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ABSTRACT OF THE DISSERTATION

A Refined Gross-Prasad Conjecture for Unitary Groups
by

Richard Neal Harris
Doctor of Philosophy in Mathematics

University of California San Diego, 2011

Professor Wee Teck Gan, Chair

Let F' be a number field, A its ring of adeles, and let 7, and 7, be
irreducible, cuspidal, automorphic representations of SO, (Ar) and SO, .1 (Ar),
respectively. In 1991, Benedict Gross and Dipendra Prasad conjectured the non-
vanishing of a certain period integral attached to m, and m,,; is equivalent to
the non-vanishing of L(1/2, 1, X m,,1) [10]. More recently, Atsushi Ichino and
Tamotsu Ikeda gave a refinement of this conjecture as well as a proof of the first
few cases (n = 2,3) [21]. Their conjecture gives an explicit relationship between
the aforementioned L-value and period integral. We make a similar conjecture for
unitary groups, and prove the first few cases. The first case of the conjecture will
be proved using a theorem of Waldspurger [35], while the second case will use the

machinery of the ©-correspondence.



1 Introduction

1.1 The Gross-Prasad Conjecture

In [10], Benedict Gross and Dipendra Prasad give a conjecture that relates
the non-vanishing of a period integral to the non-vanishing of a certain L-value.
In this section, we’ll discuss that conjecture, as well as a recent refinement due to
Atsushi Ichino and Tamotsu Ikeda.

Let F' be a number field with adele ring Ap, and let V,, C V,,11 be quadratic
spaces of dimensions n and n+1 over F', respectively. Assume that n > 2 and that
V., is not a hyperbolic plane. We consider the algebraic groups SO(V,,) € SO(V,,11)
defined over F. We denote G; := SO(V;). Let m, and m,y; be irreducible
tempered cuspidal automorphic representations of G,(Ar) and G,,.1(Ar) respec-
tively. We fix ismorphisms 7, = ®,m,, and 7,41 = ®,Tpy1,. Suppose that
Home,, (k,) (Tnt1,0 ® Ty, C) # 0 for every place v of F. Then the Gross-Prasad

Conjecture is the following:

Conjecture 1.1 (Original Gross-Prasad Conjecture). There ezist vectors p; € m;

such that
/ 90n+1(gn)90n(gn) dgn 7é 0
Gn(F)\Gn(AF)

if and only iof
L(1/2,mp1 R 7r,) # 0.

The L-function here is the product L-function.



Recently in [21], a refinement to this conjecture was proposed which gives
a precise relationship between the period integral above and the L-value.

Consider the following G, (Ar) x G,,(Ap)-invariant functional

P:(Va, X anH) ® V., BV, )—C

defined by

Plononi fu )= ( N o)) ) - N B@h@) (L)

for o; € V., and f; € V.. If o1 = ¢ = ¢ and fi; = fo = f, we simply write
P(p, f) := P(é1, a5 f1, f2). We call P the global period.

We also construct another G,,(Ap) x G,,(Ap)-invariant functional, this time
constructed from local integrals. For each place v of F', denote G, := G;(F,). We
fix local pairings

By, iy @iy — C
such that

By, = H B,

where the B, are the Petersson pairings

B, (fi, f2) = f1(gn) fo(gn)dgn

(Gn]

By, (61, 0s) = /[G Ol M

and the dg; are Tamagawa measures on G;(Ag). For each v, we define a Gy, , X Gy,

invariant functional
Pl (Tntt,o ® Fng10) @ (o B )
by
PA(nn 00 o ) = [ Bt (et l00)010 020 B (0 o £

Here, the dg,, are local Haar measures, chosen so that [[, dg,., = dg,.



Again, we denote P(dy, ¢u; fo, fo) =t Pi(dv, f). We set

Ae, = L(MY(1),0)

7

Ag.. = Ly(M'(1),0)

i,

where MY, (1) is the twisted dual of the motive M, associated to G; by Gross in
[9]. Tt is a result of Ichino and Ikeda (Theorem 1.2 in [21]) that the P% converge
absolutely if the 7; , are tempered. Furthermore, when the P’ converge, we have

Lv(1/2, 7Tn’v IE 7T7L+1,U>

b =A
Pul0 ) = B T A Ly (L, B AD)

for unramified data ¢,, f, satisfying conditions (U1)—(U6) in [21]. So we normalize

as follows:
er = Afl Lv(la7Tn,v7Ad)Lv(1a7Tn+1,vaAd)

Gritw L (1/2, M0 R 1)

Now we have another G, (Ar) x G, (Ap)-invariant functional:

P

[P : (Ve ®Ve ) @ (Ve BV, ) — C.

The Refined Gross-Prasad Conjecture gives the explicit constant of proportionality

between P and [[, P.:

Conjecture 1.2 (Refined Gross-Prasad Conjecture).

n+1 L<1/277Tn &WnJrl

_ B¢ )
20 L(l,vrn,Ad)(l,mH,Ad)1:[7’v(¢vafv)-

Here, (3 is an integer such that 2° = |Sy, .| - |Sy,|, where 1; is the conjectural

L-parameter for m;, and Sy, := Centg (Im(1);)) is the associated component group.

This conjecture is known unconditionally for n = 2 [35], for n = 3 [20], and
for n = 4, assuming that 75 is a ©-lift of a representation on SO(4) [6].

Our goal is to provide evidence for an analogous conjecture for unitary

groups. The conjecture for unitary groups is:



Conjecture 1.3 (Refined Gross-Prasad Conjecture for Unitary Groups). Let m,
and Tp41 be irreducible, cuspidal, tempered, automorphic representations of G,,(Ar)
and G,11(Ar), respectively. Let P be as in line 1.1. Then
A Lg(1/2, BC(mpy1) X BC ()
G 5(1/2, (Tpt1) (m HP

P = —oui
25 LF(]_ 7Tn+1,Ad)LF 1 ﬂn,Ad

Here, BC(m;) denotes the quadratic base-change of m; to a representation of GL;(Ag).
Also, B is an integer such that 2° =Sy, || - |Sy,|, where v; is the conjectural L-

parameter of m;, and Sy, is the associated component group.

Remark 1.4. One might ask why the L-values on the RHS above are non-zero.
Indeed, in [21] the authors comment that for orthogonal groups it is believed that
L(1,m;, Ad) # 0 for m; tempered. However, we can say something stronger for

unitary groups. Namely, by results in [5], we see that
Lr(s,m, Ad) = Lg(s, BC(m;), AsC "),

Here, we are viewing BC(m;) as a representation of GL;(Ap) via Resg/p. The
L-function on the RHS above is the ‘Asai’ (if i is even) or ‘twisted Asai’” (if i is
odd) L-function. Now, since the m; are assumed to be tempered, by Theorem 5.1

in [30] we have that Lp(s, BC(m;), As©Y") is holomorphic and nonzero at s = 1.

1.2 Hermitian Spaces and Unitary Groups

We give a brief review of the unitary groups relevant to this project.

Let F' be a number field, and let E be a quadratic extension of F. Let 7
be the generator of Gal(E/F). We will occasionally use the shorthand 7 := 7(z)
for x € E. A hermitian space V over E is an n-dimensional FE-vector space
equipped with a hermitian form h. The hermitian form is a non-degenerate pairing

h:V xV — E satisfying
h(vy 4+ vo,w) = h(vy,w) + h(ve, w)
h(ev,w) = eh(v,w)
h(v,w) = 7 (h(w,v))



for all vy, v9,v,w € V and e € E. Then we define the unitary group attached to
the pair (V, h) as

U(V,h) ={g € GL(V) : h(gv, gw) = h(v,w) for all v,w € V'}.

We remark that with a choice of basis, A can be represented by an n x n matrix
J € GL,(F) (n = dimg(V)), such that J* = J, (where * indicates conjugate-
transpose) such that

h(v,w) = w*Jv.

The condition that h be non-degenerate is equivalent to the statement that det J #
0. Then note that
UWV,h)={9€GL(V):g"Jg=J}.

If the reader is unfamiliar with this general notion of unitary groups, they will
be comforted by the realization that with FF = R and £ = C, and h the usual
hermitian inner product, this definition gives the classical unitary groups.

We say that v € V is an isotropic vector if h(v,v) = 0. We say that a
subspace W C V is an isotropic subspace if h(w',wy) = 0 for all w',wy € W.
Note that the requirement that h be non-degenerate forces W to be proper. We
say that a subspace is anisotropic if it contains no isotropic vectors. When h is
understood, we shall omit it from the notation, and shall just refer to the unitary
group U(V, h) as U(V).

Note that U(V) is an algebraic group defined over F'. The R points of U(V)

are given by
UWV)R)={g € GL(V ®F R) : h(gv,gw) = g(v,w) for all v,w € V @p R}.

For our purposes, we will primarily consider cases where R = A, the adele ring
of F', or where R = F,,, the completion of F' at a prime v. If G = U(V), then we
shall denote G, := G(F,).

We consider V, := V ®p F, as a hermitian space over E,. If the prime v

splits in E/F (say as the product wjws, where the w; are places of E), then we



have

E,=2FE, xE, =£F,xF,.

If v is an archimedean place, then the hermitian spaces over F,, are classified
by dimension and signature. We omit further discussion of this case, as it has little
impact on the sequel.

If v is a non-archimedean place, it is a theorem of Landherr [28] that for
each n there are exactly two isomorphism classes of hermitian spaces of dimension
n over E,. (By isomorphism, we mean an isomorphism of vector spaces that

preserves the hermitian forms.) If n = 1, then V, can be identified with E,,, and
h(ei,ex) = aejés

for some a € E. We denote this space by E,(a). Then it turns out that £, (a) =
E,(b) if and only if a/b € Ng,/p, (£, ). Here, Ng, /p, : £, — F, is the relative
norm map defined by

Ng, p, (€) 1= ee.
For n = 2, after fixing a basis {e;, e5} for E2 the hyperbolic plane H over E,, has
the hermitian form:

h(ae; + bey, ce; + dey) = ad + be.

Also, for n = 2, an anisotropic hermitian space Wy(a,b) is E,(a) & E,(b) with
a,b# 0 and —a/b ¢ Ng_/p, (E;). All anisotropic planes are isomorphic.

For n = 2m + 1, up to isomorphism the two hermitian spaces of dimension
n over E, are V¥ & mH & W* with W* = E,(a) according to whether a €
Ng, /r, (Ey) or not.

For n = 2m, we have V* 2 mH and V~ = (m — 1)H @ W, where W is an
anisotropic plane (known as the anisotropic kernel).

If n is odd and v is non-archimedean, then U (V") is isomorphic to U(V ™)
and is quasi-split over F,. This means that it has a Borel-subgroup defined over

F,.! If n is even, then U(V™") is not isomorphic to U(V ™). Furthermore, U(V ") is

'In the context of algebraic groups, a Borel subgroup is a maximal connected, closed, solvable
subgroup.



quasi-split in this case, while U(V ™) is not. Also, the number of hyperbolic planes
appearing in the decompositions above (= m for V* and m — 1 for V7) is known
as the Witt index.

For almost all places v, GG, is unramified. We define this term presently:

Definition 1.5. We call G, unramified if it is quasi-split and split over an un-

ramified extension of F,.

If G, is unramified, then it contains a hyperspecial maximal compact sub-
group K, C G,. We have a Borel subgroup B, C G,, and the Iwasawa decompo-
sition gives us

G, = B, K,.

We can describe the Borel subgroup further; it decomposes as B, = T, N,,,
where T, is a torus, and N, is the unipotent radical of B,. We denote by A, C T,
the maximal split torus of B,.

Let n be the dimension of V, over F,. Then we can describe T, and A,
abstractly as follows. If n = 2m, then we have that T, = (E)™ and A, = (F,))™.
If n = 2m + 1, then we have that A, = (F})™ and T, = (E})™ x E, 1, where
E, 1 C E;; denotes the elements of relative norm 1.

We make some comments on the case where v splits in E/F, i.e. when
E, = F, @ F,. In this case, it turns out that we have V,, =V, ; ® V,, 2, where each

Vo, is an F,-vector space of dimension n. Furthermore, if h is a hermitian inner

product associated to V,, we have that

h(v,w) = (hy(v1,w2), he(wi,v2))

where h; : V,1 X V, 9 — F, is a non-degenerate bilinear pairing. Then we have
that
G, = U(V,) = GL(V,.) (1.2)

under the map

(91792) = g1



To see this, one simply notes that the requirement h(gv, gw) = h(v,w) translates

to

(hl(glvl’ 92102): h?(glwla 92U2>> - (hl (vla ’UJ2>, hQ(wb UQ))?

and so we see that once g; is chosen, gy is determined.

1.3 Automorphic L-Functions

We give a brief discussion of automorphic L-functions, with a focus on those
attached to unitary groups and general linear groups. The reader should consult
[1] for a more complete treatment of the subject.

Let G be a reductive algebraic group defined over a number field F', and let
7 be an irreducible admissible automorphic representation of G(Ag). We denote

by G, the F, points of GG, where v is a place of F'. We have an isomorphism
TE Qymy

where each 7, is an irreducible admissible representation of G,,.

The goal of this section is to define L(s,n,r), where r is a smooth ho-
momorphism r : ‘G — GL,,(C), where s is a complex variable, and G is the
so-called L-group of G. We give ad hoc definitions of “G when G is a general
linear group or unitary group. If G = GL(n), then ‘G = GL,(C). If G = U(n),
then 'G = GL,(C) x W, where Wy acts on GL,(C) through the projection
Wpg — Gal(E/F), and the non-trivial ¢ € Gal(E/F) acts on GL,,(C) as follows:

c-g:=JgtJ?

where

(-1



We also have local L-groups “G,. If v is such that E, is a field, then *G, is
defined analogously with G, in other words G, = GL,(C) x Gal(F,/F,), where
the action of the Galois group is analogous to the global case. If v splits in F,
then then ‘G, = GL,(C).

As one might expect, the definition of an automorphic L-function is given

by an Euler product:

L(s,m,r)= H Ly(s,my,7).

So to give a definition of L(s, 7, ), we must give a definition of L,(s,m,, )
for each place v of F'. This problem is the central issue of the Local Langlands
Conjecture, which we discuss now. This conjecture relates equivalence classes of
irreducible admissible representations of G, to equivalence classes of ‘admissible’
homomorphisms

Yy WD, — La,.

Here, W D, is the Weil-Deligne group (respectively Weil group) if v is non-archimedean
(respectively archimedean), a group closely related to the absolute Galois group
Gal(F,/F,). For precise definitions of these groups (as well as the definition of
the term admissible in the context of these homomorphisms), we refer the reader
to [1]. Two such homomorphisms are considered equivalent if they are conjugate
via an element of LG®, the identity component of the local L-group. We denote
the set of equivalence classes of irreducible admissible representations of G, by
I1(G,), and the set of equivalence classes of admissible homomorphisms of WD,
to LG, by ®(G,). With this, we can state a rough version of the Local Langlands

Conjecture:
Conjecture 1.6. There is a ‘natural’ finite-to-one map
Rec : II(G,) — ®(Gy).

Of course, this statement is meaningless without a definition of the word
‘natural.” Without giving a complete and precise definition here, we will discuss

the case of GL,. From this, hopefully the reader can at least appreciate the flavor
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and spirit of the Local Langlands Conjecture. In this case, the conjecture is known,

and is a theorem of Harris-Taylor [16] and Henniart [17]:
Theorem 1.7. There is a unique system of bijections

Rec, : II(G,) — ®(G,)
satisfying

e Recy is the bijection induced by local class field theory.

Rec,, is compatible with twisting by characters of F, in the following sense:

Rec,(m ® x o det) = Rec,(7) ® Recy(x)

Denote by w, the central character of m. Then

Recy (wy) = det Rec, ().

e Rec,(1") = Rec,(m)".

Rec,, preserves L and € factors of pairs of representations. More precisely,
after fixing an additive character ¢ of F,, and representations m, and mw,, of

GL,(F,) and GL,,(F,) respectively:

L(s,m, X mpn) = L(s,Recy(m,) @ Recy, ()
e(s,mn X T, ) = &(s,Recy(m,) @ Recy, (1), V)

where the factors on the left were defined by Jacquet, Piatetski-Shapiro and
Shalika (see [22]), and those on the right were defined by Artin, Deligne, and
Langlands (e.g. as in [2]).

The last item mentioned in the theorem is perhaps the most important:
the Local Langlands Correspondence must preserve L- and e-factors. Let us now

return to the setting of general G,. Notice that we still have not defined the local
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factors of an automorphic L-function (which do not appear in the theorem above).
Suppose that Rec(m,) = ¢,. Then the requirement that Rec should preserve L-

factors leads us to define
Ly(s,my,7) := Ly(s,7 0 ¢y)

where the L-factor on the right is the local factor of an Artin L-function.

For the time being, this leaves us in a somewhat unsatisfying position. It
would seem that we have to rely on a conjecture in order to define the local factors
of an automorphic L-function. It turns out that we are in slightly better shape
than this; we know how to define the local L-factors for all v ¢ S, where S is a
sufficiently large set of places of F'. The main tool that allows us to do this is the

Satake Isomorphism. Before discussing this, we describe S.

Definition 1.8. Let K, C G, be a hyperspecial maximal compact subgroup. We

call w, K,-unramified if it contains a K,-fixed vector.

We know that G, is unramified for almost all v. Furthermore, we have the

following theorem of Flath [3]:

Theorem 1.9. Let m be an irreducible admissible representation of G(Ar), then
it is uniquely isomorphic to a restricted tensor product @' m,, where each m, is an
irreducible admissible representation of G,. For almost all v, m, is unramified with
a distinguished spherical vector f, and the restricted tensor product is taken with

respect to the f.

We have already used the first part of this result simply by decomposing 7
as a tensor product of local representations. The key here is that almost all of the
7, are unramified.

Let S be a finite set of places of F' such that both G, and 7, are unramified
for v ¢ S. We also require that S contain all archimedean places of F'.

Without giving a statement of the Satake Isomorphism, we describe how

it helps us define the local L-factors for v ¢ S. A consequence of the Satake
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Isomorphism is that to each m,, we can associate a conjugacy class [t,] (where

t, € LG,) and define

1
Lv s Ty =
(5, 7m0,7) det(I — ¢r(ty))

where ¢, is the cardinality of the residue field of F,,.

Furthermore, the “G° component of ¢, is semi-simple. We refer to [t,] as
the Satake parameter of m,. We will now compute L,(s, m,,r) for some unramified
representations 7, and for r either the standard or adjoint representation.

For the examples that follow, as well as the rest of the paper, we will find

it useful to denote
1

(1 —g;°x(@))
where x is some unramified character of £°. When discussing unitary groups in

L,(s,x) =

the examples below, we assume that v is inert in E/F. (If v is not inert and
v ¢ S, then we have that v splits in E/F, and we recall that the unitary group
is isomorphic to G'L,, at this place.) Also, we will denote by xp,/r, the quadratic
character attached to the extension E,/F, by class field theory.

Example 1.10 (standard L-function for GL,). Let G := GL,(F,). Let B C G
be a Borel subgroup, and let K be a hyperspecial maximal compact subgroup. Then
we have

G = BK

by the lwasawa decomposition. Furthermore, we have
B=TN

where T = (F))" and N is the associated unipotent radical. Let x = (X1,-- -, Xn)
be an unramified character of T. (Here, unramified means ‘trivial on K’. We also
say that a character of F)* is unramified if it is trivial on O C F..) We extend x
to B by 1 along N. Essentially all unramified irreducible admissible representations
of G take the form

72 Ind% x = {smooth f : G — C: f(bg) = 5113/2([?)X(b)f(9>}
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where g is the modular character of B, and G acts by the right-translation on .

Now, if we let w € F) be a uniformizer, then a Satake parameter for m is

t, = diag(x1(@), x2(@), . . ., Xn(®@)).

Then if we take r to be the standard representation of G = GL,,(C), then we have

L’U(S7 7T'U7 T)

1 & 1
 det(1, — g;or(ty)) H 1 —gyoxi(w)

i=1

When r is the standard representation of YG, we will denote L, (s, 7y, 1) by Ly, (s, m,).

Example 1.11 (7, an unramified principal series for GL,,, r adjoint). Let G and
T, be as above. This means that we can take t, to be as above as well. This time,
r is the adjoint representation of G = GL,(C) on Lie(*G) = M, (C). Then we
have that

1 1
Lv y Ty, - -
(5, 70,7) det(I, — q=>r(t.)) 11

i L= (@)X (@)

= )" ]] .

i 1= (@) (@)
= ()" ] Lolsxix; )

i#]

Before we discuss any L-functions attached to unitary groups, we will dis-
cuss quadratic base-change. If G, is a quasi-split unitary group, and m, is an
irreducible admissible unramified representation of G,, then the Satake isomor-
phism gives us ¢, € ®(G,) such that ¢,(Frob) = t,, where Frob € WD, is the
so-called ‘Frobenius’ element. Now, by restricting ¢, to WD, the Weil-Deligne
group of E,, we obtain ¢! € ®(G,(E,)). The representation of G,(E,) attached to
this L-parameter is called the ‘base-change’ representation of m,, which we denote
by BC(m,).

We remark that if G, = U,(F,), then G,(E,) = GL,(E,).

Example 1.12 (7, an unramified principal series for U,,, r standard). Suppose G

s the quasi-split unitary group attached to a hermitian space V of dimension n
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over E,, and that v does not ramify in E/F. Let B C G be a Borel subgroup, and
let K C G be a hyperspecial maximal compact subgroup. As before, we have the

Iwasawa decomposition

G = BK.

Also, we have B =TN, where T and N are described in Section 1.2. As before, we
let x be an unramified character of T, which extend to B by 1 on N. We consider
the representation

T, = Ind§ x

where again, the induction s normalized by (5}3/2. Note that

X = (X17X27 s 7X\_TL/2J)

This is because T = (E*)"/21 x (E,), where E is as in Section 1.2. A Satake

parameter for m, is given by

m(@) 72, (@) ) xo ifn=2m

=
Nl
=

diag(x1(@)?, ..., Xm(@)

=
N|=

diag(1(@) 3, o X (@), L (@) E, o xa(@) ) 2o ifn=2m 41

where o — ¢ € Gal(E,/F,). But what we really want is a Satake parameter for
BC(m,). This turns out to be
L fdga(@) @@ oal@) Y = 2
diag (1 (), - (), 1, X)L xa (@)Y if = 2.
(See [28]. Note that the conjugacy class [t,] is independent of the choice of square-
root in the definition of t,.)

So, if n = 2m we have

Ly(s, BC(m,)) =
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and if n = 2m + 1 we have

m

L,(s, BC(m,)) = (g, (9) HLU($7X1')LU(57X1'_1)'

i=1
Example 1.13 (7, an unramified principal series for U,, r adjoint). Here, m,
is as in the previous example, while r is the adjoint representation of G, on
Lie(YG°) = M,,(C). A Satake parameter for m, is as in the previous example. To

compute the local L-factor, we must compute
t, Xt *
where X € M,(C). If we have t, = d x o, then we have that
t, Xt ' =do(X)d!
where 0(X) = —J'XJ~. From this, we see that if n = 2m we have

Lv(S,ﬂ'v,Ad) = Cv(s)va(saxEu/Fv)m
-1 —-1,,—1 —1
x I Le(@sxixi) Lo(2s, X0 €5) Lu(2s, ;x5 ) Lo(28, xix; )

1<i<j<m

X HLU(S’X’i)LU(S’X’i—l)
=1
and an = 2m + 1 we ha'Ue

Lv(saﬂ-vaAd) = CD(S)mLU(S?XEv/Fv)mJ’_l
I Lo(@s.xixi) Lo(25, xi &) Lo (25, XX ) Lo (28, XX )

1<i<j<m

X H LU(S7 Xl'XEv/Fv)L'U<S7 X;lev/F1l)LU(287 Xi)L’U(287 X;l)

1.4 Outline of Dissertation

In the next chapter, we develop some local theory. We define the unitary

group analogue of the P, described above. Assuming the local representations
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are tempered, we use some well-known bounds of matrix coefficients to show that
these integrals converge absolutely at every place. Then, we use a result from
Michael Khoury’s Ph.D. dissertation [24], along with an unpublished result of
Kato, Murase, and Sugano [23] to compute the P, for v ¢ S, where S is a finite
set of ‘bad’ places (including all archimedean places), outside of which all relevant
data is unramified.

Then, in Chapter 3, we give a proof of Conjecture 1.3 for U(1) x U(2)
(assuming a mild extra hypodissertation). In this case, the conjecture follows
casily from a theorem of Waldspurger in [35].

The remainder of the dissertation develops the tools necessary for a proof
of Conjecture 1.3 for U(2) x U(3), assuming the representation on U(3) is a theta-
lift from U(2). In Chapter 4 , we review a result of Ichino: the so-called triple
product formula. This formula gives an explicit relationship between a period
integral attached to three representations of GLy(Ap) and an L-value. Through
the theory of theta correspondence, we can relate the global period P in the Refined
Gross-Prasad Conjecture to the period considered by Ichino. We describe the theta
correspondence for unitary groups in Chapter 5; we also give three versions of a
Rallis Inner Product Formula. In Chapter 6, we give a local seesaw identity. This
identity relates the local integrals P, to the local integrals Z, in Ichino’s formula.

In Chapter 7, we use the results from Chapters 4, 5, and 6 to prove the
conjecture for U(2) x U(3). Using a global seesaw identity, we relate the global
period P to the period Z considered by Ichino. Then, using Ichino’s triple product
formula, we relate Z to the Z,. The local seesaw identity then relates the Z, to the
P., which completes the proof.

We also include an appendix. It contains some identities that relate L-
functions of representations of U(1),U(2) to their theta-lifts (to either U(2) or
U(3)), as well as one that relates L-functions in Ichino’s work to those relevant to

the Refined Gross-Prasad Conjecture.



2

Local Integrals of Matrix

Coeflicients

In this section we’ll prove the convergence of the P!, assuming 7,, and

Tnt1,0 are tempered. This comes down to some standard arguments based on well-

known bounds of matrix coefficients. We'll also compute them for v ¢ S, where

S is a sufficiently large finite set of ‘bad’ places of I, including all even places

and archimedean ones. We also make the following assumptions for v ¢ S (cf.

(U1) — (U6) on page 5 of [21]):

1.

The extension E/F' is unramified at v.

. G, is unramified over F,,.

K;, C G, is a hyperspecial maximal compact subgroup.

Ki, C Kit1,.

. T, is an unramified representation of Gj ,,.

The local Haar measures dg;, are chosen so that the K;, have volume 1.

The vectors f;, € m;, are K; ,-fixed and ||f;,|| = 1.

Note that even for v € S, we still fix a maximal compact subgroup K; C G;. For

the remainder of this section, we will omit v from the notation, though everything

is local.

17
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Put

LE<S,BC(7TZ‘+1) &BC(?@))
LF(S + 1/277Ti+17 Ad)LF(S + 1/2,7@', Ad) .

L7Ti+177ri<3) =

We also consider the matrix coefficient

Dy, 01 (1) = Bri(mi(9) i, ¢7)

where the B, are pairings with respect to which the m; are unitary, g; € G;, and
K, ,~finite vectors ¢;, ¢; € ;. When ¢; = ¢;, we simply refer to ®,,,. We consider
the following integral:

,P(Spn—i-% Qpn-i-l) = / (I)son+2 (g)q)son-u (g)dg

Gn+l

We will establish convergence of the integral assuming temperedness of the ;, and

compute the integrals away from S.

2.1 Convergence of Integral

Note that we make no assumption that v ¢ S, but for now, we assume that
v does not split in F/F.

Let V' be a hermitian space over E of dimension n, and set G := U(V'). Let
Van the the anisotropic kernel of V. Let d denote the dimension of V,,,. We have

V=X®Va®Y

where X and Y are totally isotropic subspaces. We set r = dimg X = dimgY.
By fixing a basis for X, we obtain a minimal parabolic subgroup P C GG. The Levi
factor M C P is isomorphic to (E*)" x U(V,,) with maximal torus 7" such that
M DT = (E*)". The split component A C T' C M is isomorphic to (F*)". We
denote an element x € A as ¢ = (21, 9,...,2,). The simple roots of (P, A) are
given by

o (r) =225t oy (2) = 2yt
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and

x, if nis odd or U(V) is not quasi-split
x; otherwise.

We view the a; as elements of Hom(7', G,,). Via the natural projection M — T,
we may also view the «; as characters of M.

If we denote by 0 the modulus character of P, then we have
5(w) = [ il
i=1

(See Proposition 1.2 in [24].) Fix a special maximal compact subgroup K C G.

Then we have a Cartan decomposition
G=KM'K

where
Mt :={meM:|a(m)| <1forl1<i<r}
and K is in good position relative to M.* We also define TT :=T NM™.
We fix an embedding n : G — GL,, for some m. We define a height

function

o(g) = max {log|n(9)sl,loglng™"):l}

Let =(g) be Harish-Chandra’s spherical function given by

Z(g) = /K h(kg)dk

where . € ind% 1 is the function that is identically 1 on K. Tt is known that there

exist positive constants A, B such that
A716Y2(m) < Z(m) < AT (m)(1 + o (m))”

for all m € M™. Also, recall that a function f(g) on G is said to satisfy the weak
inequality if

[f(9)l < A-E(g)(1 +0a(9))”
LK is such that the unique point in the building of G fixed by K lies on the apartment of A.
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for some positive constants A, B, and all ¢ € G. It is known that a matrix
coefficient of a tempered representation satisfies the weak inequality. (See [34], for
example.)

Let V,,.o and V,4; be hermitian spaces of dimension n + 2 and n + 1,
respectively. Assume further that we have an embedding ¢ : V11 — V1o of
hermitian spaces. Let G; = U(V;) be their associated unitary groups, and let
P;, M;, A;, K; denote the respective minimal parabolic subgroups, Levi component,
maximal split tori, and special maximal compact subgroups of GG;. We view G, 11
as a subgroup of G, s via the embedding (. Note that we may assume that
Toi1 C Topo, Ty CTF oy, Myyy C Mo, MY, C M5, in this case.

The main goal of this section is to prove the following:
Proposition 2.1. The integral P(pii1, i) converges absolutely.

Proof. This proof is just an adaptation of the analogous proposition in [21]. First,

we note the following result from calculus:

Lemma 2.2. Let D,ry,...,7; >0 and riyq1,...,7, < 0. Then the integral

T1 T
/ [zl
fo1/<le| < Sl S1<lei 1| < <leal

1—Zlog|xj|+ Z log |zx|)Pd*zy ...d*z,
k=i+1
converges absolutely.
We note that by a theorem of Silberger ([31], page 149), the convergence

of the integral above is reduced to the convergence of
/ ,u m / %H(k:lmkg)CD%H (klmk2>dk1dk2dm (21)
M:f_‘_l Knp1XKnpt1

where

p(m) := Vol(K,y1mK, 1)/ Vol(K,11).
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In fact, if either of these two integrals converge, they are equal. Furthermore, we

have a positive constant A such that
u(m)] < A-6,01(m) (2.2)

for all m € M5, (see [31]).

Since ¢ and ¢ are matrix coefficients for tempered representations,

Pn+1 Pn+2

they satisfy the so-called weak inequality, which means that there are positive

constants B, C such that for all ¢g; € G;,

@4 (9:)] < B [Zi(g)|(1 +a(9:)° (2.3)
It is known that that there are positive constants B’, C’

[Zi(m)| < B'6;*(m)(1 + 0 (m))” (24)

for all m € M;" (see [31]).
Combining lines 2.2, 2.3, and 2.4, we see that the convergence of the integral

in 2.1 is reduced to the convergence of
~1/2 1/2
| s m) 1+ o(m) dm
Mn+1
for some positive constant D.
When E is a field, we have M, = T.7 |, X U(Vis1,an) and U(Vigqan) 18
compact, so the convergence of the integral above is reduced to the convergence of
—1/2 5 c1/2
/T (MM + () .
n+1

Finally, this is reduced to the convergence of

Tn41 D
1/2 X X X
/ |zqxg - - L 21— E log |z d*rd xs ... d"z,,
|$1|S|$2|§”'S|$Tn+1|§1 i=1

which follows from Lemma 2.2.
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Now we suppose that £ = F' x F'. In this case, we have G; =2 GL;(F). Note
that in this case, we have T;" = M;"; however, we no longer have 7,7, C T./,.

With the right choice of bases, we can view
T\ = {diag(z1, 22, ..., ¥py1, 1) s 1 € FX, || < |wisa|}

and
T\, = {diag(z1, g, . .., Tpy2) 1 1 € FX, |1y] < |wiga]}
both as subgroups of GL,o(F).

For the moment, set m := diag(z1, 2, ..., Zny1,1). We see that m € T,7,
if and only if |z,41| < 1. If m ¢ T,F,, then we cannot directly apply the bound
on Z,4o that we used previously. To remedy this, let ¢ be such that |z;] < 1 <
|zii1|, and set m' := diag(xy,...,x;, 1,201, .., Tpy1). Then we see that there
are ki,ky € K,yo such that m = kym'ks, and therefore =, o(m) = Z,,2(m’).
Furthermore, we see that m’ € T, ,, and therefore the bound we used previously
applies.

So, we see that in this case we are reduced to checking the convergence of

n+1 D
1/2 X X
/ |I1...5En+1| / 1-— E 10g|l’j| d [Eld Tp+1
|z1]| <+ <Jzp+1|L1 j=1

-1 1/2
—|—/ T
[z1|< Lz | <1< 2041

n D
X (1 - Zlog |z;| + log |xn+1|> d*xy...d Tp

Jj=1

-1 -1 1/2
+/ R el
1<]z < Lo 1]
n+1 D
1+ E IOg’JI]‘ dxxl...dxxnﬂ.
Jj=1

The convergence of each of these integrals follows from Lemma 2.2. O
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2.2 Calculation of integrals in the unramified case

In what follows, we assume v ¢ S. The purpose of the remainder of this
chapter is to explicitly compute (=, &) and Sz-1¢-1(1) for such v.

Away from places in S, we are either in the non-split, but quasi-split case,
or the split case. In the non-split case, E/F is an unramified quadratic extension
of p-adic fields. In the split case, we have E = F & F. Let V.41 C V,,12 be (quasi-
split) hermitian spaces over F, and let G,+1 C G,12 be the associated unitary
groups.?

The calculation of the integrals P'(fx. .., fr.,,) Will involve splitting them
into the product of two pieces, each of which will be computed independently. But
first, we give a description of the representations 7;; away from S, these have a
concrete description.

We set [; := [i/2]. Let &,...,&,,, and =,...,5;,,, be unramified char-

acters of £, and let =y and &, be unramified characters of E;, where
E1 = {CC S E* . NE/F(I') = 1}

and Ng/p is the relative norm map. Note that if £ is a field, then E; is compact,
and & and Z( are trivial (since they’re unramified). However, if E is not a field,
then E; = F*, and =g, & need not be trivial. In the split case, for ¢ > 1, we have
=i = (i, v;) and & = (0;, ¢;), where each p;, v;, 6;, ¢; are all unramified characters
of F*.

If n+ 1 is odd, then we have T}, = E; x (EX)!»+1 and T, o = (E*)h+2,

Then we define characters & := (&,&1,...,&,,,) and Z:= (E1,...,5,,,) of Thi
and T}, o, respectively. If n + 1 is even, then T, = (E*)"+ and T),,0 & E; X
(E*)'+2 and we have £ = (&,...,&,.,,) and 2 = (20, Z1,...,Z,.,)-

Let B; = T;N; be Borel subgroups, where the /N; are unipotent radicals.
Then we can view £ and = as characters of B,, .1 and B, 2 by extending them by

1 to Nz

2The mildly strange choice of notation n + 1 and n + 2 will be explained later.
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Away from S, we may assume that

Gni1
Toy1 = Indg'7 €

—_
—

Tose = Indj 2=
Note that in the split case, we have G; = GL;(F), and we have

€: (01a"'79ln+1au0>¢l_nil>"'a¢1_l) or (917"'79ln+17¢l_nil7"'a¢1_1)

and

(1]

_ —1 —1 = 1 —1
_(/‘Llu"'7Mln+27Vln+27"'7V1 )OI‘ (:ulv'"7Mln+27‘—'07]/[n+2a"'77/1 )7

according to whether n is odd or even, respectively.
We choose the By, so that the @ are the spherical matrix coefficients
normalized such that ® fﬂ(ki) = 1 for all k; € K;. Then we have the following

explicit formulae:
B (0) = [ fulhig) dh
K;

for all g; € G;.

We consider the function

Flgnsa) = /G By (Giag) B, (Gs1) g
n+1

for g,1o € Gpio. We're interested in computing F'(1). While it may seem a bit
silly to invent this function if we’re only interested in its value at the identity, the
reason for this definition will become clear soon.

Let Gﬁﬂ denote the diagonal copy of G, 1 in G, 12 X G,,+1. Then we note
that Gpie X Gpy1/ Gﬁﬂ is a spherical variety. This means that it has a unique

open orbit under the action of B, 5 X B, 1 on the left. Also, we note that

Byio X Buii\Gnio X Gpi1 /G5 = Boyo\Grya/Buy1.
Recalling that we have Iwasawa decompositions
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we let 1,10 € K, 1o be a representative for the open B, .5 X B, 1 orbit on G,.».

Let Yz ¢ be the function on G2 determined by the following conditions:
L Yz e(bnsagniabnin) = (76,7%) (bn12) (0,117 ) (bns1) Ve (gns2) for all b; € By
2. YE,E(TITL+2) =1

3. YEaf(gn-i-Q) = 0if Gn+2 ¢ Bn+277n+QBn+1-

Here, §; denotes the modulus character for B;. We define the following two

functions on G, o:

fGn+1 ffrn+2 (gn+2gn+1)f7rn+1 (gn+1) dgn+1 if In+2 € Bn+277n+23n+1
Tz e(Gny2) =
0 otherwise

55,5(9n+2) = / / YE,{(kn+2g7;l_2kn+1) dkn+1dkn+2-
n+2 n+1

We have Tz ¢(gni2) = Tze(Nny2)Yz-16-1(gnt2) since Tz, satisfies conditions (1)
and (3) for Yz-1¢-1. Also, we note that Tz ¢(7,+2) does not depend on the choice
of representative 7, 12. So we denote ((Z,&) := Tz ¢(Mp+2)-

Relating these to the integral that is the subject of this chapter, we have

gn+2)

/ fwn+2 9n+29n+1)q)fwn+1 (Int1) dgnt

Gn+1

/ / / fﬂ'n+2 ( n+29n+29n+1)f7rn+1 ( n+1gn+1) dkn-&-ldkn—i-?dgn-i-l
n+1 n+2 n+1

/ / fTFn+2 (kn+2g;i2kn+lgn+1)f7rn+1 (gn—i-l) dkn—H dkn+2dgn+1

Gni1 v Knyo J Kpta

/ / T= ¢ (knt2gniokni1) dbpyrdkn s

n+2 n+1

= T=e(Nnyi2) / / Va-i g1 (knt2gniokni1) dkngidkn s
Knqo n+t1
= ((E,8)S=z1.61(gns2).

Regarding convergence, we note (as in [21]), that F(g,42) is convergent for = and

¢ sufficiently close to the unitary axis. (Indeed, Proposition 2.1 holds for such
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=,€) So, we see that Tz ¢(kniag, oknt1) is convergent for almost all ko, knit
such that anQﬁanH € B annt2Bn+1. But since T=¢(g) is convergent for some
g € Bhionni2B,4 if and only if it is convergent for all g € B, 9n,108,11, We see

that T ¢(n,12) is convergent.

2.2.1 Calculation of ((Z,¢)

In this section, we will actually have occasion to consider three different
hermitian spaces simultaneously; let V,, C V,,.1 C V,,;o be hermitian spaces of
dimensions n,n + 1 and n + 2 over F, and let G; be their respective unitary
groups. Until specified otherwise, we do not distinguish between the non-split and
split cases. That is, we do not view the split unitary groups as general linear
groups over F', but still as isometry groups of hermitian spaces over F.

If n = 2m, then we write

Vi = (e, e osem, f1, fo, o fm)
Vat1 = Vo ® (em+1 + fns1)
Vn+2 = Vn+1 ¥ <€m+1 - fm—i—l)
where all of the e;, f; are isotropic vectors. Furthermore, if we let h denote the

hermitian form on V,, 1o, we have h(e;, f;) = d;;. Then we have the Borel subgroups

B; C G, where B; := Stabg, F; where the F; are the following flags of isotropic

spaces:
Fo = {0} S (er) S(er,e2) S Cers...em) SV
For1 = {0} S {er) S (e e2) S+ Cler, . em) C Vo
Forz = {0} C (ems1) S (emi1,€1) -+ S (emr1s €15 €m) S Visa.

If n =2m + 1, then we have
Vn = <617€27' . ‘76m7f17f27 cee 7fm7€m+l + fm+1>

Vn+1 = Vn S <6m+1 - fm+1>
Vide = Vg1 @ (emga + frng2)-
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Again, all of the e;, f; are isotropic, and we have h(e;, f;) = d;;. In this case, the

flags are:
Fn = {O}g<€1>g<61762>g"'g<€17-~em>gvn
For1 = {0} S {emy1) S (emrr,e1) © - S {emin, €1 em) © Vi
Fni2 = {0}§<U)Q<v,61>§-~~§<U,el,...,em>§Vn+2

where v = €40 + finro + €n11 — [t

Let K, C K,+1 C K,2 be hyperspecial maximal compact subgroups of
the G;, such that G; = B;K;. For i = n,n+ 1, we consider the action of B; 1 X B;
on Gii1 by (biy1,b:i) - i1 = biy1gi11b; " We let m;.1 € K1 be a representative
for the unique open dense orbit. We now prove a proposition that relates the

representatives of the open orbits of B, o X B, 11 on G419 and B, 11 X B, on G, 11.

Proposition 2.3. n;il € K11 C K,yo 1s a representative for the open orbit of

B2 X By1 acting on G io.

Proof. To show that n;il is a representative for the open B, s X B, 1 orbit in
Gaa, it suffices to check that B, o N n;ianHnnH is trivial.

Suppose that n = 2m. First, we show that B, o NG,11 C B,. To see this,
take any b € B, 12N Gyy1. Since b € G411, we know that b fixes e,,,11 — finr1. But

since b € B,, 2, we know that
b emi1 = aCmy1

for some a € E* and

m+1 m

b fnt1 =0 " frns1 + Z a;e; + Zcifi
i—1

i=1
for a;,c; € E. This means that we have

m+1 m

b (€mi1 — fms1) = Qemi1 — T " frng1 + Z a;e; + Zcifi-
i1 i—1
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But since b fixes e€,,,11 — fi+1, this means that a = 1 and a; = ¢; = 0 for all i. So
we see that b fixes both e, 11, fna1 and is therefore in G,,. But since it preserves
Fnio and e,,11, we see that it preserves F,,, and is therefore in B,,.

Now we have that

Brio N1y Brgi st = Buge Nty Brt st N Gt = BNty Buganna = {1}

Now suppose that n = 2m+1. Again, we will show that B, ,oNG, 1 C B,,.
First, we show that B,.o N G,.1 C G,. To see this, we need only show that
b € Byuio NGy fixes €1 — fma1- Well, since b € G111, we know that it fixes

emio + fmao. Also, since b € B, 2, we know that it scales v. So we have:

b-v = b(em+2 + fm+2 + emt1 — ferl)
= b(em+2 + fm+2) + b<€m+1 - ferl)
= €mpmy2t fm+2 + b(eerl - fm+1)

= qav for some a € E*

= €2+ fimga + a1 — afpyr.

But since b € G, 11, we know that b (€11 — finr1) € Via1, and so a = 1. This
gives that b fixes e,,.1 — fine1 and is therefore in G, ;. We also see that it fixes
v. This, together with the fact that it preserves F, o immediately gives that it
preserves F,,, and is therefore in B,,. Then just as in the case where n = 2m, we

see that

Bro N1ty Bt = Buso Nty Bt N G = By Nty Bogamg = {1}
]

Now, we take V' to be an n-dimensional hermitian space with associated
hermitian form (-,-)y. Let V™ be the same space as V, but with the hermitian
form —(-,-)y. Also, let @ = Span{e, f} be a hyperbolic plane, where e and
f are isotropic vectors and (e, f)g = 1. We also consider the hermitian space
W:=VaeV- aqQ.
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We will be considering the following groups defined over F':

G, = UV)=2UWV")
Gny1 = UV @ (e+f))
Gnie = UV ®Q)

G = UW)

where in the first line, we identity V and V'~ as vector spaces (but not as hermitian
spaces) via the identity map.

Note that we have inclusions G,, C G, 11 C Gpio. Let B, B,11, B2 be
Borel subgroups as in the beginning of this section. Let T;, N; be the corresponding
tori and unipotent radicals, and let K; be hyperspecial maximal compact subgroups

such that G; = B;K;. Let 2, £, = be characters of T),, T, nat1, Inio respectively, where

= = (EI’EQ""’EL”'/QJ)
£ = (&,&%, ., & mr1)2))
E = (B mr2)2)

and each Z;,¢; is an unramified character of E*. Recall that [ := |(n + 2)/2].

As before, we extend these characters to B; by 1 along N;. Denote by m;
the corresponding unramified principal series representation, and let f.. € m; be
the corresponding spherical vector, normalized so that f,, (k;) =1 for all k; € K.

Let ¢ : V' — V'~ be the identity map. Then we define the following subspace
of W:

V1= Span{v; — 1(v;), e}

Note that VT is a maximal isotropic subspace of W. Denote by G D P :=
Stabg VT the corresponding maximal parabolic subgroup. The Levi subgroup M C
P is isomorphic to GL(VT). Denote by N C P the unipotent radical. We consider

the following induced representation of G":

I(Z)) := Ind%(Z; o dety )



30

where the induction is normalized. Let fy € I(Z;) be the spherical vector, normal-

ized so that fo(1) = 1. We consider fylg,xa and denote this by fo. We define

n+27

the following integral:

A(fbaf}n>(gn+2)3::b/" j%(gn7gn+2)ﬂﬁ<gn>f}n dgn.

We remark that since =, is unramified, we have =, = | - |5, for some s € C. The
integral A converges for Re(s) >> 0, and we use analytic continuation to define A
elsewhere.

Note that
A(fo, fz,) € In dGTémQ) S0 @ T,
and so by transitivity of induction, we may view A(fo, fr, ) as an element of 7, 5.

Proposition 2.4. For any k € K, 12 and n > 1 we have

Lg(1, BC(m,) @ 2
Ao o) () = —eptL BT © 21)
Hj:l LF(l + ]7 :‘ZXE/F)
where Xg/r is the quadratic character attached to the extension E/F by class field

Jrns

theory. Recall that in the case where E is not a field, this is the trivial character.

Proof. First, we note that A is constant as a function on K, 5. To see this, we
simply note that fy is a spherical vector.

Now, we consider fy := fo|g,xq,- Then we see that

5 1/2
r ) (2, o dety1)
)

GpxXGp
fO S IndPﬂ (GnxXGr) (5
PN(GnxGn

Now, we know that
dp(p) = | ety (p)["*

and
Opn(Gnxcn)(P) = | dety+(p)|"

for p € PN (G, x G,). So, by taking G,, = G in Proposition 3 in [26], we see that

MmﬁmnzMﬁﬁmnzn ifﬁf)g@>
j=1 F y = E/F

(This is analogous to Theorem 1.1 on page 16 of [8].) O

fren-
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We recall the action of By x B; on Giy1 by (bis1,bi)giv1 = bis1git1b; *
As we mentioned before, there is a unique open and dense orbit under this action.
We let 1,1 € K;11 be a representative of this orbit.

Using the previous proposition, we have the following inductive relationship
between ((Z,€) and ((£, 2):

Proposition 2.5. Forn > 1 we have

Lg(1/2, BC(m41) ® E))

~ Lp(1, BC(m,) ® ) Lr(1, XE/p ® EZ)C(& =).

((E¢)

Proof. First, we note the following:

/G fO(la gn+1> /G’ fﬂn+1 (nn+1gngn+1)f7rn (gn>dgndgn+1
n+1 n

Lp(1/2, BO(mp11) ®F)) .. ~
n+1 PR— n+1,j C(f? ':)
Hj:l LF(]a:lXE/F )

which follows from Proposition 3 in [26].> To see this, we consider the pairing

T 71 ®m, — C given by

T(f1,f2) = g J1(Nns19n) f2(gn)dgn.

Clearly, we have T(fﬁn+17f7m) - <<€7é) NOW7 note that Int+1 fO(]-?gn—l-l) is

bi-invariant under K, 1. Choosing dk so that | x,,, &k =1, we have
/ fﬂ(lagn+l)7(gn+lfﬂn+17fﬂ'n)dgn—i-l
Gn+l
-/ Fo1, ke )T (G frns Fo)lidgn
Gnit1 v Kni1

= / f0(179n+1) / T(k_lgn-i-lfwm—mfﬂn)dkdgn-&-l-
Gn41 Kpiy1

The inner integral gives a smooth linear form on 7, 1; more specifically,

[ T(k™"f, fr,)dk

Kn+1

Note that in [26] the authors actually consider an integral over G5 1 \(Gn+1 X Gnt1), where
G,%H is the diagonally embedded copy of G,41. By identifying this with G, 1, we are led to
consider the integral above instead.
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gives a map L € 7/, ;. In fact, L(gn+1fr,,,) gives a matrix coefficient on 7,41

which is bi-invariant under K, ;. So, we see that there is a constant A such that

L(gn+1f7rn+1) =A- Bﬂn+1 (gn+1f7rn+17 fﬂn+1)'

To compute A, we simply take g,+1 = 1, and we obtain ((&, é) = A. Now we use
the result in [26] to obtain the claim at the beginning of the proof.

Now, using Proposition 2.4, we observe the following:
/ fo(L, gns1) ; Srnir (Mnt19ngn1) fr, () dGndgna
nt1 .
= / / s s 19nGn 1) Jo (G GnGns1) Fr () dgndgn 1
Gt
— [ 1900090 (90
Gniy1 Y Gn

/ fﬂn+1 77n+lgn+1) fO(gna gn+1)f7rn (gn)dgndgn+1
n+1 Gn

[ G0 AU £ )00 ()
[’":;1(1 BC(m,) ® =)
H]  Lr(1 +]=~1XE/F
Lg(1,BC(m,) ® &)
HJ 1 Lr(1 +Ja~lXE/F
Lr(1,BC(m,) ® =)

- Hj:l LF(l + ]a EZXE/F)C(:’ 5)

/ fTrn+1 (77n+lgn+1)f7rn+2 (gn+1)dgn+1
n+1

/ fﬂ'n+2 (nn+1gn+1)f7fn+1 (gnJrl)dgnJrl
n+1

Note that we’ve used the fact that 77,;%1 is a representative for the open
B, 12 X B, 1-orbit in G,,;2. Also, we remark that the calculation above is similar
to that carried out for orthogonal groups in [8].

Combining this with the first identity mentioned completes the proof. [J

By induction on n, this gives us the following in the non-split (but quasi-

split) case:
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Corollary 2.6. Suppose E is a field. If n is even, then

((E,6) = IT  Le(1/2,65)Le(1/2,67'E)Le(1,E5;) " Le(1, 27 'E;)
1<i<j<n/2+1
< JI Le(1/2.54)Le(1/2,57'¢)
1<i<j<n/2
< I Le(,&4) ' Le(1,&7¢)™
1<i<j<n/2
n/2

X HLE(1/2> xer&)  Le(1,&) 7"
i=1
If n is odd, then

(E ¢ = I Ze(1/2,65)L6(1/2,6'E))

1<i<j<(n+1)/2

x I Le(.Z2E)'Le(l,57'E) ' Le(1/2,5:&) Le(1/2,57'¢))

1<i<j<(n+1)/2

X H Lp(1,&&) ' Le(1,67'¢)7!
1<i<j<(n+1)/2

(n+1)/2
X H L(1/2,xg/rZ:) ' Lp(1,5;) 7"

i=1
Proof. We check the base cases. The inductive steps follow from the previous
proposition.
The base case is computing (((=Z1), (§)), where &, is the trivial character.
The two groups involved in this calculation are Gy and Gy with principal series
representations my and 7y respectively. Let f=,) be the normalized spherical vector
in 7y, and let f(¢,) be the normalized spherical vector in ;. Now, since Gy = K,

is compact, we see that f(g,) is the constant function equal to 1. Now, let ny € Ko
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be a representative for the open By x Bj orbit in (G5. Then we have that

C((Z1), (&) = ; feEn(m2g1) fie) (91) dgr
= f(El)(77291) dg
K

= / dg, (since 1291 € K3)
K
= 1.

We state the result in the split case as a separate corollary.

Corollary 2.7. Suppose that E = F x F. If n is even, then

T Lr(1/2,6:)r(1/2, 67 1) Le(1/2,6; v Le(1/2, iv;)

1<i<j<ln 2
< I Le(1/2,1:0;) Le(1/2,0,7'0;) Le(1/2, ;" 65) Le(1/2, vig;)
1<i< )<l

ln+2

X H Lp(1/2, o) Le(1/2,& ' vi)

=1

X H LF<1,MZ-_1,M]‘)_1LF(1,I/Z'[Lj)_lLF(l,,uil/j)_lLF(]_,Vl-_ll/j)_l
1<i<y<ln+2

< I Lr(,670)7 Le(1,¢:60,) 7" Lp(1,6:6;) "' Li(1, 67 ¢;) "
1<i<j<ln+1

ln+2 ln+1

< ] Lr(t, pave) ™ [ Le(1,&716:) 7 Le(1, Godi) " Li(1, 05)

=1 i=1
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If n is odd, then

€6 = JI  Le(1/2,00)Lr(1/2,6; 1) Le(1/2,0; 'v;) Le(1/2, $iv;)

1<i<j<lnts

x I Zr(/2,m8) Le(1/2,0;,720;,) Li(1/2, ;" 6;) Lie(1/2, vi6;)
1<i<j<ln 11
ln+1

x [ [ Lr(1/2,Z66) Lr(1/2, 25" )
=1

< JI  Le(u'w) " Lo vip) ™ Le(L pavy) ™ Le(L, vy vy) ™
1<i<j<ln 12

x JI  Lr(1,67760,) " Le(1,¢:0;) ' Li(1,6:0;) " Lr(L, ¢; ') "
1<i<j<ln 1
lny2 lnya

< [T Lr(t, pav) Le(L,Eg ) Le(1, Zov) ™ [ ] Le(1, 6:00) 7
i=1 1=1

Proof. Again, we need only check the base case. This time, we're computing

C((p1, v 1Y), (&) or C((01,671), (Zo)), depending on whether n is even or odd,

respectively.

We compute ¢((01,67"), (Zo)). We have
(0167 Eo) = | Fnrn ()i (@) da.

Now, we now that G; = F*. Also, GG; embeds in G5 in the following way:

+1/2 a—-1/2
anar—> “ / “ / GGQ.
a—1/2 a+1/2

(Note that since By N By = {1}, we take 75 to be trivial.)
Now, if a € OF., then we have that

<a+1/2 a—1/2

€ Ko DKy
a—1/2 a+1/2

and therefore f(, ;-1)(a) = fiz,)(a) =1 in this case.
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If a € Op — OF, then we have the following Iwasawa decomposition:

a+1/2 a—1/2) (-a -1 -2 -2
a—1/2 a+1/2) 1) \a=1/2 a+1/2)

If a ¢ Op, then we have the following Iwasawa decomposition:

a+1/2 a—1/2\ 1/2 a 2 -2
a—-1/2 a+1/2) 1-L 144)

Using this, we can realize the integral as a geometric series:

9‘_‘ n
/ f(91¢ (a)fz)(a) da = 1+Z< 11/20> (::;11/2>
=0qF

1 - qF 81¢1
(1—gx"?0:125") (1 — ¢5%0:1Z0)
= Lp(1/2,0:25") Lr(1/2,01=0) Lp(1,0,¢,) "

2.2.2 Calculation of Sz-1¢-1(1)

The calculation of Sz-1¢-1(1) follows from Michael Khoury’s Ph.D. disser-
tation if the unitary groups are non-split (but still quasi-split). If the groups are
split, then the calculation follows from unpublished work of Kato, Murase, and

Sugano.

Quasi-Split Case

Recall that in this case, F is the quadratic unramified extension of F'. Let @
be a uniformizer for F', which — since F is unramified over F' — is also a uniformizer
for E. Also, we remind the reader that [, := [n/2]. Let £ and = be as before.
Denote by A; C T; the maximal split tori.

We begin the calculation by defining some convenient members of
Z[ge? 21 (), Ba(@)E, .. & (@) F, & (@)L, ... (Recall that g is the cardi-
nality of the residue field of E.) If n+ 1 is even (hereafter known as Case A), then
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Apir &2 Apyo & (FX)n+1 ) and we set:

n+1

b(E, 67" = HLE 1/2,6) ] Le(1/2,2&)Le(1/2,5:)
1<i<j<lpi1
< [I Le(1/2.24)Le(1/2,57'¢)
1<j<i<lp41
n+1
di(2)7! = HLE II Le0.EE)Le(0, 25"
1<i<j§ln+1
Inya
do(§)™" = HLE(U,@') H Lp(0,8¢&)Le(0,86).
=1 1<i<j<ln+1

We remark that while we've given formulae for b=1, d; ', dy' above, it’s actually
b,dy, dy that are in the ring Z[qE 2 El(w@)E, By(w), . & () () E L.

If n+1is odd (hereafter known as Case B), then we have A, & (F*)ln+1
and A, o = (F*)+2 We set:

n+2

b=, &)t = HLE 1/2,Z) [  Le(1/2.2:4)Le(1/2,Z¢")

1<i<j<ln g1

< JI Le(/2.524)Le(1/2,57'¢)
1<j<i<lny2

ln+2

d1(5>71 — HLE<OaEZ> H LE(O,EZEJ)LE(O,ElE;l)

i=1 1<i<j<lny2

o) = [[Le(0.) ] Le(0,68)Le(0,68).

i=1 1<i<j<ln1

Recall that the local L factors are defined as Lg(s, x) := (1 — ¢5°x(@))

We also define
b(E,§)
di(Z)do(§)
as an element of Q(q};ﬂ, Ei(w), ..., &(w),...). Let W19 and W, 41 be the Weyl
groups W(Gpyo, Anie) and W(Gpy1, Apnt1). If n+ 1 is even, both of these groups

are isomorphic to (Z/2Z)"+ x S, ,,. If n+ 1 is odd, then W, o = (Z/2Z)""+* x

(5,8 =
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Stnis Z Wa1 = (Z2/2Z)+ % S,,,,. These groups act on elements of A; (and
therefore unramified characters of A;) by permutation (the S; factor) and inversion
(the (Z/27)") factor.
Finally, define
Az = Z c(w'Z, wé)
W EWn 42,wEWn 41

as an element of Q(q}E/Q,El(w), LG (m), ).

Theorem 11.4 in [24] says the following:

Theorem 2.8. Let w, € W,y and wy, € Wiy be the long elements, and let
B; C K; be Iwahori subgroups. (Recall that the K; were fized in defining Sz-1 ¢-1.)
Then

Szt e (1) = CE )G VOl(B,41) Vol (Byya) Az—1 1.

Here, the volumes are computed with respect to the Haar measures which give the

K; volume 1.

Having introduced them already, we remind the reader that B; = Ni_(l)ﬂ',(o) Ni 0),
where N; o) = Ny K5, T; o) = T;N K, N; is the unipotent radical of the parabolic
opposite that of V;, and Ni_(l) is the subgroup of N, N K; whose elements’ off-

diagonal entries lie in the ideal generated by w. The volumes are

H;‘:1 (QF -
1o (g — (=1)7)

Lemma 2.9. Az, is independent of = and &.

Proof. Adapting the proof from [21], we first consider Case A. We define the

following Weyl vectors:

Pntr2 = (ln—i-laln—l—l - 1771)

Pnr1 = (ln—i-l - 1/27 ln—i—l - 3/27 SR} 1/2)
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Note that p,4 is half the sum of the positive roots of type B;, ., while p, 5 is half

the sum of the positive roots of type Cj,,,. In what follows, we use the notation

=P — —Pi
e —_— I—li

We define more members of Z[qglm, E1(w),...,&(w),...]. We set:
D= = Z 72 (2) = Z sgn(w') - (w'Z) 7 r+2
w’GWn+2
De = &dy(€) = Y sgn(w) - (w)
'wGWnJrl

Then we see that D,z = sgn(w’)Dz and Dy,e = sgn(w)D,. We introduce one more
member of Z[qgl/Q, Z1(w), ..., &(w),. .. ]. Setting:

Bz = Enrag (S, )

)

we see that

Az = (D=D¢)! Z sgn(w) sgn(w') B(w'Z, we). (2.5)

W' €Wy 2,wEWn 41
Now write
Bz = > CApENEr
AL+ pe(Lz)in+1

for some coefficients ¢, ,, € Z[qil/ ?] (almost all of which are 0, of course). We say
a monomial is reqular if its stabilizer under the action of the Weyl group is trivial;
otherwise we call a monomial singular. We show that all regular monomials in
Bz ¢ are in the orbit of Zfr+2£fn+1,

Note that it is sufficient to show that that we have |\;| < [,,41 and |p;] <
ln+1 — 1/2 and that none of the yu; are integral. (All such monomials are either
singular or in the orbit of Zfr+2g£Pnt1))

Note that

Bze = ] -4 JI (1-¢'"z2¢)

1<j<lpn+1 1<4,j<ln+1

—_ —1/2 - - —1/2——
X H (:il_QE/€j1> H (5j1—qE/:¢1>'

1<i<j<lnt1 1<j<i<lnt1
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It is clear from this that all y; are half-integral but not integral.
We check that |A\;| < l,,41. Choose iy € {1,2,...,l,+1}. The positive con-

tribution of =;, comes from

—1/2—
T -a"28)

1<5<ln+1

and the negative contribution comes from

— —1/2,— _ —1/2——
H (:iol —dqg / §j 1) H (5] t— dg / ‘:‘iol)'
10<j<In+1 1<y5<io
From this we see that |\;)| < l,11.
Now we check that |u;| < l,+1 — 1/2. Pick some jo € {1,2,...,l,11}. The

positive contribution of f, comes from

6" —a"G") 1 0-a5"2).
1<i<lnt1
From this we can see that || < l,,41+1/2. Since we know that i, is not integral,
we now must show that || # L1 + 1/2.
Suppose there is some regular monomial cy ,Z*¢* such that || = lhy1 +
1/2. We will show that |\;| < [,,41 for all . This will contradict the fact that the
monomial is regular.

A monomial with g, = l,,41 + 1/2 appears in the the following product

In 1/2 —-1/2 —-1/2 -1/2 —1/2—
Cj0£j0+1+/ H(éfl / _qE/gi/) H (1_qE/:i j)

J#Jo 3#30
1<i<ln41
=1 —1/2 -1 —1 —1/25-1
X | | (E —4ag §; ) | | (fj —qp "E)
E ) KE )
1<i<j<ln41 1< <i<ln41

where ¢;, € Z[qglﬂ].

We claim that for any ig, we cannot have | ;)| = L1 If 79 < jo, we get
lpt1 — 19 copies of Ei_ol from the third product, and iy — 1 copies of Ei_ol from the

fourth product, and no more such factors anywhere else. Furthermore, we only get
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at most [,,1; — 1 copies of Z;, from the second product, and no more such factors
anywhere else.

A similar argument works to show that we cannot have p;, = —l,,41 — 1/2.
So, all regular monomials in Bz ¢ are in the orbit of Zfr+2£fn+1,

Now, all singular monomials are stabilized by a collection of pairs of Weyl-
group elements of opposite sign, and will therefore vanish from (2.5). Furthermore,
since Ag¢ is clearly Weyl-invariant, all regular monomials will appear with the

same constant coefficient ¢, which is independent of both = and &. So we have

Azg =c- (D=Dg)™! Z sgn(w) sgn(w') (w'Z) Pt (wg) P = c.

w' €Wy yo2,weWy 11

The proof in Case B proceeds the same as in Case A. One needs to take

Pn+2 = (ln+2 - 1/2a ln+2 - 3/2a SR 1/2)

and
Pn+1 = (ln+2 - 17 ll+2 - 27 R 1)

in this case. u
Now we compute Az¢.

Proposition 2.10. We have

Az = (L(L,)C2)L(3,X) - L(n, x)¢(n + 1))

if n+1 is even and

Aze = (L(LX)C2) L3, X) - Ln +1,x))

if n+1 is odd. Here, x is the quadratic character associated to the extension E/F

and all L and C factors are with respect to qp.

Note that this is simply saying that Ag}g = L(0,M,, (1)), where MY (1)
is the twisted dual of the motive M, associated to G, 1 by Gross [9].
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Proof. We prove this only in Case A. The proof proceeds similarly in Case B.
We set

—ln —(lpg2— _
= (QE Jr27qE'( 2 1)7"'7QE1)

—ln 1/2 —ln 3/2 —1/2
(QE' +2+/7QE +2+/ 77QE/>

[

Yy
|

and compute Az &

Note that b(w’ g, wg) = 0 if and only if at least one of the following is true:

(WE);(wE); = qy? for some i, j
(w’é)i(wA)j’l = ¢/? for some i < j

wg)j = q}ﬂ/Q for some i > j

wé); = q}f for some 7.

We show that b(w’é,wA) #0 = w',w = 1. To see this, note that there are

elements o, 7 of the symmetric group S, ., and ¢;,¢; € {£1} such that
E - (g% 2 S
we = <~01<1>7 o2y ’“0(1n+2))
~ ~ A ey,
wE = (&l &l &)

(Note that l,40 = 41 = ”TH in this case.) Set r, := 0 '(l,40 + 1 — a) and

sy = 7 Y(lypo + 1 — b). To avoid the fourth condition above, we see that we
must have ,, = 1. But then, to avoid the first condition, we must have & = 1
as well. Continuing to avoid the first condition, we see that e; = ¢’ = 1 for
all 1 < 4,7, < l,40. We are left to show that both o and 7 are trivial. This is

equivalent to showing that r; < s; for all 4, and that s;.1 < 7;. Suppose that

s; < r; for some i. Then we’'d have (w’é);l(w/\)si = q}Eﬂ, which is the third
condition above. Similarly, if s;41 > 75, then we’d have (w@)m(wg);il = 112/ 2

which is the second condition above. So we have

§1 211> 89 >T9g >+ > 8

n+2 Z LS
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which means that both w and w’ are trivial. This means that

b(E, €
Az p= % (2.6)
di(E)do(8)
We denote A; := AE/@,@ where 20 .= (qgl,qg(l_l), ...,q35") and 0 =
(qglﬂm, . ,qgl/z). By (2.6), and a straightforward calculation, we see that

Ay = A (L2 +1,X)¢(20+2) 7"

By induction on [, the proof is complete.

The proof in Case B proceeds in the same way by setting

[

~(lpr2—1/2)  —(lny2—3/2 ~1/2
':(qE( +2 /)qu( +2 /)v"qu/)

and

= —(lpy2—1 —(lpg2—2 —
g:: <QE( i )7qE( 2 )7"'7QE1)-

The Split Case

Recall that in the split case, the unitary groups are just general linear
groups. So, we consider the groups G,.» and G, ; where G; := GL;(F).* Let
B;, T; and N; denote the standard Borel subgroups of upper triangular matrices,
tori of diagonal matrices, and subgroups of upper triangular unipotent matrices

(unipotent radicals). Now, let

52 (617"'7571-4-1)

and

== (Z1,...,500)

4 At this point, the reason for sticking with the choice of n+1 and n+ 2 is only for consistency
with the non-split case.
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where each &;,=; are unramified characters of F'*. We see that £ and = can be
viewed as characters of T,,_; and 7}, in the obvious manner; we extend them to

characters of B, 11 and B, 15 by triviality on the N;. Then we define
I(€) == Indg"" ¢

and
I(2) == Indjy 2 =

Bn+2 =

where the induction is normalized. Let 1 be a representative for the unique open
dense orbit of B, 9 X B,41 on Gyye. Now, we recall the function Sz¢ on G,40.

We have
Szelg) = / YE,E(ang*lan) dkp1dkn 1o
Kpr1xKnyo

where Yz ¢ is the function defined on G429 by

L Yz e(bnsoghnir) = (E710,5) (bns2) (€0,40°) (bns1) Yae(g) for all buis € By
and bn+1 € By

3. Yz¢(g) =0 for g € ByyonBy41.

As mentioned earlier, we're interested in computing Sz at the identity.

We have the following result of [23]:

Theorem 2.11.

IS (1) . ql(w2)+l(wg) H1§i<j§n+2 LF(1/27 giEn—jJrB) H1§j§i<n+2 LF(l/Qa Si_lE;EjJr?))
575 - F n+1 . _ —_——— *
Hi:l Cr () H1§i<j§n+1 Lr(1, fzfj 1) H1§i<j§n+2 Lp(1, Sy 1)

2.2.3 Concluding the unramified calculations

Now that we’ve computed both Sz¢(1) and ((Z,€), we have actually com-
puted the local integrals in the unramified case. In this section, we show that they

are essentially a product of local L-factors.
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If we let m, and m,,; be unramified principal series representations of G,
and Gy, respectively. Let & = (&,&,...,&n/2)) and E = (E1,...,Z|(nt1)/2))
be the relevant characters of B, and B,,;. We first consider the standard local

L-factor. In the quasi-split case, for n = 2[, we have

Lg(s, BC(m,) ® BC(m,41), st)

= H LE(SafiEj)LE(Saf;lEj)LE(S7£iE;1)LE(S7é-f;lE;l)

1<i<j<l

X H Lp(s,&Z;5)Le(s, & '25) Le(s, 625 ) Lp(s, & 'E )

1<j<i<!
l
X H Lp(s,&)Le(s, &),
i=1
If n =20 —1, we have

Lg(s, BC(m,) ® BC(my41),st)
= JI Le(s,&E)Le(s,& ') Le(s, &2 ) Le(s, &5
1<i<j<l

X H LE(3>giEj)LE(sagi_lzj)LE(SafiEj_l)LE<Sa§i_15j_1)
1<j<i<i—1
!

X H Lg(s,Z) Le(s,Z77).

i=1
Now we consider the adjoint local L-factors. In the quasi-split case, for

n = 2[, we have

Lp(s, 7, Ad) = (p(s) Lp(s, xe/r)
x ] Lr(2s,&6&)Lr(25,&6) Lr(25,67¢ ) Le(2s, 6657

1<i<j<l

!
X H Lp(s,&)Lp(s, &)
i1
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and

LF(S,Wn_;,_l,Ad)
= CF(S)JLF(SaXE/F)H_
x ] Lr(2s,5E))Lr(2s,57'5))Lr(2s, 5755 ) Lr(25, 55, )

1<i<j<l
l

X HLF S XE/FHZ)LF(S XE/Fu )LF(2S,~1)LF(23,~_1)~

=1

In the quasi-split case, for n = 2] — 1, then we have

LF(S, Tn, Ad)

= (p(s)"Le(s, xp/r)
X H Lp(25,&&)Lp(25,&7'¢) Lr(25, 676 ) Li(25, 66

1<i<j<l—1
-1

< [ Lr(s, xp/r&) Le(s, xpr& ) Lr(25,&) Li(2s, 67

i=1

and

LF(S,Wn+1,Ad)
= (F(S)ZLF(&XE/F)Z
x [ Lr(25,5E))Lr(2s,57'5))Lr(2s, 555 ) Lr(25, 55, )

1<i<j<l
l

<[] Lr(s,Z)Lr(s, 57).

i=1

Now we discuss the split case. Recall that at a split place, we have F =
FeF, and V = V; & Vs, where each V; is an F-vector space. Also, we have
U(V) = GL(V}) via the map (g1,92) — ¢1. So, the representations 7, and 7,
are unramified spherical series representations of GL, (F) and GL,1(F), respec-

—

tively. If = = (Z4,...,2,41) and & = (&1, ..., &), where each of the Z; and ¢; are



unramified characters of F'*, then we have

Lg(s, BC(m,) ® BC(mya1),8t) = LF(S,ﬂ'n®7Tn+1,St)LF(S,7T7\L/®7T,\;+1,St)
= [ Lr(s.&E)Lr(s, &5,

1<i<n
1<j<n+1

The adjoint L-factors are as follows:

Li(s, 7, Ad) = Cr(s)" [ Lr(s.6)

1<i#j<n

and
Lp(s, i1, Ad) = (p(s)™ ! H LF(S7Ez‘E]‘_1)~
1<i#j<n+1

So using the results from the previous sections, we have the following:

Theorem 2.12. Forv & S

Pl(fﬂn+27f7rn+1) = C(E7£)85717571(1)
Lg(1/2, BC(mpi2) W BC(my41))
= L(MY (1
( n+2( )70) LF(l,Wn+2,Ad)LF(1,7Tn+1,Ad>
- AGn+2L7rn+2,7rn+1(1/2>‘




3 The Refined Gross-Prasad
Conjecture for U(1) x U(2)

In this chapter, we give a proof of Conjecture 1.3 for U(1) x U(2). As
mentioned before, in this case the conjecture follows almost immediately from
a theorem of Waldspurger. However, this theorem does not deal directly with
representations of unitary groups, but instead of a quaternion algebra.

To bridge this gap, we use a result that says that any irreducible, cuspidal,
automorphic representation m of U(2) can be lifted (in the appropriate sense of
‘lift’) to an irreducible, cuspidal, automorphic representation 7 of GU(2). Then,
by using a an isomorphism of algebraic groups that relates GU(2) to a quaternion
algebra B, we have that 7 = X X n, where X is a representation of B*, and 7 is a
Hecke character of Aj,. After getting our hands on a representation of a quaternion

algebra, we let Waldspurger’s theorem finish the job.

3.1 The groups U(1) CU(2) C GU(2)

Let F' be a number field, and let £ be a quadratic extension of F'. Let
B be a quaternion algebra defined over F', with a fixed embedding £ <— B of F-
algebras. We view B as a 2-dimensional vector space over E via left multiplication.
Let =~ : B — B be the standard involution. Let (7) = Gal(E/F). We note that

e = 7(e) for all e € E. With this involution, we define trace and norm maps in

48
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the usual way:

NB({B) = axx el
Trg(x) == z+T€F

for all z € B. We have b € B of trace 0 which normalizes F, and whose conjugation
action on F is 7. Any other member of B with these properties is of the form b,
with A € E. This gives us

B=E®E-b.

Now, we can define a non-degenerate hermitian form on B as follows:
(x,y)p = projection of z onto the E factor via the decomposition above.

Since we have a hermitian form on B, we can consider the unitary group

U(B) and the similitude group GU(B). Furthermore, we have
GU(B) = (B* x EX)/(AF™)

where AF* denotes the diagonally embedded copy of F* in B* x E*. The action
of B* x E* on B is given by

(b,e)(z) = exb™?
The similitude character is given by
(b,€) — NE/F(G)NB(b)_l-

So, we see that

UB) = {(b.e) : N(b) = Ngp(e)}.

Here, (b, e) denotes the equivalence class of (b, ¢) modulo the diagonally embedded

F>*. We also see the center is given by

—

Zisy = {(F.€) : No(f) = Ngjele), f € F*} = {(1,€) : Ngje(e) =1}, (3.1)
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We also consider the line Lg := E -b C B, and we view the associated
unitary group U(Lp) as Fy in GU(B).

Now, for any pair of unitary groups U(1) C U(2) defined over F, there is
a quaternion algebra B over F' and embedding £ — B such that U(1) = U(Lp)
and U(2) = U(B). For ease of notation, we will refer to the unitary groups as G,
and (G5, and the unitary similitude group as é;

We view G1,Go and évg as algebraic groups over F. Let (m,V,,) and
(79, Vi, ) be irreducible, cuspidal, tempered automorphic representations of G1(Ag)

and Gy(Af), respectively.

3.2 Extending Cusp Forms

By Theorem 4.13 in [18], we have the following result about extending cusp
forms from Ga(Ap) to Ga(Ap).

Theorem 3.1. There is an irreducible, cuspidal, automorphic representation (72, V)

of Go(Ap) such that Vas|ayapm D V.

Caution 3.2. Note that the restriction above is that of functions, and not restric-

tion of the representation.

Let (72, V&) be a representation of (:’;(AF) given by the theorem above.
Then we have
T E XK
where ¥ is a cuspidal irreducible automorphic representation of B*(Ap), and 7 is
a Hecke character of Ay, and wyn)| = 1, where wy, is the central character of X.
As usual, fix isomorphisms ¥ & ®,%, and 71 = ®,n,.

We observe that we have

Wy = 77|A;§,1'

We denote by ¥’ the representation of GLy(Af) associated to 3 by the

Jacquet-Langlands correspondence.
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Now, for f € V,, we denote by fe V& a cusp form such that ﬂGQ(AF) = f.
We write

JFZJFE®77.

As a consequence of this decomposition, we note that for any fi, fo € Vg,, the

corresponding fi, fo € Va satisfy fi(2)fa(z) =1 for all z € Zau(p), so that flﬁ is
a function on Zgy(p)\GU(B). Furthermore, since fis(z) = fax(z) for all z in the
center Zpx (Ap), we see that fi x fox is a function on PB*(Ap) := (Z5<\B*)(Ap).

3.3 Waldspurger’s Theorem

We give a brief discussion of Waldspurger’s theorem to be used in the proof
of Conjecture 1.3 for n = 1. We take B,Y, and Y’ as defined above. Let T
be the torus given by the embedding £ — B, so that T'(F') is identified with
E* C B*(F). Let x be a Hecke character of T'(Ar), and f € 3. Let Zp denote
the center of B*. The period that Waldspurger considers is

2

P(f,x) = FOx (t)at

/ZB (AF)T(F)\T'(AF)

where dt is the Tamagawa measure, which gives Vol(Zg(Ar)T(F)\T'(AF)) = 2.
Let By, and B,, be local pairings. We also choose local measures dt, so that

dt =11, dt,, as usual. Then set

av(fvaXv) =
( Cr,(2)Lp,(1/2,%, @ x,; ")
Lr,(1,%,,Ad)LE, (1, XE,/F,

)) / By, (Zu(ty) fo, fo) By, (X5 (t0) X, Xo)dE .

We let By, be the Petersson inner product on Y, where the integral is taken

over [PB*]. That is

Bathiof) = [ ROED®

where db is the Tamagawa measure.

Then Waldspurger’s theorem (see [35], page 222) is the following:
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Theorem 3.3. Suppose that ¥ has trivial central character. Then

ﬁ(qu) _ CF< )LE(1/2 BC H Oy fvaXv)
BE(f7 f) 2LF(1 X/ Ad)LF 1 XE/F BEv fvafv) Xv(XU?X’U)‘

Remark 3.4. The reader will notice that the formulation of Waldspurger’s the-

orem we give looks slightly different than that given by Waldspurger himself. In
[35], he chooses the global Haar measure' such that Vol(Zp(Ap)T(F)\T(Ar)) =
2Lp(1,XE/r), and he chooses local measures compatibly with respect to this. With
our choice of measures, the formulation above is equivalent. He also does not in-
clude the local pairing B,, anywhere in the result. Our inclusion of B,, — both in
the definition of the c., and in the denominator of the product on the RHS of the

theorem — does not change anything.

3.4 Proof of Conjecture 1.3 for U(1) x U(2)

Waldspurger’s theorem does the bulk of the work in proving Conjecture
1.3 for n = 1. As usual, we let m; denote an irreducible, tempered, cuspidal,
automorphic representation of G;(Ar).

Let By, be as above, and B;,, Bs; are defined as follows, where all global

measures are the appropriate Tamagawa measure:

B, (f1. f2) = f1(9) f2(g)dg

(Gi]

Bz(f1, f2) = f1(9)f2(9)d9

/ZE;AF)@(F)\@(AF)

Note that for fi, fo € 7, we have B;‘-‘E(fl, fg) = Bz(fl’z, fzz).

We choose local pairings By, , compatibly with the associated global pair-
ings, so that [[, Br,, = Br. However, we choose the local pairings By, so
that for f; € m — which we extend to f; € 75 by Theorem 3.1 — we have
B, (fis,, fa2,) = By, (fro, fou), where fi, = fis, @n.

"'Waldspurger also refers to this as the Tamagawa measure. This collision of terminology is
unfortunate, and we hope the reader suffers minimal confusion as a result.
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We now have enough in place to prove Conjecture 1.3 for n = 1. Recall that
Waldspurger’s theorem assumes that the central character of X is trivial. However,

in [37], the authors remove this assumption.

Theorem 3.5. Let f € m and f = fs @1 € 7 such that f|G2 = f. Let 0 € my be
a unitary character of G1(Ar), which we are viewing as the norm-one elements of
A%. Then

P(fle,0) =

AGQLE(1/2 BC(TFQ & BC 7T1 HP f
41X ()| Lp(1, 72, Ad)Lp(1, 6, Ad) v

where X (my) is the set of automorphic characters w of GU(2)(Ar)/U(2)(Ar) such
that T @ w = m5. We remind the reader that Ag, := Lp(1, xg/r)Cr(2).

Proof. We have the following:
/ f(9)0(g) dg = /
[G1] (G1]
_ / F(9)n(9)8(9) dg
Zp(Ar)T(F)\T(AF)
= / Fs(9)n~(9)0(g) dg.
Zp(Ap)T(F)\T(AF)

So, Waldspurger’s theorem gives

P(f|NGl>~§) _ Sr(2)Lp(1/2, BO(X) @ nBC(67)) 11 [z, 00)
Bs(fs, fs) 2Lp(1,%, Ad)Lp(L, Xp/F) Bs, (fs,. f5,) By, (1500, m,10,)

Noting that
av(f2v7 771)_191)) = Pv(fva 9_1))
and

HB S (1,100, 160,) = 2

we have

P(flei,0) _ ¢r(2)Lp(1/2, BC(X) ®nBC(0~")) 11 Po(fo, 0v)
BE(fNZ,fE) 4LF(17Z/’Ad)LF(17XE/F) Bzu(fzwfzu)'
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We remark that BC(671) is the character of A}/A% given by

BOWO ™)) = o
where Gal(E/F) is generated by 7.

Recall that Bs(fs, fs) = B (f, f) and By, (fs,, fs,) = Bry., (fo, fo). As for

the L-values, we have
Lp(s, %', Ad) = Lp(s, 7o, Ad)Lp(s, X/r) "
and
Lp(1/2, BC(Y)®@nBC(0™')) = Lg(s, BC(m) X BO(x)).
This gives:

P(fle,,0) _ Ac,Le(s, BC(my) R BC(nY)) 11 Polfo, b0)

B (f. f) ALp(1, 7o, Ad)Lp(1, xp/p) 4t By (for fo)

By Remark 4.20 of [18], we have:

BW2(faf) :| (7T2)|' B?T‘E(faf)
Vol(Go(F)\G2(AF)) Vol(Zg, (Ar)Ga(F)\Ga2(Ar))

The volumes are:
Vol(Ga(F)\Ga(Ar)) = Vol(Zg, (Ap)Ga(F)\Ga(Ar)) = 2.
Finally, we note that [Sy,| = 2 and |Sy,| = 2 - | X(72)|, so that
[ | - [Sy, | = 4 - [ X (m2)]

as stated in Conjecture 1.3. This completes the proof. m



4 Ichino’s Triple Product

Formula

We now begin introducing the machinery necessary to prove Conjecture
1.3 for n = 2. The first tool that we introduce is a result due to Ichino: the
so-called triple product formula. Like Waldspurger’s theorem and the Refined
Gross-Prasad Conjectures already mentioned, Ichino’s formula gives an explicit
relationship between a period integral and a particular L-value.

Let 7,7 and 73 be irreducible, cuspidal representations of (G,. Denote
by w; the central character of 7;. We require that wiwows = 1. Recall that from
Theorem 3.1 we have corresponding representations 71, 7o, 73 of (72 Also recall that
we have

7 =2 M.

In order to make use of Ichino’s formula, we must ensure that the central characters
of the ¥; multiply to give the trivial character. The following lemma ensures that

we can choose the 7; extending the 7; such that this holds.

Lemma 4.1. There exist 7; extending the T; such that the corresponding n; satisfy

mnenz = 1.

Proof. We note that since wywswz = 1, we already have that 771772773|A§ = 1. But
this means that m1m.m3 = x o Ng/p for some Hecke character x of Ay. So, by
twisting one of the n; — say n1 — by x ™' o Ng/p, we can achieve the desired result.

Note that in order to ensure that 7y still extends 7, we must also twist X; by

95
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x o Np. [

An immediate consequence of the previous result is that we can choose the
7; such that the central characters wy, of the Y; satisfy wy, wy,ws, = 1. To see

this, we simply note that

Wy Wy, Wsy = (771772773>_1|A§ =1L

So, having chosen the 7; in this way, we are entitled to make use of Ichino’s formula.

Let f; € 7;. In [20], Ichino proves:

(fis fosufos)(b) db

2 (r(2)°Lp(1/2,%) H 7

/PBX<F>\PBX<AF> S (IT, X (7)) Le(1, %, Ad)

(4.1)
where

Lp(s,Y) = Lp(s, ¥ K ¥, K 5))

is the triple-product L-function, and
Lp(s, X' Ad) := Lp(s, X}, Ad)Lr(s, X5, Ad)Lr(s, X5, Ad).

and the J, are defined as follows:
LFu(L Z;: Ad) «
(r,(2)*Lr,(1/2,%))
By, (S1,0(00) for0 For0)Bsa,, (S2,0(bo) fooor fraw)

PBJ)

823,1, (23,1) (bv)ng,vy ng,v) dbv

Tv

where we make what will seem — for the moment — to be a strange normalization;
we require that | X (7;)| - [[, By, is the Petersson inner product on PB*.

We will spend the remainder of this chapter using this formula to derive
one more suited for our purposes. For the remainder of the chapter, we assume
that at least one of the 7; — say 73 — is dihedral with respect to E/F; in other

words, we assume that X3 = Y3 ® xg/r.
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At every place v of F', we consider the following subgroup of B:
(B))" = {b, € B} : Ng,(by) € Ng,/r,(E;)}.
Note that (B)™ is not the F,-points of an algebraic group over F. We also write
B*(Ap)* :={(b,), € B*(AFp) : b, € (B))" for every v}.
We will denote
(PBY)* = {b, € PBY : b, € (B)*.

It is easy to see that this is well-defined. Note that (B*)" contains the center Zp,
of B, so that
(PB)" = (B))"/Zs,.

We also set
PB*(Ap)t == {(b,), € PB*(AF) : b, € (BX)" for all v}.

We now give two lemmas toward converting Ichino’s triple product formula
to a formula involving only data for U(2). The first of these is a local result which
will allow us to relate integrals of matrix coefficients of the 7; over GU(2), to

integrals of matrix coefficients of the 7; over U(2),.

Lemma 4.2. Let 7, = ¥,Kn, be an irreducible representation of GU(2),. Suppose
that ¥, is dihedral with respect to B,/ F,. Viewing 7, as a representation of U(2), C
GU(2), by restriction, we have

To=T DT,

where 7,7 and T, are inequivalent and both irreducible. Furthermore, for a vector
xt e 7H,(-,-) any GU(2),-invariant inner product on 7,, and f a function on
GU(2), such that (g-x*, %) - f(g) is a function on Zgy(2), \GU(2),, we have
/ (g-2",27)f(9)dg =/ (g-2",27) f(9)dg
ZGqu(2), \GU(2)v ZGu(2), \GU ()

where GU(2)7 := Zau(2),U(2),.
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Proof. The fact that the restriction of 7, to U(2), decomposes as described follows
from the fact that %, is dihedral. Now, setting GU(2), := GU(2), — GU(2); we
have

GU(2), = GU(2)] UGU(2)/}c
for some ¢ € GU(2), that interchanges 7,7 and 7,7. (The fact that ¢ interchanges
7.7 and 7, follows from the fact that neither is invariant under GU(2),.) So, we

have the following identity:

/ (g - ot 2 f(g)dg
Zau(2), \GU(2)v

_ / g+ a")f(g)dg + / (ge - ot a) Flg)dg.
ZGu(2), \GU(2)F ZGu(2), \GU ()T

We claim the second integral on the RHS vanishes. Indeed, ¢ -zt € 7,7, and
g-x~ €7, forany x= € 7, and g € GU(2)}. Since 7, and 7,7 are orthogonal,

this completes the proof. O]

The next result is a global analogue of the previous one. While we already
know that for a cusp form f on U(2)(Ar), there is a cusp form f on GU(2)(A)
which restricts to f, this is not quite good enough to compare Ichino’s triple
product integral to one over [[/(2)]. We need a f which vanishes away from ‘the

complement of U(2) in GU(2)’. The following lemma says that such a f exists.

Lemma 4.3. Let 7 be an irreducible, cuspidal, automorphic representation of
U(2)(Ar), and let 7 = X X n be an irreducibile, cuspidal, automorphic repre-
sentation of GU(2)(Ag) extending T. Suppose that ¥ is dihedral with respect to
E/F. Then for f € T, there is a f=fe n € T such that fs vanishes away from
B*(F)B*(Ap)*.

Proof. First, we fix a decomposition 7 = ®,7,. Now, as in the previous lemma,
we have 7, = 7.7 @ 7,7 as representations of U(2),. We adjust the labelings so

that for almost all v, 7,% contains the spherical vector of 7,. We note that as a

D

S

U(2)-module we have

I

,i’_
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where S runs over all finite sets of places of F', and
Ts = (®ues T, ) ® (®ugs 7,)-

We note that S # 5" = 79 2 Tsr. So, there is a unique Sy such that 7 = 7g,.

We denote by Ayg(GU(2)) and A (U (2)) the spaces of cusp forms on GU (2)(Ar)
and U(2)(Ap), respectively. Under the natural restriction map Res : Ao(GU(2)) —
Ao(U(2)), we see that 7g, is sent isomorphically to 7. So, there is a unique
f=/fs®nerg C 7 such that Res(f) = f. We now claim that fs, vanishes
away from B*(F)B*(Ap)*.

Toward proving this claim, we consider the map

¢ A(GUR2)) — A(GU(2))

fe®n = fexp/r®n.

If we let R be the action given by right translation of GU(2)(Ar) on Ay(GU(2)),
then we see that ¢ intertwines the action of R and R ® xg/r. In particular, since
Xg/r is trivial on U(2)(Ar) C GU(2)(Ar), we see that ¢ commutes with the action
of U(2)(Ag).

Now, let V € Ay(GU(2)) denote the underlying space of functions for 7.
We claim that

o(V)=V.

This follows from the fact that 7 is dihedral with respect to E/F, and that GU(2)
enjoys the multiplicity-one property.

So, we see that we have a GU(2)(Ar)-equivariant isomorphism
¢:(V,R) = (V,R® xyr)-
Noting that ¢ = 1, and that ¢ is clearly not a scalar, we have a decomposition
V=VteVv-

where V7 is the +1 eigenspace for ¢, and V= is the —1 eigenspace.
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Now, note that if f € V*, fs, vanishes away from B*(F)B*(Ag)T. Simi-
larly, if f € V—, fs vanishes on B*(F)B*(Ar)"™. Note that this is simply saying
that the kernel of Res |y is precisely V.

Let ‘750 C V be the space of functions affording the representation TS,
described above. To finish the proof, we must show that ‘750 C V*. Since )
commutes with the action of U(2)(Ap) on Vg,, we see that either Vg, € V* or

Vs, € V. But the latter is impossible, since Res(V ™) = 0. O

Remark 4.4. Note that the map ¢ in the preceding proof has a local analogue.

Indeed: if T is dihedral, then for each v, we have GU(2),-equivariant isomorphisms

(bv : 7’:1) — %U ® XEU/FU'

Note that we may normalize these ¢, so that they are well-determined up to a
sign. By Schur’s Lemma, we see that ¢ = + ®, ¢,. By adjusting the sign of one
of the ¢, we may assume that ¢ = Q,¢,. Let 7,7 and 7, denote the +1 and —1
eigenspaces for ¢,, respectively. Recall that there is a unique set Sy of places of
F such that (Vs,,Ts,) C v+ affords the representation 7. Note that by the above,
|So| is even. By adjusting the ¢, for v € Sy, we can assume Sy = (), and we can

still have ¢ = ®,¢,. The fact that Sy = ) means that we have T, = 7,7 for all v.

We observe that PB*(F)PB*(Ar)™T is a subgroup of index 2 in PB*(Ap).
Similarly, the space PB*(F)\PB*(F)PB*(Ar)™ has ‘index 2’ in PB*(F)\PB* (Af).
Denoting PB*(F)" := PB*(F) N PB*(Ap)*, we see that we may identify the
spaces PB*(F)T\PB*(Ar)" and PB*(F)\PB*(F)PB*(Ar)*. With this in mind,
we may view PB*(F)*\PB*(Ag)" as a space of ‘index 2’ in PB*(F)\PB*(Ar).

With this is mind, we have the following consequence of Ichino’s formula

and the preceding lemma:

Proposition 4.5. If fs is chosen such that fsx, vanishes off B*(F)B*(Ap)*,
then

2
o B Cr(2)2Lp(1/2,5)
(fl,Zle,Esz,Es)(b) db| = S (H?ZI ’X(Tz)D LF 1 Z/ Ad va

/PBX<F>+\PBX (Ap)*
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Our final task for this chapter is to reinterpret the result above completely
in terms of data on unitary groups. Having chosen extensions 7; of the 7;, we have
the decompositions

7~_i = ®v’7_i,v
and

[
Ty = ®v7_i,v .

We see that as representations of U(2), we have 7;, C 7;,. Furthermore, by Remark
4.4 we have that 75, = 73,

We have already fixed the pairings By, ,; now we also fix pairings B,, , on

the ;,,, such that [], By, , gives the Petersson pairing on 7;. We see that the tensor
product of By, , and B,, , yields a pairing on 7;,, which we denote by Bz . We

also consider its restriction to the subspace 7;,, which we denote by B, .

Remark 4.6. By Remark 4.20 of [18] and our choice of By, , earlier, we have that

the products [], By, , give the respective Petersson inner products on ;.

Let fz € 7; be cusp forms extending f; € 7;. Suppose that f; = ®,fi..
Without loss of generality, we may assume that the fl are also pure tensors (because
Res restricts to an isomorphism on the subspaces of Ag(GU(2)) that afford the ;).
Suppose that f; is chosen such that f3723 vanishes away from B*(F)B*(Ap)™.

We can now give a reinterpretation of the previous proposition, using data
for GG instead of E:; We remark that since 73 is assumed to be dihedral with respect
to E/F, we have that BC(73) is isomorphic to the principal series representation
7(x1, x2) of GLy(Ag) for some Hecke characters x; of Aj.

Note that with the choices we have made, we can rewrite the 7, as integrals

of matrix coefficients of the 7;. Indeed, we define

I L LFv(l,TLU,Ad)LFv(l,Tgvv,Ad)LFU(l,Tg’v,Ad) %
" (r(2)2LE,(1/2, BC(11,) R BC(12,) M x1,0) Lr, (1, XB, /)

/ BTI,'U (Tl,v (gv>f1,vv fL’l))BTQ,v (7’271, (gv)flv’ fQ,U)
Zy(2), \U(2)v

873,11 (7_37’1) (gv)f?),m f3,v)dgv-
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We remark that this is well-defined since wjwows = 1. We also note that the
constants in front of the respective integrals in the definitions of 7, and Z, agree
by Propositions A.1, A.2, A.3, and A.4 in the appendix. Recall that we have

chosen fg so that f~371, € 7, for all v. Then by Lemma 4.2 we see that

/ 621,1; (El,v(bv)le,va fEl,v)BEz’v (EQ,U(bv)fzz,vv ng,v)
PB
BZg,v (EB,U(bU)f23,U7 fZg,v) dbv
= / 82171,(21,1)([)1))]’521,1)7 fvEL’U)BZQ’U(22,1)([)1)).]2:22,’1)7 fZQ,’U)
(PB)*
BZs,u (23,v(bv)f23,vv fEs,v) db,
- / BTLU (Tl,v(gv)fl,vu fl,v)Bfrg,v (72,v(gv>f2,v’ f2,v)
Zy(2), \U(2)v
87'3’1, (7_3,11 (gv)f3,va f3,v>dgv'
Here, dg, is the Haar measure derived from db, under the isomorphism (PB*)* =

Zu2),\U(2)y. So, we see that J, = Z,, and the 7, are defined completely in terms
of data for U(2),.

Finally, we give the following restatement of Ichino’s triple product for-
mula. Note that since 73 is assumed to be dihedral with respect to E//F, we have

BC(73) = 7(x1, X2), the principal series representation on G Ly(Ag).

Corollary 4.7. Let f; € 7; and f; € 7; be as above. Then

2 _ CF(Q)ZLE(]_/Q, BC(Tl) |Z| BC(TQ) & Xl)LF(]-yXE/F)S HI
2110, |X(m)|Lr(1, 71, Ad)Lp(1, 72, Ad)Lp(1, 73, Ad) 11

/[G (R

v

Proof. First we show that

/ (fif2f3)(9)dg = 2/ (fisi foss fam,) (D)db.
[Go]

PBX (F)F\PB* (Ap)+

Since the product of the central characters of the 7; is trivial, we see that fifsf3

is really a function on Go(F')Zg,(Ar)\Ga2(Ar). So we have

/ (fufafs)(9)dg = Vol([Ze)) / (1 fof)(9)dg.
[G2]

G2(F)Zgy (AF)\G2(AF)
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Here, Vol(Zg,) is computed with respect to the Tamagawa measure on Zg,.
Note there is a natural identification of the spaces Go(F)Zq,(Ar)\G2(Ar) and
PB*(F)"\PB*(Ap)*. This gives

(f1.f213)(g)dg :/ (fi1 fo5 f3.) (b)db.

/G2(F)ZGQ(AF)\G2(AF) PBX(F)T\PB*(AF)

Since Vol([Zg,]) = 2, this proves the claim.
Finally, by invoking Propositions A.1, A.2, A.3, and Corollary A.5 in the
appendix, the proof is complete. O



5 The ©-Correspondence for
Unitary Groups

While the first case (n = 1) of Conjecture 1.3 follows rather easily from
Waldspurger’s theorem, a proof of the conjecture for n = 2 will require significantly
more work. In fact, we will only be able to prove the conjecture for a restricted
class of representations.

In this section, we will first introduce the Weil Representation and ©-
correspondence. Given two unitary groups U(V') and U(W) and a cuspidal auto-
morphic representation 7w of U(V')(Ap), the ©-correspondence constructs for us a
cuspidal automorphic representation of U(W)(Ap).

The O-correspondence is useful for us because it relates the period integral
we wish to compute to a more familiar integral: Ichino’s triple product integral.

The relevant cartoon is the following seesaw diagram:

UVieVa) U(W) xU(Ww)

UVi) x U(V2) uw)

Here, the vertical bars denote containment, and the oblique bars denote members

of a so-called dual reductive pair in Sp((V1 @ Vo) @ W), which we define presently:

Definition 5.1. Let G, H C Sp(W) be subgroups. Then (G, H) is called a dual

reductive pair if

o G is the centralizer of H in Sp(W), and vice versa.

64
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o The actions of G and H on W are completely reducible.

Let mw, my,, Ty, be cuspidal automorphic representations of U(W), U (V})
and U(V3). Then the ©-correspondence gives us representations O (my ) of U(V; &
V3) and O(my,) ® O(my,) of UMW) x U(W).

Seesaw duality tells us that integrating a cusp form 6( fy) € O(my ) against
a pair of cusp forms fy, and fy, is the same as integrating 0( fy,) and ( fy,) against
fw. The first integral described is essentially our period integral, while the second
is the triple-product integral. This can be succinctly described by the following

commutative diagram:

Wy @ Ty @ Ty, @ Ty —— O(my,) @ O(my,) @ T (5.1)
E E
Ty, @ Ty, @ O(my ) —= C

Here, 7 and 7’ denote © lifts, P is our global period integral, and Z is the triple
product integral.

Recall that the Refined Gross-Prasad Conjecture relates P to [], P,, the
product of integrals of local matrix coefficients. We know from various multiplicity-

one results that:
T 07,
T ~ ®,7]
T = Ty

v

Q

where &~ denotes equality up to a constant of proportionality. If we can compute
the exact constants of proportionality, then this and diagram 5.1 will provide us
with the constant of proportionality between P and [], P..

So how do we find these constants of proportionality? For 7 and 77, we
need several incarnations of the Rallis inner-product formula. For two of these
Rallis inner-product formulae, we simply invoke results of Michael Harris. For the
other, we will give a proof, which follows from Victor Tan’s regularized Siegel-Weil

Formula. For Z, we use Ichino’s work on the triple product integral.
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The first part of this chapter will be spent introducing both the local and
global theta correspondences. For the local correspondence, we refer the reader to
[12] and [14]. However, before discussing the ©-correspondence, we’ll give a brief

overview of the Weil Representation, both globally and locally.

5.1 The Weil Representation for Unitary GGroups

As before, E/F is a quadratic extension of number fields. Let V be a
hermitian space over F of dimension m, and W a skew-hermitian space over E of
dimension n.

For brevity, we will treat the global and local Weil representation simul-
taneously. For an algebraic group G, where the same statements can be made

globally and locally, and if there is no risk of confusion, we will not make reference

to both G(F,) and G(Ap), but only to G.
We denote

G = U(V)
H = UW)
viewed as algebraic groups over F'. We also consider the space
W= Resg/pV @ W
along with a complete polarization
W=XaY.

Denote by (-, -)y and (-, )y the hermitian and skew-hermitian forms for V'

and W respectively. We equip W with the following symplectic form:

(s hw = trgye (v @ () -
So, we consider the associated isometry group Sp(W), along with the metaplectic

cover %(W) We have the following short exact sequence:

1 — C* — Sp(W) — Sp(W) — 1.
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Now, after fixing a an additive character ¢ : Ap/F — C* (globally) or
Y F, — C* (locally), we have a Schrodinger model of the Weil Representation
of Sp(W) on S(X), where S denotes the space of Schwartz-Bruhat functions.

A priori, we have embeddings

w1 G = Sp(W) (5.2)
w: H — Sp(W) (5.3)

which induces a map
lw,v - Gx H— Sp(W)

Remark 5.2. While the maps tw and vy are embeddings, the induced map vy

15 never an embedding.

In order to obtain a splitting homomorphism G x H — Sp(W)(Ag), we
need a pair of characters (yy,yw) of AL /E* (or E, in the local case) such that

o m
”YV’A; or FX = XE/F

o n
'YW’A; or FX = XE/F

where, as usual, the character xp/p is the quadratic character of Ay /F* or F,
associated to E/F by class field theory. These characters give us splitting homor-

morphisms

R G %(W)
oyt H — %(W)

which then induces
With this splitting map, we can compose with wy to get a Weil represen-

tation of G x H realized on S(X):

wW,’YW»V/YVﬂZ’ = ww ° LW77W7V77V :
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For simplicity, we shall abide by a certain convention when choosing split-

ting characters. Globally, let 7 be a character of A%, /E* such that 7| AX = XE/F-

dim W dim V'

When choosing vy and 7y as above, we simply take vy := 7y and vy =7y

We also follow the analogous local convention.

Remark 5.3. The convention above does not lead to any real loss of generality, if

we also consider twists of the theta-lifts by characters.

5.2 The Local ©-Correspondence

For this section, we fix a place v of F' and omit it from the notation, so
that F' = F,. As usual, F is a quadratic extension of F'; in the case that v splits,
we have ' = F @ F. Let xg/r be the character associated to £/F by class field

theory. In the split case, x g/ is trivial.

5.2.1 Howe Duality

Suppose that (G,G’) is a dual reductive pair of unitary groups in some
symplectic group Sp(W). After fixing the characters v and 7 as described above,
we obtain a Weil representation (wy.,S) of G x G'. Let 7 be an irreducible
admissible representation of G. We let S(7) be the maximal quotient of S on

which G acts as a multiple of 7. Then we have:
S(m) =71 06(n)

where O(7) is a representation of G'. We simply set ©(m) = 0 if 7 does not occur

as a quotient of §. The Howe Duality Principle states:
1. O(n) is a finitely generated admissible representation of G'.

2. ©(m) has a unique proper maximal G’-invariant subspace and a unique irre-

ducible quotient 6(7).
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3. The correspondence 7 — () gives a bijection between the irreducible ad-

missible representations of G and G’ that occur as quotients of S.

The first assertion is known, due to [25] and [29]. The last two assertions are
known for v # 2, due to [36]. Furthermore, for v = 2, the second two assertions

are easily checked in the low rank examples considered here.

5.3 The Global ©-Correspondence

Globally, the ©-correspondence is realized using ©O-series. For any ¢ €

S(X(AF)), we define the theta kernel as
0(9.h.9) = D Wi aw (9, D) (@)(N):
AEX(F)

If f is some cusp form on G(Ar), we define:

0(f,¢)(h) == o 0(g,h,¢)f(g) dg (5.4)

where dg is the Tamagawa measure.

With all of this, we can define the ©-lift of a cuspidal representation of G.

Definition 5.4. Let m be a cuspidal automorphic representation of G(Ar), then
Ovwawavw(m) ={0(f,¢) : f €™ v € S(X(Ap))}
is the ©-lift of ™ with data (yw,yv, V).

Remark 5.5. The reader may balk at the definition given in line 5.4. By integrat-
ing f (instead of merely f) against the theta series, we ensure that © and O()

have the same central characters.

5.4 The Rallis Inner Product Formula

The goal of this section is to compute the constant of proportionality be-

tween 7 and [],7,. This involves several versions of the Rallis Inner Product
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Formula, which relates the Petersson inner product of two vectors to that of their
O-lifts. We will need to use three different versions of the Rallis Inner Product
formula, one for lifts from U(1) to U(2), one for lifts from U(2) to U(2), and one
for lifts from U(2) to U(3).

Before giving the Rallis Inner Product Formulae we shall need, we give a

brief discussion of the doubling method.

5.4.1 The Doubling Method

We remind the reader that V' is a hermitian space over E of dimension m,
and W is a skew-hermitian space of dimension n. We will also consider the space
V~, which is the same space as V', but with hermitian form —(-,-)y. We note that
uwv)y=u-).

The seesaw diagram relevant to this discussion is the following:

UV ev) U(W) x U(W) (5.5)
UV) x UV™) UWw)A

which we shall call the doubling seesaw. U(W)? simply denotes the diagonally
embedded copy of U(W) in U(W) x U(W). We shall also occasionally use the
shorthand G:=U(V)=U(V"),H :=U(W) and G°*:=U(V @ V).

The dual reductive pairs above live inside %(QW), where

QW :=Wop W™

and W™ .=V~ W.

In order to have a Weil representation, we will have to fix splitting char-
acters for each of the dual reductive pairs in the doubling seesaw. After choosing
splitting characters for one of the diagonal segments above, the splitting characters

will be fixed for the other diagonal segment. We shall choose splitting characters

for the dual reductive pair (U(V) x U(V ™), U(W) x U(W)).
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Note that this pair can be viewed as two dual reductive pairs: (U(V),U(W))
in %(W) and (U(V™),U(W)) in Sp(W-). Suppose that we choose splitting char-
acters (yw,yv) for (U(V),U(W)) and (yw,7,) for (U(V™),U(W)). With these
choices made, we are forced to take (v ,vv{,) as our splitting characters for the
dual reductive pair (U(V @& V"), U(W)A2).2

Suppose that 7 and 7’ are cuspidal, irreducible, automorphic representa-
tions of U(V) and U(V ™), respectively. Let f € m and f’ € #’. With the splitting
data (yw,vv), (Yw,7{,) and the additive character ¢, and Schwartz functions ¢
and ¢', we can consider the ©-lifts 0(f, ») and 0(f’, ¢’), which are both cusp forms
on U(W).

The Rallis Inner Product Formula computes the following ratio:

(O(f,),0(f",¢))
(f. )

where the pairings are the respective Petersson inner products, which are defined

using the respective Tamagawa measures. However, the RHS of the Rallis Inner
Product Formula will contain division by [[ (fs, fi),- Since we make the as-
sumption that the global and local inner products are chosen compatibly, for our
purposes the Rallis Inner Product Formula simply computes (6(f, @), 0(f,¢)) in
terms of an L-value.

Note that unless 0(f, ) is in the contragredient of ©(m), the Petersson
pairing (8(f, ¢),0(f’,¢)) will vanish. So, we see that = and 7#’ cannot be chosen
independently.

What then, is the required relationship between 7w and 7’ to ensure the

non-triviality of the inner product? We note that

0(f7 90) < @V7W77W,7v7¢<7r)
e(flugpl) S ®V*,W,fyw,'y§/,w(ﬂj)-

We have the following technical result:

! This choice is ‘forced’ in the sense that seesaw duality does not hold otherwise.
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Lemma 5.6.

Ov- Wty (') = (Wvoivodetyw)) - Ovwamw v (W © tua) o dety-)) - )

where iy (1) 18 the inverse of the isomorphism i[}h) . EX/F* S U(1) C E* given

e

by e — =, where T is the generator of Gal(E/F).

Proof. We begin by considering the Weil representation wy - w.,, i 4 s a repre-
sentation of U(V) x U(W). (A priori, it is a representation of U(V ™) x U(W). We
are identifying U(V') with U(V ™) via the identity map on GL(V).) We note that

/
~ Tv
wv_:Wv"YW:’%/ﬂp = WV_,VV,'YW,’Y‘/,Z/J ® <1U( ) & ,Y_V © ?/U(l o detU(W >

I

,Y/
WV, Wyw vy =1 X ( & ’y_ o] ZU(I o detU W))
|4

I

Wy Wt ot -1 @ (v © iu(1y o detyv—y By yy, 0 ipay o detywy)

> W @ (7W o iy(1) © dety(y-) Xy o iu(ny © detywy).
There is a surjection
Wy Wow o = T Oy 0 ()
and therefore, from the series of isomorphisms above, we have
VW v — (Y ctuyodety ) mB((ywy) ~ eivayodetywy ) Ov- wi ()

which immediately gives

WV, Wyw v, (7%Vin(1) OdetU(V*)) ' (”YV’Y(/Oan) OdetU(W)) '@vaw,qu'vw(ﬂ')-

The surjection above tells us that

(W ©du) © detuw)) - Ov—waw () = Oviwy 4y (Vi © tur) © dety -y )

and therefore

Ov- Wow (™) = (v oivmodetyw)) - Oviwaw v (Vi © fva) © dety-y) - 7).
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Now, if e € U(1) C E*, we observe that i[}zl)(e) = €%, so that vy (e) =
Yw (ivay(€?)) = vy (ivay(e)). This means that

G)V—,W,WW,w{,,w(W/) = (’YV%/OZ'U(l) OdetU(W))'@V,W,WW,WV,¢((7W|U(1) © detU(v—)) 'F)~

So if we take

7 = (ywodety-)) T

then

0(f',¢') € (w o ivq) o detuw)) - Ovw v (T)-

Therefore, the integral
o PO B - (34 oy o det)
H

is the Petersson inner product of two vectors in Oy, ., 4.0 (7). Seesaw duality is

the statement that this integral is equal to

/[ ] f(91)f'(92)0pse ((7vy,) © vy © detywy) (g1, 92)dg1dgs (5.6)
GxG

where
Do (W) @ iuqy © detuw)) € Ovav- waw (W © Gy © detu))-

Since f' € 7' = (ywluq) - dety-)) - 7V, we can take f' = (ywlvq) - detp-)) - f2
for some f, € m. (For consistency of notation, f; := f.)

Now, the ©-lift in the integral in line 5.6 can actually be identified with
a certain Eisenstein series E(®g, g). More specifically, the integral above can be

identified with

/[G o f1(g1) f2(92) E(@s, (g1, 92)) vy (detyv-y g2)dgrdgs (5.7)

where ®, is a member of the degenerate principal series Indi?&? )(ny o det) -

| det |*, with P the Siegel parabolic that preserves the diagonal V2 C V@V, the
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determinants are taken with respect to GL(V%) (which is isomorphic to the Levi
of P), and

E((D&g) = Z q)s('rg)

2€P(F)\G®(F)

for g € G°.

Definition 5.7. The Piatetski-Shapiro-Rallis zeta integral is defined as

Z(s, f1, f2, s, yw) = /[G G fl(gl)fz(gz)E(‘I’s,L(91,92));7§V1(d€tU(v—)92)d91d92'
X

We remark that the integral in line 5.7 is equal to Z(s, fi, fa, ®s, Yiw).

It is important to note that invoking seesaw duality requires one to deal
with convergence of the relevant integrals. Unfortunately, these integrals do not
always converge. Certain regularization methods are sometimes required to relate
the Petersson inner product of the ©-lifts to the zeta integral. However, once this
relationship between the Petersson inner product and zeta integral are established,
there is a very nice result which relates Z to an L-function. Before giving this
result, we need a bit more discussion.

Recall that m := dimg V and n := dimg W. Set

m—1

A (8, 7w) 1= H L(2s +m =7, Xp)p)-
r=0

We assume that &, = ®,P;, and f; = ®, fi,. We take S to be a sufficiently large
finite set of places of F' such that for all v ¢ S, all relevant data is unramified,
and the local vectors f;, are normalized spherical vectors, with the additional
property that (f1., fou)m, = 1.2 Let the d,,, be the local factors of d,,. We have

the following factorization of the zeta-integral (see [12] as well as [13]):

Theorem 5.8. For Re(s) >> 0,

Z(Sa f17 f27 (I)sv P)/W) - H ZU(S7 fl,m fQ,va (DS,TM P)/W,v)

2We remind the reader that the local pairings (-, )., are chosen so that the product over all
places v gives the Petersson inner product (-, ) .
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where

Zo(8, frus fow, Pswy Yww) 1= /( : (I)S,v((gvv1))<7Tv(gv)f1,vaf27v>ﬂv(7ﬁ/}vdetgv)dgv-
U(V)v

We note that the integral defining the Z, in the theorem above only con-
verges for Re(s) sufficiently large. The definition of the Z, is extended to all of C
by meromorphic continuation.

Now, if we set Zg := [],cg Zv, then we have the following so-called ‘basic

identity’ (again, see [12] and [13]):
Theorem 5.9 (Basic Identity). For fi, fo € 7, we have:

Z(Svfla f27q)577W> = [dm(svf}/W)]ilZS(S: f17f27 @S,Vw) ’ LS(S + 1/277T ® 7W>

5.4.2 Lifting from U(1) to U(2)

Here, dimV = 1 and dim W = 2. In this case, 7 is just a character, which
we will denote by p. In this section, we will not only consider Oy .y, v 0 (1), but

also its transfer to GU(2), a la Theorem 3.1. Denote this by ©(u). We remind

the reader that vy = 7? and 4y, = ~y for some Hecke character v of A}, extending
XE/F, P€r our convention.
The first incarnation of the Rallis Inner Product Formula that we will need

is as follows:

Theorem 5.10 (RIPF for ©-lifts from U(1) to U(2)). Suppose that f; = @y fin, pi =
RpPin, Ps = @y Psy, and that ® is a holomorphic section given by [6(v1, p2)] in
the notation of [27], page 182. Then:

2
<6(f17 901)7 9(.]?27 902)>®(/1) = |X(6<l[]))‘ LE(L ‘BCZ(QI;) 2 1 ) H Z£<1/27 fl,va f2,v7 (I)l/Q,v; ’73)
where
7t (r,(2)

©T Le,(LBO(w) ©q3)
and X (O(p)) is the set of automorphic characters w of GU(2)(Ar)/U(2)(Ar) such

—_—~ e~

that O(f1) ® w = O(f1).
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Proof. First, we remark that the presence of complex conjugation bars over the f;
is due to our normalization of the theta-correspondence. In line 6.4.8 on page 710
of [11], Harris has the following:

——— ——— (1 BC(u

(OF1,01),0(f2, ) 5075 = D 2.0/2 oo fo i) (59

go U
Using Remark 4.20 of [18], we have
_ _ 1,BC(u
<9(f1a901)79(f27902)>@(ﬁ) = |X(@(ﬂ))| ’ (<F< HZ 1/2 f1v7f2v><pl/2'u)

Now, this appears different from the claimed result for a simple (albeit sub-
tle) reason: Harris has used a particular normalization of the theta correspondence
that is slightly different from ours. When choosing a pair of splitting characters
(7, yw ), he chooses vy to be the trivial character. However, there is no real loss
of generality here, since we can merely replace p with ¢ ® v|ya) and then follow
Harris’ conventions.

]

5.4.3 Lifting from U(2) to U(2)

Here, dimW = dimV = 2. With a sufficiently large set of places S,
and the same assumptions made for v ¢ S as in the previous section, the Rallis
Inner Product Formula is stated in line 1.3.5 of [15]. Once again, the presence of
complex conjugation bars in the result below is due to our normalization of the

theta-correspondence.

Theorem 5.11 (RIPF for lifts from U(2) to U(2)). Suppose that f; = @, fi, i =
RpPin, Ps = @y Psy, and that ® is a holomorphic section given by [6(v1, p2)] in
the notation of [27], page 182. Then we have

(O(f1, 1), 0(f2, p2))om) = LEL(;(/l2 )(BYE?E)CF

HZﬁ 0 f1v7f2v7q)0v77v)

where

7. Lr(Lixe,/r )G (2)
v - Lg,(1/2,7, ® 2) v
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5.4.4 Lifting from U(2) to U(3)

We have dimg V' = 2 and dimg W = 3. If W is anisotropic, then [H] is
compact, and the Rallis Inner Product Formula we need follows from a Siegel-Weil
Formula (Theorem 1.1 in [19]). However, if W is not anisotropic (so that H(Ap) is
quasi-split), the theta integral in the Siegel-Weil formula does not converge. In this
case, the Rallis Inner Product Formula follows from Tan’s Regularized Siegel-Weil
formula. What follows is a brief summary of [32]. We encourage the interested
reader to consult Tan’s paper for further details.

We again have occasion to consider the following degenerate principal series

representation of G°(Ap):
G (A s
I(s,7) = a0 47| |1, o det
where we remind that reader that P is the parabolic preserving the diagonal
VA i={(v,v):veV}cVaV .
Given @ € I(s,7), we define the Siegel-Eisenstein series
E(g, )= > Di(eg).
ceP(F)\G°(F)
There is a maximal compact subgroup K C G°(Ar) such that we have the
decomposition:
G°(Ar) = P(Ap)K.
We call &, a standard section if its restriction to K is independent of s. For a
standard section @, the Siegel-Eisenstein series £(g, ®5) converges for Re(s) > 1,
and has a meromorphic continuation to C. Furthermore, for each s € C where it
is holomorphic, £(g, ®5) is an automorphic form on G°(Ar). We take @, to be a
standard section in the sequel.

The Eisenstein series £(g, @) has at worst a simple pole at s = 1/2. So we

write its Laurent expansion as:

A—l(gv (I))

E(g, @) = s—1/2
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Before defining the theta integral, we remind the reader of the setup for the Weil

representation. We have
W .= RGSE/F 2V RE 74

where we remind the reader that 2V .=V & V. We set
VVi={(v,~v):veV}icVaV .

Having fixed the characters 1) and v, we have a Schrodinger model of the Weil
representation of G°(Ar) x H(Ar) realized on S((VV @ W)(Ar)).

Now, if we fix polarizations
V = Xtevy"
Ve = XTpY™
and denote

X = Xt X~
Y = YTy~

then we obtain another polarization of W. We have:
2V=XY

and therefore
W=(XW)a (Y @W).

We denote
X = XW
Xt = XTeW
XT = X" W

There is a U(V)(Ar) x U(V™)(Ap)-intertwining map

o: S(XT(Ar)) @ S(X™(AF)) = S(X(AF)) = S(VY @ W)(Ar))
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where the first map is the obvious one, and the second map is given by a Fourier
transform.

We now define the theta integral as follows:

I(g,¢) = /[ ]Q(g,h, ©)y %(det h) dh
H

where o € S(VVY @ W)(Ar)),g € G°(Ar), and dh is the Tamagawa measure on
H(AR).
For g € G°(Af), we have g = pk, with p € P(Ap), and k € K. With

*

a
the right choice of basis, we have p = ( . ) for some a € GLy(Ag). Write
0

la(g)| := |detal|a,. If W is anisotropic, and P is chosen such that ®4(g) =
la(g) [P~ 2wy - (9)p(0), then £(g, ®,) is holomorphic at s = 1/2, and the theta
integral defined above converges. Indeed, Theorem 1.1 of [19] says that

E(g, P12) = I(g, ).

However, as mentioned above, if H(Ar) is quasi-split (i.e. W is not anisotropic),
the theta integral does not necessarily converge. We'll have to ‘regularize’ it so
that we can think of it as a meromorphic function of a complex variable. The
Regularized Siegel-Weil Formula relates the Laurent expansions of this yet-to-be-
defined regularized theta integral and the Siegel Eisenstein series.

Let v be an odd place of F' such that all relevant data is unramified. Tan
finds a Hecke operator z in the Hecke algebra of GY, that is used in the definition
of the regularized theta integral.

We also need an auxiliary Eisenstein series. Let By be a Borel subgroup
of H. Then we have

By = MyNyg

where My is the Levi component of By, and Ny is the unipotent radical. We
know that My (Ap) = A% x A" For s € C, let u, be the character of My (Ap)
defined by ps(x,u) := [[z[|3,. We extend s to all of By by triviality on Ny. We
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consider the induced representation
[ (s) := Ind}  ps.

Let Ky C H by a maximal compact subgroup such that H = By Ky. Let @f“x €
I%%(s) be the normalized Kpy-fixed vector (i.e. ®4(k) = 1 for all k € Kp).
Then the auxiliary Eisenstein series we need is defined by

E(h, @)= Y ®M(ch).
e€eBy(F)\H(F)

It is known that E(h, ®®) converges for Re(s) sufficiently large, and has mero-
morphic continuation to all of C. Furthermore, E(h, ®2%*) has a simple pole at

s = 1 which is independent of h; we denote this residue by
K= R_els E(h, v,

We now define a new theta integral which incorporates both the auxiliary Eisen-

stein series and Hecke operator:
1(g, 5,00 (2)¢) = /[ 00, (DR ED, 007 et h)
H
With all of this in place, we can define the regularized theta integral. The only

modification from the theta integral above is that we multiply by an appropriate

factor to cancel the effect of the Hecke operator.
Definition 5.12. For g € G°(Ar),s € C, and p € S(VV @ W)(Ar)), the regu-
larized theta integral is given by

1(g, s,wy (2)p)
P.(s)

1
7 =—
(9,5, ¢) -
where
P.(s):=qy + 45" —qr — qp

The observant reader will notice that this definition differs by a constant from the

definition given by Tan in [32)].



81

The regularized integral Z(g, s, ¢) has a double pole at s = 1; so we write

the Laurent expansion as

I(g,S,QO) _ BL;Q(Q,SO) + B—l(gﬂp)

B
e 1t Blg, ) +

where the B;(g, ¢) are automorphic forms on G°(Ap).
In order to prove the version of the Rallis Inner Product Formula that we’ll
use later, we need a result of Tan which relates the second terms in the Laurent

expansions of Z(g, s, ¢) and &(g, y).

Theorem 5.13 (Second term identity). Suppose that ®4(k) = (w(k))(0) for all
ke K Then

Ao(g,®) = B_1(9, ) + ¥(g)

where U is an automorphic form on G°(Ap) which satisfies

/ J1(g1) f2(92)¥(e(g1, 92))dgrdgs = O
[GXx@G]

for cusp forms f; on G(AF).

Proof. This follows from Theorem 1.2 and Proposition 5.1.1 in [32], as well as
Lemma 4.9 in [33]. Note that our renormalization in the definition of the regular-

ized theta integral eliminates the need for the constant ¢ found in [32]. ]

Remark 5.14. Instead of using the Tamagawa measure on H to define the theta
integral (and regularized theta integral), Tan uses the measure which gives [H]
volume 1. However, he also takes c = % Since the Tamagawa measure gives [H|
volume 2, and we have renormalized the reqularized theta integral by %, the theorem

above is correct.
We are now equipped to state and prove the Rallis Inner Product Formula.

Theorem 5.15 (Rallis Inner Product Formula). Let m be an irreducible, cuspi-
dal, automorphic representation of G(Ap). Let fi,fo € m. Let o1 € S(XT(Ap))
and oy € S(XT(Ap)). Let 0(f1, 1) and 0(f2,p2) be the theta-lifts of fi and fs
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to H(Af), and suppose these lifts are cuspidal. (Once again, we have included
complex conjugation here to compensate for our different normalization of the
theta correspondence.) Set ¢ = o(p1 ®@ P2), and let &5 € I(s,7) be such that
O (k) = (w(k)p)(0) for all k € K. Then the following equality holds:

_ _ C 3
<9(f17 ()01)7 9(f27 @2))@(7?) = LCi‘((127)§F(<37T)X(j/Z>) H 25(1/27 fl,m f2,v7 q)l/Q,’ua 73)

where
Zti i (Fv(2)LFU(37XEv/FU)
V" Lg,(1,BC(m,) ®@43)" "

Proof. We begin with the argument in the case that W is not anisotropic. In this

case we require the regularized Siegel-Weil formula.

We have the following equalities from the definitions of I and Z given above:

s=1

() = Res /[ F1 (90T (g) T (191, 92), 5, ©)dgrdgs

GxG]
1 _
- I dg,d
ﬁPZ(s)E{fls/[GxG} f1(91) f2(92)1(g, 5, wp 4 (2)p)dg1dgs

1 _
— an(s)Ps{els/[GxG} fl(gl)f2<92)/[H}Q(L(gl,gz)’h,wwﬂ(z)gp)
(h, ®A4=)y~2(det h)dhdg,dgs.

X
S|

By Corollary 2.3.2 in [32], 8(¢(91, 92), h, wy ~(2)p) is rapidly decreasing on [H], and

we may change the order of integration, so that we have
1 N
(*> HPZ(S) ]::9{2618 /H] /GXG] fl(gl)f2(92) (l’<gla 92)7 7w1/1,fy(2)§0)
x E(h, ®2*)~=2(det h) dg,dgydh.

Now, there is a Hecke operator z’ in H, (for some place v of F') corresponding to z

such that wy -(z) and wy ,(2") have the same action on ¢. (See section 2.2 of [32]

for details.) So we have

1 /
() = HPZ(S)E{eIS/[H] /[ch] J1(91) f2(92)0(e(91, g2), b, wy (2 )
X E(h, ®24%)~r~2(det h) dgydgadh.
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We have

0091, 92), b wyy(2)0) = / L (h)0((g1, 92), hho, @),

v

By plugging this in to the previous equation for (x) and making a change of

variables, we have

() =

/ / 1(91) f2(92)0(e(g1, 92), h, )y *(det h)
[H] J[GxG]
></ 2 (hy)E(hh; Y, @4 )y (det hy )dh, dgidgodh.

But since

/ 2 (hy)E(hhy ', @2“)y%(det hy)dh, = P.(s)E(h, ®2%7)

v

(see the top of page 351 of [32]) we have

(%) = —RGS/H] /GXG] (91)2(92)0(e(g1, g2), b, ) E(h, D1 )y~ (det h)dgydgadh.

K s=1

Now we use a Poisson summation formula

0(u(g1. 92). s 2) = (g1, 1 01)0(g2. h P2y 2(det 1)
to obtain
() = “Res [ 0(fs, 01) (1)0(Tar p) () E(h, &)

fos=t Jim)
Then, since k := R_els E(h, ®%4®) we see that
(%) = <9(f17901),9(f27s02)>9(7r)-

Now, returning to the definition of (), we see that

() = / £1(9) F2(@2) Bor (191 92). ©)dgndgs
[GXxG]

and by Theorem 5.13 we have
6 = [ A A 9. B)doidse
[GxG]

- / £1(90)Talg2) ¥ (91, 92) s g
[Gx@]

- / £1(9)Ta(92) Ao (1(91, 92). ®)dgrdgs.
[ex3e]
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Finally, Lemma 4.7 and line 4.8 of [33] gives that the integral above is just

Z(1/2, f1, fo; @1/2,7?). Therefore, after applying the basic identity, we are done.
If W is anisotropic (so that [H] is compact), then the proof is much simpler;

there is no need to regularize the Siegel-Weil formula in this case. The result follows

from Theorem 1.1 of [19]. O



6 A local seesaw identity

Everything in this chapter is local in nature, though we omit v from the
notation. Whenever we refer to a group in this chapter, we really mean the F,
points of the underlying algebraic group.

The purpose of this chapter is to provide an identity between the local
integrals P, considered in Conjecture 1.3 and the J, from Ichino’s triple product

formula. The seesaw diagram which motivates the identity is:

UV @ L) U(W) x U(W)
U(V) x U(?< U(W)

Here, V' is a two-dimensional hermitian space, W is two-dimensional skew-hermitian
spaces, and L is a one-dimensional hermitian space.

We fix representations for the groups on the ‘bottom row’ of the seesaw.
That is, let 7, p, and o be irreducible, cuspidal representations of U(V'),U(L), and
U(W), respectively. After fixing the appropriate splitting characters (which we
suppress, for now), we also consider the Weil representation w of U(V & L) x U(W).

Let B, B,,, B, and B, be pairings for the relevant representation. Inspired
by the analogous global seesaw duality property, one hopes to consider matrix

coefficients for o, 7, u, and w. Then, by showing that the integral

Br(w(g) fr, Jx)Bu(1i(€) fus fu)Bo (o (R) fo, f5)
B.(w((g,O)h) fo, fo) dgdldh

/U(V)XU(L)XU(W)

85
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converges absolutely, once can use Fubini’s theorem to arrive at a local seesaw
identity. On one side of this hypothetical local seesaw identity would be an integral
of matrix coefficients for ©(c), 7, and u, and on the other would be an integral
of matrix coefficients for o, O(7), and ©(u). Alas, the convergence of the integral
above does not hold. However, all is not lost. By ignoring p and U(L), and

integrating only over U (V) x U(W), we obtain a convergent integral.

Proposition 6.1. Suppose that m and o are tempered. Then the integral
| Buw(9) e £ o) o f)Bulio9, ) o L)
U(V)xU(W)

converges absolutely.

Proof. First, we suppose that F is a quadratic field extension of F. We also
suppose that neither V nor W is anisotropic. We recall that we have Cartan

decompositions

where in this case we have
M} =My, 2 {xe F*:|z] <1}

Following the proof of Proposition 2.1, we see that the integral above is reduced

to the convergence of
/ pa () pra (M) B (m(ma) fr, fr) Bo(0(m2) fo, fo)Bu(w(my, ma) fu, fu)dmidms
M x M,

where

p1(m) == Vol(KymKy )/ Vol(Ky)

for m € M}, and

pa(m) == Vol(KwmKyw )/ Vol(Kyw)
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for m € My,. We know that |1 (mq)| < Aj|my| ™" and |ua(me)| < As|me| ™!, where
Aq, Ay are positive constants. Furthermore, since m and o are tempered, we know
that

B (m (1) f, fr)] < Cilma|V2(1 = log [ma )"

and
B (m(m2) £, f5)] < Calma|Y?(1 — log |ma])™

where the C; and r; are positive constants.

For any x € E*, we set
Y (z) := min(1, |z|71).

We recall that for ¢, ¢’ € S(E), there is some C' > 0 such that for any a € E* we

have

/E ¢(az)¢/ (x)dx

<C-Y(a).

21
Realizing w on S(V @ L), we write x = |z5| € V @ L with zy € L, (x1,23) € V,

3
and note that {(z1,0)}, {(0,z3)} C V are isotropic lines. Then we have

T mlmQ_le
w(my,ma)® | |z | | = v(mi)|ma 2?0 myTe
T3 mimaxs

So, we see that there is a positive constant C' such that for all m; € M, and

my € My, we have
|B.,(w(my, m2)) fu, fol < Clma[P2Y (mymz ") Y (my) Y (m 7).

Note that for |m4|, |ms| < 1, we have Y(my) = YT (mimz) = 1.

So, we are reduced to checking the convergence of

/ |ma] - |m2|_1/2 . T(mlmgl)(l —log |mq|)™ (1 — log |ma|)"2d*myd™ ms.
|m1l,lmea|<1
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When |my| > |mas|, the integrand is
[ma|"2(1 = log [ma )" (1 — log [m])™

which is bounded above by, say

[ /4 /4(1 — log [ma )7 (1 — log |ma|)™.
When |my| < |mas|, the integrand is

[ - [ma|~2(1 = log [ma )" (1 — log [ma])™
which is also bounded above by

fma[4ma /(1 — log [ (1~ log [mal)™
The convergence of

/ ]m1|1/4]m2|1/4(1 — log |mq|)™ (1 — log |ma|)"2d* myd™* ms.
[mal,|m2|<1

follows from Lemma 2.2.
Now we suppose that W is anisotropic, but V' is not. In that case, we need

only check the convergence of

/ |m1|(1 — log |mq])*d™my,
Im1]<1

which follows from Lemma 2.2.
If V' is anisotropic, but W is not, then we are reduced to checking the

convergence of
/ ma| 72(1 — log [ma| ) d*ms,
Ima|<1

which also follows from Lemma 2.2.

If both V' and W are anisotropic, then there is nothing to check.

We now assume that £ = F' x F. In this case, we recall that both U(V)
and U(W) are isomorphic to GLo(F'). With the right choice of bases, we have

My 22 My, =2 {diag(z,y) : |2] < [y[}.
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The proof in this case requires us to check many cases. Before we can make use of
Lemma 2.2, we note that because both m and ¢ are tempered, we have constants

A, A" > 0 such that
Bo(m(9) fr: fr)] < A-lga|?ga| 12

Bo(o(h)fo fo)l < A [ha] /]| /2

h
where g = <g1 ) € M;" and h = ( ' , ) € M. Recall that
92 2

pi(g) = Vol(KvgKy)/ Vol(Ky)

and that we have constants B, B’ > 0 such that

IN

11 (g))| B 1|72l
lua(h)| < B+ |h| " hel.

Realizing w on S(My3(F)), we have

w(g, h)o ([xl 2 ) — det(g) "%/ det(h)¢ ([gflhlml 91 w2 gflhm’]).

—1 —1 —1
Ty Ts g 9o hiry gy x5 Gy hows

So, combining the various bounds mentioned above, we see that the integral

whose convergence we must check is

/ 1911721 gal T P [P Ra P2 (1 = log |gil)"(1 =)~ log | hal)*
l911<]g2|,|R1|<]h2]
T(higy )Y (hagy )Y (hogy )Y (hagy )Y (97 )T (g5 ")
nglngnghldth

where r,s > (0. We will cut the region of integration into thirty regions, and verify

the convergence of the integral in each of these regions.

1. 1 < |g1] < 92| < |h1] < |he|. In this region, the integrand is bounded by

91174 gal T4 R |7 g AL = Y og lgal)" (1 =) log [hal)”.



10.

g1l <1< go| < |hy| < |heol|. In this region, the integrand 1s bounded by
<1< < |hy| < |he|. In thi i he i d is bounded b
gl lgal =4 |7 4 ha| 21 = log lgil)T(1 = log [hal).
g1l < 1g2] <1 < hy| < |hol. In this region, the integrand 1s bounded by
< <1< |hy| < |hs|. In thi i he i d is bounded b
(911192 1 a |22 ha 72(1 = Tlog [gal)"(1 =) log | hs])*.
g1 < 1g2] < |h| £ 1 < |hgl. In this region, the integrand 1s bounded by
< < |hy] €1 < |hy|. In thi i he i d is bounded b
(g l1gl /a4 R T2 (1 =) Tlog |gil)" (1 =) log |hi])*.
g1 < 1g2] < |h1| < |ho| < 1. In this region, the integrand 1s bounded by
< < |h1| < |ho| < 1. In thi i he i d is bounded b
g1 |gal 4|4 B A (1 =) Tlog|gil)" (1 =) log [h])*.
1 < |g1| < |h1| < |ga| < |h2|. In this region, the integrand is bounded by
91|~ gl T R T R T = Clog |gal) (1 =) log [hal)’.
lg1] <1 < |h1] < |g2| < |hso|. In this region, the integrand is bounded by
g1l lg2l =4 |72 a7V = log lgil)T(1 = log [hal).
lg1] < |h1| <1 < |ga| < |hso|. In this region, the integrand is bounded by
914 gal A |4 a1 = Clog |gil) (1= " log [hal).
lg1] < |h1| < g2] <1 < |hsl|. In this region, the integrand is bounded by
914 |gal [ha] /B T2 (1 =) "log |gil)" (1 =) log |hi])*.
lg1] < |h1| < g2] < |he| < 1. In this region, the integrand is bounded by

91141 ga a4 o] V4 (L =Y " loggal)" (1 =) log |hil)*.

90



11.

12.

13.

14.

15.

16.

17.

18.

19.

1 < |g1| < |h1| < |ha| < |g2|- In this region, the integrand is bounded by
191142l 74 |74 o V(L =Y loglgil)"(1 = ) log [hl)*.
lg1] <1 < |h1] < |ha| < |go|- In this region, the integrand is bounded by
(911192l 41 ha] 72 o | AL =Y og [gal)"(1 = ) log [hal)”.
lg1] < |h1| <1 < |hg| < |go|. In this region, the integrand is bounded by
(11" 1gal M4 R[4 ha | VAL =Y " log lgi)T(1 = ) log [hu])*.
lg1] < |h1| < |ha] <1 <|go|. In this region, the integrand is bounded by
9111 gal M R Y4 Ra V2 (1 = ) " log lgi)T(1 = ) log [hi])*.
lg1] < |h1| < |ha] < |go| < 1. In this region, the integrand is bounded by
(911 lga 4 R[4 B[ VA (L = Y " log lgi)T(1 = ) log [hi])*.
1 < |h| < g1| < |ho| < |g2|- In this region, the integrand is bounded by
19114 g2l 74 |74 o V(L =Y log|gil)"(1 = ) log |hl)*.
|h1] <1< |g1] < |h2| < |go|- In this region, the integrand is bounded by
1] gal ™4 R 2 ha AL =) log i) (1 =) log [hl)*.
|h1] < |g1] <1 < |ha| < |go|. In this region, the integrand is bounded by
11" |gal M4 R[4 ha | V(L = Y " log lgi)T(1 = ) log [hu])*.
|h1] < |g1| < |ha] <1 <|go|. In this region, the integrand is bounded by

9114 g2] MR ho|2(1 = ) " log gil)"(1 = Y log [hul)*.
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20.

21.

22.

23.

24.

25.

26.

27.

28.

|h1] < |g1| < |ha] < |go| < 1. In this region, the integrand is bounded by
(911 lga 4 R[4 R VA (1 = Y " log lgi)T(1 = ) log [hi])*.
1 < |h| < a1] < |ge| < |he|. In this region, the integrand is bounded by
191142l 74 |74 | V(L =Y " loglgil)"(1 = ) log [hl)*.
|h1] <1< |g1] < |g2| < |ho|. In this region, the integrand is bounded by
1] gal ™4 R 2 ha AL =) log i) (1= Y log [hl)*.
|h1] < |g1] <1 < |ga| < |hso|. In this region, the integrand is bounded by
(11" 1ga M4 R[4 ha | VAL =Y " log lgi)T(1 = ) log [Au])*.
|h1] < |g1] < |g2] <1 < |hsl|. In this region, the integrand is bounded by
(911" |gal[Ba] V4o T2 (1 =Y og lgil)"(1 = ) log [hal)”.
|h1] < |g1] < |g2] < |he| < 1. In this region, the integrand is bounded by
911 lga 4 R[4 Ra[ VA (1 = Y " log lgi)T(1 = ) log [hi])*.
1 < |h| < Jh2| < |g1] < |g2|- In this region, the integrand is bounded by
191142l 7 |74 | V(L =Y loglgil)"(1 = ) log [hl)*.
|h1] <1< |ha| < |g1] < |go|- In this region, the integrand is bounded by
117 gal T B2 ha AL =) log i) (1= Y log [hl)*.
|h1] < |he| <1 < |g1| < |go|- In this region, the integrand is bounded by

911192~ a2 R 2 (1 = ) " og |gil)"(1 = Y log [al)”.

92
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29. |h1| < |ha| < |g1] <1 < |g2|. In this region, the integrand is bounded by
9114 g2l MR ha| 2 (1 = ) log gil)"(1 = Y log [hul)*.
30. |h1| < |ho| < |g2] < |go| < 1. In this region, the integrand is bounded by

g1 g2l [ [ he | (L =Y log gil) (1 = Y log [hul)*.

By applying Lemma 2.2 in each of these cases, we see that the integral converges.

O

Having settled the issue of convergence, our local seesaw identity follows
from Fubini’s theorem. In addition to the pairings already discussed, we consider
pairings Be(s), Be(r), and Beg(,y which are ‘inherited’ from the pairings B,, By, B, B.,

and the local theta-correspondence. For 7 = u, w, 0, we have surjective maps
w— 17XO(T)

(defined up to scaling) where ©(7) is the ‘big’ theta-lift from the previous chapter.
This induces a map

0:7"®w— O(r).

Note that for the 7 considered above, we have 7V = 7 since 7 is unitary. Now, we

set

Bou (O(f1,¢1),0(f2,92)) = /U(L)Bu(u(?:)fl,fz)Bw(w(Z)sol,soz)dz

Bom) (O(f1,¢1), O(f2, p2)) = /U(V)Brr(ﬂ(gm,fz)Bw(w(g)thwz)dg

Bow)(O(f1.01).O(for 02)) = / o BT FIB k), e

where f; € pu, ™ or o, respectively, and ¢; € w.

We emphasize that the pairings above are defined on the ‘big’ theta-lifts.
In order to make use of the following theorem, some work is required to show that
these pairings descend to pairings on the ‘small theta-lifts. This will be addressed

in the following chapter.
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Theorem 6.2. Let Zy, C U(W) denote the center. Then with the pairings as

above, we have

/U , B (©(0)(5)0U 2),Ofo, 9) BT ) Tl

- /Z iy B OO, 2), O, £))Bogpy (O (MO £), O 0)

B,(c(h)fs, fr)dh.

Proof. We start with

/ B (7(9) fr: f2)Bo(0(h) fo, [6)Bu(w(g: h) fus f)dgdh.
U(V)xU(W)

By Proposition 6.1, we may view the integral above as an iterated integral. By

first integrating out the U(W) variable, we have that the above is equal to

Bo0)(0(0)(9)O(fs, ¢), O(fo, ) Br(7(g) fr, fr)dg.

uv)

Before we proceed to integrate the U(V') variable, we remind the reader
that w is a representation of U(V & L) x U(W) realized on the space of Schwartz
functions S(V @ L) =2 S(V) ® S(L). Noting this decomposition, we see that the
pairing B,, can be written as the product B, v - B, 1.

If we instead integrate out the U(V') variable, we obtain

/ 1, B OO 2), O )BT o T B0 o, i

which we rewrite as

/Z s, B OO ). Oz, )BT o)

/Z wr(2)w; ' (2)Bor(W(zh) for, fur)dz dh.

Noting that wyw;! = p~, we see that this is equal to

/Z - Box)(O(1)(R)O(frs ), ©(fr, ©))Bs (0 (h) fo, fr)

/ w(2)Bo.1(w(zh) fur, for)dz dh.

Zw
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Finally, we see that the inner integral gives the pairing Beg, on ©(u). This
completes the proof. O



7 The Refined Gross-Prasad
Conjecture for U(2) x U(3)

With everything that we’ve developed so far, we can now prove Conjec-
ture 1.3 for n = 2, provided that 7,1 = ©(7), where o is a cuspidal, irreducible
automorphic representation of U(2). (The theta-lift is ©(d) because of our nor-
malization of the theta correspondence, and the fact that the seesaw identities
we use do not involve complex conjugation.) We will employ the various Rallis
inner product formulae developed in Chapter 5, as well as Ichino’s triple product

formula from Chapter 4.

7.1 The Setup

We remind the reader of the following seesaw diagram:

UV @ L) U(W) x U(W) (7.1)
U(V) x U(?< U(W)

Here, V is a 2-dimensional hermitian space over E/F, W is a 2 dimensional
skew-hermitian space over E/F, and L is a hermitian line over E/F. Using the
theory of ©-correspondence and seesaw duality, we will relate the period integral
in Conjecture 1.3 (with n = 2) to the so-called triple product integral considered

by Ichino in [20].
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We fix the following;:

e 7 is an irreducible, cuspidal, tempered, automorphic representation of

U(V)(Ar).

e o is an irreducible, cuspidal, tempered, automorphic representation of
UW)(AF).

® 1= w,w_ ' is an automorphic character of U(L)(Af), where w, and w, are

the central characters of o and 7, respectively.
o (wy,S) is a Weil representation of S/?)(W) (Ar). (See Chapter 5 for notation.)

We also fix local pairings By, , B, , B,, such that [[, B, [, B, and [[, B, give
the respective Petersson inner products on the global representation.

After fixing splitting data (yy,yr, 7w ) as in Chapter 5, we consider O(7) :=
Ovwaw (™) on U(W)(AF), ©(0) := Owyerqyrsmwe(0) on U(VEL)(Ap), and
O1) == O L.y (1) on U(W)(Ar). We take i,y = 72 and 7z = 7, where
7 is a character of Ay /E* such that 7|A; = Xg/r. We assume that these O-lifts
are cuspidal.

By using Ichino’s triple product formula from Chapter 4, the various Rallis
Inner Product formulae from Chapter 5, the explicit local seesaw identity from
Chapter 6, and some L-function identities in the appendix, we can establish the

Refined Gross-Prasad Conjecture for n = 2 with m = 7 and 73 = ©(5):

Theorem 7.1. Let p, 7,0 and O(F) be as above. Let foz) € O(F) and fr € m be

cusp forms such that fe) = @y fe(s), and fr = @y fr,. Then

v

__ Ag,Le(1/2, BC(O(0)) W BC(r))
P(f@(ﬁ)?fﬂ) - ’Sw@(5)| i ’51[;7,’[1}7(1,@(5’),Ad)LF(1,7T,Ad) 1:[Pv<f€)(a)mf7ru).

Here, 1oy and . are the L-parameters of ©(a) and m, and Syee and Sy, are

the associated component groups.

The proof of the above will occupy the rest of this chapter.
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7.2 Proof of Theorem 7.1

The proof of Theorem 7.1 involves using both a global and local seesaw
identity, as well as all of the various Rallis Inner Product Formulae.

The first global seesaw identity that we need is
PoT/=ToT, (7.2)

where the maps are defined as follows:

7! (VRV,)@(V,RV,)@(V,RV,)2(SKS) — (V,XV,)@(V,XV,) @ (Vo RVe(s))
is the map induced by the global theta integral for ¢. Similarly,
T (VWXH_/W)®(VM®VM)®(VU&V0)®(8gS) — (V@(ﬁ)&V@(ﬁ))®(V@(m&V@(m)®(VUIEV(,)

is the map induced by the global theta integrals for 7 and p. Also, the global
period

P (V@(a) X V@(5)) (%9 (VW X Vﬂ) & (VH X Vu) — C

is defined by

p/(f@(é'% fT/@(&)? .f7r7 f/wv f/u flu) = /[U(V)XU(L)] f@(&)((glv g?))fﬂ(gl)fu(g2)dgld92

<[ T (01 920 72 (90) Fa(g2) dgadgs.
[U(V)xU(L)]

Here, we view (g1,¢92) € U(V & L) via the natural embedding U(V) x U(L) —
U(V @ L). Finally, we consider the map

T : (Vo RVom) ® (Vo B Vem) ® (Vo ®V,) — C
which is given by

I(f@(ﬁ)a ]E,@(ir)? f@(ﬂ)a fé)(ﬂ)a fo J?é—) = / f@(ﬁ') (g)f@(ﬁ) (g)fg(g)dg

[ww)]

* /[U(W)] fom (9) o (9)f2(g)dg
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and is closely related to Ichino’s triple product integral.

We follow the convention of Chapter 1 and set
P'(fo@), fr: [u) = P'(fo@), fo@): fxr frs fus Fu)-
We follow a similar convention for Z and set
Z(fom), fou): fo) = Z(fow) fow)s fow) fou): fos for)-

We note that P’ is not quite the period integral in Theorem 7.1; however,
the two are related by a constant. Indeed, if we denote by P the LHS of Theorem
7.1, then we have the following:

Lemma 7.2.

P'(fo()s fx 1) = 4 - P(foa), fx)-

Proof. We see that by the change of variables g, — ¢1g92 we have

/ foro) (91, 92)) f(01)11(g2) dgrdgs

[U(V)xU(L)]

= / fo) (9192, 92)) f=(9192) 11(g2) dgrdgo.
[U(V)xU(L)]

1

Note that ©(&) has central character wegs) = wg)(la) = w, . So, after observing

that (g2, g2) is in the center of U(V @ L) and g5 is in the center of U(V'), we have
/ f@(&)((glgm92))f7r(9192)ﬂ<92)d91d92
[U(V)xU(L)]
= / we(s) (92)wx (92)11(92) foa) vy (91) f(91)dg1dgs
[U(V)xU(L)]
= / Jo@ vy (91) f=(g1)dg1dg:
[U(V)xU(L)]
V(UL [ fowlow(o)lo)ds
W)l

=2 / fe@ v (9) fx(g9)dg.
vl
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With this, we can restate our global seesaw identity as
4-PoTy=T07T, (7.3)

where

T (Va®/V) @ (V,BV,) @ (SKS) = (Ve B V) @ (Vor) B Vew)

is the map induced by the global theta-lift of o, and

T (VaRVA) @ (Vo R/V,) @ (SKS) — (Vor B Vo) @ (Vom B Ven) ® (V, X V;)
is the map induced from 7, by fixing the argument p® g € V, ®V,. Let 7;, be
maps such that 7; = ®,7, ,.

Before proceeding, we note that ©(j) is dihedral with respect to E/F.
Indeed, we have BC(O(j1)) = n(y ' BC(j1),7), the principal series representation
of GLy(Ag). By Corollary 4.7 and line 7.3 we have

O (r(2)*Lr(1, xg/r)*
Peli = gXem X)X O] (74)

Lig(1/2, BCO(O(7)) ¥ BC(0) Ky~
Tr(LO), A Lr(1,0, Ad) La(1, O(), Ad) 1:[11; 0T,

where the Z, are defined with suitably chosen local pairings as in Chapter 4.

The next step in the argument is to use the Rallis inner product formulae
from Chapter 5 as well as the local seesaw identity from Chapter 6. However,
note that the matrix coefficients in Chapter 6 are attached to the ‘big’ theta-lifts.
Before we can make use of our local seesaw identity, we must prove a lemma which
allows us to relate local integrals of matrix coefficients of ‘big’ theta-lifts to those
for the corresponding ‘small’ theta-lifts.

Recall that in Chapter 6 we considered the following pairings Beg(z,) on the
big local theta-lifts ©(7,) for 7 = p, 7, o:

B@(‘T'v) (G(fl,va 90171))7 @(f_Qﬂn (;02,1))) = / BwU (wv (gv>§01,va 902,1))671, (TU (gv)fl,va f2,v)dgv'
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Here, G, is U(1), if 7 = p, and G, = U(2), if 7 = 7 or 7 = 0. Now, we observe
that

B TU)( (flw@lv) (f2,117902,v>>:Z’u<50’fl,vuf2,'uaq)so,v7X'u)

where so =0if 7 =7 and so =1/2if 1 =por 7 =0, sy, = 0(P10, P2.), and
Xv is the appropriate power of v,. Fix an isomorphism ©(7) = ®,0(7,). The

observation above and the Rallis inner product formulae from Chapter 5 give
<9(f17()01) (f27§02 o(r) — HBG fl vy P1 v) (f?,va(plv))- (75)

Since we are assuming that the ©(7) are cuspidal, and therefore semisimple,

we know that (0(f1, 1), 0(fo, ©2))o(r) factors as a map
TXWXTXw— O(T) x O(T)

composed with the Petersson inner product on ©(7). This, along with 7.5 above
implies that Bg(z,) descends to a pairing on the small theta-lift.
So, at each place v, we are entitled to define the following pairings on the

small theta-lifts:

2(50)(9(.]?1,1)7 @1,1})7 9(.f2,’u7 902,1))) =

Ly,(1, BC(0,) @ 73))—1
(CFU(Z)LFu(?’aXEU/Fv) /U(W)U Bwq;(wv(h)gol,v7§02v> UU(O'v( )fl'UJfQ'U)

for ¢, € w, and f;, € oy,

Bg(ﬁv)(e(fl,vu 901,1))7 8(f2,v7 Q027U>> =

Le,(1/2, BC(r.) & 73))1
(56 Youe) ) /m Baw )01, 020)Br (1a(9) fro Fa) g

for v;, € w, and f;, € T,

Bg(ﬂv)(e(fl,va 501,1))7 Q(fQ,m 902,11)) =

L, (1, BC(p) ® 73))1
( Cr(2) /U(L) Bu, (@0(9): 21,05 02.0) B, (10(9) i fo.0)d.
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for ¢;, € w, and f;, € p,. We remark that we have made normalizations so that
the parings take value 1 for unramified data.

With these in place, we set Z(f5,, foz.): foa,)) := ZF where

(CFv(Z)QLEv(l/Q, BC(o,) ¥ BC(m,) My, ") L, (1, XEU/FU)?’) -
LFv(lv Oy, Ad)LFv (17 e(ﬁv)v Ad)LFv (17 e(ﬂv)v Ad)

/ Bo((90) s fo)
Zw\U(W )y
By (0(70)(9) foma)s Forro)) B,y (O()(90) foan)s fotin) g0

We also set P fo(5,)s fr,) := PF where

7

v

LEU(l/Qv BC(9(5U)) & BC(TFv)))_l

b
P (AGSW Lr(1,0(5,),Ad) Ly, (1,7, Ad)

/ Bg(c?v)(e(a-U)(gU)fe(&v)’ fe(f_fv))BWv (ﬂ-v(g’U)fﬂ'm fﬂ'v)dgv-
U(V)w

Once again, the normalizations made in the definitions above ensure that the
functionals P? and Z? take value 1 for unramified data.
The local seesaw identity of the previous chapter, along with the L-function

identities in the appendix give:
PioT, =T 0Ty, (7.6)

However, neither side of line 7.6 appears in line 7.4. This is where we use two of
the three Rallis inner product formulae from Chapter 5. Indeed, by Theorems 5.10

and 5.11, we have:

So, using this, along with lines 7.4 and 7.6, we have
8- 1X(O(7))] - [X(0)]
o L1, BO(p) ® %) Lu(1/2, BO(T) ©77)
Lp(1,0,Ad)Lp(1,0(7), Ad)Lp(1,0(1), Ad)
X H PloT,.

Pol =
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To finish the proof, we need to use the third Rallis inner product formula to replace
the equation above with one involving [], P, o 71, instead of [[, P} o 71,. From

Theorem 5.15, we have

Ly(1, BC(o
P,oTr, = PioT,.
H oo Cr(2) LF3XE/F 1:[ '

This, along with the L-function identities in the appendix gives

Ay L(1/2, BC(8(9)) B BC(r)) ]
SX(OG) [X@) Le(L.6() A Le(Lr Ad) LI T

Pol =

Finally, we note that

8- 1X(O()] - X ()] = |Syem | - [Su.l;

which completes the proof.



A [-function identities

We collect several L-function identities used above. In particular, by using
known relationships between L-parameters of representations and their ©-lifts, we
compare some associated L-functions.

As in Chapter 7, we take ¢ and 7 to be irreducible, tempered, cuspidal
automorphic representations of U(2), and p = w,w;!. As in Chapter 7, we fix
splitting characters which are powers of a fixed character v, and consider the ©-
lifts ©(7) and ©(jz) on U(2), and O(a) on U(3). Once again, we remind the reader
that the need to consider ©(7),0(a), and ©(i) comes from our normalization of
the theta correspondence, and the fact that in the seesaw identities we used, there
was no complex conjugation.

The first identity we record is the following:

Proposition A.1.
Lr(s,0(7),Ad) = Lp(s,m, Ad).

Proof. By Theorem 11.2 in [4], we see that 7 and ©(7) have the same L-parameters.
The result above then follows from the fact that Lg(s, 7, Ad) = Lp(s,7,Ad). O

Now we compute the adjoint L-function for ©(o):
Proposition A.2.
LF(5> 9(5)7 Ad) = LF(S, XE/F)LF<S: o, Ad)LE(Sv BC(U) ® 73)~

Proof. Let M and N denote the restrictions of the L-parameters of & and O(a)
to WD(E). By Theorem 8.1 in [5], this restriction inflicts no loss of information.
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From [7], we have that M and N are related as follows:
N=~y"'Ma~%
The result follows from this and the fact that Lg(s, &, Ad) = Lg(s, o, Ad). O
Finally, we compute the adjoint L-function for ©(u):

Proposition A.3.

LF<57 @(ﬁ)v Ad) = LF(Sa XE/F)QLE(SJ BC(N) ® 72)’

Proof. Let M and N be as in the previous proposition. Then it is easy to see that
once again we have

N=~"M@~.
As before, the result follows. n
The last identity we record is one that relates the L-function in Ichino’s

triple product formula to L-functions attached to representations of U(2). In the
notation of Chapter 5, we have 7, = BC'(O(7)), 2 = BC(0), and 73 = BC(O(f)).

Proposition A.4.
Lr(s,Y) = Lg(s, BC(r) X BC(5) K~™h).

Proof. We compare L-parameters. Let Ng(z), Ny, and Ng(z) denote the L-parameters
for E’@(ﬁ), ¥, and Z’@(ﬂ), respectively. Now, since gz is dihedral with respect to
E/F, we know that

Ne(u) = Indy py) M
for some one-dimensional representation M of W D(FE). Now observe that we have

the following:

Neo(z) ® Ny ® Indyyptp) M = Indy ) (Neg)lwiz) ® Nolwpe) @ M) .
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Now, identifying automorphic representations with their L-parameters, we have

Lr(s,Y) = Lp(s, Ne@ ® N, ® Indyy ) M)

= Lp (s IndWD F; (No)|wp(ry @ Nolwpp) @ M)>

= Lp <s IndWDEF; (N@ »lwoener) ® Nolwpene ® Mne ))>

= Lg(s,BC(O(7)) X BC(c) K ~)

= Lg(s,BC(7) X BC(c) X~)

= Lg(s,BC(r)R BC(5)X~1).
Note that we have used several facts above. We have used the fact that ©(7) and
7 have the same L-parameters. We have also used the fact that Mngg) is one of
the summands in the L-parameter for BC(0(j1)), which we know to be v~ M, @+,
where Mj is the L-parameter for fi. We note that we can replace Mng) with
either of these two summands without changing the L-function. Finally, for the

last equality above we have used Lemma 3.5 in [5], which simply says that if M is
conjugate-self dual, then Ind%ggg; M is self-dual. O

Finally, we have a corollary of the result above.
Corollary A.5.
Lr(s,%")Lg(s, BC(1) ®4?) = Lg(s, BO(©(7)) X BC(7)).

Proof. This follows from the previous result, along with the fact that the L-
parameters N of ©(¢) and M of ¢ are related by:

N = 7_1M &5 72.
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