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Abstract:

This paper suggests the use of simple minimum distance methods to estimate restricted
cointegrating vectors. The method directly employs minimum distance methods on unrestricted
cointegrating matrices estimated in the usual way to estimate restricted parameters which are
linearly or nonlinearly related to the unrestricted cointegrating vector coefficients. Thelimiting
distribution of the estimates as well as the usual test for the restrictions are derived. A Monte
Carlo experiment is undertaken to examine the effectiveness of these methods for cointegrating
Vectors.

JEL classification : C13, C32
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1. INTRODUCTION

Theory often posits the existence of long run relationships between economic quantities. If the
data contain a unit root, then cointegrating methods are appropriate. Quite alarge number of
methods for the estimation of cointegrating models are avail able (the most often employed
estimator is due to Johansen (1988), see Watson (1994) for areview). Methods have been
developed to estimate and/or test various linear restrictions on these cointegrating vectors,
however many practical problems arise. Likelihood methods can be used in many cases

(Johansen 1995) however algorithms for estimation are often quite complex.

This paper suggests a very simple asymptotically efficient two step method for undertaking the
estimation of restricted cointegrating models. First, obtain unrestricted cointegrating vector
estimates from one of the available methods. Second, use minimum distance methods to estimate
and test the restricted cointegrating vector. The methods presented are valid for nonlinear as
well as linear restrictions (with some regularity conditions on the functional relationship between
the restricted and unrestricted estimates). The estimates have the property that if the original
estimates have an asymptotic conditional mixed normal distribution, then so do the restricted

estimates. Thetestsfor overidentfying restrictions will have c? limit distributionsin this case.

The paper is set up asfollows. The next section introduces the general theory showing
consistency of the restricted parameter estimates and derives the asymptotic distributions of these
estimates and the tests for overidentifying restrictions. The following section examines the
properties of the suggested method for a variety of linear and nonlinear restrictions. The
methods are then applied to the model of King, Plosser, Stock and Watson (1991). The final

section concludes. Proofs are contained in Appendix A.

2. MINIMUM DISTANCE AND COINTEGRATION.
2.1. Model

The data y, can be modeled as a vector autoregression

Yo =m+Y (L)Y, +e



wherey, isanxl vector, Y (L) isapolynomial in the lag operator (potentially infinite order), m

are deterministic terms and e, is amartingale difference sequence residual. This can be

rewritten as

Dy, =m+ Yy, ; +P(L)Dy,; +e (1)
where Y =-1, + é L YiPi=- é j:i+1YJ- and the sums run to the order of the polynomial

Y (L).

We assume that the datay, individually have unit roots (are 1(1)) so cointegration analysisis
appropriate (Engle and Granger 1987). If thereisalong run relationship in the data such that by,
is stationary wheny, is nonstationary (where b is n,xn and n,<n), then thisimplies that in the
above model that Y hasreduced rank. Asexamined in Johansen (1988) amongst others, there
are many ways to normalize the cointegrating vectors b, i.e. we can partition b into [b, b,] where
the partition is after the n,th column, so that we can construct new cointegrating vectors by
premultiplying by the inverse if the square matrix b, so long asthis inverse exists, and obtain the
cointegrating vectors b;'b =[b3'b,,1,,]=[- G,1,,]. Notethat the partition is arbitrary so long

astheinverse exists.

Using this normalization and following Watson (1994), we can typically write thismodel in
triangular form (see Phillips (1991)) as

Vi =g + Yy g + Uy

_ 2
Yor =y + Gyy + Uy



whereyy, isnmx1, y,isnyx1, (i.e. conformably partitioned with b) and u, = [u,,’ u,']" isan nx1
vector of potentially serially correlated residuals. Here d;; and d are deterministic terms where
d=d z;, d.are unknown parameters and we consider three cases, z,=2,=0, z,,=0 and z,=1, and
finally z,=1 or 0 and z,=[1,t]. We assumethat in the first case no deterministics are included in
(2), in the second a constant is included, and in the third a constant and a time trend are included
in the actual regression and that the restrictions implicit on m are not tested (the extension is
straightforward). Asthe partition of the cointegrating vector was arbitrary, so is the partition of

y.. Define Wasthe spectral density matrix of u, at frequency zero divided by 2p, and assume that

[T R
u, satisfies T'Y2 u, b Bl ) =WY2W(I ) for | T [0,1] where W(l ) isan n dimensional

t=1

standard Brownian motion and b denotes weak convergence.

In this paper we are interested in restrictions of the form vec(C) = g(q) where qisaqgx1 vector

of unknown parameters with true values g, and g<n,n, (i.e. contains less parameters than does G).
The mapping may be linear or nonlinear. We are interested in obtaining estimates and limit

distributions for g and testing the over-identifying restriction vec(CG) = g(q) -

With various assumptions on the error terms and the lag polynomial in (1) or their equivalents,
many papers have derived estimators for the cointegrating vector G (Johansen 1988, Ahn and
Reinsel 1990, Phillips and Hansen 1990, Stock and Watson 1993, Saikkonen 1991,1992, see

Watson 1994 for areview). In this paper we will derive minimum distance methods applicable

to the unrestricted estimatesof G for all of these methods.



2.2. Minimum Distance

We will obtain estimates for g using standard minimum distance methods applied to the
unrestricted estimates of G. Thus our estimate for g, denoted d , iIsthe g that minimizes
{vec(® - (@)} VH{vec(&) - g} (3)

where V is an estimate of the variance covariance matrix of the vec( € ) estimates.

For linear relationships between Gand q a closed form solution will be available for d . Inthis

case we have restrictions of the form vec(C) =Gq +r , where G is (n,n, X g) with all elements
known and r is (n;n, x 1) again with elements known. Here the (i minimizing (3) is

q=(GV '1G)'1(G'\7 ved( G- r]) @)
All linear restrictions (within and cross equation) yield a closed form solution. For restrictions

that cannot be written in this form search procedures will be required to estimate g.

2.3. Limiting Results
Theorem 1. (Consistency of (i )
If (a) plim C =G, (b) V =>V, for someV, positive definite with probability one and full

rank, () g(q) is continuousin g, (d) Q is a compact subset of A9 containing g, (thetrueq) ()

9(q) = 9(d) for qT Q implies q = q., then q 34® q,.

Thisresult is not very restrictive, allowing estimation of d from any consistent estimates of C.
This includes those that have asymptotically mixed normal asymptatic distributions or even

simple OL S estimates which are known to be inefficient. The weighting matrix used may be



constant or converge to a matrix which is potentially random so long asit is positive definite (i.e.

we need not use V here but could employ any positive definite weight matrix).

The main restriction placed on the problem in Theorem 1 isthe limiting of the types of
restrictions that can be handled (i.e. the g(.) functions), however thisisjust the standard
restriction in the minimum distance literature. Restrictions that can be handled include al forms
of linear restrictions, either within or across equations. The limitation is on the forms the
nonlinear restrictions can take, they must be such that g(q) is continuous. Thus consistent
estimates of awide range of restricted cointegrating vector parameters are available from this

simple procedure.

Whilst the results of Theorem 1 show that we can turn any consistent unrestricted estimates into
consistent restricted estimates, we are more likely to prefer to use estimators that efficiently (in
the case of normal errors) use the information in the smultaneity of the residuals. These are the
so called optimal set of estimators (see Saikkonen 1991 or Phillips 1991). Estimatorsin this

class all have the mixed normal limit distribution conditional on y;,
VTIve(@) - 9(do)] P veo] (ML )W) 2} ~ MN(O, 1)
when suitably scaled where W(l ) =[W,(l )',\W, (I )']' and the partition is after the n;th row of W,

W12 U .y .
G where the partition is after the n,th row and

it é\Nll
Wo (1) =Wo (1) - Wy Wi Wi (1), W= g
evia1 22U

column and W (1 ) is a detrended Brownian Motion where

(i) WO (I ) =W(l ) if no deterministic terms are included,

1
(i) W) =w(l ) - (‘j/V(s)ds if aconstant isincluded,
0



1 1
(i) We(l )=w(l ) - (4- 6l )(‘jN(s)ds- @z - 6)(‘y\N(s)ds if aconstant and timetrend are
0 0

included.

The scaling for this class of estimators (and weighting matrix used) is of theform V =\71 A \7V2_l

where W,, =W,, - W, W;1W,,, \7V2_l is a consistent estimator of W, and \71'1 is such that it
convergesto (Bf B ' where B*(1 ) =W'?W"(1) and B} (I ) arethefirst n, rowsof B(l ).

Different estimators of the unrestricted cointegrating vectors suggest different estimators of V.

They will be examined in the next section. The remainder of the paper deals with unrestricted

estimates of estimatorsthat arein this class.

Theorem 2 (Asymptotic distribution of d )
1 &) V- 2TTveo(G) - 9(010)] P ve] (GG J(AM) 22} = MNI(O, 1) () V =>
V,. (c) Q hasa neighborhood of g, inwhich g(.) has continuous second partial derivatives and

_ T9(a)

1 then T(E] - g, ) hasa mixed normal limiting

do

(d) rank G(q,) =q where G(q,)

distribution conditional ony,, with mean zero and limiting variance covariance matrix

(G(@o)V, Gd,) "

Theorem 2 limits the results to the estimates for G that have asymptotic mixed normal

distributions, obtaining asymptotic distributions for d that also have asymptotic mixed normal

distributions. These are the standard estimators used in practice. An analog to Theorem 2 for



OLSestimatesof G isavailable by the same method as the proof of Theorem 2 but resultsin a

nonstandard asymptotic distribution for d .

In practice we need to estimate the variance covariance matrix of the estimates, and G is often

unknown when there are nonlinear restrictions asit is a function of the unknown restricted

parameters g, . This approximation can be done by using (i in place of g, and noting that by the

consistency results of Theorem 1 the estimated G ((i) convergesto thetrue G(q,) -

The variance covariance matrix, asin the unrestricted case, is stochastic however this presents no
problemsin practice asin the unrestricted case. Hypothesis tests and confidence intervals can be

set up in the usual way.

We can test the above restrictions by constructing the test
3r =T?vec(@) - 9@}V *{vec(®) - 9@}

where we multiply the function used to estimate q by T2 and replace q with d :

Theorem 3 (Asymptotic distribution of the test for overidentifying restrictions)
Under the conditions of Theorem 2 the test for overidentifying conditions J; hasa c? distribution

conditional on y;, with n;n,-q degrees of freedom.

This theorem shows the usual result that the standard overidentifying test has a chi squared
distribution with degrees of freedom equal to the number of restrictions (n;n, - g) being tested.

Thetest itself is simple to implement as it only requires objects that have already been calculated

to estimate (i .



Tests of a subset of the over-identifying restrictions avail able through these methods are
available directly in anumber of ways. For asubset of the possible linear restrictions, Johansen
(1995) details likelihood ratio tests for restrictions. Warne (1997) considers non linear Wald
testsin a Sims, Stock and Watson (1990) framework which includes cointegration. In general,
all of the methods can be used to construct Wald statistics of linear restrictions on the
cointegrating vectors after they have been normalized. The J; test when restrictions are linear
will result in numerically equivalent tests to these Wald tests using the same unrestricted

estimates of the cointegrating vector and variance covariance matrix.

2.4. Optimality.

Saikkonen (1991) and Phillips (1991) detail optimality properties for the unrestricted
cointegrating vector estimators when residuals are normally distributed. This optimality occurs
within the locally asymptotically mixed normal (LAMN) family. The methods devel oped above
retain optimality within this family by choosing the variance covariance matrix as the weighting
matrix. Of coursein small samples there may be aloss of efficiency in small samples as OT
convergent parameters are treated as nuisance parameters rather than estimated simultaneoudly.
Asin the regular application of minimum distance (Rothenberg 1973) any other choice of
weighting matrix than the one suggested here results in awider asymptotic distribution of the

restricted estimates.

10



3. EXAMPLES AND A MONTE CARLO EVALUATION
This section examines a number of examples of restrictions and also examines the performance
of the procedures for different initial estimators of the cointegrating vector by way of Monte
Carlo experiments. In each case we examine the performance in large samples (showing the
above limit theory to be applicable) and in small samples (to examine the applicability of the

large sample theory for samples encountered in practice).

There are available a reasonably large number of estimators that satisfy the restrictions of
Theorems 1 and 2. These were classed by Saikkonen (1991) as the efficient class of estimators
and include those of Johansen (1988), Phillips and Hansen (1990), Ahn and Reinsel (1990),
Phillips and Loretan (1991), Saikkonen (1991,1992), Stock and Watson (1993) etc., see Watson
(1994) for areview. Each of these provide asymptotically similar estimators of the cointegrating
vector and have associated with them asymptotically similar estimators of the variance
covariance matrix of these estimates. Here we will evaluate the above methods for three
different estimators; the Saikkonen (1992) VAR method, the Johansen (1988) full information
maximum likelihood estimator, and the DOL S (Stock and Watson 1993) method. These methods
are detailed in an appendix. Aseach differ in their small sample results, Monte Carlo results for

rejection rates under the null and alternative will be presented for each of these estimators.

3.1. Setting a cointegrating vector element to a known value.

Consider amodel where n, = 2 (there are two distinct unit roots in the model), n,=1 (thereis only
one cointegrating vector) so G=[ G, GJ]. Further, we will estimate G, given that we know the
truevaluefor G. Inthis case therestriction can be written asvec(G = Gq +r where G =0, 1]’
andr=[G,0]'. Theestimator for q = G, =(G'V"'G) }(G'V {[G-r]). Asresultsare

numerically equivalent for all G weset G =0.

11



Results when the null hypothesisis true are given for each of the three sets of unrestricted
estimates for T=50, 100 and 250 and for three different values of the variance covariance matrix
in Table 1A. Theresults presented in the first six columns are features of the original estimator -
average bias and standard error of the estimated bias as well as size for each of the two
coefficientsin the unrestricted model. The final four columns give the same statistics for the

restricted estimate as well as size for atest of the (true) restriction using the J; statistic.

A number of results are apparent. First, the performance of the asymptotic approximation in
small samples does not appear to be qualitatively any different to those for the unrestricted
estimates. This can be seen by comparing the tests of the unrestricted estimates to their true
values and also examining the test of the restricted estimate for its true value and the test for
overidentification. The size distortion on the restricted coefficient is nearly always less than or
equal to the size distortion on the unrestricted estimates. As the sample size increases the
differences are less (size distortions are all disappearing). Second, the restricted estimates vary

less than the unrestricted estimates. Thisisareflection of their smaller sasmpling variance.

Third, the test for overidentifying restrictions appear also to have similar small sample properties

to the unrestricted estimates. 1n general the size performance of these statistics is no worse than

for the usual cointegrating estimates.

12



Table 1: Size Resultsfor Model 3.1.

EG)  sdev(@)  e(G=G) EG)  wdv(G) te(G=G)  E@) sdev(d) tet(G=G) Jrre.
T=50 W12=O.5 W13=O.3 \/\/23:0.5
Saik 0 0.089 0.121 0.006 0.091 0.124 0.002 0.064 0.113 0.124
Johan 0 0.101 0.144 -0.002 0.104 0.139 -0.001 0.07 0.123 0.139
DOLS -0.001 0.087 0.071 0.001 0.087 0.072 0 0.063 0.069 0.072
T=100
Saik 0 0.043 0.095 0.002 0.042 0.09 0 0.031 0.086 0.09
Johan 0 0.044 0.097 0 0.043 0.09 -0.001 0.032 0.085 0.09
DOLS 0 0.042 0.065 0 0.041 0.063 0 0.031 0.063 0.064
T=250
Saik 0 0.016 0.063 0 0.016 0.061 0 0.012 0.06 0.061
Johan 0 0.016 0.062 0 0.016 0.061 0 0.012 0.059 0.061
DOLS 0 0.016 0.054 0 0.016 0.053 0 0.012 0.052 0.053
T=50 W12=O.5 W13=O.5 \/\/23:0.5
Saik 0.003 0.085 0.122 0.004 0.085 0.124 0.004 0.061 0.114 0.124
Johan -0.001 0.094 0.138 -0.001 0.096 0.133 -0.001 0.066 0.12 0.134
DOLS -0.001 0.082 0.071  0.001 0.082 0.072 0 006 0.069 0.072
T=100
Saik 0.001 0.04 0.095 0.001 0.039 0.09 0.001 0.029 0.084 0.09
Johan 0 0.041 0.096 0 0.041 0.09 0 003 0.083 0.09
DOLS 0 0.04 0.065 0 0.039 0.063 0 0.029 0.063 0.064
T=250
Saik 0 0.015 0.062 0 0.015 0.061 0 0.011 0.059 0.061
Johan 0 0.015 0.062 0 0.015 0.06 0 0.011 0.059 0.06
DOLS 0 0.015 0.054 0 0.015 0.053 0 0.011 0.052 0.053
T=50 W12=O.5 W13=O.7 \/\/23:0.5
Saik 0.005 0.072 0.122 0.002 0.072 0.118 0.004 0.052 0.111 0.118
Johan -0.001 0.079 0.127 0 0.079 0.124 0 0.056 0.114 0.124
DOLS -0.001 0.07 0.071 0 007 0.072 0 0.051 0.069 0.072
T=100
Saik 0.001 0.034 0.091 0 0.033 0.087 0.001 0.025 0.083 0.087
Johan 0 0.035 0.091 0 0.034 0.084 0 0.025 0.08 0.084
DOLS 0 0.034 0.065 0 0.033 0.063 0 0.024 0.063 0.064
T=250
Saik 0 0.013 0.062 0 0.012 0.059 0 0.009 0.059 0.059
Johan 0 0.013 0.06 0 0.013 0.059 0 001 0.058 0.059
DOLS 0 0.013 0.054 0 0.012 0.053 0 0.009 0.052 0.053

Note: Inal cases unknown parametersin Gare set to one. The datais generated according to equation (2)
with no deterministics but estimated with a constant in the regressions. We set F (L)=I in the model and this

isknown in the simulations. The variance covariance matrix for u=€, has ones on the diagonal and off

diagonal elements asindicated. The variance covariance matrices for the unrestricted cointegrating vector

estimates are calculated asin Appendix B. All the reported tests on the unrestricted estimates are Wald
tests (t tests) based on these VCV matrices. Results are calculated from 5000 simulations.

13



Fourth, whilst the individual size performance and biases of the estimates vary slightly with the
variance covariance matrix, the relationship between the performance of tests in the unrestricted

model and the restricted model detailed above holds for each of the models.

Rather than compare directly to the unrestricted estimates, we can compute the (pseudo)
maximum likelihood estimates of g. In Table 2 we examine such estimates from the model

Dy, =m+F (Y, - Gyyy) +hy
where Gisrestricted as above, m and F are nx3 vectors of unknown parameters, and we assume
that h, ~ N(0,S) . Thisistheimplied error correction form for the model investigated above,
so we do not use the Johansen method as it assumes | ess information and hence would be less
efficient.

Table 2: Restricted Estimates

W, Wi, W, Bias (mle) Bias (md) MSE(mle) MSE (md)
Panel 1

0.5 0.3 0.5 0.001 0.015 0.089 0.087

0.5 0.5 0.5 -0.001 0.014 0.078 0.078

0.5 0.7 0.5 -0.002 0.012 0.056 0.056
Panel 2

0.5 0.3 0.5 -0.019 -0.030 0.071 0.067

0.5 0.5 0.5 -0.016 -0.023 0.060 0.057

0.5 0.7 0.5 -0.010 -0.013 0.045 0.043
Panel 3

0.5 0.3 0.5 -0.084 0.051 0.307 0.013

0.5 0.5 0.5 0.035 0.048 0.011 0.011

0.5 0.7 0.5 -0.273 0.049 0.962 0.008
Panel 4

0.5 0.3 0.5 0.049 0.010 0.028 0.028

0.5 0.5 0.5 0 -0.030 0.022 0.022

0.5 0.7 0.5 0.01 -0.010 0.014 0.014

Note: Reported are averages over 2000 replications with 100 observations in each pseudo-
sample. The model isasin equation (2) with u~N(0,W), d,;=d,=0 but a constant is estimated.

14



The results presented are for the same three model s (parameterizations of the variance covariance
matrix) and T=100. Each panel contains the average estimated bias (times 100) and mean sgquare
error (times 100) of the restricted estimates, with Panel 1 according to the model and Gof this
subsection (other panels are for models in subsections 3.2 to 3.4). For thismodel there are no
differences between the MSE’ sfor either estimation method, with the average bias being alittle
smaller for the MLE. Thus we see here that the ssimpler minimum distance method involves very

little if any loss over the correctly specified MLE.

3.2. Cross equation linear restrictions

In this case we have n, =1 and n,=2 so there are two cointegrating vectors, and G=[ G, G]’. The
restriction we will test isthat g = G, = G,, i.e. that the two cointegrating vectors are equivalent.
Inthiscase G =[1, 1]'. Inthiscase again the closed form solution

q=G, =(G'V !G) }(G'V"'G) isavailable. The results here are similar in nature to those in the
model in Section 3.1. For this reason only one panel of the results (comparableto Table 1) is
reported in the first panel of Table 3, that for when W,= Wi;= W= 0.5. The restricted estimates
are more precise, and the hypothesis tests both on the restricted estimates and the overidentifying

restrictions have similar size properties to the tests on the unrestricted estimates.
Panel 2 of Table 2 gives the restricted estimates for this model using minimum distance and the

MLE as above. Herethe correctly specified MLE’ s have mean square errors slightly above than

the minimum distance estimator, however they are fairly close.
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Table 3: Sizefor Models 2.2,2.3 and 2.4 for W;,=0.5, W;5=0.5, Wx;:=0.5

EG-G) sdv(G) tet(G=G) E(G-G) sdev(G) tet(G=G) E@,-0q;) stdev(d,) test(d,=d,) Jrre.

T=50 Model 2.2

Saik 0001 0063 0092 0002 0064 0.102 0.002 0.053 0.117 0.11
Johan  -0.002 0.067 0098 -0.001 0069 0108 -0.001  0.056 0.122 0.118
DOLS -0001 0062 0059 -0001 0063 0065 -0.001  0.051 0.072 0.061
T=100

Saik 0001  0.031 0.07 0 0.031  0.083 0.001 0.026 0.081 0.074
Johan  0.001  0.031 0.07 0 0.032  0.079 0 0.026 0.082 0.074
DOLS 0.001 0.3 0.057 0 0.031  0.061 0 0.025 0.063 0.059
T=250

Saik 0 0.012  0.066 0 0.012  0.058 0 0.01 0.065 0.062
Johan 0 0.012  0.069 0 0.012  0.059 0 0.01 0.064 0.061
DOLS 0 0.012  0.062 0 0.012  0.051 0 0.01 0.059 0.053
T=50 Model 2.3

Sak 0003 0085 0122 0004 008 0.124 0.002 0.023 0.115 0.127
Johan  -0.001 0.094 0138 -0.001 009  0.133 0 0.026 0.123 0.14
DOLS -0.001 008 0071 0001 0082 0.072 0 0.023 0.07 0.076
T=100

Saik 0001 0.04 0.095  0.001 0.039 0.09 0 0.011 0.078 0.091
Johan 0 0.041  0.096 0 0.041 0.09 0 0.011 0.081 0.095
DOLS 0 0.04 0.065 0 0.039  0.063 0 0.011 0.058 0.069
T=250

Saik 0 0.015  0.062 0 0.015  0.061 0 0.004 0.06 0.062
Johan 0 0.015  0.062 0 0.015 0.06 0 0.004 0.057 0.062
DOLS 0 0.015  0.054 0 0.015  0.053 0 0.004 0.051 0.052
T=50 Model 2.4

Saik 0001 0063 0092 0002 0064 0.102 0.001 0.032 0.12 0.098
Johan  -0.002 0.067 0098 -0.001 0069 0108 -0.001 0.035 0.124 0.108
DOLS -0001 0062 0059 -0001 0063 0065 -0.001  0.031 0.072 0.061
T=100

Saik 0001  0.031 0.07 0 0.031  0.083 0 0.016 0.085 0.073
Johan  0.001  0.031 0.07 0 0.032  0.079 0 0.016 0.084 0.074
DOLS 0.001 0.3 0.057 0 0.031  0.061 0 0.015 0.06 0.057
T=250

Saik 0 0.012  0.065 0 0.012  0.059 0 0.006 0.059 0.062
Johan 0 0.012  0.067 0 0.012  0.059 0 0.006 0.059 0.065
DOLS 0 0.012 0.06 0 0.012  0.052 0 0.006 0.052 0.057

Note: Asper Table 1.
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3.3. Non- linear Restriction
Thismodel is similar to that in Section 3.1 except that now therestrictionisthat = G = G In

this case thereis no closed form solution so numerical optimization was used. Here the

éGu_équ

restrictions can be written as vec(G) = g@ a= % »0=9(q) sothematrix Gisafunctionof g.In
e2u & u

constructing the variance covariance matrix for (i we use the consistent estimate (i . Inthiscase

G(a) = [1, 2q]".

Given the many approximations used to derive the limit distributions in this case we pay
particular attention to the size results for the test of overidentifying conditions. Again, asthe
results are similar over different models only the results for the same variance covariance matrix
asin Section 3.2 are reported in the second panel of Table 3. We see that there are no major
problems apparent here, indeed qualitatively there is no real difference in the results from those
in Section 3.1. The size performance for the tests on the restricted estimates is better in each
case than the unrestricted estimates. The test of overidentifying restrictions has similar size

performance to the tests on the unrestricted estimates.

Comparing the correctly specified restricted MLE’ s to the minimum distance estimates (Panel 3
of Table 2), in each model here the minimum distance method has either the same or dlightly
better MSE. The difference in the third row of the panel is due to a small number of outlier

MLE'’s, which presumably would disappear as the sample size increases.
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3.4. Cross Equation Non-Linear Restrictions.
This case is the same asin Section 3.2 except now therestriction isthat g = G, = G'?. Agan

there is no closed form solution so optimization methods were used. The matrix G(q) in this case

isG(q) =[12q]".

Results for the model with W,= Wi,= W= 0.5 are reported in the last panel of Table 3. Again,
estimates are considerably more precise that the unrestricted estimates and the size properties of

hypothesis tests on unrestricted estimates are similar to tests on restricted estimates.

Comparing again the restricted MLE’ s to the minimum distance estimates for this model, Panel 4
of Table 2 shows similar results to that of the model in the previous subsections. Overall, the
relationships between the estimators are that the results are model dependent, but fairly close for
each of the models and hence there does not appear to be too much if any loss from using
minimum distance over the correctly specified maximum likelihood estimator.

4. EXAMPLE
King et al (1991) identify asix variable VAR of the macro economy with cointegration amongst
the variables. The variablesin the system are the M2 measure of money supply (m, ), prices (p,),
real consumption (c,), real investment (i,), real private income (y;") and the 3 month Treasury Bill
(R). All variables except the interest rate arein logs. They have three restricted cointegrating

equationsin their system; these are
Consumption G- ¥ =y +f (R - Dp) + Uy
Investment it' ytp=n122+f2(R - Dpt)+u22t

andMoney Demand m, - p, =M, +b,yP +b R + Uy .
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Ordering the variables [y, R, Dp,, G, i, (M-p)] where the first three variables make up y;, of the
notation in the theoretical part of the paper and the remaining three variables make up y, in the

theoretical part of the paper we have a set of cointegrating relationships given by

é-1 -f, f; 10 Qu é1 f, -f
b:g-l -f, f, 01 Ochuswehavergl f, -fzg. If we were to estimate
gb, -by 0 0 0 1y g, by 04§

the unrestricted cointegrating vector, as reported in Table 3 Panel A of King et al (1991), we
would obtain nine unrestricted estimates. The restrictions show that there are four free
parameters in the cointegrating vector - we have two within equation restrictions and three

known values so have 5 overidentifying restrictions.

To estimate the restricted cointegrating vectors, there is no natural system reparameterization that
allows restricted estimation. King et al. (1991) estimate the model equation by equation,
imposing the restrictions for each equation. The methods above allow the restrictions to be
directly employed to obtain the efficient system estimates of the restricted cointegrating vector
coefficients. Astherestrictions are linear here aclosed form solution is available. The

restrictions can be written asvec(G) = Gg + r where

60 0 0 Oy &l
é a U
g0 0 0 0; gl
€0 0 1 00  é&od oo
é U éu éf,u
el 0005 & e U
G=€0 1 0 ol r=€Uandq=¢ *u
é a éu eb,u
e0 0 0 1g &g .4
€1 0 o odu &u RU
e u eu
€0 -1 0 0a &
&0 o0 0 of Y

Therestricted estimates and their standard estimates from King et a (1991) are reproduced in the
first two columns of Table 4 below (All regressions here correspond to those in King et al (1991)
including sample length (quarterly data 1954:1 to 1988:4, earlier data used for lags) and number
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of lagsin DOLS estimation procedure (5 leads and lags, 4 periods used to estimate
autoregressive robust errors, we thank Jim Stock for supplying data for this analysis and
programs to reproduce these results). The remaining two columns give the minimum distance

system restricted estimates and their standard errors.

Table 4: Restricted Cointegrating Vector Estimates

King et al.(1991) Minimum Distance

Est. s.e Est. s.e
fy 0.0033 0.0022 0.0030 0.0015
f, -0.0028 0.0050 0.0041 0.0029
by 1.197 0.062 1.242 0.041
b -0.013 0.004 -0.015 0.003

Note: Est. refers to the point estimate, s.e. refersto the estimate of the standard error.

Severa points are noticeable. First, the minimum distance estimates all have smaller estimated
standard errors. The standard error on the income elasticity in the demand for money equation
for the equation by equation approach is 51% larger than the minimum distance system approach
standard error. The standard error on the effect of the real interest rate on investment for the
equation by equation approach is 72% larger than the minimum distance system approach

standard error.

Second, the system point estimates differ from the equation by equation point estimates by up to
a (equation by equation) standard error in most cases. Theincome elasticity coefficient in the
system estimation is almost one standard deviation larger than that in the equation by equation
estimation. The effect of the real interest rate, negative and significantly different from zeroin
the equation by equation estimates, isin the minimum distance estimation more negative with a
smaller standard error. Of course, with a single sample we cannot be sure that the reduction of

the standard errorsis due to greater efficiency, however the change in the standard errorsisin the
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direction we expect given the likely high degree of simultaneity in the model and the effect that

using thisinformation would have on the standard errors.

Thetest for overidentifying restrictions here is equal to 7.59, numerically equivaent to the Wald

test for these restrictions reported in King et al (1991) Table 3 Panel B. This corresponds to a p-
value of 0.18 (the asymptotic distribution is ¢ 2) so the over-identifying restrictions are not

rejected.

5. CONCLUSION

The minimum distance methods give an extremely simple way to estimate and test quite alarge
range of models with restrictions on the cointegrating vectors. Restrictions on the cointegrating
vectors may be linear or nonlinear. For linear restrictions, a closed form solution for the
restricted estimates exists; for both cross equation and within equation restrictions. For
nonlinear restrictions, search procedures are required but only over the dimension of the

cointegrating parameters rather than the whole model.

These methods thus make available simple procedures for estimating restricted cointegrating
vectors. An example of an application isin King et al (1991), where in estimating restricted
cointegrating vectors in a macroeconomic model they had to undertake substantial rearrangement
of the model and then estimated each equation individually. Such an approach, whilst yielding
consistent estimates, provides inefficient estimates as the methods do not jointly use all of the
restrictions implied by the economic model. For their problem in the minimum distance

framework, a closed form solution for the restrictions and ajoint test of the restrictionsistrivial.
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Appendix A: Proofs
Theorem 1.
The proof of consistency is similar the usual proof except that the weight matrix is stochastic in

the limit.

Define d, (q) =[vec(G) - g(q)]'V [vec(G) - g(q)]. Rewritethisas

d, (@) =[vec(G) - g(@o)]'V, "[vec(G) - 9(@o)] +29@,) - 9@)]'V, ‘[vec(G) - 9(do)]
Hvec(G) - g@)]'lV " -V, vec(G) - g(@)] +[9(@o) - 9@V, T9@,) - 9(@)]

First, we need to show that d,(q) %4® d,(a) where d, (@) =[9(a,) - 9(@)]'V, [9(as) - 9(@)]
for al g. Each of thefirst three pieces converge in probability to zero regardless of the choice of
g. First, asV, is positive definite with probability one then the first term convergesto zero in
probability by condition (a) of the theorem. Noting that [g(q,) - 9(q)] is constant for al g the
second term also converges to zero by condition (a). Finaly, as [vec(é) - 9(q)]is04(1) for all

g* g, and converges to zero otherwise then by condition (b) the third term convergesto zero. The
remaining term is dy(q) . Thus d, (q) %4® d,(q) for al g. Thisimpliesthat q %#4® q,

following arguments analogous to Amemiya (1985) Theorem 4.1.1.

Theorem 2.
This result follows directly through application of the Mean V alue theorem and application of

the continuous mapping theorem and functional central limit theorem.

Define (@) = 10 @ = 0@} Sy ipveci@) - g@) forany 41 Q.
fla I3 é Ta' lza

By the mean value theorem, where g* lies between d and q,, we have
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(q) El(él - CIO)-

g*u

S(0) =0=S(d,) + &~
e

This can be rearranged to obtain

T(@- d,) = C'G(a*)'V T[vec(G) - 9(d,)]

whereczéw HandwedefineG(q*) glm g- Thelimit results for
é g0 e'ﬂq g U

T[vec(é) - 9(q,)] and V "t come from conditions (a) and (b) of the theorem.

For the stated result we requirethat C P (G(q,)'V, 'G(q,)) . By differentiation, we have that

|
C= l| gﬂg—@ V vec(G) - g(q*)]y G(a*)V- 'G(g*) + R, where R, hastypical
fa'; & 99’ q*u b
Mg @] Y, . . .
element - QW W ec(G) 9(g*)] . First, note that R, is 0,(1) as from the consistency
J
. . - j g (@) Y
of g, that g* isbetween q and q,, and assumption c) then GW U is O,(1) in the limit,
J

V-iis 0,(1) inthelimit and [vec(é) - 9(g*)] is0,(1) by assumption a).

Second, note that from White (1984) that from the consistency of d , that g* is between d and

0o, and continuity of the derivative that plim G (g*) =G(qo) . Thus from condition b) and the

continuous mapping theorem we have G(q*)'V "'G(q*) P G(q,)'V. *G(q,) as required.

Putting these results together using the FCLT and continuous mapping theorem we have that

T@- do) P (G(e)'V, 'G(d,)) " G(d,)'V, Y*vee] (odWy W )W W)}
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Thisimpliesthat (G(q)'V; *G(q))Y2T(q - q,) has an asymptotic mixed normal distribution

conditional ony;, with mean zero and variance covariance matrix |,

Theorem 3.

Write T(vec(G) - 9(@)) = T(vec(G) - 9(d,)) - T(9(d) - 9(d,)) . From the Mean Value

Theorem g(c]) =0@,) +G(q*)((i - g,) sowith theresultsin Theorem 2 we have

T(veo(®) - 9(@)) ={ 1o - (G@)C'G@*)V )} T(ves(S) - 9(do))
=VY2PV YT (veo(G) - 9(d,))

where P =1, - v_yZG(q*)C'lG(q*)v_ﬂz'.

We now have

3 ={T(vec(®) - g@n}VYT(vec(® - 9@}
={T(vec(®) - g N}V | PV¥2V V2P 2 T(vec(G) - g(d1o))}

={V-*2T(vec(&) - 9(a,))} P{V " *T(vec(&) - o(d1,))}
as Pisidempotent (it is a projection matrix). By the results of Theorem 1 and Theorem 2 we

havethat PP | ., - V. "?G(q,)(G(q,)'V. 'G(d,)) "G(d,)'V. ¥*' and by condition (a)
{\7 ) 1’ZT(vec((AB) - d(g O))} has an asymptotic mixed standard normal distribution. By the results

of Chan and Wei (1988) the two pieces are asymptotically independent. Thus the statistic is of
the form z'Kz where z is normally distributed and asymptotically independent of K (the limit of
P). Further, the limit for Pis of rank n,n,-q and has unit eigen values so by lemma 8.2 of White

(1994) this quadratic has a c? limit distribution with n,n,-q degrees of freedom.
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Appendix B: Constructing G and V for each of the three methods examined.
Saikkonen (1992).

; ; &_12 4 xA % A_A.A-lA_ééu élzu
Runthe VAR in equation (1) and construct S=+ g €, *e,*' and S=Y'S™"Y _Séz éz a.
E21 2 ()

Then the unrestricted estimates of the cointegrating vector are G=- S$;1S,, , W,, =S}, and V,
is the upper nxn, block of L™ X, * X, *'L" where x* =[y.,’ ']’ and L isasquare scaling

matrix with upper left hand block Tl , second block with zerosin off diagonals, (1,1) element

Or and (2,2) element T3 (if time isincluded as aregressor) with all other elements zero. The

variance covariance matrix isthen V.=V, A W,

Johansen (1988).

Solve the equation | S, - SiuS;iSu|=0, | being adiagonal matrix of eigen values I ;
S=SR:Ry, i,j=0,k where Ry, ( resp. Ry,) are the residuals of aregression of Dy, (Y..) on lags of Dy..
Normalize the n,xn eigen vectors ( b ) associated with the smallest n, eigen values by
premultiplying by 6'21 where we have partitioned b into [b, b,] where the partition is after the
n,th column. Now b3 =[b3'b,,1,]1=[- G,1,]=G*. A natural estimator for

\7V2_1 = (&S '4) *where 4 isthe nxn, matrix of error correction coefficients. The MLE for these
estimates depends on the normalization used and is 4= - (G* S, G*') 1G* S,,. We can usethe

upper n,xn, block of TS, if y,, isordered first as an estimate of V, .

Phillips and Loretan (1991), Saikkonen (1991), Stock and Watson (1993),
This method involves the running of the set of regressions y,, =m, + Gy,, +d(L)Dy,, +h,

where d(L) includes leads and lags (two sided polynomial lag operator). The unrestricted
estimates for G are simply the equation by equation OL S estimates of this model. An estimate

for \7V2llcan be obtained by any method of estimating the spectral density at frequency zero of

R, , the OLS residuals from the above equation. The estimator for \7l comes from the n,xn, block

of the denominator of the OL S estimates of the coefficient vector corresponding to the yy,

coefficientsin the DOLS regression above.
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