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THE DUAL BONAHON-SCHLAFLI FORMULA

FILIPPO MAZZOLI

ABSTRACT. Given a differentiable deformation of geometrically finite hyperbolic 3-man-
ifolds (M, );, the Bonahon-Schlifli formula [Bon98a]] expresses the derivative of the volume
of the convex cores (CM; ), in terms of the variation of the geometry of its boundary, as the
classical Schldfli formula [Sch58]| does for the volume of hyperbolic polyhedra. Here we
study the analogous problem for the dual volume, a notion that arises from the polarity rela-
tion between the hyperbolic space H? and the de Sitter space dS*. The corresponding dual
Bonahon-Schldfli formula has been originally deduced from Bonahon’s work by Krasnov
and Schlenker [KS09||. Applying the differential Schldifli formula [RS99]| and the properties
of the dual volume, we give a (almost) self-contained proof of the dual Bonahon-Schlifli
formula, without making use of the results in [Bon98a].

INTRODUCTION

The classical Schléfli formula expresses the derivative of the volume along a 1-param-
eter deformation of polyhedra in terms of the variation of its boundary geometry. It was
originally proved by Schléfli [Sch58] in the unit 3-sphere case, and later extended to poly-
hedra of any dimension sitting inside constant non-zero sectional curvature space forms of
any dimension. Here we recall the statement in the 3-dimensional hyperbolic space H?,
which will be our case of interest:

Theorem (Schlifli formula). Let (F); be a 1-parameter family of polyhedra in H? having
the same combinatorics, obtained by taking a differentiable variation of the vertices of
P = Py. Then the function t — V; = Vol(P,) is differentiable at t = 0 and it verifies

| ;
V= 3 Z L(e) B(e),

e edge

of dP
where {(e) denotes the length of the edge e in P and 0 (e) is the variation int of the exterior
dihedral angle along e.

Bonahon [Bon98al] proved an analogue of this result for variations of hyperbolic 3-
manifolds. More precisely, consider a differentiable 1-parameter family of quasi-isometric
geometrically finite hyperbolic 3-manifolds (M;),; in any of such M,’s there is a smallest
convex subset CM;, called the convex core of M;, which plays the role of the polyhedron.
It has a boundary dCM, which is totally geodesic almost everywhere, except for a closed
subset A, foliated by simple geodesics, where the surface dCM, is bent. The structure of
dCM, is encoded in the datum of a hyperbolic metric m;, obtained by gluing the metrics
on the complementary regions of A;, and a measured lamination L, which describes the
amount of bending of dCM; along A,. The geodesic lamination 2, is the analogue of the
1-skeleton in the boundary of the polyhedron, and the bending measure y; is the integral
sum of the dihedral angles along the transverse arcs to A,.

The space of measured laminations ML(dCM) = ML(ICM;) is naturally endowed
with a piecewise linear manifold structure, therefore the tangent directions at the point L
form in general a union of cones, each of which is sitting in the tangent space of some
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2 FILIPPO MAZZOLI

linear piece. Bonahon’s notion of Hélder cocycles (see [Bon97al], [Bon97b]) furnishes a
natural way to describe these first-order variations of measured laminations. In [Bon98b]|
the study of the dependence of m; and L, in terms of the hyperbolic structure M; is devel-
oped. In particular, the hyperbolic metric 7, is shown to depend %! in the parameter, and
the measured lamination always admits left and right derivatives in ¢, which is the best that
can be expected in a piecewise linear setting. In light of these facts, Bonahon showed in
[Bon98a that, for a 1-parameter family of manifolds (M), as above, the volume of the
convex core V¢ (M;) := Vol(CM,) always admits right (and left) derivative at t = 0, and

verifies
dVC (M t )

dr =0+

where m = mg and [+ = % |/—o+- We will call this relation the Bonahon-Schliiifli formula.

Another notion of volume can be introduced on the space of convex subsets sitting

inside a convex co-compact hyperbolic manifold M (for simplicity, here we require CM; to

be not only of finite volume but also compact). Namely, we can define the dual volume of
a compact convex subset N of M with smooth boundary by the following relation:

1 .
= 5£m(#0+)»

(1) Vol*(N) := Vol(N)—%/;NHda,

where H denotes the trace of the shape operator of dN, defined by its interior unitary
normal vector field. This notion is related to the duality between the hyperbolic space H?>
and the de Sitter space ds? (see for instance [HR93|]), which allows one to associate with
a convex body C in one geometry, a dual one C” sitting in the other. By applying the
definition (1)) to a compact convex body C C H?, — Vol*(C) turns out to be the de Sitter
volume of H \ C", where H is a future-oriented half-space containing C".

Krasnov and Schlenker [KS09]] deduced a variation formula for the dual volume of the
convex cores (CM; ), from the Bonahon-Schlifli formula. More precisely, they showed:

Theorem A. The derivative att =0 of Vi (M;) := Vol*(CM,) exists and it verifies
. 1

where Ly, denotes the function on the Teichmiiller space of dCM, which associates to a
hyperbolic metric m € T (dCM) the length of L = Ly with respect to m, and . denotes the
variation of the hyperbolic metric on the boundary of the convex core att = Q.

The remarkable property of this relation, which we call the dual Bonahon-Schldfii for-
mula, is that it does not involve the first variation of the bending measures fiy+, but only the
derivative of the hyperbolic metric m,. Therefore, contrary to the variation formula of the
"standard" hyperbolic volume, this relation does not require the notion of Holder cocycle
to be stated. A fairly natural question (suggested in [KS09]) is to understand whether it is
possible to find a proof of Theorem |A] that does not involve the study of the variation of
the bending measures of the convex core, which could possibly simplify the proof of the
statement. The purpose of this paper is to give an affirmative answer to this question.

Even if inspired by Bonahon’s work, our strategy of proof is quite different from the
one used in [Bon98a]] and mainly relies on tools from differential geometry, including the
differential Schldfli formula [RS99] and the convexity properties of the equidistant surfaces
from the convex core. Without making use of the Holder cocycles technology, we will
prove that the derivative at # = 0 of the dual volume of the convex core exists and it verifies

_1 dth (l’L)
2 de |y’
where (yy, (1) is the length of the measured lamination i = iy realized inside the manifold

M,, as t varies in a neighborhood of 0. In order to deduce that the term & £y, (1t)|—o
coincides with dLj (i), and therefore the complete statement, we will need Bonahon’s

avE (1) =
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results about the €’!-dependence of the hyperbolic metric on the boundary of the convex
core with respect to the convex co-compact structure of M (see [Bon98b, Theorem 1]).

Our interest in the variation formula of the dual volume is also motivated by its conse-
quences in the study of the geometry of quasi-Fuchsian manifolds. In an upcoming work
[Maz19], the author has shown how the dual Bonahon-Schlifli formula can be used to pro-
duce an explicit linear bound of the dual volume of the convex core of a quasi-Fuchsian
manifold M in terms of the Weil-Petersson distance between the two hyperbolic metrics
on the boundary of the convex core of M, in analogy to what has been done by Schlenker
[Sch13]] using the notion of renormalized volume (see [KSOS]]).

Concerning the renormalized volume, the dual Bonahon-Schléfli formula is the coun-
terpart "at the convex core" of another remarkable relation, which was proved in [Schl7]]
and concerns the geometry "at infinity" of convex co-compact hyperbolic manifolds and
their renormalized volume V. More precisely, let (M), be a 1-parameter family of quasi-
Fuchsian manifolds, with conformal classes at infinity given by ¢; € 7 (dwM). The bound-
ary at infinity of M, is naturally endowed with a complex projective structure o;, with
underlying conformal structure ¢;. We denote by F; the horizontal measured foliation of
the Schwarzian quadratic differential associated to the structure o; with respect to the uni-
formized hyperbolic structure of ¢; (see [[Sch17] for details). Then, the derivative at t = 0
of the renormalized volume Vi of M, can be expressed as

. 1
dVr (M) = 75 dextr (C"),

where extr is the extremal length of F = Fy, considered as a function over 7 (d-.M) (here
the Teichmiiller space is thought as space of Riemann surface structures over d.M). As
described in [Sch17], this is one of several interesting results where the quantities m;, U,
and V7, at the boundary of the convex core JdCM,, relate to each other as ¢;, F; and Vg do
at the boundary at infinity d-.M.

Outline of the paper. In Section 1 we recall the notions of convex co-compact hyperbolic
3-manifold and of equidistant surfaces from the convex core CM;, on which we will base
large part of our analysis, and we describe a procedure to locally approximate the boundary
of the convex core JCM by finitely bent pleated surfaces. Section 2 is dedicated to the
notion of dual volume and the description its properties. In Section 3 we describe a formula
for the derivative of the length of a measured lamination realized in a hyperbolic manifold
M, which will be used to express the term %EM, (1) r=0-

Section 4 is the central part of our proof. Firstly we will approximate the convex cores
CM; by their e-neighborhoods N CM,;. Fixing the underlying topological space and varying
the hyperbolic structures M, regularly enough, we will study for which values of € and ¢
the surfaces NeCM, remain convex with respect to the structure of M;. This will allow us
to estimate the dual volumes of the convex cores CM; with the dual volumes of the regions
NeCMy. Here the key properties that will play a role are the minimality of the convex
core among all convex subsets, and the monotonicity of the dual volume with respect to
the inclusion. In this way we will be able to deduce the variation of the dual volume
of the convex core from the one of a more regular family of convex regions, on which
in particular we are able to apply a "smooth analogue" of the classical Schlifli formula,
proved in [RS99]. At this level it is possible to see a major difference between the variation
of the volume and the one of the dual volume, which is that the latter one involves only the
derivative of the Riemannian metric restricted to the surface (see Proposition [2.3]), while
in the first one appears also the variation of the mean curvature (compare with [RS99]).
This characteristic explains why the dual volume turns out to be easier to handle than the
standard Riemannian volume. Finally, in the end of the paper we will deduce Theorem [A]
by combining these observations and using an approximation argument.
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1. CONVEX CO-COMPACT MANIFOLDS

In this section, we recall the main geometric objects involved in our study. In particular
we will recall the definition of convex co-compact hyperbolic 3-manifold and the structure
of its convex core, which is described by an hyperbolic metric and a measured lamination.
Later we will state some geometric properties of equidistant surfaces from planes and lines
in H?, and finally we will give a procedure to approximate the lift of the convex core to the
universal cover by finitely bent surfaces. These will be useful technical ingredients for the
rest of our exposition.

Let M be a complete hyperbolic 3-manifold, namely a 3-manifold endowed with a
complete Riemannian metric having sectional curvature constantly equal to —1. A sub-
set C C M is convex if for any choice of distinct points and for every geodesic arc y in M
connecting them, 7 is fully contained in C. Then M is said to be convex co-compact it M
has a non-empty compact convex subset C. It turns out that, if M is a convex co-compact
hyperbolic manifold, there exists a smallest compact convex subset with respect to the
inclusion, called the convex core of M and denoted by CM.

The boundary of the convex core is the union of a finite collection of connected sur-
faces, each of which is totally geodesic outside a subset having Hausdorff dimension 1. As
described in [CEMO0G], the hyperbolic metrics on the flat parts "merge" together, defining a
complete hyperbolic metric m on JCM. The locus where dCM is not flat is a geodesic lami-
nation A, namely a closed subset of JCM which is union of disjoint simple m-geodesics,
called the leaves of the lamination. The surface dCM is bent along A, and the amount
of bending can be described by a measured lamination. More precisely, a measured la-
mination I is a collection of regular positive measures, one for each arc transverse to a
lamination A, verifying two natural compatibility conditions: if ¢ is a transverse arc and
' is a subarc of ¢, then the measure associated to ¢’ is the restriction to ¢’ of the measure
of c¢; the measures are invariant under isotopies between transverse arcs. In particular, the
bending measure of dCM is a measured lamination that associates to each transverse arc
¢ an integral sum of the exterior dihedral angles along the leaves that ¢ meets. A simple
example to keep in mind arises when U is a rational lamination. In this case the geodesic
lamination A is the union of a finite number of disjoint simple closed geodesics ¥;, and u
is a weighted sum Y, 6;5y,, where 6; € (0.7) and Jy, is the transverse measure that counts
the geometric intersection with the curve ;. For a more detailed description we refer to
[CEMO6, Section II.1.11] (see also Section 3] for alternative definitions of these objects).

Definition 1.1. If A is a subset of a metric space (X,d), the €-neighborhood of A in X,
which will be denoted by N¢A, is the set of points of X at distance < € from A. The &-
surface of A in X, which will be denoted by S¢A, is the set of points of X at distance € from
A.

Remark 1.2. 1f C is a closed convex subset in H?, then the surfaces S¢C are strictly convex
¢"!-surfaces. Indeed, the distance function d(C,-): H* — R is continuously differen-
tiable on H?\ C (see [CEMO06, Lemma I1.1.3.6]) and its gradient is uniformly Lipschitz
on

NgC \NSIC
for all € > €’ > 0 (see [CEMO6, Section I1.2.11]). In particular, the equidistant surfaces
from the convex core of a convex co-compact hyperbolic manifold M are ¢! -surfaces.
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Let ¥ be a surface immersed in a Riemannian 3-manifold X. The first fundamental
Sorm I of ¥ is the symmetric (2,0)-tensor obtained as pullback of the metric on X. Given
a choice of a normal vector field v, the shape operator of X is the I-self-adjoint (1,1)-
tensor B, defined by setting BU := —Dy Vv, where D is the Levi-Civita connection of X
and U is a tangent vector field to X. The second fundamental form, denoted by I, is the
symmetric (2,0)-tensor I(V,W) :=I(BV,W) = I(V,BW), for any tangent vector fields V,
W to X. The mean curvature H is the trace of B. The notions of second fundamental form,
shape operator and mean curvature depend on the choice of a normal vector field on X.
Wherever we have to deal with surfaces which are boundaries of domains or with portions
of e-surfaces, we will always endow them with the interior normal vector field pointing
toward the domain or the €-neighborhood, respectively.

Lines and planes in H? are 1 and 2-dimensional totally geodesic subspaces of H?>, re-
spectively. A half-space is the closure on one of the complementary regions of a plane
inside H. In the following we recall the geometric data of the equidistant surfaces from
a plane and a line, respectively. For a proof of them, we refer for instance to [CEMO6|
Chapter I1.2].

Lemma 1.3. Let P be a plane in H3, and fix v a unit normal vector field on P. Then the
map Ne: P — H3, defined by
Ne(p) = exp,(ev(p)),

parametrizes a connected component of the &-surface from the hyperbolic plane P in H3,
and in these coordinates we have

I, = cosh? E£gp,
sinh2¢

e = gp =tanhelg,

where we are choosing as unit normal vector field the one pointing toward the €-neighbor-
hood of P.

Lemma 1.4. Let 7: R — H? be a unit speed complete geodesic, and denote by e (s), e>(s)
the vectors, tangent at ¥(s), obtained as parallel translations of a fixed orthonormal basis
e, €2 of 7(0)+ C Ty)H>. Then the map y: R x S' — H?, defined by

Ve (s,e®) = eXPy(5)(E(cos By (s) +sinbex(s))),
parametrizes the €-surface from the line ¥ and in these coordinates we have
I = cosh? eds® +sinh®> £d6?
I = coshesinhe (ds® +d6?),

where we are choosing as unit normal vector field the one pointing toward the €-neighbor-
hood of .

We want to give a more precise description of the structure of the boundary of the
convex core and, to do so, we need to recall the following notion:

Definition 1.5 ([Bon96])). Let S be a topological surface. A (abstract) pleated surface with
topologlcal type S is a pair (f,p), where f: S — H? is a continuous map from the universal
cover S of S to H3 and p: 7,(S) — Iso™ (H3) is a homomorphism, verifying the following
properties:
(1) fis p-equivariant;
(2) the path metric on S, obtained by pullback of the metric on H? under £, induces a
hyperbolic metric m on S;
(3) there exists a m-geodesic lamination on S such that f sends every leaf of the preim-
age AeSina geodesw of H and such that f is totally geodesic on each comple-
mentary region of A in S.
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Consider C the preimage of CM inside H3 = M. The boundary acC is parametrized
by a pleated surface f: S — H? with bending locus 7, where S is the universal cover of
dCM, and with holonomy p given by the composition of the homomorphism induced by
the inclusion dCM — M and the holonomy representation of M. In this situation, the
pleated surface f is locally convex, in the sense that the bending occurs always in the same
direction, making f locally bound a convex region (see also [CEMO06, Section II.1.11]).
In general f is a covering of dC, which is non-trivial whenever CM has compressible
boundary.

It will be useful in our analysis to have a way to locally approximate dCM by finitely
bent surfaces. We briefly recall a procedure described in [Bon96, Section 7] which is well
suited for our purpose. We start by considering an arc k in S transverse to the bending
lamination A, having endpoints in two different flat pieces P and Q of S \ A. We will
assume k to be short enough, so that we can find an open neighborhood U of k on which
f is a topological embeddlng, and all the leaves of A meeting U intersect k. When this
happens, we say that f is a nice embedding near k. Let Ppo be the set of those flat pieces
in S \ 2 that separate P from Q. For every finite subset P of Ppp, we label its elements
by F,...,P.1 following the order from P = Py to Q = P,+. Let ¥; be the closure of the
region in S which lies between P; and Py, fori=0,...,n. If we orient the two leaves % ¥/
lying in d%; accordingly, so that they can be deformed continuously from one to the other
though oriented geodesics in X;, then we call diagonals of ¥; the two unoriented lines in ¥;
that connect two opposite endpoints of y; and )/

We denote by Ap the geodesic lamination of S obtained from A as follows: we maintain
the geodesic lamination as it is outside |J;X; and, for every i = 0,...,n, we erase all the
leaves lying in the interior of the strip X; and we replace them by one of the two diagonals
of ¥, say d;. Now we define a pleated surface fp: S — H3, with bending locus /7L7>, SO
that it coincides with f outside the strips, and inside any X; it sends the chosen d; in the
geodesic of H? joining the endpoints of f(dX;) corresponding to the endpoints of d;. Once
we make a choice of a diagonal d; for any i, there is a unique way to extend fp on S so that
is becomes a pleated surface bent along Ap. Moreover, if the strips X; are thin enough and
if the starting f is locally convex, then we can make a choice of the diagonals dj, .. . ,d, so
that the resulting fp is still locally convex. Such fp will not be equivariant anymore under
the action of the holonomy of £, but it will approximate the restriction of f on U.

Now, choose a sequence of increasing subsets P, exhausting Ppg and construct a corre-
sponding sequence of convex pleated surfaces £, := fp, as above. Every such f, is finitely
bent on the neighborhood U. Following the construction, we see that, given any P’ flat
piece of S intersecting k, there exists a large N € N so that f,(P') = f(P') C dC for every
n > N. In particular, the functions f, are approximating f over the open set U. Moreover,
following the proof of [Bon96, Lemma 22], we see that the bending measures (k) of f,
on the arc k are converging to fi(k), the bending measure of k in aC.

Let now r: H? — C denote the metric retraction of H? over the convex set C and let
d: I® — R>0 be the distance from C. We select an open nelghborhood V of k so that
V C U and, fixed p > 0, we define W = W(V,p) :=r}(V )ﬂNpC. The surfaces f,(U)
lie behind f(U) C C if seen from W. Denote by dn: W — R the distance function
from f,(U) on W. Since the surfaces f,(U) are convex, for every point p € W there exists
a unique g, € f,(U) realizing d,(p) = d(p,q,). Therefore, it makes sense to consider
the metric retractions r,: W — f,(U), which will converge to r over the compact sets
of W thanks to the convergence properties previously observed of the f,’s. By the same
argument as [CEM06, Lemma I1.2.11.1], the distance functions d, are converging ¢ !!-
uniformly to d on any compact set of W (i. e. the gradients Vd,, are uniformly Lipschitz
and they converge to Vd). This shows that for every € < p, the surface d~!(e) "W =
SeCNW is €' !-approximated by the sequence of surfaces (d; !(¢)), C W. Moreover,
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such surfaces d, ! (¢) C W are the e-equidistant surfaces from finitely bent convex pleated
surfaces having bending measures on k converging to (k).

Definition 1.6. Given k an arc on which f is a nice embedding, we say that the sequence
f, defined above is a standard approximation of dC near k and that the the sequence of
surfaces S¢ ,, is a standard approximation of S¢C over k.

2. THE DUAL VOLUME

This section is devoted to the definition of dual volume on convex sets sitting inside a
convex co-compact 3-manifold, and its main properties.

Definition 2.1. Let M be a convex co-compact hyperbolic manifold. If N is a compact
convex subset of M with ©’'!-boundary, we define the dual volume of N as

1
Vol* () 1= Vol (N) — /a Hda.
N

If N = CM, then we set Vol*(CM) := Vol(CM) — % £,,(11), where m and t are the hyperbolic
metric and the bending measure of dCM, respectively.

Remark 2.2. When dN is only &1, the mean curvature function is defined almost every-
where and it belongs to L”(dN) (here dN is endowed with the measure induced by the
Riemannian volume form of its induced metric), in particular the integral [;y Hda is a
well-defined quantity.

There is a relation between the notions of dual volume and of W-volume, defined in [[KSOS||
and used to introduce the renormalized volume of a convex co-compact hyperbolic mani-
fold. If N is a compact convex subset with %’"!-boundary in a convex co-compact manifold
M, the W-volume of N is defined as

W(N) := Vol(N) — % ./aNHda - % (VoI (N) + Vol* (N)) .

In addition, we mention that in [BBB19, Lemma 3.3] the authors described a way to char-
acterize the quantity [, H da in terms of the metric at infinity py associated to the equidis-
tant foliation (S¢N)e. In this way the definition of dual volume (and of W-volume) can be
given without any regularity assumption on dN. More precisely, they showed that

/a Hda = Area(py) — 2 Area(dN) — 2y (dM).
N

We recall that the mean curvature here is the trace of the shape operator B, which is defined
using the interior normal vector field to dN; this explains why the relation above differ by
a factor +2 from the one in [BBB19]. In particular, the proof of [BBB 19, Proposition 3.4]
shows also:

Proposition 2.3. The dual volume is continuous on the space of compact convex subsets
of M with the Hausdorff topology.

In light of this fact, the following Proposition, besides its future usefulness, justifies the
definition we gave of Vol*(CM).

Proposition 2.4. Let M be a convex co-compact hyperbolic manifold, with convex core
CM, bending lamination | € ML(JICM) and hyperbolic metric m on the boundary of
CM. Then, for every € > 0 we have

Vol*(NeCM) = Vol*(CM ) — @(cosh%‘ —-1)— g|x(8CM)|(sinh28 —2¢).

As a consequence, we have

Vol* (NeCM) = Vol* (CM) + O(|x (CM) |, £, (1); €%).
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Proof. First we study Vol(N;CM) —Vol(CM). Let A be the support of it and let ' : N.CM —
CM be the restriction of the metric retraction. We divide N;CM \ CM in two regions,
(¥)"H(dCM\ A) and (¥)"1(Q).

If F is the interior of a flat piece in dCM, then the portion of N.CM which retracts onto
F through 7' has volume equal to

€ Area(F inh2¢e
/ / cosh?tdvolgp dr = rea(F) (sin +e,
o Jr 2 2

where we are making use of the coordinates described in Lemma Since the lami-
nation A has Lebesgue measure 0 inside dCM, the sum of the areas of the flat pieces
is Area(dCM) = 2x|x(dCM)|. Therefore the region in N;CM \ CM which retracts over
dCM \ A has volume 7|y (9CM)| (S22 1 ¢).

Let D be the closed convex subset in H? obtained as the intersection of two half-spaces
whose boundary planes meet with an exterior dihedral angle equal to 6y and select v a
geodesic arc lying inside the line along which dD is bent. Then, the region in Ne D which
retracts over ¥ has volume equal to

£ 6
@) / /O/coshtsinhzdededt: Bl (coshe —1).
o Jo Jy 4

An immediate consequence of this relation is that whenever dCM is finitely bent, the vol-
ume of (#)~' (1) coincides with é’”T(“)(coshe — 1), where m is the hyperbolic metric of
JdCM. In the general case, we can select a suitable covering of JCM by open sets on which
we can apply the standard approximation argument of Definition[T.6] With this procedure,
it is straightforward to see that the relation Vol((+')~' (1)) = %(coshs — 1) still holds

in the general case. Combining the relations we found, we obtain

Vol(NeCM \ CM) = 7| (ICM))| <51n12128 +£> + @(coshze —1).

Now we want to compute [g ¢, He da. Using Lemmasandwe immediately see
that, in the finitely bent case the following holds:

Hdagz =2n|x(dCM)|sinh2¢€ + £, (1) cosh2e.
SeCM
The standard approximation procedure (see Definition allows us again to prove this
relation in the general case, with the only difference that the "' -convergence is now cru-
cial, because the expression of the mean curvature in chart involves the second deriva-
tives in the coordinates system. Combining the relations we proved with the equality
Vol*(CM) = Vol(CM) — ¢,,(1t) /2, we deduce the relation in the statement. O

As we will see in a moment, it will be convenient for us to differentiate the dual volume
enclosed in a differentiable 1-parameter family of €!!-surfaces. In particular, we will
make use of the following result, which is a corollary of the differential Schlifli formula
proved in [RS99]:

Proposition 2.5. Let N be a compact manifold with boundary and let M; = (N, g;) be a
smooth 1-parameter family of complete convex co-compact hyperbolic structures on N \
ON. Let now C be a compact set of N\ ON with €'-'-boundary and assume that N is
convex with respect to the structure M; for all small values of t. Then the variation of the
dual volume of (C,g,); at t = 0 exists and can be expressed as

dVol'(C. 1) =5 [ @1a-H1
dt =0 4 8C ’ ’

where I, II, H are the first and second fundamental forms and the mean curvature of the
surface dNy, and (-,-) is the scalar product induced by I on the space of 2-tensors on dN.
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Proof. By [RS99, Theorem 8], the variation of the volume of C can be expressed as fol-

lows:
1

dVol(C 1
dVol(Cg)| - _ 1 (5H + (81, 17)) da.
d im0 2Jac 2
On the other side, the variation of the integral of the mean curvature coincides with

| (8Hda+HEa) = [ (6H+ Z(&,z)) da.

Here we used the fact that §(da) = 1 (81,1) da (this can be proved by differentiating the ex-
pression of da in local coordinates (x,y), i. e. da = /det(I) dx Ady). Combining these two
variation formulas with the definition of the dual volume we obtain the desired expression
for the derivative of the dual volume. O

Contrary to the case of the hyperbolic volume, it is not clear whether the dual volume
of a convex set is positive or not. However, Vol* shares, with the usual notion of volume,
the property of being monotonic (in fact decreasing) with respect to the inclusion, as we
see in the following:

Proposition 2.6. Let N, N' be two compact convex subsets inside a convex co-compact
manifold M. If N C N', then Vol*(N) > Vol*(N').

Proof. Thanks to Proposition up to considering €-neighborhoods and passing to the
limit as € goes to 0, we can assume that N and N’ are compact convex subsets with &1!-
boundary. We will make use of the variation formula of Proposition 2.5] Assume that
Y: I xS — M is a differentiable 1-parameter family of convex ¢!+ -surfaces X, := X(t,-),
which parametrize the boundaries of an increasing family of compact convex subsets
(N;)rer inside M. Let V; be the infinitesimal generator of the deformation at time 7, i.
e. V; is the vector field over S defined by V; := %. The tangential component of V; does
not contribute to the variation of the dual volume (compare with [RS99, Theorem 1]). Con-
sequently, in order to compute the derivative of Vol*(N;), we can assume V; to be along the
exterior normal vector field —v; of dN;. Moreover, since the deformation (N, ), is increas-
ing with respect to the inclusion, V; is of the form — f; v;, for some f;: S — R, f; > 0. Under
this condition, the variation of the first fundamental form of dN, is 61, = 2 f;1; (again, com-
pare with [RS99, Theorem 1]). If k; ;, k2, denote the principal curvatures of dN;, we obtain
that

(51t7Ht1t _It) = zft(”thIt _”t)

= th((kl,t JrkZ,t)2 - k%,t - k%,t)
=4fiki ko > 0,

where, in the last step, we used the fact that the extrinsic curvature Kf = kq k>, is non-
negative since dN; is convex. By Proposition we deduce that Vol* is non-increasing
along the deformation (M, );.

It remains to show that, if N, N’ are two convex subsets of M with %l’l-boundary and
such that N C N, we can find a differentiable 1-parameter family, indexed by ¢ € [0, 1], of
increasing convex subsets N, with €'!-boundary so that No = N and N; = N'. A way to
produce such a path is described in the proof of [Sch13] Lemma 3.14], we briefly recall
the ideas involved in the construction. Given any convex set N with @'"!-boundary in M,
the asymptotic expansion of the first fundamental forms of the equidistant surfaces from N
determines a unique Riemannian metric 4y belonging to the conformal class at infinity of
JdwM. Moreover, the surface dN can be recovered from /iy as the envelope of a family of
horoballs determined by Ay, thanks to a construction due to Epstein (JN is the so-called
Epstein surface associated to the metric Ay, see [Eps84]). This correspondence behaves
well with respect to the inclusion, in the sense that if N and N’ are convex sets as above
and N C N’, then hy < hyr. Being hy and Ay elements of the same conformal class, there
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exists a non-negative function u on d..M such that sy, = 2 hy. If we set now h, 1= eXhy,
then the Epstein surfaces associated to 4, turn out to be the boundaries of an increasing
family of convex subsets N; satisfying the desired requirements (see [[Sch13, Lemma 3.14]
for a more detailed exposition). (]

3. THE DERIVATIVE OF THE LENGTH

From now on, S will be a fixed closed surface of genus g > 2. We briefly recall the no-
tions of [Bon&88|| that we will need. Given m a hyperbolic metric on S, the universal cover
S, endowed with the lifted metric 77, is isometric to H2. As the topological boundary of
the Poincaré disk sits at infinity of H?, also S can be compactified by adding a topological
circle 0.8 at infinity, and the resulting space does not depend on the chosen identification
between them. The fundamental group naturally acts by isometries on S =~ H2, and since
the isometries of H? extend to oH, the action extends to d.S. It turns out that the topolog-
ical space 0., together with its action of 7; (S), is independent of the hyperbolic metric m
we chose. In particular, all the spaces we are going to describe are intrinsically associated
to the topological surface S, without prescribing any additional structure. Since a geodesic
in S is determined by its (distinct) endpoints in 0.8, the space G (§) of unoriented geodesics
of S can be naturally identified with

(00S X 008 \ A)/Z27

where A denotes the diagonal subspace of (9..5)?, and the action of Z, exchanges the two

coordinates in (0-S )2. Therefore, a geodesic lamination A of S is identified with a closed,

7y (S)-invariant subset A of disjoint geodesics in G(S). In the same spirit, a measured
lamination of S corresponds to a m; (S)-invariant, locally finite Borel measure on G(S) with
support contained in a geodesic lamination A of S. We denote by GL(S) and ML(S) the

spaces of geodesic laminations and measured laminations on S, respectively.

In the following, we recall the notion of length of measured laminations realized inside
a fixed hyperbolic 3-manifold M from [Bon97a, Section 7]. As in the case of S, we can
define the space of unoriented geodesics of M, making use of the natural compactification
of H. The substantial difference is that the dynamical properties of the action of 7 (M) do
depend in general on the hyperbolic metric we are considering on M. However, our interest
will be to apply these notions to quasi-isometric deformations of hyperbolic manifolds. In
this case, the holonomy representations turn out to be quasi-conformally conjugated in
JH?, therefore the qualitative properties of the action of (M) on G(M) are preserved.
Fix now a homotopy class of maps [fp: S — M].

Definition 3.1. A geodesic lamination A on S is realizable inside M in the homotopy
class [fp] if there exists a representative f: S — M of [fo] which sends each geodesic of 4
homeomorphically in a geodesic of M. In such case, we say that A is realized by f.

In order to talk about the realization of a measured lamination L, we need to find a way
to push-forward the measure ( to a measure on g(M ). Let A be a geodesic lamination on
S realized by a map f, and let p: m;(S) — m; (M) be the homomorphism induced by [fo]
on the fundamental groups. Fixed a lift f of f to the universal covers, we can construct a
function r: A — G(M), associating to each leaf g of A the geodesic f(g) sitting inside M.
The map r is p-equivariant and continuous with respect to the topologies of A as subset of
G(S) and of G(M) (compare with [Bon97a, Section 7]). It is easy to prove that » depends
only on the homotopy class [f] and on the choice of a lift of any representative of [f]
realizing A. To see this, let Fy = f and f; = f’ be two such maps in [f] homotopic through
(F,);er (here I denotes the interval [0, 1]). Once we choose a lift f of f, there exists a unique
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lift £, of the homotopy so that F= f. This gives a preferred lift of f/, namely f := F.
Because of the compactness of S and the existence of a homotopy F, between them, the
lifts f and f' must agree (up to reparametrization) on any leaf g of A, since the geodesics
f(g) and f(g) are necessarily at bounded distance in H? (see [Thu79, Proposition 8.10.2]).
This implies that the definitions of  obtained using f and f’ coincide. Moreover, different
choices of lifts f produce maps , ' which differ by post-composition by an element in
7 (M). The same argument as above shows that, if A;, A, are two geodesic laminations
realized by the maps fi, f> respectively, which both contain the lamination A4, then the two
realizations f] and f, coincide on A.

We are finally ready to describe the definition of the length of the realization of a mea-
sured lamination inside M. Let & be a measured lamination on S with support contained
in . We denote by & := r,a the push-forward of o under the map r. @ is a measure on
G(M) with support r(supp o), depending only on o € ML(S), on the homotopy class [f]
and on the choice of a lift of f. Assume that f(A) lies inside some compact set K of M
and let F, F denote the geodesic foliations of the projective tangent bundles PTM, P ™,
respectively. We can cover the preimage of K in PTM by finitely many F-flow boxes
0;: Dj x 1 — Bj. Here D; is some topological space and 0; is a homeomorphism sending
each subset {p} x I C D; x I in a subarc of a leaf in F, for any p € D;. In addition, we fix
a collection {&;}; of smooth functions with supports supp&; contained in the interior of
Bj for every j, and such that };&; = 1 over the preimage of K in PTM. If o; is a F-flow

box that meets f(supp o), we can lift it to a F-flow box 6j: Djx1—PT M accordingly
with the choice of the lift £. The lift 6; induces an identification between the space D;
with a subset in G (]\71 ). Namely, a point p € D; corresponds to the complete leaf in F
extending the arc &;({p} x I). Through this identification, it makes sense to integrate the
D j-component of &; with respect to the measure & previously defined on G (A7I ). If oj does
not meet f(supp &), then we choose an arbitrary lift 6;. Finally, we select lifts E ;’s of the
&;’s according with the choices of the lifts ;. The length of the realization of o in M (in
the homotopy class [f]) is

® o= [[ ataoi= % [ ["&(1(p.9) (510 (),
)b,

where d¢ denotes the length-measure along the leaves of F.

Remark 3.2. By invariance of the length under reparametrization and by linearity of the
integral, the choices of the functions {;}; and the chosen F-flow boxes {o;}; are irrel-
evant; moreover, different lifts of f produce maps r which are conjugated by isometries
in m; (M). Therefore, the quantity 3/ (ct) only depends on the measured lamination o, the
hyperbolic metric on M and the homotopy class [f: S — M]. The notion makes sense as
long as there exists a realizable geodesic lamination A in the homotopy class [f] which
contains supp . Moreover, by what we observed before, this quantity does not depend on
the specific representable lamination A we chose, but it is determined only by supp o.

We are now ready to produce a variation formula for the length of the realization of
a measured lamination inside a 1-parameter family of quasi-isometric convex co-compact
hyperbolic manifolds (M;),. For convenience, we think of (M;), as a differentiable 1-
parameter family of complete hyperbolic metrics g; on a fixed 3-manifold X, so that the
identity map, from M = My = (X, go) to M; = (X, g;), is a quasi-isometric diffeomorphism
for any 7. Let o € ML(S) be a measured lamination and [fy: S — X] a homotopy class
of maps. In the convex co-compact case, all finite laminations are realizable and their
realizations are necessarily contained in the convex core CM;. Therefore, by [CEMO6|
Corollary 1.5.2.13] and [[CEMO06, Theorem 1.5.3.6], any geodesic lamination on S is real-
izable in the homotopy class [fp], and their realizations lie inside a fixed compact subset
K of X (where K contains CM; for every small 7). Let now A be any geodesic lamination
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containing supp o and assume that it is realized inside M; by a certain map f;: S — M;, for
any ¢. By the above, we are allowed to consider the length of the realization of « inside M,
for every 1. Let {0}, {&;};, {6}, {€;}; be a collection of functions as in the definition
of £y (). Then, in the same notations as above, we set

§(9s6;(p,s),0s6;(p,s)) )
], dtaa ‘Z/ [ & ) 28@:5,(p.5), 0.6, (p,s)) L4 (P):

where asc”)'j = Tsj’ g=goand g = d—‘f |i=0. The result we want to prove is the following:

Proposition 3.3. Let (g,); be a 1-parameter family of convex co-compact hyperbolic met-
rics on a 3-manifold X, which are quasi-isometric to each other via the identity map of X.
Let a be a measured lamination on a surface S and let [f: S — X| be a fixed homotopy
class. Then o is realizable in M, for all values of t, and the variation of its length verifies

‘wa / dlda,
t=0

where A is a geodesic lamination of S containing supp Q..

“4)

We will prove the Proposition using an approximation argument. Firstly we deal with
the rational case:

Lemma 3.4. When a € ML(S) is a rational lamination, Proposition3.3|holds.

Proof. Let ¢ be a free homotopy class of simple closed curves in X and assume that ¢
admits a geodesic representative in M. Since we are considering a quasi-isometric defor-
mation of convex co-compact manifolds, the homotopy class ¢ will admit a geodesic rep-
resentative for all values of r. Moreover, we can find parametrizations ¥ of the geodesic
of ¢ in M; depending smoothly on ¢, because of the smooth dependence of the holonomy
representation hol, (¢). In other words, we can find a smooth map X: (—¢,€) x I — X such
that X(z,s) = ¥ (s) for every t and s € I. Let ||-||, denote the norm with respect to the metric

g, and let y = y°. We have
2(957,07) +22( D, 0.

d
Z 1o, —
2127l =0 2[|9sllg

§(ds7,957) ( o5y )
— 8OV | o (D, 9%, —2F
Mo, &\ Pa -0 a5

8(dsy,05y) d { ( oy )]
== T IdZ|_ AT VT )
2oty as [E\ =0 s

where in the last step we used the fact that y parametrizes a geodesic in M = My, and

tO’

consequently the covariant derivative of T aa o vanishes. Once we integrate the last term in

t € ]0,1] we get 0, because the function of which we are taking the derivative coincides at
the extremes (since the geodesics ¥ are closed). Hence we obtain

dKMI g&y,ay £(0s7,957)
=0 2[9llo YHO 0 28(dy7,97)
Take now a rational lamination & € ML(S), i. e. the measure o is the weighted sum
Y. u; 04, where the d; are homotopy classes of simple closed curves, the u; are positive
weights, and 9y is the transverse measure which counts the geometric intersection of an
arc transverse to d; with d;. Assume that ¢ is realizable in M or, equivalently, that the
curves ¢; = fo(d;) admit a geodesic representative % in M. The same argument given
above shows that the lamination ¢ is realizable in M, for all ¢. Applying the definition of
{ym, (@), and denoting by ¥ : I — M, the geodesic representative of c;, we see that

)= T ([ o7 ) ).
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Hence, taking the derivative in ¢ and using what observed above, we get

dlu, (o) (/ §(9:1,957) 4 ) /
— dlda,
dr 20070y
where A = suppa = |J; d,. O

We are now ready to deal with the proof of Proposition [3.3}

Proof of Proposition[3.3] Let T be a train track in S carrying o and consider a sequence
of rational laminations o, carried by T and converging to & as measured laminations (see
[Thu79, Proposition 8.10.7]). Up to passing to a subsequence, we can assume that the
laminations supp o, converge in the Hausdorff topology to a lamination A carried by T.
Since o, is converging to o, we must have A D suppa. We denote by f;: S — X a re-
alization of A in the homotopy class [f] with respect to the metric g,, and by f;: S—M
lifts of the f;’s so that r — f; is continuous with respect to the compact-open topology of
€9(5,X).

Let now K be a large compact set of X containing all the convex cores CM; for small
values of z. Then, if F; is the geodesic foliation of P M;, we can choose F;-flow boxes {GJ’} j
whose union of images contain the preimage of K in PTM;, and hence the realizations
fi(4). We consequently construct maps {67}, {&}};, {éj’}j as in the definition of £y, (-).
We can ask these functions to vary smoothly in the parameter ¢, since the hyperbolic metrics
depends smoothly in . Now, we define

)= [ &)

In this notation, the length of the realization of ¢, in M; can be expressed as
Oy, (o) = Z/ @' da,.
j 'Pi

From this relation is clear that, as n goes to oo, £y, (04, ) converges uniformly to £y, (¢¢) on a
small interval (—¢, &) of the parameter ¢. In the same way we see that [[ d/da, converges
to [[dfdo (here is even easier, because there is no dependence on f). Thanks to Lemma
[3.4] the only thing left to conclude the proof is to show that

n—soo dr =0 dr

t=0

Here we can argue as follows: the length of a homotopy class ¢ of non-parabolic type can
be expressed as the real part of its complex length (S (c) € C/2miZ, which is holomor-
phic in the holonomy representation. The argument described above shows that the real
lengths £, (0t,) are converging uniformly in a small neighborhood of holy (see also [[Sul81}
Theorem 2]). Since the real part of a holomorphic function determines (up to imaginary
constant) the holomorphic function itself, we deduce that also the complex lengths ¢ ()
are converging uniformly, and hence 4 -uniformly. In particular this proves the conver-
gence of the derivatives in 7. U

4. THE DUAL BONAHON-SCHLAFLI FORMULA

In this section we will describe the proof of Theorem[A] As mentioned in the introduc-
tion, the first subsection will be dedicated to the study of the convexity of the equidistant
surfaces from the convex core while we vary the hyperbolic structure. Afterwards we will
introduce an auxiliary function on which we can apply the differential Schlifli formula
(Proposition[2.5)). This is the step in which the variation of the length of the bending mea-
sure arises (see Proposition [4.5). In Proposition 4.4 we will relate this with the actual
variation of the dual volume of the convex core. In the end of the section we will use
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Bonahon’s results about the dependence of the metric of the convex core in terms of the
convex co-compact hyperbolic structure to finally prove Theorem [A]

Let (M;), be a smooth family of quasi-isometric convex co-compact manifolds, parame-
trized by ¢ € (—to,). We can choose diffeomorphisms ¢, : My — M; so that the following
properties hold:

(1) ¢y is a quasi-isometric diffeomorphism for any ¢, and @y =

(2) fixed identifications of the universal covers of M, with H> for every ¢, we can
find lifts @, : H* — H? of ¢, so that $y = idys and so that the map @, defined by
@(t,-) := @ (+), is smooth as a map from (—tg, 7o) x H? to H3.

4.1. Convexity of equidistant surfaces. In order to prove Theorem [A] it will be impor-
tant for us to understand for which values of r and € < g the surfaces ¢,(S:CMj) and
¢ '(SeCM;) remain convex. This is the most technical part of our argument and it will
require special care. We want to prove the following fact:

Lemma 4.1. There exist constants K, T > 0, with 0 < T < to, which depend only on the
quasi-isometric deformation (M;), and on the fixed family of diffeomorphims (@;);, such
that, for every t € (—7,7) the regions ¢;(Nk|;CMo) and (pfl(N,q,‘CM,) are convex in M,
and My, respectively. As a consequence, we have

(pt(NK‘,‘CM()) D CM; and Nk, CM; O o (CMy).

We denote by 7, : H® — M, the universal cover of M;, and by C; C H? the preimage of
the convex core CM; under m;. Fixed g a basepoint in H?3, we can find a large R > 0 so
that the metric ball Bg = B(qo,R) in H? verifies

7@, (Br) = @;mo(Br) 2 Ne,CM,

and ¢y (ER) C Bgy1, whenever ¢ is small enough. This follows from the fact that the convex
cores CM; are compact and they vary continuously in the parameter t. Clearly Lemma 4.1
reduces to the study of the surfaces (Pt(SgCO N Bg) and (p, (SSC, N Bg) in H3. However,
instead of dealing directly with equidistant surfaces from Co, which are only €1, we will
rather focus our study on the family of &-surfaces from half-spaces of H?, which are more
regular and can be used as "support surfaces" for Sgéo The strategy will be to understand
how the convexity of their image under ¢, behave, and from this to deduce the convexity
of the surfaces @, (SECO N Bg) (and similarly for ¢, (S€C, N BR)).

In order to clarify this idea, we need to introduce some notation. Let r; be the nearest
point retraction of H? onto the convex subset C, Given a point g of SgCt, we denote by H; 4
the unique support half-space of C; at r;(g) whose boundary OH; 4 = H; 4 is orthogonal
to the geodesic segment connecting r;(g) to g (see Figure . By construction, we have
the inclusion NgH; , 2 NECN}, and the surfaces SeH; 4, Sgé‘ are tangent to each other at
the point g. In other words, given g € Sgé, the surface S.H; 4 lies outside int(Nsa) i
approximates SgC, at first order at g and it is strictly convex, with second fundamental
form described in Lemma Therefore, if for every g € SSCO NBg and t € (—1,1)
the surface @ (S¢Ho,,) remains convex at @ (g), then (pl(SgCo N Bg) has to be convex too.
Analogously, the convexity of the surfaces @' (SeHsq) at @~ 1(q), as g varies in SeC; N B,
implies the convexity of @, ! (S:CM;).

In what follows, we state the technical result about equidistant surfaces from which
Lemrnawill follow. Given U an open set of H>, we denote by S(U, &) the collection
of those surfaces embedded in U that are obtained by intersecting U with an equidistant
surface Sg 7, for some H half-space of H> meeting U and for some 0 < & < &. We remark
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FIGURE 1. A schematic picture of the surface S¢H, 4

that, using the notation introduced above, for every € < & and for every g € Sgé, the
surface S¢H; 4, N Bg belongs to the family S(Bg, &)).

By considering the Poincaré disk model, we can identify H> with the open unit ball A
of R3, and functions f: H? — H? as maps from A C R3 to itself. If U is an open set of R”,
K C U is compact and f: U — R™ is a smooth map, we define

1/ g0k = max[lf (p) o,

k
= '
Il = Wheoiey + 2 [0 o

for k > 1, where ||-||, is the Euclidean (operator) norm and D is the Levi-Civita connection
of the Euclidean metric of R” (if X = ¥;X'¢; and Y = ¥ ;¥/e; are two vector fields, then
DyxY = Zi7in8inej). Then we have:

Lemma 4.2. Let B be an open ball in W3, let F : (—ty,ty) x H?> — H? be a smooth family
of diffeomorphisms F, = F (t,-), satisfying Fo = idys and ||F ||a((_y, 1) x5) < ° and let &
be a positive number. Given ¥ € S(B,€y), we denote by I* and II* the first and second
fundamental forms of F,(X), respectively, as t varies in (—to,ty). Then we can find t}, €
(0,20] and D > 0, depending only on the ball B and on ||F || 44 such that, for
every surface L =S¢ HN B in S(B, &), we have

5) I* —tanhe > > —Dlt| I*,

—to,t0) XB)’

where we are considering the unit normal vector field on F;(¥) pointing toward F,(NgH N
B).

Assuming momentarily this fact, we can prove Lemma[d.T}

Proof of Lemma.1] First we study the surfaces ¢, (S¢CMy). Following the argument de-
scribed above, we need to measure the convexity of the surfaces @; (Se#Ho ,NBg). We apply
Lemmato F; := @, and B := Bp, obtaining two positive constants t(’) <tg and D, which
depend only on [|@||¢4 (s, 1) xBg)- SO that the relation (5) holds for every X € S(Bg, &).
Now we choose K, 71 > 0, which will depend only on D and £, so that 7y <1}, K; 71 < &
and

tanh K |¢|

2

We want to show that ¢ (Sk,|;|CMo) is convex for every t € (—1;,71). Lett be in (=71, 71)

—D|t| >0 forevery t € (—7,17)).

and consider € = K [t|. By the choices we made, if g is a point in Sk, mé() M Bg, then the
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surface Sk, ;| Ho,q N Bg belongs to S (Br, €). In particular, the first and second fundamental
forms 1;, ; of @, (S Hoq N Bg) verify the relation (5)) with € = K |¢|, which can be rewritten

as
tanh K |¢| tanh K |¢|
I~ =" > > Dl ) 1.

Because of the choices we made, the right hand side is positive semi-definite. Therefore
we have

tanh K| [¢|
>

= 2 II'

In particular, the surface @ (Sk, | Ho,4 M Br) is strictly convex at the point @ (g). Since the
choice of g € Sk, ;| CoN Bg was arbitrary and the surface @ (S, ;| Ho4NBr) locally contains
@ (Sk, ‘,‘50), the argument previously mentioned proves the convexity of ¢, (Sk, ,|CMo) for
every r € (—71,71).

Now we have to deal with the case of ¢, (SeCM;). Fixed t € (—t9,19), we define

Ms(l> = MI+S7

W = g0 MY = M, — M= My,

for every s € (—so,50), with so = so(t) = fo — |t|. Then we apply Lemma [4.2] to the 1-
parameter family of diffeomorphisms (1/75’))5, where lflgt) := @50 @', By construction,
the constants s, and D' only depend on B and || || G (—s0.50)xBryy)- Since we can
find a uniform upper bound for || || *((—s0.50) < By ) W€ can assume that s and D' are
independent of t € (—11, ;). Therefore, applying the argument of the previous case to the

1-parameter deformation (Mgt))s and the diffeomorphisms ( wﬁ”)s, we can select T < s,

and K, both independent of ¢, so that the surfaces yxﬁ”(s K| S‘CM((;)) are convex for every
s € (—1, 7). Moreover, it is not restrictive to ask that T < 7; and K > K| (this ensures that
K and 7 work also for ¢, (Sk|;|CMo)). Therefore, if t € (—7,7), then s = —¢ € (—17,7) and
the surface

) (SK\5|CM(SI))’ = o' (ki CMy)
is convex, as desired. The second part of the statement follows because of the minimality
of the convex core in the family of convex subsets. (]

It remains to prove Lemma 4.2}

Proof of Lemma[.2] Let o be a curve lying on some surface £ = S, HNB € S(B, &). We
denote by o, the curve F; o o, by Vv; the unit normal vector field of F;(X) pointing toward
F,(N¢HNB), and by ||| and (-, -) the norm and the scalar product in the hyperbolic metric
of H3.

Assume momentarily that we could find two universal constants C;, C; > 0 (depending
only on the ball B C H?) and a 7y > 0 (depending only on B and on the family (F);), such
that

et~ 1o IP| < il 1~ il

(Dagv1,0) — (D v, o) | = [(Dygvi, o) + tanhe || || < Cal| /|1 Fs = i 2
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for all t € (—fy,7p) (in the last line we used the fact that S¢# has second fundamental form
as in Lemma[I.3). With such estimates, we deduce that

(I7 —tanh e I7) (0, o) = —(Dgy Vi, o) — tanhe e
2tantha’Hz—CZHa,’HZHF,—id||<gz(§)—tanheHa’H2+
—Cytanhe || of||* | F; — id]| 15
> —(Ci1+C) |F —idl g2z I (04, o)

and therefore that I — tanhelj > —(Ci + Co) ||F, —id|| 25 IF for every 1 € (—o, ).
Since the map F is regular in ¢, where F; = F(z,-), we can find two constants 7, and D,
depending only on ||F €4 ((~t,t0) ¥ B) and B, for which the final statement holds (for this it

is definitively enough to control the derivatives of order < 2 in t and of order < 2 in p € B).

The only thing left is to prove the two relations above. Let go denote the Euclidean
metric of R? and g the hyperbolic metric on A = H?3. Identifying H> with an open set of
IR3, it make sense to compute a tensor T, at p on vectors (or forms) lying in the tangent (or
cotangent) space at a different point g, via the identifications 7, H> = 7,R3 2 T, R3 =~ 7, H?.
Therefore we can write:

ll[I* = e I*| < [(g F)(DrFi, D i) — (')
<|(go ) (Do Fy, Do F; — )|+ |(g0 ) (D Fr — &', &) | +

+|(goF) (o, o) —g(o )|
< (llgoFllol|D.Fil|ol|D.F, — D.id||o + ||g o Fi ||| D-F; — D.id||y+

+lgoF —gllo) |||,

where |||, is the operator norm with respect to the Euclidean metric in R3. The terms
||D.F; — D.id||, and ||go F; —gl|, can be bounded by some universal constant multiplied
by ||F; —id||15)- The terms |[go F ||y, [|D.F ||, are controlled, since F is %'-close to id.

Since B is compact and the F;’s are diffeomorphisms ¢! -close to id, the norms |-||,, ||D.F |
and ||-|| are uniformly equivalent between each other on B. Combining these facts together
we obtain the first inequality.

For the second relation, we can proceed similarly decomposing the expression in the
following way:

(Do is &) = (Do, )| < (8 F) (D vi, 0 — )

o

u + (g0 F)(Dog_qrvis )|+
+ (g0 F) (Do Vi — Doy Vo, &) |+
+ (g0 F) (Do Vo, ') — g(Dgr Vo, )|
<2|\go Fy o[ Dy o |D-F — Dl | o ||+
+llgo oI D.v — Dovollo| o [[o+
+llgo F — glloD-vollo| eI

The vector field vy is the restriction to ¥ of the gradient Vd of the signed distance from
the plane dH (oriented in the suitable way), independently on €. We can find two vector
fields Vi, V, on a neighborhood of d# so that V;, V, span the tangent space of the surface
SeH for every € < g. The vector fields Vy, V, and Vd have covariant derivatives which are
uniformly bounded, as we vary H, since the half-spaces H must meet B. The vector field
V; can be obtained as
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where x denotes the vector product. Therefore the first derivatives of v, are close to the
ones of Vo = V| x V»/||Vi x V2||, again uniformly in the half-space H meeting B. This im-
plies that the terms ||D.vyl|y, ||D.v¢||, are uniformly controlled, and that || D.v; — D.vo||,
can be bounded by some universal constant multiplied by || F; — id €2(B) Combining these
observations with what previously done for the first inequality, we deduce the second
claimed inequality. (I

4.2. The variation of the dual volume. Given € € [0, &] and t € (—f,1), we define
ve(t) := Voly, (NeCM;), ug () := Voly, (¢, (NeCMp)).

Our proof of Theorem [A] will be divided in some steps. The function that needs to be
differentiated at r = 0 is V5(M;) = v;(t), in the notation above. However, this quantity
is not easy to handle directly, because the variation of the geometric structure of CM; is
complicated. To overcome this problem, we will first study the family of functions u}
in Lemma and the limit lim, («})'(0) in Proposition Here we will see how the
differential of the length of the bending measure comes into play. Afterwards we will use
the properties of the dual volume to relate limg (u;)'(0) to the actual derivative (v{;)’(0)
in Proposition 4.5] In this manner we will conclude that the variation of the dual volume
coincides, up to multiplicative constant, with the variation of the length of the realization
of the bending measure of the convex core = . The last part of this subsection will
be dedicated to relating this result with the differential of the length function of pt over the
Teichmiiller space.

Lemma 4.3. The functions u}: (—to,to) — R are smooth in t, and they converge €-
uniformly to ug as € goes to 0. Moreover, they satisfy

N 1
(”e)/(o) = 1 < om (0I¢, M — Helg)e dag
£CMo

where (-, )¢ denotes the scalar product on the space of 2-tensors induced by I¢.

Proof. Let ug(t) be Volp, (¢:(NeCMp)). Then the functions u; can be expressed as

up(t) = ue(t) —f/
%% SSCMO

We prove the regularity of u} in ¢ by focusing on the two terms separately. By the choice
we made of the family of diffeomorphisms (¢, ), at the beginning of Section@ the pullback
@ dvoly, of the volume forms of M; vary smoothly in #, and they can be expressed in the
form ;" dvoly, = f(t,-) dvoly,, for some smooth function f: (—19,%) x My — R. If we
denote by A, the subset N.CMy of M for every € €]0, &), then the functions u, satisfy:

/ ]lAs dVOlMO y

where 14, stands for the characteristic function of the set A (i. e. 14,(p) = 11if p € A,
and 14, (p) = 0 otherwise). Observe that the sets A are compact and they decrease, as €
goes to 0, to CMy. As a consequence of the regularity of f in ¢, a simple application of the
Lebesgue’s dominated convergence theorem (see e. g. [Roy88]|]) proves the smoothness of
the functions u, in ¢ and their *-uniform convergence to u.

To show the regularity of the second term of uy, we will describe a way to express
the integral of the mean curvature as the integral of a suitable 2-form, from which the
dependence in ¢ and € will be clearer.

Consider (M, g) an oriented Riemannian 3-manifold with volume form dvoly. Given
any point (p,v) of the tangent bundle TM, the Levi-Civita connection V of M determines
a natural splitting of the tangent space 7{,,,)TM of the form T(, \TM = U, ,) ©W(,),
where U, is the vector subspace of T(,, ,,TM tangent to the space of V-parallel vector
fields at p, and W, ,) is the tangent space at (p,v) to the fiber T,M C TM, which can be
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naturally identified with 7,M. The differential of the bundle map TM — M at (p,v) has
kernel equal to W, ., and it restricts to an isomorphism from U, , to T,M. This procedure
determines a natural identification between T{,, ,,TM and (T,M )2, which we will implicitly

use in what follows. We define a 2-form @y, over 7'M, the unit tangent bundle of M, as
follows:

(@) () ((P,¥), (P',1)) 1= (v, p' <0 = p <)
where (p,v) € T'M, (p,v), (p',V') € T,y T'M C T, ,,M, and (-, -) denotes the scalar prod-
uct over T,M. If S is an embedded surface in M, then the choice of a normal vector field
on S determines a lift 1: S — T'M, given by 1(p) = (p,n,). Consider now ey, e, a local
orthonormal frame of § diagonalizing the shape operator B of S, i. e. Be; = —D;n = Ae;
for i = 1,2, and locally satisfying e; X e = n. Then we have:
(1" ow)(e1,e2) = @m((er,Deyn), (€2, Deyn))
(n,ex X (—Bey) —e1 X (—Bey))
= <n,—2,1 er X e+ el X ez)
=M+A=H.
This shows in particular that, given any surface S C M, the integral of its mean curvature
can be expressed as the integral over S of the 2-form 1* @y, where 1 is the lift of S to
T'M determined by its normal vector field. Consider now y: M — N a diffeomorphism

between two Riemannian manifolds M and N, and define an induced map on the unit
tangent bundles y: T'M — T'N as follows:

(dy ) ()
vyt )

where ad stands for the adjoint map with respect to the scalar products on 7,M and Ty, ,)N.

V(p,v) == | v(p),
I

Givenv € Tp1 M, the vector (dy ! )C‘:f(p) (v) is orthogonal (with respect to the metric of N) to
the image under dy, of the subspace wtc T,M. This property implies that,if t: § — M

is the lift of S to 7'M, then o1 parametrizes the lift of y(S) in T'N. In particular,
combining this remark with what previously observed, we see that

/ Hda:/(lA[/Ol)*CON,
v(S) S

for every embedded surface S C M and for every diffeomorphism y: M — N (up to sign
for the choice of the normal direction).

The claimed regularity of the term in the mean curvature will now follows from this
simple relation. To see this, let E be the subset of T'M, given by the pairs (p, V) where
p € dCMj and v is the exterior normal direction to a support half-space of CMj at p.
Observe that, if p lies on an atomic leaf of the bending measured lamination with weight
a, then there is a 1-parameter family of unit tangent vectors (Vﬁ>l9€[07a] in Tp1 M satisfying
(p,Vvs) € E. The subset E describes a surface in the unit tangent bundle of My, which in a
sense generalizes the notion of normal bundle to the singular surface dCMy. If exp, denotes
the geodesic flow at time 7 on the unit tangent bundle of My, then the lifts of the surfaces
SeCMj in T' My are parametrized by the maps 1¢: E — T'My, with 1¢(p, V) = exp,(p, V)
(here the resulting normal vector field is the exterior one). The lift of a fixed surface
Se,CMy is € 0.1 with Lipschitz constant of the first derivatives that a priori depends on
€. However, since the geodesic flow (exp_,)e<g, is uniformly €? over the compact set
T'Mo\ Nag,CMo> and since exp_, oly = 1,_g for all € < g, the Lipschitz constants of the
first-order derivatives of the [ifts of surfaces SeCMy are uniformly bounded in € € [0, &)
(observe that this is not the case if we look at the second-order derivatives of ScCM; before
lifting them to the unitary tangent bundle). This remark shows in particular that the surface
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E is €', and that the functions 1, converge € ! -uniformly to idg as € goes to 0. Let now
@ = wy, denote the natural 2-form over the manifold TlMl described as above. Then, by
the formula we showed, we have:

_/ Hdaz/(@otg)*wt:/lé‘(@i‘wr)-
0 (SeCMy) E JE

Since the maps 1¢ are uniformly %!, the forms (¢ o 1¢)*@, are L*(X,dag) uniformly
in € and smooth in 7, for fixed area form dag on E (area forms on a €% !-surface are
defined almost everywhere). In particular, by applying again the Lebesgue’s dominated
convergence theorem we see that the quantity [, o (secmp) H da is smooth in 7 and it converges
€ -uniformly as € goes to 0.

Finally, the first-order variation at ¢ = 0 in the statement is an immediate consequence
of the differential Schlifli formula in Proposition [2.5] and the fact that ¢y = id. U

Proposition 4.4. Assume that (M,), is a 1-parameter family of convex co-compact mani-
folds as above. Then we have:

() (0) = iz (0) =~ [] ata.

e—0

where L is the bending measure of ICM = dCMy and A is a geodesic lamination contain-
ing supp U.

Proof. As already observed, we can divide the surface SeCM = S¢CM) in two regions:

e the open set S := ! (ICM\A)NSeCM (f stands for flat), namely the portion of
S¢:CM that projects onto the union of the interior of the flat pieces of dCM;

o the closed set Sf; := () (b stands for bent), namely the portion of S;CM that
projects onto the bending lamination.

On the portion SJg we have an explicit description of all the geometric quantities, by Lemma
[[.3] In particular, we can write the integral in terms of the hyperbolic metric on the flat
parts, obtaining

/f(8157”87H818)8da5: /((518,7tanh£lg)gOr)COShzb‘dap
s/ F

FCACMy\A

:—sinhscoshs/ (8I¢,I¢)eorda,

ICMy\A

where the sum is taken over all the flat pieces F in dCM \ A. The variation of the first
fundamental form &1 is the restriction of ¢ = %(p,* &M, | (o to the tangent space of SeCM.
In particular, since S;CM lies in a compact set K of M = My, the function (8¢, )¢ is
uniformly bounded. In conclusion, we obtain

lim [ (6I¢, M — Helg)e dag = — lim sinhscoshs/ (8I¢,Ig)gorda=0.
ICM\

£—0.Js! £-0

Therefore, the only contribution to lim(u})’(0) is given by S2.

For convenience, we lift our study to the universal cover 7: M = H3 — M. We will first
set our notation. The convex subset C := 7! (CM) has a metric projection #: H*> — C. Its
boundary dC is bent along the lamination A := 7~ !(A), and it is parametrized by a locally
convex pleated surface f: § — H?, having bending locus 7~'(1). The preimage 7! (S2),
which coincides with SeCN 7! (1), will be denoted by §2 Consider a short arc k in § with
a neighborhood U on which f is a nice embedding and set W := int(7 ' f(U)) C H?\ C.
Our actual goal is to compute

(6) lim (6183”8 7Hg[5)g dag .
e=0Jwnst
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We will make use of a construction described in [CEMO06, Section I1.2.4]: there Epstein and
Marden illustrate an explicit way to extend the lamination Atoa partial foliation £ = Ly
of dC, defined in the n-neighborhood (with respect its hyperbolic path metric) of A, for
any fixed 11 < log3/2. We briefly recall here the idea of the construction. Let T be an
ideal triangle in H?, and denote by Uy, the n-neighborhood of 97 in T', with 17 small. Then
the region of those points in Uy that are very close to exactly two edges of T, sharing
an ideal vertex v, can be foliated using geodesic arcs asymptotic to v, while the region of
those points that are very close to exactly one edge e of T can be foliated by equidistant
curves from e. Defining a proper extension of this foliation in the regions of transition
between these two behaviors in Uy, we can build a foliation on Uy, that extends the geodesic
lamination of dT. Applying this construction to each ideal triangle in the pleated boundary
of 6, we can construct the desired extension £ (see [CEMO06, Section I1.2.4] for a more
precise description).

Up to taking a smaller neighborhood U of k, we can assume that f(U) C |J£ and we
can choose a continuous orientation of the foliation £N f(U). Analogously to what is done
in [CEMO06, Section I1.2.11], we define three orthonormal vector fields on W as follows:

(1) the first vector field v is given by the opposite of the gradient of the distance from
G
(2) the second vector field E is defined in terms of the oriented foliation £N f(U ). If
p lies in W, its projection r(p) belongs to an oriented leaf f(y) of LN f(U). We
denote by w the unitary vector of T,(I,)H3 tangent to f(y), and we define E;(p) to
be the parallel translation of w along the geodesic arc in H® connecting r(p) to p.
(3) the last vector field E; is defined requiring that (Ey,E», V) is a positively oriented
orthonormal frame of 7H? in W (assume we have fixed an orientation of H? since
the beginning).
Observe that the E;’s are tangent to the surfaces Sgé N W, since they are orthogonal to
the gradient of the distance. Therefore, they define two orthogonal oriented foliations
on SEE NW for every €. Moreover, if r(p) € A, then E| (p) is a principal direction for
the equidistant surface SeC passing through p. In particular, we have that I.(E},E|) =
tanh € (it is a direct consequence of the relations in Lemma|[IT.4). Expanding the expression
(0lg, Mg — Hely)e in terms of this orthonormal frame over W N §Z we have

(5I£,Ig _Hglg)g = —(518)(E17E1)I£(E2,E2) — (5]8)(E2,E2)I£(E1,E1)
= —(0I)(E1,E1 )l (Ea, E2) + O(€k; €).

Since the area of W N2 goes to 0 as & goes to 0, the integral of the term O(g|x:€) in the
expression (6) has limit 0. In the end, it remains to study

lim ~ (513)(E1,E1)18(E2,E2)da8 = lim _ (5]8)11(Ig)22da£.
e=0Jwnst e—=0.Jwnst
We denote by Ll E% the foliations on :S’Vg MW tangent to Ey, E», and by dﬁé, dfg their
length elements, respectively. Then we can write

(7 /Wﬂgg(&s)ll(”s)zzdae = /cg (/cé(&s)udfé) (Ilg)2 dl2.

Now it is time to see how this expression behaves in the finitely bent case. Assume that
f(U) meets a unique geodesic arc y in A with bending angle 6y. Then, in the coordinates
described in Lemma the vector fields E1 and E, can be written as E; = (coshe)~19¥,
E, = (sinh€)~'9§. Therefore the following relations hold
5(dE, df
(811 det = £90 %) gcoshes) (L) d2 =

cosh?e sinh e

coshe

d(sinheB).
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where g = go. In particular, the limit as € — 0 of the expression (7) becomes

lim (/ (615>ud£é)<ﬂe>zzd6%eo/g(a/,a/)dfz// dldy.
e—0.J 2 cl % ANW

To prove this relation in the general case, we make use of the standard approximations of
Definition The bending measures along the arc k of the finitely bent approximations
f weak*-converge to u along k; the e-surfaces from the f,’s converge € !!-uniformly
toWn SEE ; the vector fields Ej ,, E> , and v, defined from the surface fn (U), converge
uniformly to Ej, E; and v over all the compact subsets of W. From these properties, the
relation we proved in the finitely bent case extends to the general one.

Finally, a suitable choice of a partition of unity on a neighborhood of the bending lami-
nation i, combined with Lemmal4.3] proves the statement. O

Proposition 4.5. Assume (M;); is a 1-parameter family of convex co-compact manifolds
as above. Then there exists the derivative of VX(M;) at t = 0 and it verifies

. 1 .
ave (M) = —3 Adedu.

Proof. The left-hand side is nothing but the limit of the incremental ratio of the function
vgatt =0. Let K, T be the constants furnished by Lemma 4.1} We split our incremental
ratio as follows:

vy (1) —v§(0) _ "‘Zw(t) - “Zm (0) N V;F(m (0) —v5(0) 3 “Zm(’) —vp ()
t t t t

term 1 term 2 term 3

where we used the fact that u}(0) = v(0) for all € > 0. In Lemma[4.3] we showed that
the functions u} are smooth in ¢ and that they converge ¢~ -uniformly to u as € goes to 0.
Using the first-order expansion of u}; at ¢ = 0 and evaluating for € = K¢, we have:

u}‘qt‘(t) — ”7{|t\(0)

t

)

= (uiy) (0) + O((ugye))" (&):1),

where the constant involved in the O(¢) depends a priori on the value of (u;‘ II)I "in a point

& close to 0. However, thanks to the 4*-uniform convergence of the functions (), the
second derivatives (u%)” can be bounded uniformly in € over a small neighborhood of 0,
so the term O((uky,()"(&);t) is an actual O(¢). By Proposition 4.4 we conclude that the
limit of the first term in the decomposition above is equal to —% [f; dédu. In what follows
we will show that the second and third terms of the splitting of the incremental ratio are
converging to 0 as ¢ goes to 0.

By Proposition [2.4] applied to the 3-manifold M;, for every € > 0 we have

(8)  vi(s) = vi(s) = Voliy, (NeCM,) — Voliy, (CM) = O(fm, (1), 2 (ACM,): 7).

In particular, for s = 0 and € = K|¢|, this relation proves that the second term goes to 0.

Let L > 1 be a constant so that all the diffeomorphisms ¢, are L-Lipschitz on a large
compact set in M containing the convex core CMy. It is immediate to see that the following
properties hold:

@ (NeCMp) C Nre 0:(CMy) for every € > 0,
NgNeCM, C N1 o CM, for every €', € > 0.

Applying Lemma [.1] to the 3-manifold M, and using the inclusion relations above, we
obtain the following chain:

CM; C (Pt(NK|t\CMO) - NLK\:\(Pt(CMO) C NLK\1|NKtCMt c N(L+1)K|t\CMt~
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forall r € (—7, 7). All the submanifolds involved are compact convex subsets of M;, hence
we are allowed to consider their dual volumes. Using the monotonicity of Vol}, , proved in
Proposition 2.6} we get

Va(t) Z M;(M (t) Z V?L+1)K‘l‘ (t) forallr € (77, T).
Applying this to estimate the third term, we obtain

Uiy (8) =5 (1) v () —vo(2)

9) 0> Klt| t 0 > (L+1)K\t|t 0 .
Since the constants K and L only depend on the family (¢, ), if we apply the equation (8)

withs =t and € = (L+ 1)K|t|, we get
Vi ) = vo(t) = O((@1)r, b, (1), X(OCM;); %),

Consequently, the right side in the inequality (9) goes to 0 as ¢ goes to 0, and so does the
third term, which concludes the proof. O

Given u € ML(S), we define the length function of 1 as themap Ly, : T (S) — R0 from
the Teichmiiller space of S to R>o which associates to the hyperbolic metric m € T (S) the
length of u with respect to the metric m. The functions L, are real-analytic, since they are
restrictions of holomorphic functions over the set of quasi-Fuchsian groups (see [Ker85|
Corollary 2.2]).

The dependence of the geometry of the convex core CM on the hyperbolic structure of
M is a subtle problem. In [KS95] the authors established the continuity of the hyperbolic
metric and the bending measure of dJCM with respect to the structure of M. A much
more sophisticated analysis, involving the notion of Hélder cocycles, allowed Bonahon to
describe more precisely the regularity of these maps, as done in [Bon98b|]. In the following,
we recall a parametrization result from [Bon96], which was an essential tool in the study
of [Bon98&b].

Fixed a maximal lamination A on a surface S, we say that a representation p of 7 (S) in
Iso™ (H?) realizes A if there exists a pleated surface f with holonomy p and pleating locus
contained in A. Let R(A) be the set of conjugacy classes of homomorphisms realizing A,
which is open in the character variety of 7;(S) and in bijection with the space of pleated
surfaces with bending locus A, up to a natural equivalence relation. [Bon96, Theorem 31]
describes a biholomorphic parametrization of R(A) in terms of the hyperbolic metric and
the bending cocycle of the pleated surface realizing p € R(A). In particular, we denote by
V1 R(A) — T(S) the map associating to [p] the hyperbolic metric of the pleated surface
with holonomy p.

Now, let M be a hyperbolic convex co-compact manifold. Denote by QD (M) the
space of quasi-isometric deformations of M, and by R(JdCM) the representation variety
of m(dCM) in Iso* (H?). We have a natural map R: QD(M) — R(dCM) which asso-
ciates to a convex co-compact hyperbolic structure M’ on M the conjugacy class of the
holonomy [p’] of JCM’. If A is a maximal lamination of JCM’ extending the support of
the bending measure of dCM’, then y;, is defined on a open neighborhood of [p'], there-
fore we are allowed to consider the map y; oR. The result of [Bon98b] we need is the
following:

Theorem 4.6 ([Bon98b, Theorem 1]). Let M be a hyperbolic convex co-compact man-
ifold and denote by QD(M) the space of quasi-isometric deformations of M. Then the
map Q: QD(M) — T (dCM) associating to the structure M’ the hyperbolic metric on
dCM', is continuously differentiable. Moreover, given any maximal lamination extending
the support of the bending measure of CM', the differential of Q at M’ coincides with the
differential of the map Wy oR at M.

We are finally ready to prove the variation formula for the dual volume of the convex
core of a convex co-compact hyperbolic manifold:
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Theorem A. Let (M,), be a smooth 1-parameter family of quasi-isometric hyperbolic con-
vex co-compact manifolds, with My = M. Denote by L € ML(ICM) the bending measure
of the convex core of M and let t — m; € T(ICM) be the family of hyperbolic metrics my
associated to the boundary of the convex core CM; at the time t. Then the dual volume of
the convex core Vi (M;) admits derivative at t = 0, and it verifies

dvg (M) = f% dLy, ().

Proof. By Proposition |4.5| the derivative of V(M;) at t = 0 exists and it coincides with
limg (u})'(0). By Proposition[4.4] we have the equality

T
v (M) = 7//1 dédu,

where A = supp it. By Theorem[4.6] given a maximal lamination A containing A = supp 1,
the variation of the hyperbolic metric 7, of the pleated surface in M, realizing A coincides
with the variation of the hyperbolic metric m; on the boundary of the convex core CM;. By
definition, the quantity [ dfdu coincides with <L, (s, )|,—o. Therefore, we obtain that

dL,, () = /A didy,
which proves the statement. O
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