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THE ELECTROSEISMIC WAVE THEORY OF FRENKEL

StevenR. Pride1

ABSTRACT
Frenkel’s1944theoryof porousmediaacousticsis carefullyscrutinized.After somemanipulation,

Frenkel’sequationsareseento havenearlyidenticalform to Biot’s1962equations.Theonly difference
is that Frenkel includesan extraneousfluid-pressuregradientin his bulk force balance.Frenkel also
makesaslighterrorin thedevelopmentof hiseffectiveporoelasticmoduli thatpreventshim from being
the first to obtain the so-called“fluid-substitution” relations. Outsideof thesetwo small problems,
Frenkel’s analysisis correct. He limits his treatmentof electroseismicphenomenato explaining the
electricfield thataccompaniesa compressionalseismicwave in a homogeneousmaterial.He predicts
that the electricfield in a compressionalwave is directly proportionalto the particleaccelerationand
thishasbeenverifiedby therecentfield measurementsof GaramboisandDietrich2001.However, such
electricfieldsareonly a smallpartof thetotal electroseismicresponseof theearth.Accordingly, some
of theadditionalphenomenanot discussedby Frenkel arealsopresentedanddiscussed.

Keywords: electroseismic,poroelasticity, electrokinetics.

INTRODUCTION
Frenkel 1944is thefirst authorto havedevelopedacompletesetof equationsgoverningthe

acousticsof isotropicporousmedia. KostenandZwikker 1941proposedtwo coupledforce-
balanceequationsfor theaveragefluid andsolid responseof a porousmaterial,andpredicted
the existenceof two compressional-response modes. However, unlike Frenkel 1944,Kosten
andZwikker 1941proposeda purely scalartheorythat failed to allow for shearandthat did
notdefinetheeffective compressibilitymoduli in termsof drainedandundrainedexperiments.
Thecoefficientsin theKostenandZwikker 1941theoryareentirelyphenomenological.

Frenkel only wroteonepaperon poroelasticity. His principalmotivation for developinga
theoryof porous-mediaacousticsis to quantitatively explain theso-called“E effect” (anomen-
clatureapparentlyno longerusedin the literature)which is thephenomenonby which a pair
of electrodesattachedto the earthregistersa voltagedifferenceasa seismicwave traverses
theelectrodepair. Ivanov 1939measuredthis phenomenonin thefield andsuggestedthat the
explanationof the recordedelectricfield waselectrokineticin nature. The statedpurposeof
Frenkel’s 1944articleis to developIvanov’s ideainto aquantitative theory.

The purposeof the presentpaperis to: (1) carefully compareFrenkel’s porous-media
acousticsequationsto thoseof Biot 1956 and 1962 and determinethe reasonfor any dis-
crepancies;(2) determinewhetherFrenkel’s analysisof the electricfield containedwithin a
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compressionalwave is correct;(3) defineanddiscusselectrokineticcouplingphenomenafor
the non-specialistreader;and(4) presentresultsfor thoseeffectsnot consideredby Frenkel
which includerelaxationin thetransportcoefficientsandanassortmentof electrokineticcou-
plingsbetweenseismicwaves(bothcompressionalandshear)andelectricandmagneticfields.

FRENKEL’S THEORY OF POROUS-MEDIA ACOUSTICS
With someeffort, thevariousmacroscopicfields in Frenkel’s theorycanbe identifiedand

his governingequationsrewritten in a form thatis perhapsmorefamiliar.
To achieve this, the responsefields usedin the presentpaperareslightly different from

thosein Frenkel’s paper. Theporoelasticdisplacementsaretakento be � and � where� is the
averagedisplacementin thesolid phaseof a poroussample,and � is defined��� ��� ���
	����
where

�
is porosityand ��� is the averagedisplacementof the fluid in the pores. The time

derivative ������� thusrepresentstheDarcy filtration velocity inducedby thewave. Thestress
variablesarethebulk stresstensor� andtheaveragefluid pressurein thepores� � . Thebulk
stresstensorrepresentstheaveragestressthroughoutboththesolidandfluid phasesof aporous
sampleandcanbeidentifiedas ��� ��� 	 � � ��� 	 � � ��� where��� is theaveragestresstensorof
thesolid phase.Theconfiningpressureis definedas ����� 	! #"%$ �'&(��)*� ��� 	 � � �+�-, � � � and
both ��� and� � areusedasthetwo independentpressurevariablesin thecompressibilitylaws.
In Table1, Frenkel’s 1944variablesaregivenin termsof theseporous-continuumvariables.

Frenkel is only concernedwith developinga theoryof linearacoustics.As such,weforego
placingasmall . or / in front of thestressanddisplacementvariables,it beingunderstoodthat
all stressesanddisplacementsareincrementsinducedby a passingwave.

Frenkel’sStress/StrainRelations
In short,Frenkel obtainstheproperformof thestress/strainrelationsbut,becauseof asmall

error to bedescribedbelow, doesnot obtainthe so-calledGassmann1951“fluid substitution
relations”thatgive theporoelasticcompressibilitymoduli in termsof theunderlyingfluid bulk
modulus,solidbulk modulus,anddrainedbulk modulus.

Frenkel obtainshis macroscopiccompressibilitylaws by focusingon two thoughtexperi-
ments.Adding the resultsof the two thoughtexperimentsyields the functions 021 � � � �43 � �5�
and 6 �7� ��� 3 � �5� that describehow samplevolume andporosityarechangeddueto applied
incrementsin confiningpressure��� andfluid pressure� � . Frenkel makesthenot soobvious
identificationthatin aporousmaterial 081 � �96;:7��: (1)

where � is theaveragedisplacementin thesolid phaseand : is thesamplevolume.Prideand
Berryman1998demonstratethatonly whenthegeometricalcenterof thegrainspacecoincides
with thegeometricalcenterof theporespacein aporoussampledoes0<1 � becomeexactly the
volumetricdilatationof thesample.However, mostauthorsstartingfrom Biot andWillis 1957
alsoinvoke Frenkel’s Eq. (1) andit canbeconsidereda reasonableapproximation.

In his first “drained” thoughtexperiment,Frenkel appliesa confiningpressureto a sample
with nochangein thefluid pressure.Undersuchdrainedconditions,onehas� � � ��� 	 � � � � ��>= (where�>= is Frenkel’s variablefor thepartialpressurein thesolid). Frenkel introducestwo
poroelasticmoduli ? and @BA to describethe drainedresponse[ @�A is usedhereinsteadof

2



Frenkel’s original @ soasto avoid laterconfusionwith theBiot andWillis 1957parameter]0C1 � � ��� 3ED � � 	 ���? (2)6 �7� ��� 3ED � � 	GF �� ,H@ A 	 �JI � �?2K (3)

Here, ? is the so-called“drained” bulk modulusand @ A hasno standardname(“Frenkel’s
alpha”)but caneitherbedefinedfrom Eq. (3) or canbe identified,asFrenkel properlydoes,
astheratio of theincrementin solid volume 6;:J� to theincrementof porevolume 6;:ML under
drainedconditions;i.e., @ A ��6N:M�O��6N:�LQP RTS%UQV .

In his secondthoughtexperiment,Frenkel appliesa fluid pressure� � everywherethrough-
out theporespaceand,simultaneously, a confiningpressure���W�X� � to theexternalsurfaceof
thesample.Oneway to realizethis in practiceis to immerseanunjacketedsampleinto afluid
reservoir andchangethepressureof thereservoir by � � . In this case,Frenkel noticesthat the
effectof theapplied-pressureincrementis to simplyscale-down (or up) thegrainpackwithout
changingits relative geometry. Accordingly, the porosityremainsunchangedin this experi-
ment. This is only exactly correctwhenthegrainsaremadeof an isotropicmaterialhaving a
bulk modulus? � thatis spatiallyuniform. Underthis isotropicmonomineralassumption(that
Frenkel doesnotdiscuss),heproperlyobtains081 � � � � 3 � �5� � 	 � �?N� (4)6 �7� � � 3 � �5� � D K (5)

Up to thispoint,Frenkel hasdoneeverythingcorrectly.
His errorcomeswhenheaddstogethertheresultsof thetwo thoughtexperiments.Because

of thelinearnatureof theincrementalresponse,theproperadditionsyield0C1 � � ��� 3 � �Y� � 081 � � ��� 	 � � 3ED � ,H081 � � � � 3 � �5�� 	 ���? , F � 	 ??Z� I[� �? (6)6 �7� ��� 3 � �Y� � 6 �7� ��� 	 � � 3ED � ,H6 �\� � � 3 � �5�� 	GF �� ,]@ A 	 �JI � ��� 	 � ���? K (7)

However, Frenkel performsthemeaninglessaddition 0^1 � � ��� 	 � � � 3ED � ,_0^1 � � � � 3 � �5� �0`1 � � ���+, ��� 	 � � � � 3 � �Y�ba�c0`1 � � ��� 3 � �Y� andsimilarly for 6 � whichresultsin hisEqs.(13)
and(24a)beingincorrect.He thusmakesthemisidentifications081 � � ��� 3 � �5� � 	 ���? , F � 	 ?? � Id� �? (8)6 �7� � �%3 � �5� � 	 F �� ,H@ A 	 � I � ��� 	 � � �Y�? K (9)

It is this error, thatpreventsFrenkel from properlyidentifying theporoelasticcompressibility
moduli.

Theconstitutive equationfor 6 � canbe translatedinto a constitutive equationfor the in-
crementin fluid content0�1e� by rewriting Frenkel’sEq.(20)for theconservationof fluid mass
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as 6 � , �? � � � ,]081f�8, � 0C1 � � D K (10)

If theproperresultsof Eqs.(6) and(7) arethenemployed,Frenkel’s “corrected”compressibil-
ity laws canbewritteng 081 �0814�ih � 	 �? g � 	 ��� 	 ?��(?N� �	 ��� ,H@ A �Oj = ��� ?��(? �k	 ?l�(?Z� � , ��� ,H@ A �Oj = h g ���� � h K (11)

Theseequationscanfurther be usedto identify the natureof the parameter@ A , an issuenot
addressedby Frenkel. Sincethecompressibilitylaws canalsobederivedby takingderivatives
of a strain-energy function,onehastheMaxwell relationthat�� ,X@ A � � 	 ??N��K (12)

Frenkel doesnot statethis resultfor @BA which canalsobe given as
� � ��� ,`@BA � ��@ where@ is known astheBiot andWillis 1957constant.As hasbeenshown by Bergeet al. 1993, @

is alwaysindependentof the fluid’s bulk modulusfor any porousmaterialandis only given
exactlyby @m� � 	 ?l�(?Z� in thespecialcaseof isotropicmonomineralgrains.

In passing,we give thecompressibilitylaws in perhapstheir mostusefulform (applicable
to porousmediawith anisotropy at eitherthegrainor macroscalesandwith arbitraryhetero-
geneityin themineralproperties)	 g � �� � h �`?Zn g � oo o ��@ h g 081 �081f� h (13)

wherethecoefficients ?Zn (undrainedbulk modulus)and
o

(Skempton’s 1954coefficient) are
defined ?Zn � 	 ���081 �Npppprqts u UQV (14)o � � ���� pppp q's u UQV K (15)

Both ?ln and
o

aremeasuredon samplesthathave their exterior surfacesealed( 0C1T�v� D ).
A generally-valid definitionof theBiot andWillis 1957coefficient is@d� ��� 	 ?��(?Zn � � o (16)

so that the threefundamentalcompressibilityconstantsof poroelasticityare ?ln , ? , and
o

.
Undertherestrictionto isotropicmonomineralgrains,oneobtains@w� � 	 ?? � (17)o � @@l, ��� ?��(? �x	 ?��(? � � (18)? n � ?� 	 o @ K (19)

Gassmann1951only considersthe undrainedresponse( 0y15�z� D ) and,accordingly, only
obtainsresultsfor ?Zn and

o
. It is Biot andWillis 1957who first properlyobtaintheentirety
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of Eqs.(13)–(19).Frenkel alsoobtainsporoelasticcompressibilitylawsof theform of Eq.(13).
However, hiserrordiscussedearlierandhislackof useof thesymmetryconditionpreventshim
from obtainingthefluid-substitutionrelationsof Eqs.(17)–(19).

Finally, like Gassmann1951andBiot andWillis 1957who follow him, Frenkel makesthe
assumptionthat thefluid in theporeshasno influenceon theshearpropertiesof an isotropic
porousmaterial.Frenkel thusassumesthat thedeviatoric stresstensor�|{}�~�w,_��� � acting
on thebulk materialis relatedto thedeviatoric shearby afluid-independentconstant�� { �G� F 0 � ,H0 �>��	G�) 0�1 �x� I K (20)

At thelow frequenciesusedin seismicexploration,Frenkel’s assumptionof fluid independent
shearis usuallyappropriate.

Frenkel’sDynamicsof PorousMedia
Frenkel proposesforce-balanceequationsfor thefluid in relative motion to the solid [his

Eq. (22)] andfor thesolid skeleton[his Eq.(23)] that,exceptfor oneslight problemdiscussed
below, canbeconsideredequivalentto thoseof Biot 1956a,b.

Frenkel statesDarcy’s law [his Eq. (18)] in a non-standardform. The relative velocity�>� 	 � = (his notation)thatFrenkel usesin Darcy’s law representstheaveragespeedat which
the fluid is moving relative to the solid and is not a filtration velocity like it shouldbe. A
filtration velocity is thevolumeof fluid traversingunit areaof porousmaterialin unit timeand
is theporosity

�
timestherelativefluid speed.In thenotationof thepresentpaper, thefiltration

velocity is denoted������� where��� ��� ����	��-� is calledthefiltration displacement.Because
of this,thesteady-flow permeability�Y� usedin thepresentpaper(standarddefinition)is

�
times

thepermeabilityusedby Frenkel.
With this in mind,Frenkel’s relative forcebalance[his Eq. (22a)]canbedirectly rewritten

usingthevariablesof thepresentpaperas� ��  � ��� � ,8� ��Y� ��M� � 	 0�� ��	 � �  � ��� � (21)

where � � is thefluid’s shearviscosity. This force-balancecanbeconsideredequivalentto the
one later developedby Biot 1962. In modernretrospect,we now know (Brown 1980) that
theeffective fluid inertia in this forcebalanceis moregenerally� ��� where � is theelectrical
formationfactorin theporousmaterialwhensurfaceelectricalconductionis not important.In
modelsof the porespacewherethe currentlines arestraight,onehasthat � � � � � which
thenreducesto the Frenkel statement.Biot 1956b,andlater Johnsonet al. 1987andothers,
have providedmodelsthatallow for thedevelopmentof viscous-boundarylayersin thepores
at sufficiently high frequencies.However, for mostearthmaterialsof interestandacrossthe
entirefrequency bandof interestin seismicexploration,theflow in theporesis well-modeled
asbeingparabolic.As such,theinertial effect capturedby theterm � �  � ������ � , aswell asall
viscousboundarylayereffects,cannormallybeneglectedin Eq. (21). This is particularlytrue
for theseismic(asopposedto ultrasonic)applicationsof thetheorythatFrenkel hasin mind.

The total forcebalancefor all thematerialin an averagingvolumeis obtainedby adding
Frenkel’s Eqs.(22)and(23) to obtaindirectly�  � �M� � , � �  � ��� � ����� =�� 	 � 0�� � (22)
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where� � ��� 	 � � � ��, � � � is thebulk densityandwhereFrenkel defines� � =�� asthe“elastic
force actingon the solid skeleton”. Frenkel shouldthereforehave identified this as � � =�� ���� 	 � � 0c1O�����9091��;, � 0�� � sothattheright-handsideof Eq.(22)becomessimply thetotal
elasticforce 0�15� . Written in this way, Frenkel’s Eq. (22) is identicalto the resultsof Biot
1956and1962.

However, Frenkel for somereasonproposesthat � � =�� � ��� 	 � � 0�1���� 	 ��� 	 � � 0�� �
[his Eq.(16)]. Hesomehow picturesanadditionalfluid-pressuregradientactingdirectlyonthe
solid framewhich is erroneous.Becauseof this,hisequationgoverningthetotal forcebalance
hasanextra fluid-pressuregradienttermpresentthatshouldnotbethere.

Frenkel’sWave Properties
As seenabove, theform of Frenkel’s equations,aftersomemanipulation,arenearlyiden-

tical to thoseof Biot 1956and1962. However, becausehis analysismisidentifiestwo of the
threecompressibilityconstantsandaddsanerroneousfluid-pressuregradientto thetotal force
balance,his detailedresultsfor thenatureof compressional(longtitudinal)slownessesarenot
correct.Sincehecorrectlywritesdown theforcebalancegoverningtherelative flow, heprop-
erly predictsthe existenceof two distinct longtitudinalmodes.Unfortunately, he gives little
importanceto the fluid-pressure-diffusion (or “slow-wave”) modeandeven goesso far asto
sayit is “non-existent”.

SomethingFrenkel getsentirelycorrectis thecomplex shear-wave slowness�������� � ,����t� � � � � � �� K (23)

This is becausetheshear-wave slownessis independentof thepresenceof fluid-pressuregra-
dientsandthecompressibilitymoduli.

In the balance,Frenkel certainlydeserves more recognitionthanhe hasreceived for his
pioneeringcontribution to porous-mediaacoustics.Hedid many non-obviousthingscorrectly,
not theleastof which is definingappropriatedependentandindependentvariablesfor a theory
of porous-mediaacoustics.

Frenkel’sElectroseismicTheory
Ivanov 1939 measuredan electric field as seismicwaves passedelectrodepairs on the

earth’s surface.He proposedthatsuchcouplingis electrokineticin nature.In soils,rocksand
otherporousmaterials,the solid grainshave an excesscharge fixed to their surfacesthat is
balancedby freecounterionsdiffuselydistributedin thefluid layersimmediatelyadjacentto
thegrainsurfaces.Theboundchargeon thegrainsurfacesis immobilewhile thefreecounter
ionsin thefluid areableto move in responseto appliedforces.Theboundchargeanddiffuse
counterchargetogetheris calledthe“electricdoublelayer”. Electrokineticphenomenaare,by
definition,processesassociatedwith thetransportof thediffusecountercharge.

Frenkel statesthathisprincipalmotivationfor developinga theoryof porous-mediaacous-
tics is to explaintheelectroseismicmeasurementsof Ivanov. BothIvanov andFrenkel envision
thata compressionalwave createsfluid-pressuregradientsat thescaleof thewavelengthand
that theassociatedflow from thecompressionsto dilatationstransportsthecountercharge of
thedoublelayer relative to theboundcharge. In this way, countercharge accumulatesin the
regionsof dilation andtheboundchargebecomes“exposed”in theregionsof compressionso
that an electricfield is createdperpendicularto the wavefrontat thescaleof thewavelength.
This electricfield movesalongwith theseismicwave aspartof thematerialresponseandcan
berecordedastheseismicwave traversesanelectrodepair.
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Wehaveseenabove thatFrenkel producesa theorycapableof predicting(properlysoif he
hadn’t madehissmallmistakes)themacroscopicfluid-pressuregradients0�� � associatedwith
acompressionalwave. It only remainsto relatethisseismicresponseto theassociatedelectric
field.

To do so,Frenkel simply quotesthe famousresultof Smoluchowski 1903for theelectric
field � createdby astaticfluid-pressuregradient0�� � in aporousmaterial�c� 	�� �Y�� ���+� 0�� � (24)

where� � is thefluid’sdielectricpermittivity, �+� is thefluid’selectricalconductivity, � � is again
thefluid’s viscosity, and � is a propertyof thegrain-fluid interfacethatquantifiestheelectric
potentialat theinterfaceseparatingtheboundchargefrom thediffuse-layercharge. The“zeta
potential” � is thusameasureof theamountof chargeseparationpresentin theelectricdouble
layer.

For a planeP-wave having � j� ¢¡5£ time dependenceandpropagatingin the ¤ directionin
a uniform porousmaterial,Frenkel first calculatesthe Y� � ��M¤ associatedwith the wave and
thendetermines¥§¦ usingEq.(24). If thecorrectedvariantof Frenkel’sequationsareused,one
obtains ¥ ¦	 � �©¨ ¦ � � � � �5�� �Y�J� F � , �� �xª« I (25)

wherë ¦ is theamplitudeof theparticledisplacementassociatedwith thewave in the ¤ direc-
tion, andwhere ª and

«
areelasticmoduli (asdefinedby Biot 1962)relatedto theundrained

bulk modulus?Zn andSkempton’s coefficient
o

as

ª � o ?Zn (26)« �9?Znl,�¬��k��) K (27)

Equation(25) for ¥¦ is thesameasthe culminatingEq. (46) of Frenkel’s paperexceptfor a
slighltly differentdefinitionof theelasticmoduli ratio ª � « dueto Frenkel’s errorsassociated
with thelongtitudinalresponseaspreviously discussed.

Themessageof Frenkel’s result[Eq. (25)] is thattheelectricfield ¥¦ moving alongwith aP
waveaspartof thematerialresponseis directlyproportional(withoutphaseadjustments)to the
particleacceleration.This hasbeenexperimentallyverifiedby GaramboisandDietrich 2001.
In Fig. 1, therecordedparticleaccelerations(time derivativesof thegeophoneresponsewhich
is proportionalto theparticlevelocities)andassociatedelectricfieldsareplottedtogetheronthe
sametimeaxisfor receiversontheearth’ssurfaceatdifferentdistancesfrom theseismicsource
(a hammer).A horizontalgeophonewasat the centerof each50 cm electric-dipoleantenna
(two metalrodsdrivenvertically into theearth,50 cm apart)andthetime differencebetween
when the seismicwave arrives at the first electrodeandwhen it arrives at a geophonehave
beenallowed for (roughly1 ms). Theexperimentalfield dataof Fig. 1 providestheultimate
testimony to thelucidty andcorrectnessof Frenkel’s pioneeringwork.

Frenkel limited hiselectroseismicanalysisto explainingtheelectricfield thataccompanies
a propagatinglongtitudinalwave. However, therearemany otheraspectsto the electricand
magneticfieldsgeneratedby bothcompressionalandshearwavesthatFrenkel did notattempt
to addressaswe now go on to discuss.
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MODERN THEORY OF ELECTROSEISMIC PHENOMENA

Governing Equations
Pride1994obtainsamoregeneralsetof equationsgoverningthecoupledseismicandelec-

tromagneticresponseof aporousmaterialwhenelectrokineticsis responsiblefor thecoupling.
Assumingan � j� ¢¡5£ timedepedence,theseequationsare	 � � � � � 	 0����B,H081�� { ,�� � � � � (28)� { � � F 0 � ,H0 �>��	 �) 081 �\� I (29)	 g ���� � h � ?Zn g � oo o ��@}h g 081 �081f�®h (30)	 ���|� � � � � �� �°¯ 	 0�� � ,�� � � ����± ,X² � � � � (31)³ � ² � � � ¯ 	 0�� � ,X� � � ����± , � � � � � (32)0�´¶µ � 	 ��� � �<, ³ (33)0�´¶� � ���|·>µ (34)

andaresimply theFrenkel/Biot equationsfor porousmediaacousticsalongwith theMaxwell
equationsfor the electricandmagneticfields � and µ . The electroseismiccouplingoccurs
in the transportlaws of Eqs.(31) and(32) where

³
is theelectric-currentdensityand 	 ���|�

theDarcy filtration velocity. If thecouplingcoefficient ² weresetto zerothentherewould be
completedecouplingbetweentheporoelasticandelectromagneticresponsefields.

Two typesof electroseismiccouplingarepresentin Eqs.(31) and (32). Seismicwaves
generatea force 	 0�� � ,^� � � ��� that in addition to driving the standardDarcy fluid fil-
tration

� ��� � ��� � 	 0�� � ,G� � � ���-� , also transportsthe diffuse charge of the doublelayer rel-
ative to the boundcharge on the grain surfacesresulting in a “streaming” electric current² � 	 0�� � ,G� � � �Y�-� . Suchgenerationof an electric currentfrom an appliedfluid-pressure
gradientis known as“electrofiltration”. Conversely, whenanappliedelectricfield � actson a
porousmaterial,in additionto driving aconductioncurrentgivenby � � , it alsoactsasabody
forceon theexcesschargeof thediffusedoublelayerresultingin anetfluid filtration givenby²t� . Suchgenerationof afluid filtration from anelectricfield is known as“electro-osmosis”.

As stated,Frenkel 1944only concernshimselfwith theelectrofiltration(or “E”) effect. He
makestheassumption(correctly),thatwithin apropagatingcompressionalwave in ahomoge-
neousmaterial,thereis no netelectriccurrent.Thestreamingelectriccurrentinducedby the
wave causescounterchargeto accumulatein thetroughsof thewave andtheboundchargeto
becomeexposedin thepeaks.Theelectricfield associatedwith this wavelength-scalecharge
separationdrivesa conductioncurrentthatexactly balancesthestreamingcurrent.Thus,for a
Pwave propagatingin ahomogeneousmaterial,

³ � D sothatEq.(32) yields �c� � ²W� �B� 0�� �
which,aswill beseennext, canbeconsideredequivalentto Eq. (24).

PorousMedia Transport Coefficients
Themainpurposeof thissubsectionis to addresswhatis known aboutthefrequency relax-

ationin thetransportequations;anissuenotaddressedby Frenkel 1944.
Pride1994obtainsanalyticexpressionfor the threeporous-mediatransportcoefficients:

permeability � � � � , electrokinetic-coupling coefficient ² � � � , andelectricconductivity � � � � .
Theresultsarevalid to leadingorderin thedimensionlessratio .��(¸ wherȩ is acharacteristic
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pore-throatradiusdefinedby Johnsonet al. 1987and . is a skindepthmeasureof thediffuse-
charge-layerthicknessknown astheDebyelengthgivenby.*�C¹ � � ��º� �%»Y�4¼ (35)

where ��º is thermalenergy, � » is theelectriccharge of eachion contributing to a symmetric
electrolytehaving ionic-numberdensity

¼
(numberof ionshaving valence

»
percubicmeter).

For mostsalinity conditionsin theearth,. is on theorderof nanometersandsothesmall .��(¸
limit canbeconsideredappropriate.Theresultsare� � � �� � � ½ F � 	 � ¬¾ �� £ I =�¿ � 	 � �� £%À j = (36)² � � �²t� � g � 	 � �� £ h j =�¿ � (37)� � � �� � � �

(38)

andarenow described.
Equation(36) wasfirst obtainedby Johnsonet al. 1987andallows for threedistinctphe-

nomenaassociatedwith the relative flow. At low enoughfrequencies�~Á � £ ¾ ��¬ , thereis
parabolicflow in the poresresultingin a permeability �Y� that dependsonly on the topology
andsizeof thepores.As frequenciesincreaseand �9Â2� £ ¾ ��¬ , viscousboundarylayersde-
velop in thepores.Finally, in thehigh-frequency limit where �cÃÄ� £ , theviscousboundary
layershave a thicknessthatdiminisheswith thesquarerootof frequency resultingin a relative
motion dominatedby inertial plug (ideal) flow. The real andimaginarypartsof � � � � in the
high-frequency limit are � � � �tÅÇÆ �� ¸ F � �� � � IÈ ¿ � , �� � �� � � (39)

wherethe following expressionsfor the viscous-to-inertial relative-flow transitionfrequency� £ andthedimensionlessnumber¾ have beenused� £ � � �� �5� � � and ¾ � ¸ �� �5� K (40)

Theeffectivepore-throatradiuş andtheelectricalformationfactor � bothhaveprecisemath-
ematicaldefinition given by Johnsonet al. 1987 in termsof the dimensionlesselectricfield	 0;É in theporespaceof anaveragingvolumeof porousmaterialof volume :�� � �:}ÊÌËÌÍ 0;É�1T0;Él.Ì: (41)�¸ � � �:}ÊÌÎTËÐÏ Í 0NÉÑ1�0;Él.ÌÒ K (42)

Here, Ó R is theporespaceand +ÓWÔ R is thesurfaceseparatingthegrainsfrom thepores.In clean
porousrockswheresecondaryclay on thegrainsurfaceshasnot createda largegrain-surface
area,Johnsonetal. 1987suggestthatagoodmodelfor ¸ is to take ¾ �9Õ sothat ¸H� Æ Õ � �5� .
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The relaxationin ² � � � is also due to the developmentof viscousboundarylayers in
the pores. Pride 1994 allows for an additionalrelaxationin ² � � � as the viscousskindepthÖ � � � � � � � � associatedwith the viscousboundarylayersbecomessmallerthan the Debye-
length;however, over therangeof frequenciesandsalinitiesnormallyencounteredin theearth,
thisrelaxationnever takesplaceandassuchhasnotbeenincludedin Eq.(37). Thesteady-state
couplingcoefficient ²t� is givenby ²'�!� 	�� �Y�� ��� (43)

to leadingorderin .Ì�(¸ where� is thesameformationfactordefinedby Eq.(41).
Thereis no importantrelaxationin � � � � over frequencieswhere

Ö � � � � � � � �N× . (c.f.,
Pride1944).To leadingorderin .Ì�(¸ , onesimplyhas� � � � � � �� �J�� (44)

with theformationfactoragaindefinedby Eq. (41).
An immediateconsequenceof theseresultsis thatat frequencieswhereviscousboundary

layershavenotyetdeveloped,onehasthatwhenthereis nonetcurrent(e.g.,in a longtitudinal
wave) ¥ ¦	 �� � ���¤�,�� � � � ¨ ¦ pppprØ UQV � � �Y�� ���+� (45)

to leadingorderin .��(¸ which is thefamouspropositionof Smoluchowski 1903. It is through
Eq.(45)thatthezetapotentialis oftenmeasured.If theleft-handsideis directlymeasuredafter
applyinga pressuredropacrossa poroussample,andif thefluid properties� � , � � and �+� are
known, � is determined.For quartzsurfacesin contactwith a salinesolutionhaving a given
salinity ª (moles/liter)andpH, � is observedto obey theempericalformula� � in volts � � � D K D � , D K D ��Ù�ÚÜÛ�Ý = V ª � �ßÞMà 	 � �Ù (46)

which gives the measureddependenceon ª whenpH=7, andgives the appropriategeneral
trendfor thepH dependence.

In conclusion,the importantrelaxationin the porous-mediatransportcoefficients is as-
sociatedwith the onsetof viscousboundarylayersin the pores. However, sincethe transi-
tion frequency � £ � � � � � � �5� �Y� � normally lies above the frequency bandof 10 to 10È Hz
usedin seismicexploration, it is usuallyappropriateto ignore the frequency dependencein
thesecoefficients (as did Frenkel 1944) and simply take � � � � �i�Y� , ² � � � � � �Y� � � � ���\�and � � � � � �+� � � . In this case,only two porespacetopologyparameters�Y� and � mustbe
specifiedto modeltheelectroseismictransport.

DiverseElectroseismicWave Phenomena
Equations(28)–(34)allow for a wide rangeof electroseismicphenomenabeyondtheelec-

tric field containedin a compressionalwave thatwasthesolefocusof Frenkel 1944.A few of
themany possiblephenomena/applications arenow discussed.

Magneticfield in a shearwave
A shearwave in a homogeneousmaterialdoesnot causethecountercharge in thedouble-

layer to accumulate.Becauseof this, the grain accelerationsproducea non-zeronet current³
in theplaneof thewavefrontandsuchcurrentsheetsproducemagneticfieldsaspartof the

10



materialresponse.Thereis a smallelectricfield producedvia inductionbut this is extremely
smallcomparedto theelectricfield in acompressionalwaveof similaramplitudeandanddoes
not producea conductioncurrentthatsignificantlyopposesthestreamingcurrent.For a shear
wave propagatingin the ¤ direction with a displacementamplitude

¨Má
, Pride and Haartsen

1996havedeterminedtheexactexpressionfor themagneticfield which to leadingorderin the
dimensionlessnumber�t�Y� � � � � � � � �5� reducesto«�â	 ��� ¨Já � � � � � � �Y�� ��� K (47)

This resultstatesthatthemagneticfield in a seismicshearwave is directly proportionalto the
particlevelocity which is thematerialresponserecordedby a geophone.The magneticfield
measuredby a magnetometeris

obâ �8· « â where · is themagneticsusceptibilityof thema-
terial (only differentfrom thatof vacuumwheniron is significantlypresentin thesoil). If the
particlevelocitiesof a shearwave areon theorderof

� D j È m/s (a large amplitudebut linear
seismicresponse)andif characteristicvaluesappropriateto waterareused,oneobtainsthat

o â
is on theorderof

� D j � nT which is at theextremelimit of beingmeasurable.Usingmagne-
tometersasshear-selective recordingdevicesat seismicfrequenciesis, therefore,probablynot
acommerciallyinterestingpossibility.

Convertedseismic-to-EMfieldsat an interface
Whena compressional(or shear)wave traversesaninterfacein which any of thetransport

propertiesor elasticmoduli change,thereis adynamicimbalanceof thestreamingcurrentthat
resultsin additionalcharge separationacrossthe interface. Becausethis charge separationis
concentratedin spaceandhasa strongdipolarcomponent,particularlysoasthefirst Fresnel
zonetraversesthe interface,thereareelectric (andmagnetic)fields createdthat have extent
outsidethesupportof theseismicwavesandthatcanberecordedattheearth’ssurface.Overthe
seismicbandwidth of 10 Hz ã9äÑã � D È Hz, theelectromagneticskindepth/\� � � Æ ��å ·>� � ä
variesas

� D È m × / × � D � m. So if the interfaceof interestis lessthan 100 m from the
electricalantennas,therecordedresponseis in theelectrostaticandmagnetostaticnearfield of
thechargeseparationat theinterfaceandinductioneffectsmaybeneglected.

A numericalexampleof theelectricandmagneticfields generatedat an interfaceis now
given for the situationdepictedin Fig. 2. An isotropicexplosion is locatedat

» � Ù m, a
material-propertyinterfaceis at

» � Ù D m, anda line of geophonesandelectric-dipoleanten-
nasis at

» � D m. A numericalreflectivity algorithm(HaartsenandPride1997,Garambois
andDietrich 2002)is usedto solve the completesetof governingequations[Eqs.(28)– (34)
with no termsneglected]for this geometry. The interfaceseparatesa higher-porositymore-
compressibilesandstoneupperlayer, from a lower-porositystiffer lower layer. Theresultsof
thenumericalsimulationaredisplayedin Fig. 3.

Of interestfrom anexplorationperspective arethe“flat” eventsshown on theelectricand
magneticsectionsthataregeneratedat �� � � msastheP wave traversesthe interface.Such
convertedfields provide informationaboutthe interfacethat is distinct from the information
in theseismicreflectionsincethey arealsosensitive to fluid chemistrychangeswhile seismic
wavesarenot. Fielddatathathaveactuallyrecordedsuchinterfaceconversions(from Pto EM)
havebeenreportedby MartnerandSparks1959,ThompsonandGist1993andGaramboisand
Dietrich 2001. However, muchfurtherwork is requiredbeforeelectricalantennadatacanbe
routinelyprocessedto obtaintheno-moveoutinterfacefields.A principalchallengeis thatthe
electricfieldscreatedataninterfacearefarsmallerthanthefieldscontainedwithin theseismic
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wavesandso the electricalsectionhasto be filtered to remove all eventsthat moveoutasa
functionof time (sincethesearedueto seismicwavestraversingtheantennae).

A particularlyinterestingaspectof theelectroseismicconversionat aninterfaceis thatthe
amplitudeof theconvertedelectricfield canbedrasticallyincreasedif thereis a thin layerof
third materialpresentat the interface. In Fig. 4, thesameexampleasin Fig. 3 is considered
but with theadditionof a thin 1 cm layerof very-low permeabilitymaterial(a shaleaquitard)
sandwhichedbetweenthe two half spaces.The amplitudeof the convertedelectric field is
increasedby roughlya factorof 10 in thecasewherethethin shalelayer is present,while the
reflectedseismicwave is essentiallyunaffectedby thepresenceof thethin layer.

Applicationsto electricfieldscreatedbyearthquakes
A fault that hasundergonea sheardislocationcreateslobesof compressionanddilation

in the crust surroundingthe limits of the fault segmentthat slipped. Immediatelyafter the
earthquake, the poroelasticresponseis undrained(no fluid massentersor leaves eachmass
elementof thecrust).However, thefluid pressurecreatedby suchundrainedcompressionwill
equilibrateby diffusion(theslow wave) producingelectricfieldsin theprocess.Modelingthe
completeporoelasticandelectricresponseasthefluid-pressureequilibratesthroughtime in a
uniform crustafteranearthquake asbeenthesubjectof a recentstudy(Prideet al. 2003).

An exampleis given in Fig. 5. Theearthquake is modeledas50 cm of uniform slip on a
normalfaultdippingat45æ . Theslip surfaceis 5 km in thedirectionof slip and20km wideand
is denotedin thetoppanelof Fig.5by thedashed-whiteline. Thiscorrespondsto amagnitude6
earthquakeandthestresschangescreatedimmediatelyafterthesliparenumericallydetermined
usingthealgorithmof Okada1992.Thesubsequentfluid-pressurevariationsthroughtimeand
spacewerenumericallycalculatedusingfinite differences.Thedisplayedvertical-component
of theelectricfield hasanamplitudeon theorderof mV/m which is 100to 1000timeslarger
than the telluric fields that are routinely measured(the telluric fields are electric fields that
entertheearthfrom theatmosphereeachdayasthe ionosphereis heatedby thesun). Direct
measurementof thedecayof thecrust’s electricfield throughtime afteranearthquake hasnot
yet beenattempted.

Electro-osmoticcoupling
Oneof thegreatestpotentialapplicationsof Eqs.(28)–(34),concernsinjectingtime-varying

currentinto theearthwith thegoalof generatingseismicwavesat interfacesatdepth.Theidea
is that an appliedelectricfield will drive an electro-osmoticflow of fluid ²t� . At interfaces
whereeither ² or çÑ15� change( ç beingthe normal to the interface),thereis an accumula-
tion of fluid and an associatedvolumetric dilatationof the porousmaterialthat generatesa
compressionalwavehaving thesametimesignatureastheappliedcurrent.

Althoughthis possibilityhasbeendiscussedby ThompsonandGist 1993,no studieshave
ever beenpublishedin which suchelectricallygeneratedseismicwaveshave beenmeasured.
Numericalsimulationsindicatethat for safelevels of injectedcurrent,the generatedseismic
waves will have a very small amplitude. However, becausethe sourceis a non-destructive
electriccurrentthatcanbeappliedfor longdurationswith acontrolledtimesignature,it should
be possibleto extract even small-amplitudeseismicwavesfrom the ambientnoiseby cross-
correlatingtheseismicdatawith theknown time signatureof theelectriccurrent. This is the
subjectof ongoingwork.

CONCLUSIONS
Frenkel 1944producedequationshaving nearlyidenticalform to thoseof Biot 1956aand
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TABLE 1. Identification of the Frenkel variab les

Frenkel 1944variable Equivalentdefinitionin presentpaperè
(partialstresstensorassociatedwith solid) é�ê|ë�ì�í�î�ïñðdî�òóì�ô�õBö÷
(porosity) ìô�ø (fluid pressure) ô�õôÐù|ðHë-úüûOý èbþ4ÿ�� (partialpressureassociatedwith solid) é�ê|ë�ì�íÜô�ï|ð����>ë�ì�ôÌõ
� (averagedisplacementof solidphase) �
� ð��
	 ÿ 	_ð��� � (dilatationof poroussample) �� �
� ðXë���� ø ÿ � ø (dilatationof fluid volume) ë ô õ ÿ�� õ
� ù (averagevelocityof solid phase) � � ÿ ���
� ø (averagevelocityof fluid phase) ì�� ù ��� ÿ ���Ðò�� � ÿ ���
� ÷ (porositychange) ��ì*ðXëtì��� � ë ��!�`ëlì�ô õ ÿ"� õ

1962.Theonly differencein theform of Frenkel’s equationsis anextrafluid pressuregradient
termin thetotal conservationof momentumequationthatshouldnot bepresent.As wasseen
here,Frenkel alsomadeaslighterrorin developinghiseffectiveporoelasticcompressibilityco-
efficientswith theresultthathedid notobtainthefluid-substitutionrelationsof Gassmann1951
andBiot andWillis 1957.Frenkel’s estimateof theelectricfield containedin a compressional
wave(thefocusof hiselectroseismicinvestigation)is correctif thepropercompressibilitycon-
stantsareusedandif theextra fluid-pressuregradientin the bulk-force balanceis neglected.
He did not attemptto analyzeany of theotherelectroseismicphenomenathatwerediscussed
above.

Frenkel covereda lot of groundin his only paperon poroelasticphenomena,andthevast
majority of his intuitive approachto obtainingthe governing equationsis correct. He cer-
tainly deservesa far greaterrecognitionfor hispioneeringcontribution thanhehassofarbeen
accorded.From thepresentauthor’s perspecitve, it seemsentirely appropriateto refer to the
equationsgoverningtheacousticsof isotropicporousmaterialsasthe“Frenkel/Biot equations”
insteadof just the“Biot equations”asis thecurrentfashion.
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FIG. 1. The field data of Garambois and Dietric h 2001. The horizontal compo-
nent of the electric field (solid lines) along with the horizontal component of the
par tic le acceleration (dashed lines) as recor ded at the earth’s surface at diff er-
ent offsets from a seismic sour ce whic h is a hammer impacting a plate on the
earth’s surface .
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FIG. 2. The receiver , sour ce, and interface geometr y for the numerical example
given in Fig. 3.
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FIG. 3. An electr oseismic example for the geometr y depicted in Fig. 2. The
interface is located at a P-wave travel time of 21 ms. The no-mo veout P-EM
conver ted fields have been multiplied by 500 in both the electric and magnetic
sections. The P-SV conversion is just barel y visib le on the magnetic section (the
hyperbolic arriv al at 130 ms). The direct P wave from the sour ce to receiver s is
not sho wn.

17



FIG. 4. The electrical section to the left corresponds to the same situation sho wn
in Fig. 3 while the electrical section to the right corresponds to when a thin (1
cm) impermeab le layer has been sand whic hed between the two half spaces.
The conver ted electric field is roughl y 10 times larger in the situation in whic h
the thin layer is present. Stephane Garambois kindl y ran his numerical code
(Garambois and Dietric h 2002) to produce this figure .
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