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• 	 STATISTICAL-MODEL ANALYSIS.. 
OF K 	 iCtI6N 4B- 1MLATION 

T. F. Hoang. William B. Fowler, and Wilaon.M. Powell 

Lawrence Radiation Laboratory ¼ 	 UniversIty of California 
Berkeley, California 

January 27, 1960 

ABSTRACT 

Production of K mesone has been inveetgated by using "hydrogen-lik&' 

annthilatlons observed in a 30-in. prane bobble chamber exposed to a 

separate fi beam of .1.07 Bev/c. The K production among annihilation eventS 

is found to be about 9 0/6 and is associated with 3.0 ± 1.6 v inesons. The 

average momentum in the Pro.nvermsa system is 333 Mev/c for K and 
344 Mev/c for ii, respectively. The momentum spectrum of K and ii mesons 

fit well with those computed from the covariant phase-space factor. The angular 

correlations between n-i, K-k • and u-K show a characteristic backward 

peaking, witha backward-to-forward ratio of B/F = 2.2*0.9, 2.8±1.6, 

1.2 ±0.3, respectively. The ratios predicted by the conservation of energy and 

momentum are 1.43, 326 and 2.10. An attempt has been made to compare the 

experimental data with statistical-model calculations using two parameters 

and fl,,i corresponding to the Interaction volumes of K and u meson. 

The best fit values are 0 iad 10 (in units of 	47/3. 1/) and Q(t4 'O.3. 

These values fit also iow*energy P annihilation data. A comparison with the\ 

isobar model excludes the aøoumption of an isobar. state of 3 pion masses. 
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STATISTICAL-MODEL ANALYSIS 
OF K MoNsPR uccrxoi 

T. E. Hoang, William B, Fowler, and Wilson M. Powell 

Lawrence Radiation Laboratory 
UniversIty of California 

erkeley, California 

January. 27 j  1960 

I. INTRODUCTION 

Ina recent investigation of 	interactions at 1.07 Bev/c carried 

out with a 30-in, propane chamber at Berkeley, 115 events have been observed 

with emission of strange particle.. Among thee events, 35 cases are found 

to be "hydrogen.lIke"and give rise altogether to 54 charged or neutral K 

masons. Although the present data are still meager, nonetheless they provide, 

to date, the only sizeable sample to allow a tentative analysis of K-meson production 

by 	annihilation. An attempt is therefore made to investigate this problem 

in detail in terms of the stMlstical model. 

In this paper we shall compare the mOmentum spectra of K masons 

and associated ii masons emitted in 	anflthilationa, and also their angular 

distribution8 and angu2ar correlations which we have calculated using covarlant 

phase-space integrals. To evaluate the percentage of K-meson production, 

we have introduced an Interaction volume 	in addition to the usual w 

Interaction volume 	The latter has been the only parameter used thus 

far to fit the Fermi model with r- erniasion data. 2  The model thus modified 

gives a satisfactory interpretation of K- meson production observed in our 

experiment as weWae that at low energy. 

This work was done under the auspices of the U.S. Atomic Energy. Coznmi:Seion. 

Now at Brookhaven NatIonal Laboratory, Upton, Long Island. 
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U. EXPERIMENTAL DATA 

In order to avoid uncertainties caused by the presence of the Fermi 

momentum In case of 	anthhilations with bound nucleonB, we limit ourselves 

only to "hydrogen4lke"• events. The criteria used to select 	events are 

-. 	(a) conservation of charge and (b) absence of nuclear ecLtatlon. From 

• anfllhilatlon cross soctione on hydrogen and carbon measured by counter 

• 	experiments., we estimate that about 80% of these selectede vents are actually 

pure hydrogen events. We have accepted 35 cases, glving 52 esunableJAc-

• 	 The method used to identify the K rneeone will be discnssedin a 

• 	 sparate.1pape'r.' We list in Table I the charge states of the K mésons used 

In the present analysis.. Regarding the neutral K meèone, we have classified 

them phenomenologically as either Oi  --sort-lived mesona decaying via 

ir+ + i'--or 8--those escaping observation in&ide theL chamber (Le., those 
• 	

of the O i  decaying Into ¶0 + fro and long-lived °• 
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Tablel 	
• ' 

Charge states of K mesone produced by' -p annihilationa 

Charge state 	 Numberof cases 

+ 
KR 

K8 	 2 

	

• 	 KR 	 ' 	 6 

• 	 1 0 i 

• 	 K0°. 	0I0 	 14 

0 0 	 Undetectable 

Ko  

• 	 , The multiplicity of charged' pione associated with 'K rnéeons is shOwn 

in Fig0 1, The average number of charged piona is 	, 

n 	1.9é1.1. 

	

• 	It is to be noted that, unless otherwise specified, all errors quoted in this  

paper are r.m.e. deviations from'the mean 

In order to estimate the total number of charged and neutral w rnesone 

• 	 involved in 'K-meson production, we have estimated the multiplicity of w from 

• 	 the missing mass computed from thoee,evnts in which both K mesone are 

observed. The average number of 'ir rnesone thus estimated is 

nJ=304±1.2 
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Combining this result with the average number of charged pions given above, 

we estimate the average number of charged and neutral i mesons associated 

with the K meéons produced. by . Annihilation at our energy to be 

= 3.0±1.6 

Assuming a normal di8tributlon for fl we find for the percentage for each 

type of annihilation leading to K emission by the: reaction 

(1) 

the values shown in Table U.  

Tablell. 	. 

	

Frequency of.p + p4K++fl* 	. 

0. 	1 	 2 	. 	3 	4... 	5 

• 	. 	0.5 	3.5 	37 	• 	46 	12.5 	0.5 	• 

- 	 • 	 r 
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UI, MOMENTUM SPECTRA OF K MESONS AND ASSOCIATED iv MSONS 

The momenta of 1i 52 K mesons observed in 35.tthydrogen_like  events 

have been measured. Among the associated charged mesone we have measure-

rnents of 61 cases; the remaining three cases failed to give a good measurement 

(kinks, poor quality of picture, etc.). The averagemomanta. ofthe .K mesort 

and the associated ir meson in the j-p  cente-of.rnsm.Qyttr. 

are: 

= 333 ± 254 Mev/c 

=.344 ± 226 Mev/c 

As is to be expected, within experimental error the average momenta of the 

K and associated if mesone are equal. 

The momentum distributions for K and ri mesons are shown in 

Figs.. 2 and 3. together with those calculated from the. covariant phase-space 

factor for reaction (1) with n = 1, 2, 3 and 4. Leaving aside that part of the 

integral over apace coordinates, we have for the covariant phase space: 
.md3 P 	. 

ZKni 

 

r fm 	(2t,) 6( L ) 5(E 0- Z L1), 	 (2) 

where. 
2 	zu/2 

• E1  = ( 	+m1  ) 	. and 	= 1. The results are plotted in the same figure 

of the observed distribution, with each spectrum normalizodto the same area 

as the histogram under consideration. The case corresponding to n = 5 has 

not been computed because of the extreme length of time required by the 

computer to perform auccessive integrals.. Since its. contribution to the over-all K-

meson production amounts, to only less than 1 016 in the present experiment (see 

Table II),. we shall leave the case n = 5 aside in the following considerations. 
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A coxnparieonoI calculated spectra with. the histograms representing 

the experimental results indicates that, in cáe of t (-mCSOn momentum die-

tribution as well as that of the associated. pion, the spectra corresponding to 

associated Ir meeóns u 3 are aireadyvery close to the observed experi-

mental d1etribition. If we combine the computed spectra according to the 

frequency of each reaction as indicated in Table II, we obtain the resiltant' 

spectrum shown in Figs. 4 an4 5. The agreement with experimental data is very 

satisfactory. 	 . 

IV. INTR4CT1ON VOLUMES fl AND 

In following Fermi's approach to the statistical model. it has customarily 

been assumed that the matrix element of reactIon (1) is a constant and is ex-

pressed in terms of a parameter. fl having the dimensions of a volume related 

to the coupling constant. Because the K meson and tr meson may have different 

coupling conetants it is natural to intoduce in the matrix element of the reaction 

(I) two specific parameters Q and Q,. Therefore, for the tranaition 

probability of reaction (1) we write 

• 	•- 	111 . 	
( yZ 

ZKntr - 
	2'.n 	()6 	 zicwiv 	 (3) 

• 	where S (I) designates the average value of the I-spin statistical weight for total 
• 	I 0 and 1 of the secondary particles 	is the covariant phase space factor 

in the final etate defined in .1q. (2), and -11 c = 1 . 

The ir interaction volume can be estimated by adjusting P to fit the 

observed multiplicity of pious associate4 with K production. Trials with 

different values of 	(in unite of 	4i/3 3) have been made, the results of 

• the predicted pion multiplicity are shown in Fig. 6. The beat-fit value is found 

• to be 0 	10. 	 • 	
0 
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• 	 It is to be noted that our estimate of 0 	Is consistent with values 

• 	 dctermlncd by previous authors 2 	for p annihilation without K production 

and at a different energy. li ord€r toeetimate 	we have to.cornpar•e the 

transition probability of Eq. (3)to that of -p .annibllatious.without K 

production. The simpIeSt way is to considcr the ratio of these two proceeeee 

leading to the same number of 8econdary particles. We have, for .  instance, 

5. 	2K31T 	 ZK3tr 	
(4) 

2 1.3 1. 	 (I) 	(R w)• 

At the energy of our experiment . fLc that K production by 	annthilaticn 

is about 5.0 * 1.5 mb; the total cross section. for annihilation is 58±18 nib; the 

percentage of the ZK3it reaction is 46 (Table II); and the percentage of 5w 

annihilation is 29%. This leads to 

-- e'Q3. 

Ir 

That this ratio is less than one reflects the fact that the K-meson coupling 

constant must be smaller than that far the w meson This is consistent with 

the current view that the K-meson Interaction is weaker than that of the w 

meson. 

It should be pointed out that if the parameter 0K  here introduced had 

also been taken into account In the previous estimation of K production by. 

annihilation, one should have obtained a smaller value for the K production 

than previously estimated. This poInt is discus6ed in detail in Section vu. 
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V. ANGULAR CORRELATION BET WEEN ir-ir, K_'R and w-K PAIRS 

In Fig. 7 we have plotted the distributions of anglia in the j-p c. rn. 

system of the pairs of secondary particles such as n-s, K-R, and it-K. 

Because of small statistics available in the present investigation, no attempt 

has been made to distinguish between the charge states of the assorted pairs. 

All three distributions show a characteristic feature of a tendency toward 

large angles. This property, as pointed out by Kalogeropoulos, reflects a. 

con8equence of the constraint imposed by the energy-momentum conservation on 

the particles emitted by the j annihilation. The observed backward-to,forward 

ratios are: 

'exp = 2.2*0.9 for tt-i 

2.8±1.6 for K-R 

= 1.2±0.3 for IT-K. 

The errors here quoted are statistical. It is interesting to compare these 

ratios to those predicted by conservation of energy-momentum, for if eventually 

there is any significant dOparture of the observed values from those predicted. 

then this would indicate the presence of some other effect due to the mutual 

interaction of the particles. Calculations Pbive been made for the three distributions 

under consderation using the covariant phase-space factor of Eq. (2) for K-meson 

production involving n 2. 3. and 4•n mesons. The results are shown in Fig. 8.. 

We note that the predicted shape of the distributions changes little with the 

number of associated t theSons however, the predicted backward-to-forward 

ratio is rather sensitive to the number of associated w mesons. If we combine. 

for each case of u-it, K- 	the computed curves according to the percentage 

of the corresponding reaction, we obtain the resultant curves shown in Fig. 7 

and predicted backward-to-forward ratios as follows: 
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predicted 1.43 for 
iT-IT 

= 3,26 for K-K 

= 1.10 for Kir 

A comparison with the experimental data indicates that the observed ratios 

for ir-ir, K-K, and K-IT deviate respectively about 1, 1/3, and 3 standard 

deviations from the predicted values. Since te statistics of sami4es available 

for the present analysis are rather small, and in addition there is some uncertainty 

in the evaluation of the predicted ratio due mainly to the uncertainties of the 

weighting factors (Table U: used, to combine different reactions of the K- 

meson production, therefore, from the statistical point of view, these deviations 

are probably not significant. We are unable to decide whether there is any 

definite effect among the pairs of particles other than that predicted by conservation 

of energy and momentum. 

VI. ANGULAR DISTRIBUTIONS OF K AND w MSONS 

The histograms in. Fig. 9 present the angular diatributionsOf  K mesons 

and associated charged it mesons, the brufurei8n k 	 the 'p-p 

c. rn. system with respect tothe 'impinging, i 	 are 

fairly syrzunetric with respect to the n/Z direction and are expçted to be 

isotropic on the basis of the Fermi model. If we fold these diatributio about 

0 * ir/Z and compute the second-order and.thlrd-ordermornente'ór' see 

for 

ieould 

'è éX- 

distributions, we find for the K distribution 	= 0.14 and p. = 0.11 äi 

the ir distribution IL Z = 0.14 and 	=0.05. For 

expect 	= 0.31 and 	0.11. Since the number of samples are ral 

small, we can hardly tell if both diBtTibUtion8 are actuafly:dWerent from. 

pected isotropic distribution. 

I 	\, 
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However 1  It Is of interest to bear in mind that the angular detributlon 

provides a means of test for the validity of the basic as aumption On the matrix 

element of the Fermi model, and that it is worthwhile to examine other 

possibilities. For Instance 1  in a recent approach by Cook et al., attempts 

have been made to include in the matrix element the angular-momentum states 

6 of the secondary particles. According to their results, the momentum spectrum 

remains essentially the same as that predicted by the Fermi 'model while the 

angular distribution may assume a differnt Shape. In this case It requires 

abete4 statistical au"talb to discriminate the details of the distribution in order 

to settle this point. 

VU. COMPARISON WITH LOW-ENERGY DATA 

In this section we shall devote oae1ves to an analysis of data on 

annibilatlone at low energy. We shall attempt to investigate whether it 10 

possible to Interpret In a consistent way these data in terms of the parameters 

10 and nK/ Q 0.3 which we have determined from our present experiment. 

For this ptirpoaó we must determine first 11 the value f2 	10 givee also .a 

good fit to the n muJiipl1city observed in f p nn at rest. We shall use the 

hydrogenbbubble.chamber data obtained byHorwits et al. 4  According to their 

results, the average it multiplicity is n = 4.9 ±0.6. The value D in 10 we' 

have obtained from f , annihilation with K production at our energy is com.arable 

to the value obtained by those authori using calculations based on the classical 

phase-space factor. It Is £uther to be noted that a recent analysis of the low.. \ 

energy hydrogen-bubble..chamber data by Bepin DeeaIY using the covariant . 

phase-space factor leads essentially to the same result. 

Oee we have fixed the parameterIlly  we can compute the pion multiplicity 

associated with K production by 	annihilation at rest, assuming £12. =0.3. 

The results are listed In Table lU. 
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TablelI! 

Computed plon multiplicity associated with K mesons in 
p annihilatIon at rest 

Hon multiplicity n J 	1 	 Z 	3 	4 

Percentage 	 2.3 	31.7 	65.0 	1.0 

We then compute the percentage àf K productiàn among 	annihilations 

and find about 5% which Is to be compared with experimental data. 

• 	 Regarding the low-energy K-production data, we content oureelves with 

the results obtained by Agnew et al. In a 30-in, propane chamber. The data 

cónaiet of 17 K meSona emitted by 	annihilatlons at energies ranging from 

26 to ZOO Mev. FIgure 10 shows the K momentum spectrum; a comparison 

with the computed spectra according to Eq. (2) indicates that the average number 

of plons as8ociated with K zneonle probably between two and three. This 

seems smaller than the number we have observed (see Section 2). The difference 

is quiteconceivabie  since the energy released by p annihilation differs possibly 

by some 150 Mev between the two exparimeflts. The percentage of K-meson. 

production estimated by these authors is about 4.0*1.2%, . which is consistent 

with the value we have estimated according to the statistical model using the 

same parameters determined from our experimental data. . However, the agree 

mont Is only qualitative, since we have not elg1ed out the proton events and 

since most of the annihilatlons are not at rest. 
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Viii. COMPARISON WITH ISOBAR MODEL 

• 	 In an attempt to over come the difficulty arising from the large values 

• 

	

	
for the interaction volume found in p annihilation experiments, several authors 

have proposed to modify the Fermi model by assuming a if-it resonant atate 

It is of interest to compare the present data on K pzoduction with predictions 

of such a model. 

Assuming an isobar or composed of thrce ni,we sbatttute the 

following for reactIon  (1) for. n = 3 and 4: 

+p -K+R+ a 

The momentum spectrum for the K meson normalized to the same area as 

In Fig. 2, is shown in Fig. 11. If we combine those spectra together with 

the two corresponding to n 1 and 2 associated it mesons of previous calculations 

(ace Section 3), we obtain the resultant K momentum spectrum shown in Fig. 12. 

A comparison with the hi5togram indicates that there is a significant departure 

• 	
of the experimental data from the isobaric-model prediction. Consequently 

the assumption of an asobaric state corresponding to three piou masses is ruled 

out by our present data. 	 • 

Nevertheless, the case of an Isobar of four it mesona to still to be 

considered. Because of small percentagesf K production ahtle,4 ,avea$. 

Wtth4r6n the difference between the predictions of the Fermi and 

isobar models i: small. Consequently our statistics are not sufficient to 

investigate further this point. 
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IX. CONCLUSION. 

From our analysis of j. annihilation we conclude that the experimental 

data of 	annihilatlons at our energy, i. e. .' 480 Mev, and those at low 

energy are both consistent with the predictions of the Fermi stati8ticaimodei 

in terms of two parameters. . 	10 and 	 etQ.3. This is .maiiily 

because 'of the large pb.aee..apace volume which. constitutes the dominant factor. 

in the expression of transition probability. the fact that the K-meson iider-

action volume is estimated to be smaller than that of the v meson suggests 

that the K-meson coupling constant muetbe weaker than that of the IT meson. 

However, it is still diffiàuit to understand the physical meaning Of the large 

value 	the interaction volume 92 . . 	 . 

Our data on K production ruie out the Isobar model if we assume an 

isobar of mass equal to three 't mesona.  
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Fig.9. Angular distributions of K and ir mesons in the 
p-p C. in. system. 
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Fig. 10. Comparison of a low-energy, K-meson momentum 
spectrum (Agnew et al.) with computed spectra. 
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Fig. 11, The K-meson momentum spectrum in the -p c. m. 
system for an isobar state a = 3ir. 
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Fig. 12. Comparison of the K-meson momentum spectrum 
predicted by the isobar model with experimental data. 
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