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THE ELECTROSEISMIC WAVE THEORY OF FRENKEL

StevenR. Pride?

ABSTRACT

Frenlel's 1944theoryof porousmediaacousticss carefully scrutinized After somemanipulation,
Frenlel'sequationsireseeno have nearlyidenticalform to Biot's 1962equationsTheonly difference
is that Frenlel includesan extraneousdfluid-pressureggradientin his bulk force balance. Frenlel also
makesaslighterrorin thedevelopmenbf his effective poroelastianodulithatpreventshim from being
the first to obtain the so-called“fluid-substitution” relations. Outsideof thesetwo small problems,
Frenlel's analysisis correct. He limits his treatmentof electroseismigphenomendo explaining the
electricfield thataccompaniea compressionaseismicwave in ahomogeneoumaterial. He predicts
thatthe electricfield in a compressionalvave is directly proportionalto the particle acceleratiorand
this hasbeenverifiedby therecentfield measurementsf GaramboisandDietrich 2001.However, such
electricfieldsareonly a smallpartof the total electroseismicesponsef the earth. Accordingly, some
of theadditionalphenomenaot discussedby Frenlel arealsopresenteénddiscussed.

Keywords: electroseismicporoelasticityelectrokinetics.

INTRODUCTION

Frenlel 1944is thefirst authorto have developedacompletesetof equationgioverningthe
acousticoof isotropicporousmedia. Kostenand Zwikker 1941 proposedwo coupledforce-
balancesquationdor the averagefluid andsolid respons@f a porousmaterial,andpredicted
the existenceof two compressional-respomsnodes. However, unlike Frenlel 1944, Kosten
andZwikker 1941 proposeda purely scalartheorythatfailed to allow for shearandthat did
not definethe effective compressibilitymoduliin termsof drainedandundrainedexperiments.
Thecoeficientsin the KostenandZwikker 1941theoryareentirelyphenomenological.

Frenlel only wrote one paperon poroelasticity His principal motivationfor developinga
theoryof porous-mediacousticss to quantitatvely explaintheso-called’E effect” (anomen-
clatureapparentlyno longerusedin the literature)which is the phenomenory which a pair
of electrodesattachedo the earthregistersa voltagedifferenceas a seismicwave traverses
the electrodepair. lvanor 1939measuredhis phenomenorin thefield andsuggestedhatthe
explanationof the recordedelectricfield waselectrokineticin nature. The statedpurposeof
Frenlel's 1944articleis to developlvanos’'s ideainto a quantitatve theory

The purposeof the presentpaperis to: (1) carefully compareFrenlel’s porous-media
acousticsequationsto thoseof Biot 1956 and 1962 and determinethe reasonfor ary dis-
crepancies|2) determinewhetherFrenlel’s analysisof the electricfield containedwithin a
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compressionalvave is correct;(3) defineanddiscusselectrokineticcouplingphenomendor
the non-specialisteader;and (4) presentresultsfor thoseeffects not consideredby Frenlel
which includerelaxationin the transportcoeficientsandan assortmenof electrokineticcou-
plingsbetweerseismicwaves(bothcompressionaindshearjandelectricandmagnetidields.

FRENKEL'S THEORY OF POROUS-MEDIA ACOUSTICS

With someeffort, the variousmacroscopidieldsin Frenlel's theorycanbeidentifiedand
his governingequationgewrittenin aform thatis perhapsnorefamiliar.

To achieve this, the responsdields usedin the presentpaperare slightly differentfrom
thosein Frenlel's paper The poroelastidisplacementaretakento beu andw whereu is the
averagedisplacemenin the solid phaseof a poroussample andw is definedw = ¢(u; — u)
where ¢ is porosityanduy is the averagedisplacemenbf the fluid in the pores. The time
derivative 9w /9t thusrepresentshe Dargy filtration velocity inducedby thewave. The stress
variablesarethe bulk stressensorr andthe averagefluid pressuren the poresp;. The bulk
stresgensomrepresenttheaveragestresghroughouboththesolid andfluid phase®f aporous
sampleandcanbeidentifiedasT = (1 — ¢)7, — ¢p;I wherer, is theaveragestresgensorof
thesolid phase The confiningpressures definedas P, = —tr{r}/3 = (1 — ¢)p, + ¢ps and
both P, andp; areusedasthetwo independenpressurevariablesin the compressibilitjlaws.
In Tablel, Frenlel's 1944variablesaregivenin termsof theseporous-continuunvariables.

Frenlel is only concernedvith developingatheoryof linearacousticsAs such,we forego
placingasmalld or ¢ in front of the stressanddisplacementariablesjt beingunderstoodhat
all stresseanddisplacementareincrementsnducedby a passingvave.

Frenkel’s Stress/StrainRelations

In short,Frenlel obtainstheproperform of thestress/strainelationsbut, becausef asmall
error to be describedbelown, doesnot obtainthe so-calledGassmanri951“fluid substitution
relations’thatgive the poroelasticcompressibilitymoduliin termsof theunderlyingfluid bulk
modulus,solid bulk modulus,anddrainedbulk modulus.

Frenlel obtainshis macroscopicompressibilitylaws by focusingon two thoughtexperi-
ments. Adding the resultsof the two thoughtexperimentsyields the functionsV - u (P, py)
and A¢ (P.,py) that describehow samplevolume and porosity are changeddue to applied
incrementdn confiningpressureP, andfluid pressurep;. Frenlel makesthe not so obvious
identificationthatin a porousmaterial

V.u=AV/V 1)

whereu is theaveragedisplacemenin the solid phaseandV is the samplevolume. Prideand
Berrymanl1998demonstrat¢hatonly whenthegeometricatenterof thegrainspacecoincides
with thegeometricatenterof theporespacean aporoussampledoesV - u becomeexactly the
volumetricdilatationof the sample.However, mostauthorsstartingfrom Biot andWillis 1957
alsoinvoke Frenlel's Eq. (1) andit canbe considered reasonabl@approximation.

In hisfirst “drained” thoughtexperiment,Frenlel appliesa confiningpressurdo a sample
with nochangen thefluid pressureUndersuchdrainedconditions,onehasP, = (1 —¢)ps =
p1 (wherep; is Frenlel’s variablefor the partialpressuren the solid). Frenlel introducesgwo
poroelasticmoduli X and ar to describethe drainedresponsdar is usedhereinsteadof



Frenlel's original o soasto avoid laterconfusionwith the Biot andWillis 1957parameter]

Va0 = - @
2P0 = (15 #) 2 €

Here, K is the so-called“drained” bulk modulusand o hasno standardhame(“Frenkel’s
alpha”) but caneitherbe definedfrom Eq. (3) or canbe identified,asFrenlel properlydoes,
astheratio of theincrementin solid volume AV; to theincrementof porevolume AV, under
drainedconditionsji.e.,ar = AVS/AV¢|pf:0.

In his secondhoughtexperiment,Frenlel appliesafluid pressure ; everywherethrough-
outthe porespacand,simultaneouslya confiningpressureP. = p; to the externalsurfaceof
thesample.Onewayto realizethisin practiceis to immersean unjacletedsampleinto afluid
reserwoir andchangethe pressureof thereserwoir by p;. In this case Frenlel noticesthatthe
effect of theapplied-pressurcrements to simply scale-davn (or up) the grainpackwithout
changingits relatve geometry Accordingly the porosity remainsunchangedn this experi-
ment. This is only exactly correctwhenthe grainsaremadeof anisotropicmaterialhaving a
bulk modulusK; thatis spatiallyuniform. Underthis isotropicmonominerabhssumptior{that
Frenlel doesnot discuss)he properlyobtains

Voulppp) = -3 (4)
A¢(ps,ps) = 0. (5)

Up to this point, Frenlel hasdoneeverythingcorrectly
His errorcomeswvhenheaddstogetheitheresultsof thetwo thoughtexperimentsBecause
of thelinearnatureof theincrementatesponsethe properadditionsyield

V-u(P,ps) = V-u(P.—ps,0)+V-u(pspy)

_ B (i _K\ps

)
o 1 (Pc_pf)
- ‘(1+aF‘¢>T- ")

However, Frenlel performsthe meaninglesadditionV - u (P, — ¢pf,0) + V- u(py,py) =
V-u(P.+ (1-¢)ps,pp) # V-u(P,py) andsimilarly for A¢ whichresultsin his Egs.(13)
and(24a)beingincorrect.He thusmakesthe misidentifications

VoulPry) = gt (6- 1) ¥ ®

86(Papy) = (13- 0) B2, ©

It is this error, that preventsFrentel from properlyidentifying the poroelasticcompressibility
moduli.

The constitutve equationfor A¢ canbe translatednto a constitutve equationfor the in-
cremenin fluid contentV - w by rewriting Frenlel’s Eq. (20) for theconserationof fluid mass
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as
A¢+Kipf+v-w+¢v-u:o. (10)
f

If theproperresultsof Egs.(6) and(7) arethenemplo/ed, Frenlel’s “corrected”compressibil-
ity laws canbewritten

[g-'; ] N _% [ -(1 +1aF)1 $(K/K; :%/_Ki{)/f?)uw)l ] [ﬁf ] (11)

Theseequationscanfurther be usedto identify the natureof the parameterr, anissuenot
addressedly Frenlel. Sincethecompressibilitylaws canalsobe derived by takingderivatives
of a strain-enggy function,onehasthe Maxwell relationthat

1 K

=1-—. 12
T ar X 12)

Frenlel doesnot statethis resultfor ar which canalsobegivenas1/(1 + ar) = « where
a is knowvn asthe Biot andWillis 1957 constant.As hasbeenshavn by Bergeetal. 1993, «
is alwaysindependenbf the fluid’s bulk modulusfor any porousmaterialandis only given
exactlyby a = 1 — K/ K, in the specialcaseof isotropicmonomineragrains.

In passingwe give the compressibilityaws in perhapgheir mostusefulform (applicable
to porousmediawith anisotroy at eitherthe grain or macroscalesandwith arbitraryhetero-
geneityin themineralproperties)

P.| 1 B V-.u
L] a ][9] 63
wherethe coeficients Ky (undrainedoulk modulus)and B (Skempton$ 1954coeficient) are
defined

P,
K = — 14
U Vot (14)
Py
B = - ) 15
Pelg.w=0 (15)

Both Ky and B aremeasurean sampleghathave their exterior surfacesealedV - w = 0).
A generally-alid definitionof the Biot andWillis 1957coeficientis

a=(1-K/Ky)/B (16)

so that the threefundamentatompressibilityconstantf poroelasticityare Ky, K, and B.
Undertherestrictionto isotropicmonominerabrains,oneobtains

azl—% @an
B= “ (18)
Oz+¢(K/Kf —K/Ks)
K
Ky = 1 —Ba’ (29)

Gassmanri951 only considerghe undrainedrespons€V - w = 0) and, accordingly only
obtainsresultsfor Ky andB. It is Biot andWillis 1957who first properlyobtainthe entirety
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of Egs.(13)—(19).Frenlel alsoobtaingporoelasticompressibilityaws of theform of Eq. (13).
However, hiserrordiscusse@arlierandhislack of useof thesymmetryconditionpreventshim
from obtainingthefluid-substitutionrelationsof Eqgs.(17)—(19).

Finally, like Gassmani951andBiot andWillis 1957who follow him, Frenlel makesthe
assumptiorthatthe fluid in the poreshasno influenceon the shearpropertiesof anisotropic
porousmaterial. Frenlel thusassumeshatthe deviatoric stressensorr? = 7 + P.I acting
onthebulk materialis relatedto the deviatoric shearby afluid-independentonstani

TD:G<Vu—I—VuT—§V-uI). (20)

At thelow frequenciesisedin seismicexploration,Frenlel’'s assumptiorof fluid independent
sheairis usuallyappropriate.

Frenkel’s Dynamicsof Porous Media

Frenlel proposedorce-balanceequationgor the fluid in relative motionto the solid [his
Eq. (22)] andfor the solid skeleton[his Eqg. (23)] that,exceptfor oneslight problemdiscussed
belav, canbe considerecquivalentto thoseof Biot 1956a,h

Frenlel statesDargy’s law [his Eq. (18)] in a non-standardorm. The relative velocity
vy — vy (his notation)that Frenlel usesin Dargy’s law representshe averagespeedat which
the fluid is moving relatve to the solid andis not a filtration velocity like it shouldbe. A
filtration velocity is the volumeof fluid traversingunit areaof porousmaterialin unit time and
is the porosity¢ timestherelatve fluid speedln thenotationof the presenpaper thefiltration
velocityis denoteddw /0t wherew = ¢(uy —u) is calledthefiltration displacementBecause
of this,thesteady-flav permeabilityk, usedn thepresenpaper(standardiefinition)is ¢ times
the permeabilityusedby Frenlel.

With thisin mind, Frenlel's relative force balancghis Eq. (22a)]canbedirectly rewritten
usingthevariablesof thepresenpaperas

pf Pw N OW 0’u

— _Vps—p; o2 21
o o7 Tk, ot - VP TPige (1)

wherer); is thefluid's shearviscosity This force-balance&anbe consideredequialentto the
one later developedby Biot 1962. In modernretrospectwe now know (Brown 1980) that
the effective fluid inertiain this force balances moregenerallyp s F' whereF is the electrical
formationfactorin the porousmaterialwhensuriaceelectricalconductionis notimportant.in
modelsof the pore spacewherethe currentlines are straight,one hasthat F = 1/¢ which
thenreducedo the Frenlel statement.Biot 1956b,andlater Johnsoret al. 1987 andothers,
have provided modelsthatallow for the developmentof viscous-boundariayersin the pores
at sufiiciently high frequencies.However, for mostearthmaterialsof interestandacrossthe
entirefrequeny bandof interestin seismicexploration,theflow in the poresis well-modeled
asbeingparabolic.As such theinertial effect capturedoy theterm pF9%w /8t2, aswell asall
viscousboundaryayereffects,cannormallybe ngglectedin Eq. (21). Thisis particularlytrue
for the seismic(asopposedo ultrasonic)applicationsof thetheorythatFrenkel hasin mind.

Thetotal force balancefor all the materialin an averagingvolumeis obtainedby adding
Frenlel's Egs.(22) and(23) to obtaindirectly

6%u *w
Pop tPIge = ®) — $Vp; (22)



wherep = (1 — ¢)ps + ¢p; is thebulk densityandwhereFreniel defines®() asthe“elastic
force actingon the solid skeleton”. Frenlel shouldthereforehave identified this as (1) =
(1-¢)V-1s =V -1+ ¢$Vp; sothattheright-handsideof Eq. (22) becomesimply thetotal
elasticforce V - 7. Written in this way, Frenlel's Eq. (22) is identicalto the resultsof Biot
1956and1962.

However, Frenlel for somereasonproposeshat &) = (1 — ¢)V - 75 — (1 — ¢)Vpy
[his Eq.(16)]. He somehw picturesanadditionalfluid-pressurgyradientactingdirectly onthe
solid framewhich is erroneousBecausef this, his equationgoverningthetotal force balance
hasanextra fluid-pressurgyradienttermpresenthatshouldnot bethere.

Frenkel's Wave Properties

As seenabove, the form of Frenlel's equationsafter somemanipulation arenearlyiden-
tical to thoseof Biot 1956and1962. However, becauséis analysismisidentifiestwo of the
threecompressibilityconstant&indaddsan erroneousluid-pressuregradientto thetotal force
balancehis detailedresultsfor the natureof compressionallongtitudinal)slovnessesrenot
correct.Sincehe correctlywritesdown theforce balancegoverningtherelative flow, he prop-
erly predictsthe existenceof two distinct longtitudinalmodes. Unfortunately he giveslittle
importanceto the fluid-pressure-difision (or “slow-wave”) modeandeven goesso far asto
sayit is “non-existent”.

SomethingFrenlel getsentirely correctis the complex sheaiwave slovnesss;

+ iwkop?
5, = 1/%_ (23)

This is becauseghe sheatwave slovnessis independenbf the presencef fluid-pressuragra-
dientsandthe compressibilitymoduli.

In the balance Frenlel certainly deseres more recognitionthan he hasreceved for his
pioneeringcontrikution to porous-mediacousticsHe did mary non-olviousthingscorrectly
nottheleastof whichis definingappropriatedlependenandindependentariablesfor atheory
of porous-mediacoustics.

Frenkel's ElectroseismicTheory

Ivanos 1939 measuredan electric field as seismicwaves passedelectrodepairs on the
earths surface. He proposedhat suchcouplingis electrokinetican nature.In soils,rocksand
other porousmaterials,the solid grainshave an excesschage fixed to their surfacesthatis
balancedy free counterions diffusely distributedin the fluid layersimmediatelyadjacento
the grainsuriaces.The boundchage on the grain surfacesis immobile while the free counter
ionsin thefluid areableto move in responseo appliedforces. The boundchage anddiffuse
counterchagetogetheliis calledthe“electric doublelayer”. Electrokineticohenomenare,by
definition, processeassociateavith thetransportof thediffusecounterchage.

Frenlel stateghathis principalmotivationfor developingatheoryof porous-mediacous-
ticsis to explainthe electroseismieneasurementsf lvanos. Both Ivanos andFrenlel ervision
thata compressionalvave createdluid-pressurgyradientsat the scaleof the wavelengthand
thatthe associatedlow from the compression$o dilatationstransportghe counterchage of
the doublelayerrelative to the boundchage. In this way, counterchage accumulatesn the
regionsof dilation andthe boundchage becomesexposed”in the regionsof compressiorso
thatan electricfield is createdperpendiculato the wavefront at the scaleof the wavelength.
This electricfield movesalongwith the seismicwave aspartof the materialresponsendcan
berecordedasthe seismicwave traversesanelectrodepair.
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We have seerabove thatFrenlel producesatheorycapableof predicting(properlysoif he
hadnt madehis smallmistales)the macroscopidluid-pressurgradientsVp; associateavith
acompressionalvave. It only remainsto relatethis seismicresponseo the associate@lectric
field.

To do so, Frenlel simply quotesthe famousresultof Smoluchaevski 1903for the electric
field E createdby a staticfluid-pressuregradientVyp, in a porousmaterial

_ &€
ngor

E=

Vp; (24)

wheree ; is thefluid’s dielectricpermittivity, o s is thefluid’s electricalconductvity, n is again
thefluid’'s viscosity and( is a propertyof the grain-fluid interfacethat quantifiesthe electric
potentialat the interfaceseparatinghe boundchage from the diffuse-layerchage. The“zeta
potential’¢ is thusa measuref theamountof chage separatiorpresentn the electricdouble
layer.

For a planeP-wave having e~ time dependencand propagatingn the z directionin
a uniform porousmaterial, Frenlel first calculateshe dp;/0z associateavith the wave and
thendetermined?, usingEq.(24). If thecorrectedvariantof Frenlel’s equationsireused,one

obtains 5 o

= = PrErS (1 + ﬁ—) (25)
—w Uy nfof prH

whereu, is theamplitudeof the particledisplacemenassociateavith thewave in thez direc-

tion, andwhereC and H areelasticmoduli (asdefinedby Biot 1962)relatedto theundrained

bulk modulusKy andSkemptons coeficient B as

C = BKy (26)
H = Ky +4G/3. 27)

Equation(25) for F, is the sameasthe culminatingEq. (46) of Frenlel's paperexceptfor a
slighltly differentdefinition of the elasticmoduliratio C//H dueto Frenlel's errorsassociated
with the longtitudinalrespons@spreviously discussed.

Themessagef Frenlel'sresult{Eq. (25)] is thattheelectricfield £, moving alongwith aP
wave aspartof thematerialresponsés directly proportionalwithout phaseadjustmentsjo the
particleaccelerationThis hasbeenexperimentallyverified by Garamboisand Dietrich 2001.
In Fig. 1, therecordedparticleaccelerationgtime derivativesof the geophoneesponsavhich
is proportionato theparticlevelocities)andassociatedlectricfieldsareplottedtogetheonthe
samdime axisfor receversontheearths surfaceatdifferentdistancedrom theseismicsource
(a hammer). A horizontalgeophonewvasat the centerof each50 cm electric-dipoleantenna
(two metalrodsdriven vertically into the earth,50 cm apart)andthe time differencebetween
whenthe seismicwave arrives at the first electrodeandwhenit arrives at a geophonehave
beenallowed for (roughly 1 ms). The experimentalfield dataof Fig. 1 providesthe ultimate
testimoly to thelucidty andcorrectnessf Frenlel's pioneeringwork.

Frenlel limited his electroseismi@analysigto explainingtheelectricfield thataccompanies
a propagatindongtitudinalwave. However, thereare mary otheraspectdo the electricand
magnetidieldsgeneratedby bothcompressionandsheamwavesthat Frenlel did not attempt
to addressaswe now goonto discuss.



MODERN THEORY OF ELECTROSEISMIC PHENOMENA

Governing Equations

Pride1994obtainsa moregeneraketof equationgyoverningthecoupledseismicandelec-
tromagnetiagesponsef a porousmaterialwhenelectrokineticss responsibldor the coupling.
Assumingane— ! time depedenceheseequationsare

—w?pu = -VP,+V.7P 4 w2pfw (28)
2
L = a <Vu +vul — §v : uI> (29)
P, B 1 B V-u
L] - mels mal[o0] @
k
—fwwW = % (=Vps + prfu) + L(w)E (31)
f
J = L) (-Vps+w?ppu) + o(w)E (32)
VxH = —iweE+J (33)
VxE = iwuH (34)

andaresimply the Frenlel/Biot equationgor porousmediaacousticsalongwith the Maxwell

equationdor the electricand magneticfields E andH. The electroseismicouplingoccurs
in the transportlaws of Egs.(31) and(32) wherelJ is the electric-currendensityand —iww

the Dargy filtration velocity. If the couplingcoeficient L weresetto zerothentherewould be
completedecouplingoetweerthe poroelastiandelectromagneticesponsdields.

Two typesof electroseismicoupling are presentin Egs.(31) and (32). Seismicwaves
generatea force —Vp, + w2pfu that in additionto driving the standardDargy fluid fil-
tration (k/ns)(—Vps + w?psu), alsotransportsthe diffuse chage of the doublelayer rel-
ative to the bound chage on the grain surfacesresultingin a “streaming” electric current
L(—Vps + prfu). Suchgenerationof an electric currentfrom an appliedfluid-pressure
gradientis known as*“electrofiltration”. Corversely whenanappliedelectricfield E actson a
porousmaterial,in additionto driving a conductioncurrentgivenby oE, it alsoactsasa body
forceontheexcesschage of thediffusedoublelayerresultingin a netfluid filtration given by
LE. Suchgeneratiorof afluid filtration from anelectricfield is known as“electro-osmosis”.

As stated Frenlel 19440nly concernsimselfwith theelectrofiltration(or “E”) effect. He
makesthe assumptior{correctly),thatwithin a propagatingcompressionalvave in ahomoge-
neousmaterial,thereis no netelectriccurrent. The streamingelectriccurrentinducedby the
wave causesounterchageto accumulaten the troughsof the wave andthe boundchageto
becomeexposedin the peaks.The electricfield associatedvith this wavelength-scalehage
separatiordrivesa conductioncurrentthatexactly balanceshe streamingcurrent. Thus,for a
P wave propagatingn ahomogeneoumaterial,J = 0 sothatEq.(32) yieldsE = (L/o)Vpy
which, aswill be seemext, canbe considerecquivalentto Eqg. (24).

Porous Media Transport Coefficients

Themainpurposeof this subsectioris to addressvhatis knowvn aboutthefrequenyg relax-
ationin thetransportequationsanissuenot addressetly Frenlel 1944.

Pride 1994 obtainsanalytic expressionfor the three porous-medidransportcoeficients:
permeabilityk(w), electrokinetic-couing coeficient L(w), and electric conductity o(w).
Theresultsarevalid to leadingorderin thedimensionlessatiod/A whereA is acharacteristic
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pore-throaradiusdefinedby Johnsoretal. 1987andd is a skindepthmeasureof the diffuse-
chage-layerthicknessknown asthe Debyelengthgivenby

6fkT
d=+/ -1 —_ 35
V e222N (35)

wherekT is thermalenegy, ez is the electricchage of eachion contrituting to a symmetric
electrolytehaving ionic-numberdensity N (numberof ionshaving valencez percubicmeter).
For mostsalinity conditionsin the earth,d is ontheorderof nanometerandsothesmalld/A

limit canbe consideredppropriateTheresultsare

Elw) 4w\ w -
o _ [(1 _%5) —zw—t] (36)
~1/2
ng) - [1—%] (37)
olw)
2 =1 38)

andarenow described.

Equation(36) wasfirst obtainedby Johnsoret al. 1987 andallows for threedistinct phe-
nomenaassociatedvith the relative flow. At low enoughfrequenciesv < w;m/4, thereis
parabolicflow in the poresresultingin a permeabilityk, thatdependonly on the topology
andsizeof the pores. As frequenciesncreaseandw ~ wym/4, viscousboundarylayersde-
velopin the pores. Finally, in the high-frequeng limit wherew > w;, the viscousboundary
layershave athicknesghatdiminisheswith the squareroot of frequeng resultingin arelative
motion dominatedby inertial plug (ideal) flow. Thereal andimaginarypartsof k(w) in the

high-frequeng limit are
V2 (g 3/ i Ny
Ew) ~ — | — —— 39
(@) FA (pfw) +prf (39)

wherethe following expressiondor the viscous-to-inertiarelative-flov transitionfrequeng
w; andthedimensionlessaumberm have beenused

2
Ul A
= and = .
“UT Fhopy ™= Fr,

(40)

Theeffective pore-throatadiusA andtheelectricalformationfactorF’ bothhave precisemath-
ematicaldefinition given by Johnsoret al. 1987 in termsof the dimensionles®lectricfield
—V & in the porespaceof anaveragingvolumeof porousmaterialof volumeV

1 1

— = = 3.V 41
= - va Vo dV (41)
2 1

L= = V- VP dS. (42)
AF V Jaa,,

Here,Q, istheporespacandofl, is thesurfaceseparatinghegrainsfrom thepores.In clean
porousrockswheresecondarylay on the grain surfaceshasnot createda large grain-suréce
areaJohnsoretal. 1987suggesthatagoodmodelfor A istotakem = 8 sothatA = \/8F'k,.



The relaxationin L(w) is also due to the developmentof viscousboundarylayersin
the pores. Pride 1994 allows for an additionalrelaxationin L(w) asthe viscousskindepth
V1r/(psw) associatedvith the viscousboundarylayersbecomessmallerthan the Debye-
length;however, overtherangeof frequenciegandsalinitiesnormallyencountereéh theearth,
thisrelaxationnever takesplaceandassuchhasnotbeenincludedin Eq.(37). Thesteady-state
couplingcoeficient L, is givenby

18
L,=——"= 4
o= lF (43)
to leadingorderin d/A whereF' is the sameformationfactordefinedby Eq. (41).
Thereis no importantrelaxationin o(w) over frequenciesvhere/n¢/(psw) > d (c.f.,
Pride1944).To leadingorderin d/A, onesimply has
9f
=0, = — 44
o(w) =0, o (44)
with the formationfactoragaindefinedby Eq. (41).

An immediateconsequencef theseresultsis thatat frequenciesvhereviscousboundary
layershave notyetdeveloped,onehasthatwhenthereis no netcurrent(e.g.,in alongtitudinal
wave)

E, _ ef¢
—Bpf/ax +w2pfum J=0 ngof

to leadingorderin d/A which is the famouspropositionof Smoluchavski 1903. It is through
Eq.(45)thatthezetapotentialis oftenmeasuredlf theleft-handsideis directly measureafter
applyinga pressuredrop acrossa poroussample andif thefluid properties:¢, n; ando; are
known, ( is determined.For quartzsurfacesin contactwith a salinesolutionhaving a given
salinity C' (moles/liter)andpH, ¢ is obseredto obey theempericaformula

(49)

(pH —2)
5

which givesthe measuredlependencen C when pH=7, and givesthe appropriategeneral
trendfor the pH dependence.

In conclusion,the importantrelaxationin the porous-medigaransportcoeficientsis as-
sociatedwith the onsetof viscousboundarylayersin the pores. However, sincethe transi-
tion frequeny w; = ns/(psFk,) normally lies above the frequeny bandof 10 to 10° Hz
usedin seismicexploration, it is usually appropriateto ignore the frequeny dependencén
thesecoeficients (as did Frenlel 1944) and simply take k(w) = ko, L(w) = e7(/(nsF)
ando(w) = oy/F. In this case,only two porespacé¢opology parameters;, and F' mustbe
specifiedto modelthe electroseismitransport.

¢(involts) = (0.01 + 0.025log;,C) (46)

DiverseElectroseismicWave Phenomena

Equationg28)—(34)allow for awide rangeof electroseismiphenomenéeyondtheelec-
tric field containedn a compressionalvave thatwasthe solefocusof Frenlel 1944. A few of
themary possiblephenomena/applicatis arenow discussed.

Magneticfield in a shearwave

A sheamwave in ahomogeneoumaterialdoesnot causethe counterchage in the double-
layer to accumulate.Becauseof this, the grain accelerationgroducea non-zeronet current
J in the planeof the wavefrontandsuchcurrentsheetproducemagneticfields aspart of the
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materialresponseThereis a small electricfield producedvia inductionbut this is extremely
smallcomparedo theelectricfield in acompressionalvave of similaramplitudeandanddoes
not producea conductioncurrentthatsignificantlyopposegshe streamingcurrent. For a shear
wave propagatingn the z directionwith a displacemenamplitudew,, Pride and Haartsen
1996have determinedhe exactexpressiorfor the magnetidield which to leadingorderin the
dimensionlesaumberwkopff/(pnf) reducegso

A, _ G eseit (47)
— Wiy p neF

This resultstateghatthe magneticfield in a seismicshearwave is directly proportionalto the
particle velocity which is the materialresponseecordedby a geophone.The magneticfield
measuredy a magnetometeis B, = pH, wherey is the magneticsusceptibilityof the ma-
terial (only differentfrom thatof vacuumwheniron is significantlypresenin thesoll). If the
particle velocitiesof a shearwave areon the orderof 10~2 m/s (a large amplitudebut linear
seismicresponseandif characteristivaluesappropriat¢o waterareusedoneobtainsthat B,
is on the orderof 10~2 nT which is at the extremelimit of beingmeasurableUsing magne-
tometersasshearselectve recordingdevicesat seismicfrequenciess, therefore probablynot
acommerciallyinterestingpossibility

Corvertedseismic-to-EMieldsat aninterface

Whena compressionalor shear)wave traversesaninterfacein which ary of thetransport
propertiesor elasticmoduli changethereis adynamicimbalanceof the streamingcurrentthat
resultsin additionalchage separatioracrossthe interface. Becausehis chage separations
concentratedh spaceandhasa strongdipolar componentparticularlyso asthefirst Fresnel
zonetraversesthe interface, thereare electric (and magnetic)fields createdthat have extent
outsidethesupportof theseismiovavesandthatcanberecordedattheearths suriace.Overthe
seismicbandwidth of 10Hz < f < 10% Hz, the electromagnetiskindepthd = 1/v/27p0 f
variesas 10> m > § > 102 m. Soif the interfaceof interestis lessthan 100 m from the
electricalantennastherecordedesponseés in the electrostatiandmagnetostatioearfield of
the chage separatiorat theinterfaceandinductioneffectsmay be neglected.

A numericalexampleof the electricand magneticfields generatedt aninterfaceis now
given for the situationdepictedin Fig. 2. An isotropic explosionis locatedat z = 5 m, a
material-propertynterfaceis at z = 50 m, andaline of geophonesndelectric-dipoleanten-
nasis at z = 0 m. A numericalreflectvity algorithm (Haartserand Pride 1997, Garambois
andDietrich 2002)is usedto solve the completesetof governingequationdEqgs. (28)— (34)
with no termsneglected]for this geometry The interface separates: higherporosity more-
compressibilesandstoneipperlayer, from a lower-porosity stiffer lower layer The resultsof
thenumericalsimulationaredisplayedn Fig. 3.

Of interestfrom an explorationperspectie arethe “flat” eventsshavn on the electricand
magneticsectionghataregeneratedtt = 21 msasthe P wave traversegheinterface. Such
corvertedfields provide information aboutthe interfacethatis distinct from the information
in the seismicreflectionsincethey arealsosensitve to fluid chemistrychangeavhile seismic
wavesarenot. Field datathathave actuallyrecordedsuchinterfacecorversiongfrom Pto EM)
have beenreportedby MartnerandSparks1959, ThompsorandGist 1993andGaramboisand
Dietrich 2001. However, muchfurtherwork is requiredbeforeelectricalantennadatacanbe
routinely processedo obtainthe no-moveoutinterfacefields. A principalchallengas thatthe
electricfieldscreatedataninterfacearefar smallerthanthefields containedwithin the seismic
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waves and so the electricalsectionhasto be filtered to remove all eventsthat moveoutasa
functionof time (sincethesearedueto seismicwavestraversingtheantennae).

A particularlyinterestingaspecbf the electroseismicorversionat aninterfaceis thatthe
amplitudeof the corvertedelectricfield canbedrasticallyincreasedf thereis athin layer of
third materialpresentat the interface. In Fig. 4, the sameexampleasin Fig. 3 is considered
but with the additionof a thin 1 cm layer of very-lov permeabilitymaterial(a shaleaquitard)
sandwhichedetweenthe two half spaces. The amplitudeof the corvertedelectricfield is
increasedy roughlyafactorof 10 in the casewherethethin shalelayeris presentwhile the
reflectedseismicwave is essentiallyunafectedby the presencef thethin layer

Applicationsto electricfieldscreatedby earthquaks

A fault that hasundegonea sheardislocationcreatedobesof compressioranddilation
in the crustsurroundingthe limits of the fault sggmentthat slipped. Immediatelyafter the
earthquak, the poroelasticresponsas undrained(no fluid massentersor leaves eachmass
elemenbf the crust). However, thefluid pressurereatedoy suchundraineccompressionvill
equilibrateby diffusion (the slow wave) producingelectricfieldsin the processModelingthe
completeporoelasticandelectricresponsesthe fluid-pressureequilibrateghroughtime in a
uniform crustafteranearthquak asbeenthe subjectof arecentstudy(Prideetal. 2003).

An exampleis givenin Fig. 5. The earthqua& is modeledas50 cm of uniform slip on a
normalfaultdippingat45°. Theslip surfaceis 5 kmin thedirectionof slip and20km wide and
is denotedn thetop panelof Fig. 5 by thedashed-whitéine. Thiscorrespondf amagnitudes
earthquak andthestreschangesreatedmmediatelyaftertheslip arenumericallydetermined
usingthealgorithmof Okadal992. The subsequerftuid-pressurevariationsthroughtime and
spacewerenumericallycalculatedusingfinite differences.The displayedvertical-component
of the electricfield hasanamplitudeon the orderof mV/m which is 100to 1000timeslarger
thanthe telluric fields that are routinely measuredthe telluric fields are electricfields that
enterthe earthfrom the atmosphereachday asthe ionospheras heatedby the sun). Direct
measuremerdf the decayof the crusts electricfield throughtime afteranearthqua& hasnot
yetbeenattempted.

Electio-osmoticcoupling

Oneof thegreatespotentialapplicationf Eqgs.(28)—(34),concernsnjectingtime-varying
currentinto theearthwith thegoalof generatingseismicwavesatinterfacesatdepth.Theidea
is thatan appliedelectricfield will drive an electro-osmotidlow of fluid LE. At interfaces
whereeither L or n - E change(n beingthe normalto the interface), thereis anaccumula-
tion of fluid and an associated/olumetric dilatation of the porousmaterialthat generates
compressionalave having the sametime signatureasthe appliedcurrent.

Althoughthis possibility hasbeendiscussedy ThompsorandGist 1993, no studieshave
ever beenpublishedin which suchelectricallygeneratedeismicwaveshave beenmeasured.
Numericalsimulationsindicatethat for safelevels of injectedcurrent,the generatedgeismic
waveswill have a very small amplitude. However, becausehe sourceis a non-destructie
electriccurrentthatcanbeappliedfor long durationswith acontrolledtime signatureit should
be possibleto extract even small-amplitudeseismicwaves from the ambientnoiseby cross-
correlatingthe seismicdatawith the known time signatureof the electriccurrent. This is the
subjectof ongoingwork.

CONCLUSIONS
Frenlel 1944 producedequationshaving nearlyidenticalform to thoseof Biot 1956aand
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TABLE 1. Identification of the Frenkel variables

Frenlel 1944variable Equivalentdefinitionin presenpaper
T (partial stresgensorassociatedvith solid) 1-¢)rs =7+ ¢ps1
[ (porosity) ¢
po (fluid pressure) Dy
p1 = —tr{T}/3 (partialpressuressociateavith solid) | (1 — @)ps = P. — ¢py
u (averagedisplacementf solid phase) u
6 = AV/V =V - u (dilatationof poroussample) V-u
» = —Apy/p2 (dilatationof fluid volume) —ps/Ky
vy (averagevelocity of solid phase) Ou/ot
v, (averagevelocity of fluid phase) ¢p~1ow/ot + Ou /ot
A f (porositychange) Ap=—¢V-u—-V-w—¢ps/Ky

1962.Theonly differencein theform of Frenlel's equationgs anextrafluid pressurgradient
termin thetotal conseration of momentumequationthatshouldnot be present. As wasseen
here Frenlel alsomadeaslighterrorin developinghis effective poroelasticompressibilityco-
efficientswith theresultthathedid not obtainthefluid-substitutiorrelationsof Gassmani951
andBiot andWillis 1957. Frenlel’s estimateof the electricfield containedn a compressional
wave (thefocusof his electroseismiinvestigation)s correctif the propercompressibilitycon-
stantsareusedandif the extra fluid-pressurggradientin the bulk-force balances neglected.
He did not attemptto analyzeary of the otherelectroseismigphenomenahatwerediscussed
above.

Frenlel covereda lot of groundin his only paperon poroelastigphenomenaandthe vast
majority of his intuitive approachto obtainingthe governing equationsis correct. He cer
tainly deseresafar greaterecognitionfor his pioneeringcontritution thanhehassofarbeen
accorded.From the presentauthors perspecite, it seemsentirely appropriateto refer to the
equationgioverningtheacoustic®of isotropicporousmaterialsasthe“Frenkel/Biot equations”
insteadof justthe“Biot equations’asis the currentfashion.
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FIG. 1. The field data of Garambois and Dietric h 2001. The horizontal compo-
nent of the electric field (solid lines) along with the horizontal component of the
particle acceleration (dashed lines) as recorded at the earth’s surface at diff er-
ent offsets from a seismic sour ce whic h is a hammer impacting a plate on the
earth’s surface .
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FIG. 2. The receiver, sour ce, and interface geometry for the numerical example
given in Fig. 3.
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FIG. 3. An electroseismic example for the geometry depicted in Fig. 2. The
interface is located at a P-wave travel time of 21 ms. The no-moveout P-EM
converted fields have been multiplied by 500 in both the electric and magnetic
sections. The P-SV conversion is just barely visib le on the magnetic section (the
hyperbolic arrival at 130 ms). The direct P wave from the sour ce to receiver s is

not shown.
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FIG. 4. The electrical section to the left corresponds to the same situation shown
in Fig. 3 while the electrical section to the right corresponds to when a thin (1
cm) impermeab le layer has been sandwhic hed between the two half spaces.
The converted electric field is roughly 10 times larger in the situation in which
the thin layer is present. Stephane Garambois kindly ran his numerical code
(Garambois and Dietric h 2002) to produce this figure .
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Vertical electric field after one day at z=500m
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FIG. 5. The electrical field generated in a uniform crust after a magnitude 6
earthquake on an inverse fault dipping at 45 degrees and positioned as shown
in the top panel with the dashed-white line. The vertical-depth axis is z.
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