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. . . . . 
OW 'l'ff.B Cffi.!HECTIOl'l (JJl TEE INDEP.::i!IDEiXT-PlUR !·~ODEL 1-T.!TII A VARIATIOHAL :Fro1JCIPLB 

IQ.o;us DiC"cl"ich 

Ls:.i-n:·cnce Radie:cion TA.bOl"atory 
Univeroity of Califorxrm 

l?el~keley 1 California , 

lkfv-emwr 19, 1963 

!t is sh01m toot Breui~'s mc·chod of deriving the 'basic equ,"D.tions ot the 

Indepcnc1on·i;-Pair Model can also be unch:::r12rtood from a vciriational principle applied 

to th~ pscudo-e:Jq>ccta.tion value { If IHI 1"} ( 7/ = model v7ave function, 0f = true. 

>V2-~v0 ?tmct:i.on). D:nrt:;:·/cim1a from a vaniohing f:h~s"c. and scconO. variation of 
, ' ·. , _., ( • ' o., '1 • I r 1 1, '' ,'. 

{ 1f I HI :t' ) lti th reapec'~ to the model "Ho.ve :i:\mction 7J a1•e sb.o1-~1 to ';be due onlY 
' ,. . . \ ' .. •'' . 

er;tixn'l.te of the accuracy of t.his method. 



.. i ... 
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Il~TRODUCTION 

The bazdc equations of the !ndc:pcP .. d.ent-Pair !&>del have been derived ill m.:J.ny 

di.fi'cren·t 't·m.ys. l};."'.ae pl"esent 'W'Vrk may be regarded as a coroll&"Y of the for.uula.tion 

Gi'v""Cn by Brenig. 1 It oricP-nates ~m the question of lthether a solution of the 

basic equations of the model mu.;~t nhroya ·coincide ti'S:tib a stationary value of the 

11pfJ0Uclo ... eJ::pec:tation value" ( If IRl 1' }; . 71 being a model wave function dc:f:ined. 
' . 

in (Ll), e.nd . Y (1;·. ·A) the tr-u.e '~~-e f'unc·tion .of the A-~dy p1~blcm.. 

In one . of' the early :papers· on Bi:'udcl!.ner 's w;rthod.1 Eden r;o.vc a :proo:t" the:~ a. 

va:dation of ( 1r I HI Y ) With l~espect to the one .. )?83:"'ticie f'an~tio~ in 1r \1-aa 

cqu~t.vC~.lcmt to too onc-t.&-ticlc eq®tiom; of t'b.e model, up to termo of the order 1/A 

{A ::: number of 1?0J,--ticles) • 2 ~ter Ed.cn; :EJueey) and Sampantba.I? performed ca~eula-
. tions on o16, r~g a.ncl ~-li1d considered tritium. ~a. hel:i.um-41 

4 and. the author 

. ' ' . ··· tl"'Oixl:'.ed hc11um .... 5 in the independent pail" a.ppro::tiraa.tion. Th<!: method <tvas a.loo o.-ppli0d. . . . . 6 . .· . . - . . . . . 
to lig.ht byperfl:'as:;ncnts .. '.? . In the ce..&.e of the tr.:a-ee- 1 fO".u-- 1 e.nd t'iv-e-body :pro'-. . . . . 

. ' 

due to ter.ms of' the ~ 1/A,. as Eden's 'proof ~·~-ct.·~ c·~es·c, one would expect too 

;' ( 

inCJ.ependent :pair approx:t:1:1tion~ the one- and t-wo-particle egur.?.:tions of the Indo-

:penclent .. Pail'" Model are e:::.:actly equivalent to the. rGquiremcnt; ·jjllQ.t the. firct a11d. 

second vaa.-ia:tion of < cyr· I H ,. y ) t-71 th r~s~~·t to 71 should va.lliSh. 

One rJay think of them as i the A lmrest eigcn:."'unctions corresponding to some single-. \ . . .. 



. ' . ~ 

'I'lli."Ou@'lout ·the p..~pcl':; o.:n c.r·cw..e1·rc A., 1-l, ·• • • will. represent al..t the coordin"J:tas 

( e:£13~, cpin P poco.ibiy i~osp:h~,) · of ·a. ps.l"iiicle·, . e.Ud. an. index · i., i.1 ~ • ~ will' define 

.. ; 
I ', • •. ' -. ~ 

particle s~tcm e.ncl introduce too following products of su;pe:rscripted single-po..rticle . . 

A 

Tl-V.. - qr· LO h ( .. ). .. . . •. - f, 1 . , .. •,· 
. ,,. ... 1 

.. A-~ 

I':. 

c 7T lf r...(J..) 
J\.:::;1 
h~pV 

. . ... ~ . . .. 

"·. 

·.' 

.. 

(1-1) 

· :.r {1-2) 

d.cf•il'lC subscripted. fu.uctions c:.o projoct:lana of :J:' (1• • •A) on the product wave 

f'>..mctiono; 

t_j, ,; 

( rl. ~v J 'lJJ ) 0f't.t.v: = L 
I 

(1 ... 5). 

'UI . : = <fl. tJ.VK I f)l/ } . 
I !J.'VtC .. . II ~ (1-6) 



',·or·. 

... ·:~· ,.,... _, ........... --

-. ~- --=-~~--- ~· ..... 

.., - ;; -
.. 

~ho h0JtO,gcm.a..l bracket symbols il1d.icate integr-a:tion and summtJ.tion OVfYi.'" all coordinate~ 

appearing in ·~J.w bra-sta.tca. !f' \ia bo.ve the same syfllbola in· the same order for the 

to be 

<'Tftf>=l. {1-7) 

......... , · ... ' 
. '· . . 

Of com·s~ the su-;;."acripted aitl.zle·,par'~icle ·functions must be chosen so tb:::.t 7T is 
) ,, . .' . . . ' 

not o!'t!ID&"'UO.l ·tO :J:' •. It foll~tYs ~ ~hese def'~i tiona that functions with more 
. .• . 

tb/m 000 OUbllCl"ipt are ant:1Sy,~,-~tl,"'iC ir~tb respect to an intercba.tl,...~ Of e:tlY t't-10 

<ll~gt..Wel'ltS or t:tny t~m· suboc!l'iJ?'CS 1 . 
"'·· . 

' ,, 

• 

. y ttv~rv> ~- Y ll'.,( \11} ". ·- . 'fVt.L < ~v > • i (1 .. 8) 
" :- . . ' 

= B /(V riJ.{"!J>) .. 8/CIJ. .. f v(l!). 
.. 

,· <f. 

!n tb:.Jse dcfini~Gions the func·tiona are clcfll!ed only for .ind.icea Sl'i'l.D.ller ~chan or · 

(1-9) •. · 

(l-10) 

LP h a't1d lf} may, ooueve1 .. , be respectively ext. end• 
1 . J )\, . 

(see reference 1); vlith t hG condition (1-9) holding for . 
.,.-,, I' ~ ' I ' I ' 

'llh~ Em;)·lltonio.n fm• the A-body prob~em is 

H = I> T(K) + ~ L v{J<1 A.) 1 
(1 .. 11) 

K . '!(1 )... . · 



- l~ .. 

t.,... I 
i~ 

1 + ..... . 2 .(1 ... 12) 

'tihoro T is tr...o kinetic emrg;J operator and . v the nucleon-nucleon potential. Jill 

'the CO?.!..~ola.t!jing functions V"U:UiOh e.utauiatically if. 8'1:',.Y 'i;\·70 Of their subscriptS ~e 

equs.l and, ·tbsrofore, 'lJ'e need not reotric·c :chc .eurwtP.tions to uneql.ru vn.J.ues of the 

ind.:lceo. 

.Bqimt.ion (1-12) is the st.9.l"'~ing point of our de~ivc.tion. · · · 
•, 

' . 

.. 
He del'in:e a first r.:..ria:~ion of the· pt"'duc .. ~ f'unction · as follo't.TS: 

...:' . 

i.P } = o. I ~ . 

:::t o • 

[ {B r ~ r p r vi y ~;) + 

p 

:1 
I 

• f 

.. (2-1) .. 

(f:!-2) 

.. 



. '·' 

1 
+. ;::; 

~.:.. 

. .. 

--,--..-~. --. - .. .....,_...-....-~.----··· ..................... --. 

· .•.. 

' 

'-"•"'· 

; . 

. ! 

-, (2-5)· . 

(2-6) 

. . ' 

S:tru~~ ·there ru.~c .cer~cain..ly var:l.a.t.io:r..s a (j) 1J: ·for -vrlrl.ch the d:!.:r':ferent irrtcg~.~•:~.ls ·in · 
I. . 

(2-7) .do not _vanish e.uJcor>nt.ically; Eq. (2 .. 7) :Lo equivalent ·to 
' . 

jJ·.· 

'·' 

,· 
.... 

:1· ·-I: < r P_ IT(()) ' ·r,l(J> 
.P -

(2-8) 
·,.· 

. . ~ 

71 by 
.. \ ..... [ ., 

. . . ~ . 
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<:71' 
o // = 6 (f_ll_ _ o lP v_ c;;-/J !.J. v __ 

11 v : I 1 
' (2-9) 

'·· 

iilo consider only the case fl f: 1i in the follovline,; the case ll :i:: v is trivial~ .and 

1dti.1out inte:;.~cst. ~\Q;ain, the normalization condition shot1ld al~o hold for the 

. varied function, i.e.' we have to req_uire that 

I' 

I 0 Ctrl/ I f)j) \· . ::> 
\ 1lV j_l 

. ·- (2-10) 

. . 
Dcalinc.; l·rlth 'vllis restriction by a Lagrange mult:i.pl.icr' . E f' 'VtC l'CClUirc the:·Second' 

\
1 · n;-('/· j. H · J. '11/ ',, Variation of J_ ---

'I'his leads irrr ... nediately to 

an0. thif; is 0qui vali:mt to . 

tT(Il) + TCv) + -Y(~v)1 

.. ,• ,. 

'. 

f.lV f..[ (~~Jv(~tp) +- Y(v P)lyllVP) 
p 

·' 1 ! ··: 

i:. ·;I (2-ll) 

:-· 

(2 .. 12). 

' ..... i __ ' /': ... .-\,··,, ' 
.. , \" 

rllV · '. 
"\ __ .. 

·, 

' ' ·, 
; 

.,\I 
I 

\ 
\ 

to • 
. , 
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Multiplying ( 2 ... 8) on the ·left by ~ 1-l~ , and. (2.-13) on the lef't by .· f 11* 

and integrating over the coordinates 11,v, vre find . 

. tp v* . 
J . ' 

E' = E .. (2-14) 

Equations. (2 ... 8) and ( 2.-13) are exactly the equati01is that_ B-.cenig ~btain,ed by 

multiplying .the Schrlk1.ine~-· equation for. ·:f ( 1. ~.F.} 9Y 1f ~* and J[tJ.v* e.ncl 
. . . . c7r . . . 

integrating. Obviously, our variations of · fl. have the effect of exclucling sing.le~ 
. . . . ~ ' 

particle functions from this 1.,roduct_. We could of course obtain the 't-rhole set of 
. ' 

coupled int.egro-clifferential cquatio_na. for the correla:tion functions by requiring 

tho.t all the variations. ot '(fj{ 1~1 'f> · llit~ :.espect to·cr up tO the. A~h-~rder' ~ 
variation should vanish. 

.\. 

This is also evident from·the fact that the energy E · evaluated in tlie f'orm: 
' ' 

E c:, 
.. 
. ' {2-15) 

is inder>c:mdent of 1f as lo11g cis fl['is the t~e solution of the A .. body Bchr8dinger 
. I 

. ,! . ~ 

equation.·. 

·.In· the L"'ldependont-pair- approximation the three- and four•particle correlations 

. . . 'LV' in E<1S~ (2-8) an.d (2-13) ere re-nlaced. b" suitably chosen 'rlrod.ucts of' . ·. 
r~pK' 7 j.J.VpK . "" . . . . . "" " J:' 

one'-. and two-particle :functions (see reference 1); and, after some straightforw-ard 

algebra, the basic Ol'le- ruld~two-particle equations of the independent~pair model ere 
., 

obtained. The one~ and tiro-particle functions tj) and '7JJ .. that arc obtained as 
. . ~~ 7~ .· 

solutions of' the~~-·equa~io~s cannot b~ e;q)e~ted to make ( Tl HI :f) exactly stationary 
. ·~) .'::',.,., 

to all orders of v:a.riations· A. ·. Neverthe1ess.1 f.:the variations are .d.ue only to the 

. independent-pair approximation. ·• The better the independent-pair approxt.mation, the ) 

more accurately should the first- and higher-order variations of · ( Y I HI !> be equal 



~ I 

• 

to ZCl"O. 

; particle 

Since the indcpenden·t.:.:po.ir ap]!roximation is supposed to. represent the t\ro­

. 8 
correl<1tions rather uell, the second variation should at least be small 

ro:npared ivH;h higher ones. Considering (Till IT>' as a function of' some single ... 

particle pul~amc·tcr. that determines the supersc.ri:pted functions ~ .t.. , :t-re can say 

that ·the solution of the one~ and t~-:particle equations ~hould be very near to a 

ota.tionary value of . (li!Ii(f> idth as small a curvature as possible. This result 

l18.S 
< • ' •• ' • ' •• '• • ; 4 

in fuc'~ been· obtu:l.ned by I·1al.1.g and Wild in the thr~e- and four-body case and by 
. . . 

the author in the five-body .problem. 5· Hesse has compared the. self.-consi~tent. solutions.· 

of Mang and 'Hild i·iith the solutior!S he obtained by· varying ( 1f I HI 'f). 9 The mi~um 

of </f!Hl f> came to lie at a f~equeDcy of' the sillfile-:pa.rticle oscillator · ro that 

' 
Has very close 'co the self -consistent value of Hang and· Hild. The value he ·obtained 

for the total energy E 1m.S" of poorel;,' accuracy, . because the variational ansatz . used· · 
.\ 

~-re.s insufficiently flexible. 

. . 

' . 
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• 
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h 
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·' 
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APPEIIDDI: · · 

RClJ'lB.rlts upon the Derivation of the One- and T¥10-Particle Equations 

Introducing the inde:pend.ent-pair approximation in Eq• (2 .. 8) we replace the thre' 

particle f'tmction 1jJIJ.PK ~y . 

(A-1) 

retaining the correlation only betvreen the coordinates p 1 K that appear in the nucleon 

potential (see reference :1). 'In the integrals ( r p ITI'lf!IJ.P) the two-particle function 

. .t·~ is replaced by the uncorrelated one, (j)K"' since T is a one;,pa.rticle oper~tor. 
l!J.P .· . . ' I ,.., 

(see reference 'l). Thus, '\ve obtain 

' ' 

( ~ L J { <-r p fKiv! 'fpK) Lf!J. (IJ.) 
p~~ ~ IJ. . 

. p /K .. '. 

. (A-2) 

· Introducing a single-particle energy Ell . and . a single-particle potential .. V ( iJ.) .:;: 

' . 

·-E"' ~ = < ~ IJ.I T 1 f IJ. > + L < r ·IJ. r p , v, y IJ.P > = E-:[ . < y .p 1 T 1 r p > .. , . 
' p . ·. ' . p ~ f.L ' . . 

. ·~· 
(A-3) I • .... 

:-·-



- ' - ·-·- > ~·-.. -· • ··- -~r--- -~· """'- _,., _ _,. ._,_-'-_ '_,.... .,...._,... - • ......_--·-~~ • .-. .f. ._...,...'"""..,..--'""-.n.. "'- _..,_,. 

ire can -vrrit,e (A-2 ) as 

p. ·· ..... 

~ ~- \ 
2 L 

., p,), 

.. 

' ~ ·. 

\""""" p -L (~ [VI ~!l) ·yp (!l): • 

p f :!1 . 

·'·I ...... ,··;. ( •.;. !-. 

. . . 

. . ,.~ 

. ' .. 

.· .'. 

·: ,.'. 

' 

"·. 

. ~ ' ! ·: 
(A:-5) 

i .· 

Brening cll.tllinates the ·diatrubing nondiag~~l .matrix leroonts. of (T. + V) by, assuming .· . . . . . . . . ' . . . ' .· . . ' .. . '·. ,, ,, ' ' . . ;,·. 

• . ' • ' . ~lo. 

that a linear _transformat~on of the superscripted functionS'- r- . can b~ found so' 

that all nondiagonal elements vanish. ·It iS not completely trivial that such. a>trans-. . · .. 
' 

· fonnation exists. .· 
' The variational method; hOi-rever; ShOiV? a clear-cut vay to circumvent the . . . .. .. · 

difficulty: Turrung back to Eq •. (2-7) we see that aU the nondiagonal terms va.!u."sh 

, automatica~ly,_ if the variations a lf-~ are orthogonal to . lf p·. (p = l,· · •;A;, p I- ~) •. 
Si!1ce there are only a finite nu_mbe.r of y P . there must always be, _elements 

of the Hilbert space that are orthogonal to Jchese lfp • Assuming ._that 'tve. have chosen 

'our v~iations. C> r.ll. in the _subspac_e that.f~ orthogoM.l t~- ~he- r p'is,. 'We can·· 

·trivially dispose of_ all the nondiagonal matrix elements. ·· · ·' 

.. 
' ' 

. i 

i 
J 

j 
j: 
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