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Multi-level qudit systems are increasingly being explored as alternatives to traditional qubit sys-
tems due to their denser information storage and processing potential. However, qudits are more
susceptible to decoherence than qubits due to increased loss channels, noise sensitivity, and crosstalk.
To address these challenges, we develop protocols for dynamical decoupling (DD) of qudit systems
based on the Heisenberg-Weyl group. We implement and experimentally verify these DD protocols
on a superconducting transmon processor that supports qudit operation based on qutrits (d = 3)
and ququarts (d = 4). Specifically, we demonstrate single-qudit DD sequences to decouple qutrits
and ququarts from system-bath-induced decoherence. We also introduce two-qudit DD sequences
designed to suppress the detrimental cross-Kerr couplings between coupled qudits. This allows us to
demonstrate a significant improvement in the fidelity of time-evolved qutrit Bell states. Our results
highlight the utility of leveraging DD to enable scalable qudit-based quantum computing.

Multilevel quantum systems, also known as qu-
dits [1], offer potentially superior computational capa-
bilities and denser information encoding relative to tra-
ditional qubit-based schemes [2-21]. In addition, qudits
enable resource-efficient fault-tolerant quantum compu-
tation [22—-24] and the exploration of complex novel quan-
tum applications [25—-29] with reduced resource require-
ments. However, in superconducting devices, qudits are
more susceptible to low-frequency noise and correlated
errors, which pose significant challenges [30]. Addressing
these requires the development of scalable strategies for
the mitigation and suppression of decoherence [31]. Dy-
namical decoupling (DD) [32-37] is a powerful technique
designed to enhance the fidelity of quantum states by em-
ploying carefully timed control pulses. It has been used
to effectively decouple superconducting qubits from envi-
ronmental noise [38-40] and unwanted crosstalk [41-44].
DD has been studied across a broad spectrum of qubit-
based systems, but its experimental application to qudits
has been limited primarily to trapped ions and nitrogen-
vacancy ensembles [45-48], and very recently to enhance
the fidelity of a qutrit-assisted three-qubit Toffoli gate on
an IBM transmon device [49].

In this work, we present a general DD framework tai-
lored for qudits and experimentally demonstrate its ef-
fectiveness using coupled superconducting transmon cir-
cuits [50] operated as qutrits (d = 3) and ququarts
(d = 4). Our framework employs the Heisenberg-Weyl
(HW) group, which has found many uses in the study
of d-dimensional quantum systems [51, 52]. We present
DD sequences for universal noise suppression and also in-

transmon qudit 1

transmon qudit 2

FIG. 1. Schematic illustration of two transmon qudits with
quantized energy levels affected by relaxation and dephasing
errors, along with the qudit-qudit cross-Kerr couplings a;;.

troduce a single-axis DD sequence designed to suppress
the prevalent 1/f dephasing noise that plagues super-
conducting qudits. We then introduce a multi-qudit DD
sequence designed to suppress unwanted cross-Kerr in-
teractions between coupled qudits (see Fig. 1), which
stand in the way of scaling superconducting qudit sys-
tems [10, 30]. Using our DD sequences, we additionally
report a significant enhancement in preserving the fidelity
of a qutrit Bell state over time. This work serves as a
proof-of-concept demonstration of the efficacy and scal-
ability of active refocusing techniques in qudit systems
and provides a stepping stone toward operating large-
scale high-dimensional architectures.

Qudit dynamical decoupling theory.— Building on the
general symmetrization ideas of Refs. [33, 34], the theory
of qudit DD was developed in Refs. [53-56]. We briefly
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FIG. 2. Experimental results showing the fidelity of the qudit uniform superposition state |+)q4 as a function of total time under
free evolution (No DD) and dXp, for (a) qutrits and (b) ququarts. The minimum pulse interval is Tmin = 120 ns. For qutrits,
we implement 1, 2, and 3 repetitions of the 3X3 sequence, with corresponding pulse intervals 37, 37/2, and 7, respectively.
The total evolution time is always 97. Universal DD is a sequence of 9 pulses formed by cycling over the entire HWG, applied
once with a pulse interval of 7 and Tmin = 180 ns. For ququarts, we similarly implement 1, 2, 3, and 4 repetitions of the 4 X4
sequence, with corresponding pulse intervals of 47, 27, %T, and 7 respectively, where the total time is always 167.

introduce essential terminology and present a detailed
review in the Supplementary Materials (SM), where we
also generalize the theory.

The decoupling group Gy is a set of unitary transfor-
mations (pulses) g; acting purely on the system: G4 =
{90, , 9K}, where g is the d-dimensional identity op-
erator I. Under the instantaneous and ideal pulse as-
sumptions, cycling over all elements of the group yields
the following DD pulse sequence [33, 34]:

K
U(T) =[] ol t-95 (1)
j=0

Here, 7 is pulse interval, T' = |G4|7 = (K + 1)7 is the
total time taken by the sequence, and f, = e “"H is the
free-evolution unitary, where H is the total Hamiltonian
of the system and the bath. A universal DD sequence
for a qubit (d = 2) is obtained by choosing the decou-
pling group as the Pauli group Go = {I,X,Y,Z}, for
which U(T) simplifies into the well-known XY4 sequence
Udr) =Y XY Xfr [57].

For d > 2, we instead use the decoupling group to be
the Heisenberg-Weyl group (HWG) of order d?, which
generalizes the Pauli group. The HWG is generated by
the following shift and phase operators:

d—1 d—1
Xo=Y|(k+ 1) mod d)k], Za=_5IkNkl, (2)
k=0 k=0

where v4 = €2™/¢ is the dth root of unity. The remain-

ing HWG elements are given by A,3 = (—J’yd)aﬁXg‘Zg

where o, 8 € Zy ={0,1,2,...,d — 1}.

The dominant decoherence mechanism in transmon
qutrits and ququarts is dephasing due to 1/f noise
[58], which has been connected to charge fluctuations
and higher level charge sensitivity [50, 59].  Thus,
for single qudits, we focus on single-axis DD se-
quences consisting only of the shift operator and
its powers, i.e., the decoupling group formed by
the HW subgroup {Xk}9Zi. Note that (X)) =

Xg*k. Thus, cycling over these operators, we obtain
UT) = (Xgfr X XG 2 XX frXa) (L fT).
Simplifying, this becomes the sequence dX; =

deTdeTXd"'deT‘

Single qudit dX g experiment.— We conduct all our ex-
periments on a superconducting transmon qudit proces-
sor with d = 3 and 4; other parameters are detailed
in the SM. Since DD sequences are particularly effec-
tive against low-frequency noise [60], and superconduct-
ing circuits are especially susceptible to such noise when
higher excited states are targeted [10], we focus primar-
ily on the dX, sequence family. The underlying cycle
operator X, is compiled using 2(d — 1) native /% sub-
space rotations where s € {(0,1), (1,2),..,(d—1,d)}, and
oty = [0l + [7)i is the Pauli-z operator between
levels ¢ and j. Fig. 2 presents our experimental single-
qudit dX, results. Free evolution (no DD) corresponds
to the preparation of a uniform qudit superposition state
[4+)a = (|0) + -+ + |d — 1))/V/d, waiting for a specified
delay time, unpreparing the state, and finally measuring
the qudit. Assuming ideal preparation, unpreparation,
and measurement, the fidelity of the superposition state



|+)q is the probability of finding the qudit back in the
|0) state. We then repeat the experiment with the dX,
sequence applied during the delay time and study its im-
pact on the state fidelity.

Fig. 2(a) presents the results for the qutrit experi-
ments. Crucially, all the DD curves exhibit an improve-
ment over the free evolution (No DD) experiment, con-
firming the effectiveness of our DD sequences in sup-
pressing decoherence. In more detail, for each total time
T = 97 we conducted a free evolution experiment and
four DD experiments: 1, 2, or 3 repetitions of 3X3, and
universal qutrit DD (the full order-9 HWG), with re-
spective pulse intervals of 71 = 37, 75 = %7’, T3 = T,
and Tuniv. = 7. DD theory predicts that for instanta-
neous, ideal pulses, state preservation fidelity increases
monotonically as the pulse interval decreases for a fixed
total evolution time [61, 62]. Moreover, universal DD is
expected to outperform single-axis DD. Our results ex-
hibit the opposite of both expectations: the single repeti-
tion 1 x 3X3 experiment, with the longest pulse interval
71 = 37, yields the highest fidelity, while the universal
sequence, with the shortest interval 7 (as for 3 x 3X3)
yields the lowest DD fidelity. The reason for these re-
sults is likely to be the presence of coherent pulse er-
rors, which accumulate more detrimentally the longer the
pulse sequence, and whose effect overwhelms the benefit
of shorter pulse intervals [63, 64]. While X5 gates can be
decomposed in terms of four native /0% gates, the re-
maining HW pulses require six native /0% gates, so that
Tmin = 180 ns for universal DD compared to Ty, = 120
ns for the 3X3 sequences. This additional opportunity
for the accumulation of coherent errors explains why the
universal sequence underperforms the 3 x 3X3 sequence.
The superior performance of the 3X3 sequences also con-
firms that the dominant source of noise is dephasing.

Similar improvements are observed with DD for
ququarts, as shown in Fig. 2(b). Since ququarts are
more susceptible to charge noise due to the involvement
of the third excited state [50], the free evolution fidelity
is significantly lower than in the qutrit case, and the im-
provement with DD is even more pronounced. Note that
the difference between the DD sequences is much smaller
than in the qutrit case, except for the 4 x 4X, case at
times < 25 ps. This could be attributed to the stronger
1/f dephasing suppression effect of the 4X, sequences
relative to the 3X3 sequences, which outweighs the accu-
mulation of pulse errors. These ququart results highlight
the effectiveness of DD in higher dimensions and its crit-
ical role in suppressing noise in more complex systems.

Cross-Kerr suppressing DD (CKDD).— Having shown
significant improvements with single-qudit DD against
decoherence, we now deploy DD to mitigate qudit
crosstalk. Recent work has demonstrated the efficacy
of DD in suppressing coherent crosstalk errors in qubit
systems [41, 42, 65]. In our fixed linear coupling qudit
processor, single-qudit operations suffer from always-on

crosstalk, which is a generalization of the ZZ interaction
between transmon qubits [66]. This type of crosstalk is
commonly referred to as cross-Kerr interactions, which
describe the spectator-state-dependent shifts of the rele-
vant qudit transition frequencies. For two coupled qubits,
in the lab frame where Haq Z},j:o Eijlij)ig| (in
the eigenbasis), Tr(ZZHsy) = E11 + Eoo — E10 — Eo1-
To model cross-Kerr interactions, consider the rotating
frame that nullifies all bare transmon energy terms, leav-
ing only the diagonal interaction terms. Then the Hamil-
tonian for the two-coupled transmon qudits simplifies
to [10, 12]:

d—1
Hox = 3 ayligil. (3)

ij=1

Here, o;j = w;j + woo — wio — wo; (taking i = 1), where
i,j € Zq, are the qudit frequency shifts (see Fig. 1).

Although these cross-Kerr interactions, along with off-
resonantly applied microwave drives, have been shown
to facilitate entangling operations [10, 12], even minor
cross-Kerr interactions during idle periods can introduce
significant coherent errors. Building on the qudit DD for-
malism developed above, we now propose a DD sequence
for coupled qudits. This DD sequence effectively sup-
presses all the cross-Kerr interactions, thereby enhancing
system stability and operational fidelity.

The evolution operator due to d X4 applied only to the
first qudit is given by U a(li) = dXy® I. By concatenating
this sequence with the same dX; sequence applied to
the second qudit, we obtain the total evolution Ugz, =

Uo(li) o Ué_lr), ie.,
_ (1) o (1)
Ve = (I XU (10 Xa) -+ U (T & XU, (1)

Concatenation of DD sequences was originally introduced
in order to obtain high-order suppression [67]; here, it
serves the purpose of staggering the sequences on the
two qudits, thus generalizing the idea of robust qubit-
crosstalk suppression via staggering [42]. We show in the
SM that Uyz, = €T @ I + O(T?), where 6 is a global
phase, and T = d?7. Thus, we expect that, to first or-
der in the pulse interval, the d?7-long cross-Kerr DD
(CKDD) sequence in Eq. (4) suppresses all crosstalk be-
tween two coupled qudits.

Ezxperimental validation of CKDD.— To validate the
CKDD sequence, we conduct experiments on coupled
transmon qutrits and ququarts. Fig. 3(a) shows the re-
sults for a linear chain of three coupled qutrits, where
we prepare the set of nine initial states i) ® [4+), ® |[7),
i,j € Z3. We trace out the states of the left and right
“spectator” qutrits, and display the fidelity of the middle
(main) qutrit’s state with respect to |+)3 as a function of
delay time. As depicted by the dashed light-color curves,
different initial spectator states exhibit distinct curves
that oscillate at different frequencies. The high frequency
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FIG. 3. Experimental results showing suppression of cross-Kerr interactions using the CKDD sequence. (a) Fidelity of the
qutrit superposition state |+)s, with CKDD (solid) and without (dashed). CKDD is a 97-long sequence, with 7min = 120 ns.
(b) Fidelity of the ququart superposition state |+)4, with CKDD (solid) and without (dashed). CKDD is a 167-long sequence,
with Tmin = 180 ns. As in Fig. 2, longer evolution times correspond to a single repetition of CKDD with increased 7. CKDD
removes the cross-Kerr oscillations and improves the fidelity in both cases, converging to the fully mixed state fidelity baseline
(dashed horizontal line) more slowly than the free evolution (No DD) curves. See text for further details.

oscillations and the differences between the curves are
attributable to the cross-Kerr interactions between the
main qutrit and the two spectators. Next, we apply the
CKDD sequence as U(g) o ( éi) ® Uéi)), that is, an in-
ner sequence where dX is applied simultaneously to the
spectators, and an outer sequence where d X is applied to
the main qutrit. The spectators’ pulses are synchronized,
so the sequence still takes a total time of d27. The result-
ing solid, bold-color curves exhibit a higher fidelity and
none of variation of the free evolution curves, highlighting
the efficacy of the CKDD sequence in suppressing cross-
Kerr interactions and stabilizing the system dynamics for
different initial spectator states.

In Fig. 3(b), we present the fidelity results for two cou-
pled ququarts, for the set of four initial states |i) ® |+),,
i € Zy for the spectator. We again trace out the specta-
tor state. Similarly to the qutrit case, under free evolu-
tion we observe different curves corresponding to differ-
ent states of the spectator, but when CKDD is applied,
all four curves exhibit a similar exponential decay, in-
dicating suppression of the cross-Kerr interactions. The
CKDD sequence consists of the ququart shift operators
X4 comprising three o7, ., gates in the two-level sub-
spaces spanned by {|#),[i + 1)}, i € Z4. In the presence
of large cross-Kerr interactions, driving the two-level sub-
spaces is prone to large detuning errors. This results in
somewhat lower CKDD fidelities for the ququart experi-
ments compared to qutrits. Despite this, the suppression
of the cross-Kerr interactions is clearly evident from the
results, thus providing a proof-of-principle demonstration
of the scalability of the CKDD protocol to higher dimen-
sions.

Qutrit entanglement preservation via CKDD.— To

demonstrate the effectiveness of CKDD beyond the
preservation of product states, we prepare the qutrit Bell
state (|00) + [11) +]22) /v/3 and measure its fidelity over
time with and without CKDD. The preparation of this
state involves a qutrit controlled-phase (CZ) gate [12].
We employ quantum state tomography to compute the
fidelity of the Bell state. As depicted in Fig. 4, the ex-
perimental results for free evolution (No DD) and with
CKDD applied to both qutrits contrast sharply. In the
absence of DD, the state fidelity suffers significantly due
to strong coherent errors arising from large cross-Kerr
interactions. The fidelity drops to near zero in ~ 1 us,
meaning that the state evolves to an orthogonal qutrit
Bell state, then oscillates around the fully mixed state
fidelity baseline of 1/9 (dashed horizontal line), high-
lighting the importance of suppressing cross-Kerr inter-
actions. In contrast, with CKDD we observe a marked
improvement; the oscillations are nearly eliminated, and
the fidelity remains > 50% even after 10 us. The state to-
mography histograms in Fig. 4 further highlight CKDD’s
ability to maintain the integrity of qutrit Bell states.

Conclusions and outlook— Building on the theory
of qudit DD [53-56], we have demonstrated the sup-
pression of decoherence in transmon-based qutrits and
ququarts. Our experimental results exhibit a substantial
improvement in the preservation of the fidelity of super-
position states of such qudit systems. Beyond decoher-
ence, a significant challenge in scaling superconducting
qudit systems arises from the persistent cross-Kerr in-
teractions between coupled qudits. To address this, we
introduced cross-Kerr DD as a protocol aimed at sup-
pressing these spurious interactions. Our experimental
results demonstrate that the CKDD sequence success-
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FIG. 4. Top: Fidelity of the qutrit Bell state over time with
and without CKDD. See text for details. Bottom: real (up-
per) and imaginary (lower) components of quantum state to-
mography results for the final time point in the top plot (red
circles). Ideally, R(pir 1) = $6ikd; and S(pirj1) = 0 for
i,j,k,l € Z3, where p is the density matrix. Left: free evolu-
tion. The nine red-colored bars at the ideal positions are of
varying magnitude and some contain large imaginary compo-
nents, indicating deviations from the ideal qutrit Bell state.
Right: with CKDD. In contrast, the nine red-colored bars are
nearly uniform in height are have negligible imaginary compo-
nents, indicating proximity to the ideal qutrit Bell state. Note
that here CKDD is a 97-long sequence with 7min = 180 ns, the
X3 gate duration; this differs from the previous figures where
the X3 gate duration is 120 ns due to a different calibration.

fully suppresses cross-Kerr interactions in both qutrits
and ququarts, which suggests that CKDD can be em-
ployed in higher-dimensional systems as well. Further-
more, we have shown that CKDD significantly improves
the fidelity of maximally entangled qutrit states.

Our findings broaden the scope of dynamical decou-
pling used in the service of the suppression of decoherence
and crosstalk beyond the traditional setting of qubits to
qudit systems. While our focus here was on transmons,
our findings can be directly applied to other quantum

computing platforms with access to qudits, such as fluxo-
nium systems operated at half flux [68, 69]. This addition
to the quantum noise suppression toolkit will hopefully
benefit the development of scalable qudit-based quantum
processors.
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Supplemental Material: Qudit Dynamical Decoupling on a Superconducting Quantum
Processor

Experimental Device Characterization

The superconducting qudit device employed in this
work consists of 8 fixed-frequency transmon qudits cou-
pled together by coplanar waveguide resonators in a ring
topology. For all the experiments in this work, we em-
ploy a susbset of the device consisting of a 3-qudit line.
We report the basic single qudit parameters of the subset
of the device used in this work in Table. I. For further,
more extensive characterization of the device, including
gate fidelities and readout fidelities, see Refs. [12, 19, 30].

’ Parameters ‘ Q1 ‘ Q2 ‘ Qs ‘

wo1/27 (GHz)]5.3335.396|5.572
wi2/27 (GHz)|5.061 |5.1245.303
was /2 (GHz) 4.757|4.821]5.005
Avg. T, ( $)|50(4)|49(4)|60(5)
Avg. T (us) 35(2)[35(4)|31(8)
Avg. T (us) 24(4)(26(3)[23(4)
Avg. T: (us) 78(5) [85(9)90(6)
Avg. T (us) 57(4)(57(4)[56(9)
Avg. T332 (us)|26(2)|27(2)]24(3)

TABLE I. Transition frequencies w;; = (E; — E;)/h up to
d = 4 of the qudits employed in our DD experiments. Addi-
tionally, we provide the two-level subspace mean 711 and 715
echo times of the device calculated from 100 repetitions of
each coherence experiment.

@2 was used for both single-qudit DD experiments re-
ported in Fig. 2 of the main text.

Qudit Cross-Kerr Coupling Rates

As discussed in the main text, the fixed-linear cou-
pling between superconducting qudits generates a lon-
gitudinal hybridization mediated largely by the higher
levels present in each transmon well. These longitudi-
nal interactions impart entangling phases to all qudit
states |i,7) (i, € Zq) and lead to significant coherent
errors. In the doubly rotating frame of the two-qudit
system, the effective cross-Kerr Hamiltonian defines the
accumulation of all non-local entangling phases and is
given by Hok = Y0541 aijlig)ij| [10, 12] [Eq. (3) in the
main text]. In the cross-Kerr DD experiments reported
in Fig. 3 of the main text, we demonstrate that local
pulses are sufficient to provide effective suppression of
the d = 3 and d = 4 cross-Kerr interaction as well as of
the system-bath coupling.

d = 3 cross-Kerr DD Experiment

For our d = 3 cross-Kerr DD experiment [see Fig. 3(a)
of the main text], we prepared the |+), on Q2 using a
qutrit Hadamard gate and simultaneously prepared the
two spectator qutrits Q1 and Q3 in states |i,j) (¢,] € Z3).
We then allowed the system to time-evolve with and with-
out our cross-Kerr DD sequence, and assessed the time-
evolved state fidelity by remapping |+)4 to [0) via a final
qutrit Hadamard gate. The relevant four qutrit cross-
Kerr rates for this experiment measured via conditional
Ramsey experiments are presented in Table I1.

’Parameters/QTr ‘ Q1-Q2 ‘Qz-Qs ‘

on1 (MHz) [ 0.112 | 0.212
o (MHz) | 0.623 | 0.465
oz (MHz) |-0.515-0.162
o (MHz) | 0.341 | 0.615

TABLE II. The qutrit cross-Kerr crosstalk rates present in
the spectator DD experiment in Fig. 3(a) in the main text.

d =4 cross-Kerr DD Experiment

For our d = 4 cross-Kerr DD experiment [see Fig. 3(b)
of the main text|, we prepared the |+), state on Q2 us-
ing a ququart Hadamard gate and simultaneously pre-
pared the spectator qudit Q1 in i) (i € Z4). We then
allowed the system to time-evolve with and without our
cross-Kerr DD sequence, and assessed the time-evolved
state fidelity by remapping |+), to |0) via a final ququart
Hadamard gate. The relevant nine ququart cross-Kerr
rates for this experiment measured via conditional Ram-
sey experiments are presented in Table I11.

’ Parameters,/2m ‘ Q1-Q2 ‘

11 (MHZ) 0.112
Q12 (MHZ) 0623
13 (MHZ) 0.021
Q21 (MHZ) —0515
22 (MHZ) 0.341
23 (MHZ) 0.730
31 (MHZ) 0.226
32 (MHZ) -0.442
Q33 (MHZ) 0.345

TABLE III. The ququart cross-Kerr crosstalk rates present in
the spectator DD experiment in Fig. 3(b) in the main text.



General theory of qudit dynamical decoupling

Consider the total time-independent Hamiltonian of a
system coupled to abath H = Hs® Ig+Is®@ Hg+ Hsp
where Hg, Hp, and Hgp are the Hamiltonian terms
associated with the system, the bath, and the system-
bath interaction, respectively. Here, Hg represents un-
desired system terms such as crosstalk and stray local
fields. Pulses are applied to the system via an ad-
ditional, time-dependent control Hamiltonian. Corre-
spondingly, the decoupling group G4 is defined by a set of
unitary transformations g; acting purely on the system:
Ga = {90, - , 9K }, where gg is the d-dimensional iden-
tity operator I. Under the instantaneous (zero width)
and ideal (error-free) pulse assumptions, cycling over all
elements of the group yields the following DD pulse se-
quence [33, 34]:

|Gal-1 _
= H g}ngj = TH L O(T?). (5)
§=0

Here, 7 is the pulse interval (the time between consec-
utive pulses), T = |G4|7 is the total time taken by the
sequence, and f; = e *"H is the free-evolution unitary.
The effective Hamiltonian at the end of the sequence is

H =Hip + Hi + Hp, (6)
where

Hgp = Pg,(Hsp) , Hg=Pg,(Hs). (7)

Here

Pgd = Z (8)

=0

is the projection of the operator ) into the commutant
of Gy, i.e., the set of operators that commute with ev-
ery element of G4. Crucially, this projection can be made
proportional to I or even vanish via a proper choice of G,.
When Hgp = Hi =0, we call G4 and the corresponding
DD sequence universal. For example, a universal DD se-
quence for a qubit (d = 2) is obtained by choosing the de-
coupling group as the Pauli group G, = P, which leads to
the well-known XY4 sequence U =Y . X £, Y f X f, [57].

For d > 2, we instead use the corresponding
Heisenberg-Weyl group (HWG) of order d?, which gen-
eralizes the Pauli group. We define shift and phase op-
erators as in Eq. (2) of the main text, repeated here for
convenience:

d—1
Xa=> [(k+1)
k=0

27i/d

mod d)(k|,

d—
;Z ~EIEXE],  (9)
k=0

where 74 = e is the d’th root of unity.

Note that Xg = Zg = I, and that X; and Z; are
generally non-Hermitian but are both unitary for all d
and hence satisfy

(Xhexh = x0 (zhezl=2z5- (10)
In particular,
Xh=x71

=Xt gz =z (1)

X4 and Z; are the generators of the HWG, whose ele-
ments are

Aap = (—vA2)*P X5 Z), (12)

where o, 8 € Z4. For d = 2, the HWG trivially reduces
to the Pauli group.
For the two generators Xy and Z;, we have

d—1
XaZg =Y ™"k + 1 mod d)k| (13a)
k=0
-1
ZgXq =Y _ ™ * D/ 4 1 mod d)(k|, (13b)
k=0
ie.,
ZdXd = ’dedZd. (14)
Similarly, we find:
ZiXa =7 XaZ), (15)
Using Egs. (14) and (15), we can show that
ZiX§ =~3"X5 2} (16a)
(Z])7 X =7 " X3 (2})°. (16D)

Proof. For a = B =
Consider 8 > 2:

1, Eq. (16) reduces to Eq. (14).

Z0Xg=naZl Xy Zy = =~0X425. (A7)

When o > 2:
Z0XG = (Z0X) X5 =40 X0(Z0X0) X572 (18a)
=P X27, X0 = ... =490 X5Z8. (18b)
Eq. (16b) follows analogously. O

This means that the commutation relations for two
arbitrary HW operators are

Aoy =957 My Mo
ALﬁAuV =" V_'BHAWAL&

(19a)
(19Db)

Unless a = 8 = 0, the HW operators are non-Hermitian
ford >3

Ay = e 05 (X5 Z)) (20a)
= (—vAa) " *P(Z)P(X])™ # Aap, (20Db)



but unitary for all d:
Al ghas = (Z)P (XD X520 =1, (21)

where we used the unitarity of Xy and Z;. Combining
unitarity with Eq. (192a), we obtain the identity

Nphhas =8 N (22)

which will prove to be crucial below for demonstrating
that the HWG is a universal DD group.

The operators {Aapg}a,gez, form an irreducible, uni-
tary, and projective representation of the HWG over the
d-dimensional system Hilbert space when d is a prime
power (d = p* for prime number p and positive integer k).
This implies, by Schur’s Lemma, that both Hgp and H
are proportional to I or vanish. Therefore, the unitary
U(T) defined in Eq. (5) reduces (up to a global phase)
to the identity operation on the system, i.e., the condi-
tion for first-order decoupling is satisfied. The latter (or
an equivalent one using group character tables) was the
argument used in Refs. [53-56]; going beyond the case
of prime powers, we now show that, in fact, first-order
decoupling holds for arbitrary d.

The HW operators also form an operator basis for the
d-dimensional system Hilbert space. Thus, we can ex-
pand H = Hs® Ip+ Hsp + Is ® Hp as

d*-1
H: Z AHV®B[U/? (23)

w,v=0

where B,,, is either zero, proportional to I (to account
for Hs ® Ig), or is a non-identity bath operator. The
term with 4 = v = 0 corresponds to the pure-bath term
Is ® Hp.

Now recall that cycling over the decoupling group Gg4
yields Eq. (5). Choosing the decoupling group as the
HWG {A.3} means that the effective Hamiltonian be-
comes

H' ="Pg,(H) (24a)
1 d?—1 d?—1
== SAL DT AwhAap® B, (24b)
a,B=0 p,v=0
1 d*-1
=5 > furAuw @ By, (24c)
p,v=0
where, using Eq. (22),
d*-1
= S g, (25)
a,B=0

Let us now show that
.f;u/ = d45u05110~ (26)

Intuitively, this follows from the zero-sum property of the
. d—1 _k
roots of unity: Y~ 5 = 0.

10
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FIG. 5. Numerical simulation of the the universality of the
DD sequence generated by cycling over the HWG for 2 <
d < 10. Here we plot the infidelity of the resulting unitary
evolution as a function of the pulse interval time 7. Since the
sequence is expected to cancel the errors to the first order
O(7?), the infidelity should scale as O(r*), as confirmed by
our simulations.

Proof. Note that f,,, = hj,h,, and

d*—1 d—1d—1
hu _ Z ,yga _ Z Ze2wi(kd+j)u/d (27&)
a=0 k=0 =0
d—1d-1
=33 (P =ds, (27D)
k=0 j=0

where S = Z?;é wl and w = 2™/ Ify £ 0then w # 1
is a d’th root of unity (since w? = 1). Multiplying both
sides by w — 1 yields (w —1)S = Z?;é witl — Z?;é w.
The terms w,w?,...,w? ! cancel out, leaving (w—1)S =
wd—1=0. Since w # 1 we can divide both sides by
w —1, giving S =0. If v =0 then S = d. O

Combining Eqs. (24) and (26), we finally have
H' =Is® Hp, (28)

ie., Hyp = Hg = 0, leaving only the pure-bath term.
This proves that the HWG is a universal decoupling
group.

We numerically confirm this universality in Fig. 5. For
various dimensions 2 < d < 10, we consider a system-
bath Hamiltonian containing all the HW operators with
randomized coefficients (i.e., a classical bath). We then
apply the corresponding universal sequence and compare
the fidelity of the resulting unitary to the identity op-
erator I in each case. Given that the errors in the uni-
tary evolution under DD are suppressed to the first order
[Eq. (5)], i-e., leaving the leading order term O(T?) where
T o T, we expect the fidelity to scale as O(r*). This is
confirmed in Fig. 5.



Application to single-axis, pure dephasing noise

We utilize the formalism developed above to analyze
the single-axis noise problem (i.e., pure dephasing) as a
special case. This is the basis for the transmon-based
qutrit and ququart experiments we present in the main
text, where dephasing is the dominant source of decoher-
ence. In this single-axis scenario, the system-bath inter-
action component of Eq. (23) reduces to

d—1
Hip =Y Ao @By, (29)

v=1

where Ay, = Z4 [Eq. (12)].

We could choose the full HWG as a decoupling group,
but since the Z;-type HW operators commute with HZ 5,
we need only consider the pure X-type decoupling oper-
ators Aqo = X§, which satisfy the commutation relations
Eq. (19) non-trivially. I.e., for pure qudit dephasing the
relevant decoupling group is the order-d HWG subgroup
gj( = {Aao i;%) = {L Xd>X37 T ’Xg_l}'

To show that Qj( decouples H gB, we observe, using
Eq. (22), that the effective Hamiltonian is

(HEp)' = Pgx (HEp) (30a)
1 d—1 d—1
=5 S ALY Awhao @ B, (30D)
a=0 v=1
1 d—1
=3 > fohoy @By, (30c)
v=1
where
d—1
fu = Z’y;a = déyOa (31)
a=0

and the last equality is again due to zero-sum property
of the d’th root of unity. It follows that (HZz)' =0, i.e.,
Qj( is a decoupling group for qudit dephasing.

Qutrit (d = 3) dynamical decoupling and 3X3

For concreteness, we now illustrate the results above by
giving the explicit form of the HW subgroup gf for the
case of qutrit dephasing. This is the simplest non-trivial
example going beyond qubits.

The generators of the qutrit HWG are X35 and Zs,
which can be seen as generalizations of the Pauli matrices
o, and o, respectively. Setting w = 3 = e2™/3 (the
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cube root of unity), the shift and phase operators are

001 10 0
A10=X3: 100 s A01:Z3: 0w O
010 00 w?

(32a)
010 1 0 0
Ap=X2=[001], Ap=25=]0w?0
100 0 0 w

(32b)

Their action on the qutrit computational basis states |m)
(m =0,1,2) is X3|m) = |(m + 1) mod 3) and Zs|m) =
w™|m). Note that O~! = Of = 0? and O3 = [ for
0= X3,Z3,X32, and Zg

Their commutation properties follow from Eq. (16):

X373 = w?Z3X3, X373 =wZ3X3, (33a)
X375 =wZ3Xs, X373 =w?ZiX3. (33b)

Since X; = X3, we can write
(X1 Z3X2 = w?Zs, X1Z3X35=wZs, (34a)
(XHTZ2X2 =wZ2, X1Z2X3=uw?Z2,  (34b)

which is a special case of Eq. (22). The decoupling group
is (]3),(3 = {I, X3, X2}, which suppresses dephasing due to
the system-bath interaction HZp with d = 3 [Eq. (29)].
For example, consider free evolution subject to a term of
the form Z3 ® B; writing out the DD sequence Eq. (5)
explicitly, we have, for T' = 37:

UT) = (1f-1) (X5)1 /- X3) (X3 X5) (
—iTZ3®B ,—i7(X3) 23 X; @B ,—itX] Z: X508 (35b
(

=€

_ e—iT(Z3®B)e—iT(w2Z3®B)e—iT(wZ3®B) (35¢

_ efi7(1+w2+w)Z3®B + O(TQ)

=1+0(1?), (35€)

i.e., suppression to second order of dephasing due to Z3®
B. Replacing Z3 ® B with Z2 ® B’ simply rearranges the
order of the roots of unity, yielding 1+w+w? = 0 instead
of 14+ w? +w =0 in Eq. (35d), with the same outcome.

Note that since (X2)T = X5 = X2XJ, this DD se-
quence in fact reduces to three equidistant pulses of type
th

U(T) = ngTX3fTX3fT (36)

which is the reason we called it 3X3 in the main text.
We could have equivalently used the sequence consisting
of three X2 pulses.

Proof of first order suppression of cross-Kerr
coupling by the CKDD sequence

The goal of the CKDD sequence is to suppress the
cross-Kerr coupling Hamiltonian Eq. (3):



HCK - Z O[U‘

1,7=1

il @ |j)3l- (37)

Since the HWG is an operator basis, and in particular its
phase elements {Z$ 0 are a basis for diagonal opera-
tors, we can expand each diagonal term in Hcok as

d—1
iYil = a2y, (38)
k=0
where

= STZDM il = e (39)

This is a consequence of Eq. (10) and the zero-sum prop-
_ d I—k

erty: Tr((Z))F2h) = Tr(Z™) = 30,207 T = dow.

Thus, we can rewrite the cross-Kerr Hamiltonian as

d—1

Hekx = Z (klZﬁ ® Ztli, (40)
}1=0

where

d—1 -1
1 —(ik+5l
G =Y CinCjicij = = > 3D 0. (41)

i,j=1 i,j=1

The CKDD sequence Ugz, [Eq. (4)] consists of an inner
Xg-type sequence applied to the first qudit and an outer
Xg-type sequence applied to the second qudit. Namely,

Up, =UP UM = (I ®Xd)U¢§-1r)(Id®X ) U (L@

XUV, where USY = dX, ® Iy and U = I, ® dX,,.

Generalizing from the single qudit dephasing case, the
effect of the inner U lgl) sequence is to project Hcok into

12

the commutant of Q(f ® Ig, ie.,

Heg = PQX@)Id(HCK) (42a)
=
ZX“* ® I Z CuZEXG®Zh  (42b)
04_0 k,l=0
1 4t
== D fuZie Zy, (42)
k,l=0
where f = Zi Bvd = dbgo, just as in Eq. (31). Thus,

the effect of the inner sequence is to leave just the identity
term on the first qudit:

d—1

Hig =Y Cola® Zh. (43)
1=0
The outer sequence then removes the remaining dephas-

ing terms:

Hig = P1d®g§(H(/3K)
d-1 d-1
== L@ X§TY Cula® ZX§
a=0 =0
=
=3 > fiGola ® Zy = Goolae-
1=0

(44a)

(44b)

(44c¢)

Consequently, it follows from Eq. (5) that Uz, =

*iCO"TId ® I + O(T?), where T = d?*7 and (pp =
d2 Z 104” This proves that the CKDD sequence
achleves first-order decoupling of the cross-Kerr interac-
tion.

Note that applying simultaneous X -type sequences to
both qudits does not work. Le., using G ® G as the
decoupling group results instead of Eq. (42) in the pro-
jection

Hig = ng@QX (Hek) (45a)
d—1 d—1

=z Z Z X' ZEXG @ X3 Zix g (45D)
a=0 k,l=0
d—1 d—

d2 > uzk ez Z (kD)o (45¢)
k,1=0 =

and Za 07, ((ik'ma = d0j1,4, i.€., terms of the form Zs ®
Zj are not suppressed. This is a generalization of the
qubit case, where it is well known that simultaneous X-
type sequences do not cancel crosstalk [41].
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