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LOCAL FOUR QUARK OPERATOR IN KK’ MIXING: THE
VACUUM SATURATION ESTIMATE AS AN UPPER BOUND
FOR THE MATRIX ELEMENT'

B. Machet*

Lawrence Berkeley Laboratory
University of California
Berkeley, California 94720

Abstract
By computing the imaginary part of the propagator of the local four
quark operator O(x) = sL(x)y“dL(x)sL(x)yydL(x), we obtain the upper
| bound:
| |= < KYOIK®> <| lvacuum estimate 7 OND)
with an uncertainty (outside the 1/N ? corrections) of order 10%. We

show how it can be recovered by Laplace hadronic sum rules.
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I. INTRODUCTION

Weak interactions generate a mixing between the K° and K?
states,! mainly by the exchange of two W bosons (Fig. 1). (We neglect
the Higgs contributions.)’ In a free quark model, this transition can be
considered to be mediated by an effective four quark local hamiltonian;!
this property subsists when one resums all hard gluonic corrections at
the leading logarithm approximation.?® We shall deduce an upper

bound for the matrix ele_ment:

| 1€

= | <k OIK°>I
1)

of this local operator
—a - b
O (x) = 5 ) x/‘ di ) 50 () o dUx)
(2)
(a and b are color indices).
It is based on the computation of the imaginary part of the correlation

function:

$(§) - @[T <OIT O6) O*r (o>

3)
up to corrections of order 1/N 2
The result, very close to the vacuum saturation estimate!s
T
) & B

strengthens the constraint obtained recently? by hadronic sum rules,
can be simply recovered in their “Laplace” (or "Borel™) version® and

constitutes in this precise case their maximal capability.



II. DEDUCTION OF THE BOUND. DISCUSSION

We shall be concerned henceforward with the matrix element of
the lgc;al__fopr qx.xar'k operator O(x). This meahs-in particular that we
deliberately ignore the contributions of éo.t't gluons (Fig. 2a), light
quark condensa.tes (Fig. 2b) etc. ...,which we cannot see how they can be
handled within this approximation.

If one neglects the mixing angles other than Cabibbo’s 0, the K, -

K, mass splitting writes:
g n
MM < _.G_".’ sum B, cos' D, m:' 7 _H_t )
bn « (5)

with ’)76 defined in Egs. (1,2); n originates from the resummation of
hard gluons corrections at the leading logarithm approximation.?3
Looking for an upper bound for the modulus squared | (%, we
study the imaginary part o.f the corrrelation function w(q?) defined in
Eq. (3), graphically depicted in Fig. (3). At order 1/N 26 it factorizes
into Fig. (4): gluonic corrections to Fig. (4) breaking the factorization
are indeed at least suppressed by 2 powers of 1/N. For example, Fig.
(5b) = O(I/N?) Fig. (5a) (2 gluons at least are needed by Furry’s
theorem), Fig. (5d) = O(1/N ?) Fig. (5¢), etc... . The analytic exéression _
corresponding to Fig. (4) is readily obtained by separately resumming
at all orders of the strong interactions the hadronic current propagators
appearing at the free quark level in the computation of Fig. (6a),

leading to:

def d&f .
Y - _7: a’R AL G LY (¢-&.F
AR5 o I ).-/...

+e
i
-

2 iy i
[ Tire- TT"’(&)J[ T ()« Th (0 )}
w AN v AN ®)
The .l_l;,,gare the propagators of the vector (V V) or axial (AA) hadronic

currrents
Vi e A&y s
" 64:.‘ - o
A/A («) = d(x X/orf s(x) ,
, (7N
defined as:
PO

TG = < fotee ¥ <ol T VAW Ve Lo
vv

, A <) A" (o))
(M\ ( (8)

The same trick can be applied (up to corrections in 1/N 2 to a formal
resummation of Fig. (6b) where the fermionic lines of color have been
crossed with respect to Fig. (6a). Fig. (6b) has the same analytic
expression in terms of the *'s as Fig. (6a), up to an extra factor 1/N.
This leads to a factor (1 + 1/N) = 4/3 in Eq. (6) and to the final

expression valid up to corrections of order 1/N %

' . . duf 4
ylg)s -2 (e3) 53@%& oy o R

6ad €'t Lp Sa 64t -
T, THE [T @) « T ]

9)
The matrix element ’”c can be considered* as the value at zero
transfer (t = 0) of a scalar form factor F(t) analytic real in the complex t

plane with a cut from to, = 4M,%to =. Its modulus squared |F(t)? is

- .’



directly related to Im y(t), |[K°K® > being the loweét intermediate state

contributing to the absorptive part of y. This leads? to the inequality: .

\m*m > b L\ b (R0 Bk ton)

n
" v ¢ t

boge = (2M)"

, (10)
From Eq. (9), on the other side, Im y(t) cah be estimated. as a sum of
contributions from low energy resonancés and poles, plus a continuum
which can be obtained from the asymptotic behavior of QCD (free
quarks). In particular, as will be shown below, we can obtain a very
simple analytic expression in the nax;row width approximation, :the
relevance of which will be discussed a little further.

Limiting ourselves to the lowest (K K*, Q) contributions and

using CVC, we have the relatlons

L T ‘.ﬁ!b) (v) z o) ®
w Yy .
Galt M a '_.
LT T ) . 2 B(E M) ®
g 'r) 3\‘;
‘:2' ) 2 T
4 Im ”L (%) S 21(;( S(E_M“) ©
w AR an
6act Mq"

Tm .\T“ (v

"

— 5(l'ﬂ) )

B

1=

for the functions '” and '’ appearing in the decomposition of the #

orthogonalintheJ = 0 andJ = 1 channels:

TT/”() (9P )T (‘1)1‘\"”((‘\) (12)

Evaluating dispersively the m#”s in Eq. (9) and integrating
immediately over the dispersive variables t and t' we get:

vl = zy._..(l é;‘;ﬁ &":)* @r)* Sﬁ(q b [’)

\ \

. e ! VY
{ [“‘z (“)][? )&‘\m E Mies ( “) Roe VMg
s Mt v
;: 3: (e:.'n,-‘ vmg- L‘n* 22 2 M )]
- ({!.‘, )t (Z, {:Kt)p &11““1, 21{. H“L ’ (13)

[ (“)Jz‘* [ “g‘”: (P e | Y».‘iﬂ.r )

+

\"—"(1. \1_*: 1 )]‘
3 ST ST T . Bl 1 PO

2 Imy(t) is now obtained by replacing every term 1/(p2-M? by the
corresponding 2in 6(p2-M2) and performing explicatively the 2-body

phase space integrals: ‘
Imq;(f)= _ __‘_ -L.
¢ gy ¢ :
Mix
§(—:T\ ek brege) ) [3 Eoee = GECE boer) ] B boyraa)
M«g‘)",/—— [3¢ bt (bbgg) (B (H6
& ) E(t,(",“q) 3 °qg - -aa RG)
(‘]q" l'
Mt g L ¢ b )b )
. 2_3?3_:; \/(hhm‘(*-‘w)P“ e, 4 ) -q).

© (t.& V‘@)

3fa
+ et ﬂﬁf [(t'kv‘\&\(hhk‘k)]/ ® (t.k u“u)

W
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) 32
x ‘Q‘:k" _M;‘i:_ [(l‘j'wqy(hh’«q)] f g(t-&'oxn)
: Ja .
1 -
-« l*{:: w t(t-k-w\() [ hk\(* k‘k (P-hku)-j %(f.l‘om‘)s .
' (14)
The notations are:

kA . T
be v = (M““‘(q) T (MQ- Mic ) ebeos

(15)
The QCD continuum can be computed from Figs. (6a,b)*and is:
b
T, L ’_%_\,‘[3)[- (k- ) .
m LK) 6 \Gn’-) s ( ( )
(16)

We make it start from a threshold t_ high enough to avoid double
counting with the low energy hadronic contributions.
Comparing Eqgs. (14)-(16) with the inequality Eq. (10) and taking

the limit t — tog ¢ + & We obtain the bound:

|F (el € (i) (b RME)s O(55x)
(17)
The bound (17), obtained in the narrow width approximation, only
depends on the kaon contribution, not on higher resonances or the
continuum. This is a consequence of taking the limit t —» to,, +e. It
specially makes unnecessary the replacement of the narrow width
approximation for the K* by a more refined evaluation of the Kn
continuum, since the associated hadronic threshold in Im y(t) would
anyhow be higher than tq . The same reasoning applies to other
resonances and to the QCD continuum.!

To obtain abound for |7|>, we must complete the inequality

_8-
Eq. (17) by an estimate of
{ F(t’v«x) - F(h«u) v
F (o) me
(18)

The simplest possibility is to take this ratio equal to 1. The KK,I =1,

‘ J = 0, is indeed an exotic channel most probably structureless (though

we have still no experimental result on it). A slightly more refined
argument can be given in the line of Ref. [4], by linking this channel to
the other exotic one, on I = 2, J = 0, belonging to the same
representation(27>of flavor SU(3). This last one has been

experimentally studied at low energy. A good fit to the data for the

~ phase shift 8,2 is given by the effective range formula:

~

3 T ‘Arc "a l'._.‘—.. - ‘Zr: zl-\,(b-hnl') ,
ab\[(k-tor)

(19)
with:7
at = -5 F 2 _. 35 6NT
e = .»f = . 65 GN"
(20)
8, is related to F(t)/F(0) by an Omnes relation®
e, 2 Il
FO . R u\,[_t_ AE o o.(v)
CF) T, ¥ H(EY)
2n

P (t) is a polynomial of n'® degree in t, n being the number of zeros

of F(t) in the complex plane. (Note that we neglect all effects of



inelasticity.) Taking the éimplest assumption of the absence of zer_‘o,F 2

and so Pn(t) = 1, we obtain the estimate

= .3

"v, 152'/’:0

F(toan )
F (o)

(22)

which we shall take as an estimate of the corresponding quantity in the

KK channel I = 1,J =0, | |
, This leads to the final bound:

“ Q7§\3!F(o)l < \l lo'l_s f M \/'_‘ (7%).. = . js[rng,m_

I+'(a

. (23)
where | ?76 l,ads given by Eq.(4). We recall that the sources of
uncertainty are:

-th_e contributions of order 1/N ?,

-PCAC for the kaon, Eq. (11¢),

-the estimation of [F(t)/F(0)ly ., ;_, from the similar in the nn,
I=2,J=0channel and the cor‘responding low energy elastic phase shift,
together with the hypothesis of the absence of zero for F(t). The second
uncertainty, essentially attached to the existence of a continuum
higher in energy in addition to the kaon pole, is again of no relevance in
the limit t - tg, . + e The third is certainly the more out of control.
We are however inclined to trust the intuitive idea that in a smooth
exotic channel, the scalar form factor cannot vary very much within the
smail domain of energy [0, 4M, ).

Regarding to that and to Eq. (22) we shall attach an uncertainty of

ordr 10% to our last following statement: Up to 1/N 2 corrections, the

vacuum estimate is an upper bound for the matrix element of the local _

G

four quark operator O(x) between the states K2 and K% This

strengthens the upper bound of 2|77} __obtained previously in Ref.[4] by

vac

hadronic sum rules, is consistent with recent Monte-Carlo simulations

on a lattice® giving | 76|, as a reliable estimate, and compatible with

Ref. {10], giving [7] = .33 |71, .
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1Il. THE LAPLACE SUM RULE APPROACH

Both sides of the inequality (10), positive functions of t,]may be
integral transformed with a positive weight function of t, giving a sum
rule in its usual form. (A Hilbert transform was for example used in
Ref. [4]). Itis clear that this technique, mixing all values of t, generally
looses information and gives further uncertainty attached to the
contributions of higher resonances and the existence of an arbitrary
scale g%or M?). We shall show however, for completeness, that we can
recover the bound of Section II by using a Laplace sum rule at the limit
of small M.

Taking the weight function in the integral to be e/M?, neglecting
here color factors and making the reasonable assumption [F(t)/F(0)| =
1, we obtain the bound

(L) 7T

)

__776__ < T b M
f M 2 M2 € (MY

‘ 24
A
where L is the Laplace inverse operator®

A a " ‘
- ‘.M =" " 2 % [
L - ". L_)-| (Q ) (%—Q"_)'I
28 @fyz M Fixed (a1
n o : (25)
v'5(Q?) is the fifth derivative of w(Q?) with respeci to Q? (as requested

by the QCD computation of Fig. (6);* we have the identity

2f N [ ® t/mr
_M(Lu\rm)(ﬂﬁ ‘ —rlr-jdte M . x(y .(26)

(M)’

-12-

_ p- - v E-h:;
€ (m) - LL& ARV

M Ji,
(38 (24)

The different contributions to -M? Ly'® are plotted on Fig. (7), showing

clearly the damping of high energy contributions by the exponential

weight at low M. The corresponding bound for l'nélszMK"’I is shown on
Fig. (8); we recover for M — 0, as expected, the previous bound (up to a
color factor and the variation of F(t) to F(0)), which constitutes in this

case the maximum capability of the sum rule technique.
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IV. CONCLUSION

We have obtained the upper bound:

!('@l(?bwc\; Syedl) Lke> [ <

local

: (Vacuovgu c.s*{w\a\‘e.) + @ ( l/N:) /

with an estimated uncertainty of order 10%.
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FOOTNOTES

It is worth mentioning that, even in the sum rule approach of Ref.
[4], mixing all values of t, the bounds obtained with a narrow
width approximation for the K* or the more elaborate form of the
Kn continuum used therein do not differ by more than 6% (at the
minimum of the curve c of Fig. 3.)

Up to now this hypothesis is in contradiction with no

experimental result. A possible test would be the violation of the

sum rule®® . S 0 o’ O | Foer) |
bmu® P (. teqn) e

very difficult to detect experimentally.

)



Fig.1

Fig. 2.
Fig. 3.
Fig. 4.
Fig. 5.
Fig. 6.
Fig. 7.
Fig. 8.

FIGURE CAPTION

KK transition by exchanges of W’s.

Contributions that we neglect in the local approximation.

The propagator y(q?). i

Factorization of wig?).

Factorization only br'eéks down at order 1/N %

Free quérk con’tributi:'ons to w(q?).

Contributions of K, I{*, Q to -MZ[L ¢} (M?).

Bound for IWG’/fK"’MKZI in the Laplace sum rule technique.
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Figure 3

Figure 4
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