d] in ¢\") depends on g;,- Then, noting that Eg, [Yi(S) [d]]=0

i jk
and [, [ZL(JSk) [d]] = 0, the first term of (3.5.20) is 0. For the second term of (3.5.20), observe that
all statements of (3.5.6) continue to hold with &(S) replaced by &”, except for the bound on
QEIS). But QEIS) appears neither in {q(l,) :1' #1} nor in g\, so we may apply Holder’s inequality
to get E[|TT-, q"V|?1{&"}] < N€ for a constant C > 0. Then, applying Cauchy-Schwarz and

1{&f} <0, the second term of (3.5.20) is bounded by N —D’ for any fixed constant D’ > 0 and

109



all large N. Thus,

L
E|[Tq" 1{&}| <N 7. (3.5.21)
=1
In the second case, every index i; that appears exactly once in (iy,...,i;) appears as a

lower index of q(l/) for some I’ # [. Call the number of such indices K. Then condition (b)

of Lemma 44 implies that the total number of factors of the forms Zi(jsk) [d], Bg.i) for j # k, and

Cj(.i) across all monomials q(l), e ,q(L) is at least K. Then, by the bounds of Lemma 42 and

Proposition 36(d), we have

L

Hq(l) 1{&)

=1

E < (N Kok (3.5.22)

Under the given condition ®y, ¥y > N~ Y, we have N -0 < (N _1‘PN)KCI>]LV for large
enough D’. Then, combining the two cases (3.5.21) and (3.5.22) and applying this back to
(3.5.19), we get

E[m(iy,...,iL)] < (N "¥y) KDk (3.5.23)
where K is the number of indices in S = {i,...,ir} that appear exactly once in (i1,...,ir). LetJ
be the number of distinct indices in S = {ij,...,i. } that appear at least twice in (iy,...,ir). Then

2J + K < L, and the number of index tuples (i1,...,ir) € [N]F with these values of (J,K) is at

most CN’/*X_ for a constant C = C(J,K) > 0. Then, applying (3.5.23) back to (3.5.17) yields

L
N o
E 0| 1{& NTE (N Kok
(Zl []) ()| <, omax  NTE (NN O,

= NP PRk < W VN)LDL
JKZ(%PZaf—(O—KgL(\/_) NP < max(Wy, VN)Ff

Finally, by Markov’s inequality, the probability in (3.5.16) is at most

L
N
max(¥y, VN) Lo LN L B (Zn@[m) 1{&) | <N,
i=1
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and (3.5.16) follows as desired under our initial choice L = L(€,D) > D/e. H

3.5.2 No Eigenvalues Outside the Support

We now prove Theorem 37. Let my(z),/y(z) be the Stieltjes transform of the N-
dependent deterministic measures Ly, fiy. For each z € C*, 7iny(z) is the unique root in C* to

the equation

1 A
7= _N—(z)+YN/H-l—ﬁ1N(Z)dVN(A)’ (3.5.24)

my

and my(z),my(z) are related by my(z) = wmn(z) + (1 — yw)(—1/z). Define the discrete set
In={0}U{—1/A: A €supp(vn)}. (3.5.25)

On the domain C\ 9y, we may define the formal inverse of (3.5.24),

A
1+ Am

1
zn () = _%‘FYN/ dvy(1), (3.5.26)

which is a finite-N analogue of (1.2.6). Let .#y be the deterministic support defined in (3.3.2),
and let Uy(€) be the spectral domain (3.3.3). The following basic properties of .#x and sy (z)

are known.

Proposition 45. Suppose Assumption 6(a) holds, and fix any € > 0. Then there exist constants
Co,co > 0, depending only on € and the constants C,c of Assumption 6(a), such that for all

x € Sy we have |x| < C, and for all z=x+in € Uy(€) we have

c < |mn(z)| <C, cn < |Immy(z)| <Cn, min |1 +Amy(z)| >c
A€supp(vy)
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Proof. See [FJ22, Propositions A.3, B.1, B.2]. O

Let mg(z) = N1 Tr(K —zI)~! be the Stieltjes transform of the empirical eigenvalue
distribution of K = GG". Since K and K = G' G have the same eigenvalues up to |N —n| 0’s,

we have

mg(z) = wmg(z) + (1 —w)(=1/2), (3.5.27)

so in particular mg coincides with rhg?) from (3.5.1). We begin with a preliminary estimate

for the Stieltjes transform mg(z) when Imz > N ~1/11 Similar statements have been shown in
[Sil95, BS98], and we provide an argument here following ideas of [BS98, Section 3] for later

reference.

Lemma 46. Fix any € > 0, and suppose Assumption 6 holds. Then, uniformly over z =x+1in €

Un(€) withTmz > N~V

me(e) ~ () <

Proof. Let RY) and nﬁ? be as defined in (3.5.1) with I' = zI. Applying the Sherman-Morrison-

Woodbury formula
. N-1R g TR
R_pg_N R 88 R" (3.5.28)
1 +N*1giTR(’)gl-
for any matrix B € C"*" we have
1 N
TrB =Tr(K —zI)RB = —TrRB+ Y &/ RBg;
i=1
1Y TROBg.
— ¢ TrRB+- ) — 81T 28 (3.5.29)

N&S1+N-1g/RYg,

Choosing B =1 in (3.5.29), applying TrR = nmg = Nmg + (n —N)(—1/z), and rear-

ranging, we obtain the identity

(3.5.30)




Now fix any deterministic matrix A € C"*", define
1 ; 1
d; = Ng,.TR@)A(HmK):)—Igi - NTrRA(I+mI~(Z)_IZ,

and choose B=A(I+m KZ)*I in (3.5.29). Then, applying also the identity (3.5.30), we get

TrA(I+mgZ)™!

N
d.
= —zTrRA(I+mzZ) ' —zmp TrRA(I +mzXE) 'E+ L
K K K l:Zi 1_{_N—1ngR(l)gi

N di
= —zTrRA+Z

i=1 1+N_1giTR(i)gl,' (3.5.31)

We proceed to bound d;, where (for later purposes) we derive estimates in terms of the
Frobenius norms of R,RA,R(i) ,R(i)A rather than their operator norms. Note that Assumption

6(c) implies, for any matrix B € C**" independent of g;,
|Bg;|* = g/ B*'Bg; < TrEB*B + ||B*B||r < ||B]||7. (3.5.32)
We have also, by Assumption 6(c) and the Sherman-Morrison-Woodbury formula (3.5.28),

NV TtRB—TrROB| =N2[1+N'g/RVg,| ' |gT RVBRg,|
<N2|1+N"'g/RYg,|! (| TrERYBRY| + || R BRY) HF)

<N721+N""'g/ROg,| " |ROB| || RV . (3.5.33)

113



Define d; = d; 1 +d;» +d; 3 +d; 4 where
diy=N""gl ROA(I+mgZ) 'g;— N 'g] ROA(I+mYZ) g,
din=N"g] ROA(I+m{E) g, — N " TrERVA(I + Jz) ", 5530
dis=N"TrERVA(I+ L)™' — N~ TrZRA(I +m{E) ",
dig=N""TrZRA(I+m{)E) "' — N~ TrERA(I + mgE) ™!

Applying the identity (2.4.3) in Chapter 2, the definition of 7} in (3.5.1), and the bounds
(3.5.32) and (3.5.33) (the latter with B = 1),

dia| < N7V gl ROA| (T +mgZ) || (7Y — mg)Z||[|(T+mZZ) ||l &:|

< N2 N gl ROg [~ | ROA|||[RO|F (1 +mgZ)~|[| (1 + g £) 7" (3.5.35)
Applying Assumption 6(c),

dia] < N ROAW + D)l < N7 ROA|FI|( -+ 2) . (3.5.36)

Applying the Sherman-Morrison-Woodbury identity (3.5.28), | Truv | < ||ul|||v||, and (3.5.32),

i3] <N21+N""g/ ROg,| VIRV g/||| g ARV (I +m{E) Y|

<N 14N g RO g [ROVAF[RD| ] (1 -+ =) 7. (3.537)
Finally, applying (2.4.3) in Chapter 2, (3.5.33) (with B =1), and

|TrAB| < |A|l7|B|lr < VN|A|F|B],
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\dia| = N~V TrZRA(I + ) )~ () — mg)Z(I+mgZ) ™"

< N1 N g RO g R FIRIFIE + i B) |+ mg D). (35.38)

For the current proof, we apply (3.5.31) and the definitions (3.5.34) with A = I. Recalling
TrR = nmg = Nmg + (n—N)(—1/z) and rearranging (3.5.31) with A = I, we get the identity
1 1Y d;

oo(me)—z— - L _ 3.5.39
v(mg) mg N = 1+N718iTR(l)gi ( :

where zy(m) = —(1/m) + N"'TrE(I +mZ)~! is the function defined in (3.5.26). For any

z=x+1in with n > 0, we have

z(1+N""g/RVg.)| > Im[z(1+N"'g/RVg))] > Imz=n, (3.5.40)

max(|[R]r, [R|F) < N'/?max(|IR], [RV])) < N'/*n~". (3.5.41)

Here, the second inequalities of both (3.5.40) and (3.5.41) follow from the spectral represen-
tations of R,R(i), i.e. writing (A;,v j);le for the eigenvalues and unit eigenvectors of K @, we

have

; o1 < z
Im[zg{ R g,] = Im [ng< ;L,_ZVJVJT) gi] =Y Imo——- (g v))*
] ]
0

=1 =1
- i Ajlmz (g7v)? >
j=1 |)'j_z|2 . ’
On_ v 1 I I
IRV = ,;% vivj || = max [A;—< " <n

and similarly for ||R||. In particular, (3.5.40) and (3.5.41) imply

(1+N""'g/RDg)"" <n~'  |IR|F,|IRV||r <N?n". (3.5.42)
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Next, observe that if m(z) = [ %_Zd w(A) is the Stieltjes transform of any probability measure p

1

supported on [—B, B, then for z =x+in with 1 > 0 and |z| < &7, we have
_ n A —x]
Imm(z) = M_—dzdu(l) >cn, |Rem(z)| < mdu(l) < (C/n)Imm(z)

for some constants C, ¢ > 0 depending on &, B. Consequently, for any A > 0, either A - |Rem(z)| <
1/2or A-Imm(z) >2n/C, so |1 +Am(z)| > max(2,2n/C). By Assumption 6(b) and Weyl’s in-

equality, we have 1{||K|| > B} <0and 1{||K")|| > B} <0, and on the event where || K], | K" || <

B, we have that mg, nﬁ‘(,? are Stieltjes transforms of probability measures supported on [—B, B].

Thus, this implies
g™ < [Tmmg| ™" <07, max(|(T+mgZ) T+ E) ) <07t (35.43)
Applying these bounds (3.5.42) and (3.5.43) to (3.5.35)—(3.5.38), we get
di < N“In=0 £ N~1/2n=2 < oN~1/2p2

for 1 > N—'/11. Then, applying these bounds (3.5.42) and (3.5.43) also to (3.5.39), we get

1
aNn(mg) —z < . 3.5.44
The proof is completed by the following stability argument: When n > N ~1/11 we have
1/(v/Nn*) < n =1Imz, so (3.5.44) implies in particular that
1{zy(mg) ¢ CT} <0. (3.5.45)

On the event zy(mg) € CT, recalling the implicit definition of /iy : C™ — C* by (3.5.24), the
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value 7y (zv (mg)) must be the unique root u € C™ to the equation

A
1+Au

() =+ [ dv(d),

i.e. to the equation zy (mg ) = zy (u). This equation is satisfied by u = mg € C*, so we deduce that
ity (2 (mg)) = mg. Then, applying that z € Uy(€) and that siy : C* — C* is (4/€2)-Lipschitz

over the domain Uy(€/2), we obtain from (3.5.44) that

1&Nm%)e@f%mk—mm@)ZI&NM%)60+MEN@mmkn—mN@D-<;%E;

Together with (3.5.45), this yields the lemma. [

Corollary 47. Fix any € > 0, and suppose Assumption 6 holds. Then there is a constant C > 0

such that uniformly over z € Uy(€) with Tmz > N~V/11,
1{|R(z)||r > CVN} <0.

Proof. Since mg(z) = ywmg(z) + (1 — y)(—1/z) and 7iy(z) = wmn(z) + (1 — w)(—1/2),
Lemma 46 implies also

mﬂ@ﬂww<vﬁﬁ<n

Observe that Immy(z) = [1/|A —z|?dun(A) < ne2 for z € Uyn(€), so H{Immg(z) > (1 +
€72)n} < 0. Then by the identity |R(z)||Z = ¥;1/|z — A(K)|> = (n/n)Immg(z), we get
1{||[R(2)||r > Cv/N} < 0 for a constant C = C(g) > 0, as desired. O

We may now apply Corollary 47 and the fluctuation averaging result of Lemma 41 to

improve the estimate of Lemma 46 to the following result.

Lemma 48. Fix any € > 0, and suppose Assumption 6 holds. Then, uniformly over z =x+1in €
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Un(€) withTmz > N~V

g (2) — iy (2) < ]%

Proof. We derive an improved estimate for (3.5.39). First, combining Lemma 46 with the

bounds for 7y (z) in Proposition 45, there are constants Cp, co > 0 for which
Hmg| > Co} <0,  mg|<co} <0,  H|[I+mgZ) ' >Co} <0  (3.5.46)

uniformly over z € Uy (&) with Imz > N~!/11, Next, applying Assumption 6(c), we have also

uniformly over i € [N],

N'g/ ROg; = NI TrER + 0 (N [RV|r )

— NV TrER+ 0 (N 21N g ROg ! [RVE) + 0~ (N7 IR

where the second line follows from (3.5.33) applied with B = £. Applying |[R")||r < N'/2 by
Corollary 47 and the estimate |1 —|—N_1giTR(i)gi|_1 < n~! from (3.5.42), this gives

14N g RDg, =1+ N"'TrER + O (N’1/2>. (3.5.47)
Then, applying this and [1+N"'g/ RVg,|~! < n~" to (3.5.30),

1 1
.10 (N—I/Z —2).
S T 757 S
Together with the first bound of (3.5.46) and the bound |z| < e~! for z € Uy(€), this implies for
a constant co > 0 that 1{|1+ N~ TrER| < ¢o} <0, and thus 1{|1+N"'g/RYg,| < co} < 0.
Applying Corollary 47 and the above arguments now for K (5) and R®® in place of K and

R, we obtain for any fixed L > 1 and some constants Cp,co > 0, uniformly over S C [N] with
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S| < L,overi €S, and over z € Uy(g) with Imz > N~ /11,

1{jig)| > Co} <0, 1{g)| <co} <0, 1{|(I+mg'E)™"| > Co} <0,
IR > CVN} <0, 1{|1+N'TrERY)| < ¢} <0, (3.5.48)

1{|1+N" g RS g,| < co} <0.

(We remark that a direct application of the above arguments for K () yields the first three

estimates of (3.5.48) for the quantity N%‘S‘m“) = N+‘S| TrR®) + N%m(—l/z) in place of nﬁg),
(S)

and the estimates for /71’ then follow for slightly modified constants Cp,co > 0 because |S| < L.)

Finally, applying (3.5.47) and (3.5.48) back to (3.5.39) and (3.5.35)—(3.5.38) withA =1,

,‘di73|, ’dl'74’ = N_l, ‘dm’ =< N_l/z, and

we get |d; |

Al din
N

i=11 +N*18,~TR(I.)8L'

1 N
Y dia
i=1

1
N 1+N-'TrZR

lan(mg) — 2| < +0-(N7")

+o-(N 7).

The statements of (3.5.48) verify the needed assumptions of Lemma 41 withA =1, I" = zI, and

®y = ¥y = Cv/N. Then Lemma 41 gives Zﬁl di» < 1, and hence
lzan(mg) —z| < N1

The proof is then completed by the same stability argument as in the conclusion of the proof of

Lemma 46. O]

Proof of Theorem 37. We apply the idea of [BS98, Section 6]. Let z = x + in, where

dist(x,.#y) > € and n = N~!/!!. Taking imaginary part in the estimate mg (z) — iy (z) < N~
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of Lemma 48 and multiplying by 1 gives

n? n? n
diy(A) < L.
—x)2+1n? /(7L—)c)2+172 V) =y

NZ

j=1(

Fix any integer P > 1, and apply this instead at the point z =x+i,/pn foreachp=1,...,P.

Then

2 2

B n
—x)2 4 pn? /(7L—JC)2+10172

1
NZ dﬂN(l)<%f0rallp:1,...,R

j=1 (

Taking successive finite differences using

1 1 1 n?
r=q+l (H;_q(l—x)hrpn? HZtIqH(/l—X)zﬂLpnz) [Ty (A —x)2+ pn?’
we then obtain

2pP 2P

1 ﬁ N / div(A) <1 (3.5.49)
N S5 [(A(K) —x)2+pn?] T (A —x)+ pn?] N
Since dist(x,.%y) > €, the second integral term of (3.5.49) is bounded by Cn?” for a constant

C :=C(g,P) > 0. Thus, we get

lil{?t'(ff) (x—1,x+1)} Qi n” <Xy pp
N TN ST (A (K) —x)2+pn?] N

where the first inequality holds for a constant C := C(P) > 0. Finally, recalling n =N ~1/1 and

taking any P > 6, we get /N +n*’ < 1/N, hence
1{there exists an eigenvalue of K in (x —1,x+n)} <0.

Recalling Assumption 6(b) and taking a union bound over x belonging to a n-net of [—B, B] \
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(An + (—¢,€)) (with cardinality at most CN'/11), we obtain
1{there exists an eigenvalue of K in Zy + (—¢, )} <0.

The theorem follows from the observation that K has the same non-zero eigenvalues as K, and

all 0 eigenvalues belong by definition to .%y. [

3.5.3 Deterministic Equivalent for the Resolvent

In this section, we prove Theorem 38.

Lemma 49. Suppose Assumption 6 holds. Let

n ~
W = Coomy =Ry, B =+ (- )%
N — |S‘ W

be the analogues of Y, Un, v defined with the dimension N — |S| in place of N. Then for any

fixede >0and L > 1, all large N, and all S C [N] with |S| <L,

supp (L) € supp(fy) + (—¢, €)

Proof. Let Iy and zy : C\ 7y — C be as defined by (3.5.25) and (3.5.26). Define similarly

1 A
Zz(\f)(ﬁ?):—%JF?’]E/S)/lJ”IdeN(l), z](\}q) :C\ Iy — C.

We recall from Proposition 3 that x € R\ supp(fLy) if and only if there exists /i € R\ 7y where
zy (/) = x and z)y () > 0; the analogous characterization holds for R \ supp( [L]E,S)) and zN ( ).
Now fix any €, L > 0. By Proposition 45, there is a constant Cy > 0 such that supp(fi ,LLN ) C

[—Co,Co) for all |S| < L and all large N. Consider any x € [—Cy,Co] \ (supp(fiy) + (—¢€,€)). Then

[x—€/2,x+¢€/2] C R\ supp(fiy), so rmy is well-defined and increasing on [x — €/2,x + €/2].
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Define [i_, 7] = [y (x — €/2),mn(x+ €/2)]. Then Proposition 3 implies that zy is increasing
on [fm_,my|, and zy([m—,m]) = [x — €/2,x+€/2]. Again by Proposition 45, there is a constant

¢ > 0 such that, for any such x € [—Cp,Co| \ (supp(fiy) + (—€,€)), we have

min min |1+ Am > c.
yE[x—e/2,x+€/2] Aesupp(vn) | N(y)l

This then implies that there is a constant C > 0 for which

A
1+ Am

C
70— an)| = 7~ | [ 1) < 5 <2

S| <L, and large N. Then zl(\f)(m_) <zn(m_)+€/2 =xand zl(\}g)(ﬁu) >

for all m € [/m_, 7],
/
zn(fy) —€/2 = x. [SC95, Theorem 4.3] shows that if m,m; € [m_,m4 ] satisfy z](\f) (m) >0

/ /
and z](\}q) (mp) > 0, then zl(\f) (m) > 0 strictly for all m € [m;, m;]. By this and the continuity and

(S)

differentiability of ZI(\}S) on [i_,iy], there must be a point 7t € (m_, M4 ) where zy’ (/) = x

/
and z](\,s) (/) > O strictly. Then Proposition 3 implies that x ¢ supp(fi ](VS) ). This holds for all

x € [~Co. Co)\ (supp(fi) + (€, €)), implying supp(fL’)) C supp(fiy) + (—,€) as desired. [

The following now applies Lemma 49 and Theorem 37 to extend the estimates (3.5.48)
previously obtained over {z € Uy(¢) : Imz > N~'/11} to all of Uy(e).

Lemma 50. Fix any € > 0 and L > 1. Then for some constants Cy,co > 0, uniformly over

z€ Uy(€), SC[N] with |S| <L, and i € S, we have

1{|img (2)| > Co} <0, 1| (2)| <o} <0, [T +mig) )E)™| > Co} <0,
H{|RD ()] > Co} <0, 1{[1+N'"TrERY ()| < co} <0,

1{|1+N"'g/R®)(2)g:| < co} < 0.

Proof. By conjugation symmetry, it suffices to show the statements for z € Uy(€) with Imz >
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0. Denote for simplicity R) = R)(z) and nﬁg) = nﬁg) (z). Let YA(,S) = supp(,uli,s)) u{0} =
supp( [L]E,S)) U {0} where /.L]E,S),ﬂl(\,s) are as defined in Lemma 49. Then Theorem 37 applied to

K©) guarantees that
l{K(S) has an eigenvalue outside 5”1\(,5) +(—¢€/4,€/4)} <0,

uniformly over all S C [N] with |S| < L. Note that {S”A(,S) +(—€e/4,e/4) C SN+ (—¢€/2,€/2) by
Lemma 49. Then, applying the bound ||[R®)|| < 1/dist(z, ,5”1\(,8)) and the condition z € Uy(€), we
get

1{|R®)| > 2/e} < 0. (3.5.50)

The remaining statements have already been shown for z € Uy(€) with Imz > N ~1/11p
(3.5.48). For z = x+in where 1 € [0,N~'/11], define 7/ = x+iN~"/"1. On the event that K') has
no eigenvalues outside .y + (—&/2,€/2), both N~! TrERY)(z) and nﬁg) (z) = N"'TrRY () +
W(—1/z) are C-Lipschitz over z € Uy(g) for a constant C = C(g) > 0, and N~'g/ R (z)g; is

CN~'| g;||>-Lipschitz where N~!||g;||* < 1 by Assumption 6. Then
N TEERS)(2) - N TeERO() < N1, ) (2) ) () < N,
N8 RV()g; —N"'g/ RY()g; <N/,

so the remaining statements of the lemma hold also for z € Uy (&) with Imz € [0,N~'/11]. O

Proof of Theorem 38. Again by conjugation symmetry, it suffices to show the result for

5)

z € Un(&) with Imz > 0. Denote for simplicity R*) = R®)(z) and nﬁgf = ﬁfzg) (z). The first

estimate of Lemma 50 implies

1{|R®|r>CvVN} <0,  1{|ROA[r > C|A|lr} <0 (3.5.51)
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uniformly over z € Uy(€) and A € C"*". Then also, by Assumption 6(c) and (3.5.33) applied
withB=2X,

1+N"'g/RVg; = 1+N"'TrZR+ O (N’Z\l +N g/ ROg,| IRV 7 + ||R(">||F)

— 14N 'TrER+ 0. (N_1/2>. (3.5.52)

Let d; = d;1 +d;» +d;3+d;4 be as defined in (3.5.34) with A = I. Then, applying
(3.5.51), (3.5.52), and the bounds of Lemma 50, we obtain exactly as in the proof of Lemma 48
(using again the fluctuation averaging result of Lemma 41) that, uniformly over z € Uy (€), we

have |d; 1, |3, |dia| < N7, |di2] < N~'/2, and

1 1
lav(mg) —2] < =

. ~1y _ ~1
N 1+N-1TrZR +O<(N7) =0«(N7).

N
Y din
i=1

Fix any 1 > 0. If Imz > N~ then this implies 1{zy(mg) ¢ C*} < 0. By the same stability
argument as in Lemma 46, we get mg(z) — iy (z) < N~ ! uniformly over z € Uy(€) with Imz >
N~!*t For Imz € [0, N~'*!], on the event that all eigenvalues of K belong to .y + (—¢&/2,€/2),
we may apply that both mg(z) and sy (z) are C(€)-Lipschitz over z € Uy(€) to compare values
atz=x+in and 7 = x+iN~1"'. Applying mg(z') — iy (') < N~!, we then get for any D > 0,

all z € Uy(€), some constant C > 0, and all large N,
Pllimg (z) — i (2)| > CN~1+1] < NP,

Since t > 0 is arbitrary, this shows mg(z) — iy (z) < N~ ! uniformly over z € Uy (). The bound
mg(z) —my(z) < N~1 then follows from mg(z) = wmg(z) + (1 — y)(—1/z) and 7y (z) =

wmy(z) +(1—w)(—1/2).
For the estimate of TrRA, we apply the definition of d; = d; | +d;» +d;3 + d; 4 from
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(3.5.34) and the identity (3.5.31) now with this matrix A. Then (3.5.31) gives

Tr [RA — (—zI —zmgX) 'A| = —Z

24 1+N-1g/RVg;

} lN dl'

Applying (3.5.51), (3.5.52), and the bounds of Lemma 50 to (3.5.35)—(3.5.38), uniformly over

z€ Uy(€) and A € C"", we have |d; 1|, |di3|,|dia| < N_3/2||AHF, |di2| < N1 A]|

r, and hence

N di

)}

iz 1 +N_lg,-TR(i)gi

1
“TFN TTrZR

N
Y din
i=1

+0. (N’I/ZHAHF).

Finally, applying Lemma 41 with T" = zI, ¥y(T') = C\/N, and ®y(T",A) = C||A||r (where we
may assume without loss of generality ||A||r € (N~Y,N?) by scale invariance of the desired

estimate with respect to A), we get | ¥;di2| < N~'/?||A||. Thus,

1
Tr RA—(—zI—sz():)’lA] < = Ml

3.6 Analysis of Spiked Eigenstructure

We now consider the asymptotic setup of Section 3.3.2 and prove Corollary 39 and
Theorem 40. As all the desired statements are invariant under conjugation of X by an orthogonal

matrix, we may assume without loss of generality that X is diagonal and of the form

X 0
L= : X, =diag(Ai(X),..., A(X)), Ly =diag(A11(X), ..., 4u(X)).

0 X
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Denote the block decomposition of G corresponding to X,, X as
G=1[G. Gy, G.eRV  GyeRV<()

We remind the reader that G, and Gy need not be independent.

3.6.1 No Outliers Outside the Limit Support

We consider first the setting of » = 0, and prove Corollary 39 together with some uniform
convergence properties of iy and zy that will be used in the later analysis.
Recall the domain Jy and function zy : C\ Jy — C from (3.5.25) and (3.5.26), and

their asymptotic analogues .7 and z: C\ .7 — C from (1.2.5) and (1.2.6).
Lemma 51. Suppose Assumption 6 holds, and Assumption 7 holds with r = 0. Then, as N — oo,

(a) zn(im) and its derivative zy (i) converge uniformly over compact subsets of C\ 7 to z(in)

and 7' ().

(b) For any € > 0 and all large N,

supp(fiy) € supp(ft) + (—¢€,€).

(c) mn(z) and its derivative ity (z) converge uniformly over compact subsets of C\ supp(fi)

to m(z) and ' ().

Proof. For part (a), let K C C\ .7 be any fixed compact set. Then K does not intersect some
sufficiently small open neighborhood of the compact domain .7. If Assumption 7 holds with
r =0, then Jy is contained in this open neighborhood of .7 for all large N, so K C C\ Yy,
and both zy and z are well-defined on K. The pointwise convergences zy (i) — z(ri) and
Zjy (/) — Z/(/) on K then follow from Yy — ¥, the weak convergence vy — v, and the uniform

boundedness of the functions A — A /(1 +Asi) and A +— A% /(14 Asi)? on an open neighborhood
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of supp(Vv), for i € K. This convergence is furthermore uniform because {zy} and {z}, } are
both equicontinuous over K.

For part (b), consider any x ¢ supp(fi) + (—&,€). Then [x—&/2,x+¢€/2] C R\ supp(f1),
so 1 is well-defined and increasing on [x — £/2,x+ €/2]. Let [m_,m| = [m(x —€/2),m(x+
€/2)]. Then by Proposition 3, 7/ (i) > 0 for all m € [fm_, ], and z([m_,m.]) = [x —€/2,x+
€/2]. The uniform convergence in part (a) implies for all large N that zy (/i_) < x, zy (/1) > x,
and zj(m) > 0 for all m € [fm_,fy]. Then there exists 7t € [/i_, /] where zy(7i) = x and
zjy () > 0, implying by Proposition 3 that x ¢ supp(fiy). So supp(fiy) C supp(ii) + (—¢,€) as
desired.

For part (c), let K C C\ supp(f1) be any fixed compact set. Then K does not intersect
some sufficiently small open neighborhood of the compact set supp(ft), so the inclusion of part
(b) implies K C C\ supp(fiy) for all large N, and both sy and /i are well-defined on K. The
uniform convergence iy (z) — 7i(z) and ity (z) — /' (z) on K then follow from the weak conver-
gence fiy — fi, the uniform boundedness of the functions A+ 1/(A —z) and A — 1/(A —z)? on

an open neighborhood of supp(fi) for z € K, and the equicontinuity of {ry } and {m}y} on K. [

Proof of Corollary 39. By Lemma 51(b), for any fixed € > 0, we have .y + (—¢€/2,€/2) C
4 (—¢,¢€) for all large N. Then by Theorem 37,

1{K has an eigenvalue in R\ (. + (—¢, €))

< 1{K has an eigenvalue in R\ (A + (—€/2,€/2))} < 0.
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3.6.2 Deterministic Equivalents for Generalized Resolvents

We next introduce two generalized resolvents for the matrix K, and extend Theorem 38
to establish deterministic equivalents for these generalized resolvents.

Define the spectral domain
U(e) = {z eC:z| <&l dist(z,.7) > g}

where .7 is the limit support set defined in (3.3.4). Given z € U(€) and a € C, define a diagonal

matrix

T (Z+a)1r 0 Ir
C:=Ta)=z,+aV,V] = eCvn, V,= e R’ (3.6.1)

0 b4 0

Define the first generalized resolvent
~1
-T G'

Z(z,0) = e ClrHN)x(ntN) (3.6.2)
G Iy

This matrix inverse exists if and only if the Schur complement G' G —T" = K —T for its lower
right block is invertible, in which case the upper-left block of 2(z, &) is R(T') = (K —T')~!. The

following provides a deterministic equivalent for this block of Z(z, @).

Lemma 52. Under the assumptions of Theorem 40, for any fixed € > 0, there exist Cy, 0g > 0

(depending on €) such that fixing any o € C with || > o, the following hold:

(a) The event

&= {%(z, o) exists and | Rz, )|| < Co for all z € U(e)}

satisfies 1{&°} < 0.
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(b) Uniformly over z € U(€) and deterministic unit vectors vi,v, € R",

V2 _ 1
(V;r O)Q(La) 0 +VI<F+Z"’71N,O(Z)Z) IVZ _<ﬁ (363)

In the setting of Theorem 40(c), let u = \/Lﬁ(ul,...,uN) € R be the additional given

N

vector for which {(u;, ng) are independent vectors in R"*!. For z € U(¢) and o € C, define

j=1
2 T
g | ) el ) R+ () (3.6.4)
E[ug] ))
FFea= |7 "] cemnemm
0 T
where E[u?] and E[ug] denote the common values of E[uf] and E[u;g;] for j=1,...,N. Define
the second generalized resolvent
-1
- -1 —(z+a) 0 wu'
- - [u,G]"
%(Z; a) — — 0 —F GT e (C()’H’l‘FN)X(I’H*l‘FN)' (365)
[M,G] -1
u G —IN

We have the following deterministic equivalent for the upper-left block of % (z, o), which is

analogous to Lemma 52.

Lemma 53. Under the assumptions of Theorem 40(c), for any fixed € > 0, there exist Cy, 0p > 0

(depending on €) such that fixing any o € C with |ot| > o, the following hold:

(a) The event

E = {@(z, o) exists and ||¢%(z7 a)|| <Coforallz e U(E)}
satisfies 1{&<} < 0.
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(b) Uniformly over z € U(&) and deterministic unit vectors vi,v, € R"*1,

~ \ %) T/= B ~\ —1 1
(\?1T O)Q(Za a) + v <F+Z'mN,0(Z)Z> vl < ik (3.6.6)
0

In the remainder of this section, we prove Lemmas 52 and 53. Recall
ivo =Py ®Vno,  fivo = Wokyo+ (1= 0)d.
Define the bulk components of the sample covariance and Gram matrices
Ko=Gj Gy e RI"="x0=n K, — GyGj e RNV, (3.6.7)
Define also the N-dependent bulk spectral support and spectral domain

N0 = supp(tw,0) U{0} = supp(fiy,0) U{0},

Uvo(e) ={z€C: |z <e ' dist(z, An0) > €} (3.6.8)

Lemma 51(b) shows Ay o C .+ (—€/2,€/2) for any fixed € > 0 and all large N, so also
U(€) C Uno(&/2) for all large N. Thus, the results of Section 3.5 applied to K, which hold
uniformly over z € Uy (€/2) for any fixed € > 0, also hold uniformly over z € U(€). In
particular, the following is an immediate consequence of Corollary 39 and Theorem 38, which

we record here for future reference.

Lemma 54. Suppose Assumptions 6 and 7 hold. Then for any fixed € > 0,

1{K has an eigenvalue outside ./ + (—¢,€)} < 0.
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Furthermore, uniformly over z € U(€),
mg, —myo(z) < 1/N, mg —iino(z) <1/N.

We now check that for sufficiently large ||, the generalized resolvent 2 (z, o) exists and

has bounded operator norm with high probability.

Proof of Lemma 52(a). Let
— { all eigenvalues of Ky belong to .7 + (—¢/2,€/2), and ||G|| < \/1_3}

By Assumption 6(b) and Lemma 54, 1{&”“} < 0, so it suffices to show &’ C &. On this event &”,

for any z € U(€), we have that each eigenvalue of K is separated by at least £/2 from z. Then

-1

—z,, Gj
Ro(z) = 01 ectrtMx(a-rN) (3.6.9)
Go Iy

exists for all z € U(¢g) because the Schur complement Ko — zI,,_, of its lower-right block is
invertible. Furthermore, denoting Ry = (Ko —zI,,_,) !, we have ||Ry|| < 2/€ and ||Gy|| < ||G]| <

VB, so

Ro RG]

| %0(z)|| = <C (3.6.10)

GoRy GoR\G, — Iy

for some constant C; depending only on &, B.

Now write Z(z, o) as defined in (3.6.2) in its block decomposition with blocks of sizes r
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and n —r 4+ N. Then the Schur complement of the upper left block of size r X r is given by

0
S:—(o Gj)%’o(z) —(a+2)I,. (3.6.11)
G,
Notice that
0 0
S§* = |a+ 2L + (0 GI)%’o(z) (0 Gj)éz’o(z) (3.6.12)
G, G,
(0
+(6c+z)<0 GI)%(Z) +((x+z)(0 Gj)%’o(z) (3.6.13)
G, G,

where the first two terms are positive semi-definite. Therefore, applying (3.6.10) and ||G,|| <

|G|| < /B on the event &”, there exist o, co > 0 depending only on &, B, such that
Amin(S87) > o+ 2> = 2(|a| + |2]) | G/ ||* 2o (2) || > co (3.6.14)

for any z € U(¢€) and |ot| > 0. Consequently, under the event &, the Schur complement S in

(3.6.11) i invertible with ||S~'|| < ¢, '/*. Then 2z, ) exists, and

s 5! (0 Gj)ﬂo(z)
|2z, )] = 0) 0 <Co
)| st @] |5 (0 6 )
G, G,
(3.6.15)
for a constant Cy > 0 depending only on &, B. This shows &’ C & as desired. [

For the matrix I' = I'(z, &) in (3.6.1), recall the definitions of R)(I") and rhg) (") from
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(3.5.1). The following provides an analogue of Lemma 50 for these quantities.

Lemma 55. Fix any € > 0 and L > 1. Then there exist Cy,cqy, 0y > 0 such that for any fixed

o € C with |ot| > &, uniformly over S C [N] with |S| < L, over j € S, and over z € U(€),

1{jig)(D)| > Co} <0, 1{g (D) <o} <0, 1{||(z”' T+ (DE)~'|| > Co} <0,
H{|RO(M)| > Co} <0, 1{[1+N'TrZR®(I)| < ¢} <0,

1{|1+N"'g]RO()g;| < co} =< 0.

Proof. Suppose || is large enough so that Lemma 52(a) holds. Since R(T") is the upper-left block
of %(z,a), Lemma 52(a) applied with G in place of G shows that 1{|[R®)(T)|| > Co} < 0
for a constant Cy > 0, uniformly over S C [N] with |S| < L and over z € U(¢€). For the remaining
statements, let G(()S) € RWV=ISD*(n=r) e the submatrix of G with the rows of § removed, and

define

~ T
K(()s) ~ Gl G(()S), K(()S) _ G(()S) G(()s) ’

S) 1

RY = (K ~al,—)!, my) = &

- 1
TrR(()S), mgg = W.omg, + (1=m0) <_E)

n—r
Then by Lemma 54 applied to K(()S), also 1{ ||R(()S) | > Co} < 0 for a constant Cp > 0.

Using these bounds, we first show the comparisons
g (T) — m§§3| <1/N, |N'TrERO/(T)—N'TrERY)| < 1/N. (3.6.16)

For the first comparison, notice that in the decompositions into blocks of sizes r and n —r,
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and

GV'G" ~(a+a1.  GPTGY

1 0
= ()T A(S) (s)
n GO Gr KO — ZIN—|S|
L (5591 () 16T GORY)
= — 1T )
n _R(()S) G(()S)TG£S) (SgS)),l R(()S) + R(()S) G(()S)TG&Q) (S,(as))ilG;(fS)TG(()S)R(()S)

where

$9.=G6976Y% — (a+21,-G6¥ " GY'RYGY 6 (3.6.17)

is the Schur complement of the lower-right block. We have ||(S£S))’1|| < RS < 1,
HR(()S)H < 1, and by Assumption 6, ||G(()S)|| <1 and ||G£S)|| < 1. Combining these bounds
and using | TrA| < r||A|| when A has rank r (as follows from the von Neumann trace inequality),

mg) () — n-r m®

n Ko

1 . (Sgs))fl _(Sﬁs)),ngS)TG(()S)R(()S)

r
n —R(()S) G(()S)TGgS) (Sgs))_l R(()S) G(()S)TGgs) (SgS))_ngs)TG(()S)R(()S)

1 1

<-| Te(SY)) 1) + | RYGY 6P (559) 16T GIIRY
r S)\— r S S S S)\ —

< IS 16 PIGE PRSI < 1/

Then also |my (T) — mjg)| < 1/N since |m)| < ||RY’|| < 1 and (n—r)/n = 1+ O0<(1/N).
Hence |ﬁ1§g) (') — nﬁgg\ < 1/N from the definitions mg) (') = }/ng) (T)+(1—y)(—1/z) and

nﬁgg = yN70mgg +(1—mwo)(—1/z),as|1/z] < eforze U(e) and Yy o =+ O<(1/N). The
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proof of the second comparison of (3.6.16) is analogous, considering in addition

0 0 T 0
Tnlzo R<S>(r):1Tr R<S>(r)ng):rHHR(S)(r)H<l. (3.6.18)
n n n N

0 I, 0 0

Now, Lemma 50 applied with K shows, uniformly over S C [N] with |S| < L and over

zeU(e),
g | > Co} <0, )| <co} <0, H{|1+N""TrER| < co} <0,
which together with (3.6.16) implies
1{|mg ()| > Co} <0, 1{|m ()| <co} <0, 1{[1+N"TrERE(T)| < co} <0
for adjusted constants Cp,co > 0. Also by Assumption 6, uniformly over j € S,
N'gIR9(T)g, — N 'TrERE(T) < N |RO(T)||p < N7'2|RE(D) || < N71/2, (3.6.19)

so 1{|1 +N‘1ngR(S) (T')g;| < c} <0 for a constant ¢ > 0. Lastly, from the definition of

I'=I'(z,@) in (3.6.1), we have

= (S) o
T+ ME=| ¥ OE+ G+ (3.6.20)
0 S (D)o +1,,
By (3.6.16) and Lemma 50, we have
-1
1{ H (mgg> ()Xo +1n_,) H > C} <0 (3.6.21)

for some constant C > 0. We have already proved 1{ |n~1§g) ()| > Co} <0, and applying ||Z,|| <C
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under Assumption 6, we can deduce for the smallest singular value that

Gomin (m§§> (D)Z, + (/2 + 1>1r) > %l — 1= M), = ¢ (3.6.22)

on the event {|n~1§(5) ()| < Cp}, for any z € U(¢), |a| > ap, and some oy, c > 0 depending on
€,Cp. Thus also

1{||c7'T+m(D)Z) )| > €} <0 (3.6.23)

for a constant C > 0, showing all statements of the lemma. O]

Proof of Lemma 52(b). Recalling the form of Z(z, &) in (3.6.2), the quantity we wish to
approximate is

V2

(vlT 0):@(& a) = v/ R(D)vy =v] (K—T) 'v,.

0

Analogous to (3.5.29) in the proof of Lemma 46, for any matrix B € C"*", we have

N TRO) .
TrB = Tr(K —T)R(T')B = — TrR(T)BT + zlv y &R (T)Bg;

- . (3.6.24)
im11 +N_18,~TR(1) (I)g;

Applying the definition mg(T') = N"! TrR(T) + (1 — yw)(—1/z) and the identity (3.6.24) with

B = I, we obtain analogously to (3.5.30) that

1 1
mg(T) = (1 —w)(—1/2) + ]VZTrR(l")l"— NTr(z_ll"—I)R(l")
1y !
Nz~ 1+N-1g/RV()g,

1

- %Tr(z_ll" —~DR(D).

Then, noting that z~'I" — I has rank r and hence [N~ Tr(z~ T’ — I)R(I')| < 1%“—‘ IR(T)|| <N~T,
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this gives
1Y 1
() =—— +0-(N71). 3.6.25
I”I”LK< ) NZ &~ 1—|—N 1g R()(F)gl <( ) ( )

Fixing the unit vectors v{,v, € R”, let us now choose A = v2v1T and B = A(zill" +

mg(T)-Z)~!in (3.6.24), and define

1 1
= (7) R
d; N & TRY)(I")Bg; N TrR(I")BE

1 _ 1 _
= & ROMA('T+mg(T)E) lg,-—NTrR(F)A(Z_]F-I—mK-(F)Z) 'y,

Then, combining (3.6.24) and (3.6.25), we get

v (7 'T+me(D)E) v, = TrB
N di
i=1 1+N*18?R(i)(r)gi

— —TrR(T)BT + TrR(T)BE - (—zmg(T) + O (N 1)) +

——z-vR "2+Z +O0-(N 1), (3.6.26)

i= 11+ R )(r)gz

where the last equality applies the definition of B to combine the first two terms, and applies
also |TrR(T)BE| < ||(z7'T + mg(T)L) 'ER(T)| < 1 by Lemma 55 to obtain the O (N~ ')
remainder.

Considering a similar decomposition as in Lemma 46, we define d; = d; | +d; > +d; 3+

d; 4 where
1 : 1 i _
dii =8 RVDAGE T +my(D)E) g~ g/ RO (DA 'T+mg (DE) g,
dip = %giTR(") (DA 'T+mY) (D)Z) g~ ]lvTrzR@ (DA 'T+my (D)D),

) (3.6.27)

i — i — 1 — i _
dis = TrERD(D)AG'T+m (D)E) "' — L TrER(D)A( 'T+m (DT),
dig— %TrZR(I")A(z_ll"—i—m?(F)Z)_l _ ]lvTrZR(I‘)A(z‘lI‘+mI~((I‘)Z)_1.

For A = vv], by the bound 1{||[R®)(T)|| > Co} < 0 from Lemma 55, we have for a constant
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C > 0 that
1{HR<S>(F)HF >CVN} <0, 1{HR<S>(1“)AHF >c} <0 (3.6.28)

uniformly over z € U(€). Then, employing Lemma 55 and the same bounds as (3.5.35)—(3.5.38)
from the proof of Lemma 50 (where here, the bounds for |[RVA||f,||RA|F are improved

by a factor of N~'/2 because A is low-rank), we conclude that \di 1|, |di3],|dia] < N—3/2 and

d;2| < N~!. Hence, applying also 1 +N_1giTR(i) (Mg, =1+N"'TrER(T) + O <N_1/2> as
follows from (3.6.19) and the bound (3.5.33),

N d; 1

N
= Y d ~1/2
i; 1+N-1g]RO()g, 1+N 'TrIR(T) ;duﬁ@ (N )

By Lemma 41 applied with ¥x(I') = C\/N and ®x(I",A) = C for a constant C > 0, we have
|Yidin] < N~—1/2. Thus the above quantity is of size O (N*1/2>, so applying this back to
(3.6.26),

v (C+zmg(T)-E) " va+v] R(D)vy < N71/2.

Finally, from (3.6.16) and Lemma 54 we have mg(T') = riiy o(z) + O< (N _1), and applying this

above completes the proof. [

Proof of Lemma 53. The proof is similar to Lemma 52, replacing r and n throughout by r+ 1

and n+ 1, Ggs) by [u(S),Ggs)], Y by i‘., and R (") and nﬁg) () by

S) (T — (1) @O, @S] -1 5 L (5) /5 St/ 1
RO = (9, G651 )= Lk (175 (1),

The only difference here is that ¥ is no longer diagonal, leading to the following minor modifica-
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tions of the preceding proof: The bound

0 0 O
- -
(-0 0 o R(S)(l")<ﬁ

n+1
0 0 X

analogous to (3.6.18) follows upon noting that (with Il'i‘,[ug]T = (I[E[ugr]T E[ugo]T) )

00 0 Eu?] Elug,]” Elugy’
Z-100 0 |= Elug,] I, 0
00 X Efug] 0 0

still is of low rank, with rank at most r 4 2. Writing as shorthand nﬁg) = nﬁg) (f‘) the bound
1|z T+ E) | > Co} <0

analogous to (3.6.23) follows from

-1

QB+ % +1 g Elug,)T g Elug)”
CTemd®) = | B, RS0 0 7
S Eug,) 0 S Eo+1

the bound 1{ ||n~1g)20 +1||7! > C} < 0 for the lower-right block as follows from (3.6.21), and
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the bound for the inverse of its Schur-complement

{H[ mK E[u +2+1 nﬁg)E[ug,]T

Elug,) g S+ (2 + 1),

S Eug) T

-1
- . (g Zo+1)”! (mg)E[ugO] 0)]

>C}—<O

which holds uniformly over z € U (¢€) for any |a| > oy sufficiently large, by an argument analo-
gous to (3.6.22). The remainder of the proof is identical to that of Lemma 52, and we omit the

details. O]

3.6.3 Analysis of Outliers

Let V,.T'(z, ), 2z, Oc),.@ (z,a) be as defined in the preceding section. Consider the

decomposition of gf’ (z,a) as in (3.6.5) into its blocks of dimensions 1, n, and N, and define

.
1 1
B _ 1
Ry (z,00) = R(z, 0 = ’
1(z, ) 0 (0010 —z—0o+u'u—u'G(G'G-T(z,a))"'G u
0 0
(3.6.29)
.
1 0
) . N -1
RZiv(za)=0| 2z o)V, :—9?11(1705)'“TG<GTG_F(Z’O‘)> Vr G630
0 0
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where the second equality follow from the block matrix inversion of the lower 2 x 2 blocks of

2z, a), followed by block matrix inversion of the full matrix @(z, o). Set

V,
Mg (z,a) :I,+a(VrT 0)%’(1,(1) ) (3.6.31)
0

Proposition 56. Fix any € > 0 and any o € R sufficiently large that satisfies Lemmas 52 and 53.
Then on the event §NE of Lemmas 52 and 53, for all sufficiently large N,
(a) e U(€)NR is an eigenvalue of G' G if and only ifdetMK(z, o) = 0, and its multiplicity

-~

as an eigenvalue of G' G equals the dimension of kerMg (A, o).

(b) Letv € R" be a unit eigenvector of G' G (i.e. right singular vector of G) corresponding to

an eigenvalue A€ U(e)NR. Then V'V is a non-zero vector in kerMK(/i, o), and

r ~ In 0 -~ Vr

1 A
= v, R\, ) R\, ) Vv (3.6.32)
0 00 0

For any vector v € R", we have

~ r

vVt (VT 0)@(&, a) viv=o. (3.6.33)
0
(c) Let u be as in Theorem 40(c), and let it € RN be a unit eigenvector of GG' (i.e. left

singular vector of G) corresponding to the eigenvalue LeU (&) NR. Then

Wi=——2 BV (3.6.34)
T O (A, a)

Proof. For part (a), note that if 2 is an eigenvalue of G'G, i.e. 212isa singular value of G

141



with left and right unit singular vectors # and v, then

A, G' v
0= N
G —Iyv|\AV
which implies, for any @ € R,
|V v AL, —aV,V] G’ As
G —Iy | \AV2u

Fixing o € R large enough, on the event & of Lemma 52, the generalized resolvent

—1

. —Al,—aV,V] G
Z (A, 0) =
G —Iy

o~

exists, and multiplying both sides by Z (A, ) gives

~

v r

(v ~
R = —aZ(A,a) Vv
A2 0

(3.6.35)

Then, multiplying by (V| 0) on both sides and re-arranging, we get Mg @, a) -V v=0.

We remark that if A is an eigenvalue of multiplicity k, and G has corresponding linearly

independent left singular vectors uy, ..., u; and right singular vectors vy, ...,V, then the vectors

{(Qj,il/ *u j)}lj‘.:1 on the left side of (3.6.35) are linearly independent, implying that the vec-

tors {V v j}lj‘-:l on the right side must also be (non-zero and) linearly independent vectors in

kerMg (/71, o). Conversely, if {y j}I;':l are linearly independent vectors in ker M g (
defining
/‘;j ~ Vr
- =—0%Z(1,q) ¥;
A%, 0
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and multiplying by (V| 0), we must have V/v; = (—MK(X, a)+1I)y; =y;. Thus the pairs
(ﬂ,i 2y ;) are linearly independent vectors satisfying (3.6.35), and multiplying by Z @, a)”!
and rearranging shows that 2172 must be a singular value of G with multiplicity at least k, with
corresponding singular vectors {(v;,u j)}lj':y This establishes part (a).
For part (b), the above argument has shown Vv € ker Mg (Z, o). Multiplying (3.6.35)
on the left by
I, 0

0 0

and taking the squared norm (noting that 1,06 and %(i,a) here are real) shows (3.6.32).
Multiplying (3.6.35) on the left by (vT 0) shows (3.6.33). For part (c), multiplying (3.6.35) by

(0u'), we have

—~ ~ —1
A2 = —a 20, 0) V= —auTG<GTG—F(/1,oc)> v,V
u 0

-~

where the second equality follows from the block matrix inversion of Z(A, ). Then, recalling

the forms of @11 and 9~Z’1V from (3.6.29) and (3.6.30), this gives

W — a&’lv(i,a)

= vy
7[.1/2%11(},,06)

which is (3.6.34). O
For notational convenience, let us now introduce the shorthand

wvo(z) =zivo(z),  W(z) =zm(2).

By Lemma 52(b) applied with (v, v;) being the columns of V,, we see that Mg (z, o) is well-
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approximated by the (deterministic, N-dependent) matrix
-1
My(z,0) =1, — at((@+ L+ Y o(2) diag(M(B),. . A,(E))) - (3.6.36)

To show Theorem 40(a), we translate this approximation into a comparison of the roots of
0 =detMk(z, ) and 0 = detMy(z, o), where the latter are explicitly given by zy o(—1/4;(X))

for the function zy o(+) defined in (3.3.5).

Proof of Theorem 40(a). Let us fix any € > 0 and o € R satisfying Lemmas 52 and 53, and

denote
o

vz o) =1 a+z+ Yy o(2)k(X)

for each i € [r]. Then detMy(z, ) =T]/_, fn.i(z, &). Define also the limiting functions

(04

-1
= v v M(z,0) =1, — a((a+z)1r+ v(z) dlag(kl,...,zr)>

fi(Z7 OC) -

so detM(z,a) =[], fi(z, ). We first analyze the roots of 0 = detM(z, o): By the definition

v(z) = zim(z), observe that z € R\ supp(fi) satisfies 0 = detM(z, &) if and only if either z =0 or

m(z) = —1/A; for some i € [r].

(This condition is the same for any non-zero o € R.) Let 7 = {0} U{—1/A : A € supp(v)} be
as in (1.2.5) where v is the limit spectral law of £y. Then —1/A4; € R\ .7 for all i € [r] under
Assumption 7, so Proposition 3 implies that 772(z) = —1/4; holds for some z € R\ supp(i1) if
and only if Z/(—1/4) >0, ie. i€ . If i € ., then f(z) = —1/A; holds for z = z(—1/4),
and we must have z(—1/A;) > 0 strictly because for any z < 0, we have 7i(z) > 0 (and hence
m(z) # —1/A;) by the definition 7i(z) = fx%zdﬂ(x). Thus the roots of 0 = detM(z, @) in

R\.# =R\ (supp(ft) U{0}) — and hence in U(€) NR for any sufficiently small € > 0 — are
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given precisely by
zii=z(—1/A) forie 7.

Since i/ (z) = | (x—;z)zd fi(x) >0forallze R\.7, and {A; : i € .#} are distinct by assumption,
these values {z; : i € .#} are simple roots of 0 = detM(z;, ). Then (detM)'(z;, ) # 0 where
(detM)’ denotes the derivative in z.

Lemma 51(c) implies 7y o(z) — 7i(z) and sty o(z) — 7' (z) uniformly over z € U ().
Since also A;(X) — A;, we have detMy(z, &) — detM(z, @) and (detMy)'(z, @) — (detM)'(z, o)
uniformly over z € U(€). This, together with the above condition (detM)’(z;, &) # 0, imply that
for all large N, the roots zy ; € U(€) NR of 0 = detMy(z, ) are in 1-to-1 correspondence with,
and converge to, the above roots z; € U(€) NR of 0 = detM(z, ). We note that 0 = detMy(z, )

if and only if either z =0 or

1N o(z) = —1/A;(E) for some i € [r]. (3.6.37)

For each i € ., we have A;(X) — A; where 7/(—1/4;) > 0. Recall from Lemma 51(a) that
zn0(7) — z(m) and

Zhooli) — ()

uniformly over compact subsets of R\ 7. Then zy o(—1/4(E)) — Z'(=1/4), so also

2 o(—1/4(Z)) >0

for all large N. Then Proposition 3 implies that (3.6.37) holds for zy ; := zy o(—1/4i(X)). We
have zy ; — z; = z(—1/A;), so these must be the roots of detMy(z, ) in U(e) NR. Thus we

have shown that for any sufficiently small € > 0 and all large N, the roots z € U(g) NR of
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0 = detMy(z, @) are precisely the values
N, ‘= sz(—l//L-(Z)) fori e j,

and zy; — z; > O foreachi € 7.
Finally, we apply Lemma 52(b) with (v, v;) being the columns of V.. On the event & of

Lemma 52(a), we have
IMg(z, )| <C,  ||Mg(z,0) —Mg(Z, )| < Clz—7] (3.6.38)

for some C > 0 and all z,7" € U(€/2). Also |y o(2)], |1ty o(z)| < C for a constant C > 0, all

z€ U(€), and all large N, and thus
IMy(z, )] <C, || My(z,a) —My (<, )| < Clz—7| (3.6.39)

for some C > 0 and all 7,7/ € U(€/2). Then, applying Lemma 52(b) and the Lipschitz bounds of
(3.6.38) and (3.6.39) to take a union bound over a sufficiently fine covering net of U(g/2), we
get

sup ||My(z,0) — Mg(z,a)|| < 1/V/N. (3.6.40)
zeU(g/2)

Applying also the first bounds of (3.6.38) and (3.6.39), this gives

sup |detMy(z,a) —detMg(z, )| < 1/V/N. (3.6.41)
z€U(g/2)

Since detMy/(z, &) and detM g (z, &) are both holomorphic over z € U(€/2) on this event &, the

Cauchy integral formula then implies

sup |(detMy)'(z, &) — (detMg)'(z,a)| < 1/V/N.
zeU(¢)
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In particular, combining with the uniform convergence statements det My (z, &) — detM(z, &)
and (detMy)'(z,a) — (detM)'(z, o) over z € U(¢€) as argued above, this shows that on an event

& satisfying 1{&“} < 0 and for some 6y — 0, we have

sup |detM(z,a) —detMg(z, )|, |(detM) (z, &) — (detMg)'(z, )| < S
zeU(e)NR
Thus, on this event & and as N — oo, the roots 7L,~ € U(e)NR of 0 = detMk(z, ) are also in
1-to-1 correspondence with, and converge to, the roots z; € U(€) NR of 0 = detM(z, ). Fur-
thermore, the condition (detM)'(z;, o) # 0 implies that |(detMy)'(z, @)| and |(detMg)'(z, @)|
are bounded away from 0 in a neighborhood of each such root z;, so (3.6.41) then implies that

the corresponding roots 5,1- and zy ; of 0 = detMg(z, &) and 0 = detMy(z, &) satisfy
‘/ii_ZN,i’ =< 1/\/]V

Proposition 56 shows that on this event &, these roots {/71, i € J} are precisely the
eigenvalues of G' G in U(¢) NR. By the definition of M(z;, &), each root z; of detM(z;, o) is
such that ker M(z;, &) has dimension 1. Since l{é"}@, —z;) — 0, we have 1{@@}||MK(/7\L,, o) —
M(z;,@)|| — 0, so kerMk(A;, &) also has dimension 1 on this event & for all large N. Then
Proposition 56 implies that the eigenvalues {1, i€ I} of G'G are simple, and thus in 1-to-1

correspondence with {4; : i € .#}. This proves part (a) of the theorem. O

Lemma 57. Under the assumptions of Theorem 40, for any fixed € > 0, there exists oy > 0 such
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that fixing any o € C with |at| > g, uniformly over z € U(€),

-
V., I, 0 vV,
Z(z,0) Z(z,Q)
0 0 0
_ 1
(o Yo EIZ) (I Vo DB | <
Proof. Fix any o € C satisfying Lemma 52, and denote
vV, _q
In(z, ) == (V,T 0)9?(&06) o an(z o) i=—((a+2)l+yno(2)E) .
0

Applying Lemma 52(b) and the Lipschitz continuity statements of (3.6.38) and (3.6.39) to take a

union bound over a sufficiently fine covering net of U(g/2), we have

sup || fiv(z, @) —gn(z, @) < 1/VN.
z€eU(g/2)
Then by the Cauchy integral formula, sup ;e || fy(z, &) — gy (2, @)[| < 1/v/N where f}; and
g)y denote the entrywise derivatives in z. The lemma follows, since differentiating % (z, ¢t) in

(3.6.2) shows

/ I 0 v,
fulz ) = (v: 0)«%&7 o) 2(,0)
00 0,
while gy (z, &) = (&t + ), + Wv 0(2) ) (L + Wy o (2)Er). H

Proof of Theorem 40(b). Let V; be the given unit-norm eigenvector of K with eigenvalue 1,-.
Let zy; = zv0(—1/A:(X)) and z; = z(—1/A;). Then, fixing any o € R large enough to satisfy
Lemmas 52 and 53, Proposition 56(b) shows that V[ v; € kerMK(Xi, o). By (3.6.40), (3.6.39),
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and the bound ]/?\L, —zni| <N 12 of part (a) of the theorem already proven, we have

HMK@"’ a)—My(zn a)H < HMK@, Q) —MN(TI,-, (x)H + HMN@,-, o) —Mny(zy,, oc)H

<N71/2, (3.6.42)

Let vq,...,v, denote the columns of V,, which are the unit eigenvectors of . Then, applying
Vv € kerM K( i, 0), (3.6.42), and the definition of My(z, &), and noting that yy o(zn,i) =
v, o(zn i) = —zwv,i/ Ai(Z), we have

o

2
a+zni(1 - 7L,~()3)//l,-(2‘.))) (

2 r
HMN(ZN,iua) -VrT’\?iH = Z (1 - v; )2 < 1/N.
=1
For each j € [r]\ {i}, we have that zy ;(1 — 4;(X)/A;(X)) is bounded away from 0 as N — oo
because zy; — z; > 0 and A;(X)/A;(Z) — 4;/A; # 1. So this implies

vivil> <1/N forall jel[r]\{i}. (3.6.43)

At the same time, applying Lemma 57 and |71, —zni| <N ~1/2 to bound (3.6.32) in Proposi-

tion 56(b), we have

| %4 I, 0 |4
P =%V, | | Bavi)| " R(vi0)| | Vvi+os <N71/2>
0 0 0 0

2
=%V, ((OC +anvi)l -+ WN,O(ZN,i)2r> <Ir + Wy o (ZNJ)Zr) V. vi+0g (N_1/2>
~ |2 ‘ 1+ V’]I\r,o(ZN,i)/ﬂLi(z)

=|v; v

o2
1+ yy o(zn,i)A(E) ~1)2
+§l1v (ot (=2 ()/lz(z)))2+0<<N >
1+ i) Ai(Z
TR wN,O((XZév,) (Z) N O<<N_1/2>7 (3.6.44)
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the last equality applying (3.6.43). Observe that

L+ iy o(an i) Ai(B) = 1+ 2w irfy o (zn,i) Ai(E) 4 iy o (2 ,i) Ai(E)

= 2wty o (ani) Ai(2) = zv,idi(E) /2y o(—1/ A (X)),

where the last two equalities use zy; = zy,0(—1/A;(X)) and sty o(-) is the inverse function of

zn.0(+). Then, multiplying by a?/(1+ Wy o(2v,i)Ai(E)) we obtain

o B UA®)

zv,idi(Z) +0< <N*1/2) =oyo(—1/A(X))+ 0 (N*1/2>,

v; vi

where we recall @y o from (3.3.5). We have @y o(—1/4:(Z)) = @(—1/4) =2 (=1/A;)/(Aizi) >

0, so taking a square root gives

v ¥l = \/(PN,O(_I/)LI'<2))+O-< (N_1/2>_ (3.6.45)

Finally, for any unit vector v € R”, by (3.6.33) in Proposition 56(b), Lemma 52(b), and

the bound |7l, —zni| <N ~1/2in part (a) of the theorem already shown, we know that

v
V= —a- (VT 0)%<ZN,i,a) VIvi+0. <N‘1/2>
0
r vivi-vly
=« J +0-(N7?)
j:Zl o+ani+Wno(av)Ai(E)

Ty .. v T3,
V ViV

- _aj—zl o+zy,i- (1 —2;(E)/4(E))

ey (N—1/2>.

Applying (3.6.43) and (3.6.45), only the summand with j = i contributes, and we obtain as

desired

VT = \foxo(—1/A(D) vl + 0 (N172).
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Proof of Theorem 40(c). Applying Lemma 53(b) and block matrix inversion of r+ Yn,o(2)Z
to the definitions of 9?11 and @W in (3.6.29) and (3.6.30), we have

~ B ~1 1
0 (2.) + (-4 @t Yeol) E)— yiol2) Elug] (T4 yo(0)®) 'Elug) | < .
~ -E[ug] " (T + )" lv, 1
Flea) Wi (o) Elug] (L + o)) I
2+ 0+ yvo(2) - Elu?] — yvo(2)? - Elug) (T + ywo(2)E) 'Elug]|| VN
Hence,
Ry (2, Q) T -1 1
—=———+Yno(2) - Elug] 'V, (@+2)I+yno)Er) || < —=.
' 11 (z,0) VN
Applying this and the bound |7Ll —zni| <N ~1/2 to Proposition 56(c),
W' = 2 *%V(},-,a) V=2 r yno(ani) - EluglTv;-vivi < (N*1/2)
)ﬁl/z B (Aq, 00) N (o o+zni+Wno(an,i)Ai(Z)

_ o ¥ Yvo(zn,) Elug] 'v;-v]v; 0<<N—1/2>.

i = ot ani(1—44(E) /Ai(X))

Then, applying again (3.6.43) and (3.6.45), only the summand with j = i contributes, and this

gives
T = [E[ug] " vil - [Wv.0(an.i) |/ @vo(—1/4(E)) Lo <N*1/2>.
N,
Recalling Yy o(zn,i) = —zn,i/Ai(Z), this yields part (c) of the theorem. O
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3.7 Proofs for Propagation of Spiked Eigenstructure in
Deep NNs

We next prove Theorems 33 and 34. Section 3.7.1 first establishes these results for a
one-hidden-layer NN, L = 1. We then apply this result for L = 1 inductively in Section 3.7.2 to

obtain these results for general L. Section 3.7.3 proves Corollary 35.

3.7.1 Spike Analysis for One-hidden-layer CK

Consider the setup in Section 3.2 with a single hidden layer L = 1. In this setting, let us

simplify notation and denote
X =X, W =W,, d = d, N =d,,

1
Y=X, = ﬁo(WX), K=K =Y'Y.

We denote the rows of W and columns of X respectively by
w! eRforie[N], x4 €R?forac[n].

We write E,, for the expectation over a standard Gaussian vector w ~ .4 (0,1) in R,
Note that for a sufficiently large constant B > 0 (depending on supp(v) and A;,...,4,),

Assumption 4 implies that the event
EX)= {||X|| < B, |x;x5| <ty and |||xq|| — 1| < 7, forall @ # B € [n]} (3.7.1)

holds almost surely for all large n. Throughout this section, we use the following argument:
Since W = W™ is independent of X =X () and & (X (”)) holds for all large n with probability
one over {X"}*_ | to prove any almost-sure statement, it suffices to show that the statement

n=1°

holds with probability one over {W(”) ~_,» for any deterministic matrices {X (”)}::1 satisfying
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&(X (”)). Therefore, we assume in the remainder of this section that X is deterministic and
satisfies &(X) for all large n, and write IE and IP for the expectation and probability over only the
random weight matrix W, respectively.

We will apply Theorem 40 to a centered version of ¥,

G:=Y-FEY = 1", gl =o(w/ X)-E,[c(w'X)].

1
ﬁ[glw._agN

Note that these rows giT are i.i.d. with mean 0 and covariance
L:=E,ow' X) o(w' X)|—E,[c(w X)] Ey,[c(w'X)] € R"". (3.7.2)
Lemma 58. Suppose Assumptions 3, 4, and 5 hold, with L = 1 and deterministic X. Then
IEw[o(w'X)]|| =0,  [[EY] 0.

Proof. Denote & ~ .47(0,1). Applying E[c(§)] =0, E[c'(§)E] = E[c”(£)] =0, and a Taylor

approximation of &, for any a € [n],

Ewlo(w'xq)] = E[o(|x4]|§)] ~ E[o(8)]

=E[0'(§)E(|Ixall — D] +E[0”(m)E*(Ixa] - 1)°] = Elo” (m)E*(lxall — 1)°]

for some 1 between & and ||x;||. Then, applying |6” (x)| < A and the T,-orthonormality of X
under & (X),

[Ewlo(w'xq)]| < AT,

This gives |Eyw[c(w X)]|| < Ao T2/7 — 0, 50 also |[EY|| = H\/LNIN-]EW[G(WTX)] H S0 O

Next, we utilize Lemma 84 in Chapter 4 to derive an approximation of X by the linearized
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matrix

Sin = 02X X +(1-b2)I, (3.7.3)
in the operator norm.

Lemma 59. Suppose Assumptions 3, 4, and 5 hold, with L = 1 and deterministic X.

||Z—Z]in|| — 0.

Consequently, ordering A1 (Z), ..., A(E) in the same order as 21 (X " X),..., L, (X "X),

sup [D2A(XTX) +(1—b%) = A(Z)| — 0. (3.7.4)

icn]

Proof. Denote & ~ .47(0,1). Let §i(0) = E[o(&)hi(&)] be the k-th Hermite coefficient of o,
where hy(x) is the k-th Hermite polynomial normalized so that E[A(&)?] = 1. Note that by

Gaussian integration by parts and the assumption E[c” (£)] =0,

Gi(o) =E[§c(&)] =E[6"(&)] = b, (3.7.5)
V24(0) =E[(E* - 1)o(&)] =E[E0’(§)] =E[6"(&)] =0. (3.7.6)

Then by Lemma 84 in Chapter 4 and the first statement of Lemma 58, we have
120 —Z[| < B0 —Ew[o(w'X) o (w'X)]|| +||Ew[oc(w'X) o(w'X)]-Z| =0

where

Zo=C1(0)’X "X +53(0)*(X ' X)P +(1-81(0)* = §3(0)*) -

(Here, examination of the proof of Lemma 84 shows that the condition ¥, (||x¢|| — 1)* < B?

for (&, B)-orthonormality is not used when {;(o) = 0, and the remaining conditions of (&, B)-
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orthonormality hold under &'(X).) The lemma then follows upon observing that under &'(X),

|x7)% ~ || < | diag((X TX)°2 ~ 1) + [oftaiag(x Tx)°? |
< max‘ X 6—1’—1—11' max |x!xg|° < C(t,+nt’ ,
< maxlxal = 1|0 ixixpl < (5405
so that || Zin — Zo| = §3(0)?|| (X "X)®3 —1,,|| — 0 when lim, 00 7, - n'/3 = 0. n

Theorem 40 will provide a characterization of outlier eigenvalues of K that are separated
from .71 = supp(u;) U {0}, which is different from supp(u;) when 73 < 1. For 9 < 1, we
augment this statement with a small-ball argument to bound the smallest eigenvalue of K, using

the following result of [Yas16, Theorem 2.1].

Lemma 60 ([Yas16]). Let G = \/Lﬁ[gl, ...,gN]" € RN ywhere the rows g; € R" are i.i.d. and

equal in law to g € R". Define

L =Fgg', cg= _inf Elg'v], Lg(8,1)= sup P||Hg* < Srank(II)
veR":||v[|=1 IT:rank(IT)>1n

where the latter supremum is taken over all orthogonal projections I1 € R™*" with rank at least
l-n.

Suppose Amax(X) < 1, ¢(g) > ¢, and n/N <y for some constants ¢ >0 and y € (0,1).
Then there exist constants so,1 > 0 depending only on (c,y) such that for any 8 € (0,1) and

s >0,

P[Anin(GT G) > (so— L(8,1:8) —$)8] = 1 —2¢ /2,

Lemma 61. Suppose Assumptions 3, 4, and 5 hold, with L = 1 and deterministic X. Let

G=Y —FEY.
(a) If yi > 1, then 0 € supp(uy ).

(b) If yi < 1, then there is a constant ¢ > 0 such that Anin(G' G) > ¢ almost surely for all
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large n.

Proof. If y; > 1 strictly, then by definition

1 _ ]/1—1
=— W+
23 " Hi 7

b

is a mixture of fi; and a point mass at 0, so 0 € supp(u;). If y =1, then u; = fi;. In this case,

recall from Proposition 3 that supp(fi;) is characterized by the function

A
T amtvod):

5 1
z(m) = T + Yl/
When y; = 1, we have for all 7 € (0, 00) that

z(m) < 0, z’(m):%—/ﬁdv(l) >0,

so z(r) increases from —oo to 0 over the positive line i € (0,00). Suppose by contradiction
that O ¢ supp(fi). Then by Proposition 3, there must be a point 72 € R \ .7 where z(7i1) = 0 and
7' (/) > O strictly, implying that there is an open interval (i, ) 3 m on which z(-) increases
from z(rm_) < 0 to z(r4) > 0. We must have /i < 0 by the above behavior of z(-) on (0,), and
the range [z(im_),z(/m4 )] must overlap with [z(a),z(b)] for some sufficiently large a,b € (0,).
But this contradicts the non-intersecting property shown in [SC95, Theorem 4.4]. So also in this
case 0 € supp(ft;) = supp(u; ), showing part (a).

For part (b), we apply Lemma 60. Under & (X), the condition bs # 0 implies ¢y <

Amin (Z1in) < Amax (Z1in) < Cp for some constants Cy, co > 0. Hence, also,

co < )vmm(z) < 2fmax(z’) < CO (377)

for all large n, by Lemma 59. We assume without loss of generality that Ajax (£) < 1 as needed

in Lemma 60; otherwise, the following argument may be applied to a rescaling of £ and G.
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To lower bound c¢g in Lemma 60, observe that for any unit vector v € R"” we have
E[(g v)} ] =v Zv > co.

Viewing F(w) = g'v=0(w'X)v =Y"_,vq0(w'xq) as a function of w ~ .47(0,1), we
have VF(w) =YY" _,vs0' (W' x4)xq = X(v® o' (w' X)) where ¢’(-) is applied coordinatewise
and @ is the coordinatewise product. Then, applying |6’(x)| < A, observe that |[VF (w)|| <
1X]|-[[ve o’ (w'X)|| < As||X||, so F(w) is C-Lipschitz in w for a constant C > 0 (not depending
on v) on the event & (X). This implies by Gaussian concentration-of-measure that g ' v is sub-
Gaussian, i.e. for some constants C,c > 0 and any 7 > 0, [P|| g'v|> t] < Ce—c"’. Integrating this
tail bound, for some constant ¢ > 0 sufficiently large, we have E[(g " v)?1 {lgTv|>r}] < co/2, and
hence

co co
co <E[(g"v)’] <El(g"v)"1yg7yn] + 5 St Elg'v|+ >

So E|g"v| > co/(2t), and hence cg > co/(2t) > c for a constant ¢ > 0.
Now let 5,1 > 0 be the constants depending on (c, y;) in the statement of Lemma 60. By
the nonlinear Hanson-Wright inequality of (4.4.4), for any orthogonal projection IT € R"*", any

t > 0, and some constant ¢ > 0, we have
]P’[|gTI'Ig - EgTI'Ig| > t] < ze—cmin(fz/IIHII%J/IIHII)_

Here Eg 'TIg = TrIIE > corank(IT), || II||2 = rank(IT), and ||II|| = 1, so applying this with
t = (co/2)rank(IT) yields

P[|TIg|? < (co/2)rank(IT)] < 2¢<ank(I),

Then, choosing § = co/2, we get Lg(8,1) — 0 as n — oo. Then Lemma 60 implies Ayin(G' G) >

500 /2 almost surely for all large n, as desired.
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The following is the main result of this section, showing that Theorems 33 and 34 hold

in this setting of L = 1.

Lemma 62. Theorems 33 and 34 hold for a single layer L = 1. Furthermore, Y is CT,-

orthonormal for some constant C > 0, almost surely for all large n.

Proof. We condition on X as discussed at the start of this section, and apply Theorem 40 to the
centered matrix G =Y —EY = \/Lﬁ[gl, ...,8n]". Let us verify Assumption 6 for G: We have
shown Assumption 6(a) in (3.7.7). The rows g; are sub-Gaussian as shown in the above proof of
Lemma 61(b), so Assumption 6(b) holds by [Ver10, Eq. (5.26)], and Assumption 6(d) holds by

[ING™19, Lemma 2]. The nonlinear Hanson-Wright inequality of (4.4.4) implies
8/ Ag; — TrAZ| < ||A|r

uniformly over i € [N] and deterministic matrices A € C**". Furthermore, it is clear from the
argument preceding (4.4.4) that for any i # j € [N], the joint vector (g;,8;) € R?" also satisfies

Lipschitz concentration, hence

8i o
(a7 &7 )8 * |18 < |Blr
g 0 X

uniformly over i # j € [N] and deterministic matrices B € C>"*?", Applying this with

verifies both statements of Assumption 6(c).

Next, we check Assumption 7 for the population covariance matrix X£. Combining
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Assumption 4 and (3.7.4) from Lemma 59, we have

1 n
Z O,(x) = Vo= b2 @ o ® (1 —b%) weakly, (3.7.8)
=Tz
1
Ai(X) — oo = b2+ (1 —b3) &supp(vp) fori=1,...,r. (3.7.9)

Here, the statement —1/s; o ¢ supp(Vp) in (3.7.9) follows from the assumptions A; ¢ supp(io)
and b # 0. This then implies by the definition of .7; that 5;9 € R\ .77, as claimed in Theorem

34(a). Furthermore, for any fixed € > 0 and all large n, Assumption 4 and (3.7.4) imply also that
Ai(Z) € supp(vo) + (—¢, &) forall i > r+1.

Thus Assumption 7 holds for X as n — oo,

Then we can apply Theorems 38 and 40 for K := G'G. The Stieltjes transform approxi-
mation in Theorem 38 and Lemma 51(c) together imply mg(z) — m(z) almost surely for each
fixed z € C*, where m () is the Stieltjes transform of the measure y; = p)* & vy. This implies

the weak convergence

1 n

=Y 8 &y — .S. 3.7.10

”l; W(K) — M1 as ( )
Theorem 40(a,b) further justifies:

* Let z;(+) and . be defined by (3.2.6) and (3.2.7) with £ = 1. Then for any sufficiently
small constant € > 0, almost surely for all large n, there is a 1-to-1 correspondence between

the eigenvalues of K outside .| + (—¢€,€) and {i : i € .#; }. Furthermore, for each i € .7},

;L,(K) — (S,g/()) > 0. (3.7.11)

almost surely as n — oo.

* Let ¢;(+) be defined by (3.2.6) with £ = 1. For each i € .7}, let v;(K) € R”" be a unit-norm
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eigenvector of K corresponding to A;(K), and for each j € [r], let v;(X) be a unit-norm
eigenvector of X corresponding to A;(X). Then almost surely as n — oo, for each i € .
and j € [r],

vi(Z) vi(K)| = 1/ @1(si0) - 1{i = j} (3.7.12)

where @ (s;0) > 0. Moreover, letting v € R” be any unit vector independent of W, almost

surely

|VTV,'(I_<)’ —1/ 01 (S,'70) . |VTV,'(E)‘ — 0. (3.7.13)

If 71 > 1, then Lemma 61(a) shows that supp(tt;) = supp(u;) U{0} = .. If 1 < 1, then
Lemma 61(b) shows that for any sufficiently small constant € > 0, K has no eigenvalues in [0, )
almost surely for all large n. Thus, in both cases, the first statement above in fact establishes a
1-to-1 correspondence between {i: i € .7 } and all eigenvalues of K outside supp(u;) + (—¢€,€),
almost surely for all large n.

To translate these statements to the non-centered matrix K = ¥ 'Y, recall from Lemma 58
that ||¥ — G|| — 0 almost surely, and from Assumption 6(b) verified above that 1{||G ' G|| >

B’} < 0 for a constant B’ > 0. Then, almost surely as n — o,
HK -K || — 0.

Therefore, by Weyl’s inequality and (3.7.10), the empirical eigenvalue distribution t; of K
converges also to y; weakly a.s., as claimed in Theorem 33. And, by (3.7.11), almost surely for
all large n, the eigenvalues ii,l of K outside supp(t1) + (—¢€, €) are also in 1-to-1 correspondence
with {i:i € .7}, where 1,-71 — 21(si0) for each i € .#). In particular, if » = 0, then also |.#}| =0,
so K has no eigenvalues outside supp(u;) + (—&,€). This proves Theorem 33.

For each i € .77, let /\3571 € R" be a unit-norm eigenvector of K corresponding to 4; ;.
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Then by the Davis-Kahan Theorem [DK70], we may choose a sign for /ﬁm such that

Vi —vi(K)|| < —— V2lK-K|
dist(4; 1,spec (K) \ {A:(K)})

We note that 7L,~71 — z1(si0) a.s., which is distinct from the limit values {zi(sj0) : j € 4 \ {i}}
of {1;(K) : #\ {i}} by bijectivity of the map z;(-) in Proposition 3. Furthermore z; (s; ) falls
outside supp (1) + (—¢, €) for sufficiently small € > 0, which contains all other eigenvalues of

~

K. Thus dist(4; 1, spec (K) \ {A:(K)}) > c for a constant ¢ > 0 almost surely for all large n, so
H?m — vi(I_()” —0a.s.
Similarly, by the convergence || X — X, || — 0 and the assumption b # 0, we have
||vj(2) — ij —0

for each j € [r], where v; is the unit-norm eigenvector of Xy, corresponding to its eigenvalue
bIA;(X"X) + (1—b2), i.e. the eigenvector of X ' X corresponding to A;(X " X). Then (3.7.12)
and (3.7.13) imply also

|V;!—/‘;i|2 = @1(sio) - Hi=j}, |VT§i|2 —@1(sip) - |VTVi’2 —0.

This shows all claims of Theorem 34 for L = 1.

Finally, on &(X), the matrix Y is Ct,-orthonormal for a constant C > 0 by Lemma 16(b).
Notice that the proof of Lemma 16(b) again does not use the condition ¥, ([|x¢||* — 1)* < B? of
(g, B)-orthonormality therein, and the remaining conditions of (&, B)-orthonormality hold under

& (X). This shows the last claim of the lemma. O
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3.7.2 Spike Analysis for Multiple Layers

We now prove Theorem 34 by inductively applying the result for L = 1 through multiple

layers. We follow the notations of Section 3.2.

Proof of Theorem 34. Suppose inductively that Assumption 4 holds with X, in place of Xy,
and all conclusions of Theorem 34 hold for K,. The base case of ¢/ = 1 follows from Lemma 62.
Then the last statement of Lemma 62 implies that X is 7),-orthonormal almost surely for

1/3 _ 0. Furthermore, the conclusions of Theorem 34(b,c)

all large n, for some 7/, satisfying 7/ - n
for K, imply that statements (a) and (b) of Assumption 4 also hold for X, in the following sense:

Let r; = |-%|. Then
1

| i;y[ 5/1;(X2Xz;) — uy weakly a.s.
For any fixed € > 0, almost surely for all large n, )L_/g = (X X,) € supp(uy) + (—&,¢€) for all
i ¢ .%;. Furthermore, for each i € .7, i,;,g — 2¢(Si—1) & supp(Le).

Then we may apply Lemma 62 with input data X = X in place of X(. This shows that
for any fixed € > 0 and all large n, there is a 1-to-1 correspondence between the eigenvalues

Aio+1 of Kypy outside supp(pe+1) + (—€,€) and {i:i € S}, where 1i74+1 — 2041 (si¢) >0

a.s., and s;y € R\ 7. Moreover, for any unit vector v € R” independent of W,..., W,
~T 2 ~T 2
Vi o 1VI” = @1 (sie) - [v;v|” — 0,

where also @41 (s;¢) > 0. Then by the induction hypothesis for |$I€v|2,

/41

T
\Vi,£+1v|2 - H Or(Sik—1) - v v|?,
k=1
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and specializing to v = v; for j € [r] gives

{+1
~T . .
ievil® = [T ox(six-1) - 1{i = j}.
k=1
This verifies all conclusions of Theorem 34 for K, |, completing the induction. U

3.7.3 Corollary for Signal-Plus-Noise Input Data

Proof of Corollary 35. It is shown in [BGN12, Section 3.1] that asymptotically as d,n — oo
with n/d — 7, the data matrix X has a spike singular value corresponding to 6; if and only if
6; > yé/ 4, in which case

6?2 ’

(1 +6?)
67 (67 + 1)

Ai(Ko) — A; = b vi|> —1—

where v; is the unit eigenvector of the input Gram matrix Ko = X TX. Thus claims (a) and (b)
of Assumption 4 hold with r = |{i : 6; > }/(;/ 4}|, Ho = p%[P being the standard Marcenko-Pastur
law, and A; = (1+ 62)(y + 6?)/6? being the above values.

We note that X is n~'/2*¢-orthonormal for any € > 0 almost surely for all large n, by the

given condition max <<, ||b;||. < n~'/>"¢ and the bounds, for any a, B € [n],

Iall = l1zall + Y- O<(llaill|6illbial) = llzall + O« (n™1/2+¢) = 140 (n=/2+),
i=1

;
xaxp = zq2+ Y. 0<(161(1a] zallbial +1a zglbig|) + 67 ail*Ibiabip])
i=1

=0 (n—1/2+£>‘

Hence Theorem 34 applies, showing that K, has an outlier eigenvalue corresponding to each
input signal 6; if and only if 6; > 3/3/ “andie 4. The statement (3.2.9) follows from Theorem

34(c) applied with v = b;. [
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Chapter 4

Deformed Semicircle Law for Ultra-Wide
NNs

In this Chapter, we study the random CK and NTK matrices of a two-layer fully connected

neural network with input data X € R%*"_given by f : R%*" — R" such that

f(X):= \/Ld_laTo(WX), (4.0.1)

where W € R91*% ig the weight matrix for the first layer, @ € R% are the second layer weights,
and o is a nonlinear activation function applied to the matrix WX element-wisely. We assume
that all entries of a and W are independently identically distributed by the standard Gaussian
A(0,1). We will always view the input data X as a deterministic matrix (independent of the
random weights in @ and W) with certain assumptions.

In terms of random matrix theory, we study the difference between these two kernel
matrices (CK and NTK) and their expectations with respect to random weights, showing both
asymptotic and non-asymptotic behaviors of these differences as the width of the first hidden
layer d; is growing faster than the number of samples n. As an extension of Chapter 2, we
prove that when n/d; — 0, the centered CK and NTK with appropriate normalization have the
limiting eigenvalue distribution given by a deformed semicircle law, determined by the training
data spectrum and the nonlinear activation function. To prove this global law, we further set

up a limiting law theorem for centered sample covariance matrices with dependent structures
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and a nonlinear version of the Hanson-Wright inequality. These two results are very general,
which makes them potentially applicable to different scenarios beyond our neural network model.
For the non-asymptotic analysis, we establish concentration inequalities between the random
kernel matrices and their expectations. As a byproduct, we provide lower bounds of the smallest
eigenvalues of CK and NTK, which are essential for the global convergence of gradient-based
optimization methods when training a wide neural network [OS20, NM20, Ngu21]. Because of
the non-asymptotic results for kernel matrices, we can also describe how close the performances
of the random feature regression and the limiting kernel regression are with a general dataset,
which allows us to compute the limiting training error and generalization error for the random

feature regression via its corresponding kernel regression in the ultra-wide regime.

4.1 Related Work

General sample covariance matrices

We observe that the random matrix ¥ € RY*" defined above has independent and
identically distributed rows. Hence, Y 'Y is a generalized sample covariance matrix. We first
inspect a more general sample covariance matrix ¥ whose rows are independent copies of some
random vector y € R”. Assuming n and d; both go to infinity but n/d; — 0, we aim to study the

limiting empirical eigenvalue distribution of centered Wishart matrices in the form of

1
vnd;

(YTY—E[YTY]), 4.1.1)

with certain conditions on y. This regime is also related to the ultra-high dimensional setting in
statistics [QLY23].

This regime has been studied for decades starting in [BY88], where Y has i.i.d. entries
and E[Y 'Y] = d; 1d. In this setting, by the moment method, one can obtain the semicircle law.
This normalized model also arises in quantum theory with respect to random induced states

(see [Aub12, AS17, CYZ18]). The largest eigenvalue of such a normalized sample covariance
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matrix has been considered in [CP12]. Subsequently, [CP15, LY 16, YXZ22, QLY23] analyzed
the fluctuations for the linear spectral statistics of this model and applied this result to hypothesis
testing for the covariance matrix. A spiked model for sample covariance matrices in this regime
was recently studied in [Fel23b]. This kind of semicircle law also appears in many other random
matrix models. For instance, [Jia04] showed this limiting law for normalized sample correlation
matrices. Also, the semicircle law for centered sample covariance matrices has already been
applied in machine learning: [GKZ19] controlled the generalization error of shallow neural
networks with quadratic activation functions by the moments of this limiting semicircle law;
[GZR22] derived a semicircle law of the fluctuation matrix between stochastic batch Hessian
and the deterministic empirical Hessian of deep neural networks.

For general sample covariance, [WP14] considered the form ¥ = BXA'/? with deter-
ministic A and B, where X consists of 1.1.d. entries with mean zero and variance one. The
same result has been proved in [Bao12] by generalized Stein’s method. Unlike previous results,
[Xiel3] tackled the general case, only assuming Y has independent rows with some deterministic
covariance ®,,. Though this is similar to our model in Section 4.5, we will consider more general

assumptions on each row of Y, which can be directly verified in our neural network models.

Infinite-width kernels and the smallest eigenvalues of empirical kernels

Besides the above asymptotic spectral fluctuation, we provide non-asymptotic concen-
trations of centered CK and NTK in spectral norm and a corresponding result for the NTK. In
the infinite-width networks, where d; — o and n are fixed, both CK and NTK will converge to
their expected kernels. This has been investigated in [DFS16, SGGSD17, LBN*18, MHR " 18]
for the CK and [JGH18, DZPS19a, AZLS19, ADH'19b, LRZ20] for the NTK. Such kernels
are also called infinite-width kernels in literature. In this current work, we present the precise
probability bounds for concentrations of CK and NTK around their infinite-width kernels, where
the difference is of order \/m . Our results permit more general activation functions and input

data X only with pairwise approximate orthogonality, albeit similar concentrations have been
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applied in [AKM*17, SY19, AP20, MZ20, HXAP20].

A corollary of our concentration is the explicit lower bounds of the smallest eigenvalues
of the CK and the NTK. Such extreme eigenvalues of the NTK have been utilized to prove
the global convergence of gradient descent algorithms of wide neural networks since the NTK
governs the gradient flow in the training process, see Section 1.1 in Chapter 1. The smallest
eigenvalue of NTK is also crucial for proving generalization bounds and memorization capacity
in [ADH" 19a, MZ20]. Analogous to Theorem 3.1 in [MZ20], our lower bounds are given by
the Hermite coefficients of the activation function o. Besides, the lower bound of NTK for

multi-layer ReLU networks is analyzed in [NMM21].

Random feature regression and limiting kernel regression

Another byproduct of our concentration results is to measure the difference of per-
formance between random feature regression with respect to ﬁY and corresponding ker-
nel regression when d;/n — . Random feature regression can be viewed as the linear
regression of the last hidden layer, and its performance has been studied in, for instance,
[PW17, LLC18, MM22, LCM20, GLK 20, HL20, LD21, MMM21, LGC"21b] under the
linear-width regime. This linear-width regime is also known as the high-dimensional regime,
while our ultra-wide regime is also called a highly overparameterized regime in literature, see

[MM22]. In this regime, the CK matrix dilYTY is not concentrated around its expectation
®:=E,[cw'X) o(w'X)] (4.1.2)

under the spectral norm, where w is the standard normal random vector in R%. But the limiting
spectrum of CK is exploited to characterize the asymptotic performance and double descent
phenomenon of random feature regression when n,dy,d; — o proportionally. Several works
have also utilized this regime to depict the performance of the ultra-wide random network by
letting dy /n — y € (0,0) first, getting the asymptotic performance and then taking y — o

(see [MM?22, YBMZ21]). However, there is still a difference between this sequential limit and
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the ultra-wide regime. Before these results, random feature regression has already attracted
significant attention in that it is a random approximation of the RKHS defined by population

kernel function K : R% x R% — R such that

K(x,z) :=Ey[c((w,x))o((w,2z))], (4.1.3)

when width d; is sufficiently large [RRO7, Bac13, RR17, Bac17]. We point out that Theorem 9
of [AKM™17] has the same order \/n/—dl of the approximation as ours, despite only for random
Fourier features.

In this Chapter, the concentration between empirical kernel induced by dilY TY and
the population kernel matrix K defined in (4.1.3) for X leads to the control of the differences
of training/test errors between random feature regression and kernel regression, which were
previously concerned by [AKM™ 17, JSS*20, MZ20, MMM21] in different cases. Specifically,
[JSST20] obtained the same kind of estimation but considered random features sampled from
Gaussian Processes. Our results explicitly show how large width d; should be so that the
random feature regression gets the same asymptotic performance as kernel regression [MMM21].
With these estimations, we can take the limiting test error of the kernel regression to predict
the limiting test error of random feature regression as n/d; — 0 and dy,n — . We refer
[LR20, LRZ20, LLS21, MMMZ21], [BMR21, Section 4.3] and references therein for more
details in high-dimensional kernel ridge/ridgeless regressions. We emphasize that the optimal
prediction error of random feature regression in linear-width regime is actually achieved in the
ultra-wide regime, which boils down to the limiting kernel regression, see [MM22, MMM21,
YBM21, LGC*21b]. This is one of the motivations for studying the ultra-wide regime and the
limiting kernel regression.

In the end, we would like to mention the idea of spectral-norm approximation for the
expected kernel @, which helps us describe the asymptotic behavior of limiting kernel regression.

For specific activation o, kernel @ has an explicit formula, see [LLC18, LC18b, LCM20],
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whereas generally, it can be expanded in terms of the Hermite expansion of o [PW17, MM22,
FW20]. Thanks to pairwise approximate orthogonality introduced in Definition 4, we can
approximate & in the spectral norm for general deterministic data X. This pairwise approximate
orthogonality defines how orthogonal is within different input vectors of X. With certain 1.i.d.
assumption on X, [LRZ20] and [BMR21, Section 4.3], where the scaling d «< n%, for @ € (0, 1],
determined which degree of the polynomial kernel is sufficient to approximate ®. Instead, our
theory leverages the approximate orthogonality among general datasets X to obtain a similar
approximation. Our analysis presumably indicates that the weaker orthogonality X has, the

higher degree of the polynomial kernel we need to approximate the kernel ®.

4.2 Preliminaries

Before stating our main results, we describe our model with assumptions. We first

consider the output of the first hidden layer and empirical Conjugate Kernel (CK):

1
Y:=c(WX) and d—YTY. (4.2.1)
1

Observe that the rows of matrix Y are independent and identically distributed since only W is
random and X is deterministic. Let the i-th row of Y be yl-T, for 1 <i<d;. Then, we obtain a

sample covariance matrix,

d
Y'y=Y vy, (4.2.2)
i=1

which is the sum of d; independent rank-one random matrices in R"*". Let the second moment
of any row y; be (4.1.2). Later on, we will approximate & based on the assumptions of input
data X.

Next, we define the empirical Neural Tangent Kernel (NTK) for (4.0.1), denoted by
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H € R™". From Section 2.2.3, the (i, j)-th entry of H can be explicitly written as

1 &
Hij;:Z <G(W,TX,~)G(erxj)+a36/(W,TXi)G/(W,TXj)xiTXj>, 1<i,j<n, (42.3)
r=1

where w, is the r-th row of weight matrix W, x; is the i-th column of matrix X, and a, is r-th

entry of the output layer a. In the matrix form, H can be written by

H:= di (YTY +(8TS)® (XTX)> : (4.2.4)
1

where the o-th column of S is given by
diag(c’'(Wxgq))a, V1i<a<n. (4.2.5)

We introduce the following assumptions for the random weights, nonlinear activation

function o, and input data. These assumptions are basically carried on from Chapter 2.
Assumption 8. The entries of W and a are i.i.d. and distributed by .47(0,1).

Assumption 9. Activation function o (x) is a Lipschitz function with the Lipschitz constant

As € (0,00). Assume that o is centered and normalized with respect to & ~ .47(0,1) such that
E[c(§)]=0, E[c*(§)]=1. (4.2.6)
Define constants as and bg € R by
bs :=E[c'(E)],  ac:=E[c'(E)?. (4.2.7)

Furthermore, ¢ satisfies either of the following:

1. o(x) is twice differentiable with sup, g |6” (x)| < Ao, or
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2. o(x) is a piece-wise linear function defined by

ax+b, x>0,
o(x) =

cx+b, x<0,

for some constants a, b, c € R such that (4.2.6) holds.

Analogously to [HXAP20], our Assumption 9 permits ¢ to be the commonly used
activation functions, including ReLLU, Sigmoid, and Tanh, although we have to center and
normalize the activation functions to guarantee (4.2.6). Such normalized activation functions
exclude some trivial spike in the limiting spectra of CK and NTK [BP21, FW?20]. The foregoing
assumptions ensure our nonlinear Hanson-Wright inequality in the proof. As a future direction,
going beyond Gaussian weights and Lipschitz activation functions may involve different types of
concentration inequalities.

Next, we present the conditions of the deterministic input data X and the asymptotic
regime for this Chapter. Recall the definition of (€, B)-orthonormal property for our data matrix

X in Definition 4.
Assumption 10. Let n,dy,d; — o such that
(@) y:=n/d —0;
(b) X is (&,,B)-orthonormal such that ns,i1 — 0asn— oo

(c) The empirical spectral distribution flg of X ' X converges weakly to a fixed and non-

degenerate probability distribution py 7# 8y on [0, o).

In above (b), the (&,,B)-orthonormal property with net = o(1) is a quantitative version
of pairwise approximate orthogonality for the column vectors of the data matrix X € R4%*",
When d < n, it holds, with high probability, for many random X with independent columns X,

including the anisotropic Gaussian vectors X¢ ~ .4 (0,X) with tr(X) = 1 and ||Z|| < 1/n, vectors

172



generated by Gaussian mixture models, and vectors satisfying the log-Sobolev inequality or
convex Lipschitz concentration property. Specifically, when x,’s are independently sampled from
the unit sphere S%~1, X is (&,, B)-orthonormal with high probability where &, = 0( @) and
B = 0(1) as n < dy. In this case, for any ¢ > 2, we have ns,f — 0. In our theory, we always treat
X as a deterministic matrix. However, our results also work for random input X independent of
weights W and a by conditioning on the high probability event that X satisfies (&,, B)-orthonormal
property. Unlike data vectors with independent entries, our assumption is promising to analyze
real-world datasets [LGC"21b] and establish some n-dependent deterministic equivalents like

[LCM20].

The following Hermite polynomials are crucial to the approximation of ® in our analysis.

Definition 63 (Normalized Hermite polynomials). The r-th normalized Hermite polynomial is
given by

4 e

25 d" 2
(_1)r x=/2 @ —x /2'
dx”

hy(x) =

3~

Here {h,}%_, form an orthonormal basis of L?(R,T), where I denotes the standard Gaussian

distribution. For 61,0, € L?>(R,T’), the inner product is defined by

2
e~ /2

V2m

(61,05) = / Z 01(x) 0 (x) S dx.

Every function ¢ € L?(R,T") can be expanded as a Hermite polynomial expansion

o) = iomo)hr(x),

where {,(0) is the r-th Hermite coefficient defined by

e—x2/2

dx.
V2T

G(0)i= [ ol (x)
In the following statements and proofs, we denote & ~ .47(0,1). Based on Defini-
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tion 63, let us further denote that, for any k € N, §;(0) = E[o(&)h(&)]. Specifically, bs :=
E[o’(€)] = E[E-0(&)] = & (o). Let fi(x) = x*. We define the inner-product kernel random

matrix f;(X " X) € R™" by applying f; entrywise to X ' X. Define a deterministic matrix
Ty 2 T 2 2 2
@o:=pp' + Y G(o) filX'X)+(1-81(0)* = &(0)* - G(0))1d, (4.2.8)
k=1

where the a-th entry of g € R"is v/2{(0) - (|[xq| — 1) for 1 < o < n. We will employ Py as

an approximation of the population covariance ® in (4.1.2) in the spectral norm when ne? — 0.

4.3 Main Results
4.3.1 Spectra of the Centered CK and NTK

Our first result is a deformed semicircle law for the CK matrix. Denote fiy = (1 —bg)> @
b%, ® Up. The limiting law of our centered and normalized CK matrix is depicted by s X fig,
where L, is the standard semicircle law and the notation X is the free multiplicative convolution

in free probability theory.

Theorem 64 (Limiting spectral distribution for the conjugate kernel). Suppose Assumptions 8, 9

and 10 of the input matrix X hold, the empirical eigenvalue distribution of

1 T T
— Y-EY'Y 4.3.1
et v 7y]) @3.1)
converges weakly to
= ((1-b2) 0b2 @) = s B fio 4.3.2)

almost surely as n,dy,dy — . Furthermore, if d; 8;‘,' — 0 as n,dy,d| — oo, then the empirical

eigenvalue distribution of
1
4 <—YTY — cbo) (4.3.3)
d

n
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also converges weakly to the probability measure | almost surely, whose Stieltjes transform m(z)
is defined by

dfip(x)
m(z) +/Rm =0 (434)

for each z € C*, where B(z) € C" is the unique solution to

xdfio(x)

Suppose that we additionally have bs = 0, i.e. E[c’(£)] = 0. In this case, our Theorem
64 shows that the limiting spectral distribution of (4.1.1) is the semicircle law, and from (4.3.2),
the deterministic data matrix X does not have an effect on the limiting spectrum. See Figure 4.1
for a cosine-type ¢ with b5 = 0. The only effect of the nonlinearity in u is the coefficient b5 in

the deformation fiy.

— Limiting law — Limiting law — Limiting law

8 5 3 8
8 &5 8 8 3
& & 8 8 3

20

10

o B

o
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 -3 -2 -1 o 1 2 3

Figure 4.1. Simulations for ESDs of (4.3.3) and theoretical predication (red curves) of the limiting
law u where activation o(x) o< cos(x) satisfies Assumption 9 with b5 = 0, and X is a standard Gaussian
random matrix. Dimension parameters are given by n = 1.9 x 10, dy = 2 x 10 and d; = 2 x 10’ (left);
n=2x10%dy=1.9x10%and d; =2 x 10° (middle); n =2 x 10, dy = 2 x 10% and d; = 2 x 10 (right).

Figure 4.2 is a simulation of the limiting spectral distribution of CK with activation func-
tion o(x) given by arctan(x) after proper shifting and scaling. The red curves are implemented
by the self-consistent equations (4.3.4) and (4.3.5) in Theorem 64. In Section 4.5, we present
general random matrix models with similar limiting eigenvalue distribution as ¢ whose Stieltjes

transform is also determined by (4.3.4) and (4.3.5).
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Figure 4.2. Simulations for ESDs of (4.3.3) and theoretical predication (red curves) of the limiting law
u where activation o(x) o< arctan(x) satisfies Assumption 9 and X is a standard Gaussian random matrix:
n=103 dy =10 and d; = 10° (left); n = 10°, dp = 1.5 x 103 and d; = 10° (middle); n = 1.5 x 10°,
dy = 10° and d; = 10 (right).

Theorem 64 can be extended to the NTK model as well. Denote by

1
Y= d—E[STS] O (XTX) e R, (4.3.6)
1

As an approximation of ¥ in the spectral norm, we define
2 2 T
Y= |as— ) ni(o) |1d+ Y n(0)fir1 (X 'X), (4.3.7)
k=0 k=0

where f;’s are defined in (4.2.8), a4 is defined in (4.2.7), and the k-th Hermite coefficient of ¢’ is

k(o) :==E[c"(&)m(§)]. (4.3.8)

Then, a similar deformed semicircle law can be obtained for the empirical NTK matrix H.

Theorem 65 (Limiting spectral distribution of the NTK). Under Assumptions 8, 9 and 10 of the

input matrix X, the empirical eigenvalue distribution of
—(H — E[H]) (4.3.9)

n

weakly converges to L = UsX <(1 - b%,) @b% ®,uo> almost surely as n,dy,d, — e andn/d; — 0.
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Furthermore, suppose that 8,‘11 dy — 0, then the empirical eigenvalue distribution of

ng_%_%> (4.3.10)

weakly converges to | almost surely, where ®¢ and ¥ are defined in (4.2.8) and (4.3.7),
respectively.

4.3.2 Non-asymptotic Estimations for Kernels

With our nonlinear Hanson-Wright inequality (Corollary 77), we attain the following

concentration bound on the CK matrix in the spectral norm.

Theorem 66. With Assumption 8, assume X satisfies Y, (||x;||*> — 1)? < B? for a constant B > 0,

and © is Ag-Lipschitz with E[c(&)] = 0. Then with probability at least 1 — 4e=?",

1 T n n 2 2 2 n
—Y Y- <C —+— JASIX 32BAS||X || [+ 4.3.11
o <c(|5+ g )P 5 s

where C > 0 is a universal constant.

Remark. Theorem 66 ensures that the empirical spectral measure W, of the centered random
matrix \/% (%YTY — CI)) has a bounded support for all sufficiently large n. Together with the
global law in Theorem 64, our concentration inequality (4.3.11) is tight up to a constant factor.
Additionally, by the weak convergence of U, to W proved in Theorem 64, we can take a test
function x* to obtain that

/szd,un(x) — /szdu(x), ie., @

n

Lo
—Y ' Y-—-®
d,

F%(Aﬁwuﬂé

almost surely, as n,d; — oo and d| /n — . Therefore, the fluctuation of d]—lY Y around ® under

the Frobenius norm is exactly of order n/+/d,.

Based on the foregoing estimation, we have the following lower bound on the smallest

eigenvalue of the empirical conjugate kernel, denoted by A, (%Y TY).
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Theorem 67. Suppose Assumptions 8 and 9 hold and o is not a linear function, X is (&,,B)-

orthonormal. Then with probability at least 1 —4e~ 2",

1T : 2 2 n n 252
N - >1— . — — — 4 —
2'mln(dlY Y> el 1 1_21 CI(G) CBgn\/ﬁ C dl + dl )LO'B ;

where Cpg is a constant depending on B. In particular, if €in = o(1),B = O(1),d; = &(n), then

with high probability,
1 3
)Lmin (IYTY) >1- Z Ci(d)z o 0(1)
i=1

A related result in [0S20, Theorem 5] assumed ||x;|| = 1 for all j € [n], A <B,|0(0)| <

B, d, > Clog?(n) lmi:(fb) and obtained %ﬂmm(Y TY) > Amin(®) — o(1). We relax the assumption
on the column vectors of X, and extend the range of d; down to d; = Q(n), to guarantee
that %Amm(Y TY) is lower bounded by an absolute constant, with an extra assumption that
E[o(&)] = 0. This assumption can always be satisfied by shifting the activation function with a
proper constant. Our bound for Ay, (P) is derived via Hermite polynomial expansion, similar to
[0S20, Lemma 15]. However, we apply an €-net argument for concentration bound for %YTY
around P, while a matrix Chernoff concentration bound with truncation was used in [O0S20,

Theorem 5].

Additionally, the concentration for the NTK matrix H can be obtained in the next theorem.

Recall that H is defined by (4.2.4) and the columns of § are defined by (4.2.5) with Assumption 8.

Theorem 68. Suppose d| > logn, and G is As-Lipschitz. Then with probability at least 1 — n /3,

Moreover, if the assumptions in Theorem 66 hold, then with probability at least 1 — n 13 47

1
1H—EH|| < ]2+ )A20x]2 +32B22)|X || /= + 1024 x |4 /2. (4.3.13)
dl d1 dl dl
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Compared to Proposition D.3 in [HXAP20], we assume a is a Gaussian vector instead of a
Rademacher random vector and attain a better bound. If a; € {41, —1}, then one can apply matrix
Bernstein inequality for the sum of bounded random matrices. In our case, the boundedness
condition is not satisfied. Section S1.1 in [AP20] applied matrix Bernstein inequality for the sum
of bounded random matrices when a is a Gaussian vector, but the boundedness condition does
not hold in Equation (S7) of [AP20].

Based on Theorem 68, we get a lower bound for the smallest eigenvalue of the NTK.

Theorem 69. Under Assumptions 8 and 9, suppose that X is (&,,B)-orthonormal, G is not a

linear function, and dy > logn. Then with probability at least 1 — n /3,
1
Ammin(H) > ag — Z n? (o) —Cgen— 10A2B* oen
dy

where Cp is a constant depending only on B, and N (0) is defined in (4.3.8). In particular, if

gtn=o0(1), B=0(1), and dy = o(logn), then with high probability,

Amin (H _< an )1—0(1)).

We relax the assumption in [NMM21] to d; = w(logn) for the 2-layer case and our
result is applicable beyond the ReLU activation function and to more general assumptions on X.
Our proof strategy is different from [NMM21]. In [NMM21], the authors used the inequality
Amin((STS) ® (X TX)) > min; ||S;||? - Amin(X " X) where S; is the i-th column of S. Then, getting
the lower bound is reduced to show the concentration of the 2-norm of the column vectors
of S. Here we apply a matrix concentration inequality to (S'S) ® (X' X) and gain a weaker

assumption on d to ensure the lower bound on A, (H).

Remark. In Theorems 67 and 69, we exclude the linear activation function. When ¢ (x) = x, it
is easy to check both %)Lmin(YTY ) and Amin(H) will trivially determined by Amin(X " X), which

can be vanishing. In this case, the lower bounds of the smallest eigenvalues of CK and NTK rely
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on the assumption of U or the distribution of X. For instance, when the entries of X are i.i.d.

Gaussian random variables, Apin(X " X) has been analyzed in [Sil85].

4.3.3 Training and Test Errors for Random Feature Regression

We apply the results of the preceding sections to a two-layer neural network at random
initialization defined in (4.0.1), to estimate the training errors and test errors with mean-square
losses for random feature regression under the ultra-wide regime where d; /n — oo and n — oo.

In this model, we take the random feature ——o (WX ) and consider the regression with respect

NZR
to 6 € R4 based on

fo(X) = %d—leTo(WX)?

with training data X € R%>" and training labels y € R". Considering the ridge regression with

ridge parameter A > 0 and squared loss defined by
L(0) = |lfo(X)" =y[*+A[6]7, (4.3.14)
we can conclude that the minimization  := argming L(0) has an explicit solution

1 1 !
6=—Y —YTY+Md) , (4.3.15)
Vdi (dl Y
where Y = o(WX) is defined in (4.2.1). When o is nonlinear, by Theorem 67, it is feasible to
take inverse in (4.3.15) for any A > 0. Hence, in the following results, we will focus on nonlinear
activation functions!. In general, the optimal predictor for this random feature with respect to
(4.3.14) is
1

A (%)= Td—léTWWX) = K (%, X) (Ku(X,X) + 21d) "'y, (4.3.16)

I As Remark 4.3.2 stated, when o' (x) = x, Amin of CK may be possibly vanishing. To include the linear activation
function, we can alternatively assume that the ridge parameter A is strictly positive and focus on random feature
ridge regressions.
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where we define an empirical kernel K,(-,-) : R% x R% — R as

1 1 &
K,(x,z) := d—IG(WX)TG(Wz) =4 Z o({wi,x))o((w;,z)). (4.3.17)
i=1
The n-dimension row vector is given by
K, (x,X) = [Ky(x,X1), ..., K (X,X,)], (4.3.18)

and the (i, j) entry of K,(X,X) is defined by K,(x;,x;), for 1 <i,j <n.
Analogously, consider any kernel function K(-,-) : R% x R% — R. The optimal kernel
predictor with a ridge parameter A > 0 for the kernel ridge regression is given by (see [RR07,

AKM™17, LR20, JSS*20, LLS21, BMR21] for more details)
A (x) = K(x,X) (K(X,X) +A1d) "y, (4.3.19)

where K(X,X) is an n x n matrix such that its (i, j) entry is K(x;,X;), and K(x,X) is a row vector
in R" similarly with (4.3.18). We compare the characteristics of the two different predictors
féRF) (x) and fiK) (x) when the kernel function K is defined in (4.1.3). Denote the optimal

predictors for random features and kernel K on training data X by

respectively. Notice that, in this case, K(X,X) = ® defined in (4.1.2) and K,,(X,X) is the random
empirical CK matrix %YTY defined in (4.2.1).

We aim to compare the training and test errors for these two predictors in ultra-wide
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random neural networks, respectively. Let training errors of these two predictors be

A L4
Epn = 170 =y =

train

2
A ke x) + 210y 1y, (43.20)

A 14 A?
Egan” = LI 00 -y = 2|

train

(K. (X,X)+A1d) "Ly (4.3.21)

In the following theorem, we show that, with high probability, the training error of the random
feature regression model can be approximated by the corresponding kernel regression model

with the same ridge parameter A > 0 for ultra-wide neural networks.

Theorem 70 (Training error approximation). Suppose Assumptions 8, 9 and 10 hold, and & is

not a linear function. Then, for all large n, with probability at least 1 —4e~2",

C] n 2
< " c : 4322
< (2 e @322)

where constants C and C only depend on A, B and ©.

E(RFA)

train

ey

train

Next, to investigate the test errors (or generalization errors), we introduce further assump-
tions on the data and the target function that we want to learn from training data. Denote the true

regression function by f* : R% — R. Then, the training labels are defined by

y=f(X)+€ and [ (X)= (f*(xl),...,f*(xn))T, (4.3.23)
where € € R" is the training label noise. For simplicity, we further impose the following
assumptions, analogously to [LD21].

Assumption 11. Assume that the target function is a linear function f*(x) = (B*,x), where
random vector satisfies B* ~ .47(0, 0'; Id). Then, in this case, the training label vector is given

by y =X "B* +¢& where € ~ .4 (0,621d) independent with B* € R%,
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Assumption 12. Suppose that training dataset
X =[xi,...,x,] € Rlox"

satisfies (&,,B)-orthonormal condition with ne} = o(1), and a test data x € R% is indepen-
dent with X and y such that X := [xq,...,X,,x] € R9*("+1) is also (g,,B)-orthonormal. For

convenience, we further assume the population covariance of the test data is Ex[xx '] = % Id.

Remark. Our Assumption 12 of the test data X ensures the same statistical behavior as training
data in X, but we do not have any explicit assumption of the distribution of X. It is promising

to adopt such assumptions to handle statistical models with real-world data [LC18b, LCM20].

Besides, it is possible to extend our analysis to general population covariance for Ex [XXT]

For any predictor f, define the test error (generalization error) by
ZL(f) =Bl f(x) = F )] (4.3.24)

We first present the following approximation of the test error of a random feature predictor via

its corresponding kernel predictor.

Theorem 71 (Test error approximation). Suppose that Assumptions 8, 9, 11 and 12 hold, and ¢

is not a linear function. Then, for any € € (0,1/2), the difference of test errors satisfies
7 » 1
2 00) = 2(FY 00)] = o(n/a1)* ). (43.25)

with probability 1 —o(1), when n/dy — 0 and n — oo.

Theorems 70 and 71 verify that the random feature regression achieves the same asymp-
totic errors as the kernel regression, as long as n/d; — oe. This is closely related to [MMM21,

Theorem 1] with different settings. Based on that, we can compute the asymptotic training and
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test errors for the random feature model by calculating the corresponding quantities for the kernel

regression in the ultra-wide regime where n/d; — 0.

Theorem 72 (Asymptotic training and test errors). Suppose Assumptions 8 and 9 hold, and ¢
is not a linear function. Suppose the target function f*, training data X and test data x € R%

satisfy Assumptions 11 and 12. For any A > 0, let the effective ridge parameter be

14+ A —b3
Aeff(l,c) = b—26 (4326)
(o2
If the training data has some limiting eigenvalue distribution lg = limspecX ' X as n — oo and
n/dy — vy € (0,00), then when n/dy — 0 and n — oo, the training error satisfies

o2 )2 242
B o;A

(B (Aest(A,0)) —147), (4.3.27)

2K (x) 0f Bk (Aeii(A, 0)) + 07 Yk (Aeti(A,0)), (4.3.28)

where the bias and variance functions are defined by

1
(x+v)?

Br(v) = (1= )+ > /R duto (%), (4.3.29)

Yie(v) = y/R ﬁduo(x). (4.3.30)

We emphasize that in the proof of Theorem 72, we also get n-dependent deterministic
equivalents for training/test errors of the kernel regression to approximate the performance of
random feature regression. This is akin to [LCM20, Theorem 3] and [BMR21, Theorem 4.13],
but in different regimes. In the following Figure 4.3, we present implementations of test errors

for random feature regressions on standard Gaussian random data as input X and their limits
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(4.3.28). In Figure 4.3, regularization parameters are A = 1073 (left) and A = 10~° (right).
Here, the activation function o is a re-scaled Sigmoid function, o = 1 and og = 2. We fix
do = 500, varying values of sample sizes n and widths d;. In other words, we fix n,dy, only let
dy — oo, and use empirical spectral distribution of X ' X to approximate g in Bx (Aer(A,0))
and ¥k (Aegt(A,0)), which is actually the n-dependent deterministic equivalent. However, for
Gaussian random matrix X, Ly is actually a Marenko-Pastur law with ratio ¥, so Bk (Aegt(A,0))
and Yk (Aer(A,0)) can be computed explicitly according to [LD21, Definition 1]. In Figure 4.3,
test errors in solid lines with error bars are computed using an independent test set of size 5000.
We average our results over 50 repetitions. Limiting test errors in black dash lines are computed

by (4.3.28), and we take L to be the corresponding Marc¢enko—Pastur distributions.

35
= = Limiting test loss = = |imiting test losses
—¥— n=1200 —#- n=1200
n=1000 30 n=1000

35

+— n=800

30
25

25
2.0

Test errors
Test errors

2.0 15

15 1.0

10 0.5

: - 0.0 T
107 104 104
Width d1 Width di

Figure 4.3. Simulations for the test errors of random feature regressions with centered Gaussian random
matrix as input X and regularization parameter A = 1073 (left) and A = 10© (right). Limiting test errors
in black dash lines are computed by (4.3.28), and we take Ly to be the corresponding Marcenko—Pastur
distributions.

Remark (Implicit regularization). For nonlinear G, the effective ridge parameter (4.3.26) can
be viewed as an inflated ridge parameter since b%, €10,1) and Aege > A > 0. This Aeg leads to
implicit regularization for our random feature and kernel ridge regressions even for the ridgeless
regression with A = 0 [LR20, MZ20, JSS™20, BMR21]. This effective ridge parameter A also
shows the effect of the nonlinearity in the random feature and kernel regressions induced by

ultra-wide neural networks.
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For convenience, we only consider the linear target function f*, but in general, the above
theorems can also be obtained for nonlinear target functions, for instance, f* is a nonlinear
single-index model. Under (&,,B)-orthonormal assumption with ne} — 0, our expected kernel

K(X,X) = ® is approximated in terms of
lim spec K (X, X) = lim spec (b%,XTX (1 B2) Id) , 43.31)

whence, this kernel regression can only learn linear functions. So if f* is nonlinear, the limiting
test error should be decomposed into the linear part as (4.3.28) and the nonlinear component
as a noise [BMR21, Theorem 4.13]. For more conclusions of this kernel machine, we refer to

[LR20, LRZ20, LLS21, MMM21].

4.3.4 Neural Tangent Kernel Regression

In parallel to the above results, we can obtain a similar analysis of the limiting training
and test errors for random feature regression in (4.3.16) with empirical NTK given by either
K.(X,X) = %(STS) ® (XTX) or K,(X,X) = H. This random feature regression also refers to
neural tangent regression [MZ20]. With the help of our concentration results in Theorem 68 and
the lower bound of the smallest eigenvalues in Theorem 69, we can directly extend the above
Theorems 70, 71 and 72 to this neural tangent regression. We omit the proofs in these cases and
only state the results as follows.

If K,(X,X) = 7-(S7S) ® (X " X) with expected kernel K (X,X) =¥ defined by (4.3.6),
the limiting training and test errors of this neural tangent regression can be approximated by the

kernel regression with respect to W, as long as d; = @(logn). Analogously to (4.3.31), we have

an additional approximation

lim spec ¥ = lim spec (biXTX +(ag —b2) Id) . (4.3.32)
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Under the same assumptions of Theorem 72 and replacing n/d; — 0 with d; = w(logn), we can

conclude that the test error of this neural tangent regression has the same limit as (4.3.28) but

ag+A—b2
bs

changing the effective ridge parameter (4.3.26) into Acg(A,0) = . This result is akin to
[MZ20, Corollary 3.2] but permits more general assumptions on X. The limiting training error of
this neural tangent regression can be obtained by slightly modifying the coefficient in (4.3.27).

Similarly, if K,(X,X) = H defined by (4.2.4) possesses an expected kernel K(X,X) =

& + P, this neural tangent regression in (4.3.16) is close to kernel regression (4.3.19) with kernel
K(x,2) =Ey[oc(w x)o(w'x)] +Ey[c’(w'x)0’(w x)]x "z,

under the ultra-wide regime, n/d; — 0. Combining (4.3.31) and (4.3.32), Theorem 72 can

directly be extended to this neural tangent regression but replacing (4.3.26) with A¢g(A,0) =

ag+1+A-2b%

52 . Section 6.1 of [AP20] also calculated this limiting test error when data X is

isotropic Gaussian.

4.4 A Non-linear Hanson-Wright Inequality

We give an improved version of Lemma 1 in [LLC18] with a simple proof based on a
Hanson-Wright inequality for random vectors with dependence [AdalS]. This serves as the
concentration tool for us to prove the deformed semicircle law in Section 4.6 and provide bounds
on extreme eigenvalues in Section 4.7. First, we define some concentration properties for random

vectors.

Definition 73 (Concentration property). Let X be a random vector in R”. We say X has the
K-concentration property with constant K if for any 1-Lipschitz function f : R” — R, we have

E|f(X)| < oo and for any ¢ > 0,

P(If(X) —Ef(X)| > 1) < 2exp(—1*/K?). (4.4.1)
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There are many distributions of random vectors satisfying K-concentration property,
including uniform random vectors on the sphere, unit ball, hamming or continuous cube, uniform

random permutation, etc. See [Verl8, Chapter 5] for more details.

Definition 74 (Convex concentration property). Let X be a random vector in R”. We say X has
the K-convex concentration property with the constant K if for any 1-Lipschitz convex function

f:R" = R, we have E|f(X)| < oo and for any t > 0,

P(|f(X) ~Ef(X)| > 1) < 2exp(—1*/K?).

We will apply the following result from [Adal5] to the nonlinear setting.

Lemma 75 (Theorem 2.5 in [Adal5]). Let X be a mean zero random vector in R". If X has the

K-convex concentration property, then for any n X n matrix A and any t > 0,

1 t? t
P(|XTAX —E(X TAX)| > 1) §2exp(——min{ , })
¢ 2K [ Al K2[A]
for some universal constant C > 1.
Theorem 76. Let w € R% be a random vector with K-concentration property, X = (X1,...,Xp) €

R%*" be a deterministic matrix. Definey = o(w'X) ", where o is Ag-Lipschitz, and ® = Eyy .

Let A be an n X n deterministic matrix.

1. IfE[y] =0, for anyt > 0,

P(|yTAy ~TrA®| > z) (4.4.2)

1 2 t
<2exp| ——=min , , 4.4.3
= P( c {2K4/1éHXH4HAH% KZ/IE;HXIIZIIAH}) (4.9

where C > 0 is an absolute constant.

188



2. IfEly] #0, for anyt >0,

IP)<|yTAy—TrACI>| > t)
<> ( 1 { 1? t })
< 2exp| —=min ,
C L4k Ag|IX |1l KA X2 Al

l2
2 — .
” e"p( 161%||X||2||A||2||Ey||2>

for some constant C > (.

Proof. Let f be any 1-Lipschitz convex function. Sincey = o(w'X) 7, f(y) = f(c(w' X)) is
a As|| X ||-Lipschitz function of w. Then by the Lipschitz concentration property of w in (4.4.1),

we obtain

t2
P(|f(y) —Ef(y)| >1) < 2exp (—W)

Therefore, y satisfies the KA ||X||-convex concentration property. Define f(x) = f(x — Ey),
then f is also a convex 1-Lipschitz function and f(y) = f(y — Ey). Hence § :=y — Ey also
satisfies the KA ||X||-convex concentration property. Applying Theorem 75 to ¥, we have for

any ¢t > 0,

1 1? t
P(|§ Ay —E(§'A§)| > 1) < 2exp (——min{ : }) (4.4.4)
¢ 2K 251X 14N K2 A (IX|2[|A]
Since Ey = 0, the inequality above implies (4.4.2). Note that

§ Ay —E(§'Ay) = (y' Ay — TrA®) —§ ' AEy — Ey ' Ay,

189



Hence,

y' Ay —TrA® = (7' Ay —E(3'Ay)) + (y —Ey) (A+A")Ey

= (§ Ay —E(7'A§))+(y (A+AT)Ey—Ey' (A+A")Ey). (4.4.5)

Since y' (A+A")Ey is a (2||A||||Ey||||X||As)-Lipschitz function of w, by the Lipschitz concen-

tration property of w, we have

t2

Then combining (4.4.4), (4.4.5), and (4.4.6), we have

P(ly"Ay — TrA®| > 1) (4.4.7)

<P(]§'Ay—E(3'Ay)| >1/2)+P(|(y—Ey) (A+A")Ey| >1/2)

1 1> t
§2exp<——min{ 3 })
2C AK4ASX[4AN2 K2A2) X |12|A]

t2
2 — .
- e"p( 161%quzuAquEyHZ)

This finishes the proof. [

Since the Gaussian random vector w ~ .47(0,1,,) satisfies the K-concentration inequality

with K = v/2 (see for example [BLM13]), we have the following corollary.

Corollary 77. Let w ~ A (0,1,), X = (X1,...,X,) € R%*" pe q deterministic matrix. Define

y=o0(w'X)", where o is As-Lipschitz, and ® = Eyy'. Let A be an n x n deterministic matrix.

1. IfE[y] =0, foranyt >0,

1 1? t
]P’<|yTAy—TrACI>| zt) < 2exp(——min{ : }) (4.4.8)
¢ AASIX[4IANE ASIX P Al
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for some absolute constant C > (.

2. IfE[y] #0, for any t > 0,

1 12 t
IP’<|yTAy—TrACI>| >t> < 2exp(——min{ : })
¢ 8AalIX|[*lAl " ASIXIF (Al
4.4.9)
)
—|—2exp<— )
32251 X[121A12 [ Ey|2
1 12 t
< 26Xp(——min{ , }) (4.4.10)
¢ sl X|[*IAl " ASIXIP (Al
)
+26Xp<— ) 4.4.11)
3223 |IX (2 [|A[*10
where
n
to:=24g Y (I[xill = 1)*+2n(Ec(§))*, &~ A(0,1). (4.4.12)

=1

Remark. Compared to [LLC18, Lemma 1], we identify the dependence on ||A||r and Ey in the
probability estimate. By (1.4.1), we obtain a similar inequality to the one in [LLCI8] with a
better dependence on n. Moreover, our bound in t( is independent of dy, while the corresponding
term to in [LLC18, Lemma 1] depends on ||X|| and dy. In particular, when Ec(§) =0 and X
is (&, B)-orthonormal, ty is of order 1. Hence, (4.4.9) with the special choice of ty is the key

ingredient in the proof of Theorem 66 to get a concentration of the spectral norm for CK.

Proof of Corollary 77. We only need to prove (4.4.9), since other statements follow immedi-

ately by taking K = v/2. Let x; be the i-th column of X. Then

IEy|”* = |Eo(w ' X)|* = i[EG(WTXz’)]2~
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Let & ~ .47(0,1). We have

[Eo(w'xi)| = [Eo(&[xi[)| < El(a(xill) — o(8)|+|Ea(E)]

< ABIE(Iil — 1)+ [Eo(E)] < Aol i — 1] +[E(E).  @413)
Therefore
By < iaa(nxin—nﬂmo 2 2l 1P +2Eo(E)P @Al
Z Il — 1)+ 20(E (€)= 1,
and (4.4.9) holds. O]

We include the following corollary about the variance of y ' Ay, which will be used in

Section 4.6 to study the spectrum of the CK and NTK.

Corollary 78. Under the same assumptions of Corollary 77, we further assume that ty < Cin,

and ||A||, | X || < Ca. Then as n — o,
- 2
—E “y Ay—TrACID‘ } —0
Proof. Notice that ||A||r < /n||A]|. Thanks to Theorem 77 (2), we have that for any ¢ > 0,
1
IP’<_ ‘yTAy — TrACD‘ > t) < 4exp(—Cnmin{t2,t}), (4.4.15)
n

where constant C > 0 only relies on C,C», A, and K. Therefore, we can compute the variance
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in the following way:

1)+ 2 oo 1)+ 2
E —‘y Ay—TrACD’ :/ P —‘y Ay—TrAdJ) > s |ds
n? 0 n?
< 4/ exp(—Cnmin{s,/s})ds
0

1 +oo
= 4/ exp(—Cn\/E)ds+4/ exp(—Cns)ds — 0,
0 1

as n — oo. Here, we use the dominant convergence theorem for the first integral in the last

line. O]

4.5 Limiting Law for General Centered Sample Covariance
Matrices

Independent of the subsequent sections, this section focuses on the generalized sample
covariance matrix where the dimension of the feature is much smaller than the sample size. We
will later interpret such sample covariance matrix specifically for our neural network applications.
Under certain weak assumptions, we prove the limiting eigenvalue distribution of the normalized
sample covariance matrix satisfies two self-consistent equations, which are subsumed into a
deformed semicircle law. Our findings in this section demonstrate some degree of universality,
indicating that they hold across various random matrix models and may have implications for

other related fields.

Theorem 79. Suppose yi,...,yq € R" are independent random vectors with the same distri-
bution of a random vector'y € R". Assume that Ely] = 0, E[yy'] = ®, € R™", where ®, is
a deterministic matrix whose limiting eigenvalue distribution is g # 8. Assume ||P,|| < C

for some constant C. Define A, := \/g(:—i Y4 vyl — ®,) and R(z) := (A, —z1d)~!. For any
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z € C" and any deterministic matrices D, with ||D,|| < C, suppose that as n,d — o and n/d — 0,
trR(z)Dy — E[trR(z)Da] = 0, 4.5.1)

and

1 T
;E Uy D,y —TrD,®,

2
} — 0. 4.5.2)

Then the empirical eigenvalue distribution of matrix A, weakly converges to [l almost surely,
whose Stieltjes transform m(z) is defined by (1.2.7) in Chapter 1 for each z € C*, where

B(z) € Ctin (1.2.7) is the unique solution to (1.2.7) in Chapter 1. In particular, it = ;X Ugp.

Remark. In [Xiel3], it was assumed that %E’yTDny —TrD,®, ’2 — 0, where n3/d — oo and
n/d — 0 as n — oo. By martingale difference, this condition implies (4.5.1). However, we are not
able to verify a certain step in the proof of [Xiel3]. Hence, we will not directly adopt the result
of [Xiel3] but consider a more general situation without assuming n>/d — . The weakest
conditions we found are conditions (4.5.1) and (4.5.2), which can be verified in our nonlinear

random model.

The self-consistent equations we derived are consistent with the results in [Bao12, Xiel3],
where they studied the empirical spectral distribution of separable sample covariance matrices
in the regime n/d — 0 under different assumptions. When n — o and n/d — 0, our goal is
to prove that the Stieltjes transform m,(z) of the empirical eigenvalue distribution of A, and
Bn(z) := tr[R(z)®,] point-wisely converges to m(z) and (z), respectively.

For the rest of this section, we first prove a series of lemmas to get n-dependent deter-
ministic equivalents related to (1.2.7) and (1.2.8) and then deduce the proof of Theorem 79 at
the end of this section. Recall A, = \/%(%sz:l yiy; — CID,,), R(z) = (A, —zId)"!,and y is a

random vector independent of A,, with the same distribution of y;.
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Lemma 80. Under the assumptions of Theorem 79, for any z € C*, as d,n — oo,

trD+ zE[trR(z)D] + E (4.5.3)

YWY DR(2)y- 3y Ry | o(1)
I+/E RRy | 7

where D € R"™" is any deterministic matrix such that |D| < C, for some constant C.

Proof. Letz=u+ive CT where u € Rand v > 0. Let

R 1 d+1 - d -
R:= ﬁzym —\/;q)n—zld ;
j=1

where y;’s are independent copies of y defined in Theorem 79. Notice that, for any deterministic

matrix D € R"*",

R 1 d+1 - d
D=R ﬁzlyjyj —\/;Cbn—zld D (4.5.4)
]:
1 . d+1 - d . .
i=1

Without loss of generality, we assume ||D|| < 1. Taking normalized trace, we have

R (D [ SR d s
i=1

For each 1 <i < d+ 1, Sherman—Morrison formula (Lemma 96) implies

R=RY _ ,
Vdn+y] ROy;

(4.5.7)

where the leave-one-out resolvent RY) is defined as

-1
. 1 d
R(’) = | = y-yT—\/jQD —zId .
(Vdnléjé;kl,j;ﬁi a n"
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Hence, by (4.5.7), we obtain

1 1 d+1 S 1d+1 TDR(l)y
- "DRv: = (4.5.8)
Jann ; Yi R Z « \/dn+y] ROy,

Combining equations (4.5.6) and (4.5.8), and applying expectation at both sides implies

TDR) .
\/%er Yi ]—\/g]Etchan

1 DR .
_at E[ y DR(z)y } _ \/EEtrRQJnD, (4.5.9)
n Vdn+y'R(z)y n

d+1
trD + zE[tr RD] = Z E

because of the assumption that all y;’s have the same distribution as vector y for all i € [d + 1].

With (4.5.9), to prove (4.5.3), we will first show that when n,d — oo,

\/g (E[trR®,,D] — E[trR(z)®,D]) = o(1), (4.5.10)
E[trRD] — E[trR(z)D] = o(1), (4.5.11)
Il Y DR@y |__
E{\/%HTR(z)y} =o(1). (4.5.12)

Recall that

A

R—R(z) = \/%R(Z) (Yd+1)’;+1>R7

and spectral norms ||R||,||R(z)|| < 1/v due to Proposition 12. Notice that ||®,|| < C. Hence, we

can deduce that

—

d 5 .
\/; |E[tr R®,D] — E[trR(z)®,D]| < ;EHtrR(z)dey;erRanDH

14
< S E[||R®.DR(2)| - |lya1]’]

C - CTrd, C?
=22 S 5ETrya 1Y) = R < P 0,

as n — oo. The same argument can be applied to the error of E[tr RD] — E[trR(z)D]. Therefore
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(4.5.10) and (4.5.11) hold. For (4.5.12), we denote § := y/(nd)1/4 and observe that

1 "DR 1_[ " DR(z)¥
—]E[ Y DR(2)y ]:—E{—y — (Z)y~]. (4.5.13)
Vdn+y'R(z)y n [1+¥'R(2)
LetR(z) =YY", ye Zuu be the eigen-decomposition of R(z). Then
sy L () / I
T 2 2
R = = [ ——dug 4.5.14
(Z)Y/HyH l:ZI )Li—Z Hy”z X—z2 /Jy ( )

L)) 2
is the Stieltjes transform of a discrete measure py = Y\ “‘ﬁ;ﬁg) 0;,- Then, we can control the

real part of § ' R(z)§ by Lemma 98:

1/2
<v ' 2)l5)|(1m(3TRE)Y) (45.15)

Re(¥'R(2)7)

We now separately consider two cases in the following:

* If the right-hand side of the above inequality (4.5.15) is at most 1/2, then

. . . . 1
1+5RE| = |1 +Re(7TRE))| = 5.
which results in
~T ~
Y DR(z)y ‘ 2
. 4.5.16
LR <l @5.16)
« When v~ 1/2|§]| (Im(7"R(2)¥)) 12 1/2, we know that
' DR@2)y | |5 "DIIRE)FI_ 15" DIIIR()F|
1+§'R(2)y| ~ [Im(1+§"R()§)|  §'Im(R(2))y
_ o IETRl 2ol S

(37 Im(R(2)))' v S wad
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where we exploit the fact that (see also Equation (A.1.11) in [BS10])
1 1/2
IRQ3 = RORE@S) = (15 RS )

Finally, combining (4.5.16) and (4.5.17) in the above two cases, we can conclude the
asymptotic result (4.5.12) because E|y||> = Tr®, < Cn in terms of the assumptions of Theo-

rem 79.

Then with (4.5.10), (4.5.11), and (4.5.12), we get

\/ElyTDR Z

d
trD + zZE[trR(z \/jtrR 2)®,D| +o(l), (4.5.18)
| B Sy Ly Ve 1)

as n — oo. We utilize the notion [y to clarify the expectation only with respect to random
vector y, conditioning on other independent random variables. So the conditional expectation is

Ey [rllyTDR(z)y] = trDR(z)®, and

1

E ByTDR(z)yl =E {Ey [;yTDR(z)yH = E[trR(z)®@, D).

Therefore, based on (4.5.18), the conclusion (4.5.3) holds. ]

Next, we apply the quadratic concentration condition (4.5.2) to simplify (4.5.3).

Lemma 81. Under the assumptions of Theorem 79, condition (4.5.2) of Theorem 79 implies that

tr DR(z) @y, trR(z) D,

1—|—\/_trR )P,

1T 1T
LyTDR(z)y - Ly R(Z)Y] _ +o(1), (4.5.19)

1+ /2Ly TR(2)y

for each z € C" and any deterministic matrix D with ||D|| < C.
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Proof. Let us denote

_ 2y'DR()y- 2y 'R(2)y tDR(z)@utrR() Py
L+ /53¥ R(2)y I+ GuRE@®P,

1 1
0 := ;yTDR(Z)y, Q= ZYTR(Z)Y’

0 :=Ey[01] = tr DR(z)®y, and Q; := Ey[Q1] = trR(z)®,,. In other words, §, can be expressed

by

s __ Q& Qle_
T30 1450
(O] <Q2+\/g> \/ng 0 (Q_2+\/g) \/gQ1
N 14+/%0, _1+\/§Q2_ 14+./%0, +1+\/§Q2
n 1+/20,  (1+/20,)(1++/20)

Observe that E[Q;] = E[Q;] for i = 1,2. Thus, §, has the same expectation as the last term

A 01(02—0»)
(1 502) (1+/502)

since we can first take the expectation for y conditioning on the resolvent R(z) and then take the

expectation for R(z). Besides, notice that |01, |Q>| < € uniformly. Hence, /% Q> converges to

zero uniformly and there exists some constant C > 0 such that

<C, (4.5.20)

1
1+\/§Q2

for all large d and n. In addition, observe that
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where ¥ is defined in the proof of Lemma 80. In terms of (4.5.16) and (4.5.17), we verify that

2
< Clvll”, (4.5.21)
n

0
1+,/70

where C > 0 is some constant depending on v. Next, recall that condition (4.5.2) exposes that

E(Qy—02)> =0 and E(||y|]*/n—tr®,)> =0 (4.5.22)

as n — oo. The first convergence is derived by viewing D, = R(z) and taking expectation
conditional on R(z). To sum up, we can bound |A,| based on (4.5.20) and (4.5.21) in the

subsequent way:

Clyl?

1AL < T!Q_z—Qz\ <C||ly|*/n—te®,| - |02 — Oa| +Cltrd,| |02 — Q.

Here, |tr®,| < ||®,]|| and ||®,]| is uniformly bounded by some constant. Then, by Holder’s
inequality, (4.5.22) implies that E[|A,|] — 0, as n approaching to infinity. This concludes

E[6,] = E[A,] converges to zero. O

Lemma 82. Under assumptions of Theorem 79, we can conclude that

lim (trD+ zE[trR(z)D] + E[tr DR(z)®,|E[trR(z)®D,]) =0

n,d—oo

holds for each z € C™ and deterministic matrix D with uniformly bounded spectral norm.

Proof. Based on Lemma 80 and Lemma 81, (4.5.19) and (4.5.3) yield

tr DR(z) @, trR(z) D,
14 /ZuR(z)P,

trD+ zE[trR(z)D] + E =o(1).

As [trR(z)D| and |trR(z) D®,,| are bounded by some constants uniformly and almost surely, for
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sufficiently large d and n, | /% trR(z)®,| < 1/2 and

DR(z)®,trR(z)P
g |TPREQ® IR | _ e by, R ()P
14+ /ZuR(2)P,
2trR(z)P
< E||trR(z)D|-|trR(z)DP,| - Vi R D < ZC\/Z — 0,
14+ /ZuR(z)®, d
as n/d — 0. Hence,
trD + zE[trR(z)D] + E[tr DR(z)®,, tr R(z)®,] = o(1). (4.5.23)

Considering D, = ®,, in (4.5.1), we can get almost sure convergence for tr DR(z)®,, - (trR(z)®,, —
E[trR(z)®,]) to zero. Thus by dominated convergence theorem,

lim E[tr DR(2)®, - (tr R(z)®, — E[trR(z)®,])] — 0.

n—yoo

So we can replace the third term at the right-hand side of (4.5.23) with
E[tr DR(z)®,|E[trR(z)D,]

to obtain the conclusion. O]

Proof of Theorem 79. Fix any z € C*. Denote the Stieltjes transform of empirical spec-
trum of A, and its expectation by m,(z) := trR(z) and rmy,(z) := E[m,(z)] respectively. Let
B (z) := trR(z)®, and B,(z) := E[B,(z)]. Notice that m,(z),,(z), B, and B,(z) are all in C*
and uniformly and almost surely bounded by some constant. By choosing D = Id in Lemma 82,
we conclude

lim (1+zm,(z) + Ba(2)*) = 0. (4.5.24)

n,d—oo
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Likewise, in Lemma 82, we consider D = (Bn (2) D, + zId) 71(13,1. Let
= -1
U= (Bu(z)®p+z1d) .

Because ||®,|| is uniformly bounded, ||D|| < C||U||. In terms of Proposition 12, we only need to
provide a lower bound for the imaginary part of U. Observe that InU = Im 3, (2)®, +vId = vId
since Amin(®,) > 0 and Im f3,(z) > 0. Thus, ||D|| < Cv~! for all n. Meanwhile, we have the

equation f3,(z)®,D = ®, — zD and hence,

B.(2)E[trR(z)®,D] = E[trR(z)®,D]E[trR(z)P,] = B, (z) —zE[trR(z) D).

So applying Lemma 82 again, we have another limiting equation trD + 3, (z) — 0. In other
words,

lim (tr(Bn(z)CI)n +21d) @, + Bn(z)> —0. (4.5.25)

n,d—roo

Thanks to the identity

Bu(2) tr(Bu(2) @y +21d) ' ®, — 1 = —ztr(By(2) D, +21d) ',

we can modify (4.5.24) and (4.5.25) to get

lim <n‘1n(z) +tr(Ba(2) P + Zm)*l) —0. (4.5.26)

n,d—oo

Since B,(z) and 7, (z) are uniformly bounded, for any subsequence in n, there is a
further convergent sub-subsequence. We denote the limit of such sub-subsequence by (z) and

m(z) € C™ respectively. Hence, by (4.5.25) and (4.5.26), one can conclude

lim (ﬁ(z) +tr(B (z)q)n+z1d)_1d>n> ~0.

n,d—oo
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Because of the convergence of the empirical eigenvalue distribution of ®,,, we obtain the fixed
point equation (1.2.8) for B(z). Analogously, we can also obtain (1.2.7) for m(z) and B(z). The
existence and the uniqueness of the solutions to (1.2.7) and (1.2.8) are proved in [BZ10, Theorem
2.1] and [WP14, Section 3.4], which implies the convergence of 7, (z) and B3,(z) to m(z) and
B(z) governed by the self-consistent equations (1.2.7) and (1.2.8) as n — o, respectively.
Then, by virtue of condition (4.5.1) in Theorem 79, we know m,,(z) — i, (z) > 0 and
B, (z) — Bu(z) == 0. Therefore, the empirical Stieltjes transform m,,(z) converges to m(z) almost
surely for each z € C™. Recall that the Stieltjes transform of y is m(z). By the standard Stieltjes
continuity theorem (see, for example, [BS10, Theorem B.9]), this finally concludes the weak

convergence of empirical eigenvalue distribution of A, to .

Now we show u = ;X ug. The fixed point equations (1.2.7) and (1.2.8) induce
B*(2)+1+2zm(z) =0, 4.5.27)

since B(z) € C* for any z € C*. Together with (1.2.7), we attain the same self-consistent
equations for the convergence of the empirical spectral distribution of the Wigner-type matrix
studied in [BZ10, Theorem 1.1].

Define W, the n-by-n Wigner matrix, as a Hermitian matrix with independent entries

{(Wali, ] : E[Wali, j]] = 0, EW,[i, ] =1, 1 <i < j <n}.

The Wigner-type matrix studied in [BZ10, Definition 1.2] is indeed LnCID,l/ ZWnd):/ 2. Hence, such

v
Wigner-type matrix \/iﬁcb,l/ 2WnCI>,£/ ? has the same limiting spectral distribution as A,, defined in
Theorem 79. Both limits are determined by self-consistent equations (1.2.7) and (4.5.27).

On the other hand, based on [AGZ10, Theorem 5.4.5], Lan and @, are almost surely

asymptotically free, i.e., the empirical distribution of {\/LﬁWn, ®,} converges almost surely to the

law of {s,d}, where s and d are two free non-commutative random variables (s is a semicircle
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element and d has the law ug). Thus, the limiting spectral distribution p of \/lﬁdD,l/ 2WnCI>,1,/ % is the

free multiplicative convolution between s and tg. This implies 4 = ;X lip in our setting. [

4.6 Proofs of Theorem 64 and Theorem 65

To prove Theorem 64, we first establish the following proposition to analyze the difference
between Stieltjes transform of (4.3.1) and its expectation. This will assist us to verify condition

(4.5.1) in Theorem 79. The proof is based on Lemma 23 in Chapter 2.

Proposition 83. Let D € R™*" be any deterministic symmetric matrix with a uniformly bounded
spectral norm. Following the notions in Theorem 64, assume || X || < C for some constant C and

Assumption 9 holds. Let R(z) be the resolvent

<\/;_ (YTY —E[YTY]) —zld) 71,
1n

for any fixed 7 € CT. Then, there exist some constants s,ng > 0 such that for all n > ny and any
t >0,

P(|trR(z)D — E[trR(z)D]| > 1) < 2.

Proof. Define function F : R%*% — R by F(W) := trR(z)D. Fix any W,A € R1>*% where
|A|lF = 1, and let W; = W +tA. We want to verify F(W) is a Lipschitz function in W with

respect to the Frobenius norm. First, recall
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where the last two terms are deterministic with respect to W. Hence,

vee(a) (VFO)) = 2| Fow)
—wR) (4], R ) r@D
_ dlnme(z)(% _o(Wx) <mX>)R(z)D
——\/Czll_ntrR(z)(G(WX)T-%t: o( zX)>R(Z)D
=~ =R (oWX) T (0'(WX) . (4X) ) RED.

and R(z) = R(z) . Proposition 12 in Chapter 2 implies that |R(z)| <

[Imz[*

the assumption of D, we have

[vee(8)T(VF(W))| < S(WX)"|-[|"(WX) © (AX)].

\/—HR( z)o

for some constant C > (. For the first term in the product on the right-hand side,

(#Hm )o(WX)TH)Z
Jain'"
! R(z)( ! G(WX)TG(WX))R(Z)*

din Vdin
(HR(Z)R(Z)IR(Z)* |+ |[R(z) (\/%CD + zld) R(z)*

— <|\R<z>||+||R<z>|12<\/§u<bu+|z|)> <<

i} ﬁ”

IA

§‘
S

)

IA

205



For the second term,
|6’ (WX)© (AX)|| < [[6'(WX) © (AX)||F < As[|AX|[F < As[AllF- IX] < C.

Thus, |vec(A)T(VF(W))| < C/+/n. This holds for every A such that ||A||r = 1, so F(W) is
C/+/n-Lipschitz in W with respect to the Frobenius norm. Then the result follows from the

Gaussian concentration inequality for Lipschitz functions. [

Next, we investigate the approximation of ® = E,[c(w'X) " o(w'X)] via the Hermite
polynomials {/ };>o. The orthogonality of Hermite polynomials allows us to write & as a
series of kernel matrices. Then we only need to estimate each kernel matrix in this series. The
proof is directly based on [GMMM19, Lemma 2]. The only difference is that we consider
the deterministic input data X with the (g,, B)-orthonormal property, while in Lemma 2 of

[GMMM19], the matrix X is formed by independent Gaussian vectors.

Lemma 84. Recall the definition of ® in (4.2.8). If X is (€,,B)-orthonormal and Assumption 9

holds, then we have the spectral norm bound
| — Do|| < Cpegv/n,

where Cp is a constant depending on B. Suppose that €2\/n — 0 as n — oo, then ||®|| < C

uniformly for some constant C independent of n.

Proof. By Assumption 9, we know that

o(0) =0, i G2(o) =E[c(&)Y] =1.
k=1

For any fixed ¢, o(tx) € L>(R,T’). This is because o (x) € L?>(R,T) is a Lipschitz function and
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by triangle inequality |0 (tx) — 6(x)| < Ag|tx — x|, we have, for § ~ 47(0,1),
E(0(1€)*) <E(|o(§)|+AsltE —&])* <. (4.6.1)

For 1 < o <n,let 0y(x) := o(||x¢||x) and the Hermite expansion of ¢, can be written

as

(o)

Ou(x) = Y Gu(Oa)hi(x),

k=0
where the coefficient {;(0y) = E[0x(E)hi(E)]. Let unit vectors be ug = X¢ /||Xg |, for 1 < o < n.

So for 1 < o, B <n, the (a, ) entry of ® is

Pop =Elo(w'xa)0(w'xp)] = E[0u(Ea)0p(&p)].
where (Eq,Eg) = (w'ug, wTuﬁ) is a Gaussian random vector with mean zero and covariance

T

1 u,u
7P (4.6.2)
uguﬁ 1

By the orthogonality of Hermite polynomials with respect to I and Lemma 99, we can obtain

Elhj(&a)hi(Ep)] = Elhj(w ' ua)h(w ug)] = § 1 (ugup)",

which leads to

Ppp = ];Ck(ffa)ékwﬁ)(uluﬁ)"- (4.6.3)

For any k € N, let T} be an n-by-n matrix with (o, )-th entry

(T ap = Gk(0a) &k (0p) (ugup)*. (4.6.4)
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Specifically, for any k € N, we have
Ty = D fi(X ' X)Dy,

where Dy is the diagonal matrix diag({;(0y)/||Xa ||k)a€[n].
At first, we consider twice differentiable ¢ in Assumption 9. Similar with [GMMM 19,
Equation (26)], for any € > 0 and |t — 1| < €, we take the Taylor approximation of & (zx) at point

x, then there exists 11 between 7x and x such that
o(tx)—o(x) =o' (x)x(t — 1)+ %G”(n)xz(t —1)2
Replacing x by & and taking expectation, since ¢” is uniformly bounded, we can get
[Elo (1)~ 0(£)] ~Elo’(€)&](t —1)] < Cle— 1> < Ce2, (4.6.5)
For k > 1, the Lipschitz condition for o yields
|8(0a) — Gk(0)| < Cll[xal| = 1[-E[|S] - [h(8)]] < Cen, (4.6.6)
where constant C does not depend on k. As for piece-wise linear o, it is not hard to see
E[o(t8) —o(8)] =E[0'(5)E](t - 1). (4.6.7)

Now, we begin to approximate 7} separately based on (4.6.5), (4.6.6) and (4.6.7). Denote
diag(A) the diagonal submatrix of a matrix A.
(1) Approximation for Y- 4(7; — diag(T})). At first, we estimate the L? norm with

respect to I of the function 6. Recall that |04 ||;2 = E[c4(£)?]'/?. Because ||c||;2 = 1 and &
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is a Lipschitz function, we have

sup |0 — oull2 =E[(0(&) — 6a(£))*]" < Cl|[xal| — 1], (4.6.8)
1<a<n
sup ||oqll2 < 1+4Ce,. (4.6.9)
1<a<n

Hence, ||0¢/||;2 is uniformly bounded with some constant for all large n. Next, we estimate the

off-diagonal entries of 7; when k > 4. From (4.6.4), we obtain that

Y (T — diag(Ty)) Z(Tk_diag(Tk»‘ < Y ||Tx — diag(Ty) ||
k>4 k>4 P k>4
_ 1
n 2
<Y (Sup |u;“ﬁ|k> ) Ck(Ga)ZCk(Gﬁ)zl
k>4 \ o7p La,B=1
< (SUP IUEuﬁ\“) Y Z Gi(0a)?
o#P o=1k=
|Xaxﬁ‘4 2 4
n-| sup —————= ] sup ||oxll7. <Cn-g, (4.6.10)
(a;ﬁﬁ HXaH4HXﬁH4 1<a<n oL

when 7 is sufficiently large.

(2) Approximation for 7). Recall E[c(&)] = 0 and by Gaussian integration by part,

Blo/(§)2] = BlE [ o/(vuds] = EIE%0 ()] ~E[¢ [ o()ds = ElE%0(&)] ~Elo(&)

Then, we have

E[o’(£)€] =E[(&? ~ 1)a(§)] = E[V2h(§)0(§)] = V2L (0).

If o is twice differentiable, then E[c” (&)] = v2& (o) as well.
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Thus, taking = ||x4|| in (4.6.5) and (4.6.7) implies that for any 1 < o < n,
Go(0a) — V25 (o) ([Ixall — 1)| < Ce2. (4.6.11)

Define v' := ({y(o1),...,{0(0,)), then Ty = vv . Recall the definition of mu in (4.2.8). Then,

(4.6.11) ensures that
I — || < Cy/nel.

Applying the (&,,B)-orthonormal property of X yields

n

I1l)* =26 (o 22 Ixa|| —1)? <24 (0 Z (|[xa||* = 1)* < 2B*L(0)>. (4.6.12)
o=1

Hence the difference between Ty and pp ' is controlled by

1o —pp "Il < | = VI IRl + [V — ) < CVne;. (4.6.13)

(3) Approximation for 7; for k = 1,2,3. For 0 < k < 3, Assumption 10 and (4.6.6)

show that

G0/ = 6(0)] < T [Gu(00) = (0 |+ 60 =1

Cea+Cilxal — 1]

< g SO (4.6.14)

when 7 is sufficiently large. Notice that Tj, = Dy f(X 1D'¢ )Dy, where Dy is the diagonal matrix.
Hence, by (4.6.14),
1D — (o) 1d || < Ca&n.
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And for k = 1,2, 3, by the triangle inequality,

1Tk — §(0)* (X TX)|| = |Difi(X TX) Dy — Ge(0)* fio( X T X) ||

< 1D = G(0) 1d |- |/ (X TX) | (1G(0) | + 1Dk — &k(0) 1d ||) < Cen X T X))
Whenk =1, fi(X'X)=X"X and | X "X|| < ||X||* < B*>. When k =2,
LXTX)=X"X)0(xTX).
From Lemma 95 in Appendix 4.9, we have that
IAX X[ < lsgﬁﬁxgn!xlx;a! X < B (1+&). (4.6.15)

So the left-hand side of (4.6.15) is bounded. Analogously, we can verify ||f3(X ' X)|| is also

bounded. Therefore, we have
ITi — &(0)* (X T X)|| < Céy, (4.6.16)

for some constant C and k = 1,2,3 when n is sufficiently large.

(4) Approximation for ¥, diag(7}). Since uuy = 1, we know
PP k>4 d1ag a

4
) diag(7y) = diag(Z ck<oa)2) = diag(ncaniz -y Ck(ca)z) :
k>4 k>4 acn k=0 a€ln]
First, by (4.6.8) and (4.6.9), we can claim that

lloall72 =11 = lloall7> — lol72] < Clloa — o> < Cep.
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Second, in terms of (4.6.14), we obtain

18e(00) — §u(0)*] < Cl&k(0q) — Gi(0)| < Cey,

for k = 1,2 and 3. Combining these together, we conclude that

Y diag(Ty) — (1- &1 (0)* — &(0)* — G(0)*)1d

k>4
4

< max |(||ogll;72—1) = Y (G(0a)* — G(0)?)| < Cey. (4.6.17)
1<a<n =0

Recall
3
o=pp’ + Y G(0)2fiXTX) + (1-6i(6)2 — &a(0)? - &3(0)P)1d.

k=1

In terms of approximations (4.6.10), (4.6.13), (4.6.16) and (4.6.17), we can finally manifest
|® — Dol < C(&,+v/nes +ney) < Cy/nep, (4.6.18)

for some constant C > 0 as /ne? — 0. The spectral norm bound of @ is directly deduced by the

spectral norm bound of ®( based on (4.6.12) and (4.6.15), together with (4.6.18). L]

Remark (Optimality of €,). For general deterministic data X, our pairwise orthogonality
assumption with rate ne,‘,l = o(1) is optimal for the approximation of ® by ®y in the spectral
norm. If we relax the decay rate of €, in Assumption 10, the above approximation may require
including terms of higher-degree fi(X ' X) for k > 4 in @, which will lead to the invalidation of
some of our following results and simplifications. This weaker regime has been considered in

our follow-up work [WZ23].

Next, we continue to provide an additional estimate for @, but in the Frobenius norm to

further simplify the limiting spectral distribution of &.
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Lemma 85. If Assumptions 9 and 10 hold, then ® has the same limiting spectrum as b(sz TX +

(1 —b2)1d when n — oo, i.e.
lim spec ® = lim spec (b%,XTX F(1—p2) Id) — b2 o+ (1—B2).

Proof. By the definition of b, we know that b = {1 (o). As adirect deduction of Lemma 84, the
limiting spectrum of ® is identical to the limiting spectrum of ®(. To prove this lemma, it suffices
to check the Frobenius norm of the difference between ®( and &;(c)?X "X + (1 — {;(o)?)1d.

Notice that

@y —$1(0)°X X —(1-¢i(0)*)1d
=up’ + 50 HXTX)+G(0) (X TX) — (L(o)* + G(0)*)1d.

By the definition of vector mu and the assumption of X, we have

e’ llF = |1l* =28 (0 Z Ixe |l —1)* < 2¢3(0)B%. (4.6.19)

For k = 2,3, the Frobenius norm can be controlled by

n 2
IAXTX) ~ 1= Y ((edxp)* — Sup)
a,f=1

<n(n—1)e*+ Z (% |I** = 1)* < ne2k 4-Cne?.
a=1

Hence, as n — o, we have

1 1
Al S IAGCX) ~ 14 0, for k=23,
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as net — 0. Then we conclude that
1
[0 —&i1(0)’X "X = (1= Gi(0)*) 1d |7 < Cngy +&7) = 0.

Hence, lim spec @ is the same as lim spec ({1 (6)?X "X + (1 — ¢1(0)?)1d) when n — oo, due to

Proposition 13. [

Moreover, the proof of Lemma 85 can be modified to prove (4.3.32), so we omit its proof.
Now, based on Corollary 78, Proposition 83, Lemma 84, and Lemma 85, applying Theorem 79
for general sample covariance matrices, we can finish the proof of Theorem 64.
Proof of Theorem 64. Based on Corollary 78 and Proposition 83, we can verify the conditions
(4.5.1) and (4.5.2) in Theorem 79. By Lemma 84 and Lemma 85, we know that the limiting
eigenvalue distributions of ® and (1 —b2%)Id+b2X "X are identical and ||®|| is uniformly
bounded. So the limiting eigenvalue distribution of & denoted by L is just (1 —b2) & b2 ® up.
Hence, the first conclusion of Theorem 64 follows from Theorem 79.

For the second part of this theorem, we consider the difference

1 2

n

\/jm (YTY - E[YTY]) - ﬁ <YTY - d1<I>0>

di di
< 10— @l < i@ — @l < dief 0.

F

where we employ Lemma 84 and the assumption d; &} = o(1). Thus, because of Proposition 13,
\/%Tn (Y'Y —d ®o) has the same limiting eigenvalue distribution as (4.3.1), u, X ((1 —b%) @

b2 ® Uo). This finishes the proof of Theorem 64. ]

Next, we move to study the empirical NTK and its corresponding limiting eigenvalue

distribution. Similarly, we first verify that such NTK concentrates around its expectation and
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then simplify this expectation by some deterministic matrix only depending on the input data
matrix X and nonlinear activation ¢. The following lemma can be obtained from (4.3.12) in

Theorem 68.

Lemma 86. Suppose that Assumption 8 holds, sup,cp |0’ (x)| < As and ||X|| < B. Then if

d, = o(logn), we have
1

almost surely as n,dy,d; — oo. Moreover, if d| /n — oo as n — oo, then almost surely

1
v ndj

H (STS) o (XTX)—E[(STS) o (X X)] H 0. 4.6.21)
Lemma 87. Suppose X is (&,,B)-orthonormal. Under Assumption 9, we have
¥ —Wol| < Caeyn, (4.6.22)

where Y and Yy are defined in (4.3.6) and (4.3.7), respectively, and Cp is a constant depending

on B.
Proof. We can directly apply methods in the proof of Lemma 84. Notice that (4.2.3) and (4.2.5)
imply

E[S'S] = dE[c’(w'X) o' (wX)],

for any standard Gaussian random vector w ~ .47(0,1d). Recall that (4.3.8) defines the k-th
coefficient of Hermite expansion of 6’(x) by 1, (o) for any k € N. Then, Assumption 9 indicates
bs =Mo(0) and ag = Y5y nZ(0). For 1 < a < n, we introduce @ (x) := 0’(||X¢||x) and the

Hermite expansion of this function as

ba(x) = Y Glba)i(x).
k=0
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where the coefficient §;(0y) = E[@g(E)hi(E)]. Let ug = Xo/||Xe||, for I < o <n. So for

1 <a,B <n,the (a,p)-entry of ¥is

lPoc[i = E[‘pa(éamﬁ(éﬁ)] : (x;xﬁ),

where (Eo,Ep) = (wuag, wTuﬁ) is a Gaussian random vector with mean zero and covariance

(4.6.2). Following the derivation of formula (4.6.3), we obtain

Pop = i M(xgxﬁ)kﬂ (4.6.23)

= [xal*llxgll*

For any k € N, let T; € R"*" be an n-by-n matrix with (o, ) entry

Ck(q)a) Ck(¢ﬁ) (X;Xﬁ)k+1.

T =
T)ap = " TR

We can write Ty = Dy fi1(X ' X)Dy, for any k € N, where Dy is diag(&i(9q)/|X«||¥). Then,

adopting the proof of (4.6.16), we can similarly conclude that
1T — 1 (0) fry1 (X TX)|| < Cey,
for some constant C and k = 0, 1,2, when 7 is sufficiently large. Likewise, (4.6.10) indicates

< Csﬁn,

Y (T — diag(Ty))

k>3

and a similar proof of (4.6.17) implies that

2
Y diag(Ti) — | ao — Y n¢(0) |1d|| < Cé,.
k>3 k=0
Based on these approximations, we can conclude the result of this lemma. [

216



Proof of Theorem Theorem 65. The first part of the statement is a straight consequence
of (4.6.21) and Theorem 64. Denote by A := y/%(H —E[H]) and B := /% (dLIYTY - cp).

Observe that
1

vV nd1

Hence, (4.6.21) indicates ||[B—A|| — 0 as n — oo. This convergence implies that limiting laws of

B—A=

(8Ts)0 (xTx) ~E[(sTs) o (X TX)]].

A and B are identical because of Lemma 97.

The second part is because of Lemma 84 and Lemma 87. From (4.2.4) and (4.3.6),

d
=/ @0 + ¥y ~E[H]|

d d
<A/ =1 — @l + ¥ —oll) < |/~ (Ve +ney) =0,

as €+d; — 0 by the assumption of Theorem 65. Therefore, the limiting eigenvalue distribution of

E[H] = ®+ W. Then almost surely,

wﬁgm;mmp— mu+4%—ww

n

(4.3.10) is the same as (4.3.9). [

4.7 Proof of the Concentration for Extreme Eigenvalues

In this section, we obtain the estimates of the extreme eigenvalues for the CK and NTK
we studied in Section 4.6. The limiting spectral distribution of ﬁ(Y Ty —E[Y TY]) tells us
the bulk behavior of the spectrum. An estimation of the extreme eigenvalues will show that
the eigenvalues are confined in a finite interval with high probability. We first provide a non-

asymptotic bound on the concentration of dl—lYTY under the spectral norm. The proof is based on

the Hanson-Wright inequality we proved in Section 4.4 and an €-net argument.
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Proof of Theorem 66. Recall notations in Section 4.2. Define

1 - | I
Nz Ve R
1 & T T 1 & T
N lzi(ylyl yvi ) = ;{(yly, )
where y = o(w, X).
For any fixed z € S*~! we have
T 1 2 T
z (M_]EM>Z: \/ﬂ [<Z7yi> —z CI)Z]
i=1
T T
= \/dl_n 1[Yi (ZZ )YI —TI‘(CDZZ )]
1=

= (yl v ¥d, )TAZ<yla cee 7yd1) - Tr(AZd))v (471)

where
7z P
1 -
AZ — ERndlxnd17 (I): eRndlxndl’
\/dll’l

7z’ o

and column vector (yi,...,¥q,) € R™! is the concatenation of column vectors Yi,---,¥q,- Then

(yla---vydl)—r = G((Wl,...,wdl)TX)

with block matrix

S
I
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Notice that

1
1A2]l = —==,  [|AdllF =

NIk 11 = 11X

1
\/;17

Denote § = (yi,...,¥q,). With (4.4.14), we obtain

IEF)* = d1||Ey||2<d1(2z Z (Ixil|* — 1)* +2n<Ec<<S)>>

n
( Z (|[xi]|> = 1) >§2d17L§BZ,

where the last line is from the assumptions on X and . When B # 0, applying (4.4.9) to (4.7.1)

implies
P<|<y17~'~7yd1)TAZ(y17"'7yd1) AZ | )

<96 1 min 2n din e 2d\n
X _—— X
=P\ "¢ 8&4uxu4’wxuz P\ 7 322X 7| B3|

< 2e ! min 2 din +2e *n
Xpl ——= Xpl =5 |-
=P\ "¢ SA§r\xr\4’A§r\xr\2 P\ " earzp x|

Let subset .4 be a 1/2-net on S*! with |A| < 5" (see e.g. [Verl8, Corollary 4.2.13]), then

IM—EM| <2 sup|z' (M—EM)z|.
ze N

Taking a union bound over .4 yields

1 n din
P(||M —EM]|| >2t) <2exp (nlog5— —min{ : })
¢ 16Ag|1X1*" 2251 x|
t’n
2 logs— ——— ).
i p( - 641:;82“)(“2)
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We then can set
= (8\/E+ 8C, /di)x§|\x”2+16m§|yx|y,
1

to conclude
IP(HM—]EMH > (16\/5+16c1 /dﬁ)z§||x||2+32m§||x||> <de 2,
1

Since

I n
—Y' Y-®|=,/—|IM—EM
|5 -] = /5 i

the upper bound in (4.3.11) is then verified. When B = 0, we can apply (4.4.8) and follow the

same steps to get the desired bound. [

By the concentration inequality in Theorem 66, we can get a lower bound on the smallest

eigenvalue of the conjugate kernel %YTY as follows.

Lemma 88. Assume X satisfies Y, (||x;||> — 1)> < B? for a constant B > 0, and o is As-

Lipschitz with Ec (E) = 0. Then with probability at least 1 —4e™>",

zmm(im)zxmm@)—c(\/i+i)zéuxuz—3zméuxu,/i. 472
d dy  di d

Proof. By Weyl’s inequality [AGZ10, Corollary A.6], we have
1+ 1+
Amin | Y Y ) = Amin(P)| < || Y Y —di D]
d; d
Then (4.7.2) follows from (4.3.11). [

The lower bound in (4.7.2) relies on Ay, (®). Under certain assumptions on X and o,
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we can guarantee that A, (P) is bounded below by an absolute constant.

Lemma 89. Assume G is not a linear function and o (x) is Lipschitz. Then
sup{k € N: §(0)? > 0} = oo. (4.7.3)

Proof. Suppose that sup{k € N: {;(c)? > 0} is finite. Then & is a polynomial of degree at least
2 from our assumption, which is a contradiction to the fact that o is Lipschitz. Hence, (4.7.3)

holds. ]

Lemma 90. Assume Assumption 9 holds, © is not a linear function, and X satisfies (€,,B)-

orthonormal property. Then,

Amin(®) > 1 81(0)* = &a(0)? — §3(0)? — Cpe2v/n. (4.7.4)

Remark. This bound will not hold when © is a linear function. Suppose & is a linear function,
under Assumption 9, we must have & (x) = x and ® = X ' X. Then we will not have a lower

bound on Amin(®) based on the Hermite coefficients of ©.

Proof of Lemma 90. From Lemma 84, under our assumptions, we know that
| — || < Cpe2 /.

where @y is given by (4.2.8). Thus, Apin(®) > Amin(Po) — Cpe2\/n,

and, from Weyl’s inequality [AGZ10, Theorem A.5], we have
: 2 T 2 2 2
mm cI)O Z Z A«mm fk(X X))+(1_€1<6) _CZ(G) _C3(0-) )

Note that fi(X "X) = K| Ky, where K € R%*" and each column of Kj is given by the k-th
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Kronecker product x; ® - - - ® x;. Hence, fi(X ' X) is positive semi-definite. Therefore,

Aanin(®0) > 1—$1(0)* — §2(0)* = §3(0).

Since o is nonlinear and Lipschitz, (4.7.3) holds for ¢. Therefore,

1= 8(0) —&(0) —G(0) = Y G(0) >0,
k=4

and (4.7.4) holds. [

Theorem 67 then follows directly from Lemma 88 and Lemma 90.

Next, we move on to non-asymptotic estimations for NTK. Recall that the empirical
NTK matrix H is given by (4.2.4) and the ¢-th column of S is defined by diag(c’(Wx¢))a, for
I <o <n,in (4.2.5).

The i-th row of S is given by z; := ¢/ (w, X)a;, and E[z;] = 0, where a; is the i-th entry

of a. Define Dy, = diag(o’(w/X)ag), for 1 < o < dy. We can rewrite (ST S) ® (X 'X) as

d
S'S)oX'X) =Y azDeX XDy.

a=1

Let us define L and further expand it as follows:

L:= di( TS—E[STS]) o (X X) (4.7.5)
1
d
— LY (@] ~Elza]) o (XX)
dii5
L& T, et o LN
_Zi:1<D,(X X)D; — E[Di(X X)D,]) _EZ;Z,. (4.7.6)

Here Z; is a centered random matrix, and we can apply matrix Bernstein’s inequality to show the

concentration of L. Since Z; does not have an almost sure bound on the spectral norm, we will
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use the following sub-exponential version of the matrix Bernstein inequality from [Tro12].

Lemma 91 ([Trol12], Theorem 6.2). Let Z; be independent Hermitian matrices of size n X n.

Assume
P 1 -2 2
EZ =0, [[E[Z]]]| <5 p'R" a,
for any integer p > 2. Then for all t > 0,

t2

Proof of Theorem 68. From (4.7.6), EZ; =0, and

d

Y.z

i=1

1Zil| < IDi|PIXX T ||+ ED:| XX || < C1 (a2 + 1),
where C; = A2||X||? and where a; ~ .4 (0, 1) is the i-th entry of the second layer weight a. Then

p
EIZ7)| < E)Z7 < CYE( +17 <G’ ¥ (;’) 2k 1)1
k=1

2k—1

:Clp ‘Zkl

p
<CPprY 2k <2(2¢})p!
k=1

So we can take R = ZC%, 2 = 8(3‘1l in (4.7.7) and obtain

d; l2
P i Z t S nexp (—ﬁ)
~ 16d,C*+4C2t

Hence, L defined in (4.7.5) has a probability bound:

P(||L|| > 1) < nex £y
n —— |-
=P\ et ac

Take t = IOC%\ /logn/d;. Under the assumption that d; > logn, we conclude that, with high
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probability at least 1 —n~"/3,

1
il < 10ct /==
1

(4.7.8)

Thus, as a corollary, the two statements in Lemma 86 follow from (4.7.8). Meanwhile, since

1
It~ < | vy -0+ L
1

the bound in (4.3.13) follows from Theorem 66 and (4.7.8).

We now proceed to provide a lower bound of Ay, (H) from Theorem 68.

Proof of Theorem 69. Note that from (4.2.4), (4.3.6) and (4.7.5), we have

MM@E%MM@@G@WD
ziMﬂMWMWWDWWZMMmﬂm-

Then with Lemma 87, we can get

2
Ainin(H) 2 Ammin(¥o) — Ceyn — ||L|| > (ao - 7‘1;?(0)> —Ceyn— L.
k=0

Therefore, from Theorem 68, with probability at least 1 — n~/3,

logn
enin(H) > Zm )~ Cetn—10251X|[*) /=

logn

—Zn,f(a)—Ce;jn 102284 —
— 1

Since o is Lipschitz and non-linear, we know ¢’(x) is not a linear function (including the

constant function) and |6’ (x)| is bounded. Suppose that ¢’(x) has finite many non-zero Hermite
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coefficients, o (x) is a polynomial, then we get a contradiction. Hence, the Hermite coefficients

of o’ satisfy

[o5)

2
sup{k € N:1{(0) >0} =0 and ac— Y ng(c) =Y ni(o) >0. (4.7.9)
k=0 k=3

This finishes the proof. [

4.8 Proofs of Theorem 70 and Theorem 72

By definitions, the random matrix K,(X,X) is %Y TY and the kernel matrix K(X,X) = ®
is defined in (4.1.2). These two matrices have already been analyzed in Theorem 66 and Theorem
67, so we will apply these results to estimate how great the difference between training errors of
random feature regression and its corresponding kernel regression.

Proof of Theorem 70. Denote K := (K + A1d). From the definitions of training errors in
(4.3.20) and (4.3.21), we have

p(RFA)

train

_ KD

train

Ly, A A
= 700 =312 = 175 00 =517

- %2 ‘Tr[(K(X,X) FATd) 2y ] = Tr[(Ka (X, X) +7LId)‘2ny]‘

= (K X,X) +A1d) 72— (Kn(X,X)MId)‘z]y\

< (K (XX) 4+ A1d) 72— (K (X X) 4+ 21d) 72 - [y
Ayll?
(K(X,X))A2

'min

< 1(KZ — (K (X, X) + A 1d)?|. (4.8.1)

'min

(Kn(X,X))

Here, in (4.8.1), we employ the identity (2.4.3) in Chapter 2 for A = (K(X,X) +AId)~2 and
B = (K,(X,X)+A1d)2, and the fact that
(K (X, X)+ATd) || < A (K (X, X))

‘min
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and (K,(X,X)+AId) 1| < A_1(K,(X,X)). Next, before providing uniform upper bounds for

‘min

A2 (K(X,X))and A2 (K,(X,X)) in (4.8.1), we can first get a bound for the last term of (4.8.1)

‘min ‘min

as follows:

(K(X,X)+A1d)> — (K,(X,X) 4 A1d)?||
= [|K*(X,X) — K7 (X,X) +2A(K(X,X) — Kx(X,X))]|
< ||K*(X,X) — Ky (X, X)) +2A]|(K(X,X) — Ka(X, X))|

< (11K (X X) = KOCX) | 4+ 20K (X, X)) +22) - [K (X, X) = Ko (X.X) |

n n
< c(\/d:lJrC) \/dj]' (4.8.2)

for some constant C > 0, with probability at least 1 — 4e~2" where the last bound in (4.8.2) 1s
due to Theorem 66 and Lemma 101 in Appendix 4.9. Additionally, combining Theorem 66 and

Theorem 67, we can easily get
-1 -1
(KX, X)+A1d) || <A, (Ka(X, X)) <C (4.8.3)

for all large n and some universal constant C, under the same event that (4.8.2) holds. Theorem 90
also shows A, ! (K(X,X)) < C for all large n. Hence, with the upper bounds for A2 (K(X,X))
and A2 (K, (X,X)), (4.3.22) follows from the bounds of (4.8.1) and (4.8.2). O

'min

For ease of notation, we denote K := K(X,X) and K, := K,(X,X). Hence, from (4.3.24),

we can further decompose the test errors for K and K, into

Z(f) =Bl )P
e [(K+7L 1d) 'y (K + A 1d) " Ex[K (x,X) TK(x,X)] (4.8.4)

— ZTI[(K—FA Id>71yEx[f* (X)K(X7X)H )
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and

L) = Bl )P
+Tr[<1<n A1) Ly T (K + A 1d) " E[Kn (%, X) T Ko (%, X)] (4.8.5)

—2Tr[(Ky + A1)~ yEx[f* (x)Kn(x, X)]].

Let us denote
(K 210) "y (K 210) By K (x,X) K (x,X)] .
ot ::Tr-(K+7LId)’lny(K—HLId)’lEX[K(x,X)TK(x,X)]},

E, :=Tr (Kn +7LId)_1yB*TEX[XKn(X,X)]} ;

By i=Tr|(K+A Id)_lyﬁ*TEX[xK(x,X)]} .

As we can see, to compare the test errors between random feature and kernel regression models,

we need to control |Ey — E1| and |E; — Ej|. Firstly, it is necessary to study the concentrations of
EA[K (%, X) TK(%,X) — Ka(%,X) K (%,X)]

and

Ex [ (%) (K (%, X) — K (x,X))].

Lemma 92. Under Assumption 9 for ¢ and Assumption 12 for X and X, with probability at least

1 —4e=2" we have

|Kn (%, X) — K(x,X)|| §C\/dz17 (4.8.6)

where C > 0 is a universal constant. Here, we only consider the randomness of the weight matrix

in K,,(x,X) defined by (4.3.17) and (4.3.18).
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Proof. We consider X = [xy,...,X,,X|, its corresponding kernels K,(X,X) and K(X,X) €
R+ 1)x(n+1) Under Assumption 12, we can directly apply Theorem 66 to get the concentration

of K,,(X,X) around K (X,X), namely,

K. (R.X) — KX %) < C\/dzl’ 487)

with probability at least 1 —4e~2". Meanwhile, we can write K, (X,X) and K(X,X) as block
matrices:
Ka(X,X) Kn(X,X)

K,(X,X)= and K(X,X) =
K,(x,X) Ku(x,Xx) K(x,X) K(x,x)

K(X,X) K(X,x)

Since the ¢>-norm of any row is bounded above by the spectral norm of its entire matrix, we

complete the proof of (4.8.6). [

Lemma 93. Assume that training labels satisfy Assumption 11 and ||X|| < B, then for any

deterministic A € R"*", we have
Var(y"ay), Var (BT Ay) < cllA .
where constant ¢ only depends on og, Og and B. Moreover,
Ely'Ay] = 0 TrAX "X + 0; TrA, E[B*"Ay] = o5 TrAX .

Proof. We follow the idea in Lemma C.8 of [MM22] to investigate the variance of the quadratic

form for the Gaussian random vector by

Var(g' Ag) = ||A||7 +Tr(A%) < 2|A|Z, (4.8.8)
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for any deterministic square matrix A and standard normal random vector g. Notice that the

quadratic form

2 T
0xXAX 0:03XA
yiay=g"| P P (4.8.9)

0e0gAX ' O7A

where g is a standard Gaussian random vector in R%*", Similarly, the second quadratic form

can be written as
24vT
oxAX GgGBA
BTay=g"| P g
0 0

Let
_ G&XAX T 0e0opXA
A] = s A2 =
CeogAX|  GZA 0 0

ol%AX T o ogA

By (4.8.8), we know Var(y'Ay) < 2||A||% and Var(B*TAy) < 2||4,||%. Since
F F
141117 = oglIXAX |7 + o o ||XA|lF + o7 o |AX 1|7 + o [|A]| 7 < c[|All7

and similarly ||A;||r < c||A||% for a constant ¢, we can complete the proof. O
As a remark, in Lemma 93, for simplicity, we only provide a variance control for the quadratic
forms to obtain convergence in probability in the following proofs of Theorems 71 and 72.
However, we can apply Hanson-Wright inequalities in Section 4.4 to get more precise probability
bounds and consider non-Gaussian distributions for B* and €.

Proof of Theorem 71. Based on the preceding expansions of .Z( f/{RF) (x)) and .Z( f/{K) (x)) in

(4.8.4) and (4.8.5), we need to control the right-hand side of
ARF K _ _
2 x) = 2(F (x)| < |E) = Er| +2|E2 — Ea.

In the subsequent procedure, we first take the concentrations of E; and E, with respect to normal

random vectors B* and &, respectively. Then, we apply Theorem 66 and Lemma 92 to complete
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the proof of (4.3.25). For simplicity, we start with the second term

B>~ Ea) < |B*TExX(Ka (%, X) — K(x,X))] (K + A1d) "'y
+ B TERK (%, X)] (K, + A1) ™! = (K +21d) ™)y,
< | =T+ |b =B+ ||+, (4.8.10)

where /1 and I, are quadratic forms defined below

= B TEx[x(Ku(x,X) — K(x,X))](K, +A1d) "y

= B* TEx[xK(x,X)] (K, +A1d) "' — (K +A1d) )y,
and their expectations with respect to random vectors B* and € are denoted by

I =B p.[1)] = Tr<EX[x(Kn(x,X) K X)) (K + A Id)’lXT> ,

2
B
bi=E, g.[b] = gTr<((1<n FALd) - (K + ud)*l)xTEX[xK(x,x)]).

We first consider the randomness of the weight matrix in K, and define the event & where
both (4.8.3) and (4.8.7) hold. Then, Theorem 67 and the proof of Lemma 92 indicate that event
& occurs with probability at least 1 —4e~2" for all large n. Notice that & does not rely on the
randomness of test data x.

We now consider A = Ex[x(K,,(x,X) — K(x,X))](K, +A1d)~! in Lemma 93. Condition-

ing on event &, we have

HA||F<]E[ X(Ky(x,X) — H ] H (Kp+A1d) 1XTH

_ n
< X2 (K + 21d) | Exc 112 K (%, X) — K (%, X)||] < Co (4.8.11)
for some constant C, where we utilize the assumption E[||x||?] = 1. Hence, based on Lemma 93,
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we know Varg g-(11) < cn /dj, for some constant c. By Chebyshev’s inequality and event &,

€
IP<|11 ~h|> (n/dl)l%"'> §c(£) e, (4.8.12)
dy

forany € € (0,1/2). Hence, (dl/n)%*“3 -|Iy = I| = o(1) with probability 1 —o(1), whenn/d; — 0
and n — oo.

Likewise, when A = Ex[xK(x,X)]((K, +A1d)~' — (K +A1d)~ "), we can apply (2.4.3)
and

IK(x,X)| < |IKX,X)|| <CAZB?, (4.8.13)

due to Lemma 101 in Appendix 4.9, to obtain ||A||2 < Cn/d; conditionally on event &. Then,
similarly, Lemma 93 shows Var, g.(I>) < cn/d,. Therefore, (4.8.12) also holds for |, — b|.

Moreover, conditioning on the event &,

Ih| = op

o [(K,,(x,x) ~K(%,X))(Kn + /lId)_lXTx} ‘
< o Ex[[Ix]] - [[Kn(x,X) = K(x,X) || - | X - | (Kn + A 1d) [,

< o IxIP] B s ) KOO I (K 200) 1 <0 [ a1y

for some constant C. In the same way, with (4.8.13), |f2| <C,/ dll on the event &. Therefore, from
(4.8.10), we can conclude |E; — B3| = 0<(n/d1)1/278> for any € € (0,1/2), with probability
1—o(1), whenn/dy — 0 and n — oo.

Analogously, the first term |E] — Ey| is controlled by the following four quadratic forms

)

4
[E\—Ei| <) ’yTAiy
i=1
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where we define by J; := y T A;y for 1 <i <4 and

Ay = (Kn+ A1d) ™ Bx[Kn(%,X) T (K (%, X) — K(%,X))](Ky + A1d) ",
As = (K, + A1d) "By [(Kn(x,X) — K(x,X)) ' K(x,X)] (K, + A1d) ",
A= ((Ky+A1d) " = (K +21d) ") Ex[K (x,X) " K (%, X)) (K, + 2 1d) ",

Ag:= (K+ATd) " Ex[K(x,X) "K(x,X)] (K, +21d) ™" — (K +A1d) 7).

Similarly with (4.8.11) and (4.8.14), it is not hard to verify ||A;||r < C\/n/d; and |E, g.[J;]| <
C+/n/d, conditioning on the event &. Then, like (4.8.12), we can invoke Lemma 93 for each
A; to apply Chebyshev’s inequality and conclude |E] — E1| =0 ((n /dy) 1/ 2_8) with probability
1 —o(1) when dj /n — oo, for any € € (0,1/2). O

Lemma 94. With Assumptions 9 and 12, for (&,,B)-orthonormal X, we have that

4 4
‘ Fx[K (x,X) K (x,X)] — boyrx < ||Bg[K (x,X) TK(x,X)] — bo vy
dO d() F
< Cy/ng?, (4.8.15)
’ Ex[xK (x,X)] — d—"X < || Ex[xK (x,X)] — d—"x < Cyv/ng?, (4.8.16)

for some constant C > (.

Proof. By Lemma 100, we have an entrywise approximation

|K(x,x;) — b%,xTxi| < C?Lc;e,%,

for any 1 <i < n. Hence, ||K(x,X) —b2x'X|| < CAs+/ne>?. Assumption 12 of x implies that
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4
Z—gX TX = b3 Ex[X "xx"X]. Then, we can verify (4.8.15) based on the following approximation

SEX[

4
Fx[K (x,X) K (x,X)] — ZZZ—GXTX

SEX[
0

‘K(X,X)TK(X,X) - bf,XTXXTXHF}

F

‘K(X,X)T (K(X,X) - b%,xTX) HF e H <K(X,X)T - bchTx) XTXHF]

< Ex [HK(X,X) —2xX| <||K(X,X)|| + ||b§,xTX||)] < Cy/nel,

for some universal constant C. The same argument can also be employed to prove (4.8.16), so

details will be omitted here. L]

Proof of Theorem 72. From (4.3.22) and (4.3.25), we can easily conclude that

p(RFA)

train

ey

train

Bo, (4.8.17)

2 x) - 2(F (x) 5o, (4.8.18)

as n — o and n/d; — 0. Therefore, to study the training error E (REA) and the test error

train
Z( fQ(LRF) (x)) of random feature regression, it suffices to analyze the asymptotic behaviors of
gKA)

wain . and Z( fiK) (x)) for the kernel regression, respectively. In the rest of the proof, we will

first analyze the test error .Z( fﬂ(LK) (x)) and then compute the training error Et(rI:i’j) under the
ultra-wide regime.
Recall that K) = (K 4+ A 1d) and the test error is given by
AK |
2(f*)) = B 11 2L, (4.8.19)

where L; := yTKXIEX [K(X,X)TK(X,X)]K/{Iy, Ly:= ﬁ*TEX[XK(X,X)]KA_Iy. The spectral norm
of Kj is bounded from above and the smallest eigenvalue is bounded from below by some

positive constants.
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We first focus on the last two terms L; and L, in the test error. Let us define

- b - - ~ b3 _
Ly := d—ZyTK)L IXTXK)L 'y and Lp:= d—c(j['f“TXK;L Iy,

Then, we obtain two quadratic forms

_ B b B
Li—L =y'k]! (E K(x.X) K(x,X)] - d—‘(j)ﬂx)lgL by =y Ay,

T * b2 — *
Lol (Ex[xmx?x)] _ d—gx) K-y = BT Aoy,

where ||A1||F and ||A;||F are at most Cy/n€? for some constant C > 0, due to Lemma 94. Hence,
applying Lemma 93 for these two quadratic forms, we have Var(L; — Zi) < cnet — 0asn— oo,
Additionally, Lemma 93 and the proof of Lemma 94 verify that E[y'A;y] and E[B*T A,y] are
vanishing as n — oo. Therefore, L; — L; converges to zero in probability for i = 1,2. So we can
move to analyze L; and L, instead. Copying the above procedure, we can separately compute
the variances of L; and L, with respect to B* and &, and then apply Lemma 93. Then, |Zl —L4|

and \ZQ — L, | will converge to zero in probability as n,dy — oo, where

_ _ bioin bt 62
Li=Ep[L]=— Pk X Txk X Tx 4+ 2k X TXK
0 0
_ ~ bZoin
Lr:=Eg p.[Lo) = —F-uwk; 'XTX.
0

To obtain the last approximation, we define K(X,X) := b2X "X + (1 —b2)1d and
Ky =biXTX+(1+ 21 —b%)1d. (4.8.20)
We aim to replace K by K, in L, and L. Recalling the identity (2.4.3), we have

-1 -1 o—1 7 -1
K"K =K (KX, X) - K(X, X))k .
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Since o is not a linear function, 1 — b%, > 0. Then, with (4.8.3), the proof of Lemma 85 indicates

K=K, < Cy/ned +ned, (4.8.21)

where we apply the fact that Ay (K(X,X)) > 1 — b2 > 0. Let us denote

0 béﬁéi’l Iy T Iy T b?)' g Iy Tye—1
9= ok X TXR XX + 20 e RO TXR; (4.8.22)
d() do A
b2.03n
8= = uk;'XTX. (4.8.23)
0

Notice that for any matrices A,B € R**", ||AB||r < ||A||||B||F,| Tr(AB)| < ||A||r||B||F- Then,
with the help of (4.8.21) and uniform bounds of the spectral norms of X ' X, K Iy Vand K Iy I we

obtain that

1Ly — L]
b3 GB

4 2
9B S db 'l i e dl E Ny Tye—lyT
h TeR; XX (K - Ry XX+ ‘TrK R X TXR; X x|
bso?
0

—1yvT —1 o—1
TeK; XX (K, Ry )|

+
< Cvn
— 4,

i} . b0,
(K - Ry XX+ %
0

oy el ch’;—O ned 462 — 0,

as n — oo, n/dy — y and ne;} — 0. Combining all the approximations, we conclude that L; and
L? have identical limits in probability for i = 1,2. On the other hand, based on the assumption of

X and definitions in (4.8.20), (4.8.22) and (4.8.23), it is not hard to check that

x2

lim 19 = b} / ~d bt 2/ al d

0 2
Jim 19 = bogy | T —bg,d“‘)(x)'

Therefore, L and L; converge in probability to the above limits, respectively, as n — oo. In the
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end, we apply the concentration of the quadratic form *"B* in (4.8.19) to get % 1B*]1? LN O'I%.
Then, by (4.8.18), we can get the limit in (4.3.28) for the test error .Z( f;(LRF)). As a byproduct,
we can even use L(l) and Lg to form an n-dependent deterministic equivalent of .Z( fiRF)) as well.

Thanks to Lemma 93, the training error, E (KA)

2 -
ain | = ’%yTK;L 2y, analogously, concentrates

around its expectation with respect to B* and &, which is Gélz trK; 2X "X + 62A%trK; 2. More-
over, because of (4.8.21), we can further substitute K, 2 by K 2 2 defined in (4.8.20). Hence, we

know that, asymptotically,

KA 2702, . 5—2vT 272, 52| P
Emt) — o222k 2X X — 02220k, 2| 50,

where as n,dy — oo,

. 292, p—2vTy _ 272 X
nlgl(}ocﬁ/l K, X X = ﬁl /R(ng+1+x—bg)2d“°(x>’ (4.8.24)
_ 1
. 2902, -2 __ 292
r}gr;cgl trkK, == oz A /R(b%;x+1+l—b%,)2du0(x>' (4.8.25)

The last two limits are due to iy = lim specX ' X as n,dy — oo. Therefore, by (4.8.17), we obtain

our final result (4.3.27) in Theorem 72. [

4.9 Auxiliary Lemmas

Lemma 95 (Equation (3.7.9) in [Joh90]). Let A, B be two n X n matrices, A be positive semidefi-

nite, and A ® B be the Hadamard product between A and B. Then,
A B SH}E}X|AU|'”BH' (4.9.1)

Lemma 96 (Sherman—Morrison formula, [Bar51]). Suppose A € R"*" is an invertible square
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matrix and u,v € R" are column vectors. Then

A luvTA!

Atuy)l=pt -2 WA
(A+uv) 1+viA-lu

(4.9.2)

Lemma 97 (Theorem A.45 in [BS10]). Let A, B be two n X n Hermitian matrices. Then A and B

have the same limiting spectral distribution if ||A — B|| — 0 as n — .

Lemma 98 (Theorem B.11 in [BS10]). Let z = x+iv € C,v > 0 and s(z) be the Stieltjes
transform of a probability measure. Then |Res(z)| <v=1/2,/Ims(z).

Lemma 99 (Lemma D.2 in [NM20]). Let x,y € R such that ||x|| = ||y|| = 1 and w ~ 4 (0,1,).

Let hj be the j-th normalized Hermite polynomial given in Definition 63. Then

Ew[hj({w, ) he((w,y))] = 8ju(x,y)".

Lemma 100. Recall the definition of @ in (4.1.2). Under Assumption 9, if X is (€, B)-orthonormal

with sufficiently small €, then for a universal constant C > 0 and any a. # B € [n], we have

|®op — baXgXp| < Ce?,

IEy[o(w'x4)]| < Ce.

Proof. When o is twice differentiable in Assumption 9, this result follows from Lemma 16.
When o is a piece-wise linear function defined in case 2 of Assumption 9, the second inequality
follows from (4.6.7) with ¢ = ||x¢/||. For the first inequality, the Hermite expansion of @,
is given by (4.6.3) with coefficients {(0y) = E[o(||x«||& )k ()] for k € N. Observe that the

piece-wise linear function in case 2 of Assumption 9 satisfies

C(0a) = [[%al|Gk(0), for k=1,

C0(0a) = b(1 —[[xal]),
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because of condition (4.2.6) for 0. Recall uy =Xy /||X¢ || and (o) = bs. Then, analogously

to the derivation of (4.6.10), there exists some constant C > 0 such that

[Pop —boXaXp| = |} Gi(0a)li(0p) (ugup)

k£1
[xgxp*
< b (1= |xal) (1= lIxg )+~ oIl < Ce?,
‘ P Txalllig
for € € (0,1) and (&, B)-orthonormal X. This completes the proof of this lemma. O

With the above lemma, the proof of Lemma 17 directly yields the following lemma.

Lemma 101. Under the same assumptions as Lemma 100, there exists a constant C > 0 such

that | K(X,X)| < CB2. Additionally, with Assumption 12, we have ||K(X,X)|| < CB>.
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Chapter 5

Spectral Analysis in Trained Neural Net-
works

In many theoretical results, the conjugate kernel (CK) and the neural tangent kernel
(NTK) remain fixed throughout training, which leads to a kernel gradient descent with the initial
kernel [JGH18, BM19], whereas in practice the spectra of the weight matrix, CK, and NTK of
the NN change tremendously while learning the features from the training data [MM19, MM21,
FW20, CHS20, OJMDF21]. In this Chapter, under the linear-width regime, we experimentally

and theoretically explore the following question:
How do the spectra of weight and kernel matrices of the NN evolve during the training process?

This question is crucial to extend our understanding beyond the kernel regime. It will help us
analyze the generalization of the NN in instances when it performs better than the kernel machine.
For this case, the spectral properties of the trained NN could be entirely different from the initial
kernel [Lon21, BGL 21, SB21]. Also, various spectral properties of weight and kernel matrices
can reveal different features learned by different training procedures [WHS22]. Understanding
the dynamics of the spectral properties may aid in finding better approaches to training and
tuning hyper-parameters for NNs. From a theoretical perspective, random matrix theory (RMT)
can be further exploited to study and elucidate the NN training under the proportional limit in

high dimensions [LCKS91, PB17, LLC18, PW18, HN20, MM22].
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5.1 Related Work

Global convergence of GD for ultra wide NNs.

A recent line of work has shown the global convergences of the learning dynamics
of gradient-based methods in a certain overparameterized regime, e.g. [DZPS19b, DLL " 19a,
OFLS19, OS19, Ngu21, LZB22, PC22, Cha22]. We refer to Table 1 of [PC22] as a summary of
these recent results. Most of the theorems in the literature require 4 > n, which implies that
the NTK is almost static during training, while [OS19, Ngu21] can consider LWR under some
specific assumptions. Recently, [Cha22] established a new criterion for the convergence of GD

which results in the global convergence of general NNs with finite width 4 and d > n.

Beyond NTK regime.

Under the proportional limit, the initial kernel regression can only learn a linear com-
ponent of the target [GMMM21]. Thus, it is reasonable to consider the cases beyond the NTK
regime. To this end, [DGA20, HY20] considered the dynamics of NTK throughout training
while [AZLL19, BL20] have shown a second-order approximation of NTK, outperforming the
initial kernel. In addition, there are many theoretical works analyzing when a NN outperforms
the initial kernels in some specific settings: [LMZ20] proved a two-layer ReLU NN that is shown
to beat any kernel method; [KWLS21] verified a two-layer CNN with some simple dataset
can outperform the initial NTK for image classifications; [BES™22] showed a NN can escape
the kernel regime by only taking one specific large gradient step; [DLS22] showed a specific

gradient-based training can even learn polynomials with low-dimensional latent representation.

Evolution of NTK and alignment in NNs.

The feature learning can be characterized by the evolution of the kernel during training
[FDP20, OJMDF21, Lon21, ABP22, LHAR22]. Specifically, [Lon21] studied the hard-margin
SVM for “after kernels” which are the CK and NTK matrices of trained NNs. One of the
effective ways of depicting how the kernels evolve during training is to capture the evolution of

kernel alignment [BGL*21, SB21, ABP22, LHAR22]. Kernel alignments between kernels and
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training labels essentially reveal how the NN accelerates training [SB21]. Also, several papers
showed that the top eigenfunctions of the kernel align with the target function learned by the
NN [KI20, OIMMEF20, OJIMDEFE21]. This becomes an efficient way of analyzing how NNs learn

features through a particular gradient-based optimization.

Large learning rate regime.

As mentioned earlier, the large learning rate may contribute to feature learning. The
benefits of large-learning-rate training have been studied from different aspects [LWM 19, Nak20,
BMR22, AVPVF23]. Specifically, [LM20] observed that training dynamics with large learning
rates differ from the small learning rate regime, where the latter regime exhibits monotone and
fast convergence of training loss but may not generalize well on test data. At the early phase of
training, [JSF120] showed using lower learning rates may result in finding a region of the loss
surface with worse conditioning of kernel and Hessian matrices. In [Lon21], the after kernels of
NNss trained with larger learning rates generalize better and stay more stable. [LBD"20] raised a
“catapult mechanism”, where gradient descent dynamics converge to flatter minima for extremely
large learning rates. There is a transition as a function of the learning rate, from lazy training to

the catapult regime. Section 5.2.2 illustrates a similar transition in our situations.

Heavy-tailed phenomenon.

The heavy-tailed phenomenon has appeared in many places in deep learning theory.
[MM19] and [MM21] observed that many state-of-the-art pre-trained models obtain heavy-tailed
weight spectra. More precisely, these spectra have a “5+1” phase transition which relates to
different degrees of regularization of the NN. With this heavy-tailed self-regularization the-
ory, [MPM21] further showed how to distinguish well-trained and poorly trained models by
a power-law-based approximation. [MY23] classified trained weight spectra into three types:
Marcenko—Pastur law, bulk with (few) outliers, and heavy-tailed spectra. We extend this classifi-
cation to both weight and kernel matrices in Figure 5.1. Additionally, similarly to the discussion

in 5.2.3, [MY23] showed that the difficulty of the classification problem is related to the emer-
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gence of heavy-tailed spectra in weight matrices. This heavy-tailed phenomenon can be used
to construct metrics for evaluating the generalization of NNs [MPM21, YTH"22], and early

stopping of NNs to avoid over-fitting [MY23].

5.2 Empirical Study for the Spectra in Trained NNs

In this section, we empirically investigate a two-layer NN with synthetic data. This
setting is promising for future theoretical studies by virtue of RMT. We will showcase the
evolution of its spectral properties through the training process of a two-layer NN in (1.1.1) with

L = 2 defined by

1 h
fo(x) :=—= Y vio(wx/Vd). (5.2.1)

=
At initialization, we assume that the first hidden-layer W = [wy, ... ,wh]T € R ig composed
of independent standard normal random vectors and all entries of v := [v,...,v;]" € R" are

independently distributed either by .4"(0, 1) or by Unif(—1,1). We consider the dataset size n to

be proportional to width / and feature dimension d, i.e. linear-width regime (LWR).

Assumption 13 (Synthetic dataset and teacher model). Training data is X := [x1,...,X,] €
R¥*"_ where x; Hd A(0,1;). The training labels y = [yy,...,y,] are defined by y; = f*(x;) +
&, foric [n], where f*: R? — R is the teacher model, and & is centered sub-Gaussian noise

with variance o7.

One of the simplest nonlinear teacher models we can generate is the single-index model,
namely f*(x) = o*(x' B) for a fixed vector B with ||B|| = 1 and nonlinear function ¢*; the

hidden feature is simply B € R?. In general, we can consider a multiple-index model

k
Fx =, Y o8y (522
i=1

where B; are some orthogonal unit vectors. We will specifically consider a mixture of single-
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Table 5.1. Four models with the same architecture (n = 2000, 4 = 1500, d = 1000, and © is normalized
tanh), but different choices of initial learning rates and optimization tools. The last column summarizes
the spectral behavior of weight and kernel matrices after training.

Optimization Learning rate 7 R” score Testerror Spectra

Casel GD 5.0 0.63582 0.36381 Invariant Bulk

Case2 SGD 0.1 0.60605 0.36879 Invariant Bulk

Case 3 SGD 22.0 0.76081 0.23791 Bulk+spike

Case 4 Adam 0.092 0.78829 0.21071 Heavy tail
Lazy regime 0.68092 0.3185

index and quadratic models as our teacher model in this section:
* * T
f1x) =o"(x"B)+ S llxl*, (52.3)

for some nonlinear target 6*, signal B and constant 7. Here, the norm term of x in (5.2.3)
is designed to make the teacher model more complicated to be learned. All our empirical
results still hold when 7 = 0. The advantage of this toy model is that we can easily extract the
spectral behaviors over training and then compare them with the kernel machine. We use lazy
training defined in (1.1.9) as our benchmark to assist us in determining whether a neural network
outperforms the associated kernel machine (Table 5.1).

Following the above assumptions and constructions, we show different spectral properties
(Figure 5.1) for this two-layer NN using different training procedures (Table 5.1). Figure 5.1
exhibits three types of spectra after training: unchanged bulk distribution, bulk with one spike,
and heavy tail in spectra. Putting things together, Table 5.1 exhibits close relationships between
the spectra and the generalization of the NN. These different spectral properties actually reveal
disparate features learned via different training strategies.

Table 5.1 compares the test errors and R? scores for different optimization cases and
the lazy training. By tuning the hyper-parameters, we can find specific situations where NN

outperforms the lazy training. Here in Table 5.1, n = 2000, & = 1500, d = 1000, and o is
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Figure 5.1. Different spectral behaviors in Table 5.1: (a) The initial and trained spectra of W in Case 1.
The spectrum is invariant based on the Q-Q subplot. (b) The initial and trained spectra of K% in Case 3.
There is an outlier (red arrow) after training. (c) The initial and trained spectra of KX in Case 4.

normalized tanh in (5.2.1). The training label noise oz = 0.3 and the teacher model is defined by
(5.2.3) with o* a normalized softplus and T = 0.2. We observe that simply choosing an optimizer
and learning rate can affect the shapes of the final spectra and the performance of the NN, as
measured by R? scores and test errors. Figure 5.1 presents the spectra of weight/kernel matrices
of the initial/trained NN in different cases of Table 5.1. Notice that the subfigures in Figure 5.1
present the Q-Q plots to compare the initial and trained spectra for different cases.

We now further explore the spectral behaviors in different cases of Table 5.1 by clarifying
how the spectra evolve through different training processes and how this evolution may affect the
NN. Following Figure 5.1, we study the training processes case-by-case: invariant bulk, spikes

outside the bulk, and heavy-tailed distribution. Figure 5.1 summarizes these three situations for

both weights and empirical kernels.

5.2.1 Invariant Spectra Throughout Training

In Figure 5.1(a), we observe the bulk distributions of the weight matrix and CK in Cases
1&2 remain globally unchanged (invariant) over certain training processes, respectively. We now
further explore the invariant spectra in Cases 1&2 when training NNs.

In the setting of Case 1, Figures 5.1(a) and 5.2 present results of the weight matrix
and NTK on GD training and indicate evidence of kernel regime in Case 1. This shows that,

from a spectral point of view, the weight matrix, CK, and NTK are almost invariant and static
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Figure 5.2. Performance of Case 1 in Table 5.1: (a) The initial and trained spectra of the first-hidden
layer W. (b) The initial and trained spectra of empirical NTK matrix defined by (1.1.5). Q-Q subplot
shows these two spectra are almost the same. (c) Training and test losses and R? scores vs. epochs for GD.
through training. The initial spectrum of weight W converges to Marcenko—Pastur law; the
initial spectrum of NTK under proportional limit has been studied in Chapter 2. Based on
Figures 5.1(a) and 5.2, we can empirically verify that, globally, the spectra of W, KX and KNTK
are not changing over training as n/d — y; and h/d — 7». This can be explained by the fact
that NN trained by GD with a small learning rate will eventually converge to a global minimum
point that is close to the initialization. Figure 5.2(c) demonstrates the global convergence for GD
under the proportional regime, as proved in Theorem 103 from Section 5.4.1. In Section 5.4.1,
by investigating the global convergence of GD, we prove this invariant-bulk phenomenon under
some specific assumptions.

As a complement of Figure 5.1(b), Figure 5.3 exhibits the spectra of W, KX and KNTK
for Case 2 in Table 5.1. The phenomena are similar to Case 1. This observation provides evidence
that all results in Section 5.4.1 can be extended to SGD training with sufficiently small learning
rates, which is subject to future work. Analogously to GD case, we conjecture that the global
convergence when training both layers of NN with SGD still holds in this proportional limit.
In summary, from Figures 5.1(a), 5.2 and 5.3, one can observe the spectral distributions of the
weight, CK and NTK matrices remain invariant and static during training in Cases 1&2, which
indicates both cases still belong to the lazy regime. This spectral invariance impedes further

feature learning during the training process.
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Figure 5.3. Spectral properties for Case 2 in Table 5.1: (a) The initial and trained spectra of the
first-hidden layer W. (b) The initial and trained spectra of empirical NTK are defined by (1.1.5). (c) The
initial and trained spectra of empirical CK defined by (1.1.4).

5.2.2 Emergence of Outliers and Spike Alignments

As suggested in Figure 5.1(b) for Case 3 in Table 5.1, the outlier eigenvalues may appear
in the spectra of the trained weight matrix, CK, and NTK when NNs are optimized with large
learning rates. Heuristically, this indicates that the NN is learning the feature from the teacher
model f*. We further explore this phenomenon in this section. Additionally, in the Appendix
of [WES*23], one can find out more experiments on this phenomenon for W, KX and KNTK

through different training processes.

Spike alignments of weight matrices.

The differences between Cases 2&3 empirically

o
AN
S

validate the benefits of training with large learning rates

o
o
a

[LWMI19, Nak20, Lon21, BMR22, AVPVE23]. Inspired

by [BES'22], we consider the alignment between the lead-

Top singular vector
o
o
o

|

o

o
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ing right singular vector u; of W, and the signal B in the oo -~ R el

teacher model defined by (5.2.3). For Case 3, a notable _5?9'?1; in theteacher madel O °

alignment appearing in Figure 5.4 after training suggests Figure 5.4. Alignment between
teacher feature B and first PC u; of the
trained and initial weights, respectively,
in Case 3 of Table 5.1.

that W, is capturing the feature B during training. Al-
though this does not ensure NN will entirely beat the opti-

mal kernel lower bound, this alignment reveals a non-negligible feature selection [BGL'21] via
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large-stepsize training. This dynamical alignment along the task-relevant direction may further
interpret the generalization of the NN, which has been proved in [BES™22] at the early stage
of the training process. A similar phenomenon on the alignment between spike eigenvector of

trained CK and data labels will be theoretically justified in Section 5.4.2.

Spikes of kernel matrices.

From [CSTEKO1], the alignment of the kernel ma-

trix with the training labels y is defined, called Kernel =~ 030] — /‘idDam
025+
Target Alignment (KTA), as follows: when kernel K'is =
<
either CK or NTK, “o1s
0.10 C
(K.y'y) "
==, (5.2.4) 0 20 40 60 80
1Kyl epoch

Figure 5.5. Evolution of KTA of CK
Analogously to [BGL™21, ABP22, SB21], Figure 5.5 de- gefined by (5.2.4) with respect to train-
ing labels for Cases 1, 3&4 in Table 5.1.
We normalize the epoch scales (x-axis)
for better observations.

picts the evolution of KTA of CK in several cases. Based
on Figure 5.6(c), when the spike appears outside the bulk
(Case 3), its corresponding (leading) eigenvector v| of kernel matrix naturally dominates the
alignment with y (also see Figure 5.12 in Section 5.4.2), which is regarded as a kernel rotation
during training in [OJMDF21]. Notice that this is not the common situation in Cases 1&2 of
Table 5.1. On the other hand, KTA measures the alignment between y and the full eigenbasis of
the kernel. These kernel alignments improve the speed of the convergence of training dynamics
but may hurt or boost the generalization of the NNs [OJMDF21, SB21, BGL"21]. Moreover,
Figure 5.5 indicates that Case 4 with heavy-tailed spectra after training with Adam [KB14] has a
larger KTA than the other cases. In this case, the emergence of a heavy tail in the spectrum is

closely related to a better generalization of the NN and more significant feature learning.
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Transitions of the spike as a function of learning rate 7).

From Case 2 to Case 3, we observe the emergence of outliers in the trained spectra
when increasing the learning rate 1. This indicates a transition of the emergence of the spike
outside the bulk distribution. Figure 5.6, analogously to the well-known BBP transition by
Baik, Ben Arous, and Péché in [BAPOS] from the RMT community, shows there is a threshold
(yellow region) for learning rate: the outliers only appear when 1 exceeds this threshold. We fix
the same NN and dataset for all trials of training. In the green region, the largest eigenvalues
are attached to the bulk (black horizontal lines) and the alignments are weak; in the orange
one, outliers become apparent and the alignments become stronger. Here, the x-axis represents
varying learning rates 1). The flat black lines in Figures 5.6(a) and (b) are the right edges of the
limiting spectra at initialization. Figure 5.6(c) records the angles between B and the leading

eigenvector of W, W, /d, and y and the leading eigenvectors of KX and KNTK

after training for
different 1. Similarly with [BGL"21], when 7 is sufficiently large (orange region), we obtain
significant alignments which suggest potential feature learning. These transitions of leading
eigenvalue and eigenvector alignment have been proved for W, by [BES™22] for a different
scenario. We apply NTK parameterization for our neural networks and train both layers until

convergence, while [BES™22] considers the mean-field initialization and early stage of training

dynamics of GD for the first layer.

1 —— Initial right edge 18 Initial right edge — weight
10 08l — K
16 —— NTK
° 14 §os
38 3 €
< < S04
7 12 ©
0.2
6 10
5 0.0
4 6 8 10 12 4 6 8 10 12 4 6 8 10 12
T CK 1
(@) N v.s. Amax(W,W, /d). () N V.S, Amax (K;™). (c)  v.s. Alignments.

Figure 5.6. (a)-(c) Transitions of Amax (W, W, /d), Amax(KX) and alignments (B u,|/||B| and
ly"v1|/|ly|| where u; and v; are the first singular vectors of W, and either KX or KNTX, respectively)
when increasing the learning rate 1) while training the NN with SGD until training loss is less than 107>,
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Overall, based on our analysis in this section, the emergence of the outlier eigenvalue
in Figures 5.1(b) shows the improvement over lazy training and potential feature learning via
the training process, where the spectra possibly inherit the structures in teacher models (see
Section 5.4.2). Comparing with Case 2, Case 3 of Table 5.1 suggests the importance of the
large learning rate regime for training NNs [LWM19, Nak20, Lon21, BMR22, AVPVF23]. As a
remark, our spectral results of Case 3 are consistent with the observations in [TSR22] through
RMT hypothesis testing, where the majority of trained weight matrices remain random, and the

learned feature may be contained in the outlier singular value and associated singular vector.

5.2.3 Phenomenon of Heavy-tailed Spectra

From Figures 5.1(c), Case 4 further exhibits heavy tails in the spectra of trained NN,
which thoroughly goes beyond the realm of the initial kernel machine. Notably, this phenomenon
is not unique to Adam since heavy tails also occur with AdaGrad (see Appendix A of [WES™23]).
Although all of these cases have the same initialization, different optimization methods eventually
lead to various training trajectories and evolutions of the spectra of the weight and kernel matrices.
To acquire feature learning, Cases 3&4 cause weights to deviate far from initialization. This
section will provide more refined analyses of heavy tails regarding feature learning.

As mentioned in Section 5.1, [MM19, MM21] found a strong correlation between the
heavy-tailed spectra of trained state-of-the-art models with better generalization. [MPM21]
established several metrics, power o, weighted Alpha and Log a-norm, to measure how heavy
the power-law tail is. Following the setting of Case 4 in Table 5.1, Figure 5.7(a) additionally
presents the evolution of power o, weighted Alpha and Log ¢-norm during the training process.
We can observe that in Figure 5.7(a) the tail in the spectrum of W, is becoming heavier as the
number of steps ¢ is increasing, and the spectrum changes sharply at the early stage of training.
Heavy-tailed spectra can be viewed as an extreme of “bulk+spikes”, where a fraction of the
eigenvalues move out of the initial bulk. In RMT, heavy-tailed spectra generally appear when the

entries of the matrix are highly correlated [MM21]. This could heuristically explain heavy-tailed
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Figure 5.7. (a) The evolution of power ¢, weighted Alpha and Log a-norm during the training process
in Case 4 of Table 5.1. (b) The CK spectra at two initializations for W: standard Gaussian and Cauchy
distributions. (c) Weight spectra at initial and after SGD training without good generalization error.
phenomena in the spectra since the entries of well-trained W; should be strongly correlated.

We emphasize that heavy tails are not sufficient for good generalization, in general,
[MPM21, MY23]. Figures 5.7(b) and (c) exhibit NNs with heavy-tailed weights but in the
absence of good performance at initialization. Figure 5.7(b) exhibits the heavy-tail phenomenon
even at random initialization with Cauchy distribution. In Figure 5.7(b), after training, the weight
reveals a heavy tail but generalizes not as well as former examples, where the final test loss is
1.47504 and R? score is —0.48. In fact, it is the alignments between the features learned from the
heavy-tailed part and the features in the teacher model that finally determine the generalization
error of NNs. Unlike [MM19, MM21], we focus on the heavy-tailed phenomena for both weight
and kernel matrices in a simpler model (5.2.1) and provide a connection between feature learning

and heavy-tailed spectra, which opens an important avenue for further theoretical analysis.

Multiple-index examples for heavy-tailed spectra.

In Figure 5.8, we provide an example of when heavy tails indicate better generalizations.
Consider the multiple-index teacher model (5.2.2) with k = 5 feature directions B, and train
NN (5.2.1) with GD, SGD, and Adam to get invariant bulk, bulk with one spike and heavy tails,
respectively, after training.

In this experiment, we consider 0 = ReLU, n = 5000, 7 = 2500 and d = 1000 for NN

(1.1.3). Comparing with the teacher model (5.2.3) used in Table 5.1, we employ the multiple-
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Figure 5.8. (a) Evolutions of the first PC angle 6; between feature subspace U of the multiple-index
model and the eigenspace spanned by top 100 of eigenvectors of W,T W, during training with Adam, SGD,
and GD. (b) Evolution of PC angles 6; between feature subspace U and top 100 eigenspace of WtT W.. ()
Initial and trained spectra for weight matrices when training with Adam (blue solid line in (a)).

index teacher model (5.2.2) with k = 5 and 6* = 0. We trained this student-teacher model using
GD (n = 15), SGD (n = 7.25 and batch size 8), and Adam (1 = 0.007 and batch size 16) for
training this NN, respectively. Similarly with Figure 5.1, correspondingly, we observe invariant
spectrum, bulk with one spike, and heavy tails after training respectively. Heuristically, to learn
this f*, the weight W of NN should gradually align with the feature subspace U = span{B,}%_,.
Hence, to study feature learning, we can apply principle angles to measure the alignment between
W and U. Consider the eigen-decomposition of W,T W, = Zle ).iv,-viT withA; > A, > ... > Ay
Figure 5.8 shows the heavy-tailed part (the eigenspace E := span{v,-}}ﬁ?) is aligned with U

after training, which shows how features are learned in the heavy-tailed spectra. Remarkably,

|? and

the test errors for training processes with SGD and Adam are even smaller than ||P~ f*
|P~2f*||>, where P~ denotes the orthogonal projection onto the nonlinear part of the function
w.r.t. Gaussian measure. Thus, we experimentally showed that NNs with heavy-tailed spectra
can obtain feature learning and generalize better than the other two cases.

In Figure 5.8(a), we present the evolutions of the top principle angle 0; between feature
subspace U = span{ Bl-}f;1 and top 100 eigenspace of W,TWt during different training processes
with Adam (blue solid line), SGD ( red dashed line) and GD (green dash-dot). The final test error
is 0.33865 and the R? score is -0.71065 for GD. The test error is 0.10814 and the R* score is

0.45373 for SGD, where one spike emerges in the weight spectrum after training. The test error
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Figure 5.9. (a) Initial and trained spectra for weight matrices when training with Adam. Five leading
spikes emerge in this case. (b) Evolution of the angles between the first four PCs of W,T W, and feature
subspace U during training with Adam.
is 0.08672 and the R? score is 0.56195 for Adam. In Figure 5.8(a), we show the evolution of PC
angles 0; (i = 2,3,4) between feature subspace U of (5.2.2) and top 100 eigenspace of WtT W,
during training with Adam (solid line), SGD (dashed line) and GD (dash-dot). This eigenspace
for the top 100 eigenvalues of W,T W, corresponds to the heavy-tail part of the spectrum in WtTW,.
Comparing with GD and SGD training processes, we observe strong alignments between feature
space U and eigenspace w.r.t heavy tails in Adam case in Figures 5.8(a) and (b), which explains
why Adam case (NNs with heavy-tailed spectra) generalizes better than the other two cases.
This concludes that NNs with heavy-tailed spectra in Figure 5.8(c) can generalize better only
when the teacher features from data are aligned with the heavy-tailed part of spectra. Suppose
the feature dimension in the teacher model is high (i.e. the teacher model is more complicated
and intrinsically high-dimensional). In that case, we expect a heavy-tailed weight spectrum of
well-trained NN where the heavy-tailed part learns all the features in the teacher modes. This
example explains why we can use the heavy tails to discriminate well-trained and poorly-trained
large models [MPM21, MY23, YTH"22].

Another example is exhibited in Figure 5.9. In this case, kK = 5 in teacher model (5.2.2)
and there are five leading outlier eigenvalues in the spectrum of the trained weight matrix with
Adam optimizer, along with a heavy-tailed bulk in Figure 5.9(a). The test error is 0.01681 and

R? score is 0.9154 for Adam. Figure 5.9(b) shows the evolution of the angles between the first
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four PCs of W, W, and feature subspace U = span{ﬁi}i.‘:1 of the multiple-index model (5.2.2)
during training with Adam. Interestingly, Figure 5.9(b) justifies that the eigenspace of these five
leading outlier eigenvalues in WtTW, is strongly aligned with features B; for 1 <i < 5. This
indicates that heavy-tailed spectra with large spikes may have a correlation with feature learning

and good generalizations.

5.3 Further Discussions on Real-world Dataset

Above, we empirically investigated how the spectra of W, KX, and KNTX evolve under
the LWR for an idealized student-teacher setting. Our work implies that understanding the
relationship between feature learning and training processes requires understanding the evolution
of the spectra of both weight and kernel matrices. In particular, we show that different training
processes affect the eigenstructure of weight and kernel matrices. While synthetic data is easier
to analyze theoretically, we also investigate these spectral properties on real-world data and more
complicated tasks below. In practice, people mainly focus on analyzing spectra of the weight
matrices in fully connected layers; we study the spectral properties of kernel matrices induced by

the NNs, which contain abundant information [CHS20, Lon21, ABP22, SB21].
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Figure 5.10. Different NTK spectra for a small-CNN model on CIFAR-2. The subplots are Q-Q plots
for the comparison between initial and trained spectra. Test accuracies: (a) 79%, (b) 84%, (c) 86.4%.

First, we show the spectra of K™K before and after different training processes for
binary classification on CIFAR-2 through small CNNs in Figure 5.10. Similarly with Case 1,

Figure 5.10(a) (especially in the Q-Q subplot) manifests the invariant spectral distribution of
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NTK through GD training while SGD exhibits a heavier tail in NTK spectrum in Figure 5.10(b).
This phenomenon is more evident when trained by Adam in Figure 5.10(c) with improved
accuracy. Figure 5.10 suggests that our observations on synthetic data in Section 5.2 can be
extended to real-world data and on more practical architectures. We note that there is a lack of
the emergence of spikes after training because spikes already exist in the initial NTK spectrum
for this complicated neural architecture on real-world datasets. Figure 5.10(a) also indicates that
the spectral invariance of NTK through training will impede the feature learning and the NN
does not generalize well in this training process.
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Figure 5.11. We use SGD for fine-tuning the BERT model. (a) The evolution of first and second
eigenvalues of empirical CK during fine-tuning. (b) The alignments of training labels with first and second
eigenvectors of CK during fine-tuning.

We also investigate the spectral properties on the pre-trained model, BERT [DCLT18],
with fine-tuning on Sentiment140 dataset of tweets! from [GBH09]. We fine-tune the BERT
model for a binary classifier on Sentiment140 and capture the evolution of CK spectra, rather
than the NTK due to the size of BERT, in Figure 5.11. The training accuracy is 95.90% and the
test accuracy is 84%. A heavy-tailed CK spectrum with several spikes already exists in this pre-
trained model. Unlike Figure 5.10 (and cases in Table 5.1) where the first spike of NTK becomes
larger than at random initialization after training, in Figure 5.11(a), the leading eigenvalue first
decreases and then increases. Moreover, similarly to Figure 5.6, our Figure 5.11(b) shows that the

alignment of the first eigenvector of the CK and training labels becomes more apparent through

Thttps://www.kaggle.com/datasets/kazanova/sentiment 140
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fine-tuning with the leading eigenvalue decrease. Heuristically, this process seems to unlearn
the features in the pre-trained model and, remarkably, learn new features on the new dataset in
only a few epochs of fine-tuning. We believe that the evolutions of the kernel matrices and some
spectral metrics are crucial for understanding feature learning through fine-tuning [WHS22]. A
more comprehensive exploration of the evolutionary spectral properties of “foundation models”

may help shed further light on these phenomena.

5.4 Theoretical Study of the Spectra in Trained NNs

Inspired by our empirical simulations in Section 5.2, we now theoretically analyze the

trained weight and kernel matrices in two simple cases:

Invariant spectra through training processes.

We justify the invariant spectra after training with full-batch GD with small learning rates
observed in Section 5.2.1. Following the global convergence of GD [OFLS19, OS19] and NTK
theory [JGH18], we can prove that the spectra of NNs trained with full batch gradient descent

(GD) are globally invariant, indicating that the NN is still close to a kernel machine.

Spiked weight and kernel matrices in early training.

It is known that NNs can learn useful representations that adapt to the learning problem,
and outperform the random features model defined by randomly initialized weights [GMMM19,
WLLM19, AAM22]. Recent works have shown that when the target function is low-dimensional,
the gradient update with a large learning rate for two-layer NNs around initialization is low-
rank, e.g., [BES122, DLS22, WES"23], and hence the updated weight matrix W is well-
approximated by a spiked random matrix model. Following the spiked sample covariance model
we characterized in Chapter 3, we can show that finite steps of gradient descent updates produce
a spiked structure in the pre-trained kernel model of NN and this spike structure implies a useful

representation learning in the dataset.
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5.4.1 Invariant Bulk Distributions

Figures 5.1(a), 5.2 and 5.3 have already present that the bulk distributions of weight and
kernel matrices in Cases 1&2 remain globally unchanged (invariant) over the training process.
Now, by investigating the global convergence of GD, we prove this invariant-bulk phenomenon

under certain assumptions.

Assumption 14 (Linear-Width Regime (LWR)). Assume that 7 — ¥ and % — pasn— oo

where the aspect ratios 1,7 € (0,0) are two fixed constants.

LWR stands as a pivotal setting grounded in high-dimensional statistics [AP20, MM?22].
It offers valuable insights especially when addressing real-world datasets. This is in contrast
to the infinite-width regime, in which we are already in the asymptotic limit for width at first.
Hence, LWR is a better approximation of real-world datasets and practical neural networks

compared with the infinite-width regime.

Assumption 15 (Activation function). Suppose that the activation function &(x) is nonlinear and

As-Lipschitz with |6’ (x)],|0” (x)| < Ag for all x € R. Moreover, E[o(z)] = 0 for z ~ .47(0,1).

For simplicity, we focus on analyzing the training process of the first-hidden layer with
the second layer v fixed. Denote fg(X) by fw(X) in this case. At any time ¢ € N, consider the
gradient steps:

Wi =W, —nVwZ(W,). (5.4.1)

Denote the CK and NTK at gradient step r € N by KK := %G(th)TG(th), and KNTK .=
T

éxTx(D %G/ (ﬁW,x) diag(v;)%0’ (\/%}th> respectively. First, we present an elaborate de-

scription of the changes in the weight, CK, and NTK at the early phase of the training (after any

finite ¢ steps) as follows.

Lemma 102 (Early phase). Under Assumptions 13, 14, and 15, we further assume that ||v||, < 1

and f* is a As-Lipschitz function. Given any fixedt € N and learning rate n = O(1), after t
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> and |{K§VTK— K{,VTKH are all less

gradient steps, the changes \/Lg |W, —
than %, with probability at least 1 — 4nexp(—cn), for some positive constants c,C > 0 which

only depend on step t and parameters N, V1, %, Ag, O¢.

Lemma 102 shows \/LdeWr -

cally vanishing for any fixed time 7. Therefore, all the eigenvalues/eigenvectors are asymptotically
unchanged at the early phase of the training (see Corollary 108 in Section 5.5). Now we aim
to analyze the spectra at the end of the training process (5.4.1). In this case, although we are
unable to show the invariance for each eigenvalue, we can verify the invariance of the limiting
bulk distributions for KX and KX for all .

By Theorem 69, the smallest eigenvalue of KgTK has an asymptotic lower bound:

Amin (K§ ™) _< an> 1—o04p(1)), (5.4.2)

where as := E[c’(£)?] and 1y is the k-th Hermite coefficient of 6’. Hence, we can claim
there exists some constant & > 0 only dependent on ¢ such that me(KONTK) > 4 with high
probability. Note that ¢ is not vanishing since ¢ is nonlinear. With this lower bound, we obtain

the following global convergence for (5.4.1) and norm control of W; as n/d — y; and h/d — 79».

Theorem 103 (Global convergence). Under the same assumptions of Lemma 102, we further
assume v;’s are independent and centered random variables in the second layer. For any

N < min T\ﬂ} and allt € N, there exists some Y* > 0 such that, when Y, > v*, the

o " 4%

gradient steps (5.4.1) will satisfy

2 t
(W) < (1— ne ) (W), (5.43)
—oc\]Wo—Wr\!F+€( 1) < L(Wo), (5.4.4)
ZHWm Wl < (a 0) (5.4.5)
t=0
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with high probability, as n/d — v, and h/d — Y. Here, training loss (W) := ||y — fw (x)]|-

We apply the techniques and results by [OFLS19, OS19] to obtain Theorem 103. Notice
that, unlike Lemma 102, the largest learning rate we can choose is of order ®(n). As a byproduct,
the Frobenius norm in (5.4.4) implies the following corollary for the invariance of limiting bulk

distribution.

Corollary 104. Under the same assumptions of Theorem 103, for all t € N, with high probability,

KX — K§X|

there exists some constant R > 0 such that the changes \/LE W, — Wy P and

F
HK?’TK — KS’TKHF are all less than R with high probability. This implies the limiting empirical
spectra of %WtT w,, KtCK and Kﬁv K are the same as the limiting spectra of %WJ W, KgK and

K™ respectively, almost surely as n/d — yi and h/d — 7.

Corollary 104 is empirically validated by Figure 5.14 in Section 5.5. In addition, based
on Figure 5.3, one can further extend Corollary 104 to the SGD training process. The total path
is 0(\/5) in (5.4.4) and (5.4.5), which is negligible compared with the Frobenius norm of initial
weight matrix (which is of order ®(h)). Thus, gradient descent iterates (5.4.1) remain close to
initialization and small perturbation of NTK ensures the smallest eigenvalue (5.4.2) of NTK
is always lower bounded away from zero. Theorem 103, however, does not require that the
NTK stays unchanged all the time. Moreover, Corollary 104 only shows the invariance of the
bulk distribution, while the emergence of outliers cannot be excluded from this result. Though
we have global convergence in general, we may still move out of the kernel regime. Global
convergence does not indicate when the NN in LWR outperforms the kernel regime. Notice
that [BMR21, Theorem 5.4] is not directly applicable to show that a network is still close to lazy
training under the LWR. It requires deeper analysis to claim whether the NN still belongs to the
kernel regime or already goes beyond in our case. As we will show in Section 5.2.2, this also

relies on the magnitude of the learning rate for GD/SGD.
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5.4.2 Feature Learning in CK Matrix After Finitely Many Steps of GD

The preceding section studied the spike eigenstructure of the CK induced by low-rank
structure in the input data. Here, focusing on a two-layer model, we study an alternative setting
where spiked structure arises instead in the weight matrix W from gradient descent training.

We consider an early training regime studied in [BES™22], with a width-N two-layer

feedforward NN,

JaN(x \/— Zaz (x,w;)) = %VG(xTW)a. (5.4.6)

Here x € R? is the input, and W = [wy,...,wy] € RN and a € R are the network weights.
For clarity of the subsequent discussion, we will transpose the notation for X and W from the
preceding section, and incorporate a 1/ V/d scaling into W rather than into the input data X .
Given are an input feature matrix X = [x1,...,x,]" € R"“ and labels y € R" for n
samples, where y; = fi(x;) +noise. We consider the training of first-layer weights W to minimize

the mean squared error

n
PMESNED) ;

_ 1
2n i=1

fixing the second-layer weight vector a. From a random initialization Wy € RV and over T
steps with learning rates 7y, ..., 77 scaled by v/N, the gradient descent (GD) updates take the

form

Wi =W, +1n.VN-G, G =-VZLW,). (5.4.7)

Of interest is the information about the label function f that is learned by W 4ineq = W, which
may be characterized by the spectral alignment of the CK matrix with the class label vector
on independent test data (X,§). This use of independent test data may be understood as a
pre-training setup, also considered previously in [BES™22, MLHD23] and studied for real-world
data in [WHS22].
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It was shown in [BES™22] that in a training regime with initialization ||[W || < 1 such that
|fan(xi)| < 1 foreachi=1,...,N, and with learning rates 71, ..., Ny =< 1 for a fixed number T
of GD steps, the weight matrix W undergoes a change during training that is O(1) in operator
norm and approximately rank-1,

Nbs b &l
n

T
W irained = Wo + yaT where n= Z N
=1

[BEST22, Conjecture 4] conjectured that for the CK matrix
| N
K= NG(XWtrained) cy()(u,trained)—l— € R"*" (5.4.8)

defined by the pre-trained weights and test data X, the resulting spike eigenvalue and the
alignment of its spike eigenvector with the test labels y € R" are accurately predicted by a
Gaussian equivalent model. Our main result of this section is an affirmative verification of
this conjecture and precise characterization of the spike eigenstructure of K, in the following

representative setting.

Assumption 16. For a two-layer NN in (5.4.6) with GD training defined by (5.4.7), we assume

that

(a) (LWR) n,d,N — oo such that N/d — y € (0,00) and N/n — 91 € (0,00).
(b) Training features X = [x,...,x,] € R"*¢ have entries [X];; u A(0,1), training labels
y € R" have entries y; = O, (ﬂ;rx,) + ¢ where B, € R? is a deterministic unit vector and

&y (0,67), and test data (X, ¥) is an independent copy of (X,y).

(c) The NN activation o : R — R and label function o, : R — R both satisfy Assumption 5,

with bg := E[6"(€)] £ 0 and b, := E[6/(£)] #0.

(d) The weight initializations satisfy [Wo);; Uy A(0,1/d) and a; Uy A (0,1/N).
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Figure 5.12. (a) We set n = 2000,d = 1600,N = 2400,1 -t = 2, and 6 = o, = erf. (b) We set
d =2048,N = 1024, = 0.2, 0 = tanh, 0, = SoftPlus, and vary the sample size n and number of GD
steps t; dots represent empirical simulations (over 10 runs) and solid curves are theoretical predictions
from Theorem 105.

(e) The number of iterations 7" and learning rates 11, ..., nr are fixed independently of n,d,N.

Notice that the initialization in Assumption 16(d) is different from the initialization for
(5.2.1) in Section 5.4.1. Under these assumptions, the following theorem characterizes the spike
eigenvalue of the CK matrix and the alignment between the corresponding eigenvector and the

test labels, as a function of the learning rate 7, and the number of gradient descent steps 7.

Theorem 105. Suppose that Assumption 16 holds, and set N = Z;T: | Ni. Define

81 =ban -/ (/1) (1 +02) +b%. 6 =bobon. (5.4.9)

Let 7(-) and @(-) be defined by (3.2.6) for { = 1 with y| and vy = b% (}Z)p%[P ®(1—0b2), and set

(1467) (1 +6})

A = b2

+1-b2.

Then K defined by (5.4.8) has a spike eigenvalue if and only if 61 > ’}/5/4 and 7 (—1/A1) > 0. In

this case, Amax(K) — ¥ '2(—1/A1) a.s., and the leading unit eigenvector u € R" of K satisfies

- _ 021/ (6} —0)(w+67)
5781 o YETRIRCTA B 002D
1 1

4-
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Numerical illustration.

Figure 5.12 empirically validates the predictions of Theorem 105, for a two-layer NN
trained with a small number of GD steps. Figure 5.12(a) shows that one spike eigenvalue emerges
over training in the test-data CK, the location of which is accurately predicted by Theorem 105;
moreover, the leading eigenvector % aligns with the labels y. This is quantified in Figure 5.12(b),
where above a phase transition threshold, the alignment (@, 7)? (predicted by (5.4.10)) increases
with the learning rate or number of GD steps; in addition, alignment also increases with the
training set size n. Then, compared with random initialization (n = 0), this illustrates that

training improves the NN representation, and the test-data CK contains information on the label

function f.

5.5 Proofs of Results in Section 5.4.1

Recall the definition of the entry-wise 2-co matrix norm || M|, .. in Section 1.4. For any

matrix M € RV*4 notice that

M2 < |M]| < [|M]|F- (5.5.1)

5.5.1 GD Analysis at Early Phase

From (5.4.1), the GD process with learning rate 11 > 0 can be written by

W[+] = W[ + n- Gt, where (552)

G = nlﬁ Kv (y— %vTG(W,X/\/E))> @o’(W,X/\/Z)]XT, (5.5.3)

for t € N, where y € R*". Following [BEST22, Appendix B], in this section, we prove the
control for gradient step G;. For simplicity, denote f;(X) := fo,(X) = \/iﬁvTG (W.X/\/d) for
teN.
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Lemma 106. Under the same assumptions as in Lemma 102, we have

P(HG(WOXNE)H > c\/ﬁ) <2,

P(|ly|| > Cyv/n) <2,

for some constants C,c > 0 only depending on o, A, Y1, and .

Proof. Due to Lemma 17, we can directly obtain that
h
P(HG(WOX/\/E)H > C'(Vn+Vh) E) <2e e,

Here we use the fact that both Wy and X are i.i.d. Gaussian random matrices. Then by
Assumption 14, we conclude that we control (WX /v/d). Recall that Assumption 13 implies
that y = f*(X) + €. Hence, by Lipschitz Gaussian concentration inequality [Ver18, Theorem
5.2.2], each entry of f*(X) has independent sub-Gaussian coordinates, whence we can get
|f*(X)|| < C+/n with probability at least 1 — 2ne~" for some constants ¢,C > 0. On the other
hand, [€]; = & are i.i.d. centered sub-Gaussian noises with variance 67. By [Ver18, Theorem

3.1.1], we have

P(lell < 20ev/m) = 1—2exp( 15 ).

where the constant K is the sub-Gaussian norm defined by K = max;c|y [|&i|y,. Hence, combin-

ing all things together, we obtain the second inequality of this lemma. [

Lemma 107. Under the assumptions of Lemma 102, given any fixedt € N and learning rate

N = O(1), the weight matrix after t gradient steps W, defined in (5.5.2) satisfies

C
P(HWt —Wollp > %> < exp(—cn), (5.5.4)

for some positive constants ¢,C > 0 only depending ont,1, O¢, A, Y1 and .
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Proof. Denote 0, (x) = o(x) — yjx which is the nonlinear part of 6 and u; = E[z6(z)]. Thus,

E[o, (z)z] =0 for z ~ .4#7(0,1). Based on this, we can further decompose the gradient G; into

Hi

G, =
" nVdh

v(y—ﬁ(X))XTﬂLp\/ld—h(V(y—fz(X))QGL(WtX/\/EDXT- (555)

~~ ~

Ar Bl

At first, consider # = 0 in (5.5.2) and bound the spectral norm of W . By assumption, we know

|v|| < v/h. Due to Corollary 7.3.3 in [Ver18], we have

]P’(%IIXH > 2(1 + \/g)) < 2exp(—cn). (5.5.6)

Therefore, by (5.5.5), we can control A and B° separately. Notice that, as a rank-one matrix,

4] = [la?], < 250 i+ oo
< SLIUL L (14 L o wox v ).

Hence, by Lemma 106 and (5.5.6), one can easily claim that ||A°|| < C/\/n with probability at
least 1 — e~ " for some constants ¢,C > 0. On the other hand, since v(y — f;(X)) is rank-one and

o =o' —u with |6’(x)| < A, we can similarly obtain

8], < —=|voy— £ XD © oL WX V)| IX]|

< WHXH(H)’H+||fo(X)H)|IVI|maX‘Gi(WoX/\/E) .

Slil\‘/";fo IIi_y %%(IMH” ”Hc WoX V) H)

As AO, we can apply Lemma 106 and (5.5.6) again to conclude (5.5.4) fort = 1.
For general 7, we apply induction. We assume that after the 7-th gradient step with

n = 0(1), Eq. (5.5.4) holds for some constants C,c > 0. Following [BES*22, Lemma 16], we
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now show that the similar high-probability statement also holds for W, (for some different

constants ¢’,C"). Firstly, following the same argument as [0S20, Setion 6.6.1], we know that

17O <[ Ao O + 11/:(X) = fo(X) |

A X
—"||vu%||wt—woup .

Note that ||W, — Wyl = O(1/+/n) with high probability by the induction hypothesis. Hence, by
Lemma 106 and (5.5.6), we have || f;(X)|| < Cy/n with high probability. Indeed, the difference
between f;(X) and fy(X) is significantly negligible comparing with the initial value fy(X).

Similarly with Ag, A satisfies

x| 1
4] = 'l < 2y com 1
Analogously for B, we have
o |IX 1
18], < Bt A XML .

Vi Vd Ve
Thus, Lemma 106, (5.5.6), and (5.5.7) ensure that

!

P4l = 5 ) <expl-cn). (18] =5 ) <en(-en),

n

for constants ¢/,C’ > 0. Since [|W,1 —Wo | <||W; — Wy || +1||A"||, +n[/B| , by induction
hypothesis, we can conclude that (5.5.4) holds for the (7 + 1)-th step with some constants C, ¢ > 0,
which are different from the constants at the ¢-th step. [

As a corollary, by (5.5.1), we can also deduce the following norm bounds:

C C
P(Hm N W) < exp(—en), P(nm Wl > ﬁ) < exp(—cn).
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Lemma 107 and the above bounds are empirically verified by Figure 5.13(a) for t = 3. Not
only upper bounds, this simulation also shows that at early phase |W, — Wy, ||W, —Wy||5, and
|W;—Wol|,, are all of the same ®(1/+/n) order.

As a remark, from the bound of the second term of (5.5.7), we can deduce that the change

of the output of the NN satisfies

C
[/1(X) = fo(X)] S%’

for some 7-dependent constant C > 0, any X ~ .#7(0,1) and any finite time ¢. In other words,
when 11 = (1), the change of the output of the NN at the early phase (i.e. t = ®(1)) is negligible

and its order is O(ﬁ)

5.5.2 Proof of Lemma 102

In this section, we complete the proof of Lemma 102. We first mention the empirical
validation of Lemma 102 in Figure 5.13. Here o, = 0.2, activation o is a normalized ReLLU and
the target function 6* is normalized tanh. Fix d/n = 0.6 and N/n = 1.2 as n is increasing. At
each dimension, we take 25 trials to average. Notice that the changes in Frobenius norm for W
and KX are exactly ©(1/+/n) and ©(1/n), respectively. The operator norm of KNTX matches
with Lemma 102, while the Frobenius norm of the change decays slower than the rate ®(1/n).
Additionally, in the simulation, we use v ~ .47(0,1), which indicates that our assumption for v
in Lemma 102 can be weakened.

Proof of Lemma 102. Lemma 107 directly validates the control of —= HW, Wyl . By virtue
of this result, we now present estimates for CK and NTK. Based on [O0S20, Section 6.6.1], we

have

oo /Va) oW, X (Vi) | < 2 1X11Wo - Wil (55.8)
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Figure 5.13. Empirical validations for Lemma 102 and Lemma 107 at # = 3. (a) Norms of the changes
for W3 — Wy. (b) Norms of the changes for KgK — KSK. (c) Norms of the changes for KI;TK — KBITK.

We apply the mean value theorem to obtain this inequality. Recall the operator norm bound for
Gaussian random matrix X in (5.5.6). We know || X /v/d|| < 1+ /7 with high probability as

n/d — v . Hence, with the help of Lemma 107, we can claim
|oWoX/Va)~ oW X Vd) | < Cao(1+ i)/ Vi,

with probability at least 1 — exp(—cn), for any fixed finite 7 € [n]. Similarly, we can control the

change in the Frobenius norm as follows:
2 A2
|oWox/Va)—oW.x/Va)| < “2|X|P|Wo— Wi} <CAZ(1+yT)/n, (55.9)

with probability at least 1 —exp(—cn). Therefore, we can control the change in the CK matrix in

the Frobenius norm by the following inequalities:

]
< (o ~a0wex v fow i) owix v ot )
- %HG<WOX/\/E) H : Ho(W,X/\/E) — 6(WoX /\Vd) HF

Therefore, by (5.5.8), (5.5.9) and Lemma 106, we can claim that there exist constants ¢,C > 0
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such that with probability at least 1 —exp(—cn), K,CK — KOCK H  1s upper bounded by C /nin

the LWR.
Now we consider the change in the NTK matrix during training. Since the empirical
NTK can be decomposed into two parts, one of which is exactly the CK, it suffices to consider

the change of the first part of the empirical NTK. Recall that

1 1 1 T 1
K, = —XTX@—G’<—W X) diag (v 2a’<—w X).
t d h \/3 t g( t) \/3 t

Following the notation in [0S20], we denote _# (W,) :=[_Z (W)),..., Z(W})] € R*/ with
I (W) := %diag(a’(XTWi/\/ﬁ))XT/\/E € R Hence,K, = #(W,) #(W,) and

1K~ Koll = |7 (W) 2 (W)T — 7 (Wo) # (W) |
<2S Wo)lllF W)~ 7 W)l +1.7 (W) = F Wo)'. (5.5.10)

By [0S20, Lemma 6.6], we know ||_# (W) 1? = HK(I;ITKH is upper bounded by some constant
C > 0 with high probability. Then, we apply the inequalities from Lemma 6.5 of [0S20] to

obtain that

L7 (We) = 7 (Wo)|*

< H(a’(WtX/\/Zz)—c’(WoX/\/c_i))Tdiajév) (,e '/*FH )
< VIR o' W Vi)~ o (Wox V| (m fWH)
< 280, (i) 6510

where the last inequality is due to the mean value theorem, the uniform bound on ¢”, and the
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assumption on the second layer v. Notice that Gaussian random vectors satisfy

1
]P’(maxZHXiHZ > 2) <2ne ", (5.5.12)

i€n]
asn/d — vy and h/d — 7. Thus, with (5.5.6) and Lemma 107, we obtain

C}LG(I +’}’1)
n

P W)~ W) = ) <ane,

where constant C relies on the number of steps ¢. Hence, by (5.5.10), we finally bound in norm

the difference between the initial and the trained NTK matrices at the early phase ( is finite). [

Corollary 108. For any fixedt € N, i € [d] and k € [n], denote A!, Vi and ; the i-th, and
k-th eigenvalues of %W,T w,, KtCK and Kf’TK, respectively. Then, under the assumptions of
Lemma 102, we have

Mit_)tioh |vlt<_v19|7 “LL,[(—‘LL,?| — 07

almost surely in LWR. Consequently, the eigenvalues of %W:W,, K tC K and Kﬁv K are the same

as corresponding the eigenvalues of initial %Wg W, KSK and KI(;’ K respectively.

This corollary is a direct outcome of Weyl’s inequality from Theorem A.46 in [BS10].
Consequently, this corollary concludes that for any fixed r > 0, almost surely, the limiting spectra
of }ZW,T W, KK and KNTK are the same as those of %Wg Wo, KOCK and KBITK in LWR. This
corollary claims that not only does the bulk of distributions stay identical to the initialization,
but also that any eigenvalues stay the same as at the initialization. This shows that the smallest

eigenvalue of KNTX has the same lower bound as KONTK in the early phase of training.

5.5.3 Global Convergence for GD Under Linear-Width Regime

In this section, we study the final stage of (5.4.1) as training loss is approaching zero

and prove Theorem 103. Figure 5.14 shows that the spectra are unchanged globally, even after
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training in this case. Here the training loss is less than 1073, 4 = 3000, = 2000, and d = 1000.
The final R? score is 0.55964 and the test loss is 0.44724. The activation is a normalized ReLU,
and the target is Sigmoid. In Corollary 104, we confirm this observation for the weight, CK, and
NTK matrices via Frobenius norm control. In the simulation, the second layer is initialized as

v ~ 4(0,1), which is more general than our assumption on v in Theorem 103.

Q-Q plot Initial 2.5 Q-Q plot Initial 1.50 Initial
0.4 Trained | Trained Trained
o 1.25
2.0 Q
£5
0.3 © 1.00
1.5 = 0
) 3 0.75
0.2 1.0 Initial
' 0.50
0.1
0.5 0.25
0.0 0.07 5 7 5 3 0.00 1s
(a) Weight Spectra. (b) CK Spectra. (c) NTK Spectra.

Figure 5.14. The initial and trained spectra with GD only for the first layer: (a) Weight spectra. (b) KX
spectra. (c) KN spectra. Here Q-Q subplots indicate the invariant spectra of weight and kernel matrices.

Proof of Theorem 103. Recall the Jacobian matrix _# (W) defined in the proof of Lemma 102,

and the definition of o based on (5.4.2) in Section 5.2. Denote the event

o = {nxn <201+ V7V, max X < 24,0 # (W) > za}.
1€n

By (5.5.6), (5.5.12) and Theorem 69, we have P(«7) > 1 —2¢™ " — 2ne™ " — n~7/3 for some
constant ¢ > 0 and all large n in LWR. In the following, conditionally on event .27, we will apply

Theorem 6.10 of [0S20] to obtain the global convergence. Conditionally on .27, Lemma 6.6 of
[OS20] implies

17 W) < Aollvl.o||X/Va| < 20(14 ). (55.13)

for any W. Define B =244 (1+ /7). Moreover, in terms of (5.5.11), we can verify the Lipschitz
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property for the Jacobian matrix as follows: conditionally on .27,

|7 (W)—_7(W)]| Sf/—%IIW—WHF, (5.5.14)

for any W,W € R"*?. Therefore, conditionally on o7, _# (W) is a L-Lipschitz function with
respect to W where L := \2/—% To complete the proof, it suffices to investigate the smallest singular
value of ¢ (W) when W is in the vicinity of Wy. Recall /(W) = |y — fw(X)||. Notice that
for any unit vector u € R", we have u' fy,(X) = \/Lg Y® vioc(W/X/\Vd)u, where W' is the
i-th row of Wy for i € [N]. Consider event % := {HG(WOX /\/d) H < C\/ﬁ} for some universal
constant C > 0. Lemma 106 proves P(#) > 1 —2¢~“". By the assumption of v, we know each

entry v; is a sub-Gaussian random variable with a sub-Gaussian norm at most 1. Then, according

to Hoeffding’s inequality, conditionally on the event 4, we have

d

for every ¢ > 0 and some constant ¢ > 0. Let = 2,/n. Considering an %—net A of the unit

% iviG(W,TX/\/c_i)u

> t) < 2exp(—ct2),

sphere S"~!, we can get

P (|| fw,(X)|| = v/n) < P(z ma;;\quwo(X)\ > ﬁ) < 9"2exp(—cn) <2 ", (5.5.15)
uc

for some constant ¢’ > 0. Hence, based on Lemma 106 and (5.5.15), we can obtain {(W() <
Co+/n with high probability for some universal constant Cy > 0. Let us denote this event as
C : {{(Wy) <Cop\/n}. Define R := 4¢(Wy)/a. For any W in a ball of radius R centered at
Wy, we have |[Wo—W/||z <Rand || #(W)— ¢ (Wy)|| <LR, conditionally on event .Z. Thus,

by (5.5.14), on event &/ N ¢, the smallest singular value oin(_Z (W)) of the Jacobian matrix
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7 (W) can be bounded by

Gmin(/(w)) Z Gmm(/(w()))_||/(W)_j(WO)H

$B(Wo) _, CB [
(04

>200—LR>20— ———= >20 —

Vh (04 P’

for some universal constant C > 0 and sufficiently large n,d, h. Notice that here constants C, 3,

and o do not rely on 9». Therefore, there exists a sufficiently large y* > 0 such that for all

8Cp

Y > v*, we have 2a — o

% > o. In other words, when £ is sufficiently large but still in
the same order as n and d, for all |W —Wy|| < R, we have opmin(_Z (W)) > o conditionally
on ¢ N«/. Combining with (5.5.13) and (5.5.14), conditionally on % N .7, all the assumptions
of Theorem 6.10 by [0S20] are satisfied when |W —Wj||» < R. Therefore, when the learning
rate % < % min{l, i—%}, we can get (5.4.3)-(5.4.5) for all t € N, conditionally on 4 N .. Both
events ./ and % occur with high probability and only depend on initialization Wy, X and y.
Hence we complete the proof of this theorem. Notice that since y» > y* is sufficiently large,
i—% > %\/% > 1. Therefore, it suffices to require n < n/ [32 to conclude that (5.4.3), (5.4.4)
and (5.4.5) hold with high probability. This completes the proof. Moreover, (5.4.5) further shows
that for all r € N,

[Wo—W,| <R<Cyn+o4p(1), (5.5.16)

where we again apply Lemma 106 in the following way:

((Wo) < Cvn+oqp(1),

for some constant C > 0 only depending on ¥;, 9>, 0¢, G and o*. 0

As a corollary, (5.4.5) controls the deviation of the final step weight from the initial
weight. In Figure 5.15, we empirically verify this result. For instance, Figure 5.15(a) shows that

\/LEHWI - WOH,\/LEHW, —Wollp. and \/LEHWI —Wol|, ., are ©(1) when trainable parameters are
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Figure 5.15. The change for the weight, CK, and NTK matrices when training NN. (a) The
changes %HW, —Wol|, ﬁHW,—WOHF, and ﬁ”wt*WOHLw- (b) The changes HK,CK—KOCKH and

HK,CK—KOCKHF. (b) The changes ||v, — ||, K?ITK—KONTKH and HK?ITK—KONTKHF.

convergent, where W, represents the weight matrix after training. This implies that the final W,
is still close to the initial weight W, even after training. Here, we fix d/n = 1.2 and h/n = 0.6
when 7 is increasing. Here, o is normalized ReLU and the target is normalized tanh. The largest
n = 6400 and the learning rate 11 = 5.0 for all training processes. We train each neural network
until the training losses approach zero. Each experiment repeats 4 times. Next, we prove this
observation and Corollary 104.

Proof of Corollary 104. Based on (5.5.16), we know \/LE |Wo—W,|| <Cp holds with high
probability for some universal constant Cyp > 0. Conditionally on this event, we can then estimate
changes in CK and NTK after training. The method is analogous to Lemma 102. For CK, we

employ Lemma 106 and (5.5.9) to get

CK _ pCK
| - 57,

< 2(otwix - owox il - [otwox v ) otwx - twox )
< As(1+ym)? 2C /o (14 /71)

< - ||W0—Wt||12v+ h IWo =Wl
26 (14 C
< I (14 VIC-+ YD) = Ous1)
2

This shows control of the change for the CK matrix after training, compared with the initial CK.
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Let us denote W’ € R!*¢ as the i-th row of W, and X j as the j-th column of X. Addi-

tionally, by Assumption 15, we know that
|0'(x) =6’ (")| < Ac|x—l, (5.5.17)

for any x,y € R. For NTK, by modifying (5.5.11), one can deduce that

h
|7 W)= 7 (Wo)ll; = ;Hﬂwn—/(w?)\\i

Hdmg( "(W!X/Vd— (WOX/\/_ H

< Y7 }/ ZHdmg( (WX /Vd — G(WOX/\/_)>HF+0d,P(1)

lll 2
é (H\/_ ZZ(\/E W?)Xj)+0d,P(1)

i=1j=1
@) A§(1+\/ﬁ) 221+ /)G
B h »

W, — W7 +oap(l) < +0ap(1),

where (i) is because of [Ver18, Exercise 6.3.3] and the assumption on v, (ii) is due to (5.5.6), (iif)
is due to the definition of Frobenius norm and (5.5.17), and (iv) is due to [Ver18, Exercise 6.3.3]
and (5.5.6). As a result, from (5.5.10), we can finally conclude that HK,CK — KSKHF =04p(1)
asn/d — vy and h/d — 7.

As for the limiting spectra of weight and kernel matrices, since we know that

_WOHF, ‘ HK?ITK_KSITKHFZOd,P(l)?

CK CK
Kl _KO ‘ F,

1
— ||V
W,

we can automatically apply Corollary A.41 of [BS10]. This directly implies that the limiting

NTK
K t

empirical spectra of }ZW,TWt, KK and are the same as the limiting spectra of %WJ Wo,

KOCK and KgTK, respectively, as n/d — vy, and h/d — 9 (see Figure 5.14). [l
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5.6 Proofs for Spiked Eigenstructure of the Trained CK

In this section, we prove Theorem 105. The proof is an application of Theorem 40 in
Chapter 3 as in the one-layer setting of the preceding section, but now reversing the roles of X

and W. We abbreviate

1 .
W=Waiet, ¥=—50XW), K= Yy'

where K is the CK matrix of interest. In contrast to the preceding section, the theorem requires
characterizing the left spike singular vector of ¥, and we will do so using Theorem 40(c). Notice
that Theorem 34 studied the spikes in dataset X, while here we

We first recall the following approximation of W from [BES22].

Proposition 109. Under Assumption 16, set N = Zszl N, and let 01,0, be as defined in (5.4.9).
Then

_ _ b
W —W| <N"2 \where W:W0+"T’7XTyaT. (5.6.1)

The largest singular value syax (W) falls outside the limit of its empirical singular value distribu-

/4

tion if and only if 6; > }/é , in which case smax(W) and its unit-norm left singular vector u(W')

satisfy

(1 912)(}0 912) 2 922< 10 912 )
(W) =51 := , luW) TR = 21— 5. (5.6.2
smax(W) = 51 \/ 67 (W) | 6} 02(6%+1) as. { )

Proof. Notice that each gradient update matrix G; of (5.4.7) takes the form

G = %XT K% (y— %G(th)a) aT) ®© G'(XWr)} ;

From the proof of [BES™22, Lemma 16], for eacht = 1,..., T, this matrix G, satisfies the same
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rank-one approximation

b
H\/NG, — —GXTyaTH <N12,
n

This implies (5.6.1) in light of (5.4.7), and the statements of (5.6.2) then follow from [BES™22,
Theorem 3]. O

We denote the columns of W = W yainea € R?*Y and of the initialization Wy € RN by
w; €RY w;oc R fori € [N]
respectively. Fixing a large constant B > 0 and small constant € > 0, define the event
EW) = {HWH < B, |wiwj| <n~V/2*€ and ||wi]| — 1] < n~V/* € forall i # j € [N]}.

Lemma 110. Under Assumption 16, for some sufficiently large constant B > 0 and any fixed

€ >0, &W) holds almost surely for all large n and any fixed T € N.

Proof. By the assumption [W;; % oy (0,1/d), it is immediate to check that & (W) holds
almost surely for all large n. To show that &' (W) holds, we apply the approximation (5.6.1).
Here, under Assumption 16, we have by standard tail bounds for Gaussian vectors and matrices

that

11X "y[| > Cn} <H{|IX]|- (Ao |IXB.|| + |[€])) > Cn} <0, 1{]la] >C} <0

for a sufficiently large constant C > 0, and also ||@||.. < N~ /2. Then this implies
max ||w; —wio|| < max ||w; —w;ol| +|[W—-W]| <N"/2 (5.6.3)
1<i<N 1<i<N

and 1{||W — Wy|| > C'} < 0 for a constant C’ > 0. Then & (W) also holds almost surely for all
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large n, as claimed. O

Analogous to the argument of Section 3.7.1, we may now condition on W, i.e. we assume
that W is deterministic and satisfies &' (W) for all large n, and we write [E for the expectation

over only the randomness of the new data (X,¥). Defining

N 1 1 -
G=/—(Y-EY)eR"™, u=_—"—ycR" where Y= XW), (5.6.4)
n n

—o(
v VN
observe that [u, G] € R"™™N+1) has centered i.i.d. rows with respect to the randomness of (X, ).

We will write Ey for the expectation with respect to a standard Gaussian vector x ~ .4 (0,1,).

Lemma 111. Suppose W satisfies &(W) for all large n. Then

IEx[o(x' W)l =0,  [EY[|—=0,  [|E—Zjll—0 (5.6.5)

where
L =Eilo(x' W) o(x" W) —Exlo(x'W)] Ex[c(x"W)] (5.6.6)
Thin := b2 (W W) + (1 —b2)Iy. (5.6.7)

Proof. The proof is the same as Lemmas 58 and 59 in Chapter 3. We ignore the details for

simplicity. ]

Proof of Theorem 105. We condition on W satisfying & (W) for all large n, and we apply
Theorem 40(c) for [u, G| € RN (exchanging n and N). It may be checked that Assumption 6
holds for [u, G] by the same argument as in Lemma 62.

By the convergence ||X — Xj;,|| — 0 in Lemma 111 and Proposition 109, if 6; > }/5/ 4
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then Assumption 7 holds for £ with » = 1 and

(1+67)(n+67)

v=iopMae(1-2), L=b o

+(1—b3) ¢ supp(v),

where p%IP is the standard Marcenko-Pastur limit for the empirical eigenvalue distribution of
W W, hence Vv is the limit empirical eigenvalue distribution of X, and A; is the limit of Ayax (Z).
If instead 6; < }/é/ 4, then Assumption 7 holds with r = 0.

Then Theorem 40(a,c) characterizes the outlier eigenvalue and eigenvector of GG',

showing:

« GG' has a spike eigenvalue if and only if 6; > yé/ * and Z(=1/A1) > 0, where z(-) is
defined by (1.2.6) with Y = ¥; and the measure v given above. In this case, /'Lmax(GGT) —

z(—1/21) almost surely.

* When 6; > yé/4 and 7/(—1/A1) > 0, letting u(G),v(X) be the leading unit-norm left

singular vector of G and leading unit-norm eigenvector of X, almost surely

uTu()| - VBB 5 . (870 Wbz o

where ¢(-) is defined by (3.3.6) also with ¥ = 7 and the above measure v.

By an application of Weyl’s inequality and the Davis-Kahan Theorem as in the proof
of Theorem 34, this implies for K = YY" that if 6; > }/é/4 and 7(—1/41) > 0, then its leading

eigenvalue Ayax (K) and unit eigenvector u satisfy

Amax (K) — Vl_lz(_l/M%

') - vl 1/73] 2 o (BT (W) (W) — 0,

(5.6.8)

where v(W) is the leading unit eigenvector of Xy, i.e. the leading right singular vector of W.

If 6; < 'yé Hor? (—1/A1) <0, then all eigenvalues of K converge to the support of its limiting
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empirical eigenvalue law.

/4

Finally, in the case of 6; > yé and 7/(—1/A1) > 0, we may conclude the proof by

For each column i € [N], we have from (5.6.3) that

showing

Ex[o. (B x)o(x' W)] — bobe, ﬁIWH S 0as. (5.6.9)

lwi —wiol <N""2,

where w;o ~ 4 (0,d" 1) and B, is deterministic. Hence (w;,B,) satisfy the approximate

B.l|—1=0, and |w/B,| < N~'/2. Then

orthonormality conditions |||w;|| — 1| < N~1/2,

Lemma 16 implies
T T T -1
Ex[o«(B, x)o(x'w;)] —bsbs B, wi| <N .

(We note that Lemma 16(a) assumes o = o,, but the proof is identical for ¢ # o, both sat-
isfying Assumption 5.) Applying this to each coordinate i € [N] yields (5.6.9). Observe that
BIWv(W) = smax (W) - B u(W) where sma (W) and u(W) are the leading singular value and
left singular vector of W, and recall from the definitions (5.6.4) that u = \/lﬁj'. Then we can apply

(5.6.9) and Proposition 109 to (5.6.8) to conclude that

. 1A 0(—1/4;) 624/(6f — %) (10 +67)
‘S’Tu‘_”?crba* \/Z( /;')I(M /1> \/ 913 >0 a.s.

Sl -
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