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Abstract

Submodular Inequalities for the Path Structures of the Capacitated Fixed-Charge
Network Flow Problems

by
Birce Tezel
Doctor of Philosophy in Industrial Engineering and Operations Research
University of California, Berkeley
Professor Alper Atamtiirk, Chair

Capacitated fixed-charge network flow problems (CFCNF) are used to model a
variety of problems in telecommunication, facility location, production planning and
supply chain management. We model CFCNF as a linear mixed-integer program and
study the polyhedral structure of various path networks.

We investigate capacitated path substructures and derive strong and easy-to-compute
path cover and path pack inequalities. These inequalities are based on an explicit char-
acterization of the submodular inequalities through a fast computation of parametric
minimum cuts on a path, and they generalize the well-known flow cover and flow pack
inequalities for the single-node relaxations of fixed-charge flow models. Computational
results demonstrate the effectiveness of the inequalities when used as cuts in a branch-
and-cut algorithm.

Moreover, we consider single item lot-sizing problems with backlogging and in-
ventory bounds and fixed costs (LSBIB). Using the underlying fixed-charge network
structure of LSBIB, we derive explicit path pack inequalities that are proposed in
this thesis. These inequalities are generalizations of the valid inequalities proposed by
Atamtiirk and Kiiglikyavuz (2005) for lot-sizing problems under the existence of back-
logging. Furthermore, we propose extensions of these inequalities where the binary
variables for inventory and backlogging are lifted. Finally, we present computational
results suggest that show the effectiveness of both path pack and extended path pack
inequalities when used in a branch-and-cut algorithm.
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Chapter 1

Introduction

Given a graph with demand/supply nodes and arcs with upper bounds on flow, the
capacitated fixed-charge network flow problem (CFCNF) aims to find a subset of arcs
such that the flow balance on each node is conserved and flow capacities are not ex-
ceeded. In this thesis, we model CFCNF as a mixed-integer program. We propose
valid inequalities and analyze their strength both theoretically and computationally.

The research in this thesis has roots in the seminal paper by Wolsey (1989). In this
paper, the author proposes submodular inequalities (see Section 1.4) that are valid for
any CFCNF. While submodular inequalities are quite general and make no assumptions
on the network structure, computing their coefficients require solving many maximum
flow problems. Due to their implicit coefficients, using them in a branch-and-cut algo-
rithm requires a significant amount of computational effort. As a result, the strength
of these inequalities have not been analyzed for general network structures.

In this thesis, we focus on path networks and propose a linear-time algorithm to
express submodular inequalities explicitly. All of the chapters are concluded with an
extensive computational study. In Chapter 2, we study on simple paths and propose
path pack inequalities. Then, we generalize path pack inequalities by a simultaneous
lifting procedure. In Chapter 3, we generalize the simple path by adding arcs (j + 1, j)
to the consecutive nodes in the path. In addition to the path cover inequalities for these
path structures, we propose a second class of submodular inequalities and refer to them
as path pack inequalities. We show that path cover and path pack inequalities reduce
to flow cover and flow pack inequalities when the underlying network consists of a single
node. In Chapter 4, we extend the research of Atamtiirk and Kii¢itkyavuz (2005) on
lot-sizing problems with inventory bounds by considering backlogging arcs. Using the
path structure of this problem, we propose eleven classes of path pack inequalities
parametrically. Then, we extend these inequalities by incorporating the binary fixed-
charge variables associated with inventory and backlogging arcs. The computational
results prove that path cover and path pack inequalities and their extensions are quite
useful while solving fixed-charge network flow problems.



In the remainder of this chapter, we give a brief background information on poly-
hedral analysis using the definitions from Wolsey and Nemhauser (1999) and Wolsey
(1998). Following the basics in Section 1.1, we introduce a mixed-integer programming
formulation for the capacitated fixed-charge networks in Section 1.2. In Sections 1.3
and 1.4, we introduce the existing flow cover, flow pack and submodular inequalities
which are referred to often in this thesis. In Section 1.5, we go over the lifting process
of valid inequalities.

1.1 Polyhedral analysis terminology
We first start by describing mized-integer programming (MIP) as

max{cx + hy: Az + Gy <b, x € Z", y € R’}

where Z" is the set of integer n-dimensional vectors and RP is the set of real p-
dimensional vectors. In a MIP A,G and b are the parameter set and x,y are the
decision variables. The feasible set of MIP is defined by

S={zxeZ", yeRl . Az + Gy < b}
and we call the set
Spp={z€eR", yeR? : Az + Gy < b}

the linear programming (LP) relazation of the feasible set S.
Following definitions are directly cited from Wolsey and Nemhauser (1999).

Definition Conver hull of S is the set of all points that are convex combinations of
points in S.

Definition A polyhedron P C R" is the set of points that satisfy a number of linear
inequalities; that is, P = {x € R" : Az < b}, where (A4,b) is an m x (n + 1) matrix.

Definition = € P is an extreme point of P if there do not exist z',2? € P, 2! # 22
such that z = 12! + 22,

Definition A set of points z!,..., 2% € R" is affinely independent if the unique solu-
tion of ¢ |zt =0, S5 oy =0isa; =0fori=1,... k.

Definition A polyhedron P is of dimension k if the maximum number of affinely
independent points in P is k + 1 and it is represented by dim(P) = k.

Definition A polyhedron P C R™ is full-dimensional if dim(P) = n.



Definition The inequality 7z < m (or (7, m)) is called a valid inequality for P if it
is satisfied by all points in P.

Definition If (7, m) is a valid inequality for P, and F' = {z € P : 7x = my}, F is
called a face of P.

Definition A face F' of the polyhedron P is called a facet of P if dim(F') = dim(P)—1.
The inequality describing F' is then a facet-defining inequality or a facet.

1.2 Capacitated fixed-charge network flow problems

Let G = (N, A) be a directed graph with nodes N and arcs A and |N| =n, |A| = a.
Let E;r ={(i,j) € A:ie N}yand E; = {(j,i) € A:i€ N} forall j € N. Let the
demand value at node j € N be d; (where d; < 0 indicates j is a supply node). Define
the binary variable z; to be 1 if arc t € A is used and the variable y; to be the flow
through arc ¢, which has a capacity of ¢;.

The mathematical programming representation of capacitated fixed-charge network
problems can be represented by the following feasibility set:

Zyt_zytgdja JGN,

teEj+ teE;
(Pe)  0<wy <cwz, teA,
x € 40,1}, te A

We represent the feasible set of the capacitated fixed charge network flow problem on
underlying network G' by Pg.

1.3 Flow cover and flow pack inequalities

In this section, we introduce the well known flow cover inequalities of Padberg et al.
(1985) and flow pack inequalities of Atamtiirk (2001). Consider a single-node capaci-
tated fixed charge network flow problem with the feasible set

PZ{yER’}r,xGB”: Zyt—z%gd, ytgctmtfort€E+UE_}.

teE+ teE—

See Figure (1.1) for a graph representation of P. Let ST C Et, S~ C E~ and L~ C
E~\S™. The set pair (5*,57) is called a flow cover if )7, ¢+ ¢t — > ,cq- ¢t = d+ X and
A > 0. Similarly, the pair (ST, S7) is called a flow pack if Y, g c; =D -t =d—p
and p > 0.
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Figure 1.1: A single node network

Let (S*,S57) be a flow cover, then the inequality

ot @-N-a)<d+ > a+ Y At > w11

teS+t teS— teL— teE—\(L~US™)

is valid for P. Inequality (1.1) is referred to as a generalized flow cover inequality.
van Roy and Wolsey (1986) show that if d > 0, maxseg+ ¢, > X and ¢, > A for t € L™
and S~ = (), then inequality (1.1) is a facet of the convex hull of P.

Let (S*,S57) be a flow pack and let L™ C ET\ St then the inequality

Z Y + Z (yt — min{ct, ,u}xt) <+ Z (Ct - ,U)(l - xt) + Z Yt (1‘2)

teS+ teLt+ teS— teE—\S—

is valid for P and is referred to as a flow pack inequality.

1.4 Submodular inequalities

Definition A set function v on a set S ={1,...,s} is submodular if
v(A)+v(B) >v(AUB)+v(ANB)
forall A,B CS.

Proposition 1.1. Let p;j(A) = v(AU{j}) — v(A). The function v is submodular if
and only if

pi(A) = p;i(B)
forall AC BC S\ {j}.

Next, we summarize some of the main results in Wolsey (1989). Let G(V, A) be
a capacitated fixed-charge network and let N C V be a subset of nodes and define
Et ={(i,j) e A:i¢ N,je N}, = ={(i,j) € A:i € N,j¢ N} and let
E:=ETUE".

Let ST C E* and L™ C E~. Define the set function v(S*, L) (or v(C) in short



notation) by the following optimization problem:

v(S*,L7) = max Zatyt

teE
8.t Zyt— Zytﬁdyw JjeN,
teES teEy

0<y<c¢, tek,
v, =0, te(NT\STHuL™,

where a; € {0,1} for t € ET and a;, € {0, —1} for t € E~. Let p,(S*,L™) be
pe(STNA{L} L7) = 0(ST, L7) —o(ST\{t}, L7)

for t € ST and
pe(ST,LTA\At}) = v(ST,L7) — (ST, L7\ {t})

for t € L™. For convenience, we represent the sets (S, L7) as a single let:

C:=StTulL~

and
pi(C) = v(CUA{L}) = v(C).
Wolsey (1989) proves that v(S™, L7) is submodular on the set E and shows that
the inequalities

> aw <o(C) = > pEN{HA —x) = > B\ {t})z,

teF teS+ teL—
+ D> @zt Y plO)(1 =)
te E+t\S+ teE—\L—
and
Zatytgv ZPtC\{t} 1—a) - ZptC\{t}
tekE teSt teL—
+ Z pe(0)z; + Z pe(0)(1 — )
teN+\S+ teE-\L~

are valid for the capacitated fixed-charge network feasible set Pg.



1.5 Lifting valid inequalities

Given a valid inequality (7, 7o) for polyhedron P, lifting is the procedure of extending
this inequality to higher dimensions. The notion of lifting was first introduced by
Gomory (1969) and then generalized and formally described in Wolsey (1976), Zemel
(1978) and Balas and Zemel (1978). Lifting proved to be very useful in solving integer
programs more efficiently; however, in most cases, the coefficients of the lifted valid
inequalities depend on the sequence of the variables being lifted. Obtaining the lifting
coefficients require solving a separate optimization problem. As a result, sequence
dependence creates a computational burden for the lifting procedure. For binary integer
programs, Wolsey (1977) showed that if the lifting function is super-additive then the
coefficients are independent from the sequence of lifting. This result was generalized
for mixed binary integer programs by Gu (1994) and Gu et al. (2000), and for general
mixed integer programs by Atamtiirk (2004).

Gu et al. (1999) provide the analytical form of the lifting function of flow cover
inequalities, introduce a valid super additive lifting function and present computational
results to show the effectiveness of lifting. In the next section, we introduce a procedure
to obtain a valid super additive lifting function for submodular path inequalities. Next,
we describe the general lifting procedure for mixed binary integer programs.

Let X ={x B, yeR?: Az + Gy <d; l; <y; <wuj, j€ J} be the feasible set
of a mixed binary integer program where B = {0,1} and index sets I and J contain
binary and continuous variables respectively. Size of dis mx1, A = {a;;}iz1,..m, j=1,..p
Let C%, i = 0,...,t be a partition of the variables I U .J.
We define a restriction of X by setting a subset of the variables to one of their bound
values b;. Note that, b; € {0,1} for j € I and b; € {l;,u;} for j € J. Let the restricted
feasible set associated with partition j be represented as X/.

and G = gij;_,

L) .7:177(1

XOZ{((E,y>€XI .ﬁEj:bj, jEI\CO, yj:bja jEJ\CO}

Let
i+ Y By < (1.3)
jeINCo jeJNCO

be a valid inequality for X°. We would like to extend this valid inequality by adding
the variables in (I U J)\ C° and obtain an inequality of the form

S oagzi+ Y B+ > iz =)+ > Bily —b) <
jeINCo jeJNCO JEI\CO jeJ\CO

that is valid for X.
In order to reach this inequality, lifting is carried out by steps. At each step, a par-



tition of variables C* are lifted simultaneously. Unfortunately, the resulting coefficients
are usually dependent on the sequence in which these partitions are lifted. Without
loss of generality, we assume variables in C? are lifted in ith order. Then the valid
inequality obtained after ith lifting sequence is valid for the restricted feasible set

X' ={(z,y) e X1 =b}, j eI\ (UpoC"), y; =bY, j€J\ (UpoCH)}-

Given the valid inequality for set X~

STz > Byt > gl —v)+ Y By ) <7

JEINCo jeJnco jeIn(u;_ ck) jeIN(UL_} Ck)

lifting problem for set C* aims to find coefficients (o, 5;), j € C* such that
oozt Y B+ Y ayla — b
jEINCO jeJnco JeIn(ui_,Ck)

+ Bily; —bj) <7 (1.4)

jeJn(ui_,C*)

is valid for X*. We also define the ith lifting function associated with inequality as:

fi(z) =min 7— | Z ;T + Z By,

JEINCO jeJNCO
+ 0 gl =)+ Y By — )]
JeIN(UL_} Ck) JEIN(U,Z; CF)
s.t. Z ai(z; —b3) + Z aij(y; — bi’) <d; — z,
FEIN(UL_L,CF) JEIN(U;Z,CF)

l=1,...,m,
li<y;j<wu;, je,
v, €{0,1}, jel,
b=t eI\ (UZCY),
y=b, 7€\ (UL,

where dj = dj — 37, co @b — D7 0o 91307 and z € Z' with

Zi:{ZERm: I(z,y) € X*: Z aij(z; —b;) + Z ai(y;—bj) =2z l=1,...,m

jelInCct jeJnCt

Z alj(xj—bf)—i- glj(yj—bg)gdg—zl lzl,,m}

JEIN(U,_L,CF) JEIN(U,_H,CF)



Let Z=7'x...x 7.

Proposition 1.2 (Gu et al. (1999)). Inequality (1.4) is valid for X* for a choice of
(aj, Bj), j € C"if and only if h;(z) < f;(2) for any z € Z* where

hi(z) = max Z aj(r; —bj) + Z B;(y; — b))

jelnct jeJNC?
s.t. Z ai;(z; — bj) + Z ai(y; —bj)) =2z l=1,....m
jeInct jeJnCt

z; €{0,1} jelIncC"
lj<y;<u; jeJNC

Definition Lifting function f(z) of the valid inequality (1.3) is defined as f(z) = fi(2)
for all z € Z.

Definition Lifting of valid inequality (1.3) is sequence independent if f(z) = fi(z) for
i=2,.. ..t

Definition A function f is super-additive on 7 if
f(z) + f(z2) < f(21 + 22)
for all 21,29, 21 + 22 € Z.

It is shown in the literature that, if f(z) is super additive on Z, then lifting is
sequence independent. Unfortunately, super-additivity of f(z) is very uncommon.

Definition Function g is called valid super additive lifting function if it is super addi-
tive and g(z) < f(z) for all z € Z.

Proposition 1.3. If g is a valid super additive lifting function and (o, ;) for j € C*
ensure that h;(z) < g(z) for all z € Z and i = 1,...,t, then inequality (1.4) is valid
for X.



Chapter 2

Submodular Path Inequalities for
the Capacitated Fixed-Charge
Network Flow Problem

Given a directed graph with demand and supply on the nodes, and capacity, fixed and
variable cost of flow on the arcs, the capacitated fixed-charge network flow (CFNF)
problem is to choose a subset of the arcs and route the flow on the chosen arcs while
satisfying the supply, demand and capacity constraints, so that the sum of fixed and
variable costs is minimized. There are numerous polyhedral studies on the fixed-charge
network flow problem. However, few give explicit valid inequalities that simultaneously
make use of the path substructures of the network as well as the arc capacities, which
is the goal of the current chapter.

For the wuncapacitated fixed-charge network flow problem, van Roy and Wolsey
(1985) give flow path inequalities that are based on path substructures. Rardin and
Wolsey (1993) introduce a new family of dicut inequalities and show that they describe
the projection of extended multicommodity formulation onto the original variables of
fixed-charge network flow problem. Ortega and Wolsey (2003) present a computational
study on the performance of path and cut-set (dicut) inequalities. For the capacitated
fixed-charge network flow problem, almost all known valid inequalities are based on
single-node relaxations. Padberg et al. (1985), van Roy and Wolsey (1986) and Gu
et al. (1999) give flow cover, generalized flow cover and lifted flow cover inequalities.
Stallaert (1997) introduces a complementary class of flow cover inequalities; Atamtiirk
(2001) describes lifted flow pack inequalities. Both uncapacitated path inequalities
and capacitated flow cover inequalities are highly valuable in solving a host of practical
problems and are part of the suite of cutting planes implemented in modern mixed-
integer programming solvers.

The path structure arises naturally in network models of the lot-sizing problem.
Atamtiirk and Mutioz (2004) introduce valid inequalities for the capacitated lot-sizing



problems with infinite inventory capacities. Atamtiirk and Kiigiikyavuz (2005) give
valid inequalities for the lot-sizing problems with finite inventory and infinite pro-
duction capacities. Van Vyve (2013) introduces valid inequalities for uncapacitated
fixed charge transportation problems. Van Vyve and Ortega (2004) and Gade and
Kiigiikyavuz (2011) give valid inequalities and extended formulations for uncapacitated
lot-sizing with fixed charges on stocks.

In this chapter we consider a generic path relaxation, with supply and/or demand
nodes and capacities on all incoming and outgoing arcs. First, by exploiting the path
substructure of the network, we provide an explicit description of the submodular
inequalities introduced by Wolsey (1998). An important consequence of the explicit
derivation is that the coefficients of these submodular path inequalities can be computed
efficiently. In particular, we show that all coefficients of an inequality can be computed
by solving max-flow /min-cut problems over the path in linear time. For a path with a
single node, the inequalities reduce to the flow cover inequalities introduced by Padberg
et al. (1985). We give sufficient and necessary facet-defining conditions. Then we
generalize the inequalities further by superadditive lifting using an approximate multi-
dimensional lifting function. Finally, we demonstrate the effectiveness of the proposed
inequalities when used as cuts in a branch-and-cut algorithm.

Outline

The remainder of this chapter is organized as follows: In Section 2.1, we describe the
CFNF problem on a path, its formulation and the assumptions we make. In Section 2.2,
we review the submodular inequalities of Wolsey (1998) and introduce the submodular
path inequalities. In Section 2.3, we generalize the submodular path inequalities by
superadditive lifting. In Section 2.4, we present some computational results depicting
the effectiveness of the valid inequalities proposed.

2.1 Capacitated fixed-charge network flow on a path

Let G = (N, A) be a directed path with nodes N’ partitioned into sets N and {sy,tx},
where sy and ¢y are source and sink nodes and V' are the path nodes (see Figure 2.1).
Let N = {k,...,¢} and the path arcs be [ := {(k,k+1),(k+1,k+2),...,({—1,0)}.
Define a := |A| and n := |N|. Without loss of generality, we assume that node k has
an incoming path arc (k — 1, k) and node ¢ has an outgoing path arc (¢, + 1) with
zero capacity (represented by dotted lines in Figure 2.1).

For each node j € N, let B = {(sy,i) € A:i = j} and E; = {(i,ty) € A :
i = j}. Let the union of such sets be denoted by E* := {(sy,i) € A: i € N} and
E~ :={(i,ty) € A:i € N}. Finally, let £ := E* U E~ with e := |E].

In this chapter, we consider simple directed paths where sets E;r and E for all
J € N are mutually exclusive. In other words, the arcs in I form the unique directed

10
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Figure 2.1: Nodes and arcs of a path set.

path from node k to node ¢. For any graph, if need be, one can construct such a
relaxation by duplicating arcs t € E;" N E; as tt € Ef and t~ € E; fori,j € N.

Let the demand at node j € N be d;. We call a node j € N a demand node if
d; > 0 and a supply node if d; < 0. Define the binary variable z; to be 1 if arc t € I/
is open, 0 otherwise; and the variable 1, to be the flow through arc ¢, with capacity
of ¢;. We refer to the flow of path arc (j,j + 1) as ¢;, and denote the corresponding
capacity by u;. We let [k, (] :={t € Z: k <t < /{} and let d(T') = > _; d; for a given
T C V. For notational convenience, we refer to d([k,(]) as dy,. Let ¢(S) = > ,cq ¢,
y(S) = D ieg ¥, ©(S) = > ,cq @ and (a)” = max{0,a}. Moreover, let us denote the
convex hull of a formulation P as conv(P).

Let the path-set relaxation (Pg) of CFNF problem on G be

ij1+y(Ef) —y(Ey) —i; < dj, JEN, (2.1)
(Pa) 0 <15 < wy, j €N, (2.2)
0 <y <cuy, te F, (2.3)
z, €{0,1}, te k. (2.4)

In order to avoid trivial cases we make the following assumptions:
(A.1) u; >0 for j € I (otherwise, i, = 0 and arc ¢ can be removed from the graph),

(A.2) ¢ >0 for t € E (otherwise y, = 0 and arc ¢ can be removed from the graph and
the problem decomposes into two subproblems defined on two simple paths),

(A.3) forallt € E, G' = (V, A\ {t}) with corresponding feasible set Pgr # 0 (otherwise
Ty = 1)

It follows from the assumptions that the dimension of Pg is e + a (i.e., Pg is full
dimensional).

11



2.2 Submodular path inequalities

In this section, we review the submodular inequalities of Wolsey (1989) and derive
their explicit form for the path networks. Let ST C E* and L~ C E~. Sets ST and
L~ can be partitioned into sets S;T and L; for j =k,...,{ where S;T =S5STN E;r and
Ly =L NE;.

Now, we consider the following formulation introduced by Wolsey (1989) for the
path structure G-

v(ST,L7) = max Zatyt (2.5)

teE
st i1 +y(E) —y(Ey) —i; <d;, jeN,
OSijSUj, je],
(P 0<y<c tek,

2.6
2.7
2.8
v, =0, te(Et\STHHUL, 2.9

~~ —~ —~

)
)
)
)

where a; € {0,1} for t € E* and a; € {0, —1} for t € E~. Define the sets K := {t €
Et:a;=1} and K~ :={t € E~ : a; = 0}. In this section, we choose K* = S* and
K~ = L~. We make the following additional assumption:

(A.4) The sets ST and L~ are selected such that the formulation P’ is feasible.

Proposition 2.1 (Wolsey (1989)). The set function v : 277 x 21F71 5 R defined
through (2.5)-(2.9) is submodular.

It follows from Corollary 8 of Wolsey (1989) that the submodular inequality

DoiestWe (ST L)L = 20)) + Xopep- pe (ST, L7\ {tHz (2.10)
<v(ST,L7)+ ZteE—\L— Yt
where
pe(STANA{tE, L7) = (ST, L7) —v(ST\{t}, L"), tesST
and
pe(ST LNt} = w(ST,L7) — (ST, LT\{t}), teLl”

is valid for Pg. Observe that inequality (2.10) requires computing p,(S*\ {¢}, L™) for
t € ST and p (ST, L™\ {t}) for t € L™, which can be done by solving [ST U L™| + 1
optimization problems. Next, we investigate the structure of P’ in order to obtain the
explicit form of submodular inequalities.

Proposition 2.2. The optimization problem P’ is equivalent to a maximum flow
problem from source sy to sink ¢y.

12
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(a) (ST, L7). (b) v(S*A\A{t}, L7). (c) v(SF, L7\ {t}).

Figure 2.2: Equivalency of P’ to the maximum-flow problem.

Proof. By Proposition A.1 and Remark A.1 in Appendix A, the decision variables y;,
for t € E~ such that a; = —1 can be assumed to be zero in the optimization problem
P’. Then, the problem defined by (2.5)-(2.9) reduces to:

max {y(S+) D+ y(S;r) — y(Lj_) —1i;=0b;, j€N,
0<b;<dj, jEN, (2.7)—(29)},

where b; represents the flow on the dummy demand arc of node j. O

There are numerous algorithms for solving maximum flow problems for general
graphs in polynomial time. However, one can solve the maximum flow problem on
path graphs in linear time. In Figure 2.2, we present three different arc sets that we
solve the maximum flow on.

Definition If v(S*, L™) = dy, then ST is called a path cover.

Observation 1. Let ST be a path cover. A minimum cut associated with v(S*, L7)
is defined by the source and sink partitions {sy, k,...,¢} and {tx}. Informally, this
minimum cut passes below the path (see Figure 2.3a for a representation).

Obtaining an explicit form of inequality (2.10) requires finding the optimal objective
value v(S™, L7) as well as the values v(ST\ {t},L7) for all t € ST and v(S*, L™\ {t})
for all t € L~. By definition 2.2, v(ST, L) is equal to dy, if ST is a path cover. In
the next lemma, we identify minimum cuts associated with values v(S™ \ {t}, L™) for

teStand v(ST, L™\ {t}) fort € L.

Lemma 2.1. Let ST be a path cover. At least one minimum cut associated with
v(ST\ {t},L7) for t € ST and v(ST,L™ \ {t}) is defined by one of the following

source-sink partitions:

(i) {sn,k,...,¢} and {tx} (informally, minimum cut is the same as v(S™, L7); see
Figure 2.3a),

13



(i) {sn,k,...,1b} and {Ib+ 1,... ¢, tx} for some 1b € [k — 1,j — 1] (informally,
minimum cut goes above the path at most once through an arc (1b,1b + 1); see
Figure 2.3b),

(iii) {sn,k,...,1b,rb,... ¢} and {1b+ 1,...,rb — 1} for some rb € [j + 1,{ + 1]
(informally, if minimum cut goes above the path, then it goes below the path at
most once through an arc (rb — 1, rb); see Figure 2.3c).

Proof. For t € ST observe that dropping an arc t € S;-“ may cause a decrease in the
maximum flow from sy to ¢ty (see the change from Figure 2.2a to Figure 2.2b) . If
there is a positive decrease in the maximum flow, then at least one minimum cut has to
pass above node j. Any cut that does not pass above node j has a value greater than
or equal to dis due to the assumption that the value of minimum cut before dropping
arc t is equal to dye. If there is no decrease in the maximum flow, then minimum cut
will remain unchanged with a value dj,.

Now suppose that a minimum cut after dropping arc ¢ goes above the path through
more than one path arc. We refer to the nodes that are below this minimum cut
as [1b; + 1,rby — 1] and [1bg + 1,rby — 1] for rby > 1by > rb; > 1b;. Suppose
J & [1b, + 1,rb, — 1] for some p = 1,2. For a minimum cut to go above the path at
path arc (1b,, 1b,+1), it is required to have w1y, + Zie[lbp+17rbrl] ¢(S;") < drp,+1,r0,1-
However, the assumption of v(S™, L™) = dj, implies that uyy, +Zi€[lbp+17rbp_1] c(SH) >
div,+1,rb,—1- Lherefore, we reach a contradiction.

The proof follows the same steps for t € L~ (see the change from Figure 2.2a to
Figure 2.2¢). O

Let \; represent the total excess flow capacity that can be sent through arcs in
and ST to node j after satisfying all the demands d;, i € N.

Definition Let S* be a path cover. The excess flow capacity A; is the difference
between the value of a minimum cut where node j is included in the sink partition
(informally, a minimum cut that passes through arcs in S;r) and dgs. The excess values
Aj can be calculated by

N\ = i d U ST + dioye} — die. (2011
I = eyt T ) SM{ kaw) T Ugp) + (Ui25415)) + doye} — die. (2.11)

Remark 2.1. If ST is a path cover, then A\; > 0 for all j € N.

Proposition 2.3. Let ST be a path cover. Then,
pe(ST\{t}, L) = (. — N\;)", tesST,

pe(ST, L™\ {t}) = —min{c;, \;}, teLl.
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Figure 2.3: Representation of cases (i), (ii) and (iii) in Lemma 2.1.

Proof. First, notice that the value v(S™, L™) will change if and only if at least one of
the flow balance constraints (2.6) can no longer be satisfied at equality. Let t € S;r
and suppose ¢; < A;. Then, the excess flow that can be sent to node j will cover any
flow that will be lost due to cancellation of arc t. Otherwise, all the excess capacity
will be used up to satisfy demand d; and the remaining unsatisfied demand will cause
a decrease of (¢; — A;) in the objective function (2.5). Similarly, let ¢ € L;. Dropping
¢t from L} corresponds to adding an arc from node j to ¢y. Now, we can potentially
increase the objective function value by pushing more flow through S*. The largest
flow that can be pushed out of node j is A;, when merged with the capacity constraint
of arc ¢, the increase in the objective function value becomes min{\;, ¢;}. O

Definition 2.2 and Proposition 2.3 lead to the following explicit description of the
submodular inequalities for path substructures.

Corollary 2.4. Let ST be a path cover, then inequality (2.10) can be stated explicitly
as

y(S Y D (a= M) (=) <dge+ > Y min{dj, e}z +y(E\ L), (2.12)

JEN tesj+ JEN teL;

We refer to inequality (2.12) as the submodular path inequality. Note that if ¢, < A,
for some ¢t € L7, j € N, then excluding arc ¢ from the set L~ provides a stronger
submodular path inequality since y; < c;x;.

15



c1 =10 2 =20 ¢3 =25

a Uy =7 /?:\ up =4 .

I \\TZ\\\ I

i ' cy =13 ' cs =25
de =5 dy =10 d. =38

Figure 2.4: Path set example.

Remark 2.2. Observe that the flow cover inequalities of Padberg et al. (1985) are
special cases of the submodular path inequalities (2.12). Suppose the path consists of
a single node N = {j} with demand d := d; > 0. Then the S* C EJ is a path cover
if A :=¢(ST) —d > 0 and the resulting submodular path inequality

y(ST)+ ) (=N (1 —a) <d+ (L) +y(E-\ L")

teS+
is the flow cover inequality.

Example 1. Consider the path consisting of the three nodes in Figure 2.4. Suppose
we select path N = {a,b,c} and ST = {1,2,3}, L= = {4,5}. Then, \, =5, \, = 12
and \. = 21 and the resulting submodular path inequality is

For N = {b}, ST = {2} and L~ = {4}, we have A = 10 and the corresponding
submodular path inequality is

Yo 4+ 10(1 — 25) < 10 + 1025 + o, (2.14)

which is the flow cover inequality for node b with the same set selection (S*,L™). [

Notice that calculating \; for some j € N using Equation (2.11) has a complexity
of O(|S*|+|N|). However, we can compute all \; for j € N in the same complexity as
well by using the minimum cut descriptions in Lemma 2.1. In particular, we compute
all values A;, j € N simultaneously by using both a forward and a backward recursive
formula. In a forward pass, we calculate, for all j € [k, £], the minimum cut value «; for
nodes [k, j] that goes through S;f. In a backward pass, we calculate, for all j € [k, /],
the minimum cut value §; that goes through S} for nodes [j, ¢]. Then,

)\j = Oy +ﬁj —C(S;r) —dkg,
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where «; for j € [k, (] is
a; = min{aj_l, dk(j—l) + uj—l} + C(Sj_),
with ay—1 = 0 and §; for j € [k, (] is

B; = min{B;1, dpye} + c(S;),
with /Bg+1 = 0.
Proposition 2.5. All values \;, for j € N, can be computed in O(|ST| + |V]) time.

Next, we provide necessary and sufficient conditions under which the submodular
path inequalities are facet defining for conv(Pg).

Theorem 2.6. For S™ C E* and L~ C E~, let ST be a path cover for V. Then,
the following conditions are necessary for inequality (2.12) to be facet-defining for
conv(Pg).

Lope(ST\A{t},L7) < ¢ forallt e ST,

2. pe(ST, L=\ {t}) > —¢, forallt € L™,

3. if L™ =0, then maxyeg+ p (ST \ {t},L7) >0,

4. for p:=max{j € [k, (] : S UL; # 0}, at least one of the following holds:

(i) c(SF) < dp or
(i) maxyegr pe(ST\{t}, L7) > 0 (ie, max,cqr c; > A¢) or
(iii) L, # 0,
S.if o = dpj1 +uj + ¢(S) for some j € [k +1,4], then U{_; S is not a path
cover for V.= {j,...,(}.
Proof. See Appendix B.1. m

Theorem 2.7. For ST C E*, L~ C E~, let ST be a path cover for V. If d; > 0,

for all j € N, then the necessary conditions in Theorem 2.6 along with the condition

max,.g+ ¢; > Aj for j € N are sufficient for inequality (2.12) to be facet-defining for
J

conv(Pg).

Proof. See Appendix B.2. n
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2.3 Lifting submodular path inequalities

In this section, we first generalize the submodular path inequalities and then give
a sequence independent lifting procedure a la Gu et al. (1999). Let ST C E* and
L= C E~ be defined as in Section 2.2. We select a new subset of outgoing arcs
S~ C E~ \ L™. In this section, we let K = S* and K~ := L~ U S™. In other words,
we select the objective function coefficients

1, tedsSt,
a; = -1, te B~ \(STuUL),

0, otherwise.
For convenience, let L=~ := E~ \ (ST UL™).

Definition The pair (S*,57) is called a generalized path cover if v(S™,L™) = dye +
c(S7).

For a generalized path cover (S*,S7) the optimization problem (2.5)-(2.9) and
inequality (2.10) lead to the generalized submodular path inequality

YIS DD (e =X)L =) <dpe+e(ST)+ > Na(Ly) +y(L™), (2.15)

JEN teST JEN

where
>‘j = Oy + Bj - C(Sj—) - dkg - C(S]_)

and «; for j € [k, (] is
oy = min{ay 1, dyg-1) + (U5 S;) +ujma} +e(S)),
with a1 = 0 and §; for j € [k, (] is
Bj = min{Bj1, dj+1ye + C(Uf:j-&—lsi_)} +c(S]),
with 8,41 = 0.

Example 2. Consider the path N = {a,b,¢} in Figure 2.5. For ST = {1,2,3,4},
L= = {8} and S— = {5,6,7}, we have \, = 3,\, = 6 and A\, = 9. Then, the

corresponding generalized submodular path inequality is
yi+tyetys+ya+7(L—a1) + (1 —22) + (1 — 24) <21+ 9us. (2.16)

O
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Figure 2.5: Path set example.

In order to strengthen inequality (2.15), we lift it by introducing variables z;, t € S~
simultaneously into the submodular path inequality:

y(ST) +Y D (e =A)T (L —x) Sdiet+ Y (e +6i(1— 1))

JEN tes;r tesS—

+Y ML) +y(L). (2.17)

JEN

Let K be the set of variables used for simultaneous lifting. We select at most one arc
from S; for each j € N to include in K. Denote the arcs in K using the subscript
tj =5 NK and let K = {t,,...,t¢}. For convenience, we refer to the capacity, flow
and fixed-charge variables of arc ¢; as ¢;, y; and z; respectively.

Proposition 2.8 (Gu et al. (1999)). Let the function f(z) be defined by (2.18)-(2.22),
h(z) be defined by (2.23)-(2.26), and set Z be defined by (2.27). If the lifting coefficients
0 are selected such that h(z) < f(z) for any z € Z, and f(z) is superadditive, then
inequality (2.17) is valid for Pg.

The function f(z) is called the lifting function for inequality (2.17) and is defined

as
f(z) =min G(x,y) (2.18)
st i1 +y(S)) —y(E7\S7) —i; < dj+¢(S)) — 2, Vje N, (2.19)
0<i;<u;, VjeEN, (2.20)

0 <y <cpay, Vt € E, (2.21)

x; € {0, 1}, vVt € E, (2.22)

where

G(xy) ==dp+c(S7)+ > Na(Ly)+y(L™ ) =y(ST) =D > (a—) (1)

JEN JEN tES’;r
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is the difference between the right and the left hand sides of inequality (2.15). We call
function h(z) the dual lifting function and it is defined as

h(z) :=max > 0;(x; —1) (2.23)

tjGK

s.t. Y; — € = —Zj, tj € K, (224)
0< Y; < CiZy, tj S K, (225)
T; € {0, 1}, t; € K. (226)

Finally, the feasible region of the vector z is:

Z = {Z eRY: 3(1’,’3},2) LY — G = —Zy, tj S [(7
gy =c, t€ST\K, (2.19) — (2.22)}. (2.27)

Definition (Gu et al. (1999)) A function ®(z) is a superadditive valid lifting function
of f(z) if (z) < f(z) for all z € Z and is superadditive.

Proposition 2.9 (Gu et al. (1999)). Let ®(z) be a superadditive valid lifting function.
If the lifting coefficients @ satisfy h(z) < ®(z) for any z € Z, then inequality (2.17) is
valid for Pg.

2.3.1 Superadditive valid lifting function

In this section, we provide a superadditive valid lifting function for f(z). We tackle the
multidimensionality of f(z) by decomposing it with respect to j € N. Notice that the
path arc flows i;, j = k, ..., {—1 are the only terms binding constraints (2.19) together.
Therefore, we first duplicate the path arc flow variables, 7;, j = k,...,¢—1 into z} and
z? Then, we add a constraint that enforce them to be equal. This procedure leads to
the following formulation

f(z) =min  G(x,y)
st i +y(SH) —y(E\S;) —if <dj+c(S;)—z, jEN, (228
0<it<wu;, jEN, 2, (2.29)
id=i;,  jeN\{, (2.30)
2.21) — (2.22).

CD\_/

A Lagrangian relaxation

Now, constraints (2.30) are the only constraints that bind the subproblems for each
node j € N together. We employ a Lagrangian relaxation w.r.t. (2.30) to decompose
the problem:
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-1
fizp) = Glxy)+ Zu;—(@ — i)
st (2.21) — (2.22), (2.28) — (2.29).

Notice that the relaxed formulation above is now decomposable

l
fL(Zv"L) = ijL<zj7ﬂj—17:uj)7
=k

where
£ (s pjmrs ) = min Hy(x,y) (2.31)
st i +y(ST) —y(E\Sy) =i <dj+c(S;) —z, (2.32)
0 <y <cay, te B UE], (2.33)
z, € {0,1}, te BT UET, (2.34)
i5_y <o, (2.35)
i5 <y, (2.36)

and

Hj(x,y) = di+c(Sy )N (L )y (L) =y(S) =Y (e=A) T (1= +p585 —paj i)y

+
teS;

From Lagrangian duality, f¥(z, u) < f(z) for any p. We pick p; to be 1 for all i € [k, ¢]
and pg_, = 0 for simplicity. Therefore, in the remainder of this chapter, we refer to
fHz -1, 1) as ff(2).

Let S;”L ={te S;r Do > A} let S;FJ“ UL; = {v1,v9,...,0,} where ¢,, > ¢y,
and r; := |S; T U L;|. In formulation (2.31)-(2.36), we observe three conditions that
hold in at least one of its optimal solutions. First, g, for ¢t € Ef \ S;f do not appear
either in H;(x,y) or in constraint (2.32) and therefore, can be assumed to be zero.
Second, if t € S]J-r+, then either y, > ¢, — A; or y; = 0. Third, if ¢ € L;, then either
Yy =0or y, = ¢.

While optimizing f(z;), we first set 5, = ¢ for all t € S;" and y = 0 for all
t € L; . If the flow balance constraint (2.32) is violated, then we decrease the flow of
arcs in ;" and increase the flow of variables in L} in the order of vy, v, ..., v,,.

Let mp; = mintesj_++ {c:} and p; be the largest index such that Co,, = Mpj, Mj; =
S Co, and Mo = 0. Let mj = u;_; +uj+c(ST\S] ) +e(L; ), mly = min{\;, m;}
and ¢;; = max{0, c,,,, — (mp; — A;) —ml;} for i =p;,...,r; — 1.
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We may assume that the path arc (j — 1,7) is in S;-L \ S;-LJF and path arc (7,7 + 1)
is in L since they appear in formulation (2.31)-(2.36) with same coefficients. The
variables ¢, — y, for t € L;~ (thus u; — i} included) and y, for t € S} \ S/ (thus
i;_, included) appear together in formulation (2.31)-(2.36). Therefore, without loss of
generality, we can merge these variables into a new variable w and assume that the
corresponding arcs are always open:

w=ij g+ (uy = 15) +y(ST\ ST + (L) —y(L7).

Then, the formulation (2.31)-(2.36) can be simplified as:

A

ff(z) =min dj—w—e(Ly)+Na(Ly) —y(S7T) = Y (e = A)(1—z) (2.37)

tesf
st wHy(STT) (L) —y(Ly) <d;— 2, (2.38)
0 S Yt S CtLy, te Sj_+ U LJ_, (239)
z; € {0,1}, teS;TuULy, (2.40)
0 <w<mj, (2.41)
where d; = d; 4 u; + c(E} ). Moreover, letting
A= +e(ST) = (dj+¢(S;)),  jeN (2.42)

we observe that

dj = mj + Mj,rj — )‘j'
Theorem 2.10. The function f/(z) can be expressed as:

( Z+i)\j—Mj7i, if Mj,i_j\jSZSMj,i_/_\j"f'/\ja 1€ [O,pj—l]

(Z+1))\J—)\], if Mj,i+)\j_5\j <z< Mj,i+1_5\ja 1€ [O,pj—l]
Z+Z.)\j—Mj’i, if Mjﬂ'—;\jSZSMj’i—/_\j—i‘mlj, 1€ [pj,rj—l]

I 2+ @+ )N — M;; — ;i —mlj, if
fi) = M;;— XN +mly <2< Mj; — N +mlj+ ¢, i€ [pjrj—1]
(i+ )N — N, if
M —XNj+mlj+ ¢ <2< Mgy — X, i€ [pjr;—1]
| 2= M+, i M, — 5\j <z< cij.
(2.43)
Proof. See Appendix B.3. O]

Remark 2.3. If \; = )\;, then ij(z) is the same as the lifting function of the flow
cover inequality provided in Gu et al. (1999).

22



Remark 2.4. In equation (2.42), the incoming flow from up-stream nodes {k, ..., j—1}
is i;_1 = uj_; and there is no flow being pulled from down-stream nodes {j+1,...,¢}.
Therefore, A; > A; and the domain of fJL (2) includes [0, c0).

The function f]L (zj) is not necessarily superadditive and does not satisfy the con-
ditions in Proposition 2.9. Therefore, we construct a lower-bound on fJL that is su-
peradditive on R, U {0}. Gu et al. (1999) propose a slightly different version of the
following superadditive valid lifting function for flow cover inequalities:

(24 id;— M, My, —XN<z<Mi—X+2X, icl0,p —1]

4+ DN =X Myi+XN—XN<z2< M-, i€[0,p—1]
Vi(z) =z +iNj— My, M, — N <2< M — N +mlj+ ¢, i€p,r;—1]
G+DN =X M= XNj+mlj+¢; <2< M — 2N, i€lpj,r;—1]
2= M., +1iN; M, — 5\]- <z< cij.

(2.44)

If the path consists of a single node as in flow cover inequalities, then );(z) is super-

additive. However, when there are multiple nodes in V', the superadditivity of both

ij and 1; depends on where the z = 0 case lies. Therefore, we examine the function

fL case by case. Let the index T; be T; = min{l < i < r; : M;; — 5\j > 0} if
M;,, —X; >0, and T} = r; otherwise.

Theorem 2.11. The function 1;(z) < f¥(2) is superadditive if T;\; — A; < 0.
Proof. See Appendix B.4. O

Note that if T;A\; — \; > 0, then 1), is not superadditive since ¢;(0) > 0. Under this
case, we obtain a different superadditive lower bound. Using Lemma 2.2, we find the
largest convex lower-bound of ff(z), ¢;(2), such that ¢;(0) < 0 is the superadditive
lower estimation.

Lemma 2.2 (Hille and Phillips (1957) p. 237). A convex function ¢ : Ry U {0} — R
with ¢(0) < 0 is superadditive.

The generic form of the largest convex lower-bound of f)(z) that has a non-positive
value at zero is

DAL 4T, 0<2< My, =,
bi(2) = C]A+1(Z—sz+)\)+i>\j—5\ja M;; ;\ <2< My — Ay, i€ rry—1]
Mj,rj +Tj)‘j7 M 5\ S S d
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where T is the value of ¢;(0) = min{0, f/(0)} and 7 is the smallest index that ensures
the slope of linear function connecting points (0,I') and (M;, — A;, ¢;(M, — A))) is
the smallest compared to the slope of next linear pieces of ¢;. The values of I" and 7
depend on the parameters of the problem (see Appendix B.6 for explicit descriptions).

Let ®;(z) be the superadditive lower bound of f. In summary, ®;(z) takes two
different forms and it has the following description:

’ ®;(2) otherwise.

For each node j € N, the lower bounding function ®;(z;) is superadditive. Therefore,
Zﬁ . ©j(z;) is superadditive as well. Furhermore, since inequality (2.15) is valid for
P, f(0) > 0. On the contrary, the approximation Zf.:k ®;(0) can be less than zero.
Then, we can construct a tighter superadditive valid lifting function ®(z) by:

= max { é@(zj),o} < f(2).

Note that since Zf:k ®;(z;) is superadditive, max{Zﬁzk ®;(z),0} is superadditive
as well, due to Observation 5 in Appendix B.5. Example 2 (cont). Recall that
path N = {a,b,c} for the set selection St = {1,2,3,4}, L= = 0 and S = {5,6,7}
have \, = 3, \y, = 6 and A\, = 9. However note that the upper bounds \, = 3,
Xy = 11 and A. = 11. The sets S} " U L, are S+ U L, = {1}, S/ UL, = {2} and
STt UL, = {4,8} with v,7 = 1,3 = 2 and v.; = 8,v.2 = 4 since ¢g > ¢4. The
cardinalities of sets SJ’-L+ UL; arer, =1, =1 and r. = 2 and the cumulative capacities
are Myqy,, = 10, My, , = 7 and M., , = 12, M., , = 12+ 10 = 22. We also have
Pa = 1,pp = 1 and p. = 2. The values m; for j = a, b, carema—S mpy =84+8+3=19
and m,. = 8. Finally, the modified demand values are d = db =24+8+5 =15 and
de=2+5+12=19.

Let us now examine the decomposed functions ij (z) for Example 2. Using the
values calculated in Section 2.3.1, we observe that

0 0<2<7
Lz) = —T T fl)=22-1 0<z<15 and
fa() 2_7 7§Z§15 fb() {Z S22 )

—2 0<2<1

z—3 1<2z2<10
7 100<2<11
z—4 11 <z<19.

e (2) =
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Note that T, = T, = T. = 1 and T,bhs — XAy = 0 < 0, ToAy — Ay = —5 < 0 and
T\, — A = —2 < 0. Therefore, 1,(2),¥y(2) and wc( ) are all superadditive. We also
observe that under this parameter set, f/(z) = 1;(z) for j = a,b,c. We then have

Q;(2) =1;(2) for j =a,b,c. O

2.3.2 Dual lifting function

In this section, we investigate the explicit form of the dual lifting function h(z). First,
notice that the optimization problem defined by (2.24)-(2.26) is decomposable with
respect to each arc t; € K. Therefore, we write it as a sum of single dimensional
functions h;(z;):

z) =Y hi(z),

t; cK
where

h;j(z;) =max 6;(z; — 1)

s.t. Y; — Cj = —Zy,
0 <y; < ¢y,
T S {O, 1}

Remark 2.5. The function h(z) is decomposable with respect to j € N as well, by
the construction of the lifting set K.

Functions h;(z;) are the same as the dual lifting function of single node flow cover
inequalities. Therefore, we directly use the result of Gu et al. (1999) to analytically
evaluate it.

Theorem 2.12 (Gu et al. (1999) Theorem 4).

0 0< 2z, <ec;
hj(Zj)Z{ A

Zj = Cj,

2.3.3 Lifting coefficients

Using Proposition 2.9, we construct the lifting coefficients @ such that

ihj(zj) < nlax{iq>j<zj),o}. (2.46)

J=k J=k
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Theorem 2.12 shows that the function takes a nonzero value only if z; = ¢;. Observe
that if z; # ¢; for all j € N, then inequality (2.46) implies 0 < max { Zf:k D, (z), O}
and does not provide any information on the lifting coefficients 0. Let us now examine
the case where z; # ¢; for @ # j and z; = ¢; for some j € N. Using Theorem 2.12,
inequality (2.46) can be written as

¢
Zhj(zj) = —0; < max {0, ®;(c;) + Z@k(zm)}, Z:2j = Cj, %y F Cm, M F ],
=k m#j

(2.47)

for each j € N. Inequality (2.47) implies that —6; should be less than or equal to all
possible values of the right hand side, equivalently:

—0; < min 4 { max {0, ®;(¢;) + Z q)m(zm)}} (2.48)

2;=Cj,Zm#FCm, M#]J —

Since ®;(z;) is a non-decreasing function, inequality (2.48) can be simplified as

—0; < max {0, ®;(c;) + Y _ ©,(0)}. (2.49)
m#j

Let us now examine the vector z where z; = ¢; and z; = ¢; and z,, # ¢, for any m # ¢
and m # j. Then, using Theorem 2.12, inequality (2.46) becomes:

—0;,—0; <max{0q> (¢;) + @;(c)) ZCD zm
m%#i,J
Vz : 2 = ¢, 2 = Cj, Zm F Cm,m F 4,5, (2.50)

Since ®,,(z,) is a non-decreasing function, we can replace the right hand side of in-
equality (2.50) with its smallest value:

—0; — 0; < max {0, Di(c;) + Dj(c;) + Y Ppu(0 (2.51)

m%i,j

Proposition 2.13. Inequality (2.51) provides a smaller lower bound on 6; + ; than
bounds of 6; and 6; in inequality (2.49) summed. Equivalently,

max {0, ®;(¢;) + ®;(c;) Z ®,,,(0)} zmaX{O,éj(cj)%—Z@m(O)}

m#i,j m#j

+max {0, ;(c;) + Y Pm(0)}. (2.52)
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Proof. Recall that ®;(0) < 0 and ®;(z;) is a non-decreasing function. Hence,

Oi(ci) + i) + > Pn(0) = Dj(cy) + > 8, (0)

m##i,j m#j

Bi(ci) + Dj(c;) + Y Bpn(0) = Dicr) + Y Bya(0)
m#i,j mi

Oi(ci) + Bi(e) + Y Pon(0) = Bi(ey) + D Dp(0) + Dier) + Y 0, (0)
m#i,j m#j m##i

]

Proposition 2.13 implies that the constraints provided in (2.49) are tighter than the
constraints provided by (2.51). Using the same argument, one can easily show that as
the number of components of vector z such that z; = ¢; is increased, the constraints
enforced on the coefficients 6 by inequality (2.46) get weaker.

Theorem 2.14. Lifted generalized submodular path inequality (2.17) where 0; =
—max {0, ®;(c;) + Dkt ®5,(0)} is valid for Pg.

Proof. Selecting 6; as the lower bound given in (2.49) guarantees that inequality (2.46)
is satisfied, due to the tightness argument in Proposition 2.13. Then, inequality (2.17)
is valid for the feasibility set Pg from Proposition 2.9.

Example 2 continued: We now calculate the lifting coefficients for arcs in S™ =
{5,6,7}. From Theorem 2.14, we have 05 = —max{0,®,(5) + ®,(0) + .(0)}
—max{0,0—1-2} =0, 65 = — max{0, D,(0) + Py(5)+ P.(0)} = — max{0,0+4—-2} =
—2 and 67 = —max{0, ®,(0) + ®,(0) + ®.(5)} = —max{0,0 — 1+ 2} = —1. Then, we
lift inequality (2.16) using Theorem 2.14 and obtain

i+ ytys+ys+71—x1) + (1 —x0) + (1 —24) <21 —2(1 — 26) — (1 — z7) + 9zs.

]

2.4 Computational study

We test the effectiveness of the submodular path inequalities when used as cuts in
a branch-and-cut framework. The computational experiments were carried out on
a Linux workstation with 2.93 GHz Intel®Core™ i7 CPU and 8 GB of RAM. The
branch-and-cut algorithm was implemented in C++ using Concert technology of CPLEX
(version 12.5) with one hour time limit and 1 GB memory limit. We set the number
of threads to one in the computations.

We test the submodular path inequalities on networks where the nodes form a
simple path, and each node has a fixed number of incoming and outgoing arcs and
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nonnegative demands, which is typical in production planning problems. Given fixed
cost f; and variable cost p; associated with an arc ¢t € E, and variable and fixed
inventory holding costs h; and s; for a path arc j, we solve the following mixed integer
optimization problem:

min Z (fexe + peye) + Z (hyij + s525)

teE JEN
st i1 +y(E)) —y(Ey) —i;=d;, jEN,
0<y <cm, teFE,
0<4 <wjz;, jeEN,
z e {01}, tek,
5 €{0,1}, jeEN,

where y; and i; are the flow values on a non-path arc ¢ € E and a path arc j € N
respectively, and z; and z; are the binary variables representing whether these arcs are
being used or not.

Finding violated submodular path inequalities

Given a path and a feasible solution (x*,y*,i*) to the LP relaxation with fractional x*,
the separation problem aims to find sets S*, L™ and S~ that maximize the violation

Z i + (e = AT (1 = a7)] —dre — ¢(S7) = Z AjTy — Z Yr -

tes* teL- teL—-

We use the knapsack relaxation based heuristic separation strategy described in (Wolsey
and Nemhauser, 1999, pg. 500) for flow cover inequalities to choose sets St and S~
with a knapsack capacity dge. Then, we add arc t € E~ \ S~ to L™ if \;z} < y; and
)\] < ¢t.

Instance Generation

The data we used for computational experiments has the following properties: There
are v nodes on the network and each node has a single non-path incoming arc and a
single non-path outgoing arc. Demand is drawn from integer uniform between 1 and
19. The parameter ¢ € {2,3,4,5} controls the tightness of arc capacities compared
to the average demand of all nodes and f € {100, 200,500, 1000} controls how large
the fixed costs are compared to inventory holding costs. The capacities of non-path
incoming, non-path outgoing and path arcs are drawn from integer uniform with bounds
[0.75 x ¢ x d,1.25 x ¢ x d], 2 x [0.75 x ¢ x d,1.25 x ¢ x d] and [0.75 X ¢ x d, ¢ X d
respectively where d is the average demand. Similarly, fixed costs of non-path incoming
and non-path outgoing and path arcs are generated from integer uniform with bounds

28



[0.9x fxh,1.1x fxh],[02x fxh,0.5x fx h] respectively where h is the average
inventory holding cost. Path arcs have fixed and variable costs of f and 10, respectively.
Variable ordering costs of non-path incoming and outgoing arcs are generated from
integer uniform at the interval [81,119] and —1 x [160, 240]. Five random instances are
generated for each (v, ¢, f) combination.

Preprocessing

In order to tighten the capacities of an instance we apply the following preprocessing
steps for all arcs that have positive variable costs.

1) @; = min{uy, (dj1)" + ujer + (B} for j € N
2) ¢ = min{c, (d;)" +u; + C(Ej_)} for all t € E;-“, jEN.

We report a number of performance measures in the following tables. Let zinir
be the optimal objective function value of the LP relaxation with no valid inequali-
ties added, zrpor be the optimal objective function value of the LP relaxation after
adding the violated cuts at the root node. Moreover, let zyg be the objective function
value of the best feasible solution found within the time/memory limit. We report the
percentage gap improvement (gap imp = 100 X %), the initial gap (init gap
= 100 x 2UP=ENIL) “and the root gap (root gap = 100 x 2BZZH0OL)  Moreover, we re-
port the number of violated cuts added (cuts), the number of branch and bound nodes
explored (nodes) and the elapsed time for solving an instance (time) in seconds. If
the instance is not solved within the time/memory limit, then we report in parentheses
the average percentage gap between the best lower bound and the best integer solution
endgap and the number of instances with a positive end gap unslv. We round all the
values to the nearest integer except for percent gaps. Each row reports the average
values for init gap, gap imp, cuts, nodes, time and endgap over five instances. The
user cuts are added only at the root node of the branch and bound tree.

In Table 2.1, we compare submodular path inequalities (2.12) (columns spi) with
lifted generalized submodular path inequalities (2.17) (columns 1spi) for instances
with 50 nodes. To see first the effect of the proposed inequalities alone, in this experi-
ment, all built-in CPLEX cuts are disabled. We enumerated all paths in the graph and
for each path we used the separation heuristic explained above to find violated sub-
modular path inequalities. Observe that both spi and 1spi perform better for smaller
f values. These results in the table suggest that submodular path inequalities alone
reduce the integrality gap on average by 61% and that the generalized submodular
path inequalities improve the gap reduction by another 15% on average. Furthermore,
we observe that the number of nodes, the average solution times and the number of
unsolved instances decrease substantially. Table 2.1 shows the positive impact of sub-
modular path inequalities and their generalizations very clearly. In the remainder of
computational study, we use 1spi for the experiments.
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Table 2.1: Comparison of submodular path inequalities (spi) and lifted generalized
submodular path inequalities (1spi), n = 50.

gap imp % cuts nodes time (endgap:unslv)
init . . . . . . . .
c f spi 1spi spi 1lspi spi 1spi spi lspi
gap

100 11.3  85.7 98.6 163 267 703 10 1 1
5 200 10.2  69.6 74.8 500 618 641429 170959 230 88

500 13.2 624 669 436 527 43400 12615 25 21

1000 158  60.7 66.6 373 507 57140 21795 23 21

100 84.7 719 98.7 95 173 3469 4 1 1
3 200 172 73.8 91 206 346 379879 349 78 3

500 184 51.8 584 398 558 7646575 1799858 2088 (0.2:2) 617

1000 20.3  49.1 55.6 346 449 2701397 744416 669 244

100 149  69.7 99.1 73 131 366 3 0 0
4 200 877 69.1 96.2 108 201 12000 19 2 1

500 20.1 482 549 417 494 8907851 3775955 2134 (1.3:3) 1093

1000  23.6  42.7 49.3 403 450 5298416 2077797 1304 (0.1:1) 628

100 7.7 61.1 99.3 68 113 746 3 0 0

200 479 671 979 88 148 19829 6 3 0
5 500 25.6  51.7 62.8 312 383 10264838 2583423 2064 (1.5:3) 688

1000 27 41.8 485 435 490 6378901 4765505 1495 (0.6:1) 1272 (0.3:1)
Average 27.8 61.0 76.2 276 366 2647309 997045 632 (0.2:1) 292 (0.0:0)
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Although enumerating all the paths for a given network shows the full potential of
the inequalities, it is too time consuming except for small cases. Therefore, in Table
2.2, we examine the effect of path size on the computational effectiveness of 1spi. We
use the same instances (n = 50) and separation heuristic as in Table 2.1. In columns
= 1, we select all paths of size 1 whereas in columns < k, we enumerate all paths of sizes
1,2,..., k. Note that column < n corresponds to enumerating all simple paths of all
sizes. The results in Table 2.2 underline the diminishing rate of returns with path size.
Clearly, we find more violated inequalities with longer paths; however, the increase in
the gap improvement diminishes. The tradeoff between searching for more paths and
solution time and quality is most visible in the time column: the elapsed time first
decreases and then increases with increasing efforts for finding paths. Therefore, in the
remainder of the experiments, in order to find a balance between time spent for finding
paths and the solution quality, for each given extreme point solution, we stop searching
for paths if we fail to find violated inequalities for four consecutive path sizes.
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Table 2.2: Effect of path length on the performance of 1spi.

‘ gap imp % ‘ cuts ‘ time
init
c f gap =1 <2 <3 <4 <n|=1 <2 <3 <4 <n| =1 <2 <3 <4 <n
100 11.3 824 95.2 98.5 98.6 98.6| 104 183 227 247 267 0 0 1 1 1
5 200 10.2 [58.1 70.3 72.9 74.3 74.8| 140 269 367 433 618 [1299 258 71 100 88
500 13.2 499 614 65.0 66.2 66.9| 124 224 298 361 527 | 142 14 7 7T 21
1000  15.8 [53.2 62.3 65.0 66.3 66.6| 121 212 274 326 507 | 29 11 8 8 21
100 84.7 |86.7 97.6 98.7 98.7 98.7| 8 142 163 171 173 0 0 0 0 1
3 200 172 789 89.3 90.6 90.8 91.0| 132 240 292 325 346 | 21 1 1 1 3
500 18.4 [48.3 55.9 57.9 58.3 58.4| 152 262 358 410 558 [1944 895 479 511 617
1000  20.3 |43.5 51.9 54.7 55.3 55.6| 143 243 309 355 449 | 279 232 204 198 244
100 149 [91.5 99.0 99.1 99.1 99.1| 81 118 128 130 131 0 0 0 0 0
4 200 87.7 |85.5 95.1 95.7 95.9 96.2| 97 159 183 192 201 0 0 0 1 1
500 20.1 |47.7 52.7 54.5 54.9 54.9| 176 285 364 416 494 |2273 1952 951 1166 1093
1000  23.6 [42.0 46.3 48.3 49.1 49.3| 157 252 315 365 450 |1703 659 408 570 628
100 7.7 192.6 99.7 99.3 99.3 99.3| 77 104 111 112 113 0 0 0 0 0
5 200 479 |89.6 97.5 97.7 97.7 97.9| 91 134 144 146 148 0 0 0 0 0
500 25.6 |57.0 60.4 62.2 62.6 62.8| 168 267 327 354 383 |1197 1360 1096 708 688
1000  27.0 [41.5 45.9 47.7 48.3 485|169 263 328 383 490 |1291 1147 1114 1029 1272
Average 27.8 |65.5 73.8 75.5 76.0 76.2| 126 210 262 295 366 | 636 408 271 269 292




We next compare 1spi with lifted single node flow cover (fc) and uncapacitated
path inequalities (uc). The results with the lifted flow cover inequalities are reported
in Table 3.3 under columns fc and are equivalent to inequality (2.17) where the path
size is equal to one. Under columns uc, we report the uncapacitated path inequalities
of van Roy and Wolsey (1985) that are of the form

§(ST) < 3 da(S)) + y(E) (2.53)

where N = [k, £] is the path and ST C ET. We enumerate all paths in a given instance
and given a fractional solution (z*,y*) we use a simple comparison to select set ST as
Sy ={te Ef : yf > djx}} where S} = ST N E].

We observe in Table 3.3 that 1spi helps to reduce the integrality gap by additional
11% and 45% on average compared to fc and uc, respectively. However for some
instances, where both f and c are large, uc performs better than both 1spi and fc.
A positive effect of larger ¢ on the performance of uc is expected since these cases are
closer to being uncapacitated.

Although Table 3.3 clearly shows the positive impact of exploiting the path struc-
ture together with the arc capacities, in the final computational experiment, we test
the marginal contribution of lspi over CPLEX fixed-charge network cuts, namely
flow cover, flow path and multi-commodity flow cuts. In Table 2.4, we present the
results of the experiments where we use both 1spi and CPLEX flow cover, flow path
and MCF cuts under columns lspix, and the results with only CPLEX flow cover,
flow path and MCF cuts under columns cpx. The positive effect of 1spi is most
apparent for smaller f values. On average, gap improvement increases by 3% when
1spi is used. The presence of 1spi decreases the number of branch and bound nodes
explored by 50% and increases the number of instances that is solved to optimality
within time/memory limit. Under the cuts column we present total number of cuts
flow, flow path and MCF cuts added. On average, 74% of all the cuts added in 1spix
are user cuts (i.e., 1spi). Furthermore, we observe that total number of flow, flow
path and MCF cuts added decreases by 38% on average under the presence of 1lspi.
Although, we observe that 1spix took a few more seconds to terminate the algorithm
on average, in 56% of the instances 1spi terminated the algorithm faster than cpx.
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Table 2.3: Comparison of lifted submodular path inequalities (1spi) with lifted flow cover inequalities (fc) and uncapacitated
path inequalities (uc).

gap imp % cuts nodes time (endgap:unslv)
c f init gap 1spi fc uc 1spi fc uc 1lspi fc uc 1spi fc uc
100 11.3 98.6 82.4 2.4 267 104 1 10 1955 16805127 1 0 1548 (0.7:1)
2 200 10.2 74.8 58.1 35.7 618 140 241 170919 9295457 13166197 80 1299 (0.5:2) 1835 (2.5:5)
500 13.2 66.9 49.9 49.1 522 124 1268 12622 973479 1404240 9 142 896
1000 15.8 66.6 53.2 47.1 507 121 1164 21795 185758 594313 13 29 407
100 84.7 98.7  86.7 0 173 86 0 4 117 1228852 0 0 101
3 200 17.2 91 78.9 11.6 345 132 37 350 131633 13026690 2 21 1264 (4.7:5)
500 18.4 58.4  48.3 55.1 558 152 1516 1965086 13529271 5499897 661 1944 (1.0:3) 3312 (2.0:4)
1000 20.3 55.6  43.5 50.7 444 143 1782 745041 2052371 2319528 226 279 2275 (0.8:2)
100 14.9 99.1 91.5 0 131 81 0 3 29 50625 0 0 5
4 200 87.7 96.1 85.5 3.1 199 97 7 19 512 3460744 1 0 335
500 20.1 54.9  47.7 63.8 494 176 1071 3775955 15171027 5572322 1080 2273 (1.4:4) 2704 (0.6:3)
1000 23.6 49.3 42 60.4 450 157 1984 2077797 12365215 1867691 570 1703 (0.1:1) 2026 (0.5:2)
100 7.7 99.3 92.6 0 113 7 0 3 18 32383 0 0 4
5 200 47.9 97.9 89.6 0.2 148 91 1 6 1097 1392639 0 0 138
500 25.6 62.8 57 46.2 383 168 305 2678953 8274212 13353250 704 1197 (1.2:2) 2396 (3.0:5)
1000 27 48.5  41.5 68 488 169 1977 4864049 9775043 1973802 1189 (0.2:1) 1291 (1.5:2) 2226 (0.5:3)
Average 27.8 76.2 65.5 30.8 365 126 710 1019538 4484825 5109269 284 (0.0:0) 636 (0.4:1) 1342 (1.0:2)




Table 2.4: Experiments with CPLEX flow cover, flow path and MCF cuts.

gap imp % cuts nodes time (endgap:unslv)
n c f init gap cpx lspix cpx lspix cpx 1spix cpx 1spix
100 11.3 94.2 99.6 170 330 67 3 0 1
2 200 10.2 86.8 87.9 184 680 122456 8393 22 7
500 13.2 85.4 82.4 146 666 9528 2261 2 6
1000 15.8 80.5 81.5 130 605 12676 3277 2 6
100 84.7 91.2 99.8 138 229 22 1 0 0
3 200 17.2 92.9 97.4 197 374 707 43 0 1
500 18.4 78.7 79.7 152 603 819590 146769 123 58
50 1000 20.3 79.2 77.2 147 589 319068 87354 47 36
100 14.9 90.4 99.7 119 191 18 1 0 0
4 200 87.7 94.3 99.2 156 258 38 3 0 0
500 20.1 82.6 83.2 159 559 186654 39244 28 17
1000 23.6 79 76.8 142 566 297505 95019 42 37
100 7.7 92.6 99.8 106 173 11 2 0 0
5 200 47.9 92.8 99.7 141 208 22 2 0 0
500 25.6 86.2 87.9 193 433 211945 22408 34 8
1000 27 81.6 80.3 151 583 521651 153655 74 53
100 10.4 90 99.4 223 447 201 4 0 1
2 200 10 87.2 90.6 266 909 1202846 13022 323 18
500 13.9 79.1 76.3 187 824 1694669 812991 420 689
1000 14 82.3 82.5 210 855 247773 38970 57 35
100 502.8 90.3 99.6 209 361 289 1 0 1
3 200 18.7 91.7 97.8 269 494 3814 75 1 2
-5 500 17.1 79.9 79.5 231 944 8210162 5065675 1560 (0.9:2) 2437 (0.2:2)
1000 20.5 73.8 73.1 212 766 10467362 4429938 2021 (0.8:2) 1906 (0.0:1)
100 14.3 92.4 99.9 185 300 27 1 0 1
4 200 124.9 92.4 99.6 235 370 411 4 0 1
500 21.4 78.1 79.4 244 816 11526938 5609289 2055 (2.2:4) 2134 (1.1:3)
1000 24.6 75.9 76.8 222 889 8378586 5032511 1392 (1.8:3) 2312 (0.7:3)
100 7.7 94.1 100 165 262 19 0 0 0
5 200 61.2 90.2 99.8 201 330 136 3 0 1
500 24.4 87.7 89.9 289 699 4926824 255153 1224 (0.1:1) 106
1000 27.2 79.5 80.2 217 809 10433607 3940582 1690 (1.7:3) 1492 (0.6:1)
Average 42.5 86.0 89.3 187 535 1862363 804896 347 (0.2:0) 355 (0.1:0)
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Chapter 3

Path Cover and Path Pack
Inequalities for the Capacitated
Fixed-Charge Network Flow
Problem

Given a directed multigraph with demand or supply on the nodes, and capacity, fixed
and variable cost of flow on the arcs, the capacitated fixed-charge network flow (CFNF)
problem is to choose a subset of the arcs and route the flow on the chosen arcs while
satisfying the supply, demand and capacity constraints, so that the sum of fixed and
variable costs is minimized.

There are numerous polyhedral studies on the fixed-charge network flow problem. In
a seminal paper Wolsey (1989) introduces the so-called submodular inequalities, which
subsume almost all valid inequalities known for capacitated fixed-charge networks.
Although the submodular inequalities are very general, their coefficients are defined
implicitly through value functions. In this chapter, we give explicit valid inequalities
that simultaneously make use of the path substructures of the network as well as the
arc capacities.

For the wuncapacitated fixed-charge network flow problem, van Roy and Wolsey
(1985) give flow path inequalities that are based on path substructures. Rardin and
Wolsey (1993) introduce a new family of dicut inequalities and show that they de-
scribe the projection of an extended multicommodity formulation onto the original
variables of fixed-charge network flow problem. Ortega and Wolsey (2003) present a
computational study on the performance of path and cut-set (dicut) inequalities.

For the capacitated fixed-charge network flow problem, almost all known valid in-
equalities are based on single-node relaxations. Padberg et al. (1985), van Roy and
Wolsey (1986), Gu et al. (1999) give flow cover, generalized flow cover and lifted flow
cover inequalities. Stallaert (1997) introduces a complementary class to generalized
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flow cover inequalities and Atamtiirk (2001) describes lifted flow pack inequalities.
Atamtiirk et al. (2016) give generalizations of flow cover inequalities from three parti-
tions. Both uncapacitated path inequalities and capacitated flow cover and flow pack
inequalities are highly valuable in solving a host of practical problems and are part of
the suite of cutting planes implemented in modern mixed-integer programming solvers.

The path structure arises naturally in network models of the lot-sizing problem.
Atamtiirk and Munoz (2004) introduce valid inequalities for the capacitated lot-sizing
problems with infinite inventory capacities. Atamtiirk and Kiigiikkyavuz (2005) give
valid inequalities for the lot-sizing problems with finite inventory and infinite produc-
tion capacities. Van Vyve (2013) introduces path-modular inequalities for the unca-
pacitated fixed charge transportation problems. These inequalities are derived from a
value function that is neither globally submodular nor supermodular but that exhibits
sub or supermodularity under certain set selections. Van Vyve and Ortega (2004)
and Gade and Kiigiikyavuz (2011) give valid inequalities and extended formulations
for uncapacitated lot-sizing with fixed charges on stocks. For uncapacitated lot-sizing
with backlogging, Pochet and Wolsey (1988) and Pochet and Wolsey (1994) provide
valid inequalities and Kiigiikyavuz and Pochet (2009) give an explicit description of
the convex hull.

Contributions

In this chapter we consider a generic path relaxation, with supply and/or demand
nodes and capacities on incoming and outgoing arcs. By exploiting the path substruc-
ture of the network and introducing notions of path cover and path pack we provide
two explicitly-described subclasses of the submodular inequalities. The most impor-
tant consequence of the explicit derivation is that the coefficients of the submodular
inequalities on a path can be computed efficiently. In particular, we show that the
coefficients of these inequalities can be computed by solving max-flow/min-cut prob-
lems parametrically over the path. Moreover, we show that all of the coefficients can
be computed with a single linear-time algorithm. For a path with a single node, the
inequalities reduce to the well-known flow cover and flow pack inequalities. In ad-
dition, the path cover and path pack inequalities dominate flow cover and flow pack
inequalities for the corresponding single node relaxation of a path obtained by merging
the path into a single node. We give necessary and sufficient facet-defining conditions.
Finally, we report on computational experiments demonstrating the effectiveness of the
proposed inequalities when used as cuts in a branch-and-cut algorithm.

Outline

The remainder of this chapter is organized as follows: In Section 3.1, we describe
the capacitated fixed-charge flow problem on a path, its formulation and the assump-
tions we make. In Section 3.2, we review the submodular inequalities, discuss their
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computation on a path, and introduce two explicit subclasses: path cover inequalities
and path pack inequalities. In Section 3.3, we analyze sufficient and necessary facet-
defining conditions. In Section 3.4, we present computational experiments showing the
effectiveness of the path cover and path pack inequalities compared to other network
inequalities.

3.1 Capacitated fixed-charge network flow on a path

Let G = (N, A) be a directed multigraph with nodes N’ and arcs A. Let sy and ty be
the source and the sink nodes of G. Let N := N’\ {sy, tx}. Without loss of generality,
we label N := {1,...,n} such that a directed forward path arc exists from node i to
node 7 + 1 and a directed backward path arc exists from node 7 + 1 to node i for each
node i = 1,...,n — 1 (see Figure 3.1 for an illustration). In Remarks 3.1 and 3.2, we
discuss how to obtain a “path” graph G from a more general directed multigraph.

Let ET ={(i,j) € A:i=syn, j€ N} and E- = {(i,j) € A:i €N, j =tn}.
Moreover, let us partition the sets E* and E~ such that Ef = {(i,j) € A:i ¢ N,j =
k} and E, = {(i,j) € A:i =Fk,j ¢ N} for k € N. We refer to the arcs in E
and E~ as non-path arcs. Finally, let E := ET U E~ be the set of all non-path arcs.
For convenience, we generalize this set notation scheme. Given an arbitrary subset of
non-path arcs Y C E, let Y;" =Y NE and Y;” =Y N E;.

Remark 3.1. Given a directed multigraph G = (N , fl) with nodes N, arcs A and a
path that passes through nodes N, we can construct G as described above by letting
Et={(i,j)e A:ie N\N,je N} and E- = {(i,j)€e A:ie N,je€ N\ N} and
letting all the arcs in E* be the outgoing arcs from a dummy source sy and all the
arcs in £~ to be incoming to a dummy sink ¢y.

Remark 3.2. If there is an arc t = (7, j) from node i € N to j € N, where |i — j| > 1,
then we construct a relaxation by removing arc ¢, and replacing it with two arcs t~ € E,
and tT € E;r If there are multiple arcs from node 7 to node j, one can repeat the same
procedure.

Throughout the chapter, we use the following notation: Let [k, j] = {k,k+1,...,j}
if & < j and 0 otherwise, ¢(S) = >, cqct, y(S) = X cq ¥, ()T = max{0,a} and
dr; = S20_, dy if j > k and 0 otherwise. Moreover, let dim(A) denote the dimension of
a polyhedron A and conv(S) be the convex hull of a set S.

The capacitated fixed-charge network flow problem on a path can be formulated as
a mixed-integer optimization problem. Let d; be the demand at node j € N. We call
a node j € N a demand node if d; > 0 and a supply node if d; < 0. Let the flow on
forward path arc (j, j+1) be represented by ¢; with an upper bound u; for j € N\ {n}.
Similarly, let the flow on backward path arc (j + 1,7) be represented by r; with an
upper bound b; for j € N\ {n}. Let y; be the amount of flow on arc ¢t € E with an
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Figure 3.1: Fixed-charge network representation of a path.

upper bound ¢;. Define binary variable z; to be 1 if y, > 0, and zero otherwise for all
t € E. An arc t is closed if x; = 0 and open if ; = 1. Moreover, let f; be the fixed
cost and p; be the unit flow cost of arc ¢. Similarly, let h; and g; be the costs of unit
flow, on forward and backward arcs (j, 7+1) and (j+1, j) respectively for j € N\ {n}.
Then, the problem is formulated as

min Z (ftxt + ptyt) + Z (hjij + ng'j) (3.1&)
teE JEN
S. t. Z.j—l —Tj-1 + y(E;“) — y(Ej_) — ij + r; = dj, j - N, (Blb

0<y <c¢uxy, tEE, (3.1c
0<i;<u;, jeN, (3.1d
(F3.1) 0<r;<b;, jEN,
v €{0,1}), teBk,

’ioz’in:T’OITn:O. (31g

Let P be the set of feasible solutions of (F3.1). Figure 3.1 shows an example network
representation of (F3.1).
Throughout we make the following assumptions on (F3.1):

(A.1) The set P, = {(z,y,i,r) € P:ax, =0} #0 for all t € E,
(A2) ¢, >0,u; >0and b; >0forallte Fand j € N,
(A3) ¢, <dy+c(E7) forallt € ET,

(A4) ¢; < by +u;+(dj)T +c(Ey), forall j € N,t € E,

(A5) ¢ < bj + U1+ (—dj)+ + C(E;r) for allj S N,t S E;
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Assumptions (A.1)—(A.2) ensure that dim(conv(P)) = 2|E| + |[N| — 2. If (A.1) does
not hold for some ¢t € F, then x; = 1 for all points in P. Similarly, if (A.2) does not
hold, the flow on such an arc can be fixed to zero. Finally, assumptions (A.3)-(A.5)
are without loss of generality. An upper bound on g, can be obtained directly from the
flow balance equalities (3.1b) by using the upper and lower bounds of the other flow
variables that appear in the same constraint. As a result, the flow values on arcst € F
cannot exceed the capacities implied by (A.3)—(A.5).

Next, we review the submodular inequalities that are valid for any capacitated
fixed-charge network flow problem. Furthermore, using the path structure, we provide
an O(|E| + |N|) time algorithm to compute their coefficients.

3.2 Submodular inequalities on paths

Let ST C E* and L~ C E~. Wolsey (1989) shows that the value function of the
following optimization problem is submodular:

v(ST,L7) = max Zatyt (3.2a)
teE

st g —ria+y(ES) —y(Ey) —i;+r;<d;, jEN, (3.2b)

0<i <wu;, j€EN, (3.2¢)

0<r;<b;, jeEN, (3.2d)

(F3.2) 0<y,<¢, tekE, (3.2¢)

io=1p=19=", =0, (3.2f)

)

vy =0, te(E*\SHUL, (3.2g

where a; € {0,1} for t € E* and a; € {0,—1} for t € E~. Let Q denote the set of
feasible solutions of (F'3.2).

We call the sets ST and L~ that are used in the definition of v(S™, L™) the objective
sets. For ease of notation, we also represent the objective sets as C' := ST U L™.
Following this notation, let v(C) := v(S*,L7), v(C'\ {t}) = v(ST\{t},L7) for t € S*
and v(C\{t}) = v(ST, L=\ {t}) for t € L~. Similarly, let v(CU{t}) = v(STU{t}, L),
for t € ST and v(C U{t}) = v(ST, L~ U{t}) for t € L~. Moreover, let

pi(C) = v(CUA{t}) —v(C)

be the marginal contribution of adding an arc t to C' with respect to the value function
v. Wolsey (1989) shows that the following inequalities are valid for P:

S+ Y plC\1 =50 <0+ Y p0), (33)

teE teC te E\C
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S+ Y pd BN =) <o)+ Y wlC)a (34)

teE teC teE\C

where the variable z; is defined as

_ Ty, te E+
Ty =
1—.I't, te B

In fact, inequalities (3.3) and (3.4) are also valid for fixed-charge network flow formu-
lations where the flow balance constraints (3.1b) are replaced with constraints (3.2b).
However, in this chapter, we focus on formulations with flow balance equalities (3.1b).

We refer to submodular inequalities (3.3) and (3.4) derived for path structures as
path inequalities. In this chapter, we consider sets ST and L~ such that (F3.2) is
feasible for all objective sets C' and C'\ {t} for all t € C.

3.2.1 Equivalence to the maximum flow problem

Define sets K and K~ such that the coefficients of the objective function (3.2a) are:

1, te K"
ay = —17 te K~ (35)

0, otherwise,

where ST C K+ C Et* and K- C E~ \ L. We refer to the sets K™ and K~ as
coefficient sets. Let the set of arcs with zero coefficients in (3.2a) be represented by
Kt = E*\ K" and K~ = E~ \ K~. Given a selection of coefficients as described
in (3.5), we claim that (F3.2) can be transformed to a maximum flow problem. We
first show this result assuming d; > 0 for all 5 € N. Then, in Appendix C, we show
that the nonnegativity of demand is without loss of generality for the derivation of the
inequalities.

Proposition 3.1. Let ST C ET and L= C E~ be the objective sets in (F3.2) and
let ) be the nonempty set of optimal solutions of (F3.2). If d; > 0 for all j € N,
then there exists at least one optimal solution (y*,r*,i*) € ) such that y; = 0 for
te KYUK-UL".
Proof. Observe that y; = 0 for all ¢t € ET\ ST, due to constraints (3.2g). Since
KT CET\ St yf =0, for t € KT from feasibility of (F??). Similarly, y; = 0 for all
t € L~ by constraints (3.2g).

Now suppose that, y; = ¢ > 0 for some t € K (i.e., a; = —1 for arc ¢ in (F3.2)).
Let the slack value at constraint (3.2b) for node j be

sj=dj— [i5_y — iy +y (BF) — v (B \ {t}) —w; — & +17].
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If s; > €, then decreasing y; by € both improves the objective function value and
conserves the feasibility of flow balance inequality (3.2b) for node j, since s; — e > 0.

If s; < ¢, then decreasing y; by € violates flow balance inequality since s; — e < 0.
In this case, there must exist a simple directed path P from either the source node sy
or anode k € N\ {j} to node j where all arcs have at least a flow of (e — s;). This
is guaranteed because, s; < € implies that, without the outgoing arc ¢, there is more
incoming flow to node j than outgoing. Then, notice that decreasing the flow on arc t
and all arcs in path P by € — s; conserves feasibility. Moreover, the objective function
value either remains the same or increases, because decreasing y; by € — s; increases the
objective function value by € — s; and the decreasing the flow on arcs in P decreases
it by at most € — s;. At the end of this transformation, the slack value s; does not
change, however; the flow at arc ¢ is now y; = s; which is equivalent to the first case
that is discussed above. As a result, we obtain a new solution to (F3.2) where y; =0

and the objective value is at least as large.
O

Proposition 3.2. If d; > 0 for all j € N, then (F3.2) is equivalent to a maximum
flow problem from source sy to sink ¢y on graph G.

Proof. At the optimal solution of problem (F3.2) with objective set (S*,L7), the
decision variables y;, for t € (ET\ ST)U K~ U L™ can be assumed to be zero due
to Proposition 3.1 and constraints (3.2g). Then, these variables can be dropped from
(F3.2) since the value v(S™,L™) does not depend on them and formulation (F3.2)
reduces to

v(S*,L7) =max {y(S*) : i;o — i +y(S)) —y(K;) =i+ < dj, jEN,
(3.2c) — (3.20)}. (3.6)

Now, we reformulate (3.6) by representing the left hand side of the flow balance con-
straint by a new nonnegative decision variable z; that has an upper bound of d; for
each j € N:

max {y(SJr) . Z-j,1 —Tj— —+ y(Sj) — y([?;) — ij + ri = Zzj, j € N,
0<z <dj, jEN, (3.2¢c)—(3.20)}.
The formulation above is equivalent the maximum flow formulation from the source

node sy to the sink node ¢y for the path structures we are considering in this chapter.
O

Under the assumption that d; > 0 for all j € N, Proposition 3.1 and Proposition 3.2
together show that the optimal objective function value v(S*, L™) can be computed
by solving a maximum flow problem from source sy to sink ty. We generalize this
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(b) An sy — ty cut for set ST = {2,4,5}, L~ = {10} and K~ =
(7,9,10}.

Figure 3.2: An example of an sy — tx cut.

result in Appendix C for node sets N such that d; < 0 for some 7 € N. As a result,
obtaining the explicit coefficients of submodular inequalities (3.3) and (3.4) reduces
to solving |F| 4+ 1 maximum flow problems. For a general underlying graph, solving
|E| + 1 maximum flow problems would take O(|E[?|N|) time (e.g., see King et al.
(1994)), where |E| and |N| are the number of arcs and nodes, respectively. In the
following subsection, by utilizing the equivalence of maximum flow and minimum cuts
and the path structure, we show that all coefficients of (3.3) and (3.4) can be obtained
in O(|E| + |N|) time using dynamic programming.

3.2.2 Computing the coefficients of the submodular inequali-
ties

Throughout the chapter, we use minimum cut arguments to find the explicit coefficients
of inequalities (3.3) and (3.4). Figure 3.2a illustrates an example where N = [1, 5],
Et =11,5], E- = [6,10] and in Figure 3.2b, we give an example of an sy — ty cut
for S* = {2,4,5}, L~ = {10} and K~ = {7,9,10}. The dashed line in Figure 3.2b
represents a cut that corresponds to the partition {sy,2,5} and {ty,1,3,4} with a
value of by 4+ dy + ¢7 4+ ug + ¢4 + by + d5. Moreover, we say that a cut passes below node
j if j is in the source partition and passes above node j if j is in the sink partition.

Let o and af be the minimum value of a cut on nodes [1, j] that passes above and
below node j, respectively. Similarly, let 5} and B]d be the minimum values of cuts on
nodes [7,n] that passes above and below node j respectively. Finally, let

S~ =E \ (K- UL"),
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where K~ is defined in (3.5). Recall that ST and L~ are the given objective sets. Given
the notation introduced above, all of the arcs in sets S~ and L~ have a coefficient zero
in (F3.2). Therefore, dropping an arc from L~ is equivalent to adding that arc to S—.
We compute a;{u’d} by a forward recursion and ﬁ]{"’d} by a backward recursion:

a;f = min{oz?,l + U1, Oé;'tl} + C(SJJ'F)
af = min{ad_;, 0¥ | + b1} +d; +c(S;),

where o = ad = 0 and

B = min{j}, ,, ;l+1 + b} + C(S;—) (3.9)
B = min{B,y +uy, By} + dj + e(Sy), (3.10)

where g4, =34, =0.
Let m¥ and m{ be the values of minimum cuts for nodes [1, n] that pass above and
below node j, respectively. Notice that

mi = of + B} — c(S;) (3.11)

and

j:

m§ = af + ] —d; — c(S;). (3.12)

For convenience, let

mj = min{mqj,m?}.
Notice that m; is the minimum of the minimum cut values that passes above and
below node j. Since the minimum cut corresponding to v(C') has to pass either above

or below node j, m; is equal to v(C) for all j € N. As a result, the minimum cut (or
maximum flow) value for the objective set C'= ST U L™ is

v(C)=my =+ =my. (3.13)

Proposition 3.3. All values m;, for j € N, can be computed in O(|E| + |N|) time.

Obtaining the explicit coefficients of inequalities (3.3) and (3.4) also requires finding
v(C\ {t}) for t € C and v(C U{t}) for t ¢ C in addition to v(C'). It is important to
note that we do not need to solve the recursions above repeatedly. Once the values m}
and m¢ are obtained for the set C, the marginals p;(C'\ {t}) and p,(C) can be found
in O(1) time for each ¢t € E.

We use the following observation while computing the marginal values p;(C) and
p(C'\ {t}) as a function of m} and m{ for t € Ef UE; and j € N.

Observation 2. Let ¢ > 0 and d := (b — a)™", then,
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1. min{a + ¢,b} — min{a, b} = min{c, d},
2. min{a, b} — min{a,b —c} = (¢ —d)*.

In the remainder of this section, we give a linear-time algorithm to compute the
coefficients p; for inequalities (3.3) and (3.4) explicitly for paths.

Coefficients of inequality (3.3): Path cover inequalities

Let ST and L~ be the objective sets in (F3.2) and S~ C E~ \ L~. We select the
coefficient sets in (3.5) as KT = St and K~ = E~ \ (L~ US7) to obtain the explicit
form of inequality (3.3). As a result, the set definition of S™ = E~ \ (K~ U L7) is
conserved.

Definition Let the coefficient sets in (3.5) be selected as above and (S*, L™) be the
objective set. The set (S*,57) is called a path cover for the node set N if

v(ST,L7) =dy, +¢(S7).
If we assume that the set (ST,57) is a path cover for N, then by definition,
v(C)=my=---=my =dy, +¢(S7)

in inequality (3.3). After obtaining the values mj and m? for a node j € N using
recursions in (4.3)—(4.6), it is trivial to find the minimum cut value after dropping an
arc t from S;-r:

v(C'\ {t}) = min{mj — ct,m?}, te S;-r, j € N.

Similarly, dropping an arc t € L; results in the minimum cut value:

v(C\A{t}) = min{m;f,m}i +c¢}, tel;

70

jEeN.
Using Observation 2, we obtain the marginal values
p(C\A{t}) = (c: = N)", teS;, jeN

and

p(C\ (1)) = min{N;, e}, tely, jEN

J

where
Aj=(my—m)*, jeN.
On the other hand, all the coefficients p;(()) = 0 for arcs t € E \ C. First, notice
that, for t € ET\ ST, v({t}) = 0, because the coefficient a;, = 0 for t € E*\ ST.
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Furthermore, v({t}) = 0 for t € E~ \ L™, since all incoming arcs would be closed for
an objective set (0, {t}). As a result, inequality (3.3) for the objective set (ST, L) can
be written as

y(ST) D) (e =X)L = a) < di + ¢(S7)

JEN test

+ 30 minfen Aae +y(E\ (L7UST). (3.14)

JEN teLT
We refer to inequalities (3.14) as path cover inequalities.

Remark 3.3. Observe that for a path consisting of a single node N = {;j} with demand
d := d; > 0, the path cover inequalities (3.14) reduce to the flow cover inequalities
(Padberg et al., 1985, van Roy and Wolsey, 1986). Suppose that the path consists of
a single node N = {j} with demand d := d; > 0. Let ST C E* and S~ C E~. The
set (ST,57) is a flow cover if A := ¢(ST) —d —¢(S7) > 0 and the resulting path cover
inequality

y(ST)+ ) (=N (L —x) <d+c(S7) + Ax(L7) +y(E~\ L) (3.15)

teS+
is a flow cover inequality.

Proposition 3.4. Let (S*,S7) be a path cover for the node set N. The path cover
inequality for node set NV is at least as strong as the flow cover inequality for the single
node relaxation obtained by merging the nodes in V.

Proof. Flow cover and path cover inequalities differ in the coefficients of variables z;
for t € ST and ¢t € L™. Therefore, we compare the values \;, j € N of path cover
inequalities (3.14) to the value X of flow cover inequalities (3.15) and show that \; < A,
for all 7 € N. The merging of node set N in graph G is equivalent to relaxing the
values u; and b; to be infinite for j € [1,n — 1]. As a result, the value of the minimum
cut that goes above the merged node is m* = ¢(S*) and the value of the minimum
cut that goes below the merged node is m? = dy, + ¢(S~). Now, observe that the
recursions in (4.3)—(4.6) imply that the minimum cut values for the original graph G
are smaller:

mi = of + B} —c(S)) < e(ST) = m"

and

mf = af + B —d; — c(S;) < dip +¢(S7) = m?

for all j € N. Recall that the coefficient for the flow cover inequality is A = (m* —m?)*
and the coefficients for path cover inequality are A\; = (m¥ — m;»l)Jr for 5 € N. The

fact that (S*,S7) is a path cover implies that m{ = di, + ¢(S™) for all j € N.
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Since m? = m;l and mj; < m" for all j € N, we observe that \; < A for all j € N.

Consequently, the path cover inequality (3.14) is at least as strong as the flow cover
inequality (3.15). O

61215 62:35 03:30 64210

U1:10 UQ:10 U3:20

by =15 ba =15 bz =10
dy =10 dy =10 ds =5 dy =15

Figure 3.3: A lot-sizing instance with backlogging.

Example 3.1. Consider the lot-sizing instance in Figure 3.3 where N = [1,4], ST =
{2,3}, L~ = (. Observe that m% = 45 m¢ = 40, m% = 65, mg = 40, m% = 60,
md = 40, and m% = 45, m¢ = 40. Then, A\; = 5, Ay = 25, A3 = 20, and \; = 5
leading to coefficients 10 and 10 for (1 — x5) and (1 — x3), respectively. Furthermore,
the maximum flow values are v(C') = 40, v(C'\ {2}) = 30, and v(C'\ {3}) = 30. Then,
the resulting path cover inequality (3.14) is

and it is facet-defining for conv(P) as will be shown in Section 3.3. Now, consider the
relaxation obtained by merging the nodes in [1, 4] into a single node with incoming arcs
{1,2,3,4} and demand d = 40. As a result, the flow cover inequalities can be applied
to the merged node set. The excess value for the set ST = {2,3} is A = ¢(ST) —d = 25.
Then, the resulting flow cover inequality (3.15) is

Y2 + Y3 + 10(1 — :UQ) + 5(1 — 3:’3) < 40,

and it is weaker than the path cover inequality (3.16). O

Coefficients of inequality (3.4): Path pack inequalities

Let ST and L~ be the objective sets in (F3.2) and let S~ C E~ \ L. We select the
coefficient sets in (3.5) as K+ = ET and K~ = E~ \ (S~ U L7) to obtain the explicit
form of inequality (3.4). As a result, the set definition of S™ = E~ \ (K~ U L7) is
conserved.

Definition Let the coefficients in (3.5) be selected as above and (S™,L~) be the
objective set. The set (S*,57) is called a path pack for node set N if

v(S*,L7) =c(ST).
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For inequality (3.4), we assume that the set (S*,S57) is a path pack for N and L™ = ()
for simplicity. Now, we need to compute the values of v(C'), v(E), v(E \{t}) for t € C
and v(C'U{t}) for t € E\ C. The value of v(C'U{t}) can be obtained using the values
mY and m§ that are given by recursions (4.3)-(4.6). Then,

v(C U{t}) = min{m} + ct,m?}, te EF\SS, jeEN

and
v(CU{t}) = min{mJ“.,m? +c}, te€S;, jeN.

Then, using Observation 2, we compute the marginal values
p(C) = min{cy, p;}, t€ES\SS, jeN

and
pi(C) = (et —py)", tesS;, jeN
where
[ = (m? -mj)*, jeN.

Next, we compute the values v(E) and v(E \ {t}) for t € C. The feasibility of
(F3.1) implies that (E*, () is a path cover for N.
By Assumption (A.1), (ET\{t},0) is also a path cover for N for each ¢t € ST. Then

v(E) =v(E\{t}) = dy, and
p(EN{t})=0, t€STUL".

Then, inequality (3.4) can be explicitly written as

y(SH+D > (ye—min{e, k) <e(ST)

EN +\ g+
JEN teEF\S]

Y(E"\NST) =)0 (=) (L —a). (3.17)

JEN tes;

We refer to inequalities (3.17) as path pack inequalities.

Remark 3.4. Observe that for a path consisting of a single node N = {;j} with demand
d := d; > 0, the path pack inequalities (3.17), reduce to the flow pack inequalities
(Atamtiirk, 2001). Let (S*,S7) be a flow pack and p = d — ¢(ST) + ¢(S7) > 0.
Moreover, the maximum flow that can be sent through S* for demand d and arcs in
S~ is ¢(ST). Then, the value function v(S™) = ¢(S*) and the resulting path pack
inequality
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y(SH) + D (v —minfe, play) < o(ST)

teET\ST

+y(ET\S) =Y (e —mt(1—z) (3.18)

tes—
is equivalent to the flow pack inequality.

Proposition 3.5. Let (ST, S7) be a path pack for the node set N. The path pack
inequality for IV is at least as strong as the flow pack inequality for the single node
relaxation obtained by merging the nodes in N.

Proof. The proof is similar to that of Proposition 3.4. Flow pack and path pack
inequalities only differ in the coefficients of variables z; for t € ET\ ST and t € S™.
Therefore, we compare the values u;, j € N of path pack inequalities (3.17) to the
value p of flow pack inequalities (3.18) and show that p; < p for all j € N. For the
single node relaxation, the values of the minimum cuts that pass above and below the
merged node are m* = ¢(S*) and m? = dy,, + ¢(S7), respectively. The recursions in
(4.3)—(4.6) imply that

mi = of + B} —c(S)) < e(ST) = m"

and

mj = af + B — dj — (S7) < dun + ¢(S7) = .

The coefficient for flow pack inequality is u = (¢ —m*)* and for path pack inequality
Wi = (m;-l —mj)". Since (S*,57) is a path pack, the minimum cut passes above all

nodes in N and m} = ¢(S7) for all j € N. As a result, m} = m" for all j € N and
m? < m®. Then, observe that the values

:ujélu7 J€N.

]

Example 1 (continued). Recall the lot-sizing instance with backlogging given in Figure
3.3. Let the node set N = [1,4] with £~ = () and ST = {3}. Then, m% = 30, m¢ = 40,
m¥ = 30, md = 40, m¥% = 30, m$¢ = 30, m4% = 30, m¢ = 30, leading to u; = 10,
po = 10, pu3 = 0 and gy = 0. Moreover, the maximum flow values are v(C) = 30,
o(CU{1}) = 40, v(C U {2}) = 40, v(C' U {4}) = 30, v(E) = 40, and v(E \ {3}) = 40.
Then the resulting path pack inequality (3.17) is

Y1+ Y2 +ys + ys < 30+ 1027 + 1024 (3.19)

and it is facet-defining for conv(P) as will be shown in Section 3.3. Now, suppose
that the nodes in [1,4] are merged into a single node with incoming arcs {1,2,3,4}

49



and demand d = 40. For the same set ST, we get u = 40 — 30 = 10. Then, the
corresponding flow pack inequality (3.18) is

Y1 +y2 +ys +ys < 30+ 10x; + 1022 + 1024,

which is weaker than the path pack inequality (3.19). O]

Proposition 3.6. If [E1T\ ST| < 1 and S™ = (), then inequalities (3.14) and (3.17)
are equivalent.

Proof. If ET\S™ = () and S~ = (), then it is easy to see that the coefficients of inequality
(3.17) are the same as (3.14). Moreover, if |[ET\ ST| =1 (and wlog ET \ ST = {j}),
then the resulting inequality (3.17) is

y(ET) —y(E7)

IN

v(C) + p;(C);
v(0) + (v(CU{j}) —v(0))a;
v(CU{G}) = pi(C)(1 =),

which is equivalent to path cover inequality (3.14) with the objective set (E*,0). O

3.3 The strength of the path cover and pack in-
equalities

The capacities of the forward and the backward path arcs play an important role in

finding the coefficients of the path cover and pack inequalities (3.14) and (3.17). Recall

that K and K~ are the coefficient sets in (3.5), (ST, L™) is the objective set for (F3.2)
and S~ = E-\ (K~ UL").

Definition A node j € N is called backward independent for set (ST, S7) if

af = af_y +uj +e(S)),

or
ad i +bj1 +dj +c(S)).

j:

Definition A node j € N is called forward independent for set (S*,S7) if

ﬂ; = ]C'l+1 +bj +C(S;_)7

or

Bl = By +uj+dj + c(S;).
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Intuitively, backward independence of node 7 € N implies that the minimum cut
either passes through the forward path arc (j — 1, j) or through the backward path arc
(7,7 — 1). Similarly, forward independence of node j € N implies that the minimum
cut either passes through the forward path arc (j,j + 1) or through the backward
path arc (j + 1,j). In Lemmas 3.1 and 3.2 below, we further explain how forward
and backward independence affect the coefficients of path cover and pack inequalities.
First, let S, = Ul_;S;", S5, = U_;S; and Lj; L if j <k, and () otherwise.

=3~ ij

Lemma 3.1. If a node j € N is backward independent for set (S*,S7), then the
values \; and y; do not depend on the sets Si;_,, S7; ; and the value dy;_;.

Proof. Tf a node j is backward 1ndependent then either of = af | 4+ u;_1 + ¢(S}) or
af =¥ |+ by +dj+c(S)). If o = af | +u;_1 + (S} ), then the equality in (4.3)
1mphes o Fujy <ol . As aresult the equality in (4.4) gives of = af_+d;+c(S;)).
Following the definitions in (4.7)—(4.8), the difference

wj = m? - m?
is B — B + uj—y which only depends on sets S; and S; for k € [j,n], the value dj,,
and the capacity of the forward path arc (j — 1, 7).
If of = af | +bj_1+d;+c(S; ), then the equality in (4.4) implies o%_, +b;_1 < af_
As a result the equality in (4.3) gives of = ay , + ¢(S]). Then, the dlfference
= 3 — B;-i — ;1 which only depends on sets S;" and S, for k € [j,n], the value d,
and the capacity of the backward path arc (7,5 — 1).
Since the values A; and p; are defined as (w;)* and (—w;)™ respectively, the result
follows. O

Remark 3.5. Let w; := mj — m;?. If a node j € N is backward independent for a set

(S*,57), then we observe the following: (1) If o = af | + u;_y + ¢(S]), then
_ Qu d
_BJ _BJ +uj—17
and (2) if af = o¥ | +b;_1 +d; + c(S; ), then
_ Qu d
w] _Bj _Bj _bj—l

Lemma 3.2. If a node j € N is forward independent for set (S, 57), then the values
g-

Aj and p1; do not depend on the sets S, i

j+1ns and the value d;;1,.

Proof. The forward independence implies either 8§ = £, 4+ b; 4+ ¢(S;) and 3§ =
4o+ di+e(Sy) or B = B, +c(S]) and B = j+1+u] +dj + ¢(S;7). Then, the
difference w; = m} — m? is either o +a%+b; or o + of —u; and in both cases, it is

independent of the sets S;, S, for k € [1,7 — 1] and the value dy;_;. O
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Remark 3.6. Let w; := mj — m?. If a node 5 € N is forward independent for a set

(S%,87), then we observe the following: (1) If 8 = B¢,, + b; 4 ¢(S; ), then
w; :a}‘—a;l#—bj,

and (2) if B¢ = B, + u; +d; + ¢(S}), then
wj:a?—a?—uj.

Corollary 3.7. If a node j € N is backward independent for set (S*,S7), then the
values Ay and gy, for k € [j,n] are also independent of the sets S7; |, Si;_; and the
value dy;_;. Similarly, if a node j € N is forward independent for set (S*,S7), then
the values A, and . for k € [1, ] are also independent of the sets S, S;,,, and
the value dj1p.

Proof. The proof follows from recursions in (4.3)—(4.6). If a node j is backward in-
dependent, we write o, ; and 04;-1 +1 in terms of af ; and Oz;l_l and observe that the
difference w; 1 = mY,; —m,, does not depend on af_, nor af_, which implies inde-
pendence of sets Sfrj_l, S1;-1 and the value dy,,. We can repeat the same argument for
wj, j € [+ 2,n] to show independence.

We show the same result for forward independence by writing g} ; and B}-j;l in
terms of 57,, and 5§1+17 we observe that w; does not depend on 5}, nor ﬁjdﬂ. Then,

it is clear that w;_, is also independent of the sets S},,,, S;,,, and the value djy1,.
We can repeat the same argument for w;, j € [1,j — 1] to show independence. O

Proving the necessary facet conditions frequently requires a partition of the node set
N into two disjoint sets. Suppose, N is partitioned into Ny = [1,j — 1] and Ny = [j, n]
for some j € N. Let Enp and Eyo be the set of non-path arcs associated with node sets
Ny and N,. We consider the forward and backward path arcs (j — 1,7) and (5,7 — 1)
to be in the set of non-path arcs Ey; and Eyg since the node j —1 € N; and j ¢ N;
for i = 1,2. In particular, £, == (j,j — 1) U Efrjfl, Ey, = —-1,j)UE; ; and
Efy = (j—1,j)UE},, Ey, = (j,j—1)UE},, where E};, and E, are defined as U;_, E;"
and U{_, E; if k < ¢ respectively, and as the empty set otherwise. Since the path arcs
for N do not have associated fixed-charge variables, one can assume that there exists
auxiliary binary variables Z, = 1 for k € {(j — 1, /), (j,j — 1)}. Moreover, we partition
the sets ST, 5~ and L~ into S}, 2 Sfjfl, Syt 2 Sty Liyy = Li;_; and Sy 2 S;l,
Sno 2 Sy Ly = Lj,. Then, let v; and vy be the value functions defined in (F3.2) for
the node sets Ny and Ny and the objective sets (Sy, Ly;) and (Sy,, Ly,). Moreover,
let o, of, B and (¢ be defined for j € N in recursions (4.3)-(4.6) for the set (S*,57)

and recall that S~ = FE~ \ (K~ UL").

Lemma 3.3. Let (ST, L7) be the objective set for the node set for N = [1,n]. If
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of = af | +ujy+c(S]) or B = B +bj_1 +¢(S;,), then

U(S+7 L™)= UI(SJJ\FTD L]_Vl) + UQ(S?\}% Lh)v

where Ny = [1,j — 1], N = [j,n] and the arc sets are S%; = (5,7 — 1) U Sf;_,,
Sty =0 —1,5) U8}, Sy =551, Sna = S
Proof. See Appendix D.1. m

Lemma 3.4. Let (ST, L7) be the objective set for the node set for N = [1,n]. If
a? =¥ b+ dj+ c(Sj_) or ;l_l =B tuj1+dj1+ C(Sj_q)a then

U(S+7 L™)= UI(SJJ\FTD L]_Vl) + U2(SJJ\727 L]_VQ)?

where Ny = [1,j — 1], Ny = [j,n] and the arc sets are S}, = Sf“jfl, Sy = S;;,
Syi=0U—-LJj)US; 1, Sye =07 -1 US,.
Proof. See Appendix D.2. n

Lemma 3.5. Let (ST, L7) be the objective set for the node set for N = [1,n]. If
af =af | +uj +c(S)) and B) = B +uj 1 +djy +c(S; ), then

U(S+v L™)= Ul(SJ—i\_fD L]_Vl) + UQ(S?\;w L]_\72)>

where Ny = [1,j—1], Ny = [j, n] and the arc sets are S3;; = Sfjfl, Sy = (j—l,j)US;;L,
Sn1 =511 Sy = (4,7 — 1)U S,

Proof. See Appendix D.3. O]

Lemma 3.6. Let (ST, L7) be the objective set for the node set for N = [1,n]. If
af =a¥ | + by +d;+c(S;) and B¢ = B¢+ b1 + (S ), then

U(S+7 L™)= Ul(S;p L]_Vl) + U2(SJJ\F727 L]_\72)>

where Ny = [1, j—1], Ny = [j, n] and the arc sets are S3; = (5,7 —1)UST,_, S, = S},
Syi=0—1,7) USlj 1 SN2 = Si
Proof. See Appendix D.4. n

In the remainder of this section, we give necessary and sufficient conditions for path
cover and pack inequalities (3.14) and (3.17) to be facet-defining for the convex hull of
P.

Theorem 3.8. Let N = [1,n], and d; > 0 for all j € N. If L~ = () and the set
(S*,S57) is a path cover for N, then the following conditions are necessary for path
cover inequality (3.14) to be facet-defining for conv(P):
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(1) p(C\A{t}) < e, forallt e C,

(ii) maxies+ p(C\ {t}) >0,

(iii) if a node j € [2,n] is forward independent for set (ST, S™), then node j — 1 is not
backward independent for set (S, S7),

(iv) if a node j € [1,n — 1] is backward independent for set (ST, S7), then node 5+ 1
is not forward independent for set (S*,S57),

(v) if max,cg+ (¢t — A)T =0 for i = p,...,n for some p € [2,n], then the node p — 1
is not forward independent for (S*,S7),

(vi) if max,cg+(c; — A;)T = 0fori=1,...,¢ for some g € [1,n — 1], then the node
q + 1 is not backward independent for (S*,S7).

Proof. (i) If for some ¢’ € ST, py(C'\ {t'}) > ¢v, then the path cover inequality with
the objective set ST\ {#'} summed with y, < cyay results in an inequality at
least as strong. Rewriting the path cover inequality using the objective set ST,
we obtain

Yo et a(STAN L — @) +yp < 0(ST) = pu(STN DL —20) +y(E7\S7)
teS+\{t'}

= v(ST\A}) + pr (ST\A{t Dzw +y(E7\ 7).

Now, consider summing the path cover inequality for the objective set ST\ {¢'}

D WA aSTA{LEDA =) <o(S\{'}) +y(E~\57),

teS+\{t'}

and yy < cpxy. The resulting inequality dominates inequality (3.3) because
pr(STA\A{t}) < pe(ST\ {t,t'}), from the submodularity of the set function v. If
the assumption of L~ = () is dropped, this condition extends for arcs t € L™ as
p(C\ {t}) > —¢; with a similar proof.

(i) If L= = 0 and maxseg+ p(C \ {t}) = 0, then summing flow balance equalities
(3.1b) for all nodes j € N gives an inequality at least as strong.

(iii) Suppose a node j is forward independent for (ST,S7) and the node j — 1 is
backward independent for (S*,S7) for some j € [2,n]. Lemmas 3.3-3.6 show
that the nodes N and the arcs C'= STUL™ can be partitioned into Ny = [1,j—1],
Ny = [j,n] and C}, Cy such that the sum of the minimum cut values for Ny, N
is equal to the minimum cut for N. From Remarks 3.5 and 3.6 and Corollary
3.7, it is easy to see that \; for ¢ € NV will not change by the partition procedures
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described in Lemmas 3.3-3.6. We examine the four cases for node 5 — 1 to be

forward independent and node j to be backward independent for the set (ST, S7).

(a)

Suppose aff = af_ +u;_1+c(S;) and B | = B7+b;_1+c(S] ). Consider the
partition procedure described in Lemma 3.3, where Sf, = (5,5 — 1) U Sfrjfl,
Sy = (G —1,J)US;, Syy = Si;_1, Sy, = S;,- Then, the path cover
inequalities for nodes N; and N,

j—1 Jj—1
ri-1+ Z Z (yt + (e = X)T (1 - xt)) < Ul(SJJ\rn) + Zy<Ei_ \Si) +ij
i=1 test =1

and

ij—1+ Z Z (e + (co = )T (1= 2)) <wa(SFy) + Zy(Ei_ \Si) 41

i=J tes; =)

summed gives

SN (et (a—= )1 —m)) So(ST)+y(E-\S7),

i=1 e

which is the path cover inequality for N with the objective set S*.

Suppose of = ¥ +b;_1+d;_1+c(S; ) and B, = B +u;_1+di_1+c(S;,).
Consider the partition described in Lemma 3.4, where Sj;, = Sfj_l, Sty =

St Sy = (J=1,7)USy;_1, Sy = (4,7 —1)US;,. The path cover inequalities

jn

for nodes Ny and N,
j—1 j—1
DD (et (e =) (L =) Sou(Sk) + Y y(E7\S)
i=1 g5t i=1

and

DD (et (e =) (=) < oa(Shy) + Y y(E7\S)):

i=5 tes} i=j

summed gives the path cover inequality for nodes N and arcs C.

Consider the partition described in Lemma 3.5, where S§; = S7;_;, S§, =

in?

Suppose aff = af_; +uj_y +c(S]) and B | = Y + ujy + dj_1 + (S;,).

Sy1 =511, Sya = (4, J—1)US;,. The path cover inequalities
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for nodes N; and N,

S (o = AL ) < S5+ B\ S 4

=1 st

and

Z31+ZZ Y + (¢ — (1—xt))<v25'f§2 —I—ZyE \ S7).

i=J teS; i=j

summed gives the path cover inequality for nodes N and arcs C.

(d) Suppose of = a¥ | + b1 +d; + ¢(S;) and B, = B + bj_y + c(S])).
Consider the partition described in Lemma 3.6, where Sy, = (4,7 —1)US};_,,
SNo =S, Sy = — 1,j)US;_y, Sy, = S, The path cover inequalities

jno

for nodes N; and N,
j—1
ri- 1+Z D (et (e = M) (L= w) Sou(SF) + ) y(E \ S
i=1 tGSZL i=1
and
ZZ v + (e (l—ﬂst))<v2(5fvg+zyE \S7) + i
i=J teS; i=j
summed gives the path cover inequality for nodes N and arcs C.
(iv) The same argument for condition (iii) above also proves the desired result here.

(v) Suppose (¢; — A;)T =0 for all t € St and i € [p, n] and the node p — 1 is forward
independent for some p € [2,n]. Then, we partition the node set N = [1,n] into
Ny = [1,p—1] and N, = [p,n]. We follow Lemma 3.3 if 5 | = 874 bp_1+¢(S; ;)
and follow Lemma 3.4 if 87 | = B4 +u,_1 +dp_1+c(S, ) to define S§,, Sy, S;Qz
and S},. Remark 3.6 along with the partition procedure described in Lemma 3.3
or 3.4 implies that \; will remain unchanged for i € N;. The path cover inequality
for nodes N and arcs C' is

WS H S S (0= AL~ 2) < 0(ST) +y(E\ S,

i=1 1es7

If B ) = B¢ +bp—1 + ¢(S; ), then the path cover inequality for nodes N; and
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(vi)

arcs Sy, Sy, described in Lemma 3.3 is

p—1 p—1
Tp—1+ Z Z (?Jt + (e —=N)T(1— xt)) < u(Sy) + Zy(Ez_ \Si) + ip1
i=1 ¢es; i=1

Moreover, let m; and mg be the values of minimum cut that goes above and
below node p for the node set Ny and arcs Sy, Sy, and observe that

_d d
= B, + up—1 and m, = .

Then, comparing the difference A, := (m% —md)* = (8% — B¢ +u,—1)" to A, =

(my—mé)* = (B —Bl4ak—al+c(ST) —d,—c(S, )T, we observe that A, > A,
since a; — (Bzg +c(SF) —dp —c(S,) < up—y from (4.3)-(4.4). Since (¢, — \,)" =0,
then (¢; — A\,)T = 0 as well. Using the same technique, it is easy to observe that
Ai > \; for i € [p+1,n] as well. As a result, the path cover inequality for N

with sets Sy, Sy, is

ip—1 + Zy(sj> < v(Sye) + Z?/(Ez_ \Si7) + 11

1=p 1=p

The path cover inequalities for Ny, S}, Sy, and for Na, S¥,, Sy, summed gives
the path cover inequality for N, S*, S—.

Similarly, if ﬁg_l = B} + up1 +dp1 + (S, ), the proof follows very similarly
to the previous argument using Lemma 3.4. Letting m, and mz be the values
of minimum cut that goes above and below node p for the node set Ny and arcs
Sas Sy, We get

m, = (3, and mz +b,o1 = Bg

under this case. Now, notice that o — o + ¢(S}) — d, — (S, ) > —b,—1 from
(4.3)—(4.4), which leads to A\, > A,. Then the proof follows same as above.

The proof is similar to that of the necessary condition (v). We use Lemmas 3.5
and 3.6 and Remark 3.6 to partition the node set NV and arcs S™, S~ into node sets
N1 =[1,¢] and Ny = [g+1,n] for ¢ € [2,n] and arcs S§;;, Sy, and Sy, Sy, Next,
we check the values of minimum cut that goes above and below node ¢ for the node
set N1 and arcs S3, Sy;. Then, observing —u, < S¥—ad+c(S;)—d,—c(S;) < b,
from (4.5)-(4.6), it is easy to show that the coefficients z; for t € S}, are equal
to zero in the path cover inequality for node set N;. As a result, the path cover
inequalities for Ny, S¥,, Sy, and for Ny, S¥,, Sy, summed gives the path cover
inequality for N, S*, S~.

O
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Remark 3.7. If the node set IV consists of a single node, then the conditions (i) and
(ii) of Theorem 3.8 reduce to the sufficient facet conditions of flow cover inequalities
(Padberg et al., 1985, Theorem 4), (van Roy and Wolsey, 1986, Theorem 6). In this
setting, conditions (iii)—(vi) are no longer relevant.

Theorem 3.9. Let N = [1,n], E- =0,d; > 0 and |E]| = 1, for all j € N and let the
set ST be a path cover. The necessary conditions in Theorem 3.8 along with

(i) (e —=A)">0forallt eSS, jeN,
(i) (cr— M)t <c(ET\S*)forallteSS, jeN
are sufficient for path cover inequality (3.14) to be facet-defining for conv(P).

Proof. Recall that dim(conv(P)) = 2|E|+n—2. In this proof, we provide 2|E|+n —2
affinely independent points that lie on the face F

F= {(X,y,i,r) eP : y(SH) + Z(Ct—)\j)+(1—xt) :dln}.

teS+

First, we provide Algorithm 1 which outputs an initial feasible solution (X,y,i,T),
where all the arcs in ST have non-zero flow. Let d; be the effective demand on node j,
that is, the sum of d; and the minimal amount of flow that needs to be sent from the
arcs in S;f to ensure v(S1) = dy,,. In Algorithm 1, we perform a backward pass and a
forward pass on the nodes in N. This procedure is carried out to obtain the minimal
amounts of flow on the forward and backward path arcs to satisfy the demands. For
each node j € N, these minimal outgoing flow values added to the demand d; give the
effective demand d;.

Algorithm 1 ensures that at most one of the path arcs (j —1,7) and (7,7 — 1) have
non-zero flow for all j € [2,n]. Moreover, note that sufficient condition (i) ensures
that all the arcs in ST have nonzero flow. Moreover, for at least one node i € N, it
is guaranteed that ¢(S;") > d;. Otherwise, p;(C) = ¢; for all t € S* which contradicts
the necessary condition (i). Necessary conditions (iii) and (iv) ensure that ¢; < u; and
rj<bjforall j=1,...,n—1. Let

- + _ .
e := arg legvx{c(si ) —d;}

be the node with the largest excess capacity. Also let 1, be the unit vector with 1 at
position j.

Next, we give 2|S*| affinely independent points represented by @' = (X', y
and @' = (%, y",i, ) for t € S

(i) Select w® = (X,¥,i,T) given by Algorithm 1. Let £ > 0 be a sufficiently small
value. We define @' fore #t € ST as y! = y*+¢el, —ely, X! = x°. If t < e, then
i"=iand 7 =7¢ for j <tand fort > e, 7 =7+ e fort < j<e.
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Algorithm 1

Initialization: Let d; = d; for j € N
for j=(n—1)to1ldo
Let A = min {uj, (djs1 — c(SfH))JF} :
dj=d; + A, dj1 = djpr — A,
i; = A.
end for
for =2ton do
Let A = (d_j—l - C(S]—"_—l))+ s
j:CZJ"i‘A, Jj_l—A
rji-1= A — min{A,Ej_l}

Zj_l = Ej—l — min{A, ij—l}

S

end for

Yj

=d;, for all j € ST.

z;=11if j € ST, 0 otherwise.
?jj = (Z’j = 0, for allj e E™.

(i)

In this class of affinely independent solutions, we close the arcs in ST one at a
time and open all the arcs in E*\ ST: X' = x—1,+ Zj€E+\S+ 1;. Next, we
send an additional g — (¢; — ;)T amount of flow from the arcs in S\ {¢}. This
is a feasible operation because v(C'\ {t}) = din, — (¢t — Aj)T. Let (y*,i*,r*) be
the optimal solution of (F3.2) corresponding to v(S* \ {t}). Then let, g = y;
for j € ST\ {t}. Since v(C\ {t}) < di,, additional flow must be sent through
nodes in £\ ST to satisfy flow balance equations (3.1b). This is also a feasible
operation, because of assumption (A.1). Then, the forward and backward path
flows i* and ¥ are calculated using the flow balance equations.

In the next set of solutions, we give 2|E™ \ ST| — 1 affinely independent points
represented by 0! = (%, ¢, 1, 1) and wt = (%!, y', i, i) for t € B+ \ S+.

(iii)

(iv)

Starting with solution w®, we open arcs in E* \ St one by one. y' = y¢,

xt=x¢+1,, it =it =1°.

If |[ET\ ST| > 2, then we can send a sufficiently small ¢ > 0 amount of flow
from arc t € ET\ ST tot # k € ET\ ST. Let this set of affinely independent
points be represented by w' for ¢t € ET\ ST. While generating ", we start with
the solution w®, where the non-path arc in S is closed. The feasibility of this
operation is guaranteed by the sufficiency conditions (ii) and necessary conditions
(iii) and (iv).

(a) If g = ¢, then there exists at least one arc t # m € ET \ ST such that
0 < g < ¢, due to sufficiency assumption (ii), then for each t € Et\ S*
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such that §¢ = ¢, let y' = y¢ — el + el,,, X' = X°. If t < m, then i* = i°
and # =7 + 37 1, It >m, then it =1 + >0 1, and # = .
(b) If ¢ < ¢; and there exists at least one arc t # m € E*\ ST such that g5, = 0,

then the same point described in (a) is feasible.

(c) If g < ¢, and there exists at least one arc t # m € ET \ ST such that
U<, = Cm, then, we send e amount of flow from ¢ to m, y* = y© + 1, — e1,,,
m—1 Kt

%t =x°. If t < m, then it = ie+€zi:t 1; and ¥ = t°. If t > m, then i’ = i°
and # =5 + >0 1,

Finally, we give n — 1 points that perturb the flow on the forward path arcs (j,j + 1)
for j = 1,...,n — 1 represented by w0’/ = ()vcj,jfj,ij,f‘j). Let k = min{i € N : S;" # (0}
and ¢ = max{i € N : S;" # 0}. The solution given by Algorithm 1 guarantees i; < u;
and 7; < b; for j =1,...,n — 1 due to necessary conditions (iii) and (iv).

(v) For j =1,...,n — 1, we send an additional ¢ amount of flow from the forward
path arc (j,7 + 1) and the backward path arc (j + 1,7). Formally, the solution
w’ can be obtained by: ¥/ = y¢, %/ =%, V¥ =i° + 1, and ¥’ = ¢ + €1;.

]

Next, we identify conditions under which path pack inequality (3.17) is facet-
defining for conv(P).

Theorem 3.10. Let N = [1,n], d; > 0 for all j € N, let the set (ST,S57) be a path
pack and L= = (). The following conditions are necessary for path pack inequality
(3.17) to be facet-defining for conv(P):

(i) p;(ST) <¢j, forall j € ET\ ST,
(i) maxses- pi(C) >0,

(iii) if a node j € [2,n] is forward independent for set (ST, S7), then node j — 1 is not
backward independent for set (ST, S7),

(iv) if anode j € [1,n — 1] is backward independent for set (S*,S7), then node j + 1
is not forward independent for set (S*,S57),

(v) if max;cp+ g+ p1(C) = 0 and max, g- p(C) = 0 for i = p,...,n for some p €
[2,7n], then the node p — 1 is not forward independent for (S*,57),

(vi) if max,cp+\ g+ pe(C) = 0 and max, g~ p(C) = 0 for i = 1,...,¢ for some g €
[1,n — 1], then the node ¢ + 1 is not backward independent for (S*,S7).

60



Proof. (i) Suppose that for some k € ET\ ST, pr(ST) = ¢x. Then, recall the implicit
form of path pack inequality (3.17) is

YETNARD) + e+ Y oS —z) So(ST)+ Y gl + ey +y(E7\ S7).

teS— k#Ate ET\S+

Now, if we select ay = 0 in (F3.2), then the coefficients of z; and y; become zero
and summing the path cover inequality

YETNED + ) oSN —2) <u(ST) 4+ Y p(ST)m+y(E-\ST).

teS— k#Ate ET\S+
with yr < cpxy gives the first path cover inequality.

(ii) Suppose that p;(S™) =0 for all j € S~. Then the path pack inequality is

y(ET) <o(SH+ D pSHm+y (E-\ (L7 USY),

teE+\S+t

where L™ = (). If an arc j is dropped from S~ and added to L™, then v(S™) =
v(STU{j}) since p;(ST) =0 for j € S~. Consequently, the path pack inequality
with S~ =57\ {j} and L™ = {j}

YED) ) pSTULHE ) <u(ST) 4+ D p(STU{ i +y (BT \(LTUS)).

teS— teE+\S+t

But since 0 < py(STU{j}) < ps(ST) from submodularity of v and p;(S*) = 0 for
all t € S™, we observe that the path pack inequality above reduces to

y(EY) Su(ST)+ Y plSTU{ Ny (BTN (LTUST))

teB+\S+
and it is at least as strong as the first pack inequality for S*, S~ and L™ = (.

(iii)~(iv) We repeat the same argument of the proof of condition (iii) of Theorem 3.8.
Suppose a node j is forward independent for (S*,S7) and the node j — 1 is
backward independent for (ST, S7) for some j € [2,n]. Lemmas 3.3-3.6 show
that the nodes N and the arcs C'= STUL™ can be partitioned into Ny = [1, j—1],
Ny = [j,n] and C7, Cy such that the sum of the minimum cut values for Ny, Ny
is equal to the minimum cut for N. From Remarks 3.5 and 3.6 and Corollary
3.7, it is easy to see that y; for i € N will not change by the partition procedures
described in Lemmas 3.3-3.6. We examine the four cases for node j — 1 to be
forward independent and node j to be backward independent for the set (S*,S7).
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For ease of notation, let

and

k
=YY (g — min{p, o)

i=j teE\s}

Q=) > (e —pm) (L —a)

i=j tesS;

for j < kand j € N, k € N (and zero if j > k), where the values y; are the
coefficients that appear in the path pack inequality (3.17). As a result, the path

pack inequality can be written as

(a)

y(ST) + Q1 < v(C) + Qr, +y(E7\ S7). (3.20)

Suppose af = ad_ | +u;_1+c(S]) and B | = Bf+b;_1 +¢(S]~,). Consider
the partition procedure described in Lemma 3.3, where S, = (4,7 — 1) U
STt Sty = (G —1,7)USS,, Sy = Si;_1, Sya = S;,- Then, the path pack
inequalities for nodes N is

rj-1+ y(Sf_jfl) + Qi_jfl <0 (Ch) + Ql_jﬂ + y(El_jfl \ Sl_jfl)f + i1
(3.21)

Similarly, the path pack inequality for N; is
fj-1 T y(Sh) + Qf S 0a(Co) + Qg + y(Ej \ Sip) A1 (3.22)

Inequalities (3.21)—(3.22) summed gives the path pack inequality (3.20).

Suppose of = a}f_; +b;_1+d;+¢(Sy) and B¢ | = Y +uj_g+dj_1+c(S; ).
Consider the partition described in Lemma 3.4, where S§, = Sf’j_l, Sty =
S Sy = (1= 1,7)US; 1, Sy, = (4,5 —1) U S;,. The submodular
inequality (3.4) for nodes N; where the objective coefficients of (F3.2) are
selected as a; = 1 for t € E}; |, ay = 0 for t = (5,5 — 1), a; = —1 for

t € Ey; \ Sy, and a; =0 for t € Sy is

y(Si—1) + Z k(1 — @) + Qi1 < vi(Ch) — Qg +y(Eyy \ Spjoy),
tesSy,

(3.23)

where k; for t € Sy, are some nonnegative coefficients. Similarly, the sub-
modular inequality (3.4) for nodes N,, where the objective coefficients of
(F3.2) are selected as a; = 1 fort € E . a; =0 for t = (j — 1,7), a; = —1

i
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for t € By, \ Syq and a; = 0 for ¢ € Sy, is

+ ) k(=) +Qf, < va(Ch) — Q5 +y(E; \ i), (3.24)

teSy,
where k; for t € S}, are some nonnegative coefficients. The sum of inequal-
ities (3.23)—(3.24) is at least as strong as the path pack inequality (3.20).

Suppose aff = af | +u;_1 + ¢(S}) and B, = B + uj_1 + d;—1 + c(S;).
Consider the partition described in Lemma 3.5, where S, = Sf’jfl, Sty =

(J— L) USh, Sy = Si;1, Sya = (4,5 —1) U S}, The submodular
inequality (3.4) for nodes Ny where the objective coefficients of (F'3.2) are
selected as a; = 1 for t € E}; |, ay = 0 for t = (j,j — 1), a; = —1 for

t € Ey; \ Sy, and a; =0 for t € Sy is

9(51] 1 Z kt 1 - xt) + Qu 1 < Ul(cl) ij—1 + y(El_j—l \ Sl_j—l) + 151,

teSH,

(3.25)

where k; for t € S¥, are some nonnegative coefficients. The path pack
inequality for N, is

ij-1 +y(Sh) + Q@ < 02(Ca) + Qg + y(Ej, \ ) (3.26)

The sum of inequalities (3.25)—(3.26) is at least as strong as inequality (3.20).

Suppose af = a¥ | + by +d; +¢(S;) and B¢ = B¢+ b1 + (S ).
Consider the partition described in Lemma 3.6, where Sy, = (4, j—1)US};_|,
S¥e =55, Sy1=( —1,j)USy;_y, Syy = S;,- The path pack inequalities

jn
for nodes N is

Tj—1+ ?J(Sfrj—l) + QILJ-—1 < v (Ch) + Qo1+ y(Efj—1 \ Sfj—l)' (3.27)

The submodular inequality (3.4) for nodes Ny where the objective coeffi-
cients of (F3.2) are selected as a; = 1 for t € E, a; =0 for t = (j — 1, 7),

an)

ap = —1fort € By, \ Sy, and a; =0 for t € Sy, is

+ D kil =) + Qf, < 0a(Co) = Qg +y(Ej \ S5) + 71,

teSt,

(3.28)

where k; for t € S}, are some nonnegative coefficients. The sum of inequal-
ities (3.27)—(3.28) is at least as strong as the path pack inequality (3.20).
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(v)

Suppose (¢; —p;)T =0 for all t € S;” and ¢ € [p,n]| and the node p — 1 is forward
independent. Then, we partition the node set N = [1,n] into N; = [1,p — 1]
and Ny = [p,n]. We follow Lemma 3.3 if 8% | = 84 +b,_1 + ¢(S;;) and follow
Lemma 3.4 if 54 | = BY + up—1 + dp—y 4 ¢(S,_) to define S¥,, Sy,, Sy, and
Syo- Remark 3.6 along with the partition procedure described in Lemma 3.3 or
3.4 implies that p; will remain unchanged for ¢ € NVj.

gy, = ﬁf +bp1 + C(S;’_l), then the coefficients pu; of the path pack inequality
for nodes Ny and arcs Sj,, Sy, described in Lemma 3.3 is the same as the
coefficients of the path pack inequality for nodes N and arcs ST, S~. Moreover,
let m; and mg be the values of minimum cut that goes above and below node p
for the node set Ny and arcs Sy, Sy, and observe that

my = BY + u,_1 and mf = B2,
Then, comparing the difference fi, := (m{ — m&)™ = (8 — B4 — up_1)™ to
pp = (md —mi)t = (B — By + o — at — ¢(SF) 4+ dyp + ¢(S, )", we observe

that fi, > 1, since aff —al —c(S))) +dp+c(S, ) > —u,p_y from (4.3)-(4.4). Since
(et — pp)T =0, then (¢; — fi,)T = 0 as well. Using the same technique, it is easy
to observe that f; > u; for i € [p+ 1,n] as well. As a result, the path pack
inequality for Ny with sets S{,, Sy, summed with the path pack inequality for
nodes N; and arcs Sy, Sy, give the path pack inequality for nodes N and arc
St ST,

Similarly, if ﬁgfl = B} +up_1 + dp1 + c(S,_;), the proof follows very similarly

u
p

of minimum cut that goes above and below node p for the node set Ny and arcs

to the previous argument using Lemma 3.4. Letting m” and mg be the values
Sas Syg, We get

o —d _ pd

m, = B, and my, + b, 1 = 3,

under this case. Now, notice that af — a¥ — ¢(S)}) + d, + ¢(S,) < bp—1 from
(4.3)—(4.4), which leads to fi, > p,. Then the proof follows same as above.

The proof is similar to that of the necessary condition (v) above. We use Lemmas
3.5-3.6 and Remark 3.6 to partition the node set N and arcs S™, S~ into node sets
N; =[1,q] and Ny = [¢ + 1,n] and arcs S¥,, Sy, and S¥,, Sy, Next, we check
the values of minimum cut that goes above and below node ¢ for the node set N;
and arcs S§,, Sy;. Then, observing —b, < 8¢ — ot — ¢(S]) + dg + ¢(S;) < ugq
from (4.5)—(4.6), it is easy to see that the coefficients of x; for ¢ € Sy; and
t € B, \ Sk, are equal to zero in the path pack inequality for node set Nj. As a
result, the path pack inequalities for Ny, Sy, Sy, and for Ny, Sy, Sy, summed
gives the path pack inequality for N, S*, S~.
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Remark 3.8. If the node set IV consists of a single node, then the conditions (i) and
(ii) of Theorem 3.10 reduce to the necessary and sufficient facet conditions of flow pack
inequalities (Atamtiirk, 2001, Proposition 1). In this setting, conditions (iii)—(vi) are
no longer relevant.

Theorem 3.11. Let N = [1,n], E~ =0, d; > 0 and |E]| = 1, for all j € N and let
the objective set ST be a path pack for N. The necessary conditions in Theorem 3.10
along with

(i) for each j € Et\ ST, either ST U {j} is a path cover for N or p;(ST) =0,

(ii) for each t € ST, there exists j; € E*\ ST such that ST\ {t} U{j;} is a path cover
for N,

(iii) for each j € [1,n — 1], there exists k; € ET \ ST such that the set ST U{k;} is a
path cover and neither node j is backward independent nor node j + 1 is forward
independent for the set St U {k;}

are sufficient for path pack inequality (3.17) to be facet-defining for conv(P).

Proof. We provide 2|E| + n — 2 affinely independent points that lie on the face:

F={(x,y,iir)eP : y(St) + Z (ye — min{p;, ci ) = c(ST)

te ET\S+

Let (y*,i*,r*) € Q be an optimal solution to (F3.2). Since ST is a path pack and
E~ =10, v(ST) = ¢(ST). Then, notice that y; = ¢, for all t € ST. Moreover, let e be
the arc with largest capacity in ST, € > 0 be a sufficiently small value and 1; be the
unit vector with 1 at position j. First, we give 2|E™ \ S| affinely independent points
represented by z' = (%!, y', 1", ) and 3 = (X', y',i,#) for t € E*\ S*.

(i) Let t € ET\ ST, where ST U {t} is a path cover for N. The solution z' has arcs
in ST U {t} open, 7} = 1 for j € S* U {t}, 0 otherwise, ¢ = y; for j € S* and
i = pi(ST), 0 otherwise. The forward and backward path arc flow values 7 and
7 can then be calculated using flow balance equalities (3.1b) where at most one
of them can be nonzero for each j € N. Sufficiency condition (i) guarantees the
feasibility of z'.

(ii) Let t € E*\ ST, where p,(ST) = 0 and let t # ¢ € ET\ S*, where ST U {/}
is a path cover for N. The solution z* has arcs in St U {¢, ¢} open, :Z’; = 1 for
j € StU{t, £}, and 0 otherwise, gt = y¥ for j € S*, 4 =0, 7 = p(S*), and 0
otherwise. The forward and backward path arc flow values i} and 7 can then be
calculated using flow balance equalities (3.1b) where at most one of them can be
nonzero for each j € N. Sufficiency condition (i) guarantees the feasibility of z*.
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(iii)

The necessary condition (i) ensures that p,(S™) < ¢, therefore §f < ¢;. In solution
Z', starting with z', we send a flow of ¢ from arc t € BT\ ST to e € ST. Let
V=3 +el, —el,and X' =% Ife <t, then ¥ =7 +31_1 1, i* = i and if
e >t, then it = it + ng;tl 1;, =71

Next, we give 2|S*| —1 affinely independent feasible points 2* and z* corresponding
to t € ST that are on the face F. Let k be the arc in £\ ST with largest capacity.

(iv)

(v)

In the feasible solutions z* for e # ¢t € ST, we open arcs in ST U {k} and send an
¢ flow from arc k to arc t. Let y* = y* + 1, — €1, and x* = x*. If t < k, then
t=FF e, 1 =1 and if t > k, then it = iF + 300, 1, 7 = .

In the solutions z* for t € S, we close arc ¢t and open arc j; € E*\ ST that is
introduced in the sufficient condition (ii). Then, 7% = 1 if j € S* \ {t} and if
j = ji and &} = 0 otherwise. From sufficient condition (ii), there exists ¢} values
that satisfy the flow balance equalities (3.1b). Moreover, these y]; values satisfy
inequality (3.17) at equality since both ST U {j;} and ST\ {t} U {j;} are path
covers for N. Then, the forward and backward path arc flows are found using
flow balance equalities where at most one of EE and fj- are nonzero for each j € N.

Finally, we give n — 1 points ¥/ corresponding to forward and backward path arcs

connecting nodes j and j + 1.

(vi)

In the solution set 7 for j = 1,...,n — 1, starting with solution z*, where k; is
introduced in the sufficient condition (iii), we send a flow of & from both forward
path arc (j—1, j) and backward path arc (j, j—1). Since the sufficiency condition
(iii) ensures that ffj < b; and Efj < uj, the operation is feasible. Let y7 = y*i,

)u(j = }_(kj, ij = ikj +€1j and f'j = f'kj +€1j.

]

3.4 Computational study

We test the effectiveness of path cover and path pack inequalities (3.14) and (3.17) by

embedding them in a branch-and-cut framework. The experiments are ran on a Linux
workstation with 2.93 GHz Intel®Core™ i7 CPU and 8 GB of RAM with 1 hour time
limit and 1 GB memory limit. The branch-and-cut algorithm is implemented in C++

using IBM’s Concert Technology of CPLEX (version 12.5). The experiments are ran

with one hour limit on elapsed time and 1 GB limit on memory usage. The number

of threads is set to one and the dynamic search is disabled. We also turn off heuristics

and preprocessing as the purpose is to see the impact of the inequalities by themselves.
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Instance generation

We use a capacitated lot-sizing model with backlogging, where constraints (3.1b) reduce
to:
ij—l_rj—1+yj_ij+rj:dj7 jEN

Let n be the total number of time periods and f be the ratio of the fixed cost to
the variable cost associated with a non-path arc. The parameter ¢ controls how large
the non-path arc capacities are with respect to average demand. All parameters are
generated from a discrete uniform distribution. The demand for each node is drawn
from the range [0,30] and non-path arc capacities are drawn from the range [0.75 X
¢ x d,1.25 x ¢ x d], where d is the average demand over all time periods. Forward
and backward path arc capacities are drawn from [1.0 x d,2.0 x d] and [0.3 x d,0.8 x
d], respectively. The variable costs p;, h; and g; are drawn from the ranges [1,10],
[1,10] and [1,20] respectively. Finally, fixed costs f; are set equal to f x p;. Using
these parameters, we generate five random instances for each combination of n €
{50,100, 150}, f € {100,200, 500, 1000} and ¢ € {2,5,10}.

Finding violated inequalities

Given a feasible solution (x*,y*,i",r*) to a linear programming (LP) relaxation of
(F3.1), the separation problem aims to find sets ST and L~ that maximize the difference

v (ST =y (BTNL) + ) (e =X)L —af) = Y (min{dy, e })a} — din —(S7)

teSt teL—

for path cover inequality (3.14) and sets ST and S~ that maximize

v (S =y (BTNST) = Y minfe pydal + ) (e — )T (1 —2) = o(ST)

teET\St teS—

for path pack inequality (3.17). We use the knapsack relaxation based heuristic sep-
aration strategy described in Wolsey and Nemhauser (1999, pg. 500) for flow cover
inequalities to choose the objective set ST with a knapsack capacity dy,. Using ST,
we obtain the values \; and p; for each j € N and let S~ = () for path cover and path
pack inequalities (3.14) and (3.17). For path cover inequalities (3.14), we add an arc
t e B~ to L™ if \joy < yf and \; < ¢;. We repeat the separation process for all subsets
[k, 0] C [1,n].

Results

We report multiple performance measures. Let zinit be the objective function value of
the initial LP relaxation and zrpot be the objective function value of the LP relaxation
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Table 3.1: Effect of path size on the performance.

p=1 p<5 p<05Xn p<n

n f ¢ init gap imp cuts gap imp cuts gap imp cuts gap imp cuts

(m)spi (m)spi spi mspi spi mspi spi mspi spi mspi spi mspi spi mspi

09
[
o

I B RERERE R N R RS D

10 583 60% 31 96% 70% 277 147 99% 70% 874 167 99% 70% 574 167

50 2 145 32% 22 81% 57% 257 133 96% 61% 1965 241 96% 61% 2387 241
200 5 498 43% 44 99% 37% 378 162 100% 57% 1264 171 100% 57% 1420 171

10 663 38% 47 08% B30% 392 160 99% B1% 1235 107 09% B51% 1283 107

o LB BE B [ 4 B W oam g3 ommomom g m
10 7300 34% 43 99% 40% 498 196 909% 40% 1336 236 09% 40% 1445 236

o0 2 146 18% 15 73% 39% 264 99 83% 40% 2821 211 83% 40% 3918 212

5 597 31% 36 98% 45% 487 201 100% 45% 2077 230 100% 45% 2329 230

10 760 30% 41 100% 36% 520 215 100% 37% 1935 268 100% 37% 2140 268

Average: 45.5 36% 36 92% 51% 365 157 97% 52% 1609 206 97% 52% 1894 206

after all the valid inequalities added. Moreover, let zyg be the objective function value
of the best feasible solution found within time/memory limit among all experiments
for an instance. Let init gap= 100 x W, root gap= 100 X W. We
compute the improvement of the relaxation due to adding valid inequalities as gap

imp= 100 x 2 £2pFoot B2 We also measure the optimality gap at termination as
gap
end gap = %, where z1p is the value of the best lower bound given by CPLEX.

We report the average number of valid inequalities added at the root node under
column cuts, average elapsed time in seconds under time, average number of branch-
and-bound nodes explored under nodes. If there are instances that are not solved
to optimality within the time/memory limit, we report the average end gap and the
number of unsolved instances under unslvd next to time results. All numbers except
initial gap, end gap and time are rounded to the nearest integers.

In Tables 3.1, 3.2 and 3.3, we present the performance with the path cover (3.14)
and path pack (3.17) inequalities under columns spi. To understand how the forward
and backward path arc capacities affect the computational performance, we also apply
them to the single node relaxations obtained by merging a path into a single node,
where the capacities of forward and backward path arcs within a path are considered
to be infinite. In this case, the path inequalities reduce to the flow cover and flow pack
inequalities. These results are presented under columns mspi.

In Table 3.1, we focus on the impact of path size on the gap improvement of the
path cover and path pack inequalities for instances with n = 50. In the columns
under p = 1, we obtain the same results for both mspi and spi since the paths are
singleton nodes.. We present these results under (m)spi. In columns p < ¢, we add
valid inequalities for paths of size 1,...,q and observe that as the path size increases,
the gap improvement of the path inequalities increase rapidly. On average 97% of
the initial gap is closed as longer paths are used. On the other hand, flow cover
and pack inequalities from merged paths reduce about half of the initial gap. These
results underline the importance of exploiting path arc capacities for strengthening
the formulations. We also observe that the increase in gap improvement diminishes as
path size grows. We choose a conservative maximum path size limit of 0.75 x n for the
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experiments reported in Tables 3.2, 3.3 and 3.4.

In Table 3.2, we investigate the computational performance of path cover and path
pack inequalities independently. We present the results for path cover inequalities under
columns titled cov, for path pack inequalities under pac and for both of them under the
columns titled spi. On average, path cover and path pack inequalities independently
close the gap by 63% and 53%, respectively. However, when used together, the gap
improvement is 96%, which shows that the two classes of inequalities complement each
other very well.

In Table 3.3, we present other performance measures as well for instances with 50,
100, and 150 nodes. We observe that the forward and backward path arc capacities
have a large impact on the performance level of the path cover and pack inequalities.
Compared to flow cover and pack inequalities added from merged paths, path cover
and path pack inequalities reduce the number of nodes and solution times by orders of
magnitude. This is mainly due to better integrality gap improvement (50% vs 95% on
average).

In Table 3.4, we examine the incremental effect of path cover and path pack in-
equalities over the fixed-charge network cuts of CPLEX, namely flow cover, flow path
and multi-commodity flow cuts. Under cpx, we present the performance of flow cover,
flow path and multi-commodity flow cuts added by CPLEX and under cpx_spi, we
add path cover and path pack inequalities addition to these cuts. We observe that with
the addition of path cover and pack inequalities, the gap improvement increases from
86% to 95%. The number of branch and bound nodes explored is reduced about 900
times. Moreover, with path cover and path pack inequalities the average elapsed time
is reduced to almost half and the total number of unsolved instances reduces from 13
to 6 out of 180 instances.

Tables 3.1, 3.2, 3.3 and 3.4 show that submodular path inequalities are quite effec-
tive in tackling lot-sizing problems with finite arc capacities. When added to the LP
relaxation, they improve the optimality gap by 95% and the number of branch and
bound nodes explored decreases by a factor of 1000. In conclusion, our computational
experiments indicate that the use of path cover and path pack inequalities is beneficial
in improving the performance of the branch-and-cut algorithms.
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Table 3.2: Effect of path cover (cov) and path pack (pac) inequalities when used
separately and together (spi).

gap imp nodes cuts time

n f c init gap cov pac spi cov pac spi cov  pac spi cov pac spi
2 14.8 62% 18% 96% 273 6258 7 759 13 1151 0.3 0.6 0.2
100 5 44.3 75% 37% 97% 319 12366 9 357 25 435 0.1 1.0 0.1
10 58.3 7T% 39% 93% 213 29400 63 290 11 386 0.1 2.1 0.1
2 14.5 73% 34% 92% 148 3268 18 1593 41 2469 0.7 0.3 0.6
200 5 49.8 67% 38% 100% 576 11525 3 736 36 1022 0.4 0.9 0.1
50 10 66.3 61% 48% 97% 226 8799 14 619 32 739 0.2 0.7 0.1
2 19.1 57% 57% 92% 635 1825 19 1587 316 2577 1.6 0.3 1.0
500 5 54.4 56% 75% 99% 348 363 1 902 148 1164 0.3 0.1 0.1
10 73.0 59% 65% 97% 8410 5284 11 727 67 698 3.0 0.5 0.1
2 14.6 61% 65% 90% 278 258 60 1362 427 2094 0.8 0.3 0.9
1000 5 59.7 59% 81% 100% 1063 208 2 1673 364 1792 1.3 0.1 0.1
10 76.9 51% 77% 99% 3791 1452 5 1202 155 1032 2.1 0.2 0.1
Average: 45.5 63% 53% 96% 1357 6751 18 984 136 1297 0.9 0.6 0.3

Table 3.3: Comparison of path inequalities applied to paths (spi) versus applied to
merged paths (mspi).

gapimp nodes cuts time (endgap:unslvd)
init : : : : : : : .
n f c spi mspi spi mspi spi mspi spi mspi
gap
2 14.8 96% 52% 7 430 1151 195 0.2 0.2
100 5 44.3 97% 69% 9 553 435 146 0.1 0.1
10 58.3 93% 70% 63 468 386 160 0.1 0.1
2 14.5 92% 59% 18 330 2469 226 0.6 0.2
200 5 49.8 100% 57% 3 1112 1022 176 0.1 0.3
10 66.3 97% 53% 14 615 739 173 0.1 0.2
50
2 19.1 92% 43% 19 2041 2577 238 1.0 0.7
500 5 54.4 99% 48% 1 705 1164 214 0.1 0.3
10 73.0 97% 48% 11 5659 698 248 0.1 1.4
2 14.6 90% 45% 60 612 2094 301 0.9 0.4
1000 5 59.7 100% 50% 2 2265 1792 241 0.1 0.7
10 76.9 99% 40% 5 9199 1032 314 0.1 2.3
2 13.9 95% 65% 39 7073 3114 410 1.3 3.2
100 5 42.2 98% 70% 19 20897 1337 297 0.2 4.8
10 57.8 94% 59% 230 395277 1298 346 0.4 88.2
2 16.1 89% 56% 290 151860 6919 478 11.0 58.4
200 5 47.6  99% 55% 7 455192 2355 331 0.3 126.1
10 65.7 95% 54% 104 4130780 1872 399 0.5 962.3 (1.1:1)
100
2 17.5 84% 36% 1047 956745 11743 475 47.7 390.9
500 5 53.9 99% 41% 4 332041 3874 444 0.4 115.5
10 72.9 96% 42% 34 1175647 1495 474 0.3 352.5
2 179 91% 41% 173 57147 10919 570 21.3 23.0
1000 5 58.5 100% 45% 1 284979 3261 501 0.3 92.8
10 75.7 97% 36% 88 3158262 2358 657 0.5 1047.0 (0.7:1)
2 13.2 94% 64% 336 163242 5159 704 11.3 107.6
100 5 44.8 99% 65% 17 3024118 2087 431 0.5 929.6
10  56.9 95% 65% 404 7254052 1492 476 0.9 2087.3 (0.7:1)
2 14.7 92% 53% 519 2772494 12636 744 27.2  1390.6 (0.1:1)
200 5 48.1 99% 55% 15 3802938 2462 508 0.6 1483.0 (1.2:2)
10 65.2 95% 50% 330 9377122 2047 567 0.9 3585.9 (8.2:5)
150

2 19.3 86% 33% 7927 7619674 22275 792 1087.3 3165.6 (4.0:4)
500 5 54.4 100% 45% 7 7873043 4927 641 0.8 2813.6 (4.3:3)
10 72.3 97% 41% 250 10219548 2678 713 1.2 3422.8 (11.0:5)

2 19.6 88% 34% 2824 7316675 33729 724 804.8 3260.3 (2.5:3)
1000 5 57.5 100% 39% 2 9661586 6710 709 0.8 3578.9 (9.7:5)
10 75.8 96% 37% 99 9910056 3981 829 1.2 3412.3 (15.2:5)

Average: 45.2 95% 50% 416 2504012 4619 440 56.3 903.0 (1.6:36)
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Table 3.4: Effectiveness of the path inequalities when used together with CPLEX’s
network cuts.

gapimp nodes time (endgap:unslvd)
n f ¢ init gap cpx.spi cpx cpx.spi cpx cpx.spi cpx
2 13.9 96% 85% 35 1715 1.0 0.5
100 5 42.2 99%  97% 5 75 0.2 0.1
10 57.8 99%  93% 10 2970 0.3 0.6
2 16.1 90% 79% 288 9039 6.6 2.1
200 5 47.6 99%  95% 7 52 0.3 0.1
10 65.7 97%  89% 61 3186 0.4 0.7
100
2 17.5 85% 63% 1232 455068 57.3 95.2
500 5 53.9 99%  94% 6 92 0.4 0.1
10 72.9 98% 89% 11 4621 0.4 0.9
2 17.9 91% 76% 173 18109 22.2 3.6
1000 5 58.5 100% 93% 1 156 0.3 0.1
10 75.7 97%  85% 117 5297 0.7 1.0
2 13.2 94%  86% 365 60956 9.7 19.0
100 5 44.8 100% 97% 5 119 0.4 0.1
10 56.9 9%  92% 16 15929 0.5 3.9
2 14.7 92% 80% 954 216436 44.9 66.7
200 5 48.1 99%  96% 11 284 0.5 0.2
10 65.2 97% 91% 181 3992 0.9 1.2
150
2 19.3 86% 69% 7647 4943603 1049.9 1215.1 (0.2:1)
500 5 54.4 100% 94% 5 5434 0.8 1.6
10 72.3 97%  88% 141 141211 1.4 35.9
2 19.6 88% 1% 3051 2788993 917.4 (0.2:1) 619.4 (0.4:1)
1000 5 57.5 100% 90% 3 4322 0.8 1.2
10 75.8 96% 89% 196 10588 2.5 2.8
2 14.1 94%  82% 1623 864841 32.2 384.0
100 5 42.7 100% 97% 8 213 0.5 0.1
10 57.5 99%  93% 26 45263 0.7 13.8
2 16.3 89% 78% 4279 5634851 259.9 1940.4 (0.1:1)
200 5 48.0 99%  95% 13 1310 0.9 0.5
10 65.0 98% 90% 128 163145 1.2 52.3
200
2 16.3 88% 2% 8083 6805861 1226.3 (0.3:1) 2137.6 (0.7:3)
500 5 54.5 99%  93% 7 6606 1.6 2.2
10 72.0 96% 90% 376 900152 3.2 302.4
2 18.0 82% 63% 13906 9894589 3000.5 (1.2:4) 2835.9 (3.0:5)
1000 5 57.9 100% 94% 4 1977 3.4 0.8
10 75.6 96% 84% 704 6127929 15.0 1785.0 (1.8:2)

Average: 45.0 95% 86% 1213 1087194 185.1 (0.0:6) 320.2 (0.2:13)
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Chapter 4

Path Pack Inequalities for
Lot-sizing Problems with
Backlogging and Inventory Bounds

Given the upper-bounds of inventory holding and backlogging values for each time
period, the lot-sizing with backlogging and inventory bounds (LSBIB) problem aims
to find a production schedule that minimizes the total cost of fixed and unit production,
inventory holding and backlogging. In this chapter, we give valid inequalities for single
item LSBIB that utilizes inventory and backlogging capacities as well as the underlying
path structure of the lot-sizing problems.

There is a vast literature on lot-sizing problems. We refer the reader to Pochet and
Wolsey (2006) for a detailed review of different lot-sizing problems. Moreover, Brahimi
et al. (2006) survey single item and Karimi et al. (2003) overviews capacitated lot-sizing
problems.

The uncapacitated version of lot-sizing with backlogging (ULSB) is tackled exten-
sively in the literature. Pochet and Wolsey (1988) and Pochet and Wolsey (1994)
carry out a polyhedral study and provide valid inequalities for ULSB. Agra and Con-
stantino (1999) consider start-up costs and give an extended linear formulation for
instances with Wagner-Whitin costs. Federgruen and Tzur (1993), Zangwill (1966),
Zangwill (1969) and Ganas and Papachristos (2005) propose polynomial time algo-
rithms. Kiigiikyavuz and Pochet (2009) provide an explicit description of the convex
hull of ULSB.

For the capacitated lot-sizing with backlogging, Van Vyve (2006) gives a linear
extended formulation for the constant production capacity case with infinite inven-
tory and backlog capacities. Zhong et al. (2016) and Chu et al. (2013) give poly-
nomial time algorithms for lot-sizing problems with infinite production and finite in-
ventory/backlogging capacities. Constantino (2000) considers an extended multi-item
capacitated lot-sizing framework with start-up costs and infinite inventory and back-
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logging capacities. The author provides a cutting plane algorithm and a class of valid
inequalities. Wu et al. (2011) give two formulations for multi-item capacitated lot-sizing
with backlogging and analyze the tightness of the lower bounds they provide.

The path structure arises naturally in network models of the lot-sizing problem.
Atamtiirk and Munoz (2004) introduce valid inequalities for the capacitated lot-sizing
problems with infinite inventory capacities. Atamtiirk and Kiigiikyavuz (2005) give
valid inequalities for the lot-sizing problems with finite inventory and infinite pro-
duction capacities. Van Vyve (2013) introduces valid inequalities for uncapacitated
fixed charge transportation problems. Van Vyve and Ortega (2004) and Gade and
Kiigiikyavuz (2011) give valid inequalities and extended formulations for uncapacitated
lot-sizing with fixed charges on stocks.

Lot-sizing problems are also special cases of fixed-charge network flow problems. For
a single node relaxation of capacitated fixed-charge network problems, Padberg et al.
(1985), van Roy and Wolsey (1986) and Gu et al. (1999) give flow cover, generalized
flow cover and lifted flow cover inequalities. For a general fixed-charge network, Wolsey
(1989) introduces submodular inequalities, however these inequalities have implicit
coefficients. Atamturk et al. (2017) derive submodular path inequalities which are
explicit description of submodular inequalities for a simple path sub-structure. In this
work, we extend submodular path inequalities by considering backlogging arcs between
consecutive nodes in a path. We show that all coefficients of these inequalities can be
computed in linear time using maximum flow minimum cut equivalency. We give
necessary and sufficient facet-defining condition. Finally, we show the effectiveness of
these inequalities when used in a branch-and-cut algorithm.

Outline: The remainder of the chapter is organized as follows: In Section 4.1, we
give the mathematical programming formulation and the underlying fixed-charge net-
work flow problem of LSBIB. In Section 4.2, we introduce eleven classes of path pack
inequalities that are valid for LSBIB. In Section 4.3, we lift these inequalities by incor-
porating the fixed charge variables of inventory and backlog arcs. Finally, in Section
4.4, we present some computational results that shows the effectiveness of both path
pack inequalities introduced in Section 4.2 and lifted path pack inequalities introduced
in Section 4.3.

4.1 Lot-sizing Problems with Inventory and Back-
logging Bounds

We provide a mixed-integer programming formulation for single-item lot-sizing problem
with inventory and backlogging capacities. Let N = {1,...,n} be the set of time
periods and d; be the demand at time ¢ € N. Without loss of generality, we assume
time period 7 comes before time period j if and only if ¢+ < j. Let v, ¢, and r; be the
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production, inventory and backlogging units at time period ¢ with upper bounds ¢, u,
and b; respectively. In this chapter, we assume that ¢; is a very large value for all t € N.
Let the binary variable x; be 1 if there is production at time ¢, 0 otherwise and let f?
represent the fixed cost of production at time t. Let z; and ¢; be the binary variables
that are equal to 1 if there is a non-zero amount of inventory held and a non-zero
amount backlogged at time ¢, respectively. The fixed costs associated with z; and ¢
are represented by ff and f?, respectively. Let the unit cost of production, inventory
holding and backlogging be represented by parameters v}, v and v?, respectively. The
single-item lot-sizing problem with inventory and backlogging upper-bounds can be
represented as the mathematical optimization problem:

min foxt+ftizt+ftth+Ufyt+Uiit+vgrt (4.1a)

tev
s.t. Gy —Ti1+y—ig+ri=dy, t€EN, (4.1b)
0<wy <c¢mwy, teEN, (4.1c)
0<i <wuz, teEN, (4.1d)
0<r<bqg, teN, (4.1e)
(LSBIB) ;€ {0,1}, t€N, (4.1f)
2z €{0,1}, te€N, (4.1g)
¢ €{0,1}, teN, (4.1h)
io =1, =19 =1, =0. (4.11)

where ug = by = u,, = b, = 0. Moreover, let P be the set of feasible solutions of
formulation 4.1.

Throughout the chapter, we use the following notation: Let [k, j| := {k,k+1,...,j}
if j > kand 0 if j <k, (a)* := max{0,a} and dy; = 3°7_, d, if j > k and 0 otherwise.
Moreover, let dim(A) denote the dimension of a polyhedron A and conv(S) be the
convex hull of a set 5.

We make some assumptions on the parameter set of the problem:

(1) by +w—q1 > d;, t € N.In other words, the feasible set F; = {x € P: y, = 0} is
non-empty for all t € N,

2) u; >0and b; >0 forall j € N\ {n},

3) dj >0, for j € N,
4) uj_y <dj +uj, for j €N,

(
(
(
(5

)
)
)
) bj <bj_1+d;_, for j € N.

Assumptions (1) and (2) and enforced to ensure that dim(conv(P)) = 5n — 2. Notice
that, if assumption (1) does not hold for some t € N, then z; = 1 in all feasible
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solutions of LSBIB. Similarly, if b; = 0 (or u; = 0), then r; = 0 (i; = 0) at all feasible
solutions of LSBIB which would reduce the dimension of conv(P). Assumptions (3),
(4) and (5) significantly reduce the number of potential minimum cuts in a given a set
of production arcs that are open which directly reduces the complexity of computing
submodular inequality coefficients. The utilization of these assumptions will be further
explained in Section 4.2.

There are 6n — 4 decision variables in LSBIB. However, using constraints (4.1i),
any feasible point in LSBIB can be described by (y,i,x,z,q,r;), where y and x are
n-dimensional and i, z and q are n — 1-dimensional vectors. Consequently, we observe
that dim (conv(P)) = 5n — 2.

One can represent the optimization problem LSBIB using a fixed-charge network
where time periods are vertices and demand, production, inventory and backlog units
are arcs as in Figure 4.1. Throughout the chapter, we refer to production arcs (sy, j)
as “arc j” for convenience. Let A be the union of all production, inventory and backlog
arcs and let N' := N U {sy,tn}.

C1 Co Cc3 Cn
b1 b2 bg bnfl

| | | |

| Ui | Uz | us Un—1|

dy d2 ds dyn

Figure 4.1: Fixed-charge network representation of a path.

Next, we review the path pack inequalities introduced in Atamturk et al. (2017)
that are valid for any capacitated-path graph with fixed-charge variables.

4.2 Path pack inequalities

Let [k,{] be a subset of consecutive time periods, where k& > 1 and ¢ < n. Let
Ef, ={(i,j) € A:i ¢ [k {,j € [k, (]} Inother words, E}, is the set of production
arcs |k, /], the inventory arc (k — 1,k) and the backlog arc (¢ + 1,¢). Similarly, let
E,={(G,j) e A:ie[k(],j ¢ [k L]} For the graph structure of lot-sizing problems
the set E,, is equivalent to {(k,k — 1), (¢, + 1)}.
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Let St C E/,, Lt C E!,\ ST and S~ C E,,. We refer to the subsets (ST, LT, S7)
as the objective sets. For all j € [k, (], define S;r ={(j —1,7),(sn,7)} N E}, Lj =
{G = 1,7), (sn, )} N By and S = {(j,j — 1), (.7 + 1)} N B

In Atamturk et al. (2017), the authors introduce path pack inequalities which are
derived from submodular inequalities introduced by Wolsey (1989). Each coefficient
that appears in a submodular inequality is computed by solving a maximum flow
problem. Letting the value function v be computed using the optimization problem

v(ST, ST ) =max > w— > w

teStTULt E\S™
s.te i —rity —ii 4+ <d;, jelk/],
0<i;<wy, jelk,1,
0<r; <b;, je€ k],
(F2) 0<y <c¢, telk/,
g =1p =" =1, =0,
y=0, teE,\S".

Then, Wolsey (1989) shows that the the inequality

> ou oSS+ ) plST S+ Y w (4.2)

teSTULT teLt teE, \S~
is valid for capacitated lot-sizing problems with fixed-charge variables, where
pe(ST,S7) =w(STU{t},57) —v(ST,S7), tel.

In the remainder of the chapter, for convenience, if S~ = ), we refer to v(S™, () and
pe(ST,0) as v(ST) and p,(ST), respectively.

For problems with an underlying path graph, Atamturk et al. (2017) show that all
of the coefficients of inequality (4.2) can be computed in O(n) time. In the remainder
of this section, we introduce the steps necessary to describe path pack inequalities for
LSBIB explicitly.

Let of and a;-l be the minimum value of a cut on nodes [k, j] that passes above and
below node j, respectively. Similarly, let 5} and 5]‘? be the minimum values of cuts on
nodes [7, /] that passes above and below node j respectively. We compute a;?u’d} by a

. d .
forward recursion and B]{u ; by a backward recursion:

i = min{a?—l + Uj—1, a?—l} + C(S]—’_)v j € [kag]v (43)

af =min{af_y,af_ + b} +d;+e(S)), g€ [k,
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where o | =af | =0 and
B = ming B2y, Bl + by} +e(S7), € [k, ) (45)

B = min{Bj,y +uy, B} +dj +c(S7), j € [k, 0,

where 8}, = B¢, = 0 and for some arc set S the function c is defined as

c(9) = Z o+ Z Uy + Z by.

teSn[k,( teSN{(k—1,k),(¢,0+1)} teSn{(k,k—1),(¢+1,0)}

Let mY and m{ be the values of minimum cuts for nodes [k, ¢] that pass above and
below node j, respectively. Notice that

mi = aj + B} —c(S)), jek ] (4.7)
and

mi=al+pf—d; —c(S;), jelk1. (4.8)

i J

For convenience, let

mj = min{m¥,mJ}, j € [k (.

Then, the path pack inequalities which are valid for LSBIB can be expressed as

¢
y(STULT) <my+ > Y pyme + y(Epy \ S7), (4.9)
Jj=k teL;r
where
py = (md —m)*, e [k,0

and for some arc set C, the function y is defined as

y(C) = Z Y + Z 1+ Z Ty

teCn[k,) teCn{(k—1,k),(£,6+1)} teCn{(k,k—1),(04+1,0)}

4.2.1 Explicit inequalities for LSBIB

In this section, we give path pack inequalities where the coefficients are computed
explicitly for LSBIB problems.

Proposition 4.1. The inequality

it Y w S w4+ Y (min{di +uy — upor, die — up1}) @5+ i+ s
teLt+ jeELT

(4.10)
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is valid for LSBIB.

Proof. Inequality (4.10) is equivalent to inequality (4.9), where ST = {(k — 1,k)},
S™ =0 and LT C [k, £]. We compute o¥, of, 5 and (¢ using the recursive equations
(4.3)—(4.6). Due to assumption (4), we observe that

Oé}t =up_1, VJE [k’,é] (411)
Similarly, due to assumption (1), we observe that
af =dy;, Vje k). (4.12)

Furthermore, using assumption (4) , it is easy to see that

i =k
pr=g T ITE (4.13)
0 if jelk+1,4.

and

d— min{uj, dj—&-LZ} + dj, \V/j S [k’, g] (414)

J
As a result, we obtain the minimum cut values that pass above and below node j as

u o
myi = up_
and
d .
m§ = dy; + min{u;, dji 10}

respectively, for each j € [k, ¢]. Recall that the value of the overall minimum cut can

be computed as
v(S*) = min{m}, m{}

using any j € [k, {]. Now, suppose we would like to compute p;(S*) = v(ST U {j}) —
v(ST). Since production arcs are assumed to be uncapacitated (i.e., very large), the
minimum cut has to pass below node j when the production arc j is open. Conse-

quently,
v(STU{j}) = m]

and p;(ST) = max{m? — m¥,0}. Using the values computed above, we observe that
for each j € LT,

pj(S+) = (min{dkj + Uj — Ug—1, dkg — uk,l})Jr.
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Proposition 4.2. The inequality

re + Z yr < by + Z (min{d;; + bj_1 — b, die — bg})+xj iy + Tt (4.15)

teLt jeELT
is valid for LSBIB.

Proof. Inequality (4.15) is equivalent to inequality (4.9), where ST = {(¢ + 1,¢)},
S~ =0 and Lt C [k, f]. The proof follows very similar to that of proposition 4.1. [

Proposition 4.3. The inequality

ik—l + Z Y S Uk—1 -+ Z (dkj + Uj — uk_l) l‘j + Tk—1 (416)

teLt jeLt
is valid for LSBIB.

Proof. Inequality (4.16) is equivalent to inequality (4.9), where ST = {(k — 1,k)},
S™={(,¢+1)} and LT C [k, 1]. O

Proposition 4.4. The inequality

Z‘k71 + Z Yt S Uk—1 + Z (Hlin{bk,1 -+ dkj,l,uk,l -+ bjfl} -+ Uj + dj - uk,1)+xj
teLt jeLt+

(4.17)

is valid for LSBIB.

Proof. Inequality (4.17) is equivalent to inequality (4.9), where ST = {(k — 1,k)},
S=={(k,k—1),((,£+1)} and L* C [k, {]. =

Remark 4.1. If the backlogging upper bounds are set to zero, then this problem
reduces to the lot-sizing problem studied in Atamtiirk and Kiigiikyavuz (2005). If
the backlog arc capacities are zero, then inequality (4.17) reduces to inequality (5) of
Atamtiirk and Kiigiikyavuz (2005).

Proposition 4.5. The inequality

ik—l + Z Yt S Up—1 + Z Pt + ig, (418)

teLt teL+t

where
. +
Pt = (mln{uj +dyj + bp—1 — Up—1,u; +dj + b1, dpe + bp—1 — up_1,djp + bj&})

for all t € LT, is valid for LSBIB.
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Proof. Inequality (4.18) is equivalent to inequality (4.9), where ST = {(k — 1,k)},
S™={(k,k—1)} and LT C [k, /]. O

Remark 4.2. If the backlog arc capacities are zero, then inequality (4.18) reduces to
inequality (3) of Atamtiirk and Kiigiikkyavuz (2005).

Proposition 4.6. The inequality

T+ Z Y < by + Z (dje + bj—1 — be)x;j + iy, (4.19)

teL+ jeLt
is valid for LSBIB.

Proof. Inequality (4.19) is equivalent to inequality (4.9), where ST = {(¢ + 1,0)},
S™={(k,k—1)} and LT C [k, ¢]. O

Proposition 4.7. The inequality

Te + Z Yt < bz + Z (IIlin{bg -+ Uy, dj+1,£ + U[} + dj + bj,1 — bg)+$Cj, (420)

teLt jeLt
is valid for LSBIB.

Proof. Inequality (4.20) is equivalent to inequality (4.9), where ST = {(¢ + 1,¢)},
S™={(k,k—1),(¢,+ 1)} and LT C [k, /). n

Proposition 4.8. The inequality

Ty + Z yj S bg + Z pjl’j + Tk—1, (4.21)

jeEL+ jeEL+
where
p; = (min{uj + bj_1 + dj, U + dkj, djg + up + bj_l — bg, dkg + Uup — bg})+

for all j € L™, is valid for LSBIB.

Proof. Inequality (4.21) is equivalent to inequality (4.9), where ST = {(¢ + 1,()},
S™={((,¢+1)} and LT C [k, /]. O

Proposition 4.9. The inequality

ik—l + 7y + Z Y; S min{uk_l + bg, bk—l + dkg + Ug} + Z Pily, (422)

jeLt jeLt
where
p; = (min{dkj—1 + be—1, we—1 + bj_1} + min{by + w;, djy1,0 + ue} + dj — up—1 — be)Jr
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for all j € L™, is valid for LSBIB.

Proof. Inequality (4.22) is equivalent to inequality (4.9), where ST = {(k — 1,k), (¢ +
1,0}, ST ={(k,k—1),((,(+ 1)} and LT C [k, /]. O

Proposition 4.10. The inequality

Il + 10+ Z y; < min{ug_1 + by, de + ue} + Z PiTi + Th_1, (4.23)
jEL+ JELt

where
pj = (mln{bg + Uy dj_,_l’g + Ug} + dkj — Uk—1 — bg>+
for all j € L™, is valid for LSBIB.

Proof. Inequality (4.23) is equivalent to inequality (4.9), where ST = {(k — 1,k), (¢ +
LO}, S ={({,t+1)}and LT C [k, 1. O

Proposition 4.11. The inequality

lp1 + 10+ Z y; < min{ug_1 + by, de + bp—1} + Z piT; + i, (4.24)
jELT jELt

where
. +
Pj = (Hlln{dk7j_1 + bk—l, Ug—1 + bj_l} + djg — Uk—1 — bg)

for all j € Lt is valid for LSBIB.

Proof. Inequality (4.24) is equivalent to inequality (4.9), where ST = {(k — 1,k), (¢ +
LOY, S™={(k;k—1)} and L+ C [k, /]. O

Remark 4.3. Selecting ST = {(k—1,k), ({+1,¢)} and S~ = () gives a weak submod-
ular inequality. Due to assumptions (1), (4) and (5) we know that v({(k — 1,k), (¢ +
1,0)}) = dge. Notice that, for this set selection, the sum of constraints in (F2) implies

that d is the largest value that the function v can take. As a result, p,;(S™) = 0 for
all j € L.

Remark 4.4. In inequalities (4.10), (4.16), (4.17), (4.18), (4.15), (4.19), (4.20), (4.21),
(4.22), (4.23) and (4.24), if p;(S*) > u; +bj_1 +d; for any j € LT, then the inequality
is weak.

Proof. Suppose for an arc j € LT, p;(ST) > w; + bj_1 + d;. Then, the path pack
inequality where arc j is dropped from Lt summed with y; < (u; + b1 + d;)z; gives
an inequality at least as strong as the initial path pack inequality. O
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4.2.2 Finding violated inequalities
In this section, we discuss how to find inequalities (4.10), (4.16), (4.17), (4.18), (4.15),

R®". For a given [k, (] C [1,n], and the sets ST and S—, the set L™ that maximizes the
violation of these inequalities can be found in linear time. A production arc t € [k, /]
is added to L™ if and only if

Yt > pry,

where p; is the coefficient of x; if ¢ is added to L™.

In inequalities (4.10), (4.15), (4.16), (4.17), (4.18) , (4.19), (4.20), (4.21), (4.22),
(4.23) and (4.24), we assume that all of the inventory and backlog arcs are open. In the
next section, we extend these inequalities by incorporating the fixed charge variables
of inventory and backlog arcs.

4.3 Inventory and backlog fixed charge variables

Let H = {h1,..., hu} be a subset of inventory arc indices in increasing order. In this
convention, h; = j refers to the inventory arc (7,7 + 1). For an inventory arc (j,j + 1)
we define m(j) = min{t € LT U{({+ 1)} : t > j}. Moreover, let M 2 U m(h;).
Alternatively, we represent this set as M = {m4,...,mja}. For convenience, let
mo =k, M1 := € and hg =k, hygjs1 = L. Finally, let L(t) = LT N[t +1,4].

Proposition 4.12. The inequality

-1+ Z Yj < up—1 + Z piT; + g+ 1rp—1 + Z 0jgj-1, (4.25)
jeL+ jeLt jEM
where
min{dkj + u; — U1, die — Up—1, Uj + dj, djg} lf] c M,
pj = min{dy; + u; — Up—1, dpr — Up—1,u; + d;, dj}
+Hliﬂ{(dk’j,1 - Uk,1>+, dmi,jfl} if m; S j S mi+1,i = 0, ceey ’M|
(4.26)
and
5mi = min{bmi_l, dmi—hmi—l}? Vm; € M (427)

is valid for LSBIB.

Proof. Let (z*,y*,i*,7*,¢*, 2*) be a feasible solution to LSBIB. We derive the coeffi-
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cients p; and J; are derived from the submodular function v where
Sy = 03}, 1 = 0,3 € [1, — 1) = v({m;}ame1 = 0,%i € [1,7])  (4.28)
and
pj = pi(STlgi1 = 0,¥i € M), (4.29)

For feasible solutions where ¢; | = 0 for all ¢ € M, inequality (4.25) is equivalent to
submodular inequality (4.9) with ST = {(k — 1,k)} for the lot-sizing graph where the
backlog arcs (t,t —1) for t € M have capacities of zero. Consequently, inequality (4.25)
is valid when ¢ ; =0 for all t € M.

Now, let LT = {j € L+ : v =1}, M :={teM:q , =1} and suppose M # 0.
From the definition of v, with the objective 7,_1 + Zteﬁ Y¢ — i — T'E_1, it is clear that

iy + Z yj — iy — i S o({s} U LF|ge1 = 0,5t € M\ M).

jeL+
Without loss of generality, let M = {mq, ... 1 Ml}‘ First, we observe that

v({s}) + > pel{s}gi1 = 0,¥j € M) > v({s} U Llg;_1 = 0,¥j € M).

teL+

To obtain the inequality above, we use the submodularity of the function v and the
fact that v({s}) = v({s}|gj—1 = 0,Vj € M). This is because maximum flow sent by
the inventory arc {k — 1, k} is ux_; and only depends on the inventory arcs of the path
and not on backlog arcs.

In the remainder of the proof, we use induction to show that the right hand side of
(4.25) at this solution has the following relationship

wer+ Y i+ Y8 > v({s}ULY|gy = 0,¥t € M\ M).
JEL+ teM

First, we make some observations on the values d;. The flow sent on a production
arc j while computing v({j}) flows on three directions: (i) to satisfy the demand d;,
(ii) through the backlog arc (j,j — 1) and (iii) through the inventory arc (j,j + 1).
If the backlog arc (j,j — 1) is closed, then the flow corresponding to v({j}|g;—1 = 0),
consists of the latter two components. As a result,

v({7}) = v({iHaj-1 = 0) + v({j}|z; = 0) — d;.

This logic extends to the d,,, values as well. The definition in (4.28) is equivalent to
the maximum change in the maximum flow value sent on arc m; when the backlog arc
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(m;, m;—1) is opened, given that the backlog arcs {(my,m1—1),...,(m;_1,m;—1—1)}
are closed.

In the base case, let m‘ Nip = e for some m; € M and suppose that all backlog
arcs (j,j — 1) for j € M are closed. When the backlog arc (m;, m; — 1) is opened, the
maximum flow that can be sent on it through the production arc m; is equal to d,,,.
Due to assumption (1), among the production arcs [my, ¢], the production arc m; can
send the largest flow on the backlog arc (m;, m; — 1). Consequently,

v({s} U Llgj-1 =0,V € M\ {m}) —v({s} U L|gj-1 = 0,¥j € M)
< U({mt}|qmi_1 =0,Vie [17t - 1]) - v({mt}’qu—l =0,Vi e [Lt])) (430)

which proves the base case of the induction.
At level j of the induction, assuming that

v({s}ULlgioy = 0,¥j € M\ {rivjsa, ... 1iyg}) + Oy
> v({s} U L|gi-1 = 0,¥i € M\ {jia,..., 10 })

holds we show

v({s} U Llgiy = 0,¥i € M\ {rji,... 1y }) + Oy
> vo({s} U Llgi1 = 0,¥i € M\ {1, ..., 10 }).

Using the same logic as the base case, we know that among the production arcs [m;, /]
the arc m; can send the largest flow on the backlog arc (m;,m; —1). Let m; = m,; for
my € M, then
U({S} U fz|qi_1 = O,VZ eM \ {ij, cee ,m|M|})
—vo({s}UL|gio1 =0,¥i € M\ {1y, ... 70 })
< v({m;Ham, 1 = 0,Vi € [1,1 = 1]) = v({rms;}|gm, 1 = 0,Vi € [L1])) (4.31)

which shows that the induction holds.
Consequently, we show that inequality (4.25) is valid since

i+ Yy =i — 11 S v({s} UL g1 =0,¥t € M\ M)

jel+
< up—1+ ij+25t'

jeL+t teM
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Proposition 4.13. The inequality

it Yyt > wl—z) Swer+ Y pritict e+ Y Ggo1,  (4.32)

jeL+ jeH jeL+ jeEM

where p; for j € LT and ¢; for j € M are defined as in (4.26) and (4.27) respectively
and

= { min{ (ug—1 — din,) ¥ dniring,, b i m(hi) = m(hasn), (4.33)

mind (ux—1 — din,) " dprrmeny—1} i mhi) < m(hgi)
is valid for LSBIB.

Proof. The coefficients of 7, can be written in terms of the functions v and p.

Y, = ps(L(hi)|zn; = 0,Vj € [i+1,7],¢;-1 = 0,Vj € M)
— pS(L(hi)|zhj = O,v,] € [7:77—]7ij1 = O,VJ € M)

Similarly, the definitions for §; and p; are provided in (4.28) and (4.29).

Similar to the lot-sizing without backlog arcs, these coefficients depend on the order
of variables in sets H and M. In this chapter, we assume that the elements of H and
M are in increasing order.

Let (x*,y*,i*,r*, ¢*, z2*) be a feasible solution to LSBIB. For feasible solutions where
zf =1 for all t € [k, /], inequality (4.32) is equivalent to (4.25) and valid for LSBIB.

Let L* :z{jGL*:x;le},]:I::{jEH:2;20}andM::{jEM:q;_lzl}.
Recall that ST = {(k — 1,k)} and let us represent the inventory arc (k — 1, k) with
index s. From the definition of the function v with objective 7;_4 +Zj€L+ Yj— i —Tk—1,
we know that

ip_q + Z yi —ip =i < v({s}ULY|qj.1=0,¥j € M\ M, z; =0,Vj € H).

jeL+

Let

R:=up 1+ ij+25t—27t

jelL+ teM teH

be the right hand side of inequality (4.32) at this solution. In this proof, we show that
R>v({s}ULT|gj_1 =0,¥j € M\ M, z; =0, € H).

The first part of the proof follows similar to that of Proposition E.3. For notational
convenience let

ps(L(t)]|ze = 0,¢;-1 = 0,Vj € M) = ps(L(t)|z =0, M)
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and
v(S*z =0,q-1 =0,Vj € M) = v(ST|2 =0, M).

Let hpax = max{j € H }. Then, using submodularity and the path structure of
LSBIB, we observe the following

U<{S}) - ps(L(hmax)‘thax+1 = 07 M) + ps<L<hmaX)|thax = 07 M)

LS s (4.34)
FEL(hmax)
> 0({5} U L hanax) [M) = ps(L(anax) | 2y 1 = 0, M)
+ pS(L(hHlaX)|Zhn)ax =0, M) (435)

> U({S} U £<hmax>|M) - ps(z(hmax)‘zhr,lax+1 = 07 M)
+ pS(L(hmaX>‘thax = O’ M)
V({53 U L(humax) M) = ps(L () | M) + ps (L) | 2y = 0, M)

(4.36)
(4.37)
V(L (hmax) |M) + ps(L(Pmase) |2 = 0, M) (4.38)
({8} U L(Pmax) |2y = 0, M), (4.39)

v

Inequality (4.35) is obtained using the submodularity of the function v and the fact
that

v({s}) = v({s}IM) = up.

Inequality (4.37) holds since for any h; € H and h; > h;,
ps(L(hj)|zn, = 0, M) < ps(L(h;)| M)

due to the path structure of LSBIB. Similarly, we reach the equality of (4.37) and (4.38)

since V(L (hmax)| M) = v(L(hmax) |2 = 0, M). Using the inequality (4.34)—(4.39), we

observe that

R =6 >0({8} U L(hmax)| 2y = 0, M)
teM
€T\ {hmax}

- adsM).

i€£+\i(hmax)

For the rest of the proof, we use an induction approach. First, we introduce some
notation for simplification: let H(h;) = H 0 {h;,...,h,} and let v(C|H(h;), M) :=
v(Clz; = 0,Vi € H(h;),qi-1 = 0,Yi € M) and p(C|H(hj), M) = p(Clz; = 0,Vi €

~

H(hj)aQi—l = O,VZ S M)
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Assuming that the following is true

R—Y 6 >v({s} U L(hjs1)|H(hji1), M)

teM

= D (p(Lh)lzney = 0, M) = py(L(hi)|z, = 0, M))

ieﬁ\[hj+1,h7]

+ ) pl{stM)

i€LH\L(hjt1)
for iteration j+1, we extend the result for h;. First, we make the following observation
pi{s}M) = pi({s}lzn,,, = 0, M) = pi({s}zn, = 0,Vi € [j + 1, 7], M)
for any ¢ € L \ L(hj41). Then,

v({s} U L(hys)[H(hyi1), M) = ps(L(hy) Byi1 = 0) + po(L(Ry)| 21, = 0, M)
+ > pstM)  (4.40)

i€L(hj)\L(hj+1)
> v({s} U L(hj)|H(hj1), M) = ps(L(h) | b1 = 0, M)
+ ps(L(hy)|2n; = 0, M) (4.41)
> o(L(hj)|H (hjs1), M) + ps(L(h;)|za, = 0, M) (4.42)
= v({s} U L(h)|H(h;), M). (4.43)

Inequalities (4.41)—(4.42) are obtained from the observation above and submodularity
of the function v and the equality of (4.42) to (4.43) is due to the path structure of
LSBIB. As a result of the induction, we have proved that

R>v({s} ULIH, M)+ 4.
teM
In the second step of the proof, we show that
v({s} ULIH, M)+ 6 > v({s} UL|H, M\ M). (4.44)
teM

In the proof of Proposition 4.12, we discuss that d; only depends on the backlog arcs
{(k+1,k),...,(j4,j—1)} and not on the inventory arcs. Consequently, we observe that

Sy = 0({m; Yo = 0,3 € [, — 1) = o({m;}]gmr = 0. € [L,5])
— o({m M1 = 0,V € [1,5 = 1], 7) = v({m,}am,1 = 0.¥i € [L,4], ).
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Then, showing the relationship in (4.44) is a repetition of the proof of Proposition 4.12
for a lot-sizing network where the upper-bounds of inventory arcs in H are all zero. As
a result, we conclude that

i+ Yy —ig—re <v({s}ULYg =0,¥j € M\ M, z=0,¥j € H) <R

jeLt
and inequality (4.32) is valid for LSBIB. H

Proposition 4.14. Inequality (4.32) can be strengthened by partitioning the set M
into two subsets M; and My where My = {t € M : §; < b1} and My = M \ M;.
Then,

lh—1 + Z (T Z%’(l —zj) Sup-1 + Z piTj+ i+ Tp-1 + Z 0jqj—1 + Z i1

jeL+ jeH jeL+ jeM jEM>

(4.45)

where p; for j € LT, §; for j € M and ; for j € H are defined in (4.26), (4.27) and
(4.33), respectively, is also valid for LSBIB.

Proof. We use a simple reformulation argument to show validity of inequality (4.45).
Suppose we break a backlog arc (¢,t — 1) into two clone arcs: one arc incoming to
node t — 1 and one arc outgoing from node t. Then, we force the flows on these clone
arcs to be equal to each other by adding non-anticipativity constraints. Now, consider
the submodular function v where the objective function coefficients of the outgoing
backlog clones are —1 while the coefficients of the incoming backlog clones are 0. To
obtain inequality (4.45), the backlog arcs (7,7 — 1) for all j € M are cloned. Since the
coefficients of x; for ¢ € Lt assume that the backlog arcs (7,7 — 1) for all j € M are
closed, the coefficients for ¢t € L™ as inequalities (4.25) and (4.32).

Let (x*,y*,i*, 7%, ¢*, z*) be a feasible solution to LSBIB and let Lt = {j e LT:
r; = 1}, H:={jeH: z; = 0} and M:={jeM: qj_; = 1}. Then, using the
definition of v with the objective function i;_; + Zj€L+ Y — Zj€M2 Tj—1 — g — Tk—1,
we observe that

% * % * *
[ E Yj =l — T — E Tiq

jeEL+ jeEM2

<v({s}ULT|g_1=0,¥j € My \ M, z; =0,VYj € H).

As a result, it suffices to show that

we Y Pt Y 0=

jel jeMNM; jeH
> v({s}ULY|gj_1 =0,Yj € My \ M, z; =0,Yj € H)
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to prove the validity of inequality (4.45). We omit the remainder of the proof since it
follows very similarly to the proof of Proposition 4.13. ]

Proposition 4.15. The inequality

ip—1+ Z Yi + Z%‘(l —2j) Sup—1 + Z piT; + Z 0jqj—1 + Tk-1 (4.46)

jeLt jeEH jeELT jEM

where ¢; for j € M and ; for j € H are defined as in (4.27) and (4.33), respectively
and

min{dkj —+ Uj — Uk—1, Uj —+ d]} lf] - M,
Pi = min{dkj + Uj — Ug—1,Uj + d]} + min{(dkyj_l — uk_1)+, dmi,j—l} if
m; < j<mip1,i=0,...,|M|

is valid for LSBIB.

Proof. The proof follows very similar to that of Proposition 4.32 with the exception
that the function v is computed using the objective function ix_1+ > jer+ Yi—Th-1- O

Let Jij = d;; + by—1 if ¢ = k and d;; otherwise.

Proposition 4.16. The inequality

Te_1 + Z Y; + Z’%(l — Zj) < Up_1+ Z P;T; + Z Sij—l (447)

jELT jeH jELT JjEM

where v; for j € H is defined as in (4.33),

H’lin{bk,1 + dkj + Uj — Uk—1, Uy + dj} if j € M,

pPj = min{bk_l —+ dkj —+ Uj — Up—1, Uy —+ dj}
—i—min{(bk_l + dkz,j—l — Uk_1)+7 szi,j—l} if m; < ] < Myy1, 7, = O, ceey ’M|
and
gmi = min{bmi_l, Jmi717mi_1}, v m; € M (448)

is valid for LSBIB.

Proof. The proof follows very similar to that of Proposition 4.32 with the exception
that the function v is computed using the objective function iy + > jer+ Yj- O]

Remark 4.5. If M = L' and the backlog arc capacities are zero, then inequality
(4.47) reduces to inequality (19) of Atamtiirk and Kiigitkyavuz (2005).
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Proposition 4.17. The inequality

i+ Y g+ Y (L —2) Su+ Y pwi > 8ig 1 + i, (4.49)

jeLt jeH jeELT jEM

where v; for j € H and §; for j € M are defined as in (4.33) and (4.48), respectively
and

min{by—1 + di; + wj — Up—1, bp—1 + dpe — Up—1,u; + dj, dje} if j € M,
Pj = min{bk_l + Clkj + Uj — Ug—1, bk—l + dkg — Uk—1,Uj + dj, djg}

+min{(bk_1 -+ dk,j—l — uk_1)+, dmi,j—l} if m; < ] < My41, 1= 0, ey |M‘
is valid for LSBIB.

Proof. The proof follows very similar to that of Proposition 4.32 with the exception
that the function v is computed using the objective function iz + Zjeﬁ y; — . U

Remark 4.6. If M = L' and the backlog arc capacities are zero, then inequality
(4.49) reduces to inequality (9) of Atamtiirk and Kiigiikkyavuz (2005).

Remark 4.7. The procedure described in Proposition 4.14 can be applied to inequal-
ities (4.46), (4.47), (4.49) by partitioning the set M into two subsets:

Mlz{tEM:(st<bt_1}

and My = M\ M. If j € M, then the backlog arc (j,j — 1) appears in the right hand
side of these inequalities as 6;¢;—1 and as r;_1, otherwise. Notice that, any partition of
M into My and M, would conserve the feasibility.

The partition M; and M, that maximizes the violation of these inequalities by a
given point (Z,9,1,7,q,2) € R can be found in linear time. Simply, add a backlog
arc (7,7 — 1) to My if and only if

rji—1 < 5]‘.%]‘,1.
Let d; = (dig —bg)™ for i > mya) and d; otherwise and let a?l-j = {:Z. d, ifi < j and
0 otherwise. Moreover, let d;j = d;; + by—1 if i = k and d;; otherwise,
Proposition 4.18. The inequality

1 + 70+ Z Y +Z’Y](1 - Zj)

jeL* jEH

< min{up_y + by, bp—r + die +uc} + Y pjzi+ Y 0ig5-1, (4.50)

jeL* JjEM
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where

'y min{(uk,l — Czkhi)-i_, Czhi+1,hi+1} if m(hl) = m(h(i+1)), (4 51)
hy = . 5 5 . .
min{ (ux—1 — din,) ", dpprmny—1t i m(hi) < m(higr))
Hlin{bk,1 —+ a?kj —+ Uj — Uk—1, Uy —+ CZ]} lfj € M,
Pi = min{bk_l + dkj + Uj — Up—1, Uy + CZJ} + min{(bk_l + aAlk,j_l — uk_1)+, d;ni,j—l} if
m; <j<mi+1,i:O,...,\M|

and

Oy = min{by, 1, dp, i1}, YV mi€ M (4.52)

is valid for LSBIB.

Proof. In this inequality, the cover set is ST = {(k—1, k), (¢+1,¢)} and for convenience,
let the indices s; and sq represent arcs (k—1, k) and (¢+1, £), respectively. The objective
function used to compute v is ix—1 + 70 + >+ y;. The coefficients p;, v; and 3j are
derived from the submodular function v where

pj = pi(STgi1 = 0,Vi € M), (4.53)

Vhi = Psy (L(hi) U {s2}|2n, = 0,Vj € [i + 1,7],¢;-1 = 0,Vj € M)
— oy (L(hi) U {s2}|zn, = 0,Vj € [i,7],q;-1 = 0,Vj € M)

and
Oy = V({m;, 52} Gm,—1 = 0,¥i € [1,§ — 1)) — v({m;, 52} |gm,—1 = 0, Vi € [1,7]). (4.54)

Let (z*,y*,i*,r*, ¢*, 2*) be a feasible solution to LSBIB. Let Lt = jelt x=
1}, H:={j€ H:z; =0}and M :={j € M : gj_, = 1}. From the definition of the
function v, we know that

izfl +7’Z+ Z yj S U({Sl,SQ}UEJr’q]'_l :O,VJ - M\M, Zj :O,VJ c I:I)

jeLt

Let
R := min{ug_1 + by, bp—1 + die + us} + Z pj+ Z 0y — Z%

jeL+ teM teH
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be the right hand side of inequality (4.50) at this solution. Moreover, in this inequality
U(S+) = min{uk_l + bg, bk—l + dkg + Ug}.

The rest of the proof is equivalent to the proof of Proposition (4.16), where the upper
bound of the backlog arc (¢ 4 1,/) is saturated into the nodes in [maz,€]. In other
words, the demand values are taken as d; instead of d;. O

Proposition 4.19. The inequality

1 + 70+ Z Y +Z'Y](1 - Zj)

JjeLt JjeEH
< min{ug—1 + by, de + ue} + Z piT; + Z 0;qj -1+ ho1, (4.55)
jELT JEM
where ~; for j € H is defined as in (4.51) and
min{cfkj -+ Uj — Up—1, Uy + CZJ} lfj € M,
Pi = min{dkj + Uj — Up—1, Uj + Cij} + min{(dk7j_1 — Uk_1)+, dmi,j—l} if

mi<j<mi+1,i:0,...

and

~

Smi = min{bmi—l, dmi,hmi—l}a v m; € M (456)
is valid for LSBIB.

Proof. The proof follows very similar to that of Proposition 4.18 with the exception that
the function v is computed using the objective function #_1 +r,+ ZjeL+ Yj—Tk—1. U

Proposition 4.20. The inequality

et Yy Y vl —z)

jeLt jeEH
S min{uk,l —+ bg, dkg -+ bkfl} -+ Z P;iT; -+ Z 3jqj,1 -+ ig, (457)

jELT JjEM

where 7, for j € H and 9, for j € M are defined as in (4.51) and (4.56), respectively
and

min{by,_1 + dyj + uj — g1, b1 + dig — up_1, w5 + dj, dye}y if § € M,
pj = min{by_1 + dyj + uj — up_1, bp_1 + dre — up_1, u; + dj, dje}
tmin{(by_y + djo1 —wpr) o dy 1} i my < j<mp,i=0,..., |M]|
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is valid for LSBIB.

Proof. The proof follows very similar to that of Proposition 4.18 with the exception
that the function v is computed using the objective function ;_; +7’g+2j€L+ yj—ig. [

Remark 4.8. The procedure described in Remark 4.7 and Proposition 4.14 can be
applied to inequalities (4.50), (4.55), (4.57) by partitioning the set M into two subsets:

Mlz{t6M15t<bt_1}

and My = M\ M. If j € M, then the backlog arc (j,j — 1) appears in the right hand
side of these inequalities as 6;q;—1 and as r;_1, otherwise. Notice that, any partition of
M into M; and My would conserve the feasibility.

The partition M; and M, that maximizes the violation of these inequalities by a
given point (Z,%,4,7,q, Z) € R can be found in linear time. Simply, add a backlog
arc (7,7 — 1) to My if and only if

rji—1 < (Sjlfj_l.
[

Let T'= {t1,...,tj7} be a subset of backlog arc indices in an increasing order. In
this convention, t; = j refers to the backlog arc (5 + 1, 7). For a backlog arc (j + 1, j),
we define n(j) = max{t € LT U{(k — 1)} : t < j}. Moreover, let K = U_n(t;).
Alternatively, we represent this set as K = {ky,..., kjx|}. For convenience, let kg = k,
kixis1 = € and to = k, tj711 = £. Finally, let L(t) = L* N [k, t].

Proposition 4.21. The inequality

Ty + Z Y +Z¢](1 — Qj) S bg—f— Z ,Ojl'j ‘f‘Ziﬁij +ig +7“]€_1, (458)

teLt jeT jeLT jEK
where

min{djg + bj—l — by, dpy — by, dj + bj—h dk]} if j € K,
pi =19 min{dj +bj 1 — by, dge — be, dj +bj 1, dij} +min{(dji10 — bo)F, djyag,, o if

ki <j<kiy1,i=0,...,|K],
by = m?n{(bz - dti+1,£)j:, e, 412, } if n(ti-1) = n(t:), (4.59)
min{(be — di41,) ", dney+re ;i n(tion) < n(t)

and
77/)]% = min{u;ﬁ, dki+1,ki+l}’ Vk eK
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is valid for LSBIB.

Proof. In this inequality, the cover set is ST = {(¢+ 1,¢)} and for convenience, let the
index s represent the backlog arc (¢ 4 1,¢). In this inequality, the objective function
used to compute v is r, + Zj€L+ y; — i¢ — rp—1. The coefficients p;, ¢; and ¥, are
derived from the submodular function v where

pj = pi(ST|z =0,Vi € K), (4.60)

¢t]~ = ps(L(t]) U {S} q; = O,VZ < [17.7 - 1]721 = OJ\V/Z < K)

— po(L(t))|q, = 0,Vi € [1,§], 2 = 0,Vi € K)

and
Vi, = v({kj}ze, = 0,Vi € [j + 1, |K|]) — v({k; }zw, = 0, Vi € [j, |[K]]). (4.61)

Inequality (4.58) is equivalent to inequality (4.32) for the mirrored image of the node
set [k, £]. More formally, consider renaming nodes k, k+1,...,fas ¢, {—1,...,k, respec-
tively. Moreover, rename the backlogging variables v, 7¢_1,...,7s_1 &S Tp_1, 0, ..., 0¢
and rename the inventory variables iy_1,%g,...,% as T¢,7p_1,...,Tk_1, respectively.
Then, inequality (4.32) for the node set [k, ], where S* = {(k — 1,k)} is equiva-
lent to inequality (4.58), where St = {(¢ + 1,¢)}. Consequently, the proof of this
proposition is a symmetric version of the proof of Proposition 4.32. O]

Proposition 4.22. The inequality

Tre + Z Y + Z ¢j(1 - qj) S bz + Z PiT; + ijZj + ig, (462)

teLt JeT jeLt JEK

where ¢; is defined as in (4.59),

Hlin{djg -+ bj,1 - bg, d]' + bjfl} lfj < K,
P = min{djg =+ bj—l — bg, dj —+ bj—l} —+ min{(djﬂ,g — bg)+, dj+1,ki+1} if
k; <] < kH_l,i:O,...,‘K‘,

and
¢ki = min{uk‘m dki+1,ki+l}’ Vi ek

is valid for LSBIB.

Proof. The proof follows very similar to that of Proposition 4.22 with the exception that
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the function v is computed using the objective function r, + ZjeL+ y; — i¢. Moreover,
notice that inequality (4.62) is symmetric to inequality (4.46). O

Proposition 4.23. The inequality

T+ Z Y + Zgbj(l - C]j) < bg + Z P + Z¢j2j, (463)

teLt JET jeLt JEK
where ¢; is defined as in (4.59),
min{w + d]’g + bj,1 - bg, dj + bjfl} lf] S K,

min{uz + djg —|— bj—l — bg, dj —f— bj—l}
+Hlin{(Ug -+ derl,E — bg)+, Jj+1,ki+1} if k; < j < ki+1,?: = O, ceey ’K|,

Pj

and
wk’i = min{ukm Jki+1,ki+1}a v kz e K

with d;; = d;; + ug if j = £ and d;; otherwise, is valid for LSBIB.

Proof. The proof follows very similar to that of Proposition 4.22 with the exception
that the function v is computed using the objective function r, + > jer+ Yj- Moreover,
notice that inequality (4.63) is symmetric to inequality (4.47). O

Proposition 4.24. The inequality

Ty + Z Yt + quj(l — Qj) S bg —+ Z pth + Z’(/)ij + Tk—1, (464)

teL+ JET jeLt JjEK
where ¢; is defined as in (4.59),
min{ue + djg + bj_l — by, up + dig — by, dj + bj_l, dk]} if j € K,

pj = min{ug + djo + bj—1 — bg, wg + die — be, dj + bj—1, dy; }
—i—min{(w + dj_;_l’g — bz)+, Jj+1,ki+1} if k; < j < ki+1,i = 0, ceey ’K|,

and
wki = min{uki, dk¢+1,ki+1}a Vk, e K
with d;; = d;j + ug if j = £ and d;; otherwise, is valid for LSBIB.

Proof. The proof follows very similar to that of Proposition 4.22 with the exception
that the function v is computed using the objective function r, + Zje 1+ Ui — Th—1.
Moreover, notice that inequality (4.64) is symmetric to inequality (4.49). O
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Remark 4.9. The procedure described in Remark 4.7 and Proposition 4.14 can be
applied to inequalities (4.58), (4.62), (4.63) and (4.64) by partitioning the set K into
two subsets:

Ky ={te K:i, <u}

and Ky = K\ K;. If j € K7, then the inventory arc (j,j+ 1) appears in the right hand
side of these inequalities as 1;z; and as i;, otherwise. Notice that, any partition of K
into K7 and K5 would conserve the feasibility.

The partition K; and K, that maximizes the violation of these inequalities by a
given point (Z,7,1,7,7,Z) € R can be found in linear time. Simply, add an inventory
arc (7,7 + 1) to Ky if and only if

Ej < ¢j2j‘
O
Let d; = (dri — up_1)* for i < ki and d; otherwise. Moreover, let Jij = f:i d, if
1 < j and 0 otherwise.
Proposition 4.25. The inequality
k-1 + 1o+ Z yj + Z¢j(1 - qj)
JjeLt JeT
S Hlin{Uk—l + bg, bk—l + dkg + Ug} + Z pjxj + Z @Z)ij, (465)
jeLt jeK
where
min{u(g —+ Cng —+ bj—l — bg, dj —+ bj—l} lfj c K,
pj = min{ue + Cijg + bj_l — by, CZ]' + bj_l}
‘|—IIliIl{(Ug + dj_;,_Lg — bg)+, Jj+17ki+l} if k< ] < k,’_,_l,i = O, R |K|,
¢t¢ _ mln{(bﬁ - C%trkl,f):? C?jti71+17ti} i.f n(ti—l) = n(ti)a (466)
min{(be — dy41,0) ", dney+re ;i n(tion) < n(t)
and

77/)]% = min{u;ﬁ, c?k#l,km}, Vk ek
with dj; = di; 4+ ug if j = ¢ and d;; otherwise, is valid for LSBIB.

Proof. In this inequality, the cover set is ST = {(k—1, k), ((+1,¢)} and for convenience,
let the indices s; and sy represent arcs (k — 1, k) and (¢ + 1, /), respectively. Here, the
objective function used to compute v is i1 + 70 + ZjeL+ y;. The coefficients p;, ¢;
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and v; are derived from the submodular function v where

pj = pi(ST|z =0,Yi € K),

¢t]’ = p82(L(tj> U {Sl}lqti =0,Vie [17] - 1],2, =0,Vi € K)
o (B(t) U {1 g = 0, € [1, 4], 2 = 0, Vi € K)

and
Ui, = v({kj, s1tlar, = 0,Vi € [+ 1, |K[]) — v({kj, s1}zr, = 0,Vi € [4,[K]]).

Inequality (4.65) is symmetrical to inequality (4.50). Moreover, the coefficients ¢; for
jeT, pjfor j € LT and ¢, for j € K are equivalent to the coefficients of inequality
(4.63), where the demands at nodes [k, k| are saturated with the upper-bound of
the inventory arc (k — 1, k). Consequently, the proof follows very closely to that of
Proposition 4.18. O

Proposition 4.26. The inequality

k-1 + e+ Z yj+z¢j(1_Qj)

jeL* jeET
< min{ug_1 + by, de + up} + Z pix; + Z Yizj + e, (4.67)
jeLt jeK

where ¢; for j € T is defined as in (4.66),

min{ue + sz + bj_l — bg, Up + CZM — bg, CZj + bj_l, ka} lfj € K,
min{u, + djo + bj_1 — by, g + dye — be, dj + b1, dis }
—i—min{(w + CZj_H’g — bg)+, Jj+1,ki+1} if k; < j < ki+1,7; = 0, ey ‘K|,

Pj

and
wki = min{uki, dk¢+1,ki+1}a VEkeK
with di; = dij + ug if j = ¢ and d;; otherwise, is valid for LSBIB.

Proof. The proof follows very similar to that of Proposition 4.25 with the exception that
the function v is computed using the objective function ij_1 +1r,+ Zj€L+ Yj—rgp—1. O

Proposition 4.27. The inequality
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-1+ 7¢+ Z Yj +Z¢j(1 - qj)

JjeLt JeT

S min{uk_l + bg, dkg + bk—l} + Z ijL’j + Z ¢j2j + ig, (468)

jeLt JEK

where ¢; for j € T' is defined as in (4.66),

min{djg + bj,1 - bg, CZj + bjfl} lf] S K,
pi=19 min{dje +b; 1 — by, d; + b1} +min{(djrae — b)) djrag,, ;o if

ki <j< kiJrlai:Oa"'a‘K‘a

and

¢ki = min{ukm Jki+1,ki+1}a v kz e K
is valid for LSBIB.

Proof. The proof follows very similar to that of Proposition 4.25 with the exception
that the function v is computed using the objective function 7;_ +7‘g+zjeL+ yj—ig. O

Remark 4.10. The partition procedure described in Remark 4.9 can be extended to
inequalities (4.65), (4.67) and (4.68). O

4.3.1 Strength of lifted inequalities

In this section, we investigate the conditions under which some of these valid in-
equalities are facet defining for the convex hull of P. Let [k, ¢] C [1,n], ST C ET,
LT C ET\ ST and S~ C E~. For convenience, we introduce some notation in this
section. The inventory arc (k — 1,k) is presented by index s. Let the elements of the
set L™ be represented by {l,...,l.} and let € > 0 be a sufficiently small value. We
also define the following indices:

p=min{j € LT : up_y < dy;},

t=min{j € [k, 0+ 1]\ L}

and
t=max{j € LT :j <p}

Moreover, let e;, f;, g;, h;, k; and m; be the unit vectors corresponding to variables
Yj, 15, T, T;, z; and g; respectively.

Theorem 4.28. For a node set [k, (], let H C [k —1,{ — 1], M = L* in Proposition
4.13. Recall that in ST = {(k — 1,k)} and S~ = 0 in inequality (4.32). If d; > 0
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for all j € [k,¢], then the conditions below are sufficient for inequality (4.32) to be
facet-defining for conv(P):

(i) (k=1)U{[kp—-1]NLT}C H;

(vii) if £ < n, then w;, > di, +1.041;
(Viii) for all lj e Lt blj—l > dlj,l,lj—b

Proof. We provide 5n — 2 affinely independent points that lie on the face:

F = {(y,i,r,x,z,q) eP :
lp—1 + Z (Yo — pjx;) + Z’Yj(l — 2j) — g — Tpo1 — Z 0jqj—1 = qu}-

teL+ teH jerL+

Consider the following base values for variables (y,1i,r,x,z,q) of LSBIB described
below:

0, j € [1,k—2]Ulln], d;, jeLk—2Ull+1nl,
ij = ug-1, J=k—1, Y = dp-1+up—1, j=k—1,
(up—1 — diy)*™, j €[k, 1 —1], 0, j € [k, 1,
0, j€l,k—2Ultn], 1, jelk—1U[l+1,n],
Zj:{ 1, jelk—1,0-1], xﬂ:{ 0, j € [k, 4],

r;=0,j€([l,n], ¢;=0,j€][ln]

Let wg be the vector representation of the solution above:
wo= Y (diej+hy)+ Y (djej+hy)+ (dy1+up1)ex1+hyp 1+

jE1,k—2] JEN+1,n]
Z kj + Z (uk—l — dk])fj

VISLAZSY j€lk—1,p—1]

Since ug_1 < dpe, wo is not feasible for LSBIB. In the remainder of the proof we perturb
wy in various ways to obtain 5n — 2 affinely independent points.
First, we give 2|L7| feasible points represented by w; and w; for j € L.
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(i) For j € L™: If j < p, then

w; = wo + hj + (dpr — ug—1)e; + Z (10 — (up—1 — die)) i + Z ey o84

te[jvp_l] te[pve]

otherwise let

w; = Wo + hj + hi + djgej + (dk,j—l - uk_l)ef

+ Z (dev1-1 — (Wp—1—a,,))E + Z diyr—1% + Z dyt1 £,

telt,p—1] te[p,j—1] te[j,¢]

where £ is defined as in condition (vi).

(ii) For j € L*:

0 — { wj +€€; + EZtEM f, —cerq + ke, ifj>1,
;=

wj +cej —cep_ —¢€ Zte[kq,jq] f,, otherwise.
Next, we give 2 X [[k, ] \ L] affinely independent feasible points w; and w; corre-
sponding to j € [k, ¢] \ LT that are on the face F.
(ili) w; = w;, +h; and
(iv) First, recall that ¢ < p from condition (vi). Then, the next set of solutions

corresponding to j € [k,¢] \ LT can be summarized by:

wo + hy + (dpe — wp—1)ej + Ztem,_l} (dis1e — (w1 — die) ) B+
wj = Zte[p,é] dt+1,€ft it j<p,
Wi +hj —cej+ee; —ed oo e i j>p

Next, we give 2|[1, k — 1]| points corresponding to production arcs j € [1,k — 1].

(V) If] > 1, then W; = Wy, — hj — djej + djej_l —+ djfj—l + kj—l and lfj = ]_, then
w; = wy, — hj — djej + djejH -+ djgj + m;.

(vi) If j < k —1, then w; = w;, +ce; —cejy + k; +ef; and if j = k£ — 1 and
k > 2, then w; = w;, + ce; —eej_; + m;_; + eg;_1. Finally, if £ = 2, then
Wg—1 = Wy, — E€_1 +E€, —€ Zte[kfulfﬂ k;. Note that, if £ = 1, then this set of
points are irrelevant.

Now, we give 2|[¢ + 1, n]| points corresponding to production arcs j € [( + 1,n].
(vii) if j = £+ 1, then w; = w;, —h; —d;e; +d;e;, +d; Zte[lbe] f, + k, and otherwise
w; = Wy, — hj — djej + djej_l + djfj—l + kj—l-
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(viii) if j = £+ 1, then w; = w;, + ce;, — ce; +5Zte[1L,E] f, + k, and if 7 > ¢+ 1, then
w; = wy, +cej —eejq + f; + €k;.

Next, we give 3|[1,k — 2]| + 3|[¢,n — 1]| points corresponding to inventory arcs
(7,7 + 1) and backlog arcs (j + 1,5) for j € [1,k —2] U [¢,n — 1] represented by w;, W,
and w;. Then, for j € [1,k —2]U[{,n — 1], let

(ix) w; = wy, +k;,
(x) W; = w;, +m; and
(xi) if j # ¢, then let w; = w;, +k; + m; + <f; + eg;, otherwise let

W = W; — Z ef, — ee; + egr + my.
te[tf—1]

Next, we give points on F that correspond to the inventory arcs in [k — 1,¢]. We
represent these points by w; for (j,7+1), for j € [k—1,£—1]. Let H = {hy, ..., hyu} C
[k —1,p—1]. Without loss of generality, we assume h|g| < p— 1 since Y, = 0if hy > p.

(xi) If j € [p,¢ — 1], then let

wj = >, (drer +hy) + (dij — ue—1) €7 + hy+
te[1,k—2]U[l+1,n]

Z k; + (dp—1 + uk—1)er—1 + hy1 + djy1 €501+

telk—1,—1\{5}
Z (wp—1 — die) B + Z dij1f + Z ()

tefk,i—1] teft,j—1] telj,—1]

Recall that m(j) = min{t € LT : ¢t > j}. Ifjek—1,p—1], 7 € H and
m(j) < ¢, then

wj = Z (diey + hy) + dp—1,j€x—1 +hyp_1 + Z (dt+17jft + ki) +

te[1,k—2]U[l+1,n] telk—1,j—1]

Z (dtet + ht> + hm(J) + dm(j)’gem(j) + Z kt + Z dt+1,gft.

telim(5)—1] telj+1,0-1] te[m(j),e—1]
Ifjelk—1,p—1],j € Hand m(j) = ¢+ 1, then

Wy = Z (dier + hy) + di—1 jep—1 + hyp1+
te[l,k—2]U[¢+1,n]

> (dgfitk)+ D (de+h)+ > ke

telk—1,5-1] te(j,4] tefj+1,0—1]
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Finally, consider the case where j € [k—1,p—1] and j ¢ H and let h;, = max{t €
H:t<j} If je[hr+1,m(hy) — 1], then, let

w; = wp, — k.

Note that, j € [hr+1, m(hy)—1] always holds, since m(hr) € H it m(hr) < p—1
due to condition (i). Consequently, if j & [hy+1, m(hz)—1], then we would reach
a contradiction with the definition of hy.

Next, we give points on F' that correspond to the backlog arcs in [k, ]. We represent
these points by w; for arcs (j + 1,7), where j € [k —1,¢ —1].

(xii) If j+ 1 ¢ L™, then consider the points
’UA]]' = wy, + m;.

For j € LT, weuseindices l;. Let lp ;== k—landj=1,...,|LT|. If ;4 € [p,(—1],
then let

ﬁ)lj = Z (dtet + ht) + (dk,lj,1 - ukfl) e; + hi + Z k;+

te[l,k—2]U[l+1,n] telk—1,0—1\{l;—1}

(dr—1 + up—1)en—1 + hy_y +diy_ 1o, + > (wey — di)fit
tek,t—1]

Z dij—1f; + Z (dt,lj—lgt + mt) + Z dit1,08

teltlj—1—1] te[lj_1+1,1;—-1] te(l;,0—1]

Ifl,_4 € [k —1,p— 1], then

Wy, = Z (dier +hy)+dp—1;  €p—1+hy+di,_, 100, + Z k;+
te[1,k—2]U[f+1,n] telk—1,0—1\{l;_1}
Z div1g;  Ft + Z (dt,lj—lgt + mt) + Z diy1,ef;.
tE[kfl,ljflfl] te[lj,1+1,ljfl] te[lj,éfl]

Note that, [;_; € H due to sufficiency condition (i).
Now, we give the set of points w; where j € [k —1,¢ — 1]
(xiii) If j + 1 ¢ L™, then consider the points:

wj = wy, + m; + €g; + €fj.

For j € L™, we use indices [;, where j = 1,...,|L"| as in the definitions of w;. If
lj_1 € [p, £ — 1], then define
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ﬁ)lj = Z (dtet + ht) =+ (dk,lj—l - ukfl) €; + hi + Z ket

te[1,k—2]U[l+1,n] telk—1,0—1\{l;—1}
(dp—1 4+ up—1 —€)ep_1 +hy_y + (dzj_1+1,e + 5) e, + Z (up—1 — diy — €)fi+-
telk,i—1]
Z (dyj—1 —e)fi + Z ((dt,lj—l +e)g + mt Z iy,
teft,lj—1—1] tellj_1+1,0;—1] te(l;,e—1]

Suppose that, [;_; € [k —1,p—1]. Due to the sufficiency condition (i), we assume
l;_1 € H. Then, consider the solution:

Wy, = Z (dier +hy) + (dr—14,_, —€)er—1 +hy, + (di,_, 110+ €)ey

te[1,k—2]U[e+1,n]

+ Z k; + Z (dt+1,zj_1 —e)fi+

telk—1,6—1\{l;_1} telk—1,1;_1—1]

Z ((dtvlj_l + g)gt + mt Z dt+1 fft

te[lj,l—i—l,lj—l] tEl — 1]

So far, we provided 5n — 3 affinely independent points. Let wy be the last affinely
independent point that is on face F"

Wy =Wy, +cey +¢ g g +my_q.
telk—1,01—1]

]

In the next theorem, we provide sufficient conditions for inequality (4.58). First,
we define the following indices:

q=max{j € L* : b < dj},

t=max{j €[k—1,¢\L"}

and
' =min{j e LT :j > q}.

Theorem 4.29. For a node set [k, (], let T C [k, (], K = L in Proposition 4.21. Recall
that in ST = {(¢{ + 1,¢)} and S~ = 0 in inequality (4.58). If d; > 0 for all j € [k, /],
then the conditions below are sufficient for inequality (4.58) to be facet-defining for
conv(P):

(i) +10U{lg+1L,0]NL"} C H;

(ii) for all j € L, p;({({+1,0)}) > 0;

103



(ill) by—1 > dip—1;
(iv) bi—1 > diyy—1;

(v) if by = dgy1,, then I, > ¢, otherwise I;, geqq;

)
)
)
(vi) T €[q,0), by > dps1 and uz > di 4
(vii) if & > 1, then by, 1 > dg—14,-1;
)

(viil) for all [; € L, wy, > di, 41

RV

Proof. Inequality (4.58) can be considered as a mirror image of inequality (4.32), where
the ordering of nodes [1,n] is changed to {n,...,1} and inventory and backlog arcs
are flipped. Consequently, the 5n — 2 affinely independent points provided in Theorem
4.28 can be transformed in the same fashion so that they are on the face induced by
inequality (4.58). O

4.3.2 Finding violated inequalities

In this section, we discuss how to find lifted path pack inequalities introduced in Section
4.3 that are violated by a given point (7,7, 5,7, 7, Z) € R®". For a given [k,¢] C [1,n],
and the sets ST and S, the set L™ that maximizes the violation of these inequalities
can be found in O(n?) time. We explain this procedure using inequality (4.32), where
the set M = L* for simplification. We rearrange this inequality such that for a given
[k, £] selection and the fractional solution, the right hand side is a constant value:

Z (yj — pjxj — 0jq51) + Z’Yj(l —2j) < Up_1 +ig+ Teo1 — Tpo1
jeLt JjeH

The separation problem aims to find the sets Lt and H that maximize the left hand
side of the inequality above. In Atamtiirk and Kiigiikyavuz (2005), the authors model
this problem as a longest path algorithm. We follow a similar approach here.

We construct a graph consisting of O(n?) nodes and O(n?) arcs. Let the nodes be
represented by pairs such as [/, j] and [i’,j]. The first item of the pair keeps track
of the last time period that was selected to be in L™. If the path passes by the node
[i’, 7], then the arc (j,7 + 1) is selected to be in H and the last production arc in LT is
i’. Similarly, if the path passes by the node [/, j], then the production arc 7/ € L™ and
the previously chosen item in L™ is #’. Note that, tracking ¢ now allows us to compute
the coefficient ¢;;. More formally the nodes of this temporary graph can be listed as
follows:

V) [i'4] i €lk—1,0-1], jeli'+1,0-1]

2) [i,§1] - i elk—1,£-1], jeli'+1,4,
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3) [k — 1] : select the inventory arc (k — 1,k) to be in H,

4) [(k—=1)]: arc (k—1,k) is not in H,

5) [0] : dummy source node.

Similarly, the arcs connecting the nodes described above are as follows:

1) [i',j] = [i",t], fori' € [k—1,0—2], j € [’ + 1,6 —2] and t € [j + 1, ¢ — 1] with cost
(1 — Ej) X [min{(uk_l — dkj>+7 dj—&—l,t}} ,
2) [, 7] = [4,t], fori € [k—1,0—1], 7 €'+ 1,¢ and ¥’ € [j' + 1, ] with cost

Yy + min{dkj/ + Uy — Up_1, dpe — Up—1, Ujr + dj/, dj/g} X X1

— min{7y 1, Gyr—1 X min{by_y, dyj—1}},
3) [, j] = [ t], ford e[k—1,0—2],j€ i’ +1,0—2] and ¥’ € [/, (] with cost
(1—=z) x [min{(up—1 — diy) ™, djrre1}]
4) [ 7=y t],for i e [k —1,0—1], j € [’ +1,{] and t € [j' + 1,¢ — 1] with cost

gj' + min{dkj/ + Ujr — Uk—1, dkg — Ug—1, Uy + dj/, dj/g} X Zf’j/

—min{7; 1, Gy x min{by_1,dijr_1}},
5) [k—1] = [(k—1), 4], for j € [k, £ — 1] with cost
(1 — Zp—1) x [minf{uy_q1,dy;}],
6) [k—1] — [(k—1), 4], for j € [k, £] with cost
(1 —Z5—1) x [min{ug_1,dg -1},

7) [(k —1)] = [(k — 1Y, 5], for j' € [k, €] with cost zero,
) [(k —1Y] = [(k — 1)/, 4], for j € [k, £ — 1] with cost zero,
9) [0] = [k — 1] with cost zero,
)

[0] = [(k — 1)'] with cost zero.
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Consequently the longest path from the dummy source node [0] gives the sets L™
and H that maximize the violation of inequality (4.32) by a given fractional solution
sisting of O(n3) arcs and O(n?) nodes, the longest path can be found in O(n?) time.
This structure can be repeated for all extended path pack inequalities where the costs
are updated.

4.4 Computational Study

We test the effectiveness of the cuts introduced in this chapter by embedding them in
a branch-and-cut framework. The experiments are ran on a Linux workstation with
3.60 GHz Intel® Xeon® CPU E5-1650 and 32 GB of RAM with 1 hour time limit
and 1 GB memory limit. The branch-and-cut algorithm is implemented in C++ using
IBM’s Concert Technology of CPLEX (version 12.5). The experiments are ran with
one hour limit on elapsed time and 1 GB limit on memory usage. The number of
threads is set to one and the dynamic search is disabled. We also turn off heuristics
and preprocessing as the purpose is to see the impact of the inequalities by themselves.

Instance Generation

Let n be the total number of time periods and f be the ratio of the fixed cost to the
variable cost associated with a production arc. The parameter ¢ controls how large
the production arc capacities are with respect to average demand. All parameters are
generated from a discrete uniform distribution. The demand for each node is drawn
from the range [1,30]. Let d be the average demand over all time periods. Inventory
and backlogging upper-bounds are drawn from [1.0 x d,2.0 x d] and [0.3 x d,0.8 x d],
respectively. The variable costs v7, v¢ and v? are drawn from the ranges [1, 10], [1, 10]
and [1,20], respectively. Finally, fixed ordering costs f; are set equal to f x vf, fixed
inventory holding cost is ff = f, for all ¢+ € [1,n] and fixed backlogging cost is set
to f = 2 x f, for all t € [1,n]. Using these parameters, we generate five random
instances for each combination of n € {50, 100, 150,200}, f € {100, 200, 500, 1000} and
c € {2,5,10}.

Results

We report multiple performance measures. Let zinrr be the objective function value of
the initial LP relaxation and zrpot be the objective function value of the LP relaxation
after all the valid inequalities added. Moreover, let zyg be the objective function value
of the best feasible solution found within time/memory limit among all experiments
for an instance. Let init gap= 100 x =EANL root gap= 100 x =Bt We
compute the improvement of the relaxation due to adding valid inequalities as gap
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. _ init gap—root gap
imp= 100 X tait gap

end gap = %, where zg is the value of the best lower bound given by CPLEX.

. We also measure the optimality gap at termination as

We report the average number of valid inequalities added at the root node under
column cuts, average elapsed time in seconds under time, average number of branch-
and-bound nodes explored under nodes. If there are instances that are not solved to
optimality within the time/memory limit, we report the the end gap averaged over
unsolved instances under end gap and the number of unsolved instances under unslvd
next to time results. All numbers except initial gap, end gap and time are rounded to
the nearest integers.

In Table 4.1, we present the results for path pack inequalities introduced in Section
4.2 under columns spi. Under columns 1spi, we show results for both path pack
inequalities and lifted path pack inequalities introduced in Section 4.3. For comparison,
under base columns, we present the results for experiments where no valid inequalities
are added. Consequently, in these experiments, the gap improvement and the number
of cuts added are zero for all instances. We observe that the introduction of the
inventory and backlog fixed charge variables to path pack inequalities, the average
gap improvement increases by 6%. Moreover, the number of branch-and-bound nodes
explored decreases by 90%. The average elapsed time is more than double without
the lifted inequalities. All of the base experiments terminated early due to the 1GB
memory limit for instances with n = 100. As a result, we observe a lower average
elapsed time with a 22% average optimality gap.

In Table 4.2, we investigate the classes of inequalities introduced in Sections 4.2
and 4.3 deeper. Under lspi, we present the same results as in Table 4.1 where all
classes of inequalities are used. Under columns [i,j], we use a only a certain subset
of inequalities. In this naming scheme, i € {1,2,3} and j € {0,1,2,3}, where i = 1
implies that the set is ST = {(k — 1,k)}, i = 2 implies ST = {({+ 1,4)}, i = 3 implies
ST ={(k—-1,k),({+1,0)} and similarly, j = 0 implies S~ = (), j = 1 implies S~ =
{(k,k—1)}, j = 2implies S~ = {({+1,¢)} and j = 3implies S~ = {(k,k—1), ((+1,0)}.
More specifically in columns [1,0], inequalities (4.10) and (4.32), in [1,1], inequalities
(4.18) and (4.49), in [1,2], inequalities (4.16) and (4.46), in [1,3], inequalities (4.17)
and (4.47), in [2,0], inequalities (4.15) and (4.58), in [2,1], inequalities (4.19) and
(4.62), in [2,2], inequalities (4.21) and (4.64), in [2,3], inequalities (4.20) and (4.63),
in [3,1], inequalities (4.24), (4.57) and (4.68), in [3,2], inequalities (4.23), (4.55) and
(4.67) and finally in [3,3], inequalities (4.22), (4.50) and (4.65) are used. We observe
that each (ST,S57) selection perform relatively well on their own, however when all
cuts used simultaneously, the performance is dominating both in terms of time and gap
improvement. For this instance set, column [1,0] (the set selection ST = {(k —1,k)}
and S~ = ()) give the best performance and in comparison, its symmetrical case [2,0]
(the selection St = {(¢ + 1,0)} and ST = ) performs worse. This difference in
performance is because the backlog arc capacities are generated to be smaller and it
reflects on the effect of the cuts.
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In Table 4.3, we investigate the marginal contribution of path pack inequalities of
Sections 4.2 and 4.3 when added on top of CPLEX’s network cuts: multi-commodity
flow (MCF), flow cover and flow path inequalities. Under the columns titled 1spix, we
report results for computations where both path pack inequalities and CPLEX’s net-
work cuts are used. Similarly, under cpx columns, we report results for computations
where only CPLEX’s network cuts are used. In this table, the columns cuts report
the total number of cuts added to the branch-and-bound tree averaged over instances.
On average, about 82% of the cuts added under 1spix column are path pack inequal-
ities. When path pack inequalities are used in addition to CPLEX’s network cuts, the
gap improvement increases by 7%, the number of branch-and-bound nodes explored
decreases by four orders of magnitude and the average time spent decreases by three
orders of magnitude. Moreover, all of the instances were solved to optimality within
our time/memory limits when path pack inequalities were used.

Table 4.1: Performance of lifted submodular path inequalities.

n ¥ ¢ init gap gap imp nodes cuts time (endgap:unsolved)
1spi spi 1lspi spi base 1lspi spi 1spi spi base
2 76.5 95% 90% 200 2326 7733726 2670 2244 1 2 368
100 5 7.2 95% 90% 319 6277 11449395 2583 2117 1 4 574
10 77.6 94% 89% 435 3075 7174514 2777 2340 1 2 349
2 84.7 95% 90% 534 5449 22236405 2850 2309 2 7 1049
200 5 85.4 93% 87% 1631 12566 6551607 2805 2215 5 14 287
50 10 86.6 93% 87% 589 5287 5827073 2723 2230 2 5 276
2 92.2 93% 89% 1815 9845 17122540 2782 2351 4 9 819
500 5 92.6 92% 86% 490 4151 3784405 2926 2111 2 3 178
10 93.1 93% 89% 5608 46488 16530846 2912 2327 11 37 818
2 95.6 93% 87% 723 7415 8718542 3045 2342 4 9 422
1000 5 95.5 93% 88% 869 4704 9696194 3012 2246 3 5 493
10 95.6 92% 87% 2204 33519 9683838 3020 2237 10 41 439
2 76.9 95% 90% 26204 623083 11962729 13218 10108 781 (1.1,1) 2825 (0.7,3) 753 (38.9,5)
100 5 76.8 95% 90% 13631 407698 11998279 13382 10908 241 2220 (0.1,2) 771 (39.6,5)
10 0.1,5) 779 (40.0,5)

2 85.5 94% 90% 30257 677990 11972480 13955 10101 1229 (0.5,1) 3600 (0.2,5) 751 (43.4,5)
200 5 85.9 94% 89% 22741 604804 12272094 13192 9907 863 3199 (0.1,4) 790 (45.6,5)
0

(
77.1 95% 91% 18190 522983 11999348 14402 11312 403 3600 E
(
100 1 86.6 94% 89% 20963 578362 11749288 14922 11021 1177 (0.7,1) 3139 20.5,3) 753 (42.1,5)

2 93.2 92% 87% 39155 818058 12097739 15173 10272 1558 (4.5,1) 3600 (0.9,5) 809 (49.8,5)
500 5 93.4 92% 88% 51935 707097 12116225 16119 10906 2269 (0.7,2) 3600 (0.5,5) 771 (50.2,5)
0 93.6 93% 88% 63620 748193 12039418 15205 10335 1984 3559 (0.3,4) 784 (44.9,5)

96.2 92% 87% 34574 653858 12225463 16054 10708 2946 (1.0,4) 3491 (1.1,4) 784 (48.3,5)
96.3 93% 87% 31879 636670 12222040 17441 12052 1704 (0.6,2) 3600 (0.7,5) 780 (42.5,5)
96.2 93% 88% 36508 730331 12391726 17043 11507 2077 (2.0,2) 3600 (1.1,5) 816 (48.9,5)

1000

=
(= V]

Average: 87.9 94% 88% 16878 327093 11314830 8925 6509 720 (0.2,1) 1674 (1.1,4) 642 (22.3,3)
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Table 4.2: Performance of each class of 1spi broken down.

time (sec)

n f c gap imp
1spi [1,0] [1,1] [1,2] [1,3] [2,0] [2,1] [2,2] [2,8] [3,1] [3,2] [3,3]|1spi [1,0] [1,1] [1,2] [1,3] [2,0] [2,1] [2,2] [2,3] [3,1] [3,2] [3,3]
2 95% 87% T9% 64% 64% 81% T2% 82% T4% T7% 89% 81% 1 13 337 660 502 102 867 22 121 320 5 103
100 5 95% 88% T9% 62% 62% T6% 69% T8% T0% 74% 87% T8% 1 123 342 1197 1486 399 733 64 177 602 10 204
10 94% 86% 80% 66% 65% 80% 73% 81% 72% 76% 86% T9% 1 15 66 484 1413 227 403 97 186 366 30 173
2 95% 88% T9% 64% 63% T79% T1% 82% T2% 76% 88% T8% 2 17 279 842 739 192 508 88 235 695 10 171
200 5 93% 85% 79% 65% 64% T7% 69% 79% 69% T75% 84% T6% 5 93 809 667 1183 504 1400 306 447 387 39 1273
50 10 93% 85% 78% 63% 63% T4% 67% 78% 68% T74% 87% TT% 2 29 115 1081 950 355 1148 77 185 355 10 403
2 93% 89% 82% 68% 67% T6% 69% T9% T1% TT% 88% T8% 4 21 85 274 391 794 951 183 464 350 11 762
500 5 92% 87% 81% 68% 66% T7% 69% T77% 69% T6% 84% T78% 2 3 26 168 200 82 470 57 130 52 6 7
10 93% 88% 80% 69% 68% T77% T71% T8% T2% T7% 87% 78% 11 82 859 1526 1091 1080 2185 255 998 1628 21 1048
2 93% 89% 81% 67% 66% T74% T0% T7% 69% T7% 86% T8% 4 30 308 1278 616 227 760 226 117 329 20 297
1000 5 93% 90% 84% 69% 68% 76% T71% T8% T2% T8% 88% 79% 3 29 313 797 807 773 789 176 294 765 14 405
10 92% 87% 81% 68% 67% 76% 69% 78% 69% T76% 86% TT% 10 50 386 916 1227 782 958 242 667 772 22 312
Average 93% 88% 80% 66% 65% 77% 70% 79% 71% 76% 87% 78%| 4 42 327 824 884 460 931 149 335 552 16 436




Table 4.3: Marginal contribution of path pack inequalities to CPLEX’s network cuts.

n 7 ¢ init gap gap imp nodes cuts time (endgap:unsolved)

lspix cpx 1lspix cpx lspix cpx 1lspix cpx

2 76.9 99% 94% 59 67454 848 247 0 10
100 5 76.8 99% 94% 14 15810 909 255 0 3
10 77.1 99% 93% 19 35567 902 268 0 6
2 85.5 99% 93% 40 11114 881 251 0 2
200 5 85.9 99% 92% 41 103095 864 251 0 17
100 10 86.6 99% 93% 20 8537 866 246 0 1
2 93.2 98% 91% 100 43221 861 238 0 7
500 5 93.4 98% 93% 159 8181 883 263 0 1
10 93.6 98% 94% 57 5537 884 252 0 1
2 96.2 98% 92% 63 15549 888 249 0 3
1000 5 96.3 98% 92% 1087 15236 892 241 1 3
10 96.2 98% 92% 90 29127 897 254 0 5
2 76.7 99% 93% 458 1614054 1316 387 1 391
100 5 77.9 99% 93% 38 619615 1313 365 0 147
10 76.4 99% 93% 28 135341 1292 375 0 33
2 86.6 99% 93% 54 1911337 1298 367 0 491
200 5 86.2 99% 94% 60 184399 1328 367 0 44
150 10 85.8 98% 92% 341 1277649 1340 380 1 315
2 93.5 98% 92% 413 949530 1318 365 1 231
500 5 93.4 99% 92% 72 4064991 1324 356 0 963
10 93.6 98% 93% 186 1004958 1340 362 0 241
2 96.3 98% 91% 195 2963744 1325 360 0 717
1000 5 96.3 98% 92% 254 2310102 1335 369 1 553
10 96.4 99% 92% 71 646165 1329 357 0 154
2 76.6 99% 93% 165 4397657 1726 509 1 1182 (0.2,1)
100 5 76.8 99% 94% 126 3448956 1760 484 1 918 (0.0,1)
10 77.3 99% 93% 91 11081170 1777 487 0 2885 (0.0,4)
2 86.8 99% 93% 79 5192691 1794 486 1 1435 (0.1,1)
200 5 86.2 98% 93% 750 3870962 1805 480 2 1060 (0.0,1)
200 10 86.7 99% 93% 246 5639377 1769 486 1 1660 (0.1,1)
2 93.7 98% 93% 751 9542705 1794 487 2 2448 (0.1,4)
500 5 93.6 98% 92% 510 9506335 1800 490 2 2583 (0.4,4)
10 93.5 98% 91% 742 8517221 1834 493 2 2074 (0.5,4)
2 96.5 98% 92% 2053 9359661 1814 489 5 2548 (0.1,4)
1000 5 96.5 98% 91% 448 10253848 1869 504 1 2828 (0.4,4)
10 96.6 99% 92% 1541 6089233 1783 489 4 1555 (0.8,3)

Average: 88.3 99% 92% 317 2915004 1332 370 1 764 (0.2,1)
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Chapter 5

Summary of Thesis and Conclusions

In this thesis, we study various fixed-charge networks by formulating them as linear
mixed-integer programs. We propose different classes of valid inequalities and show
their strength both theoretically and computationally. These valid inequalities are
derived from submodular inequalities that are initially proposed by Wolsey (1989).

After giving a brief introduction and some preliminary definitions in Chapter 1,
we focus on simple directed path structures of capacitated fixed-charge networks in
Chapter 2. We show how to efficiently compute an explicit form of the submodular in-
equalities. We refer to these explicitly expressed submodular inequalities as path cover
inequalities. Furthermore, we obtain a generalized class through a simultaneous lifting
procedure. In Chapter 3, we focus on slightly more general paths where consecutive
nodes j and j 4 1 are connected through a forward path arc (j,7 + 1) and a backward
path arc (j 4+ 1,7). In this chapter, we give two explicit descriptions of submodular
inequalities and refer them as path cover and path pack inequalities.

We provide necessary and sufficient conditions under which the inequalities intro-
duced in Chapters 2 and 3 are facet defining for the convex hull of the feasible solutions.
Moreover, we present extensive computational results that show the effectiveness of
these inequalities when used in a branch-and-cut framework.

In Chapter 4, we study single item lot-sizing problems with backlogging and inven-
tory bounds. This class of the lot-sizing problem is a special case of the path structure
studied in Chapter 3. Since we assume that the production arcs are uncapacitated, the
coefficients of path pack inequalities were obtained parametrically. Using different arc
set selections, we give eleven classes of path pack inequalities. Then, we incorporate
the binary variables of inventory and backlog arcs to path pack inequalities using a
lifting procedure and present computational results.
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Appendix A

Equivalency of P’ to the maximum
flow problem

Recall that K+ ={t€ E* :a; =1} and K~ = {t € E~ : a; = 0}, where the values a;
are the coefficients of arcs in F in the objective function of P’.

Proposition A.1. If d; > 0 for all j € V, then there exists an optimal solution to the
optimization problem P’ where y, =0 for all t € E~\ K.

Proof. Given an optimal solution (y*,i*) to P’, for notational convenience, let }7]._ =
ZteEj_\Lj_ yf and Y, = Ztesj y; for j € V. Let

& =d; — [l + V] + [V +7]

be the slack of flow balance constraint (2.6) of node j. Moreover, let p be some node in
V with ffp_ = ¢ > 0. Observe that if ¢, > 0, then decreasing the outgoing flow 17;,_ by €,
increases the objective function value by €, while preserving feasibility. This operation
provides contradiction with the assumption of optimality. Therefore, we assume that
¢; = 0 for nodes j with 1_/]-_ > 0.
Then, applying the procedure described in Algorithm 2 to the optimal solution
(y*,i*), we find an optimal solution where y, =0 for all t € £~ \ K.
O

Remark A.1. If d; < 0 for some j € V, one can represent the supply amount as a
dummy arc in E;“ with a fixed flow and capacity of —d; and set the modified demand
of node j to be d; = 0.

If the path V' has nodes j with d; < 0, then using Remark A.1, we convert it into
a path where d; > 0 for all j € V. After the modification of V', we note that the
dummy supply arcs will always be open, therefore, they will always be included in the
set ST. Let us call the constraints of fixed flow value on the dummy supply arc fized-
flow constraints for the sake of conciseness. Notice that the formulation P’ becomes a
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Algorithm 2

(y*,i%): an optimal solution to P".
J={k<j<l: Y7 >0}
for pe J do
e=Y, , Y =0
for j=ptokdo
A = min{e, Y}

I A
ij1=1-1— (e —A)
e=¢e— A
end for
end for

relaxation for the modified path because of the missing fixed-flow constraints. In the
next proposition, we prove that the optimal objective function value does not change
by adding/dropping the fixed-flow constraints to P’.

Proposition A.2. Suppose d; < 0 for some j € V. Let G’ be the modification of
graph G using Remark A.1. If the optimization problem P’ for G’ along with the
fixed-flow constraints is feasible, then the optimal objective function value does not
change by adding the fixed-flow constraints to P’.

Proof. We need to show that P’ has an optimal solution where the dummy supply arcs
has flows at their capacities. Notice that the modification using Remark A.1 makes
Proposition A.1 applicable to the modified graph GG'. Therefore, there exists an optimal
solution (y*,i*) to P’ where y; = 0fort € E~\ K~. Let p € S;“ represent the index
of the dummy supply arc with ¢, = —d;. If y; < ¢, then satisfying the fixed-flow
constraints will require pushing flow through the arcs in £~ \ K~. We use Algorithm
3 in order to obtain an optimal solution with y% = ¢,. Note that each arc in £ \ K~
affect the objective function value and constraints of P’ the same way, therefore we
merge these outgoing arcs into one in Algorithm 3. We represent the merged flow and
capacity by Y}_ = ZteE;\K_ y; and C; = co(Ey \K™) forjeV.

O

Proposition A.2 shows that adding the fixed-flow constraints to P’ formulated for a
modified a path via Remark A.1 does not change the optimal objective function value.
Consequently, without loss of generality, we assume that d; > 0 for all j € V. Then,
using the optimality condition in Proposition A.1, the variables y; for t € E~\ K~ can
be dropped from the formulation P’. As a result, without loss of generality, all arcs in
ST are leaving a dummy source node sy, the outgoing arcs K~ \ L~ are incoming to
a dummy sink node ¢y and the demands values are represented as arcs with capacity
dj, incoming to ty from node j € V' (see Figure 2.2 for a representation).
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Algorithm 3

J: Set of supply nodes in V' where the nodes are sorted with respect to their order
inV.
(y*,i*): the optimal solution to P’ with y, =0 for all t € E~.
for ¢ € J do
Let p be the dummy supply node in Sq+
A=c,—y,
for j=¢qto /¢ do
Y =Y, +min{C; - Y, A}
A=A-min{C; - Y; A}
;=1 +A
end for
if A > 0 then
The problem P’ along with fixed-flow constraints is infeasible
end if

end for
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Appendix B

Proofs from Chapter 2

B.1 Proof of Theorem 2.6

1. If for some t' € ST, pp(ST\ {t'},L™) > ¢y, then removing ¢’ from ST in inequal-
ity (2.10) results in an inequality at least as strong. To see this, let §' = ST\ {t'}.
Rewriting inequality (2.10), we obtain

D e+ oSN L) =) +ye+ D> (ST LT\ (i)

tes’ teL—
<o(STLT) = pr(STNA{E} L7) + pu(STNALY, L )2y +y(B~\ L7)
= 0(S', L) + pp(ST\ '}, L )zw +y(E~\ L7).

Consider adding the submodular inequality

D et (SN L)L =) + Y pelS L\ {th)a < o(S', L) +y(E-\ L),

tes’ teL—

and yy < cpxy. The resulting inequality dominates inequality (2.10). This
follows because p;(S"\ {t},L™) > ps(ST \ {t}, L7), from the definition of sub-
modularity of the set function v.

2. If for some t € L™, ps(ST, L™\ {t}) < —¢;, then summing the submodular
inequality obtained by removing ¢ from L™, and the inequality y; < c;x; results
in an inequality at least as strong.

3. If L~ = 0 and maxyeg+ p(ST\ {t}, L) = 0, then summing flow balance inequal-
ities (2.1) gives an inequality at least as strong.

4. Suppose at node p we have c(S;) > dy, maxX, e g+ pe(ST\{t},L7) =0and L, = 0.
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Then, observe that the submodular path inequality for path V is

S0 e -+ e = AL - 2) + 30, u(S)
e+ 0, (L) +y(By \ L)) + X5, u(E ). (B
Since c(S;) > dp, nodes {p, . .., £} donot pull any flow through nodes {%, ..., p—

1} which implies that they do not have any effect on the excess values A; for
j € [k,p — 1]. The submodular path inequality for path V = [k,p — 1]

Z Z (?Jt + (Ct - )\j)+(1 - xt)) < dk,p—l +ip-1 + Z ()‘jx(Lj_) + y(E]_ \ LJ_))
Jj=k tes; j=k

summed with the flow balance inequalities (2.1) for nodes j € [p, /]
¢
lp—1 + Z (W(ES) —y(E})) < dpe
Jj=p

gives an inequality at least as strong as inequality (B.1).

. Suppose for some node k < j < ¢, a; = dyj_1+u;—1+c(S]) and Uj_;S;" is a path
cover for nodes j,...,f. Let \;; © € V be the excess values computed for path
V. We consider dividing path V' = [k, ¢] into two sub-paths where V; = [k, j — 1]

and V5 = [4, /] and identify submodular path inequalities for V; and V5.

Dropping nodes 7, ..., ¢ from path V' does not change the excess values \; for
1 € V] because Uf:jS;“ is a path cover for V5. In other words, nodes in V5 do not
pull any flow from nodes in V; and therefore, they do not affect the excess values

A; for ¢ € Vi, Then, submodular path inequality for path V; = [k, j — 1] is

Z Z (g + (e = X)) T (1= 2) S dijor + 50 + Z (Nz(Ly) +y(Ly ).

1€V teSF 1€VL

Now, we consider the submodular path inequality defined for V5. If the path arc
(j — 1,7) with capacity u;_; is added to Sj+, then A; values for j € V5 remain
unchanged because o = dj_1 +u;j_1 +¢(S;) implies that the path arc (j —1, )
with capacity u;_; provides a bottleneck for sending a flow from node k towards
node j. In other words, the excess value that can be carried to node j from nodes
in V; is at least as large as the capacity of the path arc (j—1,7), u;_1. Therefore,
the submodular path inequality defined for path Vo = [j, /] is

ot Y Y (e =21 —2) <die+ Y (\a(Ly) +y(Li ).

i€V tGS;— 1%}
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As a result, submodular path inequalities defined for path V; and V5 summed
give an inequality at least as strong as the submodular path inequality defined
for path V.

B.2 Proof of Theorem 2.7

Let us first introduce the effective demand Jj and effective path flow i; at each node
of the path V. From node ¢ to node k we first calculate:

- 5 ~ - +

dj—l = dj_l + (dj — C(Sj))—'— and 1j—1 = (dj - C(S;_))
with dy = dy and i, = 0. Then, we reassign effective demand d; to be d; = min{c(S;"), d;}.
We also define effective remaining capacity of path arcs as 4; = u;—1;. Note that i; < u;
due to the assumption of St defining a path cover. Using this notation, we have

)‘j = min{ﬂj_l, )\j—l} + C(Sj_) — CZ]'.

Furthermore, we observe that u; > 0 because u; = 0 implies A\j;; = 0 which con-
tradicts with the first necessary condition in Theorem 2.6. We represent the feasible
point p as zF = (yP,2P,i?) or wP = (yP,aP,?). Define set K = {t € ST : ¢ =
arg Max;c g+ ¢, j € [k, {]. First we describe the feasible point Z = (¢, %,1) where

(91, 2) = (ce — (Aj — min{a;_1, A1 1), 1), teSNK,
(50, ) = (0 1), te ST\ K,
(9, 2) = (0,0), te A\ (STUI),
ij=1j, jeV.

The feasible point Z satisfies submodular path inequality at equality since ) o+ 7 = Jj
J

for all j € V and dy, = ijk Jj. Without loss of generality, let us call the arc with
maximum capacity in S;” arc 1. Recall that ¢; > A.. Let € > 0 be a sufficiently small
value. We first introduce the following 2|S*| affinely independent points, where first
| S| points are represented as zZ and second half are represented by 2.

i) Let z' = Z and let t € S} \ {1}. Point ' is obtained by sending extra flow amount
¢ from arc 1 and € less from arc ¢t. Then, z' is described by i = yf +¢, y = y} —e,
gio=gl forme A\ (TU{l,t}),is=1il+efors=k,...,j—1and 7' = z'.

m

ii) Let t € S;“, point 2! is obtained by closing arc ¢. In order to satisfy inequality
(2.10) at equality, we need to send g} — (¢; — A\;)T extra amount of flow from
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arcs in t € K \ {t} starting from z'. Validity of this operation is guaranteed by
the feasibility of U(S+ \{t}, L") Wlth value dgy — (¢, — A\j)*. Then, &, =1 for
m € ST\ {t} and xm =0 form € (A\ I)U{t}. Path flows are then calculated

using flow balance: it = (i'_, + 3, .o+ 0, — dj)Jr
J

Next we describe 2|E~ \ S| points represented by z and 2’

i) Let t € E; \ S, the point 2" is obtained by opening arc t. y* = 7, x!, = 1 for
n € ST\ {m}, 2/, = 0 otherwise and i* = .

iv) We now send a flow of € from arc t € E;\ S}, Let y}, = g, if m # t and y' = g

Also let, 2 = 2! and i = 1.
Next, we define the affinely independent points @' and ' described for arcs t € L™.

v) Point w' is obtained by opening the arc ¢ € L} and setting 7} = 1. Starting with
feasible point Z, we send an extra flow of \; from arcs in KN S;" fori =k, ...,J.
This operation conserves feasibility and satisfies the inequality (2.10) at equality
because v(St, L™\ {t}, S7) is feasible with a value of dj, — ;. Extra incoming flow
of \; is sent from outgoing arc ¢ resulting gf = A;. Let 7, = 1 for m € STU{t} and
0 otherwise. At points w, the flow balance constraints hold at equality. Therefore,

- o _ +
Zé’ - (Z§—1 + Zmesj U — dj) :

vi) Let @' have similar properties to @' and let ¢ € L;. The second set of feasible
points have @' = 7, it = i*, ¢, = ¢, for m # t and §f = \; + €.

We now construct the affinely independent points corresponding to arcs t € E~ \ L™.

vii) Starting Wlth feasible point Z, we obtain point w by opening arc t € E~\ L~. Let
y' =7, x —xmform#tandxt—lz_z

viii) Let t € L;. Starting with z, we send an extra flow of € from arc 1, v =11 + e,
Yl = eandym = m for m # t,m # 1. Let 2 = 2! and ¥ = i, + € for
s=k,...7— 1.

Affinely independent points corresponding to path arcs are represented by v/ and de-
fined below.

ix) Prior to giving the feasible points, we first define a new notion called minimal
cover blocks. Suppose we have a subpath B C M with cardinality |B| = b and
nodes B = {ny,...,ny}, where without loss of generality n; and n; are the first
and the last nodes of subpath B respectively. We say that B is a minimal cover
block if (i) UjepS; is a path cover for B, (ii) Ujep\(n,}S; is not a path cover for
B\ {ni} and (iii) if b > 1, then S} is not a cover for {n;}. Notice that V' can be
partitioned into a number of minimal cover blocks By, ..., B, where V = U] | B;.
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Let n! be the first node of block B; and m' = K N S:;i be the arc with largest
capacity incoming to node n%. Moreover, let us call nodes in B; = {n},... ni}.
While finding the point associated with path arc incoming to node j where j € B;,
we start from the feasible point where arc m' is closed, sm' . For each path arc

p=ni—1,...,ni —1, send an extra flow of € from path arcs s = p,...,ni —1. We,
then, describe point v/ as: 2/ = 2™, ¢/ = ¢ and i/ =™ 4+ € for s = p,...,ni — 1.
O

B.3 Proof of Theorem 2.10

We do the proof case by case. For each interval, we construct a solution that follows the
optimality conditions provided in Section 2.3. We show the feasibility of the solution
explicitly only under Case 1, since the procedure is the same for all the cases.

Case 1: Mj,i_j\j SZSMj,i_/_\j_'_)\j7 1€ [1,}7]—1]

If v; € S;LJF \ {vp,}, then y,, = 0 for I < i and gy, = ¢, for I > i, Yo, =
by 2+ M;,; — S\j. If v € Ly, then y,, = ¢, for [ <14, y,, = 0 for [ > ¢ and
w = m;. Because of the boundaries of z we have,

Co

Cy,

j_)\jgyvpj<c

— ’Upj .
Therefore, this solution agrees with the optimality conditions described above.
The solution is also feasible because constraint (2.38) is:

w + Z yt+ Z(Ct_yt>:mj+Mj,rj_Mj,i_Z+Mj,i_5\j:dj_Z-

tesf teL~

The objective function value of this solution is:
cij—mj—i— Z )\jl’t—i— Z )\j(l—l’t>— Z (yt+ct(1—xt))— Z Ct
teL; testt testt teL;
:cfj—mj+i)\j—Mj7r+z—Mj,i+5\j
= —;\j+i>\j+Z—Mj7i+5\j
=2z 4+ Z)\J — Mjﬂ'

Case 20 Mj; +X\j — \j < 2 < Mj1 — A, i€0,p; —1].

If v, € S, then y,, = 0 for I <i+1, 9, = ¢, for I >i+1. If vy, € Ly, then
Yy, = Cy, for 1 <i+41andy, =0forl>¢+1and w=m;.
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Case 3:

Case 4:

Case 5:

Case 6:

Mj7i—5\j§Z§Mj7i—/_\j+mlj, ie[pj,rj—l].
If v, € S;rJ“, then y,, = 0. If v; € Ly, then y,, = ¢, for { <, y,, =0 for ! > 1

and w =m; + M;; — \; — z.

Mj,i — /_\j +ml] <z S Mjﬂ‘ — S\j —i—ml] +§0j,i7 1€ [pj,rj — 1]

If v, € S;'Jr \ {vp, }, then y,, =0, Yup, = M1 — N—z Ify € Ly, then y,, = ¢,
foril<i¢+1andy, =0forl>i+1and w=m,.
Mj,i—j\j—i—mlj—i—goj,igzgMjﬂ-H—;\j, iE [pj,Tj—].].

If v € SjJr, then y,, = 0. If v, € Ly, then y,, = ¢,, for l <i+1 and y,, = 0 for
[>i+1and w=m;.

Mj,r - 5\]‘ S Z S dAj.

Ifv; € Sfr, then y,, = 0. If y; € L;, then y,, = ¢,, and w =mj; + M;, — \j — z.

]

B.4 Proof of Theorem 2.11

Figures (B.la) and (B.1b) represent the two different forms that ;(z) can take if
T\ — A <0.
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— W(z)

(p+1),—%, lp/(z)

(T, +2)h,~4,

(T, +1)0,-1%,

(a)
A _
— 1]J(z)
(p+10,=1, // ¥, (z)
ph—h .
(T, +1)n,=h
0 M,y = +h M,,/({ _
K / M, =h+h, M, —h M,,—%, M,,.~% Z
Th—2, ey -
K
(T,=0h=M, /

Figure B.1: Two different representations of the functions ¢(z) and ¢;(z).

In Figures B.1a and B.1b, the function (z) is a superadditive function that con-
forms to the description in Theorem 13 of Gu et al. (1999). Then, using shifting down
argument in Observation 3 in Appendix B.5 and changing a nonnegative piece of the
function with non-positive values argument in Observation 4 that is also in Appendix
B.5, one can easily verify that v;(z) is superadditive when T;\; — A; < 0. ]

B.5 Observations on superadditive functions

Observation 3. If function f(z) is superadditive for z € Z and K < 0, then g(z) =
K + f(z) is also superadditive for z € Z. In other words, shifting a superadditive
function downwards preserves superadditivity.

Proof. Let z1,29 and z; + 2z € Z. We know that f(z1) + f(z2) < f(z1 + 22). Since
K <0, summing left side with 2 x K and right side with K, ensures that the following
inequality holds:

K+ f(z1) + K+ f(22) < K+ f(21 + 22)
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= g(21) + g9(22) < g(21 + 22).
O

Note that if a superadditive function is summed with a positive constant K, then
we need to ensure that

K+ max{g(z1) + g(z2) —g(z1 + 22) : z1,22,21 + 20 € Z} <0

in order to conclude that the resulting function is superadditive as well.

Observation 4. Let f(x) be superadditive and non-positive on 0 < z < k for some
k >0 and g(x) > 0 be non-decreasing and superadditive on x > k. Let f(k) = g(k) =
0. Then, the function

is superadditive.
Proof. There are four cases we examine:

Case 1: 0< 21 <k,0<uxzy<kandz +x9 <k. Then,

¢(x1) + ¢(w2) — (s + x9) = fl21) + f(22) = f1 +22) <O
because f is superadditive on [0, k].

Case 2: 0 <21 <k,0<uzy<kandzx;+ 29 > k. Then,

O(x1) + d(x2) — ¢(z1 + @2) = fla1) + f(22) — g(z1 +22) <0
because f(x1) <0, f(z2) <0 and g(z; + x2) > 0.

Case 3: 0 <z <k, xzo >k and 1 + 9 > k. Then,

(1) + ¢(x2) — O(21 + 22) = f(21) + g(22) — g(21 +22) <O

since g(x2) — g(x1 + x2) <0 and f(z1) <0

Case 4: x1 > k, vo > k and 21 + 2o > k. Then,

d(w1) + d(22) — O(x1 + 22) = g(21) + g(22) — g(2T1 + 72) <0

due to the superadditivity of the function g.
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O

Observation 5. If f(z) : R” — R™ is a superadditive non-decreasing function on R’
then g(z) = max{0, f(x)} is a superadditive function as well.

Proof. We would like to show that

max{ f(x1 + x2),0)} < max{f(z1),0} + max{f(z2),0}. (B.2)

Without loss of generality, we assume x; < x5, then, there are three cases we need to
examine:

Case 1: f(x1 4+ x9) < 0: We have f(z1) < 0 and f(x2) < 0 since f is non-decreasing.
Then, both sides of inequality (B.2) are zero.

Case 2: f(zq1+x2) >0, f(x1) <0 and f(xg) > 0: Inequality (B.2) becomes f(x; + z3) >
x9) which holds since f is non-decreasing,.

(
(
(x1+22) >0, f(z1) > 0 and f(z9) > 0: Inequality (B.2) becomes f(x1 + x2) >
(

f
Case 3: f
f(z1) + f(x2) which holds due to superadditivity of f.

B.6 Convex lower-bound of f/(z)

Largest convex lower-bound function of ij (z) with a nonpositive value at origin is a
piecewise linear function with the following generic form:

TAj—XAj—T 3
ﬁ —|—F OSZSMJ'J—)\J'
¢j<z): C:\H(Z_sz‘{’)\)“_i)‘j_)‘j MJZ_)\JSZ<MJZ+1_)\] L=, 7TJ_1
— My + 752 Mj,, = A < z < d;.

Recall that index T is defined as min{l <i <r; : M;; — X >0} if Mm — 5\j >0,
and r; otherwise. Moreover, for notational convenience we let Cop i = )\;. Next, we
find values of I' and 7 explicitly for cases where T;\; — )\ > 0.

Case 1: T; < p;.

Case 1.1: Mj,ijl — 5\]‘ -+ )‘j S 0.
In this case f)(z) has the form in Figure B.2.
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(p+1)2,=1,

(k+1)n, =%,

Case 1.2:

PR

kb7,

T =N, 4 -7

>
>
—h

M, r‘_f/ M=k M, Y M=k M, =}, M, . -

M, =+

Figure B.2: Representation of Case 1.1.

We select index 7 to be the minimum such that the piecewise linear function
has an increasing slope. Then,
iNj— N Aj

T:min{TjSiSTj: J < }
Mji = 2Aj ™ Cos

and I' = 0.
Mj,ijl — 5\j + )\j > 0.

The function f;(z) under this conditions has the form in Figure B.3.

Figure B.3: Representation of Case 1.2.

The largest convex lower bound of fI(z) that satisfies ¢;(0) < 0 is its convex
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envelope. We have

T:min{TjSiSrj : Mj,t—l_/\j+(lj7}-+1))\j< A }

Mji = A T Cuip
and I' = (T‘] — ]_)/\] — Mj,Tj—l-
Case 2: T > p;.

Case 2.1: M7, 1 — 5\]- +mlj + @jr,—1 < 0 This is very similar to Case 1.1. Please see
Figure B.4 for a representation of f/*(z) and it’s convex lower bound.

L
— filz)
A
e 0,(2)
;
rh =k,
(k+1)n, -7,
k=M,
T~ i
U — — — — — — 5 >
M;r =k, M, =k +ml+, M, .~} M, =k, M,, =N, d; z

Figure B.4: Representation of Case 2.1.

Values of 7 and I' are the same as in Case 1.1.

Case 2.2: Mj,Tj—l — S\j + mlj + P5,T—1 > 0.
The closed form of convex lower bound depends on the following two sub
cases.

Case 2.2.1: M;p,_1 — 5\j +ml; <0.
Please see Figure B.5 for a representation of this case.
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Tihj=M; ¢ =@, 7 —mi,;

Case 2.2.2:

J

(T,=1n,=M,,_, /

0 5 : ‘ >
//[./UT,-I}"J'+ml;f+cpj»T,—l M,',rr*)T/ M/,T,_}T/""mlj"'mj_r,

J

Figure B.5: Representation of Case 2.2.1.

The largest convex lower bound that satisfies ¢;(0) < 0 is the convex
envelope of f/(z). We have

M;r 1 —\; l; o i — T\, ,
k—min{Tjgz‘grj : 3,T—1 ]—l-mj‘i‘(Pi,T] 1+ (3 LY < Aj }

Mj7i — /\] CviJrl

and a = Tj\; — i1 — mlj — M, 1.

Mj,Tj—l — j\j + mlj > 0.

The representation of ij(z) under this case can be seen in Figure B.6.
The convex envelope of the function satisfies ¢;(0) < 0. Therefore, it is
superadditive. Values of 7 and I' are the same as in Case 1.2.

— > 2
Mjrr/—)»j-i-mlj%-cpjyry

jYT/_I—Xj+mlj+cpj.T/_, Mj.T,—kj

Figure B.6: Representation of Case 2.2.2.
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Appendix C

Equivalency of (F3.2) to the
maximum flow problem

In Section 3.2, we showed the maximum flow equivalency of v(S*, L™) under the as-
sumption that d; > 0 for all j € N. In this section, we generalize the equivalency for
the paths where d; < 0 for some j € N.

Observation 6. If d; < 0 for some j € N, one can represent the supply amount as a
dummy arc incoming to node j (i.e., added to E]’L) with a fixed flow and capacity of
—d; and set the modified demand of node j to be d; = 0.

Given the node set N with at least one supply node, let 7(N) be the transformed
path using Observation 6. Transformation 7 ensures that the dummy supply arcs are
always open. As a result, they are always in the set S*. We refer to the additional
constraints that fix the flow to the supply value on dummy supply arcs as fized-flow
constraints. Notice that, v(S*, L™) computed for 7 (V) does not take fixed-flow con-
straints into account. In the next proposition, for a path structure, we show that there
exists at least one optimal solution to (F3.2) such that the fixed-flow constraints are
satisfied.

Proposition C.1. Suppose that d; < 0 for some j € N. If (F3.2) for the node set
N is feasible, then it has at least one optimal solution that satisfies the fixed-flow
constraints.

Proof. We need to show that v(S™,L™) has an optimal solution where the flow at
the dummy supply arcs is equal to the supply values. The transformation 7 makes
Proposition 3.1 applicable to the modified path 7(N). Let ) be the set of optimal
solutions of (F3.2). Then, there exists a solution (y*,i*,r*) € Y where y; = 0 for
te E-\(STUL7). Letp € S;-r represent the index of the dummy supply arc with ¢, =
—d;. If y; < cp, then satisfying the fixed-flow constraints require pushing flow through
the arcs in £~ \ L~. We use Algorithm 4 to construct an optimal solution with y» = c,.
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Note that each arc in E,  \ L, for k € N appear in (F3.2) with the same coefficients,
therefore we merge these outgoing arcs into one in Algorithm 4. We represent the
merged flow and capacity by Y, = ZteE;\(sguL;) y; and Cy = ¢(E;, \ (S, ULy)) for
keN. O

Algorithm 4

J: Set of supply nodes in N where the nodes are sorted with respect to their order
in N.
(yir)e Y. yf =0forallt e E~.
for ¢ € J do
Let p be the dummy supply arc in S;r
A=c,—y,
for j=qtondo
Vo =Y, +min{C; — Y, A}
A=A-min{C; - Y; A}
i =1+ A

if zj > u; then

— g%k .
A =1} — uy

’L;( = Uj
Let k=7
break inner loop
end if
end for
if A >0 then

for j=kto1ldo
Y7 =Y +min{C; — Y7, A}
A=A—-min{C; - Y;,A}
ri=r;+A
if r; > b; then
A= 7’;-( — bj
break inner loop
end if
end for
end if
if A >0 then
(F3.2) is infeasible for the node set N.
end if
end for

Proposition C.1 shows that, under the presence of supply nodes, transformation 7
both captures the graph’s structure and does not affect (F3.2)’s validity. As a result,
Propositions 3.1 and 3.2 become relevant to the transformed path and submodular path
inequalities (3.14) and (3.17) are also valid for paths where d; < 0 for some j € N.
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Appendix D

Proofs from Chapter 3

D.1 Proof of Lemma 3.3

Recall that C = ST U L™ and let C; = S}, U Ly, and Cy = Sy, U Lyy,. In (3.13), we
showed that the value of the minimum cut is

v(C) = m; = min{a} + B — ¢(S;"), ad + B¢ —d; — c(S7)}
for all 2 € N. For node set N; and the arc set (', the value of the minimum cut is
v1(C1) = min{af | + b1, oz;-lfl}.

This is because of three observations: (1) the values ai{“’d} for i € [1,j — 2] are the
same for the node sets N; and N, (2) for the arc set C; the set S;[l now includes
the backward path arc (j,j — 1) and (3) node j — 1 is the last node of the first path.
Similarly, for node set Ny and the arc set (s, the value of the minimum cut is

v2(Co) = min{BY + u;_1, 67}

For nodes Ny and the arc set Cy, (1) the values ﬁi{"’d} for i € [j + 1,n] are the same
for the node sets Ny and N, (2) for the arc set Cy the set S;T now includes the forward
path arc (7 — 1, ) and (3) node j is the first node of the second path.

Now, if o = ¥, +u;1 + ¢(S]), then of = af | +d; + ¢(S;) from equations in
(4.3)-(4.4). Then, rewriting v(C) = m; and v1(C}) in terms of af_;:

v(C) = 04?_1 + min{ 3} + u;_1, ﬂ;l}

and
v1(Cy) = 04?71.

As a result, the values v1(C}) and v9(Cs) summed gives the value v(C) under the
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assumption for the value of af.
Similarly, if 8¢ | = B + bj_1 + ¢(S;,), then g | = B¢ + d;_1 + ¢(S;_,) from
equations in (4.5)-(4.6). Then, rewriting v(C') = m;_; and v3(C3) in terms of B¢:

v(C) = ﬁ]d +min{aj_; +b;_1, 04?_1}
and

'UQ(CQ) = ﬁjd

As a result, the values v1(C}) and v9(Cs) summed gives the value v(C) under the
assumption for the value of 5 ;.

D.2 Proof of Lemma 3.4

The proof follows closely to that of Lemma 3.3. Let C' = STUL™, C; = Sy, U Ly
and Cy = SY, U Ly,. For node set Ny and the arc set C, the value of the minimum
cut is

v1(Cy) = min{al_y, af_; +uj1},

where u;_; is added because ¢(Sy,) = ¢(Sy;_;) + u;—;. Similarly, for node set N, and
the arc set Cy, the value of the minimum cut is

va(Cy) = min{ By, 57 + b; 1},

where b;_; is added because c¢(Sy,) = ¢(S5,) + bj_1.

m
Now, if of = o | +b;_1 +dj_1 +¢(S]), then o = a¥_, +¢(S]") from equations in
(4.3)—(4.4). Then, rewriting v(C') = m; and v;(C}) in terms of af ;:
v(C) = af_; + min{j}, 6}1 + b1}

and
Ul(Cl) = Of?_l.

As a result, the values v1(C}) and vy(Cs) summed gives the value v(C') under the
assumption for the value of a?.
Similarly, if 3¢, = By 4+ uj1 + dj—1 + c¢(S;_,), then BY | = ¥ + ¢(S}",) from
equations in (4.5)—(4.6). Then, rewriting v(C) = m;_; and vy(Cy) in terms of B}
v(C) = B + min{af_;,af | +uj1}

and

As a result, the values v1(C}) and vy(Cy) summed gives the value v(C) under the
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assumption for the value of Bj‘-l_l.

D.3 Proof of Lemma 3.5

The proof follows closely to that of Lemmas 3.3 and 3.4. Let C = STUL™, C; =
S, ULy, and Cy = S, U Ly,. For node set Ny and the arc set Cf, the value of the
minimum cut is

v1(C1) = minfal_;, af_}

and for node set Ny and the arc set (5, the value of the minimum cut is
v2(Cy) = min{ B} + u;_1, ﬁjd + b1}

Now, if o = ad | +uj_y +¢(S)) and B¢ | = Y + uj_1 + dj_1 + ¢(S;_,), then

af =af | +d;+¢(S;) and BY | = Y+ ¢(S;). Then, rewriting v(C') = my, v1(Cy)

and vy(Cs):
v(C) = af 4 + minf{u;_y + B}, B} = af | +uj_1 + B,

vl(Cl) = Oé?_l and UQ(CQ) = 6? + Uj—1.

As a result, the values v1(C1) and vy(Cy) summed gives the value v(C) under the
assumption for the values of o and 55‘1—1-

D.4 Proof of Lemma 3.6

The proof follows closely to that of Lemmas 3.3 and 3.4. Let C = StTUL™, C; =
S¥ ULy, and Cy = SF, U Ly,. For node set N; and the arc set Cy, the value of the
minimum cut is

v1(C1) = min{a§ | +b;_1, a}ifl +uj_1}
and for node set Ny and the arc set (5, the value of the minimum cut is
va(Cy) = min{gy, 47},

Now, if of = a¥ | + bj_1 + d; + ¢(S;) and B | = B¢ + bj1 + ¢(S;,), then

of = ay | +c(S) and )| = B+ d; 4 ¢(S;). Then, rewriting v(C) = m;, v1(C)

and UQ(CQ)Z
0(C) = al_; +min{BY, B + bj1} = ol + B + b1,

v1(C1) = af | + b and vy(Cy) = ﬁ;j
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As a result, the values v1(C}) and vy(Cy) summed gives the value v(C') under the
assumption for the values of agl and [} ;.
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Appendix E

Lot Sizing with Inventory Bounds
and Fixed Costs

In this section, we show that the inequalities by Atamtiirk and Kiiglikyavuz (2005) is a
special case of (4.9). Recall that they formulate the lot-sizing with bounded inventory
(LSBI) problem as the following optimization problem:

n

min Z(ftﬂvt + Py + Geze + haiy)

i=1
st. 1ty —i=d, tell,n],
0<iy <wz, te][ln]
(LSBI) 0 <y, < (di+w)zy, te€][l,n],
yeR" xe{0,1}",
i e R™, 2 e {0, 1),

In the first set of inequalities, they give valid inequalities for LSBI, when z, = 1,
for all t € [1.n]. Let [k, ¢] C [1,n] be a subset of nodes and L C [k, ¢] be a subset of
production arcs. Then the inequalities

lp—1 + Z Yr < Up—1 + Z min{dg: + wp — Ug—1, dge — Wp—1, de} Tt + g, (E.1)

teLt teLt
lp—1 + Z Ye < Up—1 + Z (dgr — Up—1 + wg) 2y (E.2)
teLt teLt

are valid for LSBI.

Proposition E.1. Inequality (E.1) is weaker than inequality (4.9) for LSBI, where
ST ={(k-LE)}.

Proof. Let p = min{t € [k, (] : up—1 < dgt}. Due to the assumption of u;—; < d; + uy,
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for all ¢ € [1, n], we notice that v(S™) = ug_;. Moreover, notice that the maximum flow
that can be sent by a production arc ¢ is min{d;, d; +u;}. If t < p, then v(STU{t}) =
dgi—1 +min{u; +dy, dye} and if t > p, then v(STU{t}) = w1 + min{u; +d;, dye}. Using
the definition of p, one can write v(STU{t}) in a compact form as min{wuy_; +min{wu, +
dy, dye}, dge—1 + min{u; + dy, de} . After some algebraic manipulation, we observe that

p(ST) = (min{dpy + wp — wp_1, dig — Up—1, w4 dy, dyg}) ™

for each t € L. O

Proposition E.2. Inequality (E.2) is weaker than inequality (4.9) for LSBI, where
St={(k—-1,k)}.

Proof. Proof follows similar to that of Proposition E. Since a; = 0 for the inventory
arc ((,¢ + 1), the effective demand at node ¢ becomes d, + uy. This leads to

pt<S+) = (Hlil’l{dkt -+ Ut — Uk—1, dkg —+ Up — Uk—1, Ut —+ dt, dtg -+ Ug})+ .

From the assumption of u; 1 < d;+uy, for all t € [1,n], we know that dg; +uy —up_q1 <
die + ug — up—q and uy + dy < dye + up. Then, for each t € LT,

Pt(5+) = (min{dy; + v — ug_1,d; + Ut})+ .

]

In the second set of inequalities, they introduce inventory fixed charge variables
to inequalities (E.1) and (E.2). Recall that p = min{t € [k,{] : up—1 < di:}. For
1<k </{l<nsuchthat up_1 < d,let L C [k, {Jand T = {t1,t2,...,t,} C [k—1,p—1].
For j € T, let s(j) = min{LU{l¢ + 1} : t > j}. Then the inequalities

lp—1 + Z Yy + Z%(l —z) < Up—q

teLt teT

-+ Z min{dkt + Ut — Ug—1, dkg — Ug—1, dtg}wt + iz, (E3)

teLt

lp—1 + Z Y + Z%(l —2) < up—1+ Z (dgt — ug—1 + ug)xy, (E4)

teL+ teT teL+
where
ug—1 — dre, if j =7 and s(t;) > p,
Ty = d(tj—i-l)(th) lfj < 7 and S(tj> = S(t(j_H)),

dt;41)se)-1)  if (7 <7 and s(t;) < s(t(j41))) or (j =7 and s(t;) < p)
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are valid for LSBI.

Proposition E.3. Let s represent the inventory arc (k—1,k) and let t € [k—1,p—1].
For S = {s} and T' = {(¢,t + 1)}, the inequality

ikt Yyt —po(L()]z = 0)) (1 = 2) S 0(S) + D p;(S)z;  (E5)

JeLt jeL+

where L(t) = Lt N[t + 1,/] is equivalent to inequality (E.3) and is valid for LSBI.

Proof. Let (y*,i*,x*,z*) be a feasible solution of LSBI and let L; = Lt \ L(t). We
show validity of inequality (E.5), under two cases: 2z = 1 and z; = 0. When z; = 1,
inequality (E.5) is equivalent to inequality (4.9) and is valid for LSBI.

Now, suppose z; = 0. Inequality (E.5) becomes

it Y00 < o(8) — L)+ LD =0+ 3 p(5), (E6)

jELt jeL+

where Lt = {t € L : 2, = 1}. Moreover, let L(t) = L™ N L(t). From the definition of
the function v, when z; = 0, it is guaranteed that

iy =i+ Yyl <v(sULT|z =0).
jeL+

Moreover, using the structure of the path we observe

ps(L(t)]2 = 0) = py(L(t)]z = 0)

and
v({s} U L¥|z = 0) = po(L(1)] 2 = 0) + v(L(t)|2 = 0)

since t < p — 1. Then, we make the following observation about the right hand side of
inequality (E.6):

v({s}) = ps(L(8) + ps(L(t)]2e = 0) + Z+ pi(S)
o({s}uL(t) - ZEL@) +ps(L(t)|2 = 0) + | _Z N pi({s})
> v({s} U L(1)) = po(L(t)) + ps(L(#)] 2 = 0) + ]Egj N pi({s})
= o(L(t)) + ps(L(t) |2 = 0) + | 72 3 pi({s}) o
= v({s} UL¥[z =0) + ZJG /()j)({s})-

jeL(t)NL+
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In the first and second inequalities, we use submodularity of the function v and in the
last equality, we use the structure of the path. As a result,

iy —ip+ >y <o({sh ULtz =0)

jeL+
< o({s}) = ps(L(t) + ps(L(D)|2e = 0) + Y p;(S)
jELt
and we conclude that inequality (E.5) is valid for LSBI when z; = 0. O

As it is pointed out in Atamtiirk (2004), the coefficients ~y,; are sequence-dependent.
Let the sequence of inventory arcs to be lifted be represented as T' = {t1,...,t;}. Then,
one can represent the coefficients as:

Yy = ps(L(t)|ti = 0, Vi € [j 4+ 1,7]) — ps(L(t))[t; = 0, Vi € [, 7]).
Proposition E.4. Let t;,t; € T for some ¢ # j. If t; > t; and 7 < j, then v, = 0.

Proof. Recall that the coefficient ~;, can be represented as ps(L(t;)|t; = 0, VI € [i +
L 7])=ps(L(t;)|t; = 0, VI € [i, 7]). Without loss of generality, let j := arg minjepiy1.{t:}
and suppose t; < t;. Since t; < p, we know that p,(L(t;)|t; = 0, VI € [i,7]) = dj, and
ps(L(t;)|ty = 0, VI € [i,7]) = di,. Consequently, the coefficient of z, is 7, = 0. O

Due to Proposition E.4, we assume that t; < t; for all ¢;,¢; € T"and ¢ < j. In other
words, we assume that 7' is an increasing set.

Remark E.1. For LSBI, the coefficients
ps(L(t:)|ty =0, VI € [i,7]) = ps(L(t:)[t: = 0)

and
ps(L(ts)|[ty =0, VI € [i +1,7]) = ps(L(t;)[tiz1 = 0).

In other words, the change in maximum flow by adding the inventory arc (k — 1, k) to
L(t;) only depends on the smallest (left-most) inventory arc (j, 7 + 1) that is closed.

Note that the results shown in Propositions E.3, E.4 and Remark E.1 are not general
for all network structures and depend heavily on the path structure of LSBI.

Proposition E.5. Let s represent the inventory arc (k—1,k) and let t € [k—1,p—1].
For S = {s} and T' = {(¢,t + 1)}, the inequality

i1t )y ) (ps(L(B)[t1 = 0) = pu( LDt = 0)) (1 = 2) < 0(S) + Y ps(S)a;

jELt teT jeLt
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is equivalent to inequality (E.3) and is valid for LSBI.

Proof. Let (y*,i*,x*,z*) be a feasible solution of LSBI. If z; = 1 for all ¢ € T, then
inequality (E.7) is equivalent to (4.9) and is valid for LSBI. Suppose z; = 0 for some
teT. Let T = {t € T : zf =0}. From the definition of the function v, we observe

iy —ip+ >y <v({stULt|n=0VieT).

jeL+
Inequality (E.7) when 2z = 0 for i € T' becomes

i1+ Yy < o(S) =D (L)1 = 0) = ps (LG = 0)) + > pi(S). (E8)

JELT jeT jeL+

Let R be the right hand side of inequality (E.8) and let ty. = max{j € T'}. Then,
using submodularity and the path structure of LSBI, we observe the following

o({s}) = Po(L(tman)[Ztmas i1 = 0) + ps(Lltma) 2t = 0+ D p5(S)  (E9)

JEL(tmax)

> 0({s} U L(tmax)) = ps(L(tmax) |2t 11 = 0)
+ ps(L(tmax)|2tpay, = 0) (E.10)

> 0({5} U L(tmax)) — Ps(L(tmax) | 2t 11 = 0)

+ s (L(tmax) [ tmax = 0) (E.11)
v({5} U L(tmax)) = po(L(tmax)) + 05 (L{tmax) |2ty = 0) (E.12)
(E.13)
(E.14)

v

U(L(tmax)) + Ps(L(tmax) |2ty = 0)
v({s} U L(tnlax>|ztmax =0).

The inequality (E.12) holds since for any ¢; € T" and t; > t;,

ps(L(t;)|z, = 0) < ps(L(1;))

due to the path structure of LSBI. Similarly, we reach the equality of (E.13) and (E.14)

since v(L(tmax)) = 0(L(tmax)| 24, = 0). Using the inequality (E.10)—(E.14), we observe

that
R>v({s} U [:(tmax) 2ty = 0)
= D (psLt)tir = 0) = po(LE) |t =0)) + > pilS).
€T\ {tmax } €L\ L(tmax)

For the rest of the proof, we use an induction logic. First, we introduce some
notation for simplification: let T'(t;) =T N {t;,...,t.} and let v(C|T'(¢;)) == v(C|z; =
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0,¥i € T(t,)) and p(CIT () = p(Clz = 0,¥i € T(t;)).
Assuming that the following is true

R > v({s} U L(t;1)|T(tj41))
- (Ps(L(t) 20, = 0) = po(L(t) |2, = 0)) + > pulS)

€T\ [tj41,tr] i€L\L(tj41)

for iteration j+ 1, we extend the result for ¢;. First, we make the following observation
pZ(S) > pi<S|th+1 = 0) = pZ(S|th = O,VZ € [] + 177-])
for any ¢ € L™ \ L(t;41). Then,

v({s} U L(tj0)|T(tj41)) = po(L(t))[tjs1 = 0) + pu(L(t)|2e, =0)+ D> pilS)

i€L(t;)\L(t;41)
> o({s} U L) [T (t40) — po(E() 50 = 0) + pulL(ty)]2, =0)  (B.15)
> o(L(t)|T(t541)) + ps(L(t;)|z, = 0) (E.16)
— o({sh U L) () (B.17)

Inequalities (E.15)—(E.16) are obtained from the observation above and submodularity
of the function v and the equality of (E.16) to (E.17) is due to the path structure of
LSBI. As a result of the induction, we have proved that

R >v({s} UL|T).
Then, combining with the definition of the function v, we conclude that

iy =i+ Yy <v({stULYT) <R

JELT

and inequality (E.7) is valid for LSBI.
[l

Remark E.2. In Atamtiirk and Kiigiikyavuz (2005), they select T C [k — 1,p — 1]
since closing any inventory arc j > p does not change v(S™) nor p,(S™) for any t € LT.
As a result, the lifting coefficient of such an inventory arc is zero.

Example E.1. Consider the example in Figure E.1. Inequality (4.9) for the node set
[2,5] and the arc sets ST = {(1,2)} and LT = {2,4,5} is

1+ Y2 +ys +ys <40 + 14xy + 142y + 145 + 15,
which is equivalent to inequality (E.1) for the same subsets of nodes and arcs.

143



(1) (2) (3) (1) (5)
uy 41*40 *47 YM \ﬁm *5
dy 11 12 13 14 15
Figure E.1: A lot-sizing example with inventory bounds.

Note that p = 5 since doy < 40 and dys > 40. Selecting T' = {(2,3)}, we get the
lifting coefficient of 13. We obtain this value by the difference of p(1 2)({4,5}) = 25 and
pa,2)({4,5}|22 = 0) = 12. Consequently,

11+ Yo+ ys+ys + 13(1 — 22) <40 + 14xy + 14xy + 1425 + 15,

is also valid for LSBI.
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