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ABSTRACT OF THE DISSERTATION

Iterative Methods for Large-Scale Unconstrained Optimization
by

Jennifer B. Erway

Doctor of Philosophy in Mathematics
University of California San Diego, 2006

Professor Philip Gill, Chair

An unconstrained minimizer of a general nonlinear function may be found by
solving a sequence of constrained subproblems in which a quadratic model func-
tion is minimized subject to a “trust-region” constraint on the norm of the change
in variables. For the large-scale case, Steihaug has proposed an iterative method
for the constrained subproblem based on the preconditioned conjugate-gradient
(PCG) method. This method is terminated inside the trust region at an approxi-
mate minimizer or at the point where the iterates cross the trust-region boundary.
When the iterates are terminated at the trust-region boundary, the final iterate is
generally an inaccurate solution of the constrained subproblem. This may have an
adverse affect on the efficiency and robustness of the overall trust-region method.

A PCG-based method is proposed that may be used to solve the trust-region
subproblem to any prescribed accuracy. The method starts by using a modified
Steihaug method. If the solution lies on the trust-region boundary, a PCG-based
sequential subspace minimization (SSM) method is used to solve the constrained
problem over a sequence of evolving low-dimensional subspaces. A new regularized
sequential Newton method is used to define basis vectors for the subspace mini-
mization. Several preconditioners are proposed for the PCG iterations. Numerical
results suggest that, in general, a trust-region method based on the proposed solver

is more robust and requires fewer function evaluations than Steihaug’s method.
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Introduction

1.1 Overview

Unconstrained optimization is fundamental to both the theory and practice
of optimization. Many mathematical modeling and curve-fitting problems, rang-
ing from modeling protein structure energy to designing automobile bodies, may
be formulated as an unconstrained optimization problem. In addition, problems
with constraints may be solved as a sequence of unconstrained problems, making
advances in unconstrained optimization applicable to constrained optimization.

Unconstrained optimization involves finding the vector of variables x such that
an objective function f(z) achieves its minimum or maximum value. Thus, uncon-
strained optimization problems are usually categorized by the characteristics of the
function f. This thesis focuses on techniques for solving general nonlinear uncon-
strained problems, assuming only that f is twice-continuously differentiable. As
minimizing f(x) is mathematically equivalent to maximizing — f(z), all problems
are formulated as minimization problems.

Trust-region methods are a class of methods for unconstrained minimization

that define a sequence of iterates {z;} such that

Tj1 = X + Sy, with f(xj—i-l) < f(.T])



Each step s; is the solution of a simpler constrained subproblem that involves
minimizing a local quadratic model of f subject to a “trust-region” constraint on

the norm of s;. This trust-region subproblem has the form
mi?ei]g}lize f(x;) + Vf(x;)Ts + 3TV (x;)s a1
subject to ||s|| < ¢,
where Vf(z;) and V?f(z;) denote the gradient vector and Hessian matrix of f
evaluated at z;. The scalar d; is known as the trust-region radius and is chosen
to provide the descent condition f(z,41) < f(z;). Trust-region methods are mo-
tivated by the presumption that the local quadratic model can be trusted only
in some sufficiently small neighborhood of z;. Trust-region methods accordingly
adjust the trust-region radius J; to ensure that the reduction in f is comparable
to the reduction predicted by the quadratic model.

The computational complexity of the trust-region subproblem (1.1) depends
on the choice of norm used to restrict the length of s. This thesis will focus on
the two-norm, which guarantees that any step satisfying the necessary and suffi-
cient conditions for solution of (1.1) is a global minimizer of the subproblem (see
Chapter 2). With this choice of norm, the computational complexity of problem
(1.1) is equivalent to that of finding an extremal eigenpair of a symmetric matrix.
However, the method used to solve each subproblem is for the most part little
concerned with the ability to achieve anything near machine-precision accuracy.
Of far greater importance to the overall solver is the ability to obtain approximate
solutions of the subproblem efficiently. Two factors significantly affect the speed
of the overall trust-region method: (i) the average amount of work needed to solve
the trust-region subproblem, and (ii) the total number trust-region subproblems
that must be solved, which in the algorithms to be considered is in direct relation
to the number of evaluations of the objective function f and its first and second
derivatives. Increasing the accuracy of the computed trust-region approximate
solution usually increases the cost of solving each trust-region subproblem while

decreasing the total number of function evaluations. Ultimately there is a point



where the total number of function evaluations reaches its minimum value; at this
point, the extra work needed to solve the subproblems more accurately is wasted.
What is relevant is the total work needed to find an unconstrained minimizer.

Broadly speaking there are two types of trust-region method based on the
quality of the approximate trust-region solution. The first type proceeds to define
an infinite sequence of “inner” iterates {s'} that converges to a solution of (1.1). An
approximate solution is then defined by terminating this infinite sequence when sé-
is judged to be accurate to within some preassigned tolerance. The method of Moré
and Sorensen [32] is one of the principal methods of this type (see Section 2.3.5). In
this method, each inner iterate s§- is found at the cost of computing the Cholesky
factorization of a symmetric positive-definite matrix of the form V?f(z;) + oI,
where ¢¢ is a nonnegative scalar.

The second type of method does not even attempt to find a solution of (1.1).
Instead, the step need only satisfy the trust-region constraint and force the overall
convergence of the outer iterates {s;}. The prototype for such methods was pro-
posed by M. J. D. Powell in a seminal series of papers [41, 42, 43]. Powell proposed
that the subproblem (1.1) be solved with the additional restriction that s be in a
one-dimensional subspace spanned by the steepest-descent direction —Vf(x;). The
optimal solution of this restricted problem is easily computed and is known as the
Cauchy step. A fundamental result is that any method delivering an approximate
solution of (1.1) with model value at least as good as the Cauchy step will generate
a sequence {z;} such that Vf(z;) — 0 (see Section 2.3.3 for details).

Any computational method based on using the Cauchy step is guaranteed to
converge, but may not converge quickly. Early methods, known as “dog-leg” meth-
ods, attempted to improve the convergence rate by combining the Cauchy step with
a step based on the unconstrained minimizer of the quadratic model (see, e.g., Pow-
ell [42], Dennis and Mei [6], and Shultz, Schnabel and Byrd [47]). This idea has
been refined by Byrd, Schnabel and Shultz [2], who propose solving the subproblem

(1.1) subject to the restriction that s lies in a one- or two-dimensional subspace.



In this case, one of the basis vectors for the subspace is found by computing the
Cholesky factors of a positive-definite matrix of the form V?f(x;) 4+ oI. The other
basis vector, when needed, is a direction of negative curvature for V3f(z;), i.e., a
vector ¢ such that ¢ V2f(x;)q < 0.

Line-search methods constitute a different approach to minimizing f. Line-
search methods are also descent methods, but define the step s; by minimizing
an unconstrained local quadratic model of f. The next iterate is then defined
by taking a scalar step along s; that gives a lower value of f. There are various
alternative conditions on the step length that guarantee convergence, but a com-
mon requirement is that the improvement in f be comparable to the improvement
predicted by some a simple linear or quadratic model of f. In general, line-search
methods require more iterations than trust-region methods, but involve less work
per iteration. More recent methods combine classical line-search and trust-region
methods. For example, Gertz [11], Toint [40], and Nocedal and Yuan [36] add a line
search to the standard trust-region method. All of the methods described above for
solving the trust-region subproblem may be used within a combination line-search
trust-region method. Throughout this thesis, a combined method similar to that
proposed by Gertz [11] is used to define the outer iterations (see Section 2.3.2).

The combination line-search trust-region methods mentioned above require the
computation of an explicit matrix factorization and are limited to problems with
dense unstructured Hessian matrices of order < 1000, or medium-to-large sparse
Hessian matrices of order < 10,000. Very large-scale problems or problems with
large unstructured Hessians must use iterative methods to solve the constituent
linear systems. The main focus of this thesis is the formulation and analysis
of trust-region methods that employ the conjugate-gradient (CG) method as the
linear solver. In their simplest form, CG methods require the storage of at most
four or five one-dimensional vectors and have the potential of solving problems
with up to 10° variables.

Two of the earliest trust-region methods based on the CG method were pro-



posed by Steihaug [48] and Toint [40]. These methods are similar, and are of the
second type defined above—i.e., they do not attempt to find an accurate solu-
tion of the constrained subproblem. First, suppose that the Hessian V2f(z;) is
positive definite, which implies that the step to the unconstrained minimizer of
the quadratic model satisfies the positive-definite system V?f(z;)s = —Vf(x;).
It is well-known that the CG method for the linear system V2f(z;)s = —Vf(z;)
may be interpreted as a method for a unconstrained minimizer of the quadratic
model. Suppose that the CG method generates a sequence {sg-k)} of approximate
unconstrained minimizers. In the positive-definite case, two things can happen.
First, {sg-k)} may converge to a minimizer of the quadratic model lying inside the
trust-region. In this case, the sequence {s§k)} is terminated at an approximate
minimizer. Alternatively, the CG iterates will leave the trust region, in which case
it can be shown that the solution of (1.1) must lie on the trust-region boundary.
In this situation, both Steihaug and Toint terminate the CG sequence {s§-k)} at
the point where the iterates “cross” the trust-region boundary (see Section 4.2 for
details). If Vf(x;) is not positive definite, the CG method will eventually generate
a direction ¢ such that ¢ V3f(z;)g < 0. In this situation, Toint’s method reverts
to the Cauchy step and Steihaug’s method uses the direction ¢ to define a point
on the trust-region boundary.

Steihaug’s method is generally preferred because it always gives a point on
the boundary when the trust-region solution lies on the boundary. Trust-region
methods based on using Steihaug’s method to solve the subproblem provide a
viable alternative to direct factorization methods in the large-scale case. However,
in the indefinite case, the point at which the boundary is encountered depends
only on the initial CG iterate, and so the final iterate is generally an inaccurate
solution of the constrained subproblem. This may have an adverse affect on the
efficiency and robustness of the overall trust-region method. This thesis concerns
the formulation and analysis of CG-based methods that are designed to solve the

trust-region subproblem to any prescribed accuracy.



One last remark concerning notation is in order. We have outlined iterative
methods that defined sequences of iterates at three different levels: (i) the sequence
{z;} is intended to converge to an unconstrained minimizer of f; (ii) the sequence
{5} converges to a solution of the trust-region subproblem at x;, and (iii) {sgk)} is
the sequence of CG iterates associated with the linear system V?f(x;)s = —Vf(x;).
Fortunately, the exposition never requires the use of all three sequences simulta-
neously and so when the context is clear the elements of {s§-k)} will be denoted

sp—i.e., a suffix k denotes an iterate associated with the CG method.

1.2 Contributions of this thesis

Chapter 2 presents a comprehensive review of existing line-search and trust-
region methods for unconstrained optimization.

Chapter 3 considers the derivation of the CG method for solving linear equa-
tions and explores the equivalence between solving linear systems and minimizing
strictly convex quadratic functions. The discussion highlights the equivalence of
the CG method and the Lanczos-CG method. This equivalence allows the use of the
Lanczos vectors as direction generators for the CG method and allows the simul-
taneous approximation of the subproblem solution and the leftmost eigenvector of
the Hessian. The chapter concludes with a discussion of the role of preconditioning
in the CG method and describes the preconditioned Lanczos-CG method.

Chapter 4 considers trust-region methods for large-scale optimization. Both
Steihaug’s method and the generalized Lanczos trust-region (GLTR) method of
Gould, Lucidi, Roma, and Toint [18] are discussed in the context of controlling the
accuracy of the trust-region solution on the boundary. Finally, a variant of the
sequential subspace minimization (SSM) method of Hager [21] and Griffin [20] is
applied to the trust-region subproblem.

In Chapter 5, a new two-phase method (the “phased-SSM method”) is proposed

for solving the trust-region subproblem to within a specified accuracy. The method



employs a PCG-based sequential subspace minimization method in each phase. The
first phase can be viewed as an improved version of Steihaug’s method in which
two additional features are provided by the use of the Lanczos-CG method: (i) the
availability of an estimate of the leftmost eigenvector at no extra cost; and (ii) the
ability to compute a better exit point based on solving the trust-region subproblem
on a low-dimensional subspace. Property (i) extends Steihaug’s method to the case
where the initial point is a stationary point but not a local minimizer. Property (ii)
allows the calculation of a substantially better estimate of a trust-region solution
on the boundary.

The second phase of the phased-SSM method is activated if the trust-region
solution lies on the boundary. A PCG-based SSM method is used to solve the
constrained problem over a sequence of evolving subspaces. The subspaces are
spanned by three vectors: (i) the current best approximation to the solution;
(ii) an estimate of the leftmost eigenvector; and (iii) an approximate solution of
the Newton-SQP equations associated with the equality-constraint trust-region
subproblem.

The Newton-SQP equations are not positive definite and so are not amenable
to solution using the CG method. However, the equations may be reqularized
by applying a variant of the penalty function method of Forsgren and Gill [8].
The resulting regularized system is transformed into a symmetric positive-definite
system that can be solved using the CG method. A second variant of phase two is
based on minimizing an augmented primal-dual Lagrangian with a barrier function
term. The barrier function allows the use of safeguarding and prevents this system
from becoming indefinite at points that are far from the solution. With appropriate
safeguarding, the associated Newton equations are also positive definite and may
be solved using the PCG method.

In Chapter 6, block preconditioners are considered with the aim of removing ill-
conditioning and accelerating convergence. Two general-purpose preconditioners

are proposed. The first is based on an incomplete Cholesky factorization of V2f(x).



The second utilizes a limited-memory BFGS quasi-Newton approximation.

In Chapter 7, numerical results are presented based on a preliminary MATLAB
implementation of the phased-SSM method. The results suggest that, in general,
a trust-region method based on the proposed solver is more robust and requires

fewer function evaluations than Steihaug’s method.

1.3 Notation

Most of the notation in this thesis is standard in the optimization literature.
Subscripts refer to both indices of vectors and iterates, with the precise meaning
determined by the context. For example, z; denotes the kth iterate in the sequence
{z;}, and f; denotes f(z;). Throughout, e; denotes the ith standard basis vector.

Lower-case Roman letters will be used to refer to vectors, and upper-case Ro-
man letters will be reserved for matrices. Lower-case Greek letters will be used to
refer to scalars, and upper-case Greek letters will be reserved for garden-variety
functions. (An important exception to this rule is the letter “f”, which typically
is used for functions in the literature.) Well-known functions (i.e., functions with
names) are generally written with calligraphic (script) Roman letters. Otherwise,
calligraphic (script) Roman letters will refer to sets. These conventions will be
departed from only when standard notation dictates otherwise.

Unless explicitly indicated otherwise, || - || denotes the vector two-norm or its
subordinate matrix norm. The spectrum of a (possibly unsymmetric) matrix A
will be denoted by eig(A). The inertia of a real symmetric matrix A, denoted by
In(A), is the integer triple (a;,a_, ag) giving the number of positive, negative and
zero eigenvalues of A. The ith eigenvalue of a symmetric matrix A with eigenvalues
ordered in decreasing order will be denoted by A;(A), i.e., \j(A) > Ag(A) > -+ >
An(A). Given vectors z; and xg, the column vector consisting of the elements of
x1 augmented by the elements of x5 is denoted by (x1,z2). The vector e denotes

the vector of ones with dimension determined by the context.



Some sections provide algorithms written in a MATLAB-style pseudocode. In
these algorithms, brackets will be used to differentiate between computed and
stored quantities. For example, the expression [Az| <+ Az signifies that the matrix-

vector product of A with £ must be computed and assigned to a vector labeled as

[Ax].



2

Unconstrained Minimization

2.1 Overview

Finding a global minimizer of a function f without strong assumptions about
its curvature is an NP-hard problem. Most deterministic optimization methods
are designed to find the “next best thing”, which is a local minimizer. In this
thesis, “minimizing” f implicitly refers to finding a local minimizer of f, unless
stated otherwise. Mathematically speaking, 2™ is a local minimizer of f if and only
if f(2*) < f(z) for all 2 in some small neighborhood of z*. Any local minimizer
2* of a differentiable function f is also a stationary point of f, i.e., Vf(2™) = 0.
A point 2 that satisfies Vf(2*) = 0 is called a first-order point. Methods that
explicitly seek first-order points are called first-order methods. However, since
maximizers and saddle points are also stationary points, simply finding a root of
the gradient of f is not sufficient and additional care must be taken to ensure
that the root is also a minimizer. Second-order methods use the curvature of f
to distinguish between different types of stationary points. If V2f(z*) is positive
definite and Vf(2*) = 0 then 2" is a local unconstrained minimizer of f. Moreover,
if 2* is a local unconstrained minimizer of f then it is necessary that V2f(z*) is

positive semidefinite and Vf(2*) = 0. Any point that satisfies these necessary

10



11

conditions is called a second-order point. Methods that seek second-order points
are called second-order methods.

The necessary condition Vf(2*) = 0 implies that 2™ is a zero or root of the
vector-valued function Vf. Newton’s method is one of the most commonly used
iterative methods for finding the root of a vector-valued function. Let z; be any
point at which f is twice-differentiable. Suppose that z; is the current best estimate
of a stationary point of f. For all z sufficiently close to x; the linear model function
Vf(x;)+ V3 (z;)(z—=;) will be a good approximation to Vf(x). Newton’s method
is based on approximating a zero of g by a zero of the linear model, i.e., the next

iterate x;41 is chosen such that Vf(z;) + V?f(z;)(z;+1 — x;) = 0, or, equivalently,
zjy1 =1z +5;, where s; satisfies V*f(z;)s; = —Vf(x;). (2.1)

If the Hessian V?f(z;) is nonsingular, then the Newton step s; is unique and
satisfies s; = —V2f(z;) "' Vf (z;).

Theorem 2.1.1 below is arguably the most famous and fundamental result in
optimization—that the pure Newton iterates (2.1) converge quadratically to a sta-

tionary point of f.

Theorem 2.1.1 (Local convergence of Newton’s method.)
Let f: D C R™ — R! be twice-continuously differentiable on D, where D is an
open convex set, and assume that Vf(2*) = 0 and Vf(2*) is nonsingular for some

25 € D. Then

(a) there exists a neighborhood B(x*,8) such that, for any xo in B, the Newton
iterates

Tjy1 = T5; — V2f(xj)_1Vf(xj), k= 0, ceey (22)
are well defined, remain in B and converge to ©* at a Q-superlinear rate;

(b) if. in addition, V?f satisfies a local Lipschitz condition at «*,

IV (z) = V()| < Lz — 2% forallz € B, (2.3)



12

where L is a positive constant, the Newton iterates defined by (2.2) converge

Q-quadratically to 2*; and

(c) if, in addition, V?f satisfies a Lipschitz condition with constant L in a neigh-

borhood of 2, ||Vf(z;)|| converges Q-quadratically to zero. 1

Unfortunately, this strong local convergence property applies to all types of
stationary points. Since Newton’s method is unable to discriminate between max-
imizers and minimizers, additional care must be taken to ensure convergence to a
local minimizer. Line-search methods and trust-region methods are designed force
the global convergence of Newton’s method to a local minimizer.

If the Hessian is positive definite at z;, the Newton direction s; defined in (2.1)
may be interpreted as the minimizer of a local quadratic model of f. Given a point
x, the truncated Taylor-series expansion of f gives the following local quadratic
model:

flx+s)~qlz+s) = f(z)+ Vf(2)s + 1sTVf(2)s. (2.4)

If V%f(x;) is positive definite, then s; is the unique minimizer of ¢(z; + s). A
constant objective term does not affect the location of a minimizer and it follows

that a minimizer of ¢(x + s) also minimizes the quadratic function
Q(s) = Vf(z)'s + 35" V3 (a)s, (2.5)

which approximates f(x + s) — f(z), the change in f.

If V2f(x) is not positive definite, Q(s) and q(x+ s) have unbounded minimizers
and are not suitable quadratic models. Line-search methods solve an unconstrained
model problem of the form

miglei%ize Q7 (s) = Vf(x)"s + 35" Bys, (2.6)

where B; is a positive-definite approximation of V?f(z;). Solving (2.6) for s; does

not guarantee f(x; +s;) < f(x;), but it does guarantee that there is some &; > 0
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such f(z; + a;s) < f(x;) for all a; € (0,@;), provided Vf(z;) is not zero. Line-
search methods choose a step length «; that gives at least a sufficient relative
decrease in the objective function. As we will see later, the hallmark of any line
search algorithm is the criteria used to define a sufficient decrease of the objective.

Trust-region methods solve the constrained minimization problem:

miglei%ize Q;(s) = Vf(z;)'s + 1TV (x;)s 27)
subject to || N;s|| <9,

where NN; is a nonsingular matrix that scales the elements of s. The minimization
problem (2.7) is called the trust-region subproblem. A solution to the trust-region
subproblem always exists; that is, Q;(s) always assumes its bounded minimum
value on the compact set {s : ||N;s|| < 0;}. Thus, in contrast to line-search
methods, the Hessian of f need not be positive definite in a trust-region setting.

Basic trust-region methods evaluate the step x; 4 s, where s is an approximate
solution to (2.7). If the condition for a sufficient decrease is met, the step z; + s is
accepted. The trust-region radius is then updated for the next iteration to reflect
the degree to which the quadratic model predicts the actual decrease in f. If the
objective is decreased by significantly more than the minimum acceptable decrease,
the trust-region radius is increased with the aim of exploiting the accuracy of the
model in a larger trust-region. If the condition for sufficient decrease is not met,
the step is rejected and the subproblem is solved again with a smaller value of the
trust-region radius.

In order to simplify the notation in subsequent sections, g(z) will denote the
gradient Vf(z) and H(x) will denote the Hessian V2f(z). Similarly, g; and H;
denote the quantities g(z;) and H(z;).
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2.2 Line-Search Methods

Almost all line-search methods solve the minimization problem:
minimize Qf(s) =g/s+ 35" Bjs, (2.8)

where B; is a sufficiently positive-definite approximation to the Hessian. Since
B; is positive definite, the stationary point of Qf (s) is uniquely defined by the
nonsingular linear system B;s; = —g; and is the unique minimizer of Qf(s). In

the simplest line-search methods, the next iterate is then defined as
l’j+1 = l’j + Oéij,

where Bjs; = —g; and a; > 0 satisfies f(z; + a;s;) < f(x;). Since Bj; is positive
definite, gjs; = —sBjs; < 0; that is, the directional derivative of f along s; is
negative. Thus, the vector s; is called a descent direction for f. The following
lemma shows that a descent direction for f is always a direction of decrease, i.e.,

there exists a positive &; such that any a; € (0,a;), f(x; + os;) < f(x;).

Lemma 2.2.1 (Existence of a direction of decrease.) Given f: D C R"
R! on a convex set D, assume that f is continuously differentiable on D, and let

x; be an interior point of D.

(i) If the vector s satisfies g(x;)"'s < 0, then s is a direction of decrease for [ at

Ij.

(i) If, in addition, f has a second derivative at x;, then any vector § satisfying

9(z;)"3; =0 and 5] H(x;)5; < 0 is a direction of decrease for f at x;.

Computing a step length «; with minimal computational effort is the hallmark

of any line-search method. The univariate minimizer o for the problem

minir>r(1)ize flz; + ays;) (2.9)
@y
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is not easily calculated when f is a general nonlinear function; in fact, it may
require a substantial number of function evaluations of f. Moreover, the require-
ment f(z;41) < f(z;) and the condition g/s; < 0 are not sufficient to guarantee
the sequence {x;} converges to a minimizer of f: It is possible that o;; may become
so small that the decrease in f converges to zero before the gradient converges to
zero. Two of the most commonly used line-search methods offer a computationally
inexpensive way to overcome this difficulty by choosing a step length that produces

a sufficient decrease in f.

2.2.1 Modified Newton methods

At the jth iterate z; of a modified Newton method, the next iterate is defined as
xj41 = x;+pj(a;), where p;(«) is a continuous (possibly nonlinear) path starting at
zero, parameterized by a nonnegative scalar step length . In order to guarantee a
decrease in f at each step, the path p;(a) must satisfy general conditions defined in
terms of the value and derivatives of the univariate function ¢;(e) = f(z;+p;(c)).
These conditions require that either ¢’(0) < 0, or ’(0) < 0 and ¢7(0) < 0 (for
more details, see Moré and Sorensen [31]).

The path p;(«) may be defined in terms of two directions (s;,d;) known as a

descent pair. A descent pair must satisfy the conditions:

g/s; <0 and d] Hyd; <0, if Hj is positive definite;

g;fpsj < 0 and d;Fdej < 0, otherwise.
The additional condition ngdj < 0 is enforced by changing the sign of d; if neces-
sary. If no nontrivial descent pair exists at x;, i.e., both s; and d; are zero, then g;
must be zero and H; must be positive semidefinite, which implies that z; satisfies
the second-order necessary conditions for optimality. At any other point, at least

one of the vectors s; and d; must be nonzero.

Given a descent pair (s;,d;), the search path is defined as

pi(0) =0, pi(a) = di(a)s; + da(a)d;, € 0,00),
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where ¢ («) and ¢9(«) are nonnegative scalar functions of a € [0, 00) such that the
required conditions on ; are satisfied (see [31]). The simplest choice is ¢y () =
() = a, giving p;(a) = a(s; + d;j) = ap;, where p; is the vector s; + d; (see,
e.g., Forsgren, Gill and Murray [9]). Another choice is ¢1(a) = o? and ¢y(a) = «,
which defines the curvilinear path p;(a) = a?s; + ad; (see, e.g., [28, 15, 31]).
The precise definition of the descent pair depends on the algorithm being used.
However, certain general rules apply. If H; is positive semidefinite then d; =

1720, where 4 is a direction

0. Otherwise, a common choice for d; is +|a’ H;l
of negative curvature. For example, if u is an estimate of wu,, the normalized
eigenvector corresponding to the least eigenvalue of Hj, then d] H;d; =~ —\2. The
sign of d; is chosen so that g7 d; < 0.

The direction s; is defined as the unconstrained minimizer of the quadratic
model:

Q}B(s) = g/s+ 35" Bys, (2.10)
where Bj is a symmetric positive-definite matrix such that B; ~ H;. The restric-
tion that B; be positive definite ensures that the unconstrained subproblem has a
bounded solution. Each of the many choices for B; leads to a different method.

Once a suitable descent pair has been defined, the step length «; is chosen
to enforce a sufficient decrease in f. There are a number of alternative sets of
conditions on «; that guarantee a sufficient decrease, but a requirement common
to all of these conditions is that the decrease in f be better than some preassigned
factor n; of the decrease predicted by some simple line-search model function. The
Armijo line search uses the affine line-search model function £;(s) = g;fps, which

gives the sufficient decrease criterion:

(f(xy) = [+ azsy)) /L(ays;) > m, (2.11)

where 7; is a preassigned scalar such that 0 < n; < % If s; is a descent direction,

then this Armijo condition may be stated as

fxy) = () + a;s;) > —maygjs;. (2.12)
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Examples of a line-search model function are the affine function £;(s) = gJs
and the quadratic Q;(s) = g/s + 35" H;s.

Consider the line-search model
Q (p) =gjp+3[p Hp_, (2.13)

where [¢]|_ denotes the negative part of ¢, i.e., [¢]- = min{ 0, ¢ }. With this choice

of model, the sufficient decrease condition on «; is
f (@ +pi(ey)) — flay)

Q; (pilay))
where 7; is a preassigned scalar such that 0 < n; < % It may be observed that

Q; (p) = Q;(p), whenever p'H;p < 0. If p" H;p > 0, then Q; (p) = L;(p), which

imposes the more stringent Armijo condition on «;.

>, (214)

A Wolfe line search chooses a step length o; that satisfies two sufficient reduc-
tion criteria. The first Wolfe condition is the Armijo condition (2.11). The second
Wolfe condition is derived from the observation that if o™ is the solution to (2.9)
then g(z;+a"s;) must be orthogonal to the search direction s;, i.e., o™ satisfies the
first-order necessary conditions of a local minimizer. The second Wolfe condition
is given by:

g(x; + azs;)"s;| <wlgl sl (2.15)

A Wolfe line search is not backtracking procedure, but rather a minimization
routine that typically uses interpolating polynomials to model the behavior of f
and a safeguarding method to reduce an interval containing a satisfactory step.
If f is bounded below and 0 < 71 < w < 1, there is always a nontrivial open
interval of step lengths that satisfy (2.12) and (2.15) [35]. Unlike backtracking line
searches, a Wolfe line search is able to determine step sizes that are greater than
one.

The remainder of this section is concerned with the properties of the jth iter-

ation and so the suffix j is omitted.
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2.2.2 The modified eigensystem paradigm

Almost all algorithms for modifying the Hessian are modeled on a method
originally proposed by Greenstadt [19]. This method uses the properties of the
spectral decomposition of the Hessian. Any symmetric matrix H may be written
in the form H = UAUT where U = (uy uy - - - u,,) is the matrix of eigenvectors of H
and A = diag(A1, Ao, ..., A,) is the corresponding matrix of eigenvalues. The order
of the eigenvalues is arbitrary; without loss of generality, let \; > Xy > -+ > A,.

The modified eigensystem paradigm defines the positive-definite model Hessian

B as B= H + F, where F' is a positive semidefinite matrix computed as follows:
(1) Compute the spectral decomposition H = UAUT.
(2) Define the positive scalar € (the magnitude of the smallest eigenvalue of B).
(3) Define modified eigenvalues A = A + E, such that

X = max{|\],e}, fori=1:n. (2.16)

(4) Define the modified Hessian H + F = UAUT = U(A + E)U™.

If § is a preassigned upper bound on the spectral condition number of B, then the
value € = ||H||/3, ensures that cond(B) < .
An alternative modification F' is defined by replacing all small or negative

eigenvalues by e, i.e.,
X =max{ A, e}, fori=1:n. (2.17)

This modification may be interpreted as giving the modified matrix that minimizes
|H — B|| subject to the restriction that cond(B) < . This modification appears
prominently in the literature, but for reasons discussed in Section 2.2.4, it is not
to be recommended for modified Newton line-search methods.

Given the spectral decompositions of H and B, a descent pair (s,d) is easily

computed. The vector s may be written as s = —UTA~1UTg. If \,, > 0 then d = 0.
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Otherwise, d = —sign(g%u,)|\n|"/?u,, where u, is the normalized eigenvector

corresponding to \,. With this choice, the vector d satisfies d' Hd = —\? < 0.

2.2.3 Practical modified Newton methods

In practice, it is too expensive to compute the spectral decomposition every
iteration. Instead, modified Newton methods implicitly define transformed vari-
ables y such that y = Sx, where S is a nonsingular matrix that depends on H.
The transformation S is chosen so that the Hessian with respect to the y-variables
H, =S THS™! has an inexpensive spectral decomposition H, = UAUT. If A is
modified so that A = A + E, then a modified Hessian for the original variables is

B=ST"U(A+E)U"S =H+F, where F=S"UEU"S.

Similarly, if d,, is a direction of negative curvature for H,, then d = S~'d, satisfies
d"Hd = dS~"HS™'d, = dH,d, < 0 and d is an appropriate direction of negative
curvature for H.

In the context of guaranteeing the convergence of the sequence {z;}, it is
necessary to require that the sequence {cond(S;)} be bounded independently of
j. Note that, although H, and H have the same inertia, the magnitudes of their
eigenvalues are different unless S is orthogonal. This implies that the better the
conditioning of S, the better the curvature of H, reflects the true curvature of H.

The identity H = STH,S indicates that the matrices S and H, may be com-
puted efficiently in terms of a symmetric matrix factorization of H — for example,
the symmetric indefinite factorization H = LDLT, where L is a row-permuted unit

lower-triangular matrix and D is block diagonal.

2.2.4 Properties of the modified Newton direction

This section focuses on properties of the vector s obtained using the modified

eigensystem paradigm. Recall that the scalar € determines the eigenvalue of small-
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est magnitude of B. If H = UAU?T, then A and U may be partitioned conformally
so that

A= A, and U = <U+ U. U_>7
A_

where A, A. and A_ are the diagonal matrices of eigenvalues satisfying, respec-

tively, \; > €, |\ <€, and \; < —e.

Lemma 2.2.2 Consider the positive-definite matriz B computed from H using the
modified eigensystem paradigm. If Bs = —g with g # 0 then s may be written in

the form s = s, + s, + s_, where

(1) sy is a direction of positive curvature that minimizes Q(s) in the space

spanned by Uy ;

(ii) (—s_) is a direction of negative curvature that maximizes Q(s) in the space

spanned by U_; and

(iii) se is a multiple of the steepest-descent direction in the space spanned by U,,

with ||se|| = O(1/e).
Proof. Using the orthogonality of the eigenvectors, we obtain
s=-UA'UYg=-U AU g - UAU g - U_AZ'UTg.
And, the definitions A, = A,, A, = eI and A_ = —/A_ give
s=—U AU g~ %UEUETg +U_A'UTg.

A simple calculation shows that s, = —U; A7'UZ g is the unique minimizer of Q(s)
over all s € span(U,). Similarly, —s_ = —U_A"'UTg is the unique maximizer of
Q(s) over all s € span(U_). The vector s, = U.UTg has length |UTg||/e and is

the unique portion of the gradient in the space spanned by the columns of U..
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Finally, from the definition of s, we have

SIHSJr = Z )\i(uiTg/)\Z-)2 > 0,
Ai>e
where { u; } are the columns of U. This implies that sy is a direction of positive
curvature for H. A similar calculation for s_ gives sL Hs_ < 0 as required. m

These results imply that if g # 0, then s, and s_ are descent directions of
positive and negative curvature for f. The decomposition of s into s, s, and s_
provides a simple interpretation of the strategy (2.16) used to modify the Hessian.
If H is not sufficiently positive definite, then the modification reverses the portion
of s that steps to the maximizer of the quadratic model in the subspace U_.
In this subspace, the quadratic model provides an incorrect estimate of the step
to a minimizer of f—in particular, the model is implying that an infinite step
is appropriate, when this unlikely for any reasonable f. Reversing the step to
the maximizer rejects this scaling and chooses instead a step that reflects scaling
implied by the step to the maximizer of the model.

Unfortunately, Lemma 2.2.2 also reveals that if H is near-singular, then the
modified Newton direction is almost parallel to the portion of the steepest-descent
direction in the subspace spanned by the eigenvectors with small eigenvalues. This
implies that near a singular point, a modified Newton method is condemned to use
the method of steepest descent regardless of magnitudes of the larger eigenvalues
of H. This behavior can adversely affect performance.

This feature of the method is even more marked if the alternative modification

(2.17) is used. The next result is a direct consequence of Lemma 2.2.2.

Corollary 2.2.1 Assume that H has at least one eigenvalue less than e¢. If B
is defined using the modification (2.17), i.e., \; = max{ \;, € }, then the modified
Newton direction s such that Bs = —g is almost parallel to a large multiple of the
steepest-descent direction in the subspace spanned by the eigenvectors associated

with the eigenvalues \; such that \; <e. m
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2.3 Trust-Region Methods

2.3.1 Motivation

Trust-region methods define the step by solving the constrained minimization

problem
minimize  Q;(s) = g's + 3sTH;s
s ’ o (2.18)
subject to || N;s|| < 6.
The matrix N; may be used to scale the components of s. If || - || is vector norm,

then ||N;z|| is also a vector norm for all nonsingular N;. In the simplest case, N;
is chosen as the identity matrix. There is no consensus on what choice of N; is
appropriate. Convergence theory allows the choice N; = I for all j, and this choice
seems to be acceptable for well-scaled problems. Choosing N; to be a constant
matrix in order to improve the scaling of the problem is a trivial modification to
a trust-region algorithm. However, some methods, particularly those considered
in this thesis, must vary N, at each iteration in order to compute the trial step
efficiently (see Chapter 4).

The extreme-value theorem implies that the quadratic model Q;(s) achieves its
minimum value on the compact set B(z;,6;) = {s : ||N;s|| < ¢; }, and hence the
trust-region subproblem (2.18) is always well-posed. This means that, in contrast
to the line-search problem (2.8), the quadratic model need not be convex.

The behavior of f near the point x; determines the size of the region in which
the quadratic model can be “trusted” to predict the change in f. Thus, trust-
region methods systematically adjust the trust-region radius to reflect the accuracy
of the previous quadratic model in a nearby region. Upon finding an approximate
solution s; to (2.18), trust-region methods evaluate f at the trial point x; + s;.
If the actual reduction in f is within a given factor of the reduction predicted by
the quadratic model, then f is assumed to have achieved a sufficient decrease and
the trial point is accepted as the next iterate. Moreover, if the actual reduction

in f is sufficiently larger than predicted, the trust-region radius is increased under
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the assumption that a larger trust-region radius will also give an acceptable step
in the next iteration. If the trial step does not give a sufficient decrease, the trial
step is rejected and the subproblem is solved again with a smaller trust-region
radius. This strategy is based on the assumption that the change in f will be
better predicted by the quadratic model at points closer to z;.
Algorithm 2.3.1 below is an example of a basic trust-region algorithm for min-
imizing f.
ALGORITHM 2.3.1. BAsIiC TRUST-REGION ALGORITHM
Specify constants 0 <n; <np < 1,0 < < %, 0<vy <1<y
Choose zp; j =0; 6§; =1;
while not converged do
Compute s;, an approximate solution of min {Q,(s) : ||N;s|| < d,};
pi = (flx;+s5) = fx;))/Qi(s5);
if p; > then
Successful iteration: xj11 = x; + 853
if p; > ny then 0,41 = max{d;, v3||N;s;||} else 0,41 = J;;
else
Tjt1 = 255 001 = Y2l Njsjll;
end
Je=J+1L
end while
The shape of the trust region is determined by the choice of norm in (2.18).
The two most popular choices for the norm are the Fuclidean two-norm and the
infinity-norm. In two-dimensions, the Euclidean norm corresponds to a circular
region and the infinity-norm corresponds to a square region. Although, it is simple
to test component-wise if a vector lies inside a trust region defined by the infinity
norm, it is relatively easier to compute an approximation solution to a trust-region
subproblem defined by the Euclidean norm. In particular, when H; is indefinite,

the infinity-norm trust-region subproblem is a nonconvex quadratic program. For
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any nonconvex quadratic program there may exist certain dead points at which the
second-order necessary conditions hold, but the second-order sufficient conditions
do not hold. The verification of such a point as a local minimizer of the subproblem
is an NP-hard problem (see Murty and Kabadi [33] and Pardalos and Schnitger
[39]), and all quadratic programming methods cannot be expected to verify op-
timality in a reasonable amount of computational effort. There is still another
compelling reason to prefer the Euclidean-norm problem: The global minimizer of

the trust-region subproblem is completely characterized in the Euclidean norm.

Theorem 2.3.1 (Gay [10].) Let § be a given positive constant. A vector s is a
global solution of the trust-region subproblem if and only if |Ns|| < § and there

exists a unique o > 0 such that
(H+oN'N)s = —g, a(d —||Nsl||) =0, (2.19)

with H +oNTN positive semidefinite. Moreover, if H+oNTN is positive definite,

then the global minimizer is unique. &

Not only is this theorem the basis for many trust-region algorithms, but it also
provides a convenient measure for the quality of approximate solutions from any
type of trust-region subproblem solver. For all of these reasons, we only consider

methods that solve the trust-region subproblem defined by the Euclidean norm.

2.3.2 Trust-region methods with a line search

Modern trust-region algorithms avoid the need to re-solve the trust-region sub-
problem when the trial step does not give a sufficient decrease. These methods use
a line search to ensure that f is sufficiently reduced after the solution of every trust-
region subproblem. Toint [40], and Nocedal and Yuan [36] employ line searches to
obtain a positive step length «; such that z;4; = x; + a;s; gives f(z;+1) < f(zx;).

Gertz [11] proposes two trust-region algorithms that use line searches to enforce
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popular sufficient decrease criteria. The first algorithm ensures that iterates satisfy

an Armijo-type condition.

ALGORITHM 2.3.2. ARMIJO TRUST-REGION ALGORITHM
Specify constants 0 < n; < ny < %, 0<y<l<nysl<v<1/y;
Choose zp; j =0; 6§; =1;
while not converged do
Compute s;, an approximate solution of min {Q,(s) : ||N;s|| < d,};
pi = (f(x;+s5) — f(x;))/ Q5 (s5);
if p; > then
Successful iteration: xj11 = x; + 853
if p; > ny then choose 6,11 € [§;, max{d;, v3||N;s;||}] else d;41 = d;;
else
Find smallest ¢ in {1,2,...} such that a; = 75" satisfies:
(f(x; + ajs;) — flx;))/ Q5 (ajs;) > m;
Tj+1 = Tj + Q;S;;
Choose 11 € [0 [|Njs; |, v || Njs]
end
Je=J+ L
end while
If S]TH ;55 < 0, the sufficient reduction in f is determined relative to a quadratic
model. In this case, the sufficient reduction criterion in Algorithm 2.3.2 is the
same as that used in vanilla trust-region methods. If S]TH ;8; > 0, the sufficient
reduction in f is determined relative to a linear model. In this case, the condition
that is enforced is the Armijo condition (2.11). In this case, the sufficient reduction
criterion is stronger than the criterion used in vanilla trust-region methods.

Gertz [11] also proposes the following Wolfe-type trust-region algorithm:

ALGORITHM 2.3.3. WOLFE TRUST-REGION ALGORITHM

Specify constants 0 < n; < w < 1;
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Choose zp; j=0; 6§; =1;
while not converged do

Compute s;, an approximate solution of min {Q;(s) : ||N;s|| < d;};

Find «; satisfying the conditions

faj+ aysi) < flxg) +mQj (ays;) and [g(z; + ays;)7s;| < —wQj " (ays;);

Tj+1 = Tj + ;S5

Choose 411 € [0 [|Njs; |, av || Ny s}

Je=J+1L
end while

Algorithms 2.3.2 and 2.3.3 use the line search to control the size of the trust
region. Intuitively speaking, a good trust-region radius for the subproblem would
have been §; = a;||N;s;||; that is, a basic trust-region method would have accepted
the trial step «s; if the trust-region radius been at least of size a;||N;s;||. It is
reasonable to hope that Q,,; will adequately model decreases in f in a similarly-
sized trust region. Thus, the subsequent trust-region radius may be taken to be
dj+1 = ;|| Njs;||. Note that if the exact solution(s) to the trust-region subproblem
lies on the boundary of the trust region, it is more accurate to set d;41 = «;9;,
since s; can only be computed within some tolerance to satisfy the trust-region
constraint, i.e., || N;s;|| =~ 0;. The scalar v in both algorithms is used to compensate
for this numerical inaccuracy.

Lemma 2.2.1 guarantees the existence of a step that satisfies the Armijo-style
condition in Algorithm 2.3.2 whenever the approximate trust-region subproblem
solution is a descent direction. Gertz proves the following lemma, which guarantees

the existence of steps satisfying the Wolfe conditions used in Algorithm 2.3.3.

Lemma 2.3.1 Given f: D C R" — R! be twice continuously differentiable and
bounded below. If gls; < 0 or gls; = 0 and sjH;s; < 0 then there are constants
0 < oy < ayp, such that o satisfies the conditions in Algorithm 2.3.3 whenever

gq<a<a. 1
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2.3.3 Convergence of trust-region methods

This section begins by considering first-order convergence behavior of trust-
region methods. Broadly speaking, “first-order convergence” refers to character-
izations of the limit of the gradient, i.e., lim; ., g(x;). Typically, the strongest
first-order convergence theory gives conditions such that limj_. |lg;]] — O, re-
gardless of the choice of starting point. However, without additional assumptions
about the number of isolated stationary points or the proximity of an iterate to
an isolated stationary point, it is not often possible to prove that the sequence of
iterates {z;} converges to a stationary point.

Convergence theory for trust-region methods relies on the accuracy of the ap-
proximate solution to the trust-region subproblem (2.18). For efficiency, it is im-
portant that the trust-region subproblem not be solved exactly. Broadly speaking,
it is desirable to compute a solution with as little effort as possible, subject to
the requirement that the computed solution does not interfere with the overall
convergence of the method.

In trust-region methods, the steepest-descent direction p = —g(z) plays a vital
role in defining viable approximate solutions of the subproblem. It will be shown
that convergence will not be compromised as long as an approximate s; gives a
reduction in the objective function that is within a fixed factor of the reduction
predicted by a constrained steepest-descent step.

We start by considering a simple trust-region algorithm that defines an approx-
imate solution of the trust-region subproblem known as the Cauchy step s§. This

vector is a solution of the trust-region problem
Q,(s5) = min {Q,(s) : s = —ag;. |s]| < 4,). (2.20)
Thus, the Cauchy step can be written as s§ = —afg;, where af is given by

979/ 9T H;9; it 9T9;/g7H;9; < 6 /|lg; ] and gFHg; > 0;
8;/lg;ll otherwise.
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If g; # 0, the Cauchy step can be interpreted as a constrained steepest-descent
step. The choice of norm here is arbitrary, but whatever norm is chosen, it affects
only the scaling of the Cauchy step, not its direction.

The next lemma shows that if the Cauchy step (as an approximate solution to
the trust-region subproblem), is sufficiently accurate to ensure the convergence of

the trust-region method.

Lemma 2.3.2 (Powell [41, 42, 43].) Given any norm || - ||, let k be a constant
such that ||slla > &|s|| for all s. If s5 is the Cauchy step, i.e., the solution of
(2.20), then

Q;(s5) < —5°[lg;ll min{d;, lg;ll/ 1l B;ll=}- (2.21)

Proof. First we consider the case ngngj > 0. Let p; denote the steepest-descent
direction p; = —g;. From the definition of Q; we have Q;(ap;) = —ozg;‘-rgj +

a gj IB;g;. Since ngBj g; > 0 by assumption, a unique unconstrained minimizer of
Q;(ap;) exists and is given by o = g%g;/97B;g;. The change in the objective by
this step is

9795
) < ~5ellsl /1Byl

Q;(a’p;) = —a*gl g; + 5(a") g/ Bjg; = —399; <

If g79;/97B;g; < 6;/||g5ll, then || g;|| < 6; and the minimizer subject to the trust
region constraint is a® = . If 919i/91B;g; > 0;/lg5ll, then of = §;/|g;|| < o
and the corresponding predicted change is
Q;(s5) = —g;9;0° + 5(a)’g; B;g;
< —gjg]oz + Oé o g B]gj - Qg]g] (H ||) < _% 2”9]”5]
9j

If g/Bjg; < 0, no unconstrained minimizer exists and a® = 0;/[|g;||. In this

case

Q;(s) = —a’glg; + 3 () g/ Bjg; < —a‘g)g; = —q,9; <H II) < =1k 951165
]
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The result now follows by combining the inequalities from each of these cases. m

As long as ||g;|| is nonzero the trust-region algorithm defined in Algorithm 2.3.1
will eventually compute a trust-region radius J; such that the objective value
f(x;+s;) satisfies the sufficient decrease condition f(x;)— f(x;+s;) > —m1 Q;(s;)-

Moreover, for any approximate solution s; such that Q;(s;) < Q;(s5), Lemma 2.3.2

gives the following upper bound on Q,(s;):

Q;(sj) < —gm#’llg;ll min{o;, g, /I1H;1}-

Of all the results on first-order convergence, the next result requires the weakest

conditions for convergence.

Theorem 2.3.2 (Powell [43].) Let f: D C R" — R be continuously differen-
tiable on the open convex set D. Let {x;} C D be a sequence of iterates generated
by the basic trust-region method of Algorithm 2.3.1. Assume that an approximate

solution s; of the trust-region subproblem (2.18) satisfies
Q;(s;) < —7llg; |l min{d;, [lg;[l /I H;l|}  and ||s;]| < &, (2.22)

for some T > 0. Assume further that {||H;||} is bounded above. If f is bounded
below in D, then either iminf,_.« ||g;|| = 0 or some z; satisfies the algorithm’s

convergence criterion and the algorithm terminates. 1

Lemma 2.3.2 provides a way to determine 7. (For example, if || - || is the
Euclidean norm then 7 < 1/2.)

It is possible to derive stronger results when ¢ is uniformly continuous in some
region containing the iterates {x;}. In particular, if the iterates lie in a compact re-

gion or H(z) is bounded, then limj,_,« ||g;|| = 0 (for more details, see Thomas [49]).

Theorem 2.3.3 Let all the assumptions of Theorem 2.3.2 hold. Assume further
that the sequence of iterates {x;} lies in a region in which g(z) is uniformly con-
tinuous. Then Algorithm 2.3.1 will either terminate at a point that satisfies its

convergence criterion, or limy_. ||g;|| =0. 1
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Gertz [11] proves that line searches in Algorithms 2.3.2 and 2.3.3 do not interfere

with the first-order convergence properties of basic trust-region method.

Theorem 2.3.4 Let all the assumptions of Theorem 2.3.3 hold. If the solution to
the trust-region subproblem s; always satisfies ngsj <0, then Algorithms 2.3.2 and
2.3.3 will either terminate at a point that satisfies their convergence criterion, or

limy oo [|g;[ = 0. ®

Obviously, no stronger results (such as convergence to a minimizer of f) can
be proved without utilizing curvature information, since we know from Section 2.1
that a minimizer is distinguished from other stationary points by (at the least) a
positive semidefinite Hessian. Nonetheless, in practice the strategy of reducing f
at every iteration means that descent methods usually converge to minimizers.

Second-order methods seek limit points that satisfy second-order necessary
conditions. Line-search methods based on a modified Newton method are unable
to progress beyond a stationary point that is not a local minimizer; that is, the
solution to the modified Newton equation at any stationary point will always be
zero. Thus, a second-order line search must be able to use second-order information
to move away from local maximizers and saddle points. It is relatively easy to
implement a second-order line search that uses directions of negative curvature to

generate a sequence {z;} such that
g; — 0 and min{\,(H;),0} — 0,

where A, (H) denotes the smallest eigenvalue of H. Clearly, if {x;} converges, it
will converge to a point that satisfies the second-order necessary conditions for a
local minimizer of f.

Convergence results for trust-region methods depend on the quality of the ap-
proximate solution to the trust-region subproblem (2.18). The requirements for

second-order convergence should be no weaker than the requirements for first-order
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convergence, i.e.,
Q;(s;) < Q;(sj) = min {Q;(s) : s = —ag;, [|s]| < d;}. (2.23)

The following second-order convergence theorem and proof are adapted from Moré

and Sorensen [32].

Theorem 2.3.5 Let f(x) be twice continuously differentiable in an open convex
subset D of R™, and assume that xy € D is chosen so that the level set L(f(zo)) is
compact. Suppose Amin(N]N;) >m >0 for all k. And, suppose the sequence {x;}
is defined by Algorithm 2.3.1 and s; is an approximate solution to the subproblem

(2.18) such that
—Q;(s;) 2 Bl G| with |[Njs;ll < Bady, (2.24)

where Q}k denotes the unique global minimum of (2.18) and 31 and B are strictly
positive constants. Then, either the algorithm terminates at x; € L with g(x;) =0
and H(x;) positive semidefinite, or {x;} has a limit point * € L with g(z™) = 0

and H(2*) positive semidefinite.

Proof. 1f g(z;) = 0 and H(x;) is positive semidefinite for some iterate z; € L, the
algorithm terminates with s; = 0. Otherwise, Q,(s;) < 0 for all £ > 0, and thus
{z;} is well defined and lies in L(f(xo)).

First, assume that a subsequence of {o;} converges to zero. The compactness
of L(f(zo)) shows that the same subsequence of {z;} converges to ™ € L(f(z)).
By Theorem 2.3.1, there exists some o; that H; + aijTNj is positive semidefinite.
Moreover, H (:E*) must be converging to a positive semidefinite matrix for the given

subsequence. Let R; be the Cholesky factor of H; + UijTN , so that
RIJTR]S;l< = (HJ + O'jN]TNj)Sj = —g;. (225)

To show that g(2*) = 0, note that, using (2.25) and norm inequalities, we have

112
HRjS>;||2 > ||gJH

> . 2.26
T+ o, IN73, (2.26)
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Finally, the descent condition in Algorithm 2.3.1 ensures that

(o) = flwje1) > —mQ;(s))

> 771|Q*,| (2.27)
= mg}s; + 35, (H; + 0;NJN;)s5 — 30,11(s5) "N N;s; ||

= 771|§ng>; - —0]52\

= mHst 1% + 0]52 (2.28)

Since {f(z;)} is a decreasing sequence that is bounded below, inequality (2.28)
shows that ||R;s;|| converges to zero. It follows from (2.26) that g; converges to
zero for the given subsequence.

It now remains to show that {o;} cannot remain bounded away from zero. To

do so, assume the contrary, i.e., that for some € > 0,
o; > € for all k. (2.29)
The string of inequalities from (2.27) to (2.28) show that
=Q;(s5) = Bu(llRys;]1* + 50,67),
and hence,

—0,(s) > 110,82 > 1 (g) N s, 12 (2.30)

The second-order mean-value theorem gives the standard estimate
1 f (2 +s5) = flz;) = Qi(spll < 5lls51? fnax [ H (x; + &s;) — Hj-

Combining this equation and (2.30), we have

po1< L (ﬂ’i) wax [[H(e; + €s,) — H(z))| (2.31)

m € ) 0<e<

where p; = (f(z; + ;) — f(;))/Q;(s5).
Since f is bounded below in L(f(xzg)), inequalities (2.28) and (2.29) imply that

{6;} converges to zero, and hence {||N;s;||} also converges to zero. Since 7, < 1 in
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Algorithm 2.3.1, and the constants 31, 32, €, and 1/m? are bounded, then (2.31)
and the continuity of H(x) on the compact region L(f(zo)) imply that p; > 1y for
all £ sufficiently large. The updating rules for ¢; in Algorithm 2.3.1 then imply
that {¢;} is bounded away from zero. However, this contradicts the fact that {J,}
converges to zero, and hence (2.29) must be false. m

Gertz [11] shows that the line search in Algorithms 2.3.2 and 2.3.3 does not in-
terfere with the second-order convergence properties of basic trust-region method.

The remainder of this chapter is concerned with solving the trust-region sub-

problem and so the suffix j is omitted.

2.3.4 Solving the trust-region subproblem

There are two general approaches to finding an approximate solution of the
trust-region subproblem (2.18). The first approach is to proceed with the solution
of the unconstrained problem and consider the constraint only if the unconstrained
solution appears to lie outside the trust-region. The class of dog-leg methods are
of this type (see, e.g., Shultz, Schnabel and Byrd [47] and Byrd, Schnabel and
Shultz [3]), as are the methods considered in this thesis. The second approach is
to start with the equality-constraint problem

minigize g's+ 3s"Hs subject to || Ns|| = 6. (2.32)
seR”

and switch to the Newton step if it appears that the optimal o (of Theorem 2.3.1)
is zero. Methods of this type include those of Gay [10] and Moré and Sorensen [32].

Methods based on solving (2.32) attempt to find a root of the nonlinear equation
|N(H+oNTN)"lg|| = 4, such that o is in the interval (—\,, 00), where \,, denotes
the left-most generalized eigenvalue for the matrix pair (H, NTN). Each step
involves solving a positive-definite system (H +0NTN)s = —g for a given o. If the
iterates appear to be converging to a negative root in (—\,, 00), the value o = 0

is selected, implying that the Newton step lies inside the trust-region.
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The trust-region problem is said to be degenerate if || Nsp| < 6, where sy, is
the least-length solution of (H — \,NTN)s = —g (i.e., s, = —(H — \,NTN)Tg).
In the degenerate case, there are two situations to consider. If A, is positive, the
quantities o = 0 and s = —H ~1g satisfy the optimality conditions (Theorem 2.3.1),
since ||Ns| < ||[Nsp|| < 6. Alternatively, if A, is negative or zero, the system
(H+0NTN)s = —g cannot be used alone to determine the optimal s. In this case,
the generalized eigenvector u, is a null vector of H — )\, NTN, and there exists a

scalar 7 such that
(H— M\, N'N)(sp, +Tu,) = —g and ||[N(sy + Tu,)| = 6. (2.33)

Taking 0 = —\, and s = s, + 7Tu, satisfies the optimality conditions (Theo-

rem 2.3.1), and thus, constitutes a global solution of the trust-region subproblem.

2.3.5 The Moré-Sorensen algorithm

The Moré-Sorensen algorithm [32] is a direct method for solving the trust-
region subproblem in the sense that each iteration involves an explicit matrix
factorization. The algorithm approximates a global solution to the trust-region

subproblem by finding a point s such that
Q(s) < 79",

where @ is the optimal value of Q(s) and 7 is a scalar such that 0 < 7 < 1.

If s lies in the interior of the trust-region, then H is positive definite and ¢ =0
satisfies the optimality conditions. On the other hand, if a solution s lies on the
boundary of the trust-region, there are two important cases to consider. If g is
not perpendicular to the eigenspace associated with A,, then there is an optimal

solution pair (s,o) with o > 0 that satisfies
s=—(H+oN'N)'g and o €[-\,,0). (2.34)

The so-called “hard case” occurs when ¢ is perpendicular to the eigenspace

associated with the generalized eigenvalue A, and there is no solution (s, o) with
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o > 0 that satisfies (2.34). In other words, the so-called hard case occurs if
H+0NTN is positive definite and there no solution s on the boundary that satisfies
(H +0NTN)s = —g. This corresponds to the degenerate case with A, < 0, and
thus, a global solution to the trust-region subproblem is given by (2.33). In theory,
this case should not occur often since it requires that both ¢ is orthogonal to the
eigenspace associated with the generalized eigenvalue \,, and H must be indefinite.

One approach to approximating an optimal solution that lies on the boundary
of the trust region is to find a zero of the equation i(c) = ||Ns,| — 0, such that
s = —(H +0oNTN)"'g. However, it turns out that 1 is nonlinear; in particular, 1

has poles. Instead, Moré and Sorensen focus on solving

1 1

¢(o) = 5 TNpll (2.35)

where p, satisfies (H + o NTN)p, = —g.
It is worth noting that Newton’s method is particularly well-suited for finding

a root of (2.35) due in part to the following properties of ¢:
Lemma 2.3.3 Suppose ¢ is defined as in (2.35).

(i) ¢(0) is twice-continuously differentiable on (—\,, 00);
(i) ¢(o) is strictly decreasing on (—A\,, 00);
(iii) @(o) is strictly convex on (—A,, 00);
(iv) if limy—._x , #(0) > 0 then ¢(o) has a unique zero in (=X, 00);

(v) iflimg—_» , ¢(0) <0 if and only if the linear system (H — A NIN)s = —g
1s compatible.
Proof. See Gay [10] and Moré and Sorensen [32]. =

Upon finding a new approximation to ¢, the Cholesky decomposition of H +

oNTN is used to obtain a solution to the system

(H+oN'N)p = —g, (2.36)
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and (if required) an approximate null vector z is computed. And, a safe-guarded
Newton scheme is used to find a root of (2.35) and ensure that ¢ remains within
(—An, 0).

An optimal trust-region subproblem solution may be written as solutions s =
p+ 2z, where p = sy and z = Tu, in the hard case (see (2.33)), and z = 0 otherwise.
The following lemma shows that if the pair (s, o) is sufficiently close to satisfying
the optimality conditions, then the pair satisfies the inequalities in (2.24) required

for second-order convergence.

Lemma 2.3.4 Let € be any scalar such that 0 < € < 1. Let o be a nonnegative
scalar such that H +oNTN is positive semidefinite. Suppose that s = p+ z, where
p satisfies

(H+oN'N)p = —g, (2.37)

and z is a (possibly zero) vector satisfying the conditions
THz < e(2—e)(p"Hp +06%), and ||N(p+2)|| < (14 €)é.
Then s satisfies the inequality
Q(s) < 79" and ||Ns| <, (2.38)
where 7= (1 —¢)/(14 €))%, § = (1 4+ €)d, and @° = min{Q(s) : | Ns|| < d}.
Proof. See Moré and Sorensen [32] and Gertz [11]. m

Given constants c¢1,ce € (0,1), Moré and Sorensen prove convergence to an

approximate solution § satisfying
Q(5) — @ < ¢1(2 — 1) max(]Q*|,¢3), and ||[N5|| < (14 1), (2.39)

where @ denotes the unique global minimum of the trust-region subproblem.
Moré and Sorensen also prove second-order convergence by meeting the conditions
of Lemma 2.3.4, and thus, satisfying equation (2.38). In the context of uncon-
strained optimization, the Moré-Sorensen algorithm is guaranteed to converge to
points that satisfy the first-order and second-order necessary conditions for opti-

mality.
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Iterative Methods for Minimizing

a Quadratic Function

3.1 Motivation for Iterative Methods

As the number of variables increase, the time and storage associated with fac-
toring large sparse matrices becomes prohibitive. Thus, direct methods such as
Moré and Sorensen’s method are only suitable for problems for which n is suffi-
ciently small or H is sufficiently sparse.

In large-scale optimization, iterative methods are used to help speed up com-
putations and economize storage requirements. Iterative trust-region methods are
primarily concerned with approximating trust-region subproblem solutions quickly
and efficiently. These methods avoid forming large dense matrices and must assume
that sparse matrices are generally not stored as a full matrix. Computationally
speaking, iterative trust-region methods must rely on the ability to access H only
through matrix-vector products.

More economical iterative trust-region methods also try to minimize the num-
ber of (possibly very costly) function evaluations, as well as the required linear

algebra, i.e., the number of matrix-vector products with H. However, there is a

37
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well-known trade-off: Increasing the accuracy of the approximate trust-region sub-
problem solution usually decreases the number of required trust-region subproblem
solves, but increases the cost of solving each subproblem. Practically speaking, the
result is a method that requires fewer function evaluations but more matrix-vector
products with H. Ultimately, there is a point at which increasing the accuracy of
the subproblem solver is unproductive because the number of required subproblem
solves is at a minimum.

If H is positive definite, then the unique unconstrained minimizer s* of the
quadratic function Q(s) = g7s + %STH s satisfies the positive-definite linear system
Hs* = —¢. This implies that any iterative method for minimizing a quadratic
implicitly defines an associated method for solving a positive-definite linear system
of equations Az = b. The method of conjugate gradients (CG) is one of the most
widely used iterative methods for solving positive-definite systems Ax = b. In
order to emphasize the link between minimization and solving positive-definite
linear equations, we will consider the following general quadratic function:

minigﬁze q(z), where g(z)=12"Az—0b"z. (3.1)
reR™

The main intention of this chapter is to discuss methods that solve Ax = b without
directly accessing the elements of A or computing its factorization. In particular,
the matrix A need be available only as an operator, i.e., it is used only to compute
a matrix-vector product Av for a given v.

The methods to be discussed have the property that, in exact arithmetic, the
function ¢ is minimized in a finite number of steps. In particular, there is sequence
of iterates g, 1, ..., T, with m < n, such that ¢(zx1) < ¢(zx) and z,, = 2™
We will see that the number m is independent of the initial point xy, except in the
special situation where b is an eigenvector of A (see Section 3.4.4). In practice,
computer arithmetic is not exact and the methods to be discussed may need far
more iterations, or far fewer if the eigenvalues of A are clustered into groups.

This section solely approximates the solution to minimization problems of the
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form in (3.1); thus, in this section, g(z) will denote the vector Vg(x), and g5 will

denote g(xy) for simplicity.

3.2 Minimization Over Expanding Subspaces

A fundamental idea in the development of optimization methods is that of
minimizing a function over a sequence of expanding subspaces. More precisely,
given the points xg, x1, T2 ..., xx, we seek the point zp,; that minimizes the

objective function over all vectors x such that

T c xk+spa’n{p07p17"'7pk}7 (32)

where pg, p1, ..., pr form a set of linearly independent vectors to be determined.
(Although it is commonly referred to as a sequence of expanding subspaces, the
set xg + span{po, p1, ..., P} is really a manifold, i.e., a subspace shifted by the
vector xp.). Let Py denote span{po,p1,...,pr}, the subspace of R"™ consisting
of all linear combinations of the vectors {p;}. Similarly, let P, be the matrix
P.=(po p1 -+ pr) whose columns form a basis for P,. Then, every vector
x on the manifold (3.2) may be written uniquely in the form z; + Py for some
vector y. The point xp,; that minimizes ¢(x) on the manifold may be written in
the form:

Tpe1 = T + Pryr, where gy, = argmin q(z, + Pry). (3.3)
yERkJrl

If each iterate z; is determined in this way, it follows immediately that this al-
gorithm must minimize ¢ in at most n iterations, since the linear independence
assumption for the n vectors pg, p1, ..., pp—1 implies that x, must minimize ¢(z)
over all x € R™. Of course, as k increases, the subspace dimension increases, and
eventually, the cost of solving the subproblem will be comparable to that of solving
the original problem. The idea is to use information gained while minimizing over

Pr_1 to accelerate the minimization over Py.
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3.2.1 Solving the reduced problem

Consider the following unconstrained minimization problem:
s . _ T pT 1 T TA
minimize q(zx + Pry) = q(zr) +y° Py V(o) + 5Y Py APgy. (3.4)
y
First order optimality conditions imply that for fixed z;, the optimal y must satisfy

V,q(x + Pryr) = 0, i.e., yx satisfies the system

This is an example of a reduced system that involves the solution of an optimization
problem restricted to a subspace of R". The (necessarily positive-definite) matrix
PI AP, is called the reduced Hessian and the vector P! gy, is the reduced gradient.

The iterates generated by this scheme have a number of interesting properties.
First, gr41, the gradient at xy1, is orthogonal to all of the vectors {p;} that define

Py. To see this, using the definition of g(z) and xy,1, we obtain
Pl g1 = Pl (Vg(wx11)) = Plgr — PLTAP(PFAP) ' Pl gy = 0.

It follows that g,{Hpi =0fori=0, ..., k, and a simple inductive argument may

be used to establish the identity:
g/pi=0 fori<jand0<j<k. (3.6)

These relations imply that the reduced gradient is simply a multiple of the unit

vector ey, 1, with PLgr = (pf gx)exs1. Hence, the system (3.5) for y;, simplifies to

Pl APgyr. = —(pf gr)exs1- (3.7)

One way of solving these equations is to choose the directions {px} in such

a way that xp,, is easily computed from zj. Suppose that the k& + 1 vectors

{po,p1, ..., px} are mutually conjugate with respect to the matrix A, i.e., it holds
that

plAp; =0 for i#j and 0<i,j<k. (3.8)
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The vectors {p;} are called a set of conjugate directions. When A is positive
definite, an important property of conjugate directions is that they are necessarily
linearly independent.

If the vectors {p;} are conjugate, then the solution of the (diagonal) system
(3.7) is the unit vector yx = —(g!'pr/pt Apr)ers1. If the last component of yy is

denoted by oy, we obtain the simple recurrence:
Tg+1 = T + Qppr, where ap = —g;fpk/p;‘gApk. (3.9)

The value of a4 is the step to the minimizer of ¢ along py. Thus (3.9) indicates
that the (k + 1)th vector p, may be considered as a search direction in the usual

model algorithm for unconstrained optimization. Note that this implies that
Th+1 = T + Qppr = To + QopPo + qapy + -+ + APk

so that xp, is the unique linear combination of zy and the k + 1 vectors pg, p1,
.., pr that minimizes q.

The preceeding discussion may be summarized the following theorem.

Theorem 3.2.1 Assume that A is an n X n symmetric positive-definite matrix
and b is an n-vector. Let {po, p1, ..., Pm} be a set of m + 1 wvectors such that
pfAp; = 0 fori # j, 0 < 4,5 < m. If {xx} is the sequence of minimizers of
q(z) on the sequence of expanding manifolds x) + Py, the following holds for all
0<k<m:

(i) The vectors {p;}iL, are linearly independent;
(il) k41 = zp + axpr, where ay, = —gi pr/pj Apr;

(ili) gf pi=0,0<i<k.



42

3.3 (Generating Conjugate Directions

Suppose that a set of k£ mutually conjugate vectors pg, p1, ..., pr_1 is known

at the start of the kth step. We seek a new vector p such that
prAp; =0 for 0<j<k—1.

An appropriate set of directions may be defined by taking py = —gy and computing
pr as a linear combination of g, and the previous k directions, i.e.,

k—1

Pk = —gk+ Z Bkipi- (3.10)
=0

The definition py from (3.10) implies that g is a linear combination of pg, p1, ...,
pr, and thus for 1 < ¢ < k, it must hold that g, € Px. Since py = —go, it also
holds trivially that gy € Pj. Therefore, from (3.6)

gr9:=0 for 0<i<k-—1L (3.11)

The derivation of the required values of 3 uses the important property of subspace
minimization methods whereby the gradients are mutually orthogonal when py is
defined by (3.10). This property is used to show that fx o, Bk, - -, Brx—1 of (3.10)
can be chosen so that py is conjugate to pg, p1, - .., pr—1. Premultiplying (3.10) by
pl' A and using the previous conjugacy conditions (3.8) yields

k—1

i Ape = —pl Agk + > Brj o} Ap; = —p! Agi + Brai p} Api. (3.12)
=0

From the definition of the gradient of ¢(x), we have
gir1 — i = A(ziys — 13) = a; Ap;,

and the conjugacy conditions (3.11) imply that —p! Agr, = (g1 — 9:)  gr/a; = 0
for © < k—1. Thus, to make p, conjugate to p; for i« < k—1, we can simply choose

Bri to be zero in (3.12). Since only [y x—1 is nonzero, the first subscript on 8 may
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be dropped, so that 3;_1 = Brr—1. To obtain the value of B;_; that makes py
conjugate to pr_1, we premultiply (3.10) by p. ;A and impose the orthogonality
condition p! | Apy = 0; this gives 0 = —pl | Agy + Br_1pt_ Api_1, or, equivalently,

Br1 = Pt_1AGr/Ph_1 ADk—1.-

Therefore p, may be written as

Pk = —Gk + Be—1Dk—1,

where 3,1 = pl_Agr/pl_Apr_1. The orthogonality of the gradients and the

definition of p; implies the following (equivalent) definitions of (;_;:

Bu-1 = pp_1Agk/llge-113.  or  Bu—1 = llgrll3/llge—1l3- (3.13)

The conjugate-direction method based on these recurrences is known as the con-
jugate-gradient method. A vanilla conjugate-gradient method for minimizing ¢ is

given in Algorithm 3.3.1.

ALGORITHM 3.3.1. VANILLA CONJUGATE-GRADIENT METHOD
Choose zo; Set go = g(zo); k = 0;
while g, # 0 do
if k=0 then
Pk = —0k;
else
Br-1 = g;f[Apk_l]/pf_l[Apk_l];
Pk = =Gk + Br-1DPk-1;
end if
[Apr] = Apr; i, = —g;fpk/p{[Apk];
Th+1 = Tk + Qg P;
Ge1 = g + [ Apg];
k=Fk+1;
end do
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Note that the relations

Git1 = Vq(2r1) = Va(zr + arpr) = g + i Apy,

allow us to update the gradient rather than compute it from scratch. With this
refinement, the vector Ap, may be stored until py is updated, which allows the
conjugate-gradient method to be implemented with one matrix-vector product
each iteration.

The next result states that in exact arithmetic the conjugate-gradient method

will terminate in a finite number of steps.

Theorem 3.3.1 If A has r distinct eigenvalues, the conjugate-gradient method

will compute the solution in at most r iterations.

Proof. See Conn, Gould and Toint [4]. m

Unfortunately, Theorem 3.3.1 only holds in exact arithmetic; finite termination
relies on the orthogonality of the conjugate directions. In finite-precision arithmetic
the conjugate-gradient method may not converge in r iterations or even in a finite
number of iterations. The following theorem is arguably the most well-known

convergence result for the method of conjugates gradients:

Theorem 3.3.2 Suppose A is a symmetric positive-definite matriz, and 2= is the
unique minimizer of q(x). Then, the sequence of iterates {xy} generated by Algo-

rithm 3.3.1 satisfies the inequality

k
-1
* <9l — Ko (

where ky(A) denotes the condition number of A in the two-norm and ||-||a denotes

the elliptic norm, i.e., ||x||a = VaTAz for all x € R™.

Proof. See Luenberger [27]. =

Notice that the conjugate-gradient method converges faster when ko(A) ~ 1.
This observation is the basis for preconditioned conjugate-gradient methods, which
apply the conjugate gradient method to a related linear system with the hope of

obtaining faster convergence (see Section 3.5).
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3.4 Conjugate Directions from Lanczos Vectors

An important tool in the formulation of methods for the solution of symmetric
systems is the orthogonal reduction of a symmetric matrix to tridiagonal form. A
tridiagonal matriz T has the property that ¢;; = 0 for all | — j| > 2. A tridiagonal
form is the closest we can get to a diagonal matrix using an iterative procedure

with a finite number of steps.

3.4.1 Direct orthogonal reduction to tridiagonal form

Theorem 3.4.1 If A is an n X n symmetric matriz, there exists a tridiagonal T

and an orthogonal V' with unit first row and column such that VTAV =T.

Proof. The proof is by induction. The result is obviously true for matrices of order
one and two because such matrices are trivially in tridiagonal form. Now assume
that the result is true for matrices of order k£ and consider any symmetric matrix

A of order k£ + 1. Partition A so that

A= (7)) CL{ ’
aq A2

where Aj is k x k. Define a Householder matrix H so that Ha; = ||a;||2¢1, with

e1 the first column of the identity matrix of order k. Then, if

1 0 T ~
V= . we have VTAV = o ﬂlfl . where A= HTA,H.
0 H prer A

The matrix A is of order k, and the inductive hypothesis asserts the existence of
an orthogonal V and tridiagonal T such that VTAV = T and \761 = e;. Simple

multiplication then gives

L0 g (L O 2 [0 el
0 VT 0V 5161 T

which is the required orthogonal reduction to tridiagonal form of the matrix A.



46

3.4.2 Lanczos reduction to tridiagonal form

Another technique for generating conjugate directions is based on the Lanczos
reduction of A to tridiagonal form. This may be achieved directly by equating
columns on the left-hand and right-hand sides of the identity AV = V'T'. Let the

elements of the tridiagonal matrix 7" be written as

Y A
B e
ﬂn—l
ﬂn—l Yn—1
and the columns of V' be denoted by vg, vy, ..., v,_1. Equating columns in the
identity AV = VT, gives
Brvr = Avg — Yoo, Brs1Ve1 = Avg — W — Bevr—1, k=1,2,..... (3.15)

The orthonormality of the v;, (see Lemma 3.4.1) implies that v, = v Avy,. More-
over, if the vector s, 1 = Avg —,vr — BrUg_1 18 nonzero, then vy 1 = (1/8k11)Sk11,
where i1 = £||sk+1ll2. If Okr1 = 0, the process terminates. Note that vy is arbi-
trary, and we can define vy = v/||v||2 for any nonzero vector v.

The iteration described above for computing V and T is known as the Lanczos
process and the vectors vy, vy, ..., v, are known as the Lanczos wvectors. An

algorithm for computing the Lanczos vectors is given in Algorithm 3.4.1.

ALGORITHM 3.4.1. LANCZOS PROCESS
Set so = v; By = —||solle; J=—1;
while ﬁj-ﬁ-l ;'é 0 do

Vjt1 = Sj+1/5j+1§ J=J+1L

[Av] = Avy; 5 = v] [Avg);

if j =0 then

sjy1 = [Avj] — 055
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else
sj1 = [Avs] — y05 = Bjvj-i;

end if

Bit1 = —|lsj+1ll;
end do

The Lanczos process will only break down if an off-diagonal element of T is

zero, i.e., T is reducible. A breakdown indicates that the set of Lanczos vectors
forms an invariant subspace. In order to continue the reduction to tridiagonal
form, the Lanczos process must be restarted.

Note that T is called irreducible if it is not reducible.

3.4.3 Properties of the Lanczos vectors

The Lanczos iteration will terminate with s,,,; = 0 for some integer m < n—1.

The following lemma establishes some basic properties of the Lanczos vectors.

Lemma 3.4.1 Ifuv,, 0 < k < m are the Lanczos vectors generated by the Lanczos

process, then
(i) The vectors {v;}iL, are linearly independent;
(ii) The vectors {v;}7y are orthonormal;
(iii) For 0 < k < m, span{vg, vy, ..., v} = span{vg, Avo, ..., AFvy},

Proof. Induction proofs for (ii) and (iii) may be found in Golub and Van Loan
[16]. Note that (i) follows immediately from (ii). m

In the literature, span{vg, Avy, ..., A¥"Lyy} is called the k-th Krylov subspace
of A, and often denoted by K(A, vy, k). The following theorem from Golub and
Van Loan [16] summarizes the Lanczos process that reduces A to a tridiagonal

matrix.
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Theorem 3.4.2 Let A be an n x n symmetric matrixz. Then the Lanczos process
terminates at k = m, where m + 1 = rank(K(A, vy, n)). Moreover, for 0 < k <m,

it holds that

AV = ViTy + Beraveiefr = ViTe + ska€hyn, (3.16)
where
Yo B
B Da
T, = By .- ‘ (3.17)
D
Be Tk
|

In exact arithmetic, Theorem (3.4.2) implies that V,YAV; = Ty for any k €
{0,...,m}. However, in finite-precision arithmetic, roundoff error will lead to a loss
of orthogonality of the Lanczos vectors; moreover, rounding errors will compound
upon each other. Even for small values of n (e.g. n = 15) the roundoff error may be
very considerable, and the Lanczos vectors may lose all semblance of orthogonality.
It is worth noting that equation (3.16) is independent of the orthogonality of the
Lanczos vectors (Paige [37], and Paige and Saunders [38]).

As it is, Algorithm 3.4.1 is unsuitable for finite-precision arithmetic; in partic-
ular, it is unlikely that §y,1 = 0 will ever be achieved. Moreover, a test comparing
OBry1 to a small fixed constant will be a poor convergence test when the elements
of Ty, are either very large or very small. Intuitively, any test on Gy, should be
both relative and scale-independent so that the Lanczos process terminates if By
is significantly smaller than the elements of T, ;. Reasonable tests for convergence
may look at the ratio of |Ggi1| to || Tky1]|2 or the ratio of |Gk, 1| to the largest (in

modulus) element of Ty ;.
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3.4.4 Conjugate directions from the Lanczos process

Given an arbitrary nonzero vector v with norm 3y = —||v||2, the Lanczos process
generates scalars v, 71, ..., Y&, nonzero scalars 3y, (2, ..., Brr1, and orthonormal
vectors vy, vy, ..., Vg1, such that

Y 5
B m B
T = By . . , (3.18)
B
Be Wk

and AV, = V, T\ + ﬂkﬂvkﬂefﬂ, where V), denotes the matrix with columns vy, vy,
oy Uge
The matrix 7}, is positive definite and its LDL” factorization is given by T}, =
LD, LT, where L;, unit-lower triangular and D;, a diagonal with positive diagonal
entries. The columns of the matrix P, such that V,, = PkL;‘f form a set of conjugate

directions because
PIAP, = L'V AV LT = L, 'T}.L;,)" = Dy. (3.19)

The columns of P, may be computed using a simple two-term recurrence in-
volving the Lanczos vectors. To see this, notice that the lower-triangular factor Ly

is unit lower-bidiagonal, with

As the calculation of the Lanczos vectors proceeds, the matrix T}, increases in
dimension and a new row and column are added to its LDL? factors. If we define

To = Y, Lo = 1, and Dy = 7y, then the LDL” factors of T}, are related to the



50

factors of Ty_; by the identity

T Li1 O D._{ O LT {
k—1 ﬂkek _ k—1 k—1 k—1 UkCk ‘ (3‘20)

At the end of the kth stage of the Lanczos process, the factors L;_1 and Dy_q of
T)_1 are known, and it is necessary to find only the last row of L and last diagonal

of Dy. Comparing both sides of (3.20) yields

lk = ﬂk/dk—l and dk =Yk — ﬂklk (321)

This convenient bidiagonal structure leads to a simple recurrence relation for the
required columns of P,. From the definition of P, we have V,, = PkL;‘f, which can

be written column-wise as

(vo o1 -+ w)=(po Lpo+pr - b1 +De)-

This identity allows us to solve for each column of Py, giving the recurrence rela-
tions:

Po = Vo, Di = U; —lipi_l, 7= 1,...,]{3. (322)

Note that different sets of conjugate-directions are generated with each choice
of initial vector v. In the next section, it will be shown that the choice v = b gives
directions that are rescaled versions of the directions generated by the conjugate-

gradient method.

3.4.5 The Lanczos-CG method

A disadvantage of using Lanczos vectors to generate the conjugate directions (as
in (3.22)) is that both the Lanczos process and the subspace minimization each
require a product of A with a vector—thereby doubling the work per iteration
compared to the vanilla conjugate-gradient method.

However, by rearranging the computation, it is possible to derive an effi-

cient Lanczos-based conjugate-direction method that requires the same number
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of matrix-vector products as the vanilla CG method. The derivation is based on
the observation that the new iterate xyy; is uniquely defined as a linear combi-
nation of xg and the k 4+ 1 columns of P, and that the columns of P, may be
written as linear combinations of the Lanczos vectors. This implies that x;,; may

be found by minimizing ¢ over all points x such that
x € xo + span{vg, vy, ..., v} = xo + Viw,

for some vector w. If w; is the unique optimal value of w, then the reduced

equations analogous to (3.5) are
L1 = Xg + kak, with VkTAkak = —VkTg(),

where the right-hand side now involves the initial gradient gy = Vg(zo). If we
choose vg = —go/|gol|2, the orthogonality of the Lanczos vectors gives Vil gy =

vd goer = Boer, and the reduced system is equivalent to
Tpy1 = Lo + kak, with Tkwk = —6061, (323)

where T}, is the tridiagonal matrix such that T} = VkTAVk. These equations may
be solved efficiently using the factorization Ty, = L, Dy L and the auxiliary vector

yi, such that yx = L] wy,. Substituting for T}, and wy, in (3.23) gives
Tk+1 = Lo + Pkyk7 Wlth Lkayk = —5061, (324)

where Py is the matrix such that Vj, = P, L] (see Section 3.4.4).

The crucial feature of the lower-bidiagonal system LDy, = —Gpe; is that the
first k elements of ¥, are just the elements of y._;. To show this, consider L, and
Dy, in terms of the quantities L;_; and Dj_; associated with the previous step.

Then, the lower-triangular system Ly Dyyr = —fpe; may be written as

Ly-1Dp—1 O Yk—1
= —50617
lkdk_lef dk (093
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where ag, aq, ..., a; denotes the elements of y,. Hence, using the relation [ d,_; =

B (see 3.21), we have for all k > 0, x41 = x) + pg, With

o { Bo/do if k = 0; (3.25)

—Orag_1/dy  otherwise.

The next result shows that each Lanczos vector vy, is a (negative) scalar multiple

of the gradient vector g;.
Theorem 3.4.3 If vy is chosen so that vo = —go/||go|2, then
9r = Vg(xx) = 1Bk 0% (3.26)
Proof. The Lanczos recurrence (3.15) implies that
AViy = Vi1 Th1 + Bruger . (3.27)
Post-multiplying this identity by wj_1 and substituting x, — x for Vi_jwi_1 gives
Az, — 20) = Vier Thrwi—1 + Brvgey, wi—1.

To simplify this expression, note that T _jw,_1 = —Fpe1, and the relation y;,_1 =
LT wjy_; implies that the kth (i.e., last) element of wy,_; is ay_1, the last element

of yp_1. It follows that

Az, — x) = —foVi—1€1 + 5kvk6£wk—1 = —Bovo + Q1806 = —go + Xp—1kV%.

The definition g = Vg(x¢) now implies that Az — b = ag_10,vk, as required. =
This theorem provides an alternative way of computing the two-norm of the

gradient gy:
9kllz = [|Brvran—1]l2 = Brlar—1]. (3.28)

In exact arithmetic, (B, will be zero in a finite number of steps, and hence the

gradient will also be zero.
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If zp = 0 (with a suitable shift of the constant vector b), then zyi; lies in
span{uvg, vq,...,vx} and we seek a solution of the form zp1; = Viwy for some

unique vector wy. In this case we have
Azy, = Vi_1(Boer) + Broke wi—1 = b+ aj_1 8oy, (3.29)

Note that Vi_1(Bpe1) = b exactly for all k because vy is a multiple of b. Also, the
system Tpwy = —(pe; can be solved accurately (and cheaply). Thus, in finite-
precision arithmetic, (3.29) holds accurately for any wy even though the columns

of Vk_1 are not orthogonal.

ALGORITHM 3.4.2. LANCZ0s-CG METHOD
Choose Ty > 0;
so=—9(x0); Bo=—|soll; v-1=1; 7=py k=-1;
while 7 > 1, do
Vks1 = Spp1/Brr; K=k +1;
[Avp] = Av; i = vg [Aug];
if k=0 then
I =0; pr=uv;
Sk+1 = [Avk] — VkUk;
else
e = Bk/dr—1; pr = vk — lkpr—1;
Sk+1 = [Avk] — YUk — BpUk—1;
end
dr = Y — Belr; ax = —Bra—1/dy;
Th41 = Tk + QP
Brrr = —l[seqll; 7= —Brrraw;
end do
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3.5 Preconditioned CG Methods

The preconditioned conjugate-gradient (PCG) method for solving Az = b is
based on two fundamental properties of the CG method: (i) the rate of conver-
gence is sensitive to the condition number of A (see, e.g., Theorem 3.3.2); and
(ii) the CG method converges faster when A has few distinct eigenvalues (see,
e.g., Theorem 3.3.1). The PCG method attempts to exploit these properties by

replacing an original system Az = b with a related system of the form
M=Y2AM Y23 = M1, (3.30)

where M is a symmetric positive-definite matrix (the preconditioner) chosen so that
M~Y2 AM~1/2 has eigenvalues clustered around unity. Notice that solving Az = b
for x is equivalent to solving system (3.30) for & and then forming » = M~'/2%.
Since M~Y2AM~1/? is similar to M ' A, the problem reduces to finding M such
that M~'A is well-conditioned and has many unit eigenvalues. (Ideally, M~'A
will be approximately the identity matrix).

In practice, the computation is arranged so that only solves with M are required
(i.e., M'/2 never appears). To see this, consider one iteration of the CG method
(Algorithm 3.3.1) applied to the system Az = 3, with vectors 2, pr and g, and
scalars &y and By If 2y, pr and gj, are defined so that zj, = M~Y22,, py = M~/%p,
and g, = M2, then M'/? no longer appears. The simplified recurrence relations

are given in the following algorithm.

ALGORITHM 3.5.1. THE PCG METHOD
Choose zo; Set go = g(zo); k = 0;
while g, # 0 do
if k=0 then
Pk =—M"gy;
else

Bre-1=gf M~ Apy_1/p}_ | Api—1;
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pr=—M"gp + Br1pr-1;
end if
o = =g Pr/ Py Api;
Th41 = Tk + QP
Gk+1 = Gk + L Api;
k=Fk+1;
end do

The scalars a4 and [, are the quantities &, and Bk associated with the CG
method applied to A% = b. Tt follows that both ay and [ are positive, as in the
unpreconditioned case.

The orthogonality and conjugacy properties associated with the vectors defined

by the preconditioned CG method are summarized in the following result.

Lemma 3.5.1 Consider the PCG method with symmetric positive-definite precon-
ditioner M applied to the symmetric system Ax = b. At the kth step, the directions

{pi}r_y and gradients {g;}r_, satisfy
Moreover, gi1p; =0 for 0 <i<k. &

The next result is crucial for the development of trust-region methods based
on the conjugate-gradient method. It implies that for ¢ # j, the directions satisfy
0 < pl Mp;/|lpsllallpsllae < 1, which means that the PCG directions form acute

angles with each other.
Lemma 3.5.2 The directions generated by the conjugate-gradient method satisfy
p]TMpZ->O fori<jand0<j<k.

Proof. The proof is by induction. Observe that pfMpy = || gol|3,-: > 0, and so the
result holds for £ = 0. Assume that the result holds for i < j and 0 < j < k — 1.
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The CG direction is given by pr, = —M 1g, + Bp_1pr_1. It follows that, for all p;
such that 0 <i <k —1,

p;}FMpz‘ = _ggpi + 5k—1p;£_1Mpz‘.

The orthogonality property gl ,p; = 0 for 0 < i < k of Lemma 3.5.1, the sec-
ond form of B;_; given in (3.13), and the inductive hypothesis give p/Mp; =
Br_1pi_Mp; > 0, as required. =

3.5.1 The preconditioned Lanczos-CG method

The Lanczos-CG method may also be defined with a preconditioner. In this
case, the Lanczos process is applied to the matrix M2 AM~'/2, giving orthonor-
mal directions wy, such that M'/2W, transforms A to tridiagonal form. This is
equivalent to applying the Lanczos process directly to A but with the Lanczos vec-
tors vy being M-orthogonalized. In this case, it is easy to see that vy and wy are
related by the identity Mwv, = wy). The following algorithm provides the details
of this process. Note that, as in the PCG method, only solves with M are required

to generate the directions {v; }—the explicit elements of M are not required.

ALGORITHM 3.5.2. THE PRECONDITIONED LLANCZOS PROCESS
Set so = v; o= —|sollp—1; J=—1;
while 5,1, #0 do
Wjy1 = Sj1/Bj+1; Solve Mujiq = wjpis j— j+ 1
[Av;] = Avy; vy, = v] [Avy];
if j =0 then
sj+1 = [Avs] = ywy;
else
sj+1 = [Avs] — yjw; — Bjw;1;

end if

5j+1 = —||3j+1HM71;
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end do

Using the vectors {v;} the preconditioned Lanczos process (Algorithm 3.5.2)

may be viewed as a method for tridiagonalizing A; namely, for & > 1
AV = MV, T}, + Msyy e}, (3.31)

i.e., in exact arithmetic, V;ZAV) = T},. Thus, Algorithm 3.4.2 may be rewritten as

follows to accommodate a preconditioner.

ALGORITHM 3.5.3. THE LANCZOS-PCG METHOD
Choose Ty > 0;
o =0; so=g(xo); fo=—|sollm—1: 7-1=1 7=py k=-1
while 7 > 7, do
W1 = Skq1/Brg1; Solve Mugyq = wiqr; k — k+ 1;
[Avp] = Avg; i = vg [Aug];
if k=0 then
le =05 pe=vg;
Skt1 = [Avg] — yews;
else
le = Bk/dr—1; Pr =k — lkDr—1;
Sk+1 = [Avg] — Mewr — Brwg—1;
end
dr = Y — Belr; ax = —Bra—1/dy;
Tht1 = Tk + QP

Brt1 = —||Sk1llam-1; T = —Brr1au;

end do

Note that the Lanczos-PCG method of Algorithm 3.5.3 reduces to the Lanczos-
CG method of Algorithm 3.4.2 if M = I.
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3.6 Economizing Matrix-Vector Products

The major computational cost involved with solving Ax = b using an iterative
method is associated with forming the matrix-vector products with A. In the
context of large-scale optimization, it may be necessary to know the product of
A with the final CG iterate xp. Since this quantity is not a by-product of the
standard CG method it must be computed directly using an extra matrix-vector
product, or indirectly by means of a recurrence relation.

Here we consider forming this product indirectly while solving Az = b. The al-
gorithm presented below is specifically in the context of the Lanczos-PCG method.

The details are similar for the other CG-type methods presented earlier.

ALGORITHM 3.6.1. THE EXTENDED LANCZOS-PCG METHOD
Choose Ty > 0;
xg=0; [Azg] = 0;
so=9(x0); Bo=—|sollp-1; v-1 =1 7=00; k=-1;
while 7 > 1, do
Wiy1 = g1/ Brrr; Solve Mugyy = wipn; ke k+1;
[Avp] = Av; i = vg [Aug];
if k=0 then
I, = 0;
pr=vk;  [Apr] = [Avg];
Sk4+1 = [Avk] — YkWk;
else
Ik = Bx/dy—1;
Pe = Uk — lpe—1;  [Apk] = [Avi] — lk[Apr_1];
Sk4+1 = [Avk] — MWy, — Brwg—_1;
end
dr = — Belr;  ax = —Bra—1/dy;
Tpt1 = T + wpr;  [Azpia] = [Azg] + o[ Apr];
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Brrr = —Ises1llar—1; 7= —Brpraw;
end do

Only one matrix-vector product is required for each Lanczos-PCG iteration.
In particular, the product Av, must be calculated as an explicit matrix-vector
product involving A and vg. Once this vector is known, the calculation of Az,

requires no additional work.

3.7 Computations with the Preconditioner

The preconditioned Lanczos-CG method for solving Az = b involves a positive-
definite matrix M that approximates A and is such that systems of the form
My = x can be solved efficiently. In general, the elements of the matrices M and
M~1 are not known explicitly and it is necessary to arrange the computation so
that only solves with M are required.

Lanczos-PCG requires only products with M1 so there are no computational
difficulties in Algorithm 3.5.3 (nor in the extend algorithm (Algorithm 3.6.1)).
However, in later sections, it will be desirable to compute ||zxi1||p and Mxg ;.
It turns out that these quantity cannot be computed exactly; they can only be
estimated.

The following algorithm details how this estimation is performed in the context
of preconditioned Lanczos-CG. Once again, the bracket notation (introduced in
Section 1.3), will be used to emphasize stored quantities. The following algorithm is

an extension of the basic preconditioned Lanczos-CG algorithm (Algorithm 3.5.3).

ALGORITHM 3.7.1. LANCZOS-PCG wiTH ELLIPTICAL NORM ESTIMATES
Choose Ty > 0;

xo =0; [Mxo] =0;

so=9g(x0); Bo= —|sollsr—1: 71 =1, 7=p0; k=-1;

while 7 > 7, do

W1 = Skt1/Brg1; Solve Mugyy = wiqr; k — k+ 1;
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[Avg] = Avg; v = v} [Aug];
if £ =0 then
I, = 0;
pr=vk;  [Mpg] = [Muy];
Sk+1 = [Avk] — VW
else
e = Br/dy—1;
pe = v — bpr—1;  [Mpi] = [Muvy] — [ [Mpy1];
Sk+1 = [Avg] — Mewr — Brwg—1;
end
di = Yk — Ble; ax = —Brag—1/dy;
Tp1 = T + wpr;  [Maga] = [Mag] + o [Mpy];
kaﬂH?\/[ = fo[Mka];

5k+1 = _H3k+1HM*1§ T = —5k+104k;
end do

Observe that the calculation of ||z||ps assumes that the Lanczos vectors are ex-
actly M-orthogonal. Unfortunately, this property does not hold in finite-precision
arithmetic and in general, the recurrence relations give only an estimate of ||z a-

For completeness, the following algorithm implicitly forms both Azy,; (as in

Algorithm 3.7.1) and My, (as in Algorithm 3.6.1).

ALGORITHM 3.7.2. THE COMBINED LANCZOS-PCG METHOD
Choose 7y > 0;
xg=0; [Azg] =0; [Mzo]=0;
so = g(xo); Bo= —llsollar—; v =1 7=00 k=-1;
while 7 > 1, do

Wgt1 = Skr1/Brg1; Solve Mugyy = wigr; k — k+1;

[Avg] = Avg; v = U}Z[Avk];

if k=0 then

I, = 0;
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pr=vk;  [Api] = [Av];  [Mpg] = [Muy];
Sk+1 = [Avg] — Yews;
else
Ik = Br/dy—1;
e = Uk —pr—1;  [Apr] = [Ave] = e[Ape—1];  [Mpr] = [Mog] — [ [Mpr_1];
Sk+1 = [Avg] — Mewr — Brwg—1;
end
di = Ve — Bkl ax = —Brag—1/dy;
Tir1 = Tk + owpr; [Azip] = [Azi] + ap[Ape]s [Mag] = [Maxy] + ap[Mpyl;
H$k+1’|?\4 = $£+1[M$k+1]5
Brr1 = —lskallar—; 7= —Brriaw;

end do
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Iterative Methods for the
Trust-Region Subproblem

4.1 Introduction

This chapter concerns methods for solving the trust-region subproblem that
are based on iterative methods for linear equations. The discussion will focus on
the problem

minismize Q(s) subject to [|[Ns|| <4, (4.1)

where the outer iteration subscript j has been omitted to simplify notation.

In the methods to be discussed, each iterate solves the trust-region subproblem
(4.1) subject to the additional restriction that the solution lies in a certain subspace
of R™. One of the first methods of this type was proposed by Powell [41, 42, 43].
Powell proposed approximating the solution of (4.1) by solving a single subspace

minimization of the form
minimize Q(s) subject to ||Ns|| <4, s € span{—g}. (4.2)

This idea has been refined by Byrd, Schnabel and Shultz [2], who define the two-
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dimensional subproblem
minimize Q(s) subject to ||Ns|| <, s € span{p,q}, (4.3)

where p is the solution of a positive-definite system of the form (H+ocNTN)p = —g
and ¢ is a direction of negative curvature for H.
The methods considered here generate a sequence of subspaces {Si}. Given

the kth iterate s; such that s, € S, the next iterate s, is the solution of
minimize Q(s) subject to |[Ns|| <4, s€ S;. (4.4)
S

The CG method for minimizing the unconstrained function Q(s) is a particular
subspace minimization method that generates a sequence of expanding subspaces,
i.e., {Sk} satisfies Sxy1 D S with dim(Sk11) > dim(Sk).

4.2 Steihaug’s Method

There are two difficulties associated with using the CG method to solve the
trust-region subproblem. First, the CG method is intended for unconstrained
minimization and cannot be used directly to solve a constrained problem. Both
Toint [40] and Steihaug [48] proposed using the CG method to minimize the un-
constrained quadratic model until an iterate leaves the trust region. In this case,
the approximate solution of the subproblem is defined as the point where the
piecewise-linear path of CG iterates crosses the trust-region boundary.

It might appear that subsequent CG iterates could re-enter the trust region
and converge to an unconstrained point. The next result, due to Steihaug [48],
shows that, under certain conditions, if the CG method is preconditioned with
M = NTN, then the PCG iterates are increasing in the M-norm. This result is
fundamental because it implies that once the PCG iterates leave the trust-region

they cannot return.
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Theorem 4.2.1 Let {s;} denote the sequence of iterates defined by the PCG me-
thod with preconditioner M = NTN when applied to minimize a positive-definite

quadratic function Q(s). If so = 0 then the sequence {sx} satisfies
\sk+1llar > l|skllar - for all k> 0.

Proof. The PCG iterates satisfy sgi1 = si + agpr. Forming the square of the

M-norm of s, gives
Isesillir = llsk + cwprlliy = lIswllas + 20msi Mpr + o [lpwll3- (4.5)

If s = 0, then the kth iterate may be written in the form

S = opo + a1p1 + -+ e 1Pk—1 = Pro1Yk-1,

where Py_; is the matrix P,_1 = (po p1 -+ pr—1) and yx_1 is the vector of PCG
step lengths (ag, 1, ..., a,_1). The matrix H is positive definite, which implies

that the scalars ay_q are all positive. It follows from Lemma 3.5.2 that
st Mpy =yl Pl Mpy, = aop{ Mpo + capl, Mpy + - -+ + cg_1p, Mpg—_1 > 0.

The result now follows directly from (4.5). m

This result implies that PCG generates a sequence of iterates that are strictly
increasing in the M-norm, i.e., ||Sg+1l/ar > ||sk|las for all & > 0. Thus, PCG iterates
may be generated to minimize Q(s) (or, equivalently, solve Hs = —g) until an
iterate does not lie inside the trust region, i.e., ||sx + apr|/ar > 0. Theorem 4.2.1
implies that once a PCG iterate leaves the trust-region, then the solution of the
constrained problem (4.1) must lie on the boundary.

A second difficulty that arises when applying PCG to minimize a general func-
tion Q(s) is that the iterates may not be well-defined when H is not positive
definite. The PCG algorithm recognizes an indefinite H if it computes a negative
entry in D while updating the LDL? decomposition. In this case, the conjugate

direction generated in this iteration is a direction of negative or zero curvature.
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In Steihaug’s method, the PCG iterations are terminated and the final iterate is a
point on the direction of negative curvature that lies on the trust-region boundary.

The approach outlined above is formally known as Steihaug’s method, and
forms the basis of one of the most widely-used iterative trust-region methods.
PCG iterates are computed until the quantities sg, pr and ay associated with the

kth PCG iteration satisfy one of the following three termination conditions hold:

(T1) sk + agpg is an approximate minimizer of Q(s) such that ||si + cxprllar < 6;
(T2) ||sk + cwprllar =

(T3) piHpr < 0.

If termination occurs because of condition (T;) then the subproblem is terminated
with the approximate solution s, + agpi. In this case, Steihaug’s method and the
PCG method are equivalent.

If termination occurs because of (T5) or (T3), the trust-region solution must
lie on the boundary and the subproblem is terminated with the point s + o}k,
where o, is defined so that ||s; + o) pg||ar = d. If PCG terminates under condition
(T2) or (T3), the final iterate is known as the Steihaug point.

The first PCG iterate s; is the Cauchy step for (4.1), and it follows that Stei-
haug’s method generates an approximate solution that is at least as good as the
Cauchy step because any subsequent iterates must give an additional reduction
in Q(s). Hence, under minimal additional assumptions on the geometry of f,
Steihaug’s algorithm is globally convergent to first-order points (see Section 2.3.3).

It remains to determine the precise form of the termination condition (T;). For
inexact Newton methods (i.e., Newton-based methods that approzimately solve
the Newton equations at each iteration), a commonly used termination condition
requires that the norm of the residual of the Newton system should be less than
a fixed multiple of the norm of the right-hand side (the residual for sy = 0). This

implies that the final iterate s, must satisfy

[Hsk+ gl < nllgll, (4.6)



66

where n € (0,1) and may be a member of a forcing sequence. The following

theorem is adapted from Dembo, Eisenstat and Steihaug [5].

Theorem 4.2.2 Suppose that a Newton-PCG method for minimizing f generates
iterates {x;} that converge to =, where x;,, = z; + s; and s; denotes an ap-
prozimate solution of the Newton equations H;s = —g;. Then, z; — 7 at a

Q-superlinear rate if and only if ||[H;s; + g;|| = o(||g;l|), as j — co. 1

A desirable quality of any trust-region method is that the trust-region radius
should not interfere with the natural rate of convergence of Newton’s method. This
implies that the outer iterates s; must satisfy H;s; = —g; in the neighborhood of
a local minimizer. If this is to happen, Steihaug’s method must coincide with
the PCG method, with each subproblem ending at a point inside the trust region.
In this context, Theorem 4.2.2 implies that superlinear convergence of the outer
iterates requires H;s; = —g; to be solved with increasing accuracy as {z;} — 2.
(For more details, see Dembo, Eisenstat and Steihaug [5], and Conn, Gould and
Toint [4].)

4.3 The GLTR Method

An inherent weakness of Steihaug’s method is its inability to control the accu-
racy of approximate subproblem solutions on the boundary. The Steihaug point is
always at least as accurate as the Cauchy step, but the Cauchy step may be a poor
approximate solution to the trust-region subproblem. In particular, the Steihaug
point may be a poor approximate solution to the subproblem if the CG method
terminates after a few iterations.

Gould, Lucidi, Roma, and Toint [18] propose the generalized Lanczos trust-
region (GLTR) method, which may be viewed as a natural extension of the CG
method to the constrained case. If the trust-region solution lies on the boundary,

the GLTR method solves the constrained trust-region subproblem over an expand-
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ing sequence of subspaces. As in Steihaug’s method, the monotone norm property
of the CG iterates is used first to find an interior solution or a Steihaug point.

If the PCG method terminates at a Steihaug point, the trust-region subproblem
is solved on a sequence of expanding subspaces defined by the Lanczos vectors.
Each iteration beyond the Steihaug point requires a matrix-vector product to form

the new Lanczos vector and the solution of a reduced-space trust-region problem

minimize Boet h+ 1R Tph  subject to ||A] <0, (4.7)
heRk+1

where T} is the tridiagonal matrix obtained from the Lanczos process (see (3.17)).
Gould et al. [18] adapt the Moré-Sorensen algorithm to find an approximate solu-

tion of (4.7) such that
|(H + oxM)sg + gllp- < 7. (4.8)

Their algorithm exploits the tridiagonal structure of 7. (The method uses an equiv-
alent form of (4.8) that does not involve oy, but relies on the M-orthogonality of
the Lanczos vectors.) If the Lanczos process terminates (i.e, T}, is reducible—see
Section 3.4.2), the Lanczos process is restarted, but the trust-region solver contin-
ues. Thus, even after Lanczos restarts, GLTR continues to solve the subproblem
or reduced subproblem over a sequence of expanding subspaces.

The GLTR method may require two passes through the algorithm. If the
quadratic function evaluated at the Steihaug point (or at a point within the trust
region) is within a required percentage (say, 90%) of the smallest value of the
quadratic function obtained by any iterate during first pass, the algorithm may
terminate with either the Steihaug point or the last iterate inside the trust region.
Otherwise, the reduced-space solution hy,; is expanded into the full space to ob-
tain the approximate solution s, = Vih, of the trust-region subproblem. Since
the calculation of sj requires Vj, the Lanczos vectors must be regenerated using a
second pass through the Lanczos process.

Although the GLTR method may be viewed as a natural extension of Steihaug’s

method, its susceptibility to rounding error limits its practical effectiveness. If a
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substantial number of Steihaug or GLTR iterations are required, the columns of
Vi lose their orthogonality and the matrices Vil HV} and T}, no longer correspond
to each other. In this case, there is a significant difference between the solution of
the original subproblem and the solution of the reduced subproblem. In practice,
the expanded reduced-space solution hy,; rapidly ceases to be effective.

If T}, is reducible, the Lanczos process must be restarted with a vector that
is M-orthonormal with respect the previous Lanczos vectors. This reorthogonal-
ization requires that the Lanczos vectors be formed one more time. Also, in this
case, GLTR will possibly require more work than PCG to solve the unconstrained

minimization problem
minimize Q(s) = g"s + 1s"Hs.
S

To see this, recall that the Lanczos process breaks down only if an off-diagonal ele-
ment is zero, i.e., the residual to the linear system Hs+ g is small (Theorem 3.4.3).
A break down of the Lanczos process signals that the PCG iterates (would have)
converged to a solution outside the trust region; however, GLTR may continue to
optimize beyond this point. Thus, the amount of work required by GLTR for this
subproblem solve will be at least as much as the amount of work required to solve

the unconstrained quadratic minimization problem using the PCG method.

4.4 Hager’s Method

In contrast to Steihaug’s method and GLTR, Hager’s subproblem solver ob-
tains theoretical global convergence without relying on a sequence of expanding
subspaces. Global convergence relies on generating better quality subspaces rather
than generating subspaces of increasing dimension. Hager [21] uses a sequential
subspace minimization (SSM) method as the basis for a trust-region solver but
restarts the Lanczos process at fixed intervals to help minimize the loss of orthog-

onality of the Lanczos vectors.
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Hager’s method uses two phases to approximate a solution for the equality

constrained trust-region subproblem
minimize Q(s) = g’s+ 3s"Hs subject to ||Ns| = . (4.9)

The first phase generates a small number of Lanczos vectors (four or five, say),

and then solves the subproblem over the subspace
Sy, = span{sg, 0", vy, ..., v},

where s, denotes the previous iterate, @* denotes the kth approximation to the
leftmost generalized eigenvector of the matrix pair (H, M), and {v;} denotes the
set of Lanczos vectors. Each subspace solve yields (syy1,0%41), an approximation
to a global solution pair in Theorem 2.3.1, and (\t!, @5+1) an approximation to
the leftmost eigenpair of the generalized eigenvalue problem Hu = AMu.

Hager’s first phase is similar to the GLTR method with Lanczos restarts at
fixed intervals. After each iteration of the first phase, the previous Lanczos vectors
are discarded and the Lanczos process is restarted with the residual of the current
best approximation to a solution of the trust-region subproblem.

The second phase of Hager’s method generates a sequence {(sy,ox)} that is
intended to converge to the optimal (s, o) associated with the solution of (4.1) (see
Theorem 2.3.1, p. 24). At the start of the kth iteration, values (s, o)) are known
such that ||Nsg|| = ¢ and o, € (—A\,(H),00), Hager defines the (k + 1)th iterate

(Sk+1,0%+1) as a solution of the subspace minimization problem
minimize Q(s) subject to ||Ns|| =46, s¢€ Sk, (4.10)
S

where S, = span{sg, Uy, VO(Sk), Ssor}- The vector @, is the best estimate of the
leftmost eigenvector computed in phase one, and sy, is computed from one step
of Newton’s method applied to the constrained minimization problem

mini]glize g's+1s"Hs subject to 16° — Ls"N'Ns = 0. (4.11)
seR™
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(This problem is equivalent to (4.9). The “3” has been introduced to simplify the
derivatives.)

Next, we focus on the definition of s4,,. The Lagrangian associated with prob-
lem (4.11) is

L(s,0)=g's+ 3s"Hs — %(52 — s'NTNs) = Q(s) + ar(s),

where o is a scalar Lagrange multiplier and r(s) = (s"N'Ns — §2). At the point

(s,0), the gradient and Hessian of the Lagrangian are given by

VL(s,0) = <(H+:(Aj))s+g> and  V2L(s,0) = <H ZTUM g) ,

where M = N'N and d = Vr(s) = N'Ns = Ms. To simplify the notation,
H(o) will be used to denote the Hessian of the Lagrangian with respect to s, i.e.,
H(c)=H + oNTN.

Since optimal values of s and o define a stationary point of the Lagrangian,
they may be found by applying Newton’s method to find a zero of the function
F(s,0) = VL(s,0). Given a solution estimate wy = (5, 1), the Newton update
is defined as a solution Awy = (Asg, Aoy) of the linear system F'(wy)Aw;, =

—F(wy,). This gives the next Newton iterate as wy + Awy, with

H(cy) di\ [ A5y _ g+ H(Gk)3r (4.12)
dz 0 A&k ’f’(gk) ‘ ‘

The next result gives the conditions under which these Newton equations have a

solution.

Lemma 4.4.1 Ifd # 0, then the inertia of the Newton matriz is given by
H(o) d
In =1In (H(o)) +(0,1,0).
(") =
In particular, if o € (—\,, 0), where A\, is the leftmost eigenvalue of Hu = AMu,

then the Newton matriz is nonsingular with n positive eigenvalues and one negative

eigenvalue. 1
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This result implies that Newton’s method is well defined only for values of &, in
the interval (—\,,00). Moreover, even with this restriction on &, the Newton
equations are indefinite and the CG method cannot be used. Instead, Hager uses
a variant of the CG method of Gould, Hribar and Nocedal [17], which is defined
for general KKT systems. For this method to be applied, the equations must be
modified so that the solution As lies in the null space of d*. Then, under a suitable
nonsingularity assumption, if all CG iterates are arranged to lie in null(d”), then
the CG method is well-defined.

In the case of the Newton equations (4.12), the conditions required for the
Gould-Hribar-Nocedal method to be applied are simple to arrange. Suppose that
the current Newton iterate 5 satisfies the trust-region constraint, i.e., 7(5x) = 0.

The Newton equations are then

H(Gy) di\ [ A5y _ g+ H(Gk)3r (413)
ar 0/ \As, 0 ’ '

and the last equation implies that di As; = 0. Consider the projection matrix
P =1 —dydy /|dl?

which projects vectors in R™ onto the set of vectors orthogonal to di (i.e., the null

space of d}). Applying this projection to (4.13) gives

(P 0) (H(&k) dk> (P 0) <A§k> o (P 0) <9+H(5k)§k>’ (4.14)
o 1)\ a o)\o 1) \4s 0 1 0

which implies that Aoy is arbitrary, and AS; satisfying the positive semidefinite
equations

PH(6,)PAs, = —P(g+ H(6))5k). (4.15)
It can be shown that applying the CG method to these equations is equivalent to
applying the PCG method (Algorithm 3.5.1, p. 54) to H (1) AS, = —(g+ H (51)3k)
with preconditioner M~! = P (= P?). Moreover, the PCG iterates are well-defined,

remain in the null-space of d. and converge to the solution of (4.15).
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Hager defines an approximate solution sg,p of (4.9) by performing a single
Newton step with §; = si, which satisfies 7(sx) = 0, as required. The single
Newton system is solved for an approximate step Asy using the CG-based method
MINRES (Paige and Saunders [38]). The approximate Newton direction sgqp is
then defined as sg,p = s + ASg.

Hager proves that any SSM method based on subspaces containing the vectors
Sk, Ssop, UF, and VQ(s;) is locally, quadratically convergent to a solution of the
trust-region subproblem. For more details, see Hager [21].

In a subsequent paper, Hager and Park [22] show that only three vectors are

needed to define Sy.

Theorem 4.4.1 If each step of an SSM method uses an Sy spanned by the vec-
tors s, VQ(sx) and the leftmost generalized eigenvector u,, then the SSM method
converges to a solution of the equality constrained trust-region subproblem (4.9).

If si is not a stationary point, then including s, and VQ(sy) the subspace guar-
antees that the next iterate decreases Q (i.e., Q(sx) < Q(sk—1)) and gives a point
that is at least as good as the restricted steepest descent direction. Similarly, in-
cluding s,_1 and u,, in the subspace ensures that the method will move away from
nonoptimal stationary points.

As mentioned above, Hager recommends generating only four or five Lanczos
vectors in the first phase to avoid a significant loss of orthogonality. Moreover, as
only a few Lanczos vectors are required, they may be stored explicitly. A drawback
to this phase is that each iteration has a fixed cost, regardless of how close the
current approximate solution is to an acceptable solution.

Hager uses projection to change the indefinite system (4.12) into a positive
semidefinite system (4.15). If 7(s) = 0 and d"As = 0 then sgop = s + As does
not satisfy the trust-region constraint. Hence, Hager is unable to repeatedly solve

the Newton equations because the first iterate will not satisfy the trust-region
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constraint. One advantage of applying the reduced subspace solve after each SQP
iterate is that the subspace solve yields an iterate s, that satisfies the trust-region
constraint. Thus, a new SQP iterate can be defined once again.

Hager and Park point out that even though only three vectors (sg_1, VO(Sg—1),
and u,,) are required for convergence, including the SQP vector in the subspace sig-
nificantly improves the convergence rate. In fact, Hager proves quadratic conver-
gence when the SQP vector is included in the subspace; however, Hager and Park
are only able to prove linear convergence when the SQP vector is not included in
the subspace.

The Hager-Park result is primarily of theoretical interest because it relies on
having the exact leftmost generalized eigenpair of Hu = AMwu. In practice, approx-
imating the leftmost eigenpair is equivalent to solving the trust-region subproblem
(4.4) with g = 0, i.e.,

minimize E(z) = 32"Hz subject to |[Nz|| < 4.
z€R™

Thus, although Hager and Park prove theoretical convergence to a solution of the

constrained subproblem, it is difficult to utilize the convergence results in practice.
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An Iterative Trust-Region
Method

5.1 Introduction

There are two fundamental criteria used to evaluate iterative trust-region meth-
ods: (i) how does the method compares to methods based on direct factorization
(e.g., the Moré-Sorensen algorithm); and (ii) whether the iterative method is ef-
ficient. The criteria used to compare iterative and direct trust-region methods is
the number of function evaluations; the fewer the function evaluations on average,
the better the method. Even if an iterative trust-region method is able to solve
the subproblem as accurately as a direct method, the question remains whether
the method is relatively efficient compared to other iterative trust-region methods.
As the dimension of the problem increases, the time required to perform basic
linear algebra tasks increases. The predominant linear algebra cost is in perform-
ing matrix-vector products; thus, efficiency is measured in terms of the number of
matrix-vector products.

The proposed trust-region subproblem solver has two phases. The first phase is

based on Steihaug’s method; it applies Lanczos-CG to minimize Q(s). This phase
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will terminate with either a point inside the trust-region boundary that satisfies
the convergence criteria, or the phase will terminate when either a direction of
negative curvature is encountered or a Lanczos-CG step leaves the trust region.
In the latter two cases, rather than follow the direction of negative curvature or
the last Lanczos-CG iterate to the boundary as in Steihaug’s method, the first
phase obtains an approximate solution on the boundary by minimizing Q(s) over
a three-dimensional subspace. The cost for the first phase is one matrix-vector
product with H for each Lanczos-CG iterate.

The second phase allow for accuracy control in the constrained case; it is en-
tered only in the case when the solution(s) of the trust-region subproblem lies on
the boundary. This phase uses two approaches to solve the constrained trust-region
subproblem. First, it approximates the solution of an evolving related constrained
trust-region subproblem. Second, it solves the original trust-region subproblem
over a sequence of three-dimensional subspaces. These two approaches are com-
bined in such a way that they are made dependent upon each other—accelerating
the overall rate of convergence of both approaches. The cost for this phase is also
one matrix-vector product with H each Lanczos-CG iterate.

The proposed method may terminate in either phase with an approximate

solution of the trust-region subproblem.

5.2 Phase One

In the first phase, the proposed method follows the PCG iterates until an ap-
proximate interior solution is found or it becomes evident that the solution lies on
the trust-region boundary. The Lanczos-PCG method is used to generate the PCG
iterates, and the Lanczos vectors are also used as direction generators to obtain
an approximation to the leftmost generalized eigenpair (A, u,) of the eigenvalue
problem Hu = AMu (see Section 5.2.1). The Lanczos-PCG iterates are computed
until the quantities s, pr and ay associated with the kth PCG iteration satisfy
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one of the four conditions:

(T) sk + agpg is an approximate minimizer of Q(s) such that ||si + cxpr|lar < 6;
(T3) [lsk + cwprllar = 0

(T3) prHpr <0

(T}) A+ <0

If termination occurs because of condition (T) then the phased-SSM method is
terminated with the approximate solution s34 agpy. If termination occurs because
of (T5), (T%) or (T)), the trust-region solution must lie on the boundary and a
single constrained subspace minimization problem is solved for an exit point s 1.

This problem is given by
minimize Q(s) subject to |Ns| =9, s & span{sg,pr, @5}, (5.1)

where sy, is the last interior PCG iterate, py, is the last PCG direction, and @ *1 is the
current approximation to the leftmost eigenvector of the eigenvalue problem Hu =
AMu (for details of the method applied to a similar problem, see Section 5.3.5).
The inclusion of the last PCG iterate s; in the subspace guarantees that the final
phase-one iterate satisfies Q(spy1) < Q(sk).

The three-dimensional reduced problem (5.1) may be solved approximately
using the Moré-Sorensen method. The solution of the reduced problem is then
expanded to R™ to obtain s, ;. The Moré-Sorensen algorithm also provides oy 1,
the first estimate of o for the second phase.

If one of the conditions (T%) or (T%) hold, the exit point is at least as good as
the Steihaug point because the exit point minimizes Q(s) over a larger subspace.
Note that this phase may terminate earlier than Steihaug’s method because of the
additional test on the approximate leftmost eigenvalue.

The proposed method retains many of the properties of Steihaug’s method.
First, if || NH 'g|| < 6 and H is positive definite, then the algorithm is identical to
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the Lanczos-PCG method. Termination with condition (T}) is likely to occur with
increasing frequency as the outer iterations converge. Second, the first Lanczos-CG
step is the Cauchy point; thus, the underlying trust-region method is guaranteed
to converge to a first-order point.

The cost associated with this phase is one matrix-vector product to form each
Lanczos vector. The Lanczos-PCG routine requires the storage of two Lanczos

vectors and their product with H (for details, see Sections 3.6 and 3.7).

5.2.1 Estimating the leftmost eigenpair

The leftmost eigenpair estimation routine approximates the leftmost general-
ized eigenpair of the matrix pair (H, M) by solving the eigenproblem over a reduced

space. In particular, the generalized eigenvalue problem is solved over the subspace

_ ~k+1
Y, = Span{vkﬂ, Vg, Uy, }>

where vi 1 and v, are the two most current Lanczos vectors and ﬂffl is the previous

estimate of the leftmost generalized eigenvector. The reduced problem is at most
three dimensional, and thus, can be solved via a direct method.

By including the current approximation to the leftmost generalized eigenvector
in the reduced space, the leftmost eigenvector routine is guaranteed to generate
a sequence of monotonically decreasing estimates of the leftmost eigenvalue, i.e.,
At < \E

There is no additional cost for estimating leftmost eigenpair. In particular, if
the columns of @ are formed from a subset of the vectors {vy, vx_1, @'}, no addi-
tional matrix-vector products are required. To see this, note that the reduced gen-
eralized eigenvalue problem may be written as the generalized eigenvalue problem
associated with the pencil QTHQ — AQTMQ, where () is a matrix whose columns
are a basis for span{vg, vy_1, @ '}, If the leftmost generalized eigenvector in the
reduced space is i, then @* = Quj and @* is a linear combination of the vectors

Vg, Ugp—1 and ﬁf‘;_l.
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Each approximate eigenpair iteration requires the matrices Q7HQ and Q"M Q.
In Section 3.6, we saw how to compute Huvy, Hvg_1, Mv,, and Muv,_;. If the
columns of @ are made up of a subset of the vectors vy, vx_1 and @*~!, then with

the vectors Hu*~1 and Mak~1, it is trivial to explicitly form QTHQ and QTMQ.

k

~ is a linear combination of the vectors vy, vx_1 and

However, notice that since u
%=1 then Ha* and M@k are also linear combinations of the products of H and
M, respectively, with the vectors vy, vy_; and @571,

The initial estimate %0 can be taken to be the leftmost generalized eigenvec-
tor estimate obtained during the solution of the previous trust-region subprob-
lem. Thus, the initial generalized eigenvalue problem is solved over the subspace
span{vy, @ }. As the trust-region solver converges and the sequence {Hj} con-
verges, @2 will be a good initial estimate for the leftmost eigenvector of the current
Hessian.

In order to include @ in the subspace (and to allow the efficient formation of
QTHQ and QTMQ), it is necessary to know the vectors Hu? and Mul. The vector
Hu® is computed by direct multiplication. However, it is not possible to compute

Mu? without knowing M. Thus, for the (5 + 1)th subproblem, the initial estimate

@2 of the current generalized eigenvector is defined to be

n

ap = ML [Ma)Y, (5.2)

where [M@)9) estimates the product of M; and i), and @’ denotes the final
estimate of a leftmost eigenvector for H;. The idea is that as the trust-region algo-
rithm converges, not only does the sequence {H;} converge, but also the sequence
{M;} converges; in this case, @y = M} [Ma]¥) ~ @), This choice of @° yields
the following convenient definition:

(M) = My ML M) = (M),
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5.3 Phase Two

The kth iteration of the second phase generates a new point s, by solving

the subspace minimization problem
minimize Q(s) = g's + 1s"Hs subject to ||s||ly <6, s € Sy, (5.3)

where S, = span{sg, 5, 4"} and 5 is defined as one step of Newton’s method
applied to a related constrained problem.
Hager [21] includes the subspace basis vector sg,, that is one step of Newton’s

method for the constrained problem
minismize Q(s) =g's+1s"Hs subject to 16 — 1s"Ms =0. (5.4)
Newton’s method is used to compute a stationary point of the Lagrangian
L(s,0) = Q(s) + or(s), (5.5)

where r(s) = %(STM s —06%) and o is a nonnegative Lagrange multiplier. Each step

of Newton’s method requires the solution of an indefinite system with matrix

H(o) d
ar o)

Instead of solving an indefinite system, the second phase solves a related system
that may be viewed as a reqularized Newton system. The aim is to define a
step satisfying a related positive-definite system that can be solved using the CG
method.

5.3.1 The augmented penalty function

An alternative to using Newton’s method to find a root of VL(s, o) is to mini-

mize the quadratic penalty function
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for a sequence of decreasing positive penalty parameters p. A minimizer s = s(u)

must satisfy the first-order condition
1
VPy(s) =g+ Hs+ —r(s)N"Ns = 0.
1

If o denotes the auxiliary quantity o = r(s)/u, then the penalty minimizer s(u)
may be computed as part of the root (s(u),o(u)) of the nonlinear equations
G(s,0) =0, where

+ (H +oN'N
G(s,0) = g+ 7 )s . (5.6)
r(s) — po
Forsgren and Gill [8] propose the augmented quadratic penalty function
1 2, 1 2
Pu(s,0) = Q(s) r(s)” 4+ o—(uo —r(s))”, (5.7)

_l’_ N
21 20

which is the usual quadratic penalty function augmented with a term that penalizes

deviations of 7(s) from po. The gradient and Hessian of P,(s, o) may be written

in the form

P, (5,0) = (g + H(&)s)

po —r(s)

and

S (H(&)+§NTN33TNTN —NTN3>
uls,0) = )

—sT'NTN U
where H(0) = H+oNTN and 6 = 0+2(r(s)—opu) /p. If we define the intermediate

vector m = 7(s) = r(s)/u, we may write
0=o0+2(n(s)—o). (5.8)

A key property is that a minimizer (s(u),o(n)) of P, (o, 1) is a zero of G(s, o),
and hence satisfies the first-order necessary conditions for a minimizer of the
quadratic penalty function. Moreover, if H + o NTN is positive definite then
(s(p),o(p)) is a minimizer of P,(s, o) if and only if s(x) is a minimizer of P (s).
(For further details on the augmented quadratic penalty function P,, see Forsgren
and Gill [8] and Gertz and Gill [12].)
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Given an approximate solution wy = (8, dx), the Newton step associated with

minimizing P, (s, o) is the solution Awy, = (Asy, Aoy) of the linear system

<H(&k) + 2dyd], dk) ( Ask) . <9+H (&k)3k> (5.9)
dr n) \ -4, r(sK) —uow )

where d), denotes the vector di, = NT N5y,.

As (Sk,01) — (s(p),o(p)), it holds that r(s;)/u — o(n) and hence w(5;) —
o(p) and g — o(u) (see, e.g., (5.8)). It follows that the matrix H () on the left-
hand side of (5.9) may be approximated by H (o), giving the approzimate Newton

(H(ﬁk) + %dkd}f dk) ( A§k> _ (g T H((ﬂgk) : (5.10)
i ) an) T s e

If both sides of this equation are multiplied by the nonsingular matrix

I —%dk
0 1

and the last column is scaled by —1, we obtain

<H(0’k) dk> <A8k) _ <Q+H(Uk)8k>
di —u) \ Ay r(5,) — pay, ’

which is a perturbation of the SQP Newton equation (4.12) (p. 70). Equation

system

(5.10) may be viewed as a regularization of the SQP Newton equation (4.12).
There are several advantages of solving (5.10) rather than the SQP Newton

equations (4.12). First, provided H (o) is positive semidefinite with o > 0 and p >

0, then (5.10) is positive definite. To see this, consider the following decomposition

of the left-hand side:

H(0w) + ppdf —di\ (1 —di\ (H(ow) + pddi 0 I 0
—df U 0 1 0 p) \—di 1
(5.11)

It follows that if H (&) is positive definite, then (5.10) can be solved using a
preconditioned CG method.
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Theorem 5.3.1 Suppose that p"H (c)p > 0 for all vectors p # 0 such that d'p = 0.
Then H(o) + %ddT is positive definite for all p < fi, where

1_ _% min{0, \,(H(o))}/|ld3,

I
and A\,(H (o)) denotes the leftmost eigenvalue of H (o).

Proof. Let H(c) = QAQT denote the spectral decomposition of H (o), where

Q= (n ¢ - ) and A =diag (\i(H(0)) with A\i(H(0)) > - > \,(H(0)).
Let p be any vector of unit norm such that d’p # 0 (otherwise, it holds that

p'(H(o) + 4dd")p = p"H(o)p > 0 and the result holds immediately). Then, there

exist scalars (; such that

p= Zﬁi% with Zﬁz’ =1,
i—1 i=1

and we may write

P = (3080 ) 1) (3 5a) = 3 () >0

Then, for all p such that d’p # 0, it holds that

P () + 2dd")p = Y0 ENH ) + 2 ()’

=1
i 2
> 3 B (H (o)) + -l
=1
> > G minf0, A (H ()} + 2|l
=1
2
= min{0.0, (o))} + = ]

It follows that p(H (o) + 2dd")p > 0 for all 1 < fi, where
n

1 - min{0, \,(H (o))}
i 2|13 7
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as required. m
The following result shows that the scalar p serves as regularization parameter

in the so-called “hard case” (see Section 2.3.5).

Theorem 5.3.2 (Regularization of the hard-case.) Let (s*,0%) denote a so-

lution of the trust-region problem:
minimize g’s+ 1s"Hs subject to ||s||as <6,

in the situation where H(o™) = H + oM is positive semidefinite and singular,
g € null(H(o™)* and ||(H + c*M)tg|| < 6. If the leftmost generalized eigenvalue
of the matrix pair (H, M) is simple, then the augmented system matriz (with d =

Ms*)
H(o™) + %ddT —d

18 positive definite.

Proof. This is the hard case; thus, ¢ = —\, where ), is the leftmost gener-
alized eigenvalue of the matrix pair (H, M). The solution s* of the trust-region

subproblem is given by
s = —(H =\, M) g+ 5z, (5.12)

where z is a unit vector such that z € null(H — A\, M) and [ is a nonzero scalar
such that ||s*||y = 0.
Suppose that the generalized eigenvalues of the matrix pair (H, M) are such
that
A2 2N > g == Ay,

i.e., the left-most eigenvalue ), has multiplicity n —r. Let the generalized spectral
decomposition of H be denoted by H = UAUT, where A = diag(\1, Mo, ..., \n)
and UTM U = I. Consider the matrix V such that V = U~ and partition V so
that V = (V, V,_,), where V, is n x r and V,,_,. is n X (n — r). The columns of
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V, and V,,_, form bases for range(H — A\, M) and null(H — \,, M), respectively. We

have

p=—(H- )‘nM)Tg

A= M\1)7 0
= —U_T <( 0 ) 0) U_lg,

and z = V,,_,q for some nonzero (n — r)-vector q.
From (5.11) we have that the inertia of the augmented system is determined

by the inertia of H(o™) + %ddT, ie.,

1 A=) 0 1
H(c*)+ —dd" =U ( ) U" + =dd"
It 0 0 I

Ar - )\n[r O 1
=U + —vo? | UT,
0 0 H

where v = U~'d. Using (5.12), we obtain

(A = M) TUT
v = (UTMUUTs* = UTMU ( ( ) g) .

Bq
The eigenvalue interlacing theorem (see, e.g., Wilkinson [50, p.97]) and Sylvester’s

law of inertia now gives

1
In (H(O'*) + ;ddT) =(r+1,0,n—r—1).

If A\, is a simple eigenvalue, then » = n — 1 and the result follows directly. m

These theorems imply that a CG-type algorithm will minimize P, (s, o) until
a conjugate direction (py,ps) is obtained such that pPH (o)p; < 0. Intuitively this
means that if  is sufficiently small, the function P, does not introduce additional
directions of negative or zero curvature into the subproblem.

A preconditioner that removes any ill-conditioning resulting from a small value

2 T
. <M+ﬁdd d)’
d’ I

of p is given by
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where M is a preconditioner for H(o). Consider the case when M is a positive-
definite diagonal approximation to H(c). The equations Pv = r used to apply the

preconditioner are solved by exploiting the equivalence of the systems:
M+ 24d" d
H A (5.13a)
d’ ) \vo o
M —d — 224
and N R (5.13b)
—d" —p) \w -

As M is diagonal and d = Ms is a column vector, this system may be solved
analytically.

Unlike Hager’s projected CG-type method to solve the SQP Newton equations,
this approach does not require that the constraint is satisfied exactly, i.e., this

approach does not require that r(s) = 0.

5.3.2 The primal-dual augmented Lagrangian

Given a positive scalar g and a nonnegative scalar o., consider the function of

n -+ 1 variables:

! r(s)? + L (1(o —oc) — r(s))z.

Lyo.(s,0) = Q(s) + oer(s) + oM 2

The gradient and Hessian of L, ,, (s,o) with respect to (s, o) are

VLM,Ue(S> U) = (g - H(OA-)S> s

p(o —m)
and

H(o 2qdt —d
V2Lu,ge<s,a>:< @)+ )

—dr U
where ¢ = 0 + 2(m — o) with 7 = 7(s) = 0. + r(s)/ .
A key property of L, .. (s,0) is that a solution of the trust-region subproblem

is a minimizer of L, .. (s, o) with respect to both (s, o).
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Theorem 5.3.3 Let (s*,0™) be a solution of the trust-region subproblem (4.4) with
15%||ar = 0, then for all ;i > 0, the point (s*,0™) minimizes the function
L (5,) = Q(s) + *1(5) 519 + 5 (ulo = 0*) = 1(5)) "
Proof. We verify the first-order and second-order sufficient conditions for a mini-
mizer. First, differentiating L’;UE (s,0) with respect to s yields
VL, (s,0) =g+ Hs+o Ms+ %r(s)d + i(,u(a* — o) +7r(s))d.

Since 7(s*) = 0, then

VLS (550" ) =g+ H(™)s" =0.

ST p,0e

Differentiating with respect to o and evaluating at the point (s*, a*) yields
* % k * * %
VULW,C(S o )=pulc —c)—r(s)=0.

Now, we verify the second-order conditions for an unconstrained minimizer.

Observe that

V2 L' (s,0)=—d, V2,L%, (s,0)=—d", V2 L%, (s0)=pu.

s,0u,0e 0,8 10,0¢ 0,07 p,0.

And,

2
V2L (s,0)=H+d" M+ ﬁ(ddT +r(s)M) + (6" —o)M

5,87 1,0

— H(o) + 2" — o)M + %(ddT +r(s)M).

Hence, VQL’Z,% (s,0) evaluated at the point (s*,0%) is given by
K\ 4 2 T
T “

The inertia of this matrix is given by a factorization analogous to (5.11). Since
H(0™) is positive semidefinite, H (o) + iddT is positive semidefinite for all p > 0,

implying VL | (s*,0%) is positive semidefinite.
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Hence, the point (s*, a*) satisfies the necessary conditions for an unconstrained
minimizer of L), ;. =
This result suggests that, given an approximate value o., a good strategy to

find an approximate solution to the trust-region subproblem is to minimize

Lo (5,0) = Q(s) + e (s) + ir@)z T i (4o — 00) — 1(5))*

with respect to both (s,c). The Newton equations for minimizing L, . (s, o) are:

(H(&) + 2dd" —d> (As) - (g—l—H(c?)s)
—d” i Ao p(o —m) ’

or, equivalently,

(H(&) + 2dd” d) ( As) o (g—l—H(c?)s)
d’ uw) \—Aco pr—o) |

where, as before, ¢ = o + 2(7m — o) with 7 = 7(s) = o, + r(s) /1.

This regularization needs two parameters: p and o.. The value of o, must
be chosen so that if H(o) is positive definite, then the Newton system is positive
definite. As the second phase converges, m ~ ¢ and this system will be positive
definite provided H(o) is positive definite; however, far from a solution to the
trust-region subproblem, if o, is much smaller than o, then 7 = o, + r(s)/n < o
and this system can be indefinite. Nevertheless, additional care can be taken to
guarantee that this system is positive definite whenever H (o) is positive definite
(for more details, see Section 5.3.7).

As the second phase converges, o. ~ ¢*, and thus, p need not approach zero.
In particular, if o, is the optimal o, then one minimization is required without
1 needing to be small. This implies that it is unnecessary to precondition for pu,
which is required for the penalty function regularization (see (5.13)). However, if
0. does not converge to the optimal o, then p must go to zero.

There are two beneficial properties of the function L, (s,0). First, a good
value for o, is available from the reduced trust-region subproblem solve (see Sec-

tion 5.3.5). Second, an explicit lower bound ¢, may be imposed on o by including
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a barrier term in the definition of L, ;.. This is beneficial because the Newton sys-
tem is positive definite if ¢ > —\,,, where \,, denotes the exact leftmost generalized
eigenvalue of the matrix pair (H, M).

Consider the function

1 1
Ly, (s,0) = Q(s) + oer(s) + ET(S)Q + @ (,u(cr —0e) — r(s))2 —vin(o —0,),
where v is a small positive constant. The gradient and Hessian of L}, , (s, o) with

respect to (s, o) are

g+ H(6)s )

o—m)—v/(oc—oy.)

VL , (s,0) =
() (u(

and

H(oc 2qd* —d
VzLZJe(S,U) = ( (9) + H ) )

—dT p+v/(oc—o,)?

This gives the Newton equations

<H(é>+%ddT d )( As>:_< g+ H(9)s )
dr p+v/(o—o0.)?) \—Ac uw—o)+v/(o—0))

with ¢ = 0 4+ 2(7 — o).

The function Lj, , shares many of the advantages of L, ;.. The Newton system
arising from minimizing L} , with respect to both (s,o) can be made positive
definite whenever o > —\,,, and thus, a CG-type method may be used to solve the
Newton equations (see Section 5.3.7). Another advantage of both schemes is that
the initial pair (s, o) need not be feasible, i.e., ||s||ar # 6.

The optimal ¢ must lie in the interval [—\,, c0); thus, oy is initially set to be
o = max{—jxn, 0},

and is then updated by a suitable safeguarding algorithm. There are two possi-
ble sources of updates for o;. First, if the Newton system is determined to be

indefinite for a trial value of o, then o; may be set to this value. Second, a new
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estimate of the leftmost generalized eigenvalue may provide a better value of o,
(see Section 5.3.3). In the hard case, the function L} ; may become undefined if
o =~ oy; thus, the lower bound o, may need to be reset to be made slightly smaller
than the approximate leftmost generalized eigenvalue.

In practice, it is not efficient to solve the Newton equations very accurately. If
the current approximate subproblem solution is close to an optimal solution, only
a few iterations of a CG-type algorithm may be needed to sufficiently solve the

subproblem.

5.3.3 Minimizing the primal-dual augmented Lagrangian

Each iteration of the second phase involved the computation of one Newton

step for a minimizer of

LZ’%(S, o) = Q(s) + oer(s) + ir(s)z + % (,u(a —0e) — 7’(8))2 —vin(o —o,).
In order to focus on this one step, we will use (s,0) to denote the kth Newton
iterate, and (As, Ao) to denote the kth Newton direction.

The Lanczos-PCG method is used to find an approximate solution of the New-

ton equations

(H(&H%ddT d )( As>:_< g+ H(G)s )
T ptvfo—a) \~as)  \utr—o)+vfio—a1)

where ¢ = 0 4+ 2(m — o). A block preconditioner is used to exploit the structure
of these equations. If M is a preconditioner for H, then a suitable preconditioner

for the Newton equations is

1+ 6)M + 2dd" d
p= <( +9) TJW ) (5.14)
d I

Note that P can be written as the product of three matrices

2 2 S 2 T
0 1 0 1 d’ I
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which may be simplified as

. <1 gd) ((1+&)M —d)7
0 1 d”’ L

This provides a convenient expression for P~! as

-1 -1

P_1:<(1+6)M —d> (1 %d) | (5.15)
dr U 0 1

Equation (5.15) can be further simplified by using the following decomposition:

(1+0)M —d
dr I

1 O'tM_ld UtM_l 0
W = D - )
0 1 0 1/(u+od" M)

and o, = 1/(1 + ). Using this decomposition, P~! can be written as:

P_1:<atM—1 (1/(M(1+&)+de))M‘1d>< I —24 ) (5.16)

0 1/(p+ od’s) —oysT 2—T8Td +1

-1

) = WDW™T,

where

Thus, matrix-vector products with P~! may be performed as products with block
matrices.

If H(o) is not positive definite then Lanczos-PCG may encounter a direction
of negative curvature. If Lanczos-PCG computes a negative diagonal element of D
in the LDL"T decomposition of the tridiagonal matrix, the algorithm terminates
prematurely and returns the current Lanczos-PCG iterate. In all cases, the Newton
update is a descent direction (of positive curvature) for L7 , .

The cost of a Lanczos-PCG solve is one matrix-vector product for each Lanc-
zos vector. Even with the block preconditioner, Lanczos-PCG may converge very
slowly or not at all. To guard against this situation, an upper limit is imposed
on the number of Lanczos vectors computed for each Lanczos-PCG solve. In the

numerical results of Chapter 7, this limit was n/10.
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Each Lanczos vector is used to generate a new estimate of the leftmost gener-
alized eigenpair. However, the Lanczos vectors have n + 1 components, i.e., the
Newton system is one dimension larger than the original subproblem. Nevertheless,
the estimation routine is able to proceed as in the first phase since the Lanczos
vectors only serve as direction generators (see Section 5.2.1). In particular, the
estimation routine generates new subspaces using only (the first) n components of
each Lanczos vector.

The Newton iterates in this section are distinct from the iterates used to ap-
proximate the solution to the trust-region subproblem. However, upon entering
the second phase, the initial s is taken to be a the current approximation to the
trust-region subproblem solution, and the initial value of ¢ is taken to be the ap-
proximation generated by the Moré-Sorensen solve at the end of the first phase.
Thus, upon entering the second phase, the Newton iterate and the current approx-

imation to the trust-region subproblem are equivalent.

5.3.4 Economizing matrix-vector products

The solution to the Newton equations in the second phase provides an update
(Ask, Ady) to the Newton iterate. The Newton iterate is then given by (Sxi1, Gry1)
where 811 = Sp+aAS, and 0p 1 = 0+ apAdy. After each Newton iteration, the
vector H5p, 1 must be updated. This vector is needed to form both the left-hand
and right-hand sides of the nezt Newton system associated with minimizing L}, .

This section presents details associated with forming HSsg,q; however, since
H5py = HS + apH A5y, the task of forming H5p,4 reduces to the task of forming
HASy. The method presented below is specifically in the context of the Lanczos-
PCG method; however, the details are similar for other CG-type methods.

In Section 3.6, the Lanczos-CG algorithm was extended to solve the system
Az = b and then indirectly form AAz;. Recall that forming AAx; reduced to
one matrix-vector product for each Lanczos-CG iteration; namely, the products

Avy were computed for all k. However, forming products of the form HAS, is
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complicated by the fact that the update is the augmented vector (Asy, Ady), i.e.,
Asy is only part of the solution vector. Practically, this means that additional care
must be taken because the Lanczos vectors are constructed to solve an augmented
system of one dimension higher.

Consider the following version of Lanczos-PCG for the Newton system associ-
ated with minimizing L} , . For simplicity, the Newton equations are denoted by
Hzx = g, and the Lanczos-PCG iterates are denoted by {z;}. For simplicity, #; will
denote the first n components of z;. In this notation, the vector H As,, is denoted
by Hz;, where x; is the final Lanczos-PCG iterate, i.e., z; = (ASsy, Ady). Finally,
let P denote the preconditioner for the augmented system. Apart from these dif-
ferences, the notation in the algorithm below is consistent with the notation in the

original Lanczos-CG algorithm.

ALGORITHM 5.3.1. LANCZOS-PCG FOR THE AUGMENTED SYSTEM
Choose 1, > 0;

xo =0; [HZo] = 0;

so=g(zo); Bo=—llsollp1; 7-1=1 7=p0; i=—1;

while 7 > 7,,; do

W1 = Sz’—i—l/ﬁi—i—l; 1— 1+ 1, Solve P’UZ' = W;; [H’&Z] = H’&Z,

v = v} [Hvyl;
if k=0 then

pi=vi;  [Hp] = [HO];
Si+1 = [ﬁvz’] — YiWi;
else
li = ﬂz‘/dz‘—l;
pi = vi — lipir;  [Hps] = [HO;] — Li[Hpi1];
Sit1 = [ﬁw] — Yiw; — Biw;-1;
end

di = v — Bili; @i = —Fivi1/dy;
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Tiy1 = & + ;. [HEi] = [HE] + o [Hpil;

Bir1 = —lIsinillp-1; 7= =B
end do

There is a subtle detail in this algorithm: only one matrix-vector product is
needed each iteration. In particular, given H9;, the vector Hv; can be formed
implicitly by utilizing the block structure of H. An important implication of this
is that the algorithm for the leftmost generalized eigenvalue requires no additional
matrix-vector products with H. In the augmented Newton solve, the vectors {ov;}
are used as direction generators (Section 5.3.3), and consequently, only { H9;} and
{M0v;} are required for the estimation (see Section 5.2.1). (For details on the

implicit formation of the vectors {Mv;}, see Section 5.3.6.)

5.3.5 Solution of the subproblem on a reduced subspace

The Newton iterate Sy is obtained using a Wolfe line search (see Section 5.3.7).
With si, the second phase solves the trust-region subproblem over a reduced space.

In particular, each iteration of the second phase solves the reduced problem
minimize Q(s) = g's+ 1s'Hs subject to s € S, ||s||m <6, (5.17)

where S = span{sy, §k+1,ﬁ’ffl}. The reduced problem is at most three dimen-
sional, and can be solved efficiently using a direct method (e.g., the Moré-Sorensen
algorithm).

No additional matrix-vector multiplications are required for the reduced sub-
space solve provided that the subspace is formed explicitly using a subset of the
vectors {sg, 341, @1}, To see this, note that the reduced subproblem has the

form

minimize Q(p) = (Qg)'p + 3p (Q"HQ)p, subject to [ple <6, (5.18)
P

where @ is a matrix whose columns span S;, and C' = QTM Q. The QR decompo-

sition can be used to fill the columns of () with a maximally linearly independent
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subset of the vectors {sy, Sp41, W*™1}. Since the quantities Hsy, H3yy1, and Hurt
are already known (see Sections 3.6, 5.2.1, and 5.3.4, respectively), the matrix
QTHQ can be formed explicitly. Similarly, Q"M Q can be calculated from the
vectors Msy,, M5yy1, and Mur! (see Sections 3.6, 5.2.1, and 5.3.6, respectively).
Once a solution p (say) of the reduced problem is known, it may be expanded into
the full space as s;+1 = @p, which implies that s;; is a linear combination of the
columns of Q; thus, s, is a linear combination of the vectors {sy, 8y 1, @**1}.
Observe that Hsi.1 may also be formed as a linear combination of Hsy, H5p.q,
and Hakt1. Similarly, Msyy; may be formed from Msy, M5, ,, and MaF+?t.

If the elements of M are available, the vector VQ(sy) can be included in the
subspace, at the cost of one additional matrix-vector multiply with H, to ob-
tain a subspace of at most four dimensions. (In order to form C, the product
MVQ(sy) must be computed, which involves the product Mg; having no way to
form Mg restricts our ability to include VQ(sy) in the reduced subspace.) In this
case, the subspace solve is very similar to the subspace solve used by Hager (see

equation (4.10), Section 4.4).

5.3.6 Estimating the elliptical norm

The quantity M5y, is needed for the reduced subspace solve and the leftmost
generalized eigenvalue approximation routine for (H, M). Moreover, this quantity
can be used to estimate the elliptical norm of x4, i.e., ||Sgr1]|ar, which is used to
determine whether an iterate satisfies the optimality conditions. Since M5, =
MSy, + ap M ASy, the task of estimating M, ;1 reduces to the task of estimating
M AS;y,.

ALGORITHM 5.3.2. LANCZOS-PCG FOR THE AUGMENTED SYSTEM (2)
Choose 13, > 0;

zo = 0;  [Mo] = 0;

so=g(x0); Bo= —llsollp-1; v1=1; 7=0; i=-1;



while 7 > 7, do
Wiy1 = 8i+1/5¢+1; Solve Pv;11 = wiy1; [Mﬁiﬂ] = M9 1;
[Hv;] = Hug;, v = vl [Huyl;
if k=0 then
l; =0;
pi =i [Mpi] = [Mv;];
Si+1 = [ﬁvz’] — YWy
else
li= ﬁi/di—l;
pi = Vi — lipi—1; [Mﬁz] = [Mﬁz] - lz‘[Mﬁz'—l];
Si+1 = [HU’L] — Yiw; — Biw;_1;
end
di = v — Bili; a; = —fici1/dy;
Tip1 = T+ ipi;  [M2i] = [M2;] + ai[Mpil;
[ Z51]13y = &5 [MEiia];
Bir1 = —sitallp-1; 7= =B

end do
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1=1+1;

By assumption, it is not possible to compute Mv;,; directly. Nevertheless, it

may be implicitly formed by considering the block preconditioner P. To see this,

consider the matrix E € R™ ™+ guch that

E:<1 0),

where [ is the n x n identity matrix. Note that the matrix-vector product Ez is

an n-vector containing the first n components of the vector . Using this notation,

Mﬁz’—i—l = MEP_le_l.

The block preconditioner for the Newton equations for minimizing Lj , was

given by

= 2 T
. <(1+0)M+ﬁdd d>‘
d’ I
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From Section 5.3.3 (Equation (5.16)), P~! can be written as:

i (mM‘l (Ut/(u+aths))M‘1d> ( I —%d )7

0 1/(n + ovd”s) —oysT 2—ZtsTd +1

where o, = 1/(1+ 7).
Let w;y1 = (wy, we) where wy is an n-vector and wsy is a scalar. Then, the first

n components of P~lw; ; are given by:

2
EP \w, = <M‘1 0) ol 010 = d ,
0 oy, —oy8Twy + wg(%sTd +1)

where o, = 1/(u+ 04d’s). And, finally,

I d — wy2d
MEP_le-_,_l: <] 0) Ot 00y, Wy w2u . (5.19)
0 o, —0y5Twy + wy(22tsTd + 1)

Thus, Mb; ., = MEP 'w,;,; can be computed via products with block matri-
ces.

The quantity Mvy., is crucial for continuing the leftmost generalized eigen-
value approximations inside the augmented Lanczos-CG solve. In particular, this
quantity is required to form the reduced space for the generalized eigenproblem

(see Sections 5.3.4 and 5.2.1).

5.3.7 The phase-two algorithm

The second phase allows for user-specified accuracy; thus, it can obtain accu-
racy comparable to the Moré-Sorensen algorithm in the constrained case. The
cost of this phase depends on the desired accuracy of each subproblem solve:
the more accurate, the more expensive. However, the cost associated with en-
tire trust-region algorithm is only the cost in forming Lanczos vectors; there are
no additional matrix-vector multiplications in the entire algorithm. The following

algorithm gives an overview of the second phase.
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ALGORITHM 5.3.3. OUTLINE OF THE SECOND PHASE

Choose 1 > 0, v > 0;

Mk = +00;

Sk = Sk [HSk| = [Hsk); [M5Sy] = [Msgl;

o =0 o = max{—\F, 0}

Compute an acceptable y; (Theorem 5.3.1, using \,(H(0)) =~ \F)
while 7, > 1, do

v .
HyTe?

Compute one step (ASg, Ady) of Newton’s method for minimizing L
(The quantities \**! and @**! are updated simultaneously);

Set Sp11 = S + pASg; Opp1 = Ok + pAdy;

[H5k41) = [H51] + ag[HASE];  [MSgy1] = [M5g] + ag[MAS];

Update oy, if necessary;

Solve the subproblem over a reduced subspace to obtain:
Sk+15  Ok41; [H8k+1]; [M8k+1];

Oc = Ok+1;

Safeguard oy, and Gy 1;

Update p; (via Theorem 5.3.1)

M = [[(H + op1 M)piin + gl + 180 Mspa — 07);

o — max{\F+1,

k—Fk+1,
end do

UL}%

At the start of the second phase, §j is initialized at s, the current approxima-
tion to the trust-region subproblem solution. (Thus, H5, = Hsy and M §, = M sy,
which are computed in the first phase.) If the first Newton step for minimizing

L, ,. is denoted by (A5, Ady), then the next Newton iterate is (Sgi1, 0x41), where
S5k+1 = Sk + BpA5,  and  Gpq1 = Ok + S Aoy,

with [, denoting the step length obtained via a Wolfe line search. The compu-
tation of HS, 1 = Hsy + B HAS, and M3sg,1 = Msy, + 8. M AS,, is discussed in
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Sections 5.3.4 and 5.3.6, respectively.
The error in the optimality conditions for the subproblem iterate (Sgi1,0%41)

is defined as
I(H + 01 M)prr + gl + 5185 Msia — 67, (5.20)

where pg1 approximately solves (2.36). This test takes into account that the Moré-
Sorensen solve is only an approximation to the solution for the reduced subproblem.

There are several important issues associated with safeguarding this algorithm.
In the hard case, care must be taken so that oy, # oy for any k; otherwise VL7
and V2LZ706 are undefined. The Lanczos-PCG algorithm terminates immediately
it detects that VLY, , is indefinite. This can occur only if o}, ¢ [—\,, 00), in which
case oy is a new lower bound on o, and o, is redefined as 0. The lower bound o, is
also updated if a new, more negative, approximate leftmost generalized eigenvalue
is computed during the Lanczos-PCG solve. These two possible updates to o, are
separated in the code to emphasize that they are unrelated.

Safeguarding oy, requires additional care. There are several situations in
which the Newton system may be indefinite in the following iteration. First, the
solution of the reduced problem may terminate with a point (sxy1,0%41) that is
a less accurate solution of the subproblem than (s, o), i.e., Mpr1 > M. Second,
the solution of the reduced subproblem may generate a value of o4; such that
or+1 < or. In both these cases, the iterate from the reduced problem is rejected
and (Sgy1,0k41) is set to the previous value (sg,0x). This forces a monotonic
decrease in the error of the optimality conditions and guards against using a poor
value of o, in the subsequent iteration.

Another possibility is that o, and 741 are in the interval [—\,, 00), but the
subsequent Newton system can be indefinite (for details, see Section 5.3.2). As-
suming Gy41 € [—Ap, 00), the Newton system will be positive definite if 7 — & > 0,

i.e., 0 +1(5k41)/1t — k1 > 0. However, it is acceptable for this inequality to not
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hold as long as
5k+1+2(06+T(3k+1)/ﬂ_5k+1) > 0r,. (521)

If this inequality does not hold, then the next Newton system is guaranteed to be
indefinite; in this case, it is desirable to only make a change to &, in dire cases so
as not to disrupt the convergence of the Newton iterates. The following algorithm
details how this situation is handled; moreover, it guarantees that if & € [—\,,, 00)
then the subsequent Newton system will be positive definite.

The following algorithm details the safeguarding procedure. (In this algorithm,

en denotes machine precision.)

ALGORITHM 5.3.4. SAFEGUARDING FOR THE NEWTON SYSTEM
if mpp > mp or oy <oy
Skl = Sk3 Okl = Ok Oc = 0p; [Hsp] = [Hsyl;  [Msp] = [Msy];
end
if 5441 < op < 041 then
Okl = Okg1; Skl = Skq1s  [HEpy1] = [Hspq]s  [MSpya] = [Mspqal;
end
if Gpi1+2(0e +7(Sps1)/pt — Gkr1) < op then
if 0. <0 < Gpy1 then
if 7(Sg+1) > 0 then o, = d441; else 0. = a1 + |7(Sks1)|/ 15
else if 0, > 0, and o041 > o then
if 1 < 107N([[(H + Gher M)Sker + gl + 5155 M1 — %) then
Ok+1 = Ok+1)  Sk+1 = Sk+1;
[H8p1a] = [Hsprals  [MSpia] = [Mspia];
end
else if 54,1 < o and 0. < 0
Okt1 = 0 + /e
if ey < (I(H + 0pe1M)Seq1 + gllar— + 3154, M5k1 — 0%]) then
Ok+1 = Ok+1)  Sk+1 = Sk+1;
[H311] = [Hsppa];  [M3ga] = [Msgya];
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end
end
if g1+ 2(0e +7(Sk1) /10 — py1) < op then o, = G + |7(Ska1)|/ 1

end

Notice that the Newton iterates can only modified in the case when the follow-
ing Newton system is guaranteed to be indefinite. Even then, the Newton iterates
are only modified if either 51 < o or the error associated with the Newton iter-
ates is significantly greater than the error associated with the subproblem iterate
(Sk+1,0k+1). Subsequent Newton systems are most likely to be positive definite
because of the modifications to o.. As the second phase converges, o, ~ ;1 and

7(Sg+1)/p should be very small; thus, modifications to o, will also be small.



6
Preconditioning

Preconditioning may not only accelerate the convergence of a CG-type method,
but it may also prevent a form of stalling in which many CG iterates are computed
with negligible progress towards a solution. Using preconditioned Lanczos-CG to
solve the (linear) Newton equations in both phases of the proposed trust-region
algorithm may increase efficiency by reducing the number of computed Lanczos
vectors, and thus, requiring fewer matrix-vector multiplications.

This chapter presents two preconditioning methods. The first method uses in-
complete Cholesky factorizations to generate preconditioners for V2f. The second
method is based on limited-memory quasi-Newton updating to improve the block
preconditioner P for the augmented Newton system in the second phase. These
methods are not mutually exclusive; they may be used in tandem to generate
preconditioners for both phases.

It is not always desirable to use the preconditioning methods described in this
chapter. In particular, when a good preconditioner is already available based on
the problem formulation (e.g., a multigrid preconditioner for PDE constrained
optimization), it may be unhelpful or counterproductive to try to improve upon
the preconditioner. In this case, it is not recommended to use the additional

preconditioning techniques of this chapter.
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6.1 The Incomplete Cholesky Factorization

The preconditioner M should be a matrix that approximates H (i.e., M~ 'H =~
I) such that it is possible to form matrix-vector products with M ~! by implicit or
indirect means (i.e., without requiring explicit multiplies with M ~1).

Any symmetric positive-definite matrix H may be written uniquely as the prod-
uct H = LDLT where D is a diagonal matrix with positive entries, and L is
unit-lower triangular. The Cholesky factorization of H is then H = RTR, where
R = LD'Y?. The Cholesky factor R is also unique.

The incomplete Cholesky factorization is one of the most widely used methods
to obtain a sparse, positive-definite approximation to H. If H is positive definite,
incomplete Cholesky factors may be regarded as sparse approximations to the true
Cholesky factors. In the case where H is not positive definite, it is possible to com-
pute a modified incomplete Cholesky factorization. If the (modified) incomplete
Cholesky factorization is taken to be M, then matrix-vector products with M ~!
may be computed implicitly using triangular solves with R and RT. For this rea-
son, incomplete Cholesky factorizations make preconditioning practical for large

problems.

6.1.1 The modified Cholesky factorization

If H is not positive definite, modified Cholesky algorithms define an upper-
triangular matrix R such that H + £ = RTR where E is positive semidefinite. If
H is well-conditioned, then R should be well-conditioned. Furthermore, £ should
be as small as possible.

The first numerically stable modified Cholesky factorization was due to Gill
and Murray [13], and was later refined to include symmetric interchanges in [14].

Given positive scalars 4 and ¢, the modified Cholesky factorization of Gill and

Murray [13] computes an upper-triangular matrix R and a diagonal E such that

H+ E=R'R, (6.1)
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where the elements of R satisfy
lri| < B and |ry| >0, for i=1:n, k>i. (6.2)

The idea is to implicitly increase the diagonal elements of H until (6.2) holds. The
value of e;;, the ith diagonal of F, is then the amount that h; must be increased.
Suppose that the smallest possible e;; that makes hi; + eq; sufficiently positive
leads to a large off-diagonal element in the first row of R, i.e., an element whose
magnitude exceeds (3. Let m denote the index of the off-diagonal element in the

first row of H that is largest in magnitude; we then increase ey further, until

|h'1m| — ﬂ
V hir + e

This fixes r11 to be |hy,,|/ 3, and the factorization proceeds to the next stage. Note

that
gl

Vhii+en = Vhiten
Hence, the elements of the first row of R are bounded in magnitude by 3. This

‘le‘: :ﬂ, j:1,2,...,n.

procedure is summarized by the following algorithm.

ALGORITHM 6.1.1. MODIFED CHOLESKY FACTORIZATION
Let B (6 >10), 6 (6§ > 0) be given;
H= H;
for k=1:n do
v = max{ || 1 j=k+1:n};
Tk = max{ o, m, v/ B };
Crk = Tiy — flkk;
for j=k+1:n do
Tk; = fbkj/rkk;
for i=k+1:5 do
flij — ﬁij - Tkjﬁkﬁ
end do;
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end do;
end do.

The bound [ should be large enough that H is not modified if it is sufficiently

positive definite. The following lemma shows that if

3% >~y =max{ |hy| : i = 1:n}, (6.3)
then the modification £ =0 in (6.1) if H is “sufficiently” positive definite.
Lemma 6.1.1 Let H be a symmetric matrix and assume that the modified Cho-

lesky factorization of H has been obtained using Algorithm 6.1.1 with 5% > ~. Ifq

is the smallest integer that satisfies

~

hqqgl%jj, jzl:n,

and d satisfies Rd = rye,, then d"Hd < ﬁqq. Moreover, if 6 = 0 and H has at

least one negative eigenvalue, then fzqq < 0.

Proof. At the kth stage of the factorization, the elements (fzkk, c fzmﬂ, fzkn) of
the first row and column of the k x k unfactorized block can be written as
A k—1
hyj = hig — Zﬂ‘jﬁ'k; k<j<n, (6.4)
i=1
k—1
and hkk = hkk - Z Tizk. (65)

i=1

If Rd = ry.e,, then d, = 1 and d; = 0 for i > q. Moreover, since H + F = R'R,

q—1 q—1
d"Hd = d"(R'R — E)d =12, — e — Y &2, = hyy — Y d%2,,
j=1 Jj=1

and consequently, d"Hd < hq,.
To show the second result, assume that § = 0. If b, > 0, (6.5) and the
definition of ¢ imply that

k—1
ﬂ2>hkk22rfk, for 1<k <n.

i=1
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This inequality shows that |ry| < (§ for i < k, so that ey does not need to be
chosen to enforce a bound on the off-diagonal elements of R. This implies that
if rix # 0, then ryy, > i/, giving ri, = \ﬂkk| and ey, = 0. If rp, = 0, clearly
er = 0. Tt follows that E = 0 and H = RTR. Thus we have shown that if /., > 0,
H must be positive semi-definite. m

In addition to satisfying the lower bound 3? > ~, 3 should not be “too large”,
to prevent excessively large elements in R. For a given matrix H, the diagonal
modification F depends on . The following theorem derives a bound on || F||« as

a function of 3.
Theorem 6.1.1 (Gill and Murray [13]) For a given 5 > 0,
2
IE(B)]0 < (% Fn—1B) +2(y+ (- 1) 46, (6.6)

where & is the largest in modulus of the off-diagonal elements of H, and vy is defined
by (6.3). 1

If n > 1, the bound of Lemma 6.1.1 is minimized when 3% = ¢/v/n2 — 1. Thus,

a practical choice of ( is
B* = max{7,£/vVn? — 1€y}, (6.7)

where ¢,, is the relative machine precision, and is included to allow for the case
where ||H]||2 is small. Note that (6.7) always satisfies the lower bound (6.3).

The modified Cholesky factorization is numerically stable, and produces a
positive-definite matrix differing from the original matrix only in its diagonal ele-
ments. The diagonal modification E with [ defined by (6.7) is “optimal”, in the
sense that the a priori bound (6.6) on || E||« is minimized, subject to satisfying
(6.3). In practice, the actual value of ||E||« is almost always substantially less
than the a priori bound.

An alternative modified Cholesky procedure was suggested by Schnabel and

Eskow [46], which often gives a smaller bound on E. The algorithm uses the
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Gerschgorin circle theorem to bound the elements of F and to prove the following

theorem:

Theorem 6.1.2 (Schnabel and Eskow [46]) Suppose that at each step of the
modified Cholesky factorization (Algorithm 6.1.1), the remaining matriv H; €

ROHI=)x(+1=9) g given by
T
Hj - aj f,l,\J )
hj Hj

and Hy £ H. Furthermore, suppose that Hjy is defined as Hjq = ITIj—hjh;F (a;+
d;), where

0; = max{0, [[h;lly — a}.

If E = diag(dy,...,0,), then H + E is positive semidefinite and

[Eloe <7+ (n—1)¢. 0

6.1.2 The incomplete Cholesky factorization

There are two general strategies used to define an incomplete Cholesky factor-
ization

H=R'R+E,

where R is a sparse, upper-triangular matrix. The first strategy is to use a drop
tolerance to limit the number of nonzero elements in the upper-triangular Cholesky
factor R. In this approach, an incomplete Cholesky factorization is computed and
elements in R are set to zero if they are smaller in magnitude than the drop toler-
ance. A disadvantage to this approach is that the number of nonzero elements in
R can be unpredictable; there is often no way to foretell the “magical” drop toler-
ance needed to meet a specific memory requirement. Another approach of many
incomplete Cholesky methods is to use a fixed fill-in strategy. In this approach,
the memory requirements are fixed; however, the sparsity pattern in R is explicitly

tied to the structure of H rather than the entries.
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There are several incomplete Cholesky methods that attempt to combine these
two strategies. In [44] and [45], Saad proposes storing a maximum number of
nonzero elements in each column of R” and also implementing a drop tolerance.
This approach uses an incomplete LU factorization of H; however, the method
does not attempt to preserve the symmetry of H.

Jones and Plassmann [23] suggest an incomplete Cholesky factorization that
sets the sparsity pattern of R dependent on the entries of H. This method limits
the number of nonzero entries in each column of RT to the number of nonzero
entries in the strict lower-triangular portion of the original matrix H; moreover,
the method determines which entries are maintained based on the magnitude of
the entries rather than the sparsity structure of H. This approach enjoys the
advantages of a drop tolerance-based factorization without actually fixing a drop
tolerance.

In this same spirit, Lin and Moré [25] propose an incomplete Cholesky fac-
torization that controls memory requirements and can be extended to indefinite
matrices. Given a scalar p > 0, Lin and Moré count the number of nonzero entries
in the jth column of the strict lower-triangular portion of H, denoted n;, and
compute the jth column of the incomplete Cholesky factor R? but retain only the
largest (in magnitude) n; + p entries. (Notice that this is equivalent to Jones and
Plassmann’s method with p = 0.) The following incomplete Cholesky algorithm
details this process [25]. The algorithm overwrites the jth column of H with the
jth column of RT; thus, the matrix R can be recovered by taking the transpose of

the lower-triangular portion of H.

ALGORITHM 6.1.2. INCOMPLETE CHOLESKY FACTORIZATION
Choose p > 0;

H= H;

for j=1:n do

his = \Jhss

n; = number of nonzero entries h;; such that i > j;
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for k=1:n and ﬁjk%o do
for i=j+1:n and hy #0 do
flz‘j = ﬂz‘j - flz‘kﬁjk;
end do
end do
for i=j+1:n and hy, £ 0 do
hij — hig[hyj;
fln’ — flu - fl?j;
end do
Retain the largest n; + p elements of {lAszrLj, . ﬂnj};
end do

Incomplete Cholesky factorizations may fail on general positive-definite matri-
ces; this occurs when a computed diagonal of element of R is not strictly posi-
tive (for an example, see [24]). One approach to extend the incomplete Cholesky
factorization to general positive-definite matrices is to use a scaling and shifting
technique. The following algorithm is similar to Jones and Plassman’s method
with p = 0 on positive-definite matrices; however, Lin and Moré have modified the

scaling to extend the algorithm to general indefinite matrices.

ALGORITHM 6.1.3. ICFM FOR GENERAL MATRICES
Choose oy > 0; p > 0;
D = diag(||Heil|2); H =D Y2HD Y
if mln(f:]“) >0 then ap =0 else ay = — mln(ﬁ“) +
for k=1:... do

Apply Algorithm 6.1.2 to ITIk = H+ agl;

if successful then

ap = «y; break;
end
g1 = max(2ay, ag);

end do
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Small values of ap provide better preconditioners for H. Lin and Moré prove
that this algorithm successfully computes an incomplete Cholesky factorization
of H for values of a such that o > 72, where 3 is the maximum number of
nonzero entries in any column of H; thus, ap < 26~Y/2. Lin and Moré find that
increasing the additional memory allowance p usually decreases the value of ap.
This is consistent with the idea that allowing for more fill-in should increase the

quality of the preconditioner.

6.2 Limited-Memory Quasi-Newton Updates

The fundamental idea of quasi-Newton updates is to use second-order informa-
tion, in the form of finite-differences, to update an approximation to the Hessian.
In the context of preconditioning, second-order information can be used to update
a (possibly simple) initial preconditioner in order to obtain a better approximation
of H. This strategy will be used to help construct a better preconditioner P for
the augmented Newton system in the second phase.

Quasi-Newton preconditioning methods can be adapted to help precondition
in the case when it is prohibitively expensive to store updated (dense) matri-
ces. In this case, a limited number of pairs of vectors {(m;,7;)} can be saved
and then implicitly used to form matrix-vector multiplies with the new, updated
preconditioner. These types of methods are called limited-memory quasi-Newton
preconditioning methods.

Quasi-Newton updates can be performed to either a preconditioner or its in-
verse. In the context of the proposed trust-region solver, it is numerically more
stable to apply the quasi-Newton updates to P~1 (i.e., recall that PCG requires
multiplies with P~!). Thus, this section will focus on quasi-Newton updates to

the inverse of the block preconditioner P.
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6.2.1 Limited-memory BFGS updates

Quasi-Newton BFGS updates can be used to solve linear systems, and more
generally, unconstrained optimization problems. In particular, the BFGS method
with an exact line search to solve a positive-definite system Ax = b is equivalent
to applying CG to the linear system Ax = b to solve the unconstrained quadratic
minimization problem

miileiﬂrg}lize q(z) = Ja"Ax — b (6.8)

The BFGS method can also be used to generate a sequence of updates to Py *
to precondition a linear system Az = b by generating a sequence of iterates {z;}

and then applying the formula
]31111 = G;‘FPz_lGl + pmmy (6.9)
where

m = Zi+1 — Ty, "= A($l+1 - xl),
p=1/vm,  Gi=1-pym.

Provided the initial P, ' is positive definite and p; > 0 for all [, this formula will
produce a sequence of positive-definite matrices {P,'}. (For more details, see
Dennis and Schnabel [7] or Gill, Murray and Wright [14]).

The limited-memory BFGS method is designed to be an (efficient) alternative
to the BFGS method for large problems. Instead of performing explicit updates
to P71, the limited-memory BFGS algorithm implicitly updates P~ by storing
a small sequence of pairs {(m,7)}. Specifically, limited-memory BFGS stores
at most m pairs {(n;,7,)} at one time, and always maintains the most recently
computed pairs. Typical values for m range between 2 and 20 (e.g., [30], [29], [26],
or [34]).

The following algorithm outlines the limited-memory BFGS algorithm to up-
date P~! in the context of building a preconditioner for the (linear) Newton system

associated with minimizing a general function f.
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ALGORITHM 6.2.1. THE LIMITED-MEMORY BFGS TO UPDATE P!
Define constants m, w (0 <m <w < 1), m (m < 1/2);
Choose y and symmetric positive-definite matrix P, ';
k«— 0;m« 0
while Vf(zx) #0 do
Sp = —Pk_IVf(xk);
Try1 < Tk + apSk, where ay satisfies the Wolfe conditions:
f@r 4+ arsk) < f(xr) + marVf(zg) s,
Vi (zr + ansi) sy > wVf (x) sy
Update P, ' using the pairs {(n;, v;)}¥_,
for j=k—m,...,k do
P.Y =GIP Gy + pjmyn?
end
k—Fk+1,
m «— min{k,m — 1}
end do

As written, this algorithm is misleading because the sequence {F, '} is not
explicitly computed. Even if P, ' is sparse, matrices in the sequence {Pl_l} may
be dense. Thus, updates to Pz_l are never formed; instead, the following recursive

formula using only the pairs {(1;,7;)} is used to compute products with P,~" ([34]):

ALGORITHM 6.2.2. RECURSIVE FORMULA TO COMPUTE P~ ly =r
Let m denote the number of stored pairs {(n;,v)};
q—Y;
for i=m—1:0
a = pinlg;
q = q— a7
end
r= Pl

for i =0:m—1
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B = pvir;
r=7r+ni(a—B);
end

Notice that the additional storage requirement for forming products with P!
is negligible.

There are two additional subtleties in the limited-memory BFGS algorithm.
First, the matrix P, ' must be positive definite; moreover, it should be sparse. A

common choice initialization is the scaled identity matrix

_ 77%%%

P— 1
0 Vgﬂm

I

Y

where (9, vm) denotes the last computed pair. Second, the type of line search
is not arbitrary—the Wolfe conditions are used to guarantee p; > 0, and thus,

ensures that the algorithm will generate a sequence of positive-definite matrices
[P} (.., see [29)).

6.2.2 Implementing quasi-Newton updates in Phase Two

It is relatively simple to incorporate Algorithm 6.2.1 into the second phase to
update the inverse of the block preconditioner P. By construction, the Lanczos-CG
algorithm generates iterates {s;} to solve Newton system associated with minimiz-

ing L}, . During each Lanczos-CG iteration the pairs (1;,7;) may be defined as

N = Sit+1 — Siy, Vi = vgst,aﬁ(‘S? U)(Sz'+1 - Sz’)‘

Recall, however, that only m pairs may be stored. Thus, as new Lanczos-
CG iterates are computed only the last m iterates are maintained each iteration.
Notice that these iterates are the same iterates generated by CG to minimize the

quadratic

qlp) =L, (s,0) +p'V L, (s,0)+ sp" VLY, (s,0)p, (6.10)

ss™p,0c
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with the exception that only the last m iterates are stored for the limited-memory
BFGS implementation. In other words, the Lanczos-CG iterates used to form finite
differences to update the preconditioner are the same iterates that BFGS would
use to form finite differences in order to minimize the quadratic approximation to
L} ,.(s,0). The implication is that, by construction, p; > 0 for all I. Thus, the
Wolfe line search used to ensure p; > 0 for all [ is not necessary in this application.

During each Lanczos-CG iteration information is gathered to form the pairs
{(m, )} This information is used to update the inverse of the block preconditioner
for the subsequent Lanczos-CG solve. As the second phase converges, the hope
is that VLY, (5, 0k) =~ V2L! , (Skt1,Gk41); in this case, the limited-memory
updates built into P~! should improve the quality of the preconditioner. The

following algorithm outlines this process:

ALGORITHM 6.2.3. THE SECOND PHASE WITH UPDATES
while not converged do
Newton-SQP solve to obtain (Asg, Ady):
while not converged do
one iteration of PCG with preconditioner P;
(Si41,0it1) < (8i,04) + Bipi;  (PCG update)
Update the pairs (n;,vi);
end do
Sk1 = Sk + o Asy;
Okt1 = Ok + Ady;
Solve the reduced trust-region subproblem;
k—Fk+1,;
end do

As noted before, the inverse of the preconditioner is never explicity updated;

instead, the pairs {n;, v} are used to form multiplies with P!, as needed.
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6.2.3 Estimating the elliptical norm

Recall that the quantity M5, is required to form the reduced subspace used
in the three-dimensional trust-region subproblem solve and to form the Newton
equations associated with minimizing L} ; in the subsequent iteration. Moreover,
this quantity can be used to estimate ||5x41|[as to determine whether the Newton
iterate satisfies optimality conditions. As in Section 5.3.6, the task of estimating
M35 1 reduces to the task of estimating M AS,. However, the limited-memory
quasi-Newton updating scheme introduces additional complications in estimating
the quantity M Asy. In this section there will be many references to Section 5.3.6,
due to their similarity. To facilitate understanding, the notational devices used in
Section 5.3.6 will be continued here without pause to restate definitions.

As in Section 5.3.6, Algorithm 5.3.2 will be used to update the quantity M S, 1;
however, the expression for Mv;,; given by (5.19) is no longer valid because of the
quasi-Newton updates. Fortunately, by storing an additional set of vectors there
is an simple way to calculate M9, = MEP~'w;,; by modifying the recursion
algorithm used to calculate matrix-vector products with P~ (Algorithm 6.2.2).
To see this, we begin by considering the first iteration in the second phase.

During the first iteration, P is the block preconditioner given by

. ((1 +6)M + 2dd" d) |
dr 1

The formula given by (5.19) can be used to obtain the quantities M1, = MEn,
for all I. For this quasi-Newton preconditioning scheme the pairs {(7;,7;)} and the
vectors { M} must be stored. With this, the following algorithm can be used to

A _ JAN ~ _
calculate r = P~ w1 = v;41 as well as Mr = Mv,.1 = MEP Yw;;.

ALGORITHM 6.2.4. RECURSIVE FORMULA TO COMPUTE P~'y AND MEP 'y
Let m denote the number of stored pairs {(n;,v)};
q<—Y;

for i=m—1:0 do
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o = pinlg;
q=q— a%;
end
r=F;'g;

Compute Mr using (5.19);
for i=0:m—1 do
B = pyir;
r=r+n(a—03);
[Mr] = [Mr] + [M7;)(a — B);

end

Hence, Algorithm (5.3.2), together with this formula to obtain Mv,1, can be
used to update M5y, 1.

Being able to form M4d;,, also means that it is possible to continue the leftmost
generalized eigenpair estimation routine inside the Lanczos-CG solve beyond the
first iteration of the second phase (see Sections 5.3.4 and 5.2.1).

The following algorithm details the Lanczos-CG method to solve the augmented
Newton systems with limited-memory quasi-Newton updating. The algorithm
combines the two previous algorithms (Algorithm 5.3.1 and 5.3.2) used for the
preconditioned Lanczos-CG algorithm for the augmented Newton solve. More-
over, it has features to accommodate the limited-memory quasi-Newton updating
scheme. For further details on the notation, see Algorithm 5.3.1 (in Section 5.3.4)
and Algorithm 5.3.2 (in Section 5.3.6).

ALGORITHM 6.2.5. LANCZ0S-PCG wWITH QN PRECONDITIONING
Choose 13, > 0;
xog «— 0; [Mzo) =0;
so = g(zo); Bo=—llsollp-1; v1=1; 7=0; i=-1;
while 7 > 1, do
Wity = Sz’+1/5z’+1; Solve Pviy1 = wiy1;

[HOi1] = HUiy1;  [MUip1] = M0y i =1+ 1;
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v = v [Hvi];
if k=0 then
l; =0;
pi=vi; [Hp) = [Hvol; [Hp) = [Ho); [Mpi] = [Mvy];
Si+1 = [ﬁvz’] — YiWi;
else
li = Bi/di1;
pi = Vi — lipi—1; [sz] = [ﬁvi] - li[ﬁpi—1]§
[Hpi] = [HO;] — LIHDP;i—1];  [Mpi] = [M0;] — LIMp;1];
Sit1 = [ﬁvi] — Yiw; — Biw;_1;
end
di = i — Bili; i = —fivi1/ds;
Tiy1 = Tj + Q;pi;
[Hii] = [HE] + o[Mpi];  [Mdiga] = [M&] + a;[Mpi];
Ni+1 = Q4iPis Vitl = Oé[Hpi];
[M)i1] = oa[Mpi];
[ 51]13y = &7 [MEiia];
Bir1 = —lsiallp-1; 7= =B

end do

For notational simplicity, the above algorithm does not limit the number of
limited-memory quasi-Newton updates. However, during each iteration the pairs
{m,v)} and vectors {M7,;} can be updated so that only the m most recent pairs
and corresponding vectors are stored.

Notice that this algorithm still requires only one matrix-vector multiply per
iteration; specifically, a matrix-vector multiply is only required to compute H9;

for each i—everything else can be estimated from this one quantity.
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Numerical Results

A combination line-search trust-region method based on the proposed phased-
SSM method was tested on unconstrained problems from the CUTE test collection
(see Bongartz et al. [1]). For comparison purposes, tests were also made using the
same trust-region algorithm but with the subproblem solved using the Steihaug
and Moré-Sorensen methods.

The first set of results compares unpreconditioned versions of the phased-SSM
method and Steihaug’s method. The second set of tables shows the results of
implementing a quasi-Newton limited-memory updating scheme (as described in
Section 6.2.2) to help precondition the second phase of the phased-SSM method.
These tables focus on the effects of the quasi-Newton preconditioning scheme on
the overall performance of the proposed method. The final set of tests compare
the phased-SSM method and Steihaug’s method when both are implemented with

the incomplete Cholesky preconditioning scheme of Section 6.1.2.

117



118

7.1 Implementation Details

The trust-region method is considered to have solved a problem successfully

when a trust-region iterate x; satisfies
lg ()| < 107 max{[|g(o)[l, [ f(xo)[} and XN, >0,

where M is the best estimate of the leftmost eigenvalue of H ;. The alternative

criterion

lg(z;)|| <107 and M >0,

is used if g(xzg) = 0 and f(xg) = 0. If zo is a maximizer, the presence of the
term f(z) prevents the trust-region algorithm from terminating at the initial
non-optimal stationary point. However, additional measures would have to be
taken if f(xg) was also small. If a solution is not found within n iterations, the
algorithm terminates unsuccessfully, and the problem is considered unsolved.

In each iteration of the second phase, a suitable ;1 must satisfy Theorem 5.3.1.

For the numerical results in this section, if A¥*' < 0 then z = min{0.1, z*}, where

1 5\k+1

-
% SpiM Sk

Otherwise, if S\’ffl > 0, then © = 0.1. And, for each iteration of the second phase

v was taken to be the constant 10~

7.1.1 Termination of phase one

In Steihaug’s method and phase one of the phased-SSM method, the principal
termination condition was based on the Dembo-Eisenstat-Steihaug criterion (Sec-
tion 4.2). In particular, the Lanczos-PCG method terminated successfully with a

point s, inside the trust region if

| Hjsi + g5llp— < min {1071 11g; 1%+ } lgjll a1, (7.1)
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where || - ||p-1 denotes the elliptic norm associated with M = M;. This condi-
tion forces a relative decrease in the residual and is equivalent to the termination
criterion used by Gould et al. [18].

Two additional tests are used to determine if the Lanczos-PCG method has a
sufficiently accurate solution of H;s = —g;. Theorem 3.4.3 (p. 52) indicates that a
small off-diagonal element in the Lanczos tridiagonal T}, implies a small residual.
In practice, it is reasonable to terminate Lanczos process if the ratio of an off-
diagonal element to the maximum diagonal element is small. If the ratio drops
below the square-root of the machine precision, the subproblem is terminated with
an approximate unconstrained minimizer of the quadratic model Q;(s).

The third and final phase-one test guards against over-solving the subproblem
or attempting to solve the subproblem to an unattainable accuracy. This test

terminates the Lanczos-PCG method if the residual norm satisfies
[ Hjsk + g5l < 7l Hjll[; 1],
where 7 is a small positive constant. To implement this test, the quantity || H;|| is

approximated by the largest diagonal element of the tridiagonal T}.

7.1.2 Termination of phase two

The phase-two test for convergence occurs after computing an iterate from
the reduced subspace solve. The test is based on the optimality conditions of

Theorem 2.3.1 and involves the tolerance

7 = min {107, [lg; 1|51 } lgsllar—1, (7.2)

which is defined in terms of the M~! norm to be consistent with the phase one

condition. Given 7}, the phase-two iterations are terminated when
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where pj an approximate solution of (2.36), p. 35. The vector py is given by

Pr = QrPr, where py, is the solution of the reduced system analogous to (2.36), i.e.,
(QRH,;Qx + 0k Qi M;Q1)Pr = Q19

(see Section 5.3.5). The condition (7.3) takes into account that the Moré-Sorensen
algorithm gives only an approzimate solution of the reduced subproblem (see Sec-
tion 2.3.5).

It is also possible to test the Newton iterate (Sy, ), the approximate minimizer
of L7 , , for convergence in the M ~Lnorm. In this case, the error estimate can be

computed as follows:
[(Hj + 66M;) 56 + g5l oo+ 3 |55 Mk — 55

In practice, the error associated with Newton iterates {s;} is usually larger than
the error associated with the iterates obtained from the solution of the reduced
problem. For the results in this chapter, only the iterates of the reduced problem
were tested for convergence.

The reduced trust-region problem must be solved to an accuracy that is as least
as good as that required for the full problem. Accordingly, the constants ¢; and ¢y
of (2.39) were set at ¢; = min{107'7;,107%} and ¢, = 0, where 7; is the tolerance
defined in (7.2).

The phase-two method also guards against over-solving the subproblem using

a two-norm residual test in the unconstrained case:
]| < 7l H ()] [|25]]-

In all the runs, a limit of n/10 was imposed on the number Lanczos vectors
computed in phase two. If the Lanczos-PCG method reaches the iteration limit,
the Lanczos-PCG iterate associated with the smallest residual is returned as the
approximate Newton step.

The second phase is also bound by a smaller iteration limit than the first phase.

If the second phase is not converging well, this most likely indicates that the
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estimate of the leftmost generalized eigenpair is poor. In this case, it is sensible
to terminate the subproblem. In all the runs reported here, a maximum of 10

iterations was allowed in the second phase.

7.1.3 The line search

The approximate solution s; of the jth trust-region subproblem is used to
update the trust-region iterate as z;11 = ; + o;s;, where «; is obtained using a

line search similar to Gertz’s “biased” Wolfe line search (see Gertz [11]).

ALGORITHM 7.1.1. A BIASED WOLFE LINE SEARCH
Specify constants 0 <n; <np < 1,0 < < %, O<m<w<1, 1< 7s;
Find «; satisfying the Wolfe conditions:
fla; + azs;) < fag) +mQ; (ags;) and |g(z; + a;s;)s;| < —wQj ' (ays));
Tjy1 = Tj + Q;S4;
if (f(zj41— f(2;))/Q; (s;) = n, then
if ||s;||m =6; and «a; =1 then
dj+1 = 7305;
else if ||s;||» < J; and «; =1 then
dj+1 = max{d;, val[sjllar};
else
0j+1 = ajlis;llas
end if
else
0j+1 = min{ay||s;l|ar, ;d;};
end if

The line search parameters used for the experiments were 7, = 1073, 1, = 0.25,
w=10.9, and y3 = 1.5.
A key feature of the Wolfe line search proposed by Gertz is that the trust-region

radius is updated as a function of ;. The term “biased” is used by Gertz to refer
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to a deliberate bias against reducing the trust-region radius when «; is small.
Algorithm 7.1.1 above differs from Gertz’s line search in that it is possible for the
trust-region radius to be reduced even when ¢ is small. However, Algorithm 7.1.1
still retains a natural bias against decreasing the trust-region radius; in particular,
the trust-region radius is not decreased if ||s;||ys < 6 and a; = 1. Overall, this line
search was more effective than both the traditional Wolfe line search and Gertz’s

biased Wolfe line search.

7.2 Problem selection

The test set was constructed using the CUTE interactive select tool, which
allows the identification of groups of problems with certain features. In our case,
the Select tool was first used to locate the twice-continuously differentiable un-
constrained problems for which the number of variables in the data file can be
varied. Of these problems, the number of variables was set to a value in the range
100 < n < 1000 according to criteria that we discuss below. The input for the
Select tool was as follows:

Objective function type
(No constraints)
(twice-cont. differentiable)

Constraints type

Regularity

Degree of available derivatives
Problem interest

Explicit internal variables
Number of variables (variable dimension)

Number of constraints

O g % % ¥ H A *

A total of 87 problems were obtained via the CUTE select tool, and one
problem (eg2) of fixed-dimension was added separately to the test set.

Several test problems were unsuitable for large values of n, i.e., n > 1000. In
particular, the problems chrosnb, errinros, and watson had specific limits on the
size of n, (i.e., less than 100); and, for three additional problems (eigenals, eigenbls,

and eigencls) the recommended sizes of n were also well below 100. Other problems
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could not be decoded using the CUTE tool sifdec for n > 1000. These problems
included arglina, arglinb, arglinc, brownal, hilberta, hilbertb, mancino, penalty3,
and sensors. Lastly, several problems were removed from the test set because
convergence could not be obtained by either the phased-SSM method or Steihaug’s
method; these problems include fletcbv3, fletcher, indef, nonmsqrt, scosine, and
sparsine.

The final test set was thus composed of the following 67 problems suitable
for minimization with n > 1000: arwhead, bdqrtic, broydn7d, brybnd, chainwoo,
cosine, cragglvy, curlyl0, curly20, curly30, dixmaana, dizmaand, dixmaanc, diz-
maand, dizmaane, dizmaanf, dixmaang, dizmaanh, dixmaani, dizmaang, diz-
maank, dixmaanl, dizon3dq, dgdrtic, dqrtic, edensch, eg2, engvall, extrosnb, flet-
cbv2, fletchbu, fminsrf2, fminsurf, freuroth, genhumps, genrose, liarwhd, morebv,
msqrtals, msqrtbls, ncb20, ncb20b, noncvru?2, noncvzun, nondia, nondquar, pen-
altyl, penalty?2, powellsg, power, quartc, sbrybnd, schmuett, scurlyl0, scurly20,
scurly30, sinquad, sparsqur, smpsrtls, srosenbr, testquad, tointgss, tquartic, tridia,
vardim, vareigvl, and woods. For all problems, the dimension was n = 1000 unless
otherwise recommended by CUTE documentation; however, in all cases, n > 1000.

All methods were implemented and run in MATLAB.

7.3 Results with No Preconditioning

The first set of results compare the phased-SSM method with Steihaug’s method
when both methods are implemented without preconditioning. In order to obtain
results that reflect real differences in the solvers, certain problems were excluded
from the test set if the CG method appeared not to be converging in Steihaug’s
method and the first phase of the phased-SSM method. This behavior is caused
by the lack of a good preconditioner and is independent of the method used to
solve the subproblem. As a rule of thumb, a problem was excluded if more than

n/10 Lanczos vectors (CG iterations) were required for the Lanczos-CG solve.
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Based on this criterion, problems curly10, curly20, curly30, dizmaani, dizon3dq,
fletcbv2, fletchbv, genhumps, morebv, msqrtals, msqrtbls, sbrybnd, scurly10, scur-
Iy20, scurly30, sinquad, and tridia were excluded, leaving a total of 50 problems
in the test set.

Tables 7.1-7.2 give the results of applying Steihaug’s method and the phased-
SSM method on this reduced set of problems. For each solver the columns list
the total number of function evaluation (“Fe”), the total number of matrix-vector
products (“Prods”), the total cpu seconds required (“Cpu”), and the final value of f
found by the solver. The final value of f is listed to help identify situations in which
the solvers converged to a different local minimizer. In this case the computational
effort cannot be compared directly because the number of iterations and function
evaluations needed to find different local solutions may be completely different.

Tables 7.1-7.2 show that Steihaug’s method and the phased-SSM method be-
have very similarly on many problems. If both methods require the same number of
function evaluations, this implies that the approximate solutions of every subprob-
lem is in the interior of the trust region. In these cases, the phased-SSM method
never enters the second phase and is as efficient as Steihaug’s method. (Note that
the extra matrix-vector products are associated with the initial estimate of the
leftmost generalized eigenvector for each subproblem (see Section 5.2.1).)

Tables 7.3-7.4 compare the number of function evaluations of Steihaug’s me-
thod, phased-SSM, and the Moré-Sorensen method. The function evaluations re-
ported for the Moré-Sorensen method may be interpreted as the number of evalu-
ations required if the iterative methods were able to solve the subproblem to the
accuracy of 1077, i.e., the same tolerance as that used for the Moré-Sorensen solve.
(Recall that the accuracy of the subproblem solve for the iterative methods is a
function of norm of the initial residual, i.e., see (7.1).)

On the few problems where phased-SSM required more function evaluations
that Steihaug’s method, the performance of phased-SSM was often similar to that

of the Moré-Sorensen method. The superiority of Steihaug’s method in these
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cases is likely to be the effect of good fortune rather than a consistently better
subproblem solution.

The results of Tables 7.1-7.2 are summarized in Table 7.7. The phased-SSM
method was able to solve one more problem than Steihaug’s method. On the
49 problems on which both methods converge, the phased-SSM method required
30.4% fewer function evaluations than Steihaug’s method. In comparison, Gould
et al. [18] reported that GLTR solved 16 out of 17 problems and only obtained a
12.5% improvement in the number of function evaluations relative to Steihaug’s

method.

7.4 Quasi-Newton Preconditioning

Tables 7.5-7.6 give the results of using quasi-Newton preconditioning for the
Newton solve in the second phase. The results imply that quasi-Newton pre-
conditioning has little or no effect on the efficiency of the method. Moreover,
preconditioning does not lead to any additional problems being solved. The un-
preconditioned results in Table 7.7 did not include results from problem genrose.
If this problem is included, then the results suggest that quasi-Newton precondi-
tioning had little impact on the total number of function evaluations, but had a
negative impact on the number of matrix-vector products.

In theory, the limited-memory quasi-Newton preconditioning scheme should be
helpful as the second phase converges. However, up until that time, it could be
unhelpful by building irrelevant information into the preconditioner. To see this,
consider the case when L} , varies widely between iterations. In this case, second-
order information from a very different function is built into the preconditioner for
the Newton equations associated with minimizing the current Lj , function.

Based on the results in Tables 7.5-7.6, there seems little benefit in using limited-

memory quasi-Newton preconditioning in the phased-SSM method.
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7.5 Incomplete Cholesky Preconditioning

It is generally accepted by the optimization community that so-called “general-
purpose” preconditioners are not always beneficial. For well-conditioned problems,
such preconditioners can disturb an eigenvalue spectrum that is already clustered.
However, for ill-conditioned problems, a preconditioner can be essential.

Incomplete Cholesky preconditioners, generally work best with problems with
very sparse or highly structured Hessians. In this situation, given sufficient mem-
ory, the incomplete Cholesky factorization may be exact and yield an ideal precon-
ditioner. However, on problems with dense or unstructured Hessians, the spectrum
of a preconditioner based on an incomplete Cholesky factorization may look noth-
ing like the spectrum of the Hessian.

The incomplete Cholesky preconditioners of Section 6.1.2 depend on the num-
ber of nonzeros in the matrix—in particular, it will build a dense preconditioner for
a dense matrix. For large problems, the time required to factorize a dense matrix
is prohibitive, and so the following problems with dense Hessians were excluded
from the test set: fminsurf, msqrtals, msqrtbls, penaltyl, penalty2, power, vardim,
and vareigul.

The results obtained using an incomplete Cholesky preconditioner are found
in Tables 7.8-7.10. In particular, Table 7.10 concerns those CUTE problems that
could not be solved using an unpreconditioned versions of both Steihaug’s method
and the phased-SSM method.

The results of Tables 7.8 and 7.9 provide a good indication of when precondi-
tioning is beneficial. For example, for problem brybnd, Steihaug’s method requires
33 function evaluations and 19 matrix-vector products, compared to 12 function
evaluations and 46 matrix-vector products without preconditioning. The Hessian
of brybnd is a band matrix and the preconditioner is exact. This implies that only
one PCG iterate is required for each solve. (The trust-region iteration may require

more than one function evaluation because of the Wolfe line search.) In these ta-



127

bles, this relationship between the number of function evaluations and the number
of matrix-vector products is generally indicative of the quality of the precondi-
tioner. On other banded problems such as bdgrtic, broydn7d, brybnd, cragglvy,
ncb20, ncb20b, and spmsrtls, the number of function evaluations for Steihaug’s
method is at least as large as the number of matrix-vector products, indicating
that a preconditioner was beneficial.

There are several peculiarities in the tables of the incomplete Cholesky precon-
ditioning results. First, in several cases, a considerably better solution was found
via the preconditioned algorithms, e.g., as in the case for dgrtic and testquad.
Another peculiarity is that when the incomplete Cholesky preconditioner is used
on a (frequently indefinite) banded Hessian, the proposed method may not be as
effective as Steihaug’s method, e.g., see ncb20 and spmsrtls. One final peculiarity
is that the proposed method terminated unsuccessfully on ncb20b because of a
failure in the Wolfe line search, but was (unknowingly) close to a minimum. This
run is marked with a superscript d.

Incomplete Cholesky preconditioning is not always beneficial. On problems
such as genrose and chainwoo, the unpreconditioned algorithms appear to be much
more efficient. However, care must be taken when drawing conclusions based only
on differences in the number of function evaluations. In particular, the choice
of initial trust-region radius is more complicated for preconditioned algorithms.
Consider the initial radius 09 = 1 used for the unpreconditioned algorithm. If
the condition number of the preconditioner is large, then any PCG step s will be
such that s”Ms > 1, i.e., the choice of §, = 1 causes the iterates to repeatedly
hit the boundary until the trust region is expanded to an appropriate size. In
practice, this means that the number of function evaluations for the preconditioned
and unpreconditioned algorithms cannot be compared directly. (The initial value
do = 100 was used for the preconditioned runs.)

The preconditioned phased-SSM method also exhibits numerical instability on

some CUTE problems. The table entries for these problems are marked with as-



128

terisks. In the second phase, the preconditioner plays a fundamental role in the
proposed method. Implicit products with the preconditioner are required to form
the Newton equations and to implement the reduced subspace solve. Unfortu-
nately, the (implicitly-formed) matrix-vector products with the preconditioner are
subject to rounding errors associated with a loss of orthogonality amongst the
Lanczos vectors. The more Lanczos vectors needed to solve the linear system, the
more likely the implicit preconditioner matrix-vector products will be contami-
nated by rounding error.

During the second phase, the loss of accuracy in the implicit matrix-vector
products can be significant. In this case, the subspaces formed using H and M
will differ significantly from their true values. For many of the CUTE problems, this
inconsistency leads to the failure of the Moré-Sorensen algorithm for the reduced
problem.

It is of interest to understand why these failures do not occur when precondi-
tioning is not used. The condition number of the preconditioner is a key factor in
the loss of accuracy in the implicit matrix-vector products with the preconditioner.
Moreover, if one considers that the unpreconditioned case is effectively using a per-
fectly well-conditioned preconditioner (i.e., M = I), then it is not surprising that
there is more numerical inaccuracy when M is an incomplete Cholesky precon-
ditioner. This suggests that additional care must be taken to prevent artificial
breakdowns when preconditioning is used.

This explanation of the cause of the failures may be verified experimentally.
For the case of incomplete Cholesky preconditioning it is possible to form “exact”
explicit products with M = RTR. In an experiment, the phased-SSM method was
modified so that products with M were formed explicitly. The justification for this
is that the breakdown occurs during the reduced subspace solve; thus, instead of
performing explicit matrix-vector products with M during the Newton solve, it is
more efficient to wait until the Newton update is found before forming the explicit

matrix-vector product with M. Consequently, before each reduced subspace solve,
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three explicit products with M are computed, resulting in six additional matrix-
vector products for each iteration of the second phase. Tables 7.11-7.13 give the
results of this more stable implementation. There were no numerical breakdowns
in the reduced subspace solve as a result of this implementation. As noted, this im-
plementation is more expensive because it requires explicit matrix-vector products
with M.

Preconditioning has two effects on CG-based trust-region methods. Most obvi-
ously, preconditioners are designed to accelerate the convergence of CG-type meth-
ods. A little less obviously, they impose a scaling on the trust-region subproblem.
To understand the effect of the incomplete Cholesky preconditioner on the CUTE
problems, it is helpful to consider the result of using a direct method (e.g., the
Moré-Sorensen method) on subproblems scaled by the incomplete Cholesky pre-
conditioner, i.e., solve

miniﬂr{pize g's+ 3s"Hs subject to ||Ns|| =,
sER™

where M = NTN and M is the incomplete Cholesky preconditioner for H.

A sparse implementation of the preconditioned Moré-Sorensen method was
used in place of the iterative subproblem solvers in the generic trust-region algo-
rithm. Tables 7.14-7.15 compare the function evaluations required by the direct
Moré-Sorensen implementation to Steihaug’s method and the proposed method.
(The dense problems fminsurf, penaltyl, penalty2, power, vardim, and vareigvl
were removed from the test set because of excessive run times.) Surprisingly, the
iterative trust-region methods often required fewer function evaluations than the
direct method. This suggests that when the subproblem solution is found to high
accuracy, the number of function evaluations may increase. One possible reason
for this is that incomplete Cholesky preconditioning may induce a poor scaling of
the subproblem variables. Moreover, if the preconditioners change dramatically
between iterations, then updating the trust-region radius based on its value from

the previous iteration may be problematic.
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Based on their numerical results, Gould et al. [18] also conclude that, over-
all, incomplete Cholesky preconditioning is not beneficial. Results obtained using
the GLTR method indicate that unpreconditioned iterative solvers perform better
than their preconditioned counterparts—which include a banded preconditioner,
an incomplete Cholesky preconditioner, and a modified Cholesky preconditioner.
The results presented in this thesis and the observations of Gould et al. cast doubt

on the effectiveness of “general-purpose” preconditioning methods on this test set.

7.6 Concluding Remarks

The proposed phased-SSM method can obtain highly accurate approximate
solutions to the trust-region subproblem regardless of whether a solution lies in the
interior or on the boundary of the trust region. The first phase of the phased-SSM
method is almost identical to Steihaug’s method. If the solution to the subproblem
lies in the strict interior of the trust region, the phased-SSM method generates
pure CG iterates to solve the Newton system. In the second phase, is a solution
to the subproblem lies on the boundary, then the phased-SSM method can obtain
solutions to any prescribed accuracy. Numerical results suggest that obtaining
approximate subproblem solutions of higher accuracy reduces the required number
of function evaluations: In the unpreconditioned case, the proposed trust-region
method required 30% fewer function evaluations than Steihaug’s method.

A trust-region method based on the phased-SSM method will generally be more
efficient than Steihaug’s method when the cost of performing function evaluations
is relatively expensive. Note that this is not usually the case for the unconstrained
problems in the CUTE set. On more realistic problems, the evaluation of the ob-
jective may require considerably more CPU time, and thus, it would be preferable
to invest more matrix-vector products in order to reduce the number of function
evaluations. In this case, the results in this thesis suggest that a trust-region

method will be more efficient if it is based on the proposed method rather than on
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Steihaug’s method.



Table 7.1: Steihaug and phased-SSM. Problems A-F, M = I; §, = 1.

Steihaug phased-SSM

Problem n Fe Prods Cpu f Fe Prods Cpu f

arwhead 1000 6 6 1 1.7e-10 6 11 1 1.7e-10
bdqrtic 1000 | 14 41 4  4.0e+03 | 13 47 5  4.0e+03
broydn7d | 1000 | 137 414 34  3.8e+02 | 77 1661 158  3.4e+02
brybnd 1000 | 12 46 4  6.7e-07 | 12 58 5  3.9e-07
chainwoo | 1000 27 57 6 1.3e+01 | 23 73 9 3.9e+03
cosine 1000 12 10 2 -1.0e+03 | 12 18 2 -1.0e+03
cragglvy 1000 14 36 4  3.4e+02 | 14 49 5  3.4e+02
dizmaana | 1500 13 11 4 1.0e+00 | 13 22 6 1.0e+00
dizmaanb | 1500 13 11 ) 1.0e+00 | 13 22 6 1.0e+00
dizmaanc | 1500 13 11 4 1.0e+00 | 13 22 6 1.0e+00
dizmaand | 1500 14 12 5 1.0e+00 | 14 24 6 1.0e+00
dizmaane | 1500 14 93 14 1.0e+00 | 14 95 15 1.0e+00
dizmaanf | 1500 15 30 7 1.0e+00 | 15 43 9 1.0e+00
dizmaang | 1500 15 24 7 1.0e+00 | 15 37 1.0e+00
dixmaanh | 1500 15 19 6 1.0e+00 | 15 32 7 1.0e+00
dizmaang | 1500 16 40 9 1.0e+00 | 16 54 11 1.0e+00
dizmaank | 1500 16 30 8 1.0e+00 | 16 44 9 1.0e+00
dizmaanl | 1500 16 25 7 1.0e+00 | 16 39 8 1.0e+00
dqdrtic 1000 14 11 2 1.9e-03 | 14 21 2  3.5e-05
dgqrtic 1000 | 27 20 3 1.6e+11 | 28 40 5 5.5e+10
edensch 1000 19 19 3 6.0e+03 | 19 33 4 6.0e+03
eg2 1000 4 3 1 -1.0e+03 | 4 6 1 -1.0e+03
engvall 1000 | 14 17 2 1.1e+03 | 14 28 3 1.1e+03
extrosnb 1000 31 70 7 2.2e-02 | 29 75 7 4.4e-02
fminsrf2 1024 | 336 1072 99  1.0e+00 | 78 1702 169  1.0e+00
fminsurf | 1024 | 318 672 343 1.0e+00 | 79 1430 206 1.0e+00
freuroth 1000 16 19 3 1.2e+05 | 16 30 3 1.2e+05
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Table 7.2: Steihaug and phased-SSM. Problems G-7Z, M = I, j, = 1.
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Steihaug phased-SSM

Problem n Fe Prods Cpu f Fe Prods Cpu f

genrose 1000 | >n — — — 805 24529 2070 1.0e+00
liarwhd 1000 19 27 4  4.0e-07 | 19 42 5 1.5e-07
ncb20 1010 60 447 32 9.1et+02 | 114 2761 257  9.2e+02
ncb20b 1000 10 62 5 1.7e+03 9 68 6 1.7e+03
noncvzu? | 1000 36 26 4 1.2e+06 45 242 31 1.6e+06
noncvzun | 1000 37 28 4 6.9e+05 50 313 43 7.8e+05
nondia 1000 4 3 1 6.3e-03 4 6 1 6.3e-03
nondquar | 1000 23 116 9 5.5e-04 23 194 21 6.4e-03
penaltyl 1000 28 17 17  3.0e+13 | 28 34 18  3.0e+13
penalty?2 1000 2 1 1 1.4e+83 2 2 1 1.4e+83
powellsg 1000 16 40 4  4.6e-03 15 54 ) 6.8e-03
power 1000 15 33 15 3.6e+04 15 47 16 3.6e+04
quartc 1000 27 20 3 1.6e+11 28 40 5 5.5e+10
schmuett | 1000 9 37 3 -3.0e+03 8 37 3 -3.0et+03
sparsqur 1000 14 23 3 4.2e-03 14 48 4.3e-03
spmsrtls 1000 18 126 8 2.8e-09 29 503 43 3.3e-09
srosenbr 1000 9 10 2 1.6e-09 9 18 2 2.3e-09
testquad 1000 12 103 7 7.1le+01 12 123 9 7.1le+01
tointgss 1000 15 13 2 1.0e+01 15 23 1.0e+01
tquartic 1000 17 23 3 5.7e-14 16 35 4 5.8e-14
vardim 1000 14 13 23 b.de+14 | 14 26 24  b5.4e+14
vareigul 1000 14 26 13 3.5e-04 14 38 14 3.5e-04
woods 1000 12 14 2 2.0e+03 13 28 3 2.0e+03
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Table 7.3: Steihaug, phased-SSM and Moré-Sorensen. Problems A-F, M = I,

d = 1.

Steihaug phased-SSM | Moré-Sorensen
Problem n Fe f Fe f Fe f
arwhead 1000 6 1.7e-10 | 6 1.7e-10 6 6.7e-13
bdgrtic 1000 14 4.0e+03 | 13 4.0e+03 11 3.9e+03
broydn7d | 1000 | 137  3.8e+02 | 77  3.4e+02 | 39  3.8e+02
brybnd 1000 12 6.7e-07 | 12 3.9e-07 | 17 1.9e-07
chainwoo | 1000 | 27  1.3e+01 | 23  3.9e+03 | 264  1.0e+02
cosine 1000 12 -1.0e+03 | 12 -1.0e+03 48 -7.1e+02
cragglvy 1000 14 3.4e+02 | 14 3.4e+02 14  3.6e+02
dizmaana | 1500 13 1.0e+00 | 13 1.0e+00 12 1.0e+00
dizmaanb | 1500 13 1.0e+00 | 13 1.0e+00 | 12 1.0e+00
dixmaanc | 1500 13 1.0e+00 | 13 1.0e+00 | 22 1.0e+00
dizmaand | 1500 14 1.0e+00 | 14 1.0e+00 13 1.0e+00
dizmaane | 1500 14 1.0e+00 | 14 1.0e+00 13 1.0e+00
dizmaanf | 1500 15 1.0e+00 | 15 1.0e+00 | 32 1.0e+00
dizmaang | 1500 15 1.0e+00 | 15 1.0e+00 | 37 1.0e+00
dizmaanh | 1500 15 1.0e+00 | 15 1.0e+00 | 33 1.0e+00
dizmaang | 1500 16 1.0e+00 | 16 1.0e+00 | 39 1.0e+00
dixmaank | 1500 16 1.0e+00 | 16 1.0e+00 | 51 1.0e+00
dizmaanl | 1500 16 1.0e+00 | 16 1.0e+00 | 47 1.0e+00
dqdrtic 1000 14 1.9e-03 | 14 3.5e-05 12 2.5e-27
dgqrtic 1000 27 1.6e+11 | 28 5.5e+10 32 3.2e+10
edensch 1000 19 6.0e+03 | 19 6.0e+03 | 22  6.0e+03
eg2 1000 4 -1.0e+03 4 -1.0e+03 7 -1.0e+03
engvall 1000 14 1.1e+03 | 14 1.1e+03 13 1.1e+03
extrosnb 1000 31 2.2e-02 | 29 4.4e-02 27 1.7e-02
fminsrf2 1024 | 336 1.0e+00 | 78 1.0e+00 | 111 1.0e+00
freuroth 1000 16 1.2e+05 | 16 1.2e+05 | 13 1.2e+05
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Table 7.4: Steihaug, phased-SSM and Moré-Sorensen. Problems G-7Z, M = I,

dp =1

Steihaug phased-SSM Moré-Sorensen
Problem n Fe f Fe f Fe f
genrose 1000 | >n — 805 1.0e+00 | 807 1.0e+00
liarwhd 1000 19  4.0e-07 19 1.5e-07 12 4.7e-08
ncb20 1010 60 9.1e+02 | 114  9.2e+02 | 71  9.3e+02
ncb20b 1000 10 1.7e+03 9 1.7e+03 11 1.7e+03
noncvzu? | 1000 36 1.2e+06 | 45 1.6e+06 | 48 9.9e+05
noncvzun | 1000 37  6.9e+05 50 7.8e+05 | 48 1.3e+06
nondia 1000 4 6.3e-03 4 6.3e-03 ) 1.0e-07
nondquar | 1000 23 5.5e-04 | 23 6.4e-03 15 6.7e-05
powellsg 1000 16  4.6e-03 15  6.8e-03 15 6.1e-03
quartc 1000 27 1.6e+11 28 5.5e+10 32 3.2e+10
schmuett | 1000 9 -3.0e+03 8 3.0e+03 6 -3.0e+03
sparsqur 1000 14 4.2e-03 14 4.3e-03 14 3.2e-03
spmsrtls 1000 18 2.8e-09 29 3.3e-09 29 1.0e-09
srosenbr 1000 9 1.6e-09 9 2.3e-09 1.5e-15
testquad 1000 12 7.1le+01 12 7.1le+01 2.3e+01
tointgss 1000 15 1.0e+01 15 1.0e+01 16 1.0e+01
tquartic 1000 17  5.7e-14 16 5.8e-14 11 1.0e-17
woods 1000 12 2.0e+03 13 2.0e+03 13 2.0e+03




Table 7.5: Quasi-Newton preconditioning. Problems A-F, M =1, §, = 1.

phased-SSM phased-SSM-QN

Problem n Fe Prods Cpu f Fe Prods Cpu f

arwhead 1000 6 11 1 1.7e-10 6 11 1 1.7e-10
bdqrtic 1000 | 13 47 5 4.0e+03 | 13 47 5 4.0e+03
broydn7d | 1000 | 77 1661 158  3.4e+02 | 76 1986 204  3.4e+02
brybnd 1000 | 12 58 5 3.9e-07 | 12 58 5  3.9e-07
chainwoo | 1000 | 23 73 9 3.9e+03 | 24 106 11 3.9e+03
cosine 1000 | 12 18 2 -1.0e+03 | 12 18 2 -1.0e+03
cragglvy 1000 | 14 49 5 3.4e+02 | 14 49 5  3.4e+02
dizmaana | 1500 | 13 22 6 1.0e+00 | 13 22 6 1.0e+00
dizmaanbd | 1500 | 13 22 6 1.0e+00 | 13 22 6 1.0e+00
dizmaanc | 1500 | 13 22 6 1.0e+00 | 13 22 6 1.0e+00
dizmaand | 1500 | 14 24 6 1.0e+00 | 14 24 6 1.0e+00
dizmaane | 1500 | 14 95 15 1.0e+00 | 14 95 14 1.0e+00
dizmaanf | 1500 | 15 43 9 1.0e+00 | 15 43 9 1.0e+00
dizmaang | 1500 | 15 37 1.0e+00 | 15 37 1.0e+00
dizmaanh | 1500 | 15 32 7 1.0e+00 | 15 32 7  1.0e+00
dizmaang | 1500 | 16 54 11 1.0e+00 | 16 54 10  1.0e+00
dizmaank | 1500 | 16 44 9 1.0e+00 | 16 44 9 1.0e+00
dizmaanl | 1500 | 16 39 8 1.0e+00 | 16 39 8 1.0e+00
dqdrtic 1000 | 14 21 2 3.5e-05| 14 21 2  3.5e-05
dgqrtic 1000 | 28 40 5 b5.be+l10 | 28 40 5 5.5e+10
edensch 1000 | 19 33 4 6.0e+03 | 19 33 4 6.0e+03
eg2 1000 | 4 6 1 -1.0e+03 | 4 6 1 -1.0e+03
engvall 1000 | 14 28 3 1.1e+03 | 14 28 3 1.1e+03
extrosnb 1000 | 29 75 7 4.4e-02 | 29 75 7 4.4e-02
fminsrf2 1024 | 78 1702 169  1.0e+00 | 68 1673 165  1.0e+00
fminsurf | 1024 | 79 1430 206 1.0e+00 | 88 2021 280  1.0e+00
freuroth 1000 | 16 30 3 1.2e+05 | 16 30 3 1.2e+05
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Table 7.6: Quasi-Newton preconditioning. Problems G-Z, M =1, 6y = 1.
phased-SSM phased-SSM-QN

Problem n Fe Prods Cpu f Fe Prods Cpu f

genrose 1000 | 805 24529 2070  1.0e+00 | 813 25544 2292 1.0e+00
liarwhd 1000 19 42 5 1.5e-07 | 19 42 5 1.5e-07
nch20 1010 | 114 2761 257  9.2e+02 | 104 3047 306  9.2e+02
ncb20b 1000 9 68 6 1.7e+03 9 68 6 1.7e+03
noncvzu? | 1000 45 242 31 1.6e+06 45 255 33 1.6e+06
noncvzun | 1000 50 313 43 7.8e+05 | 49 281 38 9.6e+05
nondia 1000 4 6 1 6.3e-03 4 6 1 6.3e-03
nondquar | 1000 23 194 21 6.4e-03 23 194 21 6.4e-03
penaltyl 1000 28 34 18 3.0e+13 28 34 18 3.0e+13
penalty? 1000 2 2 1 1.4e+83 2 2 1 1.4e+83
powellsg 1000 15 54 5 6.8e-03| 15 54 5 6.8e-03
power 1000 15 47 16 3.6e+04 15 47 16 3.6e+04
quartc 1000 28 40 ) 5.5e+10 28 40 b) 5.5e+10
schmuvett | 1000 8 37 3 -3.0e+03 8 37 3 -3.0e+03
sparsqur 1000 14 48 5 4.3e-03 14 48 4 4.3e-03
spmsrtls 1000 29 503 43 3.3e-09 28 520 46 1.6e-08
srosenbr 1000 9 18 2.3e-09 9 18 2 2.3e-09
testquad 1000 12 123 7.1le+01 12 123 7.1le+01
tointgss 1000 15 23 1.0e+01 15 23 1.0e+01
tquartic 1000 16 35 5.8e-14 16 35 5.8e-14
vardim 1000 | 14 26 24 b5.4e+14 | 14 25 24  5.4e+14
vareigul 1000 14 38 14 3.5e-04 14 38 14 3.5e-04
woods 1000 13 28 3 2.0e+03 | 13 28 3  2.0e+03

Table 7.7: Comparison of unpreconditioned methods. M = I, 5 = 1.

Steihaug phased-SSM

phased-SSM-QN

Number of problems solved 49 50 50

Total function evals. (excl. genrose) 1572 1094 1081
Total mat-vec mults. (excl. genrose) 4027 10398 11602
Percent improvement in function evals. — 30.4% 31.2%




Table 7.8: Incomplete Cholesky preconditioning. Problems A-F, §; = 100.

Steihaug phased-SSM

Problem n Fe Prods Cpu f Fe Prods Cpu f

arwhead 1000 6 ) 3 6.7e-13 6 10 4 6.7e-13
bdqrtic 1000 | 10 9 5 4.0e+03 | 10 18 7  4.0e+03
broydn7d | 1000 | 87 44 23 4.0e+02 | 97 179 95  4.3e+02
brybnd 1000 | 33 19 10 3.6e-09 | 21 27 12 2.2e-11
chainwoo | 1000 | 86 59 27  6.3e+01 | ** ok ok ok

cosine 1000 5 4 -1.0e+03 | 30 445 176 -9.6e+02
cragglvy 1000 | 14 13 7 3.4e+02 | 14 26 9  3.4e+02
dizmaana | 1500 7 6 ) 1.0e+00 | 10 13 9 1.0e+00
dizmaanb | 1500 | 23 14 15 1.0e+00 | 45 60 57 1.0e+00
dizmaanc | 1500 | 23 14 15 1.0e+00 | 55 138 136 1.0e+00
dizmaand | 1500 | 25 16 17 1.0e+00 | 51 69 64  1.0e+00
dizmaane | 1500 | 41 23 18 1.0e+00 | 63 138 100 1.0e+00
dizmaanf | 1500 | 24 15 17 1.0e+00 | ** ok ok ok

dizmaang | 1500 | 24 25 17 1.0e+00 | ** *x K *x

dizmaanh | 1500 | 30 18 19 1.0e+00 | 48 71 67  1.0e+00
dizmaani | 1500 | 33 22 17 1.0e+00 | ** ok ok ok

dizmaang | 1500 | 31 18 20  1.0e+00 | 19 68 64  1.0e+00
dizmaank | 1500 | 19 14 16  1.0e+00 | ** *x *x *x

dizmaanl | 1500 | 31 20 22 1.0e+00 | ** *x K *x

dqdrtic 1000 8 6 3 2.3e-24 | 8 12 4 2.9e-24
dqrtic 1000 | 37 22 9  3.9e+10 | 37 44 15 3.9e+10
edensch 1000 | 15 12 6 6.0e+03 | 15 24 6.0e+03
eg2 1000 | 4 3 2 -1.0e+03 | 4 6 2 -1.0e+03
engvall 1000 7 4 1.1e+03 8 14 b) 1.1e+03
extrosnb 1000 | 22 19 9 3.0e-02 | 22 38 13 3.0e-02
fminsrf2 1024 | 21 12 7 1.0e+00 | 21 23 11 1.0e+00
freuroth 1000 | 9 7 3 1.2e+05 | 9 14 5 1.2e+05
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Table 7.9: Incomplete Cholesky preconditioning. Problems G-Z, d; = 100
Steihaug phased-SSM
Problem n Fe Prods Cpu f Fe Prods Cpu f
genrose 1000 | >n — — — >n — — —
liarwhd 1000 15 23 28  3.1e-08 15 36 36  9.3e-10
ncb20 1010 76 49 46  9.0e+02 | 105 236 238  9.3e+02
ncb20b 1000 | 27 15 13 1.7e+03 | 134 174 209 1.7e+03¢
noncvzu? | 1000 60 41 21 2.0e+06 | 178 468 271 2.6e+06
noncvzun | 1000 52 35 18 1.5e+06 | 303 575 319 2.0e+06
nondia 1000 7 6 8 1.5e-03 7 12 13 2.3e-03
nondquar | 1000 13 12 7 3.5e-06 13 24 9 3.5e-06
powellsg 1000 12 11 6 3.8e-03 12 22 3.8e-03
quartc 1000 37 22 9 3.9e+10 37 44 14 3.9e+10
schmuett | 1000 4 3 2 -3.0e+03 4 6 2 -3.0e+03
sparsqur 1000 14 13 15 1.8e-03 14 26 21 1.8e-03
spmsrtls 1000 33 20 9 4.6e-09 76 166 70 3.7e-01
srosenbr 1000 10 4  3.5e-09 10 16 6 3.5e-09
testquad 1000 15 9 4 1.9e-25 15 18 6 4.5e-25
tointgss 1000 1 1.0e+01 4 2 1.0e+01
tquartic 1000 4 4 6 3.4e-13 4 7 7 3.4e-13
woods 1000 14 11 5 2.0e+03 14 22 8  2.0e+03
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Table 7.10: Incomplete Cholesky preconditioning. Results for problems that could

not be solved by unpreconditioned Steihaug or phased-SSM, o, = 100.

Steihaug phased-SSM

Problem n Fe Prods Cpu f Fe Prods Cpu f

curly10 1000 | 16 11 7 -1.0e+05 | 27 98 56 -1.0e+05
curly20 1000 16 12 11 -1.0e+05 | 15 65 57 -1.0e+05
curly30 1000 | 30 18 23  -1.0e+05 | 22 72 83 -1.0e+05
dizon3dq 1000 2 1 1 5.5e-28 2 2 2 5.5e-28
fletcbv2 1000 2 1 1 -5.0e-01 2 2 2 -5.0e-01
genhumps | 1000 | 437 421 172 T7.le+01 | ** ok ok *x

morebv 1000 2 1 1 7.3e-13 | 2 2 1 7.3e-13
sbrybnd 1000 30 17 9 1.6e-09 | 63 65 27  2.0e-10
scurly10 1000 16 11 7 -1.0e+05 | 42 96 50 -1.0e+05
scurly20 1000 14 10 10 -1.0e+05 | 21 68 54 -1.0e+05
scurly30 1000 | 21 13 17 -1.0e+05 | 36 7 88 -1.0e+05
sinquad 1000 | 94 90 110 1.1e-06 | 97 199 278 1.3e-06
tridia 1000 6 4 2 1.5e-26| 6 8 3  8.5e-27




Table 7.11:
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Incomplete Cholesky preconditioning using explicit matrix-vector
products with M. Problems A-F, o = 100.

Steihaug phased-SSM

Problem n Fe Prods Cpu f Fe Prods Cpu f

arwhead 1000 | 6 5 3 6.7e-13 6 10 4 6.7e-13
bdqrtic 1000 | 10 9 5 4.0e+03 | 10 30 12 4.0e+03
broydn7d | 1000 | 87 44 23 4.0e+02 | 99 689 163  4.3e+02
brybnd 1000 | 33 19 10 3.6e-09 | 21 73 27  2.2e-06
chainwoo | 1000 | 86 59 27 6.3e+01 | 123 612 163 1.0e+00
cosine 1000 5 4 3 -1.0e+03 | 30 981 133 -9.5e+02
cragglvy 1000 | 14 13 7 3.4e+02 14 42 15 3.4e+02
dizmaana | 1500 7 6 1.0e+00 10 39 31 1.0e+00
dizmaanb | 1500 | 23 14 15 1.0e+00 | 45 232 184 1.0e+00
dizmaanc | 1500 | 23 14 15 1.0e+00 | 55 514 270 1.0e+00
dizmaand | 1500 | 25 16 17 1.0e+00 | 51 245 196  1.0e+00
dizmaane | 1500 | 41 23 18 1.0e+00 63 446 248 1.0e+00
dizmaanf | 1500 | 24 15 17 1.0e+00 | 74 231 244 1.0e+00
dizmaang | 1500 | 24 25 17 1.0e+00 | 52 276 173 1.0e+00
dizmaanh | 1500 | 30 18 19  1.0e+00 | 47 161 139  1.0e+00
dizmaani | 1500 | 33 22 17 1.0e+00 | 120 734 455  1.0e+00
dizmaang | 1500 | 31 18 20 1.0e+00 | 19 117 79 1.0e+00
dizmaank | 1500 | 19 14 16 1.0e+00 | 19 156 92 1.0e+00
dizmaanl | 1500 | 31 20 22 1.0e+00 | 27 122 89  1.0e+00
dqdrtic 1000 | 8 6 3  2.3e-24 8 32 12 2.9e-24
dqrtic 1000 | 37 22 9  3.9e+10 | 37 116 43 3.9e+10
edensch 1000 | 15 12 6 6.0e+03 | 15 44 16  6.0e+03
eg2 1000 | 4 3 2 -1.0e+03 4 6 2 -1.0e+03
engvall 1000 8 7 4 1.1e+03 8 22 8 1.1e+03
extrosnb 1000 | 22 19 9 3.0e-02 | 22 62 23 3.0e-02
fminsrf2 1024 | 21 12 7 1.0e+00 | 21 59 27 1.0e+00
freuroth 1000 | 9 7 3 1.2e+05 9 26 10 1.2e+05




Table 7.12:
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Incomplete Cholesky preconditioning using explicit matrix-vector
products with M. Problems G-Z, o = 100.

Steihaug phased-SSM
Problem n Fe Prods Cpu f Fe Prods Cpu f
genrose 1000 | >n — — — >n — — —
larwhd 1000 15 23 28  3.1e-08 15 52 44 9.3e-10
ncb20 1010 76 49 46  9.0e+02 | 100 839 305 9.3e+02
ncb20b 1000 | 27 15 13 1.7e+03 | 137 1219 22¢ 1.7e+03¢
noncvzu? | 1000 60 41 21 2.0e+06 | 278 2378 566 2.5e+06
noncvzun | 1000 52 35 18 1.5e+06 | 285 2452 586 2.0e+06
nondia 1000 7 6 8 1.5e-03 7 28 20 2.3e-03
nondquar | 1000 13 12 7 3.5e-06 13 24 9 3.5e-06
powellsg 1000 12 11 6 3.8e-03 12 30 11 3.8e-03
quartc 1000 37 22 9 3.9e+10 37 116 44 3.9e+10
schmuett | 1000 4 3 2 -3.0e+03 4 6 2 -3.0e+03
sparsqur 1000 14 13 15 1.8e-03 14 38 26 1.8e-03
spmsrtls 1000 33 20 9 4.6e-09 60 523 112 3.7e-01
srosenbr 1000 10 4  3.5e-09 10 24 9 3.5e-09
testquad 1000 15 9 4 1.9e-25 15 50 19 4.5e-25
tointgss 1000 1 1.0e+01 1.0e+01
tquartic 1000 4 4 6 3.4e-13 4 7 7 3.4e-13
woods 1000 14 11 5 2.0e+03 14 42 16  2.0e+03
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Table 7.13: Incomplete Cholesky preconditioning using explicit matrix-vector
products with M. Problems that could not be solved without preconditioning,
0o = 100.
Steihaug phased-SSM
Problem n Fe Prods Cpu f Fe Prods Cpu f
curly10 1000 16 11 7 -1.0e+05 | 27 344 81 -1.0e+05
curly20 1000 16 12 11 -1.0e+05 | 15 243 70 -1.0e+05
curly30 1000 | 30 18 23 -1.0e+05 | 22 196 101 -1.0e+05
dizon3dq 1000 2 1 1 5.5e-28 2 2 1 5.5e-28
fletcbv2 1000 2 1 1 -5.0e-01 2 2 2 -5.0e-01
genhumps | 1000 | 437 421 172 7.1le+01 | — — — —
morebv 1000 2 1 1 7.3e-13 | 2 2 1 7.3e-13
sbrybnd 1000 30 17 9 1.6e-09 | 19 65 23 3.7e-11
scurly10 1000 16 11 7 -1.0e+05 | 30 238 71 -1.0e+05
scurly20 1000 14 10 10 -1.0e+05 | 21 199 72 -1.0e+05
scurly30 1000 21 13 17 -1.0e+05 | 20 170 87 -1.0e+05
sinquad 1000 94 90 110 1.1e-06 | 94 497 267 1.1e-06
tridia 1000 6 4 2 1.5e-26 6 20 8 8.5e-27
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Table 7.14: Function evaluations of direct and indirect methods. Incomplete
Cholesky preconditioning. Problems A-E, §; = 100.

Problem n Steihaug phased-SSM M-S
arwhead 1000 6 6 6
bdgrtic 1000 10 10 10
broydn7d | 1000 87 99 116
brybnd 1000 33 21 70
chainwoo | 1000 86 123 114
cosine 1000 5 30 49
cragglvy 1000 14 14 14
curly10 1000 16 27 29
curly20 1000 16 15 15
curly30 1000 30 22 24
dizmaana | 1500 7 10 10
dizmaanb | 1500 23 45 48
dizmaanc | 1500 23 55 71
dizmaand | 1500 25 51 108
dizmaane | 1500 41 63 151
dizmaanf | 1500 24 74 254
dizmaang | 1500 24 52 306
dixmaanh | 1500 30 47 193
dizmaani | 1500 33 120 152
dizmaang | 1500 31 19 424
dizmaank | 1500 19 19 304
dizmaanl | 1500 31 27 145
dizonddq | 1000 2 2 4
dqdrtic 1000 8 8 8
dgrtic 1000 37 37 37
edensch 1000 15 15 15
eg2 1000 4 4 49
engvall 1000 8 8 8
extrosnb 1000 22 22 22




Table 7.15: Function evaluations for direct and indirect methods.

Cholesky preconditioning. Problems F-Z, §, = 100.

Problem n Steihaug phased-SSM M-S
fletcbv2 1000 2 2 3
fminsrf2 1024 21 21 26
freuroth 1000 9 9 9
liarwhd 1000 15 15 15
morebv 1000 2 2 2
nch20 1010 76 100 ok

ncb20b 1000 27 134 28
noncvzu? | 1000 60 278 213
noncvzun | 1000 52 285 272
nondia 1000 7 7 8
nondquar | 1000 13 13 13
powellsg 1000 12 12 12
quartc 1000 37 37 37
sbrybnd 1000 30 19 42
scurly10 1000 16 30 35
scurly20 1000 14 21 21
scurly30 1000 21 20 33
schmwett | 1000 4 4 4
sinquad 1000 94 94 13
sparsqur 1000 14 14 14
spmsrtls 1000 33 60 114
srosenbr 1000 10 10 10
testquad 1000 15 15 15
tointgss 1000

tquartic 1000 4 4 2
tridia 1000 6
woods 1000 14 14 14
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