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A DETERMINING FORM FOR THE DAMPED DRIVEN
NONLINEAR SCHRODINGER EQUATION- FOURIER MODES
CASE

MICHAEL S. JOLLY, TURAL SADIGOV, AND EDRISS S. TITI

ABSTRACT. In this paper we show that the global attractor of the 1D damped,
driven, nonlinear Schrédinger equation (NLS) is embedded in the long-time
dynamics of a determining form. The determining form is an ordinary differ-
ential equation in a space of trajectories X = C,} (R, PmHQ) where P, is the
L2-projector onto the span of the first m Fourier modes. There is a one-to-one
identification with the trajectories in the global attractor of the NLS and the
steady states of the determining form. We also give an improved estimate for
the number of the determining modes.

1. INTRODUCTION

The damped, driven, nonlinear Schrodinger equation (NLS), (2.1), has been
derived in various areas of physics, and widely investigated (see e.g. [1] and ref-
erences therein). In plasma physics, the NLS is a model for the propagation of
an intense laser beam through a nonlinear medium (see e.g. [7]). In this model
the unknown function u(z,t) is the electrical field amplitude, ¢ is the distance in
the direction of the propagation and x is a transverse spatial variable. Absorption
of the electromagnetic wave by the medium is accounted for by linear damping.
Some resonant forcing of small amplitude (for example, a traveling wave) is used
to compensate weak dissipative losses (i.e, absorption). The NLS also describes
the single particle properties of Bose-Einstein condensate (BEC) (see e.g. [3]), in
which a gas of bosons is cooled to very low temperatures. In this case, known as
the Gross-Pitaevski equation, u(z,t) describes the macroscopic wave function of
the condensate; t is time and = is a spatial variable. A constant damping rate
(absorption) +, describes inelastic collisions with the background gas which occur
when the particle density is very large. The forcing term represents the interatomic
forces of the condensate. We note that the NLS is also investigated in deep-water
phenomena and in the collapse of Langmuir waves (see e.g. [7]). In this paper, we
consider a force general enough to include the above applications where it can be
periodic in space and independent of time.

The undamped, unforced case has been extensively studied in modern mathe-
matical physics (see e.g. [5]). Well-posedness of (2.1), for nonzero forcing and v > 0
is established by Ghidaglia in [12], where, under the assumption that the force is
either time independent or time periodic, it is also proved that there exists a weak
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attractor in the Sobolev spaces H! and H?2. Later, it is proved in [15] that this weak
attractor is in fact a global attractor in H? in the strong sense. In [13], assuming
the force is smooth enough and periodic in spatial variable, Goubet proved that the
global attractor A is smooth, meaning it is included and bounded in H¥, for any
k > 1. This implies that A is in C* due to classical Sobolev embeddings theorems.
Finally in [16], it is proved that A is in fact contained in a subclass of the space
of real analytical functions provided that the forcing term is real analytic. The
long-time dynamics of the damped, driven NLS is entirely contained in the gobal
attractor A, a compact finite-dimensional set within the infinite-dimensional phase
space H* for any k > 1 (see [13]). It is shown in [16], for real analytical forcing,
that the solutions on the attractor of the NLS are determined uniquely by their
nodal values on only two sufficiently close nodes.

The finite dimensionality for the NLS can be stated more explicitly. It is also
known that solutions of the NLS in A are determined by the asymptotic behavior
of a sufficient finite number of Fourier modes (see [13], [14]). To be precise, this
means that if two complete trajectories in the global attractor coincide under the
projection P, onto a sufficiently large number, m, of low modes, then they are

the same trajectory. These m-modes are called determining modes (see [11]). This
notion of determining modes was used in [8] to find a determining form for the
2D Navier-Stokes equations (NSE). In [38], the determining form is an ordinary

differential equation in an infinite dimensional Banach space X = Cy(R, P, H),
governing the evolution of trajectories. Here H is a Hilbert space which is a natural
phase space for the 2D NSE (see [0], [17]). The trajectories in the attractor of the
2D NSE are identified with traveling wave solutions of the determining form in [3].

A determining form of a different sort was found in [9] for the 2D NSE. It is based
on data assimilation by feedback control through a general interpolant operator. It
is general in the sense that it can be induced by a variety of determining parameters
such as determining modes, nodal values and finite volumes. The steady states of
this determining form are precisely the trajectories in the global attractor of the 2D
NSE. Thus, in general, a determining form for a dissipative system can be defined
as an ODE in a phase space of trajectories which characterizes those in the global
attractor. The second type of determining form may ultimately prove useful in data
assimilation; if a time series for the projection of a solution is corrupted by noise,
then the true solution could be recovered by evolving the form toward a steady
state.

Motivation for the determining form comes from the notion of an inertial form.
An inertial form for a partial differential equation is an ordinary differential equation
restricted to a finite dimensional manifold called an inertial manifold. We note that
it is not known if there is an inertial manifold for 2D NSE. Nor is it known whether
there is such a manifold for the NLS. In this paper we adapt the approach in [9]
for the NLS. While the feedback control approach potentially allows for a variety
of interpolant operators, our analysis for the NLS is restricted the case of Fourier
modes. This is done in order to close the a priori estimates needed in L?, H', H?,
even though there is no dissipative term to absorb the highest derivative. The key
step to get a determining form is defining and extending the map W which recovers
the high frequency components of a trajectory on the global attractor from the
low frequency components. This is done by adding a feedback control term to the
NLS (see [1], [2] for feedback controls). The determining form in [8] has the map
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W inserted in the bilinear term of the NSE. The feedback control approach allows
us to avoid doing this for the cubic nonlinear term in the NLS. The idea of the
feedback control approach is that if we know the P,, projection of the solution
of the damped driven NLS on the attractor, we can feed this information into
the system to construct the complete solution. It is worth pointing out that this
equation is dispersive and merely damped, not strongly dissipative. The analysis
used here involves compound functionals motivated by the Hamiltonian structure
of the Schrédinger equation.

Section 2 introduces the NLS and special notation. The statements of the main
results are mentioned in section 3. A priori estimates are done in section 4. Section
5 contains the main results that we need to obtain a determining form. Section
6 introduces the determining form. Finally, in section 7, we give a different proof
of the determining modes property of the NLS through a ‘reverse’ Poincaré type
inequality. This approach produces an improved estimate for the number of the
determining modes for the NLS.

2. PRELIMINARIES

We consider the 1D damped, driven, nonlinear Schrédinger equation subject to
periodic boundary conditions

iy 4 Uge + [uPu +iyu = f (2.1)
u(t,z) = u(t,x + L), V(t,z) e RxR
u(0,2) = uo(x)
where 0 < L < 00, 0 < v and f # 0. We assume that f is time independent, and
felL?,. Let0<k< oo Wedenoteby H*[0,L] (or simply H*) Sobolev space of

per:*
order k,

H*0,L):= {f € L*[0,L] : a« < k, D f exists and D*f € L*[0, L]},

k» . k- et . . L . . . .
and by HJ.,, the subspace of H" consisting of functions which is periodic in x, with

period L. Note that H),.[0,L] = L2,,.[0, L]. We assume that uo(z) € H,,. It has
been proven in [12] that (2.1) has a unique solution u(z,t) such that the mapping

ug — u(t)

is continuous on H', with u € L>(R; H'). The global attractor is the maximal
compact invariant set under the solution operator S(t,-). Alternatively, it can
be defined as A = Ny,eS(t,uo) where B is an absorbing ball (see e.g. [L7]).
Throughout the paper, we will use the notation

[ull® == [lull,

lullF = lullZs + lluallZs,
and
[ullf = llulZe + lluwalZe-

To make the flow of the analysis more transparent, we adopt some specialized
notation for certain bounding expressions. Bounding expressions that depend on 7,
f (and p, see (3.4)) will be denoted by capital letters R and K with specific indices.
The bounding expressions R with indices 0, 1 and 2 are L?, H' and H? bounds,
respectively, for the solution of (3.4). Those bounding expressions accented with ~
and ~will be subsequently improved. As they are improved once, we remove a”. For
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example, K, will be improved once, and we use K, for the improvement. Then we
improve K, again to get K, which is the final improvement. Universal constants
will be denoted by ¢ and updated throughout the paper. We denote by P,, the
L?-projection onto the space H,,, where

H,, := span{e’™* T : |k| < m}. (2.2)
3. THE STATEMENTS OF THE MAIN RESULTS
We define the following norms,
[v[x = sup [[v(s)]| + sup [[vs(s)||
seR seER
lvlx,0 = sup [[v(s)]], (3.1)

seR

lwly = sup [[w(s)| a2,
seR

and the following Banach spaces,
X =C}H(R,P,H?) ={v:R — P,H? : v(s) is
continuous Vs € R and |v|x < oo}, (3.2)

Y = Cy(R,H?) ={w : R — H? : v(s) is
continuous Vs € R and |w|y < co}. (3.3)
Let v € X, and consider the equation
W + Wag + W)W +iyw = f — ip[Pm(w) — v, (3.4)
subject to periodic boundary condition
w(s,x) =w(s,z+ L), V(s,z) e R x R.

We assume that f € L2,.. We first state a new estimate for the number of deter-
mining modes.

Theorem 3.1. Assume I
m > —Ki —1,
2T

where Ky is defined in (7.1). Then the Fourier projection P,, of L? onto the space
H,,, where H, is defined in (2.2), is determining for (2.1) i.e, for all uy(-),us(-) C
A, Ppuy(t) = Ppua(t), for allt € R implies that ui(t) = ua(t), for allt € R.

Remark 3.2. By tracking the || f|| dependence of the bounds throughout the paper,
we will show that a sufficient number of determining modes is of order O(||f]|*°)
as ||f|| = ocand O(y~'2) as v — 0. Following the analysis in Goubet [13], one
can show that a sufficient number of determining modes is of order O(y~12:5) as
v — 0 and O(||f||*?) as || f|| = oo. Thus the functionals in our analysis in (4.8),
(4.16), (5.6) and (5.16), which are naturally motivated by the Hamiltonian structure
of the Schrodinger Equation, lead to sharper explicit estimates. We also mention
that the abstract treatment of determining modes by Hale and Raugel is applied to
the damped, driven, nonlinear Schrédinger equation in [14], but that approach does
not provide estimates for the number of modes needed.

The proof of Theorem 3.1 is given in section 7. It is a byproduct of the proof for
the following main result.
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Theorem 3.3. Let v € X, and u* be a steady state of equation (2.1). Then we
have the following:

(1) There exists a unique bounded solution w € Y of (3.4), which defines a map
W:X =Y, such that w = W (v).

(2) For sufficiently large m and p, we have W(P,u) = u, for any trajectory
u(s), s € R, in the global attractor of (2.1).

(3) For sufficiently large m and p, P, W : X — X s a locally Lipschitz map.

(4) The determining form

dv .
= = F@) = —[v = PaW(0)[5 0 (v = Pmu’),

is an ordinary differential equation in a forward invariant set
{ve X :|v— Ppu*lx <3(RY+ R/O)},

and F restricted to that set is globally Lipschitz. Moreover, Ppu(s) is
included in that set, for every u(s) € A. Here R = Ro|u=o and R =
R'| =0 are defined in (5.8) and (4.26), respectively.

Theorem 3.3 is a combination of results to follow. Item (1) corresponds to Propo-
sition 4.1 and first part of Theorem 5.3, item (2) is equivalent to Proposition 5.1,
item (3) is analogous to the second part of Theorem 5.3, and finally item (4) is the
summary of Theorem 6.1. The basic idea is to use the Galerkin method to establish
a unique bounded solution to (3.4), which defines the map W. This involves a series
of a priori estimates undertaken in the next section.

Let n > m. Note that P,v = v, for every v € X, and consider a Galerkin ap-
proximation of (3.4),

105wy, + 02w, + P (|wp[*wy) + iyw, = Pof — ip(Prw — v), (3.5)
subject to periodic boundary condition, and with the initial data
wp(—k,x) =0, (3.6)

where w,, € H,, for some k € N. For simplicity we will drop the subscript n. Since
(3.5) is an ordinary differential equation with locally Lipschitz nonlinearity, it has
a unique, bounded solution w,, on a small interval [—k, S*), for some S* > —k. We
will show that w, exists globally on the interval [—k, co0) and is uniformly bounded
with respect to s € [—k,00), n and k, in the norms of the spaces L?, H! and H?.

4. A PRIORI ESTIMATES

4.1. L? bound. Let [—k,S*) be the maximal interval of existence for (3.5). We
will establish here global (in time) uniform in n bounds which will imply, among
other things, that S* = oco. Let us focus below on the interval [—k, S*). Multiply
(3.5) by w, and integrate

L L L L L
z/ wsw—i—/ wmw—l—/ |w|4+i/ 7\w|2+i,u/ P (w)w
0 0 0 0 0
L L
:/ fzI/Jriu/ . (4.1)
0 0
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Take the imaginary parts of both sides, and use the fact that P, is an orthogonal
projection and v € X, to get

1d L - L -
3 g0l Al + P )P = I [ g+ ke [ oPyo.
s 0 0

By using Holder and Young inequalities, we have

1d
5 7 1wl + v llwl® + gl Powl® < [ flllwll + pllolll Paw]
2 2
LR Al
- 2y 2
ploll? | pll Prow]l?
+ 5 + 9 )

and hence,
d, 2 2 2 IfIP 2
s lwl” + A wll” + pll Prawl” < + plloll*,
5 ¥
for all s € [k, S*). Since v € X, we get
d 2 2 > _ 117 2
75 el + Al + pll Praw]” < +pulol (4.2)
s Y
Thus,

L£1I” 2
AP 4 ol
v X

d
%IIWH2 +fwl? <
Since, w(—k,x) = 0, we deduce by Gronwall’s lemma that,
I1f11?
2

I
lw(s)|* < + §Iv|,2x7

for all s € [—k, S*). Since the right-hand side is constant, we conclude that S* = oo,
and therefore

[l w2 5
)l < 0y 200 =R,
0 vz
for all s € [k, 0), and as a result
sup |lw(s)|| < Ro. (4.3)
s>—k

Note that the constant Ry satisfies Ro = O(/ﬁ) as u — 0o, and is independent of
k and n.

4.2. H! bound. Use again the fact that P, is an orthogonal projection in (4.1),
and take the real parts of equation (4.1):

L L L
Im/ wins = |Jwg||? — ||w||}a +Re/ fw— ulm/ VW, (4.4)
0 0 0

for all s € [k, 00). Now, multiply (3.5) by ws and integrate with respect to x over
[0, L] to obtain

L L L L
i||w5||2—/0 wwwm—&—/o |w|2wﬂ18+i7/ wws—i—w/o P (w)ws

0
L L
= fzf)s+iu/ VWg.
0 0
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Take the real part of the above equation to obtain

i||w ||2—11||w||4 +2 Im/wa +2 Im/LP WPy Ws =
dS * 2d$ Le v 0 s ’u 0 m mes

L L
— 2Re/ fws + 2u[m/ vws.  (4.5)
0 0

To eliminate the third term in (4.5), we will use (4.4). For the fourth term, we
take the P, projection of equation (3.4), then multiply by P, @, integrate, and
take the real parts to find

L L
= Re/ P fPhw — pulm vPpw.  (4.6)
0 0

Now combine as follows: (—2v) x (4.4) 4+ (—2u) x (4.6) + (4.5) to get

— + 4y =27||ws||® + 67Re/ fw— 6,wylm/ Vi
dS 0 0
L
+ QuRe/ P (|w]?w) P — 2| Prywy || *
0
L L
—2uRe/ meme+2,u2Im/ v P, w
0 0
L
—2ulm VW, (4.7)
0
where
1 L L
B(s) = ||Jws||* — §||w||‘i4 + 2Re/0 fwo— 2,uIm/0 V. (4.8)
Since w(—k,z) = 0 for all z, we have that w,(—k,z) = 0 for all z, and thus
o(—k) = 0.

We estimate the right hand side of (4.7) using the Holder, Young and Agmon
inequalities and (4.3) as follows

2| |2 < 2 w2,
L ~
67 Re / fo < 611kl < 6v]f1Ro,
0

L
—@wlm/ v < 6py|vfl[[w]] < 6py|v|xRo,
0
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L L
QNRe/ o (|w]*w) mw—QuRe/ |w|*w P, w
0 0

< 2pf|wl |3 w[[| Pl
< 2p(cllwllllwlz)lwl | Pmw|
< 2pcfwl?lw]

pPe?||wl|®

IN

+ylwlF

PR

IN

+ w3

Moreover, we have

L
ouRe / Ponf Pt < 20| P f | P < 2] £l[10l] < 2011 R,
242 Im / 0P < 242 0] [| B < 204%]0] xR,

—oulm / o < 2uluilllwll < 2ufo]xRo.
Putting together the above estimates, we obtain

d =
B v a6 < Byl + Ko,

where

- ~ - 22736
Ky = 69|71 Ro + vl x Ro + 5=
Then by using the Agmon, Holder, and Young inequalities in (4.8), we get

1
6(s) 2 lwell* = SelwlPlwlla = 20wl = 2puljv][lw]

1 1
= lwell? — gellwllwell — gelwll* — 20wl — 2ol ol
2 6
1 . -
> sl - Sl — el - gelul® - 211R0 - 2ulelxRe
> (1= €+ (1 =€) o]
c27i’,8 1

et 5ERE+ 20 [ Ro + 2ulvlxRo + (1 - ORG

where 0 < € < 1, £ to be chosen later. Thus, we have
¢ > (1= &)||wllzp — Ko,
where ~
= AR

L i ) .
Ky = + 3R+ 20 f[Ro + 2ulo|xRo + (1 - ORE,

and hence

1 K,
S A

il <

(4.9)

+ 20| FIRo + 212 |v| x Ro + 2u]v| x Ro.

(4.10)

(4.11)
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Use (4.11) in (4.9) to obtain

dp 1—4¢ =
— <
d8+1_£’7¢_ 3,
where
= 37]%2 =
K3 = K
3 1_§+ 1
Choose £ = %, so that
1—45_1
1-¢
So we have i
’)/ =
L 4+ lp< K
ds+2¢_ 3

Since ¢(—k) = 0 , applying the Gronwall lemma, we have

d(w(s)) < Ky,
for all s > —k, where [:(4 = 2[%3/7 From (4.11), we obtain

7...

[w(s) |3 < ¢+ Kz {4+ Ko),

6!

for all s > —k. Therefore, we have K1 = 0(p), K2 = O(p*), K3 = O(p°), Ky =
O(u’) as g — oo. Thus

= 7 =z =
sup ”w(S)HHl <Rp:= 6(K4 +K2) =
s>—k

as ;1 — co. Note that Ry is independent of k and n.

4.3. Improved L? bound. We now use the H'-bound in (4.12) to obtain a better
L?-bound. We rewrite (4.2) as

s
< U g,

d
glle2 +llwl? + pllwl? - pllQnuw|? <
where Q,, = I — P,,. Thus,

IIfH

d
ol + (r+ wllwl® < + plol% + pll Q.

By the generalized Poincaré inequality we have

L1 2 R
1Qmwl® < 5 sz lwel* € T 57—
42( +1)2 4772(m+1)
If we choose m large enough such that
RZ L2
then
d f
St Gl < S o
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Now, we apply the Gronwall Lemma, using the fact that |[w(—k)| = 0, to obtain
2 o2
1A gl

w(s)|* < ,
() Yoy +m) oyt vtm

for every s > —k, and hence,

2 U2
sup ||w(s)|\2§ Hf” +:u| |X+ M )
s>—k Yy +p) oyt p y+p

As a result,

sup [lw(s)] < Ro,

§>—

_ _lfl p [ B o
RO : \/W + ’}/+/L|U|X + PO (,u )7 (414)

as i — 0o. Note that Ry depends neither on k, nor on n. So by choosing m large
enough satisfying 4.13, we get an L2-bound which is uniform in p. Inserting R in
place of R in the proof of the H'-bound, yields new constants

K1 =0(1?), K2 = O(p), K3 = O(p?), K4 = O(p?),

where

replacing K1, Ko, K3 and K, , respectively as 1 — oo. As as result,
~ 28 -~ 7 -
sup |lw(s)[[g <Ry =4/ =Ko+ —K; = O(n),
s>—k 3 3y

as [t — 0o, where

_ ﬂ202R8 9
Ky =67 f|Ro + 6pvy|v[xRo + + 2p][ IR0 + 217 0] x Ro + 2plv|x Ro,
and
. ARE 1, 2
Ky = o 3Ro + 2R + 2pf0[xRo + (1 - ORs.

4.4. H? bound. Multiply (3.5) with Wy, + Y,,, integrate, and take the real
parts:

L L L L
Re/ iwswmsJﬂyRe/ iwsmerRe/ WarWaas +7Re/ |Wee|?
0 0 0 0
L L L
+Re/ w2 WD g s +7Re/ |w| 2w g +7Re/ MWWy
0 0 0

L L L
—|—72Re/ LWWyy + uRe/ 1P WPy Weys + ,uvRe/ 1P wP,, Wy,
0 0 0

L L L L
=Re/ fWps + 'yRe/ fpe + ,uRe/ WWaps + ;wRe/ VW -
0 0 0 0

We now estimate term by term, using integration by parts in most cases.

L L
Re/ MWsWags = —Re/ i|wes)® =0,
0 0

L L L L
7Re/ TWsWay = —7Re/ TWesWy = Wlm/ WypsWy = —vfm/ WyWgs,
0 0 0 0
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L 1d )
Re WrrzWras = 778”10:51“ )
0

L
TR [ sl =3l
0
L L L L
Re/ |w| 2wy = —Re/ (WD) 4 Wy s :fRe/ 2UWW Wy —Re/ W0 Wy
0 0 0 0
L L
d 1 d
2 2 20 o
= — —_— J— 7R —_—
/0 ol ds|w$| 2 e/o Wgs e

L L L L
vRe/ |w|2wwm = —WRe/ (wQE)Iwm =— 'yRe/ 2UWW, Wy — vRe/ W2, Wy
0 0 0 0

L L
:—27/ |w|?|w,|? —’yRe/ w2,
0 0

L L L
'yRe/ MWWpps = —'yRe/ Wy Wes = 'yIm/ Wy Wy,
0 0 0
L L
0 0
L L L
,uRe/ 1P WPy Wyys = —uRe/ 1Py Ppy Wy s :ulm/ Phw, Py,
0 0 0

L L
0 0
Now, we combine the above terms to get

1dyp

L L
5ds +yp = — /0 2Re(wis|w,|?) — Re/o wwswﬁ

L L
+ uIm/ Uswzz + ’YMIm/ ’U’lsz
0 0

L L
— VRe/ [y — ,ulm/ Pw, Py, (4.15)
0 0

for all s > —k, where
L L
p(w) = el =2 [ P unf? - e [ wt?
0 0

L L
— 2Re/ fpe + 2/¢Im/ VW - (4.16)
0 0
Observe again that since w(—k, ) = wy(—k,z) = wy(—k,z) = 0, for all z € [0, L],
we have ¢(—k) = 0. We write
Ws = Wgyyp + N, (4.17)

where h := i|w|?*w — yw — pP,,w+ pv —if. Observe, thanks to Agmon’s inequality,
that

[h(s)]| < ellw|®[lwll g + (v + @)Jw]| + pllvl] + || £]]
< ERER1 + (v + 1) Ro + plvlx + |1 £,
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for all s > —k. We estimate each term on the right-hand side of (4.15). We use
(4.17), as well as the Young, Holder, and Agmon inequalities to obtain

L L L
—/ 2 Re(wi, s ) §2/ \w||w5||w$|2=2/ (| [itae + hws]?
0 0 0
L L
sz/\wmmwhﬁ+2/|wmmwﬁ
0 0

L
S2||w|\oo||waa||oo/O |waa||we| + 2wl 2]]|lws |2,
3 3
< cllwlool|wz |2 |wez |7 + cllw|l[|Al[|ws | |wzz |
1 3
< e([Jw]]? w3 llwealI2 + c(llwll]|2]l][ws]]) [|wes ||
1. P
< o(RERY)|wes |12
+ cRoR1(RER1 + (v + ) Ro + pfv]x + 11Dl wse |
i 2 g
e
n c(RoR1(RER1 + (v + w)Ro + plv|x + || £]])?
v

Y 2 *
= A T K P
e P + K
where

Ry — c(RgRT)* n ARGRU[RER + (v + W) Ro + plolx + [I ][]}
' 3 vy '

Similarly, we have

and

L 2
plm [ vates < losllesa] < P+ S0,
0

L
_ Y
yutm [ ots < plollsel) < J5lhwasl? + cof,
0

L
_ v
~1Re [ 0 <M < Golhwse P+ exll 1P
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For the term —ulm fo P w, Pv,s, we take the P, projection of equation (3.5),
multiply it with uP,,w,,, integrate, and take the real part to get

L L
_Mm/'mwﬁ%@$:—wRWMW—um/’ o (10]210) Py
0 0

L L
+ uRe/ [Py, — ,uzfm/ VP Wy
0 0
< — pllPrtwae* + pllwlZ [wll | Prwes |+

Apply Young’s inequality to eliminate p|| Ppw.||?, and then Agmon inequality, to
get

L
it [ PoaPoitas < cn(RERD? + cul I + el
0

Combine the above terms to obtain

1dyp
s +7p < K¢+ *||me27 (4.18)
2 ds
where
> > CH2|”|§( 20,12 2
K¢ :=2K5 + T +eyptlolx + eyl fII7+

+ cp(RER)? + el FII? + en® ol
Note that Kg = O(u®) as u — co. From (4.16) we obtain
1 .
2 gllwee||* = Ko, (4.19)
where K7 := ¢(RoR3 + || |12 + 12[v[%). Use (4.19) in (4.18), to get

1dyp -
*7+'Y<P<K6+ ( + K7)

2 ds
=*<P+(% (7 + Kg)
Y e >
—Yor AR, + i)
2<p+(2 7+ Ks)

Thus we have

d - N
dff +7p < yK7 + 2Ks.

Since ¢(—k) = 0, we have, thanks to Gronwall’s lemma, ¢(s) < K7 + 2K
s > —k. From (4.19), we get

, for all

- 4K 8
[wea (s)]|* < 20 4 2K7 < 76 + 4K,

for all s > —k. Thus we get

sup ||w(s)||gz < R,
s>—k

. [4K
Ry = Tﬁ +4K7 + Ry = O(u), (4.20)

where
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as t — 0o. Comparing to (4.12), we observe that Ry >> 7%1, for large p.

4.5. Improved H' bound. We now use the H2-bound to obtain a better H!-
bound. From (4.7) and (4.8), we realize that

%+4’y¢—|—u¢ =2~y||wa2+67Re/ f@—6u’ylm/ VW
0 0

L
+ 2uRe/ P (Jw|?w) Py — 2| Pryws ||
0
L L
— 2uRe/ P fPy,w— 2ulm/ VW
0 0

L
I _
+ sl = ol +2uRe [ o (1.21)

We estimate the right-hand side of (4.21) as follows
29/lwa* < 29|lwlfn,

L
67 Re / fo < 6l lllwll < 6v]fIRo,

L
_6uyIm / viv < 63y[o]||wl] < 6[v]xRo,
0

L L
2uRe/ P (Jw]?w) P = 2/LR6/ |w|*wP,, ®
0 0
< 20w wll]| Pl
< 2uc((lwll[Jw] g) [Jw[]| Prwl|
< 2pc]|wlf[|w|] g
< 2 6 2
< pc”[[wl]® + pllw][ g
< (2 6 2 2
< P flwl” + [wll®) + pllwe |
< Ry + Rg) + pl[wa|*.
Choose m large enough so that
R3L?
— < 1. 4.22
Ar2(m+1)2 — (422)
Then,
_2N||mex||2 = —2u||wx|\2 + 2U||Qmww”2
21 |
((m +1)%)2
< —2pflw|® + 24,

< —2pf|w|* + |wae||®

L L
2)iRe / P& — 2uRe / P f P < 21| £ | Q]
0 0

< 2ull £ lwll
< 2ullfRo,
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L
ﬁﬂm/vmézwwwmémwﬂ%
0

Add the above terms to obtain

d
9 40+ 16 < Al + K, (423)

where
K1 = 67| f[[Ro + 6p7v[v|xRo + (¢ RY + RG) + 21 + 24l f [ Ro + 2p|v] x Ro-

Now, as in (4.10)

3A||w|® 1 1
6() 2 lwel? ~ 2R D2 — Lol — 20 11Ro — 2ulolxReo
2 2 3c2R8 1 2
> §||wm||2 + §||w||2 ST ° + 50733 +2[[fIRo + 2ulv|xRo + gR%
2
= g”wH%{l Ky,
where
3R 1 2
Ky = 016 D SeRY + 2071 Ro + 2ulolxRo + SRE.
Thus [|w|%: < 2¢(w) + 3K,. Use this in (4.23) to obtain
d¢
E‘*‘Wﬁ"’lﬂbﬁ 3vKs2 + K3
Thus, since ¢(—k) = 0, by virtue of Gronwall Lemma, we have
Ko+ K
o(s) < B2 T Ky
v+ u
for all s > —k. Thus,
(Sp+67)Ky + Ky 1
sup [lw(s)|m < Ry = = O(u?), (4.24)
s>—k Y +:u‘

as u — oo. Inserting R4 in place of R; in the proof of the H2-bound, yields new

H?2-bound
4K,
sup. [w(s)lgz <Rz = 76 +4K7 4+ Ro = O(p?), (4.25)

as p — 0o, where
CMQM%( 20,12 2 2 2 2 30,12
Ko :=2K5 + — + ey |olx + | fII7 + en(RGR1)” + epll f|° + ep”|vl,

Ko = o(RoRE + 11 + 2 lolf),

(R

R n ARORARIRL + (v + )Ro + plvlx + I1.f11}2

1
2
K5 = 03
v v



16 MICHAEL S. JOLLY, TURAL SADIGOV, AND EDRISS S. TITI

4.6. Time derivative bound. We realize from (3.5) that we have
[w'(s)]| < Ra + ¢RER1 + (v + ) Ro + [ £l + ulvlx-
Thus

sup [w'(s)[| <R,
s>—k

where

R =Ry + cRIR1 + (v + )Ro + || f|| + plv|x. (4.26)

4.7. Passing to the limit. To summarize our L2, H', H? and the time derivative
bounds, we have

sup [lwn(s)|| < Ro = O(1°),

s§>—

sup, [ () < Ry = O,

— , (4.27)
sp, |wn (s)]l 2 < Ra = O(1?),

sup lwn (s)]| < R = O(u?),
as pu — oo, where RO,Rh Ro and R are independent of k and n, and defined
n (4.14), (4.24), (4.25) and (4.26), respectively, and where w,, is the solution of
the initial value problem (3.5)-(3.6). Thus we have a bounded solution w,, to the
Galerkin approximation (3.5) of the equation (3.4) with initial condition (3.6), on
the interval [—k,00), and satisfying (4.27); we will call it w,, 5 to emphasize the
initial time —k, and consider

Wy € Cyp([—k,00); H*) N C} ([—k,00); L?).

We now focus on the interval [—1,1]. Since H,,, defined in (2.2), is finite-dimensional,
we may invoke the Arzela-Ascoli compactness theorem to extract a subsequence of

Wy, &, denoted by w( ) , such that w(l) — wg), as k — oo, where w( ) is a bounded

solution of the Galerkm approximation (3.5) on the 1nterval [-1,1]. Let j € N,

(J + to be subsequence of

a )

we will use an induction iterative procedure to define w,;’
7(5 L, all of which are subsequences of w, ;. Indeed, we have already defined w,,

Suppose wfj L

w,

is defined, and is a subsequence of w,, . We apply again the Arzela—

Ascoli compactness theorem to extract a subsequence of wn k, denoted by w,; (g H),

such that wg;:l) — wi™, as k — oo, uniformly on [+ 1), +1)], where

wgf 1 is a bounded solution of the Galerkin approximation (3.5) on the interval

[—(j+1),(j+1)]. Notice that w satisfies all the estimates in (4.27) in the interval

(k)

[—7,7]- By the Cantor diagonal process we have that w mk — Wn, Where wy, is a

bounded solution of the Galerkin approximation (3.5) on all of R satisfying all the
estimates above. Thanks to the compact embeddings

H? — H' — L?,
and

sup [|wy, || 2 < R2 and sup [|w), || < R/,
seR sER
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we can apply Aubin’s compactness theorem (see, e.g., [6] and [17]). For every
m € N there exist a subsequence wi™ of w,, such that w™ = wl™ on the
interval [—m, m], where w(™) is a bounded solution of (3.4) on the interval [—m, m].
Also,w(™) and d%w(m) satisfy estimates (4.27) on the interval [—m,m]. Again by
the Cantor diagonal process we have a subsequence wﬁl") — w where w is a bounded
solution of (3.4) on all of R. Since w and w’ also satisfy (4.27) for all s € R, we

have the following theorem:

Proposition 4.1. Let v € X, where X is defined as in (3.2). Then there exists a
bounded solution w € Y of (3.4), whereY is defined as in (3.3).

Note that conditions (4.13) and (4.22) are only needed to get sharper bounds.
Even without these conditions, there exists a bounded solution of (3.4). But to
have the bounds (4.27), we need conditions (4.13) and (4.22).

Theorem 4.2. Let w be any bounded solution of (3.4), on R, for some v € X.
Assume that m is large enough such that both conditions /.13 and /.22 hold i.e,

Ry L RoL
m(m+1)" 2x(m + 1)

max{2 <1, (4.28)

where 7:21, Ry are defined as in (4.12), (4.20), respectively. Then w satisfies the
bounds in (4.27).

Proof. Given that w is a bounded solution of (3.4), we can mimic section 4. We
integrate the evolution inequalities in that section from sy to s, then take sg to
—00, to obtain the same bounds. ([l

Remark 4.3. Assume that v € X is given.

(1) v is independent of 1 and ~y. All the estimates we have depend on |v|x.

(2) Observe that Ry = O(u?) and Ry = O(p*) as ju — oo. Therefore, condition
(4.28) implies that m > O(u*).

(3) We note the v dependence on these constant is of the form Rg = O(y~ 1), Ry =
O(7%), Ry = ON('y_”), and R' = O(y~17) as v — 0.

(4) Note that since Ry = O(y~*) and Ry = O(y~19°) as vy — 0, then condition
(4.28) implies that m > O(y~19-).

5. MAIN RESULTS

Proposition 5.1. Let u be a trajectory on the global attractor of the damped, driven
NLS

g+ Uy + |ul?u + iyu = f, (5.1)

and let w be a bounded solution of the equation (3.4) with v = Ppu. Assume that
w is large enough so that

RE(RY)? < p, (5.2)
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holds, where Roo = ¢RoR1, and RY, = Roclu=0- In addition, assume that m is
large enough such that both (4.28) and

CL2K9
— <1 5.3
Y(m+1)2 ~ (5:3)
hold, where Kg is defined in (5.12), and c is a universal constant. Then we have

w="u.

Remark 5.2. Note that condition (5.2) can be achieved since Réo(Rgo)% = O(pi)
as p — co. We realize that
cL?K, cL?Ky
22 272
as v — 0 and p — oo. Condition (5.3) implies that we need to choose m large

enough such that m > O(y~ %) and m > O(u2i). We note that these conditions
are already achieved by (5.2), (4.28) and Remark 4.3, up to a constant.

<Oy~ 1), <O(u),

Now we give a proof for Proposition 5.1.

Proof. We first mention that all of the bounds that we obtained in section 4 also
hold for the solution of equation (5.1), with g = 0. Our notation for the time
derivative bound and the square of the L* bound for the solution u will be R’ 0
and RY, (see (5.8) for Ru), respectively. We will use the superscript 0 in K7 to
denote the constant K;, but with 1 = 0 in its formula. Taking the difference of the
following equations

i, + W + w0+ iyw = f — [P (w) — ],
ius + Uz + |u|2u + ZPYU‘ - f’
we get

105 + 0o + |w|*w — [u*u +iyd = —ipP,,0,

where § := w — u. Note that
lw*w — [u*u = |§|*6 + wad + wud + wud

= |6]%6 4 2Re(wi)d + wud,

and hence

i85 + 02z +|0]%0 + 2Re(wa)d + wud + iy = —iuP,, 6. (5.4)

Multiply (5.4) by 6, integrate, and take the real parts, to get

L L L L
Im/ 55, = [10.]? —/ 15[ —2/ Re(wi)|o 2 —Re/ wul. (5.5)
0 0 0 0

Define ®(s) as follows

1 (L L L
®(s) :\|5$||27§/0 |5|4f2/0 Re(wﬂ)\5|27Re/O wud?. (5.6)
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Thus from (5.5), we have

L 1 L
Im/ 00s = ®(s) — 7/ 6],
0 2 Jo

Now multiply (5.4) by P,,0, integrate, and take the real parts, to get

L L
Im/ PodPBs = || Pds? —Re/ 16126 P,
0 0

L L
— 2/ Re(wit)Re(6P,y,6) — Re/ wud Py, 0. (5.7)
0 0
Multiply (5.4) by d,, integrate, and take the real parts, to get

d 1d [~ L L ~
—|16211* = 77/ |6]* = — 2’ylm/ 50 72,ufm/ P60 Py
ds 2ds 0 0 0
L ~ L
+4/ Re(wu)Re(6ds) +2Re/ wudds.
0 0

We then realize that,

L L
0(9) +290(s) =~ 2ulm | PR32 [ Refwa)of
S 0 0
L B L
—Re/ (wu)362—|—’y/ |6]*.
0 0

Use (5.7) above to get

L
d%cp(s) + 29B(5) = — 2] P2 +2MRe/ 16126 P,5
0
L _ L N _
+4u/ Re(wﬂ)Re(éPmd)—l—ZuRe/ wud Pp,d
0 0
L L B
—2/ Re(was)w?—Re/ (wu),52
0 0

L
+ 7/ 6],
0

Since condition (4.28) is an assumption of the proposition, we may use the bounds
we obtained in section 4. By using Agmon’s inequality, along with derivative bound
(4.26) and

lwl% < cllwlllwlla < «(RoR1) i= Roo = O(u2), (5-8)
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as p — 00, so we have

L
_2/0 Re(wﬂs)|(5|2 < 2{[wlfoo[|8flsol[us [ 16]]
< R (81121011 77) s [][ ]
L._,0 ENNT
< ERERU([10012 1911 71)
< RELR|5]?
+ cRER||0] 0, ]|2

L0 1 2 0014 v
< [RZLR" + W—ROO(R )3]116]12 + §||5x||2.

Similar analysis can be done for the term —Re fOL (wu)s62. Since

L - L - L -
—Re/ (wu) 6% = —Re/ weud? — Re/ wugd?,
0

0 0

We have

L
— 1 1 2 4
“Re [ (). <l(ROFR + (RGP RIIE + o
0 Y

4
3

1 1 2
+RER + RL(R)3](16]% + 1|16,
’yS 3
‘We also have

L
2uBe | |55P8 < 20812 1511 Po
0

< 4p(Roo + R0/ | Prad |
< 4p(Roo + R2)16]1%.

After similar treatment of the terms 4u fOL Re(wi)Re(6P,,6),
21Re fOL wud P,,§ and 7f0L |64, we obtain

L
4M/ Re(wi)Re(6P3) < 4u(Ro)* (RO)3 (|62,
0
L — - 1 1
QuRe/ wud Prd < 2u(Roo) 2 (RY) 2|61,
0

L
7/0 6]* < A1161Z 11611 < 29(Roo + RS-
Combine the above terms, to obtain

d
25 0(5) + 29®(s) + 2ul| Pa |1* < s l6]1* + /102117, (5.9)
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where
1
Ks i=1(Roo + RY) + 1((Roo) ? (R%)7) + (R%)2R' + — (RS )3 (R')3
1 1 2
FRIRC 4+ —RL(R)E.
fy%
We realize that Kg = O(u3) as u — oo. Also, from (5.6)
2 0 3 0\ L 2

®(s) > [[0z]I" — ¢(Roo + Roo + R (Roo) )41,
and hence

182]1% < ®(5) + e(Ro + RL + RE(RL)H)[8]1% (5.10)
Using (5.9) and (5.10), we conclude that

d 1 1
75 2(8) +27%(s) < c[Ks + 7(Roo + R + R3(RE&)NIS]1? +~®(s),

SO
d 1 1
D 0(5) +70(s) < el s +1(Roc + RY +RA(RL))] 0]
So we have
¢[Ks + 7(Roo + RY, + RE(RL)}
a(s) < st Reo) )l g5 1605 12
Y sER
Thus,
¢[Ks + Y(Roo + RY, + RE(RY,)3
16,2 < s £t (Reo)?) swplp)?. (G.1)

Y
The inequality (5.11) is a ’reverse’ Poincaré type inequality. From (4.2),
d
%Hfﬂl2 + 291811 + 2| P61 < 2w oo [fulloo 18]
< 2RA(RY,)* 6]
1 1
= 2R&(RY) 2 [ Prd|* + 2R % (RL) * Q|

1 1 2 éo 0 %
< IR (RL) P2 + o R)

((m+1)2F

c?K.
> sup [|3(s)|12,

1 1
<2RZ(RY)2 || Pdl|)? + ———s
- (Reo)? [ Enl Y(m+1)? ser

where
Ko = RE(RY)? [Ks + Y(Roo + RY + RE(RL)?)]. (5.12)

1
Thus, if we choose p large enough so that ¢RZ,(R%)z = O(ui) < 24 (which is the

condition (5.2)), we get

d 2 2 2
- 2 < 7
25 1017 + 2v1l6]" < 1) §1€1§||5(8)H ;
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and hence

cL2K, )
sup [[6(s)[|”.
1)2 seR

2
sup [|d(s < "
up 6(5)]° < g

Since m is chosen to be large enough satisfying condition (5.3), we conclude that
sup,cg ||6(s)[|* = 0. Thus 6 = 0. This implies that w = u. O

Theorem 5.3. Letv € B, := {v € X;|v|x < p} for some positive p. Assume that

c(RoR1) < (5.13)
holds, and for such u, conditions (4.28) and
CL2K10
—— <1 14
ETESIE o1

hold, where K¢ is defined in (5.18). Then the map W : X =Y, where W(v) :=
w is a bounded solution of (3.4) provided by Proposition 4.1, is well-defined, and
P,W : X — X is a locally Lipschitz function with Lipschitz constant Ly (p) given
in (5.21).

Remark 5.4.
(1) Recall that Ry, R1, R', Reo depend on |v|x which is controlled by p. Also
note that condition (5.13) can be achieved since ¢(RoR1) = O(u2) as ju —
00.
(2) Notice that Ly (p) = O(u?) as p — 0o, Lw(p) = O(y"2) as vy — 0 and
Lw (p) can be bounded independent of m.
(3) We note that
CL2K10 <

L2K
o2 <0( %), C o0 <o
Y

2v2  —

as v — 0 and pu — oco. Condition (5.14) implies that we need to choose m
large enough such that m > O(’y_%) and m > O(/ﬁ). These conditions
are already achieved by (5.13), (4.28) and Remark 4.3, up to a constant.

Now we give the proof of Theorem 5.3.

Proof. Note that all constants Ro,R1,R2, R’ and R+ depend on |v|x. So, since
we are in a ball B, C X, all of these constants will depend on p. Let v, € B, such
that W(v) = w and W(9) = w. Since w and @ are the solutions of the equation
(3.4) for v and ¥ , respectively , the following hold:

Wy + Wy + |ww +iyw = f — ip[Pr(w) — ],

i + W + |20 + iy = f — ip[Pr, (@) — 7).
Subtract, denoting ¢ := w — w and 7 := v — ¥, to obtain

i0s + Ope + |0]20 + 2Re(wd)d + widd + iv5 + i1 P = ipn. (5.15)
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Multiply (5.15) by §, integrate, and take the real parts, to get

L
Im/ 55, =16, 12 — / \5|4—2/ Re(wi)|52
—Re/ wd> —,uIm/ no.
0

Define ¥(s) as follows

1 L L _
W(s) <o.lP - 5 [ 181 =2 [ Re(wd)lsP
0 0

L L
= Re/ wiwd? — plm né. (5.16)
0 0

Now multiply (5.15) by P,,d, integrate, and take the real parts, to get

L L
m [ PP, =|\Pm5x||2—Re/ 16126 P,0

0

L
-2 Re (wi) Re(6 P d) — Re/ wwd Py, &
0

—u[m/ NP6 (5.17)

Multiply (5.15) by ds, integrate, and take the real parts, to get

d 1d

L L
Lol - 5o |5\4 =—27]m/0 53, —2,qu/0 P, 6P, 5,

L L
+4 Re(w)Re(36,) + 2Re/ wWWod,
0 0
L —
+ ulm/ N0s.
0

‘We then realize that

L L
S 0 0

L
—Re/ (wib),5” +7/ BE
fufm/ Ns0 — 2wLIm/ no.
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Use (5.17) above to get

d L _
%\IJ(S) + 29U (s) = — 2u|| Pnds||* + 2uRe/ 16|26 P,d
0

L
+4u/ Re(wtt) Re(6 Py, 6)
0
L

L
+ 2uRe/ wub P60 — 2 Re(wiiy)|0]?
0 0

L L
—Re/ (wu)552+'y/ |5]*
0 0
L L
—,ulm/ 7735—2’yu1m/ 7.
0 0

We estimate as before to obtain
2 4
(c(p+7)Roo + ey IRER'?)
Y
Mulitply (5.15) with &, integrate, and take the imaginary parts to obtain

Iz <

sup [|8(s)[1 + ( + 3vi) 0| x sup [|8(s) |-
seR seR

d L B L _
d—\|5|\2 + 2916112 + 2u|| P |)? = 2pRe/ no — 2Im/ wid?.
8 0 0
We make similar estimates again, and take advantage of the condition (5.13), to
get
d cL?Kg
— 18] 4 27]0||> € —=5 5(s)|?
AP + 2082 < sup 6(s))
CRoo (1t + 3y1)
—_— sup [|6(s)]|,
where
2 a
K10 = Rool(ft + V) Roo + 7 3 RER'3]. (5.18)
By (5.14) we have
cRoo(p + 371)
)2+ )%
Note that (5.19) implies that the W-map is well-defined. Now,

Roo(p +371)
(35)2y

sup [|6(s)]| < nlx. (5.19)
seR

1Pmbaall < m?|| Pl < m?|8]] < Inlx. (5.20)

From (5.15) and (5.20),
1Pl < | Pradac || + || P (|w]*6 + widd + [@[*8)]| + (v + p) 1P| + el
< m?||0]] + cRoc 18]l + (v + )18 + pllnl

CRoo (it + 3v1)

< ((m? + Rs +7+u)((gi)2(m+ )2y
L

)+ w)nlx,

so that
[Pl + [[Pnds || < Lw |nlx,
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where
cRoo(p + 371)
Ly = (m? 4+ Roo + 7+ p4 1) (e — L0 4 i 5.21
Thus,
‘PTYL6|X S LW|77|Xa
i.e,

|PmW(U) — PmW(fJ)lx S Lw|’U — f}lx.

O
6. THE DETERMINING FORM
For every trajectory u in the global attractor, A, we have
lulx <R,
where
R:=Ry+R", (6.1)

with RY = Rolu—0 and RO = R'|=0. Let u* be a steady state of the damped,
driven NLS (2.1). Adapting the suggestion given in [9], we propose the following
determining form for the damped-driven NLS:

dv "
== o= PaW (@) o0 = Prt), (6.2)

where |- | x o is defined in (3.1). The specific conditions on m and its dependence on
R to guarantee the existence of a Lipschitz map P,,W (v) are stated in the Theorem
6.1 below.

Theorem 6.1. Suppose that the conditions of Theorem 5.3 hold for p = 4R, where
R is defined in (6.1).

(1) The vector field in the determining form (6.2) is a Lipschitz map from the
ball B (0) = {v e X : [v|x < p} into X. Thus, (6.2) is actually an ODE,
in the Banach space X, which has a short time existence and uniqueness
for the initial data in B5%(0) = {v e X : |v|]x < p}.

(2) The ball B3 (Ppu*) = {v € X : |[v— Ppu*|x < 3R} C B%(0) is forward
invariant in time, under the dynamics of the determining form (6.2). Con-
sequently, (6.2) has global existence and uniqueness for all initial data in
B3E(Ppu*).

(3) Every solution of the determining form (6.2), with initial data in B3 (Pyu*),
converges to a steady state of the determining form (6.2).

(4) All the steady states of the determining form, (6.2), that are contained in
the ball B%(0) are given by the form v(s) = Ppu(s), for all s € R, where
u(s) is a trajectory that lies on the global attractor, A, of (2.1).

Proof. We use the fact that P,,W is a locally Lipschitz map to prove item (1)
above. For item (2) and (3), we use dissipative property of (6.2). To prove item
(4), we realize that the right-hand side of (6.2) is zero when either v = P, u* or
v = Ppw. In either case, we show that v(s) = Pyhu(s), for all s € R, where u(s) is
a trajectory that lies on the global attractor, A, of (2.1). For details see [9]. O
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7. A NEW PROOF OF THE DETERMINING MODES PROPERTY

Here we give the proof of Theorem 3.1:

Proof. We assume u(s) and @(s) are trajectories on the global attractor, A, of (2.1),
and P, (u(s)) = Pp(v(s)) for all time s € R, and for some m € N to be chosen
later. Then,

s + g + [ul*u + iyu = f,
il + Uy + |U%0 4 iya = f.
Subtract, denoting ¢ := u — 4, to obtain
i85 + Ope 4 |0]20 4 2Re(utt)d + uiid + iyd = 0,

which is precisely (5.4), but with u = 0, w replaced by u, and % replaced by 4.
Following the proof of Theorem 5.1, we obtain the analog of (5.13) with p = 0:

102 (s)|| < K11sup [[6(s)]],
seR

where

¢«wng+ww:%ngﬁ(nﬂﬁ>
K11 = .

(71
S )
Then, since P,,d = 0, we have
L L
mo|| < 5. < K 0
1@l € G 1001 < g K sup 8
L
=———Kjisu mO|-
27T(m + 1) 11 SEHIR? ||Q ||
Thus, if we choose
L
m > —Ki; —1,
27
we obtain that Q,,0 = 0. As a result, u(s) = u(s). O

Remark 7.1.

(1) By tracking the || f|| and ~ dependence of the bounds throughout the paper,
we have that Ry = O(Hf||77_1)7 Rg = O(Hf||77_1)77?’1 = O(||f||3’7_3.5)7
Ry =O(If1%.77%), Ra = O(IFI'*,7~17), RS = O(IIf[]'*,7~*),

R =O(|f[**, 717, R = O(If1**,7777), Roo = O(I fII*,7722),
Rio = O(IfII ™), Ks = O(If[*°,775), K3 = O(ILfI*° 7).,
Ko = O(||f||24ﬂ7_ 2 )7K8 = O(Hf||2477_27)7K10 = O(||f||2477_7)7
K% = O(IfII?*,v~2%7), as || f|| — oo and v — 0.

(2) Since R'° = O(|f|*®) and RY, = O(||f||*), from (7.1) we have K13 =
O(||£II*®) as || f|| — oco. Thus, from (3.5), a sufficient number of determin-
ing modes is of order m = O(|| f||'°).

(3) Similarly, since R"° = O(y%%) and RY, = O(y™), we have K1 =
O(y~'2) as v — 0. Thus a sufficient number of determining modes is
of order m = O(y~12).

(4) Following the analysis in the earlier work of Goubet [13], one can show
that a sufficient number of the determining modes is of order O(y~125) as
v — 0 and O(||fI**) as || f]| — oo.
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