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Abstract: We present the framework for obtaining precise predictions for the transverse
momentum of hadrons with respect to the thrust axis in e+e− collisions. This will enable
a precise extraction of transverse momentum dependent (TMD) fragmentation functions
from a recent measurement by the Belle Collaboration. Our analysis takes into account,
for the first time, the nontrivial interplay between the hadron transverse momentum and
the cut on the thrust event shape. To this end, we identify three different kinematic
regions, derive the corresponding factorization theorems within Soft Collinear Effective
Theory, and present all ingredients needed for the joint resummation of the transverse
momentum and thrust spectrum at NNLL accuracy. One kinematic region can give rise
to non-global logarithms (NGLs), and we describe how to include the leading NGLs. We
also discuss alternative measurements in e+e− collisions that can be used to access the
TMD fragmentation function. Finally, by using crossing symmetry, we obtain a new way
to constrain TMD parton distributions, by measuring the displacement of the thrust axis
in ep collisions.
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1 Introduction

Quarks and gluons produced in short-distance scattering processes fragment into hadrons
at large distances, due to the confining nature of QCD. The fraction of the longitudinal
momentum of the initial parton carried by these hadrons is described by fragmentation
functions (FFs) [1–4]. FFs are independent of the scattering process, and enter in the
factorization theorem of the corresponding cross section. The (typically small) difference
between the direction of the hadron and initial parton it fragments from, can be taken
into account by transverse momentum dependent (TMD) FFs [5–10]. See refs. [11, 12]
for reviews of (TMD) FFs. TMD FFs are the final-state counter parts of TMD parton
distribution functions (PDFs), which describe the intrinsic transverse momentum of partons
inside nucleons.
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Figure 1. Illustration of the measurement of the transverse momentum q = ph/zh of a hadron
(blue) relative to the thrust axis (black dashed) in an e+e− collision denoted by ⊗. The plane
perpendicular to the thrust axis (red dashed) divides the space into two hemispheres: HL and HR.

Various determinations of TMD PDFs and FFs from experimental data have been
performed: global extractions of unpolarized TMD PDFs and FFs [13–15], extractions of
TMD PDFs [16, 17], and polarized TMD PDFs and FFs [18–22]. One process that is
used for these extractions is hadron-pair production in e+e− annihilation, for which the
factorization theorem of the cross section differential in the relative transverse momentum
of the two hadrons has the following schematic form, σ ∼ HDDS. This involves a TMD FF
for each of the identified hadrons, denoted by D, while the hard function H describes the
hard scattering and the TMD soft function S encodes the effect of soft radiation.1 Another
process is SIDIS, where a single hadron is identified in the final state. The cross section
differential in the hadron transverse momentum factorizes as σ ∼ HFDS, where F is the
TMD PDF for the nucleon the electron scatters off. To disentangle the contribution from
TMD FFs and TMD PDFs in SIDIS, a reliable understanding of TMD FFs from e+e− data
is of tremendous value. Consequently, this is critical to the success of the science program
of the Electron-Ion Collider (EIC), where the extraction of TMD PDFs is one of the main
goals [23]. Alternatively, measurements involving jets instead of final-state hadrons have
been proposed in recent years to extract TMD PDFs in SIDIS [24–28].

Recently, the Belle Collaboration measured the transverse momentum of hadrons in
electron-positron annihilation relative to the thrust axis [29], illustrated in figure 1. The
thrust of an e+e− event is defined as [30]

1− τ = T = max
t̂

∑
i

∣∣∣t̂ · ~pi∣∣∣∑
i |~pi|

, (1.1)

where the sum runs over all particles i in the final state with 3-momentum ~pi. The unit
vector t̂ that maximizes T , defines the direction of the thrust axis, and naturally divides the
final state into two hemispheres depending on the sign of t̂ · ~pi (see figure 1). Most events
have τ � 1, and in this case the final state consists of two highly-collimated back-to-back
jets. The maximum value of τ = 1/2 corresponds to spherically symmetric events. The

1These TMD FFs are referred to as “unsubtracted”, as one typically absorbs the square root of the TMD
soft function into each of the TMD FFs.
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cross section reported in ref. [29] is differential in

zh = 2Eh/Q , phT ≡ |ph| , τ , (1.2)

where Eh is the hadron energy, Q is the center-of-mass energy, and phT is the transverse
momentum of the identified hadron. The results from Belle are of great interest in order
to study TMD evolution effects, which receive a nonperturbative contribution through the
universal rapidity anomalous dimension (Collins-Soper kernel),2 and test universality of
TMDs by comparing with other processes, such as SIDIS, Drell-Yan or even jet substruc-
ture measurements. Furthermore, it will be interesting to test perturbative QCD at the
lower energy of the Belle experiment, where nonperturbative effects are larger. Their high
statistics allow for more precise and more differential measurements, such as the one we
explore here.

The first factorization theorem for the cross section differential in the observables in
eq. (1.2) assumed phT /zh ∼

√
τQ � Q [38], which corresponds to one of the kinematic

regions we consider. Phenomenological studies related to the Belle measurement were
performed in refs. [39, 40], and the breaking of universality of nonperturbative soft effects
between dihadron and single hadron production in e+e− was discussed in ref. [41]. Recently,
ref. [42] proposed integrating out the thrust variable τ , and carried out the resummation
of transverse momentum phT and threshold logarithms 1− zh. This cross section contains
non-global logarithms (NGLs) [43] because the transverse momentum measurement only
constrains radiation in one hemisphere. The perturbative accuracy of observables that
require the resummation of NGLs is currently limited to next-to-leading logarithmic (NLL)
accuracy. We will also encounter NGLs, but in our analysis that is differential in thrust,
they only appear in a restricted and clearly identified region of phase space.

In this paper we derive the theoretical framework that is needed for the accurate ex-
traction of TMD FFs from the cross section measured by the Belle Collaboration, crucially
taking correlations between (the cut on) thrust and the transverse momentum measure-
ment into account. These correlations enable us to identify the correct matrix elements
and proper factorization of the cross section. Specifically, we find three different kinematic
regions and derive the factorization theorems for the corresponding cross section using Soft
Collinear Effective Theory (SCET) [44–48]. An extension of SCET, called SCET+ [49–51],
is required to jointly resum the large logarithmic corrections in both the thrust event shape
τ and the transverse momentum qT ≡ phT /zh. We assume that neither zh nor 1 − zh is
much smaller than one, as we do not resum the additional logarithms that would arise in
either limit. For each kinematic region, we present the necessary ingredients to achieve the
joint resummation at next-to-next-to-leading logarithmic (NNLL) accuracy. Non-global
logarithms occur if the thrust measurement is dominated by the hemisphere that does not
contain the observed hadron, since the transverse momentum measurement only probes
the radiation in the hemisphere containing the hadron, and we describe how to include the
leading NGLs, reducing the accuracy in this limited region of phase space to NLL. The

2Currently the nonperturbative contribution to the rapidity anomalous dimension is constrained by fits
to experimental data [14, 31–35], and methods for extracting it from lattice QCD are being explored [36, 37].
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numerical implementation of these factorization formulae, as well as a detailed comparison
with Belle data will be presented separately in ref. [52].

While our main focus is on the theoretical framework to describe the Belle measure-
ment [29], we will also discuss alternative measurements in e+e− collisions to constrain
TMD FFs. For example, one can measure the hadron transverse momentum relative to
the Winner-Take-All (WTA) axis [53, 54], instead of the thrust axis. If the WTA axis
of the hemisphere (jet) containing the hadron is used, this leads to a nonstandard TMD
FF [55, 56]. However, we show that if instead the WTA axis of the other hemisphere is used,
this provides direct access to TMD FFs without requiring a cut on additional resolution
variables (like thrust) to ensure the dijet limit.

Interestingly, we note that our formalism can be extended to Deep-Inelastic Scattering
(DIS) by crossing the hadron from the final state to the initial state. We propose a new
method for extracting TMD PDFs in DIS, through the angle of the thrust axis with the
beam axis in the Breit frame. We develop the factorization theorem for the cross section dif-
ferential in the Bjorken variable x, the photon virtuality Q, the DIS thrust (or 1-jettiness),
τDIS, and the transverse momentum of the virtual photon w.r.t. the thrust axis, for the
various relevant kinematic regions. The factorization involves the universal (unsubtracted)
TMD PDF and soft functions similar to those entering the factorization of the cross section
for the Belle measurement. The nonperturbative contribution to the rapidity anomalous
dimension is the same as for the CSS kernel [57] by consistency of factorization. In some
of the kinematic regions, the leading nonperturbative effects associated with soft radiation
is the same as in jet-mass measurements in pp collisions [58].

The outline of our paper is as follows: in section 2, we discuss in detail the factorization
theorems for the three different kinematic regions. The ingredients needed to achieve the
joint resummation at NNLL accuracy are collected in section 3. In section 4 we briefly
discuss alternative measurements to extract TMD FFs in e+e− collisions. In section 5,
we present results for an analogous measurement using thrust in Deep-Inelastic Scattering
(DIS). We conclude and provide an outlook in section 6.

2 Theoretical framework

In this section we describe the theoretical framework for the e+e− → hX cross section
differential in the energy fraction zh and the transverse momentum q = ph/zh of the
hadron, and the thrust event shape τ . Dividing ph by zh ensures that q is a partonic variable
that can be calculated in perturbation theory for qT ≡ |q| � ΛQCD. We identify three
kinematic regions, depending on the parametric relation between qT and τ in section 2.1.
The corresponding factorization theorems are discussed in sections 2.2 through 2.4. In
section 2.5 we briefly discuss how to combine these predictions to obtain a matched result for
the cross section. This analysis has important parallels with the theoretical framework and
predictions for the joint measurement of the transverse momentum of the vector boson and
beam thrust in the Drell-Yan process [50, 59]. A numerical implementation and comparison
with experimental data will be presented in ref. [52].
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2.1 Kinematic bounds

First we will argue that the kinematic bound on the phase space is
√
τ & qT /Q & τ . To

this end, we choose coordinates such that t̂ = (0, 0, 1), and decompose the 4-momenta pµi
of final-state particles in terms of light-cone coordinates along the thrust axis

pi = p−i
nµ

2 + p+
i

n̄µ

2 + pµi⊥ , p±i = p0
i ∓ p3

i , nµ = (1, 0, 0, 1) , n̄µ = (1, 0, 0,−1) . (2.1)

This leads to the following expression for the thrust and transverse momentum measure-
ment

τ = 1
Q

∑
i

min{p−i , p
+
i } , ph = −

∑
i∈hemi
i 6=h

pi . (2.2)

The first expression is obtained by rewriting eq. (1.1) in terms of light-cone coordinates,
treating the final-state particles as massless. The second follows from the property of the
thrust axis that the total transverse momentum in each separate hemisphere is zero, and
the sum on i runs over the hemisphere containing the identified hadron except for the
hadron itself, as indicated.

Employing the (massless) on-shell condition p−i p
+
i = p2

i ,

q2
T = 1

z2
h

p2
h = 1

z2
h

( ∑
i∈hemi
i 6=h

pi

)2

.
∑
i

p2
i ≤

∑
i

min{p−i , p
+
i }Q = τQ2 . (2.3)

Here our assumption that zh is not small entered, in order to conclude that qT /Q .
√
τ .

Conversely,

qT = 1
zh
|ph| =

1
zh

∣∣∣∣ ∑
i∈hemi
i 6=h

pi

∣∣∣∣ ∼∑
i

|pi| ≥
∑
i

min{p−i , p
+
i } = τQ , (2.4)

from which we conclude qT & τQ. In principle qT � τQ is possible: first of all, this could
happen because thrust involves a scalar sum and qT a vector sum. This would require large
cancellations in the vector sum, which only occur in a power-suppressed region of phase
space. Secondly, eq. (2.4) assumes that the contributions of both hemispheres to thrust
are about the same size. However, there can be a large hierarchy between the amount of
radiation in each hemisphere, with the more energetic hemisphere dominating the thrust
measurement. The qT measurement is only sensitive to the radiation in the hemisphere
containing the observed hadron, see eq. (2.2), so qT � τQ is possible if the observed
hadron is in the less energetic hemisphere. This large hierarchy in radiation gives rise to
non-global logarithms (NGLs) [43]. While there has been substantial progress in resumming
NGLs [51, 60–65], there is no practical framework yet to extend this beyond the leading
NGLs. Indeed, we will account for these logarithms by starting from the factorization for
qT ∼ τQ and including them as a correction. The phase-space boundaries are illustrated
in figure 2 along with the three different kinematic regions for which we develop different
factorization formulas below.
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Figure 2. Illustration of the kinematic regions for the thrust τ and transverse momentum qT /Q

measurement in e+e− collisions, indicated by the different colors.

Regime: 1:
√
τ � qT /Q ∼ τ 2:

√
τ � qT /Q� τ 3:

√
τ ∼ qT /Q� τ

n-collinear (q2
T /Q,Q, qT ) (q2

T /Q,Q, qT ) Q(τ, 1,
√
τ)

n̄-collinear Q(1, τ,
√
τ) Q(1, τ,

√
τ) Q(1, τ,

√
τ)

n-collinear-soft (τQ, q2
T /(τQ), qT )

soft qT (1, 1, 1) τQ(1, 1, 1) τQ(1, 1, 1)

Table 1. The modes (rows) and the corresponding power counting of light-cone components (see
eq. (2.1)) of momenta for the three kinematic regions (columns).

Given
√
τ & qT /Q & τ , we identify the following three kinematic regions:

Region 1:
√
τ � qT /Q ∼ τ ,

Region 2:
√
τ � qT /Q� τ ,

Region 3:
√
τ ∼ qT /Q� τ ,

in accord with the analysis in ref. [50]. We will always limit ourselves to qT /Q� 1, since a
description of the cross section in terms of TMD FFs is only valid in this case.3 Note that
this implies τ � 1. For each of these regions we now identify the modes in the effective
field theory, which are summarized in table 1, and present the factorization theorem that
can be used to perform the resummation.

3When qT /Q ∼ 1, the transverse momentum of the hadron is as large as the hard scale and is generated
by the hard scattering. In that case only regular FFs are needed to describe the zh dependence.
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2.2 Region 1:
√
τ � qT/Q ∼ τ

In region 1 (and 3) qT /Q and τ are not independent power counting parameters, so an
effective theory with only collinear and soft degrees of freedom suffices. We start with a
generic power counting for the light-cone components (p+, p−, pµ⊥) of their momenta

n-collinear: pµn ∼ Q(λ2
n, 1, λn) ,

n̄-collinear: pµn̄ ∼ Q(1, λ2
n̄, λn̄) ,

soft: pµs ∼ Q(λs, λs, λs) . (2.5)

Taking the hadron along the n-direction, eq. (2.2) implies

τ ∼ λ2
n + λ2

n̄ + λs , qT /Q ∼ λn + λs . (2.6)

Combining this with the parametric relation qT /Q ∼ τ , we conclude

λn̄ ∼
√
τ , λn ∼ λs ∼ qT /Q ∼ τ , (2.7)

summarized in the corresponding column in table 1. Consequently, the λ2
n contribution

to τ in eq. (2.6) is power-suppressed and can be dropped. Collinear radiation in the n-
direction thus only contributes to the transverse momentum measurement of the hadron,
collinear radiation in the n̄-direction only affects the thrust measurement (this is always the
case), while soft radiation contributes to both the thrust measurement and the transverse
momentum of the hadron through recoil.

Throughout this work, we adopt the following definition of the Fourier transform and
Laplace transform of a function f , as well as their inverse

f(b) =
∫ ∞
−∞

dq e−ib·q f(q) , f(q) =
∫ ∞
−∞

db
(2π)2 e

ib·qf(b) ,

f(u) =
∫ ∞

0
dτ e−uτ f(τ) , f(τ) = 1

2πi

∫ γ+i∞

γ−i∞
du euτ f(u) . (2.8)

We can then write the factorization theorem for region 1 as

dσ1
dzh dq dτ =

∑
j

σ0,j(Q)
∫ ∞
−∞

db
(2π)2

∫ γ+i∞

γ−i∞

du
2πi e

ib·q+uτH(Q,µ) J
(
u

Q2 , µ

)
S

(
b,
u

Q
, µ, ν

)

×D1,j→h

(
zh, b, µ,

ν

Q

)[
1 +O

(
τ,

q2
T

τQ2

)]
, (2.9)

where the sum on j runs over (anti-)quark flavors. The variables b and u are the Fourier
conjugate of q and the Laplace conjugate of τ , respectively, turning convolutions in the
factorization theorem into multiplications.

We now discuss the various ingredients entering in eq. (2.9): the hard function H

describes the short-distance e+e− → qq̄ process, and includes virtual hard corrections. The
n-collinear radiation is encoded in the (unsubtracted) TMD FF D1,j→h, which is the object
that we aim to extract. The n̄-collinear radiation is described by the invariant-mass jet
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function J , which is independent of the (light) quark flavor. The soft function S accounts for
the contribution of soft radiation to the thrust event shape and the transverse momentum
measurement. Note that only soft radiation in the hemisphere which contains the identified
hadron affects b, see eq. (2.2). This does not lead to non-global logarithms, because
soft radiation in the other hemisphere is still constrained by the thrust measurement and
qT /Q ∼ τ . The one-loop expressions for these ingredients are collected in section 3.

The factorization of the cross-section in eq. (2.9) introduces rapidity divergences which
arise from an incomplete factorization of collinear and soft radiation, and are not regulated
by dimensional regularization. A range of different regularization procedures have been
used to handle these divergences [10, 66–72] and in this work we use the η-regulator [68, 69].
This leads to a dependence on the rapidity scale ν in the soft and TMD fragmentation
functions.

The large logarithms in qT /Q and τ are resummed by evaluating the ingredients in
eq. (2.9) at their natural renormalization scale µ and rapidity scale ν and evolving them
to a common (µ, ν) scale using the renormalization group equation (RGEs). The rapidity
RGE sums a single logarithm series, and corresponds to the Collin-Soper equation in the
CSS approach [57]. While we collect explicit expressions for all relevant RGEs in section 3,
here we give an instructive example: consider the hard function H, which satisfies

d
d lnµH(Q,µ) = γH(Q,µ)H(Q,µ) . (2.10)

Evaluating the anomalous dimension γH(Q,µ) up to the desired accuracy, we may solve
eq. (2.10) to obtain the evolved hard function,

H(Q,µ) =H(Q,µH)exp
(∫ µ

µH

dµ
µ
γH(Q,µ)

)
LL=
(

1− 2αsCF
π

ln2 Q

µH

)
exp

(
−2αsCF

π
ln2 µ

µH

)
(2.11)

The scale µH which sets the initial condition for the RGE is chosen to be Q such that
the logarithms in the fixed-order expansion of the hard function are minimized. The RGE
then exponentiates (resums) these logarithms, as is clear from the leading logarithmic
expression. In terms of the conjugate variables b and u, the RGEs are all multiplicative.

The natural renormalization scales of the ingredients in the factorization in eq. (2.9)
are given by

µH ∼ Q , µJ ∼
√
τQ , µD ∼ µS ∼ 1/bT ∼ τQ , (2.12)

with bT = |b| and the corresponding rapidity scales are

νD ∼ Q , νS ∼ 1/bT . (2.13)

While scales can directly be chosen in terms of τ , this leads to spurious divergences for
qT [73] that can be avoided by choosing scales in terms of bT . The inverse Fourier transform
in eq. (2.8) integrates over the nonperturbative region, requiring a prescription to avoid
the Landau pole.
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We end this section by addressing the NGLs that arise when qT /Q� τ . Their leading
contribution comes from a correlated emission of two gluons, each going into one of the
hemispheres. The energy of the emission in the hemisphere containing the hadron is set by
qT , whereas the energy of the emission in the other hemisphere is limited by τQ, leading to

SNG
(
qT
τQ

)
= 1− α2

sCFCA
12 ln2

(
qT
τQ

)
+O(α3

s) . (2.14)

The resummed leading NGLs can be included using the standard hemisphere result SNG

as an extra factor in eq. (2.9), using e.g. the fit from ref. [43]. To obtain the correct global
logarithms in this case requires one to “factorize” the soft function

S

(
b,
u

Q
, µ, ν

)
= SR

(
b,
u

Q
, µ, ν

)
SL

(
u

Q
, µ

)
+O(α2

s) (2.15)

where SR describes emissions into the hemisphere containing the hadron and SL emissions
into the other hemisphere. Taking µR ∼ 1/bT and µL ∼ τQ, which are parametrically
different in this NGL regime, is necessary to resum all the global logarithms of qT /(τQ).

2.3 Region 3:
√
τ ∼ qT/Q� τ

Next, we discuss the modes and factorization in region 3. Up to eq. (2.6) the analysis is
the same as in region 1. However, the assumption qT /Q ∼

√
τ implies

λn̄ ∼ λn ∼
√
τ ∼ qT /Q , λs ∼ τ , (2.16)

instead of eq. (2.7). In this case the collinear radiation in the n-direction contributes to
both the transverse momentum of the hadron and the thrust measurement, while soft
radiation only affects thrust, leading to the following factorization theorem [38]

dσ3
dzhdqdτ =

∑
j

σ0,j(Q)
∫ γ+i∞

γ−i∞

du
2πi e

uτH(Q,µ)J
(
u

Q2 ,µ

)
Sthr

(
u

Q
,µ

)
Gj→h

(
u

Q2 ,zh,q,µ

)

×
[
1+O

(
τ,
q2
T

Q2 ,
τ2Q2

q2
T

)]
. (2.17)

The new ingredients, compared to eq. (2.9), are the thrust soft function Sthr and the
generalized fragmenting jet function (FJF) G, which replaces the TMD FF. From this we
conclude that region 3 is not interesting for constraining nonperturbative TMD physics.
Indeed, in this case the leading effect of nonperturbative physics arises from the cut on
thrust, and the parameter controlling its dominant effect has been fitted from data [74].

In eq. (2.17) only G contributes to the transverse momentum, so there are no rapidity
divergences (nor is there a need to Fourier transform). The large logarithms of τ and qT /Q
are resummed by evolving all ingredients from their natural scales

µH ∼ Q , µJ ∼ µG ∼
√
τQ , µSthr ∼ τQ , (2.18)

to a common scale µ, using the RGEs. Explicit expressions for the ingredients in eq. (2.17)
and their anomalous dimensions are collected in section 3.
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2.4 Region 2:
√
τ � qT/Q� τ

We will now consider region 2, which is the most hierarchical case. If one starts from
eq. (2.6), the assumption

√
τ � qT /Q� τ implies

λn̄ ∼
√
τ , λn ∼ qT /Q , λs ∼ τ . (2.19)

So n̄-collinear and soft radiation contribute to thrust, while only n-collinear radiation affects
the transverse momentum measurement. This does not lead to a consistent factorization
theorem. Because τ and qT /Q are no longer correlated there is an additional collinear-soft
mode, whose power counting is fixed by the fact that it contributes to both τ and qT [50]

n-collinear-soft: pµcs ∼
(
τQ, q2

T /(τQ), qT
)

(2.20)

The factorization theorem in region 2 is given by

dσ2
dzh dq dτ =

∑
j

σ0,j(Q)
∫ ∞
−∞

db
(2π)2

∫ γ+i∞

γ−i∞

du
2πi e

ib·q+uτH(Q,µ) J
(
u

Q2 , µ

)
Sthr

(
u

Q
, µ

)

× C
(
b,
u

Q
, µ, ν

)
Dj→h

(
zh, b, µ,

ν

Q

)[
1 +O

(
q2
T

τQ2 ,
τ2Q2

q2
T

)]
, (2.21)

where the collinear-soft function C is the only new ingredient compared to eqs. (2.9)
and (2.17). Although the arguments of C are the same as the soft function S in eq. (2.9),
its expression differs because the radiation is going into only one hemisphere. Eq. (2.21)
contains the unsubtracted TMD FF Dj→h and can thus be used for constraining it.

As before, the large logarithms in qT /Q and τ are resummed by evaluating the ingre-
dients in eq. (2.9) at their natural scales and evolving them to a common scale. In this
case the natural scales are

µH ∼ νD ∼Q, µJ ∼
√
τQ, νC ∼ 1/(b2T τQ) , µD ∼µC ∼ 1/bT , µSthr ∼ τQ. (2.22)

The one-loop expressions and anomalous dimensions for the ingredients entering in
eq. (2.21) are collected in section 3.

2.5 Matching regions

We conclude this section by discussing how to match predictions from the various kinematic
regions, described in eqs. (2.9), (2.21) and (2.17). First we note that consistency implies
that in region 2 (the most hierarchical case) the factorization theorems for region 1 and 3
must agree with that of region 2. This implies

S

(
b,
u

Q
, µ, ν

)
= Sthr

(
u

Q
, µ

)
C
(
b,
u

Q
, µ, ν

)[
1 +O

(
b2TQ

2

u2

)]
,

Gj→h
(
zh, q,

u

Q2 , µ

)
=
∫ ∞
−∞

db
(2π)2 e

ib·q C
(
b,
u

Q
, µ, ν

)
Dj→h

(
zh, b, µ,

ν

Q

)
×
[
1 +O

(
q2
Tu

Q2

)]
. (2.23)

It is straightforward to verify this using the expressions in section 3.
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While region 2 allows one to resum the most logarithms, since it treats τ and qT /Q

as uncorrelated, the power corrections in eq. (2.23) grow large as region 1 and 3 are ap-
proached. A practical scheme for implementing this was discussed in ref. [59] for the
simultaneous measurement of beam thrust and the transverse momentum of the vector
boson in Drell-Yan production. We postpone the full details used in our numerical imple-
mentation to ref. [52], but sketch the basic idea here. We start by illustrating the matching
of region 1 and fixed-order QCD,

dσ = dσ1
∣∣
µ1

+
[
dσFO − dσ1

]
µFO

, (2.24)

where we suppressed the denominator of the differential cross section for brevity. Here |µ1
indicates that the scales are chosen according to region 1, given in eq. (2.12). In region 1,
the cross section is given by the expected result dσ1

∣∣
µ1
, since the fixed-order correction is

power suppressed. In the fixed-order region, all the resummation is turned off µ1 → µFO
and dσ1

∣∣
µFO

+
[
dσFO − dσ1

]
µFO

= dσFO|µFO , as required.
The generalization to the full case is

dσ = dσ2
∣∣
µ2

+
[
dσ1 − dσ2

]
µ1

+
[
dσ3 − dσ2

]
µ3

+
[
dσFO − dσ1 − dσ3 + dσ2

]
µFO

. (2.25)

In region 2, where the most logarithms are resummed, this yields the expected result
dσ2

∣∣
µ2
, as all other terms are power suppressed. As one approaches region 1, the additional

resummation from region 2 is turned off by µ2 → µ1 and the first two terms combine to
yield σ2|µ1 + [σ1 − σ2]µ1 = σ1|µ1 , while the others encode power corrections. Finally, in
the fixed-order region all resummation is turned off, µi → µFO, and all terms cancel to
leave dσFO|µFO . For scales chosen in terms of the impact parameter bT it is nontrivial to
design profiles [75] that smoothly ensure the correct transitions, e.g. µ2 → µ1 as region 1 is
approached, since the kinematic regions are not defined in terms of the conjugate variables.
In ref. [59] this was accomplished through a hybrid scale setting.

3 Fixed-order ingredients

In this section we collect the one-loop expressions for the ingredients that enter in the factor-
ization theorems in section 2, as well as their renormalization group equations. Specifically,
we discuss the hard function in section 3.1, the invariant-mass jet function in section 3.2,
the thrust soft function in section 3.3, the thrust-TMD double-differential soft function in
section 3.4, the thrust-TMD collinear-soft function in section 3.5, the unsubtracted TMD
FF in section 3.6 and the invariant mass-TMD double-differential fragmenting jet function
in section 3.7. The anomalous dimensions needed for NNLL resummation are tabulated in
appendix A. For convenience we introduce the short-hand notation

as = αs
4π . (3.1)
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3.1 Hard function

The hard function describes the short-distance e+e− → qq̄ process plus virtual corrections,4

and is thus independent of the kinematic region. Up to one-loop order it is given by [76, 77]

H(Q,µ) = 1 + as

[
−2Γ0 ln2

(
µ

Q

)
+ γH 0 ln

(
µ

Q

)
+ CF

(
−16 + 7π2

3

)]
, (3.2)

and satisfies the following RGE:

µ
d

dµ H(Q,µ) = γH(Q,µ)H(Q,µ) ,

γH(Q,µ) = −4Γcusp(as) ln
(
µ

Q

)
+ γH(as) . (3.3)

Here Γcusp is the (quark) cusp anomalous dimension [78] and γH is the non-cusp piece,
whose perturbative coefficients Γn and γH n are tabulated in appendix A.

3.2 Invariant-mass jet function

The invariant-mass jet function, that accounts for the contribution of the n̄-collinear radi-
ation to the thrust measurement in all kinematic regions, is up to one loop given by [79]

J

(
u

Q2 , µ

)
= 1 + as

[
1
2 Γ0L

2
J + 1

2 γJ 0LJ + CF

(
7− 2π2

3

)]
, (3.4)

rewritten in terms of

LJ ≡ ln
(
ueγE µ2

Q2

)
. (3.5)

By using the conjugate variable u, its RGE is multiplicative,

µ
d

dµ J
(
u

Q2 , µ

)
= γJ

(
u

Q2 , µ

)
J

(
u

Q2 , µ

)
,

γJ

(
u

Q2 , µ

)
= 2Γcusp(as)LJ + γJ(as) . (3.6)

The coefficients Γn and γJ,n of the anomalous dimension are given in appendix A.

3.3 Thrust soft function

The one-loop thrust soft function, which describes the contribution to thrust from soft
radiation in region 2 and 3, is given by

Sthr

(
u

Q
, µ

)
= 1 + as

[
−2Γ0L

2
S − CFπ2] , (3.7)

up to one-loop order, where

LS ≡ ln
(
ueγE µ

Q

)
. (3.8)

4Real corrections to the hard function are not allowed, as they would lead to qT ∼ Q.
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It’s multiplicative RGE has anomalous dimension

γSthr

(
u

Q
, µ

)
= −4Γcusp(as)LS + γSthr(as) . (3.9)

The non-cusp anomalous dimension satisfies γSthr(as) = −γH(as)− 2γJ(as), due to consis-
tency of the thrust factorization theorem.

3.4 Thrust-TMD soft function

The double-differential soft function S describes the effect of soft radiation in regime 1,
accounting for both the contribution to the thrust and transverse momentum measurement.
At one-loop order, only a single soft gluon is emitted, which goes either into the hemisphere
that contains the identified hadron or the other hemisphere. It only affects the TMD
measurement if it is emitted in the same hemisphere as the identified hadron, due to
eq. (2.2). Consequently, at this order we can obtain S from two known soft functions,

S

(
b,
u

Q
, µ, ν

)
= 1

2Sthr

(
u

Q
, µ

)
+ 1

2Spp
(
b,
u

Q
, µ, ν

)
+O(a2

s) , (3.10)

where the thrust soft function S was given in section 3.3. The double-differential Spp was
calculated in ref. [50] and can be conveniently written in terms of the TMD soft function
and a remainder,

Spp

(
b,
u

Q
, µ, ν

)
= S(b, µ, ν) + ∆S(1)

(
b,
u

Q
, µ

)
+O(a2

s) . (3.11)

The TMD soft function is given by [69]

S(b, µ, ν) = 1 + as

{
Γ0

[
−1

2L
2
b − 2Lb ln

(
ν

µ

)]
− CF

π2

3

}
, (3.12)

in terms of
Lb ≡ 2 ln

( bTµ

2e−γE

)
. (3.13)

For the remainder ∆S(1) we use the following result in our numerical analysis [59]

∆S(1)
c (b, kc, µ) =

∫ kc

0
dk 1

2πi

∫ γ+i∞

γ−i∞
du exp

(
uk

Q

)
∆S(1)

(
b,
u

Q
, µ

)
= 4asCF

[
g(bTkc/2)− 2 ln2

(
bTkce

γE

2

)]
(3.14)

which is the cumulative result for k ≤ kc, with

g(x) ≡ x2
3F4(1, 1, 1; 2, 2, 2, 2;−x2) . (3.15)

The double-differential soft function S satisfies the following RGE

µ
d

dµS
(
b,
u

Q
, µ, ν

)
= γS

(
u

Q
, µ, ν

)
S

(
b,
u

Q
, µ, ν

)
,

ν
d

dν S
(
b,
u

Q
, µ, ν

)
= 1

2γν(b, µ)S
(
b,
u

Q
, µ, ν

)
,

γS

(
u

Q
, µ, ν

)
= −2Γcusp(as)

[
LS + ln

(
ν

µ

)]
+ γS(as) ,

γν(b, µ) = −2ΓcuspLb + γν(as) (3.16)
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where γν is the universal rapidity anomalous dimension and LS is defined in eq. (3.8).
The non-cusp anomalous dimension γS vanishes up to two-loop order (for the exponential
regulator [72] this is true to all orders).

3.5 Thrust-TMD collinear-soft function

The double differential collinear-soft function describes n-collinear radiation in kinematic
region 2, encoding both the contribution to the TMD and thrust measurement. Up to
one-loop order it is given by [50]

C
(
b,
u

Q
, µ, ν

)
= 1 + as

{
Γ0

[
−1

2L
2
b + Lb

(
LS + ln

(µ
ν

))]
− CF

π2

3

}
. (3.17)

It satisfies the following RGE in µ and ν

µ
d

dµ C
(
b,
u

Q
, µ, ν

)
= γC

(
u

Q
, µ, ν

)
C
(
b,
u

Q
, µ, ν

)
,

ν
d

dν C
(
b,
u

Q
, µ, ν

)
= 1

2γν(b, µ) C
(
b,
u

Q
, µ, ν

)
,

γC

(
u

Q
, µ, ν

)
= 2Γcusp(as)

[
LS + ln

(
µ

ν

)]
+ γC(as) , (3.18)

where γν is the rapidity anomalous dimension in eq. (3.16) and the perturbative expansion
of γC is given in appendix A.

3.6 Unsubtracted TMD fragmentation function

The unsubtracted TMD FFs Di/h(z, b, µ, ν/Q) were introduced in SCET in refs. [80, 81].
In the perturbative regime, they can be matched onto collinear FFs [80–83]

Dq→h

(
z, b, µ,

ν

Q

)
=
∫ 1

z

dx
x
Jq→j

(
x, q, µ,

ν

Q

)
Dj→h

(
z

x
, µ

)[
1 +O(Λ2

QCDb
2
T )
]

(3.19)

The renormalized matching coefficients are given by [81]

Jq→j
(
x, b, µ,

ν

Q

)
= δqjδ(1− x) (3.20)

+ as

{[
δqj

(
Γ0 ln

(
ν

Q

)
+ 1

2γD,0
)
δ(1− x)− 2CFPjq(x)

]
Lb + cqj(x)

}
,

up to one-loop order, where the splitting functions Pjq and finite terms are given by

Pqq(x) =
(

1 + x2

1− x

)
+
, Pgq(x) = 1 + (1− x)2

x
,

cqq(x) = 2CF (1− x) , cqg(x) = 2CFx . (3.21)
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The corresponding µ and ν renormalization group equations are

µ
d

dµ D
(
z, b, µ,

ν

Q

)
= γD

(
µ,
ν

Q

)
D

(
z, b, µ,

ν

Q

)
,

ν
d

dν D
(
z, b, µ,

ν

Q

)
= −1

2γν(b, µ)D
(
z, b, µ,

ν

Q

)
,

γD

(
µ,
ν

Q

)
= 2Γcusp(as) ln

(
ν

Q

)
+ γD(as) . (3.22)

3.7 Invariant mass-TMD fragmenting jet function

The fragmenting jet function encodes the effects of n-collinear radiation in region 3, con-
tributing to both the thrust and TMD measurement. In the perturbative regime this can
be matched onto collinear fragmentation functions (similar to the matching for TMD FFs
in eq. (3.19))

Gq→h
(
z, q,

u

Q2 , µ

)
=
∫ 1

z

dx
x
Jq→j

(
x, q,

u

Q2 , µ

)
Dj→h

(
z

x
, µ

)
. (3.23)

Up to one-loop order, the matching coefficients are given by [38]

Jq→j
(
x, q,

u

Q2 , µ

)
= δqjδ

(2)(q)δ(1−x) + as

{
δqj

[1
2Γ0L

2
J + 1

2 γJ 0LJ

]
δ(2)(q)δ(1−x)

+ 2CF
π

1
(1− x)µ2

(
(1− x)µ2

q2
T

)
+
exp

(
− x

1− x
u q2

T

Q2

)
Pjq(x)

+
[
4CFPjq(x) ln x+ dqj(x)

]
δ(2)(q)

}
, (3.24)

where the splitting functions are given in eq. (3.21) and

dqq(x) = 2CF

[
(1 + x2)

( ln(1− x)
1− x

)
+

+ 1− x
]
, dqg(x) = 2CF

[
Pgq(x) ln(1− x) + x

]
.

(3.25)

The corresponding anomalous dimension is equal to the jet function anomalous dimension
γJ in eq. (3.6), as required by consistency of the factorization theorem.

4 Alternative methods to extract TMD FFs

While the main focus of this paper has been the extraction of TMD FFs from the transverse
momenta of hadrons with respect to the thrust axis, we now comment on some different
measurements that can be used to extract the TMD FFs.

First of all, one can consider the transverse momentum of a hadron with respect to
the jet axis in pp collisions [81, 83], which also provides access to fragmentation initiated
by gluons. To avoid jet boundary effects that may distort the transverse momentum
distribution, qT � pTR is required, where pT is the jet transverse momentum and R the
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Figure 3. The transverse momentum of an identified hadron with respect to the WTA axis in the
opposite hemisphere (left) or same hemisphere (right).

radius of the jet. Because the jet axis points along the jet momentum, the sum of momenta
transverse to the jet axis is zero. Consequently, soft radiation inside the jet affects the
transverse momentum measurement through its recoil of the jet axis, while soft radiation
outside the jet is unconstrained. This leads to non-global logarithms that currently limit
the theoretical accuracy to NLL.

Alternatively, one can consider the transverse momentum of a hadron in a jet with
respect to a recoil-free axis [55], such as the Winner-Take-All (WTA) axis [53, 54]. This is
illustrated in the right panel of figure 3. This removes all sensitivity to soft radiation, but
the resulting transverse momentum distributions are not the standard TMD FFs. Indeed,
rather than Sudakov double logarithms of the transverse momentum, the corresponding
cross section involves single logarithms that are resummed by a modified DGLAP evolu-
tion [55, 56].

Within the context of e+e− collisions, there is another interesting alternative: one
can determine the WTA axis in one hemisphere and consider the transverse momentum
of a hadron in the other hemisphere with respect to this axis, shown in the left panel of
figure 3.5 The resulting cross section has several advantages: there is no additional cut
on thrust needed to ensure the two-jet limit, as this is already taken care of by requiring
that the transverse momentum qT � Q. There are no NGLs because soft radiation is
treated the same, independent of the hemisphere it is emitted into, with only its total
recoil affecting qT . The corresponding cross section is given by

dσWTA
dzh dq = σ0

∫ ∞
−∞

db
(2π)2 e

ib·qH(Q,µ)J
(
b, µ,

ν

Q

)
S(b, µ, ν)

∑
j

D1,j→h

(
zh, b, µ,

ν

Q

)

×
[
1 +O

(
q2
T

Q2

)]
, (4.1)

where the jet function J encodes the offset of the winner-take-all axis and the collinear
quark that initiates the jet [24, 26]. Note that this is identical to the factorization formulae
for dihadron fragmentation, with one of the TMD FFs replaced by a TMD jet function.
The observable proposed here describes the transverse momentum of a hadron with respect

5One can either identify the hemispheres using e.g. exclusive kT or taking the hemisphere defined by the
thrust axis. The difference between these choices is power suppressed for small transverse momenta.
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to a jet in the opposite direction, whose axis is found using the WTA scheme. It provides
a unique crosscheck between dihadron hh and dijet JJ production (both with WTA axis)
in e+e− collisions. Interestingly, this same TMD jet function also appears in studies of the
TMD PDF in SIDIS using jets [24, 26], and the azimuthal angular decorrelation in vector
boson plus jet production in pp collisions [84].

5 Extracting TMD PDFs in DIS using the thrust axis

In this paper we focused on the formalism for describing the double differential spectrum of
q and τ in electron-positron collisions, motivated by its recent measurement by the Belle
collaboration. However, our formalism can also be extended to deep-inelastic-scattering
(DIS), offering a unique approach to extract TMD PDFs, as we now discuss.

Consider DIS in the Breit frame, for which the virtual photon momentum is given by:

qµ = Q/2(n̄µ − nµ) = Q(0, 0, 0,−1) , (5.1)

where nµ ≡ (1, 0, 0, 1) and n̄µ ≡ (1, 0, 0,−1). Up to mass corrections, the proton momen-
tum can be written as

Pµ ' Q/(2x)nµ = Q/(2x)(1, 0, 0, 1) , (5.2)

where x ≡ Q2/(2 q·P ) is the Bjorken variable. At Born level, the struck quark back-scatters
against the photon with momentum (x ' ξ)

pµq = ξPµ + qµ ' (Q/2)n̄µ . (5.3)

The struck-quark fragments and produces a jet-like structure which points (close) to the
opposite of the beam direction.

We propose the measurement of the photon transverse momentum q in the Breit frame,
with respect to the thrust axis t̂, when a cut on the DIS-thrust event shape is imposed,
τDIS < τc. The thrust axis and DIS event shape we use are defined by

τDIS = min
t̂

1
Q

∑
i

min
{
n · pi, nt · pi

}
, (5.4)

where nµt ≡ (1, t̂ ) is determined through minimization. Up to proton mass corrections,
this definition is closely related to the 1-jettiness for DIS of ref. [85] and τa1 ’ of ref. [86]. In
principle one can use a Lorentz invariant definition, as in ref. [86], but we find it convenient
to give the simpler definition for the Breit frame. For alternative definitions of DIS-thrust
see also refs. [87–89]. To keep the notation compact, we drop the subscript DIS in the
following, simply using τ .

This measurement is related to the transverse momentum of a hadron in e+e− collisions
by crossing the outgoing hadron to an incoming proton, thereby replacing a TMD FF by a
TMD PDF. In particular, the kinematic regions and modes discussed in section 2 are the
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Figure 4. Illustration of the measurement of the virtual photon transverse momentum w.r.t. the
thrust axis, q, in the Breit frame.

same. We now discuss the factorization using figure 4, where we have separated the phase
space into the hemispheres Hb and Ht, defined by

i ∈ Hb : n · pi > nt · pi ,
i ∈ Ht : n · pi < nt · pi , (5.5)

where pµi is the (massless) momentum of particle i.
In Region 1, which as before satisfies τ ∼ |q|/Q �

√
τ , soft radiation contributes to

both the thrust measurement and the TMD measurement. Initial-state collinear radiation
along the direction of the proton will contribute to Hb with momentum pµc,b, and final-
state collinear radiation from the struck quark will contribute to Ht, with momentum pµc,t.
Soft radiation will be emitted in both hemispheres, and we denote the momentum of its
contribution to Hb and Ht with pµs,b and pµs,t, respectively. The transverse momentum q

of the photon with respect to the thrust axis, is directly related to the total transverse
momentum pt of radiation in hemisphere Ht w.r.t. proton/photon axis, through q = −2pt.
By momentum conservation pt = −(pc,b + ps,b), showing explicitly that for the transverse
momentum measurement only contributions from the initial-state collinear radiation and
soft radiation in Hb are relevant. On the other hand, the thrust measurement receives
contributions from the final-state collinear radiation and soft radiation from both hemi-
spheres. The kinematics and momentum conservation from contribution of the various
modes is illustrated in figure 5. This leads to the following factorization theorem,

dσ1
dx dQ2 dpt dτ =

∑
j

σ0,j(x,Q)
∫ ∞
−∞

db
(2π)2

∫ γ+i∞

γ−i∞

du
2πi e

ib·pt+uτH(Q,µ) J
(
u

Q2 , µ

)

× S
(
b,
u

Q
, µ, ν

)
F1,j

(
x, b, µ,

ν

Q

)[
1 +O

(
τ,

q2
T

τQ2

)]
, (5.6)

where F1,j is the unsubtracted unpolarized quark TMD PDF. We leave the effect of
polarized incoming protons for future investigations. The soft function S, and in general
the global soft functions that appear in this section, are related to the corresponding matrix
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Figure 5. Momentum conservation in region 1.

elements in the e+e− factorization by exchanging an outgoing Wilson line for an incoming
one. For compactness of the notation, we avoid the use of new symbols or superscripts.

To obtain the factorization for the other kinematic regions involves the same steps.
In region 2, the collinear-soft initial-state radiation also contributes to pt while the soft
contribution is power suppressed: pt = −(pc,b + pcs,b). The corresponding factorization
theorem is

dσ2
dxdQ2dptdτ

=
∑
j

σ0,j(x,Q)
∫ ∞
−∞

db
(2π)2

∫ γ+i∞

γ−i∞

du
2πie

ib·pt+uτH(Q,µ)J
(
u

Q2 ,µ

)
Sthr

(
u

Q
,µ

)

×C
(
b,
u

Q
,µ,ν

)
F1,j

(
x,b,µ,

ν

Q

)[
1+O

(
q2
T

τQ2 ,
τ2Q2

q2
T

)]
. (5.7)

Finally, for region 3 the power counting in eq. (2.16) implies pt = −pc,b . The corresponding
factorization theorem is,

dσ3
dxdQ2dptdτ

=
∑
j

σ0,j(x,Q)
∫ γ+i∞

γ−i∞

du
2πie

uτH(Q,µ)J
(
u

Q2 ,µ

)
Sthr

(
u

Q
,µ

)
Bj
(
u

Q2 ,x,pt,µ

)

×
[
1+O

(
τ,
q2
T

Q2 ,
τ2Q2

q2
T

)]
. (5.8)

where Bj is the Laplace transform of the double differential (in thrust and transverse
momentum) beam function [38, 90].

6 Conclusions

We have presented a factorization framework for the transverse momentum of hadrons
measured in e+e− collisions relative to the thrust axis. We identified three kinematic
regions depending on the relative scaling of the transverse momentum of the hadrons and
the thrust event shape. One of these kinematic regions was studied before in [38], but
is not relevant for extracting TMD FFs, since they do not appear in the corresponding
factorization theorem. For each of these regions, we developed the necessary factorization
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formulas using Soft Collinear Effective Theory. We presented analytical results for the
different functions that appear in the factorization, which allow for the joint resummation of
logarithms of the transverse momentum and thrust at next-to-next-to-leading logarithmic
accuracy. Our studies were motivated by recent measurements of the Belle Collaboration
differential in the transverse momentum of hadrons and cumulative in thrust. We will
present numerical studies for this process and a detailed comparison to the experimental
data in ref. [52]. Using this new data set it will be possible to (more) precisely constrain
transverse momentum dependent fragmentation functions (TMD FFs).

In addition, we proposed to constrain TMD FFs by identifying the winner-take-all axis
in e+e− collisions in one hemisphere and measuring the transverse momentum of hadrons
in the opposite hemisphere with respect to this axis. This process is simpler than the
double differential cross section described above, which is the main focus of this work, and
it is free of non-global logarithms. Furthermore, we proposed to measure the transverse
momentum of the virtual photon in deep-inelastic scattering with respect to the thrust
axis in the Breit frame. This process can be thought of as a crossed version of the double
differential e+e− cross section described above. This DIS measurement opens up a new
avenue to access transverse momentum dependent parton distribution functions (TMD
PDFs), which is independent of TMD FFs and jet clustering effects. We presented the
relevant factorization formulas and we expect that this measurement will be a powerful
probe of TMD PDFs, especially at the future Electron-Ion Collider.
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A Anomalous dimensions

Expanding the anomalous dimensions in powers of as = αs/(4π),

Γcusp(as) =
∞∑
n=0

Γnan+1
s , γX(as) =

∞∑
n=0

γX,na
n+1
s , (A.1)

the coefficients that are needed up to NNLL order are given by

Γ0 = 4CF ,

Γ1 = 4CF

[
CA

(
67
9 −

π2

3

)
− 20

9 TF nf

]
,

Γ2 = 4CF

[
C2
A

(
245
6 − 134π2

27 + 11π4

45 + 22ζ3
3

)
+ CA TF nf

(
−418

27 + 40π2

27 − 56ζ3
3

)

+ CF TF nf

(
−55

3 + 16ζ3

)
− 16

27 T
2
F n

2
f

]
, (A.2)

γH 0 = −12CF ,

γH 1 = CF

[
CA

(
−164

9 + 104ζ3

)
+ CF (−6 + 8π2 − 96ζ3) + β0

(
−130

9 − 2π2
)]

, (A.3)

γJ 0 = 6CF ,

γJ 1 = CF

[
CA

(146
9 − 80ζ3

)
+ CF (3− 4π2 + 48ζ3) + β0

(
121
9 + 2π2

3

)]
, (A.4)

γSthr 0 = 0 ,

γSthr 1 = CF

[
CA

(
−128

9 + 56ζ3

)
+ β0

(
−112

9 + 2π2

3

)]
, (A.5)

γS 0 = 0 ,
γS 1 = 0 , (A.6)

γC 0 = 0 ,

γC 1 = CF

[
CA

(128
9 − 56ζ3

)
+ β0

(
112
9 − 2π2

3

)]
, (A.7)

γD 0 = 6CF ,

γD 1 = CF

[
CA(2− 24ζ3) + CF (3− 4π2 + 48ζ3) + β0

(
1 + 4π2

3

)]
. (A.8)
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