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TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 192, 1974

THE NORM OF THE I’-FOURIER TRANSFORM ON UNIMODULAR
GROUPS

BY
BERNARD RUSSO(1)

ABSTRACT. We discuss sharpness in the Hausdorfl Young theorem for unimodular
groups. First the functions on unimodular locally compact groups for which equality holds
in the Hausdorff Young theorem are determined. Then it is shown that the Hausdorff
Young theorem is not sharp on any unimodular group which contains the real line as a
direct summand, or any unimodular group which contains an Abelian normal subgroup
with compact quotient as a semidirect summand. A key tool in the proof of the latter
statement is a Hausdorfl Young theorem for integral operators, which is of independent
interest. Whether the Hausdorff Young theorem is sharp on a particular connected
unimodular group is an interesting open question which was previously considered in the
literature only for groups which were compact or locally compact Abelian.

1. Introduction. Let G be a locally compact unimodular group with correspond-
ing Lebesgue spaces I7(G), 1 < p < oo, relative to a fixed Haar measure dx. Let
T = (I*(G),L,m) be the canonical dual gage space of G with corresponding
Lebesgue spaces I7(T'), 1 < p < oo [9]. For a measurable function f on G let Ly
denote the partially defined operator of left convolution by fon I?(G). If L;is a
measurable operator relative to I it is called the Fourier transform of fand will
be denoted by f. () In this context R. A. Kunze [9] has proved the following
generalization of the Hausdorff Young theorem: If 1 < p < 2 and f € I?(G)
then L, is measurable relative to T, and in fact f = L; € L#(T) and |f|,
< |Ifll,- Here, as throughout, p’ denotes the index conjugate to p:

P=p/(p-1) ifl1<p< oo, I'=0, o=I1

The purpose of this paper is twofold. First we characterize functions for which
equality holds in Kunze’s Hausdorff Young theorem. These are called I’-
maximal functions and were studied by Hewitt and Hirschman for G Abelian [6,
§43]; and by Hewitt and Ross for G compact [6, §43]. Their results extend
verbatim to the unimodular case as follows: A function f on a locally compact
group G is called a subcharacter if there is a compact open subgroup Gy and a
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294 BERNARD RUSSO

continuous character x, of G, such that f(x) = xo(x) for x € Gy and f(x) = 0
for x & G,. The first result of this paper is the following theorem.

Theorem 1. If G is a locally compact unimodular group and f € I?(G) for some

p 1 <p<2, then ||f||, = ||fll, if and only if f is equal almost everywhere to a
multiple of a translate of a subcharacter of G.

Now let 3,(G) denote the I’-Fourier transform on a locally compact unimod-
ular group G, 1 < p < 2, i.e. the map f — L. As a linear transformation from
I’(G) into L7 (T), 3,(G) has norm at most 1 by Kunze’s Hausdorff Young
theorem. If G has a compact open subgroup, Theorem 1 shows that ||F,(G)l| = 1
for all p, 1 < p < 2. Our second purpose is to estimate the norm of J,(G) for
groups G lacking compact open subgroups (e.g. connected noncompact groups).
We provide two classes of examples of unimodular groups G with [|F,(G)|| < 1
in §§3 and 5. The proofs will show that within these classes ||3,(G)|| can be
arbitrarily small. We do not consider here the problem of computing the norm
exactly. §4 is devoted to a Hausdorff Young theorem for integral operators which
is needed in §5.

A brief history of the problem is the following. The Hausdorff Young theorem
for G = the circle group was proved by Young in 1912 for p = 2k/(2k — 1), k
an integer > 2, and by Hausdorff in 1923 for all p, 1 < p < 2. The analog for
Fourier integrals, i.e. G = R was established by Titchmarsh in 1924. For general
locally compact Abelian groups the Hausdorff Young theorem was established
by Weil in 1940. Kunze’s result was new even for compact groups, except for a
different form on compact groups [8]. Strong forms of the theorem are known on
particular groups ([10], [11)).

The forerunners of Theorem 1, aside from the works of Hewitt, Hirschman,
and Ross already mentioned, are the theorems of Hardy and Littlewood, 1926,
stating that equality holds in the original Hausdorff Young theorem only for
characters of the circle group, and the remarkable theorem of Babenko in 1961
showing that Titchmarsh’s Hausdorff Young theorem on R is not sharp, to wit:
If p = 2k/(2k — 1), k an integer > 2, then ||f|l, < 4,/fll, for all f € I’(R),
where 4, = [p??(p — 1)7"']Y%. This result of Babenko, as will be seen below,
motivates and explains why Theorems 2 and 4 are true. For precise references to
the original papers see [6, §43, Notes].

2. I’- maximal functions. Let G be a locally compact unimodular group with
corresponding Lebesgue spaces I2(G), 1 < p < oo, relative to a fixed Haar
measure dx. Let £ be the von Neumann algebra generated by the left regular
representation A of G on I2(G). A regular gage m was defined by Segal [12] on
the projections in £ as follows: If Q is a projection in £set m(Q) = ||fl§if @ = L,
for some f in I*(G) and otherwise put m(Q) = oo. The resulting gage space
T' = (I*(G),£, m) is called the canonical dual gage space of G. We refer to [9], [14]
for properties of I
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THE NORM OF THE L’-FOURIER TRANSFORM 295

Let = be the set of equivalence classes of unitary representations of a locally
compact group G. Then L'(G) equipped with the norm ||f|| = sup,es||7(f)| is
a pre-C*-algebra whose completion is called the C*-algebra of G, denoted
C*(G). The Banach space dual of C*(G) can be identified with the collection
B(G) of linear combinations of continuous positive definite functions on G. The
set B(G) is a commutative Banach algebra with unit under pointwise operations
and is called the Fourier Stieltjes algebra of G. The Fourier algebra of G is the
closed subalgebra A(G) of B(G) which is generated by the continuous positive
definite functions with compact support. The study of A4(G) and B(G) for an
arbitrary locally compact group was initiated by Eymard [3].

Theorem 1. If G is a locally compact unimodular group and f € IP(G) for some
P 1 <p <2, then ||flly = IIfll, if and only if f is equal almost everywhere to a
multiple of a translate of a subcharacter of G.

Proof. The proof is patterned after that of Hewitt and Ross [6, Theorem 43.17].

Let G, be a compact open subgroup of G and x, a continuous character of G,
If f equals xo on G, and is zero off G, then, for 1 < p < oo, [Ifl} = fg, dx
= meas(G,) = ¢!, say. Since f is a subcharacter, it is easy to verify that cf is
selfadjoint and idempotent so that L is a projection in £. Thus

1Lyl = m(ILyl") = m(Ly) = llefl = - ¢! = .
So
L], = ¢ - ILyll, = ¢! - Vo = WP,

Thus for 1 < p < 2, ||l = ¢V = |If]l,.

Now let 1<p<2, feI’G), |fly=Ifl,=1 Define &,
= |f|P+9/2sgn f, E(z) = V|f|P0*P/2for0 < Re z < 1, wheref = V|f|is the
polar decomposition of f. Let ¢ = ¢g(z) = 2/(1 + Re z) = 2/(1 + u) where
z=u+ivsothatl1 < g <2andq = 2/(1 — u). Then

|E@)P = |F|P@+29/2 = |} [,

and therefore

IEQ@I; = mIE@)) = m(F17) = IflF = 1.

Il = [ (f1ar2yax = |1l = 1.

Define ®(z) = <h,, E(z)) = m(h,E(z)*) for 0 < Rez < 1. One has |®()|
< Al IE@)I, < 19, Theorem 1).

We claim that @ is analytic on 0 < Re z < 1, continuouson 0 < Rez < 1.
To see this, let g be a simple function, g = I a;x,,, let

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



296 * BERNARD RUSSO

k= |g|""*2sgn g = 3 |ay |7+ 2sgn ay x4,
and let

6@ = mE,EQ)*) = S ||+ 2sgn oy m(i g | 170+9/27%),

Suppose such a G is analytic. Then taking a sequence { f®} of simple functions
converging to f as in [6, (43.11)}, i.e. | f®(x)| T and f®(x) - f(x) uniformly on
{If(0)| < 1}, and letting G,(z) = m(h{)" E(z)*) where A = | f@)|A1+/25gn f0),
then G, is analytic and
18(2) — G,(2)| = Im((h, — k) E@)*)| < |8, — BP) | AE@I,
< llb, — KP), >0

uniformly on compact sets [6, (43.11)), so it will follow that ® is analytic. Now G
will be analytic if the function H(z) = m(B f3° AP(*+2/24E,) is analytic where
B=V*}%, and {E) is the spectral resolution of |f|. But H(z)
= f° AP(+2/24y(\) where p is the measure on [0, c0) given by the function
A = m(BE,) of bounded variation. Thus H is analytic by a standard application
of Fubini’s theorem and Morera’s theorem.

Nowifa =2/p—1then0< a < 1, h, = f, E(a) = V|f|?” and thus

&) = m(f|F72V*) = m(V|}[*7V*) = m(}|7) = 1.

Thus, by the maximum modulus theorem, ®(z) = 1on0 < Rez < 1.
Let g, be the inverse transform of E(z) [9, Theorem 7]. Then g, € L7(G),
g lly < IIE@)I, = 1 and by the Parseval formula [9, Lemma 7.2]

{hy,8,> = b, E@Q)y =1 foral0 < Rez< 1.

For z=1+iv, 4q@) =1 g. € AG) [3] and [guule < lgi+ulla
= ||[E(1 + iv)||, = 1. Thus

1= (hewgrowd = [ 1F1792sgn fgrmde < [1£17]g10nldx
< ol IF1E < 1,
so [7, (12.29)]

|f1222sgn fgr = | f17Isgn fll1sal = @ lf1’|g1eal = el f1°

a.e. for each real v where |a,| = 1. From this we infer that

171717 sgn fgre = o |f1°

a.e. for each v; that fis supported a.e. for each v on {x € G: |g;;,(x)| = 1}; that
on the set where f(x) # 0, |f|?/?sgn f = a,8,,,, a.¢. each v and that ||g;,s L
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THE NORM OF THE L’-FOURIER TRANSFORM 297

= |lgi+»ll4 = 1. In particular sgn f = ayg, a.e. on the set where f(x) # 0 and f
is supported a.e. on the set H = {x: |g,(x)| = 1}. By translating f as the
statement of the theorem allows we may suppose that g, is a constant (modulus
1) multiple of a positive definite function. Hence [6, (32.7)] H is a subgroup of G,
g | H is a constant multiple of a character of H and since g; vanishes at infinity,
H is compact, and hence open.

We claim next that by adjusting f on a null set we may assume f continuous
and that everywhere on G one has |f|?*/?sgn f = g,,,, for all real v.

For this, observe first that because <,,g,> = 1 we have g, = |h,|" 'sgn i,
a.e. for each z with 0 < Rez < 1 [7, (13.5)]. Also |h,| = |f|™1*/2, sgn h,
= |f|??sgn fso that |h,|?"! = |f|?/ and g, = |f|”¥|f|?/*sgn f a.e. for each
z with 0 < Re z < 1. Let A, be the left regular representation of H, Let £(H)
be the von Neumann algebra it generates on I*(H) and let 9 be the von
Neumann algebra generated on I?(G) by {A(s): s € H}. Since H is open, there
is an isomorphism a of £(H) onto 9 which carries Ay(s) onto (A | H)(s)
whenever s € H, where the vertical bar denotes restriction. One checks that also
a(Ay(h)) = (A | H)(h) whenever h € L'(H). Now observe that if k € I!(G)
and k is supported on H then A(k) = (A | H)(k | H), and consequently for such
k, a\y(k | H)) = A\ | H)(k | H) = A(k). From this follows the crucial obser-
vation that f, h, and g,, with the exception possibly of g,,, all have their
transforms in 9. Now making use of the compactness of H we have that 9 is
isomorphic to [[,c4 B(C,) [9, Theorem 8] where I(, is finite dimensional for
each unitary equivalence class ¢ of irreducible representations of H. It follows
easily that m | 9 = 3. p d, tr(*) for positive numbers d, where tr(-) denotes the
trace on B(J(,). Since f belongs to 9, so does ¥ and it follows that, writing
T = (T;) for operators T in 9, one has

1 =mh EQ1)*) = 2 d tr((h),E(1);) < 2 d, [1(A), o ILECD), b
<l 3, dIED:h = WAl IEM < 1.

Thus if E(1), # 0 for a certain o then [|(A),ll, = Il4 L, for that o. But
{o: |(A)s]l > &} is finite for every & > 0 [6, (28.40)]. Thus E(1), f and therefore
E(z) are all operators of finite rank in £ and it follows easily that

lE(1 + iv) — E(u + i), > 0
asu T 1. Thus

g1+ = Burwlbo < 81w — Zusalla = IEQ + iv) — E(u + )l = 0.
For a fixed v taking a subsequence ; T 1 we have

Buw = lim 2,15 = lim | f|XI=4| f|P/25gn f = | f|P/2sgn f.
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298 BERNARD RUSSO

This holds a.e. for each v where we have discarded countably many null sets. In
particular g, = sgn f a.e. Moreover f| H is a trigonometric polynomial on H
almost everywhere by [6, (28.39)(ii)]. Thus f is continuous a.e. on G and it follows
that, assuming f continuous everywhere, both h, = |f|#*?/2sgn f and thus
|h,|*"'sgn h, are continuous everywhere. But g, = |h,|? 'sgn h, a.e. and g, is
continuous being in 4(G). It follows that g, = |h,|?"'sgn h, everywhere and this
establishes the claim.

The proof of the theorem will be completed by showing that | f| is constant a.e.
on H. To see this, multiply f by a scalar to get f(e) >0 and let k,
= f(&)"/g,,;» Then k,(e) = 1 and [|k,|l, = llk,ll, = k,(e) so that k, is a
positive definite function. Now &, = f(e)/2E(1 + iv) = f(e) P2V |f |F@&9/2,
But £, is positive in I)(T) so k, = |k,| = |f|?. Thus k, = &, for all v and
sgn f = ko = k, = f(e)P/*|f|?*sgn f. So on H, | f|* is constant depending on
real s. The proof is complete.

Remark. vs in [6, §43] it is possible to consider I’-maximal functions for
2 < p < . Namely f € I/(G), p > 2, is I’-maximal if f also belongs to L'(G)
for some r, 1 < r < 2, if f (= the I’-Fourier transform of f) belongs to L7 (T')
and ||fll; = lIfll,, Using Theorem 1 it is easy to show that the I’-maximal
functions, 2 < p < oo, are precisely the same as the I’-maximal functions,
1 < p <2, ie. constant multiples of translates of subcharacters. To see this
observe that f € L7 (') N L”(T), and since p’ < 2 < r’,f € IA(T). Thus f is
the inverse transform of f. Let g = |f|??sgn f. We claim g is L”-maximal.
Indeed

gy = [fIf1Psgntax = [|f[*¥ ax = [|f|Pdx = 1
without loss of generality. Thus

1= (fg) = <8 < IFlylell, < llglly = 1A% = 1

and so g is L”-maximal. Now since 1 < p’ < 2, Theorem 1 implies that
|f|7”7 sgn f is a.e. a translate of a constant multiple of a subcharacter and so the
same holds for f.

3. Direct products.

Theorem 2. If H is an arbitrary unimodular locally compact group then
IR X H)I| < 1forallp,1 <p<2

Proof. In the proof an equal sign is sometimes used to denote unitary
equivalence. If G is a direct product R X H then Ag(s,x) = Ag(s) ® Ay(x),
s € R, x € H. By Stone’s theorem in direct integral form Ag = 2 x,dt, i.e.
Ar(s) = fi2 e dt where dt is Lebesgue measure divided by (27)"2 and x,(s) = ™
is the operator of multiplication by ¢ on a one-dimensional Hilbert space.
Identifying £(R) with L®(R) we can write £(R) = f @,dr where @, is the
complex numbers for each ¢. Thus
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THE NORM OF THE L’-FOURIER TRANSFORM 299
£(G) = ER) ® &(H) = [* (&, ® £(H)) dr

and
Mol = ([ eat) @ M) = [ 8 Aa(a))

(cf. [2, Chapter II)).

It follows from Fubini’s theorem that f = £ f(x, ® Ay)d! for any continuous
function f on G with compact support. A routine calculation shows that
J(x ® Ay) = g, where g,(x) = [f(,x)] (=), x € H,t € R. By [2, p. 211] the
gage m on G has the form m = f ¢,dt where g, is a faithful, normal semifinite
trace on @, ® £(H). If we identify @, ® £(H) with £(H) then ¢, is almost
everywhere the canonical gage my on H. To see this, let F € L*(R) and
T € £(H) be positive. Then m(F ® T) = fg o, (F()T)dt = fg F(t)p,(T)dt. But
m is the product gage mg X my [14, §9] so m(F ® T) = mg(F) - my(T). Thus

Jo FOImg(T) - @/(T)]d = 0
for all F € L*(R), so ¢, = my a.e. Now

1715 = m(717) = [, 9:087)dt = [, ma(817)t
= [ gz ar < [ lgllzar = [ [ [, 6T o) ’dx]ﬂ'd;

< [f,,, [fn LG (=017 dx]p/’dx]’/’

= [ fulrenrigas|™ < 4| f, Wrcolpax
[ ]r/p [ ]’/"

= A;[ I8 [ N f(s,x)l’ds] dx]m = 471117,

where we have used Minkowski’s integral inequality [13, p. 271] and 4, denotes
|F,(R)||. The proof is complete.

Corollary. Let G be a central topological group, i.e. G/Z is compact where Z is the
center of G (cf. [4]). The following statements are equivalent:

(1) G has no compact open subgroups;

@ 15,6 < 1forallp,1 <p<2;

(3) 19,(G)Il < 1 for some p, 1 < p < 2.

The corollary is a simple consequence of the structure theorem for central
topological groups [4, Theorem 4.4] and the log convexity of the function
? = |15,(G)|\, valid for any unimodular group [9, Corollary 3.1].
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The idea for the proof of Theorem 2 came from a consideration of the Abelian
case which is considerably more elementary.

The author wishes to thank Masamichi Takesaki for indicating how to drop
assumptions of separability and type I in a previous version of Theorem 2.

4. The Hausdorff Young theorem for integral operators. A plausible conjecture
for a locally compact unimodular group G is: G has no compact open subgroups
if and only if [|5,(G)|| < 1 for some (hence all) p, 1 < p < 2.

In §3 we established this conjecture for central topological groups. In the next
section the conjecture is established for any locally compact group G which is a
semidirect product 4 X, X of an Abelian group A4 and a compact group X (acting
on A), e.g. the groups of rigid motions of Euclidean space.

As in the proof of Theorem 2 use will be made of Babenko’s theorem (i.e. that
1F,(R)| < 1) and elementary direct integral decompositions. However, a new
element is needed, namely a Hausdorff Young theorem for integral operators,
which we state as a separate theorem because of its independent interest. I am
indebted to E. M. Stein for essentially stating this theorem and for the reference
[1].

Let X and Y be o-finite measure spaces with measures denoted by dx and dy.
For a square summable function k on X X Y we consider the integral operator
K: I3(X) > [*(Y) defined (a.e.) by Kf () = Sx k(x,y)f(x)dx; and the norms

e = (f, (f, |k(x,y)|vdx)"”’dy)"", 1<pg< .

We note that ||K], = (Tr (K*K)7?)V" is well defined for 1 < r < oo (possibly
+ o0), and we let k*: Y X X — C be defined by k*(y,x) = k(x,y).

Theorem3. Let 1 < p<2,p =p/(p—1)andletk € X(X X Y).If K is the
integral operator with kernel k then

IKlly < (Il - 1> 1,0V

Proof. By a density argument which is outlined below it is sufficient to establish
the theorem for simple functions k of the form k = 3 a; X 4,x5, Where {4,} (resp.
{B,)) is a finite disjoint family of measurable subsets of X (resp. Y) of finite
measure. For notation’s sake let f; = x,, 8 = xp, and let | 4| denote the measure
of a set A. Then K*K = 3 |o;*||f;|B|lg;|2 P where {P} is a finite family of
mutually orthogonal one-dimensional projections on I2(X). It follows that

"K"p' =2 (ol "f;"z"&"z)’)w =2 |ai|’|Ai|’/2|BiI’/2)Vi'

But
"k"p,pr =2 |ai|#|A1|’/PIBI|)Vﬂ
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THE NORM OF THE L’-FOURIER TRANSFORM 301

and

1k* Ny =  leul” 14,1 | Bi|72Y7

Schwarz’s inequality now gives the result if we notice that
(|ai|’/2IAiV/z"lem)(hiV/z|Ailvz|Bi|ﬂ?’P) = Iail’IAilﬂ/lellﬂ/z

because p//p+ 1 =p'.

Suppose now that k € I*(X X Y) and that [|k||, , and [|k* ||, are both finite.
The function k belongs to the Banach spaces determined by finiteness of the
norms ||kl 7, lk*[l,,» lIklbz. There is a simple function s on X X Y such that
||k — s|| is small in all three norms. Here we have used a bounded convergence
theorem for the spaces I with mixed norm [1, p. 302]. Write s = 3 a;x g, With
{E;} a mutually disjoint family of measurable subsets of X X Y. For each E,
choose a measurable set F; which is a disjoint union of measurable rectangles with
the measure of E;AF; small. (3) If we let 1 = 3 a; xf, then ||s — ¢|| is small in each
norm. Here we may assume that {F} is a disjoint family. Therefore ||k — ¢|| is
small in each norm, say less than ¢, and ¢ is a simple function of the type
considered in the first part of the proof. If T denotes the integral operator with
kernel # we have |[K — Tl|, < |[K — Tl = [k — tl, < ¢ and thus

IKlly < &+ 1Tl < e+ lell,y - le* 1)
< e+ (lkllp + &2k 1, + &)V

This completes the proof.

Remarks. 1. The cases p = 1 and p = 2 of Theorem 3 are well-known results
and we expected Theorem 1 to follow by interpolation.

2. Equality holds in Theorem 3 for k = x 3, i.e. the result is sharp.

3.If X and Y are discrete with the same mass at each point, say a for X and b
for Y, then ||K|, < (ab)V>~¥?|k||, holds. This can also be shown by interpola-
tion. Conversely this inequality for arbitrary X and Y easily implies that the
measures of nonnull sets are bounded away from zero.

4. If G is a locally compact group and ¢ € L!(G) then L,: g > ¢ * g is an
integral operator on L*(G) with kernel k(x,y) = ¢(xy~!). In case G is compact
Theorem 3 yields an elementary proof (modulo the Peter Weyl theorem) of the
Hausdorff Young theorem for compact groups ([6, (31.22)], [9].

5. I’-Fourier transforms on semidirect products. It is possible to avoid
separability assumptions and induced representations by employing the following
device which is due to Godement.

(3) This result is well known to probabilists but I lack the reference.
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302 BERNARD RUSSO

Lemma 1 [5). Let G be a locally compact group, A an Abelian closed subgroup of
G. For each character x in the dual A of A there is a representation UX of G on a
Hilbert space H,. We have \ = {7 UXdx, where N denotes the left regular
representation of G, \(s)f)(®) = f(s™'0), f € [}(G),s,t € G.

Proof. We sketch Godement’s argument since the construction will be needed.
Let da and dx denote normalized Haar measures on 4 and A. For f, g € %(G)
(= continuous functions with compact support) and x € 4 let g ,(x) =
J4 (o(@)f | g)x(a)da, where p is the right regular representation of G, p(s)f(f)
=f(s), f € I}¥G), st € G. By Fourier inversion (p(a)f|g) =
Ji 95(x)x(@)dx. The Hilbert space H, is the completion of ¥(G)/N, with
inner product (£ |8,) = @;(x) (f, = equivalence class of f and N, = {f
€ H(G): g5(x) = 0}). For s € G, let UXf, = (A(s)f),. The above Fourier
inversion formula yields

(o@Ns)S | 8) = [, (US| gx@)dx

which proves the lemma.

Let now G be a (topological) semidirect product 4 X, X of an additively
written Abelian locally compact group 4 and a locally compact unimodular
group X (acting on A). The product in G will be denoted by (a,x) - (b,y)
= (a + x(b), xy), where x(b) denotes the action of the automorphism x € X on
b € A. G is unimodular with Haar measure ds = da - dx, s = (a,x).

Lemma 2. Let G be a semidirect product AX,X of an Abelian locally compact
group A and a locally compact unimodular group X acting on A by measure-
preserving automorphisms. For x € A the map

Wh(x) = [, haxe (~a))da (b € H(G))

sets up a unitary equivalence of H, with I2(X) which for f € (G transports U}
into an integral operator on I*(X) with kernel k,(x,y) = f(»(),yx™")" (x) (e
k,(x,y) is the Fourier transform of the function a = f((a),yx™") evaluated at the

character x).
Proof.
WHP = |, [, W, )hB,X)x(x~' (b — a)) dbda
72 [ [, M )Ka + ), x)x(b) db da
so that

1w hlP = [ WhG)Pdx = [ [, [, ha,x)h(a + x(@), x(b) db da .
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On the other hand
P = orax) = [ (o(®) | WXB)db
= [/, ], M(@,)(5,)) i@, x)x(b) dadx db
= [ [, ], Ha + x(b), x)h{a, x)x(b) db daidx
= || hlP.
Thus W, maps %(G)/N, isometrically into I*(X) and it is trivial that the range
of W, is dense in L*(X ). Let W = W, denote the unitary operator thus defined on
H, onto I?(X). For s = (b,x) € Glet ¥}X = WUXW-\. Letg € I*(X) be such
that b, = Wg~! € %(G)/N,. Then

VXg = WUXW-'g = WUXh, = W(A©)h),)

%*8(3) = [, (AN®, )R (@, y)x(y(~a)) da
= [, M@ = B x"Y)x(y (-a)) da.
Hence
(g 18) = [Lf6)(¥xg | g)ds

= [, 5®.9 [, [, a(@ = B, x 'YXy (~a)) dag () dy dx db

and thus

8() = [, [, f6.%) [, hx~ (@ = b), x~y)x(y~ (~a)) dadx db

L [ [ 56 [, Ha,xy)x(y x(-a)x(y(~b)) dadx db
2 [ [ 1G.yx) [, ha, e (~a)(y (b)) dadx db
72O [ [ 1(:0)yx7) [, ha, )xdox (~a)) dax(B) db dx
= [ [ f 0 yx ) g (x®) b dx
= [ FOO») Xz dx.

Theorem 4. Let G be a locally compact group which is a semidirect product of an
Abelian locally compact group A and a compact group X acting on A. Then G has
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no compact open subgroups if and only if ||5,(G)|| <1 for some (hence all)
p1<p<2

We note first that G is unimodular and that X, being compact, acts as measure-
preserving automorphisms of 4.

Proof. It is sufficient to prove that ||F,(G)|| < [|9,(4)| for a single value of p,
1 < p < 2. For if G had no compact open subgroups, neither would 4 since X
is compact so that [|,(4)|| < 1 by the corollary to Theorem 2. The converse is
contained in Theorem 1.

We fix on the value p = 4/3 so that p’ = 4. If f € H(G), then, from Lemma
2,f= L; = f§ U¥dx where U can be taken to be an integral operator on
I}(X) with kernel k,(x,y) = f(»(-),yx~!)"(x). This entails [|[UX|} = ||k, |B so
that

[ wFBax = [, [ [, 17GO0xY ol 2dxdydx
= [ L1FG:O.x) 13dxdy = 17113

since the Haar measure on X is normalized in the usual way to have total mass
on;';)r notation’s sake let g = f* * f, h = g* » g. Then
ILR = m(Ly|*) = m(L2) = m(Ly) = h(e) = lIgl}
= [, 102 Bax = [, 1Upldx < [, Ul - ikl )2 dx

1/2 1/2
< (f; Weeliyax)” (f, Itz o)

But

fi Wl = [, £ (f, 1500071y Gol7ax) ™ ayax

= j; (L’ (L LF (027 ()1 7 dx)P/P’ dx)p’/pdy
-J (fx IF 27y |I§dx)%dy

<, (f, 1s@P60,01 ) " & = Iy

Similarly f; [lkg 2, dx < IS and so L, < I Ifl, with p
= 4/3. This completes the proof.

A slightly simpler and more transparent proof of Theorem 4 can be given if
one assumes separability of G and uses the language of induced representations
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for the separable case as follows: If A is the left regular representation of G then
by inducing in stages, A = UM where A, is the regular representation of 4. By
Stone’s theorem A, = f§ x dx and since inducing commutes with direct integra-
tion, A = f? U*dx. By Fubini, L; = [ U¥dx for f € ¥(G). Next the Hilbert
space J(UX) of the induced representation U* is mapped onto I*(X) by
Wg(x) = g(e,x), g € H(UX) and a computation, not unlike that for Lemma 2,
yields U/ as an integral operator with an appropriate kernel.
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