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ABSTRACT OF THE DISSERTATION

Three Essays on Causal Inference with High-dimensional Data and Machine Learning

Methods
by

Neng-Chieh Chang
Doctor of Philosophy in Economics
University of California, Los Angeles, 2020

Professor Denis Nikolaye Chetverikov, Chair

This dissertation consists of three chapters that study causal inference when applying ma-
chine learning methods. In Chapter 1, I propose an orthogonal extension of the semiparamet-
ric difference-in-differences estimator proposed in Abadie (2005). The proposed estimator
enjoys the so-called Neyman-orthogonality (Chernozhukov et al. 2018) and thus it allows
researchers to flexibly use a rich set of machine learning (ML) methods in the first-step esti-
mation. It is particularly useful when researchers confront a high-dimensional data set when
the number of potential control variables is larger than the sample size and the conventional
nonparametric estimation methods, such as kernel and sieve estimators, do not apply. I ap-
ply this orthogonal difference-in-differences estimator to evaluate the effect of tariff reduction
on corruption. The empirical results show that tariff reduction decreases corruption in large
magnitude.

In Chapter 2, I study the estimation and inference of the mode treatment effect. Mean,
median, and mode are three essential measures of the centrality of probability distributions.
In program evaluation, the average treatment effect (mean) and the quantile treatment
effect (median) have been intensively studied in the past decades. The mode treatment

effect, however, has long been neglected in program evaluation. This paper fills the gap by
i



discussing both the estimation and inference of the mode treatment effect. I propose both
traditional kernel and machine learning methods to estimate the mode treatment effect. I also
derive the asymptotic properties of the proposed estimators and find that both estimators
follow the asymptotic normality but with the rate of convergence slower than the regular
rate v/ N, which is different from the rates of the classical average and quantile treatment
effect estimators.

In Chapter 3 (joint with Ligiang Shi), we study the estimation and inference of the doubly
robust extension of the semiparametric quantile treatment effect estimation discussed in
Firpo (2007). This proposed estimator allows researchers to use a rich set of machine learning
methods in the first-step estimation, while still obtaining valid inferences. Researchers can
include as many control variables as they consider necessary, without worrying about the
over-fitting problem which frequently happens in the traditional estimation methods. This
paper complements Belloni et al. (2017), which provided a very general framework to discuss
the estimation and inference of many different treatment effects when researchers apply

machine learning methods.
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Chapter 1

Double/Debiased Machine Learning

for Difference-in-Differences Models



1.1 Introduction

The difference-in-differences (DiD) estimator has been widely used in empirical economics to
evaluate causal effects when there exists a natural experiment with a treated group and an
untreated group. By comparing the variation over time in an outcome variable between the
treated group and the untreated group, the DiD estimator can be used to calculate the effect
of treatment on the outcome variable. Applications of DiD include but are not limited to
studies of the effects of immigration on labor markets (Card 1990), the effects of minimum
wage law on wages (Card & Krueger 1994), the effect of tariffs liberalization on corruption
(Sequeira 2016), the effect of household income on children’s personalities (Akee et al. 2018),
and the effect of corporate tax on wages (Fuest et al. 2018).

The traditional linear DiD estimator depends on a parallel trend assumption that in
the absence of treatment, the difference of outcomes between treated and untreated groups
remains constant over time. In many situations, however, this assumption may not hold
because there are other individual characteristics that may be associated with the varia-
tions of the outcomes. The treatment may be taken as exogenous only after controlling for
these characteristics. However, as noted by Meyer et al. (1995), including control variables
in the linear specification of the traditional DiD estimator imposes strong constraints on
the heterogeneous effect of treatment. To address this problem, Abadie (2005) proposed
the semiparametric DiD estimator. Compared to the traditional linear DiD estimator, the
advantages of Abadie’s estimator are threefold. First, the characteristics are treated non-
parametrically so that any estimation error caused by functional specification is avoided.
Second, the effect of treatment is allowed to vary among individuals, while the traditional
linear DiD estimator does not allow this heterogeneity. Third, the estimation framework
proposed in Abadie (2005) will enable researchers to estimate how the effect of treatment
varies with changes in the characteristics.

This paper provides an orthogonal extension of Abadie’s semiparametric DiD estima-



tor (DMLDID hereafter)!. Abadie’s semiparametric DiD estimator behaves well when re-
searchers use conventional nonparametric methods, such as kernel and sieve estimators, to
estimate propensity score in the first-step estimation. As shown in the classical semipara-
metric estimation literature, Abadie’s DiD estimator is v/ N-consistent and asymptotically
normal when using kernel or sieve in the first-step estimation. However, according to the gen-
eral theory of inference developed in Chernozhukov et al. (2018), these desirable properties
may fail if researchers use a rich set of newly developed nonparametric estimation methods,
the so-called machine learning (ML) methods, such as Lasso, Logit Lasso, random forests,
boosting, neural network, and their hybrids in the first-step estimation. This is especially a
problem when researchers confront a high-dimensional data set where the number of poten-
tial control variables is more than the sample size, and thus the conventional nonparametric
estimation methods do not apply.

In this paper, I propose DMLDiD for three different data structures: repeated outcomes,
repeated cross-sections, and multilevel treatment, which are all based on the original paper
by Abadie (2005) as well as the papers on the general inference theory of ML methods by
Chernozhukov et al. (2018) and Chernozhukov et al. (2016). DMLDiID will allow researchers
to apply a broad set of ML methods and still obtain valid inferences. The key difference is
that DMLDIiD, in contrast to Abadie’s original DiD estimator, is constructed based on a score
function that satisfies the so-called Neyman-orthogonality (Chernozhukov et al. 2018), which
is an important property for obtaining valid inference when applying ML methods. With
this property, DMLDiD can overcome the bias caused by the first-step ML estimation and
achieve v/N-consistency and asymptotic normality as long as the ML estimator converges

to its true value at a rate faster than N—/4

. Figure 1.1 shows the Monte Carlo simulation
that illustrates the negative effect of directly combining ML methods on Abadie’s estimator
and the benefit of using DMLDiD. The histogram in the left panel shows that the simulated

distribution of Abadie’s estimator is biased, while the simulated distribution of DMLDiD in

IThe R codes can be found on my Github: https://github.com/NengChiehChang/Diff-in-Diff



the right panel is centred at the true value.

Abadie DMLDiID
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Figure 1.1: Comparison of Abadie’s DiD and DMLDiD with the first-step ML estimation.

As an empirical example, I study the effect of tariff reduction on corruption using the
trade data between South Africa and Mozambique during 2006 and 2014. The source of
exogenous variation is the large tariff reduction on certain commodities occurring in 2008.
This natural experiment was previously studied by Sequeira (2016) using the traditional
linear DiD estimator. Based on Sequeira’s linear specification, I include the interaction terms
between the treatment and a vector of control variables. After controlling for the interaction
terms, I find that the traditional linear DiD estimate becomes insignificantly different from
zero. This suggests the existence of heterogeneous treatment effects, and Sequeira’s result
can be interpreted as a weighted average of these heterogeneous effects. As pointed out by
Abadie (2005), it is ideal to treat the control variables nonparametrically when there exists
heterogeneity in treatment effects, in order to avoid any inconsistency caused by functional
form misspecification. I apply both Abadie’s semiparametric DiD and DMLDiD on the same
data set (Table 9 of Sequeira (2016)). In comparison to Sequeira’s result, though with the
same sign, Abadie’s estimator is at least twice as large as previously reported by Sequeira
(2016). This large effect, however, may be due to the lack of robustness of this estimation
method and the finite sample bias in the first-step nonparametric estimation. DMLDiD
removes the first-order bias and suggests a smaller effect that is closer to Sequeira’s estimate.
The value becomes only 60% higher than Sequeira’s result. This extra effect can be explained

by the misspecification of the traditional linear DiD estimator. Therefore, I obtain the same
4



conclusion as Sequeira (2016) that tariff reduction decreases corruption, but my estimate
suggests an even larger magnitude.

The DMLDiD proposed in this paper relies heavily on the recent high-dimensional and
ML literature: Belloni et al. (2012), Belloni et al. (2014), Chernozhukov et al. (2015), Belloni
et al. (2017), and Chernozhukov et al. (2018). This paper is also closely related to the
robustness of average treatment effect estimation discussed in (Robins & Rotnitzky, 1995)
and the general discussion in (Chernozhukov, Escanciano, Ichimura, & Newey, 2016). The
asymptotic properties of the robust estimators discussed in these papers remain unaffected
if only one of the first-step estimation with classical nonparametric method is inconsistent.
In independent and contemporaneous works, Zimmert (2019), Sant’Anna & Zhao (2019), Li
(2019), and Lu, Nie, & Wager (2019) also consider the orthogonal property of Abadie’s DiD
estimator. Zimmert (2019) further discusses its efficiency while Sant’Anna & Zhao (2019)
and Li (2019) focuses on classical first-step estimation. Lu, Nie, & Wager (2019) discusses
the situation where control variables are correlated with time.

Plan of the paper. Section 2 reviews both the traditional linear DiD estimator and
Abadie’s semiparametric DiD estimator and discusses their limitations. Section 3 presents
DMLDiD and discusses its theoretical properties. Section 4 conducts the Monte Carlo sim-
ulation to shed some light on the finite sample performance of the proposed DiD estimator.

Section 5 provides the empirical application, and Section 6 concludes the paper.

1.2 The Semiparametric DiD Estimator

In this section, I review the traditional linear DID estimator and Abadie’s semiparametric
DID estimator. Let Y; (t) be the outcome of interest for individual ¢ at time ¢ and D; (t) €
{0,1} the treatment status. The population is observed in a pre-treatment period ¢ = 0,
and in a post-treatment period ¢ = 1. With potential outcome notations (Rubin 1974), we

have Y; (t) = Y (t) + (Y;l (t) = Y2 (t)) D; (t), where Y (¢) is the outcome that individual



would attain at time ¢ in the absence of the treatment, and Y;' (¢) represents the outcome
that individual ¢ would attain at time ¢ if exposed to the treatment. Since individuals are
only exposed to treatment at ¢ = 1, we have D; (0) = 0 for all 7. To reduce notation, I define
D; = D; (1). Then the specification for the traditional linear DiD without control variables

is

Yit)=p+7-D;+0-t+a-D;(t)+e(t),

where « is the parameter of interest, ¢; (t) is an exogenous shock that has mean zero, and
(u,T,0) are constant parameters. If the common trend assumption holds unconditionally,
then the parameter o captures the effect of treatment. When the treated and untreated
groups are thought to be unbalanced with some characteristics, researchers often include a

vector of control variables, X; € R?, into the above linear specification:
Yi(t)=p+Xim(t)+7-Di+0-t+a-D;(t)+e(t).

As noted by Meyer, Viscusi, & Durbin (1995), including control variables in this linear
specification may not be appropriate if the treatment has different effects for different groups
in the population. One may also need to include the interaction terms between X; and
D; (t) to capture the heterogeneous effect of treatment. Hence, it is ideal to treat the
control variables nonparametrically as suggested by Abadie (2005). In the following, I review
Abadie’s semiparametric DiD estimator.

Let the parameter of interest be the average treatment effect on the treated (ATT)
bo=E[Y;' (1))=Y (1)| Di=1].

Abadie (2005) discussed three data types: repeated outcomes, repeated cross sections, and

multi-level treatment. To avoid repetition, I only focus on the first two cases. The discussion



for multilevel treatments is provided in appendix.

Case 1 (Repeated outcomes): Suppose that researchers observe both pre-treatment
and post-treatment outcomes for individual of interest. That is, researchers observe {Y;(0),
Y;(1), D;, X;}Y,. In this case, we can identify the ATT under the following assumptions
(Abadie 2005):

Assumption 1.1. E Y (1) = Y2 (0) | X;, Di = 1] = E[Y? (1) = Y (0) | X;, D; = 0].
Assumption 1.2. P(D; =1) >0 and P (D; = 1| X;) < 1 with probability one.
Assumption 1.1 is the conditional parallel trend assumption. It states that conditional
on individual’s characteristics X;, the average outcomes for treated and untreated groups
would have followed parallel paths in the absence of treatment. Assumption 1.2 states that

the support of the propensity score of the treated group is a subset of the support for the

untreated. With these two assumptions, Abadie (2005) identified the ATT:

i) -Yi(0)D;—P(D;=1]X5)
P(D;=1) 1-P([D;=1|X,)

0y = E . (1.1)

Case 2 (Repeated cross sections): Suppose what researchers observe is repeated
cross-section data. That is, researchers observe {Yi,Di,Ti,XZ-}Z.N:l, where Y; = Y;(0) +
T; (Y; (1) — Y;(0)) and T; is a time indicator that takes value one if the observation belongs

to the post-treatment sample.

Assumption 1.3. Conditional on T = 0, the data are i...d. from the distribution of
(Y (0),D,X), and conditional on T = 1, the data are i.i.d. from the distribution of
(Y (1), D, X).

Supposing Assumptions 1.1-1.3 hold, the ATT is identified (Abadie 2005) as

M(1—X)P(D;=1) 1-PD;=1]X,) |’

where \g = P (T; = 1).



Then the semiparametric DiD estimator would be the sample analog of 1.1 and 1.2. For
example, in Case 1 in which researchers confront repeated outcomes data, the sample analog

of 1.1 is

D>
I

1 LYi(1) —Yi(0) D; = § (X))
N&T 1-g(X;)
where p is the estimator of py = P (D =1) and §(X;) is the estimator of the propensity
score go(X) = P (D =1|X). When g is estimated using classical nonparametric methods
such as the kernel or series estimators, the estimator 0 is able to achieve v/N-consistent and
asymptotically normal under certain conditions, as shown in the semiparametric estimation
literature (Newey 1994; Newey & McFadden 1994).

When ¢ is an ML estimator, however, the estimator 6 is not necessarily to be v/N-

consistent in general. According to the general theory of inference of ML methods developed

in Chernozhukov et al. (2018), the reason is twofold. First, the score function based on 1.1,

Y(1)=Y(0) D—go(X) __
P

(D=1) 1_go(x] — to, has a non-zero directional (Gateaux) derivative with

@ <W7 907p07 gO) =

respect to the propensity score gp:

0B [0 (W, 00,10, 90)] [9 — 90] # 0,

where the directional (Gateaux) derivative is defined in Section 1.3. Second, ML estimators

usually have a convergence rate slower than N—1/2

due to regularization bias. Similarly, the
estimators obtained by directly plugging ML estimators into 1.2 will not be v/N-consistent
in general. The Monte Carlo simulation in Section 1.4 supports this theoretical insight and
reveals significant bias on the estimators based on 1.1 and 1.2 when using ML estimators in
the first-step nonparametric estimation.

The next section proposes DMLDiD based on 1.1 and 1.2. A distinctive feature of
DMLDID is that the Gateaux derivatives of the score functions are zero with respect to their

infinite-dimensional nuisance parameters. This property helps us remove the first-order bias

of the first-step ML estimation.



1.3 The DMLDiD Estimator

In this section, I propose DMLDiD based on Abadie’s results 1.1 and 1.2. In section 1.2, I

present the new score functions derived from 1.1 and 1.2 and propose an algorithm to con-

struct DMLDIiD. In section 1.3.1, I show the theoretical properties of the proposed estimator.
Suppose Assumptions 1.1-1.3 hold and consider the following new score functions.

Case 1 (Repeated outcomes): The new score function for repeated outcomes is

Y(1)-Y(0)D-P(D=1|X)
P(D=1) 1-P[D=1]X)
D-P(D=1|X) i

T Po=n(i-pm=1ix) " T TOIEDEAE

_90

(2 (W> 907]90,7710)

C1

with the unknown constant py = P(D = 1) and the infinite-dimensional nuisance parameter
mo=(P(D=1]X),E[Y(1)=Y(0)|X,D=0]) = (g0, lro) -
Case 2 (Repeated cross sections): The new score function for repeated cross sections

is

T— X Y D-P(D=1]|X)
N(I-X)P(D=1)1-P(D=1]X)

Y2 (W, 00, po, Ao 1120) = — 0y — co, (1.4)

where the adjustment term ¢y is

D—P([D=1|X)

>\0(1—)\0)-P(D:1).(1_P(D:1‘X)) XE[(T—-X)Y |X,D=0].

Cy =

The nuisance parameters are the unknown constants pg = P(D = 1) and \g = P(T = 1),



and the unknown function

2o = (P(D:1|X)>E[(T_)‘)Y|XaD:0D = (90 l20) -

Notice that the above the new functions are equal to the original score functions 1.1 and
1.2 plus the adjustment terms, (ci, c2), which have zero expectations. Thus, the new score
functions 1.3 and 1.4 still identify the ATT in each case. The purpose of the adjustment
terms is to make the Gateaux derivative of the new score functions zero with respect to
infinite-dimensional nuisance parameters, which is the so-called Neyman-orthogonal property
in Chernozhukov et al. (2018). I combine the new scores 1.3 and 1.4 with the cross-fitting
algorithm of Chernozhukov et al. (2018) to propose DMLDiD.

Definition. (a) Take a K-fold random partition (I),—_, of observation indices [N] = {1, ...
,N}. For simplicity, assume that each fold Iy has the same size n = N/K. For each
k e [K] = {1,..., K}, define the auxiliary sample I = {1,...N} \ Ix. (b) For each k,
construct the intermediate ATT estimators

1 D; — g (Xi)

== - -
‘ ng;kpk(l—gk(Xi))

X (Y; (1) = Y; (0) — 0y (XZ)) (rep-outcomes)

~ 1 D. — . (X
Qk:*ZAA % gk:( z)

~ - X < T, — \) Y, — Do (XZ)> (rep-cross-sections)
" i, Drk (1 - Ak:) (1 — gr (X)) ( )

where Py = %Zielg Di, A = %Zielg T, and (ﬁk,g1k722k) are the estimators of (go, 10, €20)
constructed using the auxiliary sample If. (c) Construct the final ATT estimator 6 =
% Zszl Qk:-

The estimators (gk,élk, ng) can be constructed using any ML methods or classical esti-

mators such as kernel or series estimators. For completeness, I present the Logit Lasso and

Lasso estimators here.

10



Consider a class of approximating functions of X,

¢ = (Q1 (X3), ot (Xi)),.

For example, ¢; can be polynomials or B-splines. Let A (u) = 1/ (1 + exp (—u)) be the cu-
mulative distribution function of the standard Logistic distribution, construct the estimator

of the propensity score gy by
o (i) = A (i) (3.4)

where

Bk = arg?é%{% ]\14 Z {—Di(q:ﬂ) + log (1 + exp (q{ﬂ))} + M 1B 1

iele
is the Logit Lasso estimator and M = N — n is the sample size of the auxiliary sample I}.

Next, define M}, the sample size of If N {i : D; = 0}. Construct the estimators of 1y and 59

by
glk (xz) = QQﬁlk,
ng: (%) = q;’B%,
where
B cargmin [ Y (1= D) (Y (1) = Y (0) — )’ | + 2 | T8 |
1k BeRe Mk ie[g i ) i i Mk 1k 1
and

R 1 . =] S
Bar, € arg[gnm A Z (1- D) <(Tz - Ak) Y, — q§6> + MLZ | Tor8 |11

p
er kierg

are the modified Lasso estimators proposed in Belloni et al. (2012). The choices of the
penalty levels and loadings ()\1k, Aok, le, 'Afzk> suggested by Belloni et al. (2012) are provided

in appendix.

11



1.3.1 Asymptotic Properties

In this section, I show the theoretical properties of the DMLDID estimator 6. In particular,
I will show that the estimator @ can achieve v/ N-consistency and asymptotic normality as

1/4 This rate of convergence

long as the first-step estimators converge at rates faster than N~
can be achieved by many ML methods, including Lasso and Logit Lasso.

The critical difference between DMLDiD and Abadie’s DiD estimator is the score func-
tions on which they are based. The new score functions 1.3 and 1.4 have the directional (or
the Gateaux) derivatives equal to zero with respect to their infinite-dimensional nuisance
parameters, while the scores based on 1.1 and 1.2 do not have this property. This property
is the so-called Neyman orthogonality in Chernozhukov et al. (2018).

The definition of the Neyman-orthogonal score provided here is slightly different from
the definition in Chernozhukov et al. (2018). Instead of being orthogonal against all nui-
sance parameters, the Neyman-orthogonal score defined here is orthogonal against only those
infinite-dimensional nuisance parameters. Formally, let 6, € © be the low-dimensional pa-
rameter of interest, py be the true value of the finite-dimensional nuisance parameter p, and
Mo the true value of the infinite-dimensional nuisance parameter n € 7 . Suppose that W is
a random element taking values in a measurable space (W, Ayy) with probability measure P.

Define the directional (or the Gateaux) derivative against the infinite-dimensional nuisance

parameter D, : T — R, where T = {n —no:n € T},
Dy [n—mo) = 0: {EP [@D (W, 60, po,mo + 1 (n — 770))]}777 €T,
for all » € [0,1). For convenience, denote
OnEpt) (W, 60, po;10) [ = 10] = Do [ = ol ,n € T

In addition, let T C T be a nuisance realization set such that the estimator of 7, take

12



values in this set with high probability.

Definition. The score 1 obeys the Neyman orthogonality condition at (6o, po, o) with respect
to the nuisance parameter realization set Ty C T if the directional derivative map D, [n — no)

exists for all r € [0,1) and n € Ty and vanishes at r = 0:

877EP¢ (W7 907 P0>770) [77 - 770] = O,fOT' all n € TN'

Lemma 1.1. The new score functions 1.3 and 1./ obey the Neyman orthogonality.

The proof of this lemma can be found in the online appendix. In fact, it is also possible
to derive the Neyman-orthogonal scores with respect to both finite- and infinite-dimensional
nuisance parameters. However, the functional forms are much more complicated than the
score functions 1.3 and 1.4, and this will make the corresponding estimator not as neat as
the estimators proposed here. Since they will enjoy the same asymptotic properties, here I
only focus on the estimators based on 1.3 and 1.4.

In the following, I will discuss the theoretical properties of the new estimator 6 when data
belongs to repeated outcomes and repeated cross sections. The results of multilevel treatment
can be proven using the same arguments. Let x and C' be strictly positive constants, K > 2
be a fixed integer, and ey be a sequence of positive constants approaching zero. Denote by

| - llp4 the L¢ norm of some probability measure P: || f ||p,= (/| f (w) |7 dP(w))* and

IS [[Poo= sup,, | f (w) |

Assumption 1.4. (Regularity Conditions for Repeated Outcomes) Let P be the probability
law for (Y (0),Y (1),D,X). Let D = go(X) + U and Y (1) — Y (0) = {10 (X) + Vi with
Ep[U|X] =0 and Ep[Vi | X,D =0] = 0. Define G0 = Ep |0,t01 (W, 0, po,110)| and
Y10 = Ep

(¢1 (W, 6o, p0,m0) + G1po (D — po))z]. For the above definition, the following
conditions hold: (a) Pr (k < go(X) <1—k&)=1; (b) || UV1 ||psa< C; (¢) E {UZ | X} < C;
(d) E [Vf | X} < C; (e) 19 > 0; and (f) given the auziliary sample If, the estimator

13



e = (ﬁk,@lk) obeys the following conditions. With probability 1—o (1), || ik —mo0 ||p2< €N,

19k —1/2 | pec< 1/2 — &, and || Gr — go |2 + || G& — 90 P2 X || i — Lo || p2< ().

Assumption 1.5. (Regularity Conditions for Repeated Cross Sections) Let P be the prob-
ability law for (Y,T,D,X). Let D = go(X) + U and (T —X\)Y = loo(X) + Vo with
E,[U]X] =0 and E,[V2| X,D =0] = 0. Define Gopo = Ep {ap% (W, 907]907/\077720)},
Gaxo = Ep [0x2 (W, 00,00, X0, m20)], and Yoo = Ep[(1 (W, 00,00, m0) + Gapo (D — po) +
Gaxo (T — Xo))?]. For the above definition, the following conditions hold: (a) Pr(x < go (X)
1ok =1 ) | UV e C; () E[U?|X] < C; (4) E[VZ|X] < C; (e)
Ep [YQ | X} < C; (f) | Ep[YU] |< C; (g9) £ > 0; and (h) given the auxiliary sample
I, the estimators 1o, = (gk,é%) obeys the following conditions. With probability 1 — o (1),
| for = 120 1lp2< eny | Gk — 1/2 |poe< 1/2 = &, and || Gx — go B2 + Il 9k — g0 llp2 x ||

A |p2< (5N>2-

Theorem 1.1. For repeated outcomes, suppose Assumptions 1.1, 1.2 and 1.4 hold. For
repeated cross sections, suppose Assumptions 1.1-1.3 and 1.5 hold. If ey = o (N*1/4>, the
new ATT estimator 0 obeys

VN (6—6,) = N (0,%)
with 3 = Y19 for repeated outcomes and ¥ = Yo for repeated cross sections.

Theorem 1.2. Construct the estimators of the asymptotic variances as

. 1 & - . 2
3, = = S E. [(% (W 0, pr, ?71k) + Gy (D — f)k)) 1 (repeated outcomes)
k=1

A 1 K - A . A <\ 2
Yo = 7 > K, [(% (W, 0, Pk )\kﬂm) + Gop (D — Di) + Gax (T - /\k)> ]
k=1
(repeated cross sections)
where B, [f (W)] =n~! Sier, f (W3), élp = égp = —é/ﬁk, and Gay, is a consistent estima-

tor of Gaxg. If the assumptions of Theorem 1.1 hold, S = Niotop (1) and Sy = Yog+o0p (1).
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Theorem 1.1 shows that DMLDID 6 can achieve v/N-consistency and asymptotic nor-
mality if the first-step estimators of the infinite dimensional nuisance parameters converge

1/4 This rate of convergence can be achieved by many ML methods.

at a rate faster than N~
In particular, Van de Geer (2008) and Belloni et al. (2012) provided detail conditions for
Logit Lasso and the modified Lasso estimators to satisfy this rate of convergence. Theorem

3.2 provides consistent estimators for the asymptotic variance of . The proofs of Theorem

1.1 and Theorem 1.2 can be found in the appendix.

1.4 Simulation

In the online appendix, I conduct Monte Carlo simulations to shed some light on the finite
sample properties of Abadie (2005)’s DiD estimator and the DMLDiD estimator § in all
three data structures: repeated outcomes, repeated cross sections, and multilevel treatment.
For the first-step ML estimation, I generate high-dimensional (HD) data and estimate the
propensity score by Logit Lasso, SVM, regression tree, random forests, boosting, and neural
nets. [ use random forests with 500 regression trees to estimate the remaining infinite-
dimensional nuisance parameters. I find that while Abadie’s DiD estimator suffers from the
bias of a variety of ML methods, the DMLDID estimator 6 can successfully correct the bias
and is centred at the true value. Figure 1.2 shows the Monte Carlo simulation for repeated

outcomes. Other cases and details are provided in the online appendix.
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Figure 1.2: The simulation for repeated outcomes with the true value 6, = 3.

The DGP for Repeated outcomes: Let N = 200 be the sample size and p = 100
the dimension of control variables, X; ~ N(O,Ipxp). Let vo = (1,1/2,1/3,1/4,1/5,0,

..,0) € RP and D; is generated by the propensity score P(D = 1 | X) = m.

Also, let the potential outcomes be Y (0) = X!y + &1, Y? (1) = Y (0) + 1 + &5, and

K3 7

Y (1) = 6y + Y2 (1) + &3, where 3y = 7 + 0.5 and 6y = 3, and all error terms follow

N (0,0.1). Researchers observe {Y; (0),Y; (1), D;, X;} for i = 1,..., N, where Y; (0) = Y,° (0)
16



and Y; (1) = Y2 (1) (1 = D,) + Y (1) D..

1.5 Empirical Example

In this example, I analyze the effect of tariffs reduction on corruption behaviors using the
bribe payment data collected by Sequeira (2016) between South Africa and Mozambique.
There have been theoretical and empirical debates on whether higher tariff rates increase
incentives for corruption to (Clotfelter 1983; Sequeira & Djankov 2014) or lower tariffs en-
courage agents to pay higher bribes through an income effect (Feinstein 1991; Slemrod &
Yitzhaki 2002). The former argues that an increase in the tariff rate makes it more profitable
to evade taxes on the margin, while the latter asserts that an increased tariff rate makes the
taxpayers less wealthy and this, under the decreasing risk aversion of being penalized, tend
to reduce evasion (Allingham & Sandmo 1972).

Sequeira (2016) collected primary data on the bribed payments between the ports in
Mozambique and South Africa from 2007 to 2013. The cargo owners bribed the border
officials who were in charge of validating clearance documentation and collecting all tariff
payments in exchange for tariff evasion. The exogenous variation used in Sequeira (2016)
to study the effect of tariff reduction on corruption was the significant reduction in the
average nominal tariff rate (of 5 percent) on certain products occurring in 2008. Since not
all products were on the tariff reduction list, a credible control group of products is available.
This credible control group allows for a DiD estimation. Sequeira (2016) pooled together
the cross section data between 2007 and 2013 and estimated the effect of treatment through
the traditional linear DiD with many control variables. Table 9 of Sequeira (2016) presented

the result of the following specification:
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yie = lariffChangeCategory; x POST
+ wpPOST + piTarif fChangeCategory;

+  BoBaselineTarif fi + ' + p; + wy + 0; + €4, (1.5)

where y;; is the natural log of the amount of bribe paid for shipment ¢ in period ¢, conditional
on paying a bribe. Tarif fChangeCategory € {0,1} denotes the treatment status of com-
modities, POST € {0,1} is an indicator for the years following 2008, and BaselineTarif f
is the tariff rate before the tariff reduction. The specification also includes a vector of charac-
teristics I';, and time and individual fixed effects p;, w;, and §;. The parameter 7, is the pa-
rameter of interest in Eq. 1.5. Sequeira (2016) found that the amount of bribe paid dropped
after the tariff reduction (4§, = —2.928). However, as noted by Meyer et al. (1995), this
result of Equation 1.5 excludes the heterogeneous treatment effects. The estimate might be
different if we take into account the heterogeneity. To shed some light on the heterogeneous
treatment effect, I include the interaction terms between Tarif fChangeCategory x POST

(T'P) and the characteristics I'; into 1.5. The specification becomes

yie = nlariffChangeCategory; x POST + TP, x T;
+ wpPOST + piTarif fChangeCategory;

+  BoBaselineTarif fi+ ' + p; + wy + 6; + €4, (1.6)

where 5 is a 10 x 1 vector. Table 1 shows the comparison of the estimates of 1.5 and 1.6.
Column (2) of Table 1.1 shows that (a) after controlling for the interaction terms, the
estimate for ; becomes insignificantly different from zero and (b) most of the coefficients of

the interaction terms are negative. This suggests that there exists a large set of negative het-
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erogeneous treatment effects and that Sequeira’s estimate may be a weighted average of these
heterogeneous treatment effects. The negative coefficients of the interaction terms justify
the sign of Sequeira’s estimate. However, it is ideal to treat the covariates nonparametri-
cally when there exists heterogeneity in treatment effects, in order to avoid any potential
inconsistency created by functional form misspecification (Abadie 2005).

Table 1.1: Estimation results of interaction.

Eq. (5.1) Eq. (5.2)

o -2.928%* 0.934
(0.944) (2.690)
TP x dif f -0.986
(0.959)

TP x agri -1.170%*
(0.580)
TP x lvalue -0.098
(0.129)
TP x perishable 0.859
(1.213)
TP x largefirm -0.576
(0.988)
TP x day_arri -0.002
(0.106)
TP X inspection -0.525
(0.911)
TP x monitor -0.482
(0.713)
TP x2007tarif f 0.009
(0.048)

TP x SouthAfrica -2.706%**
(0.912)

I estimate the average treatment effect on the treated using both Abadie’s DiD estimator
and DMLDiID. Since the data is repeated cross sections, I construct the estimators based
on 1.2 and 1.4, respectively. The estimators with first-step kernel estimation contain one
individual characteristic (the natural log of shipment value per ton), which is the only sig-
nificant and continuous control variable in Table 9 of Sequeira (2016). The estimators with
first-step Lasso estimation contain a list of the covariates included in Table 9 of Sequeira
(2016), which consists of the characteristics of product, shipment, firm, and border officials.
I choose both the bandwidth kernel and penalty level of Lasso by 10-fold cross-validations.

Table 1.2 shows the estimation result. First, we can observe that the estimates with first-step
19



kernel are much larger than the estimates with first-step Lasso. The reason may be that
more control variables are included in the latter estimates. Second, though with the same
sign, Abadie’s estimator (-8.168 or -6.432) is at least twice as large as previously reported
by Sequeira (2016). This large effect, however, may be due to not only the robustness of
semiparametric estimation on the functional form but also the finite-sample bias in the first-
step nonparametric estimation. The DMLDiID estimator (-5.222) removes the first-order
bias and suggests a smaller effect that is closer to Sequeira’s estimate. Its value is only 60%
higher than Sequeira’s result. This extra effect can be explained by the misspecification of
the traditional linear DiD estimator. Therefore, I obtain the same conclusion as Sequeira

(2016) that tariff reduction decreases corruption, but my estimate suggests an even larger

magnitude.
Table 1.2: The results of DMLDiD estimation.
| Sequeira (2016) | Abadie (kernel) | DMLDID (kernel) | Abadie (Lasso) | DMLDID (Lasso)
ATT -2.928%** -8.168** -6.998* -6.432%* -5.222%

(0.944) (3.072) (3.752) (2.737) (2.647)

1.6 Conclusion

The DiD estimator survive as one of the most popular methods in the causal inference
literature. A practical problem that empirical researchers face is the selection of important
control variables when they confront a large number of candidate variables. Researchers may
want to use ML methods to handle a rich set of control variables while taking the strength of
the DiD estimator. I improve its original versions by proposing DMLDiD to allow researchers
to use ML methods while still obtains valid inferences. This additional benefits will make
DiD more flexible for empirical researchers to explore a broader set of popular estimation

methods and analyze more types of data sets.
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1.A Appendix

1.A.1 More on Estimation

Multilevel treatments: Individuals can also be exposed to different levels of treatment.
Let W € {0,wy,...,w;} be the level of treatment, where W = 0 denotes the untreated
individuals. Researchers observe {Y;(0),Y; (1), W;, X;}X,. For w € {0,wy,...,w;} and
t € {0,1}, let Y™ (¢) be the potential outcome for treatment level w at period ¢. Denote the

ATT for each level of treatment w by
O = E[Y" (1) = Y° (1) [ W =w]|.
Suppose that Assumptions (2.1) and (2.2) hold for each w € {wy,...,w;}:
B (1) =Y (0) | X Wi =w] = E[Y? (1) =¥ (0) | X;, Wi = 0],

P (W; = w) > 0 and with probability one P (W; = w | X;) < 1. Then we have (Abadie 2005)

_p[YW Y @IW=w) PW=0]X)-I(W=0)-PW=w|X)
[P(sz) PW=0]X) ]

where [ (+) is an indicator function. The Neyman-orthogonal score function for multilevel
treatments is
Y1) -Y0)IW=w)PW =0|X)—-I(W=0)P(W =w]| X)

(o (W> Qwo,pwo,ﬁwo) = P (W _ w) j2 (W -0 ‘ X)
91110 — Cy- (17)
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The adjustment term c,, is

Cy =

LW =w) - PW=0]X)=I(W=0)-P(W=w|X)\
PW=w)-P(W=0]X)

EY (1) —Y ()| X, I(W=0)=1].

The nuisance parameters are the unknown constant p,o = P (W = w) and the infinite-

dimensional parameter 7,0 = (gwo, 920, £30), where g,0 = P(W =w | X), g.0o = P(W =0 |

Multilevel treatments algorithm:

(i) Take a K-fold random partition (I})l—, of observation indices [N] = {1,..., N} such
that the size of each fold I is n = N/K. For each k € [K| = {1,..., K}, define the

auziliary sample If = {1,.... N} \ .

(ii) For each k € [K], construct the estimator of py and Xy by P, = %Zigg D;. Also,

construct the estimators of g, g., and l3y using the auxiliary sample I.: Gur =
gw ((WZ)Z€]£)7 gzk = gz ((VVZ)Zg[g); and g?)k = 63 ((Wl)z€I£>

(iii) For each k, construct the intermediate ATT estimators

s 1 T (Wi=w) - g (Xi) = T (Wi =0) - Gur (X5)
n i€l ﬁwgzk (Xz)

x (Y (1) = Y (0) — U, (Xi)> ,

(iv) Construct the final ATT estimators 6 = Ly, O)..

Lasso penalty. The following is suggested by Belloni, Chen, Chernozhukov, & Hansen
(2012). Let y; denote Y; (1) — Y; (0) or (TZ — S\k), A denote Aqp or Ao, and Y, denote T
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or Ty, For k € [K], the loading Ty is a diagonal matrix with entries iy 7 = 1,...,p,

constructed by the following steps:

1

Initial 4, = $ S (1= Di) g3 (i — 5)*, Ak = 20 Mp® ™' (1= v/2p)

1

A > (1—Dy)gZé2, N = 2¢ M@t (1 —~/2p),

ielf

Refined A, = J

where g, = M1, Ie Yi, € > 1 and v — 0. The empirical residual é; is calculated by the
modified Lasso estimator (3} in the previous step: &, = y; — ¢.5;. Repeat the second step

B > 0 times to obtain the final loading.

1.A.2 Monte Carlo

ML Estimation (Repeated cross sections): Let N be the sample size and p the dimen-
sion of control variables, X; ~ N (O, Ipxp). Also, let vo = (1,1/2,1/3,1/4,1/5,0, ..., 0) € RP

and D is generated by the propensity score

P(D=1|X)= (Logistic).

1+ exp (—X')

The potential outcomes are generated by Y° (0) = 1+4¢1, Y2 (1) = Y2 (0) +1+4&5, V' (1) =
0o + Y (1) + &3, where By = v + 0.5 and 6y = 3, and all error terms follow N (0,0.1).
Define Y; (0) = Y°(0) and Y; (1) = Y (1) (1 — D;) + Y;* (1) D;. Let T; follow a Bernoulli
distribution with parameter 0.5. Researchers observe {Y;, T;, D;, X;} for i = 1, ..., N, where

Y, = Y, (0) + T, (Y; (1) - Y; (0)).

ML Estimation (Multilevel Treatments): Suppose there are two levels of treatment

so that W € {0,1,2}. Let N be the sample size and p the dimension of control variables,
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X;~N (O, Ipxp) Also, let 49 €€ R? such that vy = (1,1/2,1/3,1/4,1/5,0,...,0) and
(P(W =0),P(W=1),P(W =2)) = (0.3,0.3,0.4)

The potential outcome are generated by Y° (0) = X'By+e1, Y2 (1) =Y (0)+1+eo, V' (1) =
010+ Y2 (1) +e3, Y2 (1) = 029+ Y% (1) + &4, where 3y = o+ 0.5 and 619 = 3 and 0oy = 6, and
all error terms follow N (0,0.1). Researchers observe {Y; (0),Y; (1), W;, X;} fori=1,..., N,
where Y; (0) = ¥ (0) and ¥; (1) = Y2 (1) (W, = 0) + Y} () 1 (W, = 1) + Y2 (1) I (W, = 2).

I focus on the estimation of the second level ATT 6.
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Figure 1.3: Repeated Cross Sections
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Figure 1.4: Multi-level Treatment

1.A.3 Proofs of the Neyman-orthogonal Scores

Proof of Lemma 1.1

Repeated outcomes:
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The Gateaux derivative of 1.3 in the direction 17 — 1m0 = (9 — go, {1 — ¢10) 1S

- B | oy (00 )
i G0 1 gy (1) )

where the second inequality follows from the law of iterated expectations, the third from the

definition of ¢ (X) and Ep [D — g (X) | X] = 0.
Repeated cross sections:

Similar to the proof of repeated outcomes, the Gateaux derivative of 1.4 in the direction

n2 — 20 = (9 — Go, L2 — a0) is

(D —1) (T = X) Y — £y (X))

On, Ep (12 (W, 6o, po, Mo, m20)] =Ep ,
K Po (1_90 (X))2

(9 (X) =90 (X))]

[ D=9 (X) _
B oy (200~ 3]
o [9(X) =0 (X) B
B e R )

Uy (X)) — la (X)
[PA(1=A) (1 —g(X))

Er[D—g0(X) | XJ]

where pj, = poAo (1 — Ao).

Multilevel treatment:
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Let Ay = 9w — Guwo, A. = g. — g.0, and Ay3 = l3 — l39. The Gateaux derivative of 1.7 in the

direction 1y, — Nwo = (Guw — Juwo, 9= — =0, {3 — l30) is

I (W =0) guo (X)
Pwo9=0 (X)2

Onw Ep [0 (W, 00, Puwo, wo)] =Ep (Y (1) =Y (0) — l3) Ay

I (W =0) ]
—FEp|————= (Y (1) =Y (0) — l30) A,
| W)=Y ()~
I(W =0)guw (X)—I(W = 20 (X
1 5, [L0 = 0000 10V =)0 () |
Pw0920 (X)
=0
by the law of iterated expectation on each terms. O

1.A.4 Additional proofs

Proof of Theorem 1.1:
The proof proceeds in five steps. In Step 1, I show the main result using the auxiliary

results (A.1)-(A.4). In Step 2-5, I prove the auxiliary results.

1/2
SU$ (E [H Y1 (W, 00,00, m) — 1 (W, 60, Do, M10) HzD < en, (A1)
me/n
sup I 83E [¢1 (W, 00,0, 10 + 1 (1 — 7710))} |< (EN)2 ) (A.2)
re(0,1),m TN
1/2
sup (B [l s (W.00.p0.10) = 0t (Wbopomo) 1])* <ene (A
me/n
2 2 2 1/2
sup (EP [H 3;#/}1 (W, 00,p,m) — ap% (W, 80, po, mo) || D <Eén; (A.4)
pEPN METN

where Ty is the set of all 7 = (g, ¢1) consisting of P-square-integrable functions g and ¢,
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such that

| m —mo ||p2< en,
19—1/2 |pee< 1/2 — &,
99072+ 19— g0llp2 x || &= lo |p2< (en)?,

and Py is the set of all p > 0 such that | p — py |[< N~/2. Then by Assumption 1.4 and
| D — po |= Op (Nfl/Q), we have 7y, € Ty and Py, € Py with probability 1 — o (1).

Step 1. Observe that we have the decomposition

K
VN (5 - ) VN (;{ng_go)
k=1
1 K
=VN 2 3 Eu [U1 (W00, i fue)]
k: 1
_\/_ ZEM (1 (W, 60, Do, Ni)]
k 1

+ \/N? Z Bk [azﬂ/’l (W. 0o, po, 7711@)} (Pr — po)

k=1

a

+ \/_ ZE“k [ 2 (W, Qo,pkﬂhk)} (Dr —p0)27

b

where pr € (Pr, po). By the triangle inequality, the expectation in term (a) satisfies

nk { p¢1 (W 907270»77119)} — Ep {apwl (W, 90»?0#710)“ < Jl,k + J2,k7

where

Jigp = Enk [3p¢1 (W, 09, po, ﬁlk)} —Enx [ap?/h W, 90,]?077710)} ,

oy =

En k { b1 (W 0o, po, 7710)} - E, {apwl (W7 0o, po, 7710)} ’ :

29



The goal is to show that .J; , = 0, (1) and Jo i, = 0, (1). To bound Js %, we have Ep [JM} =0

and

Ep [J;k} <n'Ep {(8,)1&1 (W, 907]00;7710)2)]

1 U2V'12

po (1 — 90)2
<n71 02
= pé/ﬂ;z 7

where the last inequality follows from Assumption (3.1). By Chebyshev’s inequality, Jo =

:n_lEp

Op (n*1/2> = op (1). Next, we bound J; ;. Conditional on the auxiliary sample I}, 7y can

be treated as fixed. Under the event that 7j;, € Ty, we have

Ep {lek | (I/Vi)i€[£:| =Ep [H Ayt (W, 80, po, k) — Optor (W, 60, po, o) 1] (Wi)ielgj|

< sup Ep M Opthr (W, 0o, po, m) — Optb1 (W, 6, po, 110) HQ}

meTn

:g?v

by (A.3). Since conditional convergence implies unconditional convergence (Lemma A.1),

Jikx = Op (ey) = op (1). Together, we have

En,k {apwl (W7 907190»7711@)} RS Ep [6pw1 (W, 907290,7710)} = GlpO-

By the triangle inequality again, the expectation in term (b) satisfies

En k {3131#1 (W, 6o, i, ﬁlk)} —E, {351/11 (W, 6o, po, 7710)} ’ < Sz + Juk,

where

9

I3 =

E, « [8,3% (W, 00, Pr, ﬁlk)} —E,x [85101 (W, 8, po, 7710)}
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Jag =

]En,k [@3% (W, o, po, 7710)} - Ep {851&1 (VV, 8o, po, 7710)} ’ .

To bound Jyj, we have

Ep [Jfk} <n"'Ep [(851/11 (W, 90,19077710)2)}
i U2‘/12

po (1 — 90)2
1 4C?
S/nf 6 2 bl
Dor

where the last inequality follows from the regularity conditions. By Chebyshev’s inequality,

:n_lEp

Jur = Op (n’lﬂ) = op (1). Conditional on If, both p; and 7 can be treated as fixed.

Under the event that pj, € Py (thus py € Py) and 7y, € Ty , we have

Ep [y | (W)ieyy] =Fr

ie[;] || afﬂvz)l <W7 007?1% ﬁlk) - (951/11 (W7 807p07 7710) ||2| (m>zelg:|

< sup  Bp ||| 9pw1 (W00, p,m) — ptbr (W, 00, po, mo) ]

pEPN,METN

<e
by (A.4). By Lemma A.1 again, Js3, = Op (ey) = op (1). Hence,
B i (0241 (W, 60, B, i) | 2 B [0311 (W, 00, B, )] -

Combine the above results with that py — pg = E,, 1[D — po] and (pr — po)? = Op(N 1),
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the decomposition of  becomes

VN (é — 00) = \/Nfl( > B [0 (W, 00, Do, k)]

k=1

\/le( i GlpOEn,k [(D - po)] +0p (1) + Op (N71/2)

k=1

- \/_ Z Bk [wl (W, 00,0, Nir) + Gpo (D — po)} +op (1)

k 1

N
Z [ (Wi, 0o, po; mo) + Gipo (D )} +VNRy +o0p (1),

ﬂ\

where

Mw

=
=2
I

E,x [101 (W, 00,0, i) + Gipo (D — po)}

i
I

{7/)1 (Wi, 60,10, m0) + Gipo (D po)}

@
Il
N

|
== 2= X[
M=

b
Il
—

1
En i [¥1 (W, 0o, po, N1x)] — I Zwl (Wi, 0o, po; o) -

=1

Mx

It remains to show that vV NRy = op (1).
This part is essentially identical to Step 3 in the proof of Theorem 3.1 (DML2) in Cher-
nozhukov et al. (2018). I reproduce it here for reader’s convenience. Since K is a fixed

integer, which is independent of N, it suffices to show that for any k € [K],

. 1 _
Eok (U1 (W, 00, po, )] — = Y b1 (Wi, 0o, po, o) = op (N 1/2) -

i€l

Define the empirical process notation:

Gus [ (W) = = 3= (007 = [ 9(w)dP).

3
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where ¢ is any P-integrable function on W. By the triangle inequality, we have

. 1 L+ o
|| En,k [wl (V[/v 00ap0an1k)} - ¢1 (M/'he()vp()anlo) ||§ %a
ni%:k N4

where

Lk =\ Gk [0 (W, 00, D0, Thi)] — Gk [0 (W, 6o, po, mo)] |,
Ly =/n || Ep |t (W, 00, po, M) | (VVi)ieIg — Ep [{1 (W, 00,0, m0)] || -

To bound I, j, note that conditional on (W) the estimator 7)1 is nonstochastic. Under

ielg

the event that 71, € Ty, we have

Ep

Il2,k | (Wi)z‘elg] =Ep

|| ¢1 (W7 007]907 ﬁlk) - ¢1 (V[/a 007p0ﬂ 7710) ||2| (Wl)zélﬁ]
< sup Ep [H U1 (W, 60,0, m) — ¢1 (W, 80, os o) [1?] (Wi)iel,g]

meTnN

= sup EP M ¢1 <W7 907]?0,771) - 1/}1 (VV7 007p077710> ||2}

meTnN

= (EN)2
by (A.1). Hence, I, = Op (en) by Lemma A.1. To bound Iy, define the following function
e (r) = Ep |11 (W, 00, po, mo + 7 (A = 10)) | (Wa)iepe | — E [¥1 (W, 00, po, 10)]
for r € [0,1). By Taylor series expansion, we have

(1) = £ (0)+ fL(0) + f/ (F) /2, for some 7 € (0,1).

Note that f; (0) = 0 since E ¢y (W, 00, p0, o) | (Wi)iese| = E [¥1 (W, 00, po, mo)]. Further,

on the event 7y, € Ty,

115 (0) 1=l Oy, Eptor (W, 00, po, mo) A1k — 1ol 1= 0
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by the orthogonality of ¥;. Also, on the event 7y, € Ty,

1A 1< sup || £ () (1< (en)”
re(0,1)

by (A.2). Thus,
b = Vi || () 1= Op (Vi (en 7).

Together with the result on I 5, we have

/) 1 I+ 1
E,x [Y1 (W, 00, po, Nik)] — - > 1 (Wi, 00, po, m10) S%
icly
=Op (”_1/2€N + (€N)2)
=0p (N_1/2>

by n=0(N)and ey =0 (N*1/4). Hence, VNRy = op (1).

Step 2. In this step, I present the proof of (A.1). We have the following decomposition:

U1 (W, 00,0, m) — ¢1 (W, 6o, po; m10) :poﬁl_—gg(zi())) (Y (1) =Y (0) = 41 (X))
D — g0 (X)

:U+90 (X) —g(X)
po (1 —g(X))
Uvi
po (1= go (X))

(Vi + €10 (X) = 1 (X))

Thus, we have

Uvi U (b (X) — 41 (X))
11’1 (V[/a QOapOanl) _d}l (I/Va 907]7077710) :Po (1 —g(X)) + Do (1 —g<X))
LX) g0 v
po (1 —g(X)) po (1= g0 (X))
L 90 (X) = g (X)) (b (X) = 61 (X))
po (1= g(X))



Given k < gop(X)<l—rand K < g(X) <1-—k,

I (OV: B v ) = (W B, o o) = || UV (1= g ()
+ U (b0 (X) = (X)) (1 = g0 (X))
V(g (X) — 9 (X)) (1 — g0 (X))

+ (g0 — 9) (fro — £1) (1 — g0 (X))

—UVi(1=g(X)) llp2 -

By k <go(X)<1l—rand k <g(X)<1-—k again, we can obtain

1—+x

H 1 (W, 907]?07771) — 1 (W 9071)077710) HP,2§ H Uvi+U (510 (X) — U (X))

Pok?
+ Vi (g0 (X) — g (X))
+ (90 (X) = g (X)) (lro (X) — £1 (X))

—UVy ||lp2 -

Thus, by Ep [U?| X| < C and Ep [V2 | X| <C,

1—r)VC
|| wl (W7 607p07n1> - 2/}1 (VV7 007p07n10> HPQS(p()Ii)Q H 610 - 61 HP72
(1—k)VC
e
Dok
1 —
L)

Dok?

| 90— g |lp2

| 90 — g llp2ll £10 — 1 [|p2

<0 (€N—|—€N+ (SN)2)

=0 (8]\/) .
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Step 3. In this step, I present the proof of (A.2). Define

£ (r) = Ep [¢n (W, 00, p0,mo0 + 7 (m — o)) ] -

Then its second-order derivative is

2 _2 (D—-1)(g— 90)2 _ o — (0 —
9, f (r) = Ep I (Y (1) =Y (0) = lio —r (& 510))]
2 D—1
R (et A (9_90)] '

It follows that

[02F (") 1< O (1 (9= g0) I35 + 1| (9= 90) llp2 x || (€2 = o) Ilp2) < (ew)?.

Step 4. Notice that

1D —g(X)
p1l—g(X)

(wl (I/Va 97p7 771) + 9) )

Optr (W, 0,p,m) = — (Y (1) =Y (0) = £ (X))

1
p

then we have

| Opto1 (W, 00,00, 1) — Opthr (W, 0o, o, M10) || P2

1
= o | 1 (W, 80, p0,11) — 1 (W, 09, 0, M10) || P2

=0 (en)

by Step 2.

36



Step 5. Notice that

020 (W, pm) =5 L= 2 1Y (0= ¥ (0) = 6, ()

2
:]? (¢1 (V[/v Hapa T]l) + 0) )

then we have

241 (W, 00, p,m) — Oxtbr (W, 60, po, mo) =0atp1 (W, 0o, po, ) — 92ty (W, 6o, po, m1o)
+ Ot (W, 60, b, 1m1) (p — po)

:;2) (11 (W, 00, po, m) — 1 (W, 0o, po, o))
6 (D—g(X) (Y (1)-Y(0)—-6(X))

Pt 1—g(X)

X (p—po),

where ﬁ € (pﬂp()) Thus7 || a;%wl (V[/v 90ap7 7]1) - a}%¢1 (W7 007]?07 TIIO) ||P,2 is bounded by

2
27% || (231 (VV7 90,190,771) — (W 90,]?0,7710) ||P,2

6 D—g(X)

+ || = —2
| Pt 1 —g(X)

(Y (1) =Y (0) =& (X)) [lp2 x | p—po |-
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The term in the second line is bounded by

6 6 6
— || (U — Vi4+lypy—12 <— || UV, — || U (lyg— £
5in | (U+g0—9) (Vi+bw—b) ”P’Q—ﬁ‘*n | UVA [|p2 +]34K | U (bro — 1) [|p2
6
— Vi (o —
+ﬁ4n | Vi(go—9) |lp2
6
+ ==l g0 — g llp2ll tro — 1 |Ip2
PR
6
< (CH+ VT || tyo— 1 ||p2)
Pl
6
+ T\/a | 90— g llp2
PR
6
+ ==l 90— g llp2ll tro — 1 [|p2
PR

=0(1)

by | UVA [lp2<|| UVi |pa< €', Ep [U?| X| < C, Ep [V | X| < C, and the conditions on

the rates of convergence. Together with Step 2, we obtain

| 82u1 (W, 8, p, 1) — 8201 (W, 8, po, o) [|2<O () + O (1) x O (N712)

=0 (gN) )

where I assume that ey converges to zero no faster than N~1/2,

Repeated cross sections:

In step 1, I show the main result with the following auxiliary results:

1/2
SU$ (E [H Wy (W, 00,10, Mo, m2) — 2 (W, 00, po, Mo, M20) HzD < en, (A.5)
me/N
sup || 07 [a (W, 60, 20, Aoy 110 + 7 (2 = 10))| 1< (o). (A.6)
re(0,1),m2€TN
9 1/2
su;) (EP [|| Optha (W, 00, Do, Ao, n2) — Optha (W, 60, Do, Ao, 120) || ]) <en, (A7)
me/N
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1/2
sup (EP [H Oaa (W, 00,0, Mo, 12) — Oatha (W, 60, po, Ao, M20) ||2D <en, (A.8)

n2€TN

1/2
sup (EP “’ 0ba (W, 00, p, Mo, m2) — 0tba (W, 0, po, Ao, 20) ||2D <en, (A9)

pEPN mETN

1/2
sup (EP [H 8,2\1% <W7 907p7 )\7 772) - a§¢2 (W7 QOJPOJ >\07 7720) ||2}) < EN, <A10>

PEPN,AEAN M2 ETN

1/2
sup (EP [H a/\apr (VV, 8o, p, >\07772) - 3/\3p¢2 (W, o, po, Mo, 7720) HZD <en, (A-H)

PEPN,M2ETN
where Ty is the set of all 7o = (g,¢2) consisting of P-square-integrable functions g and ¢,

such that

| 72 — 20 [|p2< en,
| 9—1/2 ||po< 1/2 — &,
2
(9= 90) 52+ 1| (9= 90) 2 X || (b2 — lao) [|p2< (en)”,

Py and Ay are the sets consisting all p > 0 and A > 0 such that | p — po |< N~2 and
| A — Ao |< N2 respectively. By the regularity condition (3.2), | pr — po |= Op (N‘1/2>,
and | M — Ao |I= Op (Nfl/Q), we have 7o, € Tw, Pr € Py, and Ay € Ay with probability
1—o(1).

In Step 2-4, I show the above auxiliary results.
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Step 1. Notice that
~ 1 K
VN (6 60) =VN | = >~ 0k — 6y
k=1
1 & 3
:\/NE Z En’k |:Q/}2 (Wv 60713167 )\ka f}Qk):|
k=1

1 & .
:\/NX Z ]En,k; [¢2 (W 007])07 AU) 77219)]

k=1

~1 & R
+ N? Z B [ap% (W, 00, po, Ao, 7721@)} (Dr — o)
k=1

—1 & R .
+ N? Z En,k [(%1#2 (W7 0o, o, Ao, 7]2k)] (/\k - )\0) +op (1) ,
k=1

where the term op (1), by the same arguments for the term b in repeated outcomes and the

auxiliary results (A.9)-(A.11), contains the second-order terms

\/N? Z En,k {ain (VV, 00713167 >\07 ﬁZk) (ﬁk - P0)2 )

k=1

VN S E. 930z (W0, A )| (R = 20)
k=1 -

1 K .
\/N? > E,p [5A5p1/12 (W, 00, D, Ao, 7721@)} (Ak - Ao) (Pr — po)
k=1

where py € (Pg, po) and A € (;\k, )\0). On the other hand, by the same arguments for the

term a in repeated outcomes and the auxiliary results (A.7)-(A.8), we have
E, {Gp% (W. 0o, po, Aoﬁ%)} 5 B, {@uwz (W. 0o, po, )\0,7720)} = Gy,

En,k [5>\¢2 (VV, 0, Po; Mo, ﬁzk)] RS Ep [8,\77@2 (W> o, po, Mo, 7720)] = Gaxo.
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Hence, since pr, — po = E,x [D — po] and M — )Xo = E,x [T — Ao, we have

K
VN (é — 00) :\/Nfl( Z E,. i [¢2 (W, 00, po, Ao, k)]

k=1
1 & A
Z\/N? Z Ek [% (W, 60,0, Ao, Tk) + Gapo (D — po) + Gaxo (T — )\0)}
k=1
+ op (1)
1
\/— Z {% Wi, 00,0, Ao, 120) + Gopo (D —po) + Gaxo (T; — )\0)}
+VNR)y +op (1),
where
1 K
Ry =% > Enk [@/)2 (W, 6o, po, Mo Nai) + Gapo (D — po) + Gaxo (T — /\0)}
k=1
1 N
- N Z [¢2 (VVU 907p07 )\07 7720) + G2p0 ( pO) + GQ)\O (7-;, — )\0):|
=1
1 E . 1
:? Z ]Envk [w2 (VI/’ 607p07 >\07 772k>] - N Z¢2 <W27 607])07 >\07 7710) .

x~
Il
—_

i=1

Using (A.5)-(A.6) and the same arguments as the step 1 in repeated outcomes, one can show
that v/ NRY = op (1). Hence, it remains to prove the auxiliary results (A.5)-(A.11).

Step 2. Recall that py = poAo (1 — Ag). For (A.5), notice that

Vo (W, 0o, po, Aos12) — Va2 (W, 6o, Do, Ao, M20) ZM (T =X)Y =l (X))
D — go (X)
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The decomposition becomes

5 0, ) = O o N ) =gy D
(90 (X)—g

Given that k < go (X) <1—k, K < g(X) <1 - K, we have

1

7 2
bok

|| 2 (W, 00,0, Mo, 112) — W2 (W, 09, Do, Ao, M20) || p2<

[ UV; (1 = g0 (X))

+ U (b (X) = £2 (X)) (1 = g0 (X))
+ V2 (90 (X) = g (X)) (1 = g0 (X))
+ (90 = 9) (b0 — £2) (1 = go (X))

—UVa (1 =g(X)) llp2 -

By k <go(X)<1-—k, kK <g(X)<1-—k again, we obtain

11—k
H {1 (VV, 9071)0,)\07772) — 1y (W7 0o, Do, )\0>7720) HP,ZSW H UV,

+ U (lyo (X) — £ (X))
+ V2 (90 (X) — g (X))
+ (90 — 9) (b0 — 1)

—UV; P2
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Given Ep [Uz | X} <C, Ep [VZQ | X} < ', and the conditions on the rates of convergence,

1—k \/6
I 65 (W, B0, pos Do 1) — s (W, B0, s Ao, 70) ||p72s(,0)2 I oo (X) — o (X) |12
1—x \/U
O 10 (0 -9 (0 I

L0-n)

| 90 — g llp2ll L20 — L2 || P2

! 1
(\
(N+8N+ EN )
Of(e

N) -

For (A.6),let f(r) = Ep {wz (W, 00,0, Ao, 120 + 1 (12 — 7720))}. Then the second-order deriva-

tive is

2 2 (D —1)(g—g0)°
Ohflr)=rE 07— (T = Xo) Y — log — 7 (£y — gQO))}
2 D—1
R {(1 —g0—7(9~ 9))° (f2 = L) (g - 90)]

It follows that

[02F (") 1< O (1 (9= g0) I35 + 1| (9= 90) P2 x || (€2 — €0) Ilp2) < (ew)*.

Step 3. For (A.T), notice that

1 D-g(X)
2)\(1—)\) 1—g(X)

:_7(1p2(W9p,)\ ) +0),

ap(LPQ (W7 07p7 )\7 TI?) = -

(T=NY = £ (X))
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then we have

1
| Optba (W, 00, po, Ao, 112) — Optba (W, 6, Po, Ao, 1120) ||P,2:pT) | 2 (W, 6o, po, Ao, 12)

by the proof of (A.5).

For (A.8), notice that

8>\77/}2 (W Qapv )\a ,'72) =

— o (W, 00, po, Mo, 1120) || P2

=0 (en)

1-2\  D—g(X)

X (1-A)?p(l-g(X))

(T =AY — £ (X))

Y  D-g(X)

PAL =) L—g(X)

Define 0\1)o9 = O\1) (W7 6o, Po, Ao, 7720)7 then

| Ox2(W, 00, po, Ao, m2) — Oatbao ||p2= || Y2 (W, 0, Do, Ao, m2) — 2 (W, 0o, Do, Ao, 20) || P2

by (A.5) and Ep [Y? | X| < C.

[ 12X |
o= X)
+||Y<D_9(X)_D_90(X)> ||P
\1-g(X) 1-g(X)) "™
Y (D—g(X) D—g(X)
:O(”)*”e<1—g<x>‘1—go<X>>””’2
<O(en) + s |V lg=m) (D=1 [
<O (en) + \,/62 9= g0 llp2
Y2t
:O(gN)v
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Step 4. For (A.9), notice that we have

2 D—g(X
8§¢2 (W797p7A7n2) = 3 g( )

A= N 1= g(x) (T AY =6(X).

Define 85@/120 = 85@02 (W, 00, po, Ao, 1120), then we have

Oytba (W, 00, p, Mo, 1) — Othao =05tz (W, 00, po, Ao, 12) — Tyt
+ 35’102 (W, 00,0, Xos12) (P — Do)

2
:Zﬁ (2 (W, 00, Do, Mo, m2) — 2 (W, 0o, Do, Ao, M20))

+ 8Sw2 (Wv 907?7 )\07 772) (p - pO) )

where p € (p,po). Hence, we have

2
|| 821% <W7 907p7 >\07772) - a§¢20 HP,2§]T H ¢2 <W7 907])07 )\077]2> - ¢2 (W7 007p07 )\077}20) ”

D —g(X)
1-g(X)
><L| —po |

+ (T =X) Y = £ (X)) [[p2

By (A.5), we have || ¥y (W, 0y, po, Ao, 12) — 12 (W, 00,0, Ao, M20) ||p2= O (en). The term in

the second line is bounded by

L (Ut 90— 9) (Vo t o — o) o | UVa i+ 1)U (b — £3) e
£ Ve o0~ 9) lls
£ g0 g lpall oo — o [l
< (CH+ VTt~ b5 llp2 +VC | g0~ 9 l1r2)
£ g0 g lpall oo — o |1
—0(1)

45



by | UVa |pa<| UVa |pa< C, Ep [U?| X| < C, and Ep [V# | X| < C. Thus, we obtain

|| 9243 (W, 00, D, Ao, 112) — Oatbag ||p2<O (en) + O (1) x O (N_1/2>
=0 (6N) ’

where I assume that ey converges to zero no faster than N—1/2.
For (A.10), notice that we have

c D—g(X

S P oy ()
pA (1= 2 1-g(X)
(X

N 2—4\ D-—g )
pA2(1=X)° 1—g(X) "

a§1/}2 (W7 97p7 >\7 772) -

where ¢; is a constant depending on A. Define 93199 = 9319 (W, 0o, po, Ao, 1120), we have

ORba (W, 00, p, A, m2) — O3thag =031b2 (W, 80, po, Ao, 12) — Oxabag
+ aiap,l?DQ <W7 60725’ )\7 772) (p - pO)
+ ain (V[/a QOapOa 5\7 772) ()\ - )\0)
1
N9 71\ \2 W 0 ) 7)\ ; VV79 s ;)\ s
)\2(1 _ >\o) 5 (Y2 ( 05 P05 Ao, M2) — 05 Do> Ao, 720))

2—4) D—g(X) D-g0(X)
+p0/\3(1—)\0)2< —g(X) 1—90(X)>Y

+ 6)2\81)1/}2 (W7 007137 )‘7 772) (p - pO)

+ a§¢2 <VV7 907p07 5‘) 772) ()\ - A0) )
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where p € (p,po) and X € (A, \g). By the triangle inequality, we have

024y (W, 0y, p, A, 1) — 02 < lal |
| 032 (W, 60, p; A, 112) A¢20||P,2_/\2(1_)\>2

| 2 (W, 00, Do, Mo, 112) — 2 (W, B9, Do, Aoy 20) | P2

PoA3 (1 — X)? 1-g(X) 1-go(x)) "™

+ || aiapr (VVﬂ 907257 )\7772) HP,2| P — Do |

+ || 8§¢2 (W) 007p075\7772) ||P,2| A — )\0 | .

The norm term is the second line is bounded by

1 VC
e | Y (D~—1)(g— ) ||P,2§? 9= g0 P2

=0 (61\7) )

by Ep {YQ ] X} < C and D € {0,1}. The two high-order terms are bounded by

2 = | e | D —g(X)
| 0x0ptba (W, 00, D, A, m2) HP,2§]§2>\3 1- ) I 1= g (X) (T'=NY =¥y (X)) |lp2
[2—-4x]  D—-g(X)

Y |lpa -
PAZ(1—\)? I —g(X) Ir2

and
3 o) szl P29 (050,
|| 8)\1/}2 <W7 9071707)\7772) HP72—p05\4 (1 B 5\)4 H 1 — g(X) (T >\) Y 52 (X) ||P72
D—yg(

|C3| || —9g X)
podd (1) 1=9(X)

+ XY ||p’2,

where ¢y and c¢3 are constants depending on \. Using the same arguments in (A.9), one can

show that
| T2 (=Y = (X)) [raz O).
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I T g(X) ((T - 5\) Y — 4 (X)) [p2<O(1).

Also, we have

U+g0(X)—g(X)
1—g(X)

1
< (1Y 2 + 1l (90 = 9) Y [lp2)

XY lpa= | XY P2

gi (C+VClgo—glp2)

~0(1)

by | UY ||p2< C and Ep [Y? | X| < C.

Finally, we obtain

| 312 (W, 00,0, A, m2) — O3ba0 || p2<O (en) + O (en) + O (1) O (N_l/z)
+0(1)0 (N2

=0 (€N) )

where I assume that ey converges to zero no faster than N—1/2.

For (A.11), notice that the derivative is

1-2\ D—g(X)
P22 (1—=N)?1—g(X)
Y D-yg(X)
PALI=N)1-g(X)

aAap,le)? (W7 97]77 >\7 772) = ((T - /\) Y — €2 (X))

_l_

Define 0,0,120 = 020,12 (W, 8y, po, Mo, 120) , then we have

axap% (W7 8o, p, Ao, 772) - 5>\8p¢20 Za,\ap% (W> o, po, Mos 772) - 5}ﬁp¢20

+ D21y (W, 00, p, Mo, m2) (P — Do) »
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where p € (p,po). By the triangle inequality, we obtain

1
| OxOptha2 (W, 00, 0, Ao, 112) — OrOpthao ||P,2§Z; | Oxtba (W, B, po, Ao, m2) — Orthao || P2
+ || 020202 (W, 00, D, Mo, 12) |l p2l 0 —po | -

Using the same arguments in (A.9) and (A.10), one can show that the high-order term is
bounded by

A2(1— X)) 1—g(X)

|| 8)\6;¢2 (VV7 00aﬁ7 A07772) ||P72S || —a
p

Together with (A.8), we obtain

| 0052 (W, 00, p, Mo, 112) — OrTytan | p2<O (e) + O (1) O (N7112)

=0 (8]\7) s
where I assume that ey converges to zero no faster than N—1/2.
0
Proof of Theorem 1.2:
In Step 1, I show the main result using the auxiliary results
- _ 1\ /2
sup (EP |:” ¢1 (VV7 007]97 7]1) - 1/)1 (W7 0071707 ThO) H :|) S EN, <A12)
PEPN METN
_ L\ M4
(EP [% (W, 60, po, o) D <y, (A.13)
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where Py and Ty are specified in the proof of Theorem 3.1, 'y is a constant, and

- _1D-g(X) B B Dy
¢1(W07p,n1)—p71_g(X) (Y (1) =Y (0) = £, (X)) .

In fact, we have Ep

(1;1 (W, 90,p0,7710))2] = Yi0. In Step 2, I show the auxiliary results
(A.12) and (A.13).

Step 1. Notice that

Eﬂ>
I

= =
M=
=

I 5 2
- (wl (W8, i, i) + Gy (D — ﬁk>) ]

(“f‘g(X) (Y (1) =Y (0) = e () — ?9)

i
I

I
x| =
WE
=

b
Il
—

I
= =
M=

Enx :@/)1 (W, 0., b, ﬁm)? :

b
Il
—

where the second equality follows from élp =0 / Dk
Since K is fixed, which is independent of N, it suffices to show that for each k € [k,
[k =

E,x ["&1 (VV, 0, pr, ?7116)2} — Ep Wl (W, 6o, po, 7]10)2} =op(1).

By the triangle inequality, we have
I, < Isp + Iy,

where

I3 =K, {1;1 (VV, é,ﬁk,ﬁw)z} —En Wl (W, 0o, po, 7710)2}

Y

Iy =|Enk Wl (W, 0, po, 7710)2} — Ep Wl (W, 907290,7710)2] ) -
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To bound I4;, we have

Ep [I}] <n™"Ep [$1 (W, 00, p0, o)

Sn_lc'f,

where the last inequality follows from (A.13). Then we have I, = Op (nl/ 2).
Next, we bound I3. This part is essentially identical to the proof of Theorem 3.2 in
Chernozhukov et al. (2018), I reproduce it here for reader’s convenience. Observe that for

any number a and da,

| (a4 da)* — a® |< 2(da) (a + da) .

Denote @Z’z = 1/;1 (M/iae(],pﬂ)nl()) and I;Z = 7J}l (WiaéJak)ﬁlk)u and a = wu a+d0a = 121 Then

13,k=|jlz(¢i)2 DS () - ?

z'EIk lelk

Dol =[x (| |+ | =i |)

i€}, 2 1/2
A~ 2
( Z’% 1/11’2) nz<|¢i|+\¢i—¢i‘))
i€l 1€l

r 1/2 1/2
xoea) [Em i) g iseer)]
1€y, i€ly, 1€y,

1 _
[Sk S Sw X ( > ¥ (Wi, 60, po, mo) |I? ‘|‘SN) ;

i€},

Thus,

where

N = Z || @Dl (I/Vlae pkvﬁlk) - 7751 (I/Viaempoﬂho) ”2

1€l

Since £ Sicr || Y1 (Wi, 0o, po, mo) [|>= Op (1), it suffices to bound Sy. We have the decom-

n
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position

1 _ L _ o - _
Sn == | 1 (Wi, 00, P, ihi) + Dgtr (Wi, 0, p, i) (6 — 00) — 1 (W, 60, po, o) |

1€y,

1 _ . Diy .
- Z || 1/}1 (Wiue(]?pkanlk) + = (8 - 80) - wl (I/Vi7907p07n10) H2

nielk ﬁk
1 D; /- 5 1 - A - 2
<-— Z H fk (9 - 90) H +— Z H (0 (Wiaeoaplmnlk) — (I/Vi,@o;pomlo) H )

1€l 1€l

where 0 € (QN — 9())‘ The first term is bounded by

S 2 (a-0) |12 (i > (f)) 166y |1

1 i
nicr, Pk i€l

=(ii}<f§> +0P<1>) 16— 6|2

=Op (1) x Op (N71).

Also, notice that conditional on (W;) both p, and 7 can be treated as fixed. Under the

i€l

event that p, € Py and 7y, € T, we have

EP [H @Zl (W’L? 00713]67 ﬁlk) - QZl (I/I/U 907p077710) ”2| (VVl)zeIg:|
< sup Ep [H U1 (Wi, 80, p,m) — 1 (Wi, 6, pos 1ho) ||2] = (5N)2
pEPN mETN
by (A.12). It follows that Sy = Op (N_l + (sN)Q). Therefore, we obtain

I = Op (N7V?) + Op (N2t ey) = op (1).

Hence, Zl £> 210.
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Step 2. It remains to prove (A.12) and (A.13). By Taylor series expansion,

U1 (W, 00,p,m) — U1 (W, 80, po, m10) =1 (W, 00,0, m1) — ¥1 (W, 6o, po, o)
+ 81777/}1 (M/) 6o, D, 771) (p — po)
=1 (W 8o, po, 771) — (VV, 6o, po, 7710)

+ ap¢1 (W7 9071’1 771) (p - pO) )

where p € (p,po). Then we have

I i (W, 00,p,m) — o (W, 00, pos mo) [|p2< || ¥1 (W, 00, po, m) — 1 (W, 0o, p0,m0) |l P2
aF 1 D —g(X)
—9(X)

D90

+7||P2><|p Do | -
p

(Y (1) =Y (0) - 4 (X))

By (Al)a we have || ¢1 (W7 007])07771) - ¢1 (I/I/v 907])077]10) ||P,2: 0(5]\[) The term in the

second line is bounded by

1 U+go DQO

H (U+€10 —0) lp2 + || —-

P2
—— 1 UV1 [|p2 +7 | U (10 — 1) HP2
p p

7K||V1(90 )||P2+ | 6o |

1
= Il 90 — g1 ||l p2ll €10 — 41 || P2
K

1
S% <C+ Ve | €10 — 41 [lp2 +V/C I 90 =g HPQ)

1
—— + T | 90 — g1 | p2ll €10 — 41 || P2
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where T use | UV [|p2<|| UVi [[pa< C | Ep [U?| X| < C, Bp [V | X| < C, and

Y(l)—Y(O)D—go(X)] |
Po 1 —go(X)
1

<1 e [(V (1) =Y (0) U] |

| B [0 () + V) U]
1
= oo | Ep [UV1] |

C
<

- Pok

|%h|&{

by | Ep [UV1] |<|| UV1 ||pa< C. Thus, we obtain

| &1 (W, 00, 0,m) — 1 (W, 00, p0, o) [|p2=<0 (en) + O (1) O (N71/?)

=0 (SN),
where I assume that ey converges to zero no faster than N—1/2.
For (A.13),
- 1 UV, Do,
|| ¢1 (W 007])0)7]10) ||P,4: || 7 - ||P74
pol—go  po
1 UV, D6,
<l 1 [pa+ || — llpa
Pol—9o Po
1 1
<— [ UVillpa+—160|
Pok Po
C C
St o
Pok Dok

since || UVy ||pa< C.

Repeated cross sections:
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In Step 1, I show the main result with the auxiliary results:

sup (Ep]|| ¥2 (W, 00,0, A\, Gaxo, 12) — Pa (W, 0o, Do, Aoy Gaxo, 20) ||I°)? < e,
PEPN,AEAN,N2€TN
(A.14)

_ 1/4
<EP [% (W, 0o, po, Ao, G2A077I20)4D < Oy, (A.15)
where (Py, Ay, Ty) are specified in the proof of Theorem 3.1, Cy is a constant, and

B2 (W, Gon ) = 375 1y (=AY = (X)) = 224 G (= ).

In fact, we have Ep

(152 (W, 90,p0,>\0,G2,\0,7720))2} = Y90. In Step 2, I prove (A.14) and
(A.15).

Step 1. Notice that

K 5 R . R 2
> Eni [(% (W0, B, k) + Gy (D — i) + G (T = Ak)) ]
K _ ~ PO 2

>~ Bk |2 (W0, s s Gons ) |

k=1

where the second inequality follows from ézp =0 /Dr -

Since K is fixed, which is independent of NV, it suffices to show that

JkE

N _ A 2 -
E, {1/12 (W, 0, Pr, M., Gax, ﬁ2k> ] — Ep [% (W, 80, po, Ao, G20, 7]20)2}’ =op(l).
By the triangle inequality, we have

I < Ts + Joks
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where

_ ~ N A~ 2 —
Jse =|Ep i [% (W,Q,ﬁk, )\kyGQMﬁQk) ] — K,k [% (W, 09, po, Ao, GQ)\OanQO)Q}

Y

JG,k: =

E, x [1/_12 (W, 80, po, Ao, G2xo, 7720)2] —Ep [?Zz (W, 00, po, Mo, Gaxo, 7720)2] ' -

Using the same arguments for I3 and I in the proof of repeated outcomes and the con-
ditions (A.14) and (A.15), we can show Js; = op (1) and Jsx = op (1). Hence, 5y B Sy
Step 2. It remains to show (A.14) and (A.15). Define oy = 1y (W, 8o, po, Ao, G2axo, 120)-

By the triangle inequality and

Ua (W, 00, Do, Ao, Gaxo, 2) — a0 = o (W, 00, Do, Mo, 02) — 2 (W, 00, po, Ao M20)

we have

| o (W, 80, s A, Gaxo, M2) — Va0 || p2< || ¥a (W, 00, po, Ao, n2) — o (W, 00, po, Ao, n20) | P2
+ || Oaie (Wiﬂo,po,j\, G2,\07772) P2l A= Ao |

+ H GP&Z (Wi7007ﬁ>)\7G2)\07772) HR?’ P — Do ’7

where p € (p,po) and X € (X, Xg). The term in the second line is bounded by

_ . 1 -2\ D—g(X 3
| s (W po. 3. Gisor ) llpa<— 2 | 2900 (1 3y~ 1,(x)) e
pox2(1-2)" 179X
1 D —g(X)
+ — = xY +|G
b (L) | Tog) <Y eIl
<O (1)
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by the same arguments in (A.9)-(A.11) and

1-2) D—g Y D =90
a — | Ep | — T—X)Y —¥ly) —
| 2)\0’ ‘ P )\%(1—>\0)2p01_90 (( 0) 20) /\0(1—)\0)]?01—90 |
| 1—2) |
< Ep[UV3] | + Ep YU
_)\3(1—)\0)2190/-6‘ PVl Ao(l—Ao)poff‘ P
| 1—2) | 1 C
A3 (1= Xo)? por Ao (1= o) pore
=0 (1)

since | Ep [UVa] |<|| UV, ||pa< C and | Ep [YU] |< C. Also, we have

10, (Wi 60,5 A G ) e 5= 728 | T (7= DY = ()l
DQO
120,
<0 (1)
by the same arguments in (A.9)-(A.11) and
o=l B [pﬁl——ggo(@» @ -x7]
< | Ep (T =2 YU |

ﬁ\Ep[wgo( )+ V) U] |

:gﬂ | Ep [UV3] |

C
Si
Pok

o7



since | Ep [UV,] [<|| UVa ||pa< C. Together with (A.5), we have
| Ep [UVS] [<]| P, g :

| 12 (W, 00, p, A, Gaxo, m2) — U2 || p2<O (en) + O (1) O (N_I/Q) +0(1)0 (N_1/2>

=0 (EN) s
where I assume that ey converges to zero no faster than N—1/2.
For (A.15), we have
. 1 UV; D6
| 2 (W, 00, po, Ao, G2xo, M20) || pa= || 2~ T2 4 Gano (T = o) |lpa

M1 =X)pol—90 Do

1
< — |6
_/\0(1—)\0)1701€||UV2HP’4+]?0| o]+ | Gaxo |

<0(1)

since || UV, ||pa< C.

Lemma A.1 (CONDITIONAL CONVERGENCE IMPLIES UNCONDITIONAL)

Let {X,,} and {Y,,} be sequences of random vectors. (i) If for €, — 0, Pr(|| Xumn ||> €m |
V) 20, then Pr(|| Xm ||> €m) — 0. This occurs if E[|| X |7 /€%, | Y] 2 0 for some
q > 1, by Markov’s inequality. (ii) Let {An} be a sequence of positive constants. If || Xy, ||=
Op (A, conditional on Yy, namely, that for any €y, — 0o, Pr(|| Xm [|> lmAm | Yim) 20,
then || X, ||= Op (Am) unconditionally, namely, that for any €,, — oo, Pr (|| Xm ||> €mAm)
— 0.

PROOF: This lemma is the Lemma 6.1 in Chernozhukov et al. (2018).
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Chapter 2

Mode Treatment Effect
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2.1 Introduction

The effects of policies on the distribution of outcomes have long been of central interest in
many areas of empirical economics. A policy maker might be interested in the difference of
the distribution of outcome under treatment and the distribution of outcome in the absence
of treatment. The empirical studies of distributional effects include but not are not limited
to Freeman (1980), Card (1996), DiNardo, Fortin, & Lemieux (1995), and Bitler, Gelbach, &
Hoynes (2006). Most researches use the difference of the averages or quantiles of the treated
and untreated distribution, known as average treatment effect and quantile treatment effect,
as a summary for the effect of treatment on distribution. The mode of a distribution, which
is also an important summary statistics of data, has long been ignored in the literature. This
paper fills up the gap by studying the mode treatment effect: the difference of the modes of
the treated and untreated distribution. Compared to the average and the quantile treatment
effect, the mode treatment effect has two advantages: (1) mode captures the most probable
value of the distribution under treatment and in the absence of treatment. It provides a
better summary of centrality than average and quantile when the distributions are highly
skewed; (2) mode is robust to heavy-tailed distributions where outliers don’t follow the same
behavior as the majority of a sample. In economic studies, it is especially often to confront
a skewed and heavy-tailed distribution when the outcome of interest is income or wage.
This paper discusses the estimation and inference of the mode treatment effect under the
Strong Ignorability assumption (Rosenbaum & Rubin, 1983), which states that conditional
on a vector of control variables the treatment is randomly assigned. The first estimator I
propose is the kernel estimator. I estimate the density function of the outcome distribution
using the kernel method and define the maximum of the estimated density function as
the estimator of the mode. While the kernel estimator is a straightforward estimator, it
requires to estimate the conditional density function in the process, and the estimation of
the conditional density function may be difficult in practice when there exist more than two

or three control variables, due to the curse of dimension. The kernel estimator is appropriate
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if there are less than three control variables. In practice, however, researchers may want to
include as many control variables as possible in order to make their identification robust. In
this circumstance, the curse of dimension may lead to inaccurate estimation and misleading
inference.

To address this problem, I propose the ML estimator. The key feature of the proposed
ML estimator is that it translates the estimation of the conditional density function into
the estimation of conditional expectation, which we can apply a rich set of ML methods,
such as Lasso, random forests, neural nets, and etc, to estimate. This feature provides
researchers with the flexibility to apply ML methods to estimate the density function of
the outcome distribution. By the virtue of ML methods, the proposed ML estimator can
handle the situation when there exist many control variables, even the number of control
variables is comparable to or more than the sample size. However, it is well-known that the
regularization bias embedded in ML methods may lead to the bias of the final estimator and
misleading inference (Chernozhukov et al., 2018). To solve this problem, I further derive the
Neyman-orthogonal scores (Chernozhukov et al., 2018) for each estimation which requires
the first-step estimation of the conditional expectation. These Neyman-orthogonal scores,
to my best knowledge, are new results. The proposed ML estimator is built on the newly
derived Neyman-orthogonal score, and hence, it is robust to the regularization bias of the
first-step ML estimation.

I derive the asymptotic properties for both the proposed kernel and ML estimators. I show
that both estimators are consistent and asymptotically normal with the rate of convergence
V/Nh3, where N is the sample size and h is the bandwidth of the chosen kernel, which is
slower than the traditional rate of convergence v/N in the estimation of mean and quantile.
In fact, this rate of convergence complies the intuition. While the estimators of mean and
quantile are the weighted average of all the available observations, only a small portion of
observations near the mode provides the information to the estimator of the mode. This

explains the slower rate of convergence for the proposed estimators.
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This paper contributes to the program evaluation literature which includes the studies of
average treatment effect: Rosenbaum & Rubin (1983), Heckman & Robb (1985), Heckman,
Ichimura, & Todd (1997), Hahn (1998), and Hirano, Imbens, & Ridder (2003); the studies
of quantile treatment effect: Abadie, Angrist, & Imbens (2002), Chernozhukov & Hansen
(2005), and Firpo (2007); the studies of mode estimation and mode regression: Parzen
(1962), Eddy et al. (1980), Lee (1989), Yao & Li (2014), and Chen, Genovese, Tibshirani,
Wasserman, et al. (2016); as well as the causal inference of ML methods: Belloni et al. (2012),
Belloni et al. (2014), Chernozhukov et al. (2015), Belloni et al. (2017), Chernozhukov et al.
(2018), and Athey et al. (2019). This paper is also closely related to the robustness of av-
erage treatment effect estimation discussed in (Robins & Rotnitzky, 1995) and the general
discussion in (Chernozhukov, Escanciano, Ichimura, & Newey, 2016). The asymptotic prop-
erties of the robust estimators discussed in these papers remain unaffected if only one of the
first-step estimation with classical nonparametric method is inconsistent.

Plan of the paper. Section 2 sets up the notation and framework for the discussion of
the mode treatment effect. Section 3 discusses the kernel method and derives the asymptotic
properties. Section 4 presents the ML estimator for density estimation and the corresponding
Neyman-orthogonal score. I combine the Neyman-orthogonal score with the cross-fitting al-
gorithm to propose the ML estimator of the mode treatment effect, and derive its asymptotic

properties. Section 5 concludes this paper.

2.2 Notation and Framework

Let Y be a continuous outcome variable of interest, D the binary treatment indicator, and
X d x 1 vector of control variables. Denote by Y] an individual’s potential outcome when
D =1and Yy if D=0. Let fy, (y) and fy, (y) be the marginal probability density function

(p.d.f.) of Y7 and Yy, respectively. The modes of Y] and Yj are the values that appear with

62



the highest probability. That is,

97 = argmax fy, (y) and 05 = argmax fy, (y),
yeEVL TISA%

where ) and ) are the supports of Y; and Y. Here I assume that 07 and 6 are unique,
meaning that both Y; and Y are unimodal. I also assume that the modes 67 and ¢ are in
the interior of the common supports of Y; and Y. These conditions are formally stated in

the following assumption:
Assumption 2.1. (Uni-mode)

e Foralle >0,

sup  fv; (y) < fvy (67) fory € I,

y:ly—05|>¢
and

sup fYo (y) < fYo (68) fOT’ Yy € yo-
yily—05|>¢

L 6’?,93 € Int ()/1 N yo)
Assumption 2.1 has been widely adopted in many studies (Parzen, 1962; Eddy et al.,
1980; Lee, 1989; Yao & Li, 2014). Under Assumption 1, the mode treatment effect is uniquely

defined as A* = 67 — 6. The following states the strong ignorability assumption (Rosenbaum

& Rubin, 1983):

Assumption 2.2. (strong ignorability)
« (YY) LD|X
e 0<P(D=1|X)<1

The first part of Assumption 2.2 assumes that potential outcomes are independent of
treatment after conditioning on the observable covariates X. The second part states that

for all values of X, both treatment status occur with a positive probability. Under the
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strong ignorability condition, both fy, and fy, can be identified from the observable variables

(Y, D, X) since

fyip=1x W 2) = fyip=1x W 2) = frx (v | 2),

and thus

my)=E [fY1|X (v | X)} =E [leD:l,X (v | X)] : (2.1)

Similarly, we have

Fyo () = E | Frip=ox (v | X)]. (2.2)

Equation 2.1 and 2.2 shows the identification result of the density function fy, and fy,.

Then it is straightforward to identify their modes 67 and 6:

07 = argmax E |:fy‘D:17X (y | X)} and 6 = argmax E [fy|D:()7X (y | X)} . (2.3)
yEVL y€Vo

If both fyp=1,x (y | X) and fy|p—o.x (y | X) are differentiable with respect to y, we can

further identify the modes using the first-order conditions under Assumption 2.1:
1 , 1 ,
E fi(/|)D:1,X (91 ’ X):| =0and E [fﬂ(ﬂ)D:O,X (90 | X) == O, (24)

where m®®) (y, ) = 0*m (y, z) /0y® denotes the partial derivatives with respect to ¥.

Equation 2.1-2.4 provide us a direct way to estimate the modes 6] and 6. Intuitively,
we estimate the density functions fy, (y) and fy,(y) in the first step and use the maximizers
of the estimated density functions as the estimators of the modes. Section 3 and 4 presents

the kernel and ML estimation method, respectively.
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2.3 The Kernel Estimation

*

In this section, I propose kernel estimators for 7, 6, and the mode treatment effect A* =

07 —0;. Let K(-) be a kernel function with bandwidth h. Define the estimators of the density

functions fy, (y) and fy, (y) as,

1

le ZY\DlelX)
=1

3

fYo anY\D OX ?J|X)
with the kernel estimators

S DK (y = Y5) K (v - X))
DK (@ — X;)

Y

fY\D:l,X (?J ’ 517) =

i (1= D5) BKa (y = Y5) K (2 - X;)

j=1

fY|D:0,X (y|z) = n (1 _ D-) K, <$ _ X’)

j=1

where K, (y — V;) = h'K (152) and

_ X, _X.
Ky (- X;) = h ™K (W) o x K (xclh”) .

Then it is straightforward to define the estimators of the modes 67 and 6;:

6)Al = argmax fY1 (y) ;
Y

fo = arg max fy; (y).
y

A A

The estimator of the mode treatment effect A* is A = 8, — 6. Through out the paper, I

impose the following conditions on the kernel K (-):

Assumption 2.3. e |K (u)| < K < cc.
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o [K(u)du=1,[uK (u)du=0,[u*K (u)du < oo.
o K (u) is differentiable.

The first part of Assumption 2.3 requires that K (u) is bounded. Although the second
part implies that K (u) is a first-order kernel, the arguments in this paper can be easily
extended to higher-order kernels. We assume the first-order kernel here just for simplicity.

The third part imposes enough smoothness on K (u).

Theorem 2.1. (Consistency) Suppose Assumption 2.1-2.3 hold. Assume that the density
functions fy\p=1.x (y | ) and fy\p=ox (y | x) are (i) continuous in y, (ii) bounded by some
function d (z) with E [d(X)] < oo for ally € Y, and (iii) y € Y and x € X with compact
Y and X. We also assume that the density functions fx\p=1 (x) and fx|p=o (z) are bounded
away from zero. If n — oo, h — 0, and Inn (nhdH)_l — 0, then we have RN 07 and
0o 2 0.

Theorem 2.2. Suppose that the assumptions of Theorem 2.1 hold. Assume that fﬂ(?')X’D:l(y |
x) and fx(/2|)X,D:0 (y | z) are continuous at y = 05 andy = 0 for all x, respectively. If n — oo,

h — 0, Vnh3 (Inn) (nhd+3>71 — 0, (Inn) <nhd+5>71 — 0, and Vnh3h? — 0, then
vnh? (6, 67) % N (0, M{'ViM;)

Vnh3 (8o — 05) < N (0, My ' VoM )

where

My =B |1 oy (071 X))

My = B |1 oo (65 X))

_ g [frixp=1 (01 | X)
V1= ro [P(D:HX) ’
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RN (PSP |

P(D=0]X)

and k§ = [ KW (u)® du. Further, we have

A~

nh? (A — A) 5 N (0, My Vi My + MoVoMo) .

Theorem 2.1 and 2.2 show that the asymptotic properties of the estimator of the mode
treatment effect. We can see that the proposed estimators follows the asymptotic normality
but with the rate of convergence slower than the regular rate v/N. The intuition is that,
unlike the estimation of the average and the quantile treatment effect, the estimation of
modes only uses a small portion of total observations which are around the modes. The
usage rate of observations determines that the rate of convergence is slower than the regular
rate \/N .

To estimate the asymptotic variances, we define my(X) = P (D =1|X) to be the

propensity score. The consistent variance estimators are

A ]_ n A(2) A
M, = ﬁ fy|X,D:1 (91 ’ Xz) )
=1

MOZ (2|)XD o(éO’Xi>7

N " f ,D= 0 | Xi

Vl:’{él)rlliz_:l YIXDﬁ—l()((Z; )’
nl & Y|XD0(90|X)
BT X

Theorem 2.3. (Variance Estimation) Suppose that the assumptions in Theorem 2.2 hold.
Let & () be an uniformly consistent estimator for mo (z). If n — oo, h — 0, and Inn(nh¢*5)
— 0, then Ml 2 My, MO 2 My, Vl 2 Vi, Vo L V. Thus we have ]\;[1_1‘71]\%1_1

M7YWVAMTY and My ' VoMt 2 My VoM ?.
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2.4 The Machine Learning Estimation

In this section, I propose the ML estimator of the mode treatment effect. The ML estimator
can accommodate a large number of control variables, potentially more than the sample
size. This flexibility will enable researcher to include as many control variables they consider
important to make their identification assumptions more plausible. The key to implement
ML methods is to replace the estimation of the conditional density function with the estima-
tion of the conditional expectation. To begin with, the estimation of the conditional density

function in the traditional kernel estimation is

S Dy (y = ;) K (= — X))

fY\Dzl,X (y|z) = "
DK, (- X;)

Notice that we can divide both the numerator and the denominator by >°7 ; Kj (a: - X j)

to obtain

S0 D (y = Y) K (2= X5) /S0y K (2 - X5)
S0y D, (2= X;) /Sy K (@ — X)) '

fY|D:1,X (y | 93) =

The numerator is an kernel estimator of E [DK}, (y —Y) | X] and the denominator is an
kernel estimator of the propensity score E [D | X] = 7 (X). Hence, fy|D:17X (y | ) is an
estimator of E'[DK}, (y —Y) | X] /7 (X). Then the marginal density estimator

1
n

le ZY\DU{ZJ\X)
=1

defined in the previous section can be interpreted as an estimator of

p[ERRGNIN _p [P

™ (X) ™ (X)

DKy (y=Y)

<00 } as an estimator for

Therefore, we can use the machine learning estimator of E {

fvi (y). We have successfully translate the estimation of the conditional density function
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into the estimation of the conditional expectation, which is the propensity score 7(X).
Here we pursue a little bit further to construct the Neyman-orthogonal score (Cher-

nozhukov et al., 2018) for the robustness of the first-step estimation:

m (Zgone) = 2SI PR B K (- v) | XD =), (29)

where Z = (Y, D, X) and ny = (7o, g10) With ¢g19(X) = E[K, (y —Y) | X, D = 1]. Similary,

the Neyman-orthogonal score for fy, (y) is

(1-D)Kily—Y) - D(X)
1—7T0(X) 1—7T0(X>

m2(Z7y77720): E[Kh(y_y) ’X7D:O]7 (26)

where 199 = (70, g20) With geo (X) = E [K}, (y —Y) | X, D = 0]. Equation 2.5 and 2.6, to my
best knowledge, should be the new results for density estimation. The Neyman orthogonality
will make the estimation of the density functions more robust to the first-step estimation.
Now I combine 2.5 and 2.6 with the cross-fitting algorithm (Chernozhukov et al., 2018) to

propose the new estimator:
Definition. (Algorithm)

(i) Take a K-fold random partition (Iy)r_, of [N] = {1,..., N} such that the size of each
Iy isn = N/K. For each k € [K| = {1,..., K}, define the auziliary sample If =
{1,...,N}.

(it) For each k € [K], use the auxiliary sample I{ to construct machine learning estimators
ﬁ-k (l’) ’ glk ((L’) ) and §2k (.T)

of mo (), g10 (x), and geo ().
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(iii) Construct the estimator of fy, (y) and fy, (y):

E,x [ma (Z,y, Har)]

Mx

K
iy Z e (M1 (Z,y, 7)) and fy, (y

k=1 k:l
where B, i [m (Z2)] =n~' Yier, m(Z;).

(iv) Construct the estimator for 07 and 6}

0, = argmax fy, (y) and Oy = argmax fy, ().
Yy )

(v) Construct the estimator for the mode treatment effect A=0,—0,.

Theorem 2.4. Suppose that with probability 1 —o (1), || ik —10 [lp2< en, || Te—1/2 ||po<
1/2 =k, and || #x — 7o 3o + | &% — 7o [lp2 X || Gk — g10 [|p2< (en)®. If en = o((NB3)1/4)

and Nh" — 0, then we have
Vnh? (6, 07) % N (0, M{'ViM;),

Vb3 (0o — 05) < N (0, My ' VoM ) .

As for the variance estimation, recall that the kernel estimator of M; in the previous

section is My = N~y N, fY‘D 1X(91 | ), where

S DK (v - Y)Y Ko (2 - X)

f D= lX(y|I): "
v " DKy (z — X;)

Notice that we can divide both the numerator and the denominator by Z?Zl K, (x - X j)

to obtain

v DKy (y =) K (2= X)) /S, Ko (2= X)
D (2= X5) /S0 K (@ = X)) '

~(2
Fpoix (v 2) =
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Observe that the numerator is an kernel estimator of F [DK}, (y — Y') | X| and the denomina-
tor is an kernel estimator of the propensity score F [D | X] = 7 (X). Hence, fy‘D:LX (y | x)

is an estimator of F {DK }(lz) (y—Y) | X} /m(X). Hence, we can use the machine learning

DK (y-Y)

estimator of F/ [ =53]

] as an estimator for M;. We can also construct a DML estimator

using the Neyman-orthogonal functional form

DK (y—Y) D —m(X)
7 (X) o (X)

B[k (y-v) | X,D=1]

In step 1, we use machine learning methods to estimate 7o(X) and E[K\ (91 ) | X, D =

1] using auxiliary sample I{. In Step 2, we construct the DML estimator of M;:

S DK;” (91—3/2) Di — 70 (Xi) & [, (4
;212 R P () 1xen=1].

By the general DML theory (Chernozhukov et al., 2018), M is a consistent estimator of M.

Similarly, we can construct the DML estimators for V3, My, and Vj using the following table:

Table 2.1: Orthogonal Scores

Original Form Equivalent Form
M, | E [fﬁ’X,Dzl (05 | X): E DK’?(%’ ) ~ Dm0 p [K,?) (y—Y)|X,D = 1]
i [ B | p S abep 1 - ) | X, D=
My | B |f& po 07 1 X ): E “‘D)ff’(;f())(ff_y) -~ D [K}f) (y—Y) | X,D = o}

1) 1 | Fyix.p—o(051X) (1—-D) K, (0;-Y) 70(X)—D _
Vo | w6 B | =5iomomy | | £ | ammcor -~ Zaemop L En(y = Y) [ X, D =0]
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2.5 Conclusion

This paper studies the estimation and inference of the mode treatment effect, which has been
ignored in the treatment effect literature compared to the estimation of the average and the
quantile treatment effect estimation. I propose both kernel and ML estimators to accom-
modate a variety of data sets faced by researchers. I also derive the asymptotic properties
of the proposed estimators. I show that both estimators are consistent and asymptotically

normal with the rate of convergence v Nh3.

2.A Appendix

Proof of Theorem 2.1: We only present the proof of the first claim, §; 2 07, since the second
claim follows from the same arguments. The proof proceeds in two steps. In Step 1, we show

the uniform law of large number holds

Sl;p | le (y) = fvi (y) [= 0, (1)

In Step 2, we establish the consistency 0, & 07 using the same argument of Theorem 5.7 in
Van der Vaart (2000).

Step 1. Notice that we have the decomposition

@) = () = TllZfYDl,X (| X)) = E [ frip=1x (v | X)]
= 7112”: (fY\D:l,X (v | Xi) = fyip=1.x (v | Xz))

i=1

A(y)

+ :lzn:leDﬂ,X (y|Xi) —E [fY\D:l,X (v | X)} .

i=1

B(y)
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Hence,

sup | P ) = (y) < sup | A(y) | +sup | B(y) |

By Theorem 6 in Hansen (2008) (uniform rates of convergence of kernel estimators), the first

term sup, | A (y) | is bounded by

1 & s
Sl;p!A ()] < sup S| Fviperx | Xi) = frip=rx (y | X0)
i=1

fY|D:1,X (y|z)— fY\D:LX (v | x)‘

< sup sup
y x

< S:cug)’fnpzl,x (y | z) = fyip=1.x (v | 37)‘

On the other hand, by Lemma 1 of Tauchen (1985) (uniform law of large numbers), we have

1 n
31€1£|B ()| = sup n ZleD:l,X (y| X;) —E [fY|D=1,X (y | X)} 0.
Y =1

yey

Combining the results of sup, | A(y) | and sup, | B (y) | gives

sup | P @) = v () 1= 0, (1)

Step 2. The definition of §; implies that fy, (él) > fy, (07). Therefore, we have

P (07) = Fvi (1) = fn (07) = fry (6) + fi, (07) — s (01)
< i (07) = Fi (6)) + fi (61) — S, (61)

< 231;13 ’ le (y) _fY1 (y) | :
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By Step 1, we have that for any § > 0,

P (8 09 = o (8) > 8) < P (s | s )= 1 ) = 5/2) =0

Further, Assumption 2.1 implies that for any ¢ > 0, there exists 9 > 0 such that

sup  fy, (y) < fv, (67) — 0.

yily—07|>e

Then the following inequality holds

P(10=6; 1> ) < P (B1) < fri (01) — )
< P (fr, (65) = fr, (0) > 8) 0.

Thus, we prove the consistency 6, B ;.

Proof of Theorem 2.2: Here we focus on the result for 6, only. Notice that the first-order

condition for #; gives

0= A (02) = 5 3 Atoms (01 X)

1 - (1|)XD 1 9* | Xl) +71Li1f1(/2)X’D:1 (él | Xz) (él - QT) )

n;

where 9~1 € (01, 0% ) Then we have

G 0= ) = = |25 s (0013)] (V5 Ao 01130

The proof proceeds in six steps. In Step 1, we show that the first term of r.h.s converges to

M, = FE [ fﬁ)X poy (07| X )} in probability. In Step 2-5, we show the asymptotic normality
74



of the second term. Then, by Slutsky’s theorem, we can show the asymptotic normality for
f,. In Step 6, we show the asymptotic normality for A.

For convenience, we define 7o (x) = f v.xp=1 (01, %), 720 () = fxp=1 (z), and

R D;K|! (9* Y-) K, (x—Xj)
:n; P(D=1)
:ﬁ; 5

In these notations, we can express f}(,l‘)Xszl (07 | x) and f)(/1|)X,D:1 (07 | x) as %1 (x) /42 (x) and
Yo () /720 (), respectively. Also, let v = (710,720)" and 4 = (%1,%2)"

Step 1. In this step, we show that n™' 3, f)(/2|?X,D:1 (9~1 | Xl-) 5 FE [f}(/2|)X,D:1 07 ] X) 1.
Notice that

1 n

12 .
;Z 1(/|XD 1(91 ’X) anS)X,D:l 07 | Xi) + A1 + Az
=1 =1

where
1 n (2 ~ 2 ~
A= n Z fi(/\)X,Dzl (91 ‘ Xi) - fi(/\)X,Dzl (91 ‘ Xi)
i=1
and
1 & ~ .
~n ) fx(/QBX,Dzl (91 | Xi) - f§(/2\?X,D:1 (07 | Xi) -
i=1
Since L Y7, f}(,2|)X7D:1 0r X;) > {fi(/2|)XD L (67 ] X)} by the law of large numbers, we only

have to show that A; = 0, (1) and Ay = 0, (1). Note that

e 3 (2) 3
A < =SA 0, | X;) — 6, | X;
| 1| ) ; fY\X,D:l( 1 | ) fY\X,D:l( 1 | )
(2 2
< sup| s 01 0) = i pma (0] )

Inn 9
:OP< nhd+5 +h)
=0, (1),
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where the first equality follows from the uniform rates of convergence of kernel estimators
(Hansen, 2008). For A,, we use the argument in Lemma 4.3 of Newey & McFadden (1994).

By consistency of él, and thus 9~1, there is §,, — 0 such that Hél — 07

< ¢, with probability

approaching to one. Define

A, (X;)= sup

P s (1 X0) = A ooy (671 X))

By the continuity of f}(,2|)X ooy (¥ ] Xi) at 07, A, (X;) 5 0. Hence, by the dominated conver-

gence theorem, we have F [A, (X;)] — 0. Then, by Markov’s inequality,

P (; iAn (X)) > e) < E[A,(X)] Je = 0.

Therefore, we have

A2 < 13- 80X 40y () = 0, (1),

3\’—‘

Step 2. In this step, we show

\/_ (07| X)) = \/_ (07 | Xi) + nhszn:G(Zu’AY—%)+0p(1)a

where G (z,7) = 720 ()~ [1 —3;2% ;} v (x) and z = (y,z,d) denotes data observation. To

do this, it suffices to show

n

VI S s 071 X) = il oy 01 X0 = G (205 = 0)] = 0, (1)

=1

Using the notation of v, we have

T oy (85 2) — fD (0 ) = 2108 o).
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The following argument follows from Newey & McFadden (1994). Consider the algebra
relation /b — a/b = b [1 — bt ((3 — b)} |:EL —a — (a/b) (5 — b)} The linear part of the
r.hsis b7 |a—a — (a/b) (5 — b)}, and the remaining term is of higher order. By letting
a = o, @ =4, b =90, and b = 4, this linear term corresponds to the linear functional

G (Z;;54 — 7). The remaining higher-order term will satisfy

| " () o (%)
Y2 () Y20 (2)

<10 ) |14 220 [0 0) = 0 0+ 2 0) = 0 )]

_G(za7_70>|

< Osuplly (z) = 70 ()]

zeX
for some constant C' if 75 and 7,9 are bounded away from zero. Hence Lemma 1 holds if
Vnh3sup,cy |4 () — 70 (2)]|* 2 0. By the uniform rates of convergence of kernel estimators
(Hansen, 2008), we have

sup 13 (2) = 90 (2)[* = sup (31 (2) = 710 (£))* + (1 () = 0 (2))°)

zeX

< sup (31 (#) = o (x))* + sup (3 () = 720 (z))?

=0, {(ln n) (nhd”)il +ht +0, {(ln n) (nhd)il + h4]

=0, {(ln n) (nhd+3>_1 + h4] :

The rates of h and n imply that vnh® sup,cy |3 (2) — 70 (2)]* 2 0.

Step 3. In this step, we show

Fixpm (61 X)) = om0 1 X) + Vi [ G (2,4 = 20) dFy (2)

+0, (1),
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where Fj is the c.d.f. of z. To do this, it suffices to show that
1 n
\/nhB{ZG%,@ /G o) dFy (2 )}:opu).
ni=
Let 4 = E'[4] and by the linearity of G (z,7), we have the decomposition

G(Zaﬁ/_’)/()) :G(Za&_ﬁ)—i_G(Z”_}/_ﬂyO)

Therefore we just need to show that

and

The second condition holds by the central limit theorem since

W{iimzm /G o) dFy (2 )}:\/WOP(nl/Z):op(n.

It remains to show the first condition. We follow the arguments in Newey & McFadden

DKV (0;-Y;) D, , ,
h iy | » We can rewrite

(1994) Define q; = < P(D=1) » P(D=1

A(z) = Yl (@) = lzn:qj[(h (q:—Xj).
Ao () =1
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We also define

m (2, 2;) = G [Z giKn (- - Xj)}
ma (2) = / m (z,2) dFy () = G (2,7)

ma (2) = [m(2,2)dFy (2) = [ GIE.aKi (- = X)] dFy (2)

Then the Lh.s. of the first condition equals

W{liG(Zm—fy)—/G(zﬂ—fy)dFo(z)}

i=1

= nhg{ii(}w)—iiwzm—/G(zﬁ)d%(z)+/G<z,a>dFo<z>}
= W{;éim(&wzj) - iiml (Z;) — iimz (Zi) + E [ma (2)]}

T x Op{E ﬂm (Zth)u /n+ (E ﬂm (Z1,Z2)|2D1/2 /n}v

where the last equality follows from Lemma 8.4 of Newey & McFadden (1994). The last term
converges to zero in probability if we can control the convergence rates of E ﬂm (Zy, Zl)ﬂ

and E ﬂm (73, ZQ)ﬂ. Notice that we have |G (z,7)| < b(2) ||7|l, with

b(z) =

fxip=1 ()" [17 — et (6, l‘)}

2

where ||-||, denotes the ¢, norm. Then £ UG (z,qKp (- — x))‘ < b(z)h~]ql, by the bound-

edness of K (u). By that fx|p-1 (¢) is bounded away from zero and fy|x p=1 (0], ) is
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bounded from above, we have that {b (2)2} < 0o. Therefore, we have

1/2
Vnh? x 0, {E Im (21, 20)|] /n+ <E ﬂm(zl,zg)ﬂ) /n}
1/2 1
= Vit x 0,{ & [l o ()] o+ (B[l z]) " ()}
=vnh3 x O, (n’lh’d’2>
=0, (1)
by the assumptions on n and h. The additional A2 in the rates of convergence follows from

that ¢ contains K" (u) = h=2K® (u/h) with bounded K@ (u).

Step 4. In this step, we show that

S (X0 +0, (1),

=1

Fpx.oo (65| Xi) = (07 | X) +

/
_ _P(D=1) (x:) _ (P (0i) o
where v (X;) = P(D=1/x) {1’_3;2(&)} and = ( ;(Dill) »Po=p | - 1o do this, it

suffices to show that

\/W/G(z,&—%)dﬂ)(z)— Wﬁ:v(Xi)qizop(l)

Notice that

Y20 ()
_ P(D=1) Y10 ()
_/P(D:1|X:x) [1’_720(36)]7(@@0
= [v (@) (@) da,
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where fx (z) is the density function of X and v (x) = ﬁ [1, —%} Also, we have

P(D=1) [1 R (3:)1 Mo ()

Yoo () Va0 ()

Therefore, we have

= ii v(z) i Ky (v — X;) da
:iiU(Xi)QH' (;i/v(x)QiKh(x_Xi)dx_:Liv(Xi)%)
:iiv(Xi)qi—i-ii{/v(m)Kh(x—Xi)dx—v(Xi)} qi-

By Chebyshev’s inequality, sufficient conditions for vnh3 times the second term in the last

line converging to zero in probability are that
vVnh3E [(/v () Kp (xr — X;)de — v (XZ)) ql-] — 0

and

/v(m)Kh (x — X)) dr — v (X))

2
g [nqiu? ] N

The expectation in the first condition is the difference of E {( Jv(x) Ky (x — X;) dr) qi] and
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E [v(X;)q]. We begin with the second term E [v (X;) ¢;]. Notice that

E(X:)q) =Ev(X)E g | X

DKV (0; i)

—FE [v(X,)E PD=1) | X;
D;
P(D=1)

P(D=1|X) . |[E"(6;-Y)

by the law of iterated expectations. The inner conditional expectation in the last line satisfies

1 0; —Y;
E K (QT—YMXZ»,D:@ b KW <h> |Xi,D=1]

1 fx —

= ﬁ/K(l) ( 1h y) fY|X,D:1 (v | X)) dy
1 0 —y 1

:h/K< o )fé&,D:l(y\Xi)dy

- /K (u) fi(/l\)X,Dzl (eik + hu | X7,> du

= / K (u) fffl&,D:l 07| X,) du

* h N
= fY\X,D:l (07 | Xi) + E’f2f1(/3|)x,D:1 (91 | Xz‘)

with 6, € (0F,0% + hu) and ky = [u?K (u) du. The third equality follows from integration

by parts and the forth from change of variables. Hence,
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P(D=1) 1

(1 -
o (X)) P(D=1]|X; (fywl O X,))

0

= i §(f3)XD:1 él Xi
U(X,»)Pff 1|1))9) (f, (01 ))

- F +O(h2)

P(D=1) .

(1) -
U(Xz> P (D =1 | Xz) (fYX,Dl (91 | Xz)>

_/ 1Xx)(fYXD1(9Xix)

5 1 ) fx () dz + O (h?)

By ik (03] Xi = @)

1 Fxip=1 (x) dz + O (h?)

(1)

:/U@ Fxip= (011 Xe =) dz+0 (h?)
fX|D—1 (SE')
_/ z)de+0 (h?).

Using the same arguments, we can also show that

E[(/v(x)[(h(x— ) ] l( [ o X+ hu) K u> ]
/(/v (z + hu) K ) Yo (z) dz + O (h?)

Then the first condition equals

vnh3

E l(/v (@) K (2 — X) da — v (Xi)) q@-]

=Vnh3

(/v($+hu)K(u)du>'yo(x)dx—/U(I)%(x)dx+0(h2> :
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Following the argument in Theorem 8.11 of Newey & McFadden (1994), the last line satisfies

h3

// )0 x—hu)dudw—/v(z)%(m)dm—l—O(hg)
v (@) { / o (x — h) — 7o (2)] du} dz + 0 (n?)
<Vl [ o @) [ o (2 = hu) = 50 (@)] du| dir + O (Vahin?)
< \/Wcm/ lo (@) dz + O (Vahh?)

=0 (Vnh3n?).

Therefore the first condition holds if vnh3h? — 0.

Recall that the second condition we would like to show is

2
E[qu N v() Ky (z — X,) de — v (X)) ] — 0.
By Cauchy Schwartz inequality, it suffices to show that
4
U’/ z) Kp (v — X;) de — v (X;) ]—)O.

By the continuity of v (z), v (z + hu) — v (z) for all z and u as h — 0. By the dominated
convergence theorem, [v(x) Ky, (z —x;)dx = [v(z+hu) K (u)du — [v(z) K (u)du =

v (x) for all . Therefore we have

M/ VK (2 — X;) dar — v (X

] U'/ (X + hu) K (u) du — v (X;)

4
]—>0.
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Step 5. By Step 4 and the definition of v (X;) and ¢;, we have

. \/nh3 " » Vnh3 &
|XD (01 | X3) = ZfY|XD1 (07 | Xi) + n ZU i) ¢+ 0p (1)
=1
n *
= S e (671X + 0, (1)
i=1
vih? § D; o) o)
K7 (07 — 07 | X;
+ n ,LZlP(D:]-|Xz)|: h (1 ) f|XD:1(1| 1):|
SRS ) AP S p——
n P Y|X,D=1 \"1 P (D —1 | Xz)
A nh3 n D; (1)
- K, (67 —Y; 1).
Since we have F ]“3(/1|)X7D:1 07 | Xy) [1 - P([)D;Xi)] = 0 by the law of iterated expectations,

the central limit theorem holds for the first term of r.h.s. Hence,

07 ] X;) = (\/_n’l/Q) Vnh? zn: D 3 KO <9T _ Yi)

|XD 1 (

+0p (1)

In this step, we show that

0; - Y,
m (A=) d
Z _1|X)K ( . >—>N(0,V),

where V = I{Ol)E [W] and Kjél) = [ KD (u)* du.

-1 :
For convenience, we define g (67) = (nhQ) i WK & ( . ) Then it is equiv-
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alent to show that

Vnh3 (§(67) — 0) 5 N (0,V).

To use central limit theorem, we have to calculate £ [ (07)] and Var (§(07)).

oo 1 D (8-
£ = 358 | pp o ()
- —F E

0 — Y,
DKV [ L) | X,
| P(D=1]X,) < h )' ]

0 —Y;
K(1)< 1 )\Xi,Dzll

1 1

= —-F|E

h

Since h2E {K(l) (@) | Xi, D = 1} = fx(,l‘)X’D:1 (07 | Xi) + %/@2 5(/?]))(71):1 (él | Xi) from the

calculation in Step 4, then

E190)] = B 1.0 01 X0] +0 (1) =0+ 0 ().
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For the variance,

A * 1 Di 1 HT_Y;
Var(g(@l)):WV@T(P(D:HXZ_)K()< 2 ))

The inner expectation in the last line equals

E

A 0 —y\°
KU)( : A ) ‘X’Dzll :/K(1)< lh y> fY\X,D:l (y | X)dy
3 / KD (u)? fyix.po1 (07 + hu | X) du
= Wfyixpm (051 X) [ KD () du

+ h2f5(/1‘)X7D:1 (51 | X) /uK(l) (u)? du,

where 0; € (07,07 + hu). Define x{" = [ KO (u)? du and £{" = [ uKD (u)* du, the variance

equals
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. 1 h
D) = o [P (D=1]X))

! h (1) ¢(1) * 1 A
nh4E [P(D —1| Xi)/ﬁ fY|X,D:1 @1 X)| + WO (h )

- nlh3 (ﬁél)E [p (D :11 | Xi)fYIX,Dzl (67 | X)] +0(h)+0 (h3)>

—1(v+0(h)+0(h3)).

" nh3

Var (

>

ffél)wa,D:l (07 | X)}

Then we are ready to apply the central limit theorem.

Let

D, 07 —Y;
() V2 i o (=Y _
Fni = (0] (P(DlXaK ()

D; 01 -,
1 K(l) 1 7
PD=1]X;) ( h )

then F {Zm} =0 and Var (Zm) =h¥Var (§(07) =n"'V+o (n‘l). Then

Vil (g (07) — 0) = Vnh3 (3(05) — E [9.(67)]) + Vnh? (E [ (67)] - 0)
=Vl (§(6) = E (9 (67)]) + V30 (1)

by Liapunov CLT and vnh3h? — 0.

Step 6. In this step, we show that

A

eAl—e; a0 | MViM, 0
b — 6 0 0 MyVoMy

v nh3
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and thus, by the delta method, we have
Vil (A = A7) 5 N (0, MyViMy + MoVoMo) .

To show the joint distribution we adopt vector notations. The first-order conditions of

6, and 0 give

0 = fyl (él) = lzn: f;ﬁ))(val (91 | X) lzn: fY|XD 1(9* | Xi) ny él — 07
£ (h 5 A1 A . n| . )
0 I ( 0) sl fl(/\)x,pzo (90 | Xz) =1 fy|XD o (651 X5) b0 — 0
where
n 8f>(’1I)XD 1(91|Xi) afl(/l\)XD 1(91|Xi)
J = l Z 1 061 ) 00g
"on i=1 9fy' oo (ol X:) 6f1(f\)XD o(olX3)
891 690
(2 .
_1 zn: F¥ix,pe1 (91 | Xi) 0
n3 0 fi(/|)XD =0 (‘90 | Xi)

Hence we have

i |1 ) (o) Y = | (1)
o1 B | (] )

()L [ ()] e
") \/nh = P(;izoy‘imml) (esgm) 0, (1)

where the last equality follows from the Step 5 in the proof of Theorem 2.1. Since



and

D; (1) (01=Ys
1 & P(D:l\Xl)K ( T d of |Vi 0
Vnh Z 1-D ) (%Y - ’ ’
=1 P(D=0x;) h 0 0 Vo
then by Slutsky’s theorem we have
v |0 O] (MO
90 - 98 0 0 MO‘/OMO

Proof of Theorem 2.3. Tt is enough to show the results of M, and V;. We first show that

Ny B M. By adding and subtracting additional terms, we have

V= 23 e (0010) = 3 oms 071 X0+ a4
where
A= 53 om0 ) = ik oms (001 X)
and

1™ R .
Az =5 oo (001 X5) = Fpmy (671 X0)
=1

If we can show that A; = o, (1) and Ay = o, (1), then M % M by law of large numbers.
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Note that

1
|4 < —

LB 1X) — By (011 X))

£(2 2
o w12) = f oy | )

Inn 9
o +)

=0, (1),

< sup
y7x

where the first equality follows from the uniform rates of convergence of kernel estimators
(Hansen, 2008). For A,, we use the argument in Lemma 4.3 of Newey & McFadden (1994).
By consistency of 6, there is 0,, — 0 such that Hél — 07| <4, with probability approaching to
n f)(/2|)X,D:1 (y | Xi) — fl(/Q\)X,Dzl (07 | X)|-

ity of f}(,Q‘)X pey (| X;) at 07, A, (Z;) % 0. By the dominated convergence theorem, we have

one. Define A, (Z;) = SUP)|,,p;

By the continu-

E[A, (Z;))] — 0. By Markov inequality, P (n_l AL (Z) > e) < E[A,(Z)] Je — 0.
Therefore, we have

1 n
o] < -3 A (Z) = 0, (1).
=1

Next we show that Vl 2 V. We can rewrite

. 1 |XD1(91\X) 1 & fyixne: (07 X))
Vi/wg) == = - | B, + B
R TR ) Rl owxy DD
with
B 1 E”: fY|X,D:1 (é1 | Xi) Jy|x,p=1 (é1 \ Xi)
g AN 7 (X3)
and

1iﬁWDN%WJ_MMHWHx>
=1 ™ (Xi) ™ (Xi) '

It remains to show that B; = o0, (1) and By = 0, (1). The result of B, follows from the same

91



arguments as in the proof of Ay if fy|x p=1 (y | X;) is continuous at #;. Thus, we only focus
on B;. For conenience, define f (y | z) = fy|x,p=1 (y | ). For m bounded away from zero,

we have

flyle) fwle) @ fylz)—#@)fyla)

7t () m(z) A 7t (z) w(x)
@) @) e @) f ) — 7 @) f ] o)
() (2)
fle)—fwle)  fwle) oo
B 7 (x) +7Ar(x)7r(x)(ﬂ(x) ™ (@)

<o ((Jla) - fly]0) + G @) - @)

for some C' > 0. By the uniform rates of convergence of kernel estimators (Hansen, 2008),

we have
1 fY\XD 1(91\X) Jyx,p=1 (él\Xz)
e eV e
<Cswp ([f 1) = £y )] +1 (@) = 7 (@)

_ p( o n +h2>+sgp]ﬁ(x)—7r(x)\

by the rates of n and h and the uniform convergence of 7 (z).

Proof of Theorem 2.4: Suppose that

N

Py Z nilm (Z,y, Mix)]
K=
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is differentiable with respect to y. Define

K
fyl == Z nkml NZ,y, )]
k‘:l

where mgl)(Z,% thi) = 0mi(Z,y, Mk)/0y.

By the definition of 6, we have

K
0= f6) Z wk S (Z, 01, )]
k:l
1 K
E Z]Enk m1 Z 91,771k + = ZEnk m1 (Z 917771k)](91 - 9*)
k=1 k 1
and
—1
. 1 X . VN K .
Nh‘3<91 - eik) = - E Z En,k[mg2)(z7 017 nlk)]] ( K ZEn k[mgl)<Z7 9I7771k>]) :
k=1 k=1

In Step 1 and 2 below, we will show that

1
?ZEnk[ (Z 917771k)] £>M1

and

\/Nh3 us X
ZEnkml Z ‘9167771/%)] iN(OJVvl%

respectively. Hence, we can obtain the final result

VN3 (6; — 67) 5 N(0, M VA M.

Step 1. Since K is a fixed integer, which is independent of IV, it suffices to show that for
each k € [K],
Enk[ml (Z, 91 k)] 5 M.
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Then we can show this convergence using the same argument in Step 1 in the proof of
Theorem 2.2.
Step 2. Since K is a fixed integer, which is independent of NN, it is enough to consider

the convergence of Enk[ml (Z,05, mr)]. Notice that

Eﬂk[ml (Z,07, 1)) Zm1 (Z,67,m0) + Rox

ZEIk

where

Rop = B i [m{(Z, 00, 00)] — = S mi(Z, 07, mo).

1€y,

Then by triangular inequality;,

where

[l,k = HGn,k |:mgl)<Zv 0? ﬁlk):| - Gn,k [mgl) (Z7 0?7 7710)}

]2,k =

7B [ (2,600,000 | (W] — B

m(11)<Zu 01(7 7]10):| H .

Two auxiliary results will be used to bound I, ; and I j:

1/2
sup (B[l 20500 - (207m0) P]) < o (A1)
meTn
sup || 92E [l (2,65, mo + (= mo))| < (=", (A2)
re(0,1),meTn

where Ty is the set of all 1 = (7, g10) consisting of square-integrable functions 7y and gjo
such that

| m — o ||p2< en,
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| m—1/2 ||poo< 1/2 — K,
| =m0 I3e + | 7= 70 lp2 X || 91 — g10 | p2< (en)*.

Then by assumption, we have 7y, € Ty with probability 1 — o (1).
To bound I, ;, note that conditional on (W;),, e the estimator 7y, is nonstochastic. Under

the event that 7y, € Ty, we have

Ep

]12,k ’ (Wl)zelk:| =Ep

|| m(11)<Zu HI, ﬁlk) - mgl)(Z7 0T7 7710> ||2| (WZ)zEII‘é]

< sup Ep || mi"(2.67,m) = m{" (2,0, m0) I (V)

"
meTn k

= sup Ep || m{"(Z,6;,m) (2,67, mo) |P]

meTN

= (5N)2
by (A.1). Hence, I = Op (en). To bound Iy, define the following function
fi (r) = Ep |m{ (2,05, mo + 7 (7, — o)) | (Wi)iellg} —F {mgl)(za 01, mo)
for r € [0,1). By Taylor series expansion, we have

(1) = £ (0) + fL(0) + f/ (F) /2, for some 7 € (0,1).

Note that f; (0) = E |m{"(Z,0;,mo) | (W) E [mﬁ”w, 67,m0)| = O(h?) by the cal-

ielg} -

culation in Step 4 in the proof of Theorem 2.2. Further, on the event 71, € Ty,

I £ (0) =1l 8y E[mS" (Z, 67, m0)] [k — mo] [|= 0

by the orthogonality. Also, on the event 7, € Ty,

1A P 1< sup || £ () (1< (en)”
re(0,1)
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by (A.2). Thus,
L= Vi | fe (1) 1= Op (Vi (en)* + Vaih?).

Together with the result on I; j, we have

I+ Iy
Vn
_Op( €N+(€N) +h2)

|24 <

Hence,

V hSHRQkH == Op \/_EN + Vv Nh3e + V h3h2) = OP( )

by the assumptions on the rate of convergence that ey = o((Nh3)~'/*) and NAT — 0.

Therefore,

B, x[m\"(Z, 6%, A1) Z m{(Z,0%,mo) + op(1) 5 N(0, V3).

i€y,
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Chapter 3

Double/debiased Machine Learning

for Quantile Treatment Effect
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3.1 Introduction

In program evaluation, economists have long been interested in the effect of a treatment
or policy intervention on outcomes beyond simple average. Examples include but are not
limited to the distributional effects on job training programs (LaLonde, 1995), unions (Card,
1996), and minimum wages (DiNardo et al., 1995). One of the most popular way to capture
the distributional effect of a treatment is to compute the difference of the quantiles of the
outcome distribution before and after the treatment, which is called quantile treatment effect.

Like many studies in program evaluation, the main challenge in the estimation of quantile
treatment effect is that the selection for treatment usually affects individual’s potential
outcomes. In order to address the endogenous effect of selection, researchers usually estimate
the treatment effect conditioning on a vector of control variables. Firpo (2007) proposed a
two-step estimator to include control variables nonparametrically in the estimation of the
quantile treatment effect. In the paper, he proposed to estimate the first-step infinite-
dimensional nuisance parameter using the series estimator and plug it into a check function
to obtain a final estimator for the quantile treatment effect. Firpo (2007) also derived in
detail the asymptotic properties and showed the efficiency of the proposed semiparametric
estimator.

This paper discusses an orthogonal extension of the semiparametric estimator proposed in
Firpo (2007). The proposed series estimator in the first-step estimation works well when the
sample size is large compared to the number of control variables. In practice, researcher may
want to include many potential control variables in order to exclude potential endogeneity.
The number of control variables can be comparable to or even larger than the sample size.
In this situation, the series estimator in the first-step estimation would suffer from the curse
of dimension. Researcher may replace series estimator with machine learning (ML) methods
such as Lasso, random forests, neural nets, and etc, in the first-step estimation. As noted
in Chernozhukov et al. (2018), however, the asymptotic properties derived in Firpo (2007)

may fail if researchers use ML methods in the first-step estimation since the regularization
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bias embedded in ML methods would lead to the bias of the final estimator.

To address this problem, we discuss in detail the estimation and inference of the double
machine learning (DML) estimator for quantile treatment effect. The key is to replace the
check function in the second step in Firpo (2007) with a newly derived score function. The
new score function enjoys the Neyman-orthogonal property (Chernozhukov et al., 2018),
which means that the first-order derivative of the score function with respect to the nuisance
parameter is zero. With the property, the regularization bias within MLL methods would only
have second or higher order effects on the final estimator. The final estimator obtained based
on this Neyman-orthogonal score can achieve v/N-consistency and asymptotic normality as
long as the first-step ML estimator converges to its true value with a rate faster than N—/4,
which is a rate can be achieved by many ML estimators such as Lasso, random forests, neural
nets, and etc.

The result in this paper relies heavily on the recent high-dimensional and ML literature:
Belloni et al. (2012), Belloni et al. (2014), Chernozhukov et al. (2015), Belloni et al. (2017),
and Chernozhukov et al. (2018). In Belloni et al. (2017), they provided a very general frame-
work to derive the Neyman-orthogonal score for many treatment effect estimations, including
quantile treatment effect. This paper complements their paper by presenting in detail the
functional form of the Neyman-orthogonal score and the steps of estimation procedure.

Plan of the paper. Section 2 sets up the notation and framework for the discussion of
the mode treatment effect. Section 3 derives the Neyman-orthogonal score for quantile treat-
ment effect and I combine it with the cross-fitting algorithm to propose the DML estimaor

and derive its asymptotic properties. Section 5 concludes this paper.

3.2 Notation and Framework

Let Y be a continuous outcome variable of interest, D the binary treatment indicator, and X

a d x 1 vector of control variables. Denote by Y (1) an individual’s potential outcome when
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D =1and Y(0) if D =0. Then we have Y = Y (1)D + Y (0)(1 — D). Also, we define the
propensity score mg(X) := E[D|X] and for 7 € (0,1) and j € {0,1}, the 7-th quantile for
potential outcome Y (j) is defined as ¢, » := inf{q : Pr(Y(j) < q) > 7}. We are interested in

the quantile treatment effect

90,7 =q1,r —qo,r
Assumption 3.1. (strong ignorability)
e (Y(0),Y(1) LD|X
e 0 <my(X) <1

The first part of Assumption 3.1 assumes that potential outcomes are independent of
treatment after conditioning on the observable covariates X. The second part states that
for all values of X, both treatment status occur with a positive probability. With the strong

ignorability, Firpo (2007) identified ¢; ; and ¢o, by the following moment conditions:

E[moj(-‘X) (H{Y < Ch,r} - T)] =0, (31)
Bl (Y o) = 7)) =0 (3.2)

In the moment condition 3.1 and 3.2, there is only one unknown nuisance parameter
mo(X). An direct way to apply 3.2 and 3.2 to estimate ¢, and qo is to estimate mgy(X) in
the first-step and then use the estimator of m(X) with the moment condition 3.1 and 3.2

to obtain the final estimator of ¢; ; and gy ,. Specifically,
Definition (Direct Estimator).

(i) Obtain an nonparametric estimator of mg(X), denoted by 7m(X).

(ii) The estimator of ¢, and qo is ¢1» and o, where ¢, and gy, satisfies
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Ll i <an) - =0
If 7 (X) is a kernel or a series estimator, by the classical semiparametric estimation results,
we can show that both ¢; » and ¢y, are v/N-consistent and asymptotically normal.

In many cases, however, the dimension of X may be large and researchers do not have
enough observations to obtain an accurate kernel or series estimator because of the curse
of dimension. In this situation, researchers may turn to use ML methods such as Lasso,
random forests, boosting, neural nets, and etc, to build m(X) and then plug it into the Step
2 above. Unfortunately, as noted in Chernozhukov et al. (2018), the estimator of ¢; » and ¢ ,
obtained in this manner may be biased because the regularization bias embedded in the ML
estimator Mm(X) would result in the bias of ¢; , and gy ,. In the next section, we derive the

Neyman-orthogonal score of 3.1 and 3.2 and combine them with the cross-fitting algorithm

(Chernozhukov et al., 2018) to propose the DML estimator of the quantile treatment effect.

3.3 Estimation

Based on the moment condition 3.1 and 3.2, we find the corresponding Neyman-orthogonal

scores:

Wwigm) = s (U < 0 - 7) - ), 33)
_ B oy mo(x) —t
awigm) = s (M S @) = 7) = 72 saaa), (3.4)
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where W = (K D,X), m = (m0,91>» 2 = (m0792)7 and
() = E[{Y <q-} —7|T=1,X = 1]
and
g2(z) = E[I{Y < qo,} —7|T'=0,X = z].

Notice that 3.3 and 3.4 are valid scores since
E[\P1<Wa q1,’ra 771)] - Oa

E[‘I’Q(W; qo,r, 772)] =0

by the law of iterated expectation. The key property of 3.3 and 3.4 is that the first-order
Gateaux derivatives of Wy and Wy with respect to the nuisance parameters 7, and 7, respec-
tively, are zero. This is the Neyman orthogonaliy proposed in Chernozhukov et al. (2018).
In contrast, the first-order derivative of 3.3 and 3.4 with respect to their nuisance parameter
mg does not equal to zero, and hence, 3.3 and 3.4 do not satisfy the Neyman-orthogonal

property. The following lemma establishes the Neyman orthogonality of 3.3 and 3.4.
Lemma 3.1. The scores 3.3 and 3.4 are Neyman-orthogonal.
The quantile treatment effect can be estimated in three steps.

e STEP 1. Non-parametric estimation (machine learning) of the nuisance parameter 7;.

Here we adopt cross-fitting.

e STEP 2. With the first step estimates, estimate ¢, using the orthogonal scores. The
resulting plug-in type estimators §; . are called the double machine learning (DML)

estimators.

e STEP 3. Take difference and get 0 = i — Gor-
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Below we provide a formal definition of the DML estimator which reflects the first two
steps described above. Suppose we have i.i.d. observations {W;}Y,. Notice that in the
estimation of 1, we have to estimate g, where g;(z) = E[I{Y < ¢} —7|T =1, X = z] and
there is an unknown paremeter ¢; ., which happens to be our target parameter. Hence, we

need a preliminary estimator for g; ..
Definition. (The preliminary estimator for q;,)
e Step 1. Nonparametric or ML estimation of the propensity score my.

o Step 2. The preliminary estimator ¢, and G- solve

i% 1 (1{Y; < G1..} —7) =0,
lel (Xl qlT T) =
12 (1{Y; < Gor} —7) = 0.
S A=
N&=1- mXZ) G,

Definition (DML estimator for quantiles of potential outcome). (a) Take a K-fold random
partition (I,)5_, of observation indices [N] = {1,..., N} such that the size of each fold I} is
n = N/K. Also, for each k € [K] = {1,..., K}, define If := {1,..., N} \ I;. (b) For each
k € [K], use the preliminary estimator in Definition 1 to construct Machine Learning (ML)

estimators
Njge = Nje(Wi)ierg)

ofn;, j € 40,1}, where 7); is a random element in T', and where randomness depends only on
the subset of data indexed by If. (c) For each k € [K], construct the estimators ¢;x,j € {0,1},

as the solution of the following equation:

B[V (W5 Gk, Njk)] = 0

where U is the Neyman orthogonal score, and E, j is the empirical expectation over the kth
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fold of the data; (4) Aggregate the estimators:
1 K
q9; = e kzzjl 4jk

3.3.1 Asymptotic Properties

This section studies the property of the estimator under high-level assumptions on the first

step ML estimator.

Assumption 3.2 (regularity conditions). (a) The true parameter value obeys 3.1 and 3.2,
and is contained in a ball in ©. (b) map (0,n) — Ep[¥(W;0,n)] is twice continuously
Gateaua-differentable on © x T'. (c) The marginal density function fya)(q) does not equal

to zero over its support. (d) 2|Fy)(q) — 7| = [fya)(a1.-)(q = q1.)| A co.

Theorem 3.1. [Asymptotic normality of the DML estimator] Suppose Assumption 1 holds
and with probability 1 — o (1), || Nk — mo ||p2< en, || M — 1/2 ||[poo< 1/2 — K, and

|7 = mo [ + || 00— mo [lp2 X || Gy, = gj0 lp2< (en)”. We have
A d —_ _
VNG5 — q5) 5 N0, fy {5 (@Vify (@)

where fy(j)(q) is pdf of Y (j) and V; = E[V;(W; qir ;)%

Theorem 3.2. Construct the estimator of the asymptotic variance as

where where B,y [f (W)] = 0 Sicp [ (W5). If the assumptions of Theorem 1 hold, v, =
Vi +op (1)

Theorem 3.1 shows that DML ¢; can achieve v/ N-consistency and asymptotic normality
if the first-step estimators of the infinite dimensional nuisance parameters converge at a rate

faster than N~=1/4. This rate of convergence can be achieved by many ML methods. Theorem
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3.2 provides consistent estimators for the asymptotic variance of ¢;. The proofs of Theorem

3.1 and Theorem 3.2 can be found in the appendix.

3.4 Conclusion

This paper studies the estimation and inference of the orthogonal extension of the semipara-
metric estimation proposed in Firpo (2007) and propose a DML quantile treatment effect
estimator. The proposed estimator can achieve v/ N-consistency and asymptotic normality
when researchers apply ML methods in the first-step estimation. It also provides flexibility
for empirical researchers to explore a broader set of popular estimation methods and analyze

more types of data sets.

3.A Appendix

Proof of 3.1

with respect to g, want to show

O E[V;(W;qr,m0, 95 + (9 — g5))] =0 forallge G (3.5)

for j =1,
U (Wsqur,mo, g1 +7(9 — 1)) (3.6)
(1 <) - 0 ) a0 6)
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O B[V (Wiq1r,mo, g1 +7(9 — g1))] (3.8)

—£] - T ) - 0 ()] (39)
=E[ = BT = mo(X) | Xt lo(X) = ()] (3.10
—0 (3.11)
with respect to m, want to show
0. EV;(W; ), mo +r(m —myg), g;)] =0 forallg € G (3.12)
for j =1,
Uy (Wi qr,mo +1(m —myg), g1) (3.13)
B T . _T—mo(X)—r[m(X)—mo(X)]
=)+ o) o] S T) R ) — )] )
(3.14)
0, E[U(W;q1.+,mg +1(m —myg), g1)] (3.15)
- T[m(X) — mo(X)]
== a0+ ) — o (LY <43 7) (310
Tm(X) — mo(X)]
(%) + (%) — mo P ) (3.17)
recall that
a(X)=E[l{Y <q,}—7|T=1,X =1 (3.18)

Hence the result follows from law of iterated expectation and law of total probability.
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proof of Theorem 3.1

Assumption 3.2 should lead to the conditions in Assumption 3.3 and 3.4 in CCDDHNR.

Conditions of Assumption 3.3.

e (a) The true parameter value obeys (2.1), and © contains a ball ....

Neyman orthogonal scores are indeed score. Parameter space set to R.

e (b) map (0,n) — Ep[W(W;0,n)] is twice continuously Gateauz-differentable on © x T
Directly assume this to our score functions. However, there’s an indicator,

so this could be tricky?

e (c) identification relation

JO = ang[\I/(W; 0: 770)]

0=0o
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in our setting,

8qE[\111(W; q, Mo, 91)]

~

=0y (MY < a} =) = — =g, (X)]
T
=0, (1Y < a} = 7)
T
=0, BB (1Y < ab = 7) 1 X]

1
mo(X)

=0, E[E[{Y(1) <q} =7 | X, T =1]]
=0, E[E[I{Y (1) < ¢} — 7| X]]

[

[

=0, B[EIT(1{Y < ¢} —7) | X] ]

—0,E[1{Y (1) < ¢} — 7]
=0,E[1{Y (1) < ¢}]
=0, Fy(1)(q)

:fY(l)(Q)

Where Fy)(¢q) and fy(1)(q) are cdf and pdf of Y (1) Assume potential outcomes

are continuously distributed. Now we need

2| E[¥(W;q,mo, g)]I| > | fya)(ai,-)(g — q1.2)]] A co
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Hence we are assuming
21 Fyay(q) =71 > |fyay(@a-) (@ —a-)| Ao

e (d) Neyman-orthogonal

see above.
Conditions of Assumption 3.4.

e (a) Exists T, and A, — 0, so that fjy falls into it with probability 1 — A,
Assume our first step estimators 7); satisfies the following conditions with probability

1—A, (MIGHT NOT NEED ALL OF THEM)

191 — m|lpe <Oy

0 — Sllpoe <2
Mo — =|lpec <= — €
07 gliPee =5

[0 — mollp2 X [|90 — 91| p2 §5§VN71/2

Now define the set 7, as the set of n that satisfies the following conditions

HW - 771||P,2 §5§v

I = e <
m 2p’oo_2 9

m —mo|lp2 x |lg — 1]l p2 <oNyN~Y/2

Then by the assumption and the definition of 7,,, this condition is satisfied.

e (b) EMPIRICAL PROCESS ASSUMPTION
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e (c) There exists positive sequences {0y }n>1, {Vn}n>1 that converge to zero and

ry = sup [|E[U(W;0,n)] — B[W(W;6,m0)]|| < dnvy
n€Tn,0€0

rvi= osup  (E[[W(W;6,m) — W (W36, m0)|*])"? and ry log*(1/ry) < on

n€Tn,|0—0boll<vy

Ny = sup |02 E[%(W; 80 + (0 — 6o), 1m0 + (0 — 10))] || < oyN~2

7€(0,1),n€Tn,||0—b0||<vn

First, ry < &Yy, since for any ¢ and n € T,,,

B, (W;q,n)] — B[ (W;q,m0)]

_ [m(TX)(IL{Y <q}— T) - WQ(X) - mi’m (H{Y <4q} - T)
Wm(?{)]

<Li+I,+71s

Sox
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where

T(mg —m)

7 =E[|(1{y <q} - 7) ]

mom

1
<gE[|m0 — ml]

< llmo —m||p2
19

SOy
I, =El|lg1 — gl]
<|lg1 — gllp2
SOy
T T
L3 =E[|—ag — —4]
mo m
am — mgyg
)
mmo

<5 Ellmolgs — 9) + ga(m — o))
<5 Ellmo(gs ~ 9)l) + Ellgs(m — ma)|
< Ellgs = gl) + Ellm — o]

1

S;Hgl —9gllp2 + |lm —mo||p2

SOy

Where we used that |mg(X)| < 1 and |g1(X)| < 1 almost surely because mo(X) =

E[T|X] and g1(X) = E[I{Y < qi} —7|T = 1, X].
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1/2

Next we show that ry Sy +vy ™. Forallge{q¢:|¢—q.| <vn},neE TN

1C (W5 q,m) — O (W5 q1,m) |l p2

T T —m(X
o (L <= 7) - m(X())mm - (Y san-7)
T 0 (X e

<Iy+Is+1Is+ 17
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where

1y

1y

T T
—|=1{Y < ¢} — —1{Y < ¢,
||m {Y <q} o Y <aqi-}lpe2

{Y <g}mo—1{Y < q1.}m
mom

=T .2

1
SgH]l{Y <gtmo— WY < q1.}m|p2

1
=?||1{Y < g1, (mog—m) +mo(L{Y <q} — Y < q1.})|lp2
SIHY < gz f(mo —m)|lpa + [[mo(1{Y < ¢} — {Y < qi+})|lp2
<|Im —mg||p2 + |I{Y < q¢} — {Y < q1.-}||p2

=[lm — mollp2 + [Prig A qir <Y < qVa,)

<Oy + [ sup fy ()]

<oy + 1/]1\,/2
T T
=l = llee
m—m
=|T ®llpe
1
<—|lm —mo||p2
€
SOy
=g — g1llp2
SOy
T T
=|l—g1 — —9llp2
mo m
g1m — gmy
=|T=————lp2
mom
1

E;Hgl(m —myg) +mo(g1 — g)||p2

Sllgr(m = mo)l[p2 + llmo(gr — 9)llp2

SOy
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At last we show that

T
{mo + r(m —my)

f(r) =FE

Y <q+r(g—aq)}

T —mgy—r(m—myg)

mo + r(m — mg) (g +r(g = 91))}

=g(r) + h(r)
where

T
mo + r(m — myg)

H{Y < ¢ +7r(qg— Ch)}}

T —mg—r(m—my)

o & (. — o) (91 +71(9— )]

mo 1

mg + r(m — mg) mo
mo

Lmg + r(m — my)
mo

Lmg +7(m — 7710)1{?}/(1”)(((11 +rlg = a)]

- —mo(m — my)
L(mgo + r(m — myg))

sEyayx(@+7(q—q))

mg + 7(m — mo)fy(l)lX(q1 Fria—a)a- QI)}

2g(a) -] 2molrm ~ o)

IE sEyyx(a +r(g— Ch))}

(mo + T(m my
—mo(m — myg)

mo—i-rm m

—mgo(m — myg)

m0+7’m my))>?

+E

+E[;
+E[
[mo + r(m —my)
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hr) =B T 0 7lg = 91) = (91 + g = )]
—T(m — mo T(g — 1
Orh(r) :E{(mo n E“(m — m)o))2 (1 +r(g—g1) + o —|—(f(mg—>m0) —(9— 91)]
O2h(r) = (m?i(:zn; T‘;)%O))?, (91+7(9— g1)]
—T(m —mo)(g9 — g1)
+E{ (mo + 7r(m — myg))? }
—T'(g — g1)(m — my)
+E{ (mo + r(m —myg))? }
Proof of Theorem 2
We assume the following auxiliary conditions:
1/2
sup (B [ 9,0V: rom) = 0 (Wigirny) I2]) <o, (A12)
meTN
1/4
<EP {\I]j(W§ Qj,nnj)ﬂ) <y, (A.13)

where Ty are specified in the proof of Theorem 1, 'y is a constant. Since K is fixed, which

is independent of N, it suffices to show that for each k € [k,

IkE :Op<1).

o | U5(W: 4 )] = Ep [ W5(W3 57,157

By the triangle inequality, we have
I, < I + Iy,
where

i [W5(W: s 1)) = B [ W5V 057,17
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[4,k =

w [ U5 (W3 057m5)%] = Ep [W;(Wsg57,m,)?] |-

To bound I, we have

Ep |I3] <n™'Ep [U;(W;g;r,m,)"]

Sn_le,

where the last inequality follows from (A.13). Then we have I, = Op (nl/ 2).
Next, we bound I3;. This part is essentially identical to the proof of Theorem 3.2 in
Chernozhukov et al. (2018), I reproduce it here for reader’s convenience. Observe that for

any number a and da,

| (a+ da)® — a®|< 2(0a) (a + da).

Denote ; = V;(W;¢;+,n;) and i = U, (W5 §jr,1;), and a =y, a+ da = ¥;. Then

I3 = 711 > (?/32)2 Z | (wz) ()* |

1€l lGIk
sz U | ([ |+ i — 1 |)
ZEIk
) 1/2
N 2
( Z’% %”2) n2(|¢z’!+\¢i—¢i\>)
1€l 1€l

) r 1/2 1/2
i) [Ex ) " x|
i€l i i€l i€l

1

1€y,

Thus,

where

N= Z | O (Ws iz 0) — O5(Wsgirmy) |1

i€ly,

Since L Y icr || U;(Wsg;-.m;) |I*= Op (1), it suffices to bound Sy. Under the event that

n
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Tk € Ty, we have

EP [H @El (le HOaﬁkv ﬁlk) - 1/7)1 (VI/’m 007p07 7710) ||2| (VVZ)zEIg:|
< sup EP |:” 1;1 (I/Viae(hpanl) _QZI (M/i>907p077]10> HQ} = <€N)2
pEPN - mETN
by (A.12). It follows that Sy = Op (Nfl + (8N)2). Therefore, we obtain

[k: = Op (N_1/2) +Op (N_1/2 +5N) = Oop (1) .

Hence, V; 2 V.
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