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Abstract

Respiratory Mechanics and Gas Exchange: The Effect of Surfactants

by

Abdulrahman Jbaily

Doctor of Philosophy in Engineering - Mechanical Engineering

University of California, Berkeley

Professor Andrew J. Szeri, Chair

The purpose of the lung is to exchange gases, primarily oxygen and carbon dioxide,
between the atmosphere and the circulatory system. To enable this exchange, the airways
in the lungs terminate in some 300 million alveoli that provide adequate surface area for
transport. A common lung defect is the dysfunction of a complex mixture called pulmonary
surfactant that is found in a thin layer of fluid coating the alveoli. This is a leading cause of
respiratory distress syndrome (RDS), a well-known condition that affects premature infants
and adults, and results in mortality rates ranging from 10% to 60% depending on patient
age. The main goal of this work is to further the understanding of pulmonary surfactants to
improve treatments and consequently decrease the high morbidity that accompanies RDS.
To do so, we develop a mathematical model to study the action of pulmonary surfactant
and its determinative contributions to breathing. The model is used to explore the influence
of surfactants on alveolar mechanics, gas exchange and microscale work of breathing. Using
the model, we can also examine the role that individual surfactant components such as
phospholipids, proteins and cholesterol play during breathing. This provides insight into the
design of exogenous pulmonary surfactants for clinical applications to treat RDS.
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β(t) Equilibration length ratio of carbon dioxide in the capillaries [I]

ε Parameter in the definition of carbon dioxide full equilibration [I]

Γ(t) Surfactant surface excess concentration [ML−2]

γC(t) Mass fraction of carbon dioxide in the alveolus [I]

γN(t) Mass fraction of nitrogen in the alveolus [I]

γO(t) Mass fraction of oxygen in the alveolus [I]

Γmax Maximum surfactant surface excess concentration in a dynamic system [ML−2]

V̂0 Initial volume of the hypophase [L3]

κ Percentage of the alveolar wall area covered with capillaries[I]

He(t) Hemoglobin model evaluated at the exit of the capillaries [ML−3]

Hi(t) Hemoglobin model evaluated at the inlet of the capillaries [ML−3]

µh Dynamic viscosity of the hypophase [ML−1T−1]

Ω Effective resistance of the airway tract leading to the alveolus [MT−1L−4]

γC Mass fraction of carbon dioxide at the alveolus opening [I]

γO Mass fraction of oxygen at the alveolus opening [I]

Γ Maximum equilibrium surfactant surface excess concentration in static conditions
[ML−2]
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σ Surface tension evaluated at Γ [MT−2]

PA Absolute pressure of the gas mixture in the alveolus (alveolar pressure) [ML−1T−2]

P h(t) Absolute pressure in the hypophase [ML−1T−2]

P pl(t) Absolute pressure in the pleural cavity [ML−1T−2]

ΨC(t) Interfacial resistance of surfactants to carbon dioxide [TL−1]

ΨO(t) Interfacial resistance of surfactants to oxygen [TL−1]

ρ0 Base state of the gas mixture density in the alveolus [ML−3]

ρG(t) Density of the gas mixture in the alveolus [ML−3]

Σ(t) Hoop stress in the alveolar wall [ML−1T−2]

σ(t) Surface tension on the interface of the hypophase [MT−2]

σmin Surface tension evaluated at Γmax [MT−2]

τ Transit time of blood in the exchange zone [T ]

C̃e(t) Concentration of bicarbonate at the exit of the capillaries [ML−3]

C̃i Concentration of bicarbonate at the inlet of the capillaries [ML−3]

ξC Solubility of carbon dioxide in the respiratory membrane [T 2L−2]

ξO Solubility of oxygen in the respiratory membrane [T 2L−2]

ζ Fraction of the alveolar wall between the bottom of the hypophase and the perfused
capillaries [I]

A(t) Surface area of the alveolar wall [L2]

Ac Capillary area involved in gas diffusion L2

Cs(r, t) Bulk surfactant concentration [ML−3]

CHB Concentration of hemoglobin in the capillary blood volume [ML−3]

Ds Diffusion coefficient of surfactants in the hypophase [L2T−1]

DhC Diffusion coefficient of carbon dioxide in the hypophase [L2T−1]

DhO Diffusion coefficient of oxygen in the hypophase [L2T−1]

DwC Diffusion coefficient of carbon dioxide in the alveolar wall [L2T−1]
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DwO Diffusion coefficient of oxygen in the alveolar wall [L2T−1]

e(t) Thickness of the alveolar wall [L]

e0 e(t) evaluated at t = t0 [L]

H(t) Heaviside step function [I]

h(t) Thickness of the hypophase [L]

h0 h(t) evaluated at t = t0 [L]

K1 Rate of the chemical reaction that transforms carbon dioxide to bicarbonate [T−1]

ka Adsorption coefficient of surfactants [L3M−1T−1]

kd Desorption coefficient of surfactants [T−1]

K−1 Rate of the chemical reaction that transforms bicarbonate to carbon dioxide [M−1T−1L3]

Lc Length of a capillary [L]

m Factor in the hemoglobin model H(t) [I]

MC Molar mass of carbon dioxide [Mmol−1]

MG(t) Molar mass of the gas mixture [Mmol−1]

MO Molar mass of oxygen [Mmol−1]

n Number of capillaries in the exchange zone [I]

PA(t) Gauge pressure of the gas mixture in the alveolus (alveolar gauge pressure) [ML−1T−2]

PC(t) Carbon dioxide partial pressure in the alveolus [ML−1T−2]

Ph(t) Gauge pressure in the hypophase [ML−1T−2]

PO(t) Oxygen partial pressure in the alveolus [ML−1T−2]

PV Vapor pressure in human lungs [ML−1T−2]

P 1
2
bO Oxygen partial pressure that corresponds to half full hemoglobin saturation [ML−1T−2]

Patm Atmospheric pressure [ML−1T−2]

PbCe(t) Carbon dioxide partial pressure at the exit of the capillaries [ML−1T−2]

PbCi Carbon dioxide partial pressure at the inlet of the capillaries [ML−1T−2]
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PbC(s, t) Carbon dioxide partial pressure in the capillaries [ML−1T−2]

P ∗bC(t) Homogenized carbon dioxide partial pressure in the capillaries [ML−1T−2]

PbOe(t) Oxygen partial pressure at the exit of the capillaries [ML−1T−2]

PbOi Oxygen partial pressure at the inlet of the capillaries [ML−1T−2]

PbO(s, t) Oxygen partial pressure in the capillaries [ML−1T−2]

P ∗bO(t) Homogenized oxygen partial pressure in the capillaries [ML−1T−2]

Ppl(t) Gauge pressure in the pleural cavity [ML−1T−2]

q(t) Volumetric flux of the gas mixture through the alveolar opening [L3T−1]

Q′′C(s, t) Specific mass flux of carbon dioxide between alveolus and blood [ML−2T−1]

QC(t) Mass flux of carbon dioxide between alveolus and blood [MT−1]

Q′′O(s, t) Specific mass flux of oxygen between alveolus and blood [ML−2T−1]

QO(t) Mass flux of oxygen between alveolus and blood [MT−1]

qinh(t) Volumetric flux of the gas mixture inhaled through the alveolar opening [L3T−1]

R(t) Radius of the alveolus [L]

R0 R(t) evaluated at t = t0 [L]

s Arclength along capillary in the direction of blood flow

V (t) Volume of the gas mixture in the alveolus [L3]

vr(r, t) Radial component of the fluid velocity in the hypophase [LT−1]

Vbc Capillary blood volume in the exchange zone [L3]

Y Parameter in the constitutive model of σ(t) [MT−2]
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Chapter 1

Introduction

The human body is composed of eleven major organ systems. Each organ system com-
prises a group of organs that work together for a certain bodily function [1]. While the
digestive system is responsible for breaking food into the building blocks for the body, the
endocrine system secretes hormones to regulate the growth and metabolism of the body. To
a great extent, health depends on the well being of each bodily system, but also relies on
the efficient and harmonious interaction between systems; for example, both muscular and
skeletal systems are needed for body movement. For such reasons, the human body has long
been compared to a complex machine that needs to be fueled in order to ensure efficient
functioning of its different parts, the body systems. Food, water, and oxygen are the main
constituents of the body’s fuel and need to be supplied on a regular basis. Studies have
shown that an average person can live for a few weeks without food, few days without water
but only around three minutes without oxygen [2]. The absence of oxygen causes the death
of brain cells. The body ensures that oxygen reaches all living cells by the combined work of
the respiratory and cardiovascular systems. Like every other system, the respiratory system
is complex and prone to diseases and malfunctions. However, because the respiratory system
is responsible for the supply of oxygen to the body through breathing, any respiratory defect
or failure can be life-threatening.

A common lung defect is the dysfunction of a complex mixture mainly composed of
phospholipids and proteins, called pulmonary surfactant. Surfactant dysfunction causes res-
piratory distress syndrome (RDS), which is a well-known condition that affects premature
infants and also adults [3]. The mortality rates from acute respiratory distress syndrome
(ARDS) range from 24% to 60% depending on patient age, and are estimated to result in
some 3.6 million hospital days per year in the United States [4]. Neonatal Respiratory Dis-
tress Syndrome (NRDS) occurs in 60-80% of infants with less than 28 weeks of gestational
age, and 15-30% of those born in weeks 32-36 [5]. Mortality of infants with NRDS is about
10%, but can reach 25% as a consequence of extended time on a mechanical ventilator [5].

The main goal of this dissertation is to further the understanding of pulmonary surfac-
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tants; this can help better treatments to improve the unacceptable morbidity and mortality
that accompanies RDS. To do so, we develop a mechanical model that allows the investi-
gation of how multiple properties of pulmonary surfactants affect breathing. Gas exchange
between the respiratory and cardiovascular systems, and the work of breathing are of par-
ticular importance in this dissertation.

In this chapter, we start with a very brief overview of the different functions and parts
of the respiratory system to familiarize the reader with the breathing process that will be
studied in this dissertation; special attention is given to pulmonary surfactants. A compre-
hensive literature review of the relevant works on pulmonary surfactants is then presented,
followed by the detailed goal of this thesis.

1.1 The Respiratory System

The primary function of the respiratory system is to deliver oxygen to the body tissues and
to remove carbon dioxide from the body. This consists of three processes: pulmonary venti-
lation, external respiration, and internal respiration. Pulmonary ventilation, also known as
breathing, is the movement of air into (inhalation) and out of (exhalation) the human body.
External respiration is the process by which oxygen and carbon dioxide are exchanged be-
tween the lungs and the surrounding bloodstream, and internal respiration is the process by
which the bloodstream delivers oxygen to the body cells and removes waste carbon dioxide
[6]. External and internal respiration are performed by both the respiratory and cardiovas-
cular systems. Other functions of the respiratory system include filtering and humidifying
the air that is entering the human body, and helping to maintain homeostasis. The respira-
tory system is also fundamental to speech, where moving air vibrates the vocal cords, and
in olfaction, which begins with air coming into contact with olfactory fibers lining the nasal
cavities [7]. Pulmonary ventilation and external respiration are the main focus of this study
and both are explored in greater detail throughout this dissertation.

The respiratory system is composed of two divisions, the upper and lower respiratory
tracts. The upper tract consists of the respiratory organs that lie outside of the chest cavity
such as the nose, paranasal cavity, part of the oral cavity (or mouth), and the pharynx [8].
The main components of the lower respiratory tract are the trachea, lungs and respiratory
muscles. The transition between the two divisions happens at the top of the larynx, where
the respiratory and digestive systems cross paths [8]. The nose and oral cavity are the main
and secondary external openings of the respiratory system respectively. The nose is made of
bone, cartilage, muscle and skin, and supports and protects the paranasal cavity, a hollow
space within it that is lined with hairs and a mucus membrane. This cavity warms and mois-
turizes the air entering the body, and helps in trapping contaminants such as dust before
they reach the inside [8]. The oral cavity is essential for the digestive system but can also
supplement the nose and nasal cavity by drawing air inside the human body. The pharynx
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is a muscular tube that allows air to move from the nose and mouth to the larynx, which is
a short section of the airway leading to the trachea. The larynx is also known as the voice
box because of its role in human speech [8].

The first organ of the lower respiratory tract is the trachea, which is a tube approximately
12 cm in length and 1.8 cm in diameter for an adult human [9]. It is made of hyaline cartilage
rings lined with pseudo-stratified ciliated columnar epithelium. The cartilaginous rings sup-
port the trachea and prevent it from collapsing or expanding, which provides a clear airway
for air to enter and exit the lung. The inner epithelium of the trachea prevents contami-
nants from entering the lungs by trapping them in mucus. The cilia lining then moves the
mucus towards the pharynx to clear it out [10]. The trachea extends from the larynx until it
branches into the two primary bronchi that extend into the lungs. These branches split into
secondary and tertiary bronchi and into smaller bronchioles that spread into the lungs. The
bronchioles finally split into branches that are less than one millimeter in diameter and are
called terminal bronchioles [7]. The smooth muscle tissues on the walls of the bronchi and
bronchioles help regulate the airflow into the lungs. For example, the smooth muscles relax
during exercise in order to dilate the bronchi and bronchioles and allow greater ventilation [7].

The lungs are the main components of the respiratory system. They are large and spongy
organs that fill up the thoracic (or chest) cavity and make up most of the lower respiratory
tract. This cavity, in which the lungs are located, is enclosed by the rib cage on all sides
except the bottom, where the diaphragm is found. The diaphragm is dome-shaped and con-
sists of a peripheral muscle and a central tendon [11]. It is considered as the main muscle for
respiration. Additional respiratory muscles known as the external and internal intercostal
muscles are located between the ribs. The external intercostal muscles are used during in-
halation, where their contraction elevates and spreads the ribs. On the other hand, the
internal ones are used during exhalation, where their contraction lowers the ribs and pushes
them closer to each other [10] . In addition to their role in breathing, the intercostal muscles
help protect the lungs [8].

Humans have two lungs with different sizes that are mainly responsible for gas exchange.
The right lung is the larger one and is composed of three lobes, while the left lung has only
two lobes in order to accommodate the heart [8]. The anatomy of the lung is complex and
beyond the scope of this chapter; for an excellent review of structural design and physiology
of the mammalian and human lung, and the structural determinants of gas exchange, the
reader is refered to [9]. Here, we will touch on the main components of the human lungs that
are needed to understand the rest of this dissertation, namely, the pleura and the alveoli. The
lungs are surrounded by double layered serous membranes called the pleura. The visceral
pleura covers the outer surface of the human lung, while the parietal pleura is attached to the
thoracic wall. The cavity between the visceral and parietal pleura is called the pleural cavity
and is lubricated by a serous fluid [8]. The gauge pressure in this cavity is always negative
to prevent the lungs from collapsing and the chest from expanding. Alveoli are microscopic
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balloon-like sacs that are found in the form of small clusters at the end of terminal bronchioles
in human lungs with a mean diameter of 200 µm, and their number ranges between 274 and
790 million in adult human lungs [12]. The respiratory and cardiovascular systems exchange
gases directly through the respiratory membrane, where the thin walls of the alveoli and
surrounding capillaries touch. The alveolar wall is made of three different types of cells:
type I and type II alveolar epithelial cells, and pulmonary macrophages [13]. Macrophage
is a mobile scavenger that serves to keep the lungs free of dust, bacteria, and blood cells
from injuries. Type I epithelial cells, also known as membranous pneumocytes, form the
structure of the alveolar wall, while type II epithelial cells, or granular pneumocytes, are
responsible for the synthesis and secretion of a surface active lipo-protein complex known as
pulmonary surfactant [14], which is explored next and extensively studied in later parts of
this dissertation.

1.2 Pulmonary Surfactant

The inner face of an alveolus is coated by a layer of fluid, referred to as the hypophase, that
is in direct contact with the air filling the lungs. When two different fluids such as liquid
and gas are in contact with each other, a thin region known as interface separates them.
Whereas molecules suspended in the liquid bulk interact with the liquid molecules surround-
ing them, those molecules on the interface interact differently with the gas molecules above
them. This imbalance results in an additional surface energy per unit area of interface, which
is referred to as surface tension [15]. The additional surface energy arising on the alveolar
air-liquid interface acts to collapse the alveolus on itself, which decreases lung compliance.
This implies that additional breathing work is necessary in order to counteract the recoil
forces arising due to surface tension. Furthermore, high surface tension can lead to alveolar
collapse, which decreases the total lung area available for gas exchange. The avoidance of
such undesired effects is attributed to pulmonary surfactants [16, 17].

In general, surfactants or surface-active agents are molecules that are attracted to inter-
faces separating aqueous and non-aqueous phases. They possess a bipolar structure com-
posed of a hydrophilic head and a hydrophobic tail. Two main effects are associated with
the presence of surfactants at an air-fluid interface: the reduction of surface tension and
the formation of a barrier to mass transport [18]. Specifically, pulmonary surfactant is a
complex mixture of phospholipids (70-80%), proteins (10%) and neutral lipids (10%, mainly
cholesterol) [14]. Four types of proteins exist, two of which are hydrophilic, apoproteins
SP-A and SP-D, and the other two are hydrophobic, apoproteins SP-B and SP-C. The main
component of the phospholipid portion is Dipalmitoyl Phosphotidylcholine (DPPC), which
is able to achieve near-zero surface tension during compression but respreads poorly when
the film expands during inhalation [19]. Hence, the phospholipid portion alone cannot serve
as a practical lung surfactant [20]. Multiple studies have shown the importance of the sur-
factant apoproteins in improving the functionality of pulmonary surfactants [20, 21]. In fact,
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this will be explored in section 5.5. Pulmonary surfactants adsorb to the air-liquid interface
inside the alveolus causing the surface tension to decrease significantly. For example, the
surface tension of water at body temperature (37o) is around 70 dyn/cm and falls to an
equilibrium value of about 25 dyn/cm inside the lungs because of the presence of surfactants
[22]. Furthermore, surface tension can be reduced to near 0 dyn/cm values during exhalation
when the pulmonary surfactant film compresses [23].

A review of the research works on pulmonary surfactants that are relevant to this disser-
tation is presented next.

1.3 Literature Review

We first refer to [24] for a short history on the discovery of pulmonary surfactants. In 1929,
Von Neergard was the first to postulate the existence of surfactants in the human lungs.
He performed experimental studies where he found a big difference in the recoil forces of a
fluid-filled lung and an air-filled lung with a fluid lining [25]. He realized that this difference
is a result of surface tension. It was not until nearly 25 years later that Radford performed
more experiments on liquid and air filled lungs, where he was using detergents to manip-
ulate the existing surface tension [26, 27]. Subsequently, Mead stressed the dependence of
the lung compliance during breathing on the surface forces in the lungs [28, 29]. About the
same time, research studies were performed by Pattle where he used lung tissue to stabilize
microscopic suspensions in water [30]. Later, Clements directly demonstrated the surface
tension lowering properties of lung extracts by performing experiments using the Langmuir-
Wilhelmy surface balance [31–33]. Following that discovery, Brown identified DPPC as the
main surfactant component in lungs [34]. At that time, most of the physiological research on
lung surfactant and surface forces in the lungs was motivated by the belief that surfactants
lower the work of breathing and increase pulmonary compliance. Extensive research in this
area was later performed when a correlation between surfactants and diseases in lungs of
newborns was pointed out by Avery and Mead [35]. Examples of research works that aimed
at understanding the properties of surfactants further in order to improve clinical applica-
tions such as surfactant replacement therapies can be found in [36–39]. Controversy still
remains about the best type of surfactant to be used, and when and what is the best mode
of delivery [40].

Despite the early realization that premature infants in respiratory distress were lacking
lung surfactants, and despite the successful development of natural and even some synthetic
lung surfactant replacements [41], there remains a significant shortfall in understanding this
complex system. Almost sixty years of surfactant research have passed, and the learning
curve is still steep. It is important to note that the research efforts to date that we review
can be categorized as follows. There is an enormous amount of research into the detailed
composition of pulmonary surfactants. There has been some research into fluid mechanics
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aspects of the lung, primarily focused on air flow in branched generations of tubes, surface
tension driven flows of the hypophase and mucous layers, and reinflation of collapsed airways.
There has been very limited research into interfacial resistance to gas transfer as it is related
to changing surfactant concentration over the breathing cycle. There has been considerable
research on the established concept of Work of Breathing (WoB), applied to the whole lung.

1.3.1 Physiology of Pulmonary Surfactant

Numerous research works are aimed at understanding the physical structure of pulmonary
surfactants at various stages of film compression, such as one might find over the breathing
cycle, in addition to research into surfactant origin and recycling within the body [42–45].
These studies elucidated many details about pulmonary surfactants such as their precise
composition, source of synthesis, secretion, metabolism and degradation. However, multiple
characteristics of pulmonary surfactants are yet to be understood [46], such as the details
behind the rapid adsorption of selected surfactant components to an air-water interface [47].
Several reviews [22, 48, 49] examined the role of individual surfactant proteins in aiding
adsorption and repopulation of the surface upon reinflation, and their biochemistry and
biophysics. Distinguishing the different steps in surfactant adsorption was also investigated
[50]. Other studies on surfactants have covered their role in health and disease [14, 51], in
innate lung defense [52–55], and interestingly their role in the evolution of breathing [56].
Very recently, Baoukina and Tieleman [57] reviewed molecular dynamics simulations of lung
surfactant, including relationships between a monolayer and underlying bilayer and coexis-
tence of phases in condensed films.

1.3.2 Fluid Mechanics Aspects

Grotberg [58–60] provided useful reviews of biofluid dynamics in the lung. The dynamic
surface tension on the expanding and contracting hypophase has received considerable at-
tention, primarily due to its interesting hysteresis and the possibility of condensed phases
near minimum volume. Putz et al. [61, 62] for example explored measurements of dynamic
surface tension with different experimental systems; see also [63]. Kamm and coworkers
[64] conducted dynamic surface tension measurements with changing area in a pulsating
bubble surfactometer (PBS), and developed a model of squeeze-out of some components
of the surfactant film; see also [65, 66]. A more recent mathematical model of adsorption,
desorption, compression and multi-layer formation was developed by Krueger and Gaver [67].

Multiple studies have considered the flow of surfactant monolayers in various cases. Wei
et al. [68, 69] considered hypophase flows driven by nonuniform surfactant coverage. Borgas
et al. studied the two-dimensional flow of a surface-active monolayer on a thin viscous film
in order to understand the spreading mechanism of surfactants on fluid layers [70]. A model
was also developed to explore the effect of surface tension gradients on the generation of
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clearance flows from the lungs towards the mouth. The simple case of a membrane with lin-
ear variation in strain along its length to model breathing was considered [71]. More recently,
Levy et al. added the effect of gravity on surfactant spreading, which was absent in most
previous studies. They investigated wave solutions of a lubrication model for surfactant-
driven flow of a thin liquid film down an inclined plane [72]. Other studies investigated the
effect of the hypophase thickness on surfactant transport and surfactant collapse [73], and
the effect of rheological properties of mucus on surfactant spreading behavior [74].

Another area that was carefully explored is the propagation of surfactants towards the
lungs after their injection in clinical applications. Suresh et al. studied theoretically the ef-
fect of plug propagation speed and gravity on the motion of a liquid plug in a two dimensional
channel at an angle with respect to gravity. They obtained expressions for the thickness of
the trailing films left behind the plug [75]. Zheng et al. studied experimentally the effect
of gravity on liquid plug transport through an airway bifurcation model [76]. Espinosa et
al. identified critical parameters of surfactant instillation and their influence on the initial
deposition of a surfactant bolus. They also determined conditions under which a meniscus
forms in the trachea during bolus injection [77]. The role that pulmonary surfactants play
in airway closure was also studied. Among these studies, there is a numerical one done by
Otis et al. who developed a model for airway closure by liquid bridging during expiration
[78]. In addition, Halpern et al. developed a model to predict the closure of small airways
in the region of terminal bronchioles [79].

1.3.3 Gas Exchange

Gas transport across the hypophase has also received some attention, although experimental
limitations have made this challenging. Zuo et al. [80] developed the axisymmetric drop
shape analysis-captive bubble sufactometer (ADSA-CBS) technique to study a captive bub-
ble surrounded by liquid, with a lung surfactant film in a quasi-static experiment. They
examined the mean rate of gas transfer and also surface tension as a function of surfactant
characteristics. See also Zuo et al. [81], where they found that the mass transfer coefficient
of oxygen decreases by about 30-50% in bovine surfactant suspensions with respect to wa-
ter. They concluded that at low surface tension value (≈ 2 mJ/m2), lung surfactant films
provide resistance to oxygen transfer. They also found that at a surface tension higher than
6 mJ/m2, resistance to oxygen transfer was modest. Moller et al. [82] examined the barrier
to oxygen transport across condensed phospholipid films, like DPPC, which has very low
permeability. Their findings led them to compare the pulmonary surfactant to a valve that
allows gas exchange in its expanded state, and restricts it when it is compressed and closely
packed. In addition, Aberg et al. [83] considered how multilayer structural details could
imply expedited transit of O2 molecules.
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1.3.4 Work of Breathing

Nearly 60 years ago, Campbell [84] developed the concept of the work of breathing (WoB)
applied to the whole lung, which is a crucial organizing idea in lung mechanics, and is often
used to explain the purpose of lung surfactant, or to motivate surfactant replacement ther-
apy or mechanical ventilation. Among many others, McFadyen et al. [85] considered the
components of the WoB for the whole lung, which is increased by a decrease in compliance
or an increase in flow resistance. Chowdhury et al. [86] also examined components of the
WoB, separating that associated with compliance and that associated with flow resistance,
and explored how partial assist ventilation can be used to affect the WoB. Finally, Tulaimat
et al. [87] discussed the difficulty in measuring WoB at the patient’s bedside, and assessed
the ways that elevated WoB can be estimated from other signs.

It is worth emphasizing that all these studies consider the WoB for the whole lung. An-
derson et al. argued that exchange of sparingly soluble gases including oxygen and carbon
dioxide occurs in alveoli, while other gases such as certain anesthetic components exchange
in airways [88]. Because we are mainly interested in the exchange of oxygen and carbon
dioxide, our special focus in this dissertation is on the alveolus as will be seen in the next
section. Hence, when addressing work of breathing, we refer to it as the microscale work of
breathing, or the breathing work at the level of the alveolus. The goal of the dissertation is
presented next.

1.4 Dissertation Goal

The research literature has contributed enormously to the improvement of clinical appli-
cations by offering much insight on the importance of pulmonary surfactant to breathing.
However, to the author’s best knowledge, one key aspect is still missing from the literature:
a basic connection between the microscale work of breathing and the rate of gas transfer at
the alveolar level, where both are enormously influenced by the surfactant dynamics, has
never been established.

Experimentally, researchers have been prevented from developing such connection due to
limitations in the range of experimental approaches available. In vivo for example, it is not
possible to isolate a single alveolus and consider gas exchange to its capillary bed as mediated
by the presence of this or that lung surfactant; the system is simply too complicated and
interconnected to isolate and control. Furthermore, experimental systems such as the Lang-
muir trough and Wilhelmy plate [80], suffer from several shortcomings that prevent their use
in understanding pulmonary surfactant as it exists in the lung. Among these shortcomings
are leaks of surfactant from the air/water interface to the supporting solid trough material,
significant limits in the rate at which films can be expanded and contracted without causing
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waves and, of course, the lack of curvature at the surfactant interface.

In addition, previously developed mathematical or numerical models have lacked the
ability to investigate the response of an alveolus to a changing pleural pressure that drives
breathing, when coated by a specific surfactant. Such a model is necessary to asses the effect
of surfactants on gas transfer and microscale breathing work, and will be the subject of this
dissertation. We develop a mathematical model of the alveolus that is composed of multiple
compartments, mainly:

• Gas mixture of oxygen, carbon dioxide and nitrogen in the alveolus

• Surfactant system in a thin fluid layer coating the inner surface of the alveolus (hy-
pophase)

• Alveolar wall where capillaries are perfused

• Capillary bed that exchanges oxygen and carbon dioxide with the alveolar gas mixture

• Pleural cavity where a change in pressure drives breathing

As will be seen throughout this document, this model provides the ability to study mul-
tiple aspects of breathing. In relation to surfactants, it allows one to investigate the effect of
surfactant characteristics, such as adsorption and diffusion properties, on alveolar mechanics
and gas exchange. The effect of interfacial resistance to gas transfer, which changes over
the cycle of breathing due to surfactant concentration changes, can also be studied. More
importantly, this model can also be used to examine the role that individual surfactant
components such as phospholipids, and proteins play during breathing. This sheds light on
the importance of every component when preparing exogenous surfactants for clinical appli-
cations to treat ARDS. Different commercially available surfactants can also be compared
using the model. In addition, because alveolar mechanics are described in this model, the
microscale work of breathing can be computed when comparing different surfactants. A brief
outline of the dissertation follows.

Before describing the alveolar model, we first focus on the surfactant transport problem
in a thin layer of fluid. This is done in chapter 2, where surfactant properties and dynamics
are explained for multiple cases that span but are not limited to surfactant diffusion in a
constrained static domain and surfactant transport in convective flows. The surfactant model
adopted from [66] and that will be used when modeling pulmonary surfactant transport in
this dissertation is then explained. In chapter 3, we introduce the alveolar model and cover
the modeling of the alveolar gas mixture, the surfactant transport problem, and the alveolar
wall. Important relations between the different pressures existing in the system are also
presented. In chapter 4, we present the methods used to model oxygen and carbon dioxide
exchange between the alveolus and the capillary bed. Oxygen and carbon dioxide transport
in the capillaries is also covered. The results of the model are then presented in chapter 5.
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A base case is first presented that explains how the different variables of the model behave,
followed by studying different breathing aspects such as the effect of holding breath. The
remainder of chapter 5 is devoted to studying the effect of surfactants on breathing. Finally,
concluding remarks and future work are presented in chapter 6.
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Chapter 2

Dynamics of the Hypophase Coating
a Flat Sheet

In this chapter, we present short case studies to clarify the dynamics of surfactants in the
hypophase coating the inner surface of alveoli. Understanding surfactant behavior is impor-
tant when developing the alveolar model in chapter 3. Cases presented here include and are
not limited to surfactant diffusion in a constrained static domain, and surfactant adsorption
and desorption in a deforming fluid domain, etc.

Studies have shown that the thickness of the hypophase is much smaller than the alveolar
radius of curvature. The thickness of this layer varies among alveoli, but is in the range of
0.1 to 0.5µm for many portions of the alveolar network [89]. The mean diameter of the
alveolus on the other hand is 200µm [12]. This affords the chance to model the system as
a flat sheet with a thin layer of fluid resting on it as shown in figure 2.1 when analyzing
the physics of the layer. Furthermore, the lubrication approximation is applied to simplify
the Navier Stokes equations of an incompressible Newtonian fluid. In the alveolar model
however presented in chapter 3, we revert back to a spherical configuration.

First, general expressions for the velocity and thickness profiles of a thin fluid layer
resting on a deforming elastic sheet are derived. These expressions are then used in different
surfactant transport boundary value problems (BVP). We exploit these BVPs to introduce
relevant definitions and mechanisms that are essential to analyze the effect of surfactants on
breathing. We also present a Langrangian formulation of the surfactant transport problem
that leads to a more accurate computational method in the case of advection-dominated
flow. At the end of the chapter, we introduce the pulmonary surfactant model that will
be used in the remainder of the dissertation. It is worth mentioning that in this chapter,
any deformation of the fluid layer is caused by forced or prescribed motion. In the case
of breathing however, free motion of the lung boundary occurs, and is dependent on the
existing pressures in the lungs and the surface tension forces that are controlled by surfactant
dynamics.
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Figure 2.1: Thin Layer Flow Schematic

2.1 Boundary Value Problem

In this section, the general boundary value problem for the model shown in figure 2.1 is
formulated, and the expressions for the velocity and thickness profiles are derived.

2.1.1 Governing Equations and Boundary Conditions

The lubrication equations for a two dimensional flow [90], with gravity taken to be g = gyj,
are given by:

∂u

∂x
+
∂v

∂y
= 0, (2.1)

−1

ρ

∂p

∂x
+ ν

∂2u

∂y2
= 0, (2.2a)

−1

ρ

∂p

∂y
+ gy = 0, (2.2b)

where u and v are the velocity components of the fluid in the x and y directions respectively,
ν is the kinematic velocity of the fluid, ρ is the fluid density, and p is the pressure in the fluid.

At the hypophase bottom (y = 0), the no slip and no penetration conditions are imposed.
At the hypophase interface (y = h(x, t)), the surface is assumed to be material, and surface
tension gradients exist as might be the case when surfactants populate the surface non-
uniformly. These conditions can be stated mathematically as:
At y = 0:

u(x, 0, t) = U(x, t), (2.3a)

v(x, 0, t) = 0, (2.3b)
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where U(x, t) is the velocity field of the deforming alveolar wall. At y = h(x, t):

v(x, h(x, t), t) =
∂h(x, t)

∂t
+ u(x, h(x, t), t)

∂h(x, t)

∂x
, (2.4a)

µ
∂u(x, y, t)

∂y

∣∣∣
y=h(x,t)

=
dσ(x, t)

dx
, (2.4b)

p(x, h(x, t), t)− Patm = −σ(x, t)
∂2h(x, t)

∂x2
. (2.4c)

Equation (2.4a) equates the normal velocity of the fluid particles to that of the interface.
Equation (2.4b) is the balance of tangential stresses at the interface, and equation (2.4c) is
the balance of normal stresses, where a small slope approximation was taken.

2.1.2 Velocity and Thickness Profiles

Solving the governing equations (2.2a) and (2.2b), and applying boundary conditions (2.3a),
(2.4b), and (2.4c), the pressure and velocity profiles are respectively expressed as:

p(x, y, t)− Patm = ρgy(y − h)− σ∂
2h

∂x2
, (2.5)

u(x, y, t) = −(
1

µ

∂p

∂x
)(yh(x, t)− y2

2
) +

1

µ

dσ(x, t)

dx
y + U(x, t). (2.6)

The hypophase thickness profile can be derived by integrating the continuity equation (2.1)
and applying boundary conditions (2.3b), (2.4a):∫ h(x,t)

0

(
∂u

∂x
+
∂v

∂y
)dy = 0,

∫ h(x,t)

0

∂u

∂x
dy + v(h(x, t), t)−����:0(No penetration)

v(0, t) = 0,

∂h

∂t
+ u

∂h

∂x
+

∫ h(x,t)

0

∂u

∂x
dy = 0.

Now, using Leibniz’s rule1, the integral form of the mass conservation equation is obtained:

∂h

∂t
+

∂

∂x

∫ h(x,t)

0

u(x, y, t)dy = 0. (2.7)

Finally, the equation for the thickness profile is obtained by substituting (2.6) into equation
(2.7):

∂h

∂t
+

1

µ

∂

∂x

[h3

3

(
σ
∂3h

∂x3
+
dσ

dx

∂2h

∂x2
+ ρgy

∂h

∂x

)
+
h2

2

dσ

dx
+ µUh

]
= 0. (2.8)

1Leibniz’s Formula: ∂
∂x

∫ b(x)

a(x)
f(x, t)dt = f(x, b(x)) · ∂

∂xb(x)− f(x, a(x)) · ∂
∂xa(x) +

∫ b(x)

a(x)
∂
∂xf(x, t)dt
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2.1.3 Test Cases

Equation (2.8) is tested for a hump of fluid resting on a static flat sheet. Three cases are
considered:

1. Hump deforming under the action of gravity alone.

2. Hump deforming under the action of both gravity and a uniform surface tension field.

3. Hump deforming under the action of both gravity and a non-uniform surface tension
field.

The results of the test cases are shown in figures 2.2 to 2.4. Time runs in order of
increasing curve density from pale gray to black; the initial hump profile is the palest gray in
the figures. For the gravity only case shown in figure 2.2, sharp corners are observed as the
film thickness peak shrinks. When uniform surface tension is added, smoother corners form
as seen in figure 2.3. Also, the peak height decreases at a faster rate as expected. For the
case shown in figure 2.4, we model surface tension to be uniform everywhere but dropping
near the middle due to local heating for example or a high local surfactant concentration.
The surface tension profile is shown in figure 2.4. This results in a drop in the film thickness
where the surface tension is low. Strong surface tension forces from both sides pull the fluid
outward, and consequently, two humps form and move away from each other as shown.
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Effect of gravity alone on hump deformation

Figure 2.2: Effect of gravity alone. Sharp corners form at the edge of the hump as it deforms.



CHAPTER 2. DYNAMICS OF THE HYPOPHASE COATING A FLAT SHEET 15

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Normalized Domain

0

0.2

0.4

0.6

0.8

1

N
o

rm
al

iz
ed

 H
ei

g
h

t

Effect of gravity and uniform surface tension on hump deformation

Figure 2.3: Effect of gravity and uniform surface tension. Smoother corners form, and deformation rate
increases.

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Normalized Domain

0

0.2

0.4

0.6

0.8

1

N
o

rm
al

iz
ed

 H
ei

g
h

t

0.85

0.9

0.95

1

N
o

rm
al

iz
ed

 S
u

rf
ac

e 
T

en
si

o
n

Effect of gravity and non-uniform surface tension on hump deformation

Figure 2.4: Effect of gravity and non-uniform surface tension. Marangoni flow is observed; fluid is pulled
away from the center.

We now turn our attention to studying surfactant transport in a static hypophase (section
2.2) and a deforming one (section 2.3). All parameter values for the different studied cases
that are not given in text can be found in appendix C.



CHAPTER 2. DYNAMICS OF THE HYPOPHASE COATING A FLAT SHEET 16

2.2 Surfactant Transport - Static Hypophase

The transport of surfactant molecules residing in the bulk of the hypophase is governed by
the diffusion convection equation below:

∂Cs
∂t

+∇ · (Csu) = ∇ · (Ds∇Cs) +R (2.9)

where Cs is the bulk concentration of surfactants, u is the velocity field, Ds is the surfactant
diffusion coefficient in the hypophase, and R is the rate of production or destruction of
surfactant species through chemical reactions (source or sink term) in the bulk. For the case
of incompressible flow (∇ · u = 0), uniform diffusion coefficient Ds, and absence of sources
or sinks (R = 0), equation (2.9) simplifies to:

∂Cs
∂t

+ u · (∇Cs) = Ds∇2Cs (2.10)

In this section, the hypophase has a uniform initial thickness h0 and the flat sheet over
which it resides is static. Hence, it can be concluded from the results of subsection 2.1.2
that there is no fluid flow (u = v = 0) and the hypophase thickness does not vary with
time (h(t) = h0). It is further assumed for this two dimensional problem that surfactant
concentration gradients exist in the y direction only. In this case, equation (2.10) can be
simplified to:

∂Cs(y, t)

∂t
= Ds

∂2Cs(y, t)

∂y2
. (2.11)

The diffusion of surfactants in this system will be studied for three different boundary
conditions at y = h0. The considered boundary conditions are:

1. A prescribed concentration at y = h0 that is periodic in time.

2. A rigid surface at y = h0.

3. Surfactants on the interface with a concentration Γ(t) that leads to surfactant exchange
with the hypophase bulk.

At the bottom of the hypophase, movement of surfactants into and out of the sheet is
not possible. Hence, a no flux condition at y = 0 is imposed for all three cases:

∂Cs(y, t)

∂y

∣∣∣
y=0

= 0 (2.12)

2.2.1 Periodic Concentration at Interface

In this case, a uniform surfactant concentration profile exists in the bulk. At y = h0, we
prescribe a surfactant concentration that varies periodically in time This test case serves to
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explain the importance of the relative magnitudes of the diffusion time scale and that of the
varying boundary concentration. The variables in equation (2.11) can be non-dimensionalized
as follows: t∗ = ωt, y∗ = y/h0 and C∗s = Cs

Cref
, where Cref is a reference concentration of

surfactants. The dimensionless form of the equation becomes:

∂C∗s
∂t∗

= λ
∂2C∗s
∂y∗2

(2.13)

where λ = (1/ω)/(h2
0/D). λ represents the ratio of the time scale of the concentration change

(1/ω) occurring at y = h0 over that of diffusion (h2
0/Ds). For small λ, diffusion is slower

than the changes prescribed at the boundary; information does not propagate far into the
bulk. This is shown in figure 2.5, where time runs in order of increasing curve density from
pale gray to black. However for the case of large λ, diffusion happens at a faster rate, and
surfactant molecules diffuse throughout the whole bulk as shown in figure 2.6.
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Figure 2.5: For λ = 10−3, surfactants do not diffuse deep in the bulk.
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Figure 2.6: For λ = 10, surfactants diffuse through the full domain.

2.2.2 Rigid Surface at Interface

Here, a rigid boundary is placed at y = h0, and a no flux boundary condition results at that
location:

∂Cs(y, t)

∂y

∣∣∣
y=h0

= 0. (2.14)

A non uniform concentration profile of surfactants exists initially as shown in figure 2.7;
the initial profile is the palest gray in the figure. As time elapses, surfactants diffuse in the
direction of the decreasing concentration gradient until the surfactant concentration becomes
uniform as shown in figure 2.7. Time runs in order of increasing curve density from pale
gray to black.
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Figure 2.7: Evolution of the non-uniform concentration profile between two rigid surfaces.
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The total number of surfactants is conserved as shown in figure 2.7 because molecules are
trapped between the two rigid walls. N0 is the initial number of surfactants in the system.
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Figure 2.8: Normalized total number of surfactants vs. normalized time. Total number of surfactant
molecules is conserved.

2.2.3 Interfacial Surfactant Field at Interface

Now, we consider the presence of surfactant molecules at the interface; an interfacial surfac-
tant concentration profile Γ(x, t) exists at the air-water interface. The boundary condition
for the bulk surfactant concentration field at y = h0 is determined through the exchange of
surfactants between the bulk and the interface. The surfactant field on the interface Γ(x, t)
is governed by the species conservation equation [15]:

∂Γ

∂t
+∇s · (Γus) + Γ(∇s.n)(u.n) = Ds∇2

sΓ + (Ds∇Cs) · n, (2.15)

where ∇s is the gradient operator in the plane of the interface, us is the fluid velocity on
the interface, n is the unit normal into the fluid, and Ds is the surface diffusion coefficient
of the surfactant. In words, equation (2.15) accounts for the changes in local Γ(x, t) by
surfactant convection on surface, compression and expansion of surface, diffusion in surface
and diffusive exchange with the bulk. For the case considered in this section (static sheet
and no concentration gradients in x), the boundary condition at y = h0 simplifies to:

−Ds
∂Cs
∂y

∣∣∣
y=h0

=
∂Γ

∂t
(2.16)

The exchange of soluble surfactants is described by Langmuir kinetics [91]. This is done

by equating the exchange term −Ds
∂Cs
∂y

∣∣∣
y=h0

or equivalently in this case ∂Γ
∂t

to the kinetic
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expression below:

−Ds
∂Cs
∂y

∣∣∣
y=h0

= kaCs(h0, t)(Γ− Γ(t))− kdΓ, (2.17)

where ka and kd are the adsorption and desorption coefficients of the pulmonary surfactants
respectively, and Γ is explained later. The importance of such surfactant properties will be
elucidated in the remainder of this chapter.

Before studying the boundary value problem, the equilibrium interfacial surfactant con-
centration Γeq is introduced. At this interfacial surfactant concentration value, the surfactant
system is in chemical equilibrium and no net exchange of surfactants occurs between the bulk
and the interface. Hence, no flux occurs at y = h0:

−Ds
∂Cs
∂y

∣∣∣
y=h0

= 0,

so, kaCs(h, t) (Γ− Γeq(t))− kd Γeq(t) = 0.

In other words, Γeq(t) can be expressed as:

Γeq(t) =
ka Cs(h(t), t)

ka Cs(h(t), t) + kd
Γ. (2.18)

Soluble surfactant dynamics occur in such a way as to minimize the free energy of the
system, which is done by restoring its chemical equilibrium; for example if the interfacial
surfactant concentration is greater than Γeq(t), interfacial surfactants will desorb from the
interface into the bulk to decrease Γ(t) towards Γeq(t). Interestingly, as the concentration in
the subphase Cs(h0, t) changes (due to surfactant diffusion for example), Γeq(t) also varies.
It is also important to note that in a static system, the maximum value that Γeq(t) can reach
due to an increase in the subphase concentration Cs(h0, t) is Γ as seen from equation (2.18)
or figure 2.9. Hence, Γ is defined as the maximum equilibrium interfacial concentration for a
static surfactant system. Clearly, Γ will also the maximum value of Γ(t) in a static system.
So Γ defines the number of adsorption sites that the interface consists of. In a dynamic
system however, such as when surface convection is present as will be seen later, Γ(t) can
exceed Γ due to areal compression.

Returning to the boundary value problem, we start with the same initial bulk concen-
tration profile given in figure 2.7, and test how Cs(y, t), Γ(t), and Γeq(t) change for a chosen
set of ka and kd. Initially at t = t0, the slope of the bulk concentration profile at y = h0 is
equal to zero so Γ(t0) = Γeq(t0). It is first important to realize that surfactants diffuse in the
bulk due to the existing concentration gradient as seen in figure 2.10. Time runs in order of
increasing curve density from pale gray to black.
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Figure 2.9: Defnition of Γ.
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Figure 2.10: Evolution of the non-uniform bulk concentration profile

As the subphase concentration Cs(h0, t) increases, the equilibrium interfacial concentra-
tion Γeq(t) also increases. This drives surfactants to adsorb to the interface, which increases
Γ(t) until the system reaches equilibrium as seen in figure 2.11.
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Figure 2.11: Γeq(t) increases due to an increase in the surfactant subphase concentration. This drives
surfactants to adsorb, increasing Γ(t).

It is important to note that when compared to the case of a contaminated fluid layer
between two rigid walls shown in figure 2.7, the final uniform surfactant bulk concentration
here is lower. This is due to the fact that some surfactant molecules left the bulk and
adsorbed to the interface. The total number of surfactants in the system however remains
constant throughout the transient period. This is shown in figure 2.12.
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Figure 2.12: Number of surfactants decreases in the bulk, and increases on the interface. Total number
remains constant.

The same analysis can be applied to the system if the initial bulk concentration profile is
similar to the one seen in figure 2.13. In this case, the subphase concentration decreases due
to bulk diffusion, which leads to a drop in Γeq(t) and eventually the desorption of surfactant
molecules from the interface.
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Figure 2.13: Evolution of the non-uniform bulk concentration profile.
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Figure 2.14: Γeq(t) decreases due to a decrease in the surfactant subphase concentration. This drives
surfactants to desorb, decreasing Γ(t).
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Figure 2.15: Number of surfactants increases in the bulk, and decreases on the interface. Total number
remains constant.

2.3 Surfactant Transport - Homogeneous

Deformation of Sheet

In this section, surfactant transport is studied when convection is added to the system
through changes in the area of the sheet underneath the hypophase. Only homogeneous
deformation of the sheet under the hypophase is considered, which means that the sheet
is moving at a speed of general form U(x, t) = a(t)x + b(t). It can be proven that for the
case of a homogeneous deformation, an intially uniform thickness profile h(t0) = h0 remains
uniform. Subsequently, if surfactants are uniformly distributed in the x direction initially,
they remain that way under homogeneous deformation of the sheet. This is shown next:
According to the equations derived in subsection 2.1.2, the velocity and thickness profiles
take the form:

u(x, y, t) = u(x, t) = U(x, t), (2.19)

∂h

∂t
+

∂

∂x
(hU) = 0. (2.20)

We assume the existence of a separable solution h(x, t) = F (t) G(x) for equation (2.20).
Substituting, we get:

∂F

∂t
G+ F

∂

∂x
(GU) = 0.

Therefore,
∂F
∂t

F
= −

∂
∂x

(GU)

G
= λ = cst. (2.21)
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Considering the first part of the equation:

F ′ = λF,

F = Aeλt. (2.22)

The second part of equation (2.21) gives:

U
∂G

∂x
+G

∂U

∂x
= −λG,

(ax+ b)
∂G

∂x
+ (a+ λ)G = 0.

Therefore,

G = B(ax+ b)−
a+λ
a . (2.23)

Using equations (2.22) and (2.23), h(x, t) = F (t)G(x) yields:

h = ABeλt(ax+ b)−
a+λ
a .

Using the initial condition: t = 0, h = h0, the constants are found to be:

λ = −a and AB = h0.

Hence, the hypophase thickness will remain uniform and vary with time according to:

h(t) = h0e
−at. (2.24)

Hence, the homogeneous deformation does not introduce any gradients in the x direction. So
if surfactant concentrations in the bulk and interface are initially uniform in x, they remain
uniform and only diffusion in the transverse (y) direction is studied.
Under such conditions, equations (2.9) and (2.15) simplify to:

∂Cs
∂t

+ v
∂Cs
∂y

= Ds
∂2Cs
∂y2

, (2.25)

∂Γ

∂t
+ Γ

∂us
∂x

= −Ds
∂Cs
∂y

∣∣∣
y=h0

. (2.26)

It can be easily shown from equations (2.19) and (2.20) that:

∂us
∂x

= − 1

h(t)

∂h

∂t
, (2.27)

and consequently from continuity,

v(y, t) =
∂h

∂t

y

h(t)
. (2.28)
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Furthermore, in the case of constant density, the volume of the hypophase is conserved, so
− 1
h
∂h
∂t

= 1
A(t)

∂A(t)
∂t

, where A(t) is the area of the hypophase and equivalently the area of its

interface. Hence, equations (2.25) and (2.26) can be written as:

∂Cs
∂t

+
∂h

∂t

y

h(t)

∂Cs
∂y

= Ds
∂2Cs
∂y2

, (2.29)

∂Γ

∂t
+
( 1

A(t)

dA

dt

)
Γ = −Ds

∂Cs
∂y

∣∣∣
y=h0

. (2.30)

Before studying the coupling between the bulk and the interface when flows in the fluid
are present, we first focus on the case where the subphase concentration of surfactants
(Cs(h(t), t)) is constant in time. This affords the chance to focus on the interfacial surfactant
dynamics, and to understand the importance of surfactant properties such as ka and kd.

2.3.1 Constant Subphase Concentration

As mentioned, the main focus of this case is on the interfacial surfactant dynamics, where
the subphase concentration Cs(h(t), t) is taken to be constant with time. This is the case
when diffusion occurs at a much faster time scale as compared to adsorption and desorption
(adsorption limited), and when the bulk content of surfactant is unlimited. In other words,
as soon as the concentration in the subphase varies, fast diffusion in the bulk occurs which
keeps the subphase concentration at an almost constant value equal to that in the bulk bot-
tom Cb.

Langmuir kinetics are used again to describe the exchange of soluble surfactants between
the interface and the bulk, so equation (2.30) can be written as:

∂Γ

∂t
+
( 1

A(t)

dA

dt

)
Γ = kaCb(Γ− Γ(t))− kd Γ(t). (2.31)

To better understand how soluble surfactants behave, the dynamics of insoluble surfactants
will also be studied. Insoluble surfactants reside on the interface and do not interact with
the bulk. Describing their dynamics is straightforward and stems from the basic idea that
the total number of insoluble surfactant molecules on the interface is constant with time:

Γins(t0)A(t0) = Γins(t)A(t),

so,

Γins(t) =
A(t0)

A(t)
Γins(t0). (2.32)

Three different surfactant systems will be considered to elucidate the significance of the
surfactant properties ka and kd. Each system has a different set of values for the adsorption
and desorption constants but the same Γ value. Keeping ka

kd
a constant leads to a similar
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Γeq among all three systems as can be deduced from equation (2.18); this makes interpreting
ka and kd easier. Figures 2.16 to 2.18 below show how these systems behave relative to
each other and to the insoluble surfactant case. The interfacial area of the hypophase is
varied periodically with an angular frequency ω = 1 (rev/sec) and the change in interfacial
surfactant concentration is studied for each surfactant system. The results below show that
the boundary value problem is governed by the ratio of the convective timescale to that of
adsorption/desorption. Note that in the simulation below, we keep the convective time scale
constant, and we only vary the adsorption and desorption timescales, which is equivalent to
varying the ratio of the two timescales.

As seen in figure 2.16, the initial surfactant concentration is equal to Γeq. As the area
expands, the surfactant concentration drops by a different amount for each surfactant system;
the bigger ka is, the smaller the drop. This is due to the fact that a higher ka value leads to
faster adsorption of surfactants to the interface to restore chemical equilibrium (Γ = Γeq).
The concentration of the insoluble surfactant (ka = 0 and kd = 0) decreases the most. When
the interfacial area is being compressed, the interfacial concentration increases and crosses
Γeq for all three soluble surfactant systems. At that instant, soluble surfactants desorb to
restore equilibirum, where the surfactant with the highest desorption constant deviates from
Γeq the least.
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Figure 2.16: Γ(t) of surfactants with the highest ka and kd deviates the least from Γeq(t).

In figures 2.17 and 2.18, the surfactant concentration is started from above and below
Γeq respectively. Note that in figure 2.17, the concentration of the insoluble surfactant is the
biggest at the end of compression. This is a desired effect in the case of breathing because it
leads to low surface tension values at the end of exhalation which prevents alveolar collapse.
As will be seen later in section 2.4, pulmonary surfactants exhibit this desirable quality and
behave as insoluble surfactants in certain regimes.
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Figure 2.17: Soluble surfactants cause Γ(t) to decrease at a faster rate initially to restore Γeq(t), as compared
to the insoluble surfactant.
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Figure 2.18: Soluble surfactants cause Γ(t) to increase at a faster rate initially to restore Γeq(t), as compared
to the insoluble surfactant.

2.3.2 Varying Subphase Concentration

Here, diffusion of surfactant molecules in the bulk given by equation (2.29) is considered.
First a mapping of the form η = f(y, t) or equivalently y = g(η, t) will be found such that:

∂Ĉs(η, t)

∂t

∣∣∣
η

=
∂Cs(y, t)

∂t

∣∣∣
y

+
∂h

∂t

y

h(t)

∂Cs(y, t)

∂y
, (2.33)



CHAPTER 2. DYNAMICS OF THE HYPOPHASE COATING A FLAT SHEET 29

where the notation
∣∣∣
†

means fixing the variable †, and Ĉs(η, t) is the surfactant bulk concen-

tration field dependent on the independent variable η. This mapping leads to the elimination
of the convective term in equation (2.29) and a far more accurate computational method in
the case of advection-dominated flow. Using the chain rule:

∂Ĉs(η, t)

∂t

∣∣∣
η

=
∂Cs(y, t)

∂t

∣∣∣
η

=
∂Cs(g(η), t)

∂t

∣∣∣
η

=
∂Cs(g(η), t)

∂t

∣∣∣
g(η)

+
∂Cs(g(η), t)

∂g(η)

∂g(η)

∂t

=
∂Cs(y, t)

∂t

∣∣∣
y

+
∂Cs(y, t)

∂y

∂g(η)

∂t
.

Comparing this equation with (2.33), the following relation is deduced:

∂g(η)

∂t
=
∂h(t)

∂t

y

h(t)
,

which leads to g(η) = η h(t)
h0

or equivalently η = f(y) = yh0/h(t). Substituting this mapping
in equation (2.29) results in the elimination of the convective term. The surfactant transport
problem can now be written in terms of Lagrangian coordinates:

∂Ĉs
∂t

= Ds
h2

0

h(t)

( ∂
∂η

( 1

h(t)

∂Ĉs
∂η

))
,

∂Ĉs
∂η

∣∣∣
η=0

= 0,

− h0

h(t)
Ds

∂Ĉs
∂η

∣∣∣
η=h0

=
∂Γ(t)

∂t
+

1

A(t)

dA(t)

dt
Γ(t).

The Lagmuir isotherm is also applied here so,

− h0

h(t)
Ds

∂Ĉs
∂η

∣∣∣
η=h0

= kaĈs(h0, t)(Γ̄− Γ(t))− kdΓ(t).

Next, the relation A(t)h(t) = A(t0)h(t0) ≡ A0h0 is used again, and the problem is non-
dimensionalized using the following set of variables:
η∗ = η/h0, Γ∗ = Γ/Γ̄, Ĉs

∗
= Ĉs/(Γ̄/h0), A∗ = A/A0, and t∗ = ωt.

The set of the non-dimensional equations are:

∂Ĉs
∗

∂t∗
=
Ds/h

2
0

ω
A∗(t∗)

( ∂

∂η∗

(
A∗(t∗)

∂Ĉs
∗

∂η∗

))
,

∂Ĉs
∗

∂η∗

∣∣∣
η∗=0

= 0,
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−A∗(t∗)Ds/h
2
0

ω

∂Ĉs
∗

∂η∗

∣∣∣
η∗=1

=
∂Γ∗(t∗)

∂t∗
+

1

A∗(t∗)

dA∗(t∗)

dt∗
Γ∗(t∗),

−A∗(t∗)Ds/h
2
0

ω

∂Ĉs
∗

∂η∗

∣∣∣
η∗=1

=
kaΓ̄/h0

ω
Ĉs
∗
(1, t∗)(1− Γ∗(t∗))− kd

ω
Γ∗(t∗).

In these equations, τω = 1/ω is the time scale of sheet oscillations, τdiff = h2
0/Ds is the time

scale of surfactant diffusion in the bulk, τads = 1/(kaΓ̄/h0) is the time scale of surfactant
adsorption at the interface, and τdes = 1/kd is the time scale of desorption of surfactants
from the interface. The ratios P1, P2, and P3 of these time scales control the problem at
hand, where:

P1 =
1/ω

1/(kaΓ̄/h0)
=

τω
τads

,

P2 =
1/ω

(1/kd)
=

τω
τdes

,

P3 =
1/ω

h2
0/Ds

=
τω
τdiff

.

The surfactant transport problem can now be written in terms of these parameters:

∂Ĉs
∗

∂t∗
= P3A

∗(t∗)
( ∂

∂η∗

(
A∗(t∗)

∂Ĉs
∗

∂η∗

))
, (2.34)

∂Ĉs
∗

∂η∗

∣∣∣
η∗=0

= 0, (2.35)

− P3A
∗(t∗)

∂Ĉs
∗

∂η∗

∣∣∣
η∗=1

=
∂Γ∗(t∗)

∂t∗
+

1

A∗(t∗)

dA∗(t∗)

dt∗
Γ∗(t), (2.36)

− P3A
∗(t∗)

∂Ĉs
∗

∂η∗

∣∣∣
η∗=1

= P1Ĉs
∗
(1, t∗)(1− Γ∗(t∗))− P2Γ∗(t∗). (2.37)

The nondimensional equilibrium surfactant concentration is expressed as: Γ∗eq(t
∗) = P1Ĉs

∗
(1,t∗)

P1Ĉs
∗
(1,t∗)+P2

.

The surfactant transport problem is tested when the area of the flat sheet deforms peri-
odically as shown in figure 2.19 to mimic breathing.
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Figure 2.19: Prescribed motion of the flat sheet to mimic breathing.

For this case, P1, P2 and P3 are all chosen to be unity. Initially, a uniform surfactant
concentration Ĉ∗(η∗, 0) = 1 is chosen, and consequently, the initial interfacial surfactant
concentration Γ∗(0) = Γ∗eq(0). Variation of the interfacial and bulk surfactant concentrations
is shown. Hysteresis is observed in the variation of Γ(t) with the area because of surfactant
adsorption and desorption from the interface.
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Figure 2.20: Adsorption and desorption of surfactants between the interface and the bulk cause hysteresis
in the variation of Γ(t) with area.



CHAPTER 2. DYNAMICS OF THE HYPOPHASE COATING A FLAT SHEET 32

0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
0

0.2

0.4

0.6

0.8

1

/h
0

Diffusion in Domain (Top: Lagrangian, Bottom: Eulerian)

0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
0

0.2

0.4

0.6

0.8

1

y
/h

0

Figure 2.21: Bulk surfactant concentration profile at various phases of sheet deformation. Top figure shows
the Lagrangian description of the concentration. Bottom figure shows the spatial description, where the
change in hypophase thickness can be seen. Time runs in order of increasing curve density from pale gray
to black.

An interesting observation is that if the same quantity of surfactants is redistributed dif-
ferently in the bulk and interface, the same steady state solution will be reached, granted that
the values of P1, P2 and P3 are the same. This is tested by choosing a non-uniform distribu-
tion of surfactants initially as the one shown in figure 2.22, where Ĉ∗(η∗, 0) = 2

3
cos(πη∗)+ 7

6
,

and the initial interfacial surfactant concentration is again Γ∗(0) = Γ∗eq(0). This combination
of bulk and interfacial concentrations yields the same quantity of surfactants as the previous
case. The steady state solution is shown in figure 2.23.
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Figure 2.22: Alternative initial bulk concentration profile.
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Figure 2.23: The same number of surfactants distributed differently between the bulk and interface lead to
the same steady state solution.

We also test the surfactant system for an adsorption limited case with the parameters
having the values: P1 = 0.2387, P2 = 6.6∗10−5 and P3 = 127.3. These numbers are obtained
by using values pertaining to the surfactant system in the alveolus2; this will be emphasized
more in section 5.5. Initially, a uniform surfactant concentration Ĉ∗(η∗, 0) = 33 is chosen,
and the initial interfacial surfactant concentration Γ∗(0) = Γ∗eq(0). The variation of the
interfacial and bulk surfactant concentrations are shown. It is interesting to point that in
figure 2.25, it is clear that the subphase concentration is almost constant with time and equal
to that at the bottom of the hypophase. This agrees with the assumption made earlier in
subsection 2.3.1.

2ka in this case was chosen to be smaller than the reported values in order to get an adsorption limited
case.
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Figure 2.24: Variation of Γ(t) with respect to the deforming area.

32 32.2 32.4 32.6 32.8 33 33.2
0

0.2

0.4

0.6

0.8

1

/h
0

Diffusion in Domain (Top: Lagrangian, Bottom: Eulerian)

32 32.2 32.4 32.6 32.8 33 33.2
0

0.2

0.4

0.6

0.8

1

y
/h

0

Figure 2.25: Bulk surfactant concentration profile at various phases of sheet deformation. Top figure shows
the Lagrangian description of the concentration. Bottom figure shows the spatial description, where the
change in hypophase thickness can be seen. Time runs in order of increasing curve density from pale gray
to black.

The total number of surfactants normalized by its initial value is also plotted to show
conservation of the surfactant species in the case of convection.
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Figure 2.26: Total number of surfactants is conserved when convection is present.

Up to this point, surfactant exchange between the bulk and the interface was governed
by Langmuir kinetics at all times. In the next section, more care is given to modeling this
exchange. The new method is better at mimicking the behavior of surfactants found in the
lungs.

2.4 Pulmonary Surfactant Model

We use a previously validated surfactant model that describes the behavior of pulmonary sur-
factants as they are cycled dynamically through area changes [64]. The model was developed
through performing experiments with a bubble surfactometer on surfactant TA [Tokyo Tan-
abe, Tokyo (also known as Survanta, Ross Laboratories, Columbus, OH)], a semi-synthetic
preparation widely used clinically to treat respiratory distress syndrome (RDS). This model
was later used to extract surfactant properties for different surfactant fractions [65]. The
adopted model characterizes surfactant exchange between the bulk and the interface in terms
of three interfacial concentration regimes.

Regime One: Γ ≤ Γ:

When the interfacial surfactant concentration is less than Γ (defined in subsection 2.2.3),
adsorption and desorption to and from the interface are governed by the Langmuir isotherm
as done previously. In this regime, surface tension σ(t) is related to the interfacial concen-
tration Γ(t) through a static isotherm relationship which decreases linearly with increasing
Γ(t). The line passes through the two points corresponding to (Γ, σ) and (0, 70 dyn/cm),
where σ is the minimum equilibrium surface tension in a static system, and 70 dyn/cm is
the value of surface tension when no surfactants are present.

Regime Two: Γ ≤ Γ ≤ Γmax:
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In this regime, experiments show that the surfactant is frozen in the interface and can nei-
ther adsorb nor desorb [64]. Hence, the surfactant is modeled as insoluble. The relationship
between σ(t) and Γ(t) in this regime decreases linearly with a slope that is different than
the one in regime one. This slope is found through experiments for each type of surfactant.

Regime Three: Γ = Γmax:
Upon large compression of the interface, surfactant molecules may reach a state where they
are packed as tightly as possible in the interface, and surface concentration cannot increase
further. This observation is attributable to a phase change of the surface film from the
liquid-condensed state to a solid state [92]. Any further compression leads to surfactant
molecules being lost from the surface to the bulk by squeeze out of the film. This leads to
a constant interfacial surfactant concentration. Hence, surface tension is also constant in
this regime and is at a minimum value. The value of the minimum surface tension is deter-
mined by substituting Γmax in the isotherm used in the second regime. The three regimes
adopted for the pulmonary surfactant are shown in figure 2.27. The equations describing

Soluble Regime 

Insoluble Regime 

Squeeze out 

Inhalation 

Exhalation 

Figure 2.27: Schematic showing the different regimes of Γ(t) during dynamic area changes

the transport problem of the pulmonary surfactant are presented next. Equation (2.36) is
first manipulated, and written as:

− P3A
∗(t∗)2∂Ĉs

∗

∂η∗

∣∣∣
η∗=1

=
dA∗(t∗)Γ∗(t∗)

dt∗
. (2.38)

The equations can now be written as:

∂Ĉs
∗

∂t∗
= P3A

∗(t)
( ∂

∂η∗

(
A∗(t∗)

∂Ĉs
∗

∂η∗

))
, (2.39)
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∂Ĉs
∗

∂η∗

∣∣∣
η∗=0

= 0, (2.40)

− P3A
∗(t∗)2∂Ĉs

∗

∂η∗

∣∣∣
η∗=1

=
dA∗(t∗)Γ∗(t∗)

dt∗
, (2.41)

Γ∗ ≤ 1:

dA∗(t∗)Γ∗(t∗)

dt∗
= A∗

(
P1Ĉs

∗
(1, t∗)(1− Γ∗(t∗))− P2Γ∗(t∗)

)
. (2.42)

1 ≤ Γ∗ ≤ Γ∗max:

dA∗(t∗)Γ∗(t∗)

dt∗
= 0. (2.43)

Γ∗ = Γ∗max:

dA∗(t∗)Γ∗(t∗)

dt∗
= Γ∗max

dA∗(t∗)

dt∗
. (2.44)

Here, we compare the pulmonary surfactant model to a soluble surfactant governed by
the Langmuir isotherm only. To do so, we re-solve the adsorption limited case presented
in figure 2.24 for the case of a pulmonary surfactant undergoing three different regimes
of exchange. As shown in figure 2.28, the two surfactants start with the same interfacial
surfactant concentration which remains identical during the expansion of the hypophase.
When compression starts, and Γ∗(t) exceeds 1, the soluble surfactant starts desorbing from
the interface into the bulk in order to restore equilibrium of the system. The pulmonary
surfactant on the other hand acts as an insoluble surfactant in this regime , which causes the
interfacial surfactant concentration to increase further until eventually reaching a set Γ∗max
where squeeze out of the film into the bulk occurs. Such dynamics are desirable because they
cause a big drop in the surface tension values at the end of the compression cycle. In analogy
to breathing, the decrease in surface tension is very important at the end of exhalation in
order to keep the alveolus stable and to prevent pressure buildup that leads into its collapse
to neighboring alveoli.
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Figure 2.28: Adopted pulmonary surfactant model allows the surfactant film to compress until squeeze out.
This mimics surfactant behavior during breathing.

In this chapter, we studied surfactant dynamics in a thin fluid layer coating an elastic
sheet. Both static and dynamic configurations of the sheet were considered. Several bound-
ary value problems of surfactant transport were analyzed, which explained the mechanisms
of surfactant diffusion, adsorption and desorption. Important terminology that will be used
throughout this dissertation was also introduced. A Langrangian formulation of the surfac-
tant transport problem was derived and applied in the case of the deforming flat sheet. This
will be essential when studying surfactant transport in the alveolus, where a similar tech-
nique will be applied to the deforming spherical hypophase coating the alveolus as explained
in section 3.4. Also, the surfactant transport problem was non dimensionalized and shown to
be controlled by three ratios of time scales. Finally, the model of the pulmonary surfactant
that will be used in this dissertation was introduced and studied.
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Chapter 3

Alveolar Model - Ventilation

3.1 Model Design of the Alveolus

As mentioned in section 1.4, the alveolar model that we develop has multiple compartments
that consist of a gas mixture in the alveolus, a fluid coating with pulmonary surfactants
either adsorbed to its surface or diffusing through its bulk, an alveolar wall perfused with
capillaries, and a pleural cavity enclosing the alveolus. A schematic of the alveolus being
modeled is shown in figure 3.1.

Figure 3.1: Sketch of modeled alveolus.

Several mechanical and transport processes have to be modeled in order to fully describe
the system; the main ones are listed:
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• Inhalation and exhalation of air into and out of the alveolus. This is accounted for
by a tube that allows the exchange of air between the alveolus and the outside. The
tube is modeled to have an effective resistance that replaces that of the bronchial tree
leading into the alveolus.

• Diffusion of oxygen between the alveolus and the capillaries perfused in the alveolar
wall.

• Diffusion of carbon dioxide between the alveolus and the capillaries perfused in the
alveolar wall.

• Transport of surfactants molecules in the hypophase. These can diffuse in the bulk,
adsorb, desorb and squeeze out from the interface.

• Variation of alveolar wall stresses over a breathing period.

• Transport of oxygen in the perfused capillaries. Oxygen interaction with hemoglobin
is also accounted for.

• Transport of carbon dioxide in the perfused capillaries. Carbon dioxide in the form of
bicarbonate is also considered.

The listed items are explained thoroughly in this and the following chapters. We first
cover details on the gas mixture and alveolar mechanics in chapter 3. Oxygen and carbon
dioxide diffusion and transport are then considered in chapter 4. Finally, the results obtained
from coupling all the different aspects of the alveolar model are presented in chapter 5.

We start with a short description of the mechanism of breathing that will be modeled
throughout. Pulmonary ventilation is composed of two main processes generally known as
inhalation and exhalation. These correspond to the movement of air into and out of the
human body respectively. Air ventilation in the body is conducted through the movement of
the multiple respiratory muscles. Such motions induce pressure gradients in the respiratory
system, which eventually result in air flow. Before presenting the detailed steps of inhalation
and exhalation, some important definitions are necessary and are given next. The pressure
PA corresponds to the pressure 1 inside the alveolus, while the intrapleural pressure P pl is the
pressure in the pleural cavity. The transmural or transpulmonary pressure is the difference
between the alveolar pressure and the pleural pressure Ptp = PA − P pl. The atmospheric
pressure Patm is the pressure outside at the mouth level. In the beginning of inhalation,
the alveolar pressure PA is equal to the atmospheric pressure Patm, which means that no
air flows into or out of the body due to the absence of a pressure gradient. The diaphragm
and external intercostal muscles then contract causing the chest cavity to expand. This
increase in volume results in a drop in P pl, which disturbs the equilibrium at the visceral

1For the alveolar and pleural pressures, the presence of an over-bar denotes absolute pressure, while its
absence denotes gauge pressure.
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pleura and consequently causes the alveolus to expand. A drop in the alveolar pressure PA

accompanies the volume increment of the alveolus. Because the resulting alveolar pressure
PA is sub-atmospheric, a pressure gradient between the outside of the human body and
the lungs drives air into the alveolus, which causes the radius of the alveolus to increase
further. Air keeps flowing into the alveolus until the alveolar pressure is restored to its
initial atmospheric value. This marks the end of the inhalation. Exhalation is a process
that drives the lung system back to its initial state. First, the diaphragm expands and the
internal intercostal muscles contract causing the volume of the chest cavity to decrease. This
leads to an increase in P pl, which again drives the visceral pleura to move in order to re-
establish equilibrium. The movement of the visceral pleura causes the alveolus to contract,
which increases the alveolar pressure PA to a value higher than the atmospheric pressure.
The resultant pressure gradient drives air out of the lung to the atmosphere, which further
decreases the radius of the alveolus. Air keeps flowing out until the alveolar pressure PA is
brought back to atmospheric pressure. At this point, the cycle is complete, and inhalation
is imminent. We now move to derive the relations corresponding to pulmonary ventilation.

3.2 Gas Mixture

The alveolus contains a gas mixture of oxygen, carbon dioxide, and nitrogen with γO(t),
γC(t), and γN(t) being their respective mass fractions. There is a continuous flux of oxygen
and carbon dioxide between the alveolus and the passing blood stream in the capillaries that
are perfused in the alveolar wall, and it is assumed that the concentration of nitrogen in the
alveolus is always in equilibrium with that in blood. Expressions of the time variation of
each mass fraction and of the total mass of the gas mixture are derived.

The mass conservation for oxygen in the alveolus is given by:

d(γO(t)ρG(t)V (t))

dt
= γOρG(t)q(t)H(q(t)) + γO(t)ρG(t)q(t)(1−H(q(t)))−QO(t), (3.1)

where V (t) and ρG(t) are the volume and density of the gas mixture, QO(t) is the mass flux
of oxygen between the alveolus and blood, γO, is the mass fraction of oxygen at the alveolus
opening, and q(t) is the volumetric flux of the gas mixture through the alveolar opening.
H(t) is the Heaviside step function. The term on the left hand side (LHS) of the equation is
the time rate of change of oxygen mass in the alveolus. The first term on the right hand side
(RHS) is the mass flux of oxygen inhaled, the second one is the mass flux of oxygen exhaled,
and the third is the mass flux of oxygen diffused between the alveolus and the capillaries.
Similarly for carbon dioxide, we get:

d(γC(t)ρG(t)V (t))

dt
= γCρG(t)q(t)H(q(t)) + γC(t)ρG(t)q(t)(1−H(q(t))) +QC(t), (3.2)

where QC(t) is the mass flux of carbon dioxide between the alveolus and blood, and γC , is
the mass fraction of carbon dioxide at the alveolus opening. The equation for nitrogen is
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similar but lacks net diffusion of nitrogen between the alveolus and bloodstream:

d(γN(t)ρG(t)V (t))

dt
= γNρG(t)q(t)H(q(t)) + γN(t)ρG(t)q(t)(1−H(q(t))), (3.3)

where γN , is the mass fraction of nitrogen at the alveolus opening. We sum equations (3.1),
(3.2) and (3.3) to get the mass conservation for the gas mixture in the alveolus:

d([γO(t) + γC(t) + γN(t)]ρG(t)V (t))

dt
= (γO + γC + γN)ρG(t)q(t)H(q(t))

+ (γO(t) + γC(t) + γN(t))ρG(t)q(t)(1−H(q(t)))
−QO(t) +QC(t).

We use the fact that γO(t) + γC(t) + γN(t) = 1, and γO + γC + γN = 1, to obtain:

d(ρG(t)V (t))

dt
= ρG(t)q(t)−QO(t) +QC(t). (3.4)

Equation (3.4) is substituted into (3.1) to yield:

ρG(t)V (t)
dγO(t)

dt
= (γO − γO)ρG(t)q(t)H(q(t)) + γO(t)(QO(t)−QC(t))−QO(t).

Hence, the ODE for γO(t) is given by:

dγO(t)

dt
=

1

V (t)

[
(γO − γO(t))qinh(t) + (γO(t)− 1)

QO(t)

ρG(t)
− γO(t)

QC(t)

ρG(t)

]
. (3.5)

Similiarly, equations (3.6) and (3.7) are the ODEs for γC(t) and γN(t) respectively:

dγC(t)

dt
=

1

V (t)

[
(γC − γC(t))qinh(t) + (1− γC(t))

QC(t)

ρG(t)
+ γC(t)

QO(t)

ρG(t)

]
, (3.6)

dγN(t)

dt
=

1

V (t)

[
(γN − γN(t))qinh(t) + γN(t)

(QO(t)−QC(t))

ρG(t)

]
, (3.7)

where qinh(t) is the volumetric flux of the gas mixture inhaled through the alveolar opening
and is given by q(t)H(q(t)). Further simplifications can be applied to equations (3.4), (3.5),
(3.6) and (3.7). In a breathing cycle, the density ρG(t) is only slightly perturbed, so ρG(t) =

ρ0 +∆ρG(t) where ρ0 is a base state of the gas mixture density and ∆ρG(t)
ρ0

<< 1. This allows

us to rewrite 1
ρG(t)

in the following manner:

1

ρG(t)
=

1

ρ0 + ∆ρG(t)
=

1

ρ0(1 + ∆ρG(t)
ρ0

)
=

1

ρ0

(
1− ∆ρG(t)

ρ0

+ (
∆ρG(t)

ρ0

)2 + ...

)
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Keeping the O(1) terms, equations (3.4), (3.5), (3.6) and (3.7) become:

dV (t)

dt
= q(t) +

1

ρ0

(QC(t)−QO(t)), (3.8)

dγO(t)

dt
=

1

V (t)

[
(γO − γO(t))qinh(t) + (γO(t)− 1)

QO(t)

ρ0

− γO(t)
QC(t)

ρ0

]
, (3.9)

dγC(t)

dt
=

1

V (t)

[
(γC − γC(t))qinh(t) + (1− γC(t))

QC(t)

ρ0

+ γC(t)
QO(t)

ρ0

]
, (3.10)

dγN(t)

dt
=

1

V (t)

[
(γN − γN(t))qinh(t) + γN(t)

(QO(t)−QC(t))

ρ0

]
. (3.11)

The volumetric flux of the gas mixture through the alveolar opening q(t) is expressed as:

q(t) = −PA(t)− Patm
Ω

= −PA(t)

Ω
, (3.12)

where PA(t) is the absolute pressure in the alveolus, Patm is the atmospheric pressure, and
PA(t) is the gauge pressure of the gas mixture in the alveolus or the ‘alveolar gauge pressure’.
Ω is an effective resistance of the respiratory tract leading into the alveolus. An expression
that relates Ω to the resistances of the different airway tubes in the bronchial tree is given
in appendix A.

3.3 Pressure Relations

Here, a relation between the alveolar pressure and the pleural pressure is established. In
order to do so, the strain rate tensor in the hypophase is needed, so the fluid velocity in the
hypophase and its gradient have to be found first. The fluid velocity is assumed to have
a radial component only v = vr(r, t)er, which does not depend on θ and φ because of the
axi-symmetry of the problem. In spherical coordinates, an orthonormal basis with the three
unit vectors er, eθ, and eφ given below is defined.

er = sinφ cosθi + sinφ sinθj + cosφk,

eφ = cosφ cosθi + cosφ sinθj− sinφk,

eθ = −sinθi + cosθj.

In this coordinate system, the position vector x = rer(θ, φ), and its differential dx =
drer + rder, where

der = (−sinφ sin(θ)i + sinφ cosθj)dθ + (cosφ cosθi + cosφ sin θj− sinφk)dφ,

der = sinφ eθdθ + eφdφ.
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In this coordinate system, the differential of the velocity dv is:

dv =
∂vr
∂r

drer + vrder. (3.13)

which can be written as:

dv =
∂vr
∂r

drer + vr(sinφ eθdθ + eφdφ),

dv =
∂vr
∂r

(dx.er)er + vr

(
sinφ eθ(

dx.eθ
rsinφ

) + eφ(
dx.eφ
r

)
)
,

dv =
[∂vr
∂r

er ⊗ er +
vr
r

(eθ ⊗ eθ + eφ ⊗ eφ)
]
dx.

Noting that the gradient ∇g of a vector field g is defined by dg = ∇gdx, we conclude that
the spatial velocity gradient is ∇v = ∂vr

∂r
er⊗er+ vr

r
(eθ⊗eθ+eφ⊗eφ). The fluid strain rate

tensor D is the symmetric part of the velocity gradient, which in this case ends up being
the velocity gradient itself.

D =
∂vr
∂r

er ⊗ er +
vr
r

(eθ ⊗ eθ + eφ ⊗ eφ). (3.14)

The fluid in the hypophase is assumed to be incompressible so from mass conservation, we
have div(v) = tr(D) = 0, which yields the following differential equation

∂vr(r, t)

∂r
+ 2

vr(r, t)

r
= 0.

The solution of this equation is simple and is given by vr(r, t) = K(t)
r2

, where K(t) is found
from boundary conditions. The fluid velocity at the alveolus wall is equal to the velocity of
the alveolar wall; so at r = R(t), vr(R, t) = Ṙ(t), which results in :

vr(r, t) =
R(t)2

r2

dR(t)

dt
, (3.15)

This velocity expression can be substituted in equation (3.14) above to get:

D = −2R2(t)Ṙ(t)

r3
er ⊗ er +

R2(t)Ṙ(t)

r3
(eθ ⊗ eθ + eφ ⊗ eφ). (3.16)

Relations between the different existing pressures will now be derived. It is worth noting that
the gas mixture in the alveolus and the pleural fluid are both assumed to be inviscid, and
inertial forces are neglected. At r = R(t)−h(t), we refer to figure 3.2 and apply an interfacial
balance of normal stresses to find a relation between the alveolar pressure PA(t) and the
absolute pressure in the hypophase Ph(r, t). It can be shown using the radial component of
the Navier-Stokes equation that the hypophase pressure Ph(r, t) is uniform, so we delete its
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Figure 3.2: Free body diagram of an interfacial element.

space dependence and use Ph(t).

(−Ph(t)I + 2µhD(t))er − (−PA(t)I)er −
2σ(t)

R(t)− h(t)
er = 0,

which can be written as

PA(t)− Ph(t) =
2σ(t)

R(t)− h(t)
+

4µhṘ(t)R2(t)

(R(t)− h(t))3
, (3.17)

where σ(t) is the surface tension at the hypophase interface, R(t) is the radius of the alveolus,
h(t) is the thickness of the hypophase, and µh is the dynamic viscosity of the hypophase.
Using the fact that h(t)/R(t) << 1, and keeping terms to the order O(h), (3.17) is simplified
to:

PA(t)− Ph(t) =
2σ(t)

R(t)− h(t)
+

4µhṘ(t)

R(t)

(
1 +

3h(t)

R(t)

)
. (3.18)

To find a relation between Ph(t) and P pl(t), we refer to the free body diagram shown in
figure 3.3 and apply a force balance across the alveolar tissue R(t) ≤ r ≤ R(t) + e(t) to get:

P pl(t)π(R(t) + e(t))2 − (Ph(t) +
4µhṘ(t)R2(t)

R3(t)
)πR2(t) = −Σ(t)π((R(t) + e(t))2 −R2(t)),

where e(t) is the thickness of the alveolar wall, and Σ(t) is a uniform hoop stress in the
alveolar wall. Using the fact that e(t)/R(t) << 1, and keeping terms to the order O(e)
yield:

Ph(t)− P pl(t) =
2e(t)(Σ(t) + P pl(t))

R(t)
− 4µhṘ(t)R2(t)

R3(t)
. (3.19)

Combining equations (3.18) and (3.19), we get an equation to the leading orderO(e(t), h(t))
that relates the alveolar pressure to the pleural pressure:

PA(t)−
(

1 +
2e(t)

R(t)

)
P pl(t) =

2σ(t)

R(t)− h(t)
+

2e(t)Σ(t)

R(t)
+ 12µhṘ

h(t)

R2(t)
. (3.20)
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Figure 3.3: Free body diagram of the alveolar wall.

In the literature of respiratory physiology, quantities are measured relative to the transpul-
monary pressure which is the difference between the alveolar and pleural pressures (PA(t)−
P pl(t)) or equivalently (PA(t) − Ppl(t)). For convenience, and because of the fact that
e(t)/R(t) << 1 during the breathing cycle, we simplify equation (3.20) further and write it
as:

PA(t)− Ppl(t) =
2σ(t)

R(t)− h(t)
+

2e(t)Σ(t)

R(t)
+ 12µhṘ

h(t)

R2(t)
. (3.21)

The hypophase and alveolar wall are modeled to be incompressible with uniform thick-
nesses that vary with time as:

h(t) = R(t)−
(
R(t)3 + (R0 − h0)3 −R3

0

)1/3
, (3.22)

e(t) =
(
R(t)3 + (R0 + e0)3 −R3

0

)1/3 −R(t), (3.23)

where R0, h0 and e0 are R(t0), h(t0),and e(t0) respectively. The variable Σ(t) depends on time
through the radius R(t), whereas σ(t) depends on time through the surfactant surface excess
concentration Γ(t) on the hypophase interface. In the next two sections, the constitutive
equations used for σ(t) and Σ(t) are presented.
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3.4 Surface Tension and Surfactant Transport in the

Alveolar Hypophase

With the use of equation (3.15), the surfactant concentration field Cs(r, t) in the hypophase
bulk is described by the convection-diffusion equation:

∂Cs(r, t)

∂t
+
R(t)2

r2

dR(t)

dt

∂Cs(r, t)

∂r
=
Ds

r2

∂

∂r

(
r2∂Cs(r, t)

∂r

)
, (3.24)

where Ds is the diffusion coefficient of the soluble surfactants in the bulk. Two Neumann
boundary conditions are imposed on equation (3.24). Although surfactants are secreted from
type II epithelial cells from the alveolar wall, the flux there is set to zero as shown in equation
(3.25), which indicates that surfactants cannot enter or exit the alveolar wall. This is a good
assumption because half life of surfactants has been shown to be on the order of days (∼ 113
hours) [93], whereas we are studying the system at a time scale of a breathing period (∼ 5
seconds). In other words, we work with a constant number of surfactant molecules that can
either reside on the interface or in the hypophase bulk.

∂Cs(r, t)

∂r

∣∣∣
r=R(t)

= 0. (3.25)

At r = R(t) − h(t) or the subphase, the boundary condition reflects the non-equilibrium
partitioning of soluble surfactants between the interface and bulk. This is written in the
form of a transport equation of the surfactant surface excess concentration Γ(t):

∂Γ(t)

∂t
+ Γ(t)

(
2R(t)2

r3

dR(t)

dt

∣∣∣
r=R(t)−h(t)

)
= Ds

∂Cs(r, t)

∂r

∣∣∣
r=R(t)−h(t)

. (3.26)

By realizing that d
dt

(R(t)3− (R(t)−h(t))3) = 0, equation (3.26) can be rewritten in the form
given in (3.27):

(R(t)− h(t))2Ds
∂Cs(r, t)

∂r

∣∣∣
r=R(t)−h(t)

=
d
(

Γ(t)(R(t)− h(t))2
)

dt
(3.27)

As discussed in section 2.4, surfactant dynamics enter three different regimes depending
on the interfacial surfactant concentration Γ(t).

Γ ≤ Γ:
In this regime, the flux at the interface is equated to a kinetic expression given by the
Langmuir isotherm:

d
(

Γ(t)(R(t)− h(t))2
)

dt
= (R(t)− h(t))2

(
kaCs(R(t)− h(t), t)(Γ− Γ(t))− kdΓ(t)

)
, (3.28)
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where ka and kd are the adsorption and desorption coefficients of the pulmonary surfactants
respectively.

Γ ≤ Γ ≤ Γmax:
In this regime, pulmonary surfactants behave as insoluble surfactants:

d
(

Γ(t)(R(t)− h(t))2
)

dt
= 0. (3.29)

Γ = Γmax:
When Γ reaches Γmax, squeeze out of the surfactant film occur as the interface is being
compressed, and Γ(t) = Γmax.

The surfactant transport problem is recast in terms of a Lagrangian coordinate as was
done in subsection 2.3.2. This leads to the elimination of the convective term in equation
(3.24) and a far more accurate computational method in the case of advection-dominated
flow. Unlike r, the new coordinate η ranges between two fixed values. It is defined as:

η =
r3 − b(t)3

3V̂
2/3

0

, (3.30)

where b(t) = R(t)− h(t) and V̂0 = R3
0 − (R0 − h0)3.{

At r = R(t)− h(t) η = 0

At r = R(t) η = 1
3
V̂

1/3
0

}
.

The surfactant transport problem can now be written as:

∂Ĉs(η, t)

∂t
=

Ds

V̂
4/3

0

∂

∂η

([
3ηV̂

2/3
0 + b(t)3

]4/3 ∂Ĉs(η, t)

∂η

)
, (3.31)

∂Ĉs(η, t)

∂η

∣∣∣
η= 1

3
V̂

1/3
0

= 0, (3.32)

Dsb(t)
4

V̂
2/3

0

∂Ĉs(η, t)

∂η

∣∣∣
η=0

=
d
(

Γ(t)b(t)2
)

dt
. (3.33)

Γ ≤ Γ:

d
(

Γ(t)b(t)2
)

dt
= b(t)2

(
kaĈs(0, t)(Γ− Γ(t))− kdΓ(t)

)
. (3.34)
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Γ ≤ Γ ≤ Γmax:

d
(

Γ(t)b(t)2
)

dt
= 0. (3.35)

Γ = Γmax:

Γ(t) = Γmax. (3.36)

More details on the coordinate transformation are given in Appendix B. The relation be-
tween the surface tension (dyn/cm) and the interfacial surfactant concentration is based on
the explanation given in section 2.4. The relations are shown below:

Γ ≤ Γ:

σ(t) = (σ − 70)
Γ(t)

Γ
+ 70. (3.37)

Γ > Γ:

σ(t) = −Y Γ(t)

Γ
+ (Y + σ). (3.38)

As defined earlier σ is the minimum equilibrium surface tension in a static system existing
when Γ(t) = Γ and 70 dyn/cm is the value of surface tension when no surfactants are present.
Y is the slope of the isotherm in the second regime and is determined experimentally for a
given surfactant.

3.5 Alveolar Wall Stress

Multiple researchers attempted to derive a constitutive model for the alveolar wall. Maksym
and Bates developed a distributed nonlinear model of lung tissue elasticity where they pre-
sented a theory relating the static stress-strain properties of lung tissue to the existing
collagen and elastin [94]. Other work led to the formulation of a constitutive relation for
lung tissue elasticity for a simplified alveolar geometry and a pseudo-strain-energy function
for the inter-alveolar septa [95]. In [96], the strain energy for the air-filled lung was calculated
from a model of the parenchymal microstructure . More recently, Rausch et al. experimen-
tally determined the nonlinear material behavior of the rat lung parenchyma, and presented
a new constitutive model that contained the contribution of the ground substance, elastin
fibers, collagen fibers and volumetric changes [97]. There have also been multiple studies
that investigated the lung elasticity in disease states such as pulmonary fibrosis [98–100]. For
the purpose of the model developed here, a relation between the hoop stress in the alveolar
wall and the alveolar radius was desired. No such relation could be found in the literature,
so we collaborated with the Berkeley BioMechanics laboratory advised by professor Grace
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O’Connell to model the alveolar wall stress [101].

A Finite element model of a single alveolus was developed in FEBIO [102]. The alveolar
wall was modeled to be composed of collagen fibers embedded in a ground matrix that
encompassed elastin, different types of cells, capillaries, etc. Collagen fibers were described
with an exponential stress-strain response governed by three material coefficients: ζc, ψ, and
χ, while the ground matrix was described as a Neo-Hookean material with two material
coefficients E and νg. Due to the paucity of data on the alignment of collagen fibers in the
alveolar wall, we assumed that twelve groups of fibers (15o between two adjacent groups)
of equal strength were laid in the tangential plane of the alveolar wall. The opening of
the alveolus was constrained in all directions, and varying pressure was exerted on the
inner surface, resulting in cycles of inflation and deflation. The material coefficients were
determined by parameter identification of the PV response from our simulation with data in
the literature [103]. Because the specific interest in this section is alveolar tissue mechanics,
we used PV curves determined quasi-statically from saline-filled lungs, which eliminates
the contribution of surface tension during lung recoil [104]. Furthermore, we assumed that
the PV curve of the whole lung applies to a single alveolus, due to the fact that major
changes in lung volume are attributed to changes in the alveolar configuration [104]. Also,
results were validated with PV curves of saline-filled cat lungs due to the absence of saline-
filled human lung data. The following parameters for the matrix and fibers were found:
E = 1KPa, νg = 0.45, ζc = 0.03KPa, ψ = 0.1, and χ = 2.5. The obtained elastic modulus
E matches the value reported in literature [105]. Next, stresses on the inner and outer walls
were evaluated when a pressure difference was applied across the alveolar wall. Figure 3.4
shows how the average stresses on the inner and outer walls vary with the effective alveolar
radius (cubic root of the alveolar volume).
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Figure 3.4: Variation of hoop stress with the effective radius of the alveolus.
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Equation (3.39) for the hoop stress Σ(t) is derived by fitting the inner surface stress
curve. In our model, Σ(t) is assumed to be uniform across the alveolar wall.

Σ(t) = 0.0022e6.3701(R(t)/Ro). (3.39)

It is worth mentioning that the results of this preliminary model are limited by the lack
of necessary information and data in the literature. A notable improvement to our model
would be the replacement of the homogeneous material description with a more specific one
that contains information on fiber arrangements, and elastin and collagen densities. Also,
the implications of assuming equivalence between the PV curve of a single alveolus and that
of a whole lung are not well understood; nor are the limitations of the quasi-static PV curves
determined from saline experiments clear. Nonetheless, this model serves as a good first
order approximation of the alveolar wall stresses in the model developed with the purpose
of studying the effect of surfactants on breathing. In most results shown in chapter 5, an
alternative model for the alveolar hoop stress is used, where the alveolar wall is modeled as
a spring. More information is given in appendix C.



52

Chapter 4

Alveolar Model - Gas Exchange

4.1 Diffusion of Gases in the Lungs

Diffusion is the main mode of gas transport in the final generations of the respiratory tract
[106]. The diffusion of oxygen and carbon dioxide is driven by the difference in their alveolar
and blood concentrations. Oxygen for example diffuses through the alveolus to reach the
hypophase interface. It then crosses the surfactant layer to diffuse through the hypophase
bulk and alveolar wall, eventually reaching the blood in the capillaries. Carbon dioxide goes
through the same steps in reverse order.

Gases in the alveolus are assumed to be well-mixed. For example, an oxygen molecule
has a diffusion coefficient of 0.2 cm2/s in air [107]. The diffusion time scale of the molecule
from the center of a spherical alveolus with an average radius of 0.01 cm to its edge is
around 0.012

0.2
≈ 0.5 ms, which is considerably lower than both the breathing period and the

blood transit time in capillaries; a similar argument applies to carbon dioxide. Hence, the
partial pressures of oxygen and carbon dioxide there are considered uniform and are given
respectively by:

PO(t) = γO(t)
MG(t)

MO

(PA(t) + Patm − PV ), (4.1)

PC(t) = γC(t)
MG(t)

MC

(PA(t) + Patm − PV ), (4.2)

where MG(t), MO and MC are the molar masses of the gas mixture, oxygen and carbon
dioxide respectively, Patm is the atmospheric pressure and PV is the vapor pressure in the
lungs.

The partial pressures of oxygen PbO(s, t) and of carbon dioxide PbC(s, t) in the capillaries
are space dependent because gases are picked up and released by the blood stream pass-
ing in the exchange zone; s is the arclength along the capillary in the direction of blood
flow. Because the trajectories of oxygen and carbon dioxide are the same in reverse, the
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expressions of the flux for both gases are similar. Oxygen will first be used to model its
transport between the alveolus and capillary bed and get an expression for QO(s, t). The
same methodology is applied to carbon dioxide to get QC(s, t).

The alveolus is perfused with a capillary bed with n individual capillaries oriented in
many directions (reader is referred to figure 18 in [9]1), so we express the specific flux (flux
per unit area) of oxygen from the alveolus to each capillary j (where j goes from 1 to n) as:

Q′′O1(s1, t) = DO(t)(PO(t)− PbO1(s1, t)),

Q′′O2(s2, t) = DO(t)(PO(t)− PbO2(s2, t)),

.

.

.

Q′′On(sn, t) = DO(t)(PO(t)− PbOn(sn, t)),

where DO(t), usually referred to as the diffusing capacity in the literature, is a time function
uniform in space and is defined later, and sj and PbOj(sj, t) are the arclength and partial
pressure of oxygen along each capillary j respectively. The total oxygen flux to the capillary
bed at a fixed time is then equal to:

QO(t) =
n∑
j=1

∫∫
Acj(t)

Q′′Oj(sj, t)dA
c
j(t) =

n∑
j=1

∫∫
Acj(t)

DO(t)(PO(t)− PbOj(sj, t))dAcj(t)

= DO(t)
n∑
j=1

(PO(t)− P ∗bOj(t))Acj(t),

where Acj(t) is the area of capillary j that is involved in gas diffusion. The mean value theorem
of integral calculus was used in the last step to obtain P ∗bOj(t), which is the homogenized
oxygen partial pressure in capillary j. P ∗bOj(t) is therefore defined as the average oxygen
partial pressure in the capillary that yields the same overall flux as PbOj(sj, t). We assume
that the homogenized mean pressure in every capillary passing through the exchange zone
is almost identical, i.e. P ∗bO1(t) = P ∗bO2(t) = ... = P ∗bOn(t) = P ∗bO(t). Then the total oxygen
flux QO(t) is written as:

QO(t) = DO(t)
(
PO(t)− P ∗bO(t)

) n∑
j=1

Acj(t).

Almost 90% of the alveolar wall is perfused with capillaries [9], so we set
∑n

j=1A
c
j(t) = κA(t),

where A(t) is the area of the alveolar wall, and κ is a constant set to 0.9.

1Figure is not reproduced here because permission to reproduce was not requested.
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The diffusing capacity DO(t) still has to be replaced by physical parameters pertaining to the
alveolar system. Before doing so, it is important to mention that after reaching the plasma,
oxygen molecules still have to diffuse through a few media. Namely, oxygen molecules have
to travel through the plasma and then across the red blood cell membrane. Finally, oxygen
molecules diffuse through the cytoplasm of the red blood cell before binding to hemoglobin.
The diffusion of oxygen through the red blood cell wall is usually neglected as it happens as
a much shorter time scale as compared to the other diffusive steps [107].

The diffusing capacity is often split into two components in the literature [108, 109], such
as:

1

D(t)
=

1

Dm(t)
+

1

θVc
,

where Dm is the diffusing capacity that corresponds to the diffusion of oxygen from the
alveolus all the way to the red blood cell. It is referred to as the alveolar-capillary membrane
diffusing capacity or the diffusive conductance [110]. Vc is the capillary blood volume and
θ represents the binding rate of hemoglobin with oxygen. The physiological meaning of the
second term on the right hand side is unclear because it describes the complex phenomenon
of oxygen binding to hemoglobin as a diffusive process, which is not the case. A critique
of this formulation of the diffusing capacity is presented in [111]. In this dissertation, we
use a different approach that was presented by Martin and Maury to express the diffusing
capacity [112, 113]. Only the diffusing capacity that corresponds to oxygen diffusion through
the respiratory membrane is considered; the chemical reactions of oxygen and hemoglobin
are not simply modeled as an extra resistance. Instead, they are described by Hill’s curve
that relates the partial pressure of oxygen in the plasma to the oxygen quantity bound to
hemoglobin. This is then used in the transport equation of oxygen in the capillary as blood
passes through the exchange zone. This is explored further in section 4.2. We now return to
replacing DO(t) by the relevant parameters corresponding to the respiratory membrane.

As shown in figure 4.1, oxygen diffuses from the alveolus and reaches the capillary bed
after crossing the surfactant layer, the hypophase and the alveolar wall. CO1(t), CO2(t) and
CO3(t) are the oxygen concentrations in the respiratory membrane at the hypophase inter-
face, at the hypophase-alveolar wall boundary and at the alveolar wall-capillary boundary
respectively.
If the hypophase had a clean interface (no surfactants), Henry’s law would relate the con-
centration of a gas in a liquid to the partial pressure of the gas above the liquid. The
surfactant monolayer affects the mass transfer characteristics of the interface which leads to
a non-equilibrium partitioning of the gas across it. This results in an oxygen flux through
the hypophase interface which is proportional to the difference of the surface concentration
and the equilibrium concentration:

QO(t) =
κA(t)

ΨO(t)
(ξOPO(t)− CO1(t)), (4.3)
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Figure 4.1: Oxygen flux trajectory between alveolus and capillary.

where ξO is the solubility constant of oxygen in the respiratory membrane, and ΨO(t) is
the interfacial resistance to oxygen caused by the presence of surfactant molecules on the
interface. The interfacial resistance is thus a function of the surfactant surface excess con-
centration Γ(t) (or equivalently of σ(t)). A preliminary model for ΨO(t) is extracted from
the experimental values given in [81]:

ΨO(t) = 0.5404σ(t)−0.247, (4.4)

where ΨO(t) is in units of sec/cm, and σ(t) is in units of mN/m.

All other media are assumed to be in instantaneous equilibrium with each other. It is for
this reason CO2(t) and CO3(t) apply on both sides of their respective interfaces. For example,
the concentration at the boundary between the hypophase and alveolar wall is continuous
and equal to CO2(t). Oxygen diffusion through the hypophase and alveolar wall is given by
Fick’s law:

QO(t) =
κA(t)DhO

h(t)
(CO1(t)− CO2(t)), (4.5)

QO(t) =
κA(t)DwO

ζe(t)
(CO2(t)− CO3(t)), (4.6)

where DhO and DwO are the diffusion coefficients of oxygen in the hypohase and alveolar
wall respectively, and ζ is a fraction of the alveolar wall that oxygen molecules cross before
reaching the perfused capillaries. Because oxygen in the capillary bed is in instantaneous
equilibrium with that in the alveolar wall, we have:

CO3(t) = ξOP
∗
bO(t). (4.7)

We combine equations (4.3) to (4.7) to express the oxygen mass flux as:

QO(t) =
κA(t)ξO

ΨO(t) + h(t)/DhO + ζe(t)/DwO

(
PO(t)− P ∗bO(t)

)
. (4.8)
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It is worth noting that there is a discrepancy between the values of physiological and mor-
phometric diffusing capacities, that is still under investigation until today [113]. Interested
readers are referred to [114].

A similar methodology is applied to the modeling of carbon dioxide. The mass flux of
carbon dioxide is expressed as:

QC(t) =
κA(t)ξC

ΨC(t) + h(t)/DhC + ζe(t)/DwC

(
P ∗bC(t)− PC(t)

)
, (4.9)

where DhC and DwC are the diffusion coefficients of carbon dioxide in the hypophase and
alveolar wall respectively, and ζ here is a fraction of the alveolar wall that carbon dioxide
molecules cross before reaching the bottom of the hypophase. ξC is the solubility constant of
carbon dioxide in the respiratory membrane, and ΨC(t) is the interfacial resistance to carbon
dioxide caused by the presence of surfactant molecules on the interface. A model for ΨC(t)
is lacking in the literature, so it is assumed that ΨC(t) is equivalent to ΨO(t). P ∗bC(t) is the
homogenized partial pressure of carbon dioxide in the blood, which is found by applying the
mean value theorem of integrals to PbC(s, t) in a capillary.

4.2 Oxygen Transport

We now turn to the determination of P ∗bO(t) to complete the theory for the oxygen gas
exchange. Figure 4.2 shows how PbO(s, t) in general varies along the capillary at a fixed time
[113, 115]. Blood enters the capillary from the arterial end at a fixed value of PbOi = 40
mmHg [115] and exits at a partial pressure PbOe(t) after spending a transit time of τ seconds
in the exchange zone. We apply a control volume analysis to the blood present in the
capillary bed perfused in the alveolus under study. We assume that a volume of blood Vbc
enters the whole capillary bed at a constant speed and exits after τ seconds. We further
assume that all capillary inlets have the same oxygen partial pressure PbOi, and all exists
have the same oxygen partial pressure PbOe(t). If at a specific location in the blood volume,
the oxygen partial pressure is P(t), then the oxygen concentration there is equal to ξOP(t)
plus a contribution from the oxygen molecules bound to hemoglobin at that location, which
is given by the hemoglobin model H(t) [112, 116]:

H(t) = 4CHB
Pm(t)

Pm(t) + Pm
1
2
bO

, (4.10)

where CHB is the concentration of hemoglobin in the blood, P 1
2
bO is the oxygen partial

pressure that corresponds to half full hemoglobin saturation, and m is an exponent set to
2.5 in the literature [116], which reflects the cooperative character of the reaction between

oxygen and hemoglobin [117]. The portion Pm(t)
Pm(t)+Pm1

2 bO

of equation 4.10 is referred to as the
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Figure 4.2: Oxygen partial pressure in exchange zone - Reproduced (and modified) from [113].

hemoglobin saturation function and corresponds to Hill’s curve [112]. A plot of this function
with respect to the oxygen partial pressure in the plasma is shown in figure 4.3. As can
be seen, the function is very nonlinear. Furthermore, when blood enters the exchange zone
(P=40 mmHg), hemoglobin is almost 75% saturated with oxygen. When the partial pres-
sure of oxygen in the plasma reaches 100 mmHg, almost full hemoglobin saturation occurs;
following saturation, oxygen molecules that continue to diffuse into the capillary bed dissolve
into plasma. Other means to model hemoglobin saturation such as the Kelman dissociation
curve [118] and the MonodWymanChangeux model [119], were used by various researchers
[120, 121].

Mass conservation applied to oxygen in the control volume yields:

Vbc
τ

[(
ξOPbOe(t)+He(t)

)
−
(
ξOPbOi+Hi

)]
=

κA(t)ξO
ΨO(t) + h(t)/DhO + ζe(t)/DwO

(
PO(t)−P ∗bO(t)

)
,

(4.11)
where Hi and He(t) correspond to H(t) evaluated at PbOi and PbOe(t) respectively.

Two different scenarios are possible regarding the oxygen partial pressure at the exit
PbOe(t) as shown in figure 4.2. In case 1, oxygen in the blood reaches full equilibration with
that in the alveolus before exiting, so PbOe(t) = PO(t). In case 2, equilibration does not
occur and blood exits with PbOe(t) < PO(t). We define the oxygen equilibration ratio α(t)
as the length traversed by blood before equilibration would occur divided by the capillary
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Figure 4.3: Hemoglobin saturation model.

length Lc. {
0<α(t)≤ 1 Case 1
α(t)>1 Case 2

}
.

The general shape of the oxygen blood partial pressure in a capillary (figure 4.2, see also
[115]) allows us to assume that PbO(s, t) changes linearly in the exchange zone. We exploit
this information to express the variables PbOe(t) and P ∗bO(t) in equation (4.11) as a function of
PbOi, PO(t), and α(t) as will be shown below. We shall use the following notation; the func-
tion fO(PbOi, PO(t), α(t)) describes PbOe(t), and the function gO(PbOi, PO(t), α(t)) describes
P ∗bO(t). These have different forms in each one of the cases described above. Equation (4.11)
is next specified for each case.

Case 1: 0 < α ≤ 1 (Full equilibration of oxygen)

2	
  

Capillary	
  axis	
  

(m
m
Hg

)	
   • PbOe(t) = fO

(
PbOi, PO(t), α(t)

)
= PO(t)

• P ∗bO(t) = gO

(
PbOi, PO(t), α(t)

)
= PO(t) +

α
2

(
PbOi − PO(t)

)
(Found through MVT )



CHAPTER 4. ALVEOLAR MODEL - GAS EXCHANGE 59

In this case, equation (4.11) can be written as:

Vbc
τ

[
ξO

(
PO(t)−PbOi

)
+He(t)−Hi

]
=

κA(t)ξO
ΨO(t) + h(t)/DhO + ζe(t)/DwO

α(t)

(
PO(t)− PbOi

2

)
.

(4.12)

Case 2: α > 1 (Partial equilibration of oxygen)

3	
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m
Hg

)	
  

Capillary	
  axis	
  

• PbOe(t) = fO

(
PbOi, PO(t), α(t)

)
= PbOi +

PO(t)−PbOi
α(t)

• P ∗bO(t) = gO

(
PbOi, PO(t), α(t)

)
= PbOi+

PO(t)−PbOi
2α(t)

(Found through MVT)

In this case, equation (4.11) can be written as:

Vbc
τ

[
ξO
α(t)

(
PO(t)− PbOi

)
+He(t)−Hi

]
=

κA(t)ξO
ΨO(t) + h(t)/DhO + ζe(t)/DwO

(
2α(t)− 1

α(t)

)(
PO(t)− PbOi

2

)
.

(4.13)

An iterative process is followed to know whether equation (4.12) or (4.13) should be solved at
a specific time t1. For example, we can assume that equilibration occurs and solve equation
(4.12) for α(t1). If 0 < α(t1) ≤ 1, the value is accepted, and if α(t1) > 1, the calculated
value is rejected and equation (4.13) is solved instead.

One important point to make here is that in the above, we are considering Bohr’s assump-
tion [112, 122], which states that when blood passes through the exchange zone, the alveolar
oxygen partial pressure PO(t) is assumed to be constant; this is a valid assumption because
the transit time of blood is much shorter than the breathing period. In addition to PO(t),
the diffusive properties of the respiratory membrane are also be taken to be constant during
blood transit time. This assumption will also be applied when modeling carbon dioxide in
section 4.3.
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4.3 Carbon Dioxide Transport

Carbon dioxide is transported in the blood as a dissolved gas in plasma and as bicarbon-
ate. Considering the same control volume used for oxygen transport above, we apply mass
conservation on both mentioned forms of carbon dioxide, which yields:

Vbc
τ

[
ξC

(
PbCe(t)− PbCi

)
+ C̃e(t)− C̃i

]
=

κA(t)ξC
ΨC(t) + h(t)/DhC + ζe(t)/DwC

(
PC(t)− P ∗bC(t)

)
,

(4.14)
where PbCi is the fixed partial pressure of carbon dioxide at the capillary bed inlet and equal
to 45 mmHg [115]. PbCe(t) is the partial pressure of carbon dioxide at the outlet of the
capillary bed, and C̃i and C̃e(t) are the bicarbonate concentrations at the inlets and exits
of the capillary bed respectively. Following [116], if we assume that bicarbonate equilibrates
quickly, we can take C̃ to be quasi-steady, and relate it to PbC by:

C̃ =
K1

K−1[H+]
ξCPbC , (4.15)

where [H+] is the concentration of hydrogen ions in the blood and is considered constant,
and K1 and K−1 are the forward and backward rates of the chemical reaction:

CO2 +H2O
K1⇀↽
K−1

HCO−3 +H+.

Equation (4.14) can then be written as:

Vbc
τ

(
1 +

K1

K−1[H+]

)(
PbCe(t)− PbCi

)
=

κA(t)

ΨC(t) + h(t)/DhC + ζe(t)/DwC

(
PC(t)− P ∗bC(t)

)
.

(4.16)
Figure 40-6 in [115]2 represents how the carbon dioxide partial pressure normally changes
along the capillary. We choose β(t) to define the carbon dioxide equilibration ratio, which is
the length required for carbon dioxide equilibration divided by the capillary length Lc. We
exploit the exponential nature of the curve to express PbC(s, t) at a fixed time as:

PbC(s, t) = PC(t) +
(
PbCi − PC(t)

)( εPC(t)

PbCi − PC(t)

)s/β(t)Lc

, (4.17)

where ε is a small parameter defined by

ε =
PbC(βLc, t)

PC(t)
− 1. (4.18)

It is set to 0.001, which means that full equilibration occurs at the location where PC(t) is
99.9% of the carbon dioxide partial pressure in the capillary. Both cases of partial and full

2Figure is not reproduced here because permission to reproduce was not requested.
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equilibration (figures 4.4 and 4.5) can be lumped together here. We use equation (4.17) to
find PbCe(t) and P ∗bC(t):

PbCe(t) = PC(t) +
(
PbCi − PC(t)

)( εPC(t)

PbCi − PC(t)

)1/β(t)

,

P ∗bC(t) = PC(t) + β(t)
PbCi − PC(t)

ln
(

εPC(t)
PbCi−PC(t)

)(( εPC(t)

PbCi − PC(t)

)1/β(t)

− 1

)
.
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Figure 4.4: Full Equilibration of Carbon
Dioxide.
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Figure 4.5: Partial Equilibration of Carbon Diox-
ide.

Given the small difference between the magnitudes of PbCi and PC(t) (≈ 5 mmHg), back
diffusion of carbon dioxide might occur for a short period of time over the course of breathing
if PC(t) exceeds PbCi. In that case, if we also assume PbC(s, t) to have an exponential form,
we get the following relations:

PbC(s, t) = PC(t) +
(
PbCi − PC(t)

)( εPC(t)

PC(t)− PbCi

)s/β(t)Lc

, (4.19)

PbCe(t) = PC(t) +
(
PbCi − PC(t)

)( εPC(t)

PC(t)− PbCi

)1/β(t)

,

P ∗bC(t) = PC(t) + β(t)
PbCi − PC(t)

ln
(

εPC(t)
PC(t)−PbCi

)(( εPC(t)

PC(t)− PbCi

)1/β(t)

− 1

)
.

The formulation of the alveolar model is now complete. We next couple the equations
derived in chapters 3 and 4 to study different cases of breathing. This is covered in chapter
5.
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Chapter 5

Alveolar Model - Results and
Discussion

In this chapter, the alveolar model developed in chapters 3 and 4 is used to study different
aspects of breathing that shed light on the importance of surfactants.

First, we present a base case where we show and discuss the different outputs of the
alveolar model. Next, we study how the alveolus behaves in multiple test cases related to
breathing. These include holding breath, impairing gas exchange, and breathing on the
summit of Mount Everest. The case of lung collapse caused by the absence of surfactants
from the lung is also shown.

The remainder of the chapter is devoted to showing the importance of the surfactant
system during breathing. We do so by varying different surfactant properties and analyzing
how gas exchange between the alveolus and the passing blood stream is affected. Changing
the adsorption, desorption and diffusion charactesitics of surfactants are all considered. In
addition, the effect of the interfacial resistance on gas exchange is examined. Also, expres-
sions to evaluate the microscale work of breathing at the level of the alveolus are derived
in this chapter and used when comparing different surfactants. The model is also used to
study the roles that the different surfactant components play in breathing. The performance
of each surfactant fraction is evaluated based on the area it offers for gas exchange and the
microscale breathing work that it requires. Breathing cadence and the depth at which we
breathe are two very important factors. For any given surfactant, the alveolar model affords
the chance to build diagrams that we label as Operating Breathing Space diagrams. Every
point on such diagram represents a mode of breathing (combination of breathing period and
pleural pressure amplitude). For each mode, the breathing work exerted per minute and the
available area for gas exchange are given.

The set of model parameters used is each case presented below is shown in appendix C.
It is worth noting that in sections 5.1 to 5.3, exchange of surfactants between the bulk and
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the interface is governed by Langmuir kinetics at all times. This corresponds to the first
regime of the pulmonary surfactant model presented in section 2.4. We believe that doing so
makes it clearer to understand the effect of the different surfactant properties (ka, Ds, etc.).
In the remainder of the chapter, when physiological pulmonary surfactants are studied, the
full pulmonary surfactant model of section 2.4 is used (all three regimes).

5.1 Base Case

In this section, we show the main outputs of the model. All shown results are obtained after
steady state solution is reached. We plot the outputs of the 18th and 19th periods. We first
show how the mass fractions of the different components of the gas mixture in the alveolus,
namely oxygen, carbon dioxide and nitrogen, vary with time.
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Figure 5.1: Variation of the mass fractions of the components of the alveolar gas mixture over a breathing
cycle.

Next, the alveolar radius is shown to oscillate between 152µm and 170µm, which cor-
responds to around 11% radial expansion, or 25% area expansion. This is in agreement
with the literature findings about the expansion of the lung area during breathing, which is
recorded to be in the range of 20− 30% [9].
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Figure 5.2: Variation of the alveolar radius over a breathing cycle. It is shown to increase by 11% during
inhalation.

The interfacial surfactant concentration Γ(t) is shown in figure 5.3 along with Γeq(t).
Figure 5.4 shows snapshots of the (steady-state) periodic variation of surfactant bulk con-
centration in the hypophase, over the course of a period of expansion/contraction. Time
runs in order of increasing curve density from pale gray to black. The bulk surfactant field
is plotted with respect to the three different Lagrangian and Eulerian mappings discussed in
appendix B.
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Figure 5.3: Interfacial surfactant concentration variation during breathing. Adsorption and desorption occur
as indicated by the relative magnitudes of Γ(t) and Γeq(t).
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Figure 5.4: Top figure shows the Lagrangian description of the surfactant bulk concentration at various
breathing times. Middle figure shows the Eulerian description, where the hypophase-gas interfaces are
superposed for each curve at depth 0; change in hypophase thickness is clear. Bottom figure shows the bulk
surfactant concentration as a function of the spatial radial coordinate r. The three mappings are explained
in appendix B

.

The total number of surfactants is also plotted to verify the conservation of the surfactant
species during the exchange between the bulk and the interface.
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Figure 5.5: Number of surfactants is conserved over the course of breathing.

As previously discussed, surfactant dynamics affect the surface tension values at the in-
terface. The resulting surface tension is plotted against the interfacial area in figure 5.6.
Hysteresis occurs because of the different rates of surfactant adsorption and desorption dur-
ing expansion and contraction of the alveolus. This hysteresis is believed to be the major
source of the hysteresis observed in respiratory pressure-volume diagrams. It is important
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to emphasize that pulmonary surfactants are able to decrease surface tension further as ex-
plained in section 2.4. As mentioned previously, in this set of results, we only include the
first regime of the pulmonary surfactant model, and so a big decrease in surface tension is
not captured when the surfactant film compresses. The interfacial resistance due to surfac-
tants populating the interface is also plotted in figure 5.7. As can be seen, the interfacial
resistance is at a maximum when the interfacial surfactant concentration is highest.
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Figure 5.6: Hysteresis is apparent when surface tension is plotted against interfacial area.
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..

In addition to surface tension, the hoop stress in the alveolar wall affects the elastic recoil
of the lung. The hoop stress variation with time as obtained from the model developed in



CHAPTER 5. ALVEOLAR MODEL - RESULTS AND DISCUSSION 67

section 3.5 is plotted in figure 5.8. The values of the stress obtained is of the same order of
those reported in the literature [94, 95, 123].
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Figure 5.8: Variation of hoop stress with time.

Below, we show the behavior of some of the variables related to gas exchange between the
alveolus and the passing bloodstream. Figure 5.9 shows how the partial pressure of oxygen
in the alveolus and the homogenized oxygen partial pressure in the blood stream vary with
time. Also, it is apparent from the relative magnitudes of both partial pressures that oxygen
diffuses from the alveolus to the blood at all times over the course of a breathing period.
This large difference is mainly due to the action of hemoglobin molecules that act as sinks to
oxygen and maintain a pressure gradient between the alveolus and passing blood. The values
of PO(t) here and throughout the dissertation are of similar magnitudes to those reported in
the literature [121], [124].
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Figure 5.9: Alveolar and blood (homogenized) oxygen partial pressure over a breathing cycle. A large
pressure gradient between the alveolus and passing blood stream exists.

In addition, the partial pressure of oxygen at the exit of the capillaries is plotted in figure
5.14. Because hemoglobin saturation occurs at an oxygen partial pressure of about 100
mmHg as shown in figure 4.3, all blood leaving the alveolus has enough oxygen to distribute to
body tissues. It also appears that in this case, oxygen in the blood is equilibrating with that
in the alveolus before exiting. The fraction of the capillary length that the blood traverses
before reaching equilibration is shown in figure 5.11. It is worth noting that α is lowest
at maximum alveolar radius and minimum interfacial resistance. In other words, oxygen is
equilibrating faster when larger area is available for gas exchange and when resistance to gas
transfer is lowest. The average measured values of α are around 1/3, which is around the
same order of the model predicted one [112]. As seen later, when different parameters are
considered in certain cases, α can retain values closer to the measured ones. The mass flux
of oxygen is also shown in figure 5.12.
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Figure 5.10: Partial pressure of oxygen at capillary exit is equilibrated with that in the alveolus.
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Figure 5.11: α(t) is smaller than one signaling equilibration of oxygen pressure over the course of breathing.
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Figure 5.12: Oxygen flux from alveolus to blood passing through the exchange zone.

Figure 5.13 shows the time variation of the partial pressure of carbon dioxide in the
alveolus and the homogenized carbon dioxide partial pressure in the blood stream. Like
oxygen, the calculated values of carbon dioxide here and throughout are similar to those
measured and reported in literature [121, 124]. Unlike oxygen however, a very slight margin
exists between the carbon dioxide partial pressures in the alveolus and the blood. In some
cases, back diffusion from the alveolus to the blood might occur. This only happens for very
short fractions of the breathing period, and the net carbon dioxide transfer over a period is
always from the blood to the alveolus.
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Figure 5.13: Partial pressure of carbon dioxide in alveolus and blood (homogenized) over a breathing cycle.
A minor pressure gradient between the alveolus and passing blood stream exists.

The pressure of carbon dioxide at the exit of capillaries and the carbon dioxide equili-
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bration ratio β are also plotted. Our model predicts much lower values of β as compared
to α. This is an agreement with [125], where it is stated that the diffusional equilibration
of carbon dioxide is much faster than that of oxygen. The actual value of β however needs
further investigation. The carbon dioxide mass flux is also plotted.

18 18.2 18.4 18.6 18.8 19 19.2 19.4 19.6 19.8 20
t/T

37

38

39

40

41

42

43

44

45

P
bC

e (
m

m
H

g)

Carbon dioxide partial pressure at exit of capillaries Vs. Normalized time

Figure 5.14: Partial pressure of carbon dioxide at capillary exit is equilibrated with that in the alveolus.
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Figure 5.15: β(t) is smaller than one signaling equilibration of carbon dioxide pressure over the course of
breathing.
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Figure 5.16: Carbon dioxide flux from alveolus to blood passing through the exchange zone.

5.2 Case Studies

In this section, the alveolar model is used to study interesting scenarios related to breathing
such as holding breath, and breathing at high altitudes. It is important to note that in what
remains of chapter 5, the constitutive relation of the alveolar wall stress given by equation
(3.39) is replaced by that of an ideal spring. More information is provided in appendix C.

5.2.1 Holding Breath

The effect of holding breath is studied. We do so by suppressing changes in the pleural
pressure at the end of inhalation. As can be seen in figure 5.17, the radius increases due
to inhalation and then reaches a maximum constant value. At that instant, the pressure
differential across the alveolus and the forces due to the elastic recoil are in equilibrium.
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Figure 5.17: Alveolar radius increases with inhalation and then becomes constant because of holding the
breath.

As expected, over the course of time, the alveolar oxygen partial pressure decays to that
at the capillary entrance. Subsequently, oxygen flux from the alveolus to the blood stream
decays to zero.
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Figure 5.18: When holding breath, oxygen partial pressure in the alveolus decays to that at the capillary
inlet.
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Figure 5.19: Oxygen diffusion drops to zero when holding breath because of the elimination of the pressure
gradient in oxygen between the alveolus and the passing blood stream.

Similar trends are observed for carbon dioxide. The carbon dioxide partial pressure in
the alveolus converges to that at the capillary inlet, and the carbon dioxide flux drops to
zero.
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Figure 5.20: When holding breath, carbon dioxide partial pressure in the alveolus converges to that at the
capillary inlet.
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Figure 5.21: Carbon dioxide diffusion drops to zero when holding breath because of the elimination of the
pressure gradient in carbon dioxide between the alveolus and the passing blood stream.

5.2.2 Suppressing Gas Exchange

Now, we model the case where gas exchange is impaired in the lung. We suppress gas
exchange by setting the fraction of the alveolar area participating in gas exchange κ to a
near zero value. As expected, the partial pressure of oxygen builds up and converges to the
maximum value γO

MG

MO
(Patm − PV ). The partial pressure of oxygen at the alveolar exit is

also plotted and shown to have very minor oscillations above the value corresponding to the
partial pressure at the capillaries’ inlet. The two values are not exactly the same because κ
was not set to exactly zero. Another variable worth looking at is α, which shoots to very high
magnitudes due to the absence of gas exchange, and consequently absence of equilibration.
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Figure 5.22: When gas exchange is suppressed, oxygen partial pressure in the alveolus converges to its
maximum value set by the oxygen mass fraction at the alveolar opening γO.
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Figure 5.23: Oxygen partial pressure at capillary exit is almost equal to that at capillary inlet.
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Figure 5.24: Oxygen equilibration ratio α(t) shoots to high magnitudes due to absence of gas exchange.

The same behavior is observed for carbon dioxide. Its partial pressure in the alveolus
converges to γC

MG

MC
(Patm − PV ), and its partial pressure at the capillary exit is very close to

that at the capillary inlet. β has a similar behavior as α.
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Figure 5.25: When gas exchange is suppressed, carbon dioxide partial pressure in the alveolus converges to
the value set by the carbon dioxide mass fraction at the alveolar opening γC .
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Figure 5.26: Carbon dioxide partial pressure at capillary exit is almost equal to that at capillary inlet.
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Figure 5.27: Carbon dioxide equilibration ratio β(t) shoots to high magnitudes due to absence of gas ex-
change.

5.2.3 Breathing at the Summit of Mount Everest

In this section, we study the effect of breathing at high altitudes. We consider the summit of
mount Everest as an example and inspect how certain variables pertaining to gas exchange
vary when humans breathe in such location. Figure 5.28 shows the estimated oxygen partial
pressure in the alveolus and blood for a breathing period of five seconds. The homogenized
partial pressure of oxygen in the blood passing through the exchange zone is shown to
oscillate around 26 mmHg. This is consistent with the measure values reported in [126].
Referring to figure 4.3 that shows the hemoglobin saturation model used earlier, we observe
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that only 50% of hemoglobin is saturated with oxygen. This offers an explanation to why
climbers of mount Everest often suffer from hypoxia.
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Figure 5.28: Avelolar partial pressures of oxygen in the alveolus and blood are much lower than those
observed when breathing at the coast. This is mainly due to the difference in atmospheric pressure between
the two locations and consequently the difference in oxygen content in air.

The effect of breathing at a faster rate is also simulated to test its effect on oxygen levels
in the blood. Results show that when the breathing period is reduced from 5 to 0.5 seconds,
a substantial increase in oxygen flux from the alveolus to the blood occurs (figure 5.29).
This causes an increase in the oxygen partial pressure from an average of 30 mmHg to 34
mmHg at capillary exit as can be seen in figure 5.30. This increase in oxygen partial pressure
corresponds to an increase from 58% to 66% in hemoglobin saturation.
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Figure 5.29: Faster breathing leads to an increased oxygen flux from alveolus to capillary bed.
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Figure 5.30: The increased oxygen flux results in higher oxygen partial pressures at capillary exit in the case
of fast breathing. This is accompanied by a 6 % increase in hemoglobin saturation.

5.2.4 Missing Surfactants

In section 5.3, the effect of the surfactant system’s different time scales on breathing will be
studied. First, we would like to investigate what happens in the case of surfactants missing
from the lung. We set the surface tension value to be constant at 70 (dyn/cm) as shown in
figure 5.31. As the pleural pressure drops for inhalation to occur, the elastic recoil due to
the high surface tension forces counteracts the increase in the alveolar radius. High surface
tension causes the internal pressure of the gas mixture inside the alveolus to build up (figure
5.32) to values that are at least an order of magnitude higher than those achieved in regular
breathing (≈ ±1 cmH2O). The high elastic recoil consequently causes the alveolus to collapse
as seen in figure 5.33.
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Figure 5.31: Surface tension is set to 70 (dyn/cm) when surfactants are missing. Start of breathing is on
the right end of the figure at R = 0.01 cm. Surface tension value drops to zero because of alveolar collapse
as shown in figure 5.33.
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Figure 5.32: Elastic recoil is large because of large surface tension. This leads to an enormous pressure
buildup inside the alveolus.
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Figure 5.33: Large alveolar pressure causes air to exit the alveolus leading to its collapse.

5.3 Effect of Surfactant Properties

In this section, we perform test cases to show the impact of surfactants on the mechanics of
breathing. All parameters in the model are kept fixed and only those corresponding to the
surfactant system are varied. First, three surfactants with varying P1 and P2 are tested. P1

and P2 were defined in subsection 2.3.2 as the ratios of breathing timescale to adsorption
time scale, and breathing timescale to desorption timescale respectively. Next, we study the
effect of varying P3, defined in section2.3.2 as the ratio of breathing timescale to diffusion
timescale. At the end of this section, we analyze the effect of the interfacial resistance on
breathing.

5.3.1 Effect of Adsoroption and Desorption

We vary the adsorption and desorption constants ka and kd for three surfactants, and study
their effect on our model. Table 5.1 shows the used values of ka and kd. The ratio of ka to
kd, the total number of surfactants, and the breathing and diffusion timescales in the three
cases are kept constant. Hence, only the ratios of timescales P1 and P2 are varied.

Values of ka and kd
Surfactant ka (ml/(g sec)) kd (1/sec) ka

kd
(ml/g)

Surfactant A 3 0.000025 120000
Surfactant B 30 0.00025 120000
Surfactant C 300 0.0025 120000

Table 5.1: Values of adsorption and desorption coefficients of the three considered surfactants.
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The interfacial surfactant concentration is plotted in figure 5.34. The shown behavior of
the surfactants is similar to the one reported in figure 2.16.
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Figure 5.34: Interfacial surfactant concentration of surfactant C deviates the least from Γeq because of its
large adsorption and desorption coefficients.

The resulting surface tension for the three surfactants is plotted in figure 5.35. Because
the interfacial concentration of surfactant C deviates only slightly from Γeq, the corresponding
surface tension is approximately always equal to the equilibrium surface tension value σeq =
25 dyn/cm. The surface tension of surfactant A on the other hand deviates from σeq the
most, as expected. Figure 5.36 shows how the alveolar radius changes for each surfactant.
It is interesting to note that surfactant C allows the largest alveolar expansion because it
attains the lowest surface tension value during inhalation as compared to surfactants A and
B. However, surfactant C also causes the lowest alveolar radius value because it has the
highest surface tension value during exhalation as shown in figure 5.35. This is not desirable
as it may cause alveolar instability and collapse. As explained in section 2.4, pulmonary
surfactants have the ability to freeze below σeq, which suppresses their desorption from the
interface and causes a large decrease of surface tension. This will be explored later in section
5.5.
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Figure 5.35: Hysteresis of surface tension loops decreases with increasing ka and kd. Surface tension converges
to Γeq as ka and kd increase.
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Figure 5.36: Surfactant A leads to the smallest alveolar expansion during inhalation due to high surface
tension. At end of exhalation, surfactant C results in the smallest alveolar radius which is apparent from its
high surface tension in figure 5.35.

As for the effect of surfactants on gas exchange, we see that the highly adsorbing and
desorbing surfactant C results in the highest oxygen and carbon dioxide fluxes because it
provides the largest area for gas exchange.
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Figure 5.37: Surfactant A results in the lowest oxygen flux, and surfactant C results in the highest. This is
consistent with the relative magnitudes of the areas for gas exchange offered by each surfactant.
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Figure 5.38: As in the case of oxygen, the flux of carbon dioxide is largest for the highly adsorbing surfactant
C.

Furthermore, a larger gas flux results in a higher oxygen partial pressure and a lower
carbon dioxide partial pressure at the capillary exit, which is desirable.
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Figure 5.39: Oxygen partial pressure at capillary exit is higher for the case of larger oxygen flux.
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Figure 5.40: Carbon dioxide partial pressure at capillary exit is higher for the case of larger carbon dioxide
flux.

We also examine the fraction of the capillary length that is traversed by the blood before
reaching hemoglobin saturation. We find that hemoglobin saturation is fastest for surfactant
C. This is preferable because it provides a large margin for blood to be saturated with oxygen
in case there was a disease causing lower flux.
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Figure 5.41: The distance traveled by blood before hemoglobin saturation is shortest for the surfactant
resulting in highest oxygen flux (surfactant C).

It might seem from these results that a faster adsorbing and desorbing surfactant is the
best choice in reference to breathing. However, it is important to note two main disadvan-
tages of such surfactants. First, the low alveolar area reached at the end of exhalation causes
pressure buildup in the alveolus. In the case of our alveolar model that is composed of one
alveolus, this high pressure causes an increase in the pressure gradient between the alveolus
and the blood stream and hence a larger flux. In the real case however, alveoli are connected,
and a pressure buildup in one alveolus might lead to the gas mixture leaving it to another
alveolus, or in other words alveolar collapse. Second, the fast adsorbing and desorbing sur-
factant had the largest amplitude in the radial oscillations. This as will be shown later in
section 5.5 leads to a higher work of breathing, or energy expenditure, which is not desirable.
Hence, we would like to stress the point that the main goal of this section was to explain
how the relative timescales pertaining to adsorption and desorption may affect surfactant
dynamics and gas exchange. However, other factors such as avoiding alveolar collapse and
minimizing the work of breathing should be considered when comparing surfactants. This
will be elucidated in section 5.5.

5.3.2 Diffusion

Now we turn to studying the effect of surfactant diffusion on breathing. To do so, we consider
two surfactants with varying diffusion coefficients. The first surfactant has Ds = 10−8

(cm2/sec) and represents the fast diffusion case, while the other has Ds = 10−12 (cm2/sec)
and respresents the slow diffusion case; all other surfactant properties are similar. In other
words, the ratio of time scales P3 defined in subsection 2.3.2 is the only varied quantity in this
case and is equal to P3 = 79.61 for fast diffusion and P3 = 0.007961 for slow diffusion. We
first examine the bulk concentration profiles for the two surfactants at different times as seen
in figures 5.42 and 5.43. In the case of slow diffusion, the concentration at the bottom of the
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hypophase is always constant. However, in the subphase, the surfactant concentration varies
significantly due to surfactant adsorption and desorption. This leads to the depletion of the
subphase from surfactants at times which causes a delay in the adsorption mechanics, and
consequently lower values of Γ(t). This is usually termed a diffusion limited case. In the case
when surfactants diffuse at a faster rate, the subphase is always enriched with surfactants
that are ready to adsorb to the interface as shown in figure 5.43.
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Figure 5.42: Slow diffusion prevents surfactants traveling from the bulk bottom to reach the subphase over
a course of a breathing period. This limits the supply of surfactants to the interface.
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Figure 5.43: Subphase is constantly replenished by surfactants diffusing quickly from the bulk bottom.

The impact of the diffusion constant can be understood when observing the interfacial
surfactant concentration, or equivalently the existing surface tension. The surface tension
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caused by the slowly diffusing surfactant is higher than that of the fast diffusing one at all
times. This causes the alveolar radius to be smaller in the slow diffusion case as seen in
figure 5.46.
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Figure 5.44: Interfacial surfactant concentration is higher for the highly diffusinve surfactant.
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Figure 5.45: The higher interfacial concentration caused by the fast diffusing surfactant leads to lower surface
tension values.
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Figure 5.46: Higher elastic recoil exists in the case of the slowly diffusing surfactant. This leads to smaller
alveolar area expansion.

The effect of the diffusion coefficient on the partial pressures of oxygen and carbon dioxide
at the capillaries’ exit is plotted in figures 5.47 and 5.48.
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Figure 5.47: Surfactant Diffusion affects oxygen partial pressure at capillary exit.
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Figure 5.48: Surfactant Diffusion affects carbon dioxide partial pressure at capillary exit.

5.3.3 Interfacial Resistance

The interfacial resistance model that we extracted from [81] was not particularly for a fresh
extract of a native pulmonary surfactant. Hence, we are not very sure how much it fits our
current model. However, due to paucity of data, we used it as a preliminary model. To test
the possible effects of the surfactant interfacial resistance on some aspects of breathing, we
compare three hypothetical cases of interfacial resistance models that are shown in figure
5.49. We choose high interfacial resistance values as an attempt to model pulmonary alveolar
proteinosis, where accumulation of surfactant in the alveolar airspaces impedes gas exchange
[42].
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Figure 5.49: Interfacial Resistance vs. Time
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Looking at the oxygen flux first, we find that a high interfacial resistance can cause a
substantial decrease in the amount of oxygen being transferred from the alveolus to the
passing bloodstream.
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Figure 5.50: High interfacial resistance impedes oxygen diffusion, which can be seen in the decrease of the
oxygen flux QO(t).

The effect of the interfacial resistance on the oxygen flux can be problematic, and this
is clarified by looking at the oxygen partial pressure at the capillaries’ exit for the three
considered cases shown in figure 5.51. As mentioned previously, hemoglobin saturation
occurs when the oxygen partial pressure in the blood is around 100 mmHg. When comparing
the three cases, we observe that hemoglobin saturation is only reached for the case when
interfacial resistance is very low (Ψ1). For the two other interfacial resistance models, blood
exits the capillaries for the majority of the breathing period with unsaturated hemoglobin.
This decreases the oxygen transfer to the body tissues.
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Figure 5.51: Hight interfacial resistance causes oxygen partial pressure at capillary exit to be lower than the
required one for hemoglobin saturation (≈ 100 mmHg).

It is clear that interfacial resistance due to the presence of surfactants at the interface can
have an important effect on gas exchange. However, one might argue that the low oxygen
pressures at the exit of the capillaries is due to low oxygen pressures in the alveolus. For
this reason, we plot the alveolar oxygen partial pressures for the three cases (figure 5.52),
and we see that their values are above the desired 100 mmHg. We also plot the oxygen
equilibration ratio α(t) in figure 5.53, and verify that oxygen equilibration occurs for the
case of Ψ1 (α(t) < 1), and that for the other two cases (Ψ2 and Ψ3), equilibration does not
occur (α(t) > 1).

13 13.2 13.4 13.6 13.8 14 14.2 14.4 14.6 14.8 15
t/T

96

98

100

102

104

106

108

110

112

P
O

 (
m

m
H

g)

Alveolar oxygen partial pressure Vs. Normalized time

1

2

3

Figure 5.52: Oxygen partial pressures in alveolus are at normal values. Equilibration with the blood does
not occur in the case of Ψ2 and Ψ3 as can be seen by comparing the pressures with those given in figure
5.51.
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Figure 5.53: Oxygen equilibration ratio α(t) is shown for the three interfacial resistance modesl. α(t) < 1
only in the case of Ψ1.

5.4 Microscale Work of Breathing

As mentioned in section 5.3, quantifying the work of breathing is important when comparing
surfactants. We define the microscale work of breathing as the inhalation work that has to
be done to inflate the alveolus from its resting state to its maximum expanded state. This
will occur over a half breathing period. The work of inhalation is split into three compo-
nents that correspond to the expansion of the hypophase, expansion of the alveolar wall, and
expansion of the hypophase surface (air-water interface).

Expansion of the Hypophase
The hypophase is modeled as a viscous fluid with the stress tensor T given by T =
−P hI + 2µhD, where the strain rate tensor D has already been defined. The stress power
per unit volume is given by T .D which yields:

T .D = (−P hI + 2µhD) ·D = −P htr(D) + 2µhD ·D, (5.1)

where tr(D) is equal to zero because the fluid is incompressible. Thus, the stress power per
unit volume is found to be equal to:

T .D =
12µhR

4(t)Ṙ2(t)

r6
. (5.2)

Integrating over the volume of the fluid, we get the total stress power at time t.∫
V (t)

T .D dV =

∫ R(t)

R(t)−h(t)

12µhR
4(t)Ṙ2(t)

r6
4πr2dr = 16πµhR

4(t)Ṙ2(t)
( 1

(R(t)− h(t))3
− 1

R3(t)

)
.

(5.3)
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For h(t)/R(t) << 1, the result can be simplified to
∫
V (t)

T .D dV = 48πµhṘ
2(t)h(t).

To find the work it takes to expand the hypophase when inhaling, we integrate the stress
power over the half breathing period corresponding to inhalation. Hence, if t1 is the start of
inhalation and t2 marks its end, the total work to expand the hypophase is:

Whypo =

∫ t2

t1

48πµhṘ
2(t)h(t)dt. (5.4)

Expansion of the Alveolar Wall
The stress tensor in the alveolar wall is defined by T = σrer⊗er + Σ(t)(eθ⊗eθ +eφ⊗eφ),
where σr is the radial stress to be found and Σ(t) is the average hoop stress in the alveolar
wall and is a function of time only (σθθ = σφφ = Σ(t)). The dependence of Σ(t) on time is
given by equation (3.39). Using the local equilibrium equations in spherical coordinates, we
find that σr satisfies the following differential equation:

∂σr
∂r

+
1

r
(2σr − 2Σ) = 0. (5.5)

Solving the above equation and applying the boundary condition σr = −P pl(t) at r =
R(t) + e(t), we get that

σr(r, t) = −(P pl(t) + Σ(t))
(R(t) + e(t))2

r2
+ Σ(t). (5.6)

The strain rate tensor of the solid is the same as that of the fluid since they both undergo
the same isochoric deformation. Thus the stress power per unit volume is equal to:

T .D =
(
− (P pl(t) + Σ(t))

(R(t) + e(t))2

r2
+ Σ(t)

)(−2R2(t)Ṙ(t)

r3

)
+

2Σ(t)R2(t)Ṙ(t)

r3
, (5.7)

which can be simplified to:

T .D = 2(P pl(t) + Σ(t))(R(t) + e(t))2R
2(t)Ṙ(t)

r5
. (5.8)

Integrating over the volume of the alveolar wall, we get the total stress power at time t.

(5.9)

∫
V (t)

T .D dV =

∫ R(t)+e(t)

R(t)

2(P pl(t) + Σ(t))(R(t) + e(t))2R
2(t)Ṙ(t)

r5
4πr2dr

= 4π(P pl(t) + Σ(t))Ṙ(t)((R(t) + e(t))2 −R2(t)).

For e(t)/R(t) << 1, the above result can be simplified to
∫
V (t)

T .D dV = 8π(P pl(t) +

Σ(t))Ṙ(t)R(t)e(t). To find the work it takes to expand the alveolar wall when inhaling, we
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integrate the stress power over the half breathing period corresponding to inhalation. Hence,
if inhalation starts at t1 and ends at t2, the total work to expand the alveolar wall is:

Wwall =

∫ t2

t1

8π(P pl(t) + Σ(t))Ṙ(t)R(t)e(t)dt. (5.10)

Expansion of the Hypophase Interface
In order to expand the air-water interface, work has to be done against the surface tension
that arises there. Following [127, 128], the interfacial work exerted during inhalation can
be found by integrating the surface tension over the area of expansion. This part of the
inhalation work is expressed as:

Winterf =

∫ AI(t2)

AI(t1)

σdA∗I (5.11)

where, AI(t1) is the interfacial area at the beginning of inhalation at time t1 and AI(t2) is
the interfacial area at the end of inhalation at time t2.

Total Work of Inhalation
The total work of inhalation is then equal to:

(5.12)

Winh = Whypo +Wwall +Winterf

=

∫ t2

t1

(
48πµhṘ

2(t)h(t) + 8π
(
P pl(t) + Σ(t)

)
Ṙ(t)R(t)e(t)

)
dt+

∫ AI(t2)

AI(t1)

σdA∗I .

5.5 Endogenous Pulmonary Surfactant and its

Fractions

As mentioned in section 1.2, pulmonary surfactant is a complex mixture of phospholipids
(70 − 80%), hydrophopic and hydrophobic proteins (10%), and neutral lipids (10%). In
acute respiratory distress syndrome (ARDS), surfactant extracts have shown lower levels
of phospholipids and proteins [129], but it is not very clear how each component of pul-
monary surfactant contributes to this disease [130]. Ingenito et al. extracted fresh calf lung
surfactant by lavage and isolated its components by centrifuge [65]. Experiments were per-
formed on the different surfactant portions using a pulsating-bubble surfactometer and a set
of surfactant properties was extracted for multiple combination of the fractions. The results
obtained from [65, 130] are summarized in table 5.2.

In the beginning of this section, we use our developed model to study the effect of each
surfactant fraction on breathing. This is important because identifying the performance
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of each component can give insight on the development of exogenous surfactants to treat
ARDS. At the end of the section, we compare the surfactant extracted from calf (CLS) with
a derivative of porcine lung surfactant (Curosurf).

5.5.1 Role of Pulmonary Surfactant Fractions

The roles of the different components of a fresh calf surfactant are investigated using our
developed model. To do so, we first use the full mixture of the calf lung surfactant (CLS),
referred to as native surfactant in [65], and study its effect on breathing. The performance of
the surfactant is evaluated based on the area it provides for gas exchange and on the amount
of work that has to be exerted when breathing. Next, we reconstruct the native surfactant
by adding its components discretely. We evaluate the performance of the phospholipid (PL)
portion first, then add the hydrophobic apoproteins (HA). Next, the hydrophilic apoprotein1

SP-A is added, followed by the addition of neutral lipids (NL). At every step, the effect of the
added surfactant fraction can be understood. Table 5.2 contains the values of the properties
of the different surfactant fractions [130]. The diffusion coefficient Ds = 10−6 cm2/sec of CLS
also obtained from [130] was used for all fractions. All variables in table 5.2 were defined in
sections 2.4 and 3.4, except σmin, which is the minimum surface tension in a dynamic system
reached during squeeze out of surfactants.

Surfactant Parameter Values

Surfactant ka
ka
kd

σ Y σmin
(ml/(g.min)) (ml/g) (dyn/cm) (dyn/cm) (dyn/cm)

Native 6 ∗ 105 1.2 ∗ 105 22 140 1
PL 0.02 ∗ 105 1.2 ∗ 105 22 65 20

PL+HA 3.5 ∗ 105 1.3 ∗ 105 22 50 1
PL+HA+SP-A 4 ∗ 105 1.4 ∗ 105 22 110 1

PL+HA+SP-A+NL 5 ∗ 105 1.4 ∗ 105 22 125 1

Table 5.2: Parameter values of surfactant fractions under study [130].

We first use our model to study the case of an alveolus coated with the native surfactant.
Figure 5.54 shows the alveolar radius variation for that case. Surface tension is also plotted
against the interfacial area for this case in figure 5.55. All results are shown after steady
state is reached. Figures 5.54 and 5.55 will be compared to those generated by the model
when the alveolus is coated with the different surfactant fractions. This provides insight on
the role of each surfactant component.

1Information about SP-D is not available.
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Figure 5.54: Variation in alveolar radius for an alveolus coated with native surfactant.
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Figure 5.55: Variation of surface tension over a breathing period for an alveolus coated with native surfactant.

Phospholipid

Now, the alveolus is only coated with the phospholipid portion of the surfactant. The
resulting alveolar radius variation resulting from our model is compared to that of the native
surfactant and shown in figure 5.56.
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Figure 5.56: Smaller radii and larger oscillations result when the alveolus is only coated with PL.

First, we observe that in the case of the native surfactant, the radius varies from 118 µm to
125 µm, while the phospholipid portion alone causes oscillations between 103 µm to 117 µm.
This can be explained when looking at the surface tension of the two cases shown in figure
5.57. The native surfactant prevents the surface tension to increase beyond its equilibrium
value due to its fast adsorption. However, for the phospholipid, surface tension rises above
the equilibrium value by 27%. This explains the difference in the maximum alveolar radius
for each surfactant. Looking at the other end of figure 5.55, we notice that the native
surfactant behaves as an insoluble surfactant below the equilibrium surface tension, which
suppresses desorption and causes a big drop in surface tension2. However, the phospholipid
portion cannot withstand compression and is squeezed out of the interface in the early stages
of exhalation. The low surface tension value caused by the native surfactant explains the
large radius at the end of exhalation, and likewise the failure of the phospholipid to decrease
surface tension results in a relatively low radius at the end of the breathing cycle.

2Squeeze out is not reached with the model parameters used.
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Figure 5.57: Variation of surface tension over a breathing period for an alveolus coated with PL. Squeeze
out occurs and keeps surface tension at high values.

The total number of surfactants normalized by its initial value is plotted for the case of
phospholipid to show conservation of surfactants during all three regimes including squeeze
out.
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Figure 5.58: Total number of surfactants is conserved.

In table 5.3, we document the average area available for gas exchange, the interfacial
work of inhalation, and the total work of inhalation for each surfactant. Work quantities
were calculated following the procedure given in section 5.4. As expected from figure 5.56,
the native surfactant provides a larger average area as compared to PL; this leads to more
efficient gas exchange. What is very interesting however is that this is achieved with less
total work than that exerted when the phospholipid alone is present. Hence, the native
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surfactant behaves, i.e adsorbs, desorbs, diffuses, etc. in such a way to decrease the surface
tension by a large amount over a breathing cycle, which causes the alveolus to have smaller
oscillations around a large area, hence decreasing the total work of breathing and enhancing
the gas exchange.

Area for Gas Exchange and Work of Inhalation
Surfactant Average Area for

Gas Exchange
(105µm2)

Interfacial Work
(10−8N.cm)

Total Work
(10−6N.cm)

Native 1.84 3 1.39
PL 1.5 9.59 3.42

Table 5.3: Area provided for gas exchange and work of breathing are presented for the native surfactant and
PL. PL provides less area for gas exchange and requires more breathing effort.

We next explore the effect of adding the hydrophobic apoproteins to the phospholipid
portion.

Phospholipid and Hydrophobic Apoproteins

Figure 5.59 shows the effect of adding the hydrophobic apoproteins to the phospholipid
portion on the alveolar oscillations. More area for gas exchange is recovered and this can be
attributed to the lower surface tension values attained in this case as seen in figure 5.60. It
appears however that the rate at which surface tension decreases when the surfactant film
compresses is slower than that of the native surfactant. As will be shown next, this rate is
recovered when the hydrophilic apoprotein SP-A is added. In addition to providing more area
for gas exchange, hydrophobic apoproteins decrease the inhalation work during breathing.
This is tabulated in table 5.4. Another very important aspect is that the hydrophobic
apoproteins keep the alveolus inflated at a large area at the end of exhalation. This prevents
pressure buildup and the collapse of the alveolus into a neighboring one; this effect was not
seen in the case of PL alone.
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Figure 5.59: Adding HA to PL restores most of the area for gas exchange provided by the native surfactant.
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Figure 5.60: Hydrophobic apoproteins delay surfactant squeezeout. Rate of surface tension decrease with
film compression is not fully restored.
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Area for Gas Exchange and Work of Inhalation
Surfactant Average Area for

Gas Exchange
(105µm2)

Interfacial Work
(10−8N.cm)

Total Work
(10−6N.cm)

Native 1.84 3 1.39
PL 1.5 9.59 3.42
PL+HA 1.74 5.6 2.5

Table 5.4: Hydrophobic apoproteins HA are added to PL. This restores most of the area for gas exchange,
and decreases the breathing effort. In addition, this decreases the risk of alveolar collapse caused by a
pressure buildup in the alveolus.

Phospholipid, Hydrophobic and Hydrophilic Apoproteins

The addition of the hydrophilic apoprotein SP-A to the phospholipid and hydrophobic pro-
teins increases the rate at which surface tension decreases during exhalation (compression
of surfactant film). This leads to a larger area for gas exchange and lower breathing work.
Results are shown in figures 5.61 and 5.62, and table 5.5.
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Figure 5.61: Almost all gas exchange area is restored when apoprotein SP-A is added to the PL+HA mixture.
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Figure 5.62: The rate at which surface tension decreases upon film compression increases with the addition
of SP-A.

Area for Gas Exchange and Work of Inhalation
Surfactant Average Area for

Gas Exchange
(105µm2)

Interfacial Work
(10−8N.cm)

Total Work
(10−6N.cm)

Native 1.84 3 1.39
PL 1.5 9.59 3.42
PL+HA 1.74 5.6 2.5
PL+HA+SP-A 1.82 3.3 1.56

Table 5.5: Hydrophilic apoprotein SP-A is added to the mixture. A further increase in the average area for
gas exchange and a larger decrease in the breathing work is observed. This is consistent with the damping
of the alveolar oscillations shown in figure 5.61 and the increase in their average value.

Phospholipid, Hydrophobic and Hydrophilic Apoprotein, and Neutral Lipids

When neutral lipids are added to the mixture, very minor changes are observed. Nonetheless,
the case of the native surfactant is almost fully recovered. The slight difference between
the native surfactant and the reconstructed one might be due to experimental error when
obtaining the surfactant parameters ka, kd, etc. Another possibility for this slight deviation
can be attributed to the absence of apoprotein SP-D in the reconstruction of the surfactant.
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Figure 5.63: Minor differences can be seen with the addition of neutral lipids. Difference between the fully
reconstructed mixture and the native surfactant might be due to absence of apoprotein SP-D.
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Figure 5.64: Surface tension over a breathing period for an alveolus coated with the fully reconstructed
mixture almost coincides with that of the native surfactant.
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Area for Gas Exchange and Work of Inhalation
Surfactant Average Area for

Gas Exchange
(105µm2)

Interfacial Work
(10−8N.cm)

Total Work
(10−6N.cm)

Native 1.84 3 1.39
PL 1.5 9.59 3.42
PL+HA 1.74 5.6 2.5
PL+HA+SP-A 1.82 3.3 1.56
PL+HA+SP-A+NL 1.83 3.07 1.45

Table 5.6: Surfactant mixture is fully reconstructed with the addition of neutral lipids. Very minor differences
are observed in the performances of the native surfactant and the fully reconstructed mixture.

Next, we compare different surfactants that are extracted from calves and porcine like
animals.

5.5.2 CLS vs Curosurf

Two known surfactants are compared. The first is extracted from calves and is termed CLS,
while the other is extracted from porcine like animals and is referred to as Curosurf. The
multiple properties of the two surfactant types are shown in table 5.7. In addition, the
diffusion coefficients of CLS and Curosurf are 10−6 and 10−9 (cm2/sec) respectively [130].

Surfactant Parameter Values of CLS and Curosurf

Surfactant ka(ml/(g min)) ka
kd

(ml/g) σ(dyn/cm) Y (dyn/cm) σmin (dyn/cm)

CLS 6 ∗ 105 1.2 ∗ 105 22 140 1
Curosurf 0.07 ∗ 105 1 ∗ 105 25 100 1

Table 5.7: Parameter values of CLS and Curosurf [130].

As can be seen from figure 5.65, the model predicted alveolar expansion of CLS is higher
than that of Curosurf. Looking at the comparison of the surface tension plots of both
surfactants, we notice that CLS leads to lower surface tension values. This is mainly due to
the higher ka and Ds of CLS. This result is consistent with our findings in subections 5.3.1
and 5.3.2.
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Figure 5.65: Area provided by CLS is considerably larger than that provided by Curosurf.
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Figure 5.66: The lower surface tension values achieved by CLS cause a smaller elastic recoil of the alveolus,
which explains the difference in the radii shown in figure 5.65.

We also examine the oxygen partial pressure at capillary exit. For the majority of the
cycle, this pressure is higher for CLS because of the larger gas exchange area that it provides.
We notice however that the pressure resulting from Curosurf exceeds that of CLS in some
fractions of the breathing period. We hypothesize that this is due to pressure buildup in the
alveolus resulting from the smaller alveolar area offered by Curosurf. The pressure buildup
increases the flux of oxygen and may lead to higher partial pressure at capillary exit. In the
real lung however, alveoli are not isolated from one another, and a high pressure buildup
can cause the alveolus to empty into another one. This leads to alveolar collapse and does
not enhance gas diffusion. Because our model consists of just one alveolus, we cannot model
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such effect. The average area offered by each surfactant and the breathing work exerted are
shown in table 5.8.
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Figure 5.67: The larger area for gas exchange provided by CLS causes oxygen partial pressure at capillary
exit to be higher for most of the breathing cycle.

Area for Gas Exchange and Work of Inhalation of CLS and Curosurf
Surfactant Average Area for

Gas Exchange
(105µm2)

Interfacial Work
(10−8N.cm)

Total Work
(10−6N.cm)

CLS 1.84 3 1.39
Curosurf 1.68 3.72 1.57

Table 5.8: CLS provides larger area for gas exchange and decreases breathing effort as compared to Curosurf.

5.6 Operating Breathing Space

In this section, we show some results related to the inhalation work and the gas flux during
breathing and how they are affected by surfactants. In all presented results, the gas flux
and work are computed over a minute of breathing; we refer to these quantities as gas flux
per minute and work per minute respectively. The results in figures 5.68 to 5.71 correspond
to the same soluble surfactant that we refer to as Surfactant A (SA). All model parameters
used in this section can be found in appendix C. Figure 5.68 shows how the oxygen flux
per minute and the inhalation work per minute vary when humans breathe at different
breathing cadences (periods). At low periods, maximum oxygen flux can be attained but
more inhalation work should be exerted. This is similar to the case of humans exercising; we
breath faster and do more work. This is also similar to artificial ventilation where machines
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are operated at lower periods and provide maximum gas flux by doing the work themselves
[131]. As the period of breathing increases, breathing work decreases and reaches a plateau.
Oxygen flux is also shown to decrease with breathing period. Figure 5.69 is a similar plot
for carbon dioxide exchange.
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Figure 5.68: At low periods, maximum inhalation work per minute is exerted, and maximum oxygen exchange
occurs. As the breathing period increases, both work per minute and oxygen flux per minute decrease.
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Figure 5.69: Carbon dioxide diffusion is similar to that of oxygen. As the breathing period increases, the
drop in carbon dioxide flux is much bigger than that of oxygen.

The decrease in flux per minute and work per minute can be explained when examining
figure 5.70. On this plot, we show the difference between the maximum and minimum values
of the alveolar radius for every period after steady state is reached. This difference increases
with T , but the steepness of its slope decreases as the period increases. This causes the
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breathing work and the gas flux over a period to head towards reaching a plateau. As period
increases however, the number of cycles in a minute decreases, which causes the flux per
minute and work per minute to decrease with larger periods. The behavior of the difference
between the maximum and minimum values of the alveolar radius can be explained by looking
at how the subphase concentration3 varies at different periods. Since the surfactants reside
in a small layer of fluid, there is a limit to the surfactant amount that can be provided from
the bulk to the interface; this motivates the introduction of a novel concept that we refer
to as Surfactant Limited Reservoir. In this case, the subphase concentration is dropping by
around 20%, which is limiting the supply of surfactants to the interface, which hinders larger
alveolar expansion.

0 1 2 3 4 5 6 7 8 9 10

T

0.8

0.85

0.9

0.95

1

N
o

rm
al

iz
ed

 s
u

b
p

h
as

e 
su

rf
ac

ta
n

t 
co

n
ce

n
tr

at
io

n

1

1.2

1.4

1.6

1.8

2

2.2

2.4

N
o

rm
al

iz
ed

 R
m

ax
-R

m
in

Figure 5.70: Subphase concentration drops by about 20%. This causes the subphase to be depleted from
surfactants which hinders surfactant adsorption to the interface. This leads in a decrease in the rate at which
the alveolus expands, which is shown by the decrease in the slope of the difference in alveolar radii.

Instead of just studying how changing the breathing period affects the gas flux and in-
halation work, we also examined the effect of changing the amplitude of the pleural pressures
(how deep we breath). For every surfactant, we construct a diagram that we refer to as Oper-
ating Breathing Space diagram. Such diagram is made of lines of constant breathing periods
(black) and lines of constant pleural pressure amplitudes (red). Every point of intersection
of a red and black line represents a mode of breathing. At a chosen breathing mode, the
vertical axis of the diagram reads the average area available for gas exchange, while the hor-
izontal one gives the inhalation work exerted over a minute. Figure 5.71 also offers different
paths that a person can follow in order to increase gas flux without exerting more work.

3The subphase shown is evaluated at maximum alveolar radius.
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Figure 5.71: This diagram spans the multiple modes of breathing. It provides the average area available for
gas exchange and the inhalation work exerted over a minute of breathing for different breathing modes.

As mentioned earlier, every Operating Breathing Space diagram corresponds to one sur-
factant. The diagram in figure 5.71 for example corresponds to the mentioned surfactant SA.
We now build an operating breathing diagram for surfactant SB with an adsorption coeffi-
cient4 that is 3 times lower than that of SA. As can be seen from figure 5.72, the operating
breathing diagram of SB shifts down and to the right. In other words, for the same mode of
breathing, less area for gas exchange is provided and more work is exerted when SB is used
instead of SA. Such diagrams are very useful when designing exogenous surfactants.

4The ratio of ka and kd is kept constant, so kd is also decreased by a factor of 3.
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Figure 5.72: For the same breathing mode, surfactant SB provides less area for gas exchange and requires a
larger breathing effort. This can be seen by the shift in the operating breathing space diagram (down and
to the right).

While results in this section are still considered preliminary, and require more analysis
before drawing definite conclusions, we believe that the novel idea of an Operating Breathing
Space diagram is a step in the right direction regarding surfactant design. In other words,
the alveolar model developed in this dissertation can be used to predict the breathing per-
formance of an alveolus coated by different surfactants. For each surfactant, an Operating
Breathing Space diagram can be constructed, and comparison among the different surfac-
tants can be performed.

Next, the main outcomes of the dissertation are summarized in chapter 6. Limitations
of the alveolar model, and ideas of future work are also presented.
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Chapter 6

Conclusion

Essential to human survival is the constant replenishment of the body with oxygen and its
depletion of carbon dioxide. This is done through breathing, an unconscious process that
many of us take for granted. This seemingly simple and effortless activity for a healthy
human requires complex interaction among multiple organs of the body. For example, the
nervous, respiratory and cardiovascular systems all function simultaneously to ensure that
breathing is effective and unhampered. The body however is prone to diseases and malfunc-
tions. Any minor defect can have catastrophic effects and can lead to death. While research
in the medical field is abundant and potent in treating the human body, we believe that
engineers and mathematicians also have a contributing role. Our desire to advance human
health has led us to study mathematically a complex mixture found in the lungs that is
responsible for many deaths per year when it is dysfunctional. This mixture is referred to as
pulmonary surfactant, and is found in a thin fluid layer that coats the inside of lung alveoli.
We devoted this dissertation to the mathematical investigation of the determinative contri-
butions of pulmonary surfactants to breathing. Our findings can improve treatments and
consequently decrease the high mortality that accompanies respiratory distress syndrome, a
well-known health condition that affects premature infants and adults, and that is caused
by surfactant dysfunction.

Before developing a model to investigate the role of surfactant molecules in breathing,
we simplified the alveolar geometry to a flat sheet coated by a thin fluid layer that is con-
taminated with surfactants as seen in chapter 2. This simple geometry allowed us to explore
the interplay between the different transport modes that surfactants undergo, namely ad-
sorption, desorption and diffusion. Several boundary value problems were solved for both
a static and a deforming sheet. In addition, to the authors’ best knowledge, it is the first
time that a Lagrangian technique was applied to solve the surfactant transport problem in
a constrained domain.

The knowledge gained from chapter 2 on pulmonary surfactant dynamics was then used
in a mathematical model developed in chapters 3 and 4 that aimed at understanding the
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effects that surfactants have on breathing. The model that we developed focused on the
alveolus, where oxygen delivery and carbon dioxide removal to and from the blood occur.
To our best knowledge, the developed model is the first to allow the simultaneous investiga-
tion of alveolar mechanics and gas exchange, as both are affected by surfactant dynamics.
In addition, interfacial resistance that results from surfactants crowding air-water interfaces
was incorporated in our model. Because breathing requires mechanical movement of multi-
ple body parts, work has to be exerted during the process. Work of breathing is important
to consider as breathing effort can be enormously affected by bodily malfunctions. Futher-
more, it has been recorded that some infants stop breathing from fatigue when faced with
excessive respiratory demands [132]. For this reason, we also derive an expression for the
microscale work of breathing at the level of the alveolus and use it to compute the inhalation
effort required when a certain surfactant is used. Another novel aspect of the model is the
computation of the free motion of the alveolar boundary for a specific surfactant coating. In
most research works in the literature, motion is prescribed and surfactant behavior is ana-
lyzed. Here however, pleural pressure is prescribed, and the resulting motion of the alveolar
boundary is found by considering multiple phenomena such as surfactant transport in the
hypophase and its ability to decrease surface tension. In the next section, we summarize the
main takeaways from the dissertation.

6.1 Main Takeaways

We present a short summary of the main takeaways from this document that provide insight
on breathing in general, and on the role of pulmonary surfactant.

The model was used to simulate multiple case studies related to breathing. When we
hold our breath, oxygen in the alveolus diffuses to the blood passing through the exchange
zone until its partial pressure in the alveolus equilibrates with that at the capillary inlet.
Our model shows that it takes about a minute and a half for that to occur. At the same
time, carbon dioxide diffuses out of the blood, but cannot be expelled out of the body while
we hold our breath. With time, carbon dioxide partial pressure in the alveolus equilibrates
with that at the capillary inlet. The model predicted a time span of 10 seconds before equili-
bration of carbon dioxide occured. Similar orders of magnitude for both oxygen and carbon
dioxide are found in the literature [121]. Another aspect that we investigated was breathing
at high altitudes such as at the summit of mount Everest. Our model predicted that the
homogenized oxygen partial pressure in the blood is about 26 mmHg. This is consistent
with the measured values reported in [126]. Using the model that we used for hemoglobin
saturation shown in figure 4.3, we observe that only 50% of hemoglobin is saturated with
oxygen, which explains the suffering of climbers from hypoxia. The effect of breathing at
a faster rate was then simulated to test its effect on oxygen levels in the blood of mount
Everst climbers. Results showed that fast breathing at a period of 0.5 seconds (compared
to 5 seconds previously) increased oxygen flux from the alveolus to the blood and caused an
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increase in the oxygen partial pressure from an average of 30 mmHg to 34 mmHg at capillary
exit as can be seen in figure 5.30. This increase in oxygen partial pressure corresponds to an
increase from 58% to 66% in hemoglobin saturation.

Surfactant deficiency or absence from the lung, which is a leading cause in the death of
premature infants was also tested using our model. The high surface tension present in this
case increases the elastic recoil of the lung and causes a pressure buildup inside the alveolus.
This leads to the ejection of the gas mixture out of the alveolus and consequently alveolar
collapse. This unfavorable behavior of alveolar collapse is the best example to illustrate the
importance of surfactants on breathing. In chapter 2, surfactant transport in the hypophase
was shown to be controlled by three non-dimensional parameters that represent ratios of the
times scales of breathing, surfactant diffusion, adsorption, and desorption. Different values
of the non-dimensional parameters were tested in the alveolar model. We mention here the
main findings. Fast1 adsorption of surfactants to the interface is necessary for large alveolar
expansion and consequently effective gas exchange. Slow adsorption would result in high
surface tension during inhalation and larger resistance to inflation. Fast surfactant diffusion
in the bulk was also shown to be favorable to breathing. Slow diffusion resulted in the deple-
tion of the subphase from surfactants, which decreased their ability to adsorb to the interface
and to lower surface tension. Consequently, slow diffusion resulted in lower oxygen partial
pressure at capillary exit. In the case of surfactant desorption, it was shown that a slower
process is advantageous to breathing. Fast desorbing surfactants cause the surface tension
to be high during exhalation. This causes pressure buildup in the alveolus as its radius
decreases, and might lead to alveolar collapse. However, as explained in section 2.4, when
the interfacial concentration of surfactants exceeds the maximum equilibrium concentration
in a static system Γ, pulmonary surfactants behave as insoluble surfactants. This causes the
interfacial surfactant concentration to increase at a faster rate, which is accompanied by a
decrease in surface tension to near zero values. The interfacial resistance of surfactants was
also shown to have a considerable effect on gas exchange.

We next turned to using our model to understand the effect of every surfactant fraction
on breathing. This was enabled thanks to the excellent experimental work in [130]. Our
model showed that the phospholipid fraction did not offer much area for gas exchange and
required a large breathing effort as compared to a fresh native surfactant. We conclude that
the phospholipid portion of pulmonary surfactant cannot be used on its own as a viable sur-
factant. Such result was also reported in [20]. The addition of hydrophobic apoprotein SP-B
and SP-C to phospholipid enormously improved its breathing contribution. Around 90% of
the gas exchange area provided by the native surfactant was recovered and the breathing
effort was reduced by 27%. The main underlying reason behind that positive change was the
delay of surfactant film squeeze-out. However, the rate at which surface tension decreased
was still much lower than that of the native surfactant. The addition of the hydrophilic sur-

1All comparisons here are done relative to the breathing cadence.
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factant SP-A recovered that rate and led to a further 37% decrease in breathing work. The
gas exchange area was almost fully recovered. Our model could not predict the main role
of neutral lipids as no considerable effect was observed after their addition to the mixture.
The model was also used to compare calf and porcine extract of surfactants, where it was
shown that the calf extract is more efficient, mainly because of its adsorptive and diffusive
properties.

Finally, we introduced the novel concept of an Operating Breathing Space diagram that
corresponds to a specific surfactant. The average area available for gas exchange and the
inhalation work of breathing over a minute are the main outputs of such diagram. In addition,
the diagram spans multiple modes of breathing that we define by a combination of a breathing
period and pleural pressure amplitude. Such diagrams are very important when designing
surfactants.

6.2 Limitations and Future Work

The alveolar model presented in this dissertation provides valuable information regarding
surfactant dynamics and breathing but suffers from multiple limitations and shortcomings.

The main weakness of this model is the considered geometry. The shape of the alveolus
is not perfectly spherical as was considered in this dissertation. In fact, it was suggested that
the surface of an alveolus has a polyhedral shape, giving it the form of a honeycomb [123].
Nonetheless, assuming a spherical geometry facilitated the modeling of different aspects of
breathing. Another drawback that is also related to geometry is the fact that alveoli are not
isolated as considered in this dissertation. In the real lung, alveoli are interconnected and
found in the form of small clusters. This allows the exchange of gases between the different
alveoli, an effect that was not considered here. In other words, the interplay of an alveo-
lus with neighboring ones was not included in our model, and the implications of missing
this effect on the values of oxygen and carbon dioxide fluxes need further investigation. A
preliminary step towards remedying that would be extending the current model to a system
formed by two interconnected alveoli.

Other modifications that will be implemented in the future to improve the alveolar model
comprise but are not limited to including the rheological properties of the hypophase as done
in [133], and also including Marangoni flows arising by the nonuniform surfactant distribu-
tion on the interface as performed in [134]. Another notable improvement for this model
would be to include multilayer collapse and surfactant respreading to the pulmonary surfac-
tant model presented in section 2.4. Such surfactant model was presented in [67]. Another
significant limitation of our work was the absence of a validated constitutive model for the
stresses in the alveolar wall from the literature. Current work is being conducted in col-
laboration with a biomechanics group at UC Berkeley to derive a constitutive relation for
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the alveolar wall that can be implemented in this model to replace equation (3.39). Further
investigation of the novel idea of an Operating Breathing Space diagram is also needed. We
look to develop and implement an optimization procedure that helps us determine the most
efficient surfactant under specific breathing conditions. Finally, the lack of experimental
data to validate some of the results presented in this thesis is another major drawback.

In conclusion, the alveolar model developed in this dissertation elucidated many con-
tributing actions of surfactants on breathing. Such findings can be used to improve the
manufacturing of exogenous surfactants utilized in clinical applications and can hopefully
decrease the mortality rates associated with surfactant related health conditions such as
respiratory distress syndrome.
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Appendix A

Effective Resistance

In this section, we derive an expression for the effective resistance Ω that appears in equation
(3.12). The purpose of doing so is to get an order of magnitude of Ω that can be used in
the model. The bronchial tree is assumed to be symmetric with an incoming volumetric flux
Q through the trachea. At every generation, the number of airways doubles and the flux is
halved. This is shown in figure A.1. The pressure drop across every generation i is called
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Figure A.1: Lung as a Resistive Tree

∆Pi. For example, ∆P1 = P1 − Patm, ∆P2 = P2 − P1, and ∆Pn = Pn − Pn−1.
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The flux in the airway of every generation i and the pressure drop ∆Pi across it are related
by the resistance Ri of the airway. For example, ∆P2 = (Q/2)R2, ∆P3 = (Q/4)R3, and so

∆Pi = Q
Ri

2i−1
, (A.1)

where i goes from 1 to n.
The summation of ∆Pi from 1 to n yields:

n∑
i=1

∆Pi = Pn − Patm = Q

n∑
i=1

Ri

2i−1
. (A.2)

In equation (3.12), the effective resistance Ω relates the alveolar gauge pressure (Pi − Patm)
at an alveolus in generation i to the volumetric flux (Q/2i−1) feeding into the alveolus. In
other words, Ω is the resistance of the path that starts at the mouth and ends in the alveolus
in generation i. If the alveolus is chosen to be in generation n, then:

Pn − Patm
Ω

=
Q

2n−1
. (A.3)

Comparing equations (A.2) and (A.3), it can be concluded that the effective resistance of
the path leading into the alveolus in generation n is given by:

Ω = 2n−1

n∑
i=1

Ri

2i−1
. (A.4)

What still need to be found are the individual resistances Ri of the airways in the different
generations. To do so, we refer to figure 1-5 in [135]1 to get the airways’ dimensions in every
generation. We then assume Poiseuille flow in every airway and express the resistance Ri as:

Ri =
8µali
πa4

i

, (A.5)

where µa is the dynamic viscosity of air, and li and ai are the length and the radius of the
airway in generation i. For example, if the alveolus is chosen to be in the last generation,
the effective resistance2 Ω = 0.65 (N.sec/cm5).

1Figure is not reproduced here because permission to reproduce was not requested.
2When solving the alveolar model numerically, the value of Ω affected the speed of the simulations. In

cases where choosing a higher value of Ω did not affect the results, we chose to use the higher one (one or
two orders of magnitude higher) to speed up the simulations.
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Appendix B

Surfactant Transport Problem -
Referential Description

Two coordinate transformations are applied to the surfactant transport problem. The mo-
tivation behind each transformation is described, and the method and final equations are
presented.
Since surfactant transport only occurs in the hypophase, we introduce a spatial coordinate
with a range equal to the hypophase thickness. Unlike the radial position r that spans the
whole alveolus (air and hypophase), the new spatial variable q only spans the hypophase. It
is defined below:

q = r −
(
R(t)− h(t)

)
(B.1){

At r = R(t)− h(t) q = 0
At r = R(t) q = h(t)

}
.

Using the newly defined variable q, we note the following relations:

∂Cs(r, t)

∂t

∣∣∣
r fixed

=
∂Cs(q, t)

∂t

∣∣∣
q fixed

+
(
ḣ(t)− Ṙ(t)

)∂Cs(q, t)

∂q
,

∂Cs(r, t)

∂r
=
∂Cs(q, t)

∂q
,

∂

∂r

(
r2∂Cs(r, t)

∂r

)
=

∂

∂q

([
q +R(t)− h(t)

]2∂Cs(q, t)

∂q

)
.
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The equations of the surfactant transport problem can now be written as:

∂Γ(t)

∂t
+ Γ(t)

(
2R(t)2

(q +R(t)− h(t))3

dR(t)

dt

∣∣∣
q=0

)
= Ds

∂Cs(q, t)

∂q

∣∣∣
q=0

, (B.2)

(B.3)

∂Cs(q, t)

∂t
−
(
Ṙ(t)− ḣ(t)

)∂Cs(q, t)

∂q
+

R(t)2

(q +R(t)− h(t))2

dR(t)

dt

∂Cs(q, t)

∂q

=
Ds

(q +R(t)− h(t))2

∂

∂q

([
q +R(t)− h(t)

]2∂Cs(q, t)

∂q

)
,

Ds
∂Cs(q, t)

∂q

∣∣∣
q=0

= kaCs(0, t)(Γ− Γ(t))− kdΓ(t), (B.4)

∂Cs(q, t)

∂q

∣∣∣
q=h(t)

= 0. (B.5)

This mapping is useful because it allows the presentation of surfactant bulk concentrations
in the hypophase with the hypophase-gas interfaces superposed over each other (q = 0) over
the course of respiration.

Next, we recast the surfactant transport problem in terms of a Lagrangian coordinate η.
Unlike r and q, the new coordinate η ranges between two fixed values. It is defined below:

η =
r3 − b(t)3

3V̂
2/3

0

=
(q + b(t))3 − b(t)3

3V̂
2/3

0

, (B.6)

where b(t) = R(t)− h(t) and V̂0 = R3
0 − (R0 − h0)3.

{
At r = R(t)− h(t) η = 0

At r = R(t) η = 1
3
V̂

1/3
0

}
.

Using the variable η, and the fact that the hypophase is an incompressible fluid with constant
density (volume of hypophase is constant with time), we note the following relations:

∂Cs(q, t)

∂t

∣∣∣
q fixed

=
∂Ĉs(η, t)

∂t

∣∣∣
η fixed

−
( R(t)2

(q +R(t)− h(t))2

dR(t)

dt
− (Ṙ(t)− ḣ(t))

)∂Cs(q, t)

∂q
,

∂Cs(q, t)

∂q
=

(q +R(t)− h(t))2

V̂
2/3

0

∂Ĉs(η, t)

∂η
,
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Ds

(q +R(t)− h(t))2

∂

∂q

([
q +R(t)− h(t)

]2∂Cs(q, t)

∂q

)
=

Ds

V̂
4/3

0

∂

∂η

([
3ηV̂

2/3
0 + (R(t)− h(t))3

]4/3 ∂Ĉs(η, t)

∂η

)
.

The equations of the surfactant transport problem can now be written as:

∂Γ(t)

∂t
+ Γ(t)

(
2R(t)2

b(t)3

dR(t)

dt

)
=
Dsb(t)

2

V̂
2/3

0

∂Ĉs(η, t)

∂η

∣∣∣
η=0

, (B.7)

∂Ĉs(η, t)

∂t
=

Ds

V̂
4/3

0

∂

∂η

([
3ηV̂

2/3
0 + b(t)3

]4/3 ∂Ĉs(η, t)

∂η

)
, (B.8)

Dsb(t)
2

V̂
2/3

0

∂Ĉs(η, t)

∂η

∣∣∣
η=0

= kaĈs(0, t)(Γ− Γ(t))− kdΓ(t), (B.9)

∂Ĉs(η, t)

∂η

∣∣∣
η= 1

3
V̂

1/3
0

= 0. (B.10)

This mapping leads to the elimination of the convective term in equation (3.24) as shown
in equation (B.8) and a far more accurate computational method in the case of advection-
dominated flow.

When analyzing surfactant bulk concentrations, either Cs(r, t), Cs(q, t) or Ĉs(η, t) can be
used.
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Appendix C

Numerical Methods and Model
Parameters

This appendix contains a short note on the numerical methods, and details on the different
parameters used in the various parts of this dissertation. In many studied cases, the values
of the parameters used were left out of the text, and included in this appendix. For the cases
not shown in this appendix, all relevant information on parameter values can be found in
text.

C.1 Numerical Methods

In chapter 2, the surfactant transport problem was solved using an implicit finite difference
scheme (Backward Euler) on Matlab [136]. In the case of nonlinear terms such as the product
of Γ and Cs in Langmuir kinetics (see equation (2.17) for example), a linearization procedure
similar to the one presented in [130] was implemented.

In chapter 5, the surfactant transport problem was solved in the same way followed in
chapter 2. The rest of the alveolar model equations were solved using an explicit finite
difference scheme (Forward Euler) on Matlab.

C.2 Parameters of Chapter 2

In this section, we list the parameters used in chapter 2.

C.2.1 Parameters of subsection 2.2.1

The relevant parameters of subsection 2.2.1 are: ω = 1 (rev/sec), h0 = 1 (cm), and Cref = 1
(g/cm3). The initial surfactant concentration profile is uniform and equal to Cs = 1 (g/cm3).
The prescribed concentration at the subphase is given by Cs(h0, t) = 0.5 sin(t) + 1 (g/cm3).
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In the case of slow diffusion, the diffusion coefficient Ds = 0.001 (cm2/sec),and for fast
diffusion Ds = 10 (cm2/sec).

C.2.2 Parameters of subsection 2.2.3

In subsection 2.2.3, the adsorption and desorption coefficients and the maximum equilibrium
surfactant concentration in a static system were all set to unity: ka = 1 (cm3/(g.sec)),
kd = 1 (1/sec), Γ = 1 (g/cm2). Also, Cref = 1 (g/cm3). In addition, the parameter used to
normalize the time t is T = 2π.

C.2.3 Parameters of subsection 2.3.1

We list the parameter values used here: ω = 1 (rev/sec), Γ = 1 (g/cm2) and Cb = 1 (g/cm3).
The variation in the area of the interface is given by A(t) = −0.875 cos(t) + 2.125 (cm2).
The parameter used to normalize the time t is T = 2π.

C.3 Parameters of Chapter 5

In this section, we list the parameters used in the various cases studied in chapter 5. We
first present the parameters used in the base case studied in section 5.1. For all the other
cases, most of the parameters are the same as those of the base case, but some are varied.
We list the varied ones for each case. Before presenting the parameters, we show the input
of the alveolar model used throughout the dissertation.

Pleural Pressure The pleural pressure is the input to the alveolar model. The shape of the
measured physiological pleural pressure given in [137] is shown in figure C.1. We approximate
the shape of the pleural pressure by a smooth sinusoidal curve also shown in figure C.1. This
approximation has a very minor effect on results.

C.3.1 Parameters of section 5.1

Section 5.1 represented a base case of the results of the alveolar model. The values of the
parameters used are tabulated in table C.1. For some of the parameters, we include more
information in the text of this appendix.

γO and γC

We assume that the values of γO and γC at the inlet of the alveolus are very close to those
in air at room temperature.
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Figure C.1: Physiological pleural pressure is approximated by a simple sinusoidal curve.

Geometry

The alveolar geometry was obtained from an electron micrograph of the human lung (reader
is referred to figure 13 in [9]). A single alveolus formed an ellipsoidal shell, with a major axis
of 122 ± 6.1 µm, a minor axis of 93 ± 3.5 µm and a wall thickness of 7 µm. The values of
the alveolar radius and wall thickness were chosen to be of the same order of magnitude of
those reported.

ka and Cs

The values of ka and Cs used in the base case were our personal choice. The surfactant
bulk concentration profile was chosen to be uniform initially in all of chapter 5. The initial
value of Cs was chosen to be of the same magnitude of those reported in [139]. The value of
ka was chosen to be less than those reported in the literature to show the effect of adsorption
in a clearer way. Physiological values of both parameters were used in later parts of the
dissertation.

ζ, DhO and DhC

The value of ζ is our personal choice. Values of DhO and DhC were chosen to be those
of the diffusion coefficients of oxygen and carbon dioxide in a dilute aqueous solution respec-
tively.

Vbc/τ
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Instead of choosing separate values for Vbc and τ , we only choose values for the ratio Vbc
τ

. This
is satisfactory because the two parameters only show up in the form of the mentioned ratio.
Using the values available in literature, we find a range of acceptable values for this ratio.
The blood flow speed in a capillary ranges between 0.1 and 10 mm/sec [140]. If we choose
an average capillary with length of the same order of magnitude of the alveolar radius, say
0.1 mm, the range of the transit time τ is [0.01 - 1] (sec). The capillary volume of blood
in the neighborhood of alveoli was reported to be 70 cm3 in [112]. Because the number of
alveoli can range between 274 and 790 million [12], we approximate the volume of blood
in the neighborhood of one alveolus to be in the range [70/(274 ∗ 10−6) - 70/(790 ∗ 10−6)]
(cm3). Using the lower and upper ends of the ranges of τ and Vbc, we find that the range of
acceptable values of Vbc/τ is [9 ∗ 10−8 - 25 ∗ 10−6] (cm3/sec).

Important Remark

For all the remaining results, the constitutive model given in section 3.5 was modified.
Because the focus of this work is on surfactant dynamics and their effect on breathing, we
decided to use a simple model for the alveolar wall. We chose to model it as a simple spring
with a constitutive model given by:

Σ(t)e(t) = Σ0e0 + S(R(t)−R0), (C.1)

where S is the stiffness, and Σ0 is the value of Σ(t) at R0. The stiffness was chosen to be
of the same order of magnitude of reported Young’s modulus values [105]. Unless specified
otherwise, S = 0.1 (N/cm2), and Σ0 = 0.0012 (N/cm2). The value of Σ0 was chosen to
satisfy the mechanical equilibrium of the system.

The value of the ratio Vbc/τ was also modified from 9.5 ∗ 10−7 to 3.6 ∗ 10−7. All other
parameters are the same as those given in table C.1 unless noted otherwise.

C.3.2 Parameters of subsection 5.2.1

To model the case of holding breath, only the pleural pressure was modified. It is shown in
figure C.2.

C.3.3 Parameters of subsection 5.2.2

Only κ was changed from 0.9 to 0.0001 to suppress gas exchange between the alveolus and
passing blood.
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Figure C.2: Pleural pressure is kept constant at end of inhalation to model case of holding breath.

C.3.4 Parameters of subsection 5.2.3

For the case of breathing on the summit of mount Everest, Patm was modified from 760 to
253 mmHg [126] and PbOi was changed from 45 mmHg to 22 mmHg.

C.3.5 Parameters of subsection 5.2.4

In the case of no surfactants present in the hypophase, we set the value of σ to be constant
at 70 (dyn/cm) at all times.

C.3.6 Parameters of subsection 5.3.1

In this section, only some surfactant properties were changed. Those are tabulated in table
5.1.

C.3.7 Parameters of subsection 5.3.2

In this section, only some surfactant properties were changed. Those are mentioned in
subsection 5.3.2.

C.3.8 Parameters of subsection 5.3.3

In this case, ζ was chosen to be 0.1. Also, the stiffness S was modified to 0.2. κ was changed
from 0.9 to 0.5, and the ratio Vbc/tau was chosen to be 3.39 ∗ 10−7.
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C.3.9 Parameters of section 5.5

In this section, all surfactant properties were modified. They are tabulated in tables 5.2
and 5.7. The initial surfactant concentration Cs was chosen to be 27 mg/cm3 [139], and
Γ = 3 ∗ 10−7 (g/cm2) [130]. Also, the initial stress was modified to Σ0 = 0.0312(N/cm2) to
satisfy mechanical equilibrium initially for the case of CLS.

C.3.10 Parameters of section 5.6

In this section, the stiffness S of the alveolar wall was chosen to be S = 0.051 (N/cm2).
Surfactant A (SA) had the following properties:
ka = 90 (ml/(g.sec)), kd = 7.5 ∗ 10−4 (1/sec), Ds = 1.6 ∗ 10−8 (cm2/sec), σ = 25 (dyn/cm),
Γ = 3 ∗ 10−7 (g/cm2), σmin = 1 (dyn/cm), Y = 100 (dyn/cm), Cs = 0.0678 (g/ml). Surfac-
tant B (SB) had the same properties except for ka and kd:
ka = 30 (ml/(g.sec)), kd = 2.5 ∗ 10−4 (1/sec).
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Base Case Parameter Values
Parameter Compartment Value Units Source

Ω Gas Mixture See appendix A N.sec/cm5 See appendix A
γO Gas Mixture 0.2517 - [138]; see text
γC Gas Mixture 0.000607 - [138]; see text
γN Gas Mixture 0.7477 - 1− γO − γC
MO Gas Mixture 0.032 kg/mol [138]
MC Gas Mixture 0.044 kg/mol [138]
MN Gas Mixture 0.028 kg/mol [138]
ρ0 Gas Mixture 1.0554 ∗ 10−6 kg/cm3 [138]
PV Gas Mixture 47 mmHg [121]
Patm Gas Mixture 760 mmHg [121]
R0 Geometry 0.01 cm See text
e0 Geometry 10−3 cm See text
h0 Geometry 5−5 cm [89]
µh Hypophase 6.92 ∗ 10−8 N.sec/cm2 [90]
Ds Surfactant Transport 1.6 ∗ 10−8 cm2/sec [67]
Cs Surfactant Transport 0.0678 g/ml See text
ka Surfactant Transport 30 ml/(g.sec) See text
kd Surfactant Transport 0.00025 1/sec [67]

Γ Surfactant Transport 3 ∗ 10−7 g/cm2 [130]
σ Surfactant Transport 25 dyn/cm [22]
κ Gas Exchange 0.9 - [9]
ξO Gas Exchange 1.4 ∗ 10−9 mol/(cm3.mmHg) [121]
ξC Gas Exchange 3.3 ∗ 10−9 mol/(cm3.mmHg) [121]
ζ Gas Exchange 1 - See text

DwO Gas Exchange 2.3 ∗ 10−5 cm2/sec [107]
DwC Gas Exchange 8.3 ∗ 10−4 cm2/sec [107]
DhO Gas Exchange 2.1 ∗ 10−5 cm2/sec [116]; see text
DhC Gas Exchange 1.92 ∗ 10−5 cm2/sec [116]; see text
Vbc/τ Blood Transport 9.5 ∗ 10−7 cm3/sec See text
PbOi Blood Transport 40 mmHg [115]
PbCi Blood Transport 45 mmHg [115]
CHB Blood Transport 2.2 ∗ 10−6 mol/cm3 [113]
P 1

2
bO Blood Transport 26 mmHg [113]

m Blood Transport 2.5 - [113]
[H+] Blood Transport 10−10.4 mol/cm3 [121]
K1 Blood Transport 0.12 ∗ 101.9 1/sec [121]
K−1 Blood Transport 164 ∗ 107.9 cm3/(mol.sec) [121]

Table C.1: For each parameter, this table presents its corresponding compartment, value, unit and source.
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