UC Riverside
UC Riverside Electronic Theses and Dissertations

Title
Monoidal Extensions of a Locally Quasi-Unmixed Unique Factorization Domain

Permalink
https://escholarship.org/uc/item/67h3f0hg

Author
Oeser, Paul Richard

Publication Date
2012

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqgital Library

University of California


https://escholarship.org/uc/item/67h3f0hq
https://escholarship.org
http://www.cdlib.org/

UNIVERSITY OF CALIFORNIA
RIVERSIDE

Monoidal Extensions of a Locally Quasi-Unmixed Unique Factorization Domain

A Dissertation submitted in partial satisfaction
of the requirements for the degree of

Doctor of Philosophy
in
Mathematics
by
Paul Richard Oeser IV

September 2012

Dissertation Committee:

Dr. David E. Rush, Chairperson
Dr. Wee Liang Gan
Dr. Louis Jackson Ratliff, Jr.



Copyright by
Paul Richard Oeser IV
2012



The Dissertation of Paul Richard Oeser IV is approved:

Committee Chairperson

University of California, Riverside



Acknowledgments

I am grateful to my advisor, Dr. David Rush, without whose help I would not have been
here. I also wish to thank Dr. Ratliff, who made many helpful suggestions to improve
the dissertation and strengthen one of the results; thanks to Krista Anderson, without

whose help this would not have been signed in time.

v



To my parents, Paul and Scherrie Oeser, and to my wife, Erica Palay, for all the

support.



ABSTRACT OF THE DISSERTATION

Monoidal Extensions of a Locally Quasi-Unmixed Unique Factorization Domain
by
Paul Richard Oeser IV

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, September 2012
Dr. David E. Rush, Chairperson

Let R be a locally quasi-unmixed domain, a, by, ..., b, an asymptotic sequence
in R, I = (a,by,...,by)R, and S = R[b1/a,...,b,/a] = R[I/a]. Then S is a locally
quasi-unmixed domain, a, by /a,...,b,/a is an asymptotic sequence in S, and there is a
one-to-one correspondence between the asymptotic primes A* (I) of I and the asymptotic
primes A*(aS) of aS = IS. Moreover, if a,bq,...,b, is an R-sequence, then that one-
to-one correspondence extends between Assp(R/I) and Assg(S/asS).

We give a sufficient condition for the monoidal transform S to be a unique
factorization domain, or a Krull domain whose class group is torsion, finite, or finite
cyclic. As a corollary, we give a necessary and sufficient condition for R and its monoidal
transform to have the same class group.

In the case that R is a unique factorization domain, we examine the height-one
prime ideals of S to determine how far S is from unique factorization. In Section 3.2,
a complete description is given of which height-one prime ideals P of S are principal or
have a prinicpal primary ideal in the case that ht(P N R) = 1. In Section 3.3, we show
that if the prime divisors of a satisfy a mild condition, we may give a similar description

in the case that ht(P N R) > 1. We give a necessary and sufficient condition for S to

vi



be a Krull domain with finite cyclic class group in the case that a is a power of a prime
element, and we show that this holds for the Rees ring R[1/¢, It] as a monoidal transform
over R[1/t] as well. Furthermore, if a is a power of a prime element, we show that if
Rad(I) is not prime and p is a height-one prime ideal of R contained in at least one but
not all asymptotic prime divisors of I, then the height-one prime ideal pR[1/a] NS of S

has no principal primary ideal.
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Chapter 1

Introduction

For a ring R and elements a,b1,...,b, € R, where a is not a zero divisor,

b1 b

2, ..., 2], a subring of the total quotient ring of R, is called a

the overring S = R]
monoidal transformation, or transform of R [3]. Monoidal transformations arise natu-
rally in Algebraic Geometry and have been studied often since Zariski’s foundational
paper [33]. In addition to Zariski’s initial work, monoidal transformations were used by

himself, Abhyankar, and Hironaka on the resolution of singularities of algebraic vari-

eties. In 1965, Ratliff investigated monoidal transforms generated by R-sequences. He

by bn g

established some properties of such a transformation, and showed that a, 2%, ..., >

an S-sequence. In 1967, Davis published [3], which laid down some basic properties of
monoidal transformations, in particular that they behave nicely when generated by a
strongly analytically independent set, and that R-sequences are strongly analytically in-
dependent. More recently, Heinzer, Li, Ratliff and Rush gave conditions for a monoidal
transform of a Noetherian Cohen-Macaulay UFD to be also a Cohen-Macaulay UFD
[9]. Also, in 2006, Hetzel and Saydam gave conditions such that if the base ring satisfies

ACCP (ascending chain condition on principal ideals) (resp. is a Krull domain, resp. is a



UFD), then the monoidal transform would also satisfy ACCP (resp. be a Krull domain,
resp. be a UFD) ([10], [11]). Note that one of the conditions given by Hetzel and Saydam
was that the monoidal transform be generated by a strongly analytically independent
sequence.

Ratliff has proved many useful results for a class of rings which generalizes
properties of Cohen-Macaulay rings: locally quasi-unmixed rings. In 1974 [21] he proved
that a Noetherian ring R is locally quasi-unmixed if and only if for each ideal I of the
principal class in R all the associated primes of I, have the same height (that is, I, is
height unmized), which we have restated below as Theorem 2.2.10 for ease of reference.
This is an analogue of Nagata’s classical result that a Noetherian ring R is Cohen-
Macaulay if and only if for each ideal I of the principal class in R all the associated
primes of I have the same height, known as the Unmixedness Theorem. Ideals of
the principal class (ideals I generated by height(I) elements) are well understood in
Cohen-Macaulay rings: they are generated by R-sequences. Rees introduced asymptotic
sequences, a generalization of R-sequences, in 1981 [29]. In 1983 [24], Ratliff proved that
most well-known results for R-sequences have a valid analogue for asymptotic sequences
in Noetherian rings, and that asymptotic sequences relate to locally quasi-unmixed
Noetherian rings very much as R-sequences relate to Cohen-Macaulay Noetherian rings.

I will consider monoidal transforms of locally quasi-unmixed Noetherian rings.
In Lemma 3.1.5, I give conditions on the sequence a, b1, ..., b, such that S is a locally
quasi-unmixed Noetherian ring if R is. Theorem 3.1.10, the main result of Section 3.1,
is a strengthening of an analogous Theorem in [9]. Theorem 3.1.10 gives a sufficient
condition for the monoidal transform S to be a unique factorization domain, or a Krull
domain whose class group is torsion, finite, or finite cyclic. As a corollary, I give a

necessary and sufficient condition for R and its monoidal transform to have the same



class group.

Since in a UFD every height-one prime ideal is principal, and since a Krull
domain has torsion class group if and only if every height-one prime has a principal
primary ideal, we examine the height-one primes of the monoidal transform S, to see
how far from a UFD it may be. Section 3.2 deals with the height-one prime ideals P
of S such that p := PN R has ht(p) = 1. In Theorem 3.2.11 and Corollary 3.2.12,
which summarize the results in this section, it is shown that if R is a locally quasi-
unmixed UFD, I = (a,b1,...,b,)R is height unmixed, a,bq,...,b, is an R-sequence,
and S = R[I/a], then P = pS if and only if p is not in any prime divisor of I. Also, if p
is contained in some prime divisor of I, then P(= pR[1/a] N S) has a principal primary
ideal if and only if there is a positive integer h and an element z € p N I" such that
either a,z/a" is an S-sequence or (a,z/a")S = S. This gives a complete description of
whether P is principal or has a principal primary ideal in the case ht(p) = 1.

Section 3.3 then deals with the case where ht(p) > 1. In particular, if R and I
are as in Theorem 3.2.11 and the prime factors of a satisfy a mild condition, then P is
principal (resp. has a principal primary ideal) if and only if for some prime factor a; of
a, the ideal (a;, b1,...,b,)R = PN R (resp. (a;, b1,...,by)R is (P N R)-primary).

Chapter 4 treats two special cases: where a is a power of a prime element, and
the case of monoidal transformations over the Rees ring R[1/t, It]. In Section 4.1 we
show that if a is a power of a prime element and R is a locally quasi-unmixed UFD, [ is
height unmixed and generated by an R-sequence, then S is a Krull domain with torsion
class group if and only if S is Krull with finite cyclic class group if and only if Rad(7) is
prime and integrally closed. Also, if Rad([/) is not prime, then for each height-one prime
ideal p contained in at least one but not all prime divisors of I, the height-one prime

ideal pR[1/a] N S has no principal primary ideals. Section 4.2 shows that the results of



the previous section hold for R[1/t, It], since 1/t is a prime element and R[1/t,It] is a

monoidal transform over R[1/¢].



Chapter 2

Preliminary Definitions and

Results

2.1 Cohen-Macaulay Rings and R-Sequences

In this section, we establish the definitions and some of the results for which
we will use asymptotic analogues in the next section. For more about R-sequences and
Cohen-Macaulay rings and modules, the reader may refer to [2], [15], [12], among others.
More about associated primes may be found in [1] and [15], among other places. If one
is interested in associated primes in non-Noetherian rings, Bourbaki ([1]) is especially

helpful.

Definition 2.1.1 Let ay,...,a, € R, A; = (a1,...,a;)R. We say that the ordered

sequence aq, ..., a, is an R-sequence if
1. A, #R

2. (473 ¢ Z(R/Azfl), that is (Aifl . (IZR) = Aifl for i = 1, B



Definition 2.1.2 For a local ring (R,m), a1,...,a, is a system of parameters if r =

dim(R) = ht(m) and if (ai,...,a,)R is m-primary.

Definition 2.1.3 A local (Noetherian) ring R is a Macaulay local ring if there is a
system of parameters ay, ..., a, for R that is an R-sequence. Such a system of parameters
is called distinct. A local ring R is a regular local ring if there is a system of parameters
ai,...,a, such that (aj,...,a,)R = m. In this case ai,...,a, is called a regular system
of parameters. In the non-local case, a Noetherian ring R is called Cohen-Macaulay (or

locally Macaulay) if for every prime ideal P of R, Rp is a Macaulay local ring.

In fact, every regular system of parameters is an R-sequence (this result is
stated in Bruns and Herzog’s book [2, Proposition 2.2.5], among other places). Hence

any regular local ring is Macaulay.

Theorem 2.1.4 [12, Theorem 121] Let R be a Noetherian ring, I an ideal in R and
M a finitely generated R-module. Assume that M # IM. Then any two maximal

R-sequences on M contained in I have the same length.

Definition 2.1.5 Let R be a Noetherian ring, M a finitely generated R-module, and I
an ideal such that IM ## M. Then the common length of the maximal M-sequences in

I is called the grade of I on M, denoted by

Grade(I, M).

We say that Grade(I, M) =oc0 if M =1M.

Definition 2.1.6 Let (R, m, k) be a Noetherian local ring, and M a finitely generated

R-module. Then the grade of m on M is called the depth of M, denoted

depth(M).



The following property is a generalization of Serre’s normality condition.

Definition 2.1.7 A Noetherian ring R is said to satisfy (.5;) if for all P € Spec(R),

depth(Rp) > min{ht(P),}.

For an integral domain R, (S3) is equivalent to the property that, for every
prime divisor P of a non-zero principal ideal, ht(P) = 1. (See [15, p. 183].) The

following theorem shows why (.S3) is called Serre’s condition for normality.

Theorem 2.1.8 [15, Corollary to Thm 11.5] Let R be a Noetherian domain. Then R is
normal (integrally closed) if and only if R satisfies (S2) and Rp is a discrete valuation

ring for each height 1 prime ideal P.

Definition 2.1.9 Let R be a ring and [ an ideal. A prime ideal P of R is called an
associated prime ideal of I if P = (I :g x) for some z € R\ I. The set of associated
primes of [ is written Assp(R/I). The associated primes of an ideal are also known as
the prime divisors. The minimal members of this set are known as isolated associated
primes and are denoted mAssgr(R/I). (Associated primes of I that are not minimal are
known as embedded primes.) If all the prime divisors of an ideal I have the same height,

then I is said to be height unmized.

2.2 Asymptotic Sequences and Locally Quasi-Unmixed
Rings

In this section we review many of the properties of asymptotic sequences and
locally quasi-unmixed rings. The relationship between asymptotic sequences and locally
quasi-unmixed rings is analogous to that of R-sequences and Cohen-Macaulay rings.

Many of the results in this section are examples of reults for locally quasi-unmixed rings



or asymptotic sequences that are analogues of well-known results on Cohen-Macaulay
rings or R-sequences. For more information on and quasi-unmixed rings, and m-adic
completion of local rings, one may refer to [17]. For more on integral closure of ideals,

rings and modules, see [32].

Definition 2.2.1 If (R, m) is a local ring, let R* be its completion in the m-adic topol-
ogy. Then R is called quasi-unmized if for every minimal prime ideal z € mAss(R*),

dim(R*/z) = dim(R).

Definition 2.2.2 A Noetherian ring R is called locally quasi-unmized if for any prime

ideal P of R, Rp is quasi-unmixed.

Definition 2.2.3 If I is an ideal in a ring R, then the integral closure of I in R (written

I,) is the set of elements z € R such that for some b; € I* and some n € N

" 4+ bz 4+ .+ b, =0.

Then I, is an ideal of R, and I C I, C Rad(I). Also, if J is another ideal of R such that
I C J, then I, C J,. The following property of integral closure is called persistence in

[32, Remark 1.1.3(7)]: if ¢ : R — S is a ring homomorphism, then ¢(I,) C (¢(1)S),.

In 1984, Ratliff proved the following theorem, which was an improvement on
an earlier result of his from 1976, which required I to have ht(I) > 1 ([22, Theorem

2.5)).

Theorem 2.2.4 [26, Theorem 2.4] Let I be an ideal in a Noetherian ring R and let Q
be a prime divisor of (I'), for some i > 1. Then Q is a prime divisor of (I"), for all

n>1.



Definition 2.2.5 The ring R(R, I) = R[It, u], where ¢ is an indeterminate and u = 1/1,
is called the Rees ring of R with respect to I. §(R,I) =D, I /1" is the form ring

of R with respect to I.

Rees proved in [28, Theorem 2.1] that §(R,I) = R(R,I)/uR(R,I), and we
will frequently identify the two.

In the next theorem, R’ denotes the integral closure of R (in its total quotient

ring).

Theorem 2.2.6 [26, Theorem 2.7] If I is an ideal in a Noetherian ring R, then the
sets Assgr(R/(I'),) are equal for all large i. In fact, if R = R[It,u] where t is an

indeterminate and w = t~', then for all large i,
Assp(R/(I')a) = {P' N R | P/ € Assg (R JuR') }
={PNR|P e Assp(R/(u"R),) for some n > 1}.

We write this eventual constant value as A*(I) := Ass(R/(I™),) for large m.

The prime ideals A*(I) are known as the asymptotic primes of I.

Definition 2.2.7 Let by,...,b, € R, B; = (b1,...,b;)R. For an ideal I of R, we say an

element r € R is asymptotically prime to I if (r,])R # R and ((I™)q :r TR) = (I™),

for all m > 1. Then we say the ordered sequence b1, ..., b, is an asymptotic sequence
over I if
1. (I,B,)R# R

2. foreachi=1,...,n, ({,Bi=1)™)a :r biR) = ((I, Bi—1)™)q for all m > 1.

The elements by,...,b, are an asymptotic sequence in R if they are an asymptotic

sequence over (0).



We will use asymptotic sequences over an arbitrary ideal for the statement of
some preliminary results, but for the main sections of this paper, we will restrict our
attention to asymptotic sequences over (0).

Observe that for I = (0), the second condition is equivalent to b; ¢ |J A*(B;_1)
for i =1,...,n. Indeed, ((B/")q : biR) = (B!"{)q for each m > 1 is equivalent to b; is
not a zero divisor on R/(B]"),. The set of zero divisors of R/(B!" ), is the union of
the associated primes, Ass(R/(B!")s). By 2.2.4, P € Ass(R/(B]",)q) for some m > 1
if and only if P € A*(B;_1).

We will now record several theorems about asymptotic sequences and locally

quasi-unmixed rings for later use.

Corollary 2.2.8 [19, Corollary 2.2] Let R be a quasi-unmized semi-local ring and let
A be an ideal in R. Then R/A is quasi-unmized if and only if ht(A) = ht(P) for every

prime ideal P € mAssr(R/A).

Definition 2.2.9 If [ is an ideal of a ring R, we say that I is of the principal class if I

can be generated by ht(/) elements. We say I is of the principal class m if ht(I) = m.

Theorem 2.2.10 [21, Theorem 2.29] The following statements are equivalent for a

Noetherian ring R:

1. R is locally quasi-unmized.
2. For all ideals B of the principal class in R, (B%), is height unmized, for all i > 0.

3. For all ideals B of the principal class in R such that ht(M/B) = 1, for some

mazimal ideal M in R, (B")y : M = (B%),, for infinitely many i > 0.

Remark 2.2.11 [24, Remark 2.3] Let bq,...,b; be elements of a ring R, let B; =

(b1,...,b;)R fori=1,...,g and let By = (0). Then the following statements hold:

10



. For i = 1, the definition of asymptotic sequence simply says that b; is not in any

minimal prime ideal in R.

. If R is Noetherian, then the second part of the definition of asymptotic sequence

is equivalent to: b; is not in any P € A*(Bi_l) fori=1,...9.

. If Ris a Noetherian ring and by, .. ., by are an asymptotic sequence, then ht(B;) =i

fort=0,1,...,9.

. Let M be a maximal ideal in a Noetherian ring R and let bq,...,b, be an asymp-
totic sequence in R. If by, ..., by are a maximal asymptotic sequence and By, C M,

then M € A* (Bg). The converse is also true.

. If R is a Noetherian ring and by, ...,b, are an R-sequence, then bq,...,b, are an

asymptotic sequence, but not conversely.

. If R is a quasi-unmixed local ring and ht(B,) = g, then every P € A*(B;) has

height ¢ (for i =1,...,g) and by,..., by are an asymptotic sequence.

The next remark concerns the passage of asymptotic sequences and asymptotic

primes to and from localizations of Noetherian rings.

Remark 2.2.12 [24, Remark 2.9] Let by,...,b; be elements in a Noetherian ring R

and let S be a multiplicatively closed subset of R such that BRs # Rg, where B =

..,bg)R. Then:

1. If b1, ..., by are an asymptotic sequence in R, then the images of by, ...,b, are an

asymptotic sequence in Rg. (The proof uses 2.2.11(2) and the fact that [,Rg =

(IRg), for all ideals I in R.)

11



2. If T is an ideal in R and Ps € Spec(Rg), then P € A*(I) if and only if Pg €

A*(IRg).

3. If by,...,by are an asymptotic sequence in R and P € A*(B), then by 2.2.12(1),
2.2.12(2) and 2.2.11(4), the images of by, ..., by are a maximal asymptotic sequence

in Rp.

4. If the b; are in the Jacobson radical of R, then it follows immediately from 2.2.12(2)
and 2.2.11(2) that by,...,b, are an asymptotic sequence in R if and only if their

images are an asymptotic sequence in Rj; for all maximal ideals M in R.

Corollary 2.2.13 [24, Corollary 2.10] If by,...,bs are an asymptotic sequence in the

Jacobson radical of R, then each permutation of the b; is an asymptotic sequence in R.

We now consider ideals of the principal class. As mentioned in the introduction,
ideals of the principal class n in Cohen-Macaulay rings can be generated by an R-
sequence of length n. Before we classify ideals of the principal class in locally quasi-
unmixed rings, we first examine ideals of the principal class in Noetherian rings, as they

will also prove useful later.

Definition 2.2.14 Let R be a commutative ring with identity. A set {z1,...,2m} C R
is said to be analytically independent if every homogeneous f € R[Zi,...,Zy] such
that f(z1,...,2m) = 0 has its coefficients in Rad((z1,...,2m)R). We say {z1,...,2m}
is strongly analytically independent if every homogeneous f € R[Z1,...,Zy] such that

f(z1,...,2zm) =0 has its coefficients in the ideal (z1,. .., zm)R itself.

Corollary 2.2.15 [3, Corollary 1] If R is Noetherian and I = (z1,...,zm)R is an ideal

of the principal class m, then {z1,...,2zm} is analytically independent.

12



This is sometimes called the theorem of “analytic independence of systems of
parameters” [4]. It is proved in many places, including [3, Corollary 1]. In 1968, Davis

proved the converse.

Proposition 2.2.16 [4, Theorem] If R is Noetherian and {z1,...,2zm} is analytically

independent, then I = (z1,...,2m)R is of the principal class m.

Thus in a Noetherian ring, an ideal is of the principal class m if and only if
any generating set of m elements is analytically independent. For locally quasi-unmixed

rings, we have the following result.

Proposition 2.2.17 [24, Proposition 4.6] If B is an ideal of the principal class in a
locally quasi-unmized ring R, then B is generated by an asymptotic sequence, and if P

is a prime divisor of (B™), for some n > 1, then ht(P) = ht(B).

Some of the standard results for R-sequences in Noetherian rings do not transfer

to asymptotic sequences: in particular, if by, ..., b; are an asymptotic sequence in R and
bit1,...,b, are an asymptotic sequence in R/((b1,...,b;)R), it is not necessarily true
that by, ..., b, is an asymptotic sequence. (See [24, Example 7.1.2]. ) However, the next

result of Ratliff shows that this does hold if R is locally quasi-unmixed.

Theorem 2.2.18 [25, Theorem 3.7] Let by,...,b; be an asymptotic sequence over an
ideal I in a locally quasi-unmized Noetherian ring R, let B = (b1,...,b;)R, and let
bit1,-..,bs be elements in R whose images in R/B are an asymptotic sequence over

(I + B/B). Then by,...bs is an asymptotic sequence over I.

13



2.3 Monoidal Transforms and Rees Rings

In this section we establish properties of monoidal transforms and Rees rings
for later use. Indeed, for a Noetherian ring R, an ideal I of R, and an indeterminate
u, the Rees ring R[I/u,u] is a monoidal transform over R[u], so results on monoidal
transforms are results on Rees rings. Rees rings are an important tool for study because
they allow us to view an ideal I in R as a contraction of the principal ideal gener-
ated by u in R[I/u,u]. For more about Rees rings, one may refer to [32] and others;
for monoidal transforms from a commutative algebra standpoint, see [3] and [5]. For
monoidal transforms from the perspective of algebraic geometry, see [33].

We recall the following definition given in the Introduction.

Definition 2.3.1 For a ring R and elements a,b1,...,b, € R, where a is not a zero
divisor, the overring S = R[%, ey %"], a subring of the total quotient ring of R, is called

a monoidal transformation or transform.

Lemma 2.3.2 [18, Theorem 2.3] Let R be a locally Macaulay ring, let a, b, ..., by, be
an R-sequence, and let Xq,...,X, be algebraically independent over R. If H is the

kernel of the natural homomorphism from R[X1,...,X,] onto S = R[%, 2] then

zn
a

H = (G,Xl - bl,... ,CLXn - bn)R{Xl, . ,Xn]

Ratliff has given a valid analogue of this result in terms of locally quasi-unmixed
rings and asymptotic sequences. Before we state it, some more definitions are in order.

Typically, we define monoidal transforms R C S = R[2 b2] where @ is not

21 In
e,
a zero divisor. The statement a € R is an R-sequence is equivalent to saying that a

is not a zero divisor on R, so if we want that a,bq,...,b, is an R-sequence for certain

properties to ascend from R to S, we get that a is not a zero divisor. However, if we

14



wish to work with asymptotic sequences, the statement a is an asymptotic sequence in
R is equivalent to a is not in any minimal prime, which means that a may be a zero
divisor. So to achieve the full generality, we adopt the following notation:

Let a be an element of R not contained in any minimal prime of R, let
T = {a* |k >0}, and let Z = U{(0:a™R) | m >0} , then: R[] denotes the ring
(R/Z)(1+2)/z (or Rr). (Note that a is regular on R/Z, and R R[%] if a is not regular

on R.)

Il

Let S denote the subring of R[] generated over R/Z by the elements %, where
T denotes residue class modulo Z.

Let f be the natural homomorphism f: R — R/Z. Then for an ideal I in R,
IS denotes f(I)S, and if J is an ideal in S then J N R denotes f~*(J N (R/Z)). Also,

if 7' is a multiplicative subset of R, then S denotes Sy (r).

Theorem 2.3.3 [23, Theorem 2.5] Let I = (a,b1,...,b,)R be an ideal in a Noetherian
ring R such that a ¢ Rad(R), B = R[X1,...,X,], Yi =aX; —b; (i=1,...,n),

K=M,...,Y,)B and H = ker(B — S). Then

1. K C H and there is a one-to-one correspondence between z € Ass(R) such that

a ¢z and P € Ass(B/H) given by PN R = z.

2. If z and P are corresponding ideals as in (1.) and z € mAssR, then P is a minimal
prime divisor of H, ht(P) = n, (K + Rad(Bp))Bp = K,Bp = H,Bp = PBp,
and L = Bp/Rad(Bp) is a regular local ring and the images in L of the Y; are a

reqular system of parameters.
3. Rad(K) C Rad(H), and if I is of the principal class (ht(I) =n+1), then ht(K) =
n = ht(H) and Rad(K) = Rad(H).

15



4. If z € mAss(R) is such that ht(I + z)/z = n+ 1, then Rad(K + zB)/2B is a
prime ideal H*. Further, H* is the H*-primary component of (K + z2B)/zB and

of (H + zB)/zB, and H* = Ker((B/zB) — (S/z*)), where z* = zR[1] N S.

5. If ht(I) = n+ 1 and R is locally quasi-unmized, then K C H C K, = H, =

Rad(H) = Rad(K).

The next theorem of Ratliff has to do with the ascension of an asymptotic

sequence over an ideal I to a certain Rees ring.

Theorem 2.3.4 [27, Theorem 3.3] Let by,...,bs be an asymptotic sequence over an
ideal I in a Noetherian ring R and let B; = (b1,...,b;))R for each i =1,...,s. Fizi

and let R = R(R, B;). Then the following statements hold:
1. Letdy,...,dsy1 be a permutation of u,tby, ..., th;, bi+1,...,bs of one of the follow-
g types:
(a) di =w and if dj = b, and k > i+ 1, then by_1 = dj_4 for some g > 1.
(b) di =tb,...,d; =tb; (for some j (1 <j<1i)), djit1 =u, and if dj, = b, and
k>i+1, then by_1 = dp—g4 for some g > 1.
(¢c) dj=tb; (j =1,...,i), dixph =biyp, (forh=1,... k and with1 <k < s—1),
dizkr1 =u and dpy, = b1 (form=i+k+2,...,s+1).

Then dy,...,ds+1 are an asymptotic sequence over I'R.

2. If every permutation of bi,...,bs is an asymptotic sequence over I, then every

permutation of u,tby, ..., thy, bir1,...,bs is an asymptotic sequence over I*R.

Note that every permutation of by, ..., bs is an asymptotic sequence (over I =

(0)) if by, ..., bs are contained in the Jacobson radical of R by Corollary 2.2.13. In fact,
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Ratliff shows in [27, Corollary 6.3] that, for an arbitrary ideal I of R, every permutation

of by,...,bs is an asymptotic sequence over I when the b; are in the Jacobson radical.

Using the correspondence u <> by, by, <> by for h =7+ 1,...,s, and l% > tb;

for j = 1,...4, we pass naturally from Rees algebras to monoidal transforms, resulting

in the following corollary.

Corollary 2.3.5 [27, Corollary 3.6] With the notation of (2.3.4), fir k (1 <k <1i) and

let S = R[l%’ ce g—;]. Then each permutation of the images of
b1 br—1 b1 bi
bitlyveybsy—yeney—— —— ..., —,b
i+1 ) S7bk7 ) bk ) bk; ) ,bk, k

which corresponds to one of the permutations in (2.3.4(1)) is an asymptotic sequence

over IS.
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Chapter 3

Monoidal Transforms over

Locally Quasi-Unmixed Domains

3.1 A Sufficient Condition for S to Be a Locally Quasi-

Unmixed UFD

This section deals with with some basic results concerning monoidal transforms
of locally quasi-unmixed rings, including Lemma 3.1.5, which we shall use throughout
chapters 3 and 4. The main result of this section gives a set of conditions for S = R[] /a]
to be a unique factorization domain.

It is well known that for a Cohen-Macaulay ring R and an ideal I of the
principal class, R/I is also Cohen-Macaulay [18, p. 400]. Our first result is an asymptotic

analogue of this.

Theorem 3.1.1 If R is locally quasi-unmized and A is an ideal of the principal class

and H is any ideal such that Rad(H) = Rad(A), then R/H s locally quasi-unmized.

Proof. Note that Rad(A) = Rad(H) implies mAss(R/A) = mAss(R/H). Let
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M be a maximal ideal of R. If P ¢ M for some prime ideal P of R, Ry;/PRy; = 0
is trivially quasi-unmixed. Now suppose P € mAss(R/H) and P C M (and thus that
A C M and therefore mAss(Ryr/HRyr) = mAss(Ry/ARwM)).

Since A is an ideal of the principal class in a locally quasi-unmixed ring, it
can be generated by an asymptotic sequence by Theorem 2.2.17, and since A C M,
the images of that asymptotic sequence in Rj; form an asymptotic sequence in Ry; by
Theorem 2.2.12(1). Then by Remark 2.2.11(3) AR)y is an ideal of the principal class in
a quasi-unmixed ring, so ht(PRy;) = ht(ARy;) for ecach PRy € A*(ARys) by Theorem
2.2.10. Further, A*(ARys) = mAss(Rys/AR);) = mAss(Rys/HRyy).

Then ht(PRys) = ht(HRyy) for each PRys € mAss(Ry/HRar), so by Corol-

lary 2.2.8, Ryr/HRy = (R/H) ) is quasi-unmixed for each M. m

Corollary 3.1.2 If R is locally quasi-unmized, A is an ideal of the principal class, and

H is any ideal of R such that H, = Ag, then R/H s locally quasi-unmized.

Proof. If P € mAss(R/H), P O Rad(H) DO H, = A,. If P is not minimal
over A, there is a prime ideal @ such that P D @ 2 Rad(A) 2 A, = H, 2 H,
contradicting minimality of P over H. Thus mAss(R/H) C mAss(R/A). The opposite
inclusion follows similarly, and therefore Rad(H) = Rad(A). The result then follows

from Theorem 3.1.1. =

The following lemma from E. Davis [5, Lemma 1] records several facts about

monoidal transforms for later use.

Lemma 3.1.3 [5, Lemma 1] Let I = (a,by,...,b,)R, where a is reqular on R, B =
R[X1,...,X,), S= R[%, cee %"] and H = ker(B — S). If J is an ideal of R such that
HCJB, then JSOR=J, S/JS = (R/J)[X1, ..., X,], and:
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1. If J is prime (resp. primary), then JS is prime (resp. primary).
2. If J = J; for some family of ideals {J;}, then JS =) J;S.
3. (J:r L)S = (JS :s LS) for any ideal L of R.

4. If p is an isolated prime divisor of J, then lg,(Rp/JRy) = ls,5(Sps/J Sps), where

Ir(M) denotes the length of the R-module M.

In fact, the lemma holds if we only require that a is not in any minimal prime
of R (for example, if we wanted to assume that a, by, ..., b, is an asymptotic sequence).
The additional proof follows from the definitions and the discussion above for S in the
case that a is non-nilpotent. However, if a, b1, ..., b, is an asymptotic sequence it is not
in general true that H C IB (see example below), so the conclusions of the preceding

Lemma do not necessarily hold for I = J.

Example 3.1.4 We shall exhibit an asymptotic sequence that is not strongly analyti-
cally independent.

Recall that a set {z1,...,2n} C R is said to be analytically independent if
every homogeneous f € R[Z1, ..., Zy] such that f(z1,...,2n,) = 0 has its coefficients in

Rad(z1,...,2m). Aset{z1,...,2n} C Rissaid to be strongly analytically independent if

every homogeneous f € R[Z1,..., Zy] such that f(z1,...,2z,) = 0 has its coefficients in
(21,...,2m)R itself. Davis shows in [3, Remarks 1.b, 1.b/] that these two conditions have
equivalent formulations in terms of monoidal transforms, namely that {a,b1,...,b,} is

analytically independent if and only if H C Rad(I)B, where I, H, and B are as in
Lemma 3.1.3; and that {a,b1,...,b,} is strongly analytically independent if and only if
H C IB. Let k be a field, X,Y indeterminates. Set R = k[[X,Y]]/(X?, XY) = k[[z, y]].

As associated primes are (prime) annihilators of elements, (z) = (0 :r y), (z,y) = (0:r
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x) and all other elements are regular (in fact, all elements of R not in (x,y)R are units),
R has associated primes (z) C (z,y). Then y is not in any minimal (i.e. asymptotic
prime of (0)), but y € (x,y), an associated prime. So y is an asymptotic sequence but
not an R-sequence.

Let f =27 € R[Z]\ yR[Z]. Then f(y) = zy =0, and so f is a homogeneous
polynomial which is zero on y whose coefficients are not in yR[Z]. Therefore {y} is not

a strongly analytically independent set.
This brings us to the following asymptotic analogue of [9, Proposition 2.2].

Lemma 3.1.5 Let a,by,...,b, be an asymptotic sequence in a locally quasi-unmized

ring R, (a,b1,...,by)R =1, and let S = R[%,... 2], Then

1. S is locally quasi-unmized

2. a,c1,...,Cn 1S an asymptotic sequence on S for any permutation ci,...,c, of

(=
=

21 On
PRI

3. Rad(aS) N R = Rad(IS) N R = Rad(I), S/Rad(aS) = (R/Rad(I))[ X1, ..., Xn],
and there is a one-to-one correspondence between, elements of A* (aS) and elements

of A*(I) given by p (€ A*(I)) = PN R with P € A*(aS) and P = pS.
4. Each q € A*(I) has height n + 1.

Additionally, if a,b1,...,b, is an R-sequence, then (3) becomes aS N R =
ISNR=1,5/aS = (R/I)[X1,...,Xy], so there is a one-to-one correspondence between
elements of Assg(S/aS) and elements of Assr(R/I) given by p (€ Assr(R/I)) =PNR

with P € Assg(S/aS) and P = pS.

Proof. For (1), let B = R[Xy,...,X,], K = (aX1 —b1,...,aX,, — by)B and
H = ker(B — S) be as in Theorem 2.3.3. Since [ is generated by an asymptotic
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sequence, it is an ideal of the principal class (by Remark 2.2.12), K is of the principal

class by Theorem 2.3.3. Then by Theorem 3.1.1, B/H = S is locally quasi-unmixed.
For (2), Ratliff proved this for general Noetherian rings with Corollary 2.3.5.
For (3), observe that K = (aX; —by,...,aX, —b,)B C IR[Xy,...,X,] = IB.

So by Theorem 2.3.3, H C Rad(H) = Rad(K) C Rad(IB). Thus most of the conclusions

follow from Lemma 3.1.3 and it remains to show the correspondence between A* (I) and

~

A*(al).

It is clear from above that
{P € Spec(B) | P 2 (Rad(I)B)} = {P € Spec(B) | P O IB}
is in one-to-one correpsondence with
{P € Spec(S) | P2 IS} ={P € Spec(S) | P 2 aS} ={P € Spec(S) | P 2 Rad(aS)}.

Since R is locally quasi-unmixed and a, by, . . ., b, is an asymptotic sequence in R, for any
associated prime divisor P of (I"), for some n > 1, ht(P) = ht(I) (Proposition 2.2.17).
Therefore P is minimal over I and A*(I) = mAssg(R/I). Similarly, S is locally quasi-
unmixed and a is an asymptotic sequence in S, so A*(aS) = mAssg(S/asS). So suppose
p € A*(I) = mAssg(R/I). Then pB is minimal over IB, and so pS € mAssg(S/aS) =
A*(aS). For P € mAssg(S/asS), there is a Q € mAssp((B/IB) corresponding to it.

Then QN R =p € mAssg(R/I) and pB = Q. Thus pS =P and PN R = p.

(4) is given by Proposition 2.2.17. =

Recall that an ideal J is pre-normal if all large powers of J are integrally closed,
and J is normal if J" is integrally closed for all positive integers n. The following two
theorems will help provide conditions for S to be integrally closed. The first was proved

by Lipman and Mattuck independently, and the second is a theorem of Goto.
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Theorem 3.1.6 [14, Lemma 5.2][16, Theorem 1] Let R be an integrally closed Noethe-
rian domain and J an ideal of R. Then every monoidal transform R[J/b] with respect

to J is integrally closed if and only if J is pre-normal, where b is a nonzero element of

J.

Theorem 3.1.7 [8, Theorem 1.1] If J is an ideal of the principal class in the Noetherian

ring R, the following are equivalent:
1. J is integrally closed

2. J 1s normal

3. For each p € Assgr(R/J), Ry is regular and lg,((JRy + p*Ry)/p*Rp) > ht(J) — 1.
When this holds, each p € Assr(R/J) is minimal over J and J is generated by an

R-sequence.

We use the following extension of [9, Remark 2.3].

Remark 3.1.8 Let R be an integrally closed Noetherian domain, let I be generated by
the analytically independent set {a,by,..., by}, and S = R[I/a]. Then for the following
statements, (1) = (2) = (3) = (4) < (5). Ifa,bi,...,b, is an R-sequence, then

(4)=(1).
1. I is integrally closed
2. I is normal
3. I is pre-normal
4. S s integrally closed

5. Sq 1is integrally closed for each prime divisor q of aS.
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Proof. By [4, Theorem)], if R is Noetherian and {a,b; ...,b,} is analytically
independent, then I is an ideal of the principal class n + 1. Thus the hypotheses of
theorems 3.1.6 and 3.1.7 are satisfied.

It is clear that (2) = (3) and (4) = (5). The implication (1) = (2) holds by
Theorem 3.1.7, and (3) = (4) by Theorem 3.1.6.

Now assume that (5) holds and let ¢ be a prime divisor of a principal ideal
in S. If a € ¢, then S, is integrally closed, by (5). If a ¢ ¢, then S[%} = R[%] is
integrally closed, since R is, and S, = S [%] gS[L]» SO Sq is integrally closed. Therefore S,
is integrally closed for each prime divisor ¢ of a principal ideal in S, so S is integrally
closed, by [12, Theorem 54], hence (5) = (4).

Finally, let a, by, ...,b, be an R-sequence. Then we have that
ker(R[X1,...,Xn] = S) CIR[Xy,..., X, C LLR[X1,..., X5,

so by Lemma 3.1.5 we get that aSN R =1 and I,SN R = I,. Also, S integrally closed
implies that aS is integrally closed [32, Proposition 1.5.2]. Using persistence of integral
closure as defined in Definition 2.2.3, I,S C (IS),, so aS = IS C I,S C (I5), =

(aS)e=aS. Thus Iy =1, SNR=aSNR=1,s0 (4) = (1). m

Remark 3.1.9 If R is a Noetherian domain, a,bq,...,b, is an R-sequence, and S =
R[I/a] satisfies (S2), then aS is primary if and only if Rad(aS) is prime, since principal
ideals in domains which satisfy (S2) have no embedded primes. Moreover, by Lemma
3.1.5, the elements of Assg(R/I) are in one-to-one correspondence with the elements of
Assg(S/aS), so I is primary if and only if a.S is primary if and only if Rad(aS) is prime
if and only if Rad([) is prime.

We will use this fact in two particular cases. If R is an integrally closed
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Noetherian domain, a,by,...,b, are an R-sequence, I = (a,by,...,b,)R is integrally
closed, and S = R[I/a], then S is integrally closed by Remark 3.1.8, so S satisfies (S2)
by Corollary 2.1.8.

If R is locally quasi-unmixed unique factorization domain, a,by,...,b, is an

R-sequence, I = (a,by,...,b,)R, and S = R[I/a], then S satisfies (S2) by [5, Theorem]

We now introduce a sufficient condition for S to be a UFD. For R a Krull

domain, we will denote its divisor class group by CI(R).

Theorem 3.1.10 [9, cf. Theorem 2.4] Assume that R is an integrally closed Noetherian

domain and that I = (a,by,...,by)R is of the principal class n+ 1. Then:

1. If I is integrally closed, then S is integrally closed, and there is a surjective ho-
momorphism ¢ : Cl(S) — CI(S[2]) whose kernel is generated by the classes of

elements of mAssg(S/aS).

2. If I is integrally closed, Rad(I) is prime, and if CI(R) is torsion (resp. finite,

resp. trivial), then C1(S) is torsion (resp. finite, resp. finite cyclic).

3. If I is prime and a is a product of prime elements of R, then aS € Spec(S) and

the divisor class groups CI(R) and C1(S) are isomorphic.

4. If I is prime and R is a UFD, then S is a UFD.

Proof. By [3, Corollary 1], {a,by,...,b,} is analyticaly independent, since I
is of the principal class n + 1. Thus if I is integrally closed, then S is integrally closed,
by Remark 3.1.8, so S is a Krull domain. Then [7, Corollary 7.2] tells us that we have
a surjection between the class group Cl(A) of a Krull domain A and the class group

Cl(Apr) of its localization Ajs for each multiplicative set M, and that the kernel is
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generated by the classes of the height one prime ideals which meet M. For our case,
C1(S) surjects onto CI(S[1]), and the kernel is generated by the classes of the height
one primes of S containing a, which necessarily belong to the set of minimal primes of
aS. Since a is a regular non-unit in the integrally closed Noetherian domain S, these
are exactly the minimal primes of a.S, mAssg(S/asS).

For (2), if I is integrally closed, then S is a Krull domain, by (1). Also,
by Theorem 3.1.7, I is generated by an R-sequence. Therefore, if Rad([) is prime,
Lemma 3.1.5 gives a one-to-one correspondence between Assp(R/I)) = {Rad(I)} and
mAssg(S/aS) = {Rad(aS)}. Thus Ker(¢) is the finite cyclic subgroup of CI(S) gener-
ated by the class of (Rad(aS)). If CI(R) is torsion, so is its image, CI(R[2]). This means
that for any g € CI(S), (¢(g))™ = (0) for some m, or that g™ € Ker(¢) = ((Rad(aS))).
R is Noetherian, so there is a k such that (Rad(aS))* C aS. But aS is a principal divi-
sorial ideal, so is in the same coset as (0) in C1(S), i.e. (Rad(aS)) has finite order, thus
C1(S) is torsion. If CI(R) is finite, C1(S[2]) is finite, and C1(S)/ ((Rad(aS))) = C1(S[1]),

so by Lagrange’s Theorem,
[CI(S) : (0)] = [CL(S) : (Rad(aS5)))][((Rad(as))) : (0)] < oo.

If CI(R) is trivial, so is CI(R[1]). Since ¢ is surjective, C1(S) = Ker(¢) = ((Rad(aS5))).

Thus CI(S) is finite cyclic.

For (3), if I is prime, I C I, C Rad(I) = I. Then since a, b1, ..., b, is analyti-

cally independent, S is integrally closed (and therefore a Krull domain) by Remark 3.1.8,
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and ker(R[X1,...,X,] = 5) CRad(IR[Xy,...,Xy]) = IR[X1,...,Xy],s0 a,b1, ..., by
is in fact strongly analytically independent. Then by Lemma 3.1.3, aS is prime, so
Assg(S/aS) = {aS}. We then have that Ker(¢) is generated by (aS), which is in the
equivalence class of (0). Thus ¢ is an isomorphism. Since a is a product of prime el-
ements of R, the canonical surjection ¢ is also an isomorphism by [7, Corollary 7.3].
Then 1 ~! o ¢ must also be an isomorphism.

(4) then follows from (3). m

Remark 3.1.11 It follows from Lemma 3.1.5 that if R, I, and S are as above and,
additionally, R is locally quasi-unmixed, then S is locally quasi-unmixed for each of
Theorem 3.1.10(1)-(4). In particular, if R is a locally quasi-unmixed UFD and I =

(a,b1,...,by)R is of the principal class n + 1, then S is a locally quasi-unmixed UFD.

Corollary 3.1.12 [9, cf. Corollary 2.7] Assume R is a locally quasi-unmized UFD, that
a,by,..., by is a permutable asymptotic sequence, and that I = (a,by,...,by)R is a
prime ideal. Then each of the rings S; = R[b%] 18 a locally quasi-unmixed UFD and

bij S Spec(Sj).

Proof. This follows from [18, Theorem 2.4], 3.1.5 and 3.1.10 (4). =

The following two theorems of Samuel and Li respectively were listed in [9] as
special cases of Theorem 2.4 (of which Theorem 3.1.10 is the asymptotic analogue) from

same article:

Corollary 3.1.13 [31, Proposition 7.6, p. 28] If A is an integrally closed Noetherian
domain and if aA N bA = abA, and if aA and (a,b)A are prime ideals, then A’ =
A[X]/(aX —b) is again integrally closed and the class groups C1(A) and Cl(A’) are

canonically isomorphic.
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Corollary 3.1.14 [13, Corollary 2.4] If A is a Noetherian UFD, aA NbA = abA, and

(a,b)A is a prime ideal, then B = A[2] is a UFD.

Note that for a Noetherian domain R, the conditions aR N bR = abR, and
(a,b)R is a prime ideal imply that a,b is an R-sequence. Since R is a domain it suffices
to show that (aR : bR) = aR. Suppose rb € aR for some r € R. Then rb = ar’ for some
" € R and rb = ar’ € aANbR = abR. Thus rb = ar’ = abr” for some r”. Since R is a
domain, rb = abr” implies r = ar”, and hence b is not a zero divisor on aR and a,b is
an R-sequence. Conversely, if R is an integrally closed Noetherian domain and a, b is an
asymptotic sequence in R, then a,b is an R-sequence since integrally closed Noetherian
domains satisfy (So) (and therefore Assp(R/aR) = mAssg(R/aR) = A*(aR)). It is
clear that abR C aRNbR, so suppose r € aRNbR. Then r = ax = by for some z,y € R.
Therefore y € (aR : bR) = aR, y = ar’, and r = by = abr’ € abR.

These corollaries are technically not special cases of [9, Theorem 2.4], because,
as stated, [9, Theorem 2.4] requires that A be Cohen-Macaulay. However, as the proof
of Theorem 3.1.10 (3) shows, we do not need to assume that A is locally quasi-unmixed
or Cohen-Macaulay to obtain the isomorphism of class groups.

It is well known that an integral domain is a UFD if and only if each height-one
prime ideal is principal [12, Theorem 5]. For a Krull domain A, Cl(A) is torsion if and
only if each height-one prime ideal of A has a principal primary ideal [7, Proposition
6.8]. Therefore, if we want to know how far S = R[I/a] is from a UFD, we want to
investigate which height-one primes P of S are principal, and which have a principal
primary ideal. We consider two cases: when ht(P N R) = 1 (section 3.2) and when
ht(P N R) > 1 (section 3.3).

The last result in this section is the asymptotic version of [9, Proposition 2.9].
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If P is a height-one prime ideal of S = R[I/a], the next lemma shows that if R is locally
quasi-unmixed and a, b1, ..., b, is an asymptotic sequence, there are only two possible

values of ht(P N R), and will be helpful in the next two sections as we classify such P.

Lemma 3.1.15 [9, cf. Proposition 2.9] Let a, by, ..., b, be an asymptotic sequence in a
locally quasi-unmized domain R, I = (a,by,...,by)R, and let S = R[%, el %”] For

any P € Spec(S), let p= PN R. Then the following hold:
1. ht(P) < ht(p) < ht(P) + n.
2. If a ¢ p, then ht(p) = ht(P) and P = pR[2] NS (so Sp = R,).

3. If ht(P) = 1, then ht(p) is either 1 orn+1, and ht(p) =n+1 if and only ifa € p

if and only if p € A*(I) Moreover, if ht(p) = n + 1, then P = pS.

Proof. (1) By [20, Theorem 3.6], a Noetherian domain R is locally quasi-
unmixed if and only if the dimension equality (also called the altitude formula) holds
between R and any finitely generated extension of R that is also a domain. In particular,
the dimension formula holds between R and S. Thus for any prime ideal P of S, if we

let p = PN R, we have
ht(P) + tr.deg.[S/P : R/p| = ht(p) + tr.deg.[S : R].
But S is algebraic over R, so this reduces to
ht(P) + tr.deg.[S/P : R/p] = ht(p).

Since S/P is an extension of R/p by n elements (the residues of b1 /a, ..., b,/a modulo

P), ht(p) is at most n larger than ht(P).
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(2) If a ¢ p, pR, N S is the only prime ideal lying over p, so P = pR, NS, and

R, = Sp, by [3, Lemma). Since a ¢ p, R, 2 R[], and thus
1 1
P:pRpﬁS:pR[a]ﬁS:pS[a]ﬂS.

(3) If ht(P) = 1 and ht(p) > 1, then by (2), a € p. By [3, Lemmal, a € p if and
onlyif I Cp. If I C p, ht(p) > n+1. But from (1) we have that ht(p) < ht(P)+n = 1+n.
Then p is minimal over I and p € A*(I ) By Lemma 3.1.5, P = pS. Conversely, if
p e A*(I), ht(p) =n+ 1 by Lemma 3.1.5 and clearly a € I Cp. m

Note that if R is a locally quasi-unmixed ring (which may contain zero divisors),
for any z € mAss(R), R/z is a locally quasi-unmixed domain and satisfies the dimension
formula. Let P be a prime ideal of S and let z be a minimal prime of S such that P D z.

Let p=PNRand 2/ = 2N R. Then
ht(P/z) + tr.deg.[S/z/P/z : R/Z /p/Z'] = ht(p/Z") + tr.deg.[S/z : R/

ht(P/z) + tr.deg.[S/P : R/p| = ht(p/2).

Thus 3.1.15(1) holds for locally quasi-unmixed rings that may have zero divisors.

3.2 The case where ht(PN R) =1

Throughout this section, let R be a Noetherian ring, (a,b1,...,b,)R = I,

=

S=R[%,... 2]

As mentioned above, this section examines height-one prime ideals P of S such
that ht(P N R) = 1 to discover when P is principal or when P has a principal primary
ideal. The first result in this section is an extension of [5, Theorem 2] from Noetherian

domains to Noetherian rings.
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Lemma 3.2.1 Let R be a Noetherian ring, let a,by,...,b, be an R-sequence, and let
I = (a,b1,...,by)R be height unmized. Then if R satisfies Serre’s condition (S2), so

does S = R[I/a).

Proof. Let z € S be a regular non-unit, P € Assg(S/xS), and p = PN R.
Then z is a maximal S-sequence in P, so Grade(xS) = Grade(P) = 1. Thus for any
other regular element y € P, y is a maximal S-sequence in P, so P € Assg(S/yS).

Suppose a ¢ P. Since R[1/a] = S[1/a], we have PS[1/a]NS = PR[1/a]NS = P
and pR[1/a]NR = p. Thus pR[1/a]N"R =p = PNR = (PS[1/a|NS)NR, and PS[1/a]N
(SNR)=PS[1/a]n R = PR[1/a]NR. So pR[1/a] = PS[1/a]. Now pR[1/a] contains a
regular element ¥, so £* = ¥ is also a regular non-unit in pR[1/a]. Then ¥ ¢ @Q for each
Q € Ass(R][1/al]). Suppose y € ¢ for some g € Ass(R). By the one-to-one correspondence
between prime ideals of R[1/a] and prime ideals of R which do not contain a, we must
have a € q. But a is regular and ¢ consists of zero divisors. Therefore y is also regular
in R. Then 1 = Grade(P) = Grade(PS[1/a]) = Grade(pR[1/a]) > Grade(p) > 1. Thus
p € Assgp(R/yR), so by hypothesis 1 = ht(p) = ht(pR[1/a]) = ht(PS[1/a]) = ht(P).

Now suppose a € P. Thus P € Assg(S/aS), so by Lemma 3.1.3, p €
Assp(R/I). Then hypothesis p is minimal over I and ht(p) = n + 1, so P is mini-
mal over aS. Then by the Prinicpal Ideal Theorem, ht(P) =1. =

The following lemma is an extension of [18, Corollaries 3.6, 3.7] which is nec-

essary for Lemma 3.2.3, itself an extension of [9, Lemma 3.2].

Lemma 3.2.2 Assume that R is a locally quasi-unmized ring satisfying (S2). Let
a,bi,...,by, be an R-sequence and assume that I is height unmized. Then for each

e>1andk>e, (I¥ :g a®R) = IF¢.

Proof. Let R[u,ta,tby,...,thy] = R(R,I) = R. For any ideal B in R let
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B' = BR[u,t] N R. For any homogeneous ideal B* in R let [B*], = {r € R | rt* € B*}.
It follows that [B*]; is an ideal in R and I* D [B*];. We may decrease the degree of
any element of B* by multiplying by u. That is, for any = € [B*]p;1, ot"t! € B*,
so xt* = (xt**1)u € B*, and x € [B*];. Similarly, we may increase the degree of an
element in B* by multiplying by a nonzero element of It, so for any = € [B*|, xtk € B,
so zythtt! = (xt*)yt € B* for some y € I, thus yx € I[B*];. Collectively, we see that
I* O [B*]x 2 [B*|ry1 2 I[B*]s for all integers k (using the convention that I* = R if
k < 0). Since R is Noetherian, if k is greater than or equal to the maximum degree of
the generators of B*, then [B*];11 = I[B*]), and therefore [B*|yy; = I/[B*]y. If k is
less than or equal to the minimum degree of the generators of B*, then [B*|x11 = [B*].
Now consider B = a°R C I¢ and B* = a°t“R. Clearly B’ = a°R[u,t] N9’ DO B*. For
k<e, By =a"RNI*¥ = a°R = [B*]. = [B*]x. For k > e, [B'|r = a*RNI* D [B*]; =
I*=¢|B*], = I**B = a°I*~°. Since B'R[u,t] = B*R[u,t] = a®R[u,t], B* = B’ if and
only if u is not in any prime divisor of B*.

Since R satisfies (S2), R[u] also satisfies (S2). Let Assr(R/I) = {q1,.-.,qm}-
Then Ass gy, (R[u]/(u, I)R[u]) = {(u, qi) R[u]};~, so that ht(q;) = ht(g;) for each i,j =

1,...,m, ht(g;R[u]) = ht(¢; R[u]), and thus
ht((u, gi) Rlu]) = ht(giR[u]) + 1 = ht(g; Rlu]) + 1 = ht((u, ¢;) R[u]).

So (u,I)R[u] is height unmixed. Then since R = R[u,ta,tby,...,tb,] is a monoidal
transform over R[u], by [5, Theorem 2], R satisfies (S2).

From Theorem 2.3.4 we see that at,u is an asymptotic sequence in R, and
since Rad(atR) = Rad(a®t®R) and R is locally quasi-unmixed, A*(atR) = A*(atR),

e

and therefore at®, u is an asymptotic sequence in R. Because R satisfies (S3), a®t®, u

is in fact an M-sequence, so B’ = B*. In particular, [B']y = a*R N I*¥ = a¢T*~¢ = [B*];,
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for k > e. Finally, since a is not a zero divisor in R,

1€ = (a°1* ¢ :g a°R) = ((a°*R N I*) :g a°R) = (I* : a°R).

We use the next lemma frequently, including in the statement of Proposition
3.2.4. The lemma shows that each element § € S\ I has a unique representation as
B = x/a", where x € I"\ (I"! UaR). Note that elements of I cannot be written in
this form. Later in this section, and in the next, this lemma will help us classify prime

ideals with principal primary ideals and prime ideals that are principal.

Lemma 3.2.3 Assume that R is a locally quasi-unmized ring satisfying Serre’s condi-
tion (S2). Let a,by,...,b, be an R-sequence and assume that I is height unmized. For
each element € S\ I there exists a unique nonnegative integer h and a unique element

x € I\ (I"'UaR) such that B = x/a". (If 3 € S\ R, then h > 0.)

Proof. Every element 3 € S\ I may be written 8 = yx(a, by, ..., b,)/a* for
all large integers k, where yi(Xo, X1,...,Xy) € R[ X0, X1,...,X,] is a form of degree k.
Then since a, by, ...,b, is an R-sequence and hence strongly analytically independent,
yr(a, by, ... by) € IF\ I**1 If 3 € aR, then let i be the positive integer such that
yr € a’R\ a'™'R, so y, = xa’ for some x € R (and note that i < k). Then by Lemma
322,z (I*:ga'R) =1"" so 8 = x/a"" with x € I** and by choice of k and i we
see that x ¢ (I*"*1UaR).

Suppose § = -5 = ax—,:,, and without loss of generality, assume h’ > h. Since a is

h

regular, za® = 2’a"

h=g!. If W > h, then 2’ € aR, which is a contradiction.

, and zal'~
So W/ = h, and hence z = 2. Finally, it is clear that if € S\ R, h > 0. m

Proposition 3.2.4 has an asymptotic version of [9, Proposition 3.3]. The original

result on R-sequences did not assume that R is an integral domain, but we retain the
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hypothesis to make some of the proofs easier and because after this result we will assume
that R is a domain for the rest of the chapter and the next. The proposition gives
several characterizations for an element § € S\ I to have the property that a, is an
S-sequence or (a,3)S = S; and characterizations for 5 to have the property that a, 3 is

an asymptotic sequence in S or (a,3)S = S.

Proposition 3.2.4 Let R be a locally quasi-unmized domain, and let a, by, ..., b, be an
asymptotic sequence in R. Let 3 be a nonzero nonunit in S \ I such that there exist
h, a nonnegative integer, and an x € I"\ (I"*' U aR), where B = x/a". Also, let

R =R(R,I) = R[u,ta,tby,...,tb,]. Consider the following:
1. (BS :saS)=pS.
2. Either a, 3 is an S-sequence or (a,3)S = S.
3. BS[EINS = Bs.

4. Either u,t"z is an R-sequence or (u,t"z)R = M (in which case h = 0 and

(I, x)R=R).
5. Either u,thz is an R[L]-sequence or (u, thz)R[E] = R[L].
6. € I"\U{aI" | q € Assgp(R/I)}.
7. x4+ I" s a regular element in the form ring F(R, ).

8. For all nonnegative integers e and for all y € I¢\ I¢*1 it holds that xy € Ih*e\

Ih+e+1

and their asymptotic analogues:
1.5 ((B™S)a) :5 aS) = (B™S), for large m.
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2% Fither a, B is an asymptotic sequence in S or (a,3)S = S.
35 (BMS)a = (ﬂms[%})a NS for large m.

4.* Either u,t"z is an asymptotic sequence in R or (u,t'z)R = R (in which case

h=0and (I,x)R=R).
5% Either u,t"z is an asymptotic sequence in R[] or (u, thz) R[] = R[L].
65 zeI"\U {qfh g€ A*(I)}.

7% x+IM1 is not contained in any minimal prime of the form ring of R with respect

to I, (R, 1) = @50 /1.
Then
(i.) the star statements (1*)-(7*) are equivalent.
(ii.) We have (1) < (2) < (3) & (5), and (4) < (7) < (8).
(i3.) if a, by, ..., by is an R-sequence, then in addition, we have (4) < (6).

(iv.) if a,by, ..., by is an R-sequence, R satisfies Serre’s condition (S2) and either I is
height unmized or I = Rad(I), then for any 8 € S\ R there exist x, h such that h
is a nonnegative integer, x € I"\ (I"'UaR), and § = x/a"; and (1) through (8)

are equivalent.

(v.) Now assume that a,by, ..., b, is an R-sequence, R satisfies Serre’s condition (S2)
and either I is height unmized or I = Rad(I), and that (1)-(8) hold. If xR is a
prime (resp., primary) ideal, then BS is a prime (resp., primary) ideal, and the

converse holds if (R :g aR) = zR.
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Proof. For (i7): That (1), (2), (3) and (5) are equivalent follows from the
proof of [9, Proposition 3.3|, as does the equivalence of (4), (7) and (8).

For (i): We proceed to show that the star statements (1*)-(7*)are equivalent.
Let & = R[L], so S = R[I/a] C R[I/a,ta,1/(ta)] = Rlu,tI, ] = &, since % = %’.
Observe that & = S[ta, L] is a localization of S[ta], a simple transcendental extension

of S. Then u = £ € aS[ta, ], and a = u(ta) € uS[ta, L], so uS = a®. Also note that

the = (ta)"( %) € 6 and ;= (i)hthm € tha@, so thaG = = 6.

iS]

(1*) = (2%): Assume that ((8™95),) :5 aS) = (6™S), for large m. Recall that
this is equivalent to a ¢ P for every P € A*(BS’) Then either (a,3)S = S or f,a
is an asymptotic sequence. If the latter, then ht((a,3)S) = 2. Thus 8 ¢ @ for each
Q e A* (aS). Indeed, if § € @ for some asymptotic prime of aS, (a,5)S C @, whence
ht(Q) > 2. But a is regular, and thus an asymptotic sequence, so ht(Q)) = 1. Therefore,
if (a,8)S # S, a,  is an asymptotic sequence.

(2*) = (1*): Assume that a, 8 is an asymptotic sequence in S. Then we have
ht((a, 8)S) = 2. If a € P for some P € A*(8S), then (a,3)S C P, so ht(P) > 2. But
B is regular, and hence and asymptotic sequence, thus ht(P) = 1 for each asymptotic
prime P of S/j3S.

Now assume that (a,3)S = S. If a € P for some asymptotic prime P of 35,
then S = (a, 3)S C P, which is a clear contradiction.

(1*) < (3*): For large integers k and m, ((8™S)q 15 a¥S) = (8™S)aS[2] N S.
Since integral closure behaves well with respect to localization (see [32, Proposition
1.1.4] for reference), (8™5),S[2]NS = (B™S[1])aNS. Thus ((8™5)4 :5 a*S) = (B™S)a
if and only if (8™S[1])a NS = (B™S)a.

(2*) = (5%): If (a,8)S = S, 1 € (a,B)S C (a,3)& = (u,t"2)S. Now suppose
a,z/a" is an asymptotic sequence in S. Then since S[ta] is a flat S-module, by [24,
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Proposition 5.1], either a,z/a" is an asymptotic sequence in S[ta] or (a,z/a")S[ta] =
S[ta]. As the latter implies (a,z/a")& = (u,t"2)& = &, we may assume that a,z/a” is
an asymptotic sequence in S[ta]. Since & is a localization of S[ta], by Remark 2.2.12,
either (a,r/a")& = (u,t"s)& = & or a,z/a" is an asymptotic sequence in &.

(5*) = (2): If (u, t"2)& = &, (a,2/a")& = &, so there are elements r1, 7 € &

m
such that r1a+72(z/a) = 1. We can write r; = Z rij(ta)j for i = 1,2, where 7;; € R.
j=—n
m . m .
Z ritladtt 4 Z rojtlal ™" =1

j=-n j=-n
We see then that 7;; = 0 for j # 0, so this reduces to ripa + roo(z/a") = 1, whence
(a,z/a")R = R.

Now suppose u, t'z is an asymptotic sequence in G, i.e.
(U™S), = (a™6), = (a"S)g s (£/a")6) = (U™S),4 :g t"2S) for each m > 1.

So a,z/a" is an asymptotic sequence in &. If z/a" € P for some P € A*(aS), then
the@ C (x/a")& C PG C Q, where Q is some prime ideal minimal over P&, and hence
over u& = &, contradicting our assumption that u,t"z is an asymptotic sequence in
S.

(5*) = (4*): Suppose u,t"r is an asymptotic sequence in &. If u,t"z is not
an asymptotic sequence in R, then t"z € P for some P € fl*(u%) Then ht(P) =1
since fR is locally quasi-unmixed and u is an f-sequence. Then t"z € PS. Since & is a
localization of fR, there is a one-to-one correspondence between prime ideals of & and
prime ideals of 98 which miss {(ta)k}:;l, either ht(P&) = 1 and PG is prime, or ta € P.
But ta ¢ @Q for any Q € A* (ufR) since u, ta is an asymptotic sequence in R by Theorem
2.3.4. Thus ht(P&) = 1. But u, t"x an asymptotic sequence in & means that (u,t"z)&

is an ideal of the principal class and therefore has height 2, so since (u,t"z)& C P&,
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ht(P&) > 2, which is a contradiction.

Now assume (u,t"2)& = & and (u,t"z)R # R. If thz € P for some P €
A (ufR), then either ta € P or PG is a prime ideal of &. We see that ta ¢ P since
u,ta is an asymptotic sequence in PA. We also have that (u,thx)% C P implies 6 =
(u,t"x)& C PG, which contradicts the fact that P& is a prime ideal. Thus t"z ¢ P for
any P € A* (uR) and u, t"z is an asymptotic sequence in R.

(4*) = (5*): Suppose that (u,t"z)R = R. It is clear that & = (u,t"r)& =
(a, 27)8, so (a, 77)S = S as above. So now suppose that u, t"x is an asymptotic sequence
in M. Since & is a localization of R, by Remark 2.2.12, either u,t"z is an asymptotic
sequence in & or & = (u, t"r)6.

(4*) & (6%): Since (R[u|/(u,I)R[u]) = R/I, there is a one-to-one correspon-
dence between prime ideals of R containing I and prime ideals of R[u] containing
(u, I)R[u]. In particular, all asymptotic primes of (u,)R[u] are in one-to-one corre-
spondence with A*(I), and they will be the smallest prime ideals containing uR[u] and
qR|u) for each q € A*(I). That is, A*((u, I)R[u]) = {(u, q)R[u] | q € A*(I)}

Let L = ker(R[u][Xo, X1,...,Xn] = R). Now w,a,bi,..., b, is an asymp-

totic sequence in R[u|[Xo, X1,...,X,] by [27, Proposition 3.2], and observe that R =

=

Rlu][ta,tby, ... th,] = R[u][2, %, ...

, °2] is a monoidal transform over R[u], so Lemma
3.1.5 applies. So the asymptotic primes of (u, I)R[u] and of uR = (u, I)R (this equality
holds since IR C ufR) are in one-to-one correspondence. Thus for every p € A (ufR),p =
PR for some P € A*((u,I)R[u]), that is p = ((u,q)R[u)R = (u,q)R, and we have
) = {(w )R | g € A7(D)}.

Say A* (I) = {q1,...,qn}. Then u,t"z is an asymptotic sequence in R if and
only if t"z ¢ J{(u,q) |i=1,...,m}, which is true if and only if z ¢ ((u, :)R)p =
{T cR|rth e (u,qi)iﬁ} fori=1,...,m. Then ((u,q)R)n = @I" + I = ¢, 1" since
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I C g 1" for all h > 0.

(4%) = (7%): If u, tha is an asymptotic sequence in R, then t"x is an asymptotic
sequence in R/uR, which by Remark 2.2.11 means that t" is not in any minimal prime
of M/uR. Since (u, t"2)R # R, there is no element y € N such that (t"z+uR)(y+uR) =
(thoy +uR) = 1+ uR.

If (u,t"z)%R =R, then h =0 and (I,7)R = R. Thus i +zr = 1 for some i € [
and r € R. Thus xr + 1 =1+ I, or x is a unit in R/I, and hence in @izoﬁ/ﬁ“.

(7*) = (4*): If x 4+ I"*! is a nonunit not contained in any minimal prime of
@ I'/I', then t"z 4+ uR is not in any minimal prime of 9t/u under the isomorphism
P I'/I'F! = R/uR, as given by Rees in [28, Theorem 2.1]. By Theorem 2.2.18, u, tha
is an asymptotic sequence in fR, since R is locally quasi-unmixed and since u is an
asymptotic sequence in *R.

If z + I is a unit in @ I’/I**!, then by the isomorphism, t"z 4+ uR is a
unit in R/uM. Thus for some y € R, (thz + uR)(y + uR) = ("zy + uR) = 1 + uR, so
the +uz = 1 4+ wu for some z,w € K. Then 1 = (z — w)u + thzy € (u, thz)R = R.

For (iii), let us now assume that a,by,...,b, is an R-sequence. (4) < (6):
There is a one-to-one correspondence between the prime divisors of (u, I)R[u] and the

associated primes of I, so
Assppy) (R[ul/(u, I)Rlu]) = {(u,q)R[u] | ¢ € Assp(R/I)} .

Now w,a,bi,...,b, is an R[u][Xo,..., X,]-sequence, so the additional statement in
Lemma 3.1.5 holds and there is a one-to-one correspondence between Assy(R/uR) and
Asspyy (R[u]/(u, I)R[u]). Thus Asss(R/uR) = {(u, )R | ¢ € Assr(R/I)} and the rest
follows.

To prove (iv), it suffices to show that (4) < (5). Since (4) = (5) is clear, we
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will simply show that (5) = (4).

Let us also assume that R satisfies (S2) and that I is height unmixed, so that
by [5, Theorem 2], R also satisfies (S2), as in the proof of Lemma 3.2.2. Then Lemma
3.2.3 applies, so for every 8 € S\ R there exist x, h as in Lemma 3.2.3.

Suppose u, t"x is an G-sequence. If u, "z is not a regular sequence in R, then
thez € P for some P € Assy(M/uR). Then ht(P) = 1 since R satisfies (S2) and u is
an M-sequence. Then t"z € PS. Since & is a localization of R, there is a one-to-one
correspondence between prime ideals of & and prime ideals of R which miss {(ta)k}zozl,
either ht(PS) = 1 and PG is prime, or ta € P. Note that since R satisfies (S2) (and R
is locally quasi-unmixed), Assy(R/ufR) = A*(uR). Thus u, ta is an asymptotic sequence
in R if and only if it is an MR-sequence, so it is clear that ta ¢ @Q for any @ € Assgp(R/uR)
since u, ta is an asymptotic sequence in R. Thus ht(P&) = 1. But u, t"2 an G-sequence
means that (u,thx)G is an ideal of the principal class and therefore has height 2, so
since (u,t"z)& C PGS, ht(P&) > 2, which is a contradiction.

Now assume (u,t"z)& = & and (u,thz)R # R. If t"w € P for some P €
Assp(R/ufR), then either ta € P or PG is a prime ideal of &. We see that ta ¢ P since
u, ta is an M-sequence. We also have that (u,t"z)R C P implies & = (u, t"2)& C P&,
which contradicts the fact that P& is a prime ideal. Thus t"z ¢ P for any P €
Ass(R/uMR) and u, "z is an M-sequence.

The proof of (v) is the same as the proof of the final statement in [9, Proposition
3.3. m

The next proposition is not quite a generalization of [9, Proposition 3.6], since
the original result did not require R to be an integral domain. Nonetheless, it allows us
to prove Proposition 3.2.7, which does generalize [9, Proposition 3.9]. For the following

proposition, if p = 7R with 7 ¢ I, the preceding result could be used to obtain a short
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proof. However, m may be in I, so we give an alternate proof. This result gives three
conditions equivalent to when a nonzero principal prime ideal p of R (such that a ¢ p)

extends to a prime ideal in S.

Proposition 3.2.5 Let R be a locally quasi-unmixed domain, let a,by,..., b, be an R-
sequence, I = (a,by,...,b,)R and S = R[I/a]. Let p be a height one principal prime

ideal of R such that a ¢ p. Then the following are equivalent:
1. pS is a (principal) prime ideal.
2. pZU{a | q € Assp(R/I)}.
3. (pS:saS)=pS.
4. pS=pR[L]NS.

Proof. Let m € R be the prime element such that 7R = p.

(3) = (2): If there exist r,7’ € S such that 7r = ar/, we must have that
r" € pS, or v’ = wr” for some r” € S. Then nr = anr”, and since S is a domain,
r = ar”, that is r € aS. So (aS :g wS) = aS and 7 is not a zero divisor on aS. Thus
m ¢ ¢S, and therefore m ¢ ¢ for each ¢ € Assgp(R/I). (Note that by Lemma 3.1.5, all
associated primes of aS are of this form.) Finally, since 7 ¢ ¢ for each ¢ € Assg(R/I),
mR=pZU{q|q€ Assp(R/I)}.

(2) = (3): If m ¢ q C ¢S for every ¢ € Assg(R/I), then m ¢ | J{qS | ¢ €
Assgp(R/I)} = |JAssg(S/aS). Thus 7 is not a zero divisor on aS. It remains to show
that a is not a zero divisor on S = pS. Suppose mr = ar’ for some r,r’ € S. Then
r = ar” for some r” € S. Because a is not a zero divisor on S, we may cancel a, and
mar” = ar’ becomes mr” =1’/ whence r’ € 15 = pS. Therefore (pS :g aS) = pS.

The rest of the proof follows exactly as in [9, Proposition 3.6]. =
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For the rest of the chapter, our base assumption will be that R is a locally quasi-
unmixed unique factorization domain, and that a, by,...,b, are an R-sequence. Let us
say that a factors uniquely as follows: a = af'---aj’, where the a; are non-associate
prime elements in R and the ¢; are positive integers.

The next result examines the height one prime ideals of R with no prime ideals
of S lying over them. That is, prime ideals p of R such that there are no prime ideals
P of S where PN R = p. The remark is essentially the same as [9, Remark 3.8], since

as the proof below shows, we need only assume that R is a Noetherian UFD.

Remark 3.2.6 The height one prime ideals p of R such that pS N R # p are exactly

the prime ideals a1 R, ..., aqR.

Proof. It is clear that aR C a;R and I € a;R for each i, so by [3, Lemma],
there are no primes in S contracting to a;R. Thus a;,R € {p € Spec(R) | ht(p) =
1 and pSNR # p}.

To show the reverse inclusion, suppose p € Spec(R), ht(p) = 1 and pSN R # p.
Then p C pSN R C pS[%] NR= pR[é] N R. Since p # pR[%] N R and since the prime
ideals of R[%] are in one-to-one correspondence with the prime ideals of R that do not
contain a, we have pR[é] NR=Randaf - azd = a € p. This gives a; R C p for some
i, but a; R and p are both height one prime ideals, so a;R =p. =

Proposition 3.2.7 examines height one prime ideals P of S such that P is the
radical of a principal ideal zS for some z € R. Naturally this includes P that have
a principal primary ideal, and using Remark 3.1.9, we see that if we also assume [ is

height unmixed, these primes P are the same.

Proposition 3.2.7 Let R be a locally quasi-unmized unique factorization domain, let
a,bi,..., by be an R-sequence, I = (a,by,...,by)R and S = R[I/a]. Assume that x is
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a nonzero nonunit in R such that xS is a primary ideal. Let P = Rad(zS), and let

p=PNAR.
1. If ht(p) > 1, then a € Rad(zR), p € Assg(R/I) and Rad(zS) = pS.

2. If ht(p) = 1, then (xR :r a*R) is p-primary for k> 0, ©S = (xR :g a*R)S for

all k>0, P = Rad(pS) and p & U{q g€ A*(I)}.

If we also have that I is height unmized, then for (2), the above holds and in addition,

P=pS and p £ U{q | q € Assr(R/I)}.

Proof. For (1), if ht(p) > 1, then by Lemma 3.1.15 (3), a € p € Assg(R/I)
and P=pS. Ilfq € A*(xR)(: mAssp(R/xR)), ht(q) = 1,s0if a ¢ ¢, then Q = qR[i]ﬂS
has ht(Q) = ht(g) by Lemma 3.1.15 (2). Thus @ is a height 1 prime divisor of xS and
Q=P.But¢q=QNR=PNR=npisa contradiction (ht(q) =1 <ht(p) =g+ 1). We
conclude a € N{q | ¢ € mAssg(R/xR)} = Rad(zR).

For (2), P is a minimal prime divisor of xS (which is generated by an S-
sequence) in a locally quasi-unmixed domain, so ht(P) = 1. Thus by Lemma 3.1.15, if
ht(p) =1, a ¢ p=PNR, and P = pR[2] N S. Since PS[L|NS = P, (P :5 aS) =
PS [%] NS = P. Then since a is not in the only associated prime of 5, it is not a zero
divisor on S/zS, and (xS :g aS) = xS. Thus also S = zS[1]NS. Then 2SN R =
zSENSNR =2S[X]NR = (zR :g a*R) for all large integers k. Since contractions
of primary ideals are primary, S N R is p = P N R-primary. Therefore (xR :r a*R)
is p-primary. Also, since zR C 2SN R = (zR :p a*R) C x5, (xR :g a*R)S = 28
for k > 0. Further, zS C pS C P, so P = Rad(zS) C Rad(pS) C Rad(P) = P.
It follows that P is the only prime ideal of S minimal over pS, and since S is locally
quasi-unmixed, that ht(P) = 1. Observe that since R is a UFD, p = 7R for some

prime element 7w € R. Lastly, assume p C ¢ for some ¢q € fl*(I ). Then pS C ¢S and,
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more importantly, Rad(pS) C ¢S, since a ¢ Rad(pS) N R = p. But ¢S € A*(aS) and
ht(¢S) = 1 by Lemma 3.1.5, whence Rad(pS) is not prime. This is a contradiction, so
pzU{alac d(n}.

Now assume that I is height unmixed. Then the asymptotic primes of I coin-
cide with the associated primes of I, so p € |J{q | ¢ € Assg(R/I)}, which is equivalent
to pS = P by Proposition 3.2.5. m

The next remark extends [9, Remark 3.10], and is used in the proof of Propo-

sition 3.2.9.

Remark 3.2.8 Let R be a locally quasi-unmixed unique factorization domain, and let
a,bi,..., b, an R-sequence, I = (a,by,...,b,)R and S = R[I/a]. If z € I\ {0} and if
xS is P-primary, then A*(aS) = {P} and ht(P N R) = n + 1. If we also have that I is

height unmixed, then I is P N R-primary and aS is P-primary.

Proof. Let Q € A*(aS). Then ht(Q) = 1. But 5 C (x,a)S C IS = aS C Q.
So @ is minimal over xS, thus Q = P. Therefore mAssg(S/aS) = A*(aS) = {P}. By
Lemma 3.1.5, PN R € A*(I) and ht(PNR) = n + 1.

Now assume that [ is height unmixed. Since R is a UFD, R satisfies (S2), so
by [5, Theorem 2], S also satisfies (S3). Therefore Assg(S/aS) = A*(aS) = {P} and
aS is P-primary. By Lemma 3.1.5, each associated prime of [ is the contraction of an
associated prime of a5, so I must also be P N R-primary. =

The following proposition and its corollary are slight generalizations of [9,
Proposition 3.11, Corollary 3.12]. These results examine height one prime ideals p of R
such that a ¢ p. Since Proposition 3.2.5 deals with such p when p € | {q | q € A*(I)},
the next result assumes that p C | {q | q € A* (1 )} Proposition 3.2.9 then characterizes

when pR[1/a]NS has a principal primary ideal, and the following corollary characterizes
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when pR[1/a] NS is principal.

Proposition 3.2.9 Let R be a locally quasi-unmized UFD, let a,by,...,b, be an R-
sequence, let I = (a,by,...,by)R be height unmized, and S = R[I/a]. Let p = R be
a (height-one) prime ideal in R, assume a ¢ p C |J {q | q € A*(I)} and let A*(I) =

{q1,---,9m}. Then the following are equivalent:
1. P= pR[é] NS has a principal primary ideal.

2. There exist positive integers e, h and non-negative integers eqy,...,eq such that
meaft--aft € I\ (aSU @I U---Ugyl), and then ((7%af' ---a5?)/a™)S is P-

primary.

3. There exist a positive integer h and an element x € (p N I") such that (x/a")S is

P-primary.

Proof. (2) = (3) = (1) is clear, so it remains to show (1) = (2). Let 55 be
P-primary for some § € S. If § € I, by Remark 3.2.8, A*(aS) = {P} and therefore
ht(PNR) =n+ 1. So since ht(p) =1, B ¢ I. Let x and h be those given by Lemma
3.2.3, such that 8 = %,z € I"\ (aRU "), Then a"3 =2 € TR = PN R, so since R
is a UFD, there is a positive integer e such that z € 7R\ 7" R.

We have aS = IS and A*(aS) = {q15,...,¢nS} by Lemma 3.1.5. Also S is
locally quasi-unmixed, so ht(¢;S) = 1 for each i = 1,...,m. Since S is P-primary and
a ¢ p=PNR,it follows that (8S :g aS) = 8S. Then, by Proposition 3.2.4(1) < (2)
either (a, 3)S = S or a, § is an S-sequence (and hence an asymptotic sequence in S. Then
by Proposition 3.2.4(2*) < (6*), z € I"\ (aSUqSU- - -Ugy,S). Since 7 € P = Rad(j35),

there is a k1 > 0 such that 7% = B~ for some v € S.
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If v ¢ I, let k2 be the non-negative integer and y the element in 12\ (aSUI*2+1)
such that v = y/(a*?) given by Lemma 3.2.3. Then x/a" = 8 = 7% /y = (7%1a*2)/y,
or zy = w1 **2. Using unique factorization of R and the fact that x € m*R \ 7¢*1 R,
we may write © = ura’ - azd for some non-negative integers e, ..., eq and some unit
u € R (and since a ¢ xR, at least one ¢; < g;).

h

In the case v € I, 7%1a™ = 2, so the argument follows similarly to the previous

paragraph and the same conclusion holds. =

Corollary 3.2.10 Let R be a locally quasi-unmized UFD, let a,by,...,b, be an R-
sequence, let I = (a,b1,...,by)R be height unmized, and S = R[I/a]. Let p = TR be a
height-one prime ideal in R such that a ¢ p C | {q lq € A*(I)} Then P = pR[1] NS

s a principal prime ideal if and only if e may be chosen to be 1 in Proposition 3.2.9.

Proof. Suppose that P is a principal prime ideal, P = S. Since ht(PNR) = 1,
by Remark 3.2.8, we must have 3 ¢ I. Then let 5 = -# asin Lemma 3.2.3. Following the
proof of Proposition 3.2.9, we get x = 7€a{" - - - aj’ for some positive integer e and non-
negative integers e, ...,eq. Then 7°S[1] = 2S[1] = 8S[L] = PS[2] = pS[i] = =5[],
soe=1.

For the converse, let P have a principal primary ideal, 35. Then by Proposition
3.2.9, B = (mat - -aft) /", so BS[L] = ((ma(* - - af')/a")S[E] = wS[L], and 7S[E]NS =
ﬁS[%] NS = S since S is P-primary and a ¢ P. Thus S is prime. ®

The following theorem and its corollary summarize the results from the section.
Theorem 3.2.11 classifies height one prime ideals P of S such that ht(P N R) = 1 (so
that a ¢ PN R) and P is the radical of a principal ideal. As mentioned above in Remark

3.1.9, the hypotheses of the theorem imply that P in fact has a principal primary ideal.
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Theorem 3.2.11 Let R be a locally quasi-unmized UFD, let a,by,...,b, be an R-
sequence, let I = (a,by,...,by)R be height unmized, and S = R[I/a]. Let P € Spec(S)
have a principal primary ideal, let p = P N R, and assume that ht(p) = 1 (so a ¢ p).

Then exactly one of the following holds:

1. P =Rad(nS) for some prime element m € R. (This is true if and only if p=mR

for some prime element m € R\ |J{q | q € Assg(R/I)} and pS = P.)

2. P = Rad(BS) for some 8 € S\ R. (This is true if and only if p = wR C

U{q lq € A*(I)}, P =pR[3]NS, and B may be chosen to be (7°af* ---af)/a"

as in Proposition 3.2.9(2).)

Proof. Let 8S be P-primary. Either 5 € R or 5 € S\ R. Suppose that § € R.
It then follows from the proof of Proposition 3.2.7(2) that P = Rad(wS) for some prime
element 7 € R and that p Z | {q | q € A*(I)} Moreover, if we suppose that p = 7R
for some prime element © € R\ J {q | q € A*(I)}, then since SSNR C PNR=p=7R,
BS C S C P. Therefore P = Rad(8S) C Rad(nS) C Rad(P) = P.

For (2), suppose that g € S\ R. The preceding paragraph showed that g € R
if and only if p Z U {q | q € A*(I)}, so we must have p C | {q | q € A*(I)} The rest
follows from Proposition 3.2.9(1) < (2).

Since I is height unmixed, A* (I) = Assgr(R/I), so by Proposition 3.2.5, pS =

This next corollary then classifies height one primes P of S such that ht(P N

R) =1 and P is principal.

Corollary 3.2.12 Let R be a locally quasi-unmized UFD, let a,bq,...,b, be an R-
sequence, let I = (a,by,...,by)R be height unmized, and S = R[I/a]. If P is a nonzero

principal prime ideal in S and ht(P N R) = 1, then either:
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1. P =78 for some prime element m € R\ |J{q | q € Assr(R/I)}; or,

2. P =S for some € S\ R as in Theorem 3.2.11(2) with e = 1.

Proof. The prime element generating P is either in R or S\ R. If that element
is in R, then by Proposition 3.2.5, (PN R) Z |U{q| ¢ € Assg(R/I)}.
If that element is in S\ R, then by Theorem 3.2.11, (PNR) C |J {q |q € A*(I)},

so the rest follows from Corollary 3.2.10. m

3.3 The case where ht(PN R) > 1

This section deals with height-one prime ideals P of S for which a € P. For the
best statement of results, we will assume a mild condition on the prime factors a1, ..., aq
of a in Proposition 3.3.6, and for the results which follow it. Each of the results in this
section is an extension of the results of section 4 of [9] to the case where R is locally
quasi-unmixed and [ is height unmixed.

Throughout this section we will continue to assume that R is a locally quasi-
unmixed unique factorization domain, that a,b,...,b, are an R-sequence, and that
a factors uniquely as a = af*- ~~afld, where the a; are non-associate prime elements
in R and the ¢; are positive integers. We will denote by J = (b1,...,b,)R, so that
I =(a,J)R.

Our first result, Proposition 3.3.1, is a variation on Lemma 3.1.5. We will use

this variation in later results of this section.

Proposition 3.3.1 Assume that a = af* ---ay', where the a; are non-associate prime

elements in R and the ¢; are positive integers. Then for each i =1,...,d, either
1. (a;, J)R = R (which holds if and only if a;S = S); or
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2. (a;, J)S = a;8, ;SN R = (a;, J)R, and S/a;S = (R/(a;, J)R)[X1,...,Xy], so

there is a one-to-one correspondence between the elements of A*((a;, J)R) and

A*(a;S) given by p (€ A*(a;,J)) = PN R with P € A*(a;S) and P = pS. Also,

each q € A*((a;, J)R) has ht(q) = n + 1.

Moreover, (2) holds for at least one i =1,...,d.

Proof. Observe that b; = a;(([ [ ak)%) € a;8 for each j = 1,...,d. Since
the reverse inclusion is obvious, ;S = (a;, J)S.
Clearly I C (a;,J)R for each i = 1,...,d. Also, since a,bs,...,b, is an R-

sequence, it is strongly analytically independent, so
(x) H=Ker(R[X1,...,X,] = 95) CIR[Xy,...,X,] C(a;, J)R[X1,...,X,].

Then by Lemma 3.1.3, it follows that a;S N R = (a;, J)SN R = (a;, J)R, and S/a;S =
(R/(ai, J)R)[ X1, ..., Xn]

Each a; is either a unit in S or not. Fix i, and suppose that a; is a unit in
S. Then a;S = S, and (a;, J)R = (a;, J)SNR =a;SNR =SNR=R. It is clear
that 1 € (a;, J)R C (a;,J)S = ;5. Now suppose a; is not a unit in S. Lemma 3.1.3
and (x) give the desired correspondence between A*((a;, J)R) and A*(a;S). Moreover,
A*((as, J)R) = {p e A*(I) | a; € p}, so ht(q) = n+ 1 for each q € A*((as, J)R).

Finally, since a, b1, ..., b, is an R-sequence, it must have at least one minimal

prime p, and @ = af* - - - ajf' € p, s0 a € p (and thus (2) holds) for some k. m

Remark 3.3.2 Let p € Spec(R) have ht(p) = n+ 1. Then the following are equivalent:
1. pe A*(I);
2. pS is a height-one prime ideal;
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3. ht(pS) = 1;
4. there is a prime ideal P of S such that ht(P) =1 and PN R = p;
5. pS € A*(aS) and p = pSN R.

Proof. (5) = (1) = (2) by Lemma 3.1.5. (2) = (3) is clear. For (3) = (4), let
P be a height-one prime divisor of pS. Then p CpSN R C PN R, and n+ 1 = ht(p) <
ht(P N R) < n+ 1. Therefore p=PNR.

For (4) = (5), we see that by Lemma 3.1.15(3), the fact that there is a height-
one prime lying over p tells us that p € A* (I). So by Lemma 3.1.5, pS = P € A*(aS)
and pSNR=PNR=p. m

Our next proposition, which is an extension of [9, Proposition 4.5], examines

height one prime ideals of R which contain a.

Proposition 3.3.3 If p is a height-one prime ideal in R such that a € p, then p = a; R
for some i = 1,...,d. Also, pS = a;S is a (height-one) prime (resp., primary) ideal
(resp., = S) if and only if (a;, J)R is a (height n+1) prime (resp., primary) ideal (resp.,

=R).

Proof. The first statement follows from Remark 3.2.6. By Proposition 3.3.1,
pS = a;S = S if and only if (a;, J)R = R. If pS = @;S is prime (resp., primary) then by
Proposition 3.3.1 pSN R = a;S N R = (a;, J)R is prime (resp., primary). Note that if
pS is prime or primary and ht(pS) = 1, then by Proposition 3.3.1 ht((a;, J)R) = n + 1.

If (a;, J)R is prime (resp., primary) then ;S is prime (resp., primary). Also,
if (a;, J)R is prime or primary and ht((a;, J)R) = n + 1, then ht(a;S) =1. =

The following result extends [9, Remark 4.6], and strengthens the conclusions

of Proposition 3.2.7(1).
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Remark 3.3.4 Let x be a nonzero nonunit in R such that xS is a primary ideal, let
P = Rad(zS), let PN R = p, and assume that ht(p) > 1. Then there exists an i €
{1,...,d} such that Rad(a;S) = Rad(xS) = P, Rad((a;, J)R) = p, and PN R € A*(I).

Also,
1. if I is height unmixed, then (a;, J)R and a;S are primary.
2. if xS is prime, then a;S = P and (a;, J)R = p.

Proof. By Lemma 3.1.15(3), a € p € A*(I) and ht(p) = n + 1, and a €
Rad(zR). Further, z € PN R = p, so there is an asymptotic prime divisor ¢ of xR
such that zR C ¢ C p, and then af' ---a;’ = a € Rad(zR) C ¢q. Therefore a; € ¢
for some ¢ € {1,...,d} and a;R C ¢q. Both a;R and ¢ are height-one prime ideals,
so a;R = q. Therefore xR C a;R C p, so 5 C a;S C pS C P, and then we have
P = Rad(zS) C Rad(a;S) C Rad(pS) C P. In particular, Rad(zS) = Rad(a;S) = P.
Via the one-to-one correspondence given in Proposition 3.3.1, this means that (a;, J)R
has only one asymptotic prime divisor, p, and Rad((a;, J)R) = p.

For (2), assume that xS is in fact prime. Then the above holds and P = xS C
a;S C pS C P gives us a;S = P. That (a;, J)R = p follows from Proposition 3.3.1.

For (1), assume that I is height unmixed. Then since R is a UFD, S sat-
isfies (S2) by [5, Theorem 2], so Rad(a;S) = P implies that a;S is P-primary and
Rad((a;, J)R) = p implies (a;, J)R is p-primary. =

We use the following definitions from [9]. These definitions will allow us to

obtain sharper conclusions for the following results.

Definition 3.3.5 1. With aq,...,aq as above, we say that a1, ..., aq satisfy the Rad-
ical Property with respect to J = (by,...,b,)R if for each ¢ = 1,...,d it holds that
ar - Q;—1Q541 - a4 ¢ Rad((ai, J)R)
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2. A product-quotient of elements x1,...2y, in R is a product 27" - a)* where at

least one of the n; > 0 and possibly some n; are nonpositive.

Proposition 3.3.6 Let R be a locally quasi-unmized UFD, let a,by,...,b, be an R-
sequence, let I = (a,by,...,by)R be height unmized, and S = R[I/a]. Let P be a height-
one prime ideal in S, let p = PNR, and assume that ht(p) > 1 and that P = Rad(BS) for
some B € S. Then P = Rad(dS) for some product-quotient § of a1, ...,aq. Moreover,
if a1, ...,aq satisfy the Radical Property with respect to J, then a;S is P-primary for

some i € {1,...,d} and (a;, J)R is p-primary.

Proof. If ht(p) > 1, thena € p, I C PN R, and P = pS, by Lemma 3.1.15(3).

If 8 € R, then by Proposition 3.3.4, P = Rad(a;S) for some i € {1,...,d}.
Therefore assume that 8 ¢ R. Since a € P = Rad(/3S), there is a positive integer m
such that a™ = (v for some v € S. Then by Lemma 3.2.3, we may write § = -7, with
x € I"\ (I"'UaR) and h > 0. There are then two cases:

Case 1: v € R. Multiplying both sides of a™ = v by a”, we obtain a™1" =

ail(“m) e afld(h+m) =2y in R. If v is a unit in R, then B = z/a" = (a"*™y~1)/a" =

ay~' € R, which is a contradiction. Thus z = wai' ---ay', where w is a unit in R,

ej < cj(h+m) for each i =1,...,d, ¢, > 0 for at least one [ and e, < cx(h + m) for

at least one k (since v is a non-unit). Therefore § = 5 = wafher . agd_hcd and at

u

least one e; — he; < 0, since 8 ¢ R. Reorder the subscripts so that 8 = ¥, where u =

ei—heci |

wal eifhci 6i+1—hci+1 ei-«—‘j_hCi-‘—j

-a; , U= a4 e (for some 4, j such that 1 <i < j <d)
and the exponents of u and v are all positive. If ayS = S for f =i+ 1,...,j, then
BS = (u/v)S = uS = (a1 ... a4 ") S 50 a,, € Rad(BS) for some m € {1,...,i}.

Since clearly S € (a,S), P = Rad(8S) = Rad(a,,S) as desired.

Therefore we may assume that for at least one f € {i +1,...,i+j}, afS #
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S, say for f = i+ 1. Then P = Rad(dS) for the product-quotient § = u/v of
ai,...,aq. It follows from this that v = v(u/v) = v € vSNR C afff_hci“s N
R C a;11S N R = (aj+1,J)R, by Proposition 3.3.1. Therefore u € (a;t1,J)R, so
aj---a; € Rad((aj+1,J)R). It follows that if a,...,aq satisfy the Radical Property
with respect to J, this is a contradiction, hence P = Rad(a,,S) for some m € {1,...,1},
and then Rad((am, J)R) = p by Proposition 3.3.1. Additionally, since R is a UFD and
I is height unmixed, S satisfies (S2), thus a,,S is P-primary and by Proposition 3.3.1
so (am, J)R is p-primary.

Case 2: v € S\ R. Using Lemma 3.2.3, there exists y € I* \ (I*! U aR) with
k > 0 such that v = y/a*. Then a"*™** = 2y € R, so the argument follows similarly.
[

The following corollary shows that if aq,...,aq satisfy the Radical Property
with respect to J, then for each g € A* (I), we can know whether ¢S has a principal

primary ideal from g itself.

Corollary 3.3.7 Let R be a locally quasi-unmized unique factorization domain, let
a,by,...,b, be an R-sequence, let I = (a,by,...,by)R be height unmized, and S =
R[I/a]. Assume that ai,...,aq satisfy the Radical Property with respect to J. Then for

each q € fl*(I) the following are equivalent:
1. ¢S has a principal primary ideal;
2. (as, J)R is g-primary for some i € {1,...,d};
3. a;S is qS-primary for some i € {1,...,d}.

Proof. (1) = (3) by Proposition 3.3.6. (2) < (3) by Proposition 3.3.1.

(3)= (1) is clear. m
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Corollary 3.3.8 Let R be a locally quasi-unmized unique factorization domain, let
a,by,...,by, be an R-sequence, let I = (a,by,...,b,)R be height unmized, and S =
R[I/a]. Assume that ai,...,aq satisfy the Radical Property with respect to J and that
P is a height-one prime ideal of S such that ht(P N R) > 1. Then the following are

equivalent:
1. P is a principal prime ideal;
2. (a;, J)R = PN R is prime;

3. aiS’:P.

Proof. (2) < (3) by Proposition 3.3.3. (3) = (1) is clear. (1) = (3) by
Remark 3.3.4 and the proof of Proposition 3.3.6. m

Our last result in this section considers asymptotic prime divisors of 75, where
7 is a prime element of R. We showed in Proposition 3.2.5 that 7S is prime if and only
if 7 ¢ U{q | q € Assg(R/I)}, so here we assume that = € J{q | ¢ € A*(I)}, which is
naturally contained in the union of the associated prime divisors of R/I. Furthermore,
by Proposition 3.3.1, we know that a;S is primary if and only if (a;, J)R is primary, so

we may also assume that 7R ¢ {a1R, ..., a4R}.

Proposition 3.3.9 Let R be a locally quasi-unmized unique factorization domain, let
a,by,...,b, be an R-sequence, let I = (a,by,...,b,)R be height unmized, and S =
R[I/a). Let A*(I) = {qu,...,qm} and let | be the non-negative integer such that (a;, J)R
1s a primary ideal for ¢ = 1,...,1 but not for i = 1+ 1,...,d. Define the set Wy
to be Wy = {q e A*(I) | ¢ = Rad((a;, J)R) for some i = 1,...,l} ={q,-..,q} (s0
0 <r <, since Rad((a;, J)R) = Rad((aj, J)R) may hold for some i # j in {1,...,1}).

Letme | {q | q € A*(I)} be a prime element such that TR ¢ {a1R,...,qyR}. Assume
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that 7 is in exactly s (0 < s < 1) of the elements of Wy and ezxactly k of the elements

of A*(I)\ Wy. Then

1. 7R € {ai1R,...,aqR} if and only if ©S has exactly s + k asymptotic prime
divisors. At least s of them have a principal primary ideal. (If we also have that
1 is height unmized and a1,...,aq satisfy the Radical Property with respect to J,

then exactly s of the asymptotic primes of ©S have a principal primary ideal.)

2. R ¢ {a111R,...,aqR} if and only if 7S has exactly s + k + 1 asymptotic prime
divisors. At least s of these have a principal primary ideal, and at least s + 1 of
them have a principal primary ideal if I is height unmized and there exist h and

x as in Proposition 3.2.9(3) for p = 7R.

Proof. For cach of the s clements ¢ € Wy and the k elements ¢ € A*(1)\ W
that contain 7, ¢S is a height-one prime ideal containing 7S, and therefore a minimal
(and hence asymptotic) prime divisor of 7S. Thus 7S has at least s + k asymptotic
primes. For each of the s elements Wy such that m € g, we have by hypothesis that ¢
contains a primary ideal (a;, J)R for some i = 1,...l. Then by Proposition 3.3.1, ¢S
contains the principal primary ideal a;S, so at least s of the asymptotic primes of w5
have a principal primary ideal. (If 7R € {a;41R,...,aqR}, I is height unmixed, and
ai,...,aq satisfy the Radical Property with respect to J, then by Proposition 3.3.6,
these are the only prime divisors of 7S that have principal primary ideals.)

Let p = PN R, where P is any asymptotic prime of 75. Then we have that
either ht(p) = 1 or ht(p) = n + 1 by Lemma 3.1.15(3). Also by Lemma 3.1.15, we have
that ht(p) = n + 1 if and only if a € p if and only if p € A* (I), or equivalently, that
ht(p) = 1 if and only if a ¢ p. Note that if ht(p) = 1, 7R = p, so a ¢ p = 7R and
TR ¢ {a;41R ..., aqR}. Further, P = 7R[2]NS, and by Proposition 3.2.9 7R[1] NS has
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a principal primary ideal if and only if there exist  and h as in Proposition 3.2.9(3).
Thus if there exist such z and h, 75 has at least s+ 1 asymptotic primes with principal
primary ideals.

If 75 has exactly s+k+ 1 asymptotic prime divisors, we must have WR[%] NS is
an asymptotic prime of 7S in addition to the s+ k elements ¢S € A* (aS) which contain
7. By Lemma 3.1.15, as we observed above, this means that 7R ¢ {a;+1R,...,a4R}.
The reverse implication is clear.

Then if 7S has exactly s + k asymptotic primes, by the above paragraph we

must have that 7R € {a;11R,...,a4R}. =
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Chapter 4

Special Cases

For this chapter we will assume that R is a locally quasi-unmixed unique fac-
torization domain, a, by, ...,b, is an R-sequence, I = (a,by,...,b,)R is height unmixed,
and S = R[I/a]. The results of sections 1 and 2 are extensions of the results in sections

5 and 6 of [9] repsectively.

4.1 When a is a primary element

In this section we consider the case where a is a power of a single prime element,
a = af'. If this is the case, we say that a is a primary element. This allows us to obtain
some additional results. In particular, we have a necessary and sufficient condition for
S to be a Krull domain with finite cyclic class group.

Our first result shows that if a is a primary element and Rad([) is not prime,

then S is not a UFD.

Theorem 4.1.1 Let R be a locally quasi-unmized UFD, let the elements a,by,..., b,
be an R-sequence, let I = (a,b1,...,b,)R be height unmized, and S = R[I/a]. Assume

a = ai' is a power of a prime element a1 in R. If P is a height-one prime ideal in S
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that is the radical of a principal ideal, if ht(PNR) =1, and if PNR C q € A* (1), then
PNR C Rad(I). Therefore, if Rad(I) is not prime, then for each height-one prime ideal
p in R that is contained in at least one, but not all, asymptotic prime divisors of I it
holds that pR[é] NS is not the radical of any principal ideal (and hence has no principal

primary ideals).

Proof. The second statement follows from the first, so it suffices to prove the
first.

Suppose that g # ¢ are asymptotic primes of I such that PN R C ¢ and
PNR < ¢. (Note that a ¢ PN R since ht(P N R) = 1 by Lemma 3.1.15.) Let
p=PNR=7R,soa ¢ mR,and P = WR[%] NS, so P is the only prime ideal of S lying
over p by Lemma 3.1.15. We will show that P is not the radical of a principal ideal, so
this contradiction to the hypothesis shows that Rad([) is prime.

Assume that P = Rad(8S) for some € S. Since ht(¢S) =1 by Lemma 3.1.5,
for any nonzero r € p we have rR C mR C ¢, so rS C ¢S, thus ¢S is a minimal prime
divisor of rS. Therefore P is the only height-one prime divisor of 55, so 8 € P\ R. Now
let 8 = %, where z € I"\ (I UaR) and h > 0, as in Lemma 3.2.3. Then 7™ € 35S,
since P = Rad(8S) and m# € PN R, so #™ = [~ for some v € S. There are then two
cases.

Case (1): If vy € R, 7™ = (2y)/a”" becomes a7™ = 2. Since x ¢ aR and
a is aj-primary, unique factorization of R gives us x = wa{ ¢ for some unit w of R,
some non-negative integer f < c¢; and some e > 0. (Observe that e > 0 because
r = fBad" € BSNR C Rad(BS)NR = PNR =7R) If f =0, n°R = xR C I,
hence 7R = p C Rad(I) C ¢, a contradiction. Therefore f > 0, so 8 = z/a" =

(wal7®) /al = (wr®) /a7 som®R C ol "/ SNR C Rad(a" 7 $)NR C Rad(aS)NR,
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and Rad(aS) N R = Rad(/) by Lemma 3.1.5. Then ¢ € Rad(I) and 7 € ¢/, which is a
contradiction, so v ¢ R.

Case (2): Since y € S\R, let v = %, where y € IF\ (I**'UaR) and k > 0, as in
Lemma 3.2.3. We have 7" = &4 or amahtk = ﬁmail(h+k) = gy, with h+k > 2. Then
by unique factorization in R, zy € af' R, which contradicts the fact that = ¢ a{'R = aR
and y ¢ a'R = aR. So the assumption that I has two distinct asymptotic prime
divisors gives the contradiction that P is not the radical of a principal ideal. m

The next theorem characterizes when S is a Krull domain with torsion class

group, under the running hypotheses of this section.

Theorem 4.1.2 Let R be a locally quasi-unmized UFD, let the elements a,by,..., b,
be an R-sequence, let I = (a,b1,...,b,)R be height unmized, and S = R[I/a]. Assume

a = aj' is the power of a prime element a; € R. Then the following are equivalent.
1. S is a Krull domain with finite cyclic class group.
2. S is a Krull domain with torsion class group.

3. Rad(I) is prime and I is integrally closed.

Proof. It is clear that (1) = (2). By Theorem 3.1.10(2), (3) = (1).

For (2) = (3): By Remark 3.1.8, S a Noetherian Krull domain implies that
I is integrally closed. If Rad(I) is not prime, then there is an element r € I that is in
some g € A*(I) and not in some other ¢ € A*(I). Then rR has a height-one prime
divisor p C ¢ (and p Z ¢'), so by Theorem 4.1.1, pR[2] N S = P (which has ht(P) = 1
by Lemma 3.1.15(2)) has no principal primary ideal. But S has torsion class group, and
by [7, Proposition 6.8], this is equivalent to every height-one prime ideal of S having a

principal primary ideal, so we have a contradiction. Thus Rad([) is prime. =
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The following is a corollary to Proposition 3.3.6.

Corollary 4.1.3 Let R be a locally quasi-unmized UFD, let the elements a,by,..., b,
be an R-sequence, let I = (a,by,...,by) be height unmized, and let S = R[I/a]. Assume
that a = af* for some prime element ay of R, and that P is a height-one prime ideal in
S such that ht(PNR) > 1. If P is the radical of a principal ideal, then P = (PN R)S =
Rad(a1S) and Rad(I) = PN R. Additionally, if I is height unmized, then a1S is P-

primary and I is P N R-primary.

Proof. It follows from Proposition 3.3.6, since a; satisfies the Radical Property
with respect to J. =
The next remark restates Proposition 3.2.9 under the additional hypothesis

that a is a primary element, and again when a is a prime element.

Remark 4.1.4 Let R be a locally quasi-unmixed unique factorization domain, let the
elements a, by, ..., b, be an R-sequence, let I = (a,by,...,b,)R be height unmixed, and
S = R[I/a]. Let a = a{* be a power of a prime element a; in R, let A*(I) ={q1, -, qm},
leta; ¢ p=mRC q1U---Ugp, and let P = pR[%] NS. Then it follows from Proposition
3.2.9 that p = mR is such that P has a principal primary ideal if and only if there exist
positive integers e, h and a nonnegative integer k such that 7¢b% € 1"\ (aRUq IU- - -Ugy, 1)
(so k < c1), and then ((7a})/a")S is P-primary. If @ = a; is a prime element in R,
then p = 7R (# aR) is such that P has a principal primary ideal if and only if there
exist positive integers e, h such that 7¢ € I"\ (aRUq@IU---Uq,[I), and then (7¢/a")S

is P-primary.

Remark 4.1.5 Let R be a locally quasi-unmixed unique factorization domain, let the
elements a, by, ..., b, be an R-sequence, let I = (a,by,...,b,)R be height unmixed, and
S = R[I/a].
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1. If a;S = S for all but one i (say a1.5 # ), then the results in this section hold
concerning S. Since 1/(az---aq) is a unit in S and C' = R[1/(az---aq)] is a UFD

such that aC' = a7*C, a,b1,...,by, is a C-sequence, and S = C[I/b] = C[I/a7*].

2. The results in this section hold for the Rees ring R(R, I), as is shown in the next

section.

4.2 Application to the Rees Ring

In this section we apply the previous results to the Rees ring R(R, I), where R
is a locally quasi-unmixed UFD, a, by, ..., b, are an R-sequence, I = (a,by,...,b,)R and
S = R[I/a]. (Recall that R(R,I) = R[u,ta,tby,...,b,], where u = 1/t, is a monoidal

transform over R[u].)

Remark 4.2.1 Let R be a locally quasi-unmixed unique factorization domain, let I be
generated by the R-sequence a, by, ..., by, and let A = R[u|, where u is an indeterminate.
Then A is a locally quasi-unmixed UFD, w,a,bq,...,b, is an A-sequence, and R =
R(R,I) = Rlu,ta,tby,..., th,] = A% b %”] Therefore the results in the previous
sections apply with A and w,a,bq,...,b, in place of R and a,b1,...,b,. Also, u is a
prime element in A, so by Lemma 3.1.5 there is a one-to-one correspondence between
the elements of Assi(9R/uR) and the elements of Ass4(A/(u,I)A), which have a natural
one-to-one correpsondence with Assp(R/I). (The respective sets of asymptotic primes
A*(uR), A*((u, I)A), and A*(I) are analogously in one-to-one correspondence.) Also,

if I is height unmixed,then the results of section 4.1 apply to R = R(R, I).

For the next proposition we temporarily lift the restrictions on a, b1, ..., b, and
R for the sake of generality. The proposition is essentially a restatement of Theorem

3.1.10 in terms of R as a monoidal transform over R]u].
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Proposition 4.2.2 Let R be an integrally closed Noetherian domain, let a,b1,. .., b, be
an asymptotic sequence, and I = (a,by,...,by,)R. Let R = R(R,I) and let A = R[u].

Then:

1. If I is integrally closed, we have that R is integrally closed and there is a surjective
homomorphism ¢ : CI(R) — Cl(’ﬁ[%]) whose kernel is generated by the classes of

elements of A*(ufR).

2. If R is locally quasi-unmized, I is integrally closed, Rad(I) is prime (in particular,
if I is primary), and if C1(R) is torsion (resp. finite, resp. trivial), then C1(R) is

torsion (resp. finite, resp. finite cyclic).

3. If I is prime, then uR € Spec(R) and the divisor class groups Cl(R) and CI(fR)

are isomorphic.

Proof. Note that CI(R[1]) = CI(Rlu,]), and by [7, Theorem 8.1] C1(R[u, t]) =
Cl(R[u]) = CI(R).

For (1), if I is integrally closed and generated by an asymptotic sequence, then
so is (u,I)A. (That (u,I)A is integrally closed if I is follows from [32, Proposition
1.3.5].) Thus (1) follows from Theorem 3.1.10(1) with R in place of S and u in place of
a.

For (2), if I is integrally closed and Rad([) is prime, then so is (u, I)A, so (2)
follows from Theorem 3.1.10(2).

For (3), uA is prime, and if [ is prime, then so is (u,I)A, so (3) follows from
Theorem 3.1.10(3). m

For the next proposition, observe that if R is a locally quasi-unmixed domain,
P is a height-one prime ideal of R(R, I) such that ht(P N R[u]) = 1, then by Lemma

3.1.15, u ¢ P. In particular, if PN R[u] C (u,q)R[u] for some ¢ € A*(I), then in fact
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P N RJu] C gR[u]. This proposition is essentially a restatement of Proposition 4.1.1 in

terms of the Rees ring.

Proposition 4.2.3 Let R be a locally quasi-unmized unique factorization domain, let
a,by,...,b, be an R-sequence, and let I = (a,by,...,b,)R be height unmized. Let A =
Rlu), where u is an indeterminate and R(R,I) = R. If P is a height-one prime ideal in
R that is the radical of a principal ideal, if ht(P N A) =1, and if PN A C qA for some
q € A*(I), then PN A C (Rad(I))A. Therefore, if Rad(I) is not prime, then for each
height-one prime ideal p in A that is contained in at least one, but not all, asymptotic
prime divisors of (u,I)A it holds that pR[u,t] N R is not the radical of any principal

ideal (and hence has no principal primary ideals).

Proof. Note that u is a prime element in A, A*(IA) = {qA | q € A*(I)},
and A*((u,1)A) = {(u,q)A |q € A*(I)} By the remarks preceding the proposition,
if PNA C (u,q)A for some ¢ € A*(I), then PN A C gA. In particular, if PN
A C m{(u,q)A PE A*(I)} — Rad((u, I)A), then PN A C ﬂ{qA PE A*(I)} _
(Rad(I))A. Thus the rest follows from Theorem 4.1.1. m

It follows immediately from Proposition 4.2.3 that 2R is not a UFD if Rad([) is

not prime. The next result gives a characterization of when R is a locally quasi-unmixed

UFD.

Theorem 4.2.4 Let R be a locally quasi-unmized UFD, let the elements a, b1, ..., b, be
an R-sequence, and let I = (a,by,...,b,)R be height unmized. Then R(R,I) is a locally

quasi-unmized UFD if and only if I is prime, and then uR(R,I) is a prime ideal.

Proof. If I is prime, R(R, I) is a UFD and uwR(R, I) is prime by Proposition

4.2.2(3).
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For the converse, assume I is not prime. By Proposition 4.2.3, if I is not
primary (and hence by Remark 3.1.9 Rad([) is not prime), then R(R, I) is not a UFD,
so we may assume that I is primary, say Rad(I) = ¢. Then uMR(R,I) is primary for
(u, )R(R,I), by Lemma 3.1.5, and w is part of a minimal basis for (u, q)R(R,I) since
all elements of negative degree are a multiple of u, hence (u,q)R(R,I) has more than
one generator and is not a principal prime ideal. Therefore R(R, I) is not a UFD. =

The following corollary strengthens Corollary 3.1.12.

Corollary 4.2.5 Let R be a locally quasi-unmized unique factorization domain and let
a,by,...,by be an asymptotic sequence. If I is prime, then each of the rings S; = R[I/bj]

is a locally quasi-unmized UFD and b;S; € Spec(Sy).

Proof. Let R(R,I) = R. If I is prime, then by Proposition 4.2.2(3) R is
a UFD, so each &; = R[1/(tb;)] is a UFD. However, &; = S;[tb;, 1/(tb;)], and tb; is
transcendental over S; and therefore prime in S;[tb;]. By Nagata’s Theorem, S;[tb;] is
a UFD, so S; is also a UFD. m

The next theorem is a restatement of Theorem 4.1.2 for Rees rings.

Theorem 4.2.6 Let R be a locally quasi-unmized unique factorization domain, let the
elements a,by,...,b, be an R-sequence, and let I = (a,by,...,by)R be height unmized.

Let R(R,I) = R. The following are equivalent:
1. R is a Krull domain with finite cyclic class group.
2. R 1s a Krull domain with torsion class group.
3. Rad([) is prime and I is integrally closed.

Proof. I is primary and integrally closed if and only if (u, I)A is primary and
integrally closed. Furthermore, (u,l)A is primary if and only if Rad((u, I)A) is prime,
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by Remark 3.1.9, so I is primary if and only if Rad(7) is prime. Also, u is prime in A,

so the result follows from Theorem 4.1.2. =

Corollary 4.2.7 Let R be a locally quasi-unmized UFD, let the elements a,by, ..., b,
be an R-sequence, let I = (a,b1,...,by,)R be height unmized, and S = R[I/a]. Let
R(R,I) = R. If the equivalent conditions in Theorem 4.2.6 hold, then for j =1,...,n

each S; = R[1/b;] is a Krull domain with finite cyclic class group.

Proof. If R is a Krull domain with finite cyclic class group, then so is &; =
R[1/(tb;)] = S;[tb;, 1/(tb;)] (by [7, Corollary 7.2] CI(R) — CI(R[1/(tb;)]) is a surjection,
and since the homomorphic image of a finite cyclic group is finite and cyclic). The
element tb; is transcendental over Bj, thus prime in S;[tb;], so &; is a localization of
S;[tb;] at a prime element, so by [7, Corollary 7.3], C1(S;[tb;]) = Cl(&;). Finally, using

[7, Theorem 8.1] we have that C1(S;[tb;]) = CI(S;). m

Proposition 4.2.8 Let R be a locally quasi-unmized UFD, let a,by,...,b, be an R-
sequence, let I = (a,by,...,b,)R be height unmized, and S = R[I/a]. Let R(R,I) = fA.
Assume that Rad((z/a")S) = ¢S for some q € A*(I). If thz, ta is an R-sequence, then
Rad(I) = q and Rad(aS) = ¢S. Additionally, if I is height unmized, then I is q-primary

and aS' is ¢S-primary.

Proof. Let & = Slta,1/(ta)] = R[1/(ta)]. Then uG = aS.

By hypothesis, Rad((z/a")S) = ¢S, so Rad(t"26) = ¢&, so tha& NN =
(t"eR gz (ta)*R) and Rad(t"z& N M) = ¢&NR = (u,q)R for all large integers
k. (Note that (u,q)& = (a,q)& = ¢&.) Therefore, if t"z,ta is an fR-sequence, then
Rad(t"zR) = (u, ¢)%R. Since u is a prime element in R[u], it follows from Corollary 4.1.3

that Rad((u, I)R[u]) = (u, q)R[u] and that Rad(uR) = (u, ¢)R. Therefore Rad(I) = ¢,
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and by Lemma 3.1.5, Rad(aS) = ¢S. The final statement follows from [5, Theorem 2].
[
The last result characterizes when pR[u,t] N R(R,I) has a principal primary

ideal and when it is a principal prime ideal, where p C |J{(u,q)A | ¢ € A*(I)}.

Proposition 4.2.9 Let R be a locally quasi-unmixed UFD, let the elements a, by, ..., b,
be an R-sequence, let I = (a,by,...,by,)R be height unmized, and S = R[I/a]. Let
R(R,I) = R and Rlu] = A. Let p = A be a height-one prime ideal in A such that
uégpC U{(u,q)A | q € A*(I)}, let P = pRlu,t] "R, and let A*(I) = {q1,...,qm}

Then the following hold:

1. P has a principal primary ideal if and only if there exist positive integers e, h such
that ¢ € (u, NPA\ (AU (u, g1 (u, P AU--- U (u, g) (u, 1*A), and then (mt")R

is P-primary.
2. P is a principal ideal if and only if e in (1) can be chosen to be 1.

Proof. (1) follows from Remark 4.1.4, and (2) follows from (1) and Corollary

3.210. m
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Chapter 5

Future Directions for Research

The Rees ring R = R[It,t~!] is often referred to as the extended Rees algebra,
while the R-algebra R[It] is often referred to as the Rees algebra. As we have seen,
the extended Rees algebra may be viewed as a monoidal transform over R[t~!], and
this allowed us to easily apply our results to the extended Rees algebra case. We
will investigate which of the results hold for the (unextended) Rees algebra, R[It]. In
particular, there is a notion of a Rees algebra for modules (which generalizes R[It]), but
nothing analogous to the extended Rees algebra [6]. Thus to generalize our results to
the module case, we will first see how they extend to the Rees algebra R[It].

There is also a notion of the extended Rees algebra and asymptotic primes for
multiplicative Noetherian lattices, where asymptotic primes of lattice elements show up
as the centers of Rees valuations [30]. Therefore we will investigate which of our results

transfer to the Noetherian multiplicative lattice case.
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