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Abstract

Secant Varieties of Segre-Veronese Varieties
by
Claudiu Cristian Raicu
Doctor of Philosophy in Mathematics
University of California, Berkeley
Professor David Eisenbud, Chair

Secant varieties of Segre and Veronese varieties (and more generally Segre-Veronese vari-
eties, which are embeddings of a product of projective spaces via the complete linear system
of an ample line bundle) are very classical objects that go back to the Italian school of math-
ematics in the 19-th century. Despite their apparent simplicity, little is known about their
equations, and even less about the resolutions of their coordinate rings. The main goal of
this thesis is to introduce a new method for analyzing the equations and coordinate rings of
the secant varieties to Segre-Veronese varieties, and to work out the details of this method
in the first case of interest: the variety of secant lines to a Segre-Veronese variety.

There is an extensive literature explaining the advantages of analyzing the equations of
the secant varieties of X C PV as G-modules, when X is endowed with a G-action that
extends to PY. For X a Segre-Veronese variety, the corresponding G is a general linear
(GL) group, or a product of such. Looking inside the highest weight spaces of carefully
chosen G L-representations, we identify a set of “generic equations” for the secant varieties
of Segre-Veronese varieties. The collections of “generic equations” form naturally modules
over (products of ) symmetric groups and moreover, they yield by the process of specialization
all the (nongeneric) equations of the secant varieties of Segre-Veronese varieties.

Once we reduce our problem to the analysis of “generic equations”, the representation
theory of symmetric groups comes into play, and with it the combinatorics of tableaux.
In the case of the first secant variety of a Segre-Veronese variety, we are naturally led to
consider 1-dimensional simplicial complexes, i.e. graphs, attached to the relevant tableaux.
We believe that simplicial complexes should play an important role in the combinatorics that
emerges in the case of higher secant varieties.

The results of this thesis go in two directions. For both of them, the reduction to
the “generic” situation is used in an essential way. One direction is showing that if we
put together the 3 x 3 minors of certain generic matrices (called flattenings), we obtain a
generating set for the ideal of the secant line variety of a Segre-Veronese variety. In particular,
this recovers a conjecture of Garcia, Stillman and Sturmfels, corresponding to the case of



a Segre variety. We also give a representation theoretic description of the homogeneous
coordinate ring of the secant line variety of a Segre-Veronese variety. In the cases when this
secant variety fills the ambient space, we obtain formulas for decomposing certain plethystic
compositions.

A different direction is, for the Veronese variety, to show that for k small, the ideal of
k x k minors of the various flattenings (which in this case are also known as catalecticant
matrices) are essentially independent of which flattening we choose. In particular this proves
a conjecture of Geramita, stating that the ideals of 3 x 3 minors of the “middle” catalecticant
matrices are the same, and moreover that the ideal of the first secant variety of a Veronese
variety is generated by the 3 x 3 minors of any such catalecticant.
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Chapter 1

Introduction

1.1 Overview

The study of tensors and particularly tensor ranks is important in numerous fields of
research today: algebraic statistics ([GSSO05]), biology ([AROS], [PS04]), signal processing
([WvB10]), complexity theory ([Lan08|, [BLMWO09]). For example, people in computer
science would very much like to know how expensive matrix multiplication is - how fast
algorithms can be developed for multiplying arbitrary size matrices. The usual assumptions
in this problem are that

e addition is free;
e multiplication has some positive cost, say 1 cent per scalar multiplication.

One could start with the basic
Question 1.1.1. How much does it cost to compute the product of two 2 x 2 matrices?

The naive answer, based on the usual algorithm for matrix multiplication that we learn in
school, would be 8 cents. But in fact one could do better than that, and Strassen’s algorithm
(|ICLRSO01], Section 28.2, or [Lan08], Section 1.1) gives a way to multiply two such matrices
at a cost of only 7 cents.

More generally, one could ask

Question 1.1.2. What is the cost of multiplying two n X n matrices, or even more generally,
two arbitrary rectangular matrices?

The answer to this is not known in general, and is controlled by the rank of a certain
3-tensor, the tensor of matrix multiplication. If we denote by M, ; the space of a x b matrices,
then matrix multiplication is a linear map

Tm7n7p : Mm7n ® Mn7p Mm7p’



i.e. a 3-tensor in M,,, ® M, ,® M;L’p. The rank of T}, ,,, is the minimal possible number of
terms in an expression of T}, ,,,, as a linear combination of pure tensors A ® B ® C.
It turns out that for algebraic geometry, a better suited question is

Question 1.1.3. What is the cost of computing the product of two matrices with arbitrarily
high precision?

The reason for this is that it allows one to replace the tensor rank of 7, , , with its border
rank, i.e. the minimal number k such that 7, ,, , is a limit of tensors of rank k. This replaces
the study of certain quasi-projective varieties defined by rank conditions, with that of closed
subvarieties in projective space defined by border rank conditions - the secant varieties of
triple Segre products. Knowing the equations of such varieties would allow us to evaluate the
border rank of any given tensor, in particular that of matrix multiplication, and therefore
enable us to answer Question |1.1.3]

It is worth mentioning that not a single equation is known for o¢(Seg(P? x P3 x P?)), the
variety of secant 5-planes to a Segre product of three projective 3-spaces, or equivalently, the
space of tensors of border rank at most 6 living in the tensor product of three vector spaces
of dimension 4 (M2, My and M;,). The reason why this would be interesting is because
having one such equation that didn’t vanish on 7559 would allow us to conclude that the
border rank of multiplication of 2 x 2 matrices is at least 7, and hence equal to 7 since it is
bounded above by rank(752), which by Strassen’s algorithm is at most 7.

One of the main goals of this thesis is to set up a general framework that would allow one
to attack questions like the ones presented above, and illustrate how insights from combi-
natorics naturally occur in this framework, providing new results in the case of small secant
varieties. The rest of this chapter contains an introduction to the study of the defining equa-
tions of secant varieties of Segre-Veronese varieties, as well as a description of catalecticant
varieties and their connections to secant varieties and other areas of mathematics. We state
our main results and mention the relationship to the existing literature on the subject.

In Chapter [2] we give the basic definitions for secant varieties, Segre-Veronese varieties,
catalecticant varieties. We introduce the basic notions from Representation Theory that
are used throughout the work, and describe the process of flattening a tensor, which leads
to the notion of a flattening matrix. We give a flavour of the problem of analyzing the
ideals and coordinate rings of secant varieties of Segre-Veronese varieties, by illustrating the
classical case of the zeroth secant variety, the Segre-Veronese variety itself. Our main result
in Chapter [ will describe a completely analogous picture in the case of the first secant
variety, the variety of secant lines to a Segre-Veronese variety.

Chapter [3| builds the framework for analyzing the equations and homogeneous coordinate
rings of arbitrary secant varieties of Segre-Veronese varieties. Even though we were only able
to work out the details of this analysis in the case of the first secant variety, we believe that
the general method of approach may be used to shed some light on the case of higher
secant varieties. In particular, the new insight of concentrating on the “generic equations”
is presented in detail and in the generality needed to deal with arbitrary secant varieties.



Chapter [4] is inspired by a conjecture of Garcia, Stillman and Sturmfels, describing the
generators of the ideal of the variety of secant lines to a Segre variety. We prove more
generally that this description holds for the first secant variety of a Segre-Veronese variety.
We also give a representation theoretic decomposition of the coordinate ring of this variety,
which allows us to deduce certain plethystic formulas based on known computations of
dimensions of secant varieties of Segre varieties.

In Chapter [5| we describe our combinatorial techniques through a series of examples. We
recover the classical Cauchy formula for decomposing symmetric powers of tensor products
of two vector spaces. We also describe our view on Strassen’s equations from the “generic”
perspective, as well as on their generalized version introduced by Landsberg and Manivel
([LMO§|). The new result in this chapter is a strengthening of |[LMO8, Theorem 4.2], by
removing an unnecessary assumption, as suggested by the authors. We also show how our
methods can be used to recover some of the known equations for the variety of secant 3-
planes to a Segre product of three projective 3-spaces - determining the defining ideal of this
variety is known under the name of “The Salmon Problem”. Finally, we give the “generic”
version of the Aronhold invariant, a module of equations for the variety of secant planes to
the 3-uple embedding of projective space, that does not come from flattenings.

Finally, Chapter [6] deals with catalecticant varieties, i.e. varieties defined by vanishing
of minors of catalecticant matrices. These matrices appear earlier in the work in connection
with the equations of the secant varieties of Veronese varieties: they are special cases of
matrices of flattenings, but their beauty lies in their ubiquitous nature - determinantal loci
of catalecticant matrices are not only related to secant varieties, but also to Hilbert functions
of Gorenstein Artin algebras, the polynomial Waring problem, or configurations of points in
projective space (see |[Ger96], [IK99]). We show that for small values of k and fixed d, most
catalecticant matrices arising from flattening the generic symmetric tensor of degree d have
the same ideals of k£ x k minors. This proves a conjecture of Geramita, and establishes the
first new case of its natural generalization.

1.2 Secant Varieties of Segre-Veronese Varieties

The spaces of matrices (or 2-tensors) are stratified according to rank by the secant vari-
eties of Segre products of two projective spaces. The defining ideals of these secant varieties
are known to be generated by minors of generic matrices. As mentioned in the previous
section, it is an important problem, with numerous applications, to understand (border)
rank varieties of higher order tensors. These are (upon taking closure) the classical secant
varieties to Segre varieties, whose equations are far from being understood. To get an idea
about the boundary of our knowledge, note that the famous Salmon problem ([All]), which
asks for the generators of the ideal of o4(P® x P? x P?), the variety of secant 3-planes to
the Segre product of three projective 3-spaces, is still unsolved (although its set-theoretic
version has been recently resolved in [Fril0,FG11]; see also [BO10]).



Flattenings (see Section provide an easy tool for obtaining some equations for secant
varieties of Segre products, but they are not sufficient in general, as can be seen for example
in the case of the Salmon problem. Inspired by the study of Bayesian networks, Garcia,
Stillman and Sturmfels conjectured ([GSS05]) that flattenings give all the equations of the
first secant variety of the Segre variety. This conjecture also appeared at the same time
in a biological context, namely in work of Pachter and Sturmfels on phylogenetic inference
([PS04], Conjecture 13).

Conjecture 1.2.1 (Garcia-Stillman-Sturmfels). The ideal of the secant line variety of a
Segre product of projective spaces is generated by 3 X 3 minors of flattenings.

The set-theoretic version of this conjecture was obtained by Landsberg and Manivel
([LMO04]), as well as the case of a 3-factor Segre product. The 2-factor case is classical, while
the 4-factor case was resolved by Landsberg and Weyman ([LWO07]). The 5-factor case was
proved by Allman and Rhodes (JARO8]). We prove the GSS conjecture in Corollary as
a consequence of our main result (Theorem [4.1.1]).

It is a general fact that for a subvariety X in projective space which is not contained in
a hyperplane, the ideal of the variety o4 (X) of secant (k — 1)-planes to X has no equations
in degree less than k + 1. If X = G/P is a rational homogeneous variety, a theorem of
Kostant (see |[Lan|) states that the ideal of X is generated in the smallest possible degree
(i.e. in degree two), and Landsberg and Manivel asked whether this is also true for the first
secant variety to X (|LMO4]). It turns out that when X is the D7-spinor variety, there are
in fact no cubics in the ideal of o2(X) (see [LW09] and [Man09]). In Theorem [{.1.1 we
provide a family of G/ P’s, the Segre-Veronese varieties for which the answer to the question
of Landsberg and Manivel is positive. We obtain furthermore an explicit decomposition into
irreducible representations of the homogeneous coordinate ring of the secant line variety of
a Segre-Veronese variety, thus making it possible to compute the Hilbert function for this
class of varieties. This can be regarded as a generalization of the computation of the degree
of these secant varieties in |CS07].

Before stating the main theorem, we establish some notation. For a vector space V', V*
denotes its dual, and PV denotes the projective space of lines in V. If u = (g > pg > -+ ) is
a partition, S, denotes the corresponding Schur functor (if 1o = 0 we get symmetric powers,

whereas if all y; = 1, we get wedge powers). For positive integers dy,--- ,d,, SVg, .. 4,
denotes the Segre-Veronese embedding of a product of n projective spaces via the complete
linear system of the ample line bundle O(dy, - ,d,). 02(X) denotes the variety of secant
lines to X.

Theorem [4.1.1] Let X = SVy, .. 4, (PVy x PVy x -+ X PV¥) be a Segre-Veronese variety,
where each V; is a vector space of dimension at least 2 over a field K of characteristic zero.
The ideal of o9(X) is generated by 3 x 3 minors of flattenings, and moreover, for every
nonnegative integer v we have the decomposition of the degree r part of its homogeneous



coordinate ring
Kloy(X), = @B (SuVi®@-- @ 8nV,)™,
)‘:()‘_1»"")‘71)
Xibrd;
where my 1s obtained as follows. Set

A
S = max H ex=Ap+ -+ A

%

If some partition \' has more than two parts, or if ex < 2fx, then my = 0. Ifey > r — 1,
then my = |r/2] — fx+ 1, unless ey is odd and r is even, in which case my = |r/2] — fx. If
ex <1 —1and ey > 2fy, then my = [(ex +1)/2] — fx + 1, unless ey is odd, in which case
mx = [(ex+1)/2] — fi.

Theorem has further consequences to deriving certain plethystic formulas for de-
composing (in special cases) symmetric powers of triple tensor products (Corollary [1.1.3h))
and Schur functors applied to tensor products of two vector spaces (Corollary )), or
even symmetric pletyhsm (Corollary [4.1.4)).

Finding equations for higher secant varieties of Segre-Veronese varieties turns out to be
a delicate task, even in the case of two factors (n = 2) with not too positive embeddings
(small dy,dy). Recent progress in this direction has been obtained by Cartwright, Erman
and Oeding ([CEO10]).

Since finding precise descriptions of the equations, and more generally syzygies, of secant
varieties to Segre-Veronese varieties constitutes such an intricate project, much of the current
effort is directed to finding more qualitative statements. Draisma and Kuttler ([DK11]) prove
that for each k, there is an uniform bound d(k) such that the (k — 1)-st secant variety of any
Segre variety is cut out (set-theoretically) by equations of degree at most d(k). Theorem
implies that d(2) = 3, even ideal theoretically.

For higher syzygies, Snowden ([Snol0]) proves that all the syzygies of Segre varieties
are obtained from a finite amount of data via an iterative process. It would be interesting
to know if the same result holds for the secant varieties. This would generalize the result
of Draisma and Kuttler. For Veronese varieties, the asymptotic picture of the Betti tables
is described in work of Ein and Lazarsfeld ([EL11]). Again, it would be desirable to have
analogous results for secant varieties.

1.3 Hilbert Functions of Gorenstein Artin Algebras
and Catalecticant Varieties

The possible Hilbert functions of graded (Artin) algebras are characterized by a classical
theorem of Macaulay (|[BH93, Thm. 4.2.10]), and it would be desirable to have a similar



characterization for Gorenstein (Artin) algebras. The spaces of Gorenstein Artin rings with
a given Hilbert function ([IK99]) are described in terms of determinantal loci of catalecticant
matrices. These are matrices that generalize both generic symmetric matrices and Hankel
matrices, and their ideals of minors also provide some of the equations for the secant varieties
to the Veronese varieties (see Sections and .

In [Ger99], Geramita gives a beautiful exposition of classical results about catalecticant
varieties, and proposes several further questions (see also [IK99|, Chapter 9). We recall the
last one, which we shall answer affirmatively in Section [6.2] It is divided into two parts:

Q5a. Is it true that
I3(Cat(2,d — 2;n)) = I3(Cat(t,d — t;n))

forall t with2 <t <d-—27
Q5b. Is it true that forn > 3 and d > 4
I3(Cat(1l,d — 1;n)) € I3(Cat(2,d — 2;n))?

Here Cat(t, d—t;n) denotes the t-th generic catalecticant (see Section [2.4)), and I3(Cat(t,d—
t;n)) is the ideal generated by its 3 x 3 minors. Geramita conjectures that the answers
to these questions are affirmative, and furthermore, that any of the catalecticant ideals
I3(Cat(t,d — t;n), 2 < t < d — 2, is the ideal of the secant line variety of the d-uple
embedding of P"~!. Once we answer Q5a and Q5b positively, the last part of the conjecture
follows from a result of Kanev ([Kan99]), which states that the ideal of the secant line variety
to the Veronese variety is generated by the 3 x 3 minors of the first and second catalecticants
(alternatively, one can apply Theorem in the special case n =1, d; = d).

The values of the Hilbert function of a graded Gorenstein Artin algebra coincide with
the ranks of the catalecticants associated to its dual socle generator ([Eis95, Thm. 21.6]).
Macaulay’s theorem characterizing Hilbert functions of Artin algebras can thus be used to
give set theoretic inclusions between ideals of minors of catalecticant matrices. This provided
the motivation behind @5a and Q5b. Geramita asks the more general question

(4. How is Macaulay’s theorem on the growth of the Hilbert function of an Artin algebra
reflected in containment relations among ideals of minors of catalecticant matrices?

A partial answer to this question would be provided by the proof of the following conjecture,
which is a natural generalization of Q5a and Q5b (I denotes the ideal of k x k minors of a
matrix).

Conjecture 1.3.1. For all k,n>2,d>2k—2 andt withk —1<t<d—k+1, one has
Ii(Cat(k — 1,d — k+ 1;n)) = I(Cat(t,d — t;n)).
Moreover, the following inclusions hold:

I.(Cat(1,d — 1;n)) C I(Cat(2,d — 2;n)) C --- C Ii(Cat(k —1,d — k + 1;n)).



When n = 2, it is well-known (see [GP82], [Eis88], [Con98] for proofs) that
Ii(Cat(k —1,d — k + 1;2)) = I,(Cat(t,d — t; 2)) (1.3.1)

for all ¢t with k —1 <t < d—k+1, and that any of these ideals is the ideal of the (k — 2)-nd
secant variety to the d-uple embedding of P!, hence Conjecture holds in this case. For
t<k—1(ort>d—Fk+1), I(Cat(t,d —t;2)) = 0 because the catalecticant matrices have
less than k rows (or columns).

We prove Conjecture [1.3.1]in three special cases, namely k = 2,3 and 4. The case k =2
was already known, by an easy reduction to the case n = 2 in characteristic zero, and by
[Puc9g] in arbitrary characteristic. We give a short proof of Pucci’s result in Section [6.1]
together with a characteristic zero proof independent of .



Chapter 2

Preliminaries

Throughout this work, K denotes a field of characteristic 0. All the varieties we study
are of finite type over K. They are usually reduced and irreducible, but we don’t require this
for the definition of variety (e.g. catalecticant varieties are neither reduced nor irreducible
in general). PV denotes the N-dimensional projective space over K. We write PW for PV
when we think of PV as the space of 1-dimensional subspaces (lines) in a vector space W of
dimension N +1 over K. Given a nonzero vector w € W, we denote by [w] the corresponding
line. The coordinate ring of PW is Sym(W/*), the symmetric algebra on the vector space W*
of linear functionals on W.

2.1 Secant Varieties

Definition 2.1.1. Given a subvariety X C PV, the (k — 1)-st secant variety of X, denoted
01(X), is the closure of the union of linear subspaces spanned by & points on X:

O'k(X) = U P$l:"'7wk'

xy, xR €X

Alternatively, if we write PY = PW for some vector space W, and let X C W denote the

cone over X, then we can define o3 (X) by specifying its cone oy (X). This is the closure of
the image of the map ) X
S: X X x X —W,

defined by
s(xy, o) = X1+ + X

The main problem we are concerned with is

Problem. Given (the equations of) X, determine (the equations of ) or(X).



More precisely, given the homogeneous ideal I(X) of the subvariety X C PW, we would
like to describe the generators of I(oy(X)). Alternatively, we would like to understand the
homogeneous coordinate ring of o (X), which we denote by Kok (X)]. As we will see, this
is a difficult problem even in the case when X is simple, i.e. isomorphic to a projective space
(or a product of such). There is thus little hope of giving an uniform satisfactory answer in
the generality we posed the problem. However, the following observation provides a general
approach to the problem, which we exploit in the future chapters.

The ideal/homogeneous coordinate ring of a subvariety Y C PW coincides with the
ideal/affine Coor/d_izmte ring of its cone Y C W, hence our problem is equivalent to un-

derstanding I(ox(X)) and K [J(Y)] The morphism s of affine varieties defined above
corresponds to a ring map

s*: Sym(W*) = K[X x -+ x X] = K[X]® - ® K[X].
We have that (c;(_)?)) and K [0/(_)?)] are the kernel and image respectively of s#. The
main focus for us will be on the case when X is a Segre-Veronese variety (described in the
following section), and k = 2.

2.2 Segre-Veronese Varieties

Consider vector spaces Vi, -+, V, of dimensions my,--- ,m, > 2 respectively, with duals
Vi, .-+, V¥, and positive integers dy, - - - ,d,. We let

X =PV x.-- xPV;

and think of it as a subvariety in projective space via the embedding determined by the line
bundle Ox(dy,--- ,d,). Explicitly, X is the image of the map

SVigy o PV X oo x PV — P(Sym™ V' ® - @ Sym®™ V)

given by
(fer), - [ea]) = e @ - @]

We call X a Segre-Veronese variety.

For such X we prove that I(o9(X)) is generated in degree 3 and we describe the de-
composition of K[oy(X)] into a sum of irreducible representations of the product of general
linear groups GL(V;) x - -+ x GL(V,,) (Theorem [4.1.1)).

When n =1 we set d = dy, V = V;. The image of SV} is the d-th Veronese embedding,
or d-uple embedding of the projective space PV* which we denote by Very(PV*). When
dy = --- =d, = 1, the image of SV .., is the Segre variety Seg(PV}* x --- x PV*). An
element of Sym® V;* @ --- ® Sym? V* is called a (partially symmetric) tensor. The points in
the cone over the Segre-Veronese variety are called pure tensors.
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2.3 Representation Theory

We refer the reader to [FH91| for the basic representation theory of symmetric and general
linear groups. Given a positive integer r, a partition p of r is a nonincreasing sequence of
nonnegative integers fi; > pig > - -+ with r = > p;. We write u = (g, pto, - - - ). Alternatively,
if u is a partition having 4; parts equal to u; for all j, then we write u = (ui' s --+). To a
partition p = (u1, fo, - -+ ) we associate a Young diagram which consists of left-justified rows
of boxes, with y; boxes in the i-th row. For p = (5,2, 1), the corresponding Young diagram
is

[ 1]

For a vector space W, a positive integer r and a partition p of r, we denote by S, W
the corresponding irreducible representation of GL(W): S, are commonly known as Schur
functors, and we make the convention that Sy denotes the symmetric power functor, while
S(14y denotes the exterior power functor. We write S, for the symmetric group on r letters,
and [p] for the irreducible S,-representation corresponding to u: [(d)] denotes the trivial
representation and [(1¢)] denotes the sign representation.

Given a positive integer n and a sequence of nonnegative integers r = (r1,--- ,7,), we
define an n-partition of r to be an n-tuple of partitions A = (A!,--- | A"), with M partition
of rj, j =1,--+ ,n. We write M b r; and A F" r. Given vector spaces V,---,V, as above,

we often write GL(V') for GL(V}) x --- x GL(V,,). We write S,V for the irreducible GL(V')-
representation SyiV; ® - -+ ® SynV,,. Similarly, we write [A] for the irreducible representation
AM] ® -+ ® [A\"] of the n-fold product of symmetric groups S, = S,, X -+ x S, . We have

Lemma 2.3.1 (Schur-Weyl duality).

Vet @@V = P e SV

A7

Most of the group actions we consider are left actions, denoted by -. We use the symbol
x for right actions, to distinguish them from left actions.
For a subgroup H C G and representations U of H and W of GG, we write

Ind%(U) = K[G] R U, and Res (W) = Wy,

for the induced representation of U and restricted representation of W, where K[M] denotes
the group algebra of a group M, and Wy is just W, regarded as an H-module. We write
W& for the G-invariants of the representation W, i.e.

W¢ = Homg(1,W) € Homg (1, W) = W,

where 1 denotes the trivial representation of G.
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Remark 2.3.2. If G is finite, let
s¢ =Y g€K[G]

geG

We can realize W& as the image of the map W — W given by
W Sg - W.

Assume furthermore that H C G is a subgroup, and let sy denote the corresponding element
in K[H]. We have a natural inclusion of the trivial representation of H

1— K[H], 1~ sy,
which after tensoring with K[G| becomes
Ind$ (1) = K[G] @k 1 — K[G] @k K[H] ~ K[G],
so that we can identify Ind$ (1) with K[G] - sy.
We have

Lemma 2.3.3 (Frobenius reciprocity).
WH = Homy (1, Res% (W) = Homg (Ind$ (1), W).

Given an n-partition A = (A1, .-+, A\") of r, we define an n-tableau of shape A to be an
n-tuple T = (T*,--- ,T™), which we usually write as 7' ®- - -®@T™, where each T" is a tableau
of shape A'. A tableau is canonical if its entries index its boxes consecutively from left to
right, and top to bottom. We say that 7T is canonical if each T is, in which case we write T
for T. If T = (A, \?), with A' = (3,2), A2 = (3,1,1), then the canonical 2-tableau of shape
A is

213

—_
[\]

3\®

‘o«‘ypw

We consider the subgroups of S,
Ry ={g €S, :g preserves each row of T)},

Cy={g € S; : g preserves each column of T)}

and define the symmetrizers

ay = Zg, by = ngn(g)-g, cy = ay - by,

gERN geCy
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with sgn(g) = [[,sgn(g;) for g = (91, ,9n) € Sy, where sgn(g;) denotes the signature of
the permutation g;.
The GL(V)- (or S,-) representations W that we consider decompose as a direct sum of

S\V’s (or [A]’s) with A F" r. We write
- @,
Y

where W)y =~ (S, V)™ (or W, =~ [\]™) for some nonnegative integer my = my (W), called
the multiplicity of S)V' (or [A]) in W. We call W) the A-part of the representation W.
Recall that m; denotes the dimension of V;, j =1,--- ,n. We fix bases

Bj:{.iCiin:l,"',mj}

for V; ordered by z;; > x;+1. We choose the maximal torus 7' = Ty x --- x T,, C GL(V),
with T} being the set of diagonal matrices with respect to B;. We choose the Borel subgroup
of GL(V) to be B = By x --- x B,,, where B; is the subgroup of upper triangular matrices
in GL(V;) with respect to B;. Given a GL(V)-representation W, a weight vector w with
weight a = (a1, -+ ,ay,), a; € T}, is a nonzero vector in W with the property that for any
t=(t1, - ,tn) €T,

t-w=ay(t) - an(ty)w.

The vectors with this property form a vector space called the a-weight space of W, which we
denote by wt, (W).

A highest weight vector of a GL(V)-representation W is an element w € W invariant
under B. W = S,V has a unique (up to scaling) highest weight vector w with corresponding
weight A = (Al,---  A"). In general, we define the A\-highest weight space of a GL(V)-
representation W to be the set of highest weight vectors in W with weight A, and denote
it by hwt(W). If W is an S,-representation, the A-highest weight space of W is the vector
space hwty(W) = ¢, - W C W, where ¢, is the Young symmetrizer defined above. In both
cases, hwty (W) is a vector space of dimension my(W).

2.4 Catalecticant varieties

Given a vector space V' of dimension n over K, with basis B = {z1,--- ,z,}, we consider
its dual space V* with dual basis £ = {ey,--- ,e,}. For every positive integer d we get a
basis of S(g)V'* consisting of divided power monomials e(® of degree d in the e;’s, as follows.
If « C {1,---,n} is a multiset of size || = d, then we write e* for the monomial

ITe

ISt
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We often identify « with the multiindex (o, - -, ), where «; represents the number of
occurrences of i in the multiset a. We write e® for e®/a!, where al = a;!---a,!. For
a,b> 0 with a + b = d we get a divided power multiplication map S,)V* ® S, V* — Sg)V™,
sending el ® e®) to e(*?). We can represent this via a multiplication table whose rows and
columns are indexed by multisets of sizes a and b respectively, and whose entry in the («a, )
position is e(®#). The generic catalecticant matrix Cat(a,b;n) is defined to be the matrix
obtained from this multiplication table by replacing each e(®“?) with the variable Zaup, Where
(Zv>|7\:d C S(d)V is the dual basis to (6(7))|7‘:d C S(d)V*.

One can also think of z,’s as the coefficients of the generic form of degree d in the e;’s,
F = szem‘ Specializing the z,’s we get an actual form f € S V™, and we denote
the corresponding catalecticant matrix by Cats(a,b;n). Any such form f is the dual socle
generator of some Gorenstein Artin algebra A ([Eis95, Thm. 21.6]) with socle degree d and
Hilbert function

hi(A) = rank(Cats(i,d — i;n)).

Macaulay’s theorem on the growth of the Hilbert function of an Artin algebra ([BH93, Thm.
4.2.10]) implies that if h; < k for some ¢ > k — 1, then the function becomes nonincreasing
from that point on. In particular, since A is Gorenstein, h is symmetric, so if h; < k for
some k —1<i<d—k+ 1, then we have

hi <hg <---<hpy=hp=-=hgp+1 > hig—pr2 > -+ > hq.

If we denote by I;(i) = I(Cat(i,d — i;n)) the ideal of k x k minors of the i-th generic
catalecticant, then the remarks above show that whenever ¥ — 1 < d — k + 1 we have the
following up-to-radical relations:

L)C Chk—1) = =L(d—k+1) > > L(d—1).

Conjecture |1.3.1] states that these relations hold exactly. We prove the conjecture in the
cases k = 2,3 and 4 in Chapter [6]

2.5 Flattenings

Given decompositions d; = a; + b;, with a;,6; > 0,i=1,--- ,n, we let A = (ay, -+ ,a,),
B = (by, -+ ,by), so that d = (dy,--- ,d,) = A+ B, and embed

Sym™ Vi @ -+ ®@ Sym™ VF — Vi @ V3
in the usual way, where
Vi=Sym* Vi ®---@Sym*V,, Vg=Sym”V;®-- @ Sym® V,.

This embedding allows us to flatten any tensor in Sym® V;* ® - - - ® Sym® V* to a 2-tensor,
i.e. a matrix, in V; ® V. We call such a matrix an (A, B)-flattening of our tensor. If
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|A| = ay + ... + a,, then we also say that this matrix is an |A|-flattening, or a | B|-flattening,
by symmetry. In the case of one factor (n = 1), the flattening matrices are precisely the
catalecticant matrices described in the previous section.

We obtain an inclusion

SV a, PV x - X PVY) < Seg(PV} x PVR),
and consequently
0k (SVay e, PV X - - X PVF)) = 04 (Seg(PV) x PV3)),

where the latter secant variety coincides with (the projectivization of) the set of matrices
of rank at most k in V; ® V. This set is cut out by the (k + 1) x (k + 1) minors of the
generic matrix in V; ® V3. This observation yields equations for the secant varieties of
Segre-Veronese varieties (see also [Lan|).

Lemma 2.5.1. For any decomposition d = A+ B and any k > 1, the ideal of (k+1) x (k+1)
minors of the generic matriz given by the (A, B)-flattening of Sym™ Vi ® - - - @ Sym® V* is
contained in the ideal of o (SVy, ... a4, (PV] x -+« x PV¥)).

Definition 2.5.2. We write FEE’T(V) = Fjj;”‘(m, -+, V,) for the degree r part of the
ideal of (k4 1) x (k + 1) minors of the (A, B)-flattening.

Note that the invariant way of writing the generators of the ideal of (k + 1) x (k + 1)
minors of the (A, B)-flattening in the preceding lemma (Fj}l’k“(‘/)) is as the image of the
composition

k+1 k+1
AVa® \ Vi <= Sym*™ (V4 @ Vi) — Sym* ' (Sym™ Vi @ - - @ Sym™ V),

where the first map is the usual inclusion map, while the last one is induced by the multi-
plication maps
Sym® V; @ Sym” V; — Sym% V;.

2.6 The ideal and coordinate ring of a Segre-Veronese
variety

If X = SVy, .. q,(PVY x -+« x PV¥), then the ideal I(X) is generated by 2 x 2 minors
of flattenings, i.e. when k = 1 the equations described in Lemma [2.5.1| are sufficient to
generate the ideal of the corresponding variety. As for the homogeneous coordinate ring of
a Segre-Veronese variety, we have the decomposition

KIX] = @PESym™ Vi @ @ Sym™ V). (*)

r>0
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This decomposition will turn out to be useful in the next chapter, in conjunction with the
map s* defined in Section In Chapter |4 we give a description of K[o2(X)] analogous to
(*), and prove that the 3 x 3 minors of flattenings generate the homogeneous ideal of o5(X).

The statements above regarding the ideal and coordinate ring of a Segre-Veronese variety
hold more generally for rational homogeneous varieties (G//P), and have been obtained in
unpublished work by Kostant (see [Lan|).
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Chapter 3

Equations of the secant varieties of a
Segre-Veronese variety

This chapter introduces the main new tool for understanding the equations and coor-
dinate rings of the secant varieties of Segre-Veronese varieties, from a representation theo-
retic/combinatorial perspective. All the subsequent chapters are based on the ideas described
here. The usual method for analyzing the secant varieties of Segre-Veronese varieties is based
on the representation theory of general linear groups. We review some of its basic ideas, in-
cluding the notion of inheritance, in Section The new insight of restricting the analysis to
special equations of the secant varieties, the “generic equations”, is presented in Section [3.2]
More precisely, we use Schur-Weyl duality to translate questions about representations of
general linear groups into questions about representations of symmetric groups and tableaux
combinatorics. The relationship between the two situations is made precise in Section [3.3]
One should think of the “generic equations” as a set of equations that give rise by special-
ization to all the equations of the secant varieties of Segre-Veronese varieties. Similarly, we
have the “generic flattenings” which by specialization yield the usual flattenings.

3.1 Multi-prolongations and inheritance

In this section Vp,---,V, are (as always) vector spaces over a field K of characteristic
zero. We switch from the Sym? notation to the more compact Schur functor notation N
described in Section [2.3f The homogeneous coordinate ring of P(Sg,)Vi* ® - -+ ® S(a,)Vir) is

S = Sym(Sa)Vi ® -+ ® Sa,)Va),

the symmetric algebra of the vector space Sy )Vi @ -+ ® S(a,)Vs. This vector space has a
natural basis B = By, ... 4, consisting of tensor products of monomials in the elements of the
bases By,---,B, of Vq,--- ., V,,. We write this basis, suggestively, as

B=Sym" B, ®---® Sym B,.
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We can index the elements of B by n-tuples a = (ay, -+ , a,,) of multisets a; of size d; with
entries in {1,--- ,m; = dim(V;)}, as follows. The a-th element of the basis B is

2= (] zan) @@ (] #in).

1€ in€anp

and we think of z, as a linear form in S.

We can therefore identify S with the polynomial ring K|[z,]. One would like to have a
precise description of the ideal I C S of polynomials vanishing on oy (SVy, ... 4, (PV]* X -+ - X
PV.¥)), but this is a very difficult problem, as mentioned in the introduction. We obtain such
a description for the case £ = 2 in Theorem The case k = 1 was already known, as
described in Section 2.6

Given a positive integer r and a partition g = (p1,--- , ) b r, we consider the set P, of
all (unordered) partitions of {1,--- ,r} of shape p, i.e.

t
Pll: {A_{Ala >At}|Az|:,U/2 and I—IAZ:{17 7T}}7
i=1

as opposed to the set of ordered partitions where we take instead A = (Ay, -, 4y).

Definition 3.1.1. For a partition g = (p!' - - - p’) of 7, we consider the map

T+ S (S Vi @ -+ ® Sy Va) — Q) 51 (Suyan Vi @ -+ @ Sy, Vo),
j=1

given by
S
FTRERD Z ® H m(z; 1 i € B),
A€P, j=1 BeA
Bl=p;
where

m: (S(dl)Vl Q- S(dn)vn)®”j — S(ujd1)vl RN S(den)vn

denotes the usual componentwise multiplication map.

We write 7, (V) or m,(Vi,---,V,) for the map m, just defined, when we want to distin-
guish it from its generic version (Definition [3.2.5). We also write U4(V) = ULV}, -+, V)
and UXV) = UL(V4, - ,V,) for the source and target of m, (V) respectively (see Definitions
13.2.1] and |3.2.4] for the generic versions of these spaces).

A more invariant way of stating Definition is as follows. If p = (g, , 1), then
the map 7, is the composition between the usual inclusion

Siy(SanV1® -+ @ S4)Va) = (SapyVi @ -+ @ Sa,)Va)®" =
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(SapV1® - @ Sa)Va)®1 @ -+ ® (SapVr ® - - - ® S(a,) V) ¥,

and the tensor product of the natural multiplication maps

m . (S(d.)vi)@”j — S(dei)‘/;.

Example 3.1.2. Let n = 2, d; = 2, dy = 1, r = 4, p = (2,2) = (2?), dim(V}) = 2,
dim(V3) = 3. Take
1= A({Lzn{tyy f2 T A({1ah{3)), A3 T AF{L1h{1h)s A4 T F({22){2)-

We have
(21 - 22 - 23 - 24) = m(21, 22) - m(23, 24) + (21, 23) - M(22, 24) + m(21, 24) - M(22, 23) =

2({1,1,1,2},{1,3}) " #({1,1,2,2},{1,2}) + 2({1,1,1,2},{1,1}) " #({1,1,2,2},{2,3}) + £({1,2,2,2},{1,2}) " #({1,1,1,1},{1,3})-

A more “visual” way of representing the monomials in Sym(Sym® V; ®- - -® Sym™ V},) =
K|z,] and the maps m, is as follows. We identify each z, with an 1 x n block with entries
the multisets «;:

to=[@m [aa ] [an]

We represent a monomial m = z,1--- 2z, of degree r as an r x n block M, whose rows
correspond to the variables z,: in the way described above.

1 1 1

al a2 DY &n

a2 aQ DY a2

. 1 2 n
T T T

al a2 PR an

Note that the order of the rows is irrelevant, since the z,:’s commute. The way m, acts on
an r X n block M is as follows: it partitions in all possible ways the set of rows of M into
subsets of sizes equal to the parts of u, collapses the elements of each subset into a single
row, and takes the sum of all blocks obtained in this way. Here by collapsing a set of rows
we mean taking the columnwise union of the entries of the rows. More precisely, if M is the

r X n block corresponding to zu1 -+« zor and g = (p1, -+, fit), then
UiEAl a}?
e . al
7TMM _ Z ' U’LE.AQ k
AeP, : - i
a=(an a0 [ U g, 0

Note that if two A;’s have the same cardinality, then the variables corresponding to their
rows commute, so we can harmlessly interchange them.
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Example 3.1.3. With these conventions, we can rewrite Example |3.1.2| as

LL,1,2(1,3] [1,1,1,2]1,1 2,2,2]1,2
L1222 [1,1,2,2]2,3] " [1,1,1,1]L,3]

(2,2)

=

1,
L,
L,

1
1

DNO| —| W

Y

Proposition 3.1.4 (Multi-prolongations, [Lan]). For a positive integer r, the polynomi-
als of degree r vanishing on ox(SVa, .. a, (PV]* X - x PV¥)) are precisely the elements of
S (SanyV1 @+~ ®S(4,)Va) in the intersection of the kernels of the maps 7, where ji ranges
over all partitions of r with (at most) k parts.

Proof. Let X denote the Segre-Veronese variety SVy, ... 4, (PV* x -+« x PV*). As in Section
2.1] there exists a map (s#, which we now denote )

71 Sym(Sa)Vi ® -+ ® Sa Vi) — K[X]%F,

whose kernel and image coincide with the ideal and homogeneous coordinate ring respectively,
of 0j(X). Using the description of K[X] given in Section [2.6] we obtain that the degree r
part of the target of 7 is

(KX]™), = @ (SpuanVi @ @ SpuanVa) © - @ (Spuan Vi @ -+ ® S(ppan)Va)-

pr =T

The degree r component of 7, which we call 7,, is then a direct sum of maps 7, as in
Definition [3.1.1] where u ranges over partitions of r with at most k parts. The conclusion of
the proposition now follows. To see that it’s enough to only consider partitions with exactly
k parts, note that if x has fewer than k parts, and j is a partition obtained by subdividing
i (splitting some of the parts of 4 into smaller pieces), then , factors through (up to a
multiplicative factor) 7, hence ker(w,) D ker(m;), so the contribution of ker(r,) to the
intersection of kernels is superfluous. O

Definition 3.1.5 (Multi-prolongations). We write I,(V) = I4(V) for the kernel of the
map 7,(V), and I.(V) = I4(V) for the intersection of the kernels of the maps m,(V) as

p ranges over partitions of r with k parts. T.e. I.(V) is the degree r part of the ideal of
O’k(Sle,...7dn(PVY1* X X PV;))

Given the description of the ideal of o4 (X) as the kernel of the GL(V')-equivariant map m,
we now proceed to analyze 7 irreducible representation by irreducible representation. That
is, we fix a positive integer r and an n-partition A = (AL,--- | A") of (rdy, -+ ,rd,), and we
restrict m to the A-parts of its source and target. The map 7 depends functorially on the
vector spaces Vi, ---,V,, and its kernel and image stabilize from a representation theoretic
point of view as the dimensions of the V;’s increase. More precisely, we have the following
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Proposition 3.1.6 (Inheritance, [Lan]). Fiz an n-partition X =" r - (dy,--- ,d,). Let l;
denote the number of parts of N, for j = 1,--- ,n. Then the multiplicities of S\V in the
kernel and image respectively of ™ are independent of the dimensions m; of the V;’s, as long
as mj > l;. Moreover, if some l; is larger than k, then S\V' doesn’t occur as a representation
in the image of .

Proof. The last statement follows from the representation theoretic description of the co-
ordinate ring of a Segre-Veronese variety, and Pieri’s rule: every irreducible representation
S\V occurring in K[X]®* must have the property that each A’ has at most k parts.

As for the first part, note that m is completely determined by what it does on the A-
highest weight vectors, and that the A\-highest weight vector of an irreducible representation
S\V only depends on the first [; elements of the basis B;, for j =1,--- ,n. O]

We just saw in the previous proposition that (the A-part of) 7 is essentially insensitive
to expanding or shrinking the vector spaces V;, as long as their dimensions remain larger
than [;. Also, the last part of the proposition allows us to concentrate on n-partitions A
where each A\’ has at most & parts. To understand 7, we thus have the freedom to pick the
dimensions of the V;’s to be positive integers at least equal to k. It might seem natural then
to pick these dimensions as small as possible (equal to k), and understand the kernel and
image of 7 in that situation. However, we choose not to do so, and instead we fix a positive
degree r and concentrate our attention on the map ., the degree r part of 7. We assume
that

dim(V;))=r-d;, i=1,--- ,n.

The reason for this assumption is that now the sl zero-weight spaces of the source and
target of 7, are nonempty and generate the corresponding representations. Therefore 7, is
determined by its restriction to these zero-weight spaces, which suddenly makes our problem
combinatorial: the zero-weight spaces are modules over the Weyl group, which is just the
product of symmetric groups S.4, X - -+ X Syq,, allowing us to use the representation theory
of the symmetric groups to analyze the map m,.. We call this reduction the “generic case”,
because the sl zero-weight subspace of Si)(S(a)Vi ® - - ® S(4,)V;) is the subspace containing
the most generic tensors.

3.2 The “generic case”

3.2.1 Generic multi-prolongations

We let d,r denote the sequences of numbers (dy,---,d,) and r - d = (rdy,--- ,rdy,)
respectively. We let S, denote the product of symmetric groups Syq, X -+ X Syq,, the Weyl
group of the Lie algebra sl(V') of GL(V') (recall that dim(V};) =m; =rd; for j=1,--- ,n).
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Definition 3.2.1. We denote by U2 the sl(V) zero-weight space of the representation
Sy (SuanVi ® -+ ® Sa,)Va)- U< has a basis consisting of monomials

M= Zgl *** Zar,

where for each j, the elements of {ajl-, -+, a%} form a partition of the set {1,---,rd;}, with
a| = d;. Alternatively, U< has a basis consisting of r x n blocks M, where each column of
M yields a partition of the set {1,--- ,rd;} with r equal parts.

Example 3.2.2. Forn =2, d; =2, dy, = 1, r = 4, a typical element of U< is

1,6
2,3
4,5
7.8

= A({n6h{1}) * F({231{4}) " F({45h{2}) " F{7.8h{3}) = T

DN = —

S, acts on U< by letting its j-th factor Sra; act on the j-th columns of the blocks M
described above. As an abstract representation, we have
d ~ Sy
Uy ~ Ind(sdlxu.xsdn)rzsr(l)?
where { denotes the wreath product of (Sg X -+ x Sy, )" with S, and 1 denotes the trivial
representation (we will say more about this in the following section). The dimension of the
space U4 is
N = N (rdy)!(rdg)!- - - (rdn)!.
(dl'dg‘ T dn!)r ¥

Example 3.2.3. Continuing Example(3.2.2] let o = (01, 09) € Sgx.Sy, with oy = (1,2)(5,3,7),
o9 = (1,4,3), in cycle notation. Then

2,6
1,7
4,3
5,8

=N | i

or
0= Z({2,6}.{4}) " #({1,7},{3}) * 2({4.3}.{2}) " “({5.8}.{1})"

Definition 3.2.4. For a partition x written in multiplicative notation p = (p!* - - - p’s) as in
Definition we define the space U g to be the sl zero-weight space of the representation

) i) (S Vi @ -+ @ Spuyan V).
j=1
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Writing p = (u1,- -+, ) we can realize Ug as the vector space with a basis consisting of
t x n blocks M with the entry in row ¢ and column j consisting of y; - d; elements from the
set {1,---,7d;}, in such a way that each column of M represents a partition of {1,--- ,rd;}.
As usual, we identify two blocks if they differ by permutations of rows of the same size, i.e.
corresponding to equal parts of p. Note that when p = (17) we get Ug = U<, recovering

Definition 3.2.1] "
We can now define the generic version of the map 7, from Definition [3.1.1}
Definition 3.2.5. For a partition u F 7 as in Definition [3.1.1] we define the map

T, UE— U 5,

to be the restriction of the map from Definition to the sl zero-weight spaces of the
source and target.

Example 3.2.6. The generic analogue of Example is:

1,61
2,3|4]mey[1,2,3,6]14] [1,456]12] [1678]13
4,52 45,782,317 [2,3,7,83,4| " [2,3,4,5[2,4
7.8]3

If instead of the partition (2,2) we take u = (2,1,1) = (122), then we have

LOJ1 1,2,3,6]1,4 1,4,5,6] 1,2
2,3 4 T(2,1,1)

Tsol &5 2 |+ 2,3 4
IE 7,8 3 7,8 3

1,6,7,8[1,3] [2,3.4,5]2,4] [23,7,8[3,4] [4,5,7,8]2,3
2.3 | 4 |+ 1,6 |1 |+ 1,6 | 1 |+| 1,6 | 1
145 | 2 7.8 | 3 45 | 2 2,3 | 4

Note that if we compose 7(21,1) with the multiplication map that collapses together the last

(2,1)

two rows of a block in U(27171)7 then we obtain the map 2 - w3 ).

Definition 3.2.7 (Generic multi-prolongations). We write I, = I for the kernel of m,,
and I, = IZ for the intersection of the kernels of the maps 7, as u ranges over partitions
of r with at most (exactly) k parts. We refer to I, as the set of “generic equations” for
or(SVy(PVy @ --- @ PV¥)), or “generic multi-prolongations” (see Proposition [3.1.4)).
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3.2.2 Tableaux

The maps 7,, for various partitions pu, are S,-equivariant, so to understand them it
suffices to analyze them irreducible representation by irreducible representation. Recall that
irreducible S,-representations are classified by n-partitions A =" r, so we fix one such. This
gives rise to a Young symmetrizer ¢y as explained in Section 2.3} and all the data of m,
(concerning the A-parts of its kernel and image) is contained in its restriction to the -
highest weight spaces of the source and target, i.e. in the map

T =m,(A) : c)\-Ug—>c,\-Ug.

We now introduce the tableaux formalism that’s fundamental for the proof of our main
results, giving a combinatorial perspective on the analysis of the kernels and images of the
maps 7, which are the main objects we're after.

The representations U. g are spanned by blocks M as in Definition , hence the vector
spaces ¢y - Ug are spanned by elements of the form c, - M, which we shall represent as
n-tableaux, according to the following definition.

Definition 3.2.8. Given a partition u = (pg,- -, 4¢) = r, an n-partition A " r and a block
M e Ug, we associate to the element ¢ - M € ¢, - Ug the n-tableaux

T=(T, -, TH=T"'® - T"

of shape A, obtained as follows. Suppose that the block M has the set Oéé in its i-th row and
j-th column. Then we set equal to ¢ the entries in the boxes of T7 indexed by elements of
oz;'» (recall from Section that the boxes of a tableau are indexed canonically: from left to
right and top to bottom). Note that each tableaux 77 has entries 1,--- ,¢, with ¢ appearing
exactly p; - d; times.

Note also that in order to construct the n-tableau T we have made a choice of the ordering
of the rows of M: interchanging rows i and i" when p; = uy should yield the same element
MeU g, therefore we identify the corresponding n-tableaux that differ by interchanging the
entries equal to 7 and 7.

Example 3.2.9. Welet n =2,d = (2,1),r =4, p = (2,2) as in Example[3.1.2] and consider
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the 2-partition A = (A1, \?), with A\! = (5,3), \? = (2,1,1). We have

1,61

6.234 12233®}l3

Al45]2 144 51
7,813 -
2.3[4

ERSIE RIFIEIEINEIE

A6 3/2]2 5l
4,52 =

Let’s write down the action of the map m, on the tableaux pictured above

1]3] 1]12] 1[1]
112]2]3]3] _Jaf1]1]2]2] 112]2]1]1]
T\ 144 ®%, 1212 ®% 202 ®%
12|
112]2]2]2]
AIEBERE ®% :

We collect in the following lemma the basic relations that n-tableaux satisfy.

Lemma 3.2.10. Fiz an n partition A =" r, and let T' be an n-tableau of shape \. The
following relations hold:

1. If o is a permutation of the entries of T' that preserves the set of entries in each column
of T, then
o(T) =sgn(o)-T.

In particular, if T has repeated entries in a column, then T = 0.

2. If o is a permutation of the entries of T that interchanges columns of the same size of
some tableau T, then

o(T)=T.

3. Assume that one of the tableaux of T, say T’ has a column C of size t with entries
ai,as, - ,a;, and that b is an entry of T? to the right of C. Let o; denote the trans-
position that interchanges a; with b. We have

T:X@@)
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We write this as

b
: ¢ |

a; = E b )
: =1 .

g g

disregarding the entries of T that don’t get perturbed.

Proof. (1) follows from the fact that if o € C) is a column permutation, then by - 0 = —b.

(2) follows from the fact that if ¢ permutes columns of the same size, then o € R, is a
permutation that preserves the rows of the canonical n-tableau of shape A (so in particular
ay - o = ay), and o commutes with by. It follows that

C)\'O':Cl,\'(b,\'O'):a)\'(O"b)\):(CL,\'O')'b,\:CZ)\'b)\:C)\.

3) follows from Corollary 3.2.16] (note the rest of the proof uses the formalism of Section
3.2.3). Let us assume first that all entries aq,--- ,a;, b are distinct. If T is the n-tableau
obtained by circling the entries aq,--- , as, b, then

@] @
-2 l®

.
I

By skew-symmetry on columns (part (1)), the effect of circling ¢ entries in the same column
of a tableau T is precisely multiplying 7" by t!. It follows that we can rewrite the above
relation as

ap| b ay | a;
t |
T=tl a; - E b
i=1] .
Gy Qg

By Corollary , T = 0, which combined with the above equality yields the desired
relation.

Now if ay, - -+, a;, b are not distinct, then either a;, = a; for some i # j, or b = a; for some
i. If a; = a;, then T and oy (T), k # i, j, have repeated entries in the column C', hence they
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are zero. Relation (3) becomes then 0 = 0;(7") 4+ 0;(T"). But this is true by part (1), because
0,(T) and o;(T) differ by a column transposition.

Assume now that b = a; for some i. Then o,(T) has repeated entries in the column C
for j # i, thus relation (3) becomes T' = ¢;(T"), which is true because a; = b. O

There is one last ingredient that we need to introduce in the generic setting, namely the
generic flattenings.

3.2.3 Generic flattenings

Definition 3.2.11 (Generic flattenings). For a decomposition d = A+ B, A = (a1, - , a,),
B = (b, ,by), (le. di = a; +b; for i = 1,---,n), we write Fly'; for the span of k x k
minors of generic (A, B)-flattenings. This is the subspace of U¢ spanned by expressions of the
form
[t - af|Bt -, B CZyert e 2y

Where [al? o ,akwl" T ’ﬁk] - det('zaiUﬂj)? OCZ = (O‘ZL e >a7i1)7 ﬁl = (ﬁiv T 75%)7 Vi =
(71, ), with |aj| = a;, [8j] = b; and [yj| = d;, and such that for fixed j, the sets
%, 35,75 form a partition of the set {1,--- ,rd;}.

Example 3.2.12. Take n = 2, d = (2,1) and r = 4, as usual. Take A = (1,1), B = (1,0)
and k£ = 3. A typical element of Fgé looks like

D= [({1},{1}), ({3}, {41), ({7}, {3DIH6}, {1), {21 {1, {81 AD] - 2y =

2({16){1})  A({125{1}) ~({18}{1})
det | z(@e)qap)  2(82004) Z({381{4) |~ Z({45)42))
({7613} F({7.21{3}) ~({7.8}.{3})
Expanding the determinant, we obtain

1,61 [1,271] [1,8]1] [1,6]1] [1,8]1] [1,2]1
p_|32[4] [36[4) [3.2]4] [38]4] [3.6]4] [38][4
7813 [7.813| [7,6(3| [7.2]3|" [7.2(3|"[7.6[3]
4512] [45]2] [45(2] [4,5]2] [4,5[2] [4,5]2

Notice that all the blocks in the above expansion coincide, except in the entries 2,6, 8 that
get permuted in all possible ways. Let’s multiply now D with the Young symmetrizer ¢, for

A= (AL A%, A =(5,3) and \? = (2,1,1). We get

14| 1]4] 4|
52— 2
2] 2]

—
—
[\
—
[\
[\

1224\4\® 4\4\® 4\4\®

C)\'D:

1
3
2]
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1]4] 4]
3] + +

1324\4\® 4]

113/2[4]4]
11312 ®

1[1]2]4]4]
231 ©

1
332 3

nofeo[—

o
o

Note that all the 2-tableaux in the previous expression coincide, except in the 2-nd, 6-th
and 8-th box of their first tableau, which get permuted in all possible ways. We represent
cx - D by a 2-tableau with the entries in boxes 2, 6 and 8 of its first tableau circled (see also

Definition [3.2.13| below):

4]
1/@[2]4]4]

- D= ® .
A @3®

To reformulate this one last time, we write

1
3
2]

D313

14| 1
1(2)24\4\®i = 3 san(o) o 12244@)i ’
2 2

oES3
where S3 = S{123) is the symmetric group on the circled entries.

Definition 3.2.13. Let A, B and F}{’; as in Definition [3.2.11] let
D= [0417... 705k|517,.. 7516] R c FIIZZTB;

and let A =" r = (rdy, -+ ,rd,). Welet v =o' UB fori=1,--- ,k, and consider T = cy-m
the n-tableau corresponding to the monomial

m:Z,Yl"'Z,yr.

We represent ¢y - D € hwt A(FZTB) as the n-tableau 7" with the entries in the boxes corre-
sponding to the elements of !, --- , o circled. Alternatively, we can circle the entries in the
boxes corresponding to the elements of 31, --- , 5.

It follows that a spanning set for hwt,\(szg) can be obtained as follows: take all the
subsets C C {1,---,r} of size k, and consider all the n-tableaux 7" with a; (alternatively
b;) of each of the elements of C circled in T7. Of course, because of the symmetry of the
alphabet {1,---,r} (see Definition [5.1.1]), it’s enough to only consider C = {1,--- ,k}, so
that the only entries we ever circle are 1,2,--- , k.

Continuing with Example [3.2.12] we have

U_@z@en,

1
H_11@[2]4]4] B
ox- D= ®% NRGE

D313

EEE

Our goal is to reduce the statement of Theorem to an equivalent statement that
holds in the generic setting, and thus transform our problem into a combinatorial one.
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More precisely, we would like to say that the space of generic flattenings coincides with the
intersection of the kernels of the (generic) maps 7,, and that this is enough to conclude
the same about the nongeneric case. One issue that arises is that we don’t know at this
point (although it seems very tempting to assert) that the zero-weight space of the space of
flattenings coincides with the space of generic flattenings. Section will show how to take
care of this issue, and how to reduce all our questions to the generic setting.

3.2.4 1-flattenings

In this section we focus on the space of generic 1-flattenings, F; = Flk " defined as the
subspace of U2 given by
k,r k,r
Fl - Z FA7B'

A+B=d
|A|=1

We shall see that F; has a very simple representation theoretic description, which by the
results of the next section will carry over to the nongeneric case.

Proposition 3.2.14. With the above notations, we have

Fy = @(Urd)A’
AR
Ap#£0
where (U)y denotes the A-part of the representation UL, and N\, # 0 means )\i # 0 for some
j=1,---.,n, i.e. some partition N has at least k parts.

Proof. We divide the proof into two parts:

a) If A " r is an n-partition with some M having at least k parts, and T is an n-tableau
of shape A, then T € F}.

b) If A =" r is an n-partition with all MV having less than k parts, then cy - F}; = 0.

Let us start by proving part a). We assume that A’ has at least k parts and consider T an
n-tableau of shape \. If 77 has repeated entries in its first column, then 7" = 0. Otherwise,

we may assume that the first column of 77 has entries 1, 2, ,t in this order, where ¢ is the
number of parts of M, t > k. We consider the n-tableau T" obtained from 7T by circling the
entries 1,2, --- , k in the first column of 77. We have
IR
T=T'® @—"1—& -l
k—+1 - -
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i.e.

where Sy denotes the symmetric group on the circled entries. Since o(T') differs from T' by
the column permutation o, it follows by the skew-symmetry of tableaux that

o(T) =sgn(o)-T.

This shows that

1 -

proving a).
To prove b), let

k k k,
D:[()[l,"',a |517"'7/6]'Z’yk+1”'z’y7'€FA,TBJ

for some A+ B = d with |A|] = 1. We have that b, - D is a linear combination of terms
that look like D, so in order to prove that ¢, = a, - by annihilates D, it suffices to show that
ay - D =0.

We have A = (ay,- - ,a,) with a; = 1 for some j and a; = 0 for ¢ # j. We can thus think
of each of al,--- ,aF as specifying a box in the partition \. Since M has less than k parts,
it means that two of these boxes, say p and g, lie in the same same row of M. Let o = (p, q)
be the transposition of the two boxes. ¢ is an element in the group R, of permutations
that preserve the rows of the canonical n-tableau of shape A (Section , which means that
ay -0 = ay. However,

o-[at, - af - al - abBY - B =l ad ol - ab|BY - BY]
=—la', - 0P, ad 70/6131’... 7516}’

since interchanging two rows/columns of a matrix changes the sign of its determinant. We
get
a>\~D:(a>\-0)-D:a>\-(o-D):a,\-(—D):—aA-D,

hence ay - D = 0, as desired. O

Remark 3.2.15. The nongeneric 1-flattenings give the equations of the so-called subspace
varieties (see |[Lan| or [Wey03, Prop. 7.1.2]), and in fact this statement is essentially equivalent
to our Proposition via the results of the next section, namely Proposition [3.3.5]

Corollary 3.2.16. Let C C {1,- - , T} be a subset of size k. If X is an n-partition with each
N having less than k parts, and T is an n-tableau of shape A, with one of each entries of C
in T7 circled, then T = 0. More generally, with no assumptions on A, if the circled entries

in T9 all lie in columns of size less than k, then T = 0.



30

Proof. The first part follows directly from Proposition , since T is a 1-flattening, and
the space of 1-flattenings doesn’t have nonzero A-parts when A is such that each of its
partitions have less than k parts.

For the more general statement, we can apply the argument for part b) of the proof of
the previous proposition. If

D:[al,-" ,ak|ﬁl,-" 7/8k]'z'yk+l"'z’YT€Fl

is such that each o/ corresponds to a box of T7 situated in a column of size less than k, then
since column permutations don’t change the columns of the boxes corresponding to the a'’s,
it follows that by - D is a combination of expressions D’ with the same properties as D. To
show that ¢, - D = 0 is thus enough to prove that ay - D = 0. The proof of this statement is
identical to the one in the preceding proposition. O

The reader might wish to skip to Chapter [5|now, to get some familiarity with the tableaux
combinatorics in the way it’s going to be used throughout this work.

3.3 Polarization and specialization

In this section V4, - - -, V}, are again vector spaces of arbitrary dimensions, dim(V;) = m;,
j=1,--- n. Let r = (ry, -+ ,r,) be a sequence of positive integers, and let

W:‘G®T1®...®Vn®7‘”_

Let S, denote the product of symmetric groups S,, x--- x5, , and let G C S, be a subgroup.
Consider the natural (right) action of S, on W obtained by letting S,, act by permuting the
factors of V.¥". More precisely, we write the pure tensors in W as

v:®vij, withvi; €Vj, j=1,--- n, i=1,--- 1y,

2

and for an element o = (o', ,0™) € S,, we let
V*x0 = ®U0j(i)j'
,J

This action commutes with the (left) action of GL(V) on W, and restricts to an action of
G on W. It follows that W¢ is a GL(V)-subrepresentation of W.

Proposition 3.3.1. Continuing with the above notation, we let U = W and U’ = Indgi(l).
Let A\E" 1 be an n-partition with N having at most m; parts. The multiplicity of S\V in U
is the same with that of [A] in U’.
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Moreover, there exist polarization and specialization maps
Py:wt\(U) — U, Qx:U — wty(U),
with the following properties:
1. @y is surjective.
2. Py is a section of Q.

3. Py and Q) restrict to maps between hwty(U) and hwty(U’) which are inverse to each
other.

Proof. The first part is a consequence of Schur-Weyl duality (Lemma [2.3.1) and Frobenius
reciprocity (Lemma [2.3.3). We start with the identification

U = WY = Homg(1, Resor (W)).
Using Schur-Weyl duality we get

W:V1®7°1 ®...®Vn®rn = @[/\]@S)\V,

A=

therefore the previous equality becomes

U = P Homea(1, Resgr ([A]) @ SaV.

AT
Frobenius reciprocity now yields
Homg (1, Resgr ([A])) = Homg, (Ind27 (1), [\]) = Homg, (U, [A)).

We get
U = @ Homs, (U, [A]) ® S,V,
AFny

hence the multiplicity of S\V in U coincides with that of [A] in U’, as long as S,V # 0, i.e.
as long as m; is at least as large as the number of parts of the partition M.

It follows that the vector spaces hwty(U) and hwty(U’) have the same dimension, equal
to the multiplicity of SyV and [A] in U and U’ respectively. We next construct explicit maps
Py, Q) inducing isomorphisms of vector spaces between the two spaces.

We identify an element o = (o', -+ ,0") € S, with the “tensor”

R0
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and consider the (regular) representation of S, on the vector space R with basis consisting
of the tensors o for o € S,. The left action of S, on R is given by

o @ ai; = Qo (ay),
,J ,J

while the right action is given by

®aij *x 0 = ®a01(i)j.

Y] ]

We consider the vector space map @ : R — W given by
@ ai; — Q) g5(aiy),
ij ij

where g; : {1,--- ,r;} — B; is the map sending a to z;; if the a-th box of M is contained in
the i-th row of M (or equivalently if X +--- 4+ MN_, <a < M +--- 4+ A). The image of Q,
is wtA(W). It is clear that if a = @), ;ai; and b = ), ; bi;, then Qx(a) = Qx(b) if and only
if a =0 -0 for o € S, a permutation that preserves the rows of the canonical n-tableau of
shape A. It follows that we can define Py : wty(W) — R by

1

PA(Qx(a) = RS

where ay is the row symmetrizer defined in Section 2.3 hence Pj is a section of Q.

Notice that Py and () are maps of right S,-modules, i.e. they respect the *-action of .S,
on R and wty (W) respectively.

Let us prove now that Py and @), restrict to inverse isomorphisms between hwty(R) =
¢y - R (recall from Section that ¢, denotes the Young symmetrizer corresponding to \)
and hwty(W). The two spaces certainly have the same dimension (take G = {e} to be the
trivial subgroup of S, and apply the first part of the proposition), so it’s enough to prove
that for o’ € hwty(R)

a) Qx(d’) € hwty (W), and

b) P,\(Q,\(a’)) =dad.

To see why part b) is true, note that

1

PA(QA(CLA'@))Zﬁ'ai'azax&

i.e. Pyo@) fixes ay- R. Since hwty(R) = ¢\ - R C ay - R, it follows that Py(Qx(a’)) = d’. To
prove a) we need to show that @y(a’) is fixed by the Borel (recall the definition of the Borel
subgroup from [2.3)). It’s enough to do this when

/
a = Cy-a, a:®a1~j.
i3
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The pure tensor a corresponds to an element o € S,, so we can write a = e * o, where
e = ® eij
6.3
is the “identity” tensor, e;; = ¢ for all 4, j. It follows that

Q,\(a’) = Q)\<C)\ . a) = Q)\(Cl,\ . b)\ '6*0’) =\ Q)\(b)\ '6) * 0

Since the % action commutes with the action of the Borel, it is then enough to prove that
Qx(by - €) is fixed by the Borel. But this is a direct computation:

b)\ 6 ®x1j LX) g

where (A) denotes the conjugate partition of A, so that in fact (A)! denotes the number
of entries in the i-th column of M. In any case, it is clear from the formula of Q,(by - €)
that it is invariant under the Borel, proving the claim that P, and ), restrict to inverse
isomorphisms between hwty (W) and hwty(R).
To finish the proof of the proposition, it suffices to notice that, by Remark we have
the identities
U=WC¢=W=xs and U =Indr(1) = Rxs,

s:Zg.

geG

where

Now since Py, () respect the x action, it follows that they restrict to inverse isomorphisms
between
hwty (W) * s = hwty (W * s) = hwty(U)

and

hwty(R) * s = hwty (R * s) = hwty(U’),
proving the last part of the proposition. O

We shall apply Proposition with r = (rdy,- -+ ,rd,) and
U =UHV) = S (S Vi @ -+ @ S(ay Vo),

or more generally

U =UHV) = Q) Sti) (Stuyan Vi @ -+ ® S(pya) Vi),
j=1
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the source and target respectively of the map =, in Definition |3.1.1} W is now the represen-
tation
W fd ‘/1®Td1 ® P ® V®Td”
Ferdn,

We start with U = U4(V). We have U = W¢ where
G = (Sd1 X - X Sdn)”ZS,,«

is the wreath product between (Sg, X --- x Sg,)" and S,. Recall that for a group H and
positive integer r, the wreath product H" S, of H" with the symmetric group S, is just the
semidirect product

H" % S,,

where S, acts on H" by permuting the r copies of H. We can thus identify an element o € G
with a collection

where
(7;-C S de, TES,.

We need to say how we regard G' as a subgroup of S,. First of all, we think of S, = S,4, X
-++ X Spq, as a product of symmetric groups, where 5,4, acts on the set D; = {1,--- ,rd;}.
Then we think of an element o € GG as an element of .S, by letting aj’? act as a permutation
of
{(r(k) =1)-d;+1,--- ,7(k) - d;} C Dj.

For example, when d; = --- = d,, = 1, G is just the group S,, diagonally embedded in S}
With this G, we let U’ = Indpr(1).

One can now see why the representation U2, as defined in the previous section, can

be identified with U’. Recall that U2 was defined as a space of 7 X n blocks with certain
identifications. Consider the block

{]_’...7d1} {]_,"',dg} {]_7’dn}
N I e R A [t L2 || {dt1--.2d)
{(r_l)dl_'_l?"'?rdl} {(T_l)d2+17"'7rd2} {<T_1)dn+177rdn}

G acts trivially on M (because each cré‘c does, and because the effect of 7 is just permuting
the rows of M), and all the other blocks are obtained from M by the action of some element
of S,. One should think of the span of M thus as the trivial representation 1 of G that’s
induced to S,.

It is probably best to forget at this point that U’ was the zero-weight space of a certain
representation, and just think of it abstractly as the induced representation

Indor (1),
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with its realization as a space of blocks. An important point to notice now is that for any
decomposition d = A + B, and any k,r we have

P\(wta(Fi'p(V))) C Fi'g,

and
O\(FA) C wia(Fyp(V)),

where sz; (Definition |3.2.11)) is the generic version of Fj:TB(V) (Definition 2.5.2]). This
means that on the corresponding A-highest weight spaces, P\ and (), restrict to isomorphisms

hth(FA’f:g(V)) ~ hwt,\(Fﬁ:g).

Example 3.3.2. Here’s an example of specialization, that involves blocks we're already
familiar with. Let n =2, d; =2, dy = 1,7 =4, A\! = (5,3), A2 = (2,1,1). The specialization
map (), sends

1,61 121

o 2,3 4 Q>\ ]-71 3 o !/

M=5 M
7.813 2,212

Q> sends 1,2,3,4,5 from the first column of M to 1, because boxes 1,2,3,4,5 of A\! lie in
the first row of A\!, and it sends 6, 7,8 to 2 because boxes 6,7,8 of A! lie in its second row.
A similar description holds for the second column of M and A2

Although we won’t write down explicitly Py(M’) in this example (see the example below
for a concrete illustration of the action of Py), we will just mention that Py (M) is the average
of the blocks that specialize to M’ via the specialization map @,. Of course, M is one such
block, but there are many more others.

Example 3.3.3. Let n = 3, d; = dy = d3 = 1l and \! = X2 = X3 = (2,1). If m =
({11 {52) 2({25 LD 23128} € U’, then

Qx(m) = Z(1}.11).0) A2 0D A(2b 142 €U

and

1

PA(@x(m)) = 2 (2101120202431 1) (3121080 T 202111 ED AU B1 1D A3} (21,43
AN Z2LELED ABLELED T 2D A 2D 23243
FE((11421,02) 221,03, 0D A3 016D T 202H212) A3 U313
FE((11,(2,0D (21,61 EDAELANED T AL A1) 231 3))-
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When U = ULV), with p = (pf" - - p¥s), we get U = WY, where
G = >< ((SMjCh Xooe X Sujdn)ij 2Sij) .
j=1

It follows that U’ = Indgi(l) =U, g with the realization as a space of blocks explained in the
preceding section.

We note that the maps 7, and 7,(V) commute with the polarization and specialization
maps Py, @y, i.e. we have a commutative diagram

Qx
Ud wir(UL(V)) (3.3.1)
Py
W“i i”u(v)
Qx
Ul wr(UHV))
Py

Example 3.3.4. Let d = (2,1), r = 4, u = (2,2), A = (5,3), A2 = (2,1,1). We only
illustrate the specialization map @), with the above diagram transposed:

1,6 |1

2,314 T 1,2,3,6 1,4 " 1,4,5,6 | 1,2 n 1,6,7,8 (1,3
4,512 4,5,7,82,3 2,3,7,8 13,4 2,3,4,5|2,4
7,813

Qx Qx

1,21

1,113 (V) 1,1,1,2 (1,3 n 1,1,1,2 1,1 n 1,2,2,211,2
1,11 1,1,2,2 1,2 1,1,2,2 |2, 1,1,1,1(1,3
2,22

Restricting to the A-highest weight spaces, we obtain a commutative diagram

Qx
hwt (U£) hwt (U£(V))
P;
W“i ’ lmw
Qx
hWt)\(UE) hWt;{Ug(V))
Py

where all the horizontal maps are isomorphisms. This shows that the A\-highest weight spaces
of the kernels of 7, and 7,(V) get identified via the polarization and specialization maps,
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and therefore the same is true for I¢ and I4(V): the generic multi-prolongations and multi-
prolongations correspond to each other via polarization and specialization. We summarize
the conclusions of this section in the following

Proposition 3.3.5. The polarization and specialization maps Py and @, restrict to maps
between generic flattenings and flattenings, inducing inverse isomorphisms

hwiy(Fly's) o hwty (Fip (V).

They also restrict to maps between the kernels of the generic m,’s and the nongeneric ones,
inducing inverse isomorphisms

hwty (ker(m,)) ~ hwty(ker(m,(V))).

As a consequence, Py and Q) yield inverse isomorphisms between the \-highest weight spaces
of generic and nongeneric multi-prolongations

hwty (I2) ~ hwty (I4(V)).

It follows that in order to show that flattenings coincide with multi-prolongations for the
variety of secant lines to a Segre-Veronese variety (Theorem (4.1.1)), it suffices to prove their
equality in the generic setting.
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Chapter 4

The secant line variety of a
Segre-Veronese variety

This chapter is based on the techniques developed in the preceding one. We use the
reduction to the “generic” situation to work out the analysis of the equations and coordinate
rings of secant varieties of Segre-Veronese varieties in the first new interesting case, that of
the first secant varieties. We show how in the case of the secant line variety o(X) of a Segre-
Veronese variety X, the combinatorics of tableaux can be used to show that the “generic
equations” coincide with the 3 x 3 minors of “generic flattenings”. In particular, we confirm
a conjecture of Garcia, Stillman and Sturmfels, which constitutes the special case when X is
a Segre variety. We also obtain the representation theoretic description of the homogeneous
coordinate ring of o(X), which in particular can be used to compute the Hilbert function
of o5(X). In the special cases when o9(X) coincides with the ambient space, we obtain the
decomposition into irreducible representations of certain plethystic compositions. Section
describes the statements of our results, while Section contains the details of the proofs.

4.1 Main result and consequences

The main result of our thesis is the description of the generators of the ideal of the variety
of secant lines to a Segre-Veronese variety, together with the decomposition of its coordinate
ring as a sum of irreducible representations.

Theorem 4.1.1. Let X = SVy, ... 4, (PV* X PVy x -+ x PV,¥) be a Segre-Veronese variety,
where each V; is a vector space of dimension at least 2 over a field K of characteristic zero.
The ideal of 09(X) is generated by 3 x 3 minors of flattenings, and moreover, for every
nonnegative integer r we have the decomposition of the degree r part of its homogeneous
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coordinate ring
Kloy(X), = @B (SuVi®@-- @ 8nVo)™,
)‘:()‘_1»"' A™)
Xibrd;

where my, is obtained as follows. Set

)\i
= max [d_{‘ ,oex= A4 AL
If some partition \' has more than two parts, or if ex < 2fx, then my = 0. Ifey > r — 1,
then my = |r/2] — fx+ 1, unless ey is odd and r is even, in which case my = |r/2] — fx. If
ex <r—1andey > 2fy, then my = [(ex +1)/2] — fn + 1, unless ey is odd, in which case
my = [(ex+1)/2] = fi.

As a consequence, we derive the conjecture by Garcia, Stillman and Sturmfels, concerning
the equations of the secant line variety of a Segre variety.

Corollary 4.1.2. The GSS conjecture (Conjecture holds, namely the ideal of the
variety of secant lines to a Segre product of projective spaces is generated by 3 X 3 minors of
flattenings.

Proof. This is the special case of the first part of Theorem whendy =dy=---=d, =
1. [l

Combining Theorem with known dimension calculations for secant varieties of Segre
and Veronese varieties, we obtain two interesting plethystic formulas. We do not claim
that these formulas are new: since all the vector spaces involved have dimension two, the
representation theory of sly can be also used to deduce them. However, we hope that the
simple idea we present, together with a generalization of the last part of Theorem to
higher secant varieties, would yield new plethystic formulas for decomposing Schur functors
applied to tensor products of representations.

Corollary 4.1.3. a) Let V1,V5, V3 be vector spaces of dimension two over a field K of
characteristic zero, and let r be a positive integer. We have the decomposition

Sym' (Vi@ Voo Vi) = @ (Suli @ Splh @ Syls)™,

A=(A1,0203)
b

where my, is obtained as follows. Set
Aro=max{\}, A5, A3}, ex = A+ A3+ A5

If some partition \' has more than two parts, or if ex < 2fx, then my = 0. Ifey > r —1,
then my = |r/2] — fx + 1, unless ey is odd and r is even, in which case my = |r/2| — fx. If
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ex <r—1andey > 2fy, then my = [(ex +1)/2| — fn + 1, unless ey is odd, in which case
my = [(ex +1)/2] = fx.

b) Let Vi, Vy be vector spaces of dimension two over a field K of characteristic zero, let
r be a positive integer and let = (1, u2) be a partition of v with at most two parts. We
have the decomposition

SVieVy) = @ (Suli® SeVa)™,

A=(A1,02)
Nibr

with my = mx1 x2,,), where ma 2,y is as defined in part a).

Proof. Part a) follows from the fact that the secant line variety of a 3-factor Segre variety
X has the expected dimension, namely 2 - dim(X) + 1. In the case we are interested in
X = Seg(P! x P! x P!) has dimension 3 and is a subvariety of P??271 = P7_ s0 0(X) fills in
the whole space. This means that the coordinate ring of o5(X) and P7 coincide, i.e.

K[oz(X)] = Sym(V1 @ V2 ® V3),
and therefore we can use the description of Theorem to compute
K[oo(X)], = Sym"(V} @ Vo @ V3).

As for part b), let V3 be another vector space of dimension two. Part a) tells us how to
decompose
Sym”(Vy @ Va ® V5)

in general. On the other hand, regarding V; ® V5, ® V5 as the tensor product between the
vector spaces V; @ V, and V3, we can use Cauchy’s formula (Section to obtain
Sym" (Vi ® Vo @ V5) = @ (Vi ® Vo) @ S, V5.
pr

Now the desired formula for the multiplicity of the irreducible representations occurring in
S,.(V1®V3) follows by combining the formula from part a) with the Cauchy formula depicted
above. O]

Corollary 4.1.4. Let V' be a vector space of dimension two over a field K of characteristic
zero. We have the decomposition

Sym” (Sym*(V)) = ED(S\V)™,

AR3r

where my s obtained as follows. Set
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If X has more than two parts, or if ex < 2fy\ (i.e. Ay = 1), then my = 0. Ifey > r —1,
then my = |r/2| — fx + 1, unless ey is odd and r is even, in which case my = |r/2| — fr. If
ex <r—1andey > 2fy, then my = [(ex +1)/2] — fn + 1, unless ey is odd, in which case
my = L(G)\ + 1)/2J — f)\.

Proof. This follows from the fact that oo(Vers(P!)), the secant line variety of the twisted
cubic fills in the space, hence its coordinate ring is

Sym(Sym?®(V)).

Using the description in Theorem with n =1, d; = 3 and V = V; of dimension 2, we
obtain the desired formula. O

4.2 Proof of the main result

Proof. We start by outlining the main steps in the proof of Theorem We fix a sequence
of positive integers d = (dy,- -+ ,d,) and a positive degree r, and let r = (rdy,--- ,rd,). By
Proposition [3.3.5] it suffices to prove the generic version of the theorem. More precisely, we
let
F= Y Fy,cU!
A+B=d

be the set of generic flattenings, and let F; denote those generic flattenings with |A| = i. (As
the rest of the proof will imply, we have F' = Fy + F; + Fj3; see Chapter [6] for more precise
results in this direction in the case n = 1 of the Veronese variety.)

Recall that I = I¢ denotes the space of generic multi-prolongations of degree 7 (Definition

3.2.7)), i.e. I is the kernel of the map

™= @ WM:U:UTQ—> @ Ug.

p=(p1,p2)Fr p=(p1,p2)kr

We have F' C I, by combining Lemma|2.5.1| with Proposition We will show that F' = 1
and that the image of m decomposes into irreducible S,-representations as

AEnp

where m, is as defined in the statement of the theorem.
We list the main steps below. The details will occupy the rest of the chapter.
Step 0: If ) is an n-partition with some A’ having at least three parts, then hwty(U) =

hwty(F) (Proposition [3.2.14)), hence hwty(F") = hwty(I), because F' C I C U. Moreover,
this also shows that my, = 0.



42

Step 1: We fix an n-partition A\ of r with each A\’ having at most two parts. We identify
each tableau T" with a certain graph G. We show that graphs containing odd cycles are
contained in F'.

Step 2: We show that the A-highest weight space of U/F is spanned by bipartite graphs
that are as connected as possible, i.e. that are either connected, or a union of a tree and
some isolated nodes.

Step 3: We introduce the notion of type associated to a graph G as in Step 2, encoding
the sizes of the sets in the bipartition of the maximal component of G. We show that if
G1, G have the same type, then G; = £G5 (modulo F).

Step 4: If we let
™= @ 7 U — @ Uy,

pkr pkr
n=(a=b) pn=(a=b)
and if G; are graphs of distinct types (not contained in F'), then the elements 7(G;) are
linearly independent. This suffices to prove that F' and the kernel of m are the same, i.e.
that F' = I. The formulas for the multiplicities m, follow from counting the number of G,’s,
i.e. the number of possible types.

4.2.1 Step 1

We fix an n-partition A of r with A\* = (A > X\, > 0), fori = 1,--- ,n. For each n-tableau
T of shape A we construct a graph G with r vertices labeled by the elements of the alphabet

A={1,---,r} as follows. For each tableau T" of T' and column -~ of T" of length 2, G has

an oriented edge (x,y) which we label by the index i. We will ofte?il refer to the labels of the
edges of G as colors. Note that we allow G to have multiple edges between two vertices (some
call such G a multigraph), but at any given vertex there can be at most d; incident edges of
color 7. Since we think of two n-tableaux as being the same if they differ by a permutation of
A, we shall also identify two graphs if they differ by a relabeling of their nodes. Note that a

graph G determines an element in hwty(U), by considering a tableau T" with columns - for

each edge (z,y) of G. The order of the columns of T" is not determined by G, but part %2) of
Lemma states that any such T yields the same element of hwt(U). The orientation
of the edges of our graphs will be mostly irrelevant: reversing the orientation of an edge of
G = T will correspond to changing G to —G (see part (1) of Lemma [3.2.10). When we talk
about connectedness and cycles, we don’t take into account the orientation of the edges.
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Example 4.2.1. The graph

12] . 1[3].[2]1] 5 )
EIRFIRE]
F——3
is connected and has a cycle of length 3, while
@
13 11][3]_ 1
2] CRI T [/

is disconnected and has a cycle of length 2.

From now on we work modulo F', and more precisely, inside the A-highest weight space
of (U/F). This space is generated by the graphs described above. The main result of Step
1is
Proposition 4.2.2. If G has an odd cycle, then G =0 (i.e. G is in F').

We first need to establish some fundamental relations, that will be used throughout the
rest of the proof.

Lemma 4.2.3. The following relations between tableauz/graphs hold (see the interpretation

below)
x| . . :
a) m %, in partwular 0.
b)xz\:$y\+zx\.
LY E2 Y]
¢) 12 z\® x y\: T y\® T z\'
Y| 2 K2 Y
[0 22 g 23] _[5[2] o [2T) (213,
LY LY 2] LY ] 2] 2]

Interpretation: For an expression £ =) . ar - T, where the T’s are n-tableaux of shape
A, we say that £ =0 if
Z ar-T € F CU.
T

If all the n tableaux occurring in the expression E contain the same n-subtableau S, then we
suppress S entirely from the notation (see also the comment in part (3) of Lemma (3.2.10)).
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Example 4.2.4. One interpretation of part b) of Lemma could be that

ab®xz\t\:ab®xy\t\+ab®zx\t\7
cld| |y] cld z cld] |y]

for any {a,b,c,d} = {x,y,z,t} = {1,2,3,4}. The 2-subtableau S is in this case

s =|alblo[t]
cld

Proof of Lemmal[{.2.3 a) is part (1) of Lemma [3.2.10}

b) follows from part (3) of the same lemma (since all columns of our tableaux have size

at most two).
c) We have

@@
@ ®

(because the left hand side is contained in F3). Using parts a) and b) repeatedly, we can

@:ngn(a)-a(i y\® g Z) =0,

oES3

e

express everything in terms of zly| and P42 ‘, and after simplifications, the above equation
Z Y

becomes

s (s -Ea ) -0
Z Y Y L <]

d) Part c) states that any tensor expression in a = -4~ | and b =Y | does not depend
LY 2
on the order in which a and b appear, so we can think of the pure tensors in a, b as commuting

monomials in a,b. Writing "4+ = b — a, we can translate
z

Glgl@al,

@:ngn(a)-a(x Z‘@ & Z‘@ L y> =0,

oES3

@
@)

e®
e

into

a*b — a*(b —a) + (a — b)*b — b*a — (b — a)?a + b*(a — b) = 0,

which simplifies to 3(a?b — ab?) = 0, i.e. a*b = ab?, or

T z\® x z\® T y\: x z\® T y\® x y\‘
y Y z Y z 2

O

Corollary 4.2.5. If G is a graph having a connected component H consisting of two nodes
joined by an odd number of edges, then G = 0.
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Proof. Interchanging the labels of the two nodes of H preserves G, but by part a) of Lemma
4.2.3], it also transforms G into (—1)°G, where e is the number of edges in H. Since e is odd,

G=0. ]
Corollary 4.2.6. If G is a graph containing cycles of length 1 or 3, then G = 0.

Proof. If G has a cycle of length 1, this follows from part a) of Lemma 4.2.3] If G has a
cycle of length 3, we may assume this cycle is C = @ — @ — @ — D. We have several

cases to analyze, depending on the colors of the edges in this cycle.
If the edges in C' have distinct colors, we need to prove that

1[3]o]2/1] 11]2]_
ST QT @ =0

We have by part b) of Lemma applied to the middle tableau that

L3l 21 ol]2) (1[3]o(1]2]o11]2] [1[3].11]3].[1][2]
ol 93 Y3 T2 %3 Y3 o Pl ®m Y

where the last equality is part d) of the same lemma.
If the edges of C' have the same color, we need to prove that

1112
213[3

We have

—
—_
[N
[}
[\
—_
—_
—_
w
[}
[\
w
w
w
—

0=

3132
2111 322+311+122

QD
Q@ [213[3] [1[3]3

C[alalz2) [al2fa]  eafal [alale] [2]al) [1[2]1] . [i]i]2
o teEEtaEe T 3R a2 T EEe s

where the penultimate equality follows from skew-symmetry on rows, while the last one

follows from part (2) of Lemma [3.2.10}
Finally, suppose that the edges of C' have two colors, say (1,2) and (1, 3) have the same

color. We need to prove that

11ﬂﬂ®21L0

2[3 3
As in the preceding case,
oo @l _[1]1]2]3] [2]1] [2[2]1]3] [1][2] [3[3][2]1].[2]3
"“eel %@ 23 “B 3“3 2 91
L1]32] (31, [2]2[3][1].13]2] [3[3][1]2|.[1]3]_ . [1]1]2]3]_ ]2]1
3[2 SPIBEE NINE SMPIPIE ®i ’
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where the last equality follows by utilizing repeatedly parts a) and ¢) of [4.2.3] For example,
we have for the second term that

202113 [1l2]_ [1][2]1]3][1]2]_ [1][1]2][3].[2]1]
13 ®3] - 23 %3 " 23 %3

where the last equality follows by applying part c¢) of in the form

ulzlglzlyl _[2]yl g ulz]

?

with

ylz]_|211] |zly|_[1]2]

]

Corollary 4.2.7. If an n-tableau T contains the columns C; = and Cy = , and T" is

obtained from T by interchanging two boxes and [Z] from the same tableau T* of T, and
not contained in any of Cy,Cy, then T =T" (modulo F).

Proof. If 4 is a column of T" then T contains a triangle, hence T' = 0. Since interchanging

y and z transforms T into 7" = —T = 0, it follows that 7= T". We can assume then that
y and z don’t lie in the same column of 7% If they both belong to columns of size one of
T?, then interchanging them preserves T (see part (2) of Lemma [3.2.10)). Otherwise we may
assume that y belongs to a column of size two in 7%, hence we have the relation

ylzl |yl 2]yl _|z]y]
* 4 Xx *

?

where the last equality follows from the fact that any tableau containing C, Cy and - is a
graph containing a triangle, i.e. it is zero (Corollary [4.2.6)). O

Proof of Proposition[{.2.4. We show that a graph G (with corresponding tableau 7') con-
taining an odd cycle of length at least 5 is a linear combination of graphs with shorter
odd cycles. The conclusion then follows by induction from Corollary Suppose that
C:OD—®@— - — () — @is an odd cycle in G, with k > 5. We denote by E; the edge
(1,0 + 1) (Ey = (k,1)).

Let’s assume first that there are two consecutive edges of C' of the same color, say FEj
and E5 have color 1. If not all edges of C' have color 1, we may assume that E3 has color 2,
so that 7" contains the subtableau

12|

213|714/
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Since E,, By have color 1, it follows that d; > 2, hence there are at least two 4’s in 7"*. One
of them is thus not contained in Ej, and therefore in none of the edges of C. We apply
Corollary with C, Cs the columns corresponding to Fs, E3, y = 2 and z = 4. We can
thus interchange the 2 in E; with a 4 € T not in any F;, obtaining an n-tableau 7" = T,
with 7" containing the cycle @ - @ — ® — -+ — &) — @ of length k — 2.

If all the E;’s have color 1, T" contains the subtableau

o _[1][2[3]4] |k

1
334511

If there is an edge (3,4) of G with color different from 1, then we can replace E3 by that
edge and apply the previous case. If d; > 2 then T" has a 4 not contained in any Ej;, so we
can again use the argument from the previous paragraph. Suppose now that d; = 2. The
proof of Corollary shows that we can interchange 3 with 4 in all T%s (i # 1), modulo
tableaux containing S and an edge (3,4) of color different from 1. But these we know are
zero (modulo F') by the argument above, so we can write T'= T" where T” is obtained from
T by interchanging all 3’s and 4’s in 7% for ¢ > 2. We now use the relation

1234:1234+1233
2131415 2151413 21414|5]

to write
T/ — T// + T///

where T" contains the cycle @ =+ @ — ® — -+ — (&) — @ of length k — 2, and 7" differs
from T' by interchanging all the 3’s and 4’s in 7', and doing a column transposition in the
column of E3. This shows that T =T"=0— T, hence T = 0.

Finally, we assume that no two consecutive edges have the same color. Since the cycle is
odd, we can find three consecutive edges with distinct colors, say F,, F, and Es3, with colors
1,2 and 3 respectively. By Corollary [4.2.7] we have

_[1]4 112],12] (3]
= I l 1 ®E®i‘

If the edge F, in C doesn’t have color 1, then it survives after interchanging 2 and 4 as above,
hence T is equal with a graph containing the odd cycle @ - @ — ® — --- — &) — @ of
length k — 2.

Suppose now that F, has color 1. If the edge F5 doesn’t have color 2, then we may repeat
the above argument replacing the edges E, F, and F3 with FE,, F3 and Ej respectively.
Otherwise, T' contains the subtableau (with * =6 if £ > 5 and * = 1 if kK = 5)

114).12]5].03]5] [1]2].12]5].13]5] [1]2].[2]5]|.5[3]
2151 31«1®a] [a51®B1«%4] [a5®3]« %4
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where the first equality follows by interchanging 2 and 4 in the first factor, while the last one
follows by interchanging 3 and 5 in the last factor (in both cases we apply Corollary . It
follows that T is equal to a graph containing the odd cycle @ - @ - ® — -+ = & — @
of length k& — 2, concluding the proof. O

4.2.2 Step 2

We first translate the relations in part b) of Lemma into basic operations on graphs.
We start with the following

Definition 4.2.8. A node (J)is said to be i-saturated if there are d; edges of color i incident
to (D).

Remark 4.2.9 (Basic operations). Let G be a graph containing an edge (1, 2) of color 1. The
following relations hold:

1/3]_[1]2], 3

+ 1 ‘ becomes

1. If the vertex @) is not 1-saturated, then

) @ @

S -

@ ® @ ©® 00

113 112

_ 1
2. If G has an edge (3,4) of color 1, then 5Tal= 3T Tals becomes
20 O>@ @ ®
1 1= + 1><1
o0 o-o < W

Proposition 4.2.10. Let A be as before, and let
€\ — Z /\12
i=1
Ifex > r—1, then hwty(U/F) is spanned by connected graphs. If ex < r—1, then hwty(U/F)

1s spanned by graphs G that consist of a tree, together with a collection of isolated nodes.

Proof. We first show that if G has two connected components Hy, Hy with H; containing a
cycle, then we can write G = G + G9, where GG; and G5 are graphs obtained from G by
joining the components Hy, Hy together.
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Consider an edge (1,2) contained in a cycle of Hj, having say color 1. Consider a node
@ of Hy and suppose first it is not 1-saturated. Using the first basic operation of Remark
4.2.9] we get that G = G'; + G5, where G, Gy are obtained from G by connecting Hy to H;
via an edge of color 1. If @) is 1-saturated, then in particular there exists at least one edge,
say (3,4), of color 1 in Hy. The second basic operation of Remark yields G = G| + G,
where G, G5 are obtained from G by connecting H; and H, via two edges of color 1.

If ey > r — 1, then G will contain cycles as long as it is not connected, so iterating the
above procedure, we can write G as a linear combination of connected graphs.

If ey < r — 1, then the above argument reduces the problem to the case when G is a
union of trees, some of which may be isolated nodes. We show that if G has at least two
components that are not nodes, then G = G; + G5, where G, G5 are unions of trees, and
the sizes of the largest components of G, Gy are strictly larger than the size of the largest
component of GG. Induction on the size of the largest component of G concludes then the
proof of the proposition.

Let H; be the largest component of GG, and let Hy be another component which isn’t a
node. If Hy has only one edge, then G = 0 by Corollary . Consider a leaf of Hy, say ),
and assume first that all edges in Hy have the same color, say 1. Since Hs has more than
one edge and is connected, it must have a vertex with at least two incident edges of color
1, i.e. d; > 2. This means that @) is not 1-saturated. Let (1,2) be an edge of Hy (of color
1). The first basic operation of Remark shows that G = G + (GG, where G, Gy are
obtained from G by expanding its largest component.

Assume now that the edges in Hy have at least two colors, and that the edge incident
to @ has color 2. Let (1,2) be an edge of Hy of color different from 2, say 1. @ is not
1-saturated, thus we can use the first basic operation of Remark as in the preceding
case. 0

4.2.3 Step 3

Combining Step 1 with Step 2 we get that, depending on the n-partition A\, hwt(U/F) is
spanned either by connected graphs without odd cycles, or by graphs consisting of a tree and
some isolated nodes. We call these graphs maximally connected bipartite (MCB) graphs. For
an MCB-graph GG, the maximal connected component admits an essentially unique bipartition
of its vertex set into subsets A, B of sizes a > b (i.e. vertices in the same subset A or B
are not connected by an edge). We say that G has type (a,b; \) (or just (a,b) when X is
understood), and that it is canonically oriented if all the edges have source in A and target
in B (when a = b, there are two canonical orientations). We have the following

Proposition 4.2.11. If Gy,Gy are canonically oriented MCB-graphs of type (a,b), then
G1 = GQ.

We first need to refine the relations of Remark [4.2.9k
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Remark 4.2.12 (Refined basic operations). Suppose that G is an MCB-graph with vertex
bipartition A LI B as above.

1. Assume that @) is not 1-saturated, (1,2) is an edge of color 1, and D, @ belong to A.
If D, are contained in the same connected component of the graph obtained from
G by removing the edge (1,2), then

@ @

1 —

® ® 0@

This follows from the fact that the above conditions guarantee that the term that was
left out from the first basic operation of Remark has an odd cycle, and hence
equals 0 by Proposition 4.2.2

2. Assume that (1,2) and (3,4) are edges of color 1, D,® € A and @, @ € B, and either
D and @), or @ and @ are in the same connected component of the graph obtained
from G by removing the edges (1,2) and (3,4). Then

O @ O
1l i1: ®1><1
Q@D @

As above, the missing term from the second basic operation has an odd cycle, and
hence equals 0.

Proof of Proposition[{.2.11. We prove by induction on e, (the number of “edges” of \), that
it is possible to get from G to G5 via a series of refined basic operations. If ey = 0, there is
nothing to prove. Suppose now that ey > 0.

We call an edge E of an MCB-graph G nondisconnecting if the graph obtained from G
by removing F is still an MCB-graph. More explicitly, if ey > r, then £ must be contained
in a cycle of GG, and if ey < r, then one of the endpoints of £ must be a leaf of G.

We will prove that for any nondisconnecting edge E5 of G of color ¢, there exist a
sequence of refined basic operations which transforms G, into a new graph Gh having a
nondisconnecting edge F; of color ¢, such that the graphs G} and G, obtained from G, and
G5 by removing the edges F; and Fs have the same type. Assuming this, by induction we
can find a series of refined basic operations that transform G into G%. We lift this sequence
of operations to G, as follows: the refined basic operations of type (2) are performed just
as if the edge E; was not contained in @1, as well as the operations of type (1) that don’t
transform an edge E’ of color ¢ into one that’s incident to Ej; the operations of type (1)
involving an edge E’ of color ¢ that gets transformed into an edge incident to E; are replaced
by operations of type (2) involving £’ and Ej. It is clear that E; remains nondisconnecting
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along the process, so we end up with the graphs G'{ and G5 that coincide after removing the
nondisconnecting edges F; and Es of color ¢. At most two more refined operations of type
(2) (that correspond to correcting the positions of the endpoints of Ej) are then sufficient
to transform G7 into G5, concluding the proof.

We now show that if ey, > r and G has an edge F; of color ¢, then we can find a refined
basic operation that makes F; nondisconnecting. Suppose that E; is disconnecting, and
let Hy, Hy be the connected components of the graph obtained from G; by removing the
edge E7. One of Hy, H, must contain a cycle, say Hi, and let O, Y be consecutive edges of
this cycle, of colors o(range) and y(ellow) (note that o might coincide with y). If Hs has
a node N that is not o-saturated or not y-saturated, then a refined operation of type (1)
involving the node N (as @) and one of the edges O, Y (as the edge (1,2)) will make F;
a nondisconnecting edge. Otherwise, if every vertex of Hj is both o- and y-saturated, then
there exists a cycle in Hy consisting of edges of colors o and y (if o = y, then since O,Y are
incident edges of color o, it means that d, > 2, in particular any o-saturated node has at
least two incident edges of color o; if 0 # y, then any o- and y-saturated node has at least
one o- and one y- incident edge; in both cases, the nodes in Hy have at least two incident
edges, so we can find a cycle as stated). A refined basic operation of type (2) involving an
o-edge on this cycle and O (or an y-edge and Y) will make E; nondisconnecting.

Finally, if ey < r and G2 has a nondisconnecting edge E5 of color ¢, then we have claimed
that we can find a sequence of refined basic operations that transforms G, into a graph Gy
containing a nondisconnecting edge E; of color ¢, and moreover é’l — FE; and G5 — E5 have
the same type. We may assume that ey = r — 1, by removing the isolated nodes of G; and
Go. Suppose that the graphs G; have vertex bipartitions A; U B;, with |A;| = a, |B;| = b,
and that Fy = (z,y), with @ € By a leaf of G5. This means that the graph G5, and hence
also Gy, has at most (b — 1) - d. + 1 edges of color ¢, and for any color ¢ # ¢, it has at most
(b—1)-d. edges of color ¢. In particular, for any color ¢ # ¢, there exists a node in B; which
is not ’-saturated. Consider an edge £ = (u,v) of color ¢ in Gy, with @ € Ay, @ € By. Let
Hy, Hy be the connected components of G; — E containing u and v respectively. We prove
by descending induction on the size of Hy that we can make F nondisconnecting, with its
endpoint in B; being a leaf.

If H, = {@®} then E is nondisconnecting. More generally, if H, N By = {®}, then we
may assume that all the edges in Hs have color ¢. If E’ is an edge of Hy of color ¢ # ¢ (see
the second transformation in Example below), then there are at most (b—1) - dy — 1
edges of color ¢ in Hj, so that we can find a vertex C’ in H; that is not ¢-saturated. A
refined basic operation of type (1) involving E’ and C” decreases the size of Hy by one, so
we can conclude by induction. Assume now that the edges in H, have color ¢. Together
with the edge E, we get at least two edges of color ¢ outside H;, which means that H; has
at most (b— 1) -d. — 1 edges of color ¢, i.e. it has a vertex that is not c-saturated. We now
do a refined basic operation of type (1) as before, involving that vertex and an edge of H,,
and conclude by induction.

We may now assume that |Hy N By| > 1 (see the first transformation in Example
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below). Therefore there exist distinct edges Y = (v, v) of color y(ellow) and O = (u/,v")
of color o(range) in Hy (y and o might coincide). If o = ¢ then we replace E with (u/,v'),
which decreases the size of H,, so that we can conclude by induction. If there exists a
vertex W € H; N By that is not y-saturated, then the refined basic operation involving Y
and W decreases the size of Hy. Likewise, if there exists a vertex W € H; N A; that is not
o-saturated, then the refined basic operation involving O and W also decreases the size of
H,. We may therefore assume that all nodes in By N H; are y-saturated, and those in A1 N H;
are o-saturated, and show that this leads to a contradiction. If y = o, then since v’ has two
incident edges of color o, we must have d, > 2. All the nodes of H; being saturated implies
that they have degree at least d, > 2, so H; contains a cycle, which is a contradiction. If
y # o, then H; must contain at least |H; N A;| edges of color o (since each vertex in Hy N Ay
is o-saturated) and at least |H; N By| edges of color y, i.e. Hy contains at least |H;| edges,
hence it can’t be a tree. O

Example 4.2.13. Consider the 3-tableaux

_13]sl1l6| 13][1]2][5]6|[1]5]3]4] - _[1[3]5]6].15[1]213]4]|.[3]5/1]6]
h=r oy PG =T “l6] “Iala ’
with corresponding graphs

@ @

AN \
o) o

/

G = @ and Gy = ®/\
/@ e

o] @/\

AN
© ®
where color 1 corresponds to —— , color 2 to ~~~ , and color 3 to - -> . G; and G,

are MCB of the same type, and in fact G; = 0, since it is the same as the graph obtained by
reversing the orientation of its 5 edges (an odd number), and this equals —G; by part a) of
Lemma[4.2.3] However, it is unclear a priori that G5 is also equal to 0. We use the algorithm
described in the proof of Proposition to get a sequence of refined basic operations that
transforms GG; into G. We first make the edge of G; of color 2 nondisconnecting, and then
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adjust its position (the third step) and relabel the nodes (last step) to get G:

Q Q Q Q 3
AN AN AN AN z AN
jo) jo) jo) %) )
/! /! /! A )4
®\ @\ \ @ zl @\) St
N N AN Y C Y
/@ I )/4@ 2, PO L@ A L ©
& & ) ® o
- 5 N S N

With the notation in the last paragraph of the proof of Proposition4.2.11} we have E = (3,4)
a disconnecting edge, A; = {1,3,5}, By = {2, 4,6} a bipartition of the vertex set of G;. We'd
like to make F nondisconnecting, with its endpoint in B; being a leaf. We have

Q /@
AN
Hl a )® and H2 - @
N\
@ ©
We also have Y = (5,4) of color y = —— and O = (5,6) of color o = - - > . The unique

vertex Q) in Hy N By is y-saturated, and (D € H; N A; is o-saturated, but W = @ is not
o-saturated. The refined basic operation involving W and O yields the first transformation.
We now have

Q @
LN -/
. = and Hy, = ®
'
©

We are in the case Ho N By = {®} = {@}. The edge E' = (5,4) has color ¢ = —— |
different from ¢ = ~~~ . W = @) is a vertex in H; N B; which is not ¢’-saturated, so we can
use the refined basic operation involving E' and W as our second transformation, making F
a nondisconnecting edge as desired.

We next adjust the position of E, in order to get the graph G5. We use the refined
operation involving the vertex (D and the edge (3,4). The last transformation involves

relabeling the nodes ®, ©®, @, @ and @ by @D, @, @, ® and ©® respectively.
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Corollary 4.2.14. If G is a canonically oriented MCB-graph of type (a,a), having an odd
number of edges, then G = 0.

Proof. Changing the orientation of all the edges of GG, we obtain a canonically oriented MCB-
graph G’ of the same type as G. It follows from Proposition 4.2.11] that G = G’. On the
other hand, we get by part a) of Lemma that G' = —G, hence G = 0. O

4.2.4 Step 4

The preceding steps yield the following

Corollary 4.2.15. For ey, f\ as in Theorem the space (U/F)y is spanned by MCB-
graphs Gy of type /' = (a' > V'), with ' +b' = min(ex+1,r) and ' > fy. Moreover, G,; =0
if d =V and ey is odd.

Proof. The last statement is the content of Corollary [£.2.14 We know that (U/F), is
spanned by MCB-graphs (Proposition , and the condition b > f, follows from the
fact that any graph G has at least \}/d; vertices incident to edges of color 7, and any edge is
incident to one vertex in each of the two sets of the bipartition. The number of vertices in
the maximal connected component of an MCB-graph of type p' is o’ + b = min(e) + 1,7).
It remains to show that if ¢/ = (¢’ > V'), o’ + b = min(e) + 1,r) and O’ > f,, then there
exists an MCB-graph G, of type p/. Consider A" and B’ disjoint sets consisting of a’ and
b vertices in {@, - ,®} respectively. For every i = 1,--- ,n we draw A\, edges of color i
joining pairs of elements in A" and B’, in such a way that no vertex has more than d; incident
edges of color 7. This is possible since \,/d; < fy < V' < a'. If the bipartite graph G (with
vertex set A’ U B’) obtained in this way is connected, then we get an MCB-graph G,/ by
adding to G the isolated nodes outside A’ U B’. If GG is not connected, then it has an edge
E of color ¢ contained in a cycle, and a vertex v outside the connected component of E. If
v is not c-saturated, we can move E to make it incident to v, and preserve the bipartition
of G (as in the refined basic operations of type (1), Remark , thus obtaining a graph
with fewer components. If v is c-saturated, let E' be an incident edge of color ¢. We move
E and E’ as in a refined basic operation of type (2), connecting the components of E and
v. Repeating this procedure will eventually yield a connected graph G and an MCB-graph
G,/ as above. O]

Lemma 4.2.16. Consider canonically oriented graphs G,y as above, one for each type 1’ =
(', V), with ' # b when ey is odd. If

™= @ T, U — @ Ug,

ukr ukr
n=(a=b) n=(a=b)
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then the set {m(G,/)} is linearly independent. In particular, F' =1 and the graphs G, give
a basis of (U/F)x. This shows that dim((U/I)y) = my, where my is as described in Theorem
concluding the proof of our main result.

Proof. Note that the number of G,/’s is precisely my, so the last statement follows once
we prove the independence of G,’s. This is a consequence of the linear independence of
{m(G,s)},v, which in turn follows once we show that for y = (a,b), ¢/ = (', 1), we have

1. m7,(Gw)=0ifb<¥, and
2. m(G) #0if b=V
Recall that Gy = T}, for some n-tableau 7,,. We have

m(T) = 3T, ()

where each T; is an n-tableau with entries 1, 2, obtained from a partition AUB = {1,--- ,r},
by setting equal to 1 and 2 the entries of 7), from A and B respectively.

To prove (1), note that since |B| = b < ¥/, for each i the endpoints of some edge in G,
have to be set to the same value, so T} has repeated entries in some column, i.e. T; = 0. It
follows that m,(G,/) = > T, = 0.

To prove (2), let A’ U B’ be the bipartition of the maximal connected component of G,
and take p = (a,b) = (d—10,'). The only n-tableau(x) T; in (*) without repeated entries in
some column is (are) the n-tableau T obtained from setting the entries of A = {1,--- ,r}—B’
to 1, and the entries of B = B’ to 2 (and if |A’| = | B’|, the n-tableau T5 obtained by setting
the entries of A = {1,---,r} — A’ to 1 and the entries of B = A’ to 2). Since in the latter
case ey must be even, we get in fact that 77 = T3, since T7 and T differ by an even number
of transpositions within columns, and by permutations of columns of size 1. It follows that
it’s enough to prove that T; # 0.

Up to permutations within columns, and permutations of columns of the same size, we
may assume that

Ty =cy-m=cy- 24, A) " ZB,,B);
where A={1,---,a} and B={a+1,--- ,a+b}, ie. Ty} =T ®--- @ Ty, with
o Tl Tt T2l2l ]
i - [Tz

If a >band o =7 -7, with 7 a row permutation and 7" a column permutation of the
canonical n-tableau Ty of shape A, then o - m # m, unless 7" = id. This shows that the
coefficient of m in T} is a positive number, hence 77 # 0. If a = b, 0 - m = m and 7’ # id,
then 7/ must transpose all the pairs (1,2) in the columns of T} of size 2. Since 77 has e
(an even number) of such columns, the signature of 7/ must be +1. It follows again that the
coefficient of m in T} is positive and therefore 77 # 0. O

]
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Chapter 5

Examples

The purpose of this chapter is to gather some known examples from the literature, and
describe them from the “generic” perspective. The list of examples we consider consists of

e Cauchy’s formula for decomposing a symmetric power of a tensor product of two vector
spaces.

e The (generalized) Strassen’s equations, which are modules of equations for secant va-
rieties of Segre varieties.

e Equations of degree 6 of the third secant variety of a triple Segre product of projective
3-spaces.

e The Aronhold invariant, a module of equations for the variety of secant planes to the
3-uple embedding of P2

The only new contribution of this chapter is showing that the generalized Strassen’s
equations occur in the generality anticipated by the authors of [LMO08]. More precisely, we
relax the condition > 3s from [LMO§, Theorem 4.2] to r > 2s.

5.1 Tableaux

Let r = (r1,--+ ,7,) be a sequence of positive integers, A = (A!,---,\") an n-partition
of r, r a positive integer giving rise to an alphabet A = {1,--- ,r}, and n = (n})i=1,..» an
j: PARY L

array of nonnegative integers satisfying

T

E J_ S
n; = Tj, J=1--,n

i=1
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Definition 5.1.1. We define Tab(A,r,n) to be an (the) universal vector space of n-tableaux
T=T'®- - ®T" with 77 containing n! entries equal to 7, and satisfying the following
relations

1. (skew-symmetry on columns) A permutation o of the entries within a column of some

tableau 77 in T multiplies T’ by sgn(c), the sign of the permutation o.

2. (shuffling relations) Given two columns Cy, Cy of some tableau TV of sizes |Cy| > |Cy],
and given subsets B; C C; of their sets of boxes, with the property that |B;| + |Bs| >
|C|, then we have the shuffling relation

> sgu(o) - o(T) =0,

ocESB

where B = By U By, Sg denotes the group of permutations of the boxes in B, and
o € Sp acts on an n-tableau T' by permuting the selected set B of boxes.

3. (symmetry) If i # i’ € A have the property that nz = ng, for all j = 1,--- ,n, then
T = T;.y for any n-tableau T, where T;.; is the n-tableau obtained from T by
interchanging ¢ with 7’.

Remark 5.1.2. The reason we have stated the shuffling relations in this form is in order to
stick to the standard literature ([Wey03, Chapter 2]). We will only use them in the form

that appears in part (3) of Lemma (3.2.10]

Example 5.1.3. Let r = (rdy,--- ,rd,), and nz = d; for all 4,j. Then Tab(\,r,n) can be
identified with the A-highest weight space of the representation U2 introduced in Definition
3.2.1L Tab(\,r,n) = c\ - UL is a vector space of dimension equal to the multiplicity of
the irreducible GL(V)-representation S,V inside Sy (S@)Vi ® -+ ® S,)Va) (when the
dimensions of the V;’s are large enough so that S\V' # 0). Alternatively, its dimension equals
the multiplicity of the irreducible S,-representation [A] inside the induced representation

Sr
s, s s, (1):

Example 5.1.4. This example’s goal is to illustrate the three parts of Definition [5.1.1]
1. We have

;,2@’@;12: ;)2@@%127
L] L4 L] <]

because the 3-tableau on the right hand side was obtained from the one on the left by
making a transposition (2,3) of two boxes in its middle tableau.

Now change all the 3’s in the previous example to 2’s. By the same argument, we get
12| 1[1]2]_ |1]2] 1

1l2]_ _
5 ®®2 5 ®®2 =T,

77 77

T =
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hence T' = 0. In general, tableaux with repeated entries in some column are equal to
ZEro.

2. For any tableau 72, we have the following relation between 2-tableaux:

12 1201 oo 11]3] o o
3 ®T_i T + 5T

(see part (3) of Lemma |3.2.10| for the more general statement; see also part (2) of
Lemma for this specific situation.)

3. The equality below already showed up in Example [3.2.9] It comes from applying the
permutation (1, 3,4, 2) (in cycle notation) to the entries of the alphabet A = {1, 2, 3, 4}.

1]3]
i pu—
2]

w
—_
—_

1223\3\® 4\4\® 4"

3
2]
1]

5.2 Cauchy’s Formula

Cauchy’s formula is a plethystic formula for decomposing a symmetric power of a tensor
product of two vector spaces into a sum of irreducible representations over the product of
the corresponding general linear groups. More precisely, it says the following.

Proposition 5.2.1 (Cauchy’s formula). Let Vi, V, be vector spaces over a field of charac-
teristic zero, and let r be a positive integer. We have

S (Vi @ V2) = @D S, Vi ® S, Va.

pkr

Proof. We are in the situation of Example[5.1.3] with n = 2 and d; = dy = 1. The statement
of Cauchy’s formula is equivalent to the fact that the vector space Tab(\, r, n) has dimension
one if \! = A\? = I 7 and is zero otherwise. Fix then a pair of partitions A\', A2 - 7, and let
T =T'®T? e Tab(\,r,n) be a tableau.

By property 3. of Definition [5.1.1] we may assume that the entries in 7" are ordered top
to bottom and left to right, as in

114]6]7]
205 :
3]

We will show that we can assume the same for the entries of 7%, and moreover, that if 7
and T2 don’t have the same shape, then in fact 7= 0. We prove this column by column,
proceeding from left to right. We may assume that T has at least as many boxes (say c) in
the first column as T2 does. Suppose that we've arranged that 72 has the first ¢ entries in
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its first column equal to 1,2, --- 4 respectively, for some 0 < i < ¢. If i = ¢, then the first
columns of 7" and T? coincide, and we can proceed to the next column.

Suppose now that i < c¢. Let’s assume first that 72 has exactly i boxes in its first column.
We write down the shuffling relation with B; being the set of boxes in the first column of
T?, and By = {} consisting of the unique box in 72 having its entry equal to i + 1.

We get
el ] ] e nn
T'® 2 _ Tl +T1®Ff1 b4 T 2
1 1 1 i+1

Now interchanging the entries equal to 7 with those equal to ¢ + 1 in the j-th term on
the RHS of the shuffling relation above preserves the corresponding 2-tableau by symmetry
(property 3. of Definition [.1.1). This has the effect of applying a transposition to the
first column of T, and making the 2-nd tableau of the j-th term equal to T?. Using the
skew-symmetry of tableaux on columns to cancel the effect of the transposition on T, we
obtain

T=-T-T—-—---—T=—i-T,

hence (i + 1) - T = 0, yielding T' = 0. Here’s an example to illustrate the argument of the
preceding paragraph:

115]7]
276 1(4|5
Example 5.2.2. Letle3 L T?=[21716, T=T"'®T? c=4and i = 3. Using
— 3
i L= 1
the shuffling relation involving the boxes with entries {1,2, 3,4} in T2, we get
527 1145 ;27 i1l5] Bt [1]2[5 ;(537 113[5
T=3 ®276=3 ®276+3 ®476+3 X276
I L R FI

Now applying the transpositions (1,4), (2,4) and (3,4) respectively to the three terms on
the RHS of the above relation, we get

5|7]
6

7] 7]

ot

ot

415
76|+

W~
ot

[
(@]

T —

-3
D
_I_

‘»—‘w SIS

1
®[2
3

1
®|2
3

1
®]2
3

‘w‘w o =
‘Oo‘»l&[\’)}—t

Note that the 2-nd tableau in each term is now equal to 72, and that the first tableau
is obtained from T by applying a transposition. Since tableaux are skew-symmetric on
columns, it follows that each of the terms is —T' ®T? = T, i.e. T = —3T, yielding T' = 0.
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Assume now that 7 has more than ¢ boxes in its first column. Then the same argument
as above shows that (i + 1) - T is a linear combination of 2-tableaux of the form 7' ® T",

where T” is a tableau whose first column contains the entries {1,2,---,i 4+ 1}, so we can
conclude by induction on 7. Below is an example to illustrate this phenomenon:
1/5]7] 14]5]
Example 5.2.3. Let T' = § 6 ,T? = g 7 ,T=T'®7T? c=4and i = 3. Using
4] 6]
the shuffling relation involving the boxes with entries {1,2,3,6,4} in T2, we get
1[5]7] [4]1]5] [1]5]7] [1]2]5] [1]5]7] [1]3]5] [1]5]7] |1]6]5]
216 2|7 26 417 216 2|7 216 2|7
T =
1 1 R Y B 1 R 1 I VU R FIR F
4] 6] 4] 6] 4] 6] 4] 4]
Now applying the transpositions (1,4), (2,4) and (3,4) respectively to the first three terms

on the RHS of the above relation, we get

5|7]
6

4157 5]

6

415]
7

5/7] 5]

+

ot

7
®

(=}

415]

SIES

T = ® + X + ®

‘CD‘CO DN | —
oo e[
‘@‘w DN | =
‘w‘pm DO |
‘m‘w DN | —
‘A;‘co DO | —
‘Ak‘oo DO | —

2
3
L

Note that the 2-nd tableau in each of the first three terms on the RHS is now equal to 72,
and that the first tableau is obtained from 7" by applying a transposition. Since tableaux

are skew-symmetric on columns, it follows that each of the terms is —7T' ® T? = —T, i.e.
115|7] [1]6]5]
216 2|7
T=-3T
3T + 3 & 3 ;
4] 4]
yielding
115]7] [1]6]5]
L 12]6 217
T=--
TR IR
4] 4]

Repeating the arguments above to the other columns of T and T2 we obtain that
Tab(\,r,n) = 0 when A! # )\? and is at most 1-dimensional when \' = \? = p, gener-
ated by T! ® T" where T is the tableau of shape p with entries ordered top to bottom and
left to right (or any other tableau of shape yu, by symmetry). To see that T' = T' @ T" is
nonzero, note that

T = ¢y -m, where m = H 2({i} {i})-
i=1
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We can write
cym = Z sgn(t)-o-71-m,
oERy, TEC)

where Ry and C) (Section denote the groups of row and column permutations respec-
tively. We write 0 = (01,02) and 7 = (71, 73). In order for m and o - 7 - m to be equal, we
must have that o177 = 027. Since Ry and C'y intersect trivially, we must have oy = 05 and
T1 = Ty, in which case sgn(7) = sgn(7)sgn(7z) = 1. It follows that all the occurrences of m
in ¢y - m have coefficient 1, thus T" # 0. O

5.3 Strassen’s Equations

We give the generic version of Strassen’s equations ([Str88]) for o3(Seg(P? x P? x P?)).
These equations have been shown by Landsberg and Weyman to generate the homogeneous
ideal of o3(Seg(P* x P? x P?)) ([LW07]).

We are in the situation of Example 5.1.3] with n = 3, r = 4, d; = dy = d3 = 1 and
M =22 =) = (2,1,1) = (1?2). We show that Tab(\,d,n) has a basis consisting of the
3-tableau

1]2] [1]4] [1]3]
Tr=[3] ®[2] @2 ,
4] 13 4]

and that Ty gives a generic equation for the variety of secant planes to a triple Segre product
of projective spaces. That is, we show that for every partition u F 4 with three parts, we
have 7, (Ty) = 0, where 7, is as defined in [3.2.5]

To prove the last statement, note that p = (2,1,1) is the only partition of 4 with three
parts. Note also that 7,(7}) is in this case a sum of 3-tableaux obtained from 7j by setting
two of the entries {1,2,3,4} equal to 1 and the other equal to 2 and 3 in some (any) order.
In particular, 7,(7p) is a sum of 3-tableaux with repeated entries in some column (because
every pair {i,7} C {1,2,3,4} shows up in at least one column of Tj), hence 7,(Tp) = 0.
Explicitly,

L] [al2) [1[3] [1]2] [1]3] [1]1] [x1]2] [1]1] [1]3]
m(To) =[3] ®[1] ©[1] +[1] ©[2] ®[2] +[3] ®[2] ©2
12 13 12 3] 1 13 1 13 1]
201 [2]3] [2]1] [2]1] [2[1] [2]3] [3]2] [3]1] [3]1]
+H1] ®[1] ®[1] +[3] ®[1] &[1] +[1] ®[2] ®[2] ,
13 1 13 1] 13 1] 1 1 11

so we see that our claim is indeed true.
To see that Tj spans, it suffices to note that if two tableaux 7% 77 of a 3-tableau T' of
shape A have the same entry in the 2-nd column, then 7" = 0. Say the two tableaux are
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T',T? and 4 is their entry in the second column. Up to sign (because of the skew-symmetry
of tableaux), we may assume that

114] |1]4]
T=[2 ®2] &T.
13 13

Then no matter what 7 is, one of the pairs {1,2}, {1, 3}, {2, 3} shows up in the first column
of each of the T"s. Interchanging the two entries in that pair simultaneously preserves T
(by symmetry) and changes T to (—1)3T (by skew-symmetry), proving that 7' = 0. We may
then assume that the tableaux of T" have distinct entries in their unique box in the 2-nd
column, hence by symmetry we can assume these entries are 2 for 7", 4 for 72 and 3 for T3.
We can then rearrange the entries in the first columns of the tableaux of T' (at the expense
of possibly changing the sign of T') to get Tj.
To see that Ty # 0, note that

To = cx-m, where m = 2({13,(13,013) * 2({2).{8}.{3)) * 2({3}.{4}.{2}) * Z({4}.{2}.{4})>

and that each time m appears in ¢y - m, it has coefficient 1. To see this, note that the
instances of m as a term in ¢, - m coincide with the ways of obtaining o(7p) from Ty for some
permutation o of the entries {1,2, 3,4}, by applying first column permutations and then row
permutations to Ty. The coefficient of m corresponding to that instance would then be the
product of the signs of the column permutations involved.

Now in order to get o(7p) from Ty by applying column permutations followed by row
permutations, it must be the case that either o(1) = 1, in which case o is the identity, or
that for some ¢ € {2,3,4} we have o(1) = ¢, and o(j) = j for i # j € {2,3,4}: this is
because any of the entries {2,3,4} in the 2-nd columns of the Ti’s either stays fixed, or
takes the place of 1. This means that o is one of the transpositions (1,2),(1,3),(1,4). To
realize such a o precisely two column transpositions of T" are required, so the product of the
corresponding signs is +1. This shows that the coefficient of m in ¢y - m is in fact 4, and in
any case Ty # 0.

5.4 Generalized Strassen’s Equations

We give the generic version of the generalized Strassen’s equations, or coercive contrac-
tions, as they appear in Theorem 4.2 of [LMO0§|. We also show that this theorem can be
strengthen in the case when r is odd, by replacing the condition » > 3s with r > 2s, as
anticipated by the authors.

We are in the situation of Example with n = 3, d; = dy = d3 = 1, and r, the size of
the alphabet A replaced by r + s, where r, s are positive integers, s is odd and r > 2s. We
also have A = (r — s, 5,5) and \? = A3 = (2°1"*). For convenience, we use special notation
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for some of the elements in the alphabet A: we denote r — s 4+ ¢ by ¢’ and r + @ by ¢’ for
i =1,--+,s; we also denote r — s by 7. The alphabet A is thus the union of {1,--- 7},
{1,---,¢}and {17,--- ,§"}.

Proposition 5.4.1. With the above notation, the vector space Tab(\, d, n) is one-dimensional,
spanned by the tableau

1// 1 1/
212" 212
112 7 s |s" s|s
To=1]2|--|¢ ® ®
1// 2// S” 72 72
1/ 1//
S/ Sl/

Moreover, Ty gives a generic equation for the variety of secant (r —1)-planes to a triple Segre
product, i.e. for any partition p = (r + s) with exactly r parts, m,(To) = 0.

Proof. Let us first prove that Ty spans. Consider any 3-tableau 7' € Tab(\,d, n), and let
Oy, Cs be the sets of entries in the first columns of 72 and T respectively. Oy, Cs are subsets
of size r of the alphabet A (which has cardinality r + s), hence their intersection contains
at least 2 -7 — (r + s) = 7 elements. If |Co, N Cs] > 7, then since T has only 7 columns, we
can find i # j € Cy N Cy such that ¢ and j are contained in the same column of 7. Now
the usual argument based on combining properties 1. and 3. of Definition shows that
T = 0: interchanging the entries 7 and j in 7' simultaneously preserves 7" and changes it to
(—=1)T, hence T = =T, ie. T =0.

We may therefore assume that |Cy N C3] = 7, and by symmetry that in fact Co N Cy =
{1,---,7}. We may further assume still using property 3. of Definition that Cy \ C3 =
{1,---,¢}and C3\Cy = {1”,--- | s"}. Using skew-symmetry, we can rearrange (up to sign)
the entries in 72 and T® and assume that 7% = TZ and 7% = T}. The same argument as at
the end of the previous paragraph shows that, unless 7' = 0, no two elements of C, N C5 can
be contained in the same column of T, i.e. there is precisely one of them in each column of
T'. Again, using the skew-symmetry of 7" we may assume that all of the entries in Cy N Cj
are contained in the first row of T'. We can further assume by symmetry that they appear
in order: 1,2,--- ,7; this might require changing the order of {1,--- 7} in the first columns
of T? and T3, but we can fix that by using the skew-symmetry of 72 and 7°. What we've
shown so far is that, unless 7" = 0, T" coincides up to sign with 7j in the first row of the first
tableau, and in the 2-nd and 3-rd tableaux.
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Now if for some i # j, {i’,j'} or {i",j"} are contained in the same column of T, then
T = 0 by the usual argument: interchange i’ with j' everywhere, or i with j”, to show that
T = —T. If this isn’t the case, then we can do column permutations in such a way that
the 2-nd row of T" consists of {1’,--- ,s'}, while the 3-rd consists of {1”,---,s"}, in some
order. We can now use the symmetry to arrange these entries as in 7, which might affect
the order in which they appear in 7% and T°. Using the skew-symmetry of 72 and T° we
can again fix that order. In any case, we have proved that, unless T = 0, T' = +Ty, i.e. Ty
spans Tab(\,d, n).

We show next that if 4 = (r + s) has exactly r parts, then 7,(7p) = 0. Write p =
(p1, -+, ). Recall the way m, acts: it partitions the alphabet A into sets A;,---, A, of
sizes 1, -+ , i, in all possible ways, and then maps the elements of A; to ¢ fori=1,--- ,r
and sums over the corresponding tableaux. Note that if two elements of some A; are in the
same column of Tj, then after mapping the entries of A; to 7 we get a 3-tableau with repeated
entries in some column, i.e. one that is equal to zero. This is why we are only interested in
partitions of A into sets A; such that no two entries of some A; are in the same column of Tj.
Therefore no two of {1,---,7,1",--- s'}, as well as no two of {1,--- 7, 1" --- s} can be
in the same subset 4; of a partition. This implies that the only interesting p is (2°17~%), and
correspondingly the only interesting partitions are (up to reordering), A; = {1},--- | A; =
{r}, Apn = {1, 0(1)"}, -+ A, = {5,0(s)"} for o a permutation of the set {1,--- s} (we
write this as o € S5). We get

1 |o(1) 1| v
2 |o(2) 2 | 2
1| 2 T s |o(s) s | &
7TM<TO) == Z 1/ 2/ S/ & ®
gESs
o(1)|o(2) o(s) 7 T
I o(1)
s’ o(s)
For each o, we can rearrange the entries o(1)’,---,0(s)’ in the 2-nd and 3-rd tableaux of
the RHS of the above expression, so that they appear in increasing order 1’,--- | s’. This has

the effect of multiplying the corresponding 3-tableau by the square of sgn(c), i.e. by 1. We



65

can therefore assume that all the tableaux 7" on the RHS of the above expression have

1171
2|2
s |
T°=T°=
72
1/
/
We get
1 2 r
7"'M(Tb) = Z 1/ 9 s’ ® T2 & TS-
o€Ss
o(1)o(2)] -+ jo(s)
Since each of the entries {1’,- - - , s’} appears the same number of times (twice) in the tableaux

on the RHS, we can apply symmetry (property 3. of Definition[5.1.1]), and replace i’ by o~(i)’
everywhere. This will affect both T2 and T3, but we can then use skew-symmetry of these
tableaux to rearrange the entries in the original order (again the effect is multiplying the
corresponding 3-tableaux by the square of the signature of o~!, which is 1). We get

1 2 7
WM(TO):Z 17 | o s RT?’RT? =
O'GSS
o1 o(2)] - lo(s)
1 2 T
>
o(1)lo(2) o(s) '
o—1leS,
1’ 2/ s’

Note that we have changed the indexing set from o € S, to o' € S, - of course this only
amounts to a reordering of the terms. Using skew-symmetry, we can interchange the 2-nd
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and 3-rd rows of the 1-st tableaux in the terms on the RHS. This amounts to changing the
signs of the corresponding tableaux by (—1)* = —1, since s is odd. We get

WN(TO) = Z (_1)5 . 1/ 2/ . S, ® T2 ® T3 = _7TN<T0)’

o(1)|o2)] - lo(s)

i.e. m,(Tp) =0, as desired.

To finish up, we need to check that Ty # 0. As for the classical Strassen’s equations
(Section , we show that the monomial m shows up only with coefficient 1 in Ty = ¢y - m,
with

m= H “({ai}{bi}{ei})s
icA
where a;, b;, ¢; denote the indices of the boxes of Ty, T and T; respectively, that contain
an entry equal to 7. For example a; = by =c; =1, apy =74+ 1, by =r+ 1, ¢y = 2, ete.
As before, it’s enough to show that if for some permutation o of the alphabet A, o(T}) is
obtained from 7j by a column permutation o, followed by a row permutation og, then
sgn(oc) = 1.

Note first, by looking at T¢, that a column permutation followed by a row permutation
can’t send a box labeled i to one labeled j’, i.e. o(j') # ¢’ for all i,57 € {1,---,s}.
Similarly, by looking at Ty we conclude that o(i") # j' for all 4,5 € {1,--- ,s}. This means
that the column permutation o¢ restricted to the tableau 7 must be a product of column
transpositions, each interchanging an element in the first row of T with one in the second
or third row of Ty. Write o¢ = o, - 02 - 02, where o, is the restriction of o¢ to the i-th

tableau of Ty, and similarly o = o) - 0% - 0%. We have

O-é‘ = H(i7i,)1 : H(j?j”>1a
el jedJ

where [, J are disjoint subsets of {1,--- s}, and (4,47)1, (j,j")1 denote the transpositions
interchanging the boxes labeled {i,i'} and {j, j”} respectively (the significance of the index
1 is that the transpositions occur in the first factor). In particular

sgn(og) = (=1L

It follows now that, since 0 = op-0¢, we must have that 0% is a product of transpositions
interchanging boxes labeled by elements in J with boxes labeled by elements in J” = {j” :
j € J}. Similarly, o}, is a product of transpositions interchanging boxes labeled by I with
those labeled by I’ (in some order). We may therefore write

ko k k. k
Op 06 ="To T, k=23,
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where

T}2{ = H(j7j//)27 7—}32 = H(i7i/)37

jeJ i€l
2 _ A9 Y 3 o ~3 Y/
Tc=Tc- H(z,z )2, To =16 H(],] )£
iel jed

for some column permutations 72, 78.

Note that sgn(ok) = sgn(7F), k = 2,3, since the given permutations are products of the
same number of transpositions (|J| and || respectively). This means that sgn(of.) = sgn(7&),
and moreover

sgn(og) = sgn(72) - (—I,
sgn(of) = sgn(73) - (-1,
It follows that

sgn(oc) = sgu(og) - sgn(og) - sgn(of) = (=DM sgn(72) - (1)1 sgn(78) - (=)

— sgn(72) - sgn(id).
Observe now that
ot (162 73) - (J1G.3"s - 7h)(To) = (Ty),
il jeJ

for some permutation 7 of the alphabet A, and that the condition

OR 0'()<T0) = O‘(TO),
can be rewritten as

o 77 T(Ty) = a(Ty).

This means that the three permutations o, 7& and 72 induce the same permutation of the
alphabet A, in particular sgn(73) = sgn(7¢), and thus their product, which equals sgn(o¢),
is equal to 1. We get that sgn(oc) = 1, which is the same as saying that the coefficient
of m in ¢y - m corresponding to the permutation o is equal to 1, finishing the proof of the
proposition. O

5.5 The Salmon Problem: finding the defining ideal of
o4(Seg(P? x P3 x P?))

The known equations for o4(Seg(P? x P3 x P3)) = 04(Seg(PV; x PVy x PV3)), where
dim(V;) =4, i = 1,2, 3, consist of (JLMO0§|,[BO10])
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e the generalized Strassen’s equations, of degree 5, with » = 3, s = 1, i.e. the module
Si11)V1 ® Sei1,)Ve ® S, Vs,
together with its permutations.
e a module of equations of degree 9, isomorphic to
S,33) V1 @ Si333) Ve ® 5333 Vs,
which we won’t discuss here.
e the module of equations of degree 6
Si3,1,1,1) V1 @ S(2,2,2)V2 @ S(2,2,2) Vs,
together with its permutations.

In what follows, we shall give the generic version of the latter. We are in the situation of
Example 5.1.3 withn=3,d; =dy=d3 =1, r =6, \! = (3,1,1,1), \? = \* = (2,2,2). We

prove that Tab(\, d,n) is one dimensional, generated by

LR ATE) (]2
Th=12{ ®[2]4e[3[4]
= 516 (516

and that Ty gives generic equations for the variety of secant 3-planes of a triple Segre product,
i.e. m,(Th) = 0 for every partition p = 6 with exactly 4 parts.

To see that Tp spans, choose any T' € Tab(\,d,n). We may assume by symmetry that
T' = Ty. Also, using the skew-symmetry on columns, and the shuffling relations, we may
assume that T and T2 are standard, i.e. their entries are increasing along both rows and
columns. Let us show first that if any three of {1,2, 3,4} lie in the same column of T2 or T3,
then T = 0. Say this is the case, and the first column of T? consists of {1,2,3}. It follows
that, since T° has only two columns, we can find {i,j} C {1,2,3} such that {i,j} appear in
the same column of each of T, 72 and T°. The usual argument of switching ¢ with j shows
then that T' = 0.

We assume now that no three of {1, 2, 3,4} appear in the same column of 72 or 7. Since
we can also assume that T2, T® are standard, and that no pair {i,j} appears in the same
column of each of 7%, T2 and T3, then in fact we see that there are only two possibilities for
T, namely

1131 [1]2 112] [1]3
T'®2/4|®[3]4|, T'®[3]4|®|2]4].
516 |5]6 56/ |56
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The first 3-tableau is precisely Ty, while the second one is —T; (after interchanging 2,3
everywhere by symmetry, and then interchanging the 2 and 3 in T, by skew-symmetry).
In any case, we see that Tj spans. We could give a tedious argument as in the preceding
sections to show that Ty # 0, but we prefer to use a Macaulay2 calculation (|GS]) using the
SchurRings package, which shows that the multiplicity of S\V inside S (V7 ® Vo ® V3) is
indeed equal to 1.

It remains to prove that m,(7)) = 0 whenever p - 6 has exactly 4 parts. As in Section
[5.4], it suffices to concentrate on partitions A = A; U---U. A, where no two elements in some
A; live in the same column of 7. We see at once that this leaves us with only one choice
(up to reordering): u = (2,2,1,1) and

A ={1,6}, Ay ={2}, A3 ={3}, Ay ={4,5}.

We get
;41 13 112
m@&=§— ®[214|®[3]4]
Y 411 411

Let 7" = 7,(1;). Note that 1 and 4 show up the same number of times in each of the
tableaux of 1", so we can interchange them by symmetry. We get

314 413 412
T’:? ®2/1® 3|1
1 114 114

Now interchanging all the pairs (1,4) occurring in the 5 columns of 7", we change the sign
of the RHS 3-tableau by (—1)° = —1. We get

;14 113 112
T = 3 ®2(4|®|3]4/
Y 411 411

Using now the shuffling relation applied to the boxes in the 2-nd and 3-rd column of the first
tableau of the 3-tableau on the RHS, we get

T = T’

ie. T" =0, and 7,(1p) = 0, as desired.
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5.6 The Aronhold Invariant

The Aronhold Invariant is a module of equations of degree 4 for the variety of secant
planes to the 3-uple embedding of projective space, o3(Vers(PV)). It is isomorphic as a
representation to Ss4,4)V . In what follows, we present the generic version of the Aronhold
invariant. We are in the situation n = 1, d; = 3, r = 4. We will show that Tab(\,d, n) is a
one-dimensional space, spanned by

1111112
To=1212(3]3},
31444

and that 7,(7p) = 0 for any partition p - 4 with exactly 3 parts.

We start by proving the last statement: there is only one partition of 4 with 3 parts,
namely p = (2,1,1). Since any pair (¢,7) with ¢ # j € A = {1,2,3,4} appears in some
column of Tp, it follows that m,(7p) is a sum of tableaux with repeated entries in some
column, i.e. m,(Ty) = 0.

Let now 7' € Tab(\,d,n) be any (1—)tableau. Using the shuffling relations and skew-
symmetry, we may assume that 7" is standard, i.e. T has weakly increasing rows and strictly
increasing columns. It must then be the case that the first row of T starts as

A[1]1)

Since the last column of 7" must have distinct entries, and T" contains only three 1’s, it must
be that this last column equals

Now there’s a unique way to fill in 7" to a standard tableau, and that yields Ty. To see that
To is nonzero, we do again a Macaulay2 calculation (|GS]), showing that the multiplicity of
S\V in Sy(S)V) is equal to 1, hence T; must be a basis of Tab(\, d,n).
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Chapter 6

Minors of Catalecticants

In this chapter we prove three cases of Conjecture|l.3.1, namely when k& = 2,3 and 4. The
case k = 2 was already known by work of Pucci, but we give a simpler argument. Except
for this case, all the proofs are representation theoretic, and only work in characteristic
zero. The basic strategy is to show that for each k(= 2,3,4), the equations of degree k of
ok—1(Very(P™)) coincide with the space of k x k minors of any of the middle catalecticant
matrices (where “middle” here means from the (k — 1)-st to the (d — k + 1)-st). It has been
proved recently ([BB10]) that for large values of k, k& x k minors of catalecticant matrices
aren’t enough to generate the ideal of oj_1(Very(P")) even when d is very large. However,
we do not know if it will still be the case that for larger values of k (k > 5), the equations
of degree k of oy_1(Very(P")) will coincide with the minors of the middle catalecticants for
sufficiently large d.

In Section |6}k, k = 1,2, 3, we shall write F,; for the space Fy introduced in Defini-
tion where A = (a) and B = (b) give a decomposition of d = (d) (i.e. a+b=d). We
refer to F,; as the space of generic (k+ 1) x (k+ 1)-minors of the a-th catalecticant matrix.
In general we shall write simply d for the 1-tuple d = (d).

k+1,k+1
Fy'p

6.1 2 x 2 Minors

In this section we give two proofs of the following result of Pucci, which is the case k = 2
of Conjecture The first proof works in arbitrary characteristic, while the second one
is a characteristic zero proof meant to illustrate the methods that we shall use in the case
of higher minors.

Theorem 6.1.1 ([Puc9g|). Let K be a field of arbitrary characteristic and let n,d > 2 be
integers. For all t with 1 <t < d—1 we have

L(Cat(l,d — 1;n)) = I(Cat(t,d — t;n)).
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Proof in arbitrary characteristic. For multisets mq, mo, ny, ny we let

[mh meo |TL1, n2] — Zm1Un1 Zm1Un2

ngUnl Zm2U’rL2
With this notation, we have the following identity for multisets wuq, us, vy, vo, a1, ag, B, Ba:

[ur U g, v1 Uwvslay Uag, B1 U Bs] = [ur Uar,vr U Br|uy Uas, vy U B

6.1.1
+[u1UBQ,UlUO{Q|'U2UO{1’u2Uﬁ1]. ( )

We shall prove that Io(Cat(a,b;n)) C I,(Cat(a+ 1,0 —1;n)) fora+b=dand 1 <a <
d — 2. This is enough to prove the equality of the 2 x 2 minors of all the catalecticants, since
L(Cat(l,d — 1;n)) = I(Cat(d — 1,1;n)). Since the ideal Io(Cat(a,b;n)) is generated by
minors [mq, ma|ny, ng] with |my| = |ms| = a and |n;| = |ne| = b, it follows from that
it’s enough to decompose my, my, ny, Ny as

mi1 =u; Uy, me=v1Uvs, ng=0o3Uagy, ny=p1Ups,
in such a way that

[ur] + |ea| = |vi| + 181l = a+ 1, Jug| + |ag| = [va] + [B2] =b—1,

6.1.2
fua] 4+ [Bo] = [or] + Jaol = b= 1, [ua] + o] = Jus] + |81 = a + 1, (6.1.2)
or

lur| + Joa| = o1 + 81| = a+ 1, |ug| + |aa| = |va] + |Ba] = b —1,

6.1.3
] + 18] = [oa] + os| = a1, ool + Jaa] = ua] + || = b—1. 1D

If a < 2b— 2, then we can find 0 < z,y < b — 1 with z + y = a. Choose any such z,y
and decompose

my =uy Uy, mg=uv;Uuvy, with |us| = |vi| =z and |ui| = |ve| =,
and

ny=oayUay, ng=p1UfpP, with
o =x+1, |1l =y+1, |ag] =b—1—zand |fs] =b—1—y.

It’s easy to see then that is satisfied.
If b <2a+ 2, then since b > 2 (a <d—2), we can find 1 <z,y <a+1 with x +y =b.
Choose any such z,y and decompose

ni=aiUay, mng=p01UpPy, with |ag] = |61 =z and |ay| = |52| = v,
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and
mi = up Uug, Mo =wv3 Uvy, with

lug|=a+1—y, ln|=a+1—=z, |usl =y—1and |vg| =2 — 1.

It’s easy to see then that is satisfied.
If neither of a < 2b — 2 and b < 2a + 2 holds, then

a>2b—1>22a+3)—1=4a+5,
so 0 > 3a + 5, a contradiction. O

Proof in characteristic zero. By Proposition [3.3.5], it’s enough to treat the “generic case”.
We want to show that for positive integers a,b with @ + b = d, and N = 2d, all Sy-
subrepresentations F,, C U = indgfiVNSQ(l) are the same. Clearly the trivial representation
[(N)] is not contained in any F,, so

[d/2]
Fo, CUS/I(N)] = €PI(2- (d—i),2-4)], forall a,bwitha+b=d.

i=1

(see [Mac95, 1.8, Ex. 6] for the formula of the decomposition of U¢ into irreducible repre-
sentations; as the rest of the proof will show, we don’t really need the precise description of
this decomposition).

We will finish the proof by showing that all of the above inclusions are in fact equalities.
To see this, it’s enough to prove that for any a,b with a + b = d, any partition A\ with two
parts, and any monomial m = z, - zg, with a U 5 = {1,--- | N}, we have ¢, - m € F,,. Fix
then such a,b, A = (A1, A2) and m = z, - 2.

Recall from Section 3.2/ that we can identify c) -m with a tableau T of shape A with 1’s in
the positions indexed by the elements of «, and 2’s in the positions indexed by the elements
of 5. Recall also that if T" has repeated entries in a column, then 7" = 0. Since permutations
within columns of T" can only change the sign of 7', and permutations of the columns of T’
of the same size don’t change the value of 7' (Lemma [3.2.10), we can assume in fact that

T:CA'Z{17'~~,d}‘Z{d+1,...,N}: 1/1 1‘2‘2“

Consider the sets
051:{27”' ,CL+1}, 062:{1,"' 7d}\a17 Bl andﬁZI{d_'_l?”' 7N}\617

where (31 is any subset with a elements of {d + 1,--- , N} containing A\; + 1. Let T be the
tableau obtained from 7" by circling the boxes corresponding to the entries of a; and f; (see

Definition [3.2.13). We have

T =Cx- [Ofl, /61|a27 52] = CA(Za1Ua2 ' Z,Bluﬁz - ZOqUﬁQ : ZOLQUﬁl) =T — Tl?
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where T” is a tableau with two equal entries in its first column, i.e. 7" = 0. We get
T =T € F,,,

completing the proof. O

Remark 6.1.2. The characteristic zero case also follows by inheritance (Propositions
and : since all the partitions A that show up have at most two parts, it suffices by
inheritance to prove the theorem when n = 2, but in this case all the catalecticant ideals are
the same, as remarked in the introduction (|1.3.1)).

6.2 3 x 3 Minors

We are now ready to give an affirmative answer to Geramita’s questions Q5a and Q5b in
the introduction.

Theorem 6.2.1. Let K be a field of characteristic 0 and let n > 2, d > 4 be integers. The
following statements hold:

1. For allt with 2 <t <d— 2 we have

I3(Cat(2,d — 2;n)) = I3(Cat(t,d — t;n)).

2. There is a strict inclusion

I3(Cat(1,d — 1;n)) € I3(Cat(2,d — 2;n)).

3. Any of the ideals I3(Cat(t,d — t;n)), 2 < t < d— 2, is the ideal of the first secant
variety to the d-th Veronese embedding of P75 .

Proof. To prove (1), it suffices by Proposition m to show that Fh4 o = Fi 4+ C Ug for
2 <t <d—2. The A\-highest weight spaces of all F} 4, 2 <t <d — 2, are the same when A
has at most two parts. This follows by inheritance: combine Proposition [3.3.5| with the fact
that the theorem is known when n = 2 . We shall prove that when A has three parts,
the A-part of F} 4 ; is equal to the A-part of U for all t with 1 < ¢ < d—1 (we already know
this when ¢ = 1, by Proposition [3.2.14). This will imply (1) and the inclusion of (2). The
reason why this inclusion is strict for d > 4 is because it is already strict when n = 2, and
because inheritance holds for catalecticant ideals.

Consider a partition A = (\;, Ao, A3) with 3 parts, a monomial m € U¢ with corresponding
tableau T' = ¢y - m, and integers 2 < a < b with a + b = d. We shall prove that T' € F,.
We will see that if A has only one entry in the second column, then 7" = 0, so let’s assume
this isn’t the case for the moment. We may also harmlessly assume that 7" has no repeated
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entries in a column. Since permuting the numbers 1,2,3 in the tableau T" doesn’t change
T, and permutations within the columns of T" preserve T up to sign, we may assume that T
contains the subtableau

1[1
2|2
3

in its first two columns (there may or may not be a third box in the second column of \).
It follows that m = zy,2y,2,, wWith v = {1,2,---}, o = {M + L, A\ +2,---}, 73 =
{M + X2+ 1,---}, |75 = d. Consider subsets a; C 7;, || = a satisfying the conditions

1,2 € aq, /\1+1EO&2,/\1+2¢042, /\1"‘)\24‘1%0&3,
and let §; = v; \ «y, for : = 1,2,3. Let T be the tableau obtained from T by circling the

entries of aq, an, a3, so that T € Fop. T looks like

@)
T=® 2} 4
3.

We get

5
T =cy+lou, a2, 0a3]B1, Ba, B3] = T + ZiTja
=1

where each T} is a tableau with repeated entries in one of its first two columns (i.e. T; = 0).
It follows that .
T=Tc¢€F,;,

which is what we wanted to prove.

To see that T' = ¢, -m = 0 for all monomials m when A\ = (3d—2, 1, 1), it suffices to notice
that if o is the transposition of the (3d — 1)-st and 3d-th boxes of A (the 2nd and 3rd boxes
in the first column of \), then o(T) = ¢, - (¢ - m) and T are the same up to permutations
of columns size 1 (and permutations of the entries of the alphabet A = {1,2,3}). Tt follows
that

ecx-m=cy-(c-m)=(cx-0)-m=—cy-m,
so that T'= ¢, - m = 0, as desired. Alternatively, see [Mac95, 1.8, Ex. 9] for a description of
the decomposition of U¢ into a sum of irreducible representations.

As mentioned in the introduction, part (3) follows from (1), (2) and the result of Kanev
([Kan99], see also [Lan|, Corollary 6.4.2.4], or the (n =)1-factor case of Theorem [4.1.1)). We
include a short argument for completeness: by Propositions|3.2.14|and [3.3.5} for A a partition
with at least 3 parts the A-part of S(;yS(q)V is contained in I3(1,d — 1;n), hence by part (2)
also in I3(t,d — t;n) for all ¢. It is also contained in the ideal of o9(Very(PV*)), by the last
part of [3.1.6] It remains to check that the modules corresponding to partitions with at most
2 parts in the ideal of o9(Very(PV*)) are the same as those in I3(t,d —t;n) for 2 <t < d—2,
but this follows by inheritance from the case of the rational normal curve . m
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6.3 4 x4 Minors

In this section, we prove Conjecture [1.3.1]in the case k = 4.

Theorem 6.3.1. Let F' be a field of characteristic 0 and let n > 2, d > 6 be integers. The
following statements hold:

1. For allt with 3 <t <d— 3 one has
I4(Cat(3,d — 3;n)) = I4(Cat(t,d — t;n)).

2. If n > 3, then there exist strict inclusions

Li(Cat(l,d — 1;n)) € I4(Cat(2,d — 2;n)) € I4(Cat(3,d — 3;n)).

Proof. By the polarization-specialization technique of Section [3.3] it suffices to prove the
theorem in the generic case. Namely, we want to show that Fs 43 = F 4, for 3 <t <d—3
and that Fi 41 C Fhq 0 € F34_3. Furthermore, it suffices to prove these relations for
the A\-parts of the corresponding representations, one partition A at a time. When X\ is a
partition with at most two parts, the theorem follows by inheritance from the case n = 2 of
the rational normal curve . Note that this yields the strict inclusion F; g9 € F34-3,
but does not distinguish between F 4_; and F5 4 9. When n = 3, the catalecticant matrix
Cat(1,d — 1;n) has three rows, so I,(Cat(1,d — 1;n)) = 0, whereas Cat(2,d — 2;n) has at
least 4 rows and 4 columns. It is then easy to see that I4(Cat(2,d —2;n)) is nonzero, so that

Ii(Cat(1,d — 1;3)) € 14(Cat(2,d — 2;3)).

The strict inclusion for n > 3 follows by inheritance.
One important tool that we’ll be exploiting throughout the proof of Theorem [6.3.1] is
Corollary [3.2.16 We shall also make use of the basic relations of Lemma |3.2.10

Lemma 6.3.2. Consider a partition A = (A > Ay > A3 > \yg) with A3 = 1, and the tableau
T e hWt)\(Uf),

IRANENnEne
ol-12131.1314}-14

T —

9

‘*‘OJ[\')H

where the entry * appears only if Ay = 1, in which case it is equal to 4. Let’s assume that
T has a columns equal to , b columns equal to and ¢ columns equal to . If a =10
then T = 0, otherwise T is a linear combination of tableauz T', where each T" is a tableau

whose first column and —columns are the same as those of T', and which also contains the

-
column and at least min(a,b) of each of the columns and Bl
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Proof. Suppose first that a = b. Interchanging the 2’s and the 3’s in T yields a tableau
T' = T € hwty(U{), but since T” differs from T by the transposition of the 2-nd and 3-rd
entries in the first column, and by permutations of columns of the same size, it follows from

parts (1) and (2) of Lemma |3.2.10| that
T=T =—T, ie. T =0.

Assume now that a > b. Since T" has the same number (d) of entries equal to 2 and 3,
there must be a column of size one of T" whose entry equals 3. It follows that T" contains the
subtableau

13]
2 7

and thus we can use the shuffling relation (3) of Lemma |3.2.10]

S:

1M:1ﬂ+suz1ﬂ_2ﬂ
2] 13 2] 13 3]
to write
T=T-T,

where T3 is obtained from 7' by interchanging the 2 and 3 in S, and 7" is obtained from T’
by applying the permutation (1,2,3) (in cycle notation) to the entries in S. It follows that

T =T, mod U,

where U is the subspace of hwty(Ug) spanned by tableaux 7", with 7" containing the column
and at least min(a, b) of each of = and , as in the statement of the lemma. Repeating

this process, we obtain after s steps that

T =T, (mod U),

where T is obtained from T' by interchanging (a — b) 2’s from the —rcolumns with (a — b)

3’s from the columns of T' of size one. If we now interchange the 2’s and 3’s in T}, we get
a tableau that differs from 7" by a transposition in the first column and permutations of
columns of the same size. It follows that

so that
T=-TmodVU)<=2TecU<«~=Tecl.
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6.3.1 Diagrams with 4 rows

Lemma 6.3.3. For every partition \ of 4d with four parts, the A-part of U is contained in,
and hence equal to, the A-part of each of F;4_;, fori=1,---,d— 1.

Proof. We know this already for i = 1 (and hence also for ¢ = d — 1) by Proposition [3.2.14]
We fix ¢ with 2 < i < d/2 for the rest of the proof. We want to show that any tableau
T € hwty(Ug) of shape X is contained in F;4—;. We have several cases, according to the
shape of .

Our basic strategy will be to show that T" = T, where T is obtained from T by circling
1 entries of each of 1,2,3,4. We shall always picture a subset of the entries of T', some of
which will be circled (at most i of each of 1,2,3,4). The understanding will be that there
are other circled entries, to make up for a total of 7 circled 1’s, 2’s, 3’s and 4’s. It will always
be the case that the equality T = T will be a consequence of the fact that any permutation
o € Sy applied to the circled entries will produce a repetition in one of the shown columns.

(1) The first two columns of A have size 4.

Without loss of generality, we may assume the first 2 columns of T" are

WD | —

= (oD | =

4

The reason for this is because if 7" had repetitions in one of its columns, then it would be
zero. Otherwise, the entries in each of its first two columns have to be {1,2,3,4}, in some
order. We can rearrange them (at the cost of maybe changing the sign of T, according to
relation (1) of Lemma so that we get the columns pictured above. In general, we will
argue without loss of generality for the choice of the pictured entries of T, and the reasoning
behind it will be along the lines of the argument just presented. This is why we shall skip
most of the details in the future cases. We let

QD
Q)2
3
4

~.
I

ol
4

Let us check that 7= T in this case (again, the following cases will be very similar and we
ask the reader to fill in the necessary details). We have

We claim that if o is not the identity, then o(7") has repeated entries in one of its first two
columns, and is thus equal to zero: if (1) = 3 or o(1) = 4, we get a repetition in the first
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column, while if o(1) = 2 we get a repetition in the second column. We may thus assume
that o(1) = 1. If 0(2) = 3 or 0(2) = 4, then we get a repetition in the first column, so we
may assume that 0(2) = 2. If 0(3) = 4, then we get a repetition in the second column, thus
we assume that o(3) = 3 which forces o to be the identity.

(2) We can find two columns of )\, different from the first one, which contain two pairs of
numbers forming a partition of {1,2,3,4}.

We may assume that the two pairs are {1,2} and {3,4}, in which case we let

DD
Q|2]4]

~.
I

3
4

(3) The second column of A has size 3, the third column of X\ has size at least 2, and (2)
doesn’t happen.
Up to renumbering the entries of T" and column permutations, we have one of

1/1]1 @D[1/1
= 1212|@ = 219@
T—3® orT—33 .

@ @

(4) The second column of A has size 3, and all the others have size 1.
We may assume that the first three columns of T" are

1]4]
2
3

‘»chol\Dr—t

By part (3) of Lemma [3.2.10 applied with ¢ = 4, C' the second column of T, and b = 4, the

entry of the unique box in the third column of 7', we get

14]1] [1]1]2] [1]1]3]
_[2]2 2[4 2/2
=513 "33 TEa
4] 4] 4]

4l4l1] [1]1]2] [1]1]3]
_12]2] _[4]4] _[2]2] _ _
IREIE 33 414 3T

1 2] 3]

so that 7' = 0. The reason why each of the tableaux on the last row are equal to T" is because
we can permute in each case the entries {1,2, 3,4} so that we get tableaux that coincide with
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T (in their first three columns). But this is enough for those tableaux to be equal to 7', by
part (2) of Lemma [3.2.10} all the columns that are not shown have size one, so their order
is irrelevant.

(5) The second column of A has size 2.

If T' contains the subtableau

1111112

2121313
g —

i )

4]

then we take

1 DD
~ 2121313
T =

13

@D

We show that the tableaux containing S, together with the ones satisfying (2), span the
A-highest weight space of UZ.
If T doesn’t satisfy (2), we may assume that it contains the subtableau

1]1
213

S =

‘»b‘wl\:)»—

To see this, note first that the third column of 7" must have two entries, otherwise T" = 0: if
there is just one entry in the third column of T, we may assume that the first two columns
are

1
2

S/l —

‘pm‘oo N | —

Interchanging the 3’s and 4’s in T preserves the element T € hwty(U¢), and yields a tableau
differing from 7" by a transposition in its first column, and permutations of columns (of size
one). This shows that T'= —T, i.e. T'=0. We may thus assume that the third column of
T has size two. We may still assume that the first two columns of 7" are given by S”. Using
the relation

alb] _[1lal [1]0]

all]_[1]a]
AN al

we may assume that the third column of 7" has the form . If x =4, then we interchange
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the 3’s and 4’s in T" and get that 7" contains

—_
—_

‘w‘»&ww

which is S” up to sign (transposing 3 and 4 in the first column). Now if x = 1 then 7' = 0,
while if * = 3 then T contains S’. If x = 2, then using the relation

1[3] 31 [1]2]_ [2]1], [1]2]
ol T2l T3 T3 T3

we may assume that the third column of 7' is either (so that T' contains S’), or .

Interchanging the 1’s and 2’s in 7" in the latter case, it follows that T' contains

2|1
113
= (-1

111
2325/

‘»-l&‘wra [\
‘»Jk‘wl\:) —

We may thus assume that T contains S’. If all the other columns of 7" have size 1, then

T = 0 by Lemma [6.3.2] If T" contains the column then T' contains S, which is the case

already discussed. If 7' contains one of =+ or , then we're in case (2). Otherwise, every

column of 7" is one of , or , so Lemma [6.3.2|applies to give the desired conclusion. [

6.3.2 Diagrams with 3 rows

Throughout the rest of this chapter p denotes the partition (2,1,1) of 4. U ff is the Sy4-
representation introduced in Definition . For a partition \ - 4d, hwty(U¢?) is the space
of tableaux of shape A\ containing d 1’s, d 2’s and 2d 3’s (see Definition . Recall that
a standard tableaux is one that has weakly increasing rows and strictly increasing columns.
We have the following

Proposition 6.3.4. Let \ be a partition of 4d with (at most) three parts. The vector space
hwt,\(Uff) has a basis consisting of the standard tableauzr with an even number of columns

containing .
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Proof. Recall that Uj is the generic version of the more familiar G L(V')-representation
S2)(S@V) ® Sa)V, so the two spaces decompose in the same way into irreducible rep-
resentations (with respect to the combinatorial data given by partitions of 4d). We have

(IFH91| or |Mac95|)
Sa(SaV)= @ SV

pF2d
p2 even

It follows for the generic version Ug(= U(dl’l)) of Si2)(S(@yV) that

Uy = P [(2d — 2i,2i)),

i<d/2

and that a basis for hwt(gd,gmi)(Ug) consist of the tableaux

. 1 11T
I@)= 9. 19 |

SPI

with 27 columns equal to . S2a)V is irreducible, and so is its generic version, the trivial

representation U, (d2) of S,4, having a basis consisting of the tableau

t=[3[3}13]

(in order to stick to our usual notation, we should be writing 1’s instead of 3’s for the entries
of the above tableau, but the 3’s are more suggestive for what is to follow). Pieri’s formula
now implies that

S@(S@V) ® Sea)V = @ (SH\V)™,

where m, is the number of ways of obtaining a tableau of shape A by starting with one of
the T'(i)’s, and adding 2d 3’s, no two in the same column. This procedure yields precisely
all the standard tableaux of shape A\, with d 1’s, d 2’s and 2d 3’s, having an even number of

columns containing . It follows that these standard tableaux form a basis for hwty (U¢),

as long as we can prove that they span.
Since our tableaux satisfy skew-symmetry on rows, and the usual shuffling relations, it
follows that standard tableaux span hwty(U¢). Consider now a standard tableau T', with

an odd number of columns containing , say a. We prove that T is a linear combination

of tableaux with at least @ + 1 columns containing . The argument is similar to that of

Lemma [6.3.2

Suppose that T contains b columns equal to and ¢ columns equal to . We have

b > ¢, since there’s the same number of 1’s and 2’s in 7', and there can be no 1 to the right
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of a column equal to , because T is standard. Also, there are at least b — ¢ columns of T’

3]
of size one with their entry equal to 2. Using the relation

2] [1]3], [2]1]
=R TR T

on a subtableau S of T' consisting of a column of T and a |2 Fcolumn of T', we can write
T=T +T,

where 7" has (a + 1) —columns, and 77 has (b—1) —columns and (¢ +1) —columns.

Repeating this procedure (b — ¢) times, we get that 7" = Tj,_. modulo the space U,y of
tableaux with at least (a + 1) —Columns, and T;,_, differs from T by replacing (b — ¢) of

its —Columns with (b — ¢) —Columns, and (b — ¢) of its |2 ]-columns with |1 -columns.

Interchanging the 1’s and 2’s in T,_. (and possibly permuting some columns), we recover
the tableau 7', with the 1’s and 2’s in its first @ columns interchanged. Since a is odd, the
skew-symmetry of tableaux implies that T, . = —T', hence

T=-T (mod Uyi1) <= T € Uy,

as desired. ]

Diagrams with A3 > 2

Lemma 6.3.5. If T € U{ is a tableau containing

11113
21214
314 *

as a subtableau (where x indicates that there might or might not be a boz in the corresponding
position), then T € F, 4_; for all2 <i < d—2.

Proof. 1f there’s a box in the x-position (A3 > 3), we may assume its entry is a 1, in which
case T' is equal to

R lEN](€)
T=[2@4]

@41
Assume now that there is no box in the *-position, and that all the columns of A, except
the first three, have size 1 (A\y = 3). Then interchanging 3 and 4 doesn’t change the element
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T € U¢, but transforms T into a tableau that differs from it by permutations of columns,
and a column transposition (the 3 and 4 in the third column). This implies that T = —T,
ie. T'=0.

We're left with the case when Ay > 3 and is a column of 7. Applying the usual
shuffling relations (3) of Lemma [3.2.10] with C' a column of T" of size at least two, not in S,
and b = 1, we may assume that 7" has a column containing , where a = 2 or a = 3 (which

is equivalent to a = 4, up to interchanging the 3’s and 4’s in T'). If a = 2, we take

[ H1OB
T=[2]2][2]4]

QD) *

If a = 3, we take

00)©)
@[3 4|
4| %

~:
I
©

]

Lemma 6.3.6. If A = (A1, Ao, A3) is a partition of 4d with three parts and A3 > 2, then the
restriction of the map w11y to hwty (Ug) surjects onto hwt)\(Ulf) with kernel hwty(F; 4—;)
for any i =2,--- ,d—2. Therefore, the A-parts of all F;4_; (i # 1,d — 1) coincide.

Proof. We first show that hwty(U¢) is spanned by tableaux 7" whose first two columns are

11
S=122|
314

These tableaux together with the once whose first two columns are

1
2
3

o ro] =

span hwty(U{), so it suffices to show that the latter are linear combinations of the former.
We use the shuffling relation (3) of Lemma [3.2.10| with C' being the second column of a
tableau T of the latter type, and with b = 4. We get

L[1]4] [1]4]1] [a]1]2) [1]1]3] [3[4]3] [1]1]3] [1][1]3]
T=[2[2] =[2[2] +[2[4] +[2]2] =[2]2] +[3]4] +[2]2
3[3 3[3 303 3]4 11 2[2 3]4
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1[1]3] [1]1]3] [1]1]3]
=212 +[2/2] +|2|2] , (*)
34 314 314

where in the above relations we only showed the relevant boxes, and we used freely the
symmetry and skew-symmetry of tableaux (as in Definition . Note that the three
tableaux in (*) are not the same (in general): they differ in the boxes that are not shown.
In any case, we wrote T as a sum of three tableaux containing the subtableau S in their first
two columns.

We turn our attention to tableaux of shape A in hwt,(U¢{). We let T} denote the (unique)

standard tableau of shape A with 2j columns containing , for A3 < 2j < min(Ag,d).

Proposition states that the T)’s give a basis for hwt, (U /jl) For each Tj, we consider a
“lift” L;, which is any tableau obtained from 7} by replacing the 3 in the 3-rd row and 2-nd
column of T}, together with (d — 1) other 3’s (not in the first column of 7}), with 4’s. We
have that 7,(L;) = T for all j, showing that the lifts L; constructed in this way are linearly
independent modulo ker(7,). Since every F; 4_; is contained in ker(m,), if we can show that
the L;’s generate hwty(U{) modulo Fj 4, for i = 2,--- ,d — 2, then it follows that in fact
we have the equality hwty(ker(w,)) = hwty(F; 4—;) for each such i.

We need one more lemma, which will show that the choice of the lifts L; can be done
in an arbitrary way. More generally, once we fix the subtableau consisting of the first two
columns of a tableau T to be S, permuting the 3’s and 4’s in the other columns doesn’t
change T" modulo any of the spaces F; 4_; of generic flattenings.

Lemma 6.3.7. Let T € hwty(U) be any tableau containing S as a subtableau, and let o
be any permutation that interchanges some of the 3°s and 4’s of T', not contained in S. For
any i =2,--- ,d—2, we have that T — o(T') € F; 4—;.

Proof. 1f T has a column containing , then '€ F;4_; for all t = 2,--- ,d — 2, by Lemma

6.3.5l The same lemma, or the fact that o(7") might have repeated entries in some column,
implies that o(T) € F 4—;, thus T — o(T') € F} 4.
Assume now that T" doesn’t have a column containing . It’s enough to prove the lemma

for o a transposition of two entries, 3 and 4. Assume that the column of 3 is to the left of
the column of 4. We apply the shuffling relation (3) of Lemma [3.2.10, with C' the column of
3 and b =4. We get

T=o(T)+) T,
where the sum is empty if C' has only one entry, and otherwise each 7" is a tableau having

a column containing . As we noted above, 7" € F, 4_;, hence T — o(T') € F} 4—;. O
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To finish the proof of Lemma we note that because of the preceding lemma, the
last part of the proof of Proposition carries over to show that the lifts L; generate
hwty(U§/F;4-), for any @ = 2,--- ,d — 2. Since the L;’s are linearly independent modulo
ker(7,), the conclusion follows. O

Diagrams with A3 =1

In this section, A = (A1, Ao, Ag) is a partition of 4d with three parts and A3 = 1. The
proof strategy is similar to the one in the previous case. We show that hwty(U¢) is spanned
by tableaux T containing the subtableau

—
[\

1
S=[2]4]4},
3

and that modulo any F; 4_;, any such 7' is invariant under permutations of 3’s and 4’s not
contained in S. We then show that tableaux T as above, with an even number of columns

containing , span hwty(U¢/F; 4-;), and that they map via 7, to a subset of a basis of Uff.
This suffices to conclude that all hwty(F; 4_;) coincide with hwty(ker(w,)), hence they are
the same. We start with the analogue of Lemma [6.3.5}

Lemma 6.3.8. If T € hwty(U{) is a tableau containing the subtableau

11213
41414,

S =

[oaro] =

thenT € F 4 foralli=2,---,d—2.

Proof. Suppose first that T has a column of size two not containing 4, say . Then we take

DD
414]4]2}

T =

1
2
6))
Otherwise, all the columns of T' of size two must contain the entry 4, say a of them also

contain 1, b contain 2 and ¢ contain 3. We may assume that a > b, and apply the (by now
standard) argument of Lemma |6.3.2, We use the relation

1[2] [2]1] [1]4
i T4 T2

(a — b) times, with 2 being the entry of a column of size one. This is going to replace
T (modulo the space of tableaux previously analyzed, which is contained in F; ;_;) with a
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tableau 7" having a columns equal to and b columns equal to . Interchanging 1’s

and 2’s in T” we recover T, up to reordering columns and transposing the 1 and 2 entries
in its first column. This shows that 7" = —T', which combined with T'—T" € F} 4, yields
T e Fi,d—i- L]

Note that Lemma [6.3.7] applies, with the new S defined above: the proof is the same,
except for Lemma being replaced with Lemma [6.3.8]

Lemma 6.3.9. The tableauz T of shape \ containing S span hwty(UZ).

Proof. We may assume that the first column of a tableau T € hwty (U¢{) has entries {1, 2, 3},
and using the usual shuffling relations, that 4 is contained in its second column. It follows
that up to changing the sign of T, its first two columns coincide with those of S. Assume
first that 7" has a column of size 2 not containing 1. Possibly using the shuffling relation

24| _[2[3]_[3]2]
3 4 4]

we may assume that 7" also contains one of or . If it contains the former, then T

contains S, otherwise we switch the 2’s and 3’s in 7.
Consider now the situation when all the columns of T of size two contain 1. Lemmal6.3.2]

implies that T is zero, or a linear combination of tableaux containing the columns and

2 . . . . ..
, which as we’ve seen are in turn combinations of tableaux containing S. O

Lemma 6.3.10. If A = (A1, Ao, A\3) is a partition of 4d with three parts and A3 = 1, then the
restriction of the map w11y to hwty(Ug) has kernel hwty(F; 4_;) for any i =2, ,d — 2.
Therefore, the A-parts of all F; 4_; coincide.

Proof. We can use the argument of the proof of Proposition to show that tableaux
T containing S and having an even number of columns equal to = span hwty(U{/F; 4_;).
More precisely, for 1 < 25 < min(d, \3) — 2, we choose L, to be a tableau containing S
in its first three columns, having a total of 25 columns containing , and such that the

tableau obtained from L; by removing S is standard. The L;’s form a spanning set for
hWtA(Uf/FLd_Z‘).

We now show that 7, (L;) are linearly independent in U, which implies that hwt(F; 4—;) =
hwty (ker(7,)). For 1 < 2j < min(d, A2), we let S; denote the unique standard tableau in

hwt (U, ;l) with 27 columns containing . The S;’s form a basis for hwt (U, ;l), by Proposition
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[6.3.40 We have

—_
(]

mu(Lj) =

‘OJ[\D»—t
(O8]
w

If 7,(L;) doesn’t contain a column of size one whose entry is equal to 1, then after reordering

its columns of size two, so that the ’s come before the ’s, which in turn come before

the ’s, we obtain the tableau S;. This shows that m,(L;) = S;.

If w,(L;) contains a column of size one whose entry is 1, we let b = 1 be the entry in that
column, and C' be the third column of m,(L;). Applying the shuffling relation (3) of Lemma

BZI0, we get

1|11} 11111
(L) =[213]3}-1-[2]3]2] -}
13 E

Up to reordering columns of size two, the first tableau on the RHS of the above relation is
equal to S;, while the second one is a tableau with 25 +1 columns containing , i.e. by the

proof of Proposition , it is a linear combination of S;;1, 542, .

Writing the elements 7,(L;) as row vectors of coordinates with respect to the basis of
S;’s we obtain a matrix in row-echelon form, with a pivot equal to 1 in every row. This
matrix has thus maximal rank, showing that the m,(L;)’s are linearly independent. O

O
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