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.‘can be solved exactly by the method of characterletlcs. Figure 1 illus-

-

Introduction

When an idealiy polarizable electrode, which'by definition does not

pass a faradaic current, is cﬁarged rapidly in a dilute solution, the
concentrat;on and charge distributions are disturbed at distances much
greater than the equilibrium thickness of the diffuse  double layer.
For example, ifisuch'an‘electrode in a 0.001 M KCl1 solution is charged
from’zero to -lQpC/cmg, the disturbance reaches to about 5300 A. The
anions have been driven from this region, leaving.the cations exposed and
forming an extended region of charge. The cations are consequently driven,
largely b&'thei# own charge, toward the electrode surface whefe they form
a thin; diffuse‘layer.

As'Gibbs has.poinﬁed out, such nonequilibrium, transient effects are

important only when the solution is dilute and the change of surface con-

centration is large. The change should also be effected in a time short
v COmpared to the relaxation time for reéequilibration' Thus it is appropriate

- to consider charging the interface at 10 A/cm2 for 1 ¢s in a millimolar

solution. This paper treats the movement of charge and the decay of the

'observed potentlal after the charging perlod

In the first approximation, these processes can be described with

neglect of diffusion. The mathematical problem is then hyperbollc and

trates the characterlstlc curves in terms of a dimensionless time T and

a dimensionless distance X from the surface. - The surface was initially

uncharged, and during the charging period the region with no anions in-

creases linearly with time. Outside this region the initial, uniform
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.. Figure 1. Characteristic curves for the charging
and decay periods.
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~concentration of both anions and cations prevails, and there is no net

charge density. After the charging period, here taken to Se T=T= 20,
this region no longer increases in thickness. One set of characteristic
curves is the lines of constant T. The other set"shown on the»figure
is the paths of the cations as they move toward the electrode.

With neglect of diffusion, the cations accumilate at the electrode
surface. One can, as a.second approximation, treat the diffuse natufe
of this charge distribution. During the charging period it is also possiblé
to_tréat the diffuse nature df the boundary between the charged and chérge—
free regions. At long times it is necessary to treat the back-diffusion
of the electrolyte; not as a second approximation, buﬁ.as a_primary factor

in determining the decay of the potential. An analysis along these lines

thus is not exact,-but it .does give considerable insight into the factors

involved and a semi-quantitative prediction of the decay of the obéerved

potential.

Mathematical Formulation
For a symmetric electrolyte with z, = —z_-=vz, the fluxes of cations

and gnions in the direction x normal to the surface are

o, — -P+§?f/§X + (zD#F/RT) €, (1)

it

N IfD_aé_/ax -‘(ZD;F/RT)'C_S , : | (2)

the conservatibn equations take the form

' 2
5c+ 5 o) c, zDF ac+€_

¥ ThTE R o o (3)
‘ac_ 'agc_ zD F ac_S




and Poisson’'s equation is
d¢/dx = (zF/e)(c+-c_) . ‘ - (5)
For charging-a large planar electrode at a .constant current density,
the eiectric field € approaches & constant -B far from.the electrode,
where B is pos1t1ve for the charging process con51aered here, whlch drives
cations toward the electrode. It is convenient to use this constant in

forming dimensionless variables and parameters:

, \
¢ +c c,~c 2zc F
_ + - _ + - _§ _ LY
C==%e s "% E=y, % B ¥
f (6)
Kb 22F° (D, *D_) i ' 2c_RT -
TETe .=, ~ Re t, A= 2 ' '
The equatiOns then become'
c E E '
3 _, o B a o om) .
x AR Fre)0Z-F) | ®)
| dE/X =Q, o (9)
where t _ = 1-t_ = D+/(D++D_) .
The initial conditions are A
.C=1 and Q=0 a- =0, . = (10)

implying a zeTo charge on the electrode and no specific adsorption. Far
froh;the‘electrode,

E--1, C=1, and Q=0 as X = - (1)

: during the‘charging period. At the end of the charging perlod when the

current 1is interrupted, the electrlc field E increases everywhere by 1
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while the concentfatiqn and charge‘distributions remain unchanged.
At the surface, which may be taken to be the inner 1limit of the diffuse
layer, the fluxes of anions and cations are zero

AX/X =QE and AXR/X=CE at Xs=0-, (12)
¥

implying the absence of faradaic reactions and specific adsorption of

cations. The last conditions can be replaced by

f (C-1)ax = (t,-t_)T and deX=‘r. | (13)
o ' o

Neglect of Diffusion

As a first apﬁroximation, let us neglect diffusion and treat the
system behavior whgn the anions and cations move by migrafion alone.
~ Far ffém the electrode the concentration remains.ﬁniform, and tﬁe anions
and cétions move with éonstant»velocitiés. This depletes £he.solution
of anions néar phe electréde, and in thé absence of diffus;on,there is
a growing region in:which.ahions-are virtually absent. ‘In this region, .
~ which extends té X =2t 1, we thus have C = Q. Thé remainingvcétions
form a regioh of e#tended'charge where the electric field increases by‘
Pbisson's eduation 97:JHénce the cation speéd increases as the cations
.appfoaéh the electrode surféce.' Then at X =VO, the cations pile up and in
the absencé of:diffusion form a surfage charge density 0. In the region
of extended éharge and Without_diffusign; the»eléctric field aﬁé charge
density obéy the equations o ' . - v

gg-:-en%%gand %§=Q.‘ | (14)
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During the charging period T < T, the solution is

E = [t_ -‘(l-t+X+2t+t_T)%]/t+ ,. | (15)

1

Q

l/2(l-t+X+2t+t_T)% , _ | (16)

which satisfies the boundary conditions E = -1 and @ = 1/2 at X = 2t_1.
When the current is-interrupted at T = T, the electric field E increases
by 1 and takes the value E = 0 for X > 2¢_T. Subéequeﬁtly,‘the region

of extended charge no longer increases but hasvthé cdnstant thickness of

. 2t_T. During the decay period T > T, the cﬁarge density and electric.

field in this region are

. o) e
tE =1+t - [(+tgr')” - £, (X-26.T)]2 17)
Q = 1/2[(1+t,1" )2 - ¢, (x-2¢_T)12, T (18)
’where 7' =71 - T. This satisfies the condition at T =T prescribed by

'eqﬁation 16 and the condition that E = Oat X = 2t_T. The details of the

derivation by the method of characteristics are inferesting in‘themseives
but are not essential to an understénding of the proéesses of charging
and decay. . - |

For t, = 0.5, the charge distribution is sketéhed in figure 2 for

the charging period and in figure 3 for the deééy-period; During the

'charging peribd, Q is maintained at a value of 0.5 at X = 2t_7 by the

ar;ival-of cations from the bulk solution. The presence of the free charge
deﬁsiﬁyvincreasés the électricvfield and hence-increases the spéed of ﬁhe
cations as theyvmofe through this region. This resulﬁs in a decrease in
thé concentration of cationé, since they arrive at tﬁe electrode surface

sdoner.‘ The cation trajéctories are indicated in figure 1.
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Figure 2. Distribution of extended.chargé
during the charging period.

10



 @

, 'li — ;

0.5 _
T=20

0.4 t,=0.5

0.3
- Q
0.2 |
o0.1 —
' /=10
0 | [ | N I | | L
O 0.2 0.4 0.6 0.8 1.0
X/T |
XBL689-697I|
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During the decéy period an electric field continues to exist due
vto the présence of the cations themselves. Hence Qpe cations continue
to migrate from the region of éxtended charge toward the electrode sur-
facé, as indicated in figure 3. |

VThe (dimensionless) potential at X = O, relative to the bulk solu-
tioh but corrected for the ohmic drop which would éxist if there were no
| charge:layer, will be denoted by ®. The contribution to this potentiél

due to the extended charge is:

2

¢1= u/\'(E+ladX“= 2 3 v 1 - (e 1) Y2 (19)

o
during the charging period T < T and is

00

1. /. 3.5 L
during the decay periodvT*>_T.. This will represent an important contri-
bution tovthe observed potentialvbﬁt_ﬁill be modified by,other éonsidera-.
tions in the subsequent section. |

The dimensionless surface charge density is composed.of a part O,

comprising the extended charge and a part 0 comprising the diffuse layer

near the electrode surface as follows:

g, =T - @

]

'[(1+2t+t_T)l/2 -1/, fore<rt, (a1)

Q
f
=
'
Q
i

| Y- 1/2 .
5 (Lt e" ) r 2t 6 15 1 - g7')/t, for v>1. (22)

] =f "E4x = —2—2— (l+t+T')3t+t_T + (l+t+1")3- [(l+t_;_'f')2+ 2t+t-‘,{[|]3/2 (201) .
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- A second integration gives

-11-
The Diffuse Part of the Double lLayer

In the absence of diffusion; cations pile up at X =.0 forming the
surface charge density g. In reality ﬁhese cations will form a diffuse

layer, but one which is thin compared to the region of extended charge.

Since anions are exéluded'from this region, Q = C, and equations 7 and

8 become

13, 3% dm - |
A A (23)

In this region it is appropriate to use the variables
e = B/o(t), q=28Q/°, y=Xo/or, (2h)
since these variables are now of order unity in the diffuse layer{ Equa-

tions 23 and 9 and conditions 12 then become

1% deq _ A e, o2, 2 4 | |

2ot Al a T s e (25)
defoy =q o (26)
da/dy = 2ge at y = O. | (27)

 For small wvalues of A/o3, the right side of eguation 25 can be dropped.

The solution of .the problem posed here then constitutes the basis of
the inner eXpanSion of a singular—perfurbation series, where the results
éf the'precedingYSQCtion are the basis of the outer expansion. '

. With'this gppfoxigafibh, integration of equation 25 subject to
condition 27 gives

~ 2eq = 3a/dy = (3a/3e)(3e/dy) = q da/Re. O (28)

a=defy=e-&. )
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The constant of integration is evaluated by matching with the outer solu-
tion; q is of order A/G2 and e is of order unity in the outer solution.
Thus q =+ 0 and e - e_ as y — ©, where e, is the value of e in the outer

solution as X =+ 0. A third integration gives

o o ¥ = Qem (} e+e : : (30)

where F = (eo-ew)/(eo+ew). After rearrangement, the solution for e and

q is
_ Eewy LF e2 Qe“V _
1+F e
= e -""'"—"'—'é‘é—"- and . q = Se : (31)
1-F e oo (1-F e ooy)

The charge 0 has a greater spatial diétribﬁtion than was assumed in
the last section. Hence it makes an additional contribution to the
potential: .

;IQA;Zj (é-em) dy = 2A n (l—F) ) S .(32)

where . : liz:g‘ " for
" - A = 1+T-50 for T<T. -
AHT-2 (33)
Teg
-9 forr>T.

1-F = 735

Back Diffusion of Excluded Salt

‘The_pétential should decay to the value corresponding to the ééuili-
.briumfdiffuse double layer at the given charge density; Howéver, 0g—-+T
as T => ® gnd conseqﬁently §2 becomes infinitely large. As the exfended
charge décays to zero, the contribution of the diffuse layer is no longer
smgll'compared_to that of the extended charge, and the above analysis'is'

no longer valid. Instead the diffuse layer begins to interact with the

*

W)
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salt solution of anions which had been driven away from the electrode.
When the extended charge has decayed, the salt solution from X > 2t_T
begins to diffuse back into the essentially pure water left behind.

If there is no charge density in the solution (Q = 0), equations

JEC/dX

(t+-t_)'A32c/ax2 ,v ‘ : (34)

o/ = bt aPcfx® . (35)

If equation 35 is solved subject to the conditions

C=0 for X<2tT

. fort=1T,
C=1 for X>2tT '

/X =0 at X=0,
C —;1- as X = o 5

then the concentraﬁion Co at X = 0 approaches the equiiibrium value as

1

c (x') = erte (3 o(s fo e )F] L O (36)

g The-time.required~for the'baek diffusion‘wiil be large compared to

" that for decay of extended charge if the soluﬁion is dilute and the charge

is large. It will then at some time become appropriate to consider the

diffuse leyer of chafge 0 to interact with a solﬁtion'having the cohcen—

tration Co; The value of Co Vill be changing so slowly with time that

?',theVdifque'layer is'eSSentially-in equilibrium, giving rise to a potential

difference of
. . ;_ ’ . .
'.-¢3 = -2A sinh-l[o/Q(ACo)z]v. | 7 (37)

At the same time there will be a liquid-junction or diffusion'potentiai

in:the‘bulk solution between the concentrations of CO and 1. This value
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calculated from equation 34, is

. Potential Decay Curves
v "
' Figures U4 and 5 show how the potential decays after rapid charging

in millimolar solutions of KOH, KCl, and HCl. Some of the parameters
.involved are given initable 1. The potential is calculated from @l + 05
or from &, + @3 + 9, whichever is less in magnitude. Figure h‘also
shows part of the charging period, where the potential ¢; + @, has been
corrected for ohmic drop as'ontlined earliert
"The potential due to the extended chsrge itself decreases fairly
rapidly; a characteristic'time for the process being é/xw. ‘The potentials
associatedeith bsck diffusion éf excluded salt are chsractefized by a
lafger time constant, LE/D, where L is’the.distance of anion exclnsion and
D is the diffusion coefficient of the salt. These characteristic times
are given in table_lQV At:short decay times; the extended charge resulting
from the exclu51on of anions leads to a .large, rapldly decaylng potentlal.
At long times the ‘back dlffu51on of salt into the relatlvely pure solvent
in the dlsturbance region determlnes the_potentlal of the diffuse lgyer.
At intermediate times, é completely'satisfactory mathematicai descrip-
tion has not been possible, but these two concepts can bebsnperimposed
qualltatlvely to provlde a reasonably ‘complete and accurate picture of
the decay process.  One may expect that the presence of the extended charge i
tends to continue to exclude anions, while the back diffusion of salt

increases the conductivity and speeds the decay of thevextended charge.
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Char e‘groduced in 1 millimolar solutions at 25°C by. passing
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. 1s corrected for ohmic drop.
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Teble 1. Parameters for charging at lOA/cm2 for 1 Hs in

various millimolar solutions at 25°C.

. KOH

oty | | 0.2695

A ' - 0.5317
L, disturbance distance, A T570
"Debye length, A . 9.1

T for 1 Ms R 39.33.

efk,, us 0.0254
12/, us 201
Discussion

KC1
0.4905
0.1606
5280
9.1
21.61
0.0463
140

HC1
0.8208
1.299

1857
9.1
61.47

© 0i0163
©10.3

"This analysis of rapid charging of double layers in dilute solutions

treats the limited-rates of ion movement and the departures from equili-

brium' in the charge regibn. In Anson'sl~treatment of such problems, the

diffuse charge layer was assumed to be in eduilibrium with an electrically

neutral solution whose concentration at the surface varied with time as a

consequence .of the charge injection. - A similar model is used here for

large. decay times, but the establishment of conditions in the bulk solu-

tion at early times is.different when one considers the*formaﬁion and

decay-of‘the extended charge.

AnSOh and Martin2 preseht potential decay curves for hanging mercury

drops follqwing charge injection sndvdiscuss the pertinent literature.

Theyipdgnt out that thevusuai assumption of an equilibrium double layer

in a transient'or'alternating-current experiment remains valid except

under extreme conditions of dilute solutions, large charge changes, and:

~ short response times. In .the curves of Anson and Martin, the potential
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decays more slowly than can bevexplained by the aﬁalysis of the present
papef}

We should mention here the expected consequences of makiﬁg experi-
ments under conditions different from those.treated,in this paper. If
the iﬁitial charge is +5 HC/cm2 and the final gharge'is -10 uC/ché, then
the extended charge region will not form until thé stored anions have been
driven away from the surfaée, and by that time 5t+/t_ uC/cm2 of cations

will already have been driven to the surface. Thus if

/t

fgfinal < % %initial’ -
no region of extended charge'§ill be fofmed; and departuresrfrom the final,
~ equilibrium potential should be shall. The region of extended charge, if it
exists, can be treated by methods not eséentially different from those
usea in the preseﬁf paper.

In the experiments of Anson and Martin, the current varieé with time,
decreasing exponentially with time throughout the.experiment. This dif-
ference probébly has little practical cohsequence because thevexﬁerimental
obsefvation fimes are much larger than the time constant fof-the decay of
current and are so lafée that the extended charge has degayed and the
ohmic pétential drop'is negligible. ‘The §rimary differencés wéﬁld occur. .
in the early charging period and ére ﬁot subjéct to steryation;n

‘In this paper it ﬁas peen assdmed that spécific adsorption is absent,
a good assumption for cations. Specific adsorpfion would modifyvfhe

-behavior of the diffuse layef and'the.obsérved potential, particularly
at large ti@es,,but it would have'little_effeCt qn the éXtended charge

since the ions must-reach the surface before specific adsorption is possible.

‘\
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We ghould also like to mention‘in'passing that is is possible to
give a more accurate account of the diffuse nature of the boundary

between the extended charge and the bulk solution durihg the charging

‘period. This.has not been included here since the potential at the

surface would not be changed significantly.

Conclusions

'Large, hon—equilibrium potentials should be produced by large, fast
changes in the charge of an ideally polarizable electrode in a dilute
solution. This phenomenon, which can be analyzed by neglecting diffusion,
isva5sociat¢d with a éharged région much thicker than the equilibrium
diffuse ;harge layer; Such potentials should decay faster.than cén be
observed. in most eiperiﬁénts. Non-equilibrium pdfentials associated with.
the back diffusion of salt into thé'sPace‘vacatéd by the exténded chargé

should be smaller in magnitude but persiSt for longer times.
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Nomenclature

A - dimensionless parameter, see equation 6.

B - magnitude of electric field far from electrode (V/cm).

¢, - concentration of species i (mole/cm3).

i



- dimensionless average concentration of cations and anions.

=20~

diffusion coefficient of species i (cm®/sec).
dimensionless electric field.

dimensionless electric field.

electric field (V/cm).

.Faraday'S'constant (c/equiv).

see equation 33.:

ﬁdisturbance disténce, cm.

flux of species i (moie/cme—sec).
dimensionléss charge density.
dimenéionless charge denéity.
universalbgas constant (joule/mole-deg):
time (sec); ‘ |
transference-number of speéies 1.
%bsolute_temperature (deg).
dimensionleés-time,of charging.

distance from inner limit of diffuse layer (cm).
himensionless distance. |
dimensionless distance.

charge number of.species i.

dielectric constant (farad/cm).

_conductivity of bulk solution (mho/em).

.dimensionless surface’ charge density in diffuse layer.
dimensionless surface charge density in extended charge:
dimensionless time.

dimensionless pbtential at x = O.

u

2
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