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Transport of intense beams of heavy ions over long distances may be
restricted by space-charge induced transverse instabilities. The stabi-
lity of the microcanbhical; or K-V, distribution ié analyzed with the help
of the Vlasov equation, and reduced to a study of the characteristics of
solutions for a set of ordinary differential equations with periodic co-

.efficients. Numerical solutions for various periodic solenoid and quadru-

po]e'focusing channels are derived and provide information concerning sta-
ble regions of propagation in terms of betatron tune depression. " The
results are comparéd with computer simulation examples of beams in sole-
noid and quadrupole focusing channels to check linear growth rates and es-
tablish nonlinear saturation levels of instabilities.. Conclusions are
drawn for the design of a quadrupole lattice providing stable transport.
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I. INTRODUCTION

The poséibi]ity of using high energy heavy ions as the igniting
mechanism for inertially confined fusion has necessitated the considera-
tion of transporting currents in the kilo-ampere range for distances of -
the order of kilometers without significant degradation of beam emmit-
tance. In addition to the usual problems of field and alignment tole-
rances, there arises the question of the stability of beam propagation in
a Vacuum against fluctuations in self-forces arising from initial devia-
tions from the desired distribution of the beam in the four-dimensional
transverse phase space.

The most powerful analytic technique for investigating this problem is
a linearization of the Vlasov equation about a known stationary solution,
coupled with the appropriate equations for the pekturbed electromagnetic
fields. If the external focusing force is constant; an infinite variety of
stationary solutions can readily be generated, since any function of the
Hamiltonian is a solution of the Vlasov equation and the corresponding self
electrostatic potential can be obtained by integrating Poisson's equation.
It furthermore is possible to show(z) that a large class of such sta-
tionary solutions is stable against arbitrary fluctuations.

For the more realistic situation of a focusing channel consisting of
quadrupoles or discrete solenoids, however, the Hamiltonian function is
not a constant of the motion and hence cannot be used directly to provide
a stationary solution of the Vlasov equation. To our knowledge, the mi-
crocanonical distribution investigated by Kapchinskij and Vladimirskij(3)
(K-V), for which individual-particle restoring forces are linear functions
of the displacément, is the only distribution for which a stationary
(i.e., periodic) solution can be constructed. Because of its singular
character, it is probably more susceptible to instability than real beams
and so we have performed the present investigation concerning its stabi-
1ity characteristics in the hope that the results may serve as a conserva-
tive gquide to identifying regions in parameter space that might be
dangerous.



We proceed by presenting in Sect. II the general framework of the
linearized Vlasov analysis. This is followed, in Sect. IIIl, by applica-
tion to periodic solenoid and to quadrupole focusing systems. Specific
results are given (Sect. IV) for several perturbation modes in such sys-
tems (with the governing equations becoming increasingly complex for modes
of high order) and suggest the particular importance of a "third-order"
mode. In Sect. V we compare the linear growth of the third-order mode
found in both the analytic theory and in computer simulation. Simulation
will also be used to establish the practical significance of the remaining
instabilities. The implications of these results are discussed in
Sect. VI.

We observe that intensity is frequently re]ated to the ratio v/vo
for beams in a continuous solenoiag and to o/co in a periodic channel.
Here v denotes the betatron oscillation “frequency" (with time replaced by
distance), and ¢ the phase advance of betatron oscillations per focusing
period; Vor 9, are the corresponding values for zerovinténsity.



II. GENERAL FORMULATION OF THE LINEARIZED VLASOV ANALYSIS

We use the distance s along the transport channel as the independent
variable, and write the total Hamiltonian function as

() K= 3 020D+ Fe (shE * e (5181 + Vix,ys), ;
where
K, - —3 € =K, -3
Kx = "x T afa*d) * “y Ty T b(a*b) °

K y represent the external force constants

[+ B'(s)/[Bp] for quadrupo]éé, and

(% B/[Bp])z-for.so]enoids in the Larmor frame],

A"y

ge = ion charge, A= ion mass/proton mass,
N = number of ions per unit length,

2

e
r = classical proton radius, 2  (MKSA units),
p 41reoMp o° i

a(s) and b(s) are respectively the x and y half widths of
the matched (periodic) beam envelope [as determined by the
K-V envelope equations — Ref. 3, £qs. (46) and (47)], and

due r [e ‘ L

v= 3 __?ng__ X electrostatic potential function dué to
A By . perturbations. ‘

wa

The first two terms in Eq. (1) represent the unperturbed Hamiltonian,
which is not a constant of the motion for s-dependent focusing, and»the
terms proportional to Q describe the effect of transverse components of
the space-charge force for a K-V distribution.



We now make use of the Courant—Snyder(4)_ functions g(s) and a(s)
for the unperturbed orbits, for which (with dots denoting d/ds)

-1 - -
v B,y T By = By Fxyy

and(3’4)

B,(s) = az(s)/e, By(S) = b2-($)/§,

where we represents 'the emittance (assumed to be identical in the two
transverse planes). The form of the governing Hamiltonian function can
thereby be simplified through introduction of a transformation defined by
the generating function '

X 5 X X ‘ A A .
(2) F=—-__177[px' 172 +—¥TT Py .L[TZ"
Bx 2 Bx 8 2 8
| v y -~ y ,
followed b-y‘,a scaling transfo‘rmation X = i/81/2 s Sx = Ex/e]_/z , etc.,
so that |
~ 1/2 ~ 1/2
(3) x = x/(8,e)"" 5 Py = (B e)™" [p, * (ay/8,)x]
-and similarly fok ;, ‘Ey . The new Hamiltonian function then becomes -
~ 1 ~2 ., 1 ~2,~2 1
(4) H="2'§' (b~ * )+ By (Py +y ).*;V--

In the remainder of this work we shall omit, for brevity, the tilde
" that distinguishes these new (dimensionless) phase-space variables. In-
terms of these variables the unperturbed orb1ts can now be written as
pseudo-harmomc oscillations



(5) x(s') = x(s) cos [ V(s )=V (s) T+p,(s) sin [V (s') -V (s)]

Pi(s') = pyls) cos [\Px(S')-wx(s)_] - x(s) sin [ ¥ (s*) =¥ (s) ]
. |

with 1l’x(s) =f dz/8y(z), and similarly for y(s') and py(s').

2 2 2 2

From Eqs. (5) it is evident that x~ + Py and y- + py are individually

constants of the unperturbed motion. The unperturbed K-V distribution
function, moreover, may now be written as ‘

N
(6) f = 2 2 2 2
0=77 & (x Rty +py-1),
with § denoting the Dirac delta function.
With the introduction of a perturbing distribution function fl, the

linearized Vlasov equation prdv_ides the total derivative along the unper-
turbed trajectories in phase space,

1 a_, 1 3 3 1 ? 3

s =gt —lp, o~ x| *TIP, 3o - Y T f

Ds 3 3s Bx,[xax | apx] sy[yay apy]t 1
2N aV . p. aV .2 2 2

= =3 [Px;;"’ Yw]-G (X *p, _*Y*Dy —1) s

wherein &' denotes the derivative of the delta function with respect to

(7)

its argument.  Equation (7) can be solved by integrating over the unper-

turbed trajectories.

i ' = s') as ancillary variables, Eq. (7) thus leads to
Introducing ¥, o ‘px,y( ) y

T €

S $ " ' ' ' '
(8) fy = —gﬂ[fds'(a + 2 )V(x,y;S)]s(x2+P§+Yz*p§'l)

. [] 1
awx ausl

0

-



and (when we neglect the longitudinal field component) Poisson's equation
becomes, in terms of our scaled variables and the associated distribution

function,
I O . R R 1
R AR S
(9) -
s e 2n .
IR ds'f2— + 2 d(pz)s'(pz-ﬂ- x2- y2)>/ deV(x',y';s'),
neab 1AM 1V RS , : .
0 X Y /0 o .

subject to the boundary condition that the external fields vanish at

(5)

infinity.

By noting that

(10) fwdz 9(z) 6'(2-20) '-_-'—%g- - - g(0) s(z,),

. 2 =
‘0 v ZO

we see that Poisson's equation, as expressed by £q. (9), leads to (i)

1A, 1 A

a2 ax2 b2» ay2

. s . | en . N
- 4 fds'< 2+ 2 d?_ / deV(x',y';s')
neab alp): alb;l d(p”) '

(11)

A N
p2 =1 -x% -y

in the interi'or of the beam, and (ii) to a relation that reflects the pre- |

sence of an effective surface charge (that describes the effect of an in-
finitesimal perturbation of the beam boundary)

102y, 1 oy

a2 ax2 b2 3y

.(12)
S

=-—2Q—[f ds'.(> d_+ 3 )V (x', v S'):I 2 2)
eab | awx' aw; |

§(1 = x“. -y




By introducing elliptic coordinates (£, ¢ ) defined (in terms of our scaled
coordinates, for a > b ) by

(13) x = (h/a) Cosh € cosz and y = (h/b) Sinh &€ sin ¢

2 _ 2 _ 2

(where h - b4, and with Cosh £ = % , SinhE = h‘ at the

boundary x2 + y2 = 1), Eq. (12) may be written

22V + 2%y
el ax?

(14)
s

2 :
_ 2Qn” (Coshzi‘- coszc) [ds'( I —> Vix', v'; s )] s(1- x2 - y2).,
eab . L ay! p=0

The discontinuity of the electric field at the beam boundary accordingly

becomes

(15) a ——- —9/ (mp' 8\0' )_V (cos z;cos(w); ;\px)’ sin ¢ cos(w;, —tl)y); s') .

" A consistent solution is obtained if we can find a function V(x,y;s)

that satisfies Eqs. (11) and (15), where a(aV/3g) is such as to match the

' 2 2
solution interior to the beam to a harmonic ( 3 g + 3 ; = 0) outwardly

2

decreasing solution external to the beam.



III. APPLICATION TO SOLENOID AND QUADRUPOLE FOCUSING

Finding a ¢losed expression for the solutions of Egs. (11) and (15)
appears hopeless, but a brief-inspection of these equations shows that
they can be satisfied by potential functions that are finite polynominals
in x and y interior to the beam and finite sums of e e eiinc exterior
to the beam. Finite polynominals emerge as a result of our choice of a
K-V distribution for the stationary beam. The derivative of the delta
function in Eq. (7) suggests that the perturbations describe distortions
of the hyper-ellipsoid in four-dimensional phase space (cf. final sentence

in Sect. III of Ref. 6).

(a) Solenoid Focusing

- In the simplest case of continuous s-independent focusing, with KX
= Ky = K, By = sy = g and both K and g independent 102 s, then
b, = Iby 76;/8 and solutions are of the form V « e'“> G(x,y).
Gluckstern has concluded that in this case G(x,y) can be expressed by
means of hypergeometric functions ’

2

(16) G =(§)m (gfz m)2F1<-j, m+j, ml; -:-2-) |

in terms of unscaled polar coordinates, where a is the radius of the un-
perturbed beam and |

j=0,1,2, «e.,, m=0,1, 2 ..., excluding j =m =0.

The "order" of the mode (highest power of r appearing in the function G)
is 23 *+ m. Gluckstern has also indicated(7) the manner in which this
solution may be employed to obtain an algebraic equation whose roots must
all be real to insure-stability of the matched K-V beam. Stability limits
for the modes described here can be conveniently described in terms of the
factor v/vo by which space-charge forces may be permitted to depress the
individual-particle oscillation frequency within the matched beam
(Table 1). It is clear that intensities limited to values such that

V/Vo > 0.3985 are those fof which the m = 0 modes may be expected to be



stable, and the results presented in Table 1 suggest that this restriction
may also be sufficient to insure stability of the higher order modes for an
uninterrupted solenoid transport system. '

When the focusing strength of the solenoid is not constant but is
periodically s-dependent, the matched beam radius (a) becomes a (periodic)
function of s. The function a(s) may be sought computationally in such
cases, and the ‘entire investigation of beam stability conducted in a
manner analogous to that adopted for quadrupole-focusing systéms.

(b) Quadrupole Focusing

For the case of alternating-gradient quadrupole focusing (Ky(s) =
-Kx(s)) we have not found a general closed form for the potential analo-
gous to that indicated by Eq. (16). The analysis of Sect. II leads, how-
ever, to a procedure that can be followed to determine the stability
characteristics of individual perturbation modes. As will be shown,
moreover, the eigenvalues that characterize the stability or instability
of a mode can be determined by reference solely to terms of the highest
power in x and y and of highest harmonic order in £ in Eqs. (11) and (15).

(i) Example: v

To i]]ustrate this procedure we first consider a simple example that
will be seen to correspond to a coherent oscillation of the beam
as-a-whole.- In this example the internal potential is assumed to be, in
terms of the scaled coordinate x, Vi ='A(s)x.- '

10
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a) For Modes of Even Order

TABLE 1

Threshold Values of’v/vo

O 0 2 3

2 Stable Stable - - - -
4 0.2425 | Stable | Stable
6 0.3859 | 0.1741 | Stable
8 0.3985 | 0.2582 | 0.1384
10 0.3972 | 0.23147 | 0.13%
12 0.3921 | 0.1885 | 0.2940
14 0.3861 | 0.1971% | 0.3205
16 0.3798 | 0.1898" | 0.3263
18 0.3728" | 0.2062

20 0.3680 | 0.2305

b) For Modes of Odd Order

Orggr;‘m m 1 3 5

1 Stable R B
3 Stable Stable | - - - -
5 Stable Stable | Stable
7 0.2874 0.2184 | Stable
9 0.3235 0.3124 | 0.2038
1 0.3373 | 0.3246" | 0.2608
13 0.3425 0.3148 | 0.2248
15 0.3439" | 0.2968 | 0.2072
17 | 0.3432 0.2757
19

|

0.3415




It is seen that Eq. (11) is trivially satisfied by this potential
function, since VZV =0 and ‘

-d 21rd
—= e Xx'
d(p)_/

0

WY

2n
d .
= ———— de | x cos (W! -y_ ) +pcos e sin (y! -w)]=0.
d(pz)/ [ X~ 7x X X
0

To treat the boufnd_a,r’y equation (15) we employ the elliptic coordinates intro-
duced earlier, writing Vi as Vj = A(s)(Cosh & /Cosh £ ,) cos £ and

. | . ~(£ - £,)
taking the exterior potential to be Vo = A(s)e cos ¢ , where EO

is such that Cosh EO = a/h. By employing these forms,

A — = -A(s) ia;—b cos T and Eq. (15) leads to the integral equation

_ s
+ b P, ] [] 3 [}
(17) 2-3-— A(s) = gjds A(s') sm(\bx - wx).

Then by differentiating twice the integral (I(s)) that appears in Egq. (17),
one finds that it satisfies the differential equation

2 - -
(18 —q-—é—= -| T+ 8, Als)
dy '
X L J
Q 8 a7
=-|{1*7 7+75|!
B B)Z(Q
= - 1+7—5-)- I . '
aa+] .
B ™

With the quantities a, b, Bys and wx determinable (e.g., numeri-
cally) as periodic functions of s, numerical integrations of Eq. (18)
through one period of the transport channel will provide the elements of
the matrix that advances the vector I, dl/ds through this interval. The
eigenvalues of this matrix provide the frequency of the perturbation

12



mode, and none may have an absolute value exceed1ng unity if this mode is
to be stable. :

We note that, by use of the previously cited relation connecting the
Courant-Synder parameter »va(and its derivatives) to the force constant
Ky the differential equation (18) for I in this case may be transformed
to

(19) d—?(\ra‘x 1) +‘Kx<\/s—x 1) -0

-~ which will be recognized as of the fqrm expected for a simple coherent
oscillation. - Similarly, adoption of a potential function whose depehdence
on the scaled coordinates 1is of the form Vi = A(s) x2 + B(s)y2 will
lead to a pair of coupled second order equations equivalent to those cus-
tomarily taken to represent a linear perturbation of the envelope equa—

tions.

(ii) General Treatment:

More generally, we ‘assume a pdtentiaT function of the form

' n ' n 2 (1) o mA v
(20) Vn = :E: Am(s) X y + }E: A (S) X + ...
' m=0 L

in the interior. For a given order n, “even” and "odd" modes convéniently
may be treated separately on the basis of whether the index m in Eq. (20)
is restricted to even or to odd integer values. ‘

For the stability analysis, Eq. (11) provides a set of coupled alge-
braic equations that relate the functions Am(s) to integrals of the form

‘g '
(Zl)v IJ’; K, % =f ds' AJ(S') sin [k(w;( "‘bx) +l(w;, 'wy)]

while Eq. (15) provides a second set of such equations, and thesg equa-
tions taken together can be solved (at any s for which a(s), b(s)

13



are known) to express each individual A, in terms of the integrals de-
fined by Eq. (21). From Eq. (21), moreover, one finds that

C 4 ¢ L ], c
(22a) - k’g(s) e k,z(s) I i k8 = k’g,(s) AJ- R

where
| -1
(22) € = [k/sx + z/ay]é

~With the Aj obtainable (as Jjust mentioned) in terms of the Ij';k,z’
Eqs. (22a) constitute a set of coupled second order differential equations
for the latter quantities, and numerical integrations through one period
of the structure will provide the elements of the matrix that advances .

such quantities (and their first derivatives) through one period of the
transport channel.

(i1i) Computational Procedures:

_Compdtational programs have been devised to perform the computations
outlined above, for various modes of order up through n=6. Computations
of this nature for quite large values of n may not be of practical impor-
tance. In a realistic beam with a natural spread of individual particle
wavelengths (as may result from a nonlinear space-charge force), it is
very unlikely that f%ne-grained transverse'density variations (large n)
persist through several periods. Computational results of Sect. IlIa per-
~ taining to focusing'in a continuous (s independent) solenoid-focusing sys-
tem indicate, moreover, that the most stringent stability conditions are
those imposed by modes of order less than 6 or 8.

- To summarize the procedure followed in examining the stability of any
particular perturbation mode, one first specifies the type of periodic
(9) and a value of beam intensity (e.g., Q
-- or the parameter Q'-- cited in Ref. 8). By a convergent iterative pro-
cedure one then determines initial conditions (for a, b, and their first
derivatives) that lead to periodic (matched) solutions of the envelope

lattice one wishes to employ

equations, -and, with this solution obtained, the individual particle tune

o is also obtainable (i.e., from solutions of the equatidns of motion for

14



. 2L
individual particles, or as o, =€ J/. ds/az etc). With this information

0
available, the computations are then repeated. to include (for wvarious

initial values of the Ij;k,l and their first derivatives) integration of
the differential equations for the integrals Ij;k,l‘ [Note that inte-
gration of these equations requires repeated evaluations of the relations
that express the quantities Aj in terms of the Ij';k,l —- as can be

done by use of a matrix-inversion/simultaneous-equation-solver routine.]

Such integrations yield the elements of the matrix that advances these in-
tegrals (and their first derivatives) through one bériod of the structure,
and the eigenvalues A (and eigenvectors, if desired) of such a matrix are
then determined. The occurrence of any eigenvalue of magnitude greater
than unity then is indicative of instability for the perturbation mode un- .
der consideration, and the magnitude of suech an eigenvalue denotes the
factor, per period, by which such a perturbation ultimately (in the linear

regime) will be expected to grow.

15



IV. COMPUTATIONAL RESULTS

Based on the'analysis of Sect. III, we have examined computationally
the behavior of several types of modes -- both for a periodically inter-
rupted solenoid systém (Fig. 1a) and for a periodic alternating-gradient
quadrupole (FODO) transport channel (Fig. 1b), although with greater em-
(10) It is convenient and efficient,
in all such cases, to employ "scaled variables". Useful parameters for

describing a particular situation are thé phase advances o

phasis on the quadrupole systems.

o and o (of
individual particle transverse oscillations, per period of the structure,
respectively for a zero intensity beam and for a beam of intensity charac-
terized by the parameter Q'(S)), and (for a given lattice) the "tune de-
pression" factor a/qo will serve as a useful index of beam intensity.

In addition to the magnitudes of the eigenvalues that characterize
the behavior of a perturbation mode, their phase angles, & [defined, with
an ambiguity of 360°, as tan™ ! (Im 2/ Re 2) and evaluated so that -180°
< d < 180°] also are of interest. Thus, with eigenvalues occurring as
complex~conjugate and as reciprocal pairs, the development of an instabi-
lity indicated by an eigenvalue moving away from the unit circle in the
complex plane can occur either (i) when eigenvalues become real, or (ii)
when at least two pairs are present, as a result of a confluence having
occurred at the threshold of instability. In the first of these cases
(and if & £0 ) the mode frequency becomes locked to the period of the
Tattice ("inhomogenous" or "structure" resonance).

Results are best presented as regions of instability on a plot of ¢
vs. Q', since it has been found that the locations of these regions and
the associated growth rates within them depend primari]y on a/oo and are
remarkably insensitive to changes of the lattice structure -- particularly
for instabilities that arise as a result of a confluence of eigenvalues.

16
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(a) Interrupted-Solenoid Focusing

The solenoid modes we have studied can be classified in terms of in-
dices corresponding to those introduced by G]uckstern.(ﬁ)
specific results for symmetric interrupted solenoid systems with an occu-
pancy factor of 1/2 (n =1/2 in Fig. 1a).

We present

(i) Envelope Modes:

J=1,m=0, with V = r2 and say = say;

j=0,m=2, withV « r2 sin 2¢ and say = -say.

At zero intensity the true phases of the eigenvalues for these modes
are |a| = 20, and the phase will decrease as the intensity s in-
creased. Accordingly, if oy > 90°, there thus is the opportunity, with
either type of mode, for an .instability to_develop at an intensity such
that [@l-becomes 180° (an example of a structure resonance). This beha-
vior is illustrated by the curves of |®[ vs. Q' on Fig. 2 for the case in
which oy = 120°, and by the regions of instability shown on thg curves
of o vs. Q' in Fig. 3. From Fig. 3 it is seen that, as expected, the en-
velope instabilities occur only for o > %0°. The instability regiqn

0

for the sa_ = sa, mode becomes quite extensive, moreover, when ao.is

as large as 120°.

(ii) "“Fourth Order" and "Sixth Order" Modes:

j=2,m=0, with V« r% + terms of lower order;

J

3, m=0, with Ve rdb+ .,

As illustrated by Figs. 4 and 5, each of these modes exhibits minor
patches of instability -- which may not warrant concern. More significant
are thevextended regions of instabiTity that are seen to develop for va-
lues of a/co close to the values of v/vo shown in Table 1 for modes of
4th or 6th order respectively (and m = 0).

(1i1) R4 cos 2¢ and R4 cos 44 Modes:

= 2, with V « 4 cos 2p + terms of lower order;

[ &)
1
—

-
3
[

= 4; with V « r# cos 4p.

("
]
o

>
3
|

17



Examination of stability of these modes (choosing o = 120°, 90°, and
60°) indicates the occurrence only of short patches of instability -- as

are expected to become possible (for o > 45°) when eigenvalues' with

initial phase angles of 400 (or 200) crggs the real axis as the inten-
sity is increased, but that have been seen also to arise as a result of a
confluence. No extensive regions of instability are found, however, and
one notes that no instability of these modes is expected in a continuous

solenoid (see Table 1).

(b) FODO Quadrupole Focusing

We have investigated the behavior of several modes, for different
values of the occupancy factor n, in the symmetrical lattice of Fig. 1b.
It is noticeable that for quadrupole focusing the instabilities of a given
order become more numerous than found for the m = 0 solenoid modes. This
occurs because, for examplie, the solenoid modes (j = 3, m = 0), (j = 2,
m=2), (j ='1,Am = 4), and (j = 0, m = 6) are all contained in the sixth
order quadrupole case, but extended regions of instability appear in close
analogy to the solenoid case. It appears, however, that the onset of re-
gions of prdnounced instability can be associated either with a definite
value of eigenvector phase & (as in the case of the envelope instability)
or with a value of a/oo that depends only slightly on the occupancy fac-
tor (n) of the lattice and on the value of o,» SO that specific results
will be cited here chiefly for n = 1/2 (Fig. 1lb). We first present
results for modes of even order.

(i) Envelope ("Second-Order Even") Mode:

As was found to be the case for the envelope modes in an interrupted sole-
noid transport system (Sect. IV, a, i), we find that envelope instabi-
lities in a FODO focusing structure occur only if oy > 90°. This beha-
vior is illustrated in Fig. 6 for n = 1/2, wherefrom it is evident that
very extensive regions of instability for this mode develop when % is

substantially greater than 90°.
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(i1) Second-Order 0dd Mode:

The second order-odd mode will not lead to instabilities in a symmetrical
FODO structure if (as is customary) o < 180°.

(ii1) Fourth-Order Even Mode:

Computations pertaining to the fourth—order even mode (requiring evalua- .
tion of the eigenvalues of a 14 x 14 matrix) indicate the appearance of a
substantial number of regions of instability that are of somewhat 1limited
extent (Fig. 7). [In Fig. 7, or in similar graphs, regions of very re-
stricted instability may not always be fully depicted.] For oy < 90°
[as appears desirable in order to avoid potential envelope instabilities
(Sub-sect i)], however, the most substantial instability is that which on
Fig. 7 .is shown to occur for Q' 3 3. The particular unstable fourth-order
mode just mentioned is one in which the eigenvalue A has assumed a real
(positive) value. ’ |

This sign%ficant extended instability of a fourth-order even mode
provides an opportunity to illustrate that the threshold for such a mode
is given almost uniquely by a/oo (Table 2) and t'ha-t such a threshold
value of o/oo is surprisingly close to a corresponding threshold value
of "/"o for a continuous solenoid (namely, in this instance, to the
value 0.2425 shown in Table 1 for the mode j = 2, m = 0, for which the

associated phase advance also is zero).'
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TABLE 2

Instability Thresholds for Extended i*' Order Even Mode

Occupancy | For oo = 60° For og = 90°
Factor %
n HoQ o(deg.) alag Q' o(deg.) olo
1 i 3.055 14.58 - 0.2430 3.713 22.03 0.2448
— '
1/2 It 2.572 14.58 0.2430 3.130 22.03 0.2448
174 ; 1.925 14.58 0.2430 2.347 22.02 0;2447
1/6 % 1.598 . 14.58 0.2430 1.950 22.02 0.2447
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(iv) Sixth-Order Even Mode:

As with the fourth-order even mode, the sixth-order even mode exhibits a
substantial number of patches of instability and ultimately develops an
extended instability when the tune debression is sufficiently great (Fig.
8). As was found for the fourth-order even instability, the onset of this
extended instability is given almost uniquely by a/oo. The threshold
value of o/ao for this mode again is close to a threshold value of
v/vo forla continuous solenoid -- specifically to the value 0.3859 shown
in Table T for j = 3, m = 0. [It is of interest to note that the maximum
threshold value of v/vo shown in Table 1 for m = 0 modes 1s'not markedly
greater than the value cited here, namely the value 0.3985 for j = 4, vs.

0.3859 for j = 3.]

(v) Third-Order Modes:

The third-order mode. shows regions of pronounced instability, that appear
to account for simulation results presented in the following Section
(Sect. V). Because the gquadrupole lenses were taken to be véry short in
the simuiation work, we present our results for cases in which n = 1/6 or
n = 1/10.

The instabilities are shown in Fig. 9 for a FODO lattice with o, =
90° and n = 1/10. The small region of instability shown on Fig. 9 as ori-
ginating at o = 57.3° and the ma jor instability centered near o = 45° are
attributable to eigenvalue phases having been depressed from @0 = 300
= 270° to become 180°, thus indicating a structure resonance, while the
instability that originates for o = 56° arises from a confluence of eigen-
values. With lxl seen to become as large as approximately 1.27, it is of
interest to examine the possibility of avoiding such a strong instabi-
lity. The "180-degree" modes may be avoided by use of a lattice for which
°d < 60°, and it appears also that no confluent third-order mode then
will occur (Fig. 10). We remark in passing that in an interrupted-
solenoid focusing system we also have found(ll) (Fig. 11) unstable
180-degree modes similar to those shown in Fig. 9 for the FODO quadru-
pole transport system.
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(vi) Fifth-Order Mode:

Our computations pertaining to the fifth-order mode did not indicate any
substantial instabilities that would account for the simulation results.
We find that a quadrupole lattice with 9y = 60° exhibi‘ts.. only moderate
patches of instability for the fifth-order mode until the tune has been

markedly depressed to ¢ = 10° (Fig. 12).
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V. COMPARISON WITH SIMULATION RESULTS

- Computer simulation provides a possibility ofltesting the results ob-
tained from analytic theory (and vice versa). The simulation programs
used here are based on the particle-in-cell method; they employ typically
~ 104 simulation particles and solve Poisson's equation with a fast
Poisson solver. Results obtained from different simulation programs
developed 1'ndependently(12 - 18) have been found to yield essentially
the same conclusions (apart from variations due to different statistical

sets for the initial distribution).

Simulation not only allows the study of the initial growth of an in-
stability within the validity of the linearized theory (section V (a)); it
also provides information ‘on the nonlinear saturation of an instability
and its effect on beam quality (for instance the r.m.s. emittance). In
section V (b) it will be seen that large linear growth rates do not
necessarily induce deterioration of beam quality.

(a) Growth of third-order mode within the 1inearized theory

The theoretical results obtained for the third-order even mode
strongly suggested that this mode could account for the strong instability
observed in simulation Computations(ls) (see also following Section)
with a K-V beam whose tune is depressed from o = 90° to o = 45°. The
expected strong instability is characterized by an eigenvalue that is
real, . but negative -- a feature indicated by the simulation results,
wherein distortions of projected phase-space distributions (and their
boundaries) were observed to oscillate with respect to the brigin with a
period twice that of thé structure, while the centroid of the distribution
remained essentially undisturbed. A quantitative check of the corres-
pondghce between thebry and ‘the simulation work accordingly was undertaken
in order to establish the validity of each of these approaches.” We com-
‘pared both the relative magnitudes of various moments of the distribution
(e:g., <xDi>av.’ etc.) and the shape of the evolving distortion of
projections of the distribution (e.g., for a projection onto the py; y
plane). Such comparisons were undertaken both at “full-period" points
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(i.e., at the centers of F-quadrupole lenses) and at "half-period" points
(centers of D lenses). | '

In making such a comparison it will be realized that the growing per-
turbation will be characterized by an arbitrary initial amplitude and
phase, so that "x-like" (even) moments (<x3>av.’ <xy2>av., etc.)
may be intercompared at full-period points but separately from "y-1ike"
(0dd) moments (<y3>av.’ <x2Y>av.’

of x-1ike moments at half-period points in a symmetrical FODO lattice may

etc.). The growing magnitudes

be compared, however, with the growth of y-like moments at full-period
points. All such moments, of course, should grow in magnitude in propor-
tion to [}.‘P, where P denotes the number of periods traversed by the
beam, and should alternate in sign once per period'. Simulation data ap-
propriate for evaluation will be restricted to an interval'whe'rein the
perturbation has grown sufficiently to dominate statistical noise, but has
not become significantly influenced by the onset of (nonlinear) satura-
tion. In practice certain moments are more pronounced than others, and
the most pronounced moments accordingly are the most suitable for statis-
tically significant intercomparison. '

The theoretical description of a developing instability requires re-
tention of terms beyond the leading term in the expression for the pertur-
bation potential. Since the coefficients that determine the moments de-
pend significantly on the value assigned to o within the zone of instabi-
lity, the trajectories of the individual simulation particles were
examined to establish a value of ¢ = 45.7° (with an associated theoretical
eigenvalue » = -1.27, for n = 1/6). The theoretical values of the co-
efficients reqdired' for the present comparison were then evaluated for
these conditions.

(i) Comparison of Moments

The growth and satisfactory intercomparison of x-like moments at
full-period points is illustrated by Figs. 13-15, where we have used a
~value of a = -1.26. Curves (a) are based on individual fits of the
=18 while

moments <x3>av , etc., to curves of the form Y = S

curVes (b) are drawn with the values of S for the respective moments
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constrained to be in the theoretically expected ratio. Figures 16-18
similarly indicate the behavior of three y-like moments at full-period
points. Analogous plots (not shown) have indicated similar performance
for moments evaluated at half-period points, and the values of the res-
pective y-like or x-like moments moreover were found to be correctly re-
lated to the values of the corresponding x-like or y-like moments at the
full-period points. »

(ii) Comparison of Boundary Curves

We investigated the form of significantly distorted.boundary curves
for a two-dimensional projection of the simulation results arising from a
perturbed four-dimensional phase-space distribution. Such simulation
results are influenced by statistical fluctuations and may be sensitive to
the development of nonlinearities in the dynamics. Comparisons with
theory are most effectively made for the (px,x) or (py,y) pro-
jections and we have considered these both at full-period points and at
half-period points, since fitting the boundary to the expected theoretical
forms for such projections requires adjustment of only one coefficient,
namely that giving the initial value of the perturbation. Empirically,
the values of this coefficient found from such fits appear to be somewhat
better characterized by a growth factor A = -1.22 than by » = -1.26
(possibly because of an incipient non]inearity), but the values inferred
from data that pertain to periods near P = 11 have been found to agree
‘within a few percent with those expected from examination of the moments.
A fit to the (py, y) projection of the sjmu]ation results is shown in
Fig. 19 for P = 16. Other projections (i.e., y vs. x and P, Vs- px)
have also shown agreement between the computation and simulation results.

(b) Simulation of beams in long transport systems

The question of (nonlinear) saturation of an unstable mode is beyond
the capabilities of a linearized theory and is most convincingly investi-
gated by cémputer simulation. To this end we are presenting below charac-
teristic examples which shed light on the continuous solenoid K-V instabi-
lities and the "structure®" resonances found in periodic focusing.
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(i) Solenoid Focusing

The findings of section III (a) have been checked by simulating an
jnitial K-V distribution beam matched to a continuous solenoid focusing
system. The intensity is described by the factor v/vo, which is assumed
to be 0.16 for the example shown in Fig. 20. Azimuthal symmetry has been
imposed on the beam, hence all modes evaluated in the first colum of
Table I (m = 0) are expected to be unstable. There is evidence for rapid
growth of instabilities of rather low order (j = 2, 3). The saturation of
these instabilities leads to a different phase space distribution, but
evidently to no noticeable increase of phase space volume. The r.m.s.
emittance even remains constant within < 1%. This supports the conclusion
that the K-V instabilities found for v/vo < 0.39 (similar in periodic
focusing to a/oo < 0.39) have no effect on beam quality, but only emerge
as a result of a non-monotonic distribution function. -

(ii) FODO quadrupole focusing

In Fig. 21 we show an initial K-V distribution in a FODO channel with
o, = 0" and ¢ = 45.7°. According to section IV (b) this case is in the
center of a third-order “"structure" resonance, and projections onto the
X-p, and y-py planes clearly.showv the dominént character of this par-
ticular mode. The r.m.s. emittances have grown by a factor of 2.0 in
x-p and 2.5 in y—py after 50 cells (with no further growth).

The  third-order "“structure" resonance is evidently suppressed in a

FODO channel with g, = 60°. Furthermore simulations of such a 60° sys-
tem exhibit a qualitative behavior resembling that of a continuous sole-
noid. Thus even for systems with strongly depressed tune (cases with ¢ as
low as 6° have been simulated) the instabilities result in a rear'rangéd
ph ase-space distribution but saturate before any growth in the r.m.s.
emittance is observed. These results suggest that although the system is
unstable, in agreement with the analytic predictions, no restriction on
allowable tune depression is imposed if r.m.s. emittance is a proper mea-
sure of beam qua]ity.(lg’zo) This conclusion is illustrated in Fig. 22
with ¢ = 12.7° and an initial "waterbag" distribution (in contrast to the

K-V distribution it is assumed that the interior of a hyper-ellipsoid in
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four-dimensional phase space is uniformly filled, which produces a more
realistic beam). Initial matching has been performed by assuming the same
r.m.s. quantities as would épp] y for an exactly matched K-V distribution.
This give rise to 10% r.m.s. emittanc_e‘ growth, due to lack of detailed
matching, but no further emittance growth over 100 focusing periods.

Figs. 23 and 24 demonstrate the ‘importance of o in a more direct

way. Fig. 23 gives the ratio of r.m.s. emittance to ‘in(;tial emittance for
a K-V distribution initially depressed from o, = ‘0° to ¢ = 7°. The
- emittance is seen to grow rapidly at first and then more slowly for the
duration of the run. In Fig. 24 the time is ini’tial]y depressed from

9y = 60° to o = 6°; there is no detectable change in r.m.s. emittance.
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VI. CONCLUSION

The special character ot the microcanonical or K-V distribution
assumed in the present work may lead to instabilities that would not arise

with other, more realistic, agistributions. Simu]ations(lb)

do, however,
suggest that in regions where instability is strong (i.e., lead to sub-
stantial growth in r.m.s. emittance) the behavior of non-KV systems does
not differ substantially. Some insight into the physical mechanism
causing instability for the K-V and other distributions can be obtained

from a fluid modé1(13)

and by invoking the concept of negative energy
waves. In particular, the extended regions of instability found for con-
tinuous solenoid tocusing (which also occur for periodic focusing at the
same threshold values in terms of tune depression) can be interpreted as
coupling of positive and negative energy dsci]]ations(la) and are a
characteristic feature of a distribution function that is a non-monotonic
function of the Hamiltonian. These instabilities cause a marked redistri-
bution of density in phase space, but do not lead to a growth in r.m.s.
emittance. For quadrupole transport, on the other hand, the strength of
the focusing force seems to provide a mechanism which causes emittance
growth for 9, > 60°; for smaller values of % the saturated state is
very similar to that reached in the case of continuous focusing. If one
disregards the minor patches of instability found analytically as peculiar
to the K-V distribution, the results of the linear analysis seem to pro-
vide a valid guide for design of periodic'transport systems for high in-

tensity beams and are particularly significant for oy > 60°.

In this spirit it appears prudent not merely fo require that
g, < 90° (in order to avoid significant envelope instabilities), but to
impose the restriction o, < 60° with the object of avoiding a pro-
nounced instability of the third-order mode. If the restriction,o0 < 60°
is adopted, one may expect that beam intensities will be limited only by
potential instabilities of fourth or higher order énd that significant in-
stabilities of this nature will not occur ftor a/qojz 0.4 (see Sect. IV,

b, iv, and Table 1) -- e.g., for o > 24° if o, = 60°.

28



Similation work indicates that, for o < 60°, the remining insta-
bilities saturate at low. levels and the r.m.s. emittance is not affected
by the rearrangment in phase space. If r.m.s. emittance is an adequate -
measure of beam quality there is then no limit on allowable tune de-
pression. However, if the transported beam is to be delivered to a small

focal spot, a practical limit then would be set ultimately by aberrations

in the final focusing system.

The éxpected transportable intensities or beam power, based on a 60°
- 24° transport line and the associated maximum beam radii in symmetric
FODO quadrupole transport systems are then given by the scaled-variable
entries of Table 3. The quantities tabulated in Table 3 are

0 = K]/2 + L, where L is the half-period of the lattice;

4 2 Nr

Q' = 9. >3 P 7T e where re is the (un-normalized) emittance
A K in either plane (meter radians);

uy = K1/4 e_]/z'a(maximum scaled beam radius); and

[FM] E‘Q'/ u02/3 is a “figure of merit" that enters into a formula

of the type proposed by Maschke(21) and analyzed by Reiser(zz) for the

maximum transportable beam current or power (Eq. 23). (The maximum beam
radius becomes less if the intensity is reduced).

@) P =cg (MY (1) (an) 713 B3 g P em)
= ¢ (W)™ (v-1) ()3 2% 8 %3 1wy,
where
Cs = (afug)c™3 (Mp’ocz/e)4'/3 = 3.43 x 10'° (MKSA units),

ey = Bye (meter radians),

and Bq is the quadrupole pole-tip field (Teslas).
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-2/3 as o is de-

The figure of merit [FM] in'Tab]ev3 increases as g
creased from 24°, but the required aperture increases also and care must
be taken in transporting very high currents that the aperture to length

ratio of the quadruples does not become too 1arge.(8’22)
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TABLE 3

Scaled-Variable Parameters

for a Tune Dgpression from o = 60° to o = 24#_
Occupancy o Q- | Ug [FM]
Factor . , , _

1 1.32 1.66 | | 3.20 . 764
213 142 1.54 ,3'34 | | .688
1/2 B A 1.40 | 3.54‘ | 601
1/3 1.84 N 1.19 3.87 | .481
i/4» . 209 - | 1.04 413 N .405
s >» 2.32 .944 a3 | .354
we 22 .gs1 4.56 .315

/8 o 2.89 757 4.89 .263

110 ; 22 680 5.1 228
i)zo) "4;51 .485 6.13 .145-
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Captions for Figures:

Fig. 1. Assumed periodic transport lattice, (a) with interrupted
solenoid elements and (b) with quadrupole lenses. n denotes the
fraction of the lattice occupied by lens elements.

Fig. 2; Behav1or of envelope modes for an 1nterrupted—soleno1d Sys-—
tem for which n = 1/2 and oy = 120°, with regions of instability
indicated by heavy lines on plots of & vs. Q'.

Fig. 3. Behavior of envelope modes for 1nterrupted-so1eno1d systems
for which n = 1/2 and og = 120°, 100°, 90°, and 60°

Fig. 4. Behavior of fourth-order mode (j = 2, m = 0) for
interrupted-solenoid systems for which n = 1/2 and o = 120, 90,
and 60°.

3, m= Ozbfor interrupted-

Fig. 5. Behavior of sixth-order mode (j m
120°, 90, and 60°.

solenoid systems for which n = 1/2 and og

on

Fig. 6. Behavior of envelope mode for, quadrupo]e systems w1th n =
1/2 and oy = 180°, 150°, 130°, 110°, 100°, and 90°

Fig. 7. Behavior of fourth—order Jeven mode for quadrupole systems
with n = 1/2 and g4 = 120°, 90°, 80°, and 60°.

Fig. 8. Behavior of slxth—order even mode for quadrupole systems -
with n = 1/2 and oy = 80° and 60

Fig 9. Behavior of third-order mode for a quadrupole system with
= 1/10 and o, = 90°.

Fig. 10. Depression of eigenvalue phase,|®| for third-order modes
of a quadrupole system with n = 1/6, and og = 60

Fig. 11. Behav1or of third-order mode for 1nterrupted—so]en01d Sys-
tems for which n = 1/2 or n = 1/6 and og = 90°.

Fig. 12. Behavior of fifth-order even mode for a quadrupole system
with n = 1/6 and gg = 60°.

Fi g. 13. Growth of the moment Y = <pr2>av. at integer period

numbers, from simulation computations. Curve a% is based on a fit
of this individual moment to the form Y = SaP-18, while the curve
(b) is such that the values of S for this and other moments of the
same type are constrained to be in the theoretically expected ratio.

Fig. 14. Growth of the moment Y = <x2py>ay.

Fig. 15. Growth of the moment Y = <x9>4,.
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2
YPy> av.

Fig. 16. Growth.of the moment Y y

Fig. 17. Growth of the moment Y

<Y29y>av.
Fig. 18. Growth of the moment Y = <y9>,.

Fig. 19. Boundary of Py Vvs. y projection, at period number 16.
The crosses denote simulation results and the curve represents the
theoretically expected boundary.

Fig. 20. Phase space projections of. initial K-V distribution in a
continuous solenoid with v/vg_= 0.16. The beam is assumed azimu-
thally symmetric with 1.3 - 10° simulation particles. Frames are in
time steps of 1/10th of a betatron period.. '

Fig. 21. Initjal K-V distribution in a FODO channel with oy =
N, o = 45.7 and 8-103 simulation particles. Frames every 5th
focusing period.

Fig. 22. Initial "waterbag" distribution (r.m.s. matched) in a FODO
channel with oq = 60°, ¢ = 12.7° and 8- ]03 simulation particles.
Frames every 5th focusing period.

Fig. 23. Ratio of r.m.s. ‘emittance to its initial value for a K-V
d1str1but1on with g = 90 and o = 7°. : '

Fig. 24. Ratio of r.m.s. emittance to its initial value for a K-V
distribution with oy = 60 and o = 6°. :
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