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Tt 1g shown that Brenig's method of derivieg the basic equations of the
- Independent-Pair Model can also be understood froa @ voriational principle applied
to the pscudo-expectation value { || [8] YY) (/] = model vave function, Y = true
wave function). ng;’.a’cions from & veniching _z":‘ir;s-‘c and second Variation of
{ (fr ji] Y ) with respect %o the model wave function // are ghowm to be due only
%o the lndependent-paly approximition, end thus perait us to meké & qualitative |

- estimote of the accuracy of this method, P Y

i .
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TRTRODUCTION -

| The bcaic éqﬁmtions of the In&epcr&enﬁ;-?air Model bove been derived in many |
_ difi‘crem WAYE ¢ e precent vork mey be regarded as a .ccroniary of the forwulation
siven bj nig.l it oﬁgim@ea f‘*‘o*a the ques"aion of ‘amethei*” & solution of the
bacic C\ﬂlu-'tionﬁ of the model must: alv'*;s coinci&c with a atatiom velue of the
"npeudo-sxpectation va 1ue SL; r}}_/ ¥ ‘bemg a modcl weve functiov defined
in (1.1), end 'Y(lu-ﬁ) the true vave f‘uncoion o? the A-body pmblcm.

Ia one oi‘ the carly papers on Erudckner's methoﬁ, Eden gove a proof that a -

variation oFf (. IH[ '}f_/ } with respect to the oneupwbicle f‘anctions in / wag

equivelent to tho one-wﬁicle Q’j_mti("'lb oi’ *’che moael s up to termo of the cmler /4
(A nusber: of pai*ticles) 2 Iater Eden, Eknery, and Samp ani:b::r’ perforned calculc«a-
iions on O 16 Mmg a.'ﬂd #11d considered *i;ritlum and hellum-L 4 and the author

< i:roo.tc& hcllum-S in the in&epwdent paiy apﬁro,cmulon .) The method was aloo a.mlicéi

%o lia,hﬁ hm_; ri‘mg;neaﬁ 64,’.7 In th YT of tbo thz'ee- ’ fcrur«-, «..&ld. fiw-boa 7 I‘

o 'uaerce.s the agrem.}«.,m. wa.:s no*’c 50 g,ooc”t in u}m case of 0 » I:. thm disc.w:@mcy xms

'blr_w 5. the cacz'gy E, c‘mlua.ﬁcd with bhc u;*arc“:ﬂ.ate aolutlong of the one- end t'v'o- v
icle eouwtions ’ am'ocd cuice w’ul with e st%iom vtzlte of ( rT {Hl ’Y Y
6 oo
due to tern 18 Of tuo ord.ez' 1/A, Eﬁnn 5 proof sighG cuggest, one would expec*c Lh~  '
o;roo.si*te trenm | | o
In this pamer s Ve want ‘&‘.o ohow "uhat e;:c"ncv for ! umerent in the '
: indepcz‘dent pair appro;:imtion, the one- an& Wo»particle eguations of‘ the Inde-
pcn"antnPau ho&cl are cuactly eqmvalez*t w "zc Z‘“(}}.liﬂ‘cfmeut hat tne.zirs‘a c_..nd . o

- gec V"**':Lat.ioa of o H Y ) with respec%: to T should venleh.

1. Intwoémc b'lun o I‘**cniu g I :rm._ilsm

I~e dofine a set of A 11&@3:1,1 inaapenaczzc aingle—ﬁwticle functions ?k(k
0‘1@ may think of them as! \.he A lmesr. eigenﬁmcmons cor'ﬂcs-sonaing, to some singleu‘

‘pacf*'ticle nodel, cud we shall sometfimes rei’er to these funmsions a8 "model weve
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‘We can now

functions &3 projections of c_lﬁ/(Z!.'-o'».fx) on the prédu¢t-wave |

(1-%)
(T 1Y) (1-5)

(1-6)



fj.“rz homgc:m}. wracket aJ&.’bOl"‘ inc‘ii cate m»cwm,ion am.cl mmmtion over u.ll coordinates
eppearing m The Lramwtm. .Lf we hove i:he sane sv.abcla in the szme order for uhe
' wgu::zentu end the gtate mznbers > we omit the are;amn’cs.' _we choose the normalizetion

w be

<._!HY>=1._ S o a
. 3 »~.‘A"-\.; . . B .

; . I 4 v . h .
of com'se) the uupez'sc.cipted sainalewa«.r’uicla ‘Punctions mx.xfs‘c be cho..en o] “ona’c (T is ’
not or-tnodonal *fco Y follom ﬁ-on mhece d@fini’cicma tha'u functions vitn more
thaw one subscm% a&'e an%isy&me"aric with respec“c 'to an mterchange of an,,r '2;%:0 :

t

gmorms oz rm.y' Loy su‘oscripus° e

'Yuv('w) df/uv(vu) = - wa(uv) N o (1-8) -
Fur*t}*mmre 5" _it can feadily be ahm-m that ‘&he i’ollomxig oz'thogonality 'relat;?__'ozisﬂb holds ‘

‘ (Lf p.‘ LPV) ="5uvy ‘ | g (1_9)

(_.Lf[( | .Qf/.gv) =8 ‘f) W) - :'u ‘fv(“)   ', ' (1»:"1'0_)

BN "In' "?'»*SG definit ions ‘the fmcuions w:e uefiz:o\l oaly for indices smaller c.han or

to A. The ’\metio:zs (f ' Lf?s ' mzy, Lm;evcz~ be resp»c'cwely mctend..
Aa to foraz a conmle‘i.e ‘bosis (see reference 1), ;ﬂthﬁhe condi'tion (1-9) hol@.ing for
21l functions of the cml‘.’ce Bystem.. ' - S

The Hemiltonion for The A-oody nroblcm ic
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N, whore T is the kinctic encrgy operator and . v the nucleon-nucieon potential, A1)
&

¥

e .
/ - - . ¢
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the corrclating functions venish eutcuatically if any two of their subscripts are

equml and 5 therefore, we need not restrict the swmationa to unequal values of the

1

indices. | )
tion (1—10) 18 the s m“vinu POin't of our &erix ‘tion. :
2. fiirezﬁ.g 'g e Jhcu fron the S’c.a; wo:m‘: of & Vari& lon 2, Princinlcw
We Geline a ‘firsﬁ w,ria‘bion of the product function " as follows:
w & g uo T . o )
_agl! mopt e e

The veriation must not violate the nor: wlizetion cord‘?tio:a (1-7) , .e.,

e Ty <)0 )==o. O (ze)
. We waguire Thet the £irot variation of ( Z‘I; Y) 'espccn te 'iahe mdel wave

“ i - . ) o L) - " .
function }/ should venish. By the uso of o Legrange smlbiplier B ve can vy

(]T withoub :s:‘eswl ctionss
O G R =
Frou (1-12) we pove

,__:,7 <23'LFM m }: (Mf Lf lq]yw Z (lf n’.‘ “(F ) (2-251).
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‘ (2«-() ,&o 1_10«. ,js.ran,wh mutwmdcam, B (2«7) s equivmlent %o

\ % Z( vz%o Z(Wl”(@l%p) R

Pail

\\3’ | z “f L/pkiv(p"’” qﬁxa? = %

JHenow define second varistions 6f the product function / / by .
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. = byt 50" (\'““ ! - | ( -9)
{4V ' Lf : (‘f R - A
%o consider only ‘the case p #:v in the folloviing; the case p = v 18 triviai-and
witaout intercst. Again, the normalization condition should also hold for the
waried function, i.e., we have to reguire that

’(2-10)

® n ‘ | Y “ 5._(‘[7:) lflf’;)\/) =

Doaling with 'zsh.is re strz.cu:.on bj‘ a Lugrwnge rmltz.plxer ‘I, we require the:second”

vaviaticn of [ } i ]’JV_/‘ Lo van.wn,

«%TI HE 1) =._0f- ~i\<2~1_1)__

[

This leads immediately +o v
<5‘_}7‘*0LF1’EI'(H)T(V)V(MVH?KW‘) H—L.(S 8\)0 (fpiv M. D) -f-v(v p,(r% >\p

by

Z<° *O%’ so”m**m %} .’*‘*f W LF “’@“f%vm

l

i

o

Lot s K . Vi, Nea o o ) IS L . o '“_» . '
| B \Oéf :6(f !?ﬁ;v’ 0, o S e (2 12)5
) and this is equivaleént to

L e T T‘T?V) + VTJV)] E: Lf v(zp) + V(v o)lﬁplvp e

Z (17 H(p)‘ 1//(?( ) + 2 ( IW\D "f 'If/wp,( = "B 'lil/w ‘



‘ and integrating ovor the coor&inatcs BV we find

hultlpljlﬂﬁ (2-8) on the left by (y ,' and (2 13) on tne left by 77 v#

S

mem. S e

Eauationa {2 ~8} and (2-13) afe exéétlyvthe e@ua£ions fhaﬁrﬁfeﬁig obtained by
multiplying the Schr&dinger" cauation for :E{(l ..A) by (T'“ . and <ﬁFHV* end
integrating.. 0bv1ously, our: variatlons of <ﬁ‘ have the effect of eycluding single-.
partlcle functions fram thio product We could of course obtain the vhole set of ‘, ~‘
couyled 1ntegro-differential equations for the co relation functions by requiring

that - a.ll the variations of < [ lHl f‘fs 'with rcspect to H up to the Ath-order

o variation should vanish.,

g

This 13 also evident from the fact that the energy B - evaluated in the fbfﬁ'..'

r - <Hm’§£’x :  (eas)

E = Ty - : o .
e (FT l?f) A ? S
ia indcpcndent of (T.as long as j?is the true solution of the A“bOdV SehrBdinger E'J°

equation.-_ o 1 “_ j o o D o

B In the independant~pai approximation the three- and foursparticle correlations

QY“QK, /qjuvpK vin Bgs: (2- 8) and (2-13) axe replaced by suitably chosen products of‘;l‘

oNe= and tw0~particle functioqs (sbe referencc l), and a”ter sone straightforward

obta;ned. The one- and uwo-partlcle functxops %7“ and ’?/“ that are obtained as

soluuions of ul»ﬁe equanions cannot oe expectcd to make (- [ [H]?f’) exactly stat;onary f'

to all orders of variations A Neverthcless, the variations are due only to the

indenendcnt-pair approximation. The better ‘the 1ndependent-pair approx.mation, the

- more accurately should the first- and higher-or&er variations of ( H ]H]?f) be equal o

.

el ebra, ﬁhe basic one- and two-particle equations of the indepcndent-pair model are 3:;”,



8w

to zero. Since the independent-pair approximation is sunposed to'represent the two-

partic*e correlations rather Vﬁll,8 the second variation should at least be small

wmpared with higher ones. Conulderlng ([[}H[J_) as a function of some singlen '

particle parameter thet determines the‘superscripted functions '(F A ) We can say -
that the solution of the one- and two-particle equations shouxd be very near to a
txonary velue of Il[Hl?f) Hith as small a curvature 88 possible. This result'
nes in fact been obi ained bJ'Mung and ¥ild in the thréc— an& xour-bodyicaseh gnd bj
the author in the five-body problem Hc se has comnared thc self—consistent solutions

of Mang ard hlld with Lhe qoluﬁioxs he obtained by varying ( }H]?f) The minimun |

of ([[tﬂ]qy) came %o lie at a frequency of the szngle—particle oscillator ::w  that-

- wes very close %o the sel;-consistent value of Mang and Wild. ‘Tae value hefobfained

for tﬁe total energy B vag of poorer accuracy, because the variational ansatz, used

was insufficiently flexible. .
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APPENDIX =

*- Remarks upon the Derivaﬁion of the One- and Pyo-Particle Equations

Introducing the independent-pair approximation in Eq: (2-+8) we repiacé the thre
partiéle funetlon Qf“px by
) K = Wi } ' K - | N !C - [ . K A-l
Vpor (hox) (]pu(tt} _fzyp,((p') - ufp(u) Qf/ux{e ) ‘ZOKM‘ ’}ypu(o ) (a-1) .
retaining ‘che c01~rel‘>'bion only between the co’ordinates psK that aﬁpee,r in thé nucleon
potential (see rgference 1). In the integrals q)p[T[%V ) the two-particle function
, -".U/p is replaced by the uncOrrela‘bed one, (pr ;, slnce T is a one-particle operator.

i
(see reference-l). Thus, we obta.in

P}
g

e
_'vl}:m,o LIV

L]
-
=

: a =) N A
R AR R F IS R G

'>?é < (fplrl‘l?g’} Pp(u) v s Z%{“fp ‘le‘,’l q]VpK>%u(u)”(yp‘}p}(iﬁvj%/{>(fp(ﬁ
R EH ’ OPsK F R o T : I _

o

Introducing a single-particle energy e“ , and a single-particle po"centiai' V(‘w)

o T S, (g

. P

‘, H H . _~..‘ ! 'WV‘ . l

B ‘f""w- ws)



SR Lf“ LR 70 | (K) ) q?”“" RS

ve can write (A-Q) é.s e

T Lf Gl %o 2 : Z “F o %V R AN IS
| ' : ' - - *- \ ,‘4“[‘ },/‘ B | o
T <Lf i tfu ‘fpm e e
Brening'.elimiﬁates “che ':dis rubin,g nondis,gonal maorlx lemcnts of (T + V) by assuming
: 'that & linca.r transforma‘cion of the superscripued "urctd.ons (70 _ ca.n be found so
that all nondj.agona.l elements vanish. ‘It 18 not- completely trivial tha’c such a' trans-
i‘o"m “tion exiSw.-' ‘ "
| v 'l‘hc va.riatlonal method however ) s‘lows a .clear-cut '.Jay to cifcumvent 'hhc;
difiiculuy. _ Tu.rning back ’co Eq.. (2= 7) we see than all the nondiagonal terms vanish S
. agtomatica" ly, if the variations "6 (]9”' are or’chogonal %o (70 (p = l,---,A, o ;4 u)
. | oincc there are only a finlte number o;C \77 . there must always ’bc. elements -‘v S
of tue ﬂllbcrt s;pace 't:ha'b are ort‘zogonal ‘bo hese Lf Assuming that we have chOSen
our variationa o] qu in the oubspace tha.‘c 13 or”chogonal to the (f) s, we ca.n K »

' 'trivie.lly dispose of all ‘the nonc.iaﬂonal ms:trix elemcnts. -

-
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