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Abstract

Fitting Mixed Effects Models with Big Data
by

Jingyi He

As technology evolves, big data bring us great opportunities to identify patterns
which were infeasible to identify from observations before. At the same time, it also
brings challenges to Statisticians in analyzing massive data and transforming them into
knowledge. Many existing implementations of traditional statistical methods can not
cope with the volume of big data. Our research is motivated by the need to fit Linear
Mixed Effect (LME) models to big data.

Subsampling and divide and conquer (D&C) methods have been proposed to analyze
the big data. In this thesis, we focus on sampling and D&C methods for fitting LME
models with big data. We start with one-way random effect model in Chapter 2 and
consider different subsampling methods such as sampling of subjects, sampling of both
subjects and repeated measurements, and D&C methods to estimate the parameters.
Estimation procedures, statistical properties, and simulation results are presented. After
comparing the estimators from different methods for one-way random effect model, we
consider subsampling of subjects and D&C method for random intercepts model and
general linear mixed effects model in Chapters 3 and 4, respectively. Comparisons for
different methods are provided at the end of each chapter. Overall we find that the D&C
method has better performance. Finally, we apply subsampling and D&C method to
investigate the relationship between ultraviolet radiation and blood pressure in Chapter

D.
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Chapter 1

Introduction

1.1 Introduction

According to Laney [I], big data is associated with 3 Vs: volume, velocity, and variability.
Data sets are growing dramatically during the last two decades, not only in the volume
but also in the variety and velocity. Big data already made unprecedented impacts on
all walks of life and brought unprecedented challenges and opportunities to Statisticians.
One of the main challenges is to understand and analyze big data using traditional
statistical methods. Many existing implementations of traditional statistical methods
can not cope with the volume of big data. For example, fitting complex statistical
models such as linear mixed effects (LME) models to big data requires developments of
new statistical and/or computational procedures. Our research is motivated by the need
to fit LME models to investigate the possible relationship between ultraviolet radiation
and blood pressure.

Wang et al. [2] pointed out that the statistical methodologies for big data can be

divided into three categories:

e subsampling: performs analysis on a subset of the whole data. The question is how
1



Introduction Chapter 1

to select such a subset. See Ma et al. [3] and Kleiner et al. [4];

e divide and conquer (also called divide and recombine): divide the whole dataset
into K subsets, performs statistical analysis for each subset in a parallel fashion,
and then recombines results from each subset. The question is how to divide and
recombine. See Lin and Xi [5], Chang et al. [6], Guha et al. 7] and Cleveland et
al. [8];

e online updating for stream data: simply updates analysis when new observations
come in. The update could happen on every new observation, or in mini-batch

mode. The question is how to choose the online updating rules. See Schifano et al.

9.

This dissertation is devoted to the development of efficient and valid statistical and
computational methods for fitting the LME models to big data.
The rest of this chapter, we will review some existing methods for big data and the

LME model. We will also provide an introduction to our real data project.

1.2 Existing Methods for Big Data

The key challenge with big data is how to turn these massive data into knowledge and
applicable insights. Sometimes, the big data can not be fully used due to the limitations
of analytical methodologies and/or computational resources. There is a great deal of
research on developing theories and methods for big data analysis.

Much research is about data manipulation. Parallel computation is commonly used
to take advantage of bigger cluster memory and to reduce overall running time. Many
software frameworks such as hadoop and spark are developed for distributed data storage

and processing. Another big chunk of effort is devoted to computational methods such

2



Introduction Chapter 1

as subsampling, divide and conquer (D&C) and online learning. We will review these

methods in Sections 1.2.1, 1.2.2 and 1.2.3, respectively.

1.2.1 Subsampling Methods

When facing massive data under the constraint of computation and storage resources, we
may use a subset of the full data. There are many different ways to select a subset, for
example, one may select the most recent subset or a random subset. Subsampling is an
effective approach to derive a representative subset. Different subsampling schemes have
been proposed to achieve different goals such as prediction and implementation efficiency.
We will review two subsampling-based approaches: bags of little bootstrap (BLB) and
leverage-based sampling, and review their impacts on estimators in terms of bias and
variance.

After combining standard bootstrap (Efron [10]), m out of n bootstrap (Bickel et al.
[11]) and subsampling-based methods (Politis et al. [12]), Kleiner et al. [4] introduced the
bags of little bootstrap (BLB) procedure to gain automatic and more accurate estimator

in the context of large datasets. The BLB procedure goes as follows:
1. generate s subsamples without replacement of size m from the full dataset of size
n;
2. generate r bootstrap data sets of size n from each subsample;
3. calculate estimates and their quality measures such as confidence intervals based on

r bootstrapped subsamples of size n for each subsample, and then get the overall

estimates and quality measures from s estimates.

One of the key advantages of this method is that we only need to store the sample data

of size m with an additional weight vector for each subsample. That is, we reduce the

3
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memory requirement by a factor of (1 — m/n) during the computation, which improves
the computation speed significantly. Kleiner et al. [4] proved the consistency and high
order correctness of BLB. The large-scale implementation of BLB showed good properties
including accuracy, convergence and computational efficiency.

The leverage-based sampling method springs from matrix-based data analysis prob-
lems. Due to the poor performance of uniform random sampling on "worst-case" matrix,
many non-uniform data-dependent sampling methods were developed. Algorithmic lever-
aging is one of the commonly used methods and has been applied in many problems, such
as least square approximation (Drineas et al. [13], [I4], Mahoney [I5]) and low-rank ma-
trix approximation (Mahoney and Drineas [16], Clarkson and Woodruff [I7], Mahoney
[15]).

We now describe the application of the leverage-based sampling method to the least

square problem. Consider the following linear model:

where y is an n x 1 response vector, X is an n x p fixed predictor matrix, 3 is a p x 1
coefficient vector and € is the random error vector.

The ordinary least square estimate of 3
Bas = argminglly — XBII* = (X" X)"'XTy. (1.2)

The corresponding predicted values are § = Hy where H = X (X7 X)7'X7 is the matrix
that converts values from the observed vectors into fitted values. Let h;; be the ith
diagonal element of H which is also called leveraging score of the ith observation.

Subsampling is to select a subset of observations with or without replacement. Let ;
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be the probability of selecting the ith observation. Drineas et al. [I3] and Mahoney [15]

1
had discussed the uniform subsampling with m; = — for all i € {1,...,n} and leverage-
n

based subsampling with m; = h;;/ Z h;; as a function of leveraging scores.

Ma et al. [3] developed a lexjfgrlage—based sampling for linear models and studied
the performance from the statistical perspective. Given a subsampling scheme, they
introduced sampling matrix S% and rescaling/reweighting matrix D. Specifically, D is a
diagonal matrix with ith diagonal element 1/,/77, where 7 is the subsample size, and the
ith row in S% is the e, where ¢y is a vector of length n with the kth value being one and
others being zeros. Ma et al. [3] considered three estimators: uniform sampling (UNIF)
estimator, basic leveraging (LEV) estimator and shrinkage leveraging (SLEV) estimator.
UNIF and LEV estimators were derived from either uniform subsampling or leveraging-
based subsampling with weighted least square estimation. SLEV estimator is from a
linear combination of the leverage-based sampling distribution and uniform sampling
distribution: 75¢¥ = ar"/ + (1 — a)7'®, where « is a configurable parameter. These
three estimators are the solutions of weighted least square estimation argmin 13||DS)T((y —
XB)||? with different sampling distribution. They also considered unweighted leveraging
(LEVUNW) estimator which is derived from leverage-based subsampling and unweighted
least square estimation argminBHS)T((y - X0

To evaluate these estimators, they derived the theoretical results about statistical
properties, such as variance and bias. In addition, they conducted experiments to em-

pirically prove that SLEV and LEVUNW estimators indeed improve the statistical per-

formances in terms of variance and bias.
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1.2.2 Divide and Conquer

Divide and conquer (D&C, also called divide and recombine) method has attracted a lot
of attention because it can be easily implemented parallelly. A D&C procedure has the
following three steps: (1) break the data into subsets; (2) perform the analysis for each
subset independently; and (3) combine results from each subset to get the overall results
and conclusions. Therefore, research on D&C mainly focus on these three parts.

Chen and Xie [I8] applied the D&C procedure to fit generalized linear model with
penalty, where the number of the observations n and the number of covariates p are large.

They proposed the following procedure:
1. randomly partition the data set n into k subsets,
2. apply penalized regression to each subset,
3. use majority voting and averaging operation to combine results from £ subsets.

Chen and Xie [18] proved model selection consistency and asymptotic normality under
certain conditions. Moreover, they proved that the combined estimator is asymptotic
equivalent to the estimator from entire data set under mild conditions and with a suitable
choice of k. D&C method has also been applied to fit other statistical models. For
example, Lee et al [19] applied D&C to LASSO regression, Chang et al.[6] applied D&C

to local average regression, and Zhang et al.[20] applied D&C to kernel ridge regression.

1.2.3 Online Learning

When dealing with big data, in particular, the data coming in a streaming fashion, online
learning is proposed to update model when new data flow in (could also be updated in

mini batch mode, like every 100 records).
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Online updating rule is the core of an online learning procedure. Several algorithms,
such as mirror descent [2I] and follow the regularized leader [22] were proposed. The

online updating rules generally follow the two principles:

e adjust model based on the performance of current model on the new data, which

is the principle already being used in many boosting algorithms;

e avoid the misleading by the new data, which corresponds to not-overfitting principle

in batch learning.

Online learning algorithms are well adaptive to real time applications including weather
forecasting and stock prediction. These methods try to reflect the most recent data in the
model. This is the reason that online learning cannot generate optimal model, compared
to the batch learning model based on the full data. When updating the model based
on the new records, algorithm generally does not have the whole picture of the data.
Because of this, many applications combine static learning together with daily update.

None of the subsampling, divide and conquer, and online updating method has been
applied to fit the LME models. The goal of our research is to fill this gap and apply
our method to investigate the relationship between ultraviolet radiation (UV) and blood

pressure.

1.3 Linear Mixed Effect Models

Linear mixed effect (LME) models are commonly used to model repeated measurements,
longitudinal data, and spatial data. LME models provide a flexible approach to model

both the mean and correlation structures.
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A LME model assumes that [23]

y=XB+Zb+e, (1.3)

where y is the response vector, X and Z are the design matrices for fixed effects and
random effects respectively, 3 is a vector of fixed effects, b is a vector of random effects,
and € is a vector of random errors. Assume that b~N(0,G), e~N(0, R), and b and €
are independent.

For clustered /grouped data, the observations within the same cluster/group are usu-
ally correlated, and mixed effect model provides a mechanism to model such cluster
dependence. The literature on fitting LME models to big data is scarce [24]. Often the
whole data set is so large that one cannot fit an LME model using the current implemen-

tations in software packages.

1.4 Ultraviolet Radiation and Blood Pressure

Large volumes of data are being collected in public health and medical studies. Big data
are becoming increasingly common with the development and innovation of technologies,
such as Apps on smart phones and blood pressure monitors. In a 2011 McKinsey report
[25], it was pointed out that big data can help the health care industry.

As a major risk factor for cardiovascular morbidity and mortality, high blood pressure
(BP) is prevalent in chronic hemodialysis patients. Treatment of hypertension reduces
morbidity and mortality [26]. There is a remarkable seasonal trend of BP and cardiovas-
cular mortality in temperate countries, which are higher in winter and lower in summer
([27] and [28]), and both daylight length and temperature correlate inversely with BP

[29]. Epidemiological data suggest to consider sunlight as an important factor in low-
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ering blood pressure but its mechanism of action remains uncertain [30]. Therefore, we
want to study the possible relationship between BP and ultraviolet radiation (UV) with
adjustment for temperature and other covariates.

We collected and combined large datasets from three resources: blood pressure data
from Fresenius Medical Care North America, UV data from National Center for Atmo-
spheric Research (NCAR) and temperature data from National Oceanic and Atmospheric
Administration (NOAA). The blood pressure data has 342,457 patients who underwent
chronic hemodialysis in 2178 Fresenius Medical Care North America facilities between
January 2011 and December 2013. These 2178 facilities correspond to 1926 zip codes
and 1530 latitude and longitude location pairs. Patients visited facilities 2-4 times per
week, and had their BP and many other variables measured at each visit or at regular
blood tests. We used the monthly averages of pre-dialysis systolic blood pressures (SBP,
mmHg) as the response variable. Other demographical variables such as race, gender, age,
comorbidities of hypertension, catheter use, monthly averages of body mass index (BMI,
kg/m?2), interdialytic weight gain (IDWG, kg), albumin (g/dL), EPO dosage, hemoglobin
(g/dL), serum sodium (mEq/L), and serum potassium (mEq/L) were used as covariates.

Since it is infeasible to measure exposures to UV radiation and temperature at
a personal level, we approximated these exposures using UV radiation and tempera-
ture data derived from public websites at matched locations. For each location, we
first computed hourly spectral irradiances (Watts per square meter per nanometer)
at each wavelength from 280 to 400 nm using the tropospheric UV and visible ra-

diation model from the National Center for Atmospheric Atmospheric Research web

site: |http://cprm.acom.ucar.edu/Models/ TUV /Interactive  TUV/l Then we computed

hourly UVA and UVB as the summations of spectral irradiance over wavelength ranges
321 - 400 and 280 - 320nm, respectively. Lastly, we computed summations of hourly

UVA and UVB over each day to approximate the total daily exposure for each location,
9
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and averages of daily UVA and UVB to calculate monthly averages.

We derived daily average temperature (Celsius) for all locations from the NOAA

website: [http://www.ncde.noaa.gov/cdo-web/searchl For locations lacking temperature

stations with matching latitude and longitude, we approximated temperatures using data
from the measurement locations with the shortest great circle distance using spherical
law of cosines. We averaged the daily average temperatures as the monthly average
temperature for each location.

Motivated by the need for effective analytical models and short running time, in
particular for fitting LME models with big data, we studied various subsampling methods
and D&C methods. Analysis of the UV data will be presented in Chapter 5.

The rest of this thesis is organized as follows. Chapter 2 presents estimation proce-
dures, statistical properties and simulation results for the one-way random effect model
with big data. Chapter 3 presents estimation procedures, statistical properties and simu-
lation results for the random intercepts model with big data. Chapter 4 presents estima-
tion procedures, statistical properties and simulation results for the linear mixed effect

model with big data. Chapter 5 presents the analysis of the UV data.

10



Chapter 2

One-Way Random Effect Model with

Big Data

2.1 The Model and Estimation Based on Whole Data

In this chapter, we consider the simplest LME model, one-way random effect model.
Computation for estimators of the one-way random effects models are simple and ad-
vanced methods are not needed for big data. We start with this simple model since the
theoretical results provide insights into similar methods for more complicated models.

The one-way random effect model with balanced design assumes that [23]:

Yij = pta; + €5, i=1,...n; g=1,...,m, (2.1)

where y;; is the jth observation from the ith subject, p is the overall mean, «; is the

random effect for the 7th subject, and ¢;; is the within subject random error. We assume

that a; ~ N(0,02), €; S N(0,0?), and «; and €; are mutually independent. Let

Y. = Wity ¥im) oy = (W, yDT a = (aq,...,a0), € = (€1, ., €m)T and € =

11
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(€T, ...,el)T. Then

y; ~ N(ul,,, V), (2.2)

where 1,, is a column vector of length m with all elements being equal to 1, V =
0?1, + 0% J,,, I, is the identity matrix of order m, and J,, is an m x m matrix with all
elements being equal to one. Note that observations of the same subject are correlated

due to the same random effect a;. Model (2.1)) can be written in a matrix form

y=Xut+Za + e, (2.3)

where X = 17

nm)’

Z = (21,...,2,), and z; is the vector of length nm with the elements
from index (i — 1)m + 1 to 9m being equal to one and the rest being zero.

The maximum likelihood estimator (MLE) of the overall mean ;1 based on the full
data [23]:

,[//mle = g..?

where . = . The expectation of the [i,.

D i D Vil
nm

E(flmie) = p.

12
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)

Since the variance of the summation of all observations

al)
( )
=1 j 1

=Var | m Z ai) + nmao?

ar (i i yj) = Var (Z > i +E

i=1 j=1 =1 j=1

Var (Z Z Yij
=1 j

—

= Var z”: (1 + o)

Li=1 j=1

i=1

= nm202 + nm02

then the variance of fi,,e

X Var(3L, D00 yi)  nm?02 + nmo?  o? + mo?
Var(fimie) = n2m?2 - n2m?2 T am

and the mean squared error (MSE) of the unbiased estimator fi,.

. . o? + mo?
MSE(,Umle) = Var(,umle) = T

Interestingly, fim.e is equivalent to the weighted least square (WLS) estimator

flwts = argmin, (y — Xp)"V, (Y — X ) = e, (2.4)
where V,, = diag(V ..., V) is the nm x nm dimensional variance-covariance matrix of y.
——
The unconstrained MLEs of 02 and ¢? based on the full data [23]

., SSA  RSSE

g

amle = nm nm(m — 1)

62, = RMSE,

13
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where SSA =m g (Y5 — 1) with g;. = M, RSSE = g (yi;—Us.)? representing
m
i=1 =1 j=1
SSA RSSE
the residual sum of squared error, MSA = , and RMSE = ——— representing
n—1 n(m —1)

the residual mean squared error. For the rest of this thesis, we only consider the uncon-
strained MLEs, and call them as MLEs for short. McCulloch et al. [23] showed that the

expectations and variances of the MLEs of the variance components are

1 2
B(62,0) = (1——) e (2.5)

n nm
E(a-?nle> = 027 (26)
X 2(n —1)(c2 + 02 /m)? 201

2 _ a 2.

Var(aa,mle) n2 + nm?2 (m _ 1)7 ( 7)
204
~2

Var(67,.) Y p— (2.8)

is biased and &2

: : 52 52
- 1e 1s unbiased. The MSEs of & and o7, are

52
Therefore, & amle

a,mle

.9 9 . 9,49 2n—1 9 o2\ 2 204
MSE(6; ,,;.) = Var(;) + bias®(67) = Out— | +——F+
m nm

a,mle n2 (m _ 1) ’
204
MSE(62, ) = ———.
S (Umle> n(m _ 1)

Intraclass Correlation Coefficient p (ICC) is defined as

2

Oq

o2+ 0%’

p:

which represents the proportion of the total variation due to the variation between sub-
jects. The ICC is often used to assess the consistency or reproducibility of quantitative
measurements.

The rest of this chapter is organized as follows. We will explore methods of subsam-

pling of subjects in Sections 2.2 and subsampling of both subjects and repeated mea-

14
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surements in Sections 2.3. Section 2.4 introduces the D&C method for one-way random
effect model, discusses the estimators and their properties from the statistical perspective.

Section 2.5 compares the estimators from subsampling and the D&C methods.

2.2 Subsampling of Subjects

In this section, We will consider two subsampling schemes for sampling of subjects only:
with replacement, or without replacement. Suppose that we have a subsample of size r
from all n subjects. Denote k; as the number of times that subject i has been selected
n
such that Z ki =r.
We diséfllss MLE and WLS estimator for a given selected sample in Sections 2.2.1 and

2.2.2, and then discuss sampling schemes in Sections 2.2.3 and 2.2.4.

2.2.1 MLE for a Selected Subset of Subjects

From the vector form (2.2) and McCulloch et al. [23], we have y; ~ N(ul,,, V) with

V=41, - 020—2Jm and |V| = (02 + mo?)(0?)™"!. We assume that n is very

@+ mad)
large relative to r, therefore we will approximate by an independence assumption, even
when sampling with replacement. Define L;(l;) as the likelihood (log likelihood) of y,|k,

where k = (ki,...,k,)". Then L =[]\, L¥ and I = 3> | kil;, where

Cm1 1 _
L =) # Ve { =3 on = i)V )}

1
li =— % log(27) — 3 log(c? + ma?) — m

oam? (i — p)°

202%(02 +mo2)

15
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Then the log-likelihood function

n

_ omy ki 1 2 2\ m—1 2
[ = B log(2m) — 5 log(o® + moy) Z k; — 5 log(o )Z k;

i=1 =1

_ 2
202 Z Z illig — Z 202 02 + :52))

i=1 j=1

By defining

SSA . =m > k(G — 7o),

1=1

_ sub)2
MSAsub _le ' (yll . ) ’
r—

RSSE,,, = Z Z ki(yi; — §i~)2,

i=1 j=1

E

RMSE,,; :M7

r(m—1)

\=c%+ maz,

215 o _ 2eimt 2 Killy _ iz by , we can re-write log-likelihood

where y;, = ——— 7" = =
m rm r
function as the following:
—— log(27) — r log(o? + mo?) — rim—1) log(c?) — 1 i i ki(yi; — 7:.)°
2 2 a 2 27 2 2K

2 k‘ )2
]{I —sub kz sub m-o,
202 'LZI 321 202 Zzl JZI Z 202( 02 + m02)
rm r r(m—1) o RSSEew  m>" | k(g — y°)?
== log(27m) — 3 log(A) — ——— log(c®) — 57 52

rm(yt —p)? w2l L k(g — g)? | rmPod(yr — p)?

B 202 202\ 202\
—1
=— % log(27) — glog()\) - % log(o?)
B RSSE;.» B SSA.up B rm(y5? — p)?
202 2\ 2A .

16
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The first order partial derivatives with respective to the parameters are

oL 2rm(y= — p)

o 2\ ’

o rm  mSSAgy  rm?(y — u)?
902~ T T o o
ﬂ o r(m—1) N RSSE..,  SSA.u N rm(y*? — u)?
do? 2\ 202 204 22 22 '

Setting above to zero, we get the MLE estimators:

gsub _ Z?Zl Z;nzl klyl] Z?:l kzgz

ﬂmle,sub - m = r ’ (29)
&fnle,sub - RMSEsub7 (210)
o SSAw  RSSE., o)
amie,su rm rm(m — 1)’

where SSA,.,, RSSE ., MSA,.,, and RMSE,,;, are denoted as the statistics computed

from the selected subsets.

2.2.2 Weighted Least Square Estimators for a Selected Subset of

Subjects

Compared with the linear model in Ma et al. [3], our within-subject observations are
correlated with the covariance matrix V of y,. Again assume that observations from
selected subjects are mutually independent. Let 7; be the probability that the ¢th subject

is selected. A weighted least square similar to (2.4) is

argmin, [DS%(y — Xp2)]"V, " [DS%(y — Xp), (2.12)

17
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where V. = diag(V, ..., V) is the rm x rm dimensional covariance matrix, D is a rm X rm
——

diagonal rescaling matrix with the [(i —1)m+ 1]th to the (im)th diagonal elements being
1//rm if the Ith subject in the original data was chosen for the ith trial, and S% is an
rm X nm sampling matrix with values either being zero or one, the diagonal elements in
the block of rows from [(i — 1)m + 1] to (¢m) and columns from [(I — 1)m + 1] to (Im)

being equal to one if the [th subject in the original data was chosen for the ith trial.

The solution to (2.12)) is

,[Lwls,sub = (XTWX>_1XTWy7

ko1 2
where W = SyDTV1DST = diag(Wy, ..., W,,) with W; = — | =T %a

rm o2 ™ o2(02 4+ mo2) "]

After straightforward calculation, the WLS estimator for the overall mean is

N z?ﬂ 27:1 kiyij/ﬂ'i

wls,sub — n 2.13
fatsonts = S (219)

2.2.3 Properties of Estimators Under Sampling With Replace-

ment of Subjects

The number of selections k is a random vector depending on subsampling scheme.

In this section we consider sampling with replacement of subjects only, that is k ~
1 1

mult(r, 7y, ..., m,) with m; = — E(k;) = rm; = Z, Var(k;) = rmi(l —m;) = L (1 — —) :
n n n n

and Cov(k;, k;) = —rmm; = —%. The estimator ([2.13]) which assumed independence can
n

be written as

) Dit 2 ki

Huwls,wr =

rm

which is the same as the MLE in ([2.9).

18
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Theorem 1. The conditional mean and variance of the estimator of the overall mean

from sampling with replacement of subjects only are

E(/lwls,wr‘y) = /lmlea (214)
N (n—1) Z?:l(gz)Q - Zz in Yir-Yiy-
var(uwls,wr|y) - TTL2 17iy T T2 . (215)
Proof.
e ki TSy Bk
E(ﬂwl&wr‘y) _ E (Zzl Z‘jfl y] y) _ szl 2]71 y] ( ) _ ,&mle,
rm rm
. 1 n m
Var(,uwls,wr|y) = r2m2 Var (Z kz Z y2j>
=1 j=1
= T2m2Var Zkly“
i=1
1 n
=23 > Uiy i Cov(ki,, kiy)
i1,ia=1
1 n
= ny_rm(l —m)+ Z yil.yiQ.(—rwilmz)]
Li=1 11712
1 r N = , 7
T r2m? | n (1 - ﬁ) Zyi' 2 Z yil’yi?]
L =1 i1742
(n—1) Z?:l(gi')2 - Ziﬁ% Yiy-Yiy-
rn? )
Note that expectations are with respect to k; as random variables. O

Theorem 2. The unconditional mean, variance and MSE of the estimator of the overall

19
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mean from sampling with replacement of subjects only are

E(fluwis,wr) = 1, (2.16)
n—1 ) o +mo?
+1
r

: (2.17)

Var(fiuis wr) = MSE(ftus.ur) = (

nm

Proof. The unconditional expectation of the estimator of the overall mean under sampling

with replacement of subjects only

nm nm

im1 2im1 Y i1 2 B(p+ o + 6
E(fiwiswr) = ElE(flwis,wr|y)] = E (Zz—l Z]—l y]> _ Dict Z]_l (p ;)

Since the unconditional variance for the summation of one subject’s all measurements is

Var (Z ylﬂ) = E Var (Z yij Oéi> + Var E (Z yij OZZ>]
j=1 j=1 j=1
= E(mo?) + Var Z(,u + ;)
j=1

2

= mo? + m20a,

so the unconditional variance of the overall mean under sampling with replacement of

subjects only is

Var(ﬂwls,wr) = E[Var(ﬂwl&wrw)] + Var[E(ﬂwlS,wrw)]

— o + Var(fime)

(n—1) >0 [Var(yi) + B (yi)] = 224, 2, BWi ) E(Yiy) )
= : 2,712 S =+ Var(flmie )

rnZm

n—13Y" (mo?+m2o? +m?u?) — n(n — 1)m?u? .

— ( )szl( ;, - M ) ( ) /‘L _’_Var(,umle)
rn2m

(n -1 ) o +mo?

- 1) %
r nm

20



One-Way Random Effect Model with Big Data Chapter 2

Since flyswr 18 unbiased, we have

r

nm

. . n—1 o2 4+ mo?
MSE(Mwls,wr) = Var(,uwls,wr) = ( + 1) <.

O

Remark 1. The estimator for the overall mean under sampling with replacement of
> it Z;n:l Yij
nm
and MSE of fi,s.,, are inflated by a factor of (n — 1)/r + 1 which is larger than 2 when

subjects only [iyiswr = flmie = is an unbiased estimator. The variance

r is smaller than n — 1.

According to the equations (2.11)) and (2.10)), the estimators of o2 and o under

sampling with replacement are as follows:

., SSAus  RSSE,u

a,wr ~

rm rm(m — 1)’

62, = RMSE,.

Theorem 3. The conditional means of the estimators of o2 and o under sampling with

replacement of subjects only are

r—1)(n— ~ r—1)>. . 5.7
E(a—gm|y):( 1)( 1)+n<m1_1>}2@?-—( )2 iz; Uil

rn? rn2
n m 2
o 21:1 Z]:l yz] : (218)
nm(m — 1)
. D1 D1 Yo — MY U
B0, ly) = ]n<mj_ 0 : (2.19)

The unconditional means of the estimators of o2 and o under sampling with replacement

21
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of subjects only are

- (1-2)(-2)4- (-

(2.20)

(2.21)

Proof. As we have assumed, subsampling process is independent with the observations,

that is, k;’s and y’s are independent, so the expectations of the estimators of the variance

components can be computed as the following:

i

E(SSA,u|y) = mE [Z ki(g;. — 7°°)?

<
=1

=m [Z TE(k:) — =) gE(k) - . > 57 B(kik;)
=1

B P 5 Ix= o7 1 r
—m{ﬁz%-—;z% HGHE
=1 =1

- % [(n —1) Zgﬁ = 53

i#]

and

3

i=1 j=1

n

(
Z(%]

1

(k:)

|
™

m
]:

s
I
—

I
M=
S

.
Il

Zyw
( Zyi

i=1

Slﬁ

22

ki(yij —

i#]
2

|

7.

)2
)2

(7]
Yi.

1

n

m)
i=1

|

) |

742

n

|

i#]

_3 L Z yz:yj}
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Then

n

(r—1)(n—1)

= —(02+m0 ),

E(85A ) = " 1) [m )3 (”% " ;ﬂ) — n(n - w]

n m n

r O'Q—f-TfLO'CQL 9 9
E(RSSEg) = n[ZZU —|—U —|—,u Z(T—i—u)]:r(m—l)a.

=1 j=1 =1

Consequently, we have

SSAws  RSSEw

mr rm(m — 1)

B, |y) =E [

d

(7”;1[”_1 Zyz Zgzg]

] B (Z:’L:l > it Y —my i, gf)

= nm(m — 1)
_ =1 -1) N zn:gf B (r—1) > iz Ui _ D it e Vi
rn? m—1)| &="" rn? nm(m —1)

and

E(RSSE.uly) D it Z;ﬂ:l y’lzj —my U

Taking expectation with respect to y, we have

_(r=1)(n—-1)0*+mo; o*

E(&CQL wr) -
’ e m m
1 1 1 1 1 2
T n r o n o rm)m
E(RSSE,,
E(62,) = E(RSSE,u) — o2

r(m—1)
0

Remark 2. The bias of the estimator of 02 under sampling with replacement of subjects
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1 1 2
only is larger than that based on the full data by — (1 — —) (03 + U—) . The estimator
r n m

62 is an unbiased estimator. The calculation of the variances of 62, and 62

wr a,wr

- are too

complicated, we will use simulations to investigate them later.

The estimator of o under sampling with replacement of subjects only is biased since
the subsampling is done with replacement. Some subjects may be selected more than
once which lead to smaller estimate of variance. The leading term of bias is —072, so the
bias may be reduced by constructing a new estimator using the Jackknife method:

(65 ) =162 —(r—1)52

a,wr a,wr,r a,wr,r—1

(2.22)

2

a,wr,r

where & is from the sampled data with size r, and &2, ., is the average of the

leave-one-out estimators from the sampled data with size being equal to r — 1.

Theorem 4. The mean of the Jackknife estimator of o2 under sampling with replacement

of subjects only is

E[(60]0)] = (1 - l) o2 — o (2.23)

n nm

Proof. The expected value for the Jackknife resampling estimator

E[(6; r)°] :rK1_%) (1_%) 02_(%+%_%) %2}
o[-0 (=) (i)
-(1-Da-2

Note this is the same as the expectation based on the whole data ([2.5)).
24
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We now conduct a simulation to compare the means of the estimators and their
expectations. We generate 1000 data sets from model with g = 10,02 = 1, 0? =
0.01, n = 1000 and m = 100. We choose r = 10 + 50k for £ = 0,1, ...,19. We compute
average of o7, using formula and its expectation using formula (2.20)), and the
Jackknife estimate using formula and its expectation using formula (2.23). Figure
shows that the average of 67, is close to the true expected value as 7 increases and

the Jackknife estimator has smaller bias.

1.00-

0.96 -

. 2 .
Estimates of Ga and expectations

0 250 500 750 1000
r

Figure 2.1: The blue line is the averages of 63711”, the purple line is the expectations

of 62 ., the red line is the averages of (67 ,,)?, and the green line is the expectations
5 2
Of (Uz,wr) °

2.2.4 Properties of Estimators Under Sampling Without Replace-

ment of Subjects

We now consider sampling without replacement of subjects only. If we select r subjects
from n subjects without replacement, then the number of selections k follows a multi-
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1 _

variate hypergeometric distribution with =, = —, E(k;) = f, Var(k;) = 7'(71—27’)7 and
n n n

Cov(k;, kj) = —7;(81 — 1)) The equation (2.13) becomes

. Zz 1 Z] 1 Tz “Yig Z?:l Z;n:1 kiyij .

Huwls,wo =
mZz 1 rm

wls,wr

7‘2
which is the same as the MLE ([2.9)).

Theorem 5. The conditional mean and variance of the estimator of the overall mean

under sampling without replacement of subjects only are

E(ﬂwls,wo|y) = ﬂmlea (224)

n—r
Var(,u/wls wo|y T’I’L2 (Z yz - 1 Z yl1 yl2 ) . (225>

11#2

The unconditional mean, variance and MSE of the estimator of the overall mean under

sampling without replacement of subjects only are

E(/lwIS,er) =, (2.26)
o2 4+ mo?

Va;r(/jl/wls’wo> :MSE<ﬂwls,wo) == Ta7 (227)

Proof. Since the conditional expected value of the overall mean under sampling without
replacement of subjects only is
i 2 YiBk) DT DT v

E(,awls,wo|y) = m - rm = Hmie,

then

E(/lwls,wo) = E[E(ﬂwls,wo|y)] = E(ﬂmle) = M.
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The estimator of the overall mean under sampling without replacement is also an unbiased

estimator. We have the conditional variance of fiys wo

)
e (o) < [ (S

- r2m2 { Z Yiy- yw 1ki2) - Z yi1~yi2~E(ki1)E<ki2>}

i1,i2=1 11,02=1

Z?:1 Z;n:l kiyij

rm

var(ﬂwls,wo’y) = Var (

1 n
= 55 > YabiCovlkyky,)
i1,ia=1

_ pr(n—r) —7)

— 7,27,n/2 [Z Z y’bl y’LQ — 1>]
11#12

n—r
T2 (Z% n—1 gy“y”)’
11719

then the unconditional variance of fiyswo

Var(ﬂwl&wO) = E[Var(ﬂwl&wow)] + Var[E(ﬂwls,wOW)]

n

1
ZE(?J?.) T2 E(yi, )E(Yi,.)
=1 117512

(n—r >02+m02
— +1) 2T "%

n—r A
+ Var(fime)

rn2m?

r
o? + mo?
rm

Since flyrswo 15 an unbiased estimator, we have

N R o + mag
MSE(Mwls,wo) - Var(,uwls,wo) = T

27
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]

Remark 3. The estimator of the overall mean under sampling without replacement
for subjects only is also an unbiased estimator. The ratio of the variances and MSEs
between the subsample and the full data is %, which decreases to 1 as r increases to n.
The variance and MSE of fi,s ., are smaller than those under sampling with replacement
1) o? + mo?

by the amount of <1 - - =

r nm

We conduct a simulation to compare the variances of the estimators and their the-
oretical variances. We generate 1000 data sets from model with p = 10,02 = 1,
0?2 =0.01, n = 1000 and m = 100. We choose r = 60+ 50k for k = 3, ..., 18. We compute
sample variance of fiys w0, and its expected variance using formula , and sample
variance of [Lfvl&wr, and its expected variance using formula . Figure shows that

flwis,wo has smaller variance than fiys -

0.0100-

N

Sample and expected variances of |

0.0075 -

0.0050 -

0.0025-

250 500 750 100(

Figure 2.2: The green line is the sample variances of fi,s.wr, the purple line is the
expected variances of fl,s ., the red line is the sample variances of fiys w0 » and the
blue line is the expected variances of flys wo-
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To compare the results from the two different sampling schemes, we compute the

efficiency

Var(flyiswr)  n+r—1 L+ r—1
var(ﬂwls,wo) B n B n ‘

Because r is between 1 and n, we can see that the ratio is bigger than 1 and smaller than
2. It increases as r increases and decreases as n increases. When r < n, the efficiency is

close to 1.

2
a

2

Similar to sampling with replacement, the estimators of o7 and ¢° under sampling

without replacement are as follows:

., SSAus  RSSE,u

a,wo ~

rm rm(m — 1)’

62, = RMSE,y.

Theorem 6. The conditional means of the estimators of o2 and o under sampling

without replacement of subjects only are

r—1 1 - (r=1) 2 Uil 2o Do Ui
E(62 — T 73 _ sl =l g (9 98
(5 ualt) | DO C(229)

™m n—1) nm(m — 1)

we n(m—1) n(m—1)" '

The unconditional means of the estimators of o2 and o under sampling without replace-

ment of subjects only are

1 1
E(&jwo) = (1 — —> o p— (2.30)

E(62,) = o*. (2.31)

Proof. In order to get the expectation and variance of o2 under sampling without re-

29



One-Way Random Effect Model with Big Data Chapter 2

placement, we calculate sum of squares at first:

il

o St - 1Y) - LS st

i=1 i#J
{5 S (5 ) - [y ] S
= w (Z@i - ﬁZ@-@) :

E(SSA,uly) = mE [Z ki(gi. — 7>

i=1 i#j
and
(RSSEsub|y E [ Z k’L ym i~ ]
=1 j=1
=D _B(k) (v ~ 5
=1 7=1
DN —myz)
r n m -
(S myoat).
i=1 j=1 i=1
Then
mr—1) |« (o2 +mo? 1 )
E(SSA ;) = ———= - a _ 1
(8900 = TS (T g ) =t

= (r — 1)(0” + moy),

n m n 2 9
E(RSSEsub) = % [Z Z(O-Q + 0'2 + MQ) — mz <% + MQ)] — T(m - 1)0_2.
=1

i=1 j=1

We can see that the conditional expected value and unconditional expected value of
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RSSE;,; are the same as that under subsampling with replacement.

The conditional expected values of 52 wo and 52

{SSAsub_ RSSEsu ‘ }

E(62 =K
(Ua,wo|y) rm T‘m( _ ]_)

:r_1<2yz——zyzyg) (n iyi—mZyz)

i#j 1 j=1
r—1 1 =, (r—1) T
:[ m +n(m—1)}§yi‘ rn(n—1) D Uil nm(m —1) 2. Vi
i= z;éj i=1 j=1
E(62 |y) = E(RSSEuwly) _ Dic1 2 Yo =M, %
we r(m—1) n(m —1)

Taking expectation with respect to y, we have

]

Remark 4. The bias of 67, is larger than that based on the full data by the amount of

1 1 2 1 1 2
(— — —) (02 + U—) and smaller than that of 67 . by the amount of <— - —) (O'z + O—) .
roon m n o m

The estimator a , 1s unbiased.

We now conduct a simulation to compare the means of the estimators and their
expectations. We generate 1500 data sets from the model (2.1) with p = 10,02 = 1,
0% = 0.01, n = 1000 and m = 100.We choose r = 10 + 50k for k = 1, ..., 19. We compute

average of 62, . and its expectation using formula , and average of 62, , and its

a,wo’ a,wr’

expectation using formula (2.20)). Flgure . 3{shows that aa o has smaller bias than 62 wr
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1.000 -

o
©
©
al
'

. 2 .
Estimates of Sa and expectations

0.990 -

0.985 -

250 500 750 100C
r

2

awr> the red line is the expectation of

Figure 2.3: The green line is the average of &

62,107«) the purple line is the average of é}g’wo, and the blue line is the expectation of
52
Ua,wo'

Same as the estimator 62, the estimator 62, is also biased with the leading term

a,wr)’ a,wo
2
of bias ——2%. So we also consider the Jackknife estimator to reduce the bias
T
A% \2 _ A2 A2
(Ja,wo) - To—a,wo,r - (7” - 1)0a,wo,r—17 (232)
/\2 . . . ,\2 .
where 67 ,,,, is from the sampled data with size r, and 63 ,,, 1 is the average of the

leave-one-out estimators from the sampled data with size being equal to » — 1. Then we

have

Bl(67 %] =r {(1 - %) o — %] —(r—1) [(1 - 1) o2 — #2_1)] )
(2.33)

)? is unbiased. A simulation is conducted to compare the means
32
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of the estimators and their expectations. We generate 1000 data sets from the model

[2.1) with g = 10,02 = 1, ¢ = 0.01, n = 1000 and m = 100. We choose r = 10 + 50k

for k=0,1,...,19. We compute average of 627% using formula (2.11]), and its expectation

using formula (2.30), and average of (6* . )2 using formula (2.32]), and its expectation
g ) g a,wo g ) p

using formula (2.33)). Figure shows that the average of &2@0 are close to the true
expected value as r increases and the Jackknife estimator has smaller bias.

. 2 .
Estimates of Sa and expectations

0.92-

500 750 1000
r

2 the purple line is the expectation of

Figure 2.4: The blue line is the average of 67 ,,,,
the red line is the average of (67 ,,,)?, and the green line is the expectation of

250

o-

(3'2
a,wo’

(&27w0)2'

Theorem 7. The unconditional variance and MSE of the estimator of o> under sampling

without replacement of subjects only are

Var(6?. ) :2(r —1)(02 + 0%/m)? 20* |
: r2 rm?(m — 1)
2r — 1)(o2 + 0% /m)? 20"
MSE(62 :( a .
(Ua,wo) r2 + rm?2 (m _ 1)

33
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The unconditional variance and MSE of the estimator of o® under sampling without

replacement for subjects only are

20*

A2y A2y
Var(s;,) =MSE(d6;,) = p—

(2.36)

Proof. Given k, the residual sum of squares and sum of squares

RSSEa = > ) kilyg —p— o — (. —p—ai)]> = YO kiles; — €)%,

i=1 j=1 i=1 j=1

SSAwp =m Y ki(fi — 7 =m Y kiloi + & — (a+ ).
=1

=1

According to the Cochran theorem, under sampling without replacement, Z Z ki(ei; —
i=1 j=1

Ei.)2 is independent of €. and SSA,,, is the function of €. for ¢ = 1,...,n. Therefore,

RSSE,,;, and SSA,,; are independent.

Furthermore, we have

RSSEsub _ Z?:l Z;nzl ki(eij - Ei-)Q 9

o2 o2 ~ Xr(m-1),
SSAwu _ i kil + & — (@+ &)
mo? + o2 o2 +a?/m X

So Var(SSAg,;) = Var[m >, ki(g;.—y*"*)?] = 2m?(r—1)(02+0%/m)? and Var(RSSE,,;) =

2r(m — 1)o*.
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Then the variance of 62 is

A E
Var(&iwo) =Var [SS sub _ RSSEqup ]

mr rm(m — 1)
1
:anr(SSAsub) + mV&T(RSSEsub)
SSAss  RSSEguw
mr " rm(m — 1)
2(r — 1)(c2 + 02 /m)? 204

— 2Cov [

r? rm2(m — 1)’
and the variance of 62

. Var(RSSE,.3) 204
Var(A2 ) — _
ar(Fuo) = r2(m—1)2  r(m—1)

Then

MSE(6% uo) =Var(g.,,) + bias® (64 )
2(r = 1)(o2 + 0*/m)? 20" 1 ( 5 02)2
m

- 72 +7"m2(m—1) +7"_2

and for the unbiased estimator 62

20*

A2y A2y
MSE(s;,) =Var(c;,) = p—

]

Remark 5. The variance of 62 ,_ is larger than that based on full data by the amount of

a,wo

11 20 11 11 2\
Sl [ R N (= ([ aZ—I—U— . The MSE of 62, is larger
r n)m*m-—1) roon roon m ’
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T n T n m

11 11 , o2\’
than that based on full data by the amount of ( - —— ) (2—-——) (o, +— | +

1 1 201 ) 5 ) n
— — — | ——"—=. The variance and MSE of &;, are inflated by a factor of —.
r o n)m*m-—1) r

We now conduct a simulation to compare the variances of the estimators and their
theoretical variances. We generate 1000 data sets from the model with p = 10,02 =
1, 02 = 0.01, n = 1000 and m = 100. We choose r = 10 + 50k for k = 1,...,19. We
compute sample variance of 7, 4,0, and its theoretical variance using formula , and

sample variance of &7 . Figure shows that the variance of &7, is smaller that of

6'2

a,wr*

0.03-

A2

Sample and expected variances of o,

0.02-

0.01-

...................

Figure 2.5: The green line is the sample variances of 627100, the red line is the theo-

retical variances of of 62, and the blue line is the sample variances of 62 ..
) ’
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2.3 Subsampling of Both Subjects and Repeated Mea-
surements

We now consider subsampling of both subjects and repeated measurements. Suppose
we want to sample r subjects from n subjects and s repeated measurements from the

m repeated measurements of those chosen subjects. We assume that rs = N. Define
U; cj
— and C; = —=, where v; is the number of the times that the ith subject was
T :

chosen, ¢; is the number of the times that the jth repeated measurements was chosen

U; =

n m
such that Z u; = r and Z c; = s. For simplicity, we assume that we sample repeated
i=1 j=1
measurements without replacement, so that ¢; equals to one or zero. Let {x7,..., 75} and
{m, ..., } be subject’s and repeated measurements’ sampling distributions, respectively.

We discuss MLE and WLS estimator for a given selected sample in Sections 2.3.1 and

2.3.2, and then discuss sampling schemes in Sections 2.3.3 and 2.3.4.

2.3.1 MLE for a Selected Subset of Both Subjects and Repeated

Measurements

We extend the MLE approach in Section 2.2.1 and McCulloch et al. [23] to this new
scenario. As before we assume that observations from selected subjects are mutually
independent even though some of the subjects and repeated measurements are selected
more than once when sampling is done with replacement.

Define L;(l;) as the likelihood (log likelihood) of y,|(u, ¢), where the number of sub-
jects’ selections u is a vector with the 7th element is the number of times that the subject
1 is selected and the number of repeated measurements’ selections ¢ is a vector with the

jth element is the number of times that the jth repeated measurements is selected.
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Given ¢, we define y; ; to be the vector of the selected repeated measurements of
subject i. So, we have y; ; ~ N(ul,, V°) with (V*)™! = 51, — —J and |V*| =

( 2_;’_50-2

(02 + s02)(0?)*~!. Then given w and ¢, L =[]}, L{" and [ = """ | w;l;, where

_s s—1 1 s\ —
=) 3V e { = s — LT V) o= )}

—1 1
log(0?) — 257 > iy — n)?

1
l;=— glog@ﬂ) b log(o? + mo?) —

Ta 2 e G0 — sp)?

202(0? + s02)

m
= E ijij-
Jj=1

Y

The log-likelihood function can be explicitly computed as

5D iU 1 2 2\ s—1
l=— 5 log(27) — 3 log(o® + s03) Z u; — log(o Z u;

a2
202 Z Z wic; (g = 1)* + Z u26(j72 o2 —I— sc;l;) '

i=1 j=1

Defining
sub - Zulcj - Y. )2’
RSSE(, = Z Z wic; (yi; — 9i°)%,
i=1 j=1
A =0®+ 502,
7‘n_ CilY;i m_ CilYii ?_ m_ UiC5Y;5 " i re
where yi© = Z]_n}b - 21 it and 7' = 2eima 2jm Y = 2izy Uil . We

> ie1 G s rs r
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re-write log-likelihood function as

n m

TS r r(s — 1) 1
| =— b log(2m) — 3 log(o? + sag) — 5 ~ 52 ; ;uzc] Yij — Ui,
SO DN ST ”i Py SR
202 wic; (93" = 4. 202 i (3 202 02 + s02)
i=1 j5=1 =1 j=1 =1
s r 9 9 (s —1) o RSSEQ,  SSAY,
-—3 log(27m) — 3 log(o” + soy) — log(c*) — 207 2o+ s07)
s = p)?
2(02 4 so2)
Then the MLEs of the overall mean and the variance components are
e g D imt 2oy WiliYis _ 2imt 2t YiCsYis (2.37)
e T i X UG N ’
RSSEL;
~ 2 SWMsub
iy = = RMSEL: 2.38
(Umle) (8 . 1) sub) ( )
SSALY RSSEL;
Arc 2 sub sub
_ 2.39
(Ua,mle) rs T’S(S _ 1) ( )
where SSAT7,, RSSEL,,, MSA", and RMSE},, are computed from the selected subset.

2.3.2 Weighted Least Square Estimators for a Selected Subset of

Both Subject and Repeated Measurements

Again assume that observations from selected subjects are mutually independent, 77 be
the probability that the ith subject is selected, and 7} be the probability that the jth

repeated measurement is selected. A weighted least square similar to (2.12]):

argmin,, [DSy (y — Xu)]" (V) [DSx (y — Xp)], (2.40)
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where V’ = diag(V*, ..., V?®) is the covariance matrix, D is a rs x rs diagonal rescaling
———

T
matrix with the kth diagonal element being 1/ rsmim; if the ith subject’s jth repeated
measurement in the original data was chosen for the kth trial, S% is a rs x nm sampling

matrix with value either being zero or one, and the kth row of S% is €(i—1)ym+; if the ith

subjects’s jth repeated measurement in the original data was chosen for the kth trial.

The solution to (2.40)) is

A = (XTWX) X Ty,
where W = Sx DT (V*)"'DS% and W;(ry, 1) = S T i] _ TaCr, T
X T X 1 1,72 7"57‘(’15 /—71_7,,“.171_;,“.2 0_2 m 0_2(0_2 + mo_g) m

with r; and ro are the position indicator numbers.
After straightforward calculation, the WLS estimator of the overall mean can be

written as

l

n m. UiCj 1 m CzU?L
ZiZl Zj=1 remE <7rjr-02 Zl:l \/WJT.WZ"UQ(UZ—Q—mJ?I)

n m UiCj 1 o m Clo‘g .
ZZ:I Z]:l rsﬂ'f (71-;‘0-2 Zl:l \/W;TI'TU2(O'2+mO'3)> y'l]

~re

/'Lwls,sub =

(2.41)

In practice, 02 and o2 are unknown, we plug in estimates into formula (2.41]).

2.3.3 Properties of Estimators Under Sampling With Replace-

ment of Both subjects and Repeated Measurements

We randomly sample a subset with replacement of both subjects and repeated measure-

1
ments and assume that v ~ multinomial(r, 77, ..., 7 ) with 77 = —, ¢ ~ multinomial(s, 77, ...
n

1
with 77 = —, and w and ¢ are mutually independent. Then the estimator of the overall
m
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mean under sampling with replacement of both subjects and repeated measurements

‘02(024+mo?)
s awr T

Zz 123 1:;7? [ﬂ Zl L /mm L }yij
~rc

uic;j 2
Zz 12] 1 T;WJ Zl 1 \/ﬂ T ;ZU 2+m02):|

noxmo (L sop |
Zi:l Z]:l ulc] |:o- 02(U2+mag)] yl]

nogvmo oo [ 1 se?
D i Zj:luzcﬂ o2 02(a2+mag)}

Din D iCiYij
- .

)

We note that the estimator of the overall mean is the same as the MLE in

Theorem 8. The conditional mean and variance of the estimator of the overall mean

under sampling with replacement of both subjects and repeated measurements are

E(ﬂrwcls wr|y) :ﬂmlea (242)
ATC 1 TS( 7’+n—1 "z r_|_n_1
Va5, ly) =gz | R 5 - D S S
=1 =1 i=1 j1#j2
rs?2(n—1) <=, . rs(r—1)(s+m—1)
+ 2 Z(yz )2 + 2.9 Z Z ylljylgj
n : n’m
i=1 i1y j=1
rs(r—1)(s —1) rs e e
n2m2 Z Z Yirj1Yizgs — Z Yi, Y- } (2.43)
11712 1772 1712

The unconditional mean and variance of the estimator of the overall mean under sampling

with replacement of both subjects and repeated measurements are

E(fgis ) = s (2.44)
e e 1 1 1 s+m—1)o?
Var(:“’wls,wr) MSE( Hols wr) - <; + ﬁ - %) |:0-§ + % : (245>

Proof. The conditional mean of the overall mean under sampling with replacement of
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both subjects and repeated measurements is

wls,wr N N nm

Tl_ m_ UiCiY;i
E(ir |y) =F (Zz_l Z]_l 7 Yij

y) >ie 123 1 E(ui)E(ey)ys; Z?zlz}ﬁzlym

then the unconditional expectation of the estimator of the overall mean

nm nm

(i) = BB o ly)] = B (Z ZJ—I@“) L et

r
According to the distributions of u; and ¢;, we know that E(u;) = rn] = —, Var(u;) =
n

s s r 1 r r S
rri(l—m) = - (1 — E)’ Cov(ui,, wi,) = —rm; m, = 3 E(c;) = s} = p Var(c;) =
T r S 1 d S
sTi(1 — 7)) = - 1- — ], an Cov(cj,, ¢j,) = —smj 75, = 3

In order to get the conditional and unconditional variances of the estimator of the
overall mean under sampling with replacement of both subjects and repeated measure-

ments, we derive the following results first:

E (Z CilYij

J=1

y) - Z C] Yij = Z%y

j=1
then

j=1

Since

) Zyzgvar (¢5) Z Yij Yija Cov(cy,, ¢j,)

J1#j2
m

:”;,L—;lzy; =2 v

Jj=1 J1#32
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2 ’

then the unconditional variance

Var (
J

CiYij + Var

Var (f: cij) =E

J=1

1]

E (Z CiYij

j=1

s(m—1) & 9 S gz (0o + 17 5
=5 Z;[Var(yij) + E*(yi;)] — I 372712 + Var . Z;yij
j= =
_ s(m —1) - 2 2 2 s(m —1)(o2 + pi?) 2 2 o?
- m2 Z<0a+a +/L> m + s O'a+m

1

<.
Il

2
=s%02+s(s+m—1)—.
m

Let a; = Y 7", ¢jyij, we have

E(ailalé‘y) =E (Z CiYirg Z CiYisj
=1 j=1
=k (Z C?yhjyizj y>
j=1

= Uit [Var(e) + E ()] + D 415,15, (e, c5,)

’

y) +EB <Z Cjr CjaYirjr Yingo

J1#52

Jj=1 J1#£72
m
s+ sm—s s2—s
I E YirjYizj + T E . Yirj1 Yiogz
j=1 J1#J2

Based on the previous results, the conditional variance of the estimator of the overall
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mean under sampling with replacement of both subjects and repeated measurements

Var(3o, 2000 wiciyijly)  Var(3L | wasly)
N2 B N2

(S]]

n n 9
zﬁ ; E(uiaily) + Y B(ui,ui,a;,a05,) — (Z %3%0)

Var (s wrlY) =

Mwls wr

i100 i=1
1) 2 S 2(-rc\2
N2 ZE Zyzj T2 Z YijYijs + 5 (Ui)
J=1 1772
s+ sm—s s — 5
+ Z uzlulg thjylzj Z ylljlyl2‘72]
i J1#52
T282 - TC —=1C
- | +zy“ym}
=1 Zl#lQ
L (rs(m—1)(r+n—1) s(r+n—1)
:m{ n2m2 Z Z n2ma2 Z Z Yij1 Yijo
=1 j=1 i=1 j17#j2
rs?(n—1) e, . rs(r—1)(s+m—1) —
+ n2 Z(yz )2 + anQ Z Zylljylzj
=1 iz j=1
rs(r—1)(s —1) r2g2 e
S S s~ o Y
11792 J17£72 i17io

and the unconditional variance of the estimator of the overall mean under sampling with
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replacement of both subjects and repeated measurements

Va’r(ﬂrwcls,wr) E[Va’r(uwr sub|y)] + var[E<ﬂ:uCr subly)]

1
:m{TS(m nQWZ;_ n Z ZE yzg rn—g:;g Z Z (Yij1 Yijs)

i=1 j=1 i=1 j1#j2
(n—1) 7 (r—1)(s+m-—1)
ZE 2.2 Z ZE YirjYizj)
n2m
1174 j=1
rs(r—1)( 3—1 r2g? e
n2m2 Z Z yz1]1yz2jz - 7 Z E(y;cy; )}
11712 J17j2 170
1 Var Zz 123 1 Yij
nm
L {(m=1)(r+n 1)( 24 g2 4 ?) 7’—i—n—1( 10?4 122)
e o o o
N nm “ K nm K
P (o ) Ve
n m n
1 1 1 1 2 2
:_{(m Yr+n-1) , s(n )<Ug+a>}+a +a%/m
N nm n n

Since [y, . 18 unbiased, then

Hoapis ST Hoapis ,WT

S ) ~ Vi) (142 = 1) [ (=

]

Remark 6. The estimator of the overall mean under sampling with replacement of

e Doiet Dy UiC5Yi

ot wor = N is an unbiased

both subjects and repeated measurements

estimator. The variance and MSE of /iy, . are larger than those based on the full data

1 1 —1 m— 1 —1 -1 —1 2
by the amount of — (1 - —) (n Jo a—l—{ + n + (n )(m ) 7 With

r n rm S r rs nm
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N(n—1)(mo2 + o2)
(m—1)0?

Hoapis ,wr

the fixed N, the MSE of ¢ achieves the minimum when r = \/

Theorem 9. The conditional means of the estimators of o2 and o* under sampling with

replacement of both subjects and repeated measurements are

E[(AZCW) y] = (r—=1)(n—-1)(m+s—1)—rn(m—1) ZZZJ%

rsnm? pe
(r=Ln—-1)(s—1)+mm
+ 292 Z Z Yijr Yijo
rsn?m o
r—1 m
ool ISR DD i+ (5= 1) D D Uil | »
i1 j=1 11712 j17£72
(2.46)
e m—1 e —
Bl 1yl =—— > D i — (2.47)
=1 j=1 i=1 j1#£j2

The unconditional means of the estimators of o2 and o under sampling with replacement

of both subjects and repeated measurements are

=)0t G- G )

+ {%—]il;1+%(%+%—1)}02, (2.48)
E[(01;)?] = (1 - %) o, (2.49)

S 52

L CiYij Var(d"" | ¢;yij
Proof. Because of E(y.°) = E <M> = u, Var(y.¢) = (21 %) =
s

2
o

02 + (s +m — 1)—, and the independence among subjects, we have
sm

2 1 1 1
y:céi {u,ai—k(——i————)aﬂ.
mo s sm
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As we also assumed, w;’s, ¢;’s and y’s are mutually independent, so the expectations and

variances of the conditional and unconditional sum of squares can be derived as follows

: y]
_S{ZE lYlE(u;) — = ZE u;)
- = Z (U5 Uis |y (“il%)}

B(SSALS 0 ly) =sE [Z w7

117512
m—r—n+lg~[mt+s—Ig~ , s—1
[ (et ) S )
i=1 J=1 732
r—1 s+m—1 s—1
— 3 Z (sziljyizj Z yz1]1yzzj2>:|
11702 Jj=1 J17#72
m—1r—n+1 " .
SR WﬂﬂZZ%w4QDNW4
i=1 j=1 i=1 j1#j2
r—1 -
— g [stm—1) SN Wiy (s =1 >0 yz'ljlyzm] ,
11742 j=1 11712 J1772

and

3

Z wic; (Yij — yie)?

m
=1 j=1

3

Z m m 2
:ZZE(Uz C] yz] ZE uz <Z ijij> Yy
- - =

=1 j5=1

B 3 R =L o) S

i=1 j=1 i=1 j1#j2
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Then
(r—=1)n—-1(m+s—1) = —
(SSAwrsub) n2m2 ZZ U +J +:u
i=1 j=1
(r—1)(n—-1(—1) <
+ o IDICATS
=1 j17#j2
r—1
S D D) ST 3 o
i17#42 j=1 11742 j1#£J2
:(7"— (n—-1) (sa§+ m+s— 102) |
n m
and
re (S - 1)( 1) o S - 1
R D 9 DU R S) 3y
i=1 j=1 i=1 1>
—1 1
(=11 ,

Consequently, we get the conditional expected value of (& aW)Q

SSA’¢ b RSSE; b
El(&7¢ wr,su wr,su
(670 Py] = [t 2B
(=D =D(m+s—1) —ra(m—1) -~ o
B rsn?m? ;;yw
(r=1(mn-1)(s—1)+rn
+ rsn2m?2 Z Z Yij1 Yijo
=1 j1#j2
r—1
 rsn2m? { s+m—1) Z Zyzuyzzj (s —1) Z Z yiljlyi2j2:|7
iz j=1 i17£42 1772

and the conditional mean of (67¢)?

E(RSSE! b|y m—1 e —
E ~Arc\2 — wr,Su — 2 ; ;
[(Uwr> |y] T’(S . 1) nmg - ]Zlyzj nmg Z Z y]lyJQ

i= i=1 j1#£j2
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Taking expectation with respect to y, we have

SSA’ RSSE’¢
~Are 21 wr,sub wr,sub
E[(Ua,wr) ] _E |: rs TS(S _ 1) :|
_ _ _ _ _ 2
_(r=1(n 1)02+ {(7’ (n—1)(m+s—1) _m+1] o
rn n Sm

O A I

1 N+1 1 /1 1 9
+ | — - +=({—-—+—-1)] 0%,
m nm N\n m

and

Bie%s)" = E{EIGE ol = (1) o*

Remark 7. The bias of (5}¢,,)? is larger than that of the full data by the amount of

(-2 [0-) 0-2) (2 )2

As we can see from the formula, the major term of the unconditional expected values of

2

STrc

(00Sur is smaller than that based on

)? increases as r increases. The expectation of (67¢)
2

the full data by the amount of %2 The calculation of the variances of (67c )? and (67¢)3
m ’

are too complicated, we will use simulations to investigate them later.

2.3.4 Properties of Estimators Under Sampling Without Replace-

ment of Both Subjects and Repeated Measurements

We now consider sampling without replacement of both subjects and repeated measure-

ments. We assume that w and ¢ follow multivariate hypergeometric distributions with
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r r(n—r) r(n—r) s
E(u;) = n’ Var(u;) = T2 Cov(ui,, ui,) = —m, E(¢) = m’ Var(¢;) =
W, and Cov(cj,,¢j,) = —%. Assume u;’s, ¢;’s and y’s are mutually in-
1 1
dependent. Then according to ;) = —, m; = — and equation (2.41)), the estimator
n m

of the overall mean under sampling without replacement of both subjects and repeated

measurements is

2
S |- T e
la:vcls ,2wo
Zz IZ] 1:;;] |:7r
Ui Cj mao?
Z, 12 T [sgz - m} Yij
Z Z uicy |:_ B mo?2 i|
i=1 Laj=1 1/n | so2 c2(c?+mo?)
Dinn D UiCsYi
N )

cio2

le\/wﬂg

2+m02) :|

which is the same as the MLE in ([2.37]).

Theorem 10. The conditional mean and variance of the estimator of the overall mean

under sampling without replacement of both subjects and repeated measurements are

E(fgis,w0lY) =fmie; (2.50)
e M — TS e — s—l)—rs —1
Var(:uwls wo|y) anQ Z Z y?] + n2m2 Z Z yl]l y2]2
=1 j=1 i=1 j1#j2
nm(r —1) —rs(n —1)
e S ; o
11419

N nm(r —1)(s —1) —rs(n — 1 —1) Z Z Yir iy Yina- (2.51)

2,2 _
Nn?m (n 1)(m 11712 j17£72

The unconditional mean and variance of the estimator of the overall mean under sampling
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without replacement of both subjects and repeated measurements are

E(fsis,w0) =Hs (2.52)
1 1
MSE(/}ZES wo) var(ﬂrwcls,wo) = ;0-2 + NUQ' (253)

Proof. The conditional expectation of the overall mean under sampling without replace-

ment of both subjects and repeated measurements is as following

N nm

e D it D WiCiYij
E( Hoapis wo|y) N

y) _ > 123 L E(wi)E(¢))yi _ D it Z;nzl Yij

and the unconditional expectation of the overall mean under sampling with replacement
of both subjects and repeated measurements is

e Z?: Z’,’”‘: Yij
E(Mwls wo) =E <# = U

nm

In order to get the conditional and unconditional variances of the estimator of the overall
mean under sampling without replacement of both subjects and repeated measurements,

we get the following results first:

E (Z CilYij

J=1

y> = Z C] Yij = Zy1j7

i=1

then

E(Y " ciyig) = s
=1

o1
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Since
Var (Z CiYii |y ) Zym\/ar (¢;) Z Yij Yij, Cov(cy, , ¢jy)
j=1 Jl#ﬂz
—5) & — s
Z 22 Z Yij1 Yija>
j=1 3175]2
then
Var (Z cjyij) E | Var <Z CiYij y) + Var |E <Z CilYij y)]
j=1 j=1 J=1
s(m —s) - 5 s(m — s) 2, 0
= 7 Var(yi;) + E°(vij)] — ———=
- ;[ ar(yy) + E* ()] = 2o J;z(aa +4%)
s m
+ Var (— Z yij)
m i
B _ 2 2 2
) gy SO ()
m m m
=202 + so.

Let a; = >0, ¢jyij, we have

E(ai,a5,|y) = <Z CiYirj Z CiYi2g|Y
=E <Z C??Jiljyizj y)

= Zy%uym [Var(c;) + E*(c;)] Z Yirj1Yiago B(C51.Cjs)

Jj=1 J1#£3j2

= Z YirjYirj + 7571_ 2 Z Yirji Yizgo-

Jl #j2

)

y) +E (Z Cj1CjaYir j1 Yiago

J1#j2
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Based on the previous results, the conditional variance of fig5; ,,, 18

Var(3 o, 2000 wiciyily)  Var(3L, wasly)
N2 B N2

(S]]

2
1 n m
¥ | By + 3 ) - <; i ;y>

i1#io

Var (fis wolY) =

l’[’wls wo

n _ m B ) m 2
S [T S - S+ E(g;,)

i=1 j=1 317532
- s(s—1)
+ Z (uiyui, ) Zyiljyizj +t Z Yirj1Yizjo
m 4 m(m — 1) 4
11742 Jj=1 J1#£72
" 2
e (X))
i=1 j=1
M — T8 o= = o s—l)—’rs —1
s e D S S
i=1 j=1 i=1 j1#j2
nm(r —1) —rs(n —1)
T n?m2(n — 1) Z Z YirjYing
i1#i2 j=1

nm(r —1)(s —1) —rs(n —1)(m —1)
+ ( n)g(mg(n)_ 1)(< Z Z yuhyzzjz}

11712 j17j2

and the unconditional variance of the estimator of the overall mean under sampling
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without replacement of both subjects and repeated measurements is

Var(fiis wo) =EIVar (fiyrs wol )] + Var[E(fgi ol y)]

1
|: n2m2 Z ZE ny] nzmz Z Z yl]lylh

i=1 j=1 i=1 j1#7j2

nm(r —1) —rs(n —1)
+ Z ZE yluylz]

n’m?(n — 1)
11742 j=1

nm(r—1)(s—1) —rs(n —1)(m —1)
+ ( n)g(mg(n)_ 1)(( Z Z yZ1J1y12]2:|

11742 j17£72
4 Var (Z?:l Z;'ll yij)

nm
I fmm—rs, 5 5 5 nm(s—1)—rs(m—1) 5
3 [t o )+ - (02 + 1)
1) —rs(n—1 (s —1) —rs(n—1)(m —1
oY s e = o =)=l =)
nm nm
mo? + o?
nm
L, 1,
—Taa—i—NU.

Since fig5 ., 18 unbiased, we have

MSE Are V ~rc — 2 2
(:U’wls wo) ar(:uwls,wo) T'O-a + NU

]

Remark 8. The estimator of the overall mean under sampling without replacement of

D D Wi

subjects and repeated measurements fiy; ,, = N is an unbiased estima-
tor. The variance and MSE of [, ., are larger than that based on the full data by the

(1 1) 9 (1 1 > 9
amount of | ——— o, + | —=—— ] 0"
r o on N nm

We now conduct a simulation to compare the variances of the estimators and their
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expected variances. We generate 1000 data sets from the model (2.1]) with p = 10,02 = 1,
o2 =0.01, n = 1000, m = 500 and N = 4000. We choose r = 10 + 50k for k =1, ..., 19.
We compute sample variance of i and its theoretical variance using formula (2.53]),

wls,wo?

and sample variance of fi,, ., and its theoretical variance using formula (2.45). Figure

2.6| shows that the variance of 4" is smaller that of "¢
fi fi

wls,wr*

wls,wo

N

Sample and expected variances of i

0.010-

0.005 -

250 500 750 1000
r

Figure 2.6: The red line is the sample variances of i

variance of fil . .

line is the expected variance of fi

the blue line is the expected

rc
wls,wr?

rc
wls,wo’
the green line is the sample variances of /i

rc
wls,wr*

and the purple

Theorem 11. The conditional means of the estimators of o2 and o® under sampling
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with replacement of both subjects and repeated measurements are

—1)(s—1)
rsnm Z Z ” T'rsnms Z Z yZJ1yU2

=1 j=1 =1 ji#£j2
(T - 1) Zil;ﬁig Z’;n:l ylljy'LZ.]

rsnm(n — 1)
(T - 1)(5 - 1) Zz’l;éig Zjl;éjz Yirj1 Yizga

E[(6750)°1y] =

_ 2.54
rsn(n —1)m ( - 1) ’ (2:54)
Arc 1 n m
E[(,, “am Z Z?/ZQJ Z Z Yijr Yija- (2.55)
=1 j=1 =1 ji#j2

The unconditional means of the estimators of o2 and o under sampling with replacement

of both subjects and repeated measurements are

E[(675,0)"] = (1 - %) ol — %02, (2.56)
E[(0,)?] =0, (2.57)

Proof. As we assumed, w;’s, ¢;’s and y’s are independent, the expectations and the vari-
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ances of the conditional and unconditional sum of squares can be derived as follows:

E(SSAY woly) =sE [Z u; (Y y]
—S{Z E[(7:)?y]E(u;) — - Z E[( u?)
SRy <>}

zgézg
—1 1
:S{ : Z Lm Z Yy sms Z ymy”?]
=1 J1¢Jz
-1 —1)
— _527;4(71 _ 1 Z [ Z yuij] 8 Z ylljly’LQ]g] }
“75’2 3=1 J#Jz
_Tn—Tnl Zny]nL T—l S—l ZZymylﬁ
=1 =1 i=1 j1#2
T;i 1 Z Zyu]yzz] nr__ll ° 1 Z Z Yivj1Yizgas
“7&12 j=1 Z17'912 J1#j2

and

n

E(RSSE; woly) =E Z wici(yij — Ui

i=1 j=1

il

m n m 2
Z E(u;)E(c;) y” i Z E(u;)E (Z cjyl-j) Y
j=1

n

i=1 j=1
=m Z Z Uiy — o Z nyjE@) - Z Z Yij Yij. E(cjicp0)
i=1 j=1 i=1 j=1 i=1 j1#7j2
7(s — 1) <= r(s—1) <
Y S - S Y
i=1 j=1 i=1 j1#£j2
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Then
rce 1 - - 8 - 1 -

E(SSAwZS wo - ZE zg Z Z E yzjlylh

=1 j=1 i=1 j17j2

r—1 (r—1(s—1)

n(n — 1 Z ZE yll]yz?? n(n — 1)m(m Z Z E( ymlyzm
21#2 Jj=1 Z1?@2 J#j2
Miia vat )+ L 3‘”i2 02+
i=1 j=1 =1 ji#j2
r—=1 1)(8 -1)
21#2 J 117612 J1#72
=s(r — D)o+ (r — 1)o?
and
re e 5 - 1 -
(R‘SSEwls wo = nm ZZ Z Z yl]1y1j2
=1 j=1 i=1 j1#j2
(=1 v r(s—1) <
DSt ot ) - TS S )
=1 Fl i=1 j1#£j2
=r(s —1)o?

Consequently, we get the conditional expected values of (67¢,,)* and (675,)>

E ~TC ) | ] SSAT’U)CZS ,Wo RSSETL‘UCIS ,wo
[( awo y rs ’I“S(S— 1) ’y
(r—1)(s—1) —|— r
~ rsnm Z Z Ui+ rsnm(m Z Z Yij Yij
=1 =1 i= 1317532
Loy DD
Tsnm n — 1 YinjYiaj — T‘STL n — 1 _ 1 Yirj1 Yiojas
217&12 i=1 Z13*'512 1772
Arc (RSSE:UCZS 'LUO
E[( ) ’y] = ZZ Yi; — Z Z Yij1 Yiga -
e - T A 1 ji#j
= =1 j1#£j2
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Taking expectation with respect to y, we have

SSA’Y RSSE
E[(a_gcwo)Q] ) wls,wo . wls,wo
’ rs rs(s—1)
—1 -1 1
=L 02 + (T — —) o’
r rs S
1 1
— 1 _ = 2 - 2
( ) 7 ot
E(RSSE™, ,.,)
El(&7¢ 2 — wis,wo/ 2‘
() == o =

]

Remark 9. The bias of (67,,) is larger than that based on full data by the amount of
1 1 1 1
(— - —) o2+ (— - —) o?. While (67¢)? is an unbiased estimator.

r nj) ¢ rs  nm

We now conduct a simulation to compare the meas of the estimators and their ex-
pectation. We generate 1000 data sets from model with = 10,02 =1, 02 = 0.01,
n = 1000, m = 500 and N = 4000. We choose r = 10 + 50k for £k = 0,1,...,19. We
compute average of (&wao)z, and its expectation using formula , and average of
(67¢,.)?%, and its expectation using formula (2.48). Figure shows that (67%,,)° has

smaller bias.
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Figure 2.7: The red line is the averages of (&gfwo)Q, the green line is the expectation of

(a.T’C

of (675,02

Theorem 12. The variances and MSEs of (67°,,)* and (6,5,)* are

R 2(r — 1)(0% + 0?/s)? 20"
rc 27 a
Va’r[(aa,wo) ] - r2 + TSz(S _ 1)7
X 2r — 1)(02 4+ 02 /s)? 201
MSE rc 2 :( a
(5750 o 1]
20"

MSE[(675,)%] = Varl(675,)") = ——

wo

nes0)%, the blue line is the averages of (67%,,)%, and the purple line is the expectation

(2.58)
(2.59)

(2.60)

Proof. Under sampling without replacement situation, the conditional residual sum of
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squares and sum of squares

RSSEL w0 = DD wicslyy —p— i — (0 — p—a))” = D> wic(e — &°)%,
i=1 j=1 i1 =1
A:flswo = sZuZ -y = Siui[%—i—ﬁc— (O—d_i_grnc)]Q'

According to the Cochran theorem, for the sampling without replacement, Z Z wici(€;—

1 j=1
1,...,n, then

1=

=rc

€°)? is independent of €° and SSAl; ., is the function of &° for i

RSSE;, o and SSATY (, are independent. Furthermore, we have

R‘SSEwo sub Zz 1 ZJ 1 Wi (61] €i~ )2

2
o2 o2 ~ Xr(s—l)7
SSAwo sub _ Z?:l Us [ai + €. — (d + gr”c)]2 -~ X2
so2 + o2 02+ 0%/s T

Therefore, the variance of the conditional sum of squares Var(SSA7;, ,,,) = Var[s Z wi (Y —

7)? = 25*(r—1)(02+0?/s)?, and the variance of the conditional residual sum of squares

Var(RSSEL, ,.,) = 2r(s — 1)o*. Then the variances of (67¢,,)? and (675)*
SS RSS
21 wo, sub wo, sub
R e e =
1
—@V&I‘(SS wo, sub) + mV&f(RSS wo, sub)
|:SSAZJCO ,sub RSSEwo sub:|
— 2Cov ,
rs rs(s —1)
2(r—1)(o2 4 0?/s)? 204
B r? rs?(s —1)’
Var(RSSE!; 204
var[(a_;)co>2] ar( wo, sub) _ o .
r2(s —1)2 r(s—1)
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Then the MSE of (4,¢,,)* and (d]5,)?

wo

MSE[(65,0)%] =Var((63:,,)7] + bias®(675,,)

_2(r—1)(02 4 0%/s)? 204 1, ., d,
B r? + rs?(s—1) * ﬁ(aa + ?)
(2r=1)(02 4 0?%/s)? N 201
B r? rs?(s—1)
MSE[(57,)"] =Var[(635)7] = —
o =Var|[(6 =
wo wo T(S _ 1)

O

Remark 10. The variance of (6,¢,,)* is larger than that based on full data by the amount

of 2(r — 1)(02 + 0?/s)? ~ 2(n-— 1)(02 + o%/m)? N 201 B 204 The MSE
2 n? rs?(s—1) nm?(m—1)
of (675,,) is larger than that based on full data by the amount of
(2r —1)(c2+0%/s)>  (2n—1)(02 + 0%/m)? 20" 204
r? n? rs?(s—1) nm?(m—1)
(m—1)

The variance and MSE of (67¢)? are inflated by a factor of o

(o . When we sample

r(s—1
with replacement, it is difficult to get the exact distribution of( SSE )and SSA.

We now conduct a simulation to compare the variances of the estimators and their the-
oretical variances. We generate 1000 data sets from the model with g = 10,02 = 1,
0% = 0.01, n = 1000, m = 500 and N = 4000. We choose r = 10+50k for k = 1, ..., 19.We
compute sample variance of (&gfwo)z, and its theoretical variance using formula (2.58),
and sample variance of (67¢,,)*. Figure[2.8shows that the variance of (5}¢,,)* is smaller

that of (67¢,,)%

a,wr
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Figure 2.8:  The red line is the sample variances of (67%,,)*, the blue line is the

theoretical variances of (67,,)?, and the green line is the sample variances of (67,5,,)%.

2.3.5 Confidence Interval of ICC Under Sampling Without Re-
placement of Both Subjects and Repeated Measurements

In this section, we discuss the construction of confidence interval for ICC, which is defined

o MSA;,; — MSE
3 £ = Based on estimates [72 full = full Sull
o+ 0o , -

we can get the following estimate (Shrout and Fleisis [31])

as p =

and &JQ‘ull = MSEfu”,

. MSApy—MSE;;  F—1
P~ MSAjau + (m — D)MSEjay  F+m—1'
where F — MSAfu” MSAfuu/(mag + 0'2)

CItis k that
MSEfu” 15 xnowh & MSEfull/O'2

F[n—1,n(m—1)] with degrees of freedoms (n—1) and n(m—1), and p is the monotonous
2

1
function of % by re-writing the p as ———=—. Given this fact, we get the (1 — a))100%

o?/o}
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confidence interval of p

F/F; —1 F/F, -1
F/FU+m—1’F/FL—|—m—1 ’

where Fiy = Fi_a[(n — 1),n(m — 1)] and Ff, = Fa[(n — 1),n(m — 1)] are the (1 — a/2)

and «/2 percentiles of the F distribution. According to Giraudeau and Mary [32], the

approximate expected width of p’s confidence interval is

v
nm(m —1)

2v2Z(1 a1 + (m = 1)p)(1 = p)

For sampling without replacement of both subjects and repeated measurements, we know
MSA’¢, /(s02 + o?)
MSEL, /o2
the same steps, we have

that

follows an F distribution F[r — 1,7(s — 1)]. By going through

re MSAZ;b — MSEZZIJ _ Fre—1
© MSA, + (s — 1)MSE,  Fre4s—1
MSA?:
where F"™ = Vi SEigb' The (1 — «)100% confidence interval of p is
sub

FTC/F[:I‘]C _ 1 FTC/F£C _ 1
Fre/Fle+s—1 Fre/Fire+s—1)°

where Iy = Fi_a[(r — 1),r(s — 1)] and F}° = Fa[(r —1),r(s — 1)]. Using the same ap-

proximation method as in [32] and [31], the approximate expected width of p’s confidence

interval is
1

2V2Z0 a1+ (s — Dpl(1 = p) (5= 1)

(2.61)

If N =r x s is fixed, then we can find the best combination of  and s by minimizing the

approximate expected width of the confidence interval. To minimize the expected width
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1
given by the formula (2.61]), we only need to minimize [1 + (s — 1)p] T
S J—
1
Let /s — 1 = x, then the quantity we need to minimize can be written as (1+2z%p)—,
x

1
which is minimized when = y/1/p. Then when s = [1 + —| where [.] is an operation
p

taking integer part, we will have the minimum approximate expected confidence interval
for p. In practice we can get an preliminary estimate of p, and consequently an estimate

of s.

2.4 Divide and Conquer

In this section, we discuss the D&C method for the one-way random effect model with
big data. We assume model (2.1)) and consider a simple application of D&C method to

this one-way random effect model:
1. divide the n subjects into K subsets;
2. compute the estimates;
3. combine the estimates to get the overall estimates.

Suppose we divide the n subjects into K subsets, and each subset has size n; such
that Zle n, = n. Within the kth subset Sj, the one-way random effect model can be

written as:

Yij = pta; + €5, 1 € Sy j=1,...,m, (2.62)

where y;; is the jth observation from the ith subject in the kth subset, ;1 is the overall
mean which is constant over all subsets, a; is the random effect for the ith subject in

the kth subset, and ¢;; is the within subject random error. The distribution of «; and
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. . iid iid
€;; remain the same, i.e. a; ~ N(0,02), ¢; ~ N(0,0?), and a; and ¢; are mutually

independent.

For each subset, we have the following estimators:

> ZTzl Yij

N 1€S
Mg =—""""",
nem
.o SSAg RSSEy
Ok = - )
Tomem ngm(m — 1)
67 =RMSE},

where SSA,, RSSE;, and RMSE, are based on the subset Sj.

The estimators of the overall mean can be written as

where & ~ N(0, ‘727;;—”7;”‘3), and they are mutually independent. Using the method in

meta-analysis by DerSimonian and Laird [33], the combined estimator

il % Sy T flk
flae =g = = (2.63)
D ket Var (i)

Theorem 13. The mean, variance and MSE of the combined estimator of the overall

mean under divide and conquer method are

Bljua) =, (2.64)
0% + mo?

MSE(fi.) =Var(fig.) = — 4. (2.65)

nm
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Proof. The mean and variance of the meta-analysis estimator

_Zszl npE (i)

E(ﬂdc) - n = My
N > iy Var() /[Var(fu)]? 1 0% +mo?
Var(/,bdc> = Ve 1 5 = 174 1 = o .
>k W] D ket Var(iu,)
The MSE of the unbiased estimator fi4. is the same as the variance. O

Remark 11. The mean, variance and MSE of i from the D&C method are the same as

those based on the full data.

We use the same method to combine the estimators of o2 and 0. From Section 2.1, we

1 2 2 — 1)(o2 2 2 904
have E<&2k> = (1 _ _) 02_ o ’ Var(&Z ) = (1u )(0'; +0%/m) - o ’
7 nim ’ N ngm?(m — 1)

2
0;) = 0%, an arak:ﬁ. e estimators of o2 and o2 of the method:
E(67 2 and Var(6? The estimat f 02 and 0? of the D&C method
nelm —
K %y K n262,
Lo k=1 Var(er,) Zk:l 2(np—1)(02+02/m)2m2(m—1)+20ny
a,dc _ZK 1 - K ni 9 (266)
k=1 Var(&z,k) Ekzl 2(ng—1)(02402/m)2m2(m—1)+20%ny
K 62
~2 k=1 Var(%Z) i Zszl nkﬁi 967
Oge =% = n . (2.67)
Zk:l Var(&,%)
Theorem 14. (a) The mean, variance and MSE of 67 ;. are
K -
E(&Zd ) —g2 _ Zk:l 2(ni—1)m?(m~=1)(02+0?/m)?+2ns0* (0_2 + 0_2) (2.68)
a,dc/ — Ya K n2 a ) :
ZkZI 2(nk71)m2(mfl)(;2+a'2/m)2+2nka'4 mn
. 1
Var(aidc) =— ) , (2.69)
Zk:l 2(ng—1)m2(m—1)(c2+02/m)2+2n40?
. 1
MSE(Uz,dc) = K n?m?2(m—1)
k=1 2(ni—1)m2(m—1)(c2+02/m)2+2n 0
2
K n 2
X zkzl 2(nk—1)m2(m—l)(:§+02/m)2+2nka4 <0_2 + U_2> (2 70)
I 2 a . :
Zk:l 2(nk—1)m?2(m—1) §g+02/m)2+2nka4 mn
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b) The mean, variance and MSE of 62, are
( ) ’ de

E(5,) =0”
R . 204
MSE(OSC) :Var(asc) = m

Proof.

ZK niE(ﬁ’i,k)
~9 _ 4~k=1 2(n—1)(02+02/m)2m2(m—1)+20%ny
E(Ja,dc) - 2

> ot

k=1 2(ng—1)(c2402/m)2m2(m—1)+20%ny
ZK ni loa— é (o5+0%/m)]

_ 4~k=1 2(ng—1)(02+02/m)?m2(m—1)+20%ny

2

n

K
Zkzl 2(ng—1)(02402/m)2m2(m—1)+20%ny

Nk

K
2 Zk:l 2(nk—1)m2(m—1)(02+02/m)2+2n40?

=0 _—
a 2
T

K
Zk;:l 2(ng—1)m2(m—1)(02+02/m)2+2n,0?

K ~
E(&Q ) :ZkZI nkE(O-I%) — 0_2.
n

Furthermore,

1 1
Var(62

(2.71)

(2.72)

I

a,dc) :ZK 1 = K n2m?2(m—1)
k=1 Var(? ;) Zk:l 2(nk—1)m?2(

m—1)(c2+02/m)2+2n,ot

1 202
Var(&ﬁc) = = )
S m n(m —1)
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Then the MSEs of 52@0 and &gc

MSE(&E,dc) :Var(&i,dJ + bia52(62,dc)
1

- K nZm?(m—1)
Zkzl 2(nk—1)m2(m—1)(c2+02/m)24+2n;o*

ZK ng 2\ 2
k=1 2(np—D)m2(m—1)(c2 02 /m)2 1 2ngo™ ( 5 O )
)

o, +—
% n2 a
Zk:l 2(nk—1)m2(m—1)(c2402/m)%+2n,0*
9 9 20*
MSE(UdC) :Var(adc) = m

: . n
For a simple case with n; = 0 Ve have

K K
B2 Y =(1-2)2_ 2
(Oa,dc) ( n ) 04 nma )
2(n — K) o2\’ 204
V ~2 — 2 -
ar(a“’dC) n? (0“ + m) + nm2(m — 1)’
2(n — K) + K? o2\? 201
MSE(62 = 24 2 _—
(Oa,dc) TL2 (aa + m + nmg(m . 1)

We note that the MSE of &27 4 becomes bigger as K increases due to the increasing bias of

~2

&7 4.- We can adjust &7, to reduce the bias before we apply the method in meta-analysis.

Define

62, = (1 1 ) [SSAk __ RSSE; | RMSE,

. ) | nem ngm(m — 1) ngm
1 RSSE
:nk2+ SSA, — ——2 7k
nym ngm(m — 1)
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Then

E(RSSE,)
ngm ngm(m — 1)

v oy (g 1) Var(RSSE},)
Var([(6; )7 :WVM(SSAH + m2(m —1)?
2(ng — 1)(ng + 1)%(02 + 02 /m)? 201
= A + = 1)
k km?(m — 1)

The adjusted estimator of 62 of the D&C method:

K (&;,k)2
. k=1 Var((67 ,)?]
(Ua,dc)2 e 1 : (273)
2=t Va0
Theorem 15. The mean and variance of (6} 4.)* are
> . 3 2
k=1 2(ni—1)(n 2m2(m—1)(02+02/m)2+2n3 ot
R B o () D)
5 n m
Zk:l Q(nk—1)(nk+1)2m2(mfl)(03+02/m)2+2n204
. 1
Var[(aa,dc)2] = K n%mz(m—l) ) (275>
Zk:l 2(ng—1)(nk+1)2m2(m—1)(c2+02/m)%+2n3 o*
. 1
MSE[(O—a,dC)Q] = K nim2(m-1)
Zk:l 2(np—1)(nk+1)?m?(m—1)(c2+02 /m)%+2n3 ot
ZK 1 2 2\ 2
e T 7 U O G A S (Ug N "_) (276)
n m

K
Zkil 2(ng—1)(nk+1)2m2(m—1)(c2+02/m)2+2n3 ot
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Proof.
K E[&; )%
. k=1 Var[(¢} ;)?
E[(Ua,dc)2] = K 1 -
Zk:l Var((67 ;)2
K 1
) D ket nEvar(e: )2 [ o O
:O‘a — K 1 Ua + E
2 k=1 Varl(5E 7
K 1
9 Zk:l 2(ng—1)(nk+1)2m2(m—1)(c2+02/m)2+2n3 o4
=0, — < —
Zk:l 2(ng—1)(nk+1)2m?(m—1)(c2+02/m)?+2n3 c*
and

s 1 1
Var[(ga,dc)2] :ZK 1 — nim2(m—1)
k=1 Var[([f;’k)z} Zkzl 2(nk—1)(nk+1)2m2(m—l)(0§+02/m)2+2ni04

Then the MSE of (67 ,.)?

a,dc

MSE((65 4.)?] =Varl(674,)°) + bias?((6% 4,)"

a,dc a,dc
K 1 2
1 N Zk:l nj Var[(67 ;)?] (
— g
K 1 K 1
2 k=1 Var[(67 )] 2k Var[(67 )]

1

nim?(m—1)

K
Zk:l 2(nk—1)(nk+1)2m2(m—1)(c2+02/m)2+2n3 o4

K 1
Zk:l 2(ng—1)(nk+1)2m2(m—1)(c2+02/m)?+2n3 o4

2
Nk

K
Zk=1 2(ng—1)(nk+1)2m?(m—1)(c2+02/m)?+2n3 o*
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When n; = %, we have

n? n*m
. 2(n — K)(n+ K)? o2\’ 201
V * 2 — 2 s -
ar[(aa,dc) ] n4 Oq + m + an(m _ 1)7
. 2(n — K)(n+ K)*+ K* o2\’ 20"
MSE[(6* ,)?] = 2, 72 S
(Covn n4 Tat m + nm?(m — 1)

Remark 12. When the sample sizes are equal for all the subsets, the bias of 77,

increases as K increases; the bias of 67 ;. is larger than that based on the full data by the
K -1 o?
amount of (Ug + —); the variance of 62 ;. is smaller than that based on the full
n m ’

2(K —1)(02 + 02/m)?

that based on the full data by the amount

. Consequently, the MSE of 7 ;. is larger than
(K —1)%(oz + 0*/m)?
2

data by the amount

. After the adjustment

of 67 4., the bias becomes smaller and the MSE increases slowly as K increases. When
K > 3, the MSE of (6} 4,)* is equal or smaller than that of 67 ;. The mean, variance

and MSE of 62, are the same as that based on the full data.

To compare the sample MSEs of estimators and their theoretical MSEs, we generate
2000 data sets from the model with g = 10,062 = 1, 6% = 0.01, n = 48000 and
m = 100. For the simplicity, we choose K = 1,10, 20, 30, 50, 60, 80, 100, 150, and 200
with nk = % We compute sample MSE of &2 ;, using formula (2.66), and its theoretical

MSE using formula (2.70), and sample MSE of (6;@6)2 using formula (2.73]), and its
theoretical MSE using formula ((2.76)).
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Figure 2.9: The purple line is the sample MSEs of 62 , , the red line is the theoretical

a,dc?
MSEs of (}g 4o the green line is the sample MSEs of MSE(67 dc)z, and the blue line is
the theoretical MSEs of (&;’dc)z.

2.5 Comparison

In this section, we compared the estimators from the subsampling methods and the D&C
method with those based on the full dataset. Table shows the means, variances and
MSE:s of the estimators of p from the full dataset, the D&C method and the subsampling
methods. The estimators of u from all three methods are unbiased. The estimator from
D&C method has the same mean, variance and MSE of p as those from full data set.

In subsampling methods, sampling without replacement has smaller variances and MSEs

than those from sampling with replacement.
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Table 2.1: The means, variances and MSEs of the estimators of 1 under different methods.

Estimator Expectation Variance & MSE
Full data () 1 otmey

D&C (1) y o2t
Sampling with replacement o 02 4mo?

of subjects only (fiy;) H ( - T 1) nm
Sampling without replacement i 0?4 mo?

of subjects only (fiyo) rm

Sampling with replacement of y ( n1 1) [U_g LG +m_1)02]
subjects and repeated measurements (/i7°) n snm
Sampling without replacement of i 0?4502

subjects and repeated measurements (/7<)

Table lists the means, variances and MSEs of the estimators of o2 from the full
dataset, the D&C method and the subsampling methods. The estimator from the D&C
method has the same mean, variance and MSE as those from the full dataset. The
estimator form the D&C method is unbiased and has the smaller variance and MSE than
those from the subsampling methods. All the estimators of o2 from subsampling are

2

o)
unbiased except (67¢.)2, which under-estimates 0% by the amount of —.
m
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Table 2.2: The means, variances and MSEs of the estimators of ¢ under different
methods. An NA means that there is no explicit formula for that quantity.

Estimator Expectation Variance MSE
~ 204 20%

Full data (62) o’ nm—1)  n(m-1)
~9 2 204 204

D&C (63.) g n(m—1)  n(m-1)
Sampling with replacement o2 NA NA

of subjects only (62,))

Sampling without replacement 2 9204 904
of subjects only (52,) r(m=1)  r(m-1)
Sampling with replacement of ?ECbJSCtS ( 11 ) 52 NA NA
and repeated measurements ((67<)%) m

Sampling without replacement of subjects 52 964 954
and repeated measurements ((67¢)?) r(s—1) r(s—1)

Table [2.3|summarizes the means, variances and MSEs of the estimators of o2 from the
full dataset, the D&C method and the subsampling methods. For the D&C method, there

are two estimators: &2 ;. and the adjusted one (&7 ;,)>. The adjusted estimator (& ,,.)?

has smaller MSE than that of &27%. We consider equal sample sizes for all subsets for

simplicity, where K is the number of the subsets of the D&C methods.
The estimators of o2 from the full dataset and the D&C method tend to under-

estimate 0. The bias of the D&C estimator & 4, is larger than that based on the full

mo? + o? . :
dataset by the amount of (K — 1)—*—— because each subset gives under-estimated

m

estimates. If K* > n, the bias of the adjusted D&C estimator (67 ;) is larger than
2

K 2 2
or equal to that based on the full dataset by the amount of (— — 1)M
n

. When
nm

K? < n, the bias of adjusted D&C estimator (67 ,4,)? is smaller than that based on

K2 2 2
the full dataset by the amount of (1 — —) mo, +o°

. The variance of 62, is smaller
n b

nm

2(K —1 2402
than that based on the full dataset by the amount of ( 5 ) (maa o ) , while
n m
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the variance of (&} ;.)* is larger than that based on the full dataset by the amount
2[n*(K + 1) — nK? — K?] (mai + 02>2
na

2

of . The MSE of 62

a,dc

and (67 4.)" are larger

m

K —1)2 2 2\ 2
than that based on the full dataset by the amount of ( 5 ) (maa to ) and
n m

nt

(2K +1)n* — 2nK? — 2K® + K* (mafl + o
m

2
) , respectively.
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Table 2.3: The means, variances and MSEs of the estimators of o2 under different
methods. The K is the number of the subsets in D&C method. An NA means that
there is no explicit formula for that quantity.

Estimator Expectation Variance MSE
2(n—1) [ mo2+40? 2 (2n—1) { mo2+o? 2
Full data (52) o2 _ moato? n? m n? m
a a nm 204 9204
+ +

nm?2(m—1) nm?(m—1)

s o 2(n—K) (m03+02>2 2(n—K)+K? <ma§+a’2>2
~2 2 mog+o 2 2
DEC (52.) gk () (% Quuc
4200 420"
nm2(m—1) nm?2(m—1)
. L 2(n—K)(n+K)>2 <mag+a2>2 2(n—K)(n+K)2+K*
A 2 2 K moj+o 4 4
D&C (ga,dc) Ou — n <n(,l—m> " " 2n
4 —20° moa+to? 4+ __20°
nm2(m—1) m nm2(m—1)

Sampling with L
replacement of g2 — tin-l (%) NA NA
subjects only (67,

Sampling with
replacement of o2 — maata’ NA NA

. N 2 a nm
subjects only (67 )
Sampling without

2 2
replacement of o~ % 2(r—1) <m03+02)2 (2r—1) (ma§+02>2
r2 m r2 m

: . i .

subjects only (62 ,,) +_Tm22(m71) +rm22(m71)

Sampling without
replacement of o? NA NA
subjects only (67 ,,)°

Sampling with (1 11 L) 2
replacement of rooonoorn/Ta

: (r—1)(n—1)(m+s—1)c? NA NA
subjects and repeated 4+ Pp—
measurements (67°,,.)> +(1 —m)2
Sampling without o(r—1) (803+02>2 (2r—1) <803+az>2
replacement of 9 so?to? 72 s 72 P
subjects and repeated Ta™ T L2t L2
measurements (,5,,)> rs?(s—1) rs?(s—1)

When K > 3, the MSE of (5 ;.)* is equal or smaller than that of 67 ., so we consider

a,dc’
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the comparison between (67 ;.)* and 67 ,,. The bias of (5} ;) is smaller than that of

a,wo"
1 2 2
G2 o Dy the amount of <1 — —> Mo, + o7 The variance of (67 ;)% is smaller than that
’ r rm ;
2(r —1 1)? 2 2\ 2 1 1 204
Of&fmobytheaumountofM 1_(r+ ) mo, +o T a
and the MSE of (6} ;.)? is smaller than that of 67, by the amount of

2 1 1 20-YH1+H (me2+02\> (1 1 204

—————— +(--=) =——.

ror2 7t nr3 m r n) m?(m-—1)
Overall, we conclude that the D&C method performs better than the subsampling

methods. Furthermore, debias for some estimators before recombining may improve the

performance of the D&C method.
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Chapter 3

Random Intercepts Model with Big

Data

3.1 The Model and Estimation Based on Whole Data

In this chapter, we consider the random intercepts model (RIM) as an extension of one-

way random effect model. The RIM with balanced design assumes that
Yij = 5(] + a; + leij + €ijs = 1, ey N j = 1, e, M, (31)

where y;; is the jth observation from the ith subject, fy is the population intercept, «;
is the random intercept of the ¢th subject, 3; is the population slope for all subjects, z;;
is the observed value of a covariate x associated with the jth observation from the ith
subject, and €;; s N(0,0?%) are random errors. We assume that «; s N(0,02), and ay

and ¢;; are mutually independent.
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Let 4, = (i1, oo, Yim) L, s = (Tt oo, Tim) T and €; = (€51, ..., €m) 7, then

Yy, ~ N(Boly, + frz, V),

where V' = 021,,,+02J,,. Note that observations of the same subject are correlated due to

the same random effect a;. Let y = (y7, ..., y)T, =z = (=7, ... 2]))T, a = (a1, ...,a,)7,
and € = (e, ...,el)T.

The model (3.1]) can be written in a matrix form

y=XB+Za +e¢, (3.2)

where X = (1,,,, ) is the design matrix for the fixed effects, Z = (21, ..., z,,) is the design
matrix for the random effects, z; is a vector of length nm with the elements from index
(i—1)m+1 to im being equal to one and the rest being equal to zero, and B = (8, 81)T
is the vector of the fixed effects.

The MLEs of fy and 3 based on the full data are given as follows [23]:

BO :g - qu_j“a

5 (m&g + 6'2) Z?:l Z;nzl TijYij — mzﬁg Z?:l jzgz - nm&Q:fy

b (mé2+6?) Do Do T — mPog Yo, T — nm6 T
52 :RSSE + B Z;n:l z?j —my T

n(m —1) (3.3)
_ 261220 Z;nzl Tiglij — M D iy Ti-i) .
n(m —1) ’

o> _SSA RSSE np Doy Dy Ty — mP Y B A mm(m — 1)7

a M

nm  nm(m—1) nm(m — 1)

~ Z:’L:l Z;nzl TijYij — m? Z?:l T Yi + nm(m — 1)Zi’g
+ 26

)

nm(m — 1)
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DRYNE I DT D DI DI T R DY R S
e T — L) —
nm

where 7, = ——— . & i = ) =
n m m , m o nm
D i1 D it Yig _ _ 2 _ _\2
, SSA = mZ(y, —¢.)°, and RSSE = ZZ(@/U — 7;.)°. Note that the
nm
i=1 i=1 j=1

estimators of By and [, are equivalent to the WLS estimators

/éwls = argminﬁ(y - XB)TVnil(y - X/B)a

where V,, = diag(V, ..., V).
——

n
For simplicity, in the remainder of this section we assume all subjects have the same

T
observed z, that is, x; = (21, ..., 2,,)T and Z. = h Then the MLEs of 3
m
bo=9.— bz,
B = D i1 Dy TjYij — MMT.. (34)
1 — m — )
n(zj:l x? — mz?)
The MLEs of 02 and o2 based on the full data
.o SSA RSSE oD e x5 —mz?
% " am nm(m — 1) O m(m—1)
(3.5)

Lo RSSE- B2 22— mf?).

Jj=1"7
m—1

Note that 3, and §; in (3.4) are not mathematical functions of 6% and 62 in (3.5)).

The expectations of the intercept and slope estimators (3.4]) are

~

E(Bo) = Bo,
E(81) = b1
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The variance-covariance matrix of 3 is (XTV-1X)~! | specifically

. mo? + o2 2202
Var(fy) = e ' ,
ar(fh) nm + H(Z;nzl 3:3 — mx2)
2
A o
Var(ﬁl) = m —oN )
(S, 7 = ma?)
~ 9
PO T.0
COV(BOaﬁl) = - m —on *
n(do0L, x5 —mz?)

Since the estimators in (3.4) of B are unbiased, the MSEs of these estimators are the

same as their variances. We also have

E(SSA) =mE (i T ny2)
i=1
=m [M +> (B + 61:6)2] —nm [M + (6o + £17.)°

m - nm
=1

=(n — 1)(mo? + %),

and

n

= 2[02 + 02+ (Bo + Brz;)?] — mZ[ag + 0% /m+ (By + £i1Z.)]

=1 j=1 =1

=n(m — 1)02 + nﬂ% <Z 333 — mx2> )
j=1
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then we have the expectations for the MLEs of 02 and o2 in (3.5)

m 2 =2
ot - ma

m(m — 1)

B(s2) =200 nﬁff;fs_Ei) LR

(n —1)(mo? + o?) n(m — 1)o? + nB? (Z;’;l x? — mj?)

nm nm(m — 1)
2 " oa? — ma?
i _ 0'2 — + /6% Z]_l J
n(g:j:1 x? —miz?) m(m — 1)
o2
—(1— l o — M’
n/) * nm(m-—1)
and
o2y F(RSSE) — nE(H) (T}, o7 — )
N n(m —1) ’
m _ m 2 —2 o2 2
, nﬁ% <Zj:1 :E? — mx2> (Zj:l T5 — . > |:—n(2?_1 x?fmf.z) + 51
=0° + -
n(m —1) m —1

= [1—@1 o’

Therefore, both 62, and 62, are biased. The variances of &

2

~2
amie and 0y, are very

complicated, so we did not provide here. We consider the special case when (; is known,
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then the variances of 62 and % can be calculated as the following

Var(62) =Var 187;3 — nmP:rSnSE 3 + B2 2 2 l(xy__l”)m ]
vt E —a—e)t i (e — &)
= [ n nm(m — 1)
25 >ic1 Z] (@5 —2) (e — Ez):|
nm(m — 1)
_2(n—1)(07 +0*/m)? 204
n? nm?(m — 1)
b =) (St = ma? ) = 3 (g - ) - 7)
nm (m 1) J=1 J1#£3j2
_2(n—1)(0Z 4+ 0*/m)? 201 5
B n? + nm?(m — 1) + nm2 (Z Tj — m ) ’
and

Var [RSSE — (S, 43 — ma?)]
n?(m —1)2
_Var [Z?:l > i (€ — &) +26 31, > i@y = ) (e — EZ)]
n n?(m —1)2

20" 4pta° o —2
“n(m—1) * nm(m — 1) ;xj o

Var(6?) =

When we replace [; by an estimator in the above variance, the variation associated with

By is ignored. We will conduct simulations to evaluate how much variation has being
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ignored. The MSEs of 62 and 6* with fixed 3, are

1 (m—2)021%  2(n—1)(0% + 0%/m)? 201
~2\ 2 a
MSE(6.) T n? {0‘1 * } * n? * nm?(m — 1)
4Bia* S 2 2
* nm?(m — 1)?2 ij I
J=1
4

204 4320 -
MSE(6?) =—— ! 2 |
SE(5) n?(m —1)2 * n(m —1) - n(m —1)32 (;:21 i mx)

m(m — 1)

Based on the results in Section 2.5, we will only consider two methods for the random
intercept model: sampling without replacement of subjects in Section 3.2.2 and the D&C

method in Section 3.3.

3.2 Subsampling of Subjects

3.2.1 MLE of Sampling of Subjects

As in Section 2.2.1 we denote k; as the number of times that subject ¢ has been selected

such that Zk" = r. From the vector form ([2.2) in Section 2.1 and McCulloch et al.
i=1
2
iid . - 1 94
[23], we have Y; ~ N(XZ,H7 V) with Xz = (1m :Bi), \% = plm - me and

V| = (6% +mo?)(c*)™ . Define L;(l;) as the likelihood (log likelihood) of y;|k, where

k is a vector with the 7th element is the number of times that the ith subject is selected.
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Then L = [[ L and I =) k;l;, where
i=1 i=1
m 1 1
L =(2) F IV exp { o~ X8V - m)} ,
m 1 ) ) 1 & )
l, = — 5 log(2m) — 5 log(o” +maoy) — log ~ 5,2 z_: Yi; — Bo — Bizij)

Ug(yzt —mfy — 51%)2.

* 202(0? + mo3?)

Then the log-likelihood function

[ = —% log(27)

1 o —-1
S log(02 + mo?) Z k; — m 5 log(o?) Z k;

n

i=1

ﬁlwi-)Q.

20_2 Z Z k yw 60

i=1 j=1

Let

SSAsub =m i kz (gz

=1

ka o —m
1%] +Z y Bo —

202%(0? +mo?)

o 7sub)2

Y

sub)

MSAsub _mZz 1 (yl -y

r—1

RSSE,,;, = Z Z ki(yi; — 9i.)?

i=1 j=1

A =0% + mo?,
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i Y ki TSN ks
Z’ IZ Kitly — 2iz kil and 7% = izt Z]_l "% We can re-write

rm r rm

where 7°“

log-likelihood function as the following:

rm r 9 9 r(m—1) 9 1 .
I =— - log(2r) — S log(o® +moy) — ———log(0*) — izljzlki(yij — 7i.)
1 n m
7sub —sub —sub\2
o D T~ g R — o~ i
i=1 j=1 i=1 j=1

n Z m2ozk; (7. — Bo — £125*)?
202(0? 4+ mo?)

r(m — 1) 1 (0_2) RSSEsub SSAsub

= log(27r) — = log()\) = log — 3 "o
(gt = o=
2\
m[> 1 ki — r(zseb)? ] Doicy Do ki iy —my o kaEn |
- 2\ 202 h

1-

+

m(Z?:l kizi g — TfESUbysub) dict Z; L kiiyg —m Y k@zgz] 3
A o2

The first order partial derivative with respective to 3 are

ﬁ _ 2rm( —sub BO Bljﬁm})
By 2\ ’
ol B 27’mx3“b( —sub 50 _ lesub)
B 2\
m[Z?zl klf? B T( sub) ] Z’L IZ] 1 mZz 1
- A 2 B
g
+ [m(Z?l ki y;. — szwysw) E?ﬂ E?ll Rivijyi —m Z?:l kla_:lng]
A o2 .

87



Random Intercepts Model with Big Data Chapter 3

The MLEs of 3 are

BO,sub = QSUb - Abei'ﬁUb7 (36)
- (0% +mé3) 3o, Y00 kiwigyiy — mP67 300, ki gi — rmaP iyt oo
Proms %+ mo?) Sy Sy betly — 22 S et — rmA (e )
Setting the first derivative
o rm N mSSA..p N rm? (g5 — By — B17°10)? N m?[>" kix — r(z0)? ],82
do2 2\ 2)2 2)2 2)2 !
m2(2?21 kza_jzyz o TxSUbySUb)
- )\2 ﬁl

to zero, we get

S _ SSA+mBIL ki — r(z0)*) — 2m By (1L ki — 12 g

r

Plugging ) into the first derivative with respect to o2, we have

ﬁ _ _T(m - 1) + RSSEsub + Z?:l Z;n:1 kszj - mZ:-Lzl kli‘? 52
do? 202 204 204 1
Zi:l ijl kixiyi; —m Zi:l k‘ifiﬂiﬂ
_ .
o4
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Then the MLE estimates of o and o2

5’2 _ R’SSESUb + 61 sub(Zz 1 Zm k I -m Z?:l kzjg)
sub ( _ 1)
B 2B10un(320, >y kiwigyiy — m Y kiZi i) (3.8)
r(m—1) 7 ’
52 _ SSAsuw,  RSSEsuw
asub rm rm(m — 1)
5 D it Z] VRiwgyig —m? 300 ki G A+ rm(m — )30y
+251,sub
rm(m — 1)
BQ >ie1 Zm ki x m? > ie1 ki +rm(m — 1)(z SUb) (3.9)
Lsub rm(m — 1) ' '

In order to get simple forms of the means, variances and MSEs of those estimates, in the
remainder of this section we assume that all subjects have the same observed covariate

z, that is, ©; = (71, ..., x,)T. Consequently z. = Z... Then

BO,sub = gsub befE-, (310)

) Zz 1 Z] 1 k; iLilYij — Tmf.ﬂf"b

ﬁl,sub - — , (311)

T’(ZJ ) x] — mz?)

o S RSB RS Aon)
a,sub rm T‘m(m — 1)
~9 . RSSEsub - rﬁ%,sub(zzn 1 Jf? — m$2> 313
Osup = T’(m — 1) s ( . )

3.2.2 Properties of Estimators Under Sampling without Replace-

ment of Subjects

For sampling without replacement, k follows a multivariate hypergeometric distribution
r(n—r)
n?(n—1)

r(n—r)

with E(k;) = % Var(k;) = , and Cov(k;, kj) = —

Theorem 16. When all subjects have the same observed x, the conditional expectations
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of the estimators of the overall mean and the slope under sampling without replacement

of subjects only are

E(Bo.wolk) = Bo, (3.14)

E(Buuwolk) = Br. (3.15)

The unconditional expectations of the estimators of the overall mean and the slope under

sampling without replacement of subjects only are

E(Bo,w0) = Bo, (3.16)
E(Bl,wo) = 61- (317)

Proof. Given the vector k and all subjects have the same observed z, the conditional

expectations of the overall mean and the slope

D i 12 L kizjE(y;;) — rma E(y=) _ 3
r(>L, o5 — mz?) -
" kE(y; YT ki
(50wo|k) > e 12 (vij) B Dict Z]_1 %51 = Bo.

rm rm

(51 wO‘k)

Then the unconditional expectations of the overall mean and the slope

E(Bo,wo) - E<E(Bo,wo|k)) - 507
E(Bl,wo) = E<E(Bl,wo’k)) = 51

Therefore, the estimators of the population mean and the population slope under sam-
pling without replacement of subjects are unbiased. O]

Theorem 17. When all subjects have the same observed x, the conditional and uncon-
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ditional variances and MSFEs of,@ are

A A . mo? + o2 7202
MSE — - k) = a ' 1
S (60,11}0) Var(ﬁ(),wo) Var(ﬂo,wol ) o T(Z;n:1 ZC? —_ mf2)7 (3 8)
2
5 A 5 o
MSE — - k) = 1
SE(B1,w0) = Var(Biuwe) = Var(B1,uwo| k) T 2 ) (3.19)
N N A A z.0°
COV(BD,’LUO? ﬁl,wo) = COV(BD,wo; ﬁl,wo“c) = - (320)

r(L, o5 —mz?)

Proof. To calculate the variance of ,@wo, we start from the matrix form
B _ [(Xsub)Tv—leub]—l (Xsub)Tv—lysub
wo r r 9
then the variance of ,éwo

Var(/éwo) — [(XSUb)TVT_lXSUb]_l(Xsub)TV;_lvar(ysub)[(XSUb)TVT_l]T{[(XSUb)TV;_lXSUb]_l}T.

YLy ad mo2z2 %,
[(XSUb)TV_leub]_l _ TTLO’g + o2 J J _ ma,3a+02 _mga§+gg
' T<Z;'n=1 ? — mz?) = 1 ’
o2+02 02402
and
_rm__ TmMI.
(Xs“b)TVflVar(ys“b)[(Xs“b)TKfl]T _ mgg—’:a2 . xzm—a?l'i_az N
M. j=1%; rm2z202
moz+o? o2 T o2(mo2402)
So
mo2+o? 7202 B .
Var(@ |k§> _ rm 7’( 1]71:1 $]2—m£2) T‘(Z;’Ll x?—mi2>
" B e
T(Z;'nzl I?—mi‘?) T(Z;nzl x?—ma’cQ)

The unconditional variances of 3,, is the same as the conditional variances. Since the

estimators of Bwo are unbiased, the MSEs are the same as the variances. ]
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Remark 13. When all subjects have the same observed x, the variances and MSEs of

Bm are inflated by a factor of n compared with that from the full data.
r

To confirm our theoretical results, we generate x by normal distribution with mean
zero and variance 1, then generate 10000 data sets from model with Gy = 10, 8, = 2,
02 =1, 0% =0.01, n = 10000 and m = 100. We choose r = 300 + 50k, and k = 0, ..., 14.
All subjects have the same observed x. We compute the sample variances of BO,wo and
BLwo using equations and , and their theoretical variances using equations
and with the estimated value of and true value of 02. These variances are

shown in Figure [3.1]

4e-04 -

©

?

&

3
°
°
8

A
Sample and expected variances of B;
. A
Sample and expected variances of B,
°
o
8

»
?

o
2

o
o
g

el ey

400 600 800 1000 400 600 800 1000
r r

Figure 3.1: The green lines are the sample variances of B, the red lines are the the-
oretical variances of B using the estimated value of o2, and the blue lines are the
theoretical variances of 3 using the true value of o2.

Theorem 18. When all subjects have the same observed x, the conditional and uncon-

ditional expectations of the estimators of o2 and o under sampling without replacement
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of subjects only are

1 (m — 2)o?
E(62,,) =E(62 k) =(1—= 02— 3.21
(62) =BG all) = (11 ) o2 = 27 (3.21)
1
E(62,) =E(62 k) = |1 - ——| o”. 3.22
(82) B0 = [1 - s o (3.22)
Proof. Given k, the sum of squares
SSAws =m > k(@i — ) =m Y kilow + & — (a+ &™),
i=1 i=1
According to the Cochran theorem, we have
SSAcw  Yoig kil + & — (@+ ),
mo?+ o2 o2+ 02/m Xr-1:
So the expectation and variance of the sum of squares are
E(SSAu) =(r — 1)(mo? + o?),
Var(SSAs,,) =Var mz ki(y;. — gf“b)zl =2m?*(r — 1)(02 + 0 /m)>.
i=1
We also have the residual sum of squares
RSSEqup = Z Z ki(yij — yi.)?
i=1 j=1
= ﬁ% Z Z k’z(l‘j — f.)Q + Z Z ki(eij — Ei.)g + 251 Z Z k’l(l'j — 57‘)(61‘]‘ - €i~)7
i=1 j=1 i=1 j=1 i=1 j=1
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then the conditional expectation of RSSE,,,

E(RSSE,.|k) = {51 >y Z ki(x YD kile — &)’
i=1 j=1 i=1 j=1
+26 ZZk )(ei; — a.)yk}

i=1 j=1

= (Z :r;? - mi‘2> +7r(m—1)o?
j=1

Then the conditional and unconditional expectations of 62

)

B |:RSSEsub - rBisub(Z] 1 x] — M )

r3? (Z; ) x] — M ) +r(m—1)o? — [(Zmaﬁ + Bl} <ZT:1 :L‘]Q — m:ﬁ?)
N r(m—1)
1
=1 —|5?
{ r(m ~ 1>1 T
1
B2 )={1-——| 0%
@)= |1 |
And the conditional and unconditional expectations of 67,
A E A 2 — max?
E(@% wo|k> =E 55 o R55 0 51 subZ] e k )
’ rm rm(m — 1) m(m — 1)
_(r—= 1)(ma; + 0?) _ TBl(Z] 1$] —miz?) +r(m—1)o?
B m rm(m — 1)
N o? L Z;nlx?—majz
r(>L, a5 — ma?) ! m(m — 1)
_ 2
:(1—1)024—(2 ) ;
r rm(m — 1
1 —2)0?
E(a-gwo) = (1 - _) 2_ (
r rm(m — 1)
[

94



Random Intercepts Model with Big Data Chapter 3

Remark 14. When all subjects have the same observed = and sampling without replace-
ments of subjects only, both of the estimators of ¢ and o2 are underestimated, and the

expectations of the estimators of 02 and o2 are smaller than those based on the full data
1 1 —2)o? 1 1 2
by the amount of <— — —) {02 + u} and <— — —) d 1 respectively.
n

r “ " m(m—1) romn

The variances of 62, and 62 are complicated, so we only consider a special case

a,wo

when [ is known.

Theorem 19. (a) When By is known and all subjects have the same observed x, the
conditional and unconditional variances of the estimators of o2 and o* under sampling

without replacement of subjects only are

) . 2(r — 1)(c% + 02 /m)? 20*
Var(52,,) =Var(52,,, k) = 20— % T
4Bi0” S 2 —2
"\ 25 ) 2
0ot 4B (St — ma?)
A2\ _ ~2 — .24
Var(6%,,) =Var(é,lk) = T + ) (3.24)
(3.25)

(b) When By is known and all subjects have the same observed x, the MSEs of the esti-

2

mators of o2 and o? under sampling without replacement of subjects only are

) 2(r — 1)(o2 + 0?/m)? 1 (m —2)02]?
MSE(62, ) = a = |0+
SE(@a.u0) r? Tt m(m — 1)
20" 4820 . :
-y 2
i rm2(m — 1) * rm2(m — 1)2 Zx] e (3:26)
7j=1
MSE(s2,) = 2m =D +1 1910 (St af - ma) (3.27)
Two) = r2(m —1)2 7 r(m—1)2 '
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TL m, k’z Gi'—éi.Q "o
Proof. Since izt 2 5 (& ) ~ Xi(m_1) then E [Z Z ki(eij — ei.)2] = 2r(m—
o

i=1 j=1
n

1)o? and Var

ki(ei; — ei.)2] = 2r(m—1)c*. In order to get the variance of 62_|k,

we need Var i ki(x V(€ — El)] and
=1
Cov [zn: Zm: ki(@j - @;)2, zn: zm: k’z 61] 61)] .
i=1 j=1 i=1 j=1

First of all,

Var szz(xj x )(EU € )]

:ZE Zk‘l(x] z.)(€j — & )]

= Z E Z ki(x;, —2.)(xj, —Z.) (€5, — €.) (€1, — Ez)]
Z{ aZk —T.) ——Zk T, — :ch—:?.)}
7,:1_ J1#J2

e o (in ) =35 5 bty -9

2 [ (Zx;_mx>+§;§;k ]

o (zm>
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and

+ Z ]{Zi(sz — 1_7) [Eﬂ 4+ ... — (m — 1)62‘3'1 + ...+ Eim]Q

[62'1 + ... — (m — 1)62']'2 + ...+ Eim] }

=0.

Assuming f; is known, then

RSSEguy — 187 0y (O_7, % — ma?)

=17}
r(m—1)

Var(62,|k) =Var

|

Z Z ki(eij — Q‘-)2 + 2B1 Z Z k)l<l’3 - f.)(eij - €i~)

1
_r2(m — 1)2Var

=1 j=1 =1 j=1
90t 43202 <Z;n:1 T3 — m:f?)
:r(m —1) + r(m —1)2 ’
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B B B 954 4320 (Z; 11'] ma:)
Var(Guo) =E[Var(G,,[k)] + VarlB(G,lk)] = 20— + r(m—1)2 '

Assuming [, is known, and according to the Cochran theorem, we have Z Z ki(ei; —

i=1 j=1
21 2p Z Z ki(x )(€ij — &.) is independent of €. under sampling without re-
=1 j5=1
placement, and SSA,,, is the function of €. for i« = 1,...,n. Therefore, SSA,,, and
RSSEup — 07 (372, 27 — ma?) are independent. Then
A RSSEup — 57 .07 x? — mz?
Var( awolk) —Var SS sub b BL b (Z] 1% ) k
rm rm(m — 1)
_Var(SSAsub) + Var[R‘SSESUb - Bisub,’n(ZT 1 SL’? - me)]
o rm? r2m?(m — 1)?
SSA,., RSSE.w — 67 subT(Zj 1 x? — miz?)
— 2Cov , ’
rm rm(m — 1)
_2(r—1)(o2 4 0*/m)? 201 45202 =, L
N r2 + rm2(m — 1) + rm3(m — 1) ij e
7j=1
4650 -
7’2m3(7’1n — 1) Z Z ki(zj, —2.)(25, — )
i=1 j1#£j2
2(r—1)(02 4+ 0%/m)? 20! 4B3c* =\,
B r? rm?(m —1) = rm2(m —1)2 ij e
j=1
and
Var( awo) —E[V&I’( awo’k)] +Var[E( awo‘k)]
2(r—1)(0Z 4 0%/m)? 20 433 0* =, S
B 72 * rm2(m — 1) * rm?2(m — 1)? ;xj e

98



Random Intercepts Model with Big Data Chapter 3

The MSEs of 67, and 67,

MSE(6, ) =Var(6y ,,,) + bias®(67 )

2(r — 1)(o2 + 02 /m)? 204 48202 O =
+ rm?(m — 1) + rm?(m — 1)? jzlxj M.

1 {02 T (m—2)02]2’

+7"_2 “ " m(m—1)

and
MSE(62,) =Var(62,) + bias*(62,)
mox?— m:i?)

a1, W0 (S0
r2(m—1)2 o r(m —1)2

O

Remark 15. When (3 is known and all subjects have the same observed z, the variance
is larger than that based on full data by the amount of

2 20" 43302 = _g
+ m2(m — 1) ]Z:;:cj — MI: };

G2 BO-2-2) (e 5) i

r n

~2
of 0 wo

and the MSE of &7, is larger than that based on full data by the amount of

G-l (e 5) G e ]

r o n r n
204 451202 e 9 5
m2(m — 1) + m2(m — 1)? ;Ij - '

The variance of 62 is inflated by a factor of ﬁ, the MSE is larger than that based on
r
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full data by

)G o) o ntt ey (ix ) mx?) |

T n r n

To confirm our theoretical results, we generate & by normal distribution with mean
zero and variance 1, then generate 10000 data sets from model (3.1)) with 5y = 10, 8; = 2,

02 =5, 0% =1,n = 10000 and m = 100. We choose r =We compute the estimates of

52 vo and 62 using formula (3.12)) and (3.13)), their expectations using formula (3.21]) and

Ua,wo

(3-22)), their theoretical variances using formula (3.23) and (3.24)), and their theoretical
MSEs using formula (3.26)) and (3.27). The results are shown in the Figure and

1.001 -
koA

\
/N ehoo-koosdee
P o S EE %

Il
o
3
S

. 2 .
Estimates of 8 and expectations

N 2 .
Estimates of G, and expectations

o
©
©
©

0.998 -
100(

100( 500
r

Figure 3.2: The green lines are the averages of &g,wo and 62, with unknown f31, the
2 o and 62 using the true value of 81 , and the blue

red lines are the averages of 67 ,,,
lines are the expectations of &iwo and 62, from equation ([3.21)) and (3.22).
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b
N
S

e

A2

&
N o
5 15- \ < 5. |
8 \ <] \
| P
g u 4 a
8 ] 2 1}
g \ = |
g | = \
1} \
k5 A g )
3 A 2 ]
8 \ % \
] &
g 10 \ 2 10- \
- \ S \
2 \ \
& A\ @ \
\ 2 \
@ =3
= L £ L}
£ \ < \
E \ 3 \,
? k) x
5 \ 5 \\.
N A
. .
- TE
~—_ ~
i S = A
e e
—— . —— . .
250 500 750 100¢ 250 500 750

r

Figure 3.3: The green lines are the sample variances (left) and sample MSEs (right)

of 6’ng0 with unknown i, the red lines are the sample variances (left) and sample

MSEs (right) of 7 ,,, using the true values of 81, and the blue lines are the theoretical

variances (left) and MSEs (right) of 62 ,,, from equation (3.23) and (3.26).

0.003 - 0.003 -

A2

Sample and expected variances of 0
A2

Sample and expected MSEs of ¢

0.002 - 0.002 -

0.001- 0.001-

Figure 3.4: The green lines are the sample variances (left) and sample MSEs (right) of
65, with unknown S, the red lines are the sample variances (left) and sample MSEs
(right) of 62, using the true value of 31, and the blue lines are the theoretical variances

and MSEs of 62, from equation (3.24)) and (3.27).
Remark 16. Note that the approximations with known [; are pretty accurate.
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3.3 Divide and Conquer

In this section, we apply the D&C method for the random intercept model with big data.
Suppose we divide the n subjects into K subsets, and each subset has size n; such that
Zszl ni = n. When all the subjects have the same observed x, the random intercept

model for subset S}, can be written as

Yij = 50 +61$j + o+ €55 (&S Slw ] = 17 ey TN, (328>

According to the equations (3.10)) to (3.13) in Section 3.1, we have

B _Ziesk 27:1 TjYij — nkmi’@.]?
1Lk = —
n (Y5, ¥ — ma?) ’

Box =7" — 14T,

. SSAg RSSEy A —1 7T
2 _ _ 2
Cak = m ngm(m — 1) Bik m(m—1)

., RSSE;— B2, (Z;nzl T3 — ma??)

%k = ng(m —1) ’
where gk - ZiESk Zj:l yl]: SSAIC =m Z(gl - .7]]?)27 RSSEIC = Z Z(yw - gi-)zv and

NEm i€ Sk i€Sy j=1
RMSE, = _RSSE,
ng(m — 1)
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We also have E(@o,k) = fo, E(Blk) = f1, and

2 2 2 9
A mo;, + o xo
Var(fp ) =— + — ,
Tem N, (ijl i — mf?)
2
A o
var(ﬁl,k) = m 9 — 3
ng (Zj:1 ri — mm?)
z.0%

Cov(Bok, Bix) = — m 9 —2)
ng (Zj:l Ly — ma )

We use the method in meta-analysis by Zeng and Lin [34] to combine the estimates.

Define W3, as the variance-covariance matrix of Bk in subset k, where Bk = (Bo,k, Bljk)T,
then the meta estimator is

K
Breta = (Z Wg,ﬁ) > WiiBr (3.29)
k=1 k=1

When all the subjects have the same x, we have

mng mngT.
Wfl _ mo2+o? mo2+o2?
ko - 2, 2y o2 2. 2-2 )
mngT. ng(mog+o°) 30 x5 —m ngog T
mog+o? o?(mog+o?)
(moz +0%) 30, a5 —mPoiT? —miI.o?
_1 _
K —mz.o? mo?
71 o
Swit) - —
k=1 mn | YL, xF — ma
and
K mzle nk(BO,k“"Bl,kf-)
-13 mo2+o?
Wi, = A : A A
Z bk mo®2. 335y niBo,k+(mod+o?) Sy @f Sy ke —mPoaz? 3o bk
h=1 o2(mo2+o2)
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Then the combined estimator of B under D&C method

K =1 g A
B Z%é) S Wi,
k=1 k=1

x .
D k=1 "Bok
n

X .
D k=1 "Bk
n

K
Zk:l Ziesk Z;nzl Yij . B 7
nm 1,det

K _
St (Cies, Xier ©ivii—F ies, Sy Yis)

n(3TL, x; —mz?)

(3.30)

Theorem 20. When all the subjects have the same observed x, the expectation ofB

under divide and conquer method are

E(B1.4c) =P, (3.31)
E(Bo.4c) =Po, (3.32)
R 24 ;2 7252
Var(Bo.ae) == — , (3.33)
n <Zj:1 x? — m:i‘?)
R 2
Var(Bae) =—r——————. (3.34)
n <2j:1 x5 — mx?)
- 2
55 T.
Cov(Boes Brae) = = — (3.35)
n (Zj:1 ri— mx?)

104



Random Intercepts Model with Big Data Chapter 3

Proof. According to (3.30)), the expectation of the Bae

B(S Yo [ZieSk > TiEWi) = .Y s, e E(yij)]
b n(3js, x5 — ma?)

T [ Sies, T o + i) — & s, Ty (o + i)

n(Qjoy @y — mi?)

= 617
; Yoot Yies, gt Euiy) 5
B(foae) === =L 2 B (B g0)7. = Bo.
nm
For the variances of ,édc, we let ﬁdc = ABy, where
“0 0
A= ;
0 ™ 0 I

and
Bk = ( BO,I 31,1 BO,K BI,K >
with Var(8) = diag(Wps1,--- , Wsx). Then the variance of Bq,

Var([%dc) —AVar(Bx)AT

mog—l-o
_ nm n(zgnzl xf—mzz) n(zgnzl x]z—m:?:.z)
. z.02 a?

The MSEs of ,@dc are the same as the variances since they are unbiased. O

Remark 17. When all the subjects have the same observed x, the estimators of 3 from

the D&C method are unbiased, and the variance of ﬁdc are the same as those based on
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full data.

From Section 3.1, considering the special case when [3; is known, we have E(&ik) =

. 2(ng — 1) o2\ > 204
Var(62 ) = =———— o2+ — _
ar(aa,k) n% (Ua + m + nkm2<m _ 1) + nka ZZC m:c ’
201
ng(m — 1)

meta-analysis to combine the estimators of 02 and o

and Var(6}) =

m
5 (Z ZEJQ — mzz2> . Again we use the method in
j=1

ni&Q &
a,
.9 Zk 1 Var(02 ) Zk:l (nk—1)(m0§+02)2(m—1)2+(m—1)04nk+2nkﬁ%02(ETzl x?—ma‘@)
o =
a,de — 2 )
) K ni
- A2
Zkfl Var(aa &) Zk:l (n—1)(mo2+02)2(m—1)2+(m— 1)04nk+2nk5102< ™ 1$?_mx2)
K &p kG
&2 _Zk:l Var(&]%) Zk 1 (m—1) U2+261 (Z;ﬂ 125 —mwQ)
de — :

Nk

K 1
Zk:l Var(é',%) Zk 1 (m—1 a2+252(2m lw-—mzz)

(3.36)
Theorem 21. When (3 is known and all subjects have the same observed x,
(a) the mean, variance and MSE of o} ;. are
N o[+ s |
k= 1 (ng—1)(mo2+02)2(m—1 m—1)o4n,+2n;, B2 02 x2—mz?
E(62,.) =0 - k—1)(mo2+02)2(m—1)2+(m—1)otn+2ni 202 (7, 22 )7 (3.37)
i
Zk 1 (ng—1)(mo2+02)2(m—1)2+(m—1)c4 nk+2nk5102( e 1z§fmm2)
1
Var( adc) K n%mQ(m_l)z ) (338)
k=1 2(nj,—1)(mo2+02)2(m—1)2+2(m—1)o4n+4n, B30% (L)L, 22 —m3?)
1 5  (m—2)
MSE(57 4.) = % 2 (m1)? + [% + mm —1)
k=1 2(nk71)(m03+02)2(mf1)2+2(m71)a4nk+4nk5%02( e 1%377”,{172)
2
Zk:l (nk—l)(mag-i-UQ)Q(m—1)2+(m—q§a4nk+2nkﬁ%02 (Zm_l xz—ma’c?)
5 L : (3.39)

n
k
Zk:l (ng—1)(mo2+02)2(m—1)24+(m—1)o*n,+2n; 8202 (Z;nzl x?—mg’c?)
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(b) the mean, variance and MSE of o3, are

R

9o 43? (E;n:l T — mi‘?) o?

A2\
Var(ffdc) _n(m _ 1) + n(m — 1)2 ,
oy 2n(m—1)+K?* , 467 <ZT:1 T3 — mﬁ) o?
MSE(63,) = n2(m — 1)2 n(m — 1)2

Proof. Assume f; is known, we have

ZK nyE(52 1)
E(é_z ) _ k=1 (nk—l)(mag—&-ﬂ)?(m—1)2+(m—1)a4nk+2nkﬁff72(Z;"Zl sz-—mi?)
a,dc K ni
Zk:l (n’“_l)(mag+02)2(m_1)2+(m—1)04nk+2nk5%02(Z;'n:1 fvgz'—m:az)
S w2 {(1=1/n)03 ~(m=2)0 /lmm(m—1)]}
B k=1 (nk—1)(m03+g2)2(m_1)2+(m_1)a4nk+2nk5%02(Z;"Zl x?—ma’:?)
2

— P
Zk:l (nk—1)(mag+a2)2(m—1)2+(m—1)a4nk+2nkﬁf02(

mo 2 =2
j=17%] m:c.)

Nk

j=1"j

a

2
N

K
Zk:l (np—1)(mo2+02)2(m—1)24+(m—1)o4ny+2n; B2 02 (Zm:l xz.—m:i.z)

ZK niE(62)
k=1 (m—1)02+242 (ZTzl x?—miz?)

BOL) ~x @
k=1 (m—1)02+287 (T2, 22 —ma?)

ZK Tk [l_nk(ﬁl—l)]o’
k=1 (m_1)02+255<22”:1 z?—mTZQ)

Zszl (m—1)02+25f?§:§l1 @5 —maz?)
| ZkK:1 (2_1)02+26%<1 a2 —ma?) 2
I (m—1)> (m_1)52+25§7€§:;ﬂ:1 22—ma?)
= _1 — n(mL—l) 02.

107
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Zk:l (nk—1)(m03+02)2(m—1)2+(m—1)a4nk+2nk5%02( m x?—mj;?) |: 2+
a

(3.40)

(3.41)

(3.42)

(m —2)0?

m(m — 1)
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And according to the results in [33], we have

1 1
Var( a dc)

i v
k=1 Var(62,)

nZm?(m—1)2

Zk 1 2(ng—1)( ma2+02)2(m71)2+2(m71)a4nk+4nk,3%crz(Z;.nzlxz.—mi:?)

Var<A2 ) 1 20.4 N 4ﬂ1 <2j 1 l’]2 — me) 0'2
o = =
de S W n(m —1) n(m —1)32

- ar Uk

Then the MSEs of &7 ;. and &7, are

MSE( adC> Va‘r( adc)_l_bla‘s ( adc)

1

s (m—2)c?
K 1) " {"“ T —1)
2(nk—1)( mo%—l—az)z(m—1)2+2(m—1)o4nk+4nk,8f02(Z;”Zl x]z—mf2)
K n 2
Zk:l ( 5

nkfl)(mangaQ)Q(m71)2+(m71)a4nk+2nk5%02(Z] i ngmm2)

2 Y
i | o

(nr—1)( m03+02)2(m71)2+(m71)a4nk+2nk[3%02(Z 2 2)

MSE(62,) =Var(632,) + bias*(52.)

2n(m — 1)+ K? N 4B3 (2721 2% — mi?) o?
= o
n?(m —1)2 n(m —1)2

n
Consider the simple case, ny = 17 then the mean, variance and MSE of o2 ;, are given
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by
. K K(m —2)
E(67 ) = (1 - g) s~ mUQ, (3.43)
9 2(n—K) [, o* 2 9254 “eh <ZT:1 T3 — ma‘c?) o2
Var(aa’dC) :T %t an(m - 1) - an(m - 1)2 )

2 — K 2\ 2 2 4 K2 _9 212
MSE(62 ;) = 20— 1) (ag + %) b — [02 + (m—)a}

nm?(m —1)  n?

432 (Z;n:l T3 — mf2> o2

2

nm?(m — 1)

Remark 18. When all the subjects have the same observed x and same number of

subjects for each subset, the bias of 62, is larger than that from the full data by the
(K —1)0?

t of ————
amount o n(m — 1)

, the variance of 67, is the same as that from full data, and the
(K% —1)0?
n?(m —1)2
increases as K increases, and is larger than that
(m —2)o?

m(m — 1)

MSE of 62, is larger than that from full dataset by the amount of . Under

2

the same conditions, the bias of 67 4.

K -1
based on the full data by the amount of —— [02 + ; the variance of o7 4.

n a
2(K — 1)(02 + 02 /m)?

n? '
Consequently, the MSE of &idc is larger than that based on the full data by the amount

21— K)(02 + 02 /m)? + (K2 = 1) |02 + &2

is smaller than that based on the full data by the amount of

of

n2

2

ode and

We now conduct a simulation to compare the sample variances and MSEs of &,
63, with their theoretical variances and MSEs. We generate 10000 data sets from model
(3.1)) with 8y = 10, 8 = 2, 02 = 25, 0> = 1, n = 5000, and m = 50. We generate z from
unif[0,1] and all the subjects have the same xz. We choose K = 1,5, 10,20, 40,50, and

n
100 with ng = IR We compute sample variances of 627@ and 632, using formula (3.36]),
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their theoretical variances using formula (3.44)) and (3.41)), and their theoretical MSEs
using formula (3.45)) and (3.42]).

A2

Sample and expected variances of 0,

A2

Sample and expected variances of 0

0.5~ 0.5~

A2

Sample and expected MSEs of 6,

0.4- 0.4-

0.3~ 0.3~

0.2~ 0.2~

0 25 50 75 100 0 25 50 75 100
K nk

Figure 3.5: Plots of variances (left) and MSE (right) for o2. The blue lines are the

P
sample variances and MSEs of 42, the red lines are the sample variances and MSEs of
62 when $31 is known, and the purple lines are the theoretical variance and MSE of 2

using formulas (3.44]) and (3.45)).

1.4e-05- 1.4e-05-

A2

Sample and expected MSEs of &

1.2e-05- 1.2e-05-

1.0e-05- 1.0e-05 -

8.0e-06- T T Ao 8.0e-06 -

..............

0 25 50 75 100 0 25 50 75

Figure 3.6: Plots of variances (left) and MSE (right) for o2.The blue lines are the
sample variances and MSEs of 62, the red lines are the sample variances and MSEs of
&2 when f; is known, and the purple lines are the theoretical variance and MSE of &2

using formulas (3.41]) and (3.42)).
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Figure shows that the MSE of 0, 4. incrases as K increases. We notice that the
simulation estimates of Var(6?) is smaller than that using the true value of 3, that may

caused by the relationship between Blvk and G3.

3.4 Comparison

In this section, we compare estimates from the subsampling without replacement of
subjects only and the D&C method with those based on the full dataset when all the
subjects have the same observed z. Table [3.1] shows the means, variances and MSEs of
the estimators of 3 from the full dataset, the D&C method and the subsampling method.
The estimators of 3 from all three methods are unbiased. When all the subjects have
the same observed z, the estimators from the D&C method has the same mean, variance
and MSE of 3 as those from the full dataset. The variances and MSEs of the estimators

n
from sampling without replacement of subjects only are inflated by a factor of —.
r

Table 3.1: The means, variances and MSEs of the estimators of 3 from different methods.

Parameter Method Mean Variance & MSE
A mo2+og? 7202
FU.H data (60) /BO ,:m—i_ + n(z';_n:1 333—777,52)
Bo
A mo2+o? 7202
D&C (607d0> 60 r(;rJnr + n(3, x?—miz)
Sampling w/o replacement 3 moita® | 7252
of subjects (Bo.wo) 0 rm r(XjL, @j—ma?)
Full data(5;) B PR

n(3o7L, i —mz?)

by :
D&C (Bi.4c) B a—z—z)

n(3ojL, z7—m:

Sampling w/o replacement o2

of subjects (S1.u0) & (o7, a2 —ma?)
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Table lists the means, variances and MSEs of the estimators of o2 from the full
dataset, the D&C method and subsampling without replacement of subjects only when
all the subjects have the same observed x and f; is known. All there estimators are
biased, the biases of the estimators from the D&C method and subsampling are larger
(K —1)0? 1 1 o?

than that from full data by the amount of ——— and | - — — | ———, respec-
n(m —1) r n)m-—1

tively. The estimator from the D&C method has the same variance as that from the

full data, while the variance of the estimator from the subsampling method is inflated

by a factor of " The MSE of o2, is larger than that from full dataset by the amount
r

K? — 1)0?
%, and the MSE of 62,
na\m —

(1 B %) [in i (1 i %) <m0—41>2 ’ 45%02(% —1?) = 1'

Table 3.2: The means, variances and MSEs of the estimators of o2 from different
methods. (7 is known.

of is larger than that from full data by the mount of

Estimator Mean Variance MSE
, ) 204 2n(m— 1)+10_4
- _ 2 n(m 1) n?(m 1 2
n(m 1)2 + n(mfl)2
204 2n(m—1)+K2 4
A2 __K |52 n(m—1) n2(m—1)2
D&C (Jdc) [1 n(mfl)i| o 2(2] 1ac]—mgc2) 46102(2J 1:vj—mx2)
n(m—1)2 n(m—1)2
Sampling w/o replacement [1 . ] 2 7“(72n41) %04
r(m—1) a?( ey ] fmmz) 45%0’2(2?:1 xifmn’cz)

of subjects (62)

r(m 1)2 + r(m—1)2

Table summarizes the means, variances and MSEs of the estimators of o2 from
the full dataset, the D&C method and subsampling without replacement of subjects only
when all the subjects have the same observed = and (3, is known. All three estimators of

oy are under estimated. The biases of &7 ;. and &, are larger than that based on the full
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Table 3.3: The means, variances and MSEs of the estimators of o2 from different
methods. The K is the number of the subsets in D&C method. 57 is known.

Estimator Mean Variance MSE
2(n—1) (2 +0?/m)? L[ 2, (m-2)0?]?
. (1—%) o2 n? & o2 +
Full data (62) n/ o 420 4 2n=D)(og+o?/m)? 204
__m=2 2 nm?2(m—1) n2 nm?(m—1)
nm(m—1) 470 (T, @ —ma?) 470 (X7 @ —ma?)
nm?2(m—1)2 nm2(m 1)2
2(n—K)(c2+02/m)? K2 (m—2)021?
D&C (62 (1-%)os ? n” [“ + ]
n @ 4 n— o2402/m o4
(Ua,dc)  K(m-2)0? +nm22((in71) + X K)(n%+ /m)* nm22(m71)
nm(m—1) 46202 ( yd 1ac?fm22) 48202( i 1m§fm12)
nm?2(m—1)2 + nm?(m—1)2
2
Sampling without (1 - l) 2 2(r—1)(z7§2+a2/m)2 1 [ 2 4 (m(m )qj
replacement of . mjz 2 +rm22(i:zl—1) +2(T 1)(Ur2+02/m)2 rm22((77:—1)
rm(m—1) 2452 22 —mz2 252 m 2 —mz?
subjects (62.,,) e e

Again we conclude that overall the D&C method performs better than the subsam-

pling methods.
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Chapter 4

Linear Mixed Effects Model with Big

Data

4.1 The Model and Estimation Based on Whole Data

After exploring the one-way random effect model and the random intercept model, we
consider the general linear mixed effects model (LME) in this chapter. An LME model

assumes that [35]

P k
Yij = szjuﬁu + Zzijvbiv ey, v =1,.,n j=1,...,my, (4.1)
u=1 v=1

where y;; is the jth observation of the ith subject, z;;, is the jth observation from the
ith subject on the uth covariate for the fixed effects, 3, is the uth fixed effect, z;;, is the
jth observation from the ith subject on the vth covariate for the random effects, b;, is

the vth random effect for the ith subject, and ¢;; is the within-subject random error.
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Model (4.1]) can be re-written in the following vector form

where y; = (Yi1, ..., Yim,)? are the responses for subject i, 8 = (fBi,...,0,)" is a p-
dimensional vector of fixed effects, X; is a m; x p design matrix for the fixed effects of sub-
ject i, Z; is a m; x k design matrix for the random effects of subject i, b; = (b;1, ..., bix)” is a
k-dimensional vector of random effects, b; S N(0,02D), € = (€i1, .., €im;) T ~N(0,0°%;),
and b; and €; are mutually independent.

Let y = (y7, ...y, X = (XT,... XD\, Z = diag(Zi, ..., Z,), b = (bT,...,bT)7,

n

and € = (€], ...,el)T. Then the stacked form for model ([4.1)) is:

y=XB+7Zb+e, (4.3)

n n
where y is a E m; dimensional vector of all responses, X is a g m; X p design matrix
=1 i=1

for the fixed effects, 3 is a p dimensional vector of fixed effects, Z is a Zmi X nk

=1

design matrix for the random effects, b is a nk dimensional vector of random effects,

b N(0,0%G) with G = diag (D, ..., D), e~N(0,0%R) with R = diag(Xy,...,%,), and b
——

n
and € are independent. We assume that G and R depend on a vector of parameters 6.

According to Larid and Ware [36] , the estimates of 8 and b based on the full data is

B=(X"WX)"'X"Wy,
A A (4.4)
b=GZTW 'y - XP),

where W = (ZGZT + R)~!. W matrix depends on the unknown parameters 8, they will
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be replaced by MLEs or restricted maximum likelihood (REML) estimates. The MLEs
or REML estimates of parameters o2 and 8 do not have closed forms. They can only be
calculated by numerical methods, as shown in Lindstrom and Bates [37].

Based on the results in Section 2.5, we again consider the subsampling without re-
placement of subjects and the D&C method for fitting the LME model with big data.
The rest of this chapter is organized as follows: Section 4.2 discusses the subsampling
method and its estimators for sampling without replacement of subjects with big data.
Section 4.3 discusses the D&C method for fitting an LME model with big data. Section
4.4 presents the simulation results and running times for fitting a growth curve model

and a more general LME model with big data.

4.2 Subsampling of Subjects

For the subsampling without replacement of subjects, we denote k; as the number of times
that subject ¢ has been selected such that i k; = r. According to the vector form (4.2
and McCulloch et al. [23], we have y; ~ ]\/E?)l(iﬁ,azwi’l) where W; = (Z;DZ] + %;)7".
Let qub,f(sub, Zsub,ésub,]?sub and Wsub be the corresponding y, X, Z,G, R and W for

data in the sampled data. Then the MLE of 3 based on the sampled data is

Bsubﬂuo :(XibwsubXsub)_IXg;LbWsub@sub' (45)

4.3 Divide and Conquer

Suppose we divide n subjects into K subsets Si, ..., Sk. Let Qk,Xk,Zk,@k,Rk and W,
be the corresponding y, X, Z, G, R and W for data in subset Si, k = 1,..., K. Without

loss of generality, we assume that the subjects are reordered as y = (§1,...,y%)", X =
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(X?,...,X};)T, 7 = diag(Zl,...,ZK), G = diag(él,...,é;(), and R = diag(Rl,...,RK).
Then W' = ZGZ"+ R = diag(Z,G1 ZT + Ry, ..., Zxk Gk ZE + Ryc) = diag(W;t, ..., Wih).

Therefore, W = diag(Wh, ..., Wi).

Furthermore,
W, 0 X, .
XTwx = (X7, XD | : L =D XWX,
~ B k=1
0 Wk Xk
and
Wi 0 Y1 X
XTWy = (X7, XDy | : L =) XKW,
~ k=1
0 Wk Yx

Formula (4.6) suggests that we can compute the MLE of 3 by combining outputs

X,?ka(k and X kT Wkgk from each subset. That is, we do not need to compute Bk for
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each subset. Instead, we can recover the MLE for the full data using formula (4.6)).
Note that W depends on @ which has to be estimated first. This suggests that following

algorithm:
1. Divide n subjects into K subsets;

2. Compute MLE or REML estimates of 0% and @ for each subset and denote them

3. Combine estimates of 02 and 6 (e.g. using the DerSimonian & Laird rule [38]) and

denote them as 62 and ;

4. Compute X,?ij(k and X,Z“Wkgk for k = 1,..., K with fixed estimates % and é,

then compute 3 using formula, (4.6)).

4.4 Simulation

In this section, we conduct comprehensive simulations to evaluate and compare per-
formances of different methods. From the previous results, we consider two methods:
subsampling without replacement of subjects only and the D&C method. We use a
growth curve model and a more general linear mixed effect model with two covariates to

show the performances of those two methods.

4.4.1 Growth Curve Model

We consider the growth curve model:

Yij = Bo +boi + Bix; + bz +ej,t=1,...,n;7=1,...,m, (4.7)
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where y;; is the jth observation from the ith subject, 3, is the population intercept, 3 is
the population slope for all subjects, by; is the random intercept of the ith subject, by; is
the random slope of the ¢th subject, z; is the observed value of the covariate z associated
with the jth observation for all subjects, and e;; NN (0,0?) is the random error. We
assume that b; SN (0,06%D), and b; and ¢; are mutually independent.

We generate z;’s from uniform|0, 1], and set (5o, 51) = (1,2), 0® = 0.04, and m = 20.

We consider a uncorrelated covariance matrix

) 25 0
o“D =
0 1
and a correlated covariance matrix
) 25 2.5
o“D =
25 1

For each method, we consider the following four scenarios:

e Scenario I: n = 5000, uncorrelated covariance matrix;

e Scenario II: n = 5000, correlated covariance matrix;

e Scenario III: n = 50000, uncorrelated covariance matrix;

e Scenario IV: n = 50000, correlated covariance matrix.

To compare the performances of the subsampling method and the D&C method, we
consider the same sample sizes for subsampling data set and the subsets of the D&C
method, that is r = ng. For n = 5000, we chose four different sample sizes r = ny =

100, 125, 250 and 500. For n = 50000, we chose four sample sizes r = n; = 250, 500, 625
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and 1000. We generate 1000 data sets from model to compare the accuracies of
estimators from the subsampling method and the D&C method with different settings.
Biases, variances and MSEs of different estimators are shown in Figures 4.1-4.2 for
scenario I, Figures 4.3-4.4 for scenario II, Figures 4.5-4.6 for scenario III, and Figures
4.7-4.8 for scenario IV.
Overall, the D&C method has smaller bias, variance and MSE for the growth curve

model under all scenarios.
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Figure 4.1: Biases (left), variances (middle) and MSEs (right) of By (top) and f3;
(bottom) under scenario I. The red lines are from the D&C method, and the blue lines

are from the subsampling method.
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Figure 4.2: Biases (left), variances (middle) and MSEs (right) of 62 (top), 67 (middle)
and 2 (bottom) under scenario I. The red lines are from the D&C method, and the
blue lines are from the subsampling method.
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Figure 4.3: Biases (left), variances (middle) and MSEs (right) of 3y (top), 81 (middle)
and the correlation coefficient (bottom) under scenario II. The red lines are from the
D&C method, and the blue lines are from the subsampling method.
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and the correlation coefficient (bottom) under scenario IV. The red lines are from the
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Figure 4.8: Biases (left), variances (middle) and MSEs (right) of 62 (top), 67 (middle)
and 62 (bottom) under scenario IV. The red lines are from the D&C method, and the
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To compare the running times, we generate 50 data sets from model (4.7 for each
scenario. Table[4.1|shows the average CPU times for fitting a single data set on a machine

with the following configuration: 2.2 GHz Intel Core i7 processor and 16 GB 1600 MHz
DDR3 memory.
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Table 4.1: Average CPU times in seconds for growth curve model.

ne =100 ng =125 n, =250 ni =500 Whole data

Subsampling 0.0605 0.0656 0.1041 0.1827

scenario Iy 0.0668  0.0749  0.1344 0.4356 L7184
_ Subsampling ~ 0.0797  0.0896  0.1499 0.2468
scenario 11—y ¢ 0.0729 00871  0.1714 0.5048 2.2347

n, =250 ni =500 n, =625 n,=1000 Whole data

Subsampling 0.2243 0.3189 0.3562 0.5081

scenario L e 0.2322  0.3215  0.3620 0.6140 18.8022
. Subsampling 0.2794 0.3838 0.4425 0.6388
scenario IV e 0.2723  0.3879  0.4763 0.7863 22.6130
4.4.2 General Linear Mixed Effect Model
We consider the following LME model:
Yij = Po + Bixry + Boxaj + boi + biiw; +€5,0=1,...,n;5 =1,...,m, (4.8)

where y;; is the jth observation from the ith subject, 3; is the population intercept, 3 is
the population slope of covariate z; for all subjects, (5 is the population slope of covariate
x5 for all subjects, by; is the random intercept of the ith subject, by; is the random slope
of the ith subject corresponding to covariate x;, x1; and xg; are the observed values
of the covariate x; and x5 associated with the jth observations for all subjects, and
€ij ~ N(0,0?) is the random error. We assume that b; ~ N(0,02D), and b; and ¢; are

mutually independent.
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iid

We generate (1;,72;)" ~ N(0,%,) for j = 1,...,m, where

and p equals 0 or 0.5. We set (8o, 81, 52) = (1,2,5), 0 = 0.04, and m = 20. We consider

a uncorrelated covariance matrix

) 25 0
o°D =
0 1
and a correlated covariance matrix
) 25 2.5
o°D =
25 1

For each method, we consider the following eight scenarios:

e Scenario I: n = 5000, p = 0, and uncorrelated covariance matrix;

e Scenario II: n = 5000, p = 0, and correlated covariance matrix;

e Scenario III: n = 5000, p = 0.5, and uncorrelated covariance matrix;

e Scenario IV: n = 5000, p = 0.5, and correlated covariance matrix;

e Scenario V: n = 50000, p = 0, and uncorrelated covariance matrix;

e Scenario VI: n = 50000, p = 0, and correlated covariance matrix;

e Scenario VII: n = 50000, p = 0.5, and uncorrelated covariance matrix;

e Scenario VIII: n = 50000, p = 0.5, and correlated covariance matrix.
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As for the growth curve model, we consider the same sample sizes for subsampling
data set and the subsets of the D&C method, that is » = ny. For n = 5000, we chose
four different sample sizes » = n;, = 100, 125,250 and 500. For n = 50000, we chose
four sample sizes r = n; = 250,500,625 and 1000. We generate 1000 data sets from
model to compare the accuracies of estimators from the subsampling method and
the D&C method with different settings.

Biases, variances and MSEs of different estimators are shown in Figures 4.9-4.10 for
scenario I, Figures 4.11-4.12 for scenario II, Figures 4.13-4.14 for scenario II, Figures
4.15-4.16 for scenario IV, Figures 4.17-4.18 for scenario V, Figures 4.19-4.20 for scenario
VI, Figures 4.21-4.22 for scenario VII, and Figures 4.23-4.24 for scenario VIII.

Overall, the D&C method has smaller bias, variance and MSE for the model

under all scenarios.
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Figure 4.9: Biases (left), variances (middle) and MSEs (right) of Bo(top), B1 (middle)
and B2 (bottom) in scenario I. The red lines are from the D&C method, and the blue
lines are from the subsampling method.
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Figure 4.11: Biases (left), variances (middle) and MSEs (right) of Bo (top), B (second
row), [ (third row) and correlation coefficient (bottom) in scenario II. The red lines
are from the D&C method, and the blue lines are from the subsampling method.
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Figure 4.13: Biases (left), variances (middle) and MSEs (right) of Bo(top), A1 (middle)
and [z (bottom) in scenario III. The red lines are from the D&C method, and the blue
lines are from the subsampling method.
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Figure 4.15: Biases (left), variances (middle) and MSEs (right) of Bo (top), B1 (second
row), (2 (third row) and correlation coefficient (bottom) in scenario IV. The red lines
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Figure 4.16: Biases (left), variances (middle) and MSEs (right) of 62 (top), 67 (middle)
and 42 (bottom) in scenario IV. The red lines are from the D&C method, and the blue
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Figure 4.17: Biases (left), variances (middle) and MSEs (right) of Bo(top), A1 (middle)
and f2 (bottom) in scenario V. The red lines are from the D&C method, and the blue
lines are from the subsampling method.

131



Linear Mixed Effects Model with Big Data Chapter 4
~ @ 0.025-
<o —
Y= 0.000— N T 4.
5 ©
g -0.025- w
2] w0 2
C_G -0.050 - 2
m 0 0 0 0 0 0 0 0 0 " 0- 0 0 0 0 "
1000 2000 3000 4000 5000 1000 2000 3000 4000 5000 1000 2000 3000 4000 5000
r and ny r and ny r and ny
N 2 0.0000— 0.008 - 0.008-
<b
u“— &2
o -0.0005 - 0.006 - <b 0.006 -
N—r
$ -0.0010- 0.004- L 0.004-
% 0.00151 0.002 - g 0.002 -
E . 0 0 0 0 0.000- D 0 0 0 D 0.000- D 0 0 0 .
1000 2000 3000 4000 5000 1000 2000 3000 4000 5000 1000 2000 3000 4000 5000
rand ny rand ny rand ny
N
<E 2e-051 o~ 6e-07- & 6e07-
O 1e-05- ‘\<IO <o
%] O 4e-07- —" c-07-
@ 0e+00— —— —- pust L
% —te-05] r>5 2e-07- g 2e-07-
[ ~2e-05- . . . . . 0e+00- g 5 5 5 3 0e+00- g g ] ] ;
1000 2000 3000 4000 5000 1000 2000 3000 4000 5000 1000 2000 3000 4000 5000
rand ny r and ny r and ny
Figure 4.18: Bi lef i iddle) and MSEs (right) of 62 52 (middl
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Figure 4.19: Biases (left), variances (middle) and MSEs (right) of Bo (top), B (second
row), (2 (third row) and correlation coefficient (bottom) in scenario VI. The red lines
are from the D&C method, and the blue lines are from the subsampling method.
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Figure 4.20: Biases (left), variances (middle) and MSEs (right) of 62 (top), 67 (middle)
and 42 (bottom) in scenario VI. The red lines are from the D&C method, and the blue
lines are from the subsampling method.
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Figure 4.21: Biases (left), variances (middle) and MSEs (right) of Bo(top), A1 (middle)
and P2 (bottom) in scenario VII. The red lines are from the D&C method, and the
blue lines are from the subsampling method.
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Figure 4.22: Biases (left), variances (middle) and MSEs (right) of 62 (top), 67 (middle)
and 62 (bottom) in scenario VII. The red lines are from the D&C method, and the
blue lines are from the subsampling method.
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Figure 4.23: Biases (left), variances (middle) and MSEs (right) of Bo (top), B (second
row), B2 (third row) and correlation coefficient (bottom) in scenario VIII. The red lines
are from the D&C method, and the blue lines are from the subsampling method.
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Figure 4.24: Biases (left), variances (middle) and MSEs (right) of 62 (top), 67 (middle)
and 62 (bottom) in scenario VIII. The red lines are from the D&C method, and the

blue lines are from the subsamplin

g method.

We generate 50 data sets from model (4.8]) for each scenario to compare the running

times. Table [£.2 shows the average CPU times for fitting a single data set on a machine

with the following configuration: 2.2 GHz Intel Core i7 processor and 16 GB 1600 MHz

DDR3 memory.
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Table 4.2: CPU times in seconds for the LME model .

n =100 n, =125 n, =250 n; =500 Whole data
ol 0O 2o 0
ot s 00 b0
ot Siine 0000 Do g o,
oty s 0 o0t 4

np =250 ni =500 nE =625 n,=1000 Whole data
oy Sl 00 a0 g
1 b0 o065
R
A i R

Both subsampling and D&C method require much less time than fitting the whole

data.
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Chapter 5

Association of Ultraviolet Radiation on

Blood Pressure

To illustrate the methods developed in this thesis, we apply the subsampling without
replacement of subjects and the D&C method to the UV data described in Section
1.4. The project aims at investigating the possible relationship between UV and blood

pressure.

5.1 Data Sets

The blood pressure data include 342,457 patients who underwent hemodialysis in 2,178
US Fresenius Medical Care facilities between January 2011 and December 2013. The
study was reviewed by the Western Institutional Review Board’s Affairs Department
and was deemed to meet the conditions for exemption under 45 CFR 46.101 (b)(4).
Patients visited dialysis facilities 2-4 times per week and had their BP measured before
each treatment in a sitting position per a standard protocol using an automated device.

We use monthly averages of pre-dialysis systolic blood pressures (SBP, mmHg) as the
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response variable. Other demographic variables such as race, gender, age, comorbidity
of hypertension, catheter use, and monthly averages of body mass index (BMI, kg/m2),
interdialytic weight gain (IDWG, kg), albumin (g/dL), erythropoietin use (units per
dialysis), hemoglobin (g/dL), serum sodium (mEq/L), and serum potassium (mEq/L)
will be used as covariates.

For the UV data, we compute hourly spectral irradiances (Watts per square meter
per nanometer) at each wavelength from 280 to 400 nm using the tropospheric UV

and visible radiation model from the National Center for Atmospheric Research web

site (http://cprm.acom.ucar.edu/Models/TUV /Interactive TUV /). We then compute

hourly UVA and UVB as the summations of spectral irradiances over wavelength ranges
321 - 400 and 280 - 320 nm, respectively. Lastly, we compute summations of hourly UVA
and UVB over each day to approximate the total daily exposure for each location, and
averages of daily UVA and UVB to calculate monthly averages.

The daily average temperatures (Celsius) for all locations are downloaded from the

U.S. National Oceanic and Atmospheric Administration (NOAA)web site

(http://www.ncdc.noaa.gov/cdo-web /searchl). For locations lacking temperature stations

with matching latitude and longitude, we approximate temperatures from the measure-

ment locations with the shortest great circle distance using spherical law of cosines.

5.2 Models and Results

In this section, we consider subsampling without replacement of subjects and the D&C

method for two models of the UV project:

1. Model 1:

Yij = Bo + boi + Bixi; + bz +e5,i = 1,055 =1, ...,m,, (5.1)
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where y;; is the ith patient’s jth monthly average of pre-dialysis SBP, 3, is the
population intercept, 3; is the population slope for all patients, by; is the random
intercept of the ith patient, by; is the random slope of the ¢th patient, x;; is the
monthly UVA/UVB associated with the jth monthly average of pre-dialysis SBP
of the ith patient, and €;; NN (0,0?) is the random error. We assume that b; S

N(0,0%D), and b; and ¢; are mutually independent.

2. Model 2: model 1 with additional baseline covariates race, gender, age, comorbidity
of hypertension, catheter use, BMI, IDWG@G, albumin, epo-dose, hemoglobin, serum

sodium, potassium, linear trend for calendar time and temperature.

We consider three analyses for each model: black & white patients, black patients only
and white patients only. We also compute estimates using the whole data and compare

them with those based on subsampling and D&C methods.

5.2.1 Subsampling of Subjects Without Replacement

Tables and show the estimates and confidence intervals of UVA /UVB coefficients
for models 1 and 2 using subsampling method with different subsample sizes. As the

sample size increases, the estimates are closer to those from the whole data.
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Table 5.1: Estimates of coefficients for UVA and UVB in model 1 using subsampling
method with different subsample sizes. Estimates are multiplied by 100.

r = 50000 -0.64
Whole data -0.63

0.68, -0.60
0.66, -0.61

-10.77  (-11.38, -10.16
-10.64 (-11.03, -10.25

. Model 1

Group Sample size
(r) UVA CI UVB CI
r =500 0.57 (-1.01,-0.12) -9.38  (-16.83, -1.93)
. r=5000  -0.72 (-0.84,-0.60) -12.11 (-14.13,-10.09)
Black & White " 50000 0.7 (:0.79, -0.71) -12.63 (-13.28, -11.98)
Whole data  -0.73  (-0.74, -0.71) -12.21 (-12.46, -11.97)
r =500 1.02 (-1.45,-0.59) -17.11  (-24.34, -9.88)
White r=5000  -0.85 (-0.99,-0.71) -14.19 (-16.35, -12.03)
r=50000 -0.78 (-0.82,-0.74) -13.06 (-13.73,-12.39)
Whole data  -0.79  (-0.81, -0.77) -13.26 (-13.58, -12.94)
r =500 045 (-0.80,-0.10) -7.40  (-13.38, -1.42)
Black r=5000  -0.58 (-0.70,-0.46) -9.67 (-11.55, -7.79)
(- ) )
(- ) )

Table 5.2: Estimates of coefficients for UVA and UVB in model 2 using subsampling
method with different subsample sizes. Estimates are multiplied by 100.

Group Sample size Model 2
(r) UVA CI UVB CI
r = 500 076 (-1.39, -0.12) -13.04 (-23.61, -2.48)
. r=5000  -0.35 (-0.56,-0.13) -6.16 (-9.68, -2.63)
Black & White " 50000 041 (-048,-0.35) -7.53  (-8.67. -6.38)
Whole data  -0.39 (-0.41, -0.36)  -7.05  (-7.49, -6.62)
r = 500 0.99 (-1.67,-0.30) -17.24 (-28.69, -5.79)
White r=5000  -0.61 (-0.83,-0.38) -10.44 (-14.17,-6.72)
r=50000 -0.44 (-0.51,-0.37) -7.84 (-9.02, -6.66)
Whole data  -0.44 (-0.47, -0.40)  -7.89  (-8.45, -7.32)
r = 500 071 (-1.36,-0.06) -11.70 (-22.43, -0.97)
Black r=5000  -0.30 (-0.50,-0.10) -5.63 (-8.97, -2.29)
r=50000 -0.30 (-0.36,-0.23) -5.56 (-6.64, -4.48)
Whole data  -0.31 (-0.35,-0.27)  -5.79  (-6.48, -5.10)
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5.2.2 D&C Method

For the D&C method, we consider random splitting and location splitting for the UV
data. Here we chose K = 500 for the random splitting of subjects, which means we
randomly assign the patients to K subsets. We use zip codes for location splitting.

Define three methods as follows:

1. Method I: random splitting and combining the estimates using the formula (4.6)) in
Chapter 4,

2. Method II: random splitting and combining the estimates using the method in

meta-analysis with formula (3.29)) in Chapter 3,

3. Method III: location splitting according to zip codes, and combining the estimates

using the method in meta-analysis with formula (3.29) in Chapter 3,

For location splitting, we present the results using the method in meta-analysis only
since some locations had the poor performances due to very small sample sizes. The
results from three different data sets are shown in Tables and [5.4] For model 1, the
confidence intervals using Method II and III include the estimates from the whole data.

Method II has better performance than other methods for model 2.
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Table 5.3: Estimates and confidence intervals of coefficients for UVA /UVB in model
1 using different methods. Estimates are multiplied by 100.

Group Method Model 1
UVA CI UVB CI
I 0.33 (-0.334,-0.333) 524  (-5.25, -5.23)
. 11 073 (-0.75,-0.72) -12.36 (-12.61, -12.12)
Black & White 111 0.74  (-0.76,-0.72) -12.38 (-12.74, -12.02)
Whole data  -0.73  (-0.74, -0.71) -12.21 (-12.46, -11.97)
I 0.25 (-0.250,-0.248)  -3.6  (-3.63, -3.60)
Whit I 0.80  (-0.82,-0.78) -13.40 (-13.72, -13.08)
¢ 11 0.80  (-0.82,-0.77) -13.37 (-13.81,-12.93)
Whole data -0.79  (-0.81,-0.77) -13.26 (-13.58, -12.94)
I 045 (-0.455, -0.451) -7.39  (-7.41, -7.37)
Black 11 0.65  (-0.67,-0.62) -10.82 (-11.21,-10.43)
ac 111 0.66  (-0.70,-0.63) -11.13 (-11.65, -10.61)
Whole data  -0.63  (-0.66, -0.61) -10.64 (-11.03, -10.25)

Table 5.4: Estimates and confidence intervals of coefficients for UVA/UVB in model
2 using different methods. Estimates are multiplied by 100.

Group Method Model 2
UVA CI UVB Cl
I 111 ((111,-1.10) -18.31 (-18.34, -18.28)
. 11 038 (-041,-0.36) -6.95  (-7.39, -6.52)
Black & White 11 031 (-0.35,-0.26) -5.53  (-6.26, -4.81)
Whole data -0.39  (-0.41,-0.36) -7.05  (-7.49, -6.62)
I 127 (-1.27, 1.26) -19.33 (-19.37, -19.29)
White 11 044 (-047,-0.40) -7.89  (-8.46, -7.33)
11 033 (-0.38,-0.28) -5.83  (-6.71, -4.95)
Whole data -0.44  (-0.47, -0.40) -7.89  (-8.45, -7.32)
I 058 (-0.59,-0.58) -9.28  (-0.33,-9.24)
Bk 11 030 (-0.34,-0.26) -5.59  (-6.28,-4.91)
11 024 (-0.32,-0.17) -456  (-5.74, -3.38)
Whole data -0.31 (-0.35,-0.27)  -5.79 (-6.48, -5.10)
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5.3 Conclusions of the Association between UV and
SBP

We conclude that, without adjustments, both UVA and UVB have significant negative
associations with SBP from model 1. The association between UVB is stronger than
that of UVA. The association holds for both black and white, and stronger for white
than black.

Based on model 1 (no covariate adjustment), 1 unit increase of UVA is associated
with a decrease of SBP by .0063 mmHg with 95% confidence interval (0.0061, 0.0066)
for black patients and by .0079 mmHg with 95% confidence interval (0.0077, 0.0081) for
white patients, and 1 unit increase of UVB is associated with a decrease of SBP by .1064
mmHg with 95% confidence interval (0.1025, 0.1103) for black patients and by .1326
mmHg with 95% confidence interval (0.1294, 0.1358) for white patients.

Based on model 2, 1 unit increase of UVA is associated with a decrease of SBP by
.0031 mmHg with 95% confidence interval (0.0027, 0.0035) for black patients and by
.0044 mmHg with 95% confidence interval (0.0040, 0.0047) for white patients, and 1
unit increase of UVB is associated with a decrease of SBP by .0579 mmHg with 95%
confidence interval (0.0510, 0.0648) for black patients and by .0789 mmHg with 95%
confidence interval (0.0732, 0.0845) for white patients.

Seasonal variations in BP have previously been attributed to temperature variation,
but by correcting for temperature (model 2) we were able to show that the inverse

relationship between UV and SBP remains, albeit less strongly than before.
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