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A DETERMINING FORM FOR THE 2D RAYLEIGH-BENARD PROBLEM

YU CAO', MICHAEL S. JOLLY"™!, AND EDRISS S. TITI?

ABSTRACT. We construct a determining form for the 2D Rayleigh-Bénard (RB) system in a strip
with solid horizontal boundaries, in the cases of no-slip and stress-free boundary conditions. The
determining form is an ODE in a Banach space of trajectories whose steady states comprise the
long-time dynamics of the RB system. In fact, solutions on the global attractor of the RB system
can be further identified through the zeros of a scalar equation to which the ODE reduces for each
initial trajectory. The twist in this work is that the trajectories are for the velocity field only, which

in turn determines the corresponding trajectories of the temperature.

This paper is dedicated to Ciprian Foias, a great mathematician, generous collaborator and friend,

on the occasion of his 85th birthday.
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1. INTRODUCTION

It was shown in [19] that the long-time dynamics of the 2D Rayleigh-Bénard (RB) problem is
entirely contained in the global attractor </, which is a compact finite-dimensional subset of an
infinite-dimensional Hilbert space H. An inertial manifold, if it exists, is a finite-dimensional invari-
ant smooth manifold that contains the global attractor and attracts all the orbits at an exponential
rate (see, e.g., [21]). The system obtained by restriction to an inertial manifold is called an inertial
form. Tt is a finite-dimensional system of ODEs which reproduces the dynamics of the original sys-
tem. While the existence of the inertial manifolds has been established for a considerable number
of dissipative systems (see, e.g., [11,20,26,27] and references therein), it has been an open problem
since the 1980s for the 2D Navier-Stokes equations (NSE), and hence for the 2D RB problem as
well.

The 2D NSE and 2D RB problem do enjoy a finite number of determining parameters (see, e.g.,
[9, 14, 18,25]). For instance, in the case of determining Fourier modes, if two complete trajectories
in the global attractor coincide upon projection P, on a sufficiently large number m of low Fourier
modes, then they must be the same (see, e.g., |9, 14,18, 25]). Thus it is natural to expect the
existence of a lifting map W : P,/ — . This property inspired the notion of a determining
form, introduced in [15]. A determining form is an ODE in an infinite-dimensional Banach space of
trajectories that captures the dynamics of the original system in a certain way. Rather than being
a dimension reduction, as is the case for the inertial form, the determining form trades the infinite-
dimensionality of physical space for that of time; the elements in its phase space are trajectories. It
is an ODE in that it is represented by a globally Lipschitz vector field.

There are currently two approaches to constructing a determining form. The key step in either
case is to extend the domain of the lifting map W to a Banach space X of projected trajectories. The
determining form constructed here is based on the nudging approach to continuous data assimilation

(see [1,2]). Tt is given by

dv
(1.1) = = o= LW @)% 0~ L)
where u* is some steady state of the original system, and || - || x is a sup norm on a Banach space of

trajectories that evolve in the finite-dimensional range of some interpolant operator I,. Note that
the evolutionary variable is now s € R, not time. The trajectories in the global attractor of the
original system are precisely the steady states (s-independent solutions) of (1.1). To show that (1.1)
is an ODE in the true sense boils down to proving that the mapping W is globally Lipschitz on a
ball in X, big enough to accomodate I,«7. In addition to the 2D NSE (see [16]), this recipe has
been carried out for the damped-driven nonlinear Schrodinger, damped-driven Korteweg—de Vries,
and surface quasigeostrophic equations (see [3,4, 22,23, 24]), each with particular treatment and
subtle twists in the analysis. This general procedure is developed in detail in Section 3.

In this paper we construct a determining form for the Rayleigh-Bénard problem. The novelty
here is that the phase space X corresponds to projections of the velocity field alone. Still, both
velocity and temperature of all trajectories in the global attractor of the 2D RB problem are iden-
tified through steady states of the determining form. This is the first such construction where the

trajectories are in a subset of the system state variables. This was suggested in the context of data
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assimilation by [12,13] where it was proved that coarse velocity data alone is sufficient to synchronize
with a reference solution of the RB problem. The key difficulty in establishing the crucial Lipschitz
property of the lifting map W is in getting a priori estimates that are independent of the nudging
parameter. Doing this with nudging only in the velocity component adds an extra challenge.

We treat both no-slip and stress-free boundary conditions for the velocity field. Different analysis
is needed for each case. In the stress-free case, the problem is equivalent to a periodic boundary
condition problem in an extended domain with particular symmetries, which allows us to eliminate
one of the nonlinear terms in the estimates. On the other hand, we do not in this case have the
Poincaré inequality for (the first component of “velocity”) w, which is worked around by combining
estimates of several norms. We observe that similar techniques are used in [7] to obtain sharper
bounds on the size of the global attractor o/ in the case of stress-free boundary conditions than

previously known.

2. NOTATION AND PRELIMINARIES

Under a similar change of variables as in [19], the 2D RB problem in an infinite strip {(x1,z2) :

0 < z9 < I} with solid boundaries at x5 = 0 and x9 = [, can be written as

(2.1a) % —vAu+ (u-V)u+ Vp = gbes,
(2.1b) % — KAO+ (u- V)0 = = 'le2,
(2.1c) V-u=0,

(2.1d) u(0;z) = up(z), 0(0;2) = 0O(x),

where g denotes the gravitational acceleration. Unlike [19], we retain the dimension of the velocity
u while the temperature fluctuation 6 is dimensionless. In this paper, we consider the following two
sets of boundary conditions of physical interest.

No-slip:
in the xo-variable: u,0 =0 at 9 = 0 and x5 = [,
in the xi-variable: u,60,p are of periodic L.

Stress-free:

ou
in the xo-variable: —1, u9,0 =0 at o =0 and z9 = [,

al‘Q

in the xi-variable: u,f,p are of periodic L.

2.1. Function spaces. We will use the same notation indiscriminately for both scalar and vector
Lebesgue and Sobolev spaces, which should not be a source of confusion.
We denote

(u,v) ::/u-v, lu| == (u,u)/?,  for u,v € L*(Q),
Q

((u,v)) :== /QVu Vo, |ul = ((w,u)Y?,  for Vu, Vo € L*(Q),
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for a domain €2 that will be specified for each case of boundary conditions.

2.1.1. No-slip BCs. We define function spaces corresponding to the no-slip boundary conditions as
in [12]. Let Q = Qg := (0,L) x (0,1) and F be the set of C°(2) functions, which are trigonometric
polynomials in 1 with period L, and compactly supported in the xo-direction.

Denote the space of smooth vector-valued functions which incorporates the divergence-free con-
dition by

Vi={ueFxF:V-u=0},

and the closures of V and F in L?(Q) by Hy and Hy, respectively, which are endowed with the usual
inner products and associated norms

23)  (w)ny = (w,0), (W, = ,0),  ullay = )", (]l = ().
The closures of V and F in H'(Q) will be denoted by V; and Vi, respectively, endowed with the

inner products and associated norms

((w, ) == ((w,0)), (0, 0)vi = ((¥,9)),  MNullve = llull, Nl := [l

2.1.2. Stress-free BCs. Following [13], we consider the equivalent formulation of the 2D RB problem
(2.1) subject to the fully periodic boundary conditions on the extended domain ©Q = (0, L) x (—I,1)
with the following special spatial symmetries: for (x1,x2) € €,

ui(x1, ) = up (21, —w2), u2(x1,r2) = —uz(w1, —12),
p(x1,22) = p(x1, —22),  O(x1,22) = —0(z1, —22).
Observe that for (x1,x2) € Q with x9 = —[,0,1, and for smooth enough functions one has
811,1
— =0
8$27u27 )

that is, one recovers the original corresponding physical boundary conditions when restricted to the
physical domain €.
We define function spaces corresponding to the “stress-free” boundary conditions, i.e., the periodic

BCs with the above symmetries, as in [13], where

J is the set of trigonometric polynomials in (x1,x2), with period L in the z;-

variable, that are even, with period 2[, in the xs-variable,
and

Fo is the set of trigonometric polynomials in (z1,22), with period L in the -
variable, that are odd, with period 2[, in the zs-variable.

The symmetries of the two velocity components lead us to take in the stress-free case
V::{ue}"l X.FQZV'UZO}.
The space Hy will again be the closure of V in L?(f2), but H; shall be that of Fy in L?(f2), with

inner products and norms as in (2.3).
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Similarly, we denote the closures of V and F» in H!,.(Q) by Vo and Vi, respectively, but with the

per

inner products )
ﬁ(u,v) +((w,0), (W) = ((¥,9)),

((uw, 0))vp = |

and associated norms

1 ) ) 1/2
HMMﬁ=<KﬂW\+HM\> N PT—

2.2. The linear operators A;.

2.2.1. No-slip BCs. Let A; : D(A;) — H; (i =0, 1) be the unbounded linear operators defined by
(Aju, V), = ((u,v))y;,, =01, Yu,ve D4,

where D(Ag) = Vo N H?(Q) and D(A;) = V4 N H?(Q).

For each ¢ = 0,1, the operator A; is self-adjoint and A 1is a compact, positive-definite, self-

adjoint linear operator in H;. There exists a complete orthonormal set of eigenfunctions (Ci,j)?il in

H; such that A;(;; = i j(,; where
O< N1 <Ao<~ < Am <,

)

Observe that we have the following Poincaré inequalities:

(24) 017 <ATHol?, Yoe Vs

(25) l6lI* < AT'A16l*, Ve € D(4y),

where A\ := A1 = Ao1.

Remark 2.1. We observe that in this case |Ag¢| is equivalent to ||@|| g2 for every ¢ € D(Ay).

2.2.2. Stress-free BCs. Let A; : D(A;) — H; (i = 0,1) be the unbounded linear operators defined
by A; = —A, where D(Ag) = Vo N H?(Q) and D(A;) = Vi N H?(Q).
Remark 2.2. The operator Ap is a nonnegative operator and possesses a sequence of eigenvalues
with

0=X,1 <Ao2< - < Agm <y

associated with an orthonormal basis {(p m }men of Ho. The operator A; is a positive self-adjoint

operator and possesses a sequence of eigenvalues with
O< A< A<~ <A <o ey

associated with an orthonormal basis {(1,m }men of Hi. Observe that we have the Poincaré inequality

for temperature:
(2.6) 01 <ATHIOIP, Vo ew,
(2.7) 10> < ATHA60P, V6 € D(A),

where A\; = Ay 1.
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Remark 2.3. In the stress-free case, we do not have the Poincaré inequality for functions in Vj, but

we have
(2.8) [ul? <120 Jlull, , Yu e Vo
by the definition of the norm |[-[|y, .

Remark 2.4. By the elliptic regularity of the operator Ay + I (see [13, Remark 2.3]), we have in the

stress-free case the equivalency

N 1
(2.9) cE2<@||uuLz ; quunm) < Il < c%<@||uum ; \|Aou||L2>, v u € D(Ao).

2.3. The bilinear maps B;. Denote the dual space of V; by V/ (i = 0,1). Define the bilinear map
By : Vo x Vo — Vg (and the trilinear map by : Vo x Vo x Vj — R) by the continuous extension of

1

bo(u, v, w) = (Bo(u,v), w)yy = ((u-V)v,w), u,v,weV.

2.3.1. No-slip BCs. Define the scalar analogue By : Vp x Vi — V{ (and the trilinear map by :
Vo x Vi x V] — R) by the continuous extension of

bi(u,d, ) = (B (u, 9),¢>V1r =((u-V)b,0), weV, 0,6¢cF.
The bilinear maps B; (and the trilinear maps b;), i = 0, 1, have the orthogonality property:
(2.10) bo(u,v,v) =0, b1(u,0,0) =0, wu,veVp, 0.

2.3.2. Stress-free BCs. Define the scalar analogue By : Vp x Vi — V{ (and the trilinear map b; :
Vo x Vi x V/ — R) by the continuous extension of

bl(u707¢) = <Bl(u79)7¢>‘/1’ = ((u : V)07¢)7 u € Vv 97¢ € ]:2-

The bilinear maps B; (and the trilinear maps b;), i = 0, 1, have the same orthogonality property

(2.10) as in the no-slip case. Furthermore, we have for each u € D(Ay),
(2.11) bo(u, u, Agu) =0,
which is not true in general in the no-slip case.

2.4. Functional setting and bounds for the global attractor. Following [19], we have the
functional form of the RB problem (2.1):

du

(2.12a) a + vAou + Bo(u, u) = Py(gbhes),
(2.12b) % + kA0 + By (u,0) = = 'le2,
(2.12¢) w(0;z) = uo(x), 0(0;2) = bo(x),

where P, denotes the Helmholtz-Leray projector from L?(£2) onto H.
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2.4.1. No-slip BCs. It is shown in [19] that the RB system (2.1) with no-slip boundary conditions

has a global attractor
(2.13) o = {(ug,00) € Hp x Hy : Fa unique solution (u, 8)(t;ug, ) of (2.1) for all t € R

and sup([|u(t)llv, + [10(#)llv:) < oo}

Alternatively, <7 is the maximal bounded invariant subset of V{ x V; under the dynamics of (2.12).

Moreover, there exists some (dimensional) constants J; > 0, i = 1,2, such that

(2.14) sup [[u(t)|ly, < J1,  supllu(®)||pz < J2, V(u,0) € 7.

teR teR
Henceforth, lowercase letters cr,ca,c;, -+ will denote universal dimensionless positive constants;
uppercase letters C, J;, K, K;,--- will denote positive dimensional constants that depend on the

physical parameters.

2.4.2. Stress-free BCs. The case of stress-free boundary conditions is studied further in [7]. With the

stress-free boundary conditions, the RB system has steady states with arbitrarily large L?-norms:
u(z) = (¢,0), O(z)=0, ceR,
which means that the system is not dissipative. However, since (see also [7])

pr Qu(:v,t) dx =0,

we may assume in the stress-free case that the velocity field has a fixed average:
(2.15) / u(z,t) dv=a, YVteR,
Q

where a € R is fixed. Observe that the spatial average is conserved and the system is dissipative
within each invariant affine space of fixed average a. It is shown in [7] that the RB system has a
global attractor &/ = 4, in each affine subspace of V) x V; where the spatial average (2.15) of
velocity is fixed. Moreover, there exist some (dimensional) constants J; = J;(a) > 0, i = 1,2, such
that (2.14) holds. In this case of stress-free boundary conditions, the dependence of J;, i = 1,2, is
shown in [7] to be algebraic in the physical parameters v, x, [ and L. To be specific, we will take

a=0.
3. DETERMINING FORM AND MAIN RESULTS

In order to define the determining form, we need the notion of interpolant operators.

3.1. Interpolant operators. We recall a general class of interpolant operators introduced in |1, 2]
for dealing with various determining parameters such as modes, nodes, volume elements, etc. These
operators are finite-rank operators (bounded, linear and with finite-dimensional range) and are
required to satisfy an approximation of identity type condition.

A finite-rank operator I, : H1(Q) — HY(Q) is a Type I interpolant operator if it satisfies

(3.1) o — In()| < cohllellg, VeoeH';
(3.2) o — In()lm < Gllellm, VeeH.
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A finite-rank operator Ij, : H?(Q2) — H'(Q) is a Type II interpolant operator if it satisfies

(3.3) o — In(@)l < cihllellm + c2h®llellme, Vo€ H?;
(34) le = D@l < éllellm +ehllelz, Yo e H.

In this paper, we construct a determining form for the RB system using Type II interpolants.

The same can be done under slightly weaker assumptions on h for Type I interpolants (see [0]).

Remark 3.1. The orthogonal projection onto low Fourier modes, those with wave numbers k such
that |k| < 1/h, is one example of a Type I interpolant. Another is finite volume elements. In
addition, an example of a Type II interpolant is an interpolant operator that is based on nodal

values satisfying (3.3) and (3.4). See, e.g., [1] for more details.

Remark 3.2. In the stress-free case, by definition, we have ||| g1 = [l¢lly,, for ¢ € V. Moreover,
by (2.9) in Remark 2.4, replacing the absolute constants when necessary, we can replace ||¢|| gz by

|App| in (3.3) and (3.4), for ¢ € D(Ap).

We need to modify the interpolant operator I so that its has a range of functions that are
divergence-free and satisfy the boundary conditions. Motivated by [8, Proposition 2.1], we define

the modified Type II interpolant operator I~h cH? -V as

1
)\0,7’,

(3.5) Iy:=Ply, Prp=> (6,600 B
i=1

where we recall that {(p;} are the eigenfunctions of the operator Ay in Section 2.2. The phase space

(X, |llx) of our determining form is then defined as

supgeg [|v(8)lly,

(3.6) X =GR [, H?), v]lx = -
/
v

Remark 3.3. Based on the proof in [3, Proposition 2.1], we observe that Ij, satisfies conditions (3.3)
and (3.4) with modified constants ¢;, ¢;, i = 1,2. Furthermore, in the no-slip case, by the Poincaré

inequality, modifying the constants ¢; when necessary, we have
(3.7) = In(@)| < erhllellv, + e2h? [Aogl, Vi € D(Ao).
We also have (3.7) for the stress-free case by Remark 3.2.

3.2. Auxiliary system and determining map. Consider the following auxiliary system:

d -
(3.8a) d—lf + vAow + Bo(w,w) = Py(gnes) — uvAi (Ipw — v),
d :
(3.8b) d_Z + rkAin+ Bi(w,n) = L le27

where v € Bx(0,p) := {€ € X : ||€]x < p} with p > 0 and I, is a (modified) Type II interpolant
operator. Note that the nudging term in (3.8) appears only in the momentum equation.

Proposition 3.1 (Solutions to the auxiliary system). Let p be a positive real number. Let p > 0
be sufficiently large and h > 0 sufficiently small (see conditions in Section /). Then for each
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v € Bx(0,p), system (3.8) has a unique bounded solution (w(t),n(t)) that exists for all t € R such
that

dw dn

B9 (w.n) € GR.To x V)N LB(R D(Aw) x DAV, (G,

) € L% (R,Hy x Hy).

The proof of Proposition 3.1 is given in Section 4. Note that this proposition provides a map,
called the determining map,
W : Bx(0,p) — Cy(R; Vo x Vi) N LE (R; D(Ag) x D(A)), W (v) := (w,n).
The projection of W to the first component w induces a map W : Bx(0, p) — Y with
Y := Cy(R; Vo) N LE (R; D(Ap)), W(v) =w,

1 1/2
supyeg [[w(t)|| 1 Har
lwl]ly = te 73 Vo 4 —Sup/ Y Aow(r) P dr .
VA VAL teR Ji

The induced map W will be used in the definition of the determining form. We denote Z :=
Cy(R; V1) N Li,(R; D(Ay)) and

loc

o5 1/2

2V

1]l z := suplln(®)llv, + <Vsup/ |A177(T)|2d7> :
teR teR Ji

Proposition 3.2. The maps W (Bx(0,p), I'llx) = Y <Z,|I-lv+|llz) and W : Bx (0, p), ||-||x —
(Y, ||llv) are Lipschitz.

The proof of Proposition 3.2 is given in Section 5.

Remark 3.4. Tt is proved in [4]| that the determining map W is in fact Frechét differentiable in the
case of the 2D NSE.

3.3. Determining form and long-time dynamics of the RB system. Let (u*,6*) be a steady
state of the RB problem (2.12); for instance, we may take (u*,6*) = (0,0). Under the assumptions

of Proposition 3.1, we will prove (in Theorem 3.5 (i)) that the differential equation

dv ~ ~
(3.10) o = Fl)=—llv- LW ()% (v = Iu*),  v(0) = vy € Bx(0,p),
is an ODEF in the sense that the vector field F' is globally Lipschitz in the ball Bx (0, p), where p > 0
is to be determined. The ODE (3.10) is called a determining form of the RB problem.
The connection between the long-time dynamics, i.e. the global attractor, of the RB problem

(2.12) and the determining form will be made through the following result:

Proposition 3.3. Let (u(t),0(t)), t € R, be a solution of the RB problem (2.12) that lies in the
global attractor <f . Suppose p,h satisfy the assumptions in Proposition 3.1. Suppose (w,n) is a

solution to the system

d ~ ~

(3.11a) d_lf + vAow + Bo(w,w) = Py(gne2) — pvAi(Ipw — Ipu),
d :

(3.11b) d—7Z+/1A177+Bl(w,77) = 'LUZQQ’
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and satifies

dw dn

(w.1) € Ch(R. Vi x V) 1 LB (R D(0) x D(AD), (G,

> € L (R, Hy x Hy).
Then (w(t),n(t)) = (u(t),6(t)) for all t € R.

The proof of Proposition 3.3 is given in Section 6.
3.4. Main theorem. In order to state the main theorem, we first prove the following result:

Proposition 3.4. Let I, be a (modified) Type II interpolant operator as in (3.5), with h < L. For
every (u,0) € o7, we have

(3.12) IThullx < R:= ((é + 1)Jy + &LJ) /(oA).

Proof. Let (u,0) € o/. By (3.4), Remark 3.3, and the bound (2.14), we have

[ nullve < [Hnu — ullvy + [lully,
< allullgr + éhllullgz + llully, < (@ +1)J1+ &Ly,
which completes the proof by (3.6), the definition of the norm ||| x. O

The main results regarding the determining form are summarized in the following theorem:

Theorem 3.5. Suppose the assumptions in Proposition 5.1 hold for p = 4R, where R > 0 satisfies
(5.12). Suppose also that h < L as in Proposition 3.4. Then the following hold.

(i) The vector field F : Bx(0,p) — X in the determining form (3.10) is Lipschitz. Hence the
determining form (3.10) is an ODE in X which has short-time ezistence and uniqueness of
solutions for every initial data vo € Bx (0, p).

(ii) The ball Bx (Iyu*,3R) C Bx(0, p) is forward invariant in the evolution variable s under the
dynamics of the determining form, which implies that (3.10) has a unique global solution for
every initial data vy € Bx(fhu*,?)R).

(iii) Every solution of (3.10) with initial data vy € Bx (Inu*,3R) converges to a steady state of
(5.10) as s — oo.

(iv) All the steady states of the determining form (3.10) that are contained in Bx(0, p) have the
form v(t) = Tyu(t) for all t € R, where (u(-),0(-)) is a trajectory in the global attractor of
of the RB problem (2.12) for a uniquely determined termperature 6(-).

We should emphasize that (3.10) governs an evolution of “trajectories” that are with range in
a finite-dimensional space which correspond to velocity only. Yet it determines full trajectories of
both the velocity and temperature on the global attractor of the RB system through the determining
map W.

Remark 3.5. Tt is easy to see, as in [17], that the solution to (3.10) is always a convex combination

of the initial condition and the chosen steady state:

(3.13) v(s;t) = B(s)vo(t) + (1 — B(s)) [pu* s=0, teR,
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where

(3.14) 8) = exp (= [ 1ote) = B ) or)

satisfies a scalar ODE, which for the RB problem written in the form (2.12) with (u*,6*) = (0,0),

amounts to

(3.15) v = B , % = —BBvo — LW (Bvo) % . B(0) =1.

The dynamics of (3.15) are completely understood (see [17]). As s — oo, along the straight line
through vy and 0 in X, either v(s) — 0, or v(s) — I,u, where (u,0) is the first trajectory in &7,
with I~hu between vy and 0. Thus the solutions in the global attractor can be identified as the zeros
of the scalar function on the right-hand side of equation (3.15).

Proof of Theorem 3.5. Part (i). Define ¢ : Bx(0,p) — R with ¢(v) = [[v — [, W (v)||x. Let
v1,v3 € Bx(0,p). By the triangle inequality and the definition of the vector field F,
IF (1) = F(v)llx = [[[g*(v1) = ¢*(v2)] (01 — Tnw®) + ¢ (w2) (01 — va)|x
<@ (1) = ¢*(w2)] - o1 = Tl x + |¢* (v2)| - o — w2 x

Hence, to show that F' is Lipschitz (in the ball Bx(0,p)), it suffices to show that the map ¢ is
Lipschitz. Note that

lq(v1) = q(v2)] = [l = IsW (v1) || x = [[vz — T W (v2) | x|
< Jlor = W (v1) = [v2 — TnW (v2)] |1 x
< lvr = vallx + [ITaW (v1) — T W (v2) | x -
It suffices to show that
(3.16) [T, W (v1) = InW (v2) | x < cffor — vax

Observe the following diagram:

w I
Bx(0,p) € (X, []lx) = (¥ [ lly) = (X, -]lx)-
To prove (3.16), it suffices to show that
(3.17) [wi —wally < cflvr — 2 x,
(3.18) [ Ipwr — Iyws||x < clwy — wally,

where w; := W (v;) with i = 1,2.

Proposition 3.2 implies that W is Lipschitz and hence we have (3.17). Inequality (3.18) follows
from Remark 3.3 for the linear operator I, and the definitions of the norms Il x and [|||y. The
proof of (i) is done.

By Proposition 3.4 and the triangle inequality',
Bx (In(u"),3R) € Bx(0,p),

I Note that ||[v]x < ||v — Inu*|x + ||[Inu*||x < 3R+ R =4R.
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which implies short-time existence of a solution of the determining form (3.10). Thus, (ii) follows

from the observation that

[o(s; ) = In(u?)|lx = B(s)[[vo() = In(u?)llx, s =0,
where [ is as in (3.14). Alternatively, (ii) follows from the dissipativity property of (3.10): for every
fixed t € R,

d T oox T T (%
Zalv(sit) = In(u My = =2llv = LW @)I% - lo(s; 1) = In(w®)|[3,-

This property implies that the ball B X(fh(u*), 3R) is forward invariant for all s > 0, which proves
both (ii) and (iii).

To prove (iv) we observe that the steady states of equation (3.10) in the ball Bx (0, p) are either
v = In(u*) or v € Bx(0,p) such that v — I,W(v)||x = 0. In the first case (u*,0*) € & since
(u*,6%) is a steady state of the RB system (2.12). In the second case we have v(t) = I,W (v)(t) for
all t € R. Let (w,n) = W(v) It then follows from (3.8) that (w,n) is a bounded solution (thus a
trajectory in the global attractor </ by (2.13)) to the RB system (2.12).

Conversely, since p = 4R, it follows from Proposition 3.4 that
In(«) € Bx(Inu*,3R) C Bx(0, p).

Thus, for every trajectory (u(-),6(:)) C < it follows from the auxiliary system (3.8) and Proposition
3.3 that u(t) = W (Iu)(t) for all t € R. In particular, Iyu = I,W (Iu), which implies that I,u is a
steady state of equation (3.10) in Bx (0, p). O

4. PROOF OF PROPOSITION 3.1

Let p, h > 0 and assume that ||v]|x < p. For the case of no-slip boundary conditions, we assume
that the following hold:

1 1
(4.1) N Pah <7, pai2dht < 5
52K
4.2 INC) >
( ) pr-A1Ln 2p2 )
1

(4.3) - 16K,C%p* > 0,

1 g° AV 262Ll/2 9 202 k)
4.4 — UV — — —(Kslog K5) — -z —
(4.4) 5 HVAL R )2 1 (K3 log Ko) o 5

where the constants K, Cy, K1, Ko are defined in (4.16), (4.23), (4.21) and (5.14); they are all
independent of p and h.
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For the case of stress-free boundary conditions, we assume that the following hold:

1 292 292 f(%EQ KA1

45 95 S [ > A
(4.5) g <|Q|I{€2)\1 + K€ K2 2

1 QI
4.6 —pA — >0,
(4.6) 8# 1 1

1 H)\l
4. S — K > 2L
(4.7) 1HvAL = Kig 2 —

12 1 2,4 1

(4.8) c1h|Q] < 1 2e5h pA|Q 7 < 3
(4.9) pAL(eh® + exh®) < g ;
where the constants ez, K1, K6, being independent of y and h, are defined in (4.40), (4.46) and
(5.41).

The uniqueness of bounded solutions follows from Proposition 3.2. In this section, we prove the

existence of strong solutions.

Remark 4.1. Assumptions (4.4) and (4.7) are not needed for the proof of existence; they are used

to prove the uniqueness of bounded solution.

Step 1. Let k be a fixed positive integer. For n > r, where r € N is fixed in (3.5), we consider a

Galerkin approximation for system (3.8):

dw, ~
(4-10) % + vAowy, + PO,nBO(wna wn) = PO,nPU(gnne2) - NV)‘lpo,n([hwn - U) s
d n n "
% + HAlnn + Pl,nBl('wnann) - Pl,n (w l e2> ’
with initial data
(4.11) W (—k(A) ™) =0, n.(—k(rA)™H =0,
where P;,, is the orthogonal projection onto H;, = span{;1,---,(n}. This is a finite system of

ODEs with a quadratic polynomial nonlinearity. Hence, there exists T}, > —k(vA;)~!, so that there
exists a solution (wy,7,) to the initial value problem on the interval [—k(vA1)~1, T},).

Thanks to the initial conditions (4.11), following the approach used to prove the existence and
uniqueness of strong solutions for the Navier-Stokes equations and the RB system (see, e.g., [10,27]),
one can show by energy estimates that there exists T, > —k(vA1)~!, independent of n, such that
solutions of (4.10) exist on [~k(rA;)~!,T.] and satisfy uniform bounds, in the relevant strong
norms, which are independent of n. Therefore, by the Aubin-Lions compactness theorem, there
exists a subsequence {(wWn(j) k: Mn(j),k)}jo1 Which converges to a unique strong solution (w®) k)
to system (3.8) on a common interval [—k(vA;)~!, T3] with initial data w® (—k(rA;)~!) = 0 and
¥ (—k(vA)™") = 0. Let [~k(vA1)~", Ti) be the maximum forward interval of existence for
(w(k),n(k)). Note that Ty, > T, and that from the above mentioned energy type estimates we have

(w®,n®) € C([=hEA) ™, Tu), Vo x V1) N Lo ([=k(A) ™, Tun), D(Ag) x D(A1)).
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Step 2. Assume that T, < oco. In Section 4.1 and Section 4.2, for the no-slip and stress-free
cases respectively, we show on the maximum interval of existence [—k(vA;) ™1, Thy) for (w®), ntk))

uniform (in time ¢) bounds on the following quantities (omitting the superscript k for simplicity)

12 ) ) ) min(t47,Tyx) A 2
(4.12) nl%, fwl”, fwll”, t | Aow(7)[" dr

min(t4+71,Tix)
(4.13) I, | | Aun(r)P dr,
t
where T := (vA;)~!

Remark 4.2. All the bounds for (4.12) will be independent of k and Ti,. On the other hand, bounds
for (4.13) in this step may depend on k; we will however, improve in the next step the bounds so
that they will be independent of k£ and Ti,.

For the no-slip case, the bounds (4.16), (4.24), (4.28), (4.35) and (4.37) in Section 4.1 imply that

the solution (w®), n*)) cannot blow up in the space
(kM) o), Vo X VA) 1 L ((=k(vA1) ™, Tor), D(Ay) x D(A1)),

and thus we may extend it beyond T},, which contradicts the maximality of T},. Therefore, we
must have T, = oco.

The same argument works for the stress-free case by considering the bounds (4.54), (4.56), (4.58),
(4.64) and (4.66) in Section 4.2.

Step 3. For (w®, n*)), we show uniform bounds on the interval Zj, := [—k(vA) = 4+ (vA) !, 00),
for all the quantities in (4.12) and (4.13). These bounds will all be independent of k. Note that we
need the extra time unit (#A;)~! in Z; due to the use of Lemma 4.1.

By Remark 4.2, the uniform bounds for (4.12) in Step 2, i.e.,

(1) no-slip: (4.16), (4.24), (4.28);
(ii) stress-free: (4.54), (4.56), (4.58),
are all valid on the interval [~k(vA;)~!, 00) and particularly on Zj; they are independent of k.

For the no-slip case, in subsection 4.1.4, letting aj, = T' = (vA1)~! and t; = Ty, = oo, by (4.34),
we have a uniform bound on the interval Zj, for ||n||?, where C3 in (4.34) is now independent of k.
It follows that the uniform bound (4.36) is also valid for ¢ € Zj,.

The similar argument works for the stress-free case by considering (4.63) and (4.65) in subsection
4.2.3.

Step 4. For each positive integer m, consider a (sub)sequence of solutions {(w®) n*))}ee 11
By Step 3, this sequence satisfies all the uniform bounds on (4.12) and (4.13) (with Ty, = 00) on

the interval Z,,,11 = [-m(rA1) !, 00), and in particular on [—m(u)\l)_l,m(y)\l)_l]. Thus,
m(vAi)~ m(vA1)~

(4.14) / |Agw® (1) 2 dr < oo, / |A177(k) (7)|?dr < o0,
—m(vi)~1 m(vA1)~
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where the bounds in (4.14) may depend on m, but are independent of k. In particular, (4.14) implies
that

m(vA) ™!
(4.15) /
(2

are bounded uniformly in k, with bounds that may depend on m.

dw® () [ ?

dr

™ (r)
dT

m(vA1)~
dr < oo, /

m(vA1)~

dr < o0,

Applying the Aubin-Lions compactness theorem using (4.14), (4.15), and the uniform, with re-

spect to ¢t and k, bounds on the quantities
;™ t € [=mA) T mpA) T,

we obtain a subsequence {(w*t™) pktm))15e that converges to a solution of system (3.8) on the
closed interval [—m(vA1) ™Y, m(vA1) 7.

We then apply the Cantor diagonal process to nested subsequences, relabeling when necessary, to

2, fw® 2, ™)

get a subsequence { (wFm ™) pkmm) 100 that converges to a solution (w,n) on [—M (vA) ™1, M(vA;) ™!
for all M € N. Note that (w,n) is defined on (—oo, 00). Hence, (w,n) satisfies all the uniform bounds
n (4.12) and (4.13) for ¢t € R and thus (3.9). The proof of Proposition 3.1 is complete.

4.1. No-slip BCs (bounds on [~k(r);)~!,T.,) with T}, < o0). For simplicity, we will omit the
superscript k in (w®, n*)) in this section and the next (stress-free BCs). All estimates are rigorous

on the maximal interval [—k(vA1)™!, Thy).

4.1.1. Bound for |n|. By a similar argument as in |19, Lemma 2.1], we can show, by employing the

maximum principle for the heat equation, that (see the Appendix)
(4.16) Int)| < 2|0 :=K, Vte|[-k(vh) " Tw).

4.1.2. Bounds for |w| and ||w||. Taking the L? inner product of the auxiliary equation (3.8a) with

w and Agw respectively, we have

1d

(4.17) =

—[w® + v]wl* = g(nes, w) = pvdi(yw — v, w),

(4.18) HwHZ + v |Aow|? + (Bo(w, w), Agw) = g(nes, Agw) — pvi (Iw — v, Agw) ,

2dt

where we use by(w, w,w) = 0. By the Cauchy-Schwarz, Young and Poincaré inequalities, we have
(4.19)  —pwA (Iyw — v, w) < prA [|(I~hw —w,w)| + |(v,w)| — (w,w)}
< [clhnwn w| + cah?| Agw] - [w] + [v] - [w] — |w|2} (by Remark 3.3)

_ 3
< v [qhxl Y2)10|2 + 2¢2h* Agw|? + 2Jv]? — . |w|2]

v V. _ 3
< Al + 2 HAowl? + 2ol — Gl (by (4.1)),
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and

(420)  —uh(Tpw — v, Agw) < s ||(Tw = w, Agw)| + (v, Agw)| = (w, Agw)]
= 1| (nw = w, Agw)] + [((v,w)| = (w, Agw) | (since v(t) € V)

< pv |erhl|lwl] - [Agw| + cah?®| Agw|? + |Jv]| - [|w]|| — pri||w]®  (by Remark 3.3)

W —_—

< s [erhA 2 [Agw]® + e2h?| Agw? + [|o]|* — ZHwHQ]

v 3
<3 | Agwl + pwA||v]|* — Zwﬁxlllwll2 (by (4.1)).

For the nonlinear term, we have

(421) |(B0(1U,U)),A0w)| < HwH%4||VZU||%4|A0’LU| (Holder)
< C%|w|1/2||w|| . |A0w|3/2 (Ladyzhenskaya)
v 2 2 4 L 276%
< glAowl” + KafwlPlw]®, K= g

Combining (4.16)—(4.21), we get

(4.22)

1d _ _
5 77 (0 AT wl®) + v(lw]* + A Agw]?)

v V. _ 3
< glnllol + Xl + EAT Agwl? + 2ol — 2 i

8
_ v 3 /v
+ A7 (glnllow] + S Aow]? + ol = SrwAfw]?) + 27 (5l Aowl + K ful? w1

v 20°K
-+ 2+ Sl AT Aow + 25 AT g

3 _ _
+ 3w/>\1\|v\|§<1/2 - Zuffx\l(lwl2 + AT Hwl?) + AT R Jw P fw]*
Hence,

d _ 1 _
(4.23) (w2 wl?) + Sl + A7 fwl?)

DO =

1
+ (A = K fwl lw]) A7 Hlwl + \A w]?

59> K
2\
< v Crp* (by (4.2), Cp =42,

< 3ol 3 + 22

We now show that

(4.24) jw? + AT w]? <4C1p, e [<h(van) T T
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By continuity and the initial condition w(—k(vA;)™1) = 0, there exists t, € [~k(rA1)™!, Tis) such
that

lw)? + AT |w|)? < 40102, t e [—k(vh) 7Lt
It then follows from (4.24) and (4.3) that
Th — Fafwlwl? >0, 1€ [k n]
Let
T =sup {7 € [~k(vA1) ", Tue) = [w(®)* + AT Jw(B)[]* < 4C1p* for all t € [~k(vA1) ™', 7]}.

Notice that T tye > k:(l/)\l) . We claim that T = Ty If not, then T < Ty, and

(4.25) ()P + A7 Hlw(D)|P = 4C10%,
1d 1 _
(4.26) §d—(|w|2 + A7 wll?) + St Al + A7 Hlwl?)
V)\_ 2 2 -1
|Agw|* < uvA1Cip°, YV te [—k(vh) T
Dropping the term 23— ]Amu]z we have by the Gronwall inequality that

\w(f)iz + AT (D) < 20192 (1 — e M (KA o0y 2,
which contradicts (4.25).

4.1.3. Bound for |, min(t+1,T..) |Aow(7')|2 dr. Henceforth, we let T' = (vA;) ™!
Inequality (4.26) implies that

1d
2dt

For any ¢ € [—k(z/)\l) , T ), integrating on both sides from ¢ to min(t + 7', T4), observing that
min(t + 7T, Ty) —t < T, and using the bound (4.24), we have

2 )\1 V)‘l_lA 2 < )\02
— ([wl* + AT w]?) + —51Aowl” < prhCrp.

min(t+7,Tsx)
(4.27) v / [Aow(r)2 dr < 4C1p*\1 + TuwX2Ch .
L
Since Ty < 00, it follows that
T**
(4.28) v / | Agw ()| dr < oo.
—k)(l/)\l)fl

4.1.4. Bound for ||n||. Taking the L? inner product of the equation (3.8b) with 7, and applying the

Cauchy-Schwarz and Young inequalities we have

H)\l

(4.29) jwl?

2

2 2
Sl + sl <

Let k = k(vA;)~" and o), = % For any t € [—/;:, —k + ), integrating (4.29) from t to t 4 oy,
we have

ok K2 /ﬁ:)\lK2 401
4. 2 < — R
(4.30) o [ IR ar < B e (B + S0 ) =
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By taking the L? inner product of the equation (3.8b) with An, we have
1d
2 dt
Integrating by parts, we have (as in |12, (3.22)])

(w - ez, A1m)

K 1
< _ A 2 - 2'
I g 1A+ gl

(4.31) Inll* + Kl Ain|* + (Bi(w,n), Ain) =

(4.32) |(B1(w,n), Avp)| < Jlwl]| - [|Vn]7a  (Holder)
<crlwl - lnll - [An|  (Ladyzhenskaya)

L
< Ll + & A
< H|lw — .
o n 1 17
Consequently,
d 9 2¢2 2 9 802C1)\1 8C4
@33 Dl A < Ll + - ol < SO e 8

We now recall the following uniform Gronwall inequality from [19].

Lemma 4.1 (Uniform Gronwall). Let g, h, y be three positive locally integrable functions on (to,t1)
which satisfy for all t with tg <t <t+ o < iy,

dy t+a t+a t+a
7 Say+h, / g(7) dr < ay, / h(r) dr < az, / y(7) dr < as,
t t t

where ay,as,as, a are positive constants. Then
a
y(t+ a) < (54—&2) e, to<t<tt+a<t.
Applying Lemma 4.1 to (4.33) with

to=—k(vM)™, =T, a=ay,

8C%C1)\1p2 801p2 2
g(t) =~ h(e) = S ) = o),
B 8C%C1)\1 2 . 801 2 o ﬁk
) = —————pP &, a2=—_7Z—p«, a3 = —Q«,
K 12k
we get
(4.34) sup [ < (2 +az) e = ¢,
te[—k+a,Tux) «
and thus
2 as a1 2
(4.35) swp () < (2 +as) e+ s @) < oo.
te[—k,Thx) @ te[—k,—k+a]
min(t+7,Tsx)

4.1.5. Bound for |, Ain(7)|? dr. For any t € [~k + oy, T ), inserting the bound (4.34)
in (4.33) and then integrating from ¢ to min(¢ + 7, T%.) on both sides, we have

min(t4+71,Tyx) 200\
(436) KZ/ |A177(T)|2 dT < 03 + (86LC; 1C3 n 801> p2T
t

12K
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Since Ty < 00, it follows that

Tex
(4.37) / A (r)? dr < o,
—k(ll)q)fl

4.2. Stress-free BCs (bounds on [k(v)\;)~!, T,,) with T,, < oo). The argument using the
maximum principle for showing the bound for |n| in Section 4.1 also works here. Taking advantage
of the orthogonality property that by(w,w, Agw) = 0 in the case of stress-free BCs, we combine the
estimates of |lw|ly, and [n| together.

4.2.1. Bounds for ||wl||y, and |n|. Taking the L? inner products of the auxiliary system (3.8) with
w, Agw and 7 repectively, we have

1d ~ 1
(4.38) €1 <§a|w|2 + V||w||2> =€ (g(neg,w) — pv A (Tpw — v,w)) , €= W,
1d -
(4.39) §E||w||2 +v[Agw]* = g(nez, Agw) — pw A1 (Iyw — v, Agw),
1d w - eg,
@i0) e (Gl ell) = (M) @ eap,

where we used by(w,w,w) = 0, bg(w,w, Agw) = 0 and by (w,n,n) = 0. Note that equations (4.38)—
(4.40) have the same dimension and no nonlinear term appears in the equations above.

Now we estimate the right-hand sides of the three equations above as follows:

(4.41)  —pwdie (w — v, w) < priie <|(Elw —w,w)| + |(v,w)| — (w,w))

“ )\ 2 2 2 _ — l)y I{e N .

N

1 v 3 1

g/w)\l Hw”%,o + g[Aow]2 + uvhie |v)? — Z,uu)\lel]wP + gMV)\1€1’w’2 (by (4.8))
1 3 v

< gHvAL lwl[§, + pwier vf” — ZMVA1€1|W|2 + §|Aow|2

(4.42)

— A1 (Iyw — v, Agw) < pwhy (\(fhw —w, Agw)| + |(v, Agw)| — (w, Aow))
1
< pry (clh wlly, - [Aow| + cah?| Agw)? + |Jv]|* + ZHwH2 - Hw|]2> (by Remark 3.3)
1 1
< (ol + o + v + Jol? + Jlul? - ul?)

1 1% 3
< g g, + gldowl + podaljol® = Jpvdallw]® - (by (4.9)).



20 YU CAO!, MICHAEL S. JOLLYYT, AND EDRISS S. TITI?

—1/2
g
(4.43) ﬁll(gnezaw)\éﬁ\n!'!w! | | ]l - |wl
2 ¢?A\! 2 N
< 2l + 5wl < il + — 52wl
Kez |92 €] 0
g 2
K€ K€ 29
(4.44) |(gnez, Aow)] < gllnez|| - [[wll < —=[In 1% + H 1> < ~ ||2+/{—Hw||vo
€9 €9 Kleg K€ K262
@15)  Pw-enml < P eol ol < 2 ol ol < 2l + KT o,
where
(4.46) Ky = Q22
Combining (4.38)—(4.45), we have
1d
(4.47) §d—(61\w\2 + |wl? + e2[nl*) + erv|w|® + v Agw|? + rez||n|?
1

3
< —prAg HwHVO ,UV)\l(Gl‘w‘z + [[w]l?)

292)\1_1 2_92 f(%EQ
|Q|rea  Keo Kl?

[\

2
) ol + s (elol? + o]

1 2V 2
—K —|Apw
+ grealnl® + 51 Aowl?,
and thus, after dropping nonnegative terms on the left,

292)\1—1 % Kl262 +/€_)\1 . ‘ ’2
|Qkes  Kea  KI? 217

N —
&|Q‘

1
2
(HwHVO + 62‘77’ ) + Hw”vo <Z/M/)\1 — < 5

72Nl F2ZPN

By (4.5), we have

d 2 2 2 2
Z (Il +e2 ) + (llwli, + e nl*) - () < 2mAalfoll5v* A,
which implies by the Gronwall inequality that

2/w)\1

2
A
2 ol

(4.48) lwl[§; + (A)?Inf* <

and in particular

~ ~ 21/)\11/2)\1 2v
4.4 2< 2 —_— = .

We use (4.49) to improve the bound on Hw”%,o Instead of (4.43) and (4.44), we now estimate as

follows

2
g 14
(4:50) e1l(gnez,w)] < gerlnllwl < Lt + Zedful,
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2
g 1%
(4.51) |(gnez, Agw)| < glnl[Agw| < 7\77!2 + Z\Aowﬁ

Combining (4.38), (4.39),

—~

4.41), (4.42), (4.50) and (4.51), we have

| —
&=

(4.52) (el\w\z + Hsz) + erv||w||? + v|Agw|?

1 3 v
<G S ol + o ol + 2] Agw

~~ N

v
+ 7!77\2 + el + 7\77!2 + 5 Aowl?,
which implies that
1d 1 €1V v 5 _ 20% 2
ol + el s — 22+ 2 Agul? < 2D 4 o ol
Therefore, by (4.6),
d, 2 1 2 29
(459) i Tl + o ol + vlAvol < 20 SIS

Dropping the term v|Aqw|? in (4.53) and using the Gronwall inequality, we conclude that
) .
(4.54) lwlly, < Cullvllk

where

21 (@ + I/)\11/2)\1>

~ 329° 2
4.55 Ci:= = + 8 A;.
( ) ! %,uy)\l )\1/€V)\1 !
Note that the constant C; is independent of .
By (4.40) and (4.45), we have
Kv2
Sl - wlnl” < Sl
and thus by (4.54) and the Poincaré inequality,
o
2 l‘i}\l ~ 2 ~, 1 Cl
< K Ky = ———.
Consequently, by the Gronwall inequahty again, we have
- . 2K
(4.56) nf® < Callolli . Co:= 32,
1R

where C5 is also independent of .

4.2.2. Bound for fmm (t+T.Tes)
in (4.53) and integrating, then using the bound (4.54), we have

min(t+7,Tx) ) B ) 292 ~0 ) )
(4.57) V/ |[Agw(7)|*dr < Ch|lv||x + 2NT< )\1> loll%-
t

Agw(r)[?dr. Forany t € [—k(vA1)~!, T..), dropping the term £\ ||w||%/O
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Since Ty < 00, it follows that
T**

(4.58) v / | Agw(r)2 dr < oc.
—k(l/}q)fl

4.2.3. Bound for ||n||. Proceeding as in the no-slip case (Section 4.1.4) but using the bounds (4.54)
and (4.56) for [w[ and [n| in (4.29) instead, we get for any ¢ € [—k, —k 4+ ag), k = k(vA1)~! and

O = T**2+k7
oy 2 ég /i)\lég él
(4.59) o [ Il dr < o (P ) g =
Similarly as in (4.31) we have
(4.60) S Ll 4wl Awnl? + (Bafa,m), A
K 1 K ] |
< glAmP + o fwl® < AP + 5 [l
! 4
K |Q|Cl
Z1Am?2 +
< Flamp + 2z

For the nonlinear term, we have

(4.61) |(Bi(w, ), Avn)| < [Aun| - [Jwllz+[[Vallps - (Holder)
< ezl - w2 wl3)? /2| Ain/*  (Ladyzhenskaya)
< |22 fwlly, (APl (by (2.8))

< en|Q2C ol x| A )2
< %A + Kool > (Young) Ky := —h et P CE.
By (4.60) and (4.61), we have

(1.62) Dol + Al < 2Rl + Kaloll, K= D
Proceeding as in Section 4.1.4, using Lemma 4.1 with

to = —k(u)\l)_l, t1 =T, =y,

g(t) =2K3p", h(t) = Kap®, y(t) = In(t)|,
ai = 2[~(3ap4, ag 1= f(4p20z, as = %a,

we get
(4.63) sup In@®)* < Callvllx, Ca:=(Cs+ I~(4T)62R3TP4 ,

te[—k+a,Tss)

and as in Section (4.1),

(4.64) sup  [[n(t)|* < oo.
te[—k,Tux)
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4.2.4. Bound for [, min(t+7,T..) |Ain(7)|? dr. Similarly as in Section 4.1.5, combining (4.62) and
(4.63), we get for any t € [—k + ay, Ths),

min(t+7,Tx) B B B B
(4.65) /f/t |An(r)|* dr < Cullollx + T<2K3||U||31(C4||U||§( + K4HUH§<>-
Also,
T**
(4.66) . / [ Aun(7)|? dr < oo,
—k‘(l/)\l)71

5. LIPCHITZ PROPERTY OF THE MAP W

We assume in this section that ||v;||x < p, 7 =1,2. Let p = wy —wsq, ¥ =n1 —nz and v = v; — vy
where (w;,n;) = W (v;). We establish in this section the Lipchitz property of the map W for each
set of boundary conditions.

By the auxiliary system (3.8), we have

d ~

(5.1) 2+ v Ao + Bo(ws, ) + Bo(,wr) = Bo(gvez) — v (Tng = 7).
d .

(5.2) d—qf+/€A1¢+Bl(w2,¢)+B1(%7h) = gpleg :

5.1. No-slip BCs.

5.1.1. Bound for ||¢|* and || by ||v||%. Taking the L? inner product of (5.1)—(5.2) with Ay and
1) respectively, we have

(5.3) 5 dthﬁH2 +v|Aopl? + (Bo(wz, 9), Aop) + (Bo(ip, wr), Aog)
= (gwez, Agp) — pvdi(Inp — 7, Aop),

(5.4 S Kl + (Buom), ) = 7 (g2, ).

Proceeding as for (4.20), we find

(5.5) — A1 (Ine — 7, Aop) < g\Aow\z + %WMH’YHQ - %WMH@HQ :

By the Cauchy-Schwarz, Young and Poincaré inequalities, we have

(I/)\l)

2
(5.6) (gbea, Aop) < gl - [l < lv)” + e A1)2H¢|!2,

1 1 1 K
(5.7) “(p-e2,9) < 7lel - [ < =llell - vl < Sl + lell?
l l I\ 8

12)\2

For the two nonlinear terms involving By, we have (see [28])

e|lAgp
(5.8) (Bo(wz, ), Aop)| < crlluwsl] - M( 1‘/;|)| ‘H
1

2
¢ eldop| v
< L oa ol log 3722 + 2 Aopl?
AL |
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and by the Brézis-Gallouet inequality (see [5,25])

1/2
el Aoy
(59) (Bolp,wn), Aog)| < eallun |- ||<,o||< J”u ’H> Ao
< By 2ol log AL ¥
Al
For the nonlinear term involving Bj, we have
(5.10) |(Bi(,m)s )| < llpllallellallmll < el 2l 1121l 2 mll

C
Yl < =l + =Ll m? -
\/—HtﬁHH [lml < H ° + )\1H<PH 71|

Combining the estimates above, we have for ||¢||,
2

g
(5.11) PEWE

2 2
VA
55191 + Il 0k -

v|Agpl? elAog| \
+ 2O (Gl + il ) (Lo S0P ) o
Il ANl

1 1 1 K(vAg)?
oldogt [t - L 1] s

,Lw/\l

~— 1.

But the second line of (5.11) can be estimated by

v|Agpl? el Aoy _
(5.12) M0 (G lunl? + ) (1o 152 )
lell Ml
vlAop  llwal® + llwnll® ([, 1Aeg]
2 +2log 1/2
Al v Il
v Aogl®  Gllwn|® + cllwn <1+1 | osoP)]
4 [ Mol v\ /4 Allel?
A
> 2 (—eloge)

where we used the elementary relation (see [16, p.371])

(5.13) X —€(l+logx) = —eloge, Vx=>1
with
(514) €= C%||w2||2 + C2B||w1||2 < 4(6% + C2B)p2 —- K2 .

1/2)\1/4 = 1/2)\1
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Hence,
(515) Lol + ol Srns = — L = M2 1y 10g 1y
v (1/)\1)
+—\A090\2 [l
””Alu 2
Combining (5.4), (5.7) and (5.10), we have
202 2 K K
1 2 2 | “CL 2, 4 2 Ky o2 Koo
310 GVl = 1ol | Sl + |+ [l = S - Sl

Combining the differential inequalities (5.15) and (5.16) for ||| and ||, we get

1 d 2 2 2 /{(7/}\1)2 1% 2
55 (16l + a2t ) + 22D 2 4 2ol
2 2 2 2
A — —(Kslog K- —
+ llell [ HVAL — k(A )2 ( 2log K3) — H}\% p 12)\%H
1
< Sl lF A
Consequently, by (4.4) and the Poincaré¢ inequality,
d
610 (ol + @A) + ROA IR + FlAuel + il

1%
< S (1ol + 2021) +n (el + A1) + Ao
< mml .

Dropping the terms %]Aocplz in the second inequality, using the Gronwall inequality and the fact
that ||w;l|, [n;| are bounded, we obtain

2
(518) il + A0 < 22

5.1.2. Bound for ftt+T |Aop|? and ft+TH1/J”2 by ||[7]/%- The inequality (5.17) implies that

—=Ilylxv?

d v
(Il + AP17) + 5 dogl? + ka2 < B

Integrating from ¢ to t + T, T = (vA;)~!, and using the bound (5.18), we have
v t+T 5 t+T ) 1 5 o
519) 2 [ LaptrP drson) [ 9P < o (3T L) Il
t t

5.1.3. Bounds for ||v||* and ft+T | A1) by ||v||% - Taking the L? inner product of (5.2) with Ay,
we have

(5.20) 5 dtWHz + 8 | A1+ by (wa, ¥, Ar) + b1 (9,11, A1) = ~ (- e2, A10)), .

N|H
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Integrating by parts, we have

(5.21) b1 (w2, ¥, A10)| < |Jwel| - [[V¥||74  (Holder)
<eplwa - ku : !Alw\ (Ladyzhenskaya)
MwF HﬂHWP
Similarly,
(5.22) 1b1(0,m1, A1) < @l - [Vl 4[| V]| 4 (Holder)

<erlel - Hm\\1/2\A1771\1/2\\1/1Hl/2\Aliﬂm (Ladyzhenskaya)
—H90H2 + L ||771|| [Avm| - [[¢]]- [Ar¢] (Young)

Ay
< — 2 A 2 L_ 2A 2 2'
QVH(PH +8’ W)+ or lm = A |||

By Cauchy-Schwarz and Young inequalities,
1 K 1
(5.23) (- e2, A)| < 7AW + 5ol
l 4 Kl
Combining (5.20)—(5.23), we obtain
22 c
I + 510l < (2 ual? + %
Let the function g and h in Lemma 4.1 be
22 civ? 1 2
5.25 =2 [ =L lwa | + L—|m |} Aim | h=—|loll> + =5 lol?.
(5.25) 0= 2 (2 funlP + Lo LA ) hi= Sl + e
By the bounds (4.24), (4.34) and (4.36), we have

t+T 4¢2 cly? 2 0\
(5.26) / g(s)ds < /{L AC PPN T + —03 [C + (86LC; 103 n 801) pzT} =:a.
t

1 1
5.24 24 el + =5 lel?.
(5.21) ) IR + o1l + el

2dt

1’k
By (5.18) and the Poincaré inequality, we have

=T 1 1 HAL
(5.27) [ s <7 (o + ) PR = Kulh i = oo
By (5.19),
t+T
,UV)\l 1 2 2 2
5.28 2d MT + — =K =:as.
(5.29) [ i ar < 225 (W4 ) et = Kulol = o
Dropping the term | A9 in (5.24), applying Lemma 4.1 with (5.26), (5.27) and (5.28) we have
2 o Kig 2 2
sup||¢(t)[|” < Ku+— | hlx = Kl -
teR T

Now, by integrating (5.24) from ¢ to t + T and using (5.26) and (5.27), we get

t+T
" / (Ar(r)2 dr < (Kus + a1Kis + Kun) [l
t

5.2. Stress-free BCs.
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5.2.1. Bounds for |2, |¢|? and |¢l|* by ||7]|%. Taking the L? inner product of (5.1)—(5.2) with ¢
and v respectively and taking the L? inner product of (5.1) with Agp we have
6529 e (qaplel +vIel +hlpune) ) = e (s(vere) — e —2.0)

1d

5.30
( ) 2dt

—lll? + v|Aop|* 4 bo(wa, @, Aop) + bo(p, w1, Agp)
= g(ve2, Aop) — i (Inp — 7, Aop)
1
630 Gl AR nemn) —a(fe ).

where, as in (4.38), (4.40), e1 = |Q|7!, &2 = (vA1)%
For the linear terms, as in (4.41)—(4.45) we have

~ 1 3 v
(5.32) —uwhier(Ing = 7,0) < 7 [Iglly, + modver W = Juvdielel + ol Aogl?,
7 1 2 v 2 2 3 2

(5.33) —twd(Ine =, Aop) < v flelly, + glAoel” + v ™ = uvdddiell”,

K€ 2 AT
(5.34) allgver o)l < I + == lels

Ke2 2 4 92 2
(5.35) |(gibez, Aop)l < —=I1¥ [ + poss el
€9 K€ K 62
(5.36) T lp-e2, 9 < ||¢||2 1 el -
For the nonlinear terms, we have
(5.37) e1lbo(p, w1, @) < eiflwn]| - lpll7s  (Hlder)
< ecpfwill - [o] - [lelly, (Ladyzhenskaya)

N

acrC?plel - elly,  (by (4.54))
< actCLPpl0 V2 lpl3, (by (2.8))

(5.38) ealbi (0,11, 0)| < eallll pallmi ¢+ (Holder)
< eacrleV? Nollf” I 112 (l) 2 (Ladyzhenskaya)
—1/4
< eacr U ol Im AT 1l (by (2.8))

< el UVNTC o el 10l (by (4.63))

62/1 62K13 —1/2 ~
Xl + lell?,  (Young) Kis:=c3|QY2A*Cyp?
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(5.39) bo (w1, Ao)| < ||l Lo |wr || Aow|  (Holder)

V2|l [wi || Aol (2D Agmon)

< calel A lell

< cacelel (sl + LAogl 2 ol by (29)

CACE

\—|Q|1/2|90|'| Aol Cr%p + cacrlo|M2 Avp2C 2 (by (4.54))

v Ky
< 1|Ao%0|2 + 7|90|2 (Young)

where
Kiq — K 2 54}6 4 K B CACEéll/2p K . C~’1/2
14 =2 1+ﬁ 2 I_W’ 2 =cAcgCy" p;
(5.40) |bo (w20, Aop)| < llwz|[ 4l Vel La [Aop|  (Holder)
< cpfun|Y2 wa | Vo[ V2|Vell}y? | Aog|  (Ladyzhenskaya)
1/2
< ez QY4 wallvo Il [l 33 1 Aol
1/2 1
< Lol ool (gl + 1 Angl ) Aol (by (29)
~1/2 1] 1/2
< CLCE|Q|1/401/ PH90H1/2<|Q|1/2 lelly, 24 |A090|1/2>|A090|
v K
< Z‘AOSOP + % lelly,  (Young)
where

~2 54 .4 4 ~ A ~
K5 =2K3 + ﬁfﬁ , Kz= CECLC'11/2P, K, = CECL|Q|1/4011/2P-
Combining (5.29)—(5.40), we have

1d
5 g7 (1lel® +llel® + e[ l) + el + v]dopl + exnlly
292)\1_ 2g I~(1262
2’9‘ K€ Hl2
e K K Kq4|Q
2 13+ 15+ 14| |
K v v

1 3
< llell?, SHVAL = Z AL+

+ererCLPp|0) M2 +

3 3
o 3, + SvlAoel? + S [0

It follows that
1d

1 1 v
5 511, + calol?) + I, (3ihs = Ko )+ geanllolP + Sldogl® < s Il

where

20°A7" | 26 Kie K3 Kis | KulQ
g 29° 2 4 qren OVl 4 281 Kis 14/

5.41 Kig =
(5.41) 10 kea|Q|  kes  KI? K v v
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By (4.7), we have

H)\l
)7

d 1 v
(5.42) a(llwllﬁ) +elt?) + (lellf, + e2lvf Zezﬁllwl2 + §|Aosol2 < 2u A |yl5 A

Dropping fear||1]|? + %|Aop|? on the left and using the Gronwall inequality, we conclude that

8)\1V3
(5.43) el + ealvl® < uCollvlk,  Coi=——,

and in particular,
2
(5.44) lell¥, < uColivlk-

5.2.2. Bound for t+TH1/JH2 and ft+T |Aop|? by ||17]|%- Using the inequality (5.42) and proceeding
as in the no-slip case, we get

t+T t+T
(5.45) 62/4/ \|¢(T)||2dT+V/ [ Ao (7)? dr < (8uv AT + 4uCs) ||y -
t t

5.2.3. Bound for |[1||* and ft+T | A1 by ||7]|% . Proceeding as in the no-slip case, we get (5.24):

CLV

1
2, 99 2 2 2 2, L
S 17+ 5 ol < (L oal? + L Pl Avm? ) WP + 5 1l + gl

Using the bounds (4.54), (4.63) and (4.65), we have

t+T 4 _ _ B B
(5.46) / g(s)ds < ZL Chp*T 4 8 C4p [C4p2 + T<2K3p4C4p2 + K4p2>} =:ay.
t
By (5.43) and (2.8), we have
e 29| 2 _ 7 2
(5.47) h(s)ds <T + —z | #Csllx = Kulvlx -
t
Applying Lemma 4.1 with (5.46), (5.47) and (5.45) yields
- 1 -
supll (O < e | Rua 4 L (ST + o) 11 = Rl
teR ke T

By integrating (5.24) from ¢ to ¢ + T and using (5.46) and (5.47), we get

t+T
x / () 2 dr < (Ra + a1 Ks + Kan)ll% -
t

6. PROOF OF PROPOSITION 3.3

Let § = w —u and £ = n — 6. Taking the difference of the RB system (2.12) and the auxiliary
equations (3.11), we have

dd _
7 + vApd + Bo(w,w) — Bo(u,u) = Py(g€es) — uvi(I10),

d S -
X L RAE Bifw) — By(w,0) = 2
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Applying the (essentially) same calculation in Section 5, we conclude that
181> = [€@)F =0, VieR,
which completes the proof.
7. APPENDIX

Let T (t;2) = n(t;z) + (1 — %) where = (21, 22) € Q. Observe that for a given smooth enough
w with V- w = 0, T satisfies, on [—k(vA1) ™!, The),

(7.1) %—mAT%—(w-V)T:O
(7.2) T(—k:(l/)\l)_l;:nl,:ng) —1-2

l

with boundary conditions
in the xo-variable: 7 =0 at zo = 0 and x5 = [,
in the x;-variable: T is of periodic L.
Observe that 0 < T (—k(vA1)~1;2) < 1, and thus
T-(k(vA1)"h2) =0, (T =14 (k(vd) ") =0,

where we denote for any real number M, M, = max(M,0) and M_ = max(—M,0).
Note that 7 := 7_ satisfies (7.1) a.e. and also the boundary conditions. The chain rule and
integration by parts yield

/Q((w de—Z/wz ; Tda:—Z/ 87; :—Zj:/g(v'w)(z)zdazzo,

where the boundary term vanishes due to the boundary conditions. Hence, multiplying (7.1) by 7_

and integrating over €2, we obtain

2 2 _
S AT (P + RV (0 =0,

which implies that
7)) <|T- (k) ™2 =0 forte [~k(wr)™", Tu).

It follows that 7_(¢) = 0 and thus 7(¢) > 0
We now show that 7 < 1. Observe that

0
E(T_ 1) =rA(T =1+ (w-V)(T —1)=0.
Proceeding similarly as above, we obtain,
1d

Sd (T = D)4+ &|V(T = 1)4> =0,

which implies that
(T = Ds (O < (T = Da(=k(A) ™2 =0 for t € [~k(vA) ", Tu),



A DETERMINING FORM FOR THE 2D RAYLEIGH-BENARD PROBLEM 31

and thus 7(¢) < 1.
We conclude that

0<T(t:z) <1, ae ze€Q, te[—k(vh) ™ Th),

which implies that

In(t,2)| < 1+sup|l — 2| <2,
e l
and thus
(7.3) N2y <291, Vte[—k(wA) ", Th).
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