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Abstract

A Partial Characterization of [J,. for Plus-One Premice
by
Andreas Stewart Voellmer
Doctor of Philosophy in Logic and Methodology of Science
University of California, Berkeley
Professor John R. Steel, Chair

We develop and refine the theory of plus-one premice, first introduced
by Neeman and Steel in [2] and [3]. This culminates in a Condensation
Lemma for iterable plus-one premice. We then apply Condensation to the
construction of [, sequences in these premice; this is similar to Schimmer-
ling and Zeman’s 0J,; construction in [5], but the presence of long extenders
complicates both the techniques and the results. Our main result is that for
plus-one premice with finitely many long generators, U, o holds exactly when
k is neither subcompact nor the successor of a 1-subcompact cardinal.
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1 Introduction

A long-standing goal of inner model theory has been the construction of ex-
tender models L[E]| which include long extenders on their sequences. There
are a number of technical challenges that arise when one moves from short ex-
tenders to long extenders; many basic facts, such as the Comparison Lemma
for premice with short extenders, seem to fail in the more general long ex-
tender context. Neeman and Steel discovered a partial solution to these
problems with their theory of plus-one premice, first presented in [2] and [3].
In the present document we develop the fine structure theory of plus-one
premice in detail. Section 2 includes the basic definitions and lemmas about
preservation of premousehood under various embeddings. Sections 3, 4, and
5 develop the theory of iteration trees and comparison needed for the Con-
densation Lemma, which constitutes the entirety of Section 6. The remaining
sections constitute a partial characterization of the combinatorial principle
[J, in plus-one premice (see Section 7 for the definition of O,;).

The importance of [J, in fine structural inner models lies partly in its
applications to determining the consistency strength of various set-theoretic
hypotheses; in many cases a principle, such as a forcing axiom, is known to
imply failures of [J,. Understanding the extent of [J,, in inner models can
then help us gauge the “distance” between those inner models and the outer
universe in which the principle holds. Additionally, characterization of [, in
inner models is often viewed as a “test question” for how well set theorists
understand these models.

Schimmerling and Zeman proved in [5] that for extender models con-
structed with short extenders, [, holds at exactly those x which are not
subcompact (see Section 7 for the definition of subcompactness). Our main
result is that for iterable plus-one premice with finitely many long generators,
L2 holds at exactly those x which are neither subcompact nor the successor
of a 1-subcompact cardinal.

The construction we give is in the general context of plus-one premice
with arbitrarily many long generators, but at certain points we require the
assumption that the largest generator of one of our long extenders is a succes-
sor generator; new techniques are needed for limit generators. It is our hope
that the present proof can serve as the “successor case” in a fully general [,



construction for plus-one premice, in addition to being a complete proof in
the finite-generator context, where the “successor case” is the only case.

It also follows from our techniques that [J, holds for all kK < p in a plus-
one premouse M, where p is the least measurable cardinal of M; this is
because there are no pluripotent levels below p, so no protomice arise in the
construction (see Section 7), and one can essentially repeat the well-known
proof of [, for all x in L, due to Jensen.

2 Preliminaries

In this section we will present the basic finestructural notions used through-
out the proof. We then define potential premice and describe the (easy)
conditions under which potential premousehood is preserved by embeddings.
Finally we will define premice simpliciter, and describe the (rather complex)
conditions under which premousehood is preserved.

2.1 Fine Structure

We begin by establishing some notation. P(X) is the powerset of X, and
| X | is the cardinality of X. ON is the class of ordinal numbers, and o(M) =
ONN M for any set M. We assume familiarity with the fine structure theory
for short extender premice, as presented in, e.g., [9] and [6].

We define extenders as in [6].

Definition 2.1. For an acceptable J-structure M, E = (E, | a € [V]<) is
a (k,v)-extender over M with critical points (u, | a € [V|<) if the following
conditions hold:

(1) (Ultrafilter property) For each a € [v]<* we have that E, is an ultra-
filter on the set P([ua]l”) N M which is r-complete w.r.t. sequences in M;
moreover, Jiq is the least p such that [p)l* € E,.



(2) (Coherency) For a,b € [V]<¥ with a C b and for X € P([ua]l®) N M
we have that X € E, & X% € E),. (X% is defined below.)

(3) (Uniformity) pugey = K.
(4) (Normality) Let a € [V]<* and f : [pa]'¥ — po with f € M. If

{u € (]| f(u) < mas(u)} € E,

then there is some < maz(a) such that

{ue [Ma]lau{ﬁ}l | fa,au{ﬂ}(u) — uzu{ﬁ}} € Eap) -

We say that the space of E is sup({u, | @ € [v]*}. E is called short
if space(F) = k; otherwise E is long. The domain of E, or dom(FE), is
P(space(E))M. We will also have to consider extenders which are not to-
tal over their models, i.e., not all subsets of space(E) are measured by the
ultrafilters E,. In this case dom(FE) is just the collection of subsets which
are measured by the F,’s. (Note that if u, = up, then E, and E, measure
exactly the same subsets of it.)

Let b = {01 < ... < fBn},andlet a = {f;, < ... < B;,.} Cb If
uw={& < ... <&} then we write u? for {&;, < ... <&, }; we also write
ufy for &. If X € P([ug]!), then we write X for {u € [1n,]" | vl € X}
Finally, if f has domain [u,]!% then we write f®* for that g with domain
[12s]"! such that g(u) = f(up).

ip is the ultrapower embedding associated with E (see, e.g., [6]). We
write “z = [a, f]}” to denote that z is the object in the ultrapower with
representing function [a, f]. Let kg = crit(ig) and Ag = ig(kg). For £ < v,
E | ¢ is the (kg, &)-extender which is the restriction of E to ordinals < &,
that is, (E | £), = E, whenever a € [{]<.

Generally we will use E for the extender-sequence used to build our J-
structures, and G for the top extender.

We will follow the conventions of [8] to describe the finestructure of the
J-structures we work with. J2 is the J-structure of height a constructed rel-
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ative to the predicate A, as in [6]. We define the first projectum g, (M) and
standard parameter p; (M) of an acceptable J-structure M as usual (see [6]).
If M is n-sound, we can form the n-th reduct, and then define g, 41 (M) and
Pni1(M) as the first projectum & standard parameter of the nth reduct. We
will adopt a convention whereby every premouse M has k(M) < w associated
with it; this is M’s degree of soundness. More explicitly: for a J-structure
M with degree of soundness k(M), we have that M is k-sound, o(M) is
the k + 1th projectum of M, and p(M) is the k + 1th standard parameter.
M|(u,1) is M cut at pu (keeping the last extender predicate at p), considered
as an [-sound premouse (i.e., k(M |{(u,l)) = 1). M||{u,1) is the same, but
considered as a structure with no top extender predicate.

A Q-property is one which is preserved by embeddings which are ;-
elementary and cofinal. In other words, Q-properties can be expressed by a
formula of the form Vo € ON Jy € ON (y > x & ¢(y)), where ¢ is ¥;. Such

a formula is called a @Q-formula.

A 25”)(M )-formula is a 3;-formula over the n-th standard reduct of M.
(This is equivalent to the notion of an r¥, . ;(M)-formula; see [9] for more

details.) Similarly, Zl()n)(]\/[ ) and Q™ (M) formulas are Yo- or Q-formulas
over the n-th standard reduct.

Hull™ (X) is the unique substructure of M with universe = the set of
n+1 q

all a such that a = unique b such that M |= ¢[b, s] for some s € X< and
some 25") -formula ¢ in the language of M (which will usually be the language
of premice defined below, but will on occasion be the language of coherent
structures— this will always be clear from the context).

HM (X)) = transitive collapse of Hull)’, | (X).

Definition 2.2. Let M be a J-structure (in the language of premice or co-
herent structures— see below), and ppy1(M) = {(ag...a); then

a) M is n+ 1-solid at oy iﬁThnMH(ai U{ag...a;_1}) € M,

b) M is n+ 1-universal iff P(on+1(M))NM C HX (0041 (M)Uppia (M)).

Our official definition of solidity is the existence of a certain >3, ,; theory
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in the model. This is easily seen to be equivalent to the presence of the
corresponding 3, 1-hull in the model; and this latter characterization is our
official definition of a solidity witness.

Definition 2.3. Let M be a J-structure (in the language of premice or co-
herent structures— see below), and p = ppy1(M) = (ag...au); fix oy and let
q = ag...a;;_1. Then

a) The standard solidity witness for «; is Wé\f’p = HM (i U{ag...ci1};

note that, for &...& < «; and q = the collapse of q in this hull, we have

ME 6(&.&na) & Wol, Fo(&.£.0) -

b) A generalized solidity witness for «; is a pair (@, r), where Q D «; is an
acceptable J-structure, r € Q) is a finite set of ordinals, and for &...& < o
we have

ME®,(i,&.-8,9) = QF (4,&..8,7) -

The following well-known lemma explains the importance of solidity wit-
nesses:

Lemma 2.4. (from [9])

Suppose M is solid, p € M s a finite set of ordinals such that pNa = ()
and M = b} (aUp) for some n € w. If every v € p has a generalized
solidity witness with respect to M and p, that is, an element of M, then

p=pM) —a.

The following lemma shows that generalized solidity witnesses are pre-
served under embeddings, and their existence is equivalent to the existence
of standard witnesses.

Lemma 2.5. (from [9])

M contains the standard solidity witness Wé” » for a; if and only if M
contains some generalized solidity witness (Q,r) for «;. Furthermore, the
statement “(Q,r) is a generalized solidity witness for a; with respect to M

and p” s H§”).



Hence, the property of being a generalized solidity witness is preserved
upwards under Egn)-maps and downward under Zén)—maps. Thus solidity is
the key to proving that the standard parameter of M is preserved under ul-
trapower embeddings.

Definition 2.6. Let M and N be J-structures with n = k(M) = k(N), and
m: M — N; then m is weakly elementary iff

(1) 7 s 25") elementary on some set X cofinal in 0,(M),
(2) m(pr(M)) = pr.(N) for all k < n,

3) m(ex(M)) = or(N) for k < n, and sup(m“o,(M)) < 0n(N) <
(0n(M)).

We say that 7 is elementary iff m is weakly elementary and fully EY‘)
elementary.

If k(M) # k(N), then we say m : M — N is (weakly) elementary iff it
is a (weak) near n-embedding, where n = min(k(M),k(N)). In this sense,
the natural map from the core of M to M is elementary. So are the maps
along branches of iteration trees, and copy maps.

Letting n = k(M), the core of M is the transitive collapse Cy41(M) of
Hull?2  (o(M) U {p(M),q}), where g is as above, with k(Cp1(M)) set to
n + 1. We say the core exists if it behaves well in the sense that it agrees
with M up to their common value for o(M)*, and p,41(Cyi1(M)) is solid.
For the plus-one premice we work with, the 1-core requires a slightly different
definition; see Definition 2.19 below.

Definition 2.7. If P and Q are J-structures, then P <Q) iff there are p and
[ such that P = Q|{(u,1). Also, P < Q iff P<Q and P # Q.

Thus if P and @ have the same universe, but k(P) < k(Q), then P < Q.
Also, if P is passive and @ is active at o(P), then it is not the case that



P <@Q. So for example, if @ is active, then Q||o(Q) 4 @, where Q|o(Q) is
() with its last extender predicate removed.

2.2 Potential Plus-One Premice

Our definitions of potential plus-one premouse and of plus-one premouse are
very close to those in [2] and [3], but with one small difference in each def-
inition. For potential plus-one premice we have replaced Steel’s ‘weak ISC’
with the yet weaker ‘short ISC’. (For full plus-one premice the weak ISC is
still demanded, just as in [2].) This is because the weak ISC may not be pre-
served by embeddings which are >, and cofinal, while short ISC is preserved
by these embeddings; thankfully, the short ISC is all we need to carry out
elementary computations with these structures. For plus-one premice, our
definition goes beyond Steel’s by adding a constant symbol + for the largest
whole initial segment in the type long-B case. This is needed when taking
31 hulls of plus-one premice, if we wish for the resulting structure to be a
plus-one premouse.

Definition 2.8. A potential plus-one premouse (or simply ‘potential pre-
mouse’) is a J-structure N constructed from a sequence E of extenders such
that if (M, G) is a level of N, and G # 0, then either:

(1) G is a short extender over M, and (M,G) satisfies the Jensen con-
ditions for short extender premice as in [9], Chapter 9 (for instance, M =
UM, G)|(AE) M),

(2) G is long, and

(a) M = Ul(M, G)|(\E)VHME) (coherency),
(b) G | A\a¢ € M (short initial segment condition),

(¢) G has a largest long generator vg = vy,

(d) G is the symbol for an amenable predicate over M as described
below (weak amenability):



For each & < (k5T)M, let

Ge={(a,X) |a € Do U{va}]™ A X € (MI¢) Aa € ig (X)} .

Then let ¢ be the least ordinal such that G¢ € (M|ye). We define our
official predicate G as

GM E{(y,0,X) [ 7 < o(M) AF(ve <7 A (0, X) € Ge} .

Note that the 7¢’s in ¢) above all exist, and are cofinal in o(M) =
(AU MG for any ¢ < (kET)M, (M) can be put in ordertype (k&)™
inside M call this enumeration Y = (Y, | @ < k5). Now in Ult(M, G), we
can apply Comprehension to i¢(Y') to learn which of its coordinates contain
which finite sets of generators a. Then we must pull back this set by the short
part of G in order to get our desired extender-fragment G¢. (This is why we
demanded b) in the definition of potential premouse. With short extenders
this pullback is not needed, but with long extenders we often need to know
how ordinals < k™ are stretched in order to carry out routine computations.)
A standard coherency argument then gives G¢ € M. Also, the G¢’s of this
form are cofinal in o(M), since any A C v+ 1 in M can be computed from
some G¢. (By coherency, A = [a, f]} for some [a, f], and A is rudimentary

in any G¢ such that f € Jf)

Potential premousehood is almost a Q-property (that is, preserved under
Yo cofinal embeddings); the only clause which may not be preserved is total-
ity of the top extender.

Lemma 2.9. If M 1is a potential premouse, and v : M — N is Y-
elementary and cofinal, and furthermore N is passive or has total top ex-
tender H, then N is a potential premouse. Also, if G = GM is long, then

i(vg) = vy.

Proof: The Lemma for short top extenders is proved in [9], so we focus on
long extenders. It is routine to express 2(a) and 2(b) of 2.8 as Q-properties.
For 2(c), recall that being a generator is II, so i(vg) is a generator of H.
Now if vg < € < o(M), there is a wellorder W of Ag of ordertype £. It is
then represented in the ultrapower as W = [a U {v}, f]¥, for a C Ag. Then
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i(W) = iu(i(f))(i(a), i(va))
will uniformly witness that there are no H-generators between i(vg) and
i(£). Because i is cofinal, we have that i(vg) is the largest generator of H.

For 2(d), the fact that all £ < (k5")N are measured by fragments of H is
actually Ily; we are assuming totality of H, though, so this is not a problem.
|

Remark: Note that Y elementarity is sufficient for preservation of po-
tential premousehood, since the II, fact that the top extender is total will be
preserved. Also, if our embedding 4 is continuous at kg, if G is short, or 5"
if G is long, totality of the top extender (and hence potential premousehood)

are preserved.

2.3 Plus-One Premice

Definition 2.10. A potential plus-one premouse satisfies the weak initial
segment condition (weak ISC) if V& < va(G [ € € M).

A complicating feature of plus-one premice is that we do not demand the
full initial segment condition for GG; in particular, the longest initial segment
G | vg can be missing from the model. (Because our premice will satisfy
weak ISC, this will only occur when v is a limit of generators.) In this case,
however, we demand that the missing initial segment is definable over the
premouse in a canonical way; we call such premice ‘type Z; .

Definition 2.11. A potential plus-one premouse (M, G) is type Zy iff G is
long, (M,G) satisfies the weak ISC, and there is a short extender F indezxed
at vg satisfying:

1) A¢ = Ar,

2) ke < K,

3) (k)M is not the space of an extender on the M-sequence,

4) for cofinally many v < (k) ip(E}) C G,

5) () PHOF) = () UHOGIe) g (M, Py = UH(OM,G |
ve)|n-



If (M, g) is type Z1, as witnessed by F' = El],\g, then we can define a long
extender G over M as follows:

For v < (k)™ | Eéw QG:)z%(EiVI) CG.
Lemma 2.12. If M is a type Z; premouse, then G | vg ¢ M.

Proof: First note that M and Ult(M, G) agree up to their common value
of k5", This is because ip sends k5" cofinally into (v})V*AE) = 5 and
condition (5) of Z;-ness guarantees that this is the same as Ult(M, G | vg)|n.
This agreement pulls down by ;' to imply that Ult(M,G) agrees with M
up to their common x5t = §. Now, note that G collapses §, since G only
has generators below (r;)™, and so defines a surjection from (k5)™ onto 4.
Therefore G ¢ M. But if G | vg were in M, we could define G within a level
of M, exactly as we defined it above. So G would be in M as well. This

proves the Lemma. W

So G and G | vg are both missing from M, but definable over (M, G).

Definition 2.13. We say that G is pseudo-indexed at o in L|E)] if there is a
7y level (M, G) with stretching-extender F such that G is the long extender
described above (namely, for v < (xp)M, EM C G iff ipf (E)) € G) and
a=(kp)tt.

There is a parallel between the type Z; levels of long extender construc-
tions and type Z short extenders. Recall that a short extender F over M
is type Z iff E has a largest generator v which is a limit of generators, and
(v H)VHIME) — (3 )URMEY) - This leads to a conflict in which both £ and
E | v “should” be indexed at the same spot on the sequence. More specifi-
cally, E | v is put on our sequence, and its presence on the sequence prevents
E from being put on afterwards, since E | v collapses (v)V#M:E) and so
cannot be in Ult(M, E). The standard way to resolve this is by giving pref-
erence to F | v, and adding the condition that no type Z extenders occur on
our sequences. Analogously, in the type Z; case described above, the pres-
ence of F' on the M-sequence prevents GG | v from being put on afterwards,
because Ult(M,G | v) = “v is a cardinal”, while F collapses v. We resolve
this by giving preference to F' and adding a condition that extenders of the
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form G | v do not occur on our sequence.

The reason this conflict between F' and GG | v arose in the first place was
that we neglected to put G on our sequence, when it perhaps “should” have
been added at (k57)M. (If G were in the model already, then G' | v would
be added to the model along with F.) More explicitly, Ult(M,G) agrees
with M up to their common value for k57, but G collapses (k:7)*. So that
would be the natural place for G to be indexed. (Hence the terminology that
G is “pseudo-indexed” there.) We declined to do so, however, because it
is important for long extender comparison that active levels of L[E] always
project to their A (the image of the critical point of their top extender). The
details of this can be seen in the Comparison Lemma presented below, but in
brief, the issue is that iteration trees with long extenders can have generators
moved along the branches. However, the only moving generators will be the
long generators, above A of their models. If we know that all our mice project
to their A, this effectively gives the ordinals below A (which are not moving
along iteration tree branches) a measure of control over the less-well-behaved
parts of the mice.

Any long extender mouse (M,G) where G has a largest long generator
v which is below A/, will necessarily project to Ag. By only putting long
extenders with largest generators onto the sequence, we guarantee that com-
parison will work as desired. However, this comes at the price of neglecting
our initial segments which have no largest generators. The way out of this
difficulty is to notice that these neglected initial segments still canonically
find their way into the model of their own accord, as the G of a Z; level.

We must also consider a different kind of initial segment, whole initial
segments, and demand that all of these are in our model:

Definition 2.14. Let (M, G) be a potential plus-one premouse, n < Ag, and
H =G |n, if G is short,
H=G | (nU{vg}), if Gis long.

We say that H is whole iff ig(ky) =n. The n of a whole initial segment
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will be called a cutpoint of G. We say that (M,G) has the Jensen Initial
Segment Condition (JISC) iff whenever H is a whole initial segment of G,
then H € M.

Definition 2.15. Let M be a potential plus-one premouse; we say that M
has projectum-free spaces (PFS) iff whenever G is a long extender on the
M -sequence,

1) if G is total on M and there is k such that or.(M) < (k&)™ then for
the least such k, we have op(M) < kg,

2) if G is total on M, and M is active with short last extender H such
that ki = kg, then o1 (M) > (k5)M.

Definition 2.16. For (M,G) with G long, we say that (M, G) is Dodd-solid
iff (G I VGf) e M.

We are finally ready for the definition of premouse.

Definition 2.17. Let M be a potential plus-one premouse; then M is a plus-
one premouse with k(M) = 0 iff:

1) every proper initial segment of M is fully sound, and has projectum-
free spaces,

2) every initial segment of M satisfies the Jensen ISC,
3) M has projectum-free spaces,

4) if (N, G) is an initial segment of M with G long, then either (N, G) is
Dodd-solid, or (N,G) is of type Z.

A plus-one premouse M with k(M) > 0 must in addition be k-sound, and
we follow the conventions described above when dealing with such structures.

Remark: Every plus-one premouse satisfies the weak ISC, because both
possibilities in clause 4) imply weak ISC.
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Definition 2.18. The ¥y-code of a plus-one premouse M is a J-structure
M as above, in the language £y consisting of predicates E for the extender
sequence and G for the top extender, as well as constant symbols v for the
largest generator v in the case where G is long (we have v refer to the empty
set otherwise), and 7 for the index of the longest whole initial segment, if
there is one (again  refers to the empty set otherwise).

There is a technical problem we must now consider, that requires a differ-
ent definition of the 1-core for certain plus-one premice. If M = (|M|,G) is
a 1-sound type Z; plus-one premouse with F' = E,, the stretching-extender,
it is important for all ultrapowers of M to be continuous at xj = u. (If
an ultrapower map were discontinuous at pu, the type Z; conditions would
be violated in the resulting ultrapower, and we would no longer have the
weak initial segment condition.) In the definition of type Z; premice, Def-
inition 2.11, we demanded that x}. is not the space of an extender on the
M-sequence; this was intended to address this problem, by ensuring that we
never take ultrapowers of M that are discontinuous at p. However, we may
still be forced to consider such ultrapowers if 1 has ¥}-cofinality equal to
T < p, where 7 is measurable in M. Then Ult,;(M, H) will be discontinuous
at pu if H is a measure on 7. It turns out, though, that in this case we can
encode the entire 3;-theory of M as an amenable predicate on M |u. This is
because p is regular in M, but we are assuming there is a >;-definable cofinal
map f: 7 — p. For £ < 7, let ¢ be least such that the value f(§) = ( is
witnessed by (M||ag, G | ag). Since f is Xj-definable but missing from M,
it must be that (ag | & < 7) is cofinal in o(M). So o(M) has X;-cofinality
7, as does p. This means we can define the 1-core of M as (M|u, A) for an
appropriate amenable predicate A. Then 1-ultrapowers of this core will lift
|4 pointwise to its image, and preserve premousehood.

Definition 2.19. Let M = (|M|,G) be a 1-sound type Z; plus-one premouse
with F = B, and p = (k5)™. Suppose u has S -cofinality T < p, where T
is measurable in M, and let f be a XM -cofinal map f: 7 — pu. For & <7,
let e be least such that the value f(§) = ¢ is witnessed by (M||ag, G | o).
Let ¢, be the n-th ¥1-formula in the language of premice, according to some
standard enumeration. Then we define Cy(M) = (M|u, A), where A is the
amenable predicate given by
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(V€ <7)(V8 < e1(M)) A(f (&), B,n) iff (Mlag, G T ag) = ¢n(B,p1(N)) -

By the above discussion, A is an amenable predicate which encodes the
Y1-theory of M into a structure of height u, thereby resolving our disconti-
nuity problem.

Remark: In the context of L[FE]-constructions with plus-one premice,
we will first need to prove solidity and universality for the “naive 1-core” of
M given by hy(01(M) Upi(M)). Once this has been done we can move to
the definition of C; (M) as above.

Neeman and Steel developed the fine structure theory of plus-one premice

in [3], culminating in a proof that the standard parameter must be solid or
“type Zp’? .

Definition 2.20. Let M be a plus-one premouse; then M 1is of type Z, iff
Pri1(M) # 0, and letting « be least in pp1 (M), and r = ppy (M) — (a+ 1),
we have
1) M is solid at all § € r,
2) M is weakly solid at o, and
3) Letting E = EM and k = kp,
a) E is short,
b) oni1(M) = (k)M and

¢) Letting H = H), (ig“(+T)M)Ur), and m : H — M be the
uncollapse map,

i) Mllo(H) = H||o(H),

it) T | (kD) =ip | (kDM and
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i11) 7 (r) = poy1(H), and p,.1(H) is solid.

In this case we call H the generalized core of M.

Generalized cores will arise in our construction when we reach a model
violating projectum-free spaces. We remove the PFS violation by taking the
ultrapower by the minimal extender witnessing this violation; the result will
be a Z, level.

Lemma 2.21. (Solidity Theorem, from [3]) Let M be a k-sound, (w; +
1)-iterable plus-one premouse satisfying long extender condensation; then

a) pr+1(M) is either solid at all o € pyy1 (M), or of type Z,,

b) pry1(M) is k + 1-universal.

Let us elaborate briefly on the fine-structural classifications of short ex-
tender mice. We use Jensen’s fine structure as presented in [5]. For (M, G)
with G short, we demand that all whole initial segments are elements of the
model. We divide active short mice into three types: type A mice have no
cutpoints, type B mice have a largest cutpoint \*, and type C' mice have un-
boundedly many cutpoints below Ag. In the type B case, we need a constant
symbol in our language for the largest cutpoint. In fact it can be shown in
this case that the largest cutpoint is on the M-sequence, so we add a constant
symbol ¥ to the language for premice, with the interpretation that for any
type B premouse, * refers to the index of the largest cutpoint. In the type
A or C cases, we just have 4 refer to the empty set.

For long extender mice, the main classification is the distinction between
71 and Dodd-solid structures. However, we must subdivide each of these
types depending on the distribution of their whole initial segments. In par-
ticular, mice with a longest whole initial segment (and therefore a nontrivial
4 constant) will be called ‘long type B’, by analogy with the short type B
case. Long types A and C' are defined analogously: they have no whole ini-
tial segments or unbounded whole initial segments in Ag, respectively. In
total, then, we have six types of long extender mice, corresponding to every
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permutation of Z; or Dodd-solid on the one hand, and long type A, B, or C'
on the other.

Lemma 2.22. If M is a plus-one premouse of short type C' or long type C
(either Zy or Dodd-solid), then o1(M) = Ap.

Proof: Clearly g;(M) < Ajs (this is true for all premice). So suppose
01(M) = oo < Apy. Since there are unboundedly many whole initial segments
below \js, the natural factor-maps from these whole initial segments into M
form a direct limit system with M as direct limit, and are ¥;-elementary (see
[5] section 1.4 for details). So we can choose a whole initial segment M’ such
that the factor-map o : M — M has crit(o) > a and p; (M) C range(o).
But then ThY (o U pi(M)) = ThM (e U o~ (p(M"))), and this latter set is
computable from M’ hence is an element of M, contradiction. Il

We will also have to consider the language for coherent structures, which
is identical to the language for premice but without the constant symbol ~.
Sometimes we will have to consider premice as objects in this language, which
will lead to different standard parameters and notions of soundness. (The
reason for this, which will emerge later in the square-construction, is that
in coherent structure language we have an equivalence between the standard
parameter of the structure and the Dodd parameter of the extender; in other
words, the finestructure of the mouse involves no more than the generators of
its extender, so taking the ultrapower by that extender “preserves informa-
tion about the mouse’s finestructure”. When we introduce the 7 constant,
this equivalence is disrupted: the mouse’s finestructure now outstrips its ex-
tender’s Dodd parameter.)

Definition 2.23. Let M be an active premouse, or a J-structure satisfying
all conditions of active premousehood except that Gy is not a total extender
on M, and such that crit(Gy) < 01(M). The Dodd parameter d(M) is the
<iex-least finite set of ordinals d such that M = h*(o1(M) U d), if defined.
Here h* is the canonical ¥, -Skolem function for M computed in the language
of coherent structures.

See [5] for more discussion of the Dodd parameter.
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The following lemma gives conditions under which premousehood is up-
ward preserved by embeddings. The way to think about its various clauses
is: for short extender premice, a) is the “brute force” clause, because we have
Yo elementarity. b) is a slightly different “brute force” clause also— it requires
a little additional brute force than in a), but in practice we will always have
that little extra. Then ¢), d), and e) are the careful detailed clauses, that
require some cofinality considerations, but very little elementarity. Finally,
f) is the long extender “brute force” clause. Now in practice, we will apply
this lemma by saying: if we’re taking a O-ultrapower, we have very little
brute force, but lots of control over the cofinalities, so we use ¢), d), or e).
And if we're taking a k-ultrapower for k > 1, we lose track of the cofinalities
but we have more brute force, so we apply a), b), or f).

Also note that the lemma assumes that the ultrapower is already known
to satisfy projectum-free spaces. Different contexts will require rather differ-

ent techniques to verify PFS, and we have found it more convenient to defer
the responsibility of proving PFS to those specific contexts.

Lemma 2.24. Suppose M is a premouse with top extender G and o :
(M,G) — (N, H) is an embedding in the language of coherent structures
(with degree of elementarity specified below). Assume (N, H) satisfies projectum-
free spaces. Suppose further that one of the following holds:

a) M is of short type A or B and o is Yo-elementary;

b) M is of short type C' and o is QW) -preserving;

¢) G is short, H is total on N, and o is ¥g-elementary and cofinal, and
maps \g cofinally into A\g;

d) G is long with M Dodd-solid, H is total on N, and o is ¥o-elementary
and cofinal, and maps \g cofinally into \g;

e) G is long with M type Zy, H is total on N, and o is ¥g-elementary
and cofinal, maps vg cofinally into its image, and maps A\g cofinally into Ay .

f) G is long and o is Xq-elementary.
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Then N 1is a premouse of the same type as M. Furthermore, if G is long,
then i(v(G)) = v(H).

Proof: a), b), and ¢) are proven in [9] (Lemma 9.1.5); there is, however,
one additional clause in our definition of premouse which is not a require-
ment for the premice in [9], namely projectum-free spaces. We have added
it as a hypothesis in this lemma. Its verification in particular cases requires
additional work.

For the remainder of the proof we focus only on the new cases d), e), and
f), where the top extenders are long.

By Lemma 2.9, N is a potential premouse and i(v(G)) = v(H). There
are four clauses in the definition of premouse (Definition 2.17) which we must
now verify. Clearly 1) is preserved by any ¥ cofinal embedding. For 2), we
need to check that all whole initial segments of H are elements of N. Being
a cutpoint is Iy, so if 7 is a cutpoint in M, then o(n) is a cutpoint in V.
The corresponding whole initial segments will likewise be carried upward by
0. This, combined with the fact that ¢ is cofinal in A, is enough to preserve
Jensen ISC for N: if M had unboundedly many cutpoints below A\g, their
whole initial segments will be carried upward into an unbounded set of whole
initial segments of H; if M had a largest cutpoint, its whole initial segment
will be preserved, as will the fact that nothing larger is a cutpoint; and if M
had no cutpoints, we again have enough elementarity (and cofinality in Ay)
to preserve this fact.

The verification of 3) is the same as in the short case. This leaves us only
with 4). If M is Dodd-solid, then G | vg € M, and (G | vg) = H | vy, so
N is Dodd-solid. And if M is type Z;, then we are in case e) of the current
lemma, so we are assuming ¢ maps vg cofinally into vgy. Now since M is
a Z; premouse, it has a short ‘stretching-extender’ F' indexed at vg, and F
witnesses that s} maps cofinally into vg. Since o is continuous at vg, it
must also then be continuous at . This is enough to see that o preserves
type Zi-ness of M: for cofinally many n < k},

i (B)Y) G
and hence
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N N
bory(Egpyy) € H .

This finishes the proof that NV is a premouse of the same type as M. B
We must introduce one final property which all our premice will satisfy.

Let M be a plus-one premouse; then M has long extender condensation
iff whenever a < o(M), and ~ is least such that G is long with domain
M e, then o1 (M|y) < a and p; (M|y) C a.

This notion plays an important role in the Closeness proof in the next
section.

2.4 Premousehood-Preservation by Hulls

Lemma 2.25. Suppose M is a premouse and o : M — M s the uncollapse
embedding arising from a Zgn)-hull over M. Also suppose that M satisfies
projectum-free spaces, and that one of the following holds:

a) n >0 and M is short type A or B,
b) n >0 and M is short type C,
¢) n >0 and M is long type A or B (either Zy or Dodd-solid),

d) n >0 and M is long type C (either Z; or Dodd-solid).

J\?[) M

Then M is a premouse of the same type as M; moreover, o(y™) = v

Proof: a) and b) are proven in [9] (Lemma 9.1.7), with the only addi-
tional condition for premousehood in the present context being projectum-
free spaces (Clause 3 of Definition 1.7); and we are assuming this holds for M.

For c), note that M is a potential premouse, since ppm-hood is a II, fact
and so is downward preserved by ¥; hulls. Also note that M satisfies the
Jensen ISC, because in the long type A case the nonexistence of cutpoints
is a I, fact that is downward preserved, and in the long type B case the
largest cutpoint v is in o“(M), and the nonexistence of any larger cutpoint

19



is a Il, fact in the parameter  that is downward preserved. Additionally,
observe that cof(v™) is not the space of a total extender on the M-sequence,
by elementarity of o and the fact that this holds in M. We can now apply
Lemma 7 of [2] to conclude that M is a plus-one premouse.

For d), the embedding is ¥s-preserving, which is enough elementarity to
guarantee that M is a premouse of the same type as M. B

3 Closeness

In this section we introduce iteration trees, and describe the property of
closeness of extenders in these trees. This will enable us to prove that all
models produced in iteration trees are premice.

3.1 Iteration Trees & Closeness Definition

A k-maximal plus-one iteration tree .7 on M is an iteration tree on a plus-
one premouse M, with .7 — pred(a + 1) = B, where [ is least such that
KE, < Agg, and Moy = Ult, (M}, |, Ey), where M7, = Mg|r, for 7 least
such that Ag, < 7 and either 7 = o(Mp) or o, (Mps|7) < space(E,), and n is
least such that g,.1(M} ;) < space(E,), or n = k if there was no dropping
in model or degree in [0, « + 1] 7.

When discussing iteration trees on a premouse M, we write k, for kg,

and A\, for Ag, .

Closeness is a key property of the extenders applied in a plus-one itera-
tion tree:

Let M be a potential plus-one premouse, and E an extender with dom(FE) =
(M|a) for some cardinal o of M. We say FE is close to M iff:

1) E is short, and for all finite a C \g, E, is M (this is called 3;-

amenability), and E, N (M|£) € M, for all £ < (k£)™ (this is called weak
amenability);
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2) F is long, and for v = vg,
a) for a € [A\g U{r}]=¥, E, (which may now measure subsets of k};) is
M (this is called 31 -amenability), and E,N(M|¢) € M, for all £ < (kfT)M
(this is called weak amenability);
b) (k5)M is the space of a total extender from the M-sequence (this
is called space agreement).
The following lemma explains the importance of the 3;-amenability clause
of closeness:

Lemma 3.1. If E is short and Xq-amenable to M, then all 3q-definable
subsets of P(kg) in Ult(M, E) are 31 in M. If E is long and X1-amenable
to M and E | A\p = F is a set in Ult(M, E), then all 31-definable subsets of
P(kL) in Ult(M, E) are Xy in M.

Proof: First we suppose E is short. Let A € Eflt(M’E) be a sub-
set of P(kg) definable from parameter x € Ult(M, F), via the formula
y € A<= 32®(x,y, 2), with ® a 3 formula. Then x = [a, f]¥ for some a, f.
Assume WLOG that x € a, and since [{k}, id,] is a representing function for
K, by “padding its coordinates” we get a representing function [a, g]¥ = k;
more explicitly, ¢ : k19 — & is the projection onto the first coordinate
(which is the position occupied by k € a, since it is the least element of a).

Also notice that the witness z to ® can WLOG be taken to be Ult(M, E) |«
for some «. Recall that the levels of M are mapped by i cofinally into the
levels of Ult(M, E), so in fact we can assume our witness z is ig(M|«) for
some «. A is now definable over M as follows:

y €A 3a ({de s (f(d),yng(d), M|a)} € E,) .

(By Xj-amenability, E, is 3;-definable over M, so the above formula is
35.)

Now suppose E is long. In the short proof above, we were able to easily
relate subsets of £ in M with their counterparts in Ult(M, E), by stretching
them & cutting down to length . In the long case, it is harder to relate a
given y C k' with that same y in the ultrapower; it is not generally true
that y = ig(y) N k™. However, in the context of plus-one premice, we have
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F = (short part of E') as an element of the ultrapower, and we can use F' to
relate y € M to y € Ult(M, E) as follows.

We consider F' as a function that maps ordinals < s}, to their images
in Ult(M, E). (This is easily interdefinable with our official coding of short
extenders, at least when the entire extender is an element of the model.)
Since F' is an element in the ultrapower, it has a representing function in
M, say [b, f]¥ =F. Let A € SUEME) be a subset of P(k};) definable from
parameter x € Ult(M, E), via the formula y € A <= J2P(x,y, z), with ¢ a
Yo formula. z has some representing function [a, h|¥ = x, and WLOG we can
have b C a. Also WLOG we have k € a. k™ is represented in the ultrapower
as [{k},d'], where ¢’ : Kk — K is given by g(«) = cardinal successor of « in
M. By “padding parameters”, we get a representing function [a, g|¥ = k™,
where g(d) = ¢'(do) for d € (k7)l% (where dy is the first coordinate of d,
corresponding to k € a). Note that f(d) will be a function mapping g(d)
into k%, with critical point dy. So we can build a representing function
la, k]¥ = y uniformly for y C kT by setting k(d) = f(d)"'(y). Then A is
definable over M as follows:

y e A= 3o ({de (x| ®(h(d),k(d), M|a)} € E,) .

(By Xji-amenability, F, is 3;-definable over M, so the above formula is
;) n

Lemma 3.2. If M is a premouse and E is weakly amenable to M (either in
the short or long sense), then letting i : M — Ult(M, E) be the ultrapower
map, we have (P(kg))V*ME) C M if E is short, and (P(x}))V4ME) C M
if B is long.

Proof: This is a standard argument. Wl
We can now track where the projectum of a premouse is sent by a close

ultrapower. This will be important for checking that the ultrapower is still
a premouse; specifically, it is needed to verify projectum-free spaces.

Lemma 3.3. If M is an n-sound premouse and E is close to M, and fur-
M M Ultn (M,E)
thermore 0,°, 1 < kg, then 0,71 = 0,1 .
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Proof: Let i : M — Ult,(M, E) be the ultrapower map. Then the
canonical missing subset of 2. | is still definable over Ult, (M, E) by elemen-
tarity of 7. And it is still missing, by the above lemma on weak amenability.
Thus Q%M’E) < QnMH. For the other inequality, note that 3;-amenability
tells us that any definable subset of an ordinal < e}, in Ult,(M, E) would

also be definable over M, contradiction.

Next, note that if M is a premouse and FE is long and close to M, then
oM # (k5)M by Clause 3) in the definition of premouse (projectum-free
spaces) together with clause 2b) in the definition of closeness (space agree-
ment).

Lemma 3.4. Suppose M is a premouse with top extender G, E is an exten-
der over M which is close to M, and (N,H) = Ult,((M,G), E) for largest
possible n. Suppose further that 0¥, < kg. Leti: (M,G) — (N, H) be the
ultrapower embedding. Then

a) (N, H) is a premouse of the same type as (M,G),

b) if G is long, then i(v(G)) = v(H).

Proof: Potential-premouse-hood is preserved upward by ¥, cofinal em-
beddings if the target structure has total top extender (Claim 1.2), which is
indeed the case here:

Claim 1: H is total on N.

Proof: The claim will follow if we can show that ¢ is continuous at
height(dom(G)). If E is short, then ¢ is only discontinuous at points of
M-cofinality kg, a limit cardinal in M, but height(dom(G)) is always a suc-
cessor cardinal in M. So suppose F is long; by hypothesis there is a long
E'’ on the M-sequence with the same space (clause b) of closeness). If G
is long, then again there is no problem, since height(dom(G)) is a double
successor and 4 is necessarily continuous there (the long extenders we work
with can only be discontinuous at limit cardinals and single successors in
M). So the only problematic case is when G is short and kg = kp. But
then by clause 2) of projectum-free spaces (Definition 1.5), we must have
oM > (k5)M. This means that the degree n of our ultrapower is > 1. So i is
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at least Y5 elementary; and this is enough to guarantee totality of H on N. B

We also have that i(0)’ ;) = o) ,, by a previous Lemma. And since i is
an n-embedding, we have that

i(ok(M)) = ok (N) for k < n, and

sup(i“on(M)) = 0,(N) < i(on(M)).

The former fact, together with elementarity of 4, implies that g (V) is
not the space of a long extender on the N-sequence for k£ < n. To see this
for kK = n, note that if 7 is continuous at g, (M) then the same considerations
as for k < n apply. But if ¢ is discontinuous there, then g, (M) must be
Yp-singular in M, which implies that it must be a limit cardinal in M. But
then sup(i“p,(M)) = 0,(N) is a limit cardinal in N, so it cannot be the
space of a long extender on the N-sequence.

Now we can apply Lemma 1.10. If G is short, then the hypotheses of ¢)
of Lemma 1.10 are satisfied, since we certainly have that i is continuous at
A¢- (We have dom(FE) is a cardinal of M, so it must be < height(M).) If G
is long and Dodd-solid, the hypotheses of d) are satisfied. And if G is long
and Z, then 7 is continuous at v by the space agreement clause of closeness.
Hence the hypotheses of e) are satisfied.

In all cases we get that (N, H) is a premouse of the same type as (M, G).
|

3.2 Closeness Proof

Lemma 3.5. All extenders used in a k-maximal plus-one iteration tree are
close to the models they’re applied to.

Proof: We go by induction on the length of iteration trees. Let .7 on
M be a counterexample of minimal length. Let M; be the final model of .7,
so that F' = E; chosen from the M;-sequence is not close to M} | = M;| for
some (. Verifying the weak amenability clause (in the short or long case) is
easy: the relevant fragment of F' is in M;, and it must be constructed below

24



Aj, since this is a limit cardinal of M, above ;. Thus it is also in Mj, since
the models agree up to A;.

Now for the 3;-amenability clause: Suppose that some fragment F, fails
to be Xy over M,|5.

Claim: j < i. (Because extenders are trivially close to the models they
came from.)

Claim: F is the top extender of M;.

Proof: If F' were an element of M;, indexed at «, then F, would be
a Yq-definable subset of M;|a, hence an element of M;. But F, is a subset
of k1 in the short case or x}" in the long case; either way it must be con-
structed below );, since this is a limit cardinal of M, above x;. Thus it is

also in M, since the models agree up to A\;. B

Now we consider a slightly different induction hypothesis. Let h be
least such that M, is active and, setting H = GMr, there is a 211\/11, sub-
set of P(space(H)) which is not 3; over M,, where g is least such that
Ag > dom(H). Call this set X, and the parameter in its definition b. In
other words: M, is the least model such that IF we had chosen its top ex-
tender as E}, there would have been a 3;subset of the powerset of its space
which fails to be ¥; over the model we apply Ej to. Clearly h < 17, since
our failure of closeness exemplifies this situation. We show that for any h
satisfying this condition, there must be a smaller ordinal which also satisfies
the condition. Hence our hypothesized failure of closeness at 7 is impossible.

Claim: h is a successor ordinal, say h = e + 1.

Proof: If h were limit, we’d have M), as the direct limit of a sequence
of lower models in the tree, cofinal in h. We must have a tail-end of this
direct limit sequence with kg below the crit of the branch-tail (and no drops
along the branch-tail), since otherwise kg would be lifted above all A’s of ex-
tenders in the tree below it, and could not be applied to a lower model M,.
Choose M, sufficiently high in the direct limit chain so that the parameter
b is in the range of the M, — M; embedding, and the critical point of this
embedding is above space(H). Then the ¥; definition of X over M) pulls
back to a ¥; definition of X over M. But then k < h satisfies the above
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condition, contradicting minimality of A. Bl
Claim: kg < Ke.

Proof: Say m = 7 -pred(h), so that M), = Ult,,(M,,|y, E.) for largest
possible v. Now if kg > k., it would also have to be > A., since it is a de-
finable point in M}, and hence in the range of the F.-embedding. But then

kr < Ay would be impossible, since the A’s in an iteration tree are increasing,
0Ny < A.. B

Claim: X is £,

Proof: By induction, we may assume E, is close to M,,|y. X is a
3;-definable subset of P(kr) or P(k}) in My, a fortiori a subset of P(k.).
By our preceding Lemma, then, X is 3 over M,,|y. B

This finishes the X;-amenability clause of the closeness proof, in the short
and long cases. Finally we address the space agreement clause in the long
case. Assume towards contradiction that F is applied to M;|3, but there is
no extender on the M;|5 sequence with the same space as F.

Claim: F' is the top extender of M;.

Proof: If F' were an element of M; indexed at some «, then we have
that M;|a is a premouse satisfying long extender condensation. For the first
extender G on the M;|a sequence with domain equal to dom(F'), we then
have that G is constructed before (k57" )M:l® hence before M;- But M; and

M; agree in this region, so G is on the M;|3 sequence, contradiction. H

Claim: ¢ is a successor ordinal, say ¢ = e 4 1.

Proof: Just like before, if ¢ were limit then the direct limit sequence
approaching it must have k; below the branch-tail crit at some point, or else
r; would be lifted above all the lower \’s in the tree and F' could only be ap-
plied to M;. But then any model sufficiently high in the direct limit sequence
would also cause a failure of space agreement if we chose its top extender to
apply. By induction, this is a contradiction.
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Claim: kg < k. (The proof is exactly the same as before.)

Let m = Z-pred(i). We now have that M is an initial segment of M,,
whose top extender has the same domain as F'. But then we could build a
shorter tree with a failure of space agreement, by choosing that extender as
E,,,. Contradiction.

This finishes the Closeness Proof. B

4 Comparison

4.1 The Comparison Lemma

A centrally important fact about plus-one premice is

Theorem 4.1. Let M and N be iterable plus-one premice; then there are
iterates P of M and QQ of N such that P 1@ or Q < P.

Proof: As a representative special case, let M and N be countable,
and let ¥ and I" be wy + 1 iteration strategies for them. Let .7 on M and
% on N be plays of ¥ and I', where at successor steps player I has chosen
least disagreements E in M7 and EZ in M?, and applied E7 to Mg :
where ¢ is least such that crit(E7) < A EZ and similarly for EZ. Write

M, = M7, and N, = M”. Suppose toward contradiction that the process

does not terminate, so that M,, and N,, exist. Let

T: X —V

with X countable transitive, 6 large, and everything relevant in ran(r).

Let m(7) = 7, ete. Let a = wf = crit(r), with 7(a) = w;.
We have M7 = M7 and N7 = N7. Thus M,, N, € X. Moreover

_ ;7 _ U
T Mo=1ig, > T Na=r1n,,

Let v+ 1 be least in (o, w1) 7 and 7 + 1 least in (@, w1)y, and G = E7,
H = EZ/ the first extenders applied after o on their respective branches.
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Let

P = (MING),G) . Q= (N[lh(H),H) .

We can stretch out P and () by the short parts of their respective branch-
tail extenders:

]y‘< = Ulto(P, Eiz_l’wl [wl) N Q* = Ulto(Q,El-;Z{’_Lwl [wl) .

Let ig : P — P* and jy : Q — @* be the canonical embeddings.
Thus iy = i, | (M, |Ih(G) (note M, |Ih(G) Q M,y ), and jo = i%, |

Y+1,wi
(Ny|lh(H). Let G* and H* be the last extender predicates of P* and Q*, i.e.,

G" =io(G) , H"=jo(H)

where we are really applying ¢y and j, to fragments of G and H.
Claim: G* and H* are initial segments of the extender F, from .

Proof: Clearly, G and G* measure the same sets, i.e., dom(G) =
dom(G*). For = € dom(G),

(@) = iy, () = i1, (i6(2)) -

We would like to write

Iyt (16 (%)) = G100 (16) (i 1,01 (7)) = iy (i0) (7) = G- ()

but it is only 7o that can move ig fragment-wise as an amenable predicate
of (M,|lh(G),G), not the full iyiq4,. (If iy11,, is a short extender, this is
not a problem.) So let

)

be the canonical embedding. o [ w; + 1 = identity, and so crit(o)
is at least (wy)* of the smaller ultrapower. But P = (M,|Ih(G),G) =
(M. 1]lh(G), G), and Ih(G) = N in M, 41, s0

(o Ult()(M,H_l, Eiﬂ [wl) — Mw1 = Ult(M,H_l, Eiﬂ
v+1wy v+

l,wl

P* = (M,, [IG"),G"),
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where [h(G*) < crit(o). Taking « € dom(G) = dom(G*), we may assume
x C (k)M and we then get

m(z) = iy, (ic(r))
= o(io(ic(v)))
= o (io(ic)(io()))
= o(ig-()) .

Since crit(o) > Ih(G*), this gives G* = E, N (M7 x [Ih(G*)]<*). &
Claim: At least one of G and H is long.

Proof: Assume not. Then G* = H* = E, N (M,, X [w]<¥). But
G =G"| Ag, and G ¢ M, , so we see that the Jensen ISC fails for G*. Tt
held for (M,|lh(G), G), by our “short extender rules” for iteration. It follows
that

A¢ = least 1 such that G* [ i is whole and G* [ n ¢ M,
= least n such that H* | n is whole and H* | n ¢ N,
=My -

So H=H"| Ay =G* | \¢d = G, contrary to G being part of a disagree-
ment. Wl

Claim: Both G and H are long.
Proof: Suppose G is short and H is long. Then by the weak ISC,
H | Ay is on the sequence of N, |lh(H), and hence jo(H [ Ay) = H* [ wy is
on the sequence of N, |Ih(H*). But H* | w; = G*, and so by N, |[lh(H*) =
Jensen ISC, G* | A\¢ = G € N,,. Since [h(G) is a cardinal of N,,, this is a
contradiction. W
Claim: It is not the case that both G and H are long.
Proof: Otherwise, let v +1=v(H), and £ +1 = v(G). We have
io : (M,|IN(G),G) — (M, |IM(G"),G") ,
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Jo 1 (Ny|lh(H), H) — (N, |Ih(H"), H") ,

moreover G* and H* are compatible.

Subclaim: ig(&) is the largest generator of G*, and Vu < io(§), G* | u €
M., [lh(G™).

Proof: If G | ¢ € M,|Ih(G), then (G | &) = G* | in(&) €
M, |Ih(G™), so of course Y < io(§), G* | u € My, |[Ih(G*). Butif G | £ ¢
M., |lh(G), then since (M, |lh(G), G) is a premouse, M, |Ih(G) = cof(§) =7+,
for some 7 < A\g. But 75 comes from a short extender with critical point g,
so we get ig(&) = sup(ip“€). This again shows Vu < & (G* | p € M, |Ih(GY)).

We need to see that ig(§) is the largest generator of G*. Being a gener-
ator is II;, so by elementarity io(§) is still a generator. Now for any 1 > ¢
in (M,|lh(G),G), there is a wellorder W € M., |lh(G) of Ag of ordertype 7,
and W =ig(f)(a,§) for a C A and f some representing function. By cut-
ting this wellorder down to an initial segment, we can obtain representing
functions for all ordinals < 7, so none of them can be generators. This same
reasoning applied to io(1V') shows that no ordinals < iy(n) can be generators
of G*, since the representation of W in ig is carried upwards to a represen-
tation of ig(W) in ig~. Since iq is cofinal in M, |lh(G*), we see that nothing
above iy(§) can be a generator. B

Subclaim: jy(v) is the largest generator of H*, and Yu < jo(v), H* |
€ N, [Ih(H*).

Proof: The same. B
Subclaim: (&) = jo(v).
Proof: Suppose e.g. that iz(§) < jo(v). By the last subclaim,
H* | (w U{ig(&)}) € N, [th(H*). That is, G* € N,,. But then G = G |
(AcU{¢}) = G* | (\cU{ip(€)}) € N, contrary to G collapsing A}, of N,,,. B

Subclaim: G = H.
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Proof: We have that

A¢ = least n such that G* [ (nU {ip(§)}) is a whole extender that is not in M,
= least n such that H* | (n U {jo(v)}) is a whole extender that is not in N,
=\ .

But then G = G* | (A\¢U{i0(€)}) = H* | AgU{jo(v)}) = H, as desired.

Clearly G # H, because they were used in disagreements. So we have
proved our last claim. W

These three claims add up to a contradiction, thereby proving the Com-
parison Lemma.

5 Phalanxes and Copy Maps

5.1 Phalanxes

In addition to iteration trees on premice, we must consider phalanz iterations.

A phalanz (M, H, o) with embedding o consists of a triple where H and
M are plus-one premice and « is an ordinal, with o : H — M an embedding
with critical point > « which is Xg-elementary and cardinal-preserving.

An dteration tree J on a phalanz (M, H,«) is an iteration tree con-
structed according to the usual rules, except that we set My = M, M, = H,
Ao = a, and Ej is undefined. That is, for each 8 < length(.7), Ejs is an ex-
tender on the Mg-sequence, kg is the critical point of E3, and Ag is the image
of kg by ip,. Weset Mg, , = (M,|d) for v least such that dom(Eg) C (M,[\,)
and 0 largest such that Ejg is a total extender on (M, |6).

Lemma 5.1. Let J be an iteration tree on a phalanz (M, H, a) with models
M,,. Recall My = M and My = H. Then for all n < length(7),

a) If 7 — pred(n+1) # 0, then E, is close to My, ;
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b) If M, is above H in T, i.e., 1 <z n, then M, is a plus-one premouse;

c) If 0 <z v <z n and M, is a plus-one premouse, then so is M,.

The proof of a) is essentially the same as the closeness proof for pre-
mouse iterations given above. However, that proof will break down when we
are considering applications of E, to My = M for which dom(E,) = (M|«).
This is the reason for the qualifications in this lemma, which we will now
explain in more detail.

There are several points in the closeness proof where we need to know
that when F, is applied to Mj, then ); is a limit cardinal of M, which is
above dom(E,). In phalanx iterations, this fact remains true except in the
case just described- for in that case we have declared A\; = A\ = «, and this
is the exact height of dom(E,). So, for instance, the fragments of E, which
are relevant for 3;-amenability can be coded as subsets of dom(M,)). In the
original closeness proof, we could argue that if such a fragment is an element
of M,, it is also an element of M;. But this can break down in a phalanx
iteration when 7 = 0. Similarly, the space agreement clause of closeness relies
for its proof on an application of long extender condensation that may fail
here.

b) and c¢) follow easily from Lemma 4 of [2], which shows that ultrapow-
ers of plus-one premice by close extenders are plus-one premice (in fact, only
the space agreement clause of closeness is needed). The proof given there
focuses on premice with active long extenders, but the standard proof of
premousehood-preservation for short extenders goes through verbatim; see,
e.g., Lemma 1.5 of [5].

The foregoing discussion also explains the following fact ([3], Theorem
10, Claim 3):

Lemma 5.2. For a phalanz iteration as above, let F —pred(n+1) =0, and
suppose dom(E,) = (M|B) where 8 < a; then My, = M, and E, is close
to M. Thus M, is a plus-one premouse.

We also have ([3], Theorem 10, Claim 4):

32



Lemma 5.3. For a phalanz iteration as above, let F —pred(n+1) =0, and
suppose dom(E,) = (M|a), and that o is a cardinal of M; then My, , = M,
and E, 1s close to M. Thus M, is a plus-one premouse.

Proof: Since a is a cardinal of M, we immediately get that My, , =
M. Now note that the standard closeness argument can easily establish that
E, is close to H. But we have an embedding o : H — M as part of our
phalanx, which can be used to transfer the requisite closeness properties to
M. (Unlike in [3], we are only assuming o is ¥y-elementary and cardinal-

preserving. However, this is still enough to transfer closeness.) B

5.2 Lifting Trees

We will prove iterability of the phalanxes that arise in our construction by
lifting the double-rooted iteration tree 7 on the phalanx (M, H,«a) to a
single-rooted iteration tree 7 * on M. Then we can use an iteration strategy
on the lifted tree 7 to choose branches through the double-rooted .. This
will work because, given an embedding = : M — N, with .7 an iteration
tree on M, we can copy it to a tree 7.7 on N. Given an iteration strategy X
for N, we can then define the “pullback strategy” ¥™(.7) = X(7.7), which
will give us choices for wellfounded branches through 7. The situation with
phananx iterations is essentially the same, but with a little extra complica-
tion due to the two roots.

The following lemma is used to extend 7* at successor steps.

Lemma 5.4. (Shift Lemma) Let M and N be premice, let & = crit(FN),
and let

’QU : Co(N) — Co(N)
be a weak 0-embedding, and

T Co(M) — Co(M)

be a weak n-embedding. Suppose that M and N agree below (R*)M and
(RH)M < (RN, while M and N agree below (k7)™ and (k7)™ < (k7)Y

where kK = Y(K). Suppose also
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Tl EY =y | (FHY .
Let & < 0,(M), so that Ult,(Co(M), FN) and Ult,(Co(M), FN) make

sense, and suppose the latter ultrapower is wellfounded. Then the former
ultrapower is wellfounded; moreover, there is a unique embedding

o+ Ult,(Co(M), FNY — Ult,(Co(M), FN)

satisfying the conditions:

1. o 1s a weak n-embedding,

2. Ult,(Co(M), FN) agrees with N below 0o(N), and Ult,(Co(M), FN)
agrees with N below go(N),

3. o] (00(N)) =4 T (00(N)),

4. the diagram

Ult,(Co(M), FNY —— Ult,(Co(M), FN)

i d

Co(M) I > Co(M)

commutes, where 1 and j are the canonical ultrapower embeddings.

The standard arguments (see [7]) allow us to establish a weak Dodd-
Jensen lemma:

A near k-embedding between premice is a weak k-embedding which is
rXk+1-elementary.

Let M and P be premice; then we say that P is (M, k)-large iff there is
a near k-embedding from M to an initial segment of P.

Let € = (e; | i < w) enumerate the universe of a countable premouse M,
and ™ : M — P be a near k-embedding; then we say 7 is (k, e)-minimal
iff whenever o is a near k-embedding from M to an initial segment N of P,
then N = P and either 0 = 7, or o(e;) > 7(e;), where 7 is least such that

o(e;) # m(e;).
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Notice that if P is (M, k)-large but no proper initial segment of P is
(M, k)-large, then there is a (k,€)-minimal embedding from M to P; this
embedding will be the leftmost branch through a certain tree.

Let X be an iteration strategy for a countable premouse M, and let € =
(e; | 1 < w) enumerate the universe of M in order type w; then we say
Y. has the weak Dodd-Jensen property (relative to €) iff whenever .7 is an
iteration tree on M played according to 3, and 8 < [h(.7) is such that M /37
is (M, k)-large, then igﬁ exists and is (k, €)-minimal.

Theorem 5.5. (The Weak Dodd-Jensen Lemma)

(from [1]) Suppose M is iterable, and that & enumerates the universe of M
in order type w; then there is a unique iteration strateqy for M which has the
weak Dodd-Jensen property relative to €.

6 Condensation

With these preliminaries, we are ready to prove one of our main results. The
idea behind the Condensation Lemma is to use a phalanx to compare H and
M, while ensuring that the critical point of the branch-embeddings is large
enough to get our desired conclusions. In the course of this proof we must
consider four anomalous cases, which correspond to different ways that the
iteration tree on our phalanx could break down. Unfortunately, we have been
unable to resolve these difficulties in Anomalous Case 4, so the Condensation
Lemma is stated with the hypothesis that Anomalous Case 4 does not apply.
Thankfully, this form of the Lemma suffices for all the applications which
follow. The case which we are avoiding is

Anomalous Case 4: « is not a cardinal of M, and letting (n, k) be
lexicographically least such that gp1(M|n) < @, we have that F = FM
is short, a = (/{FL)M”’, k = 0, and there are total long extenders on the
M-sequence with critical point k.

Theorem 6.1. (Condensation Lemma,) Let (M, H, ) be a phalanz where
M is an (n,wy,w; + 1)-iterable premouse, and suppose the associated map
oc: H — M is an embedding with critical point = « and which is E(()n)—

elementary and cardinal-preserving. Suppose H and M have the same type
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(A, B, C, Zy or Dodd-solid). Suppose further that M and H are both (n+1)-
sound, and that o > QTIL{H. Finally, assume that Anomalous Case 4 does not
hold. Then one of the following conclusions is true:

a) H=M and o = id.
b) H is a proper initial segment of M.
¢) H is an initial segment of Ult, (M, EM).

d) H is an initial segment of Ult,(M, F), where F is pseudo-indezed at
a on the M-sequence.

Proof: The proof is similar to the Solidity proof of [3]. We first iso-
late several anomalous cases.

Anomalous Case 1: There is an extender indexed at « on the M-
sequence.

Anomalous Case 2: There is an extender pseudo-indexed at « on the
M-sequence.

Anomalous Case 3: « is not a cardinal of M, and letting (n, k) be
lexicographically least such that g1 (M|n) < a, we have that py1(M|n) is
type Z,, and for v least in pyy1(M|n) and F = (E,)M, a = (k)M

We have already mentioned Anomalous Case 4, which we are assuming
does not apply.

6.1 Non-Anomalous Case

We begin by proving the theorem under the assumption that none of the
anomalous cases apply.

We coiterate the phalanx (M, H, «) against M, iterating away least dis-
agreements. Let .7 with models Ps be the tree produced on the phalanx,
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and % with models ()3 be the tree produced on M. We have already seen
that all models of % are plus-one premice. For .7 the situation is more
complicated. By our Lemma above, all models in .7 are plus-one premice
(and all extenders are close to their models) with the possible exception of
extenders F, with domain = M|a, which may not be close to Py,, and
may produce models P, ; which fail to be plus-one premice. By our other
Lemma above, these problems can only occur when « is not a cardinal of M.
For such an extender £, let { be the collapsing-level for a in M, so that
Py = (MI£). Note that if £, is short, we have a = (xy )™, and if E, is
long, then o = (/@E:)P’?.

Claim: Let J —pred(n+1) =0, £ = E,, and Py, = (M|{), where

¢ < height(M). Let k = deg” (n + 1) be least such that g1 (M[¢) < a.
Suppose F is short; then

a) Ulty(M|¢, F) is a plus-one premouse,

b) the ultrapower map i : (M|£) — Ult, (M|, E) is a k-embedding, with
Mle _ UI(MIEE) _ d i(pMIEy = Ultk(MIE,E)
Op1 = Opq1 = kg and i(Pyy1) = Djry :

Proof: Note that £ > a because we are not in Anomalous Case 1.
Moreover, £ < 7(a).

Subclaim: For all finite a C \g, E, € M.

Proof: If £ is not the last extender of P, or the branch ending at P,
drops somewhere, then E, € H, because F, is coded by a subset of . But
then E, = n(E,) N (M|«a) € M.

If E = FP and the branch to 7 did not drop, then 177. (Since if 07,
then crit(ig,) < kg because a = (k})M*, so kg cannot be in the range of
ign, contradicting that P, has top extender with crit = kg.) In this case,

we consider 7*. We have E = '™ and 7,(E) = F™. FE, C H|a, and

T [ a=m | o, so

E, = (FP;)ﬂn(a) N P;HO(
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But = m,y(k) < a < my(a) = (k7)1 so E, € P; by weak amenability.

Thus £, € Py =M. R

We also have that each F, is weakly amenable to M|¢. For if 8 < a, then
E,NM|p=E,NH|B € H, since E is close to H. So E, N M| € M|¢.

Subclaim: Ult, (M|, E) is a plus-one premouse.

Proof: If £ > 1, the ultrapower is sufficiently elementary. If k£ = 1
then by the discussion preceding Definition 2.19, we have defined the 1-core in
such a way that 1-ultrapowers of this core will be continuous at x, and thereby
preserve premousehood, while still preserving all ¥;-information from M |€.
We omit further detail. So assume k = 0. If M| is not type Z;, there is no
problem, so assume that it is. This is where we use the assumption that we
are not in Anomalous Case 1; in AC1 we would get a violation of Jensen ISC
when we take this ultrapower. Let i : M|§ — Ulto(M|€, E') be the canon-
ical embedding. We have that M|¢ = (cof(¥)is a successor cardinal), and
thus 7 is continuous at ™€, since we are ultrapowering by a short extender,
which is only discontinuous at points of cofinality xkg. It follows easily that
Ulto(M|¢, E) is a type Z; premouse, with pVHMIEE) — j(pM1E) W

Subclaim: o"M&F) = gMIE — o

Proof: If A is a bounded subset of kg, and A is ngf(M‘f’E) in the
parameter [a, f]ﬁ?'&, then since £, € M, A € M. Thus A € M[|{. So
Ult,(M|¢,E) Ult, (M€, E)

et 1 > k. That g, ¢ < k follows from E, being weakly amenable

to M|¢. W

Subclaim: Let ¢ : M|§ — Ultg(M|¢, E) be the canonical embedding;
then 7 is a (k + 1)-embedding.

Proof: We consider just whether i(pg11(M|€)) = prs1(Ultp (M|, E)).
We have

pk+1(M|€) = <T0’ u>’

where u collects the solidity witnesses for py_1(M|). i is sufficiently ele-
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mentary that if b is a solidity witness for v at level k—1,1i.e., b = ThkMJf(VUS),
then i(b) is a solidity witness for i(7y) in Ulty(M|¢, E). So if pp_1(M|) is not
of type Z,, then i(py_1(M|€)) = pr—1 (Ultx(M|€, E)), with solidity witnesses
in i(u). Suppose now py_1(M|E) is type Z,, with least element . Then let
F = (E,)M be the stretching extender, so that (r}1)ME = oM<,

We have kg < Qlk\ﬂg‘ Moreover, there can be no 211:/”5 function from kp

cofinally into (k)¢ because otherwise QQJK < kp. Thus 7 is continuous at

(k}F)MIE. Tt follows that i(F) still witnesses the type Z, property for i(y). So
again, p—1(UIt(M|E, E)) = i(pr-1(M[€)).

The argument that i(r) is the (k + 1)st standard parameter over i(u) for
Ulti,(MI¢, E) is similar. If b is a solidity witness for v € ry, then some initial
segment of (), in its natural prewellorder, is a solidity witness for i(7y) over
Ulty(M|&, E). If rg is type Z,, with least element  and stretching extender

F = Ef,W'f, then we have gp1(M|¢) = kf. But we are in the case that
Ok+1(M|€) = kg, which is a limit cardinal of M, so this is impossible. B

Next we consider the case where E is long.

Claim: Let T — pred(n+1) = 0, E = E,, and (M, ,)” = M|, where
¢ < o(M). Suppose k = deg”(n + 1) is least such that g1 (M|¢) < a.
Suppose F is long; then

a) E is the first long extender on the P, -sequence having domain P, |o =
M|a;

b) E has exactly one long generator, call it ~;
c) Ulty (M|, E) is a k + 1-sound plus-one premouse, with

VI MIEE) _ MIE (I \MIE and py iy (Ulte (M€, E)) = ip(prya (M]€))U

{7},

d) pr+1(Ulte (M|, E)) is of type Z,,.

Proof: Let Kk = k. We have a = (H++)M|£‘ We write “xt” for
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(kDM = (k) = (k*)P1. We have that k= g1 (M|€), because s is a
cardinal of M and so no level M|¢ can project below it for & > k™. Since
ok+1(M|€) < a, the only candidate for this projectum is x+.

Let v =v(E) — 1 = v,
Subclaim: For any finite a C A U{v}, E | (kT Ua) € M.

Proof: The same as in the case that E is short. If F is not the top
extender of P, or P, comes after a drop, then E | (k™ Ua) can be coded
as a subset of a that must be in H, therefore in M. If there are no drops
on the branch to P, and F is its top extender, then this branch must occur
above H in the phalanx. Lifting P, by m,, we have the desired fragment in
P by weak amenability, since v < (k1")". But any subset of o in P} is in

P,=M H

Subclaim: E is the first long extender on the P, -sequence with domain
Hla.

Proof: Let G = FP117 be the first such extender. By Long Extender
Condensation, o1(F,|y) = a. Assume that G # E; then v < o(F,). Thus
v < (af)Pn,

Suppose first n > 2. Then (h(E;) is a cardinal in P, and (h(E1) >
a, and H||Ih(Ey) = PB,||lh(Ey). Thus G is on the sequence of H, with
Ih(G) < lh(Ey). It follows that G is on the sequence of M, and of M.
But gx1(M|E) = kT = space(G), so this violates the projectum-free spaces
property of M|¢.

If n = 1, then since G # E}, we again have that G is on the sequence of
M|¢, contradiction. W

Subclaim: Ult, (M|, E) is a plus-one premouse.
Proof: If £ > 1, there is enough elementarity. In the case k = 1 we
must consider additional details related to Definition 2.19; briefly, the idea

is that we have defined the 1-core in such a way that 1-ultrapowers of this
core will be continuous at p, and thereby preserve premousehood, while still
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preserving all ¥j-information from M|{. We omit further detail. Suppose
then that £ = 0.

The proof that works when E is close to M|¢ will work here. First, notice
that we are not in Anomalous Case 2. Thus if M|¢ is type Zi, then oM has
cofinality in M|¢ different from x*, and thus ig is continuous at ¢, and
thus iz (0M€) = pUleMIEE) and (E,)VHeMIEE) witnesses the type Zi-ness of
Ulto(M|E, E).

Second, notice that we are not in the situation that would lead to Ulto (M|, E)
being merely a protomouse, by the fact that we are not in Anomalous Case 4.

We omit the remaining calculations. Il

Subclaim: Let ¢ : M|{ — Ultg(M|¢, E) be the canonical embed-
ding. Let N = Ult,(M|&, E); then pp1(N) is of type Z,, with py1(N) =
i(pra (M]E)) U {v}.

Proof: Because we are not in Anomalous Case 3, pr1(M|€) is solid.
Let t = pry1(ME), and A = Thkj\ilﬁ(ﬁ* U t), recalling here that xt =
or+1(M]E).

We have that kT < gg1(NN), and that A ¢ N, as in the proof of the
above Subclaim that E is first long extender with its domain. But A is 3 "

in the parameters i(t) and i | kT, and i | & is essentially EY. This gives
okea(N) = i+,

By solidity of ¢, and the fact that for all 8 < x™, Thy,,(i(8) Ui(t)) € N,
we get that pry1(V) = i(t) U {v}, as desired. The stretching extender wit-
nessing the type Z, property is of course (EV)N . The generalized core of N
is M|¢, so its parameter is solid. W

This completes the proof of our claim. W
Now that we know our phalanx iteration produces mice at all stages, we

can argue that the coiteration terminates, with the standard argument es-
tablishing that one branch does not drop. Actually this latter part requires
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some extra care, because we have seen that in the case of long extenders
applied to M with domain «, the standard parameter of M|{ can undergo
some change. However, we can still establish the following, as in [3]:

Claim: The comparison of (M, H, «) vs. M terminates. Moreover, let-
ting P be the final model of .7 and @ be the final model of %,

a) If P <@, then the branch to P does not drop,
b) If @ < P, then the branch to ) does not drop,
¢) It is not the case that both the branch to P and the branch to @) drop.

Let P = P, and Q = (5. Applying weak Dodd-Jensen, we also get the
following two claims as in [3]:

Claim: 1 <z ~; that is, P is above H in 7.
Claim: P <@, and [1,7] does not drop.

At this point, our Condensation proof diverges from the Solidity proof of
[3].

Claim:

a) No extenders are applied on the H — P branch of .7; that is,
H=P

b) No extenders are applied on the M — @ branch of %/; that is,

M=Q.

Proof: Suppose a) fails, and let E be the first extender applied to H
on the branch to P. Notice that dom(FE) = (H|S) for § > «, since otherwise
E would be applied to M in the phalanx. If E is short, this implies kg > a.
But o7 < a, so this is a drop in degree on H — P, contradiction. Now
suppose E is long. If kg > «, or more generally if o < kg, we have a
contradiction exactly as in the short case. So we are left with the possibility
that kg is the cardinal predecessor of o and H projects exactly to «, i.e.,
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a = (k)7 = of. But then since E is close to H, there is an extender
I on the H-sequence with the same space as F; and this is a violation of
projectum-free spaces for H, contradicting the fact that H is a plus-one pre-

mouse. This proves a).

Now suppose b) fails, and let F be the first extender applied to M|
for some & on the branch to . Then [h(FE) is a cardinal of @). Recall that
Ih(F) < «is impossible, since we are iterating away disagreements and H, M
agree below a. Also [h(E) = « is impossible because we are not in Anoma-
lous Case 1. So [h(F) > a. We must also have [h(E) < height(H), since
otherwise it would not be a disagreement in need of removal. Now P < () is
impossible, since P = H projects to «, and would therefore collapse [h(E) in
Q). So we have P = (). But then Q? =o' <a,so Q? < kg, since otherwise
it would have been lifted above [h(E) by ig. (The case where E is long and
Qim{ = K, is ruled out by projectum-free spaces and closeness of E.) And
now we are iterating above the projectum on the branch to @), so () is not
sound. This contradicts soundness of H, since H =P =(Q. B

Thus, in the non-anomalous case we have H < M; that is, a) or b) of
Condensation.

6.2 Anomalous Case 1

We have that EY £ (. Let G = EM.

Again, we compare (M, H,«) with M, with 7 and % being the two
trees, and .7* the lift of .7 under (id,7) = (mo,m). The rules for .7 and
% are as before, and we adopt our previous notation. That is, Py = Mg ,
Qe = MY, Pt = M7, m¢ : Pe — Pf, etc.

We have o = (A\})¥, so if E¢ has critical point A, then if E is short,
T —pred(§ +1) = 0, while if E; is long, then T — pred({ + 1) = 1. (Note
AE, > Ag, since lh(E7) > o)

One new problem here is that the models of .7 may fail to satisfy the
Jensen ISC. Our computations involving closeness of models in a phalanx
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still go through as before, so the only possible failure of Jensen ISC occurs
when E is short and crit(E¢) = Ag. Our rules for .7 then require that

P§+1 = Ulto(M|Oé, Eg)

Here G = FMlo and ig (G) = FPetl G is a missing whole initial seg-
ment of ig, (G), and so Py does not satisfy the Jensen ISC.

We deal with this problem as in [3]. Notice first that o(Peiq1) = lh(E¢) =
Ih(ig (G)), so i, (G) is going to be part of the least disagreement between
Pr.y and the current model of %. (All models of % are plus-one premice.)
So .7 —pred(§ +2) =0, and

P£+2 == Ulto(M, ZEE(G))
(Since Ag is a cardinal of H, it is a cardinal of M, so ig, (G) is an extender
over M.) Moreover, )\f = )\’gﬂ, so there are no models above FP¢i in 7. It

is a dead node. We then have

Claim: All models of .7 except those of the form Priy = Ulto(M |, Ex)
with crit(Ee) = Ag, E¢ short, are plus-one premice. Moreover, except for
the io‘?’ ¢41 Of this form, the maps of .7 preserve parameters and cores.

We get that comparison terminates as before. Let P = Pf and ) = Q?
be the last models. We need more argument now to show

Claim: 17, that is, P is above H in 7.
Proof: Suppose P is above M.

Subclaim:

a) P=Q;

b) neither [0,7]2 nor [0,0]4 drops;

T U
c) iy = ips-
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Proof: The same weak Dodd-Jensen argument. W

Now let K = E7 and L = E” be the first extenders used in [0,7] 7 and
0, 6] respectively. Let

(P*vK*) = UltO(Pn”h(K)v FO)? and (Q*v L*) = UltO(Qﬂ“h(L)a Fl)a

where Fj is the short part of the branch tail extender of 2';77“,7 and Fj
the short part of the branch tail extender of i;’ﬁrl’ s5- As before, K* = L*, and
both are long. Since L had the Jensen ISC, letting v* be the largest long
generator of L*,

Az = least 0 such that L* | (0 U {r*}) is a missing whole initial segment,
and L =L*[ (A U{v*}).

If K had the Jensen ISC, this would give K = L, contradiction. So as-
sume K does not have the Jensen ISC. This implies that K = zgg (G), where
crit(Ee) = A, and L is the least whole initial segment of K, that is, L = G.
(Note G =EZ.) So p=0, and 1 € [0,d]4. We have

igy(’iK) - irﬁl,'y(/\K)
= ig{é("fG)

= i?{é()\G)-

But A¢ = kg, < Ak, so crit(i¥s) = Aa. Let F be the first extender used
in (1,0]y, say F = Eg/, and let F** be the stretch of F' by the short part of
the branch tail extender of if, ;.

Subclaim: E¢ [ Ap, = F* | Ag,.

Proof: A\g, = M. Both extenders have critical point Ag, and mea-
sure subsets of A\g in M|Ih(G). Let A C A\g and A € M|lh(G). We can write

A=a, fla = ic(f)(a),
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where f : [kg]l? — P(ke), f € M|(kE)™, and a C Ag. But then
ig (A) = la, flx = ix(f)(a).
But also
ip-(4) = if(ic(f)(a))
= if/s(ic()(if5(a)
= igs(f)(a)
=ig,(f)(a)
= i,11,(ix (f))(a)
=i/, (ix(f)(a).

So iy (ig,(A)) = ip-(A). Since crit(i;/ ;) = Ak, we have proved the
subclaim. W

But then if F' is short, we have that E; is the least missing whole initial
segment of F*, and so is F', so that E; = F, a contradiction. If F' is long,
then E is the least missing whole initial segment of F* [ Ap«, so Ee € Qs,
again a contradiction. This proves the claim. W

Here again we diverge from the solidity proof of [3].

Claim:

a) No extenders are applied on the H — P branch of .7; that is,
H=P.

b) Exactly one extender, namely G, is applied on the M — @ branch
of % ; that is, Q@ = Ult(M, G).
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Proof: The proof of a) is exactly like in the non-anomalous case. For
b), we know that EZ = G, because « is necessarily the least disagreement
with the current model of 7 (namely, H). Now suppose toward contradic-
tion that F¥ = E is defined. (Recall that, in our notation, £ will be applied
to @3, the longest possible initial segment of @);.)

Then [h(F) is a cardinal of @, and [h(E) > a. We must also have
Ih(E) < height(H), since otherwise it would not be a disagreement in need
of removal. Now P <1 (@) is impossible, since P = H projects to a, and would
therefore collapse [h(E) in ). So we have P = ). But then g? =0 <a,so

0% < kg, since otherwise it would have been lifted above Ih(E) by ig. (The
case where F is long and p; P o K}, is ruled out by projectum-free spaces and
closeness of E.) And now we are iterating above the projectum on the branch
to @, so () is not sound. This contradicts soundness of H, since H = P = ().

Thus, in Anomalous Case 1 we have H QUIt, (M, E,) for largest possible
n; that is, ¢) of Condensation.

6.3 Anomalous Case 2

In this case we have that o is a pseudo-index of some G; that is, there is
a least & > « such that o, (M|{) < «, and this M|¢ is type Z;, with last

extender G and stretching extender F' = E Mg, ; moreover,
ME = ri*
Let -
G=J iz'GIn
n<iMIe
be the extender pseudo-indexed at a. So v(G) = (kF)M = (k})¥, and

(V<é)+)Ult(M,G’) — a

The proof is similar to the non-anomalous case, but instead of comparing
(M, H, ) with M, we compare (M, H, o) with
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O = (M, Ult(M,Q), k}).
We let .7 be the tree on

U= (M, H, o)

that is produced, and % the tree on ®. The rules for forming 7 are
similar to those in Anomalous Case 1. Again, let P, = Mf , with Py = M
and P, = H. Let B, = Eny Let )\;77 = )\Eny for n > 1, and \J = a. We have

T — pred(n+ 1) = least 8 such that dom(E,) C Pg|)s.

E, then gets applied to the longest initial segment of Ps possible, but
with the following exception. Suppose that crit(E,) = xp, and E, is long.
As in the proof of the non-anomalous case, we can show that E, has exactly
one long generator. We shall set

P’]-H = (UltO(M|av Eﬂ)a K)

where K is the extender of length [h(E},) determined by ig, o ig, in this
case.

Claim: Let crit(E,) = kp, and suppose that E, is long; then
1) E, has exactly one long generator,
2) if K is the extender of length [h(E,) over M generated by ig, oig, then

a) (Ulto(M|a, E,), K) is a type Z; premouse, with stretching extender
E77 r ])(Pn‘lh(En)7 and

b) (Ulte(M|a, E,), K) adds G.

The proof of this claim is similar to the proof of the corresponding claim
in the non-anomalous case, so we omit it.

We shall show that if P11 = (Ulto(M|e, E,), K') as above, then
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E77+1 = K7

and then of course

Pyys = Ultg(M, K).

Moreover, since A = Ag, , there are no models in T above P, — it is a
dead node. To show this, we have to look at %.

We set @, = M;//, with Qo = M and Q, = Ult(M,G). We let )\Z/ = Ag,,

where F, = EZ/, for n > 1. We set \ = k. by fiat. The rules for % are
U — pred(n+ 1) = least B such that dom(F,) C QgAY .

There are no exceptions, and F;, always gets applied to the longest possible
initial segment of Qg, for f = % — pred(n + 1). Note \? > a. So if
crit(F,)) = kp, and F, is short, then % — pred(n+ 1) =0, and

Qn+1 = UltO(M7 Fn)a
while if ¢rit(F,) = kp and F,, is long, then % — pred(n+1) =1, and

Qn1 = Ulto(Q1, F).
Claim: Let n > 1; then no Q,|y adds G.

Proof: G ¢ Q, for n > 1, because @, = “a is a cardinal”, when 7 > 1.
It follows that if @,|y adds G, and n > 1, then Q,|y = @, and the branch
of 7 ending at @), does not drop. So assume this. Let

F* = (Ep)Q"
be the stretching extender involved in adding G. Thus kp- = kr. Now
let

74

. i, if 0%
ii,noi@ if1%norl=n.

Thus j : M — @Q,. Since kp- € ran(j), and j(crit(j)) > o, we
get kp < crit(j). But then crit(j) > «, while the rules of % guarantee
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crit(j) < kg, contradiction. W

This last claim implies that if 1 = (Ulto(M|a, E;), K) as in the pre-
vious claim, then E, ., = K, because P, does add G, so it is not lined up
with the current model of % .

We choose branches for .7 and % at limit stages by lifting them to trees
on M, and using . For 7, let .7* be the lift of .7 under (m, m), where
w9 = td and m : H — M is the uncollapse. m | /\(‘)9 = | Ag, which is
what we need. Let P = Mf*, and

. *
7Tn.P,7—>P77

be the natural map, but with the following exception related to our special
case in the definition of 7.

Namely, suppose crit(E,) = kr, and E, is long. By a previous claim,
E, has a unique long generator v. We have set P, = (Ulto(M|a, E,), K),
where K is the extender of ip, oig over P, ;. By that claim, P, is type
Zi, and v = P+ Let E = E,, and E* = m,(E). Note that dom(E*) =
7, (H|a) = m (H|a) = M|mi(a), so E* is an extender over all of M. We set

w1 = Ulto(M, E7)
and more importantly
G* =i (G).

Since k5t < Kp, kgr = kg, and G* is total on M. We shall leave 7,4
undefined. All we need is

Subclaim: There is a v such that K = G* | (m,“Ag U {7}).

Remark: Note A\p = Ag. A better way of saying it might be: K |
(A U{v}) =G [ (my“Ae U {~}).

The subclaim is enough to go on and get 7,42 : P2 —> Py 5. We don't

need m,; as a map on all of P, because we are never going to take an
ultrapower of P,;; in forming .7.
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Proof of Subclaim: Let

MEM|E — Ulty(M ¢, E) = R

Mg

be the canonical embedding. iy~ is discontinuous at kj, so R is not

a plus-one premouse. (E is not close to M|.) Let F} = i]g‘g(F), and

vt =1ip (V).
We claim that
KTk U{r}) =iy " (G) I (kU {v'}).
Both extenders have space (k5)M. Let b € [Ag]<“ and A € M|(x5T)M;

we need to see that (b,v) € ix(A) iff (b,v") € ig,(A), where G| = i%'f(G).
But note that ip(G) C G, so

(M[¢,G) k= Vu € [kp]™ V€ < rp((u,8) € ig(A) <= (u,ir(€)) € ic(A)).

The formula on the right is of the form ¢(kg,iz(A), F, A). That is, those

are the parameters. Applying iJ\E/”g, we get

Ulto(M|E,G), E) EYu € [Ag]= V¢ < AL ((w,€) €iplia(A) < (u,ir (€)) € ip(ic(A))).
BU.t ’LE(ZC‘;(A)) = ZK(A), ZE(Zg(A)) = iGl (ZE(A)) = iGl (A), and b € [)\E]<w
and v < \}. So
(b, l/) c ZK(A> <~ (b, l/*) €lq, (A),
as desired. Thus K [ (Ax U{v}) =ig(G) [ (Ax U{v*}).

But now let o : Ulty(M €, G), E) — i (M€, G)) be the natural map,
given by the shift lemma:

o(laU{v}, fI5") = [my(@) U {7}, FI3-
for a C Ag. Then o [ A\p = m, | Ag, and we define o(v*) = . Then

ip(G) is a subextender of ig«(G) under o, finishing the proof of the subclaim.
|
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We can now define

Pryy = Ultg(M, G¥).
Recalling that P10 = Ultg(M, K), we set

7T77+2([a U {V}a f]%) = [a U {’7}7f]CA¥4*

where 7 is as in the subclaim. We then have m, > [ Ax = 7, | Ak, as
desired.

We have shown

Claim: (M, H, «) is iterable by the rules described; moreover .7 is lifted
to a tree .7 according to X.

We turn now to the iterability of (M, Ulty(M,G), k}).
We lift % to a tree * on M as follows. The first two models of % * are

Qy =M and Q] =Ulty(M,G).
(Note k&' < kp is a cardinal of M.) We define maps
oy Qy —> Q)
with
Og = id
and

o1(a, fIM) = [ip(a), f1Y

for a C v(G) = K} finite. Since G is a subextender of G under i, this
makes sense. Suppose now we are given o, : (), — (), and suppose by
induction that we have

for 0 < v <, Q agrees with Q* below \?”", and o, [ \? =0, | \Z.
&y n v v 1Ay n Ay
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Note that we don’t have this for v = 0, because oy and o7 only agree up
to rp, while \¢ = kf. If Z —pred(n+ 1) # 0, or crit(F,) # kr, then we
get @,y and Fjy and oy4; by the Shift Lemma, in the usual way:

Ey = og(Ey),

Q;—i—l = Ultk(Pa F;)a

where v = % — pred(n+ 1), P = U’Y((M;-&-l)%)? and k = deg? (n + 1),
and

onala, f15 ) = [oy(a), 0 (F)]Es

One can easily check that (1) remains true.

Remark: In fact, for 0 < v <7, Q; agrees with Q¥ below [h(F}), and
oy [ Ih(F,) = oy, | Ih(F,). But we only use agreement up to Ap,, because
our trees are (generally) formed with short extender rules, as they must be
because our background extenders in a plus-one construction are short.

We tend to record the agreement between models and lifting maps in an
iteration using the Ap, rather than the (h(F,). This reminds us that trying
to use the additional agreement we might have to apply an extender £ with
crit(E) = Ap, to @, (say) could lead to problems with iterability.

Now suppose U — pred(n + 1) = 0, crit(F,) = kp, and F), is short. So

Qn+1 - Ulto(M, Fﬂ) .

We cannot set Q; ,, = Ulto(Qp, 0y(F;)) now, because although the latter
ultrapower makes sense (by the agreement of Qf with Q; up to Ih(G)), oy,
and oy do not agree far enough that we could define o, properly. Instead,
let

J: Q; — UltO(Q;7Un(Fn))

be the canonical embedding. Note that F' is on the Qf-sequence (though
not on the @Q;-sequence), and hence F is on the Q;-sequence. We have

crit(j) = oy(kp) = o1(kp) = Ap .

Set
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@y = Ulto(Q5, 5 (F))

and

Q*
op+1(la, f]%)) = [0-7]<a)7f]j(37) :

(Recall that Q5 = Qo = M.) Since kp = Kjr), @y, makes sense.
Moreover, [h(F) < (AF)9, so Ih(j(F)) < j((A£)@), so j(F) is on the Qr-
sequence by coherence of o, (F},) with that sequence. Also, kjr) = kr < Ag.
Thus @}, is a legitimate next model for %*.

We must see that 0,4, is well-defined and elementary. Let £ = F,. E
is short, and kg = kp = Kjp). Let a C A\g be finite and X C [kp]l?l with
X € M. It is enough to show that

(a,X) € B iff (0,(),X) € j(F) .

But we have

(a,X) € Eiff a € ig(X)
if 7,(a) € o, (i(X)

For the fourth line, notice that o,(X) = 01(X) = ip(X), because X C
[kp]lel. For the fifth line, note j(X) = X.

Clearly 0,11 [ Ap, = 0y | Ap,, since oy ([{7},4d]3]) = [{o,(7)}, id]}(p.

This completes the successor step in the formation of %7 *. At limit stages,
we use 2 to choose a branch of %7*, and then choose the same branch for % .

We have shown

Claim: (M,Ult(M,G), k}) is iterable via the strategy described above.
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Claim: The comparison of (M, H,«) with (M,Ult(M,G),x}) termi-
nates.

Proof: As before. B
Now let P = P, and () = ()5 be the last models on the two sides.

Claim: It is not the case that both P and () are above M in their re-
spective trees.

Proof: Suppose they were, i.e., suppose 0.7y and 0%.

Subclaim: P = @, neither [0, 7]~ nor [0, ], drops, and 1'0‘777 = z'g{5.

Proof: We use 7*, %*, and the weak Dodd-Jensen property of . l

Now let K and L be the first extenders used in [0,7]s and [0, ], and
let K* and L* be their stretches by the short parts of their respective branch
tails. We may assume both K* and L* are long. Both K and L had the
Jensen ISC, so this gives K = L. That is a contradiction.

Remark: There is the case that K is the extender of i, oig. But then
K adds G, and we showed that no F; adds G, so K # L. R

Claim: It is not the case that P is above M and @ is above Ult(M, G).
Proof: Suppose they were, i.e., 0.7y and 1%.
Subclaim: P = @), neither [0,7]~ nor [1, ], drops, and i({v = i?{(; oig.

Proof: Again, we use 7*, % *, and the weak Dodd-Jensen property of
>.

Subclaim: crit(ifs) = Aa.
Proof: If not, then
i, (ka) = ifs(ka) = ifs(ic(ra)) = ia(ka) = Ag -
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But it is easy to see that \;” > a for all n > 1. So ig (kg) > a > Ag. B

Now let K = E,, be the first extender used in [0, 7] 7, and let

(P7, K7) = Ulto((P|Ih(K), K),Wo) and (Q",G") = Ulto((Mlry, G),Wh) ,

where W, is the short part of the extender of i;im, and W is the short
part of the extender of if{(;. As in comparison, we have that P* and QQ* are

initial segments of P, = Qs, below 7 (r5)™. Moreover, K* and G* are

o e .57‘ _ % .
initial segments of the extender of i5. =iy 01g.

Note K* ¢ P,, because K ¢ P,. Every proper initial segment of G* is
in Q*, so K* is not an initial segment of G*. K* # G*, because (P*, K*)
is a plus-one premouse, and G* has no largest generator. It follows that
G* = K* | v*, where v* is the largest generator of K*. Thus (P*, K*) is type
Zy, with stretching extender

F=EF = B = (%

v T v*

and satisfying

K*[ v =G".

Now let 7 + 1 be least in (1,d]y, so that crit(F;) = Ag by previous
subclaim, and F; is long by our rules for 7. Let

H = least long initial segment of F, on the @).-sequence.

(We shall show shortly that H = F..) Let

(R*, H") = Ulto((Q-[lh(H), H), W>) ,

where W is the short part of the branch-tail extender of ifﬂrl’ s5- Let also

L* = extender of iy« oig | (Mla) .

Subclaim:

1) K* = L*,
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2) EXY = H* [v* =W, and
3) (P*, K*) adds G.

Proof: The extender of iy« ois is just the extender of i?{é o1g, restricted
to the first of its generators that is > sup i; s“(v(G)), plus one. But

sup i15“(V(G) = iw, (V(G)) = v* .
So

)
= trivial completion of K* [ (v* + 1)
= K"

L* = trivial completion of Eiw o,

The branch tail Wy stretches H [ Ay into Wi, by calculations we have
done before. Moreover, sup i, 5“(v(G)) is where the superstrong part of H*
is indexed in Ulto(Ulty(M,G), H*). This gives us 2).

Finally, H* | v* stretches G into G*, by the way we have defined G*.
This gives 3). B

Recall that K = E;”, where 7-pred (n+1) = 0. We also have Ax > a.
Since (P*, K*) adds G, we must then have our special case

K = extender of ig, oig [ (M|a)

where crit(E,) = Az and E, has exactly one long generator.
Subclaim: E, = H.
Proof: Let

E; = last extender of Ulty(F,, Wo)

= extender with exactly one long generator determined by iiﬂ,w oig, | (Mla) .

It is not hard to show that E7 = H*. For both have critical point Ag,
and measure subsets of v(G) = (A§)" that belong to M|a, or equivalently,
belong to Ult(M,G). Let
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X = ig(f)(a) € Mla .
We then have that

EX v =E2=H"1v".

The second equality we have already shown, and the first comes from

E, | (sup ig, “v(G)) being the stretching extender in the type Z; structure
P,, and the fact that iy, preserves this. So

But then
55 (X) 0 (0" 4+ 1) = i i) (@) N (0 + 1)
= ip; (ia(f))(igz(a)) N (V" + 1)
1 (is, (i Nigz(a)) N (V" +1)

The third equality from the bottom comes from iz (f) being essentially a

subset of v(G), and for z C v(G) in M|«
z’f{(;(z) = iry1,5(11,711(2))

so that

ils(z)N (W +1) =irpsoig(z) N +1)
=ig-(2)N (" +1).

Thus E} = H*. The Jensen ISC then leads to £, = H. This proves the
subclaim. W
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This subclaim contradicts the fact that we were hitting disagreements.
This proves the claim. Bl

By the previous two claims, P = P, is above H in 7.

Now we diverge from solidity proof in [3].
Claim: P <@Q.

Proof: If Q < P then the branch to @ does not drop. If @) is above M in
% then Dodd-Jensen gives us a contradiction. If @ is above Ult(M, G) then
we get the same contradiction by first embedding M into Ult(M,G). B

Claim:

a) No extenders are applied on the H — P branch of .7; that is,
H=P.

b) No extenders are applied in %, so it has final model Q = Ult(M, G).

Proof: a) is proved exactly as in the non-anomalous case. Now sup-
pose b) fails, and let E¥ = E be the extender chosen from Ult(M, G) as the
least disagreement with H. Then [h(E) is a cardinal of @), and of course
Ih(E) > a. We must also have [h(FE) < height(H), since otherwise it would
not be a disagreement in need of removal. Now P < () is impossible, since
P = H projects to a, and would therefore collapse [h(E) in ). So we have
P = @Q. But then g? = of < a, so Q? < K, since otherwise it would have
been lifted above [h(F) by ig. (The case where F is long and Qlljlt(M’G) = K},
is ruled out by projectum-free spaces and closeness of E.) And now we are
iterating above the projectum on the branch to @, so () is not sound. This
contradicts soundness of H, since H =P =(. &

Thus, in the non-anomalous case we have H < Ult,(M,G) for largest
possible n; that is, d) of Condensation.
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6.4 Anomalous Case 3

In this case we have (£, k) least such that a < £ and o (M|§) < «, with
a < & Moreover, gr(M|E) is of type Z,,.

Let

70 = least element of p,1(M|¢) ,

to = P (M[E) = (0 + 1),
F=FEM

Y
N = HYE(ip“(5} Uty) .

So F' is the stretching extender, and N is the generalized core of M|¢.
We have that p,1(N) = o7 1(ty), where 0 : N — (M|£) is the uncollapse,
and that a = (kL1 )M = (kf )7 = (k5T)Y, moreover M|a = N|a = H|a.
Our goal is to reach a contradiction.

In this case we compare (M, H, ) with (M, N,x}). Let 7 be the tree
on (M, H,a) and % the tree on (M, N, k}.) produced. The rules for forming
Z are similar to those in the other anomalous cases. Let P, = M;]7 , with
Py=M and P, = H. Let E, = E, and \{ = a. Again

T -pred(n + 1) = least § s.t. dom(E,) C Pﬁ\)\g .

Again, E, then gets applied to the longest initial segment of Pg possible,
except when crit(E,) = kp, and E, is long. Here § = 0, and P; = M.
Again, we can show E, has exactly one long generator in this case. We then
set

Py = Ult,(N,E,) .
Claim: Let crit(E,) = kp, and suppose E, is long; then

1) E, has exactly one long generator,

2) Ult, (N, E,) is a plus-one premouse of type Z,, with first standard
parameter ig, (p1(N)) U {v}, where v = pFlth(En) “and stretching extender
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Ly Tv,
3) N is the generalized core of Ult, (N, E,).
Remark: The solidity of p,41(N) is used in proving 2).
We omit the proof of the claim.

In contrast to our first two anomalous cases, we cannot predict what P, 1o
will be. Moreover, P, is not dead, in that .7 may have models above P, .
We choose branches for 7 by lifting it to 7" on M, with models Pj =

M /;j? . We have copy maps

W52P5—>PE

with my = ¢d, and m; : H — M the uncollapse. We have 73 | /\‘g =7y |

/\g for all v > . Again, we must take some care in our special case.

So suppose crit(E,) = kp, and E, has v = pPlME) a5 its unique long

generator. Let E = E,, and E* = 7,(E). We have that \{ > «, and
m, [ AY =m [ A, so dom(E*) = M|mi(a), so E* is an extender over all of
M. Let

it M — Ult, (M, E¥)

be the canonical embedding, and set

P;+1 = Z%{(le) :
We have the diagram

i ()

(
T %{7’)
N

Ult,(N, E) =% M (M|€) — Ult, (M, E*)

! I |

— S Mt ————— M

where
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Tyr(la, f1g) = ig- (o) ([my(a), fli-)

for a € Ag U {v}]< and f : [s}]l"l — N with f € N. Since crit(c) =
kp = kg, crit(if (o)) = Mg+, and thus 7,41 [ Ag = 7, [ Ag. So we have the
agreement of copy maps required to continue.

This completes our proof sketch for

Claim: (M, H, «) is iterable by the rules described; moreover, .7 is lifted
to a tree 7 according to 2.

We now turn to 7. Set
Qr] = M;Z/ )
with Qo = M and @)1 = N. Let
A = rf and A\ = Apx
for n > 1. The rules for % are

U -pred(n + 1) = least [ s.t. dom(EZ/) C Qs [/\Z/ :

So short extenders with critical point kp get applied to M, while long
extenders with critical point kp get applied to N. (The latter because
N> o= (kET)% for all p > 1))

We lift % to a tree Z* on M as follows. The first two models of  * are

Qo=M and Q= MI[{.
We define maps o, : @, — @, with

op=1d and oy =0,

where 0 : N — M| is the uncoring map. Suppose now by induction
that we have 0, : @, — @}, and

(1) for 0 < <1, Q} agrees with Q; below /\2/* , and o, | /\:Z/ =0, )\?// )
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Again, we do not have this for v = 0, because oy and o, agree only to K,
and A\ = k. We then define Q;,, and 0,41 so that (1) remains true. This
is done using the shift lemma, except when, for F, = E;Z/ , crit(F,) = kp and
F, is short.

So assume that. We have % -pred(n + 1) = 0, and Q,+1 = Ult, (M, F,).
Let

J:@Q, — Ultn(Q;aUn(Fn))

be the canonical embedding. Note that the stretching extender F' for
Pny1(M[E) is on the sequence of Q7 = M|¢, so that F' is on the (Q);-sequence
(because o < A\?, so that o1(a) = (A\ET)ME < A7), We have

crit(j) = oy(kp) = 01(kr) = Ap .

Set

Qnir = Ulto(M, j(F)) and oy ([a, flr,) = [oy(a), Ik, -

Since kr = Kj(r), @y, makes sense. We omit further detail.

This leads to

Claim: (M, N, k}.) is iterable via the strategy just described.
Claim: The comparison of (M, H, ) with (M, N, kL) terminates.
Now let P = P, and () = ()5 be the last models on the two sides.

Claim: It is not the case that both P and @) are above M in their re-
spective trees.

Proof: Suppose they were.
Subclaim: It cannot be that both [0,7]s and [0, d]4 drop.

This takes a little more argument than usual, because the branch to P
might have dropped to N. But note
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Subclaim: There is no n such that 0% n and N is a generalized core of
some Q7.

Proof: N collapses a definably to s}, so we would have [0, 7] does not
drop, and @, [ v = @,. Let I'* be the stretching extender of @), so that
kp = K and F* € ran(if,). Then crit(if,) < kg, and iff, (crit(if,)) > a,
so kp- & ran(il’), contradiction. W

Proof of first subclaim: Suppose not. Let R be the last model to
which we drop in model or degree along [0,7]~, so that we have
R= (M:-H)y
with
J= izH,'y o(iry)” :R— P

being a k-embedding with crit(j) > gkRH, for some k such that R is
(k + 1)-sound. Similarly, let S be the last model to which we drop in model
or degree along [0, 0], so that

S = (M(;kH)%
with
t= igim © (i;+1)% 15— Q
being an m-embedding, with crit(¢) > 05, and S being (m + 1)-sound.

We have that @ is not (m + 1)-sound, so P < Q. By the subclaim, N
is not a generalized core of @), so N # R, so P is not (k 4 1)-sound. Thus
P =@, and m = k. Moreover,

R=5=Cpa(P) = Cra(Q)

and

| = ¢ = uncoring embedding .

We want to show that E7 = EY. Let E = E7 and G = E. We assume
that both F and G are long, and leave the other cases to the reader. Let
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v=v(E)—1 and p=v(G) -1

be the largest generators. Let

k=crit(j) = kg = kg and X = j(k) .
So

izrl,«/()\E) = ig{kl,é(/\0> =A.
Let Wy = Eﬁﬂ I'Aand Wy = Eigi1 ) I A be the two short parts of the
branch tails. Let ’

(Pllno, E7) = Ulto((P-|[IN(E), E), W)

and

(Pllm, G*) = Ulto((Qol[IW(G), G), Wh) .

As in the comparison arguments, E* and G* are initial segments of the
extender of j, so by our initial segment conditions, 179 = 1; and E* = G*. But
then £ = G, because these are the first whole initial segments of £* = G*
that do not belong to P =¢. R

Subclaim: Neither [0,7]s nor [0,d]s drops; moreover, P = @ and
Zg'y - 25{6'

Proof: If [0,0]4 drops, then @ is unsound, so P <@ and [0,7]s does
not drop. But then o4 o igﬂf maps M to ()5, a dropping iterate of M via X,
contrary to weak Dodd-Jensen.

If [0, 6] 7 drops, then @ < P. This is clear if P is unsound. The alternative
is that we have Z-pred(n + 1) = 0 with n+ 1 € [0,7] and E, long and
crit(E,) = kp, so that P, = Ulty(N, E,) is sound, and there is no further
dropping on [0,7]7. But then N is a generalized core of P, so P ¢4 Q by
previous subclaim.

So if [0,7]7 drops, then [0, 8], does not, and @ < P. But then 7, o4’y :
M — Pv* contradicts weak Dodd-Jensen.
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The proof that P = @ and iqu = ig{é is similar. W

We can now prove the claim in just the same way that we finished the
analogous proof in AC2. B

Claim: It is not the case that P is above M and @) is above N.
Proof: Suppose otherwise, i.e., 0.7 and 1.
Subclaim: [1, 6], does not drop, in model or degree.

Proof: Otherwise P<@Q and [0, 7] s does not drop. (Note here that in the
situation where n+1 € [0,7] 7, crit(E,) = kp, and thus P4, = Ulty(N, E,),
and this is the only drop on [0,7]7, then P € Q. For then N € Qg, for some
B > 1, because N-to-Q) dropped.) But then 75 o igﬁ{ : M — @Qj contradicts
the weak Dodd-Jensen property of . B

Subclaim: P = Q.

Proof: If P <@, then [0,7]s does not drop. This is because P would
be unsound, unless there were exactly one “special drop” to N on [0,7]~,
and P = Ulty(N, E,_). But then N € ), whereas N definably collapses «.
Thus Q < P, by weak Dodd-Jensen.

If Q< P, then Thy' (kf.Up1(N)) belongs to P. This is clear if crit(ifs) > o,
and it holds if crit(i¥’5) < a, for then the first extender used in [1, 6] is long,
with critical point kg, and we can use its superstrong part as usual to define
Th¥ (k} U pi1(N)) over the ultrapower. But Thi¥ (k} Upi(N)) ¢ P, because
it collapses a. W

Now let n 4+ 1 € [0,7]# be such that Z-pred(n+ 1) = 0.
Subclaim:
(a) 01(Q) = Kpp

(b) crit(E,) = kp .
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Proof: We already argued (a) in the proof of the previous subclaim. For
(b), we otherwise have crit(E,) < xkp. But then g1(P) = 01(Q) = a is in the
interval (crit(E,), iEyn(crit(En))), which is impossible.

Subclaim: [+ 1,7]s does not drop.
Proof: Otherwise N € Ps for some 5 >1. B

Since 01(P) = k} and crit(E,) < kp, it must be that crit(E,) = kr and

E, is long; moreover, F, has exactly one long generator because P has no

long extenders with space x}. on its sequence. Thus P is of type Z,, and the

first core of P is

CI(P> - Pn+1

and P,y is of type Z,. The generalized core of P is N, because the
branch N-to-() did not drop, so that NN is the generalized core of (). So

Pyo1 = Ulty(N, Ey) ,
and for 7 + 1 least in (1, 0]y,

Qr11 = Ulty(N, F;) .

Again, F, has exactly one long generator. We have
T . % .
bpt1y © VEy = Ury1,6 O UF
because both are the uncoring map from N into P = (). We then proceed

as in the argument that comparison terminates to show that E, = F,. This
is a contradiction. W

By the previous two claims, P is above H in 7. If ) is above M in
%, then repeating the argument given at the end of the non-anomalous
case yields that P = H and ) = M, since there are no extenders indexed
at o in our present case; so we have H <M, that is, a) or b) of Condensation.

If @ is above N in %, we can similarly argue that no extenders were
applied on the branch N-to-Q), so Q@ = N. This means H < N. But H is a
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plus-one premouse, and N violates projectum-free spaces, so H # N. This
means H < N. But N agrees with M| on all proper initial segments, so we
have that b) of Condensation holds.

This proves the Condensation Lemma in all cases. B

7 Preliminaries for the [J, Construction

For this and all future sections, we will work inside an iterable premouse W
such that W = ZFC.

7.1 Subcompactness

Given a cardinal x, we say that (Cy;k < a < kT Alim(a)) is a O,-sequence
if and only if

a) Each C,, is a closed unbounded subset of «;
b) Cz = Cy N whenever § € lim(C,,);

c) otp(Cy,) < k.

[, is the statement “There is a [.-sequence.”

A cardinal r is subcompact if and only if given any A C k1, there are
i<k, AC pu" and an elementary embedding

o:(H,+,A) — (H.+, A)

with critical point equal to pu.

Lemma 7.1. (Jensen, refining Solovay) If k is subcompact, then O,
fails.

Proof: Suppose € = (Co;k < a < kT Alim(a)) is a O,-sequence.
We can think of 4 as a subset of k7. Now by subcompactness, we have an
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embedding
o <HM+,<JZ> — <H,{+,(€>

witnessing subcompactness of x relative to €. Note € is a 0,-sequence.
Now let v = sup(c“(u*)). C, is a closed unbounded subset of v, which has
cofinality p*. However, we will show that all initial segments of C, must
have ordertype < p, which is a contradiction.

Notice that there are cofinally many 5 < p* such that cof(5) = w and
o is continuous at 7 and o(y) € C,. This follows from the standard clo-
sure argument and the fact that o is continuous at limits of cofinality < u.
Now for any such 7, we have that v = ¢(¥) has a club C;, = C, N y. And

cof(y) = cof(¥) = w, so otp(C5) < p, and by elementarity of o (which has
critical point p) we also have otp(C,) < p. B

A cardinal £ is 1-subcompact if and only if given any A C k11, there are
i<k, AC ™" and an elementary embedding

o <Hu++,zzl> — (H o+, A)

with critical point equal to p.
Lemma 7.2. If k is 1-subcompact, then U+ fails.

Proof: We give a slightly different proof than above. (The current
proof style can be adapted to the above subcompact case as well.)

Suppose € = (Cy; kT < a < k7T Alim(a)) is a O.+-sequence. We can
think of ¢ as a subset of k™. Now by l-subcompactness, we have an em-
bedding

o <Hﬂ++,cg> — <HH++,C€>

witnessing 1-subcompactness for €. Note € is a [J u+-sequence. Now let
v = sup(c“(ut™)). C, is a closed unbounded subset of v. Notice that there
are cofinally many 5 < p™* such that cof(7) = w and o is continuous at 7
and o(¥) € C,. This follows from the standard closure argument and the fact
that o is continuous at limits of cofinality < . Now for any such 4, we have

69



that v = o(¥) has a club C, = C, Ny. Thus, for 4/ < ¥ two such ordinals,
we have C)y = C, N~'. By elementarity this agreement will transfer down
to €, so we have an unbounded set of limit ordinals in u*+ whose clubs in
€ are strict extensions of each other. But then they must eventually have
otp > pt, so € is not a [J,,+-sequence, contradiction. W

Remark: The above argument in fact shows that IT? 1-subcompactness
implies failure of (k™). (Recall that (k™) is the statement “every coher-
ent sequence of clubs of length = k%1 can be threaded”.) Similarly, if
is I2-subcompact, then (k) fails. (See [4] for more details on [J(x) and
[12-subcompactness. )

The above arguments can be trivially modified to prove that [, o or U+ 5
also fail when & is subcompact or 1-subcompact, respectively. (O, o is a well-
known weakening of [J,; an official definition is given at the beginning of
Section 10.)

Remark: If  is 1-subcompact then x is IT3-subcompact.

We also have a characterization of subcompactness in terms of extenders
on the sequence of L[FE]:

Lemma 7.3. (from [5]) In L|E|, suppose k is a cardinal such that

{a |k <a <kt A(L[E]|) is active}

is stationary in k" . (In other words, there are stationarily many extenders—
short or long— indexed below k*.) Then k is subcompact.

Proof: Assume x is not subcompact; let A be the <j(g-least subset
of 7 = kT witnessing this. Notice that A € J% and that the set |JZ]|
(with no top predicate) is exactly H,. Also notice that any elementary
embedding o : (H,+,A) — (H,, A) with 1 < K can be coded as a bounded
subset of H,, and hence can be considered an element of H,. Thus, the fact

that A witnesses the failure of subcompactness for x can be expressed as
M = ¢(A,7), where M = L[E] || 7t and ¢(A, 7) is the X;-statement
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(3H)(H = |JF|) and =(3H, A, 0 € H)
(o0 :(H,A) —(H, A) witnesses subcompactness for x with A) .

A standard closure argument shows that the set of all ordinals v < 7
satisfying 7 N hy (v U {7}) = v is closed and unbounded in 7. Since we
assume that E, # () for stationarily many v, we can pick a v satisfying both

TNhy(vU{r})=v and E, #0 .

Let M’ be the transitive collapse of hy/ (v U {7}) and let ¢’ be the as-
sociated uncollapsing map. Then M’ is a passive premouse, p1(M') < v =
crit(o’) and o'(v) = 7. A further closure argument allows us to assume
01(M'") = v; this is because the set of v < T satisfying

(Vo < v)ThY (U {r}) € (M|v)

is a club in 7. If we require v to be in this club, clearly p,(M’) > v. Thus
we have v = (k)M = g, (M").

By the Solidity lemma of [3], M’ is solid and its standard parameter is
universal, so M = core,(M’) = transitive collapse of hy (v U p(M')) exists.
Let ¢ : M — M be the associated core map. Notice that v = (k7)M,
as any surjection g : & — v such that ¢ € M and a < v would give
rise to the surjection &(g) | a : @« — v, which would be an element of
M'. Consequently, the critical point of &, being at least v, must be > v,
as every ordinal between x and &(v) has M’'-cardinality equal to . Letting
o =0 05 : M — M, the above discussion can be summarized as follows:

e 01(M) = v and M is sound;
e crit(c) =v and o(v) = T;
e 0 is Xj-preserving.

These conclusions enable us to apply the Condensation lemma to M, M ,
and o, so one of the conclusions a) — d) of Condensation holds. (Notice
that Anomalous Case 4 does not apply, since the critical point v is a local
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successor of a limit cardinal, and AC4 requires it to be a local double succes-
sor.) a) and b) are impossible, since M has an extender indexed at v but M
does not. d) is impossible because v is a local successor of a limit cardinal,
and pseudoindices must be local double successors. This leaves only ¢). Set
N = Ult(M||v,E,). Then M <4 N. Set p = crit(E,) and 6 = (u+t)M. Since
M projects to v, we in fact have M < Ult(M||(6T)M, E,) = P.

Observe that since o is ¥;j-preserving and o(v) = 7, there is a set B € M
such that M = ¢(B,v). Let A be the < ;-least such B. Then A must
be 07'(A), since otherwise A <j; o(A) and the preservation properties of
o would force the existence of some A* < i A for which ¢(A*,v) holds in
M, a contradiction. Also notice that since M < P, A is the <p-least set
such that P = ¢(A,v). This means that A is ¥;-definable over P from
the single parameter v; it follows that A is in the range of the ultrapower
map ig, : M|[(0F)YM — P. Set A = z;i(fl) and 1 = o oip,. Then

w((Hy, A)) = (H,, A), which witnesses subcompactness of k for A; contra-
diction. W

Lemma 7.4. In L[E], suppose k is a cardinal such that

{a| kT <a<k™A@B>a (LIE)B is type Z1 A a = (kFT)HEFIRY)

is stationary in kT, (In other words, there are stationarily many exten-
ders pseudo-indezed below k*T.) Then k is 1-subcompact.

Proof: Assume r is not 1-subcompact; let A be the <pg-least subset
of 7 = K™ witnessing this. Notice that A € J% and that the set |JZ|
(with no top predicate) is exactly H,. Also notice that any elementary
embedding o : (H,++, A) — (H., A) with < k can be coded as a bounded
subset of H,, and hence can be considered an element of H,. Thus, the fact

that A witnesses the failure of 1-subcompactness for k can be expressed as
M = ¢(A,7), where M = L[E] || 71 and ¢(A, 7) is the X;-statement

(3H)(H = |JE|) and =(3H, A, 0 € H)
(0:(H,A) —(H, A) witnesses 1-subcompactness for £ with A) .
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A standard closure argument shows that the set of all ordinals v < 7
satisfying 7Nhy (vU{7}) = v is closed and unbounded in 7. Since we assume
that stationarily many v are pseudoindices, we can pick a v satisfying both

TNhy(rU{r}) =v and v is a pseudoindex.

Let M’ be the transitive collapse of hy/ (v U {7}) and let ¢’ be the as-
sociated uncollapsing map. Then M’ is a passive premouse, p1(M') < v =
crit(c’) and ¢'(v) = 7. Thus v = (k**)M'. As in the above Lemma, a
further closure condition on v allows us to assume without loss of generality
that in fact o(M’) = v. By the Solidity lemma of [3], M’ is solid and its
standard parameter is universal, so M = core,(M’) = transitive collapse of
har(v U p(M")) exists. Let 6 : M —s M be the associated core map. Notice
that v = (k*t+)M| as any surjection g : &« — v such that g € M and a < v
would give rise to the surjection 6(g) | @ : @« — v, which would be an
element of M'. Consequently, the critical point of &, being at least v, must
be > v, as every ordinal between T and &(v) has M’-cardinality equal to
k1. Letting 0 =0’ 05 : M— M , the above discussion can be summarized
as follows:

e 01(M) = v and M is sound;
e crit(c) =v and o(v) = T;
e (o is Xj-preserving.

These conclusions enable us to apply the Condensation lemma to M, M,
and o, so one of the conclusions a) — d) of Condensation holds. (Notice that
Anomalous Case 4 does not apply, since cofinally many levels of M project
to kT so if there were a total long extender G = E,]YW with critical point k, as
required by AC4, then any level of M above ~ which projected to x* would
cause a violation of projectum-free spaces, so M would not be a premouse.)

a) of Condensation is impossible, because v is a cardinal in M but is
collapsed in M. c¢) is impossible because v is a local double successor of a
limit cardinal, and extenders can only be indexed at local single-successors.
If b) holds, then M <1 Q, where Q is the Z; level at which v is witnessed to
be a pseudoindex (that is, @) is the collapsing-level for v).
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So we have that either d) of Condensation holds, or else b) holds and
M < Q. Set E = the extender pseudoindexed at v, and N = Ult(M||v, E).
Then in either of the above cases, M <I N. Set yu = crit(E) and § = (u++)M.
Since M projects to v, we in fact have M < Ult(M||(§+)M, E) = P.

Observe that since o is ¥j-preserving and o(v) = 7, there is a set B € M
such that M = ¢(B,v). Let A be the <g-least such B. Then A must
be o71(A), since otherwise A <y, U(A) and the preservation properties of
o would force the existence of some A* <,; A for which ¢(A* ) holds
in M a contradiction. Also notice that since M < P, A is the <p-least
set such that P }= @(A,v). This means that A is ¥i-definable over P
from the single parameter v; it follows that A is in the range of the ul-
trapower map ip : M||(6)™ — P. Set A =i3'(A) and 7 = 0 0. Then
7((Hy, A)) = (H,, A), which witnesses 1-subcompactness of x for A; contra-
diction. W

One of the goals of our main construction below is to show that the con-
verses of the above two lemmas hold as well: if s is subcompact in L[E]
then there must be stationarily many extenders indexed below x*, and if
Kk is 1-subcompact in L[FE] then there must be stationarily many extenders
pseudo-indexed below x™. We will discuss these implications more later.

7.2 Interpolation

Now we begin our actual construction of [J-sequences. Recall that we are
working in a fixed iterable premouse W such that W = ZFC|, and all state-
ments should be understood as internal to W. Let E = EW, the extender
sequence of W, so that JZ = W|a.

The goal which we are working towards is the construction of a [, se-
quence in W for any A which is neither subcompact, nor the successor of a
1-subcompact cardinal. We have shown above that [, fails for such A, so if
this goal were attained it would be a complete characterization of [J in W.
However, there seem to be substantial technical obstacles to achieving this
goal. One of these obstacles has the effect that our sequences will in fact
be [(4 2)-sequences instead of the optimal [, 1)-sequences; this is the prob-
lem of “unstable” W-levels described below in 9.6. We are hopeful that this
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problem can be resolved without too much difficulty; in particular, Steel has
sketched a possible solution involving the concept of “V-divisors”. At present,
however, the construction described below results in L5 2)-sequences.

The most difficult technical obstacle we have encountered, though, arises
from levels N of W which are active with top extender GG, where G has a
largest generator v which is a limit of generators. In the course of our con-
struction, we will need to identify the short part G | A\g of this extender just
from the ordinal v. (The recovery of G | Ag from v needs to be possible even
over some different level of W, which may be passive, or have a top exten-
der which is unrelated to G.) It is unclear how to make this identification
when g is a limit of generators, because in this case there is not enough
information indexed at v itself to uniquely identify G. However, if vq is
a successor generator of G (here we consider the first long generator to be
a successor generator), then there is an initial segment of G indexed at v¢,
namely, G | (vg — 1) = E,,. From here it is easy to identify G [ A¢ as the
short part of E,,.

Because of this, some key parts of our construction require the assump-
tion that the long active levels N which we encounter have a largest generator
v which is a successor generator. On the one hand, this assumption will al-
ways be met if all long extenders in W have finitely many long generators.
Thus one of our main results is a [y o construction for A as above, under the
“smallness assumption” that the extenders of W have < w long generators.
On the other hand, our construction can be considered as dealing with the
successor-generator cases of a complete [y construction for plus-one premice.
Because of this, we do not assume at the outset that all long extenders of
W have < w long generators. Instead, we will go as far as possible without
any smallness assumption on W, and then explicitly highlight the points at
which we assume v is a successor generator.

Now we embark on the actual construction. Fix a cardinal A which is not
subcompact and which is not the successor of a 1-subcompact cardinal. So
there are nonstationarily many extenders indexed between A and A™, and
nonstationarily many extenders pseudo-indexed between A and AT. We at-
tempt to construct a [Iy-sequence.

We start by forming a closed unbounded set . in A of levels which are
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‘local successors’ of A, i.e., fully elementary substructures of JF . Closing
upwards by an appropriate Skolem function, we can easily obtain a club of
such substructures of .J f+; however, in general the structures obtained in this
way will condense to levels of W only if that level of W does not have a top
extender. Because of our assumption that there are nonstationarily many
extenders indexed below AT, however, we can work inside a club where no
levels have top extenders. Likewise, our assumption that there are nonsta-
tionarily many pseudoindices lets us work inside a club where no levels are

pseudoindices. Therefore we have S a club in AT such that all 7 € S satisfy:
a) A is the largest cardinal in JZ;

b) JZ is a fully elementary substructure of Jx;

d) T is not a pseudoindex.

Remark: Our “smallness assumption” that the long extenders of W have
< w long generators will have the consequence that there are no type Z; lev-
els in T, hence no pseudoindices, and so condition d) above is superfluous
in that context. As promised, though, we go as far as possible in the full
generality of arbitrary plus-one premice.

For 7 € S, set N, = the collapsing-level for 7 in W, and k(7) = the least
k such that gr41(N;) = A, so that N, = W|(5, k(7)) for 5 = o(N;). So 7 is
a cardinal in N, but is collapsed by a E(Ik)—deﬁnable function over N,. Note
that no levels above A can project below A because it is a W-cardinal, and
the first level collapsing 7 must project to A because there are no cardinals
between A and 7 in JZ or any higher level.

Lemma 7.5. For N, as above, cof(o(NT(k))) = cof(7) (recall that N is the
k-th standard reduct of N; ).

Proof: Since NV collapses 7 to A, it has a 3; bijection f: A — 7.
Each value f(a) = f of this bijection is witnessed by some point x4 in NT(k),

for B < 7. Now observe that if cof(NT(k)) > cof(r), we could take the
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supremum of the levels at which the z4’s appear, and this level would be an
)

Y

element of Nf(k). But then the entire bijection f would be an element of NT(k
contradicting that 7 is a cardinal of N®.

If cof(r) > cof(N¥), there would be a particular level of N*) which
contained z4’s for cofinally many 3’s in 7. But this would be enough to get

a bijection from A to 7, because each ordinal § < 7 has cardinality A (as

witnessed within J¥). So again 7 cannot be a cardinal in N

, contradiction.

We would like to define canonical club subsets of each 7 by taking certain
hulls of N, and applying Condensation to show that these hulls are levels
of W below 7. We will define an interpolant of N, to be a structure with
a certain weak embedding into N, and ideally we can show that there is
a club in 7 of levels which are interpolants of N,. This is essentially how
Jensen first proved [y for all A in L. However, the presence of short and
long extenders on our sequence derails this proof at certain points. One ma-
jor problem is that if N, is pluripotent (see below), the interpolants of N
will not be premice at all, so they certainly do not condense to lower levels
of W.

Definition 7.6. For N, a level of W as above, we say N is short pluripotent
if and only if N, is active with short top extender G, kg < A, and k(1) = 0.

Definition 7.7. For N, a level of W as above, we say N, is long pluripotent
if and only if N, is active with long top extender G, k5 < A (note that
k& # N by projectum-free spaces), and k(1) = 0.

Pluripotent levels of both varieties will lead to protomice when we try to
shrink them down via interpolations. We now give the description of this
interpolation process:

Definition 7.8. Let M = (|M|,G) be a sound coherent structure; then a J-
structure M = (|M|, G) is an interpolant of M if there is a map o : M — M
that s EIS(N) -preserving with respect to the language of coherent structures
and such that o(p(M) = p(M), and for every o € p(M), there is a generalized

solidity witness Wa "™ in the range of o, and o(M) = o(M). In this case
we call o the interpolation embedding.
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We will use the following Lemma for interpolations of pluripotent levels
and protomice, in addition to non-pluripotent levels of W. In the former
cases, we will always have k = 0.

Lemma 7.9. Let M = (|M|,G) be a coherent structure with k = k(M) and
o(M) = oks1(M) = A, where A is a cardinal of W. Assume M is (k + 1)-
sound and (k + 1)-solid and that op(M) > A. Further, assume (AT)M =1 is
an ordinal in M and that T has uncountable cofinality (in W ). Then for any

B < T, there is an interpolant M of M with interpolation embedding o such
that crit(o) = (AH)M =7 > 3, and o(7) = 7.

Proof: We take a fully elementary countable hull X’ <y M such that
{A} € X'. Let X be the transitive collapse of X’ with 7 : X — M the
uncollapse map, and F' the extender of length A derived from 7. Now take
M = Ulty(X, F). We claim M is an interpolant of M with the desired prop-
erties, and the interpolation embedding of M into M is the natural factor
map o : M — M given by o(i% (f)(a)) = 7(f)(a) for f € X and a € A<¥.

E(()k)—elementarity of o follows easily from the basic properties of ultra-
powers (see [6]). To see that the critical point is 7, note that the embedding
is id on A U {A}, so the critical point is > 7; and also, cof(T) = w, since
771(7) has countable cofinality and is regular in X*) so Ulty(X, F) is con-
tinuous there. But 7 itself has uncountable cofinality, so the critical point is
< 7. Now we need to see that o(p(M) = p(M). But p(X) = 7~ 1%(p(M)) by
Y., elementarity of this hull, and ip(p(X)) = p(M) by a standard argument,
which we give in the paragraph below. It then follows that o(p(M) = p(M),
because o o ip = 7. Finally note that there are solidity witnesses for every
a € p(M) in the range of 7, and hence in the range of o, by elementarity of 7.

The proof will be complete once we show that ip(p(X)) = p(M). First
observe that A < ggy1(M), because A is a cardinal of W. And because M
is generated by ip“(X)UA = ir“(0p11(X)Up(X))UA =% (p(X)) UA, we
can see that ix(p(X)) is a good parameter for p(M). Finally, notice that
X is solid (by elementarity, since M was solid), and therefore ip({p(X)}) is
a top segment of p(M). But it is a good parameter, so it is the standard

parameter. W
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For the remainder of this subsection we shall use the notation of the above
definition, and in addition we let i =i : X — H be the ultrapower map.

In the proof above, we form interpolants of M by first taking a countable
hull X, then “fattening it up” by taking an ultrapower of length A. Note
that if M is a premouse, there is no difference between interpolants formed
using the language of premice and those formed using language of coherent
structures, because the constant symbols which are present in the premouse
language but not CS-language all refer to objects which are automatically in
the hulls we take. In particular, 4 and v, if they are defined for M, will be
put into X because it is fully elementary (in either language).

Note that o( H®) will have countable cofinality, since it is an ultrapower
of the countable set X.

Now we consider interpolants of our collapsing-levels V..

Lemma 7.10. Suppose H is an interpolant of N, formed as in the proof of
7.9 with interpolation embedding o, and letting crit(o) = T, suppose T is not
an index or pseudoindexr in W. Suppose further that N, is not pluripotent
(short or long). Then H is a level of W.

Proof: We will show that H is a plus-one premouse of the same type as
N,. Then we can apply Condensation to H. Notice that Anomalous Case
4 does not apply, since if there were a total long extender G = E,]YVT on the
N,-sequence such that k5" = 7, we would have A = (k5)"". But then N,
violates projectum-free spaces, contradiction.

Clauses ¢) and d) of Condensation are impossible, since they require
crit(o) to be an index or pseudoindex, respectively; so we have a) or b),
so the conclusion holds.

So the proof reduces to the problem of showing that H is a premouse of
the same type as IN,. Obviously the fully elementary hull X is a premouse
of the same type as N, because all conditions of premousehood are express-
ible by some first-order formulas. So we want to show that the ultrapower
embedding ig : X — H preserves premousehood. For this we will apply
Lemma 1.10, so we must verify that its hypotheses hold. We will first check
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the various assumptions of clauses a)-f), and save the verification that H
has projectum-free spaces for last. Recall that ¢ is an ultrapower map by an
extender of length A.

First note that ¢ is E(()k)—elementary and cofinal. Now if N, is passive
then so is X, and H is trivially a premouse; so assume N, is active with
top extender G. Also if k > 0 then i is Yy-preserving— in fact it is Q-
preserving. This is enough to verify a), b), or f) of Lemma 1.10, except for
the projectum-free spaces clause for H, which we defer for the moment.

Now suppose k = 0. Because N, is not pluripotent, we have that kg > A
if G is short, and (k5)N > A if G is long (this can be concisely written as
“dom(G) > A”). These facts transfer down to X: letting A be the preimage
of A in X, and G the top extender of X, dom(G) > A, and dom(G) is a
successor cardinal of X. Now since k(N,) = 0, i is a 0-ultrapower map, and
its only discontinuities are at points whose X-cofinality is < A. In this case
i is continuous at dom(G), so H has a total top extender. Also g > A,
so ¢ will map A& continuously into its image. Finally, if X is type Z;, vg
has X-cofinality equal to (k5)* > xf > A (because of non-pluripotence), so
again i is continuous at v5. This verifies all the hypotheses for ¢), d), or e)
of Lemma 1.10, except for the projectum-free spaces assumption.

The proof will be complete if we can show that H has projectum-free
spaces. First we consider 1) of 2.15. Note that gp1(H) = 0,(H) = A,
because there is a definable ¥, surjection from A U i(p(X)) onto H (so
oki1(H) < A), and A is an L[F]-cardinal, where our construction takes
place (so g,(H) > A). If A were the space of a long extender on the H-
sequence, then letting o : H — N, be the interpolation embedding, note
that crit(oc) > A, so o would send this long extender to an extender on
the N, sequence with space = A. But A was gx;1(N;), so this would vi-
olate projectum-free spaces for N,.. All that remains is to show that the
om(H) for m < k do not violate projectum-free spaces. But note that
1: X — H is a k-embedding, so we can follow the proof of projectum-free
spaces preservation that we used in Lemma 2.7. In particular, for m < k,
i(om(X)) = om(H), so the absence of PFS violations at those projecta in
H follows by Xi-elementarity of ig; and for m = k, if ¢ is continuous at
ok(X) the same argument applies, whereas if i is discontinuous at g (X)
then g (X) must be ¥j-singular in X and therefore a limit cardinal of X.
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Then ox(H) = sup(i“or(X)) is a limit cardinal of H and therefore cannot
cause a violation of 1) of PFS.

It is easy to see that H satisfies 2) of PFS, because X satisfies it: if & > 0
this follows from elementarity, and if £ = 0 then X does not have a short
top extender G such that there is a long F on the X-sequence with kg = kp
and ¢;(X) < x5. This is a II;-statement about X, so it holds in H as well. B

8 Short Protomice

We now describe the (much more complicated) situation that arises when N,
is short or long pluripotent. The interpolants of N, will then fail to be pre-
mice; instead they will be protomice, and we must invoke a procedure to turn
them into levels of W before we can use them in the definition of C,. We will
refer to the interpolated protomouse as M, and its associated premouse as N.

8.1 Fine Structure for Short Protomice

Definition 8.1. A short protomouse M = (|M|,G) is a J-structure, consid-
ered in the language of coherent structures, such that

a) | M| is a passive premouse with k(|M|) =0,

b) G is a short extender over | M| that it is not total on |M|; more pre-
cisely, there is an ordinal 6 < /ig such that G measures exactly the subsets

of kg in M6, and 6 = (KE)MI(G);
c) M satisfies the coherency condition Ultn(MHQ,G) = | M|,

d) 01 (M) is not the space of a long extender on the sequence of Ult,(N*,G),
where (N*,n) is the collapsing-level for 6 in M.

Remark: b) and c¢) imply that iz “(#) will be cofinal in o(M).
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In all our dealings with protomice, we will use the language of coher-
ent structures. This means we will be working with their Dodd parameters
d(M), and ¢;(M) in the above definition is the Dodd projectum. Also, we
only need to consider 3;-definability for protomice (in the language of coher-
ent structures), and never need to talk about Zgn)—deﬁnability over protomice
for n > 0.

Definition 8.2. Given a short protomouse M with top extender G, let OM =
dom(G). (Note 0™ < (KE)M) Also, let (N*)M be the collapsing-level for 0
in M; so (N*)M = (N*,n) where n is such that kg = 0,11(N*) < 0,(N*).

We will see later that pluripotent levels of W interpolate to yield pro-
tomice; this is a major problem for our [J construction. Schimmerling and
Zeman solved this problem in [5] by showing that these protomice can nev-
ertheless be canonically associated with levels of W, and the associations
are sufficiently uniform that we can translate the finestructural properties of
protomice back and forth with the levels of W.

Schimmerling and Zeman’s basic idea is that given a protomouse (M, G)
which is an interpolant of a level of W, we should apply G to the longest
initial segment of M which it measures. In our notation, the structure pro-
duced will be N = Ult((N*)™, &), and we will call it the “associated ppm”
of M. N can then be shown to be a premouse, and in fact with a bit of
diagram-chasing we can show that if (M, G) was derived from a level of W,
then N is a level of W. This will, hopefully, be the level of W canonically
associated with our protomouse M. It is of critical importance, though, that
the process of transforming (M, é) into N is canonically reversible: that is,
the level N, viewed on its own, must “know that it is a transformed proto-
mouse”, and must provide us with a recipe for reversing the transformation
and reconstructing that protomouse. Fortunately, the process is reversible—
there is a simple procedure by which N can reconstruct the protomouse
(M, G’) Unfortunately, there may be many different protomice which N can
‘reconstruct’. The different recipes which a level of W can use to reconstruct
protomice are called divisors. Our task, then, is to find canonical divisors for
levels of W, and at the same time to refine our interpolation process in such
a way that the protomice it produces are exactly those which correspond to
the canonical divisors. This is all successfully accomplished in Schimmerling
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and Zeman’s paper [5].

In the context of plus-one premice, matters are complicated by the exis-
tence of both short protomice and long protomice that can arise in interpo-
lations. We begin by reproducing the treatment of short protomice from [5],
but in the richer context of plus-one premice.

Definition 8.3. Given a short protomouse M with top extender G and
(N M = (N* n), we define the associated ppm of M to be Ult,(N*,G),
and we call 15 the associated ppm embedding.

Remark: It is easy to see, using 2.9, that the associated ppm of a short
protomouse M is in fact a potential premouse. This is because the ultra-
power map ¢s is only discontinuous at kg, which is a limit cardinal of N*; so
by the remark following 2.9, if the associated ppm has a top extender then
it must be total.

Remark: There is, unfortunately, a very technical case-splitting which
we must consider. If N* = (N*)M is passive or has a top extender H such
that Ay > kg, then 2.24 can be used to show that N = Ult,(N*,G) is a
premouse of the same type as N*. However, if N* has a top extender H
such that Ay = kg, then is will be discontinuous at Ay = A(IN*). This
disrupts the application of 2.24, which essentially relies on the embedding
being continuous at A\(N*). We will see in 8.23 that it is still possible in this
case to show that IV is a premouse; however, it may not be of the same type
as N*. Because of this, iz will not be an n-embedding in the language of pre-
mice when Ay = kg, but merely an n-embedding in the language of coherent
structures. Many of the lemmas that follow have two parts, corresponding
to this case-splitting.

Now we describe the finestructural relations between a protomouse M
and its associated ppm V.

Lemma 8.4. (Parameter-Less Simulation of Definable Singletons
of N from within Protomouse)

(from [5])
Let M = (|M|,G) be a short protomouse. Let k = kg, A\ = Mg, and
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N* = (N M. Leti : N* — N be the associated ppm embedding. Let
¢ < A, b C X be finite, and r = i(p(N*)), so min(r) > X if r is nonempty.
Then {C} is (Eg"))N-deﬁnable from r, b, and an ordinal & < Kk if and only
if there is an f : kK — Kk in N* such that ¢ = i(f)(b). Likewise, y C X is
(Eg"))N—deﬁnable from r, b, and an ordinal & < k if and only if there is an
f ik — P(k) in N* such that y =i(f)(b).

Here (Eg"))N—deﬁnability 15 in the language of premice if 1 is an n-embedding
in the language of premice, and in the language of coherent structures if i is
an n-embedding in that language.

The proof is the same whether 7 is in the language of premice or coherent
structures; the difference arises only in which version of Lo$’s Theorem ap-
plies to i. In what follows we prove both versions at once. We focus on the
case with a single ordinal (; the proof for y C X is similar.

We begin with the forward implication. Suppose ¢ is the unique object
such that N |= (32)¢(z, ¢, r,b) where ¢ is a S-formula. Fix a 6* < o'
large enough such that, setting § = 4(6*), there is a z € N(™|§ witnessing
this existential statement; such a §* exists since i is cofinal in N, Define a
partial map f : []"l — & as follows:

f(x) = the unique ¢ < k such that N* |= (3z € (N*)(n)|5*)¢(27€7P<N*)7$> .

Then f, being a ()N subset of & < 9,(N*), is an element of N*.
Applying i, it follows that i(f)(z), if defined, is the unique ordinal & < A
such that we have (32 € N™|8§)¢(2,&,r,2) in N. But for 2 = b, we know
that i(f)(x) is defined, so i(f)(b) = (. Obviously, f can be turned into a
total function on [k]®l by setting f(x) = 0 whenever f(x) is undefined by the
above definition.

To see the converse implication, suppose ¢ = i(f)(b) for f, b as above;
since N* is sound, there is a ¢ < « such that f = A}, (£, p(N*)). The
preservation properties of ¢ then give i(f) = A%, (€, 7), so ¢ can be defined

in a ©{"-fashion over N as follows:

(39)(g = hy 1 (&7) & ¢ = g(b)) .
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The following lemma shows that definable subsets of A in N are also
definable in M; thus it is a stronger version of the above lemma, since it
applies to arbitrary definable subsets instead of just singletons. However, it
requires 6 as a parameter in the definition over M. It will turn out that the
embeddings we consider between different protomice do not preserve 6, so
we will have to make do with 8.4 in those contexts. We will primarily need
8.5 in showing that the projectum of a protomouse is the same as that of its
associated premouse.

Lemma 8.5. (Simulation of Definable Classes of N from within
Protomouse, in Parameter 0)

(from. [5])

Let (M, G) be a short protomouse. Let N* be the longest initial segment of M
on which G is total. Let r = Ka, A= MAg, and i : N* — Ultn(N*,é) =N
be the largest possible fine ultrapower map. Let r = i(p(N*)), so min(r) > A
if v is nonempty. Then we have:

a) Ifi is an n-embedding in the language of premice, then for any 25”’-
formula ¢(vy...vy) in the language of premice, there is a X1 -formula ¢*(vg...vy)
in the language of coherent structures such that for every tuple xy...xy € JE,
we have

N = é(r,x1...zp) if and only if M | ¢*(0,21...2) .

b) If i is an n-embedding in the language of coherent structures, then
for any EY‘) -formula ¢(vy...ve) in the language of coherent structures, there
is a Xq-formula ¢*(vg...vy) in the language of coherent structures such that

for every tuple xy...xzy € JF, we have

N = é(r,x1...z0) if and only if M | ¢*(0,21...7) .

Proof: First we consider a). We may assume x;...z, are all ordinals
< ), since each z € J¥ is ¥-definable from an ordinal < .
Suppose ¢ is of the form (3z)1(z,vo...v,) where ) is E(()"). Then N
¢(r, z1...70) if and only if (Ju € (N*)™)[N = 3z € w(u))(z, 7, z1...70)).
Using Lo$’s Theorem, this can be expressed in a >;-fashion over M as
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(3Q7p*7 k,a,Yy,u, m)¢(>§(@>p*7 Kk,a,y,u,m, 97 -Il-'-l'f)

where ¢§(Q, p*, K, a,y,u, m, 0, xy...x;) is the conjunction of the following
statements:

e () is an initial segment of M and m € w,
o 0= (k)% 0m+1(Q) = £ < 0m(Q), p" = p(Q) and u € Q)

e = {<771...77[> SV | Q }: (32 € U)¢(Z7p*77]1‘“77€)}7

o y=F(a) and (z;...7/) € y.

The proof for b) is the same, but only allows translations in the language
of coherent structures because this is the version of Los’s Theorem that ap-
plies in that case. B

The next lemma shows how the associated ppm of M can still “see” M to
some extent. This allows us to translate back and forth between protomice
and their associated ppm, which is necessary for the finestructural computa-
tions which follow.

Lemma 8.6. (Stmulation of Short Protomouse From its Associ-
ated Premouse) (from [5]) Let M be a short protomouse with associated
ppm N, and i = isz : N* — N the ultrapower map. Let ¢(vy...v¢) be a
Y1-formula in the language of coherent structures. Then we have

a) If i is an n-embedding in the language of premice, then there is a

Egn)—formula Y(v, v, vg...p) in the language of premice and an ordinal &y < K
such that for every xy...xy € M,

M = ¢(xy...zp) if and only if N = (r, &, K, T1...2) .

b) If i is an n-embedding in the language of coherent structures, then

there is a Zg”) -formula ¥ (vg...v¢) in the language of coherent structures such
that for every xy...xtp € M,

M = ¢(xq...x0) if and only if N = ¥(k,z1...x0) .
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Proof: First we focus on a). Since ¢ is a ¥j-formula, M = ¢(x;...2¢)
if and only if there is an ordinal ¢ < o(M) such that (JF, GNJF) k= ¢(zy...z¢).
Fixing an ordinal &, < s such that h2,, (£, r) = A(k, ¢), this can be expressed

over N in the parameters r, k, &, as

(EIC7 )‘7 617 527 f7 G7 Q) w(C7 )" 517 527 fv Ga Q7 T, gOa R, xl-"l‘f)

where 1 is the conjunction of the following statements:

o (1,0 <rkand ( < AT ;

o ¢=hyn(Br,r), f=hl0(8,r), and A= R, (6o, 7)
o AT PANIE;

o G={(f(a)N&, f(a))|a <r}and Q= (JF,G);

o QE ¢(xy..1p) .

In other words, 1 asserts that there is a level JCE and a surjection f :

Ak, q) 225 P(A) N JE which are both in the range of i (so that their col-
lapses in N* will be, respectively, a level of N* and a surjection from x onto
that level’s P(k)). From here we can describe a fragment of the protomouse-
extender, called GG, as the set of ordered pairs of subsets of £ in this level of
N* and the subsets of A(k,q) which they stretch to by . (This is trivially
equivalent to our official description of extender-predicates.) The resulting
structure @ is a level of M.

The proof of b) is almost identical, but 1 now requires fewer parameters;
recall that in this case, we must have A(k, ¢) = Ay, so r is empty, and also we
can talk about A(k, ¢) in the formula ) without requiring &, as a parameter.

We can now relate the finestructural properties of M and N. Recall
that for a protomouse M, W2 = H{(a U {s}); and for a premouse (N, n),
W(fz\,fs - Hrj:[—&—l(a U {S})
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Lemma 8.7. (from [5]) Let (|M|,G) be a short protomouse and N the
associated premouse, with ultrapower embedding i, and let n be the degree of
soundness of N* = (N*)M (so i is an n-ultrapower map). Set o(M) = n,
K=FKa, A= Ag, and r =i(p(N*)) (so min(r) > X if r is nonempty). Then

a) 01(M) = opt1(N).

Denote this common value by p. Granting that kK < g, the following holds:
b) pni1(N) N A = d(M).

c) M is 1-sound if and only if N is (n+ 1)-sound.

d) Let s be a finite subset of X and @ < o < X\. Then W), = Ult,(N*,G),
where G s the top extender of WO{V[S (so G has the same ultrapower as
G| (coordinates in o U s)). Moreover, the associated ultrapower embedding
18 precisely the uncollapsing map associated with the Zgn)(WéV)-hull of KUT,

where T is the preimage of r under the canonical witness map.

e) M is 1-solid if and only if N is (n+ 1)-solid.

Proof: Note first that neither o; (M) nor g,.1(NV) is larger than \. First
we show a). If A is a ¥, (M )-relation in p; (M) then by 8.6 there is a S\ (V)-
relation A* in d(M), r, and 6 such that A* agrees with A up to o;(M). Choose
A such that AN (M) ¢ M. Then A* N (M) is not a member of JfEM)
and therefore of N; this follows from the fact that o(M) is a cardinal in N.
Thus, 0,+1(N) < 01(M). The dual argument using 8.5 yields the converse,
which proves a).

From now on suppose that £ < 9. We now prove b). The ordinal p, being
smaller than ), is a cardinal in both M and N. It follows that § < p. Given A
as above, by 8.6 there is a Zgn)—relation A* such that A(§) <> A*(d(M),r,0,§)
whenever £ < A\. From A* we obtain a new subset of ¢ which is Eg")(N ) in
d(M)YUr,; sorU (pur1(N)NA) = ppi1(N) <ier ¥ Ud(M) and, consequently,
P (V) N A <per d(M). As before, the dual argument yields the converse,
which proves b).
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If M is l-sound, then every £ < A is X;(M)-definable from d(M) =
Pn1(IV) N A and a parameter less than p. Thus, every £ < A is Egn)(N)—
definable from 7 U (p,41(N) N A) = pp41(IV) and parameters less than o. In
other words, N = Hulll ;(0 U {pn+1(N)}). Thus, pt1(N) € Ryy1(N), so
N is (n+1)-sound. The converse follows again by the dual argument, which
proves c).

Next we prove e) from d). To see that the 1-solidity of M implies the
(n + 1)-solidity of N, notice that WM = HM (o U {d(M)}) can be encoded
into a X1 (M) subset A of a. Such an A is in J by acceptability, and W}
can be reconstructed from A inside J. But then also W. is in J by d).
For the converse use again the dual argument.

Finally we show d). Let & : Wé‘/ls — M be the canonical witness map,
A = A and 7 = o(W2L). Since ¢ is ¥;-preserving, dom(G) = P(k) N JF,
so G can be applied to N* (notice that N* is an initial segment of W_%).
Let W = Ult,(N*,G) and 7 : N* — W the associated ultrapower map.
Clearly 7 is Egn)—preserving and cofinal, and W = Hull!". (A U {F}), where
7 = a(p(N*)). We can also define a natural factor-map o : W — N by
o(7(f)(a)) = i(f)(5(a)) for a € [A]<“. Tt is easy to see that o is E(()n)—
preserving and cofinal, by Los’s Theorem for Z(()n)—formulas together with
the cofinality of & and i. Also, i = 0 o & and crit(c) > 7. It follows that
o(r) =r, 0 | a=1id, and, letting § be the g-preimage of s — (a + 1), also
o(5) =5(5) = s — (a+1). As each ¢ < X is X;(W2)-definable from § and
parameters below a, 8.6 allows us to conclude that W = Hull), , (aU{rUs}),
so Hulll, ,(aU{rUs—(a+1)}) = range(c). But this means that W = W2,
and o is the associated witness map. B

8.2 Short Divisors

We now look at how the ppm N associated to M = (|M|,G) can recover
M. We want to see that N* can be identified as a Zgn)—hull in N, using
the standard parameter of N to help identify it. If we can do this, the
protomouse-extender G can be recovered as the extender of the correspond-
ing uncollapse map.
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Definition 8.8. Let N = N- be the collapsing-level for T in W, with 0,41 (N) =
A < 0,(N) and 7 = (A")N. Then a pair (k,q) is a short divisor of N if k
is a cardinal < A, and there is an ordinal A(k,q) with A < A(k,q) < 0n(N)
such that, letting r = p(N) — q, the following conditions hold:

a) g = p(N) N Ak, q),
b) HY (kU r) N o,(N) is cofinal in oY,
¢) MK, q) is the least ordinal in HY, (kU 1) — K.
In addition, we say (k,q) is a strong short divisor if it satisfies:

d) P(r) NHY ((kUr) =P(k) NHY  (kUp(N)).

We refer to HY, (kUr) as the divisor-hull associated with a short divisor
(k,q). Conditions a), b), and ¢) above constitute the definition of divisor
in [5]. However, the authors of [5] exclusively consider “strong divisors” in
their O, construction, which have the additional clause d). Thus our “strong
short divisors” are the “strong divisors” of [5]. We only need to consider the
notion of non-strong short divisors in order to develop the theory of strong
short divisors in this subsection; after this subsection we will only be using
strong short divisors.

Note that the uncollapse map 7 from a divisor-hull H2',,(x U r) into N

is $\"-elementary and cofinal.

Lemma 8.9. If N is a level of W and (k,q) is a short divisor of N with
divisor-hull N*, then k is a limit cardinal of W, and is inaccessible in N*.

Proof: First we show that « is a limit cardinal in N*. Clearly it is a
cardinal. If k = (p™)N", then N* = “p is the largest cardinal in J¥ 7. Let-
ting 7 : N* — N be the uncollapse map, N | “n is the largest cardinal in
Jf(ﬁ)”. But (k) = A(k, q), and there are certainly cardinals greater than 7
below it, e.g., A; contradiction.

It is now immediate that s is a limit cardinal in W, because 7 is ;-
elementary with critical point , and so the cofinal sequence of N*-cardinals
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below k are all preserved as cardinals < A in N, and N agrees with W below
A. Finally we note that x must be regular in N*, hence inaccessible, because
it is the critical point of 7. Il

Lemma 8.10. If N is a level of W and (k,q) is a short divisor of N with
divisor-hull N*, then N* is a proper initial segment of N.

Proof: Let m : N* — N be the uncollapse map associated with the
divisor-hull. Thus crit(r) = k and 7(k) = A(k,q) = X\. Set s = 7 1(r)
(recall r is a top segment of p(IN), namely, the part above A). Then N* =
Hulll, (k U s); combining this with the previous lemma, we conclude that

Qw(N*) = Qn—i—l(N*) =K< Qn(N*) )

and also that s is a very good parameter for N*.

We would like to see that N* is a premouse of the same type as N by
applying Lemma 1.12. First we show that N* satisfies projectum-free spaces.
Clearly for m > n, 0,,(IN*) is not a space, since we have just seen that it is
a limit cardinal, namely x. For m < n, we know that 7 is an n-embedding,
so we can follow the argument given in Lemma 2.7 to show that g, does not
cause a PFS violation.

Now if N is type A or B (short or long varieties), then clauses a) or
c¢) of Lemma 1.12 can be applied immediately. If N is type C (short or
long), we need to verify that n > 0. But if n = 0, then A = ¢;(NN), and
01 of any type C' premouse is always the largest cardinal of that premouse
(by 2.22). This contradicts the fact that A < A in the definition of a divi-
sor, since A is a cardinal of N. Thus N* is a premouse of the same type as V.

Claim: N* is sound.

Proof: If (k7)Y does not exist, then N* is easily seen to be sound: if
s is empty then N* is trivially sound, because in this case N* = Hull}, (k)
and we know that kK = g,+1(N*). If s is nonempty and ¢ < s is the standard
parameter for N* then by universality ¢ generates s, since they are both be-
low x*. But then ¢ is a very good parameter, so N* is sound.
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Now assume (k7)™ exists. Recall that 7 sends its critical point % to A,
and that N = Hulll) ,(AUr) = Hull) ;(A U 74(N*)). Letting G be the
extender of length A derived from =, it follows that @ = ii. (That is, the
short extender derived from  is sufficient to capture the full embedding.)
This implies that 7 is only discontinuous at points of cofinality » in (N*)™).
In particular, it is continuous at 8 = (k7)V".

We want to see that s is the standard parameter of N*. Suppose t <je, S
were the standard parameter; by the Solidity theorem of [3], we have that ¢
is universal. That is, N*|§ C Hull)',(xUt). But then Hull), (kU (t)) is
cofinal in At (using the fact that 7 is continuous at 6). However, 7(t) <je. 7,
so ThY ,(m(t) UX) € N, by solidity of r. This theory codes a collapse of

(AT, which is a contradiction. W

We have shown that 7 : N* — N is a E(()”)—elementary and cofinal em-
bedding, with critical point kK = g,11(N*), and that N* is a sound premouse
of the same type as N. This is all we need in order to apply Condensation.
(Notice that Anomalous Case 4 does not apply, since the critical point & is
a limit cardinal, and AC4 requires it to be a local double successor.)

Clause a) of Condensation is obviously impossible, since N* projects to
x while N does not. Clauses ¢) and d) require x to be a successor cardinal
in N, which it is not. Thus clause b) must hold. This proves the Lemma. H

We are finally ready to describe the protomouse associated with this di-
visor (k,q). Because N* projects to k, it must be the collapsing-level in L[E]
for § = (kT)N". (It is possible that & is the largest cardinal in N*, in which
case 0 = height(N*).)

Definition 8.11. For N a level of W and (k, q) a short divisor of N with m :
N* — N the uncollapse map associated with the divisor-hull, let § = (k)"
and n = ((Mr,q)) )N =n(0). (If 0 = height(N*) then n = height(N).) We
define N(k,q) = (Jf,G), where G is the extender of length \(k,q) derived
from m, and call N(k,q) the protomouse associated with the divisor (k,q).

Note that crit(G) = k and dom(G) = 0. Thus N(k,q) is a short proto-
mouse, since < (kT)FEL
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Lemma 8.12. If N is a level of W and N (k, q) is the protomouse associated
with a divisor of N, then the associated ppm of N(k,q) is N.

Proof: The associated ppm of N(k,q) is given by Hull) (kU {r} U
A(K,q)), because the associated ppm map is the ultrapower map by a short
extender of length A\. But this hull is the full premouse N, since N is sound
and 0,41(N) = A < A(k,q) and p,1(N) =rUq with ¢ C A(k,q).

Remark: Lemma 8.12 implies that in the situation described, d(N (&, q)) =
q. This is because Lemma 8.7 clause b) tells us that p(N) N A = d(N(k, q)).

Remark: It follows from 8.12 and 8.7 that any protomouse N(k,q) as-
sociated with a divisor of a level of W must be a sound short protomouse.

There is another important fact about short divisors which we will need
in our [Jy construction. We say that two short divisors of a given W-level
N overlap if neither one’s divisor-hull is contained in the other’s divisor-hull.
The point of our definition of strong short divisors is to guarantee that there
can never be two overlapping divisors of our W-levels /N; thus, we can order
the strong short divisors of NV by the inclusion ordering on their divisor-hulls.
We turn now towards proving this fact.

Lemma 8.13. (From [5]) Let N be a level of W and (k,q) a short divisor
of N. Let r = p(N) —q. Let N* = HY (kUr) and P = HY, (kU p(N)).
Then the following are equivalent:

a) (k,q) is a strong short divisor; that is, P(k) N N* = P(k) N P.
b) N* =M, "1 (o(P) U p(P)).

¢) Ip(P)] = [p(N*)| = [r|.

Proof: Recall that kK < A by Definition 8.8. Now let 7 : N* — N
and 7’ : P — N be the associated uncollapsing maps, and 7* = 7"t o7 :
N* — P. Both 7’ and 7* are Eén)—preserving and cofinal, and N* and P
have the same (n + 1)-st projectum k. The map 7’ is sufficiently preserving
to guarantee that P is a premouse. By the Solidity Theorem of [3], P is

solid and its standard parameter is universal. (Since & is a limit cardinal, P
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cannot be type Z,, because Z, levels always project to a successor cardinal.)

Setting p’ = 7*(pn+), solidity implies that the parameter p’ is a top seg-
ment of pp. To see that a) implies b), notice first that p’ is a good parameter
for P. This follows by the standard argument: pick a set A that is 25”) over
N* in parameter py«, such that ANk ¢ N*. Letting A’ be Zgn) over P in
parameter p’ by the same definition, we have ANk = ANk, s0 A Nk ¢ P
by a). Hence p’ < p(P), and p’ > p(P) follows from Solidity.

Clause c) is an immediate consequence of b), so it remains only to derive
a) from ¢). We have seen that p(P) is a lengthening of p'; clause ¢) then
implies that they are equal. So N* is HY (kUp(P), and a) follows from the
universality of p(P). B

The authors of [5] showed that strongness of a short divisor can be char-
acterized over the associated protomouse N(k,¢q) in a simple way, which we
now describe.

Definition 8.14. Let M = (|M|, G) be a short protomouse or short pluripo-
tent level of W; we say that an ordinal 6 < 0y is closed in M relative to
d(M) if and only if for every f: kK — P(k) from M||0 and every £ < K, we
have i(f)(d(M), €) N & € (M][6).

Notice that if § < (M) is a limit of ordinals that are closed in M, then
6 itself is closed in M. Thus, the set of all # < (M) which are closed in
M is a closed set. Notice also that if M is a pluripotent level of W then
Orr = (kT)M is trivially closed in M.

Lemma 8.15. (From [5]) Let N be a level of W and (k,q) a short divisor
of N. Then (k,q) is strong (that is, it satisfies d) of Definition 8.8) if and
only if O(k, q) is closed in N(k,q).

Proof: Lemma 8.4 implies that for each  C A we have z € Hull}, (kU
p(IN)) just in case z is of the form ig(f)(q,&) for some £ < k and f : Kk —
P(k) from dom(G), where G is the top extender of N(k,q). So (k, q) satisfies
d) if and only if z Nk € N*(k, q) for each such x which, in turn, is equivalent
to the requirement that ig(f)(¢,&) Np € (M][0). B
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Definition 8.16. Let N = N, be the collapsing-level for T in W, as described
at the beginning of 7.2, and let q be a bottom segment of p(N). Then D;(N) =
{rk < A|(k, q) is a strong short divisor of N}.

Lemma 8.17. (From [5]) D;(N) is closed and bounded in A.

Proof: First we show that it is closed. Given a limit point x of D} (),
the pair (k, q) is clearly a short divisor of N. Suppose for contradiction that
(k,q) is not strong. Let m : N* — N be the uncollapse map associated
with the divisor-hull of (x,q), 7’ : N’ — N the uncollapse associated with
N' = HY [(kUp(N)), and 7* = (7')"' o 7. Let further r’ and p’ be the
n'-preimage of r and p(N), respectively. Then both N* and N’ are premice,
as in 8.13. Also as before, we observe that p(/N') is a lengthening of .

Granting that (k, q) is not strong, p(N’) is a proper lengthening of r/, by
8.13. Let v = maz(p(N’) —r’). As N’ is solid or type Z, (by the Solidity
Theorem of [3]), W, € N’, where W, is the standard solidity witness for «
with respect to N’ and p(N'). Let r/, be the preimage of 7’ under the canonical
witness map o7, : W, — N’. Pick £ <  such that (o, W, %) = h¥, (&, p);
this is possible since p’ is a very good parameter for N’. Pick further a strong
divisor (%, q) for N such that £ < & < k. Let N'(&) = HY,;(F Up(N)). Let
7'« N'(k) — N be the uncollapsing map, and p = (7')"'(p(XN)). Notice
that o = (7/)to is a Eg”)—preserving embedding of N'(%) into N'(x) which
sends p’ to p’. By our choice of &, the range of ¢ contains ar, W, and r/,. Let
o(z1...20) be a Zg”)—formula. Since W is the standard solidity witness for «
with respect to N" and p(N'), the premouse N’ satisfies the Hén)—statement

(V&1--& < a)(@(&1--&e, ) > Wa = 0618, 70)) -

Since Hén)—statements are downward preserved under o, the same is true
of @, 7, Q and 7, in N'(R), where &, () and 7/, are the o-preimage of o, W,
and p!,, respectively. Thus, if A is any set of ordinals which is Zgn)—deﬁnable

over N'(k) in parameter 7 then ANE, being Zgn)-deﬁnable over () in param-
eter 7, is an element of N'(&). It follows that 7 # p(N'(R)). By 8.13, (&, q)
is not strong after all, contradiction.

Now we show that D} (N) is bounded in A. Suppose it was unbounded;
then by the above argument, (A,q) would satisfy all the conditions of a
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strong short divisor of NV, except for the clause in Definition 8.8 that xk < A.
In particular, letting N* = HY, (AU r) and N = HY (AU p(N)), we
would have P(A) N N* = P(k) N N'. But N’ = N by soundness of N, so
P(A) NN = P(A)n N*. In the remainder of this proof, we will reach a
contradiction by showing that N* must be missing a subset of A which is in

N.

First we show that ¢ is nonempty. Suppose q were empty; then HullY (AU
r) = N by soundness, but this contradicts ¢) in Definition 8.8. So let
x = max(q). Then the X, -theory of N* = HL (AUr) can be computed in
N from the solidity witness for z, since NV is solid or Z,; and this theory will
therefore be an element of N. (If N is Z, and x = min(p(V)), recall that
N still satisfies weak solidity at x. Note that z > A, and taking any o with
A < o < z, we can still compute the ¥ ,-theory of N* = HY | (AUr) from
the weak solidity witness for «.) But N* projects to A, so there is A C A
which is missing from N* but definable over N*, and therefore an element of

N. This is the desired contradiction. H

The reason Schimmerling and Zeman introduced strong short divisors in
[5] is the following fact:

Lemma 8.18. (From [5]) Let (k,q) be a strong short divisor of N and q
be a proper bottom segment of q. Then there is no k < k such that (R, q) is
a short divisor of N.

Proof: Suppose otherwise; let this be witnessed by (k,q). Let 7 =
p(N) —g; clearly 7 is a proper lengthening of r and o« = maz(q) is an element
of 7 — q. Now letting (&, ¢) be the uncollapse associated to the divisor-hull
of (R, q), observe that k%, (k U7) = range(r(R,q)) contains a generalized
witness (@,t) for a with respect to N and p(N), so (@,t) must be in the
range of the larger embedding 7' : N’ — N, where N’ = H%,,(x U p(N)).
Notice that (Q,t) is a generalized solidity witness for o with respect to N
and 7 = p(N) — ¢. Then (Q',t') = (7')"1((Q, 1)) is a generalized witness for
(7')"H(«) > K with respect to N” and v’ = (7/)7!(r). It follows that p(N’)
must be a proper lengthening of ', which contradicts strongness by Lemma
8.13. W
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We can now show that there is a particular strong short divisor of N

which has a strictly larger divisor-hull than any other strong short divisor of
N.

Definition 8.19. Let N = N, be the collapsing-level for T in W, and suppose
there is at least one strong short divisor of N. Let q be the smallest bottom
segment of p(N') such that D} (N) is nonempty. Let k be the maximal element
of D;(N) (there is a mazimal element, by Lemma 8.17). Then we say (k, q)
1s the canonical strong short divisor of N.

Remark: We will discuss the significance of canonical strong short divi-
sors for our [J, construction in 9.6. For now we record an important feature
of these divisors in the following lemma.

Lemma 8.20. If (k,q) is the canonical strong short divisor of N, then any
other strong short divisor (k',q") of N must have ¢ C ¢' and ' < k; in other
words, the divisor-hull corresponding to (k',q') is a subset of the divisor-hull
corresponding to (k,q).

Proof: Clearly ¢ C ¢/, because Definition 8.19 took the smallest ¢ for
which there are any strong short divisors of N. Now if ¢ = ¢’ then k' < k,
again because Definition 8.19 took the largest x for which (k, ¢) is a strong
short divisor. On the other hand, if ¢ C ¢’ then we must have x’ < k, because
otherwise Lemma 8.18 gives a contradiction. H

8.3 Short Protomouse Condensation

The following lemma shows how short protomice arise from interpolations of
short pluripotent levels.

Lemma 8.21. If N, is short pluripotent and M s an interpolant of N, then
M is a sound short protomouse.

Proof: Let X be the fully elementary countable hull from the interpola-
tion procedure. The ultrapower embedding ip : X — M is Xy-elementary
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and cofinal, which is enough to verify a) and ¢) of 8.1. To see that the top ex-
tender G of M is not total, note that because (N,, G) was short pluripotent,
ke < A So (k5N = (kE)M, because these models agree up to A (indeed
slightly beyond it). However, in N, the amenable predicate coding G is split
into fragments which are cofinal in the height of N;; specifically, letting G¢
be the fragment measuring P (r¢) N (N,|€) for € < kg, we have that {G¢ | € <
kg;} is cofinal in the height of N,. But G = U<z ig(m1(G,)), and since
is not cofinal in o(N;), letting o = sup(7“(X)) and 6 = sup({{ | Ge < a}),
we have § < k5 and G = U,<o ig(7~1(G,)). This shows that G is not total
on M, and verifies all conditions of short protomousehood except for d) of
8.1; and this last clause follows from the fact that g (M) = A, since A is not
the space of an extender in IV, by PFS, and this fact is preserved by o. The
fact that M is sound also follows easily from the preservation properties of
interpolation embeddings. W

Lemma 8.22. If N, is the collapsing-level for T in W (following the conven-
tions set at the beginning of Section 7.2), and (k,q) is a short divisor of N,
with associated protomouse M, = N.(k,q), then any interpolant M of M, is
a short protomouse.

Proof: The proof is similar to the one we just gave for 8.21, but now
the target structure is a short protomouse M, instead of a short pluripotent
level of W, which in fact makes things easier. As before, let X be the fully
elementary countable hull from the interpolation procedure. The ultrapower
embedding igp : X — M is Yy-elementary and cofinal, which is enough to
verify a) and ¢) of 8.1. b) follows easily from the fact that (x5)" = (k)M
and the fact that b) holds in M,. The rest of the lemma follows exactly as in
8.21. (Note that M, is sound and solid, by 8.7 and the fact that M, is the
protomouse associated with a sound and solid level of W.) R

Lemma 8.23. (Short Protomouse Condensation) Let M, = (|M.|, G)
be either a short pluripotent level of W, or the protomouse associated with
a dwisor (k,q) of N, where N, is the collapsing-level for T in W. Let
M = (M|, G) be an interpolant of M, such that the interpolation embedding

has critical point T € S (see Section 7.2), and let N be the associated ppm
of M. Then N 1is a level of W.
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Remark: The cases listed above are not exclusive— that is, pluripotent
levels can have divisors. In our construction we will take interpolants of
protomice associated with divisors (short or long) whenever there are such
divisors; pluripotent levels can be thought of as a “limiting case” of divisors
when there are no divisors proper, since the interpolants of a pluripotent
level are similar to the interpolants of protomice.

Proof of 8.23: By either 8.21 or 8.22, we have that M is a short
protomouse with g;(M) = A. Let 0 : M — M, be the interpolation em-
bedding. Now we describe how N can be embedded into an L[E]-level. If M,
is a protomouse then let ig : (N*)™ — N, be the associated ppm embed-
ding. Similarly, if M, is a short pluripotent level then Ult,,(M,|kf, G) =
(M;||o(M;)), where m is largest possible so that this ultrapower is de-
fined; this is a basic property of coherent structures. In this case we set
(N*)YMr = M, |k}, and again we have ig : (N*)" — N,.

There is a natural embedding 7 : i5(N*) — ig(N*), given by

Thus we have the diagram
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(M, G)

\Y

o (N)Mr S Ult((N*)M-,G) = N,

v
(M,G) ic(N¥)
o .
N* 'c . N

Note that ig(N*) is a level of W, and m is X, i-elementary. Also,
crit(m) = crit(o) = 7.

We would like to see that N is a plus-one premouse, by applying Lemma
1.10.

Claim: N satisfies projectum-free spaces.

Proof: For k < n, iz(0ox(N*)) = ox(N), and by elementarity we can
conclude that none of these projecta cause a failure of PFS. For k = n, if
ig is continuous at g,(N*) the same argument applies, whereas if i is dis-
continuous at g, (N*) then g,(N*) must be ¥,-singular in N* and therefore
a limit cardinal of N*. Then g, (N) = sup(iz “0,(N*)) is a limit cardinal of
N and therefore cannot cause a violation of PFS. Finally, we have by the
previous lemma that 0,.1(N) = 0,(N) = A. But A cannot be the space
of an extender on the N-sequence, since m(A) = A would then be the space
of an extender on the is(IN*)-sequence, that is, on the L[E]-sequence; and
ia(N*) < N., which projects to A, so we would then have a PFS violation in
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N;. Clause b) of projectum-free spaces follows easily by elementarity of is: if
N has a short top extender F' such that kp = kg for a total long extender H
on the N-sequence, and o;(N) < kg, then i ' (k) has these same properties

a
in N*, contradicting that N* is a premouse.

If n > 1 then iz is QW-preserving, a fortiori Yo-preserving, so we can
apply clauses a), b), or f) of Lemma 1.10, depending on the mouse-type of
N*, to conclude that N is a plus-one premouse of the same type as N*.

If n = 0 we would like to apply ¢), d), or e) of Lemma 1.10. If N* is
passive this is trivial, so assume it is active with top extender H*. Also, if
N* is type Z; with stretching-extender F, then rg # (k1) because kg is
a limit cardinal in N*. For the remainder of the proof we must consider two
cases.

Case 1: ks # Ap-. In this case i is continuous at Ay-, since we are
taking a coarse ultrapower and Ay- is a regular cardinal in N*, while i is
only discontinuous at points of N*-cofinality ks. Similarly, 75 is continuous
at vy« in the Z; case, because vy~ has cofinality (/i})N " and ie is continuous
there. This verifies all the hypotheses of ¢), d), or ) of Lemma 1.10.

Case 2: kg = Ag-. In this case iz is discontinuous at A+ and we can-
not apply Lemma 1.10. It is still clear that N is a potential premouse, by
Claim 1.2. Let ig(H*) = H be the top extender of N. If N* is long and
Dodd-solid then so is N, by an easy elementarity argument. Similarly, if
N* is long and type Z; then so is N, by elementarity combined with the
fact that iz is continuous at vy-. The only remaining clause we need to
verify for IV to be a premouse is the Jensen initial segment condition (JISC).
The fact that is is discontinuous at Ag- disrupts our attempt to push the
Jensen initial segments of N* upwards to IV; in fact, N might have a different
ABC-mousetype than N*. We must instead look at an upward embedding
7w ¢ N — N’, where N’ is an L[E]-level or Jensen initial segment thereof,
and draw the JISC downward from there. For this we will need to know that
7’ is continuous at Ag.

If 7 : N — ig(N*) sends Ay cofinally to A(ig(N*)), set N' = ig(N*),
H' = top extender of ig(N*), and 7’ = m. Otherwise, set H = top extender
of ig(N*), and X' = sup(m“(Ag)) < Ajg. (In this case N, H', and 7’ are
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defined after the following Claim.)
Claim: X is a cutpoint of H.

Proof: For any f : k% — kg with f € ig(N*), and any a € (X)<* if H
is short, or a € (N Uwvy)<¥ if H is long, we need to see that i5(f)(a) < X.
WLOG assume f is monotonically increasing (on all n of its coordinates).
Note that f € N as well, since crit(r) > A > dom(H). And because
N = sup(m“(Ag)), there is b € range(w) such that b(i) > a(i) for i < n.
Thus ig(f)(a) < ig(f)(b) = B € range(rw). And f < X because it is in
range(m). This proves that X\ is a cutpoint. H

Then set H' = H | N and N’ = the coherent structure associated with
H' (specifically, N' = (ig(N*)||[(X)T, H")). Letting j : N' — ig(N*) be
the natural factor-map corresponding to the whole initial segment, note that
range(m) C range(j) (because the projectum and standard parameter of N
are < A\y), so we can define 7’ : N — N’ by setting 7/ = j~! o 7. In either
case, we now have 7’ : N — N’ sending Ay cofinally into its image.

Claim: N is not type C (short or long).

Proof: We know that N = hY(A U p(N)), and that Ay > A. If any
a > sup(A U p(N)) was a cutpoint of H, we would have hl¥(A U p(N)) C a,
contradiction. W

Being a cutpoint is a IIj-fact about an ordinal «. Furthermore, for
any cutpoint a of N’ (7/)7'“(«) is a cutpoint of N; this is because for
any f : k% — kg with f € N, and any a € ((7/)7'“(a))<*, we have
i (f)(m(a)) = B < a because « is a cutpoint. By elementarity, 8 € range(r)

and iy (f)(a) = 771(B) < (7') 7 (a).

It follows from the above discussion, along with the A-cofinality of #’,
that N has no cutpoints if and only if N’ has no cutpoints, and that N has a
largest cutpoint « if and only if N’ has a largest cutpoint. In the latter case
we need to see that (H | ) € N. Note that 7'(«) = ¢ is a cutpoint of H’,
by elementarity.

Claim: 7/((aF)VHENHIe)) — (o/+) VN, H o)
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Proof: 7’ is continuous at the point in question, because it has cofinality
= (k)N = (k)N < crit(z’). A

By the JISC for N’, we know that H' | o is indexed on the N’-sequence
at (o/T)VRNLHY) Byt we have just seen that this is in the range of 7/, so
H' | o is in the range as well. But then 77'(H’ | /) = H | a by elementar-
ity (being an initial segment of the model’s top extender is a II;-property).
This finishes the proof that N satisfies the JISC, and therefore is a premouse.

We are finally ready to apply Condensation to the 7' : N — N’ embed-
ding. We know that N’ is an iterable premouse of the same type as N (N’ is
iterable because it is either an L[FE]-level or embeddable into one), that N is
sound, and that o(IN) < crit(m). This allows us to apply the Condensation
Lemma to 7 : N — ig(N*). Notice that Anomalous Case 4 does not apply,
since if there were a total long extender R on the N,-sequence such that
A = (k})", then N, violates projectum-free spaces, contradiction. (And
clearly if there are no such extenders on the N, sequence, there are none on
the ig(N*)-sequence.)

Also recall that crit(m) =7 € S, so T is not an index or pseudoindex. It
follows that ¢) and d) of the Condensation Lemma are impossible. Because
7 has a critical point 7, it is not the identity, so a) of Condensation is im-
possible. This leaves b), and thereby proves the lemma. W

9 Long Protomice

We have a similar situation with long pluripotent levels V., in which their
interpolants turn out to be long protomice.

9.1 Fine Structure for Long Protomice

Definition 9.1. A long protomouse M = (|M|,G) is a J-structure, consid-
ered in the language of coherent structures, such that
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a) |M| is a passive premouse with k(|M]) =0,

b) G is a long extender over | M| that is not total on |M|; more precisely,
there is an ordinal 6 with RJGE <6< Iig+ such that G measures exactly the

subsets of w7, in M0, and 6 = (x% )M
¢) M satisfies the coherency condition (Ultn(M||9,é))|O(M) = |M]|,
d) /fg < 01(M),

e) 01(M) is not the space of an extender on the sequence of Ult,(N*, &),
where (N*,n) is the collapsing-level for 6 in M;

f) G has a largest generator v = vM

9) G| Ag is on the M-sequence (short initial segment condition,).

Remark: Note that the short initial segment condition g) demands that
our long protomice still have the total short part of G on their sequence.
Also, it is a basic fact about plus-one premice that this short extender must
be indexed at the first long generator of G. Also note that b) and ¢) imply
that i5“(6) will be cofinal in o(M).

Again, we will use the language of coherent structures to deal with long
protomice. This means we will be working with their Dodd parameters d(M),
and g1(M) in the above definition is the Dodd projectum. Also, as in the
short case, we only need to consider ¥;-definability for long protomice (in
the language of coherent structures), and never need to talk about Zg")—
definability over long protomice for n > 0.

Remark: The Dodd parameter of a long protomouse always has largest
element M since this is the largest generator of G. Since v™ has cardinality
Mg, all other elements of the Dodd parameter will be < Agz.

Definition 9.2. Given a long protomouse M = (|M|,G), let 8 = dom(G).
(Note lig < oM < (ngr)M.) Also, let (N*)M be the collapsing-level for 6 in
M; so (N*)M = (N*,n) where n is such that kgr = 0n41(N*) < 0n(N*).
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Definition 9.3. Given a long protomouse M = (| M|, G), let ™ be the least
long generator of G.

Remark: Condition g) of 9.1 implies that the short extender G| A s
indexed at ™ on the M-sequence.

One new problem which arises for long protomice is that Ult,(N*, G) will
not always be a potential premouse— it may be a short protomouse. This will
happen exactly when M is type 2, as defined below:

Definition 9.4. We say a long protomouse M = (|M|,G) is type 2 if
(NM = (N* n) is active with short top extender D, n =0, and kp = Kg.
Otherwise we say M is type 1.

We will deal with long protomice of type 2 in the next subsection. For
now we prove some general finestructural lemmas, which will be applicable
in both the type 1 and type 2 cases. In the type 1 case the associated em-
bedding will be elementary in the language of premice, while in the type 2
case we will need to consider N* in the language of coherent structures, and
will consider its Dodd parameter instead.

Definition 9.5. Given a long protomouse M of type 1 with top extendm:é
and (N*)M = (N* n), we define the associated ppm of M to be Ult,(N*,G),

and we call iz the associated embedding.

Lemma 9.6. The associated ppm N of a type 1 long protomouse M is a
potential premouse.

Proof: By the remark following 2.9, it suffices to show that if NV has a top
extender, it is total on V. This is immediate if n > 0 or N* is passive; and if
n =0 and N* has top extender F then we need to know that the associated
ppm embedding i is continuous at dom(E). But ix is only discontinuous at
kg, which is a limit cardinal of N* and hence not the domain of E, and /fzf;,
which can only be the domain of E if £ is short and kg = Kg. But this is
exactly the situation where M is of type 2. B

Remark: Fortunately, the technical case-splitting which we had to con-
sider in the Remarks following 8.3 in the short protomouse case does not
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arise with long protomice. Recall that this problem arose because the asso-
ciated ppm embedding i : N* — N was discontinuous at A\(N*). In the
long protomouse case, however, if N* is active then A(N*) is a limit cardinal
in N* and also the largest cardinal in N*, hence it must be > mé, and 7 is
continuous there.

We now prove analogues of the finestructure translation lemmas 8.4, 8.5,
and 8.6 from the short case.

Lemma 9.7. (Parameter-Less Simulation of Definable Singletons
of N from within Long Protomouse)

Let M = (|M|,G) be a long protomouse. Let k = kg, v = vg, and
N* = (N M Let i : N* — N be the associated embedding. Let ( < v + 1,
b C (v+1) be finite, and r = i(p(N*)), so min(r) > X\* > v if r is nonempty.
Then {C} is (Zg"))N-deﬁnable from r, b, and some finite ¢ C i“(k™) if and
only if there is an f : kT — kT in N* such that ¢ = i(f)(b).

Here we consider all parameters and definability relations to be in the
language of premice if M is type 1, and in the language of coherent structures
of M is type 2.

Proof: We begin with the forward implication. Suppose ( is the unique
object such that N = (32)¢(z,(,r, ¢, b) where ¢ is a Zén)—formula. Fix a
§* < oY large enough such that, setting 6 = i(6*), there is a z € JF
witnessing this existential statement; such a ¢* exists since ¢ is cofinal in
N Let ¢* = i~!(c). Define a partial map f : kT — x* as follows:

f(z) = the unique & < kT such that N = (32 € JE)(z, & p(N*), ¢, x) .

Then f, being a (S)N subset of K+ < 0,(N*), is an element of N*.
Applying i, it follows that i(f)(x), if defined, is the unique ordinal £ < A
such that we have (3z € JF)i(z,€,r,¢,x) in N. But for z = b, we know that
i(f)(x) is defined, so i(f)(b) = ¢. Obviously, f can be turned into a total
function on 1 by setting f(z) = 0 whenever f(z) is undefined by the above
definition.
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To see the converse implication, suppose ¢ = i(f)(b) for f, b as above;

since N* is sound, there is a finite ¢* C T such that f = h), (¢*, p(N¥)).

The preservation properties of ¢ then give i(f) = h ,(i(c*),r), so ¢ can be
defined in a Eg")—fashion over N as follows:

(39)(g = by (i(c*), ) & ¢ = g(b)) .
m

Lemma 9.8. (Simulation of Definable Classes of N from within
Long Protomouse, in Parameter 0)

Let M = (|M|,G) be a long protomouse. Let v = vg and i : N* — N
be the associated ppm embedding. Let r = i(p(N*)), so min(r) > At if r is

nonempty. Then for any Eg")—formula o(vo...v¢) in the language of premice,

there is a X1-formula ¢*(vg...ve) in the language of coherent structures such
that for every tuple xy...x, € M|(v + 1), we have

N = é(r,xy...xp) if and only if M = ¢*(0,21...2) .

Here we consider all parameters and definability relations to be in the
language of premice if M is type 1, and in the language of coherent structures
if M s type 2.

Proof: We may assume x;...z, are all ordinals < (v + 1). Suppose
¢ is of the form (32)Y(z,vo...vy) where 9 is E(()n). Then N = o(r,x;...7)
if and only if (3u € (N*)")[N | (32 € 7(u))p(z,7,21...27)]. Using Lo$’s
Theorem, this can be expressed in a Y;-fashion over M as

(3Q7p*7 R,a,Y, U, m)¢8(@7p*7 R,a,y,u,m, 87 fL’l...ZL'Z)

where ¢5(Q, p*, k,a,y,u,m,0,z1...xy) is the conjunction of the following
statements:

e () is an initial segment of M and m € w,
o 0= (H++)Q7 Qm-i—l(Q) =K< Qm(Q)a p* = p(Q) and u S Q(n)v

e a={(m..n) €T | QFE 3z €wi(z,p,m..n0)},
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o y=is(a) [ (v+1)and (z1...20) € y.

This proves the lemma. W

Lemma 9.9. (Simulation of Long Protomouse From its Associated
Premouse)

Let M = (|[M|,G) be a long protomouse. Let r = Kay A= Ag, V =1ga,
W= pe, and 1 : N* — N be the associated ppm embedding. Further, let
Z = the image of k™ under ig,; that is, since p indexes the short part of
G, Z =i“(k%). Finally let r = i(p(N*)), so min(r) > X\ if r is nonempty.
Then if ¢(v1...v0) is a X1 -formula in the language of coherent structures, there
s a Eﬁ”) -formula (v, v’ v*, vy...v¢) in the language of premice and an ordinal
&o € Z such that for every xqi..xy € M,

M = ¢(xy...xp) if and only if N = (r,&, p, v, x1...20) -

Here we consider all parameters and definability relations to be in the
language of premice if M s type 1, and in the language of coherent structures
if M s type 2.

Proof: Since ¢ is a Xj-formula, M = ¢(x1...x,) if and only if there is
an ordinal ¢ < o(M) = AT such that (M||(,GN(M||()) E ¢(x1...7). Fixing
an ordinal § € Z such that hl) (£, r) = A*, this can be expressed over N
in the parameters r, u, v, &, as

(EIZ, Ca )\+7517ﬂ27 f)Gv Q) w(Za ga )\+761a62a f7 Ga Q7T7 va,ua V,.ZUl....ZUg)

where 1) is the conjunction of the following statements:

o 7 =ip, “(crit(E,)") ;
e 31,5 € Zand ( <\t ;
hd C: hfvarl(ﬂlJT) ) f - hfz\zrl(ﬁ?vr) ) and A\t = h7]y+1(£07r> )

o [t I POAT)N(N]C) ;
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o G = {(transitive collapse of (f(a) N Z), f(a) | (v + 1))|a < KT} and
Q = (N[|¢,G) ;

[} Q ): ¢($1$g> .

In other words, 1 asserts that there is a level N||¢ and a surjection

fo AT 2% P(AF) N (N]|¢) which are both in the range of i (so that their
collapses in N* will be, respectively, a level of N* and a surjection from
kT onto that level’s P(k™)). From here we can describe a fragment of the
protomouse-extender, here called GG, as the set of ordered pairs of subsets
of k* in this level of N* and the subsets of A™ which they stretch to by 1,
chopped down to length v + 1. (This is trivially equivalent to our official
description of long extender predicates.) The resulting structure @ is a level
of M. There is an additional detail here which did not occur in the short
extender case; namely, to recover a subset X of k™ from the subset Y of A"
which it stretches to, we must take the transitive collapse of Y N Z, where Z
is as defined at the beginning of the proof. B

We can now relate the finestructural properties of M and N, analogously
to Lemma 8.7 from the short case. Recall that for a long protomouse M,
W = 1" (U {s}); and for a premouse (N,n), W, = M (aU{s}).

Remark: Recall from the discussion at the beginning of 7.2 that at cer-
tain points in our construction we will require an assumption that the largest
generator v of our long plus-one premice is a successor generator, and there-
fore that it indexes an initial segment of the top extender. We will explicitly
mention this assumption wherever it is used.

Lemma 9.10. Let M = (M|, G) be a long protomouse. Let k = kg, A = Ag,
V= UVga, b= g, and let the associated ppm embedding © : N* — N be an
n-embedding (that is, k(N*) = n). Further, let Z = the image of kKt under
ip,; that is, since p indexves the short part of G, Z = i“(k%). Finally let
r =i(p(N*)), so min(r) > X" if r is nonempty, and set n = o(M) = (AT)V.
Then

a) o1(M) = on1(N).
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Denote this common value by o. Granting that kt < 0 and that v is a
successor generator of G, the following holds:

b) pni1(N) NAT =d(M).
c) M is 1-sound if and only if N is (n + 1)-sound.

d) Let s be a finite subset of v+1 and « be an ordinal with 0 < o < (v+1).
Then W, = Ult,(N*,G), where G is the top extender of W) (so G has
the same ultrapower as G | (coordinates in awUs)). Moreover, the associated
ultrapower embedding is precisely the uncollapsing map associated with the
Zg")(W(iV)—hull of Z U, where 7 is the preimage of r under the canonical
witness map.

e) M is 1-solid if and only if N is (n+ 1)-solid.

Here we consider all parameters and definability relations to be in the
language of premice if M is type 1, and in the language of coherent structures
of M is type 2.

Proof: Note that N is generated by (v + 1) Ui“(N*) = (v +1)UruZ.
Because r is finite and Z C p, it follows that g,1(N) < p, and in fact
0n41(N) < A, since p has N-cardinality A. Also note o1(M) < A, because G
gives a E{V[ -surjection from A onto M.

First we show a). If A is a 3 (M)-relation in p; (M) then by 8.6 there is a
Zgn)(N)—relation A* in py (M), r, p, v, and some &, € Z such that A* agrees
with A up to (v + 1) > 0;(M). Choose A such that AN g (M) ¢ M. Then
A*N (M) is not an element of N; this follows from the fact that n = o(M)
is a cardinal in N. Thus, g,41(N) < g1(M). The dual argument using 8.5
yields the converse, which proves a).

From now on suppose that k™ < p and that v is a successor generator.
We now prove b). The ordinal g, being < A, is a cardinal in both M and N.
It follows that 6 < p. Given A as above, by 8.6 there is a Zgn)—relation A* and
some &y € Z such that A(&) < A*(d(M),r, u, v, &, §) whenever £ < A. From
A* we obtain a new subset of ¢ which is S (V) in d(M)UrU{ptu{riu{&}.

But note that v € d(M), and that p is Zg")(N )-definable from v because of
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our assumption that v is a successor generator and therefore indexes a total
fragment of G. We also have that & € Z is Eg")(N )-definable from p U p,
because all elements of Z are definable from pUx™ (recall that Z = ig, “(k™))
and we are supposing that k™ < p. It follows that the parameters u, v, and &,
were not really needed in the above definition, so that in fact our new subset
of pis Egn)(N) in d(M)Ur. We have shown that p,41(N) <., 7Ud(M) and,
consequently, pn1(N) N AT <, d(M). As before, the dual argument yields
the converse, which proves b).

If M is 1-sound, then every & < (v + 1) is 31 (M)-definable from d(M) =
pne1(N) N AT and a parameter less than p. Thus, every & < (v + 1) is
Eg”)(N)-deﬁnable from 7 U (ppy1(N) N AT) = p,y1(N) and parameters less
than o. But recall that N is generated by (v +1)UruUZ =(v+1)Ur. In
other words, N = HullY, (0 U {pp+1(N)}). Thus, pps1(N) € Ry1(N), so
N is (n+1)-sound. The converse follows again by the dual argument, which
proves c).

Next we prove e) from d). To see that the 1-solidity of M implies the
(n + 1)-solidity of N, notice that WM = HM(a U {d(M)}) can be encoded
into a X1 (M) subset A of a. Such an A is in J by acceptability, and W2’
can be reconstructed from A inside J. But then also W[ is in J by d).
For the converse use again the dual argument.

Finally we show d). Let o : Wé‘/[s — M be the canonical witness map,
7 = vg and 7 = o(W2%). Since 7 is Xy-preserving, dom(G) = P(x7)N(M]0),
so G can be applied to N* (notice that N* is an initial segment of W.%).
Let W = Ult,(N*,G) and 7 : N* — W the associated ultrapower map.
Clearly 7 is E(()n)—preserving and cofinal, and W = Hull)\, | ((v + 1) U {7}),
where 7 = d(p(N*)). We can also define a natural factor-map o : W — N
by o(7(f)(a)) = i(f)(c(a)) for a € [+ 1]<“. It is easy to see that o is E(()n)—
preserving and cofinal, by Los’s Theorem for E(()n)—formulas together with
the cofinality of & and i. Also, i = o o™ and crit(c) > 7. It follows that
o(f) =r, 0 | a =1id, and, letting § be the g-preimage of s — (a + 1), also
0(5) = (5) = s—(a+1). Aseach { < (7+1) is ¥1(WJ%)-definable from 5 and
parameters below a, 8.6 allows us to conclude that W = Hull), , (aU{rUs}),
so Hulll, ,(aU{rUs—(a+1)}) = range(c). But this means that W = W2,
and o is the associated witness map.
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There is a difficulty which might arise in the above argument: if N* is
a type Z, premouse and k(N*) = 0, then is will be discontinuous at x*,
and Ulty(N*, G) may not be weakly solid. We can solve this problem in the
same way we dealt with Anomalous Case 2 in the Condensation Lemma. In
particular, an argument similar to that given in Section 6.3 shows that G has
only a single long generator vz. Now instead of applying G to N* we will
apply it to the generalized core of N*. More precisely, letting H be the gen-
eralized core of N* as described in Definition 2.21, we form N = Ulty(H, G).
Again following the argument of Section 6.3, we conclude that N is a type
7, premouse with stretching-extender G | Ae. Thus, even in this case we

p
have the requisite solidity for N. We omit further detail.

9.2 Long Protomice of Type 2

The procedure for dealing with long protomice of type 2 is more complex
than that for type 1. The problem is that P = Ult(N*, G) is not a premouse
in this case, because it has non-total top extender F. Thus we must take a
second ultrapower of the longest measured initial segment by this partial top
extender; and this time we can show that the ultrapower is a premouse.

Recall that when M is a of type 2, it has a long top extender G with
domain 6, where 6 is a local k™, and the collapsing-level for 6 is N*, where
N* has short top extender D with kp = kg = K, and k(N*) = 0.

Lemma 9.11. If M = (|M|,G) is a long protomouse of type 2, then P =
Ulto(N*, G) satisfies all the conditions for short protomousehood in Defini-
tion 8.1, except possibly d).

Proof: Since n = 0 in this case, clearly k(P) = 0. Let i = iz be the
ultrapower map; then the top extender F' of P is given by F' = ¢“(D), where
i“(D) is the pointwise image of the fragments of D. Since dom(D) = k™, we
have dom(F) = sup(i“(k*)) = pg, where pg is the least long generator of

G. But i is discontinuous at kT, so ug < i(kT) = (k})". Hence F is not
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total on P.

The remaining conditions of short protomousehood, other than d), follow
easily by >i-elementarity of ;. H

Definition 9.12. For M a long protomouse of type 2, the associated short
quasi-protomouse of M is Ulty(N*, G).

Lemma 9.13. Let M = (|M|,G) be a long protomouse of type 2 with asso-
ciated short quasi-protomouse P = (|P|, F). Let k = kg and X = Ag. Then
P|((A\N)P = |M|, dom(F) = ug, and E;];@ = G | \. Thus the collapsing-level
for pin P is P|p itself, and o1(P|u) = A.

Proof: The fact that P|(A")F = |M| is an immediate consequence of the
coherency condition for M, that is, ¢) of 9.1. We saw in the proof of 9.11
that dom(F') = ps. The fact that Efé = G | A, and therefore that P|u
collapses its own height in a »;-way, follows from the Remark after 9.1. B

We now apply F' to the longest initial segment of P which it measures;
we have just seen that this initial segment is Q = P|lu = (P||u, G | A), and
that k(Q) = 0.

Definition 9.14. Let M = (|M|,G) be a long protomouse of type 2 with
associated short quasi-protomouse P = (|P|, F'), and let Q = P|u be the
collapsing-level in P for dom(F'). Then the associated ppm of M is Ulty((P|u), F).

Lemma 9.15. Let M = (|M|,G) be a long protomouse of type 2 and N its
associated ppm. Then N is a potential premouse.

Proof: We apply 2.9 to the embedding ir : Q — N. Note that N
has a total top extender H, since Q has top extender G [ A with domain
=kt < erit(F) = X\. So H has domain (k7)? = (k*)". The rest follows
immediately. l

Note that ip : Q — N is discontinuous at A = Az, so we cannot apply
Lemma 2.24 to see that N is a premouse. We will have to verify the ISC
for N, and thereby show that it is a premouse, by considering its upward
embedding into a level of W.
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Lemma 9.16. Let M = (|M|,G) be a long protomouse of type 2, P =
(|P|, F) its associated short quasi-protomouse, and N = (|N|, H) its associ-
ated ppm. Then |P| = |N|, and F is ¥1-definable over N in the parameter
1, where 11 is the least long generator of G.

Proof: The fact that | P| = |N| is an easy consequence of the coherency of
F', which was proved in 9.11, together with the fact that o(Q) = dom(F') = p.
To see that F'is X;-definable over N from u, we observe that H is the stretch
of G|\ by F', and that G | A is still indexed at i on the N-sequence, by
coherency. Therefore N can define F' by factoring its top extender H into
the part up to A, which corresponds to G | A, and the part up to Ay, which
corresponds to F. More formally, we define the relation R(X,Y’) over N, in
parameter 4, as follows (recall that £, = G1N:

N E RX,Y) iff (3¢ <ry) [(ig,(N|§) = X) & in((NI§) =Y)] .

Then N = R(X,Y) if and only if X € ig, “({(N[¢) | £ < k};}) and
ip(X) =Y. Since ig, “({(N€) | £ < kj;}) is a cofinal subset of dom(F), the
relation R is easily seen to be equivalent to the predicate F'. B

We also need to track the parameters and projecta of the models under
consideration.

Lemma 9.17. Let M = (|M|, G) be a long protomouse of type 2, with & = kg
and X\ = Mg, and let N = (|N|,H) be its associated ppm. Then o(N) =
01(M), and p(N) = d(M) U r, where, letting i : N* — P be the associated
embedding, r = i(d(N*)).

Remark: In this case H is a type C' premouse, so d(N) = p(N).

Proof: Recall that o,(P) = 1(M) and d(P) = d(M) Ur, by Lemma
9.10. Letting @Q = P|u be the collapsing-level in P for dom(F), recall that
01(Q) = A (in fact 0,(Q) = A, because A is a cardinal in P). It follows that

p(Q) is empty, because A = Ag,, and @ has top extender G' | \.

The same argument that we used in Lemma 9.10 for clause d) implies that
N has solidity witnesses for all elements of d(P), which implies d(P) <jx
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p(N). Also, the canonical missing subset of P, Th¥(o1(P) U d(P)), is ¥;-
definable over N, because of our previous lemma that F' is »;-definable over
N, and |P| = |N|. Finally note that o;(N) > 01(P), because any definition
of a subset of some a < p;(P) in N can easily be pulled back to a definition
of that same subset of a over P (recall here that N = Ulto((P|u), F'), and
the critical point of this ultrapower map = A > p,(P)), and P(a)f = P(a)".
This implies d(P) >1ex p(N).

We have shown that g1 (N) = o1(M) and p(N) = d(M)Ur, as desired. B

Lemma 9.18. Let M = (|M|,G) be a long protomouse of type 2, P =
(|P|, F) its associated short quasi-protomouse, and N = (|N|,H) its as-
sociated ppm. Then N* = Hullﬁ'P"F)(Z Ur), where Z = ig,“(k};) and
r=p(N) = (A)-

Proof: We know that N* = Hull{ (ZUig(d(N*))), and that is(d(N*)) =
p(N) — (A7) = r. The lemma follows immediately. B

Essentially, what the above lemmata allow us to do is recover the original
type 2 protomouse M from its associated ppm N, via a similar process to
the type 1 case. Within N, we first define the predicate F', which is the top
extender of P = Ulty(N*,G). Then N* can be recovered as a ¥1-hull in this
language, and G recovered as the uncollapse map; thus we can get back to
the protomouse M = (|M|,G) = (N||ig(st), G). This will be the key to our
description of type 2 long divisors in a later subsection. First, though, we
turn to the more basic description of long divisors which yield type 1 long
protomice.

9.3 Long Divisors

Remark: The following definition is crucial to our [, construction, and it
is only appropriate under the “smallness assumption” described at the be-
ginning of 7.2. For the fully general [y construction, some different notion
of long divisor is presumably needed as well.
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Definition 9.19. Let N = N: be the collapsing-level for T in W, with
0ni1(N) = A < 0,(N) and 7 = (A")N. Then an ordinal v € p(N) is a
long divisor of N if the following conditions hold:

a) There is an extender E, on the N-sequence such that, letting k =
kg, and A = \g,, we have k™ < A < X\, and AT = (A\T)N < 9, (N),

Letting r = p(N) — (v +1), E, = E, | X be the short part of E, (indexed
at p on the N-sequence), and Z = i, “(k™) =ig, “(r*), we have:

b) HullY,,(Z Ur) N o,(N) is cofinal in oY),
o) HullY [(Zur)n it = Z,

d) AT is not the space of an extender on the N-sequence,

We refer to 12, (ZUr) as the divisor-hull associated with a long divisor v.

Our long divisors are in fact quite similar to the short divisors consid-
ered in [5], except that they are of course designed to correspond to long
protomice. The key difference between long protomice and short protomice
is that long protomice have a collapsing-level N* for # which projects to mg,
and their # is a local k™ instead of a local k*. Thus when we form the asso-
ciated ppm N = Ult,(N*, é) of a long protomouse, with embedding ¢, and
we want to recover N* as a hull in N, our job is more complex than in the
short protomouse case. We need to take the Egn)—hull of i“(kT) Ui(p(N*)),
and it is quite difficult to make “guesses” at i“(k™*) from the perspective of
N. However, the task becomes much more manageable if we assume that G
had a largest generator vz which was a successor generator; for then there
must be a “total fragment” of G indexed at v (that is, a total long extender
which agrees with G | v on their common domain), and from this we can
easily identify i“(k™), since G agrees with this fragment on x*. In addition,
Ve is the largest element of the Dodd parameter of our long protomouse M,
so Vs will be an element of the standard parameter of N. Thus our task
reduces to the problem of guessing an element of the standard parameter to
serve as our candidate for vs; we have seen that it determines i“(k™), and
it also determines i(p(N*)) as the top part of p(N), that is, p(N) — (v + 1).
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Our candidate long divisors, then, are the elements of the standard param-
eter of N such that we can treat them as candidates for vz in the way just
described. In the above definition, our guess at i“(x") is called Z, and our
guess at i(p(N*)) is called r.

Remark: Note that the uncollapse map 7 from a divisor-hull N* =
HY (Z Ur) into N is Z(()n)-elementary and cofinal. Also note that N* =
HY (kT UTH(r)), 80 gns1(N*) < KT

Remark: One could define a notion of “strong long divisors”, by analogy
with strong short divisors. In the present work, however, we have not found
any need for this concept, because as we will see, long divisors cannot overlap
in the way that short divisors could (recall that the point of the ‘strongness’
condition for short divisors was to rule out overlaps).

Lemma 9.20. If N is a level of W and v is a long divisor of N with k = kg,
then (k)N is a cardinal of W.

Proof: Recall that A is a cardinal of W, and by a) of Definition 9.19,
(k7)Y < A. The conclusion is immediate. B

Lemma 9.21. If N is a level of W and v is a long divisor of N with N* the
transitive collapse of the divisor-hull associated with v, then N* is a proper
initial segment of N, and p(N*) = m~1(r), where r = p(N) — q and 7 is the
associated uncollapse map.

Proof: Let m : N* — N be the uncollapse map associated with the
divisor-hull. Thus crit(r) = kg, = K, 7(k) = Ag, = A, 7“(k*) = Z, and
(k") = AT. Set s = 771(r) (recall r is a top segment of p(N), namely, the
part above v). Then N* = Hull)', (k" U s); combining this with the fact
that k* is a W-cardinal, we conclude that

0u(N") = on1(N7) = &7 < on(N7)

and also that s is a very good parameter for N*.

We would like to see that N* is a premouse of the same type as N by
applying Lemma 2.25. First we show that N* satisfies projectum-free spaces.
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For m > n, 0,(N*) = kT is not a space, since clause d) of Definition
9.19 guarantees that A" is not a space in N, and this fact transfers down to
N*. For m < n, we know that 7 is an n-embedding, so we can follow the
argument given in Lemma 2.7 to show that g, does not cause a PFS violation.

Now if N is type A or B (short or long varieties), then clauses a) or ¢) of
Lemma 2.25 can be applied immediately. If NV is type C' (short or long), we
need to verify that n > 0. But if n = 0, then A = ¢;(N), and g; of any type
C' premouse is always the largest cardinal of that premouse (by 2.22). This
contradicts the fact that A < X\ in clause a) of Definition 9.19, since A is a
cardinal of N. Thus N* is a premouse of the same type as V.

Claim: N* is sound.

Proof: If (k™)™ does not exist, then N* is easily seen to be sound: if s
is empty then N* is trivially sound, because in this case N* = Hulll, (k™)
and we know that KT = 9,11 (N*). If s is nonempty and ¢ < s is the stan-
dard parameter for N* then by universality ¢ generates s, since they are both
below x™1. But then t is a very good parameter, so N* is sound.

Now assume (k7)) exists. Recall that 7 sends kT to A", and that
N = Hully ; (AT Ur) = Hulll), (A" Ur“(N*)). Letting G be the extender
of length A* derived from =, it follows that 7 = ig. (That is, the long exten-
der of length A™ derived from 7 is sufficient to capture the full embedding.)
This implies that 7 is only discontinuous at points of cofinality x and x*
in (N*)(™ since this is the space of G. In particular, it follows that 7 is

continuous at @ = (k)N since 6 is ©{"-regular in N*.

We want to see that s is the standard parameter of N*. Suppose t <je, S
were the standard parameter; by the Solidity theorem of [3], we have that ¢ is
universal. That is, N*|0 C Hull}, (kT Ut). But then Hull®, ,(Z Um(t)) is
cofinal in A** (using the fact that 7 is continuous at #). However, 7(t) <je. 7,
so ThY,,(w(t) UAT) € N, by solidity of 7. This theory codes a collapse of
(AN which is a contradiction. W

We have shown that 7 : N* — N is a Zén)—elementary and cofinal em-
bedding, and that N* is a sound premouse of the same type as N. However,
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we cannot immediately apply the condensation lemma, because crit(m) = k,
but N* projects to ™. Instead, we must look at the model

Q= /Hivﬂ(ﬂ u{r}) .

Claim: () is a sound premouse of the same type as N.

Proof: We have already seen that N* is a sound premouse of the same
type as N. But notice that @Q = Ult,,(N*, F), where F' is the extender of
length p derived from 7. (This follows immediately from the definition of @
as the collapse of a certain hull in N.) Further, notice that F' has no long
generators, because its length p is equal to sup(m“(kT)). In other words, F’
is a short extender, so it is only discontinuous at points of cofinality = & in
N*. This means we can apply Lemma 2.24 to ip : N* — @ to conclude
that @ is a plus-one premouse of the same type as N*. Let us verify that
the hypotheses of the lemma are met. Since x is the only discontinuity of
ir, and k is not the largest cardinal of N* (recall kK € N*), certainly ir is
continuous at Ay« if N* is active. Also, if v+ is defined then its cofinality is
a successor cardinal of N*; since x is a limit cardinal, ¢r is continuous here
too. Finally we need to check projectum-free spaces for (), and for this we
will first need to prove that

0nt1(Q) = 1.

The fact that g,,+1(Q) < p follows immediately from the definition of @
as a hull of U {r}. To see that g,.1(Q) > u, recall that for any o < k™,
ThY; (aUr) € N*, because £+ = 9,41 (N*). Then Th?, | (ip(a)Uip(r)) € Q,
because it can easily be recovered from ir(ThY, (e Ur)). Since ir maps "
cofinally into p, this proves that no ordinal @ < p can be the projectum of

Q, as desired.

Projectum-free spaces for ) now follows immediately from the fact that
N* satisfied projectum-free spaces, and ir is continuous at g,1(N*) = k™.
So we have shown that () is a plus-one premouse of the same type as N.

Now we apply the Condensation Lemma to the uncollapse map o : ) —
N. It is easy to see that crit(c) = u, and also that EY ¢ @, since this ex-
tender would collapse p. It follows that clause ¢) of Condensation must hold,
that is, @) is an initial segment of Ult(N, E,) = R. (Notice that Anomalous
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Case 4 does not apply, since the critical point p is a local successor of a limit
cardinal, and AC4 requires it to be a local double successor.)

Now recall that 6 is the k™t of N*, and because it is X, ;-regular in N*
we have that ir is continuous at 6. Let @' = ix(6). Then 6 = (u)%, but Q
collapses #'; therefore @) is the collapsing-level in R for . Also notice that
F =ig,, since both are short extenders with critical point x which map x*
to Z. (It is true that the extender of m : N* — N could not be applied
to N because it is only partial on (7)Y but F is the short part of this
extender, which is total on kT.) By elementarity of the full ultrapower map
ig, = tp : W — Ult(W,E,), we can conclude that whatever level of W
was the collapsing-level for i ' (¢") = 6 is mapped via ir to Q. But we know
exactly what structure is mapped to @) via ip: it is N*. Therefore N* is the

collapsing-level for # in W, and hence N* is a proper initial segment of N.
[

We now describe the long protomouse associated with a long divisor
v. Because N* projects to x™, it must be the collapsing-level in W for
6 = (k™). (It is possible that k" is the largest cardinal in N*, in which
case = o(N*).)

Definition 9.22. For N a level of W and v a long divisor of N with m :
N* — N the uncollapse map associated with the divisor-hull, let Kk = kg,
and X = Ag,. Let 0 = (x™HN" and n = AN = w(kT). We define N(v) =
(JF, G), where G is the long extender of length A\* derived from w, considered
as an amenable predicate as described in 2.8; that is, for each € < 0, let

Ge={(a,X)|acNU{WH™ & X € (N*[¢) & a € n(X)} .

Then let ¢ be the least ordinal such that G¢ € (N|vye). We define our
official predicate G as

GE{(r.a.X)|v<n &3 (e <7 & (a,X) € Ge} .
We call N(v) the long protomouse associated with the divisor v.

Lemma 9.23. For N a level of W and v a long divisor of N with associated
long protomouse N(v) = (JF,G), we have that N(v) is a long protomouse

of type 1.
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Proof: Let # : N* — N be the uncollapse map associated with the
divisor-hull. We must verify the clauses of Definition 9.1. a) is trivial. b)
follows from the fact that N* is a level of N projecting to k™. ¢) follows from
the definition of N(v) as a level of N with top predicate G this guarantees
that the ultrapower of N* by G coheres with N(v), since G is the extender
derived from 7, and certainly 7(N*) coheres with N (v).

d) follows immediately from Definition 9.19 clause a), together with the
fact that 01 (N (v)) = ont1(N) = A; to see this latter fact, note that o1 (N (v)) >
A because A is a cardinal in W; to see that o1(N(v)) < A, observe that any
subset of A which was definable over N is still definable over N(v), by the
exact same argument used to prove Lemma 9.8. (We cannot literally apply
Lemma 9.8 here, because we do not yet know that N(v) is a long protomouse;
however, we know enough about N(v) to run this argument.)

e) also follows immediately from the fact that o1(N(v)) = 0,11 (N) = A,
and the fact that Ult,(N*,G) = N, which of course satisfies projectum-free
spaces; to see that Ult,(N*,G) = N, note that Ult,(N*,G) = HY (Z U
{r} U AT). But this hull is the full premouse N, since N is sound and
ont1(N) =A< At and p,1(N) =rU{r} Uq with ({r}Uq) C AT.

f) follows from the fact that p(N) = r U {r} U ¢; this tells us that
Ult,(N*,G | (v+1)) = HN, (ZU{r}U(v+1)) = N, since this hull contains
the projectum and parameter of N. But also we know that Ult, (N*, G|
v) = HY, 1 (Z U {r} Uv) does not contain the ordinal v, because v € p(N).
(In fact HullY, | (ZU{r} Uv) cannot contain any ordinals between v and A¥,
since then it would also contain v.) This is exactly the definition of v being
the largest generator of G.

Finally, g) follows immediately from the fact that G| e = B, | Mg,
and this latter extender is indexed on the N-sequence below 7, and therefore
is on the M-sequence.

To see that N(v) is type 1, we can simply observe that if it were type

2 then Ult,(N*,G) would have a non-total top extender predicate; but we
know that Ult,(N*,G) = N, which is a premouse. B
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Lemma 9.24. If N is a level of W and N(v) is the protomouse associated
with a long divisor v of N, then the associated ppm of N(v) is N.

Proof: The ideas of this proof were already presented in the above
Lemma, but we repeat it here for convenience. Letting Z = the image of
x* under the associated ppm embedding, recall that the associated ppm of
N(v) is given by HullY ,(Z U {r} UAT). But this hull is the full premouse
N, since N is sound and ¢,,41(N) = A < AT and p,1(N) = rU{r}Uq with
{riug) cAt. &

Remark: It follows from 9.24 and 9.10 that any protomouse N(v) as-
sociated with a long divisor of a level of W must be a sound long protomouse.

9.4 Type 2 Long Divisors

We now consider how to recover long protomice of type 2 from their associ-
ated ppms. Recall that the associated ppm N of a type 2 long protomouse
necessarily has £ = 0, and has a short top extender H with kg < o1(N);
thus, in fact, N will be a short pluripotent level of W' (although this obser-
vation does not seem to be highly relevant).

In Lemma 9.16 and 9.18 we described how the associated ppm of a long
type 2 protomouse M can Y;-define the >;-definability relation of M’s asso-
ciated short quasi-protomouse in parameter u, and thereby recover N* and
M. We will define v to be a long divisor of a W-level N when this situation
holds.

Definition 9.25. Let N = N- = (|N|, H) be the collapsing-level for T in W,
with 01(N) = A and 7 = (AT)N. Then an ordinal v € p(N) is a type 2 long
divisor of N if the following conditions hold:

a) There is an extender E, indezed at v on the N-sequence such that,
letting k = kg, and A = \g,, we have k™ < A < X\, AT = (AT)N < g,(N),
and Kk = Ky,

Now letr = p(N)—(v+1), ¢ = p(N)Nv, and E, = E, | X be the short part

of B, (indexed at 1 on the N-sequence), and let Z = ip,“(k") = ig, “(kT).
Furthermore let R be the Y -relation given by
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NERXY) iff (3 <w") [(ir,(NI§) = X) & (in(N|§) =Y)] .
and let P = (|N|, R). (Since R is ¥V, any XF relation is ¥V as well.)

Then we have:
b) Hulll [ (Z Ur) N on(N) is cofinal in oY),
¢) Hulll ((ZUr)n At = Z,

d) \* is not the space of an extender on the N -sequence.

We refer to Hulll',,(Z Ur) as the divisor-hull associated with a long di-
VISOr V.

Remark: In the above definition we are simply carrying out the process
described in Lemma 9.18, the only difference being that now we are dealing
with an arbitrary W-level N, and cannot assume that it came from a type 2
long protomouse as we did in Lemma 9.18. Notice that the above definition

is very close to Definition 9.19, except that our divisor-hull is now a hull of
P instead of N.

Remark: The above definition relies on the fact that X! relations are
Y& in the parameter p. Note that the converse holds as well: X% relations
are X' in the parameter p, because the top extender of N can be defined
over P by the relation

PEHX.Y)IE (3¢ < ) [(ie,(X) = (PIO) & (in(PlE) = Y)] |

So N and P are interdefinable, using the parameter p in either direction.

Lemma 9.26. Let v be a type 2 long divisor of N = (|N|, H) and let G be
the long extender of length (A}, )Y = At derived from the uncollapse map
associated with the divisor-hull, considered as an amenable predicate (see
9.22). Then N(v) = (N||\T),G) is a type 2 long protomouse; we call it the
type 2 long protomouse associated with the divisor v.
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Proof: Let m : N* — P be the uncollapse map associated with the
divisor-hull. 'We must verify the clauses of Definition 9.1, and further ver-
ify that this long protomouse is type 2. a) of Definition 9.1 is trivial.
b) follows from the fact that N* is a level of N projecting to ¥, as in
Lemma 9.21. To verify the remaining clauses we will first need to see that
Ult,(N*,G) = P. Note that Ult,(N*,G) = HL,,(Z U {r} UAT). But this
hull is the full P, since p < A* is in the hull, so by the above Remark we
have HE ((Z U {r} UXT) = HY (Z U {r} UAT). Since N is sound and
ont1(N) =A< At and pp1(N) = rU{r}Uq with ({r}Uq) C A*, it follows
that every element of |[N| = |P| is in this hull.

¢) follows from the definition of N (v) as a level of N with top predicate G;
this guarantees that the ultrapower of N* by G coheres with N(v), since G
is the extender derived from 7, and certainly m(N*) = P coheres with N(v).
d) follows immediately from Definition 9.25 clause a), together with the fact
that 01 (N(v)) = 0,41(IV) = A; to see this latter fact, note that o1 (N(v)) > A
because A is a cardinal in W3 to see that o;(N(v)) < A, observe that any
subset of A which was definable over N is still definable over N(v), by the
exact same argument used to prove Lemma 9.8. (We cannot literally apply
Lemma 9.8 here, because we do not yet know that N(v) is a long proto-
mouse; however, we know enough about N(v) to run this argument. Also,
the definition may require v as a parameter, since the top extender of P and
the top extender of N are interdefinable in parameter v.)

e) also follows immediately from the fact that o1(N(v)) = 0n11(N) = A,
and the fact that Ult, (N¥, é) = P, which has the same extender-sequence as
N, except for its top extender, and therefore satisfies projectum-free spaces.
(Since its top extender has critical point A > A, this top extender does not
violate e).)

f) follows from the fact that p(N) — XA = d(P) — X\ = r U {v}; this tells
us that Ult,(N*,G | (v+1)) = HL ((ZU{r} U (v + 1)) = P, since this
hull contains the projectum and parameter of P. But also we know that
Ult,(N*,G | v) = HE (ZU{r}Uv) does not contain the ordinal v, because
v € d(P). (In fact Hull’,,(ZU{r}Uvr) cannot contain any ordinals between
v and AT, since then it would also contain v.) This is exactly the definition

of v being the largest generator of G.
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Finally, g) follows immediately from the fact that G| e = B, | Mg,
and this latter extender is indexed on the N-sequence below 7, and therefore
is on the M-sequence.

To see that N(v) is type 2, recall that k(N) = 0, so k(P) = k(N*)
Since P has top extender R with critical point A = A\, clearly 7= '“(R
(top extender of N* ) will have critical point xs. This verifies that N (v
a type 2 long protomouse.

0.

~—

is

~—

Lemma 9.27. Let N have a type 2 long diwvisor v, and let M be the type 2
long protomouse associated with v. Then the associated ppm of M is N.

Proof: Many of the ideas of this proof were already presented in the
above Lemma, but we repeat them here for convenience. Letting Z = the
image of k* under the associated short quasi-protomouse embedding, recall
that the associated short quasi-protomouse of N (v) is given by Hulll ,(Z U
{r} UA"). By the Remark following 9.25 and the fact that v < A™, this hull
is the full model P (here we use also that N is sound, ¢,1(N) = A < AT,
and pp+1(N) = r U {r} Uq with ({r} Ugq) C A*.) Finally, the associated
ppm of M is Ulty((P|u), R), and we would like to see that this ultrapower is
equal to N. It is easy to see that the ultrapower has the same ordinals and
indeed the same underlying set as P, by coherency of R; all that remains is
to show that its top extender H is the same as G, the top extender of V.
Note that H is given by igr“(E,), so ig = ir 0 ip,. But R was defined such
that ir o ip, = ig,. This shows that Ulty((P|u), R) = N and completes the
proof. W

9.5 Long Protomouse Condensation

Lemma 9.28. If N, is long pluripotent and M is an interpolant of N,, then
M is a long protomouse (possibly of type 2), with 0,,1(M) = A. Further,
the interpolation embedding o : M — N, sends the Dodd parameter d(M)
to the Dodd parameter of N,.

Proof: Almost exactly the same as in the short pluripotent case,
Lemma 8.21. All properties of potential premousehood are upward preserved
by m: X — M, except for totality of the top extender GG, which will fail.
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This is because N, has top extender G with dom(G) = (k+)N < A by long
pluripotence; and since M agrees with N, up to a little past A, that entire
domain needs to be measured by G in order for it to be total. But M is a
non-cofinal hull in N,, so there is some bound on the subsets of g, which
are measured by G.

The remaining properties of long protomice follow easily by elementarity
of the embedding o. W

We also have

Lemma 9.29. If N, is the collapsing-level for 7 in W (following the con-
ventions set at the beginning of 7.2), and v is a long divisor or type 2 long
divisor of N, with associated protomouse M, = N,(v), then any interpolant
M of M, is a long protomouse (possibly of type 2) with o1(M) = A.

Proof: The proof is similar to the one we just gave for Lemma 9.28, but
now the target structure is a long protomouse M, instead of a long pluripo-
tent level of W, which in fact makes things easier; it is a straightforward
verification of the clauses of Definition 9.1, which follow by elementarity of
o. We omit further detail. B

Remark: Recall that whether a long protomouse M is type 2 depends on
whether its collapsing-level N* for its 6 has a top extender satisfying certain
conditions (and also whether k(M) = 0). Because N* is not preserved under
interpolation embeddings, type 2-ness of M will not be preserved either. In
other words, a type 1 long protomouse could have type 2 interpolants, and
vice versa.

Finally we prove the analogue of Lemma 8.23 for long protomice.

Lemma 9.30. (Long Protomouse Condensation) Let M, = (M|, G)
be either a long pluripotent level of W, or the protomouse associated with
a long diwisor or type 2 long divisor v of N., where N, is the collapsing-
level for 7 in W. Let M = (|M|,G) be an interpolant of M, such that the
interpolation embedding has critical point T € S (see Section 7.2), and let N
be the associated ppm of M. Then N is a level of W.
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Proof: By either 9.28 or 9.29, we have that M is a long protomouse
(possibly of type 2) with ¢;(M) = A. Let 0 : M — M, be the interpola-
tion embedding. Now we describe how N can be embedded into a level of
W. First we consider the case where M., is either long pluripotent, or the
protomouse associated with a long divisor. (Afterwards we will consider the
case where M. is the type 2 long protomouse associated with a type 2 long
divisor.)

If M, is a type 1 long protomouse then let ig : (N*)** — N, be the
associated ppm embedding. Similarly, if M, is a long pluripotent level then
(Ult, (M k5T, GYINE) = (My]lo(M,)), where n is largest possible so that
this ultrapower is defined. In this case we set (N*)Mr = M_|x.", and we
have ig : (N*)Mr — Ult((N*)*7,G). By coherency of G, this ultrapower
agrees with our pluripotent level M, up through o(M,).

There is a natural embedding 7 : i5(N*) — ig(N*), given by

m(ig(/)(@)) = ia(f)(o(a)) .

Thus we have essentially the same diagram as in the short case:
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(M, G)

\Y

o (N)Mr 29 UI((N*)M-, G)

v
(M,G) ig(N*)
- .
N* e LN

In the case where M, is a long protomouse, we have by hypothesis that
Ult(N*)M- G) = N, is a level of W. If M, is a pluripotent level of W,
then Ult((N*)M7 @) is not a level of W, but it agrees with W up through
o(M,) = (AG)VHWNIM.G) - Note that ig(N*) is a level of Ult(N*)™,G),
and 7 is X, 1-elementary. Also, crit(m) = crit(o) = 7.

We would like to see that [V is a plus-one premouse, by applying Lemma
2.24. If M is a type 2 long protomouse, then following the remark after
Lemma 9.15, we can argue that N satisfies the Jensen ISC by an argument
just like that given in Lemma 8.23 when i is discontinuous at Ay~. We omit
further detail. So assume M is a type 1 long protomouse. The verification
that N satisfies projectum-free spaces goes exactly as in the Short Proto-
mouse Condensation Lemma 8.23.

If n > 1 then is is QW-preserving, a fortiori ¥s-preserving, so we can

apply clauses a), b), or f) of Lemma 2.24, depending on the mouse-type of
N*, to conclude that N is a plus-one premouse of the same type as N*.
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If n = 0 we would like to apply ¢), d), or €) of Lemma 2.24. If N* is
passive this is trivial, so assume it is active with top extender H*. Notice
A > /ig, because Ap- is the largest cardinal in N* and a limit cardinal.
This means ¢ is continuous at Ay, since its only discontinuities are at points
of N*-cofinality xgs and /@'2. Also notice that IV has a total top extender, be-
cause we are assuming M is a long protomouse of type 1.

The final condition of Lemma 2.24 to check is that i is continuous at
vy~ in the case where N* is a type Z; premouse. So consider the case where
/{2 = Kk}, where F = E,,, is the stretching-extender for the type Z; pre-
mouse N* as described in Definition 2.11. We will treat this case similarly
to Anomalous Case 2 in the Condensation Lemma. In particular, a similar
argument to the one given in Section 6.3 shows that G has only a single
long generator vz. Now instead of applying G to N* we will apply it to the
“extender being added” by the Z; level N*. More precisely, letting H* be
as in Definition 2.11, we form N = Ult,(((N*|#), H*),G). Again, following
the argument of Section 6.3, we conclude that N is a type Z; premouse with
stretching-extender G | Ae. Thus, even in this case we have that IV is a
plus-one premouse with a natural factor-map 7 : N — ig(N*).

It now follows from Lemma 9.10 that N is sound and that g,+1(N) = A.
This allows us to apply the Condensation Lemma to 7 : N — ig(N¥).
Notice that Anomalous Case 4 does not apply, since if there were a total
long extender R on the N,-sequence such that A = (x7)"", then N, violates
projectum-free spaces, contradiction. (And clearly if there are no such ex-
tenders on the N, sequence, there are none on the ig(N*)-sequence.)

Recall that crit(mr) = 7 € S, so 7 is not an index or pseudoindex. It
follows that ¢) and d) of the Condensation Lemma are impossible. Because
7 has a critical point 7, it is not the identity, so a) of Condensation is im-
possible. This leaves b). We have shown that N <1ig(N*) QUIt((N*)M- Q).
In the case where M, is a long protomouse, Ult((N*)M @) is a level of W,
and we have proved the lemma. In the case where M., is long pluripotent,
Ult((N*)Mr Q) agrees with W up to its AL But notice that in this case N is
a proper initial segment of Ult((N*)™7 @) which projects to A, and A < )\g.
So N is in the region where we have agreement with W, and again N is a
level of W. We have now proved the lemma in the cases where M, is either
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long pluripotent, or the protomouse associated with a long divisor.

As promised, we now consider the case where M, is the type 2 long pro-
tomouse associated with a type 2 long divisor. In this case P = (|P|, R) =
Ult((N*)M- @) is not a level of W, but rather the short quasi-protomouse
associated with M, and by hypothesis we have N, = (the associated ppm
of M;) is a level of W. Recall that in this case |P| = |N;|, so any proper
initial segment of P is a level of W. Now we can repeat the above proof
exactly, with the only difference being that ig(N*) < P in the above dia-
gram, instead of ig(N*) < Ult((N*)™- G). (In fact, strictly speaking it is
still the case that P = Ult((N*)M7, G), but we want to highlight the fact that
P is not a premouse in this case, and that no problem is caused by this.)
Thus 7 is an embedding from N into a proper initial segment of P, hence
a level of W and we can apply the Condensation Lemma exactly as before. B

9.6 Canonical Divisors

We now move towards the definition of the C, sequences and the proof of
(1. Recall the conventions fixed at the beginning of 7 and 7.2; in particular,
we are working in a fixed iterable premouse W such that W = ZFC, and
all statements should be understood as internal to W. Also we have fixed
a cardinal A which is not subcompact and which is not the successor of a
1-subcompact cardinal. Finally, we have S a club in A™ such that all T € S
satisfy:

a) A is the largest cardinal in JZ;

b) JZ is a fully elementary substructure of J&;

d) T is not a pseudoindex.

For 7 € S, set N, = the collapsing-level for 7 in W, and k(7) = the least
k such that ox.1(N;) = A, so that N, = W|(B, k(1)) for § = o(N;).
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We would like to associate a canonical divisor, and its associated proto-
mouse, to each of our levels N, by choosing the divisor of N, with the largest
divisor-hull out of all the candidate divisors. Essentially the reason for this
choice is that protomice corresponding to larger divisor-hulls are “visible”
from the perspective of protomice corresponding to smaller divisor-hulls; this
fact will be the key to our proof that the interpolants we consider in the [y
construction are the canonical protomice associated with their local successor
cardinals. We will go into more detail shortly, but in brief, the form of the
argument is as follows: We start with a canonical protomouse M, at some
level 7, and consider its interpolated protomice, which correspond to lower
levels 7. We need to see that a tail-end of these interpolants are the canonical
protomice associated with their 7’s. Suppose not; then there are cofinally
many 7 < 7 such that the canonical protomouse M- has a larger divisor-hull
than the one corresponding to our interpolant. But these larger-hull M:’s are
“visible” from within our interpolants, and we can use the embedding-chain
through our interpolants to push the existence of a larger-divisor-hull proto-
mouse up the chain and show that our original protomouse M, can likewise
“see” the existence of a larger divisor-hull of N,. But then M, was not the
canonical divisor of N, after all, contradiction.

It is essential in the above argument that there is a largest divisor-hull of
each N:, because a protomouse can only “see” other protomice if they corre-
spond to strictly larger divisor-hulls. If a level N> has no largest divisor-hull,
but merely a collection of incomparable ones, then there is no way to guaran-
tee that our interpolated protomouse corresponding to 7 is the canonical M.
(The supposition that it is not the canonical M; would no longer imply that
it can “see” the true M-, so we have nothing to push up the chain to NV,.) We
will show that in most cases there is a divisor with strictly largest divisor-hull
in this sense, but there will be some cases in which the largest-hull short di-
visor and the largest-hull long divisor have “overlapping” divisor-hulls; such
levels are called unstable. Thus we will have to content ourselves with not
one but two canonical protomice for unstable levels N, and our proof will in
fact yield a U o-sequence instead of a full Lj-sequence. We will also treat
levels where a type 2 long divisor v has v = max(q) for the canonical short
divisor (k,q) as unstable levels.

Lemma 9.31. Ifv is a type 2 long divisor of N, then v is not a long divisor
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of N.

Proof: Any type 2 long divisor v has an extender F, with the same
critical point kg, as the top extender of N. This means that any >;-hull of
N must include the point {kg,}, since it is definable over N. But then v
cannot be a long divisor, since clause ¢) of Definition 9.19 implies that {xg, }
is not in the corresponding divisor-hull. Wl

So the long divisors of N and the type 2 long divisors of N are disjoint
subsets of p(N).

Definition 9.32. Let N be a level of W with a canonical short divisor (k, q)
and one or more long or type 2 long divisors. Let v € p(N) be least such
that v is a long or type 2 long divisor. We say N is unstable if and only if
v =max(q) and, if v is a long divisor, kg, < K.

We are finally ready to define the canonical divisor associated with a level
of W.

Definition 9.33. Let N be a level of W with at least one strong short divi-
sor, long divisor, or type 2 long divisor, and suppose N is not unstable. Let
(k,q) be the canonical strong short divisor if there is one, and v € p(N) be
the least long or type 2 long divisor if there is one. (At least one of these is

defined.) Then

a) If v is undefined or if max(q) < v, we say the short divisor (k,q) is
the canonical divisor of N.

b) If (k,q) is undefined or if v < max(q), we say the long or type 2 long
divisor v is the canonical divisor of N.

Likewise we define the canonical protomouse:

Definition 9.34. Let N be a level of W with at least one strong short divi-
sor, long divisor, or type 2 long divisor, and suppose N is not unstable. Then
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a) If the canonical divisor of N is a strong short divisor (k,q), we say the
short protomouse associated with (k,q) is the canonical protomouse associ-
ated with N.

b) If the canonical divisor of N is a long divisor or type 2 long divisor v,
we say the long protomouse (type 1 or 2) associated with v is the canonical
protomouse associated with N .

For N, the collapsing-level for 7 in W, we want to define M, to be the
associated canonical protomouse. However, we also need to treat pluripotent
levels as a “limiting case” of protomice in which the top extenders are in fact
total.

Definition 9.35. Let N, be the collapsing-level for 7 in W, and suppose N
s not unstable. Then

a) If N, has an associated canonical protomouse, we define this proto-
mouse to be M.

b) If N, does not have an associated canonical protomouse but N, is
pluripotent (short or long), we define M. = N..

¢) If N, does not have an associated canonical protomouse and N, is not
pluripotent, we say that M, is undefined.

For unstable levels we have two associated canonical protomice:

Definition 9.36. Let N, be the collapsing-level for 7 in W, and suppose N
is unstable, with canonical short divisor (k,q) and v = max(q) a long or type
2 long diwvisor. Then we set

o M:hort = N(k,q); this is called the canonical short protomouse associ-
ated with N ;

o M = N(v); this is called the canonical long protomouse associated
with N, if v is a long divisor, and the canonical type 2 long protomouse
associated with N, if v is a type 2 long divisor.
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Another important fact about the distribution of divisors of a premouse
is that a type 2 long divisor will never be the canonical divisor, unless it
is the only divisor or we are in the unstable case. In other words, type 2
long divisors can never “beat” other divisors; the other divisor will always be
canonically chosen (or, in the unstable case, they might be “tied” as canon-
ical divisors).

Lemma 9.37. Let v be a type 2 long divisor of N; then there are no long
divisors or type 2 long divisors v' € p(N) — (v + 1), and there are no strong
short divisors (K',q") with v < max(q').

Proof: Let k = kg, = Ky, as demanded in clause a) of Definition 9.25.
Because k is the critical point of G, it will automatically be in all ;-hulls
of N. Now suppose V' € p(N) — (v + 1) were a long divisor of N; then the
divisor-hull associated with v/ must contain no ordinals between x,, and A,
by clause ¢) of Definition 9.19. Since we have just shown s must be in this
hull, it follows that x < k,,. Now recall that the divisor-hull associated with
v is Hull?',,(Z Ur), using the notation of Definition 9.25; and this hull does
not contain any ordinals between x and A, hence does not contain x’. But
V' € r, and k' is definable from +/ as the critical point of F,/; contradiction.

The argument for long type 2 v/ is similar: suppose v/ € p(N)—(v+1) =r
were long type 2. Then the extender F,, has critical point . Now the divisor-
hull associated with v is Hull!’ ,(ZUr), using the notation of Definition 9.25;
and this hull does not contain any ordinals between x and A. But E,/ is still
indexed at v/ € r, so k is definable and therefore in the divisor-hull, contra-
diction.

Finally, suppose (x/,¢’) is a strong short divisor of N such that v <
max(q'). As before, it must be that ' > k, since k is automatically in the
divisor-hull of (', ¢’). Let a = max(q¢’). Let N' = HL (k' U p(N)), with
o’ the associated uncollapse map. By Lemma 8.13, p(N') = (¢/)"!(r'); in
particular, there is no solidity witness for o € p(N) in HullY, | (x'Up(N)), for
this would transfer downwards to a generalized solidity witness for a € p(NN').
But the divisor-hull associated with v, namely Hull!’ ,(Z Ur) in the nota-
tion of Definition 9.25, does contain a solidity witness for a@ € p(P), since
« € r. This solidity witness is the X2, -theory of o U r’. Also note that
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Hulll' ((ZUr) € Hull),, (k' Up(N)), because the top extender of P is ;-
definable from the top extender of N together with the parameter v (see
Definition 9.25), and v € p(N). In other words, although P and N have
different top extenders, they are interdefinable using the parameter v; so a
Yp41-hull over P is contained in a X,,;-hull of the same set over N, as-
suming v is one of the points in the N-hull. Now we would like to reach
a contradiction from the fact that a solidity witness for « is in the smaller
Hull? ,(Z Ur) but no such witness is in the larger Hulll, , (x' Up(N)). Un-
fortunately, the meaning of “solidity witness” is slightly different in these
two contexts, because one is a theory in P and the other is a theory in N.
This can be easily remedied by again using the fact that P and N have top
extenders which are interdefinable using the parameter v, and v < « so it is

a point in the solidity witness ThZ,,(a Ur’). In other words, ThY ,(aUr’)

can be easily computed from ThZ (U 7’), so this latter solidity witness is

in N’, contradiction.

Finally, we show that strong short divisors cannot “overlap” long or type
2 long divisors, except in the unstable case.

Lemma 9.38. Let (k, q) be a strong short divisor of N, and let r = p(N)—q.
Then any long or type 2 long divisor v with v € r must have kg, < k. Also,
if v € q is a long divisor of N, then either v = max(q) or else kg, > k.

Proof: First suppose v € r is a long or type 2 long divisor. Then the
divisor-hull associated with (k,q) contains the ordinal v, hence the extender
E,, hence its critical point kg,. But there are no points in this divisor-hull
between x and A, so we must have kg, < k.

Now suppose v € g is a long divisor with v < maz(q). Suppose towards
contradiction that kg, < k; the argument is similar to the one just given
in Lemma 9.37. Let @ = max(q’). Let N' = HY ,(x Up(N)), with ¢’ the
associated uncollapse map. By Lemma 8.13, p(N’) = (¢/)~!(r); in particular,
there is no solidity witness for & € p(N) in Hull?, | (kUp(N)), for this would
transfer downwards to a generalized solidity witness for o € p(N’). But
the divisor-hull associated with v, namely Hull},,(Z U (p(N) — (v + 1))),
where Z = ig,“(k}, ), does contain a solidity witness for o € p(N), by
Lemma 9.21. We have shown that a solidity witness for a € p(NN) is in the
smaller HullY,,(Z U (p(N) — (v + 1))) but no such witness is in the larger
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HulllY, ,(k Up(N)). Contradiction. W

10 Main [, Construction

10.1 Defining the Sequence

Recall the description of § at the beginning of 9.6. Under the “smallness
assumption” described at the beginning of 7.2, we construct a [Jj o-sequence
from S.

Theorem 10.1. There is a sequence C = (&, |1 € S) such that each €, con-
tains either one or two sets C; € €., satisfying:

a) Cr C(SN) is closed;
b) C; is unbounded in T whenever T is a limit point of S and cof (1) > w;
¢) Cr NT € & whenever T € C, (this is called coherency);

d) otp(C;) < K.

Let

§'=8-8';

S'={r €S| M, is defined } .

A sequence of this form is technically called a D’( A2)-Sequence, because b)
is phrased only for 7 of uncountable cofinality; it is typical for square con-
structions in inner models to produce such ['-sequences, which can easily be
turned into (J-sequences by combinatorial manipulations. See [5] for details.

Many of the definitions and explanations in what follows are taken from

[5], with some mild adaptations to the context of plus-one premice; we re-
iterate these parts for the sake of completeness, and because the broader
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plus-one premice context requires additional consideration at certain points.
The reader familiar with [5] can focus attention on the parts of the construc-
tion that involve long divisors and long protomice.

Definition 10.2. Given 7 € 8°, B, is the set of all T € S N 7 satisfying:

e N: is a premouse of the same type as N ;
o n(t) = n(7);

e There is a map o=, : N- —> N, that s 28(7) -preserving with respect to
the language of premice and such that

a) T = crit(os;) and 07,(7) = 7;
b) o2-(p(Nz) = p(N7):

c) for each a € p(N;) there is a generalized solidity witness Q. () for
a with respect to N, and p(N;) such that Q-(«) € range(o-,).

We say that B= (B, | 7 € S).

In other words, B; is the set of all # € 8 N 7 such that N is an inter-
polant of V., and the interpolation map sends 7 to 7.

Solidity witnesses in clause c) are, of course, computed with respect to
the language of premice. The map o-, always has a critical point since, by
the restrictions imposed on the elements of S, each N, is strictly longer than
W|r. Notice that oz, is uniquely determined; this follows from soundness
of N;. Given any x € Ny, there is a & < A such that = )T, (€, p(N;));

as Egn)-statements are upward preserved under Zén)—embeddings and Skolem
functions have absolute definitions, o(z) = h}7,(¢,p(N,)) for any map o
satisfying the above definition. Notice also that clause ¢) does not have any
influence on the uniqueness of o-.. One further important fact about o>, is

that o>, is not ESH(NT)—preserving, hence
0z, is non-cofinal at the n(N;)-th level.
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Otherwise, oz, would be ESH(NT)—preserving, so k)7, (&, p(N;)) would be
defined if and only if h)7, (&, p(N,)) would. By the soundness of N,, we
would have range(o-,) = N,, and from this the obviously false conclusion
N; = N,. Finally we note that clause ¢) in the above definition will be used
only once in the entire construction, namely in the proof that C'. is closed,
to make sure certain direct limits are sound. The condition in ¢) cannot be
strengthened to a requirement that standard solidity witnesses be members
of the corresponding ranges; this follows from the fact that we are forced to
deal with embeddings with very weak preservation properties which typically
do not map standard witnesses to standard witnesses.

Definition 10.3. Given 7 € S!, if the canonical divisor of N, is a short
divisor (k,q), then B, is the set of all T € S' N1 satisfying:

e One of the canonical divisors of Nz is a short divisor (k,q) such that
k=& and |q| = |ql;

o There is a map oz, : Mz — M, (or o= : Mht —s M, ) that is
Yo-preserving with respect to the language of coherent structures and
such that

a) T = crit(oz;) and o7, (T) = 7;
b) O-’T_'T(Q) =dq;

c) for each o € q there is a generalized solidity witness Q,(«) for «
with respect to M, and q such that Q,(a) € range(oz,).

If N, is unstable, then we define B$"™t as above, with M3"" in place of
M..

In other words, B, for 7 such that M. is a short protomouse is the set of
all 7 € S' N7 such that (one of the two) M- is an interpolant of M, , and the
interpolation map sends 7 to 7. If IV, is unstable then we use this definition
for one of the canonical B; sequences.

Definition 10.4. Given 7 € S', if the canonical divisor of N, is a long
divisor or type 2 long divisor v, then B, is the set of all T € S* N7 satisfying:
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e One of the canonical divisors of Nz is a long or type 2 long divisor v
such that |p(N;) Nv| = |p(N: Nv)|;

e There is a map oz : Mz — M, (or oz, : VA — M, ) that is
Yo-preserving with respect to the language of coherent structures and
such that

a) T = crit(oz,) and 07,(T) = T;
b) 0--(V) = v;

c) for each o € d(Mz) there is a generalized solidity witness Q. («) for
« with respect to M, and d(M,) such that Q,(«) € range(oz,).

If N, is unstable, then we define B as above, with M™ in place of
M..

In other words, B, for 7 such that M, is a long protomouse is the set of
all 7 € S' N7 such that (one of the two) M- is an interpolant of M, , and the
interpolation map sends 7 to 7. If IV, is unstable then we use this definition
for one of the canonical B, sequences.

Notice also that in the definitions of our canonical sequences, we treat
type 1 long protomice and type 2 long protomice together. They will be
related to levels of W in slightly different ways, but we do not distinguish
between them while constructing elementary chains of protomice.

Lemma 10.5. Let 7 € S for i € {0,1} and let 7™ < T satisfy all the
requirements of the definition of By, Bt or Bl except possibly clause
¢). Then range(o,+,) C range(oz;).

Proof: It follows from the elementarity of our maps that if hfj}r*l (&, p(N.+))
is defined then also hgjl(f ,p(Nz)) is defined, whenever ¢ < A. (To be more
precise, we need to see that sup((o.+r)“0n(Ny+)) < sup((oz;)“0n(Nz)); see
Lemma 3.2 of [5] for details.)

It follows that o, (k73 (&, p(77))) = BT, (€, p(N)) = 02 (W71 (6, p(7)))
whenever hanl(g ,p(7*)) is defined. Since N,- is sound, this completes the
proof. W
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Lemma 10.6. Let 7 € S' fori € {0,1} and 7 € B,, Bt or Bl". Then
B, N7 = B; —min(B,), and the corresponding statements hold for B3t
and Blend,

Proof: We treat the case 7 € B,, since the other cases will be iden-
tical. Suppose 7 € S (the proof for 7 € S! is the exact same). Pick a
™ € B, N 7. We first show that 7* € B:. By the previous lemmata,
range(o,«;) C range(oz;), so we can define a map o : N« — N; by
o = (077) ! 0 0,«;. It is routine to verify that o satisfies all requirements on
o,z except possibly clause c¢), which we verify now.

Given a € ps, let @ = o7,(@) and o,+-(a*) = @. The definition of B,
guarantees that we have a generalized witness @, («) for a with respect to
N, and p, in the range of o,+,, and we know that the o-.-preimage Q(Ey)
of @Q,(«) is in the range of 0. But “Q is a generalized witness for a with

respect to N and p” is a Hgn)—statement, so it is downward preserved under

Zé”)—maps. It follows that Q(a&) is a generalized witness for a with respect
to N: and p-. This proves that 7" € B> and thus the inclusion C.

Let 7" = min(B;). Pick a 7* € B: — 7/ that is larger than 7/. Define an
embedding o : N;« — N, by 0 = 0;,00,+7. Again, o meets all requirements
in the above definition except possibly clause ¢), which suffices to conclude
that ¢ = o.+,. Regarding c), if Q(«) € range(o,,) is a generalized witness
for o € p, with respect to N, and p,, then Q(«a) is in the range of o,«, by
the previous lemma, so 7* € B,. This proves the inclusion D. W

By the above Lemma, the sequence B is almost coherent; the only defi-
ciency of B is that the initial segments of B,, Bs""t or Bl"9 might grow
as 7 decreases. This can be fixed by adding all potential initial segments to
each B,. For 7 € § we set

e 7(0)=T;

o 7(i+ 1) = min(B.(;) if there is a unique B, mz‘n(Bﬁ?i‘;”) if 7 had a

single canonical short divisor, and mm(Bfg’g)g ) if 7 had a single canonical

long divisor;

e (, = the least i such that B, = 0.
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Likewise, if N, is unstable, we define 7(7)*""* and 7(i)""9 exactly as

above, but with the short or long canonical divisor respectively in place of
the single canonical divisor of N,.

The number £, (or the pair £2"°"* and ¢!°"9) is defined for every 7 € S,
otherwise we would have an infinite decreasing sequence of ordinals. We are
now ready to define a fully coherent sequence B* = (B! | 7 € §). Given any
T€eS,

o B = B—,—(o) U ... u BT(fol);

° O';_ = 0r(1)7(0) © --- O Or(j)7(j—1) © O7r(j) whenever T € Bi and 7 is such
that 7 € BT(]').

We also define (B:"ort)* and (Bl"9)* in the obvious way, with 7(i)*""* or
7(7)!" in place of 7(3).

Lemma 10.7. B* is a coherent sequence.

Proof: Pick a7 € § and a 7 € B?. Suppose for simplicity that neither 7
nor 7 is unstable. (If they are, the proof is exactly the same, with superscripts
in the appropriate places.) Assume without loss of generality that 7 > 7(¢, —
1) = min(BZ). We first observe

min(B;) € B and B: = BN [min(B:),T) .

This follows from Lemma 10.6. Let j be such that 7 € B;;. Then
7(j + 1) € Bs, and either 7(j + 1) = min(B:) or else B-N7(j + 1) is a
tail-end of B;(;1y C BZ. This proves that min(Bz) € Bf. To see that
Bz = B:N[min(Bz),T), we observe that B; agrees with B, ;) on [7(j+1),7)
and B agrees with B.(j11) on [min(Bz),7(j + 1)).

Define 7(i) from 7 the same way 7(i) was defined from 7. Let ¢ = /.
Using the facts we just proved, we inductively show that Bz ;) is a segment of
B for all i < £. Tt follows that B is a (not necessarily initial) segment of B.
But B} must be in fact an initial segment of B; otherwise 7({—1) > 7(¢,—1)
which would mean that Bz_; is nonempty. Contradiction. W
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Since each o is the unique Eé”)—preserving map from N; to N, with
critical point 7 sending p; to p,, Lemma 10.5 guarantees that range(o%..) C
range(oz,.) whenever 7 < 7 are in §°. On S', the situation is analogous.
Thus we can define 0. by of.. = (0%,) took., for any 7* < 7 from B:U{r}.
It follows immediately that o%.. : N;« — N; is the unique map that is Z(()n)—
preserving with respect to the language for premice, has critical point 7*,
and sends 7* to 7 and p,- to p; whenever 7 € S® and 7* < 7 are in BXU{r}.
Also, 0. : M.« — M is the unique map that is ¥y-preserving with respect
to the language for coherent structures, has critical point 7%, and sends 7*
to 7 and ¢,+ to ¢ whenever 7 € S' and 7" < 7 are in BX U {7}.

To complete the definition of the square sequence, we will make use of
the following crucial lemma, whose proof will constitute the next subsection.

Lemma 10.8. For every 7 € S of uncountable cofinality, B,, B, and
Blng qre closed unbounded subsets of T on a tail-end (if they are defined).
In other words, there is a T < T such that B, — T is closed and unbounded in

7; likewise for Bho™t and B,

To each 7 € S, let 3; be the least 5 € BXU{7} such that B — 3 is closed
in 7. Define 55"t and "9 analogously. The ordinal 3, (or 8"t and plons,
if 7 is unstable) is always defined, and if cof(7) > w, then 5, < 7, as follows
from the previous lemma and the fact that B; is a tail-end of B}. Set

C: = B;k - /BT )
(Cihort)* — (Bihort)* . Bf_hort ’
(C}rong)* _ (Biong)* . 57l_ong

and then define € = {C?} if 7 has a single canonical divisor, else €f =
{(Cshortyx (Clong)*} if 7 is unstable. Finally we set

C=(C|1es).
Given T € CF, we know that 7 € BY, T > 3. and that B}, B cohere. It

*
follows that 8z = B,. Consequently, C: = B — 3 = B:N7T -3, =C:NT;
likewise for (C*"o)* and (C"9)*. The sequence C* thus satisfies all require-
ments on a [T} ,-sequence with the only exception that the sets C, (C5"")*

and (C!°"9)* might have large order type.
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We now observe that for 7 € 8!, the order type of CZ, (C:"r*)* and
(Cleng)* are always small. Consider C* without loss of generality. To each
7% < T from C? we have the map o’.. : M, — M; which is the unique
map with the preservation properties considered above. It is easy to see that
dom(F,«) C dom(F:) and this inclusion is strict, since o%.. is non-cofinal.
Hence 6, < 6. It follows that #- — 7 is a strictly monotonic enumeration
of C* with domain contained in #,. But 6, < k* < A for short protomice,
and 6, < kT < A for long protomice (of type 1 or 2), so in all cases we have

otp(C7) < otp(6;) < A.

The above discussion shows that for 7 € S!, our construction already
yields a [0} -sequence. For 7 € S° this is not obvious, and to arrange that the
order types are small, we will replace the sets C* by suitably chosen subsets.

Let X, (§) be the Zgn)—hull of {¢,p;} in N,. We define sequences (7,), ({7)

in the following way:

7o = min(Cr U {7});

] = the least { < A such that X () is not contained in range(o? .);

7,41 = theleast 7 € C*U{7} such that X ({) is contained in range(oZ,);
o 7, = sup{r, | ¢ <~} for limit ~;

e . = the least ¢ such that 7, = 7.

If 7, < 7, then £ is always defined; just choose a ¢ < A such that
7, = h.(§,p;) and observe that X (§) is not contained in range(o} ), as
7, = crit(o} ). Set

Cl=A{rlv<i}.
Lemma 10.9. (C! | 7 € 8% is a O} -sequence on S°.

Proof: Given ¢ < t,, the above definition immediately yields that 7,,7 >
7,, and it is easy to see that C. is closed. Furthermore, if 7 does not have
cofinality w, C! is unbounded, since each X.({) is countable and there-
fore contained in range(cZ,) for sufficiently large 7 € CF (recall that C
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is closed unbounded in 7 in this case). We next observe that if 7 < ¢,
then X, (£]) is not contained in range(cy..), as range(o; ) C range(o; ).
So & < & would contradict the minimality of &7. Furthermore, since
X: (&) C range(oy,,,.) C range(oy, ), the ordinals § and & must be dis-
tinct. This proves that ({7 | ¢ < ;) is a strictly increasing sequence of
ordinals smaller than A. As an immediate consequence we have ¢, < A and
that « — 7, is a strictly monotonic enumeration of C.. So otp(CL) < A
for each of the possibly two C” sequences. It only remains to prove that the

sequence (C! | 7 € 8Y) is coherent.

Pick a 7 € CL. Assume that 7 > min(CY); otherwise there is nothing to
prove. Since T € C7, we know that C* = C7 N 7. By induction on ¢ we show
that 7, = 7, whenever ¢ < ¢z. For + = 0, this follows immediately, and the
same applies to limit ¢.

It remains to prove that 7,41 = 7,11, granted that this equality holds with
¢ in place of ¢ + 1. Here we use the following fact.

Claim: If X, (&) C range(o%,), then X, (§) = (0%,) “X5().

Proof: The inclusion D follows immediately, as Zgn)—statements are up-
ward preserved under 0% . Now suppose y € X, (§). This means that there is
an ¢ € w and ¢ < g, such that (Ju € SCE)HT(u,y, (1,€),pr); take ¢ to be the

least such. Then ( is uniquely characterized by the following E(()n)—statement:

(Ju € SE)H-(u,y, (i,£),p,) and

(Vv € SE)SE = S(v)) — (Yu € v)=H.(u,y, (i, €),pr) -

Since y = h.((i,£), p;), substituting h,((i,€),p,) for y yields that ( is
Zg”)-deﬁnable over N, from ¢ and p,, so ( € X,(£). By our assumption
that X, (£) C range(o?,), there are 3, ( € N; such that y = o% () and
¢ = 0,(¢). Then the above formula holds in N; with 7, {, ¥ and p- in
place of 7, ¢, y, and p,; this witnesses that (3u)H-(u, 7, (i,€), p-), i.e., that
g = h:((1,€),pz) € Xz(£). This proves the C inclusion and therefore the

Claim. H
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Now suppose 7, = 7, < 7. Recall that o7, = ¢% oo for any 7’/ < 7. By
the D direction of the above Claim, for any £ < A we have
X,(€) C range(o},,) — X+(€) C range(d,,) .

It follows that £ > £7. Since we are assuming that 7 € C. and 7, < 7,
we have 7,41 < 7, so X, (&) C range(oZ.). Using the full strength of the
Claim, we obtain

X (&) = (07,) " X=(E])
so Xz(&) ¢ range(ok.). It follows that & = £7. Letting &, be this

s

common value, the above formula guarantees that for every 7’ € [7,, 7| N C¥,

X;(&) Crange(ol,.) < Xz(&) C range(o};) ,

T'T

which in turn implies that 7,1y =7,,,. B

It is now obvious that if we define C = (€, | 7 € S) by
e {1}, ifres®
T e ifredst

then C is a [J) y-sequence on §. To complete the construction, we have
to give the proof of Lemma 10.8. The next two subsections are devoted to
this task.

10.2 Proof of Lemma 10.8 for 7 € S°

Let 7 € 8° be a limit point of S with uncountable cofinality. We first define
an approximation D to B,. The set D is the set of all 7 € § N 7 satisfying:

e N- is a premouse of the same type as N;;
e n(7) = n(7);
e There is a map o, : N — N, that is 28(7)—preserving with respect

to the language of premice and such that
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a) T = crit(oz) and 0+ (7) = T;
b) 07 (p(N;7)) = p(N;);

c) for each av € p(N;) there is a generalized solidity witness @, («) for
« with respect to N, and p(N,) such that Q. (a) € range(oz,).

The only difference between D and B, is that we also allow ordinals from
S! to be elements of D; that is, our interpolant might not be canonical. Later

we prove that there are only boundedly many such ordinals in 7. Obviously,
B, CD.

Lemma 10.10. D is unbounded in 7.

Proof: Recall that 7 € 8 so N is not pluripotent (short or long). By
Lemma 7.10, any interpolant of N, such that the interpolation embedding
has critical point 7 € S will be a level of W; this is because all points in §
are neither indices nor pseudoindices, so the hypotheses of Lemma 7.10 hold.
Now by Lemma 7.9, there are cofinally many of these interpolated W-levels
below 7. This proves the Lemma. W

Lemma 10.11. D 1is closed in .

Proof: Let 7 be a limit point of D. So 7 € S, as S is closed. Form the
direct limit <N, 0-z | T € DNT) of the diagram (N;,0,+- | 7 <7 & 7%, 7 €
D N 7). This direct limit is well-founded, as there is a Yg-preserving em-
bedding 0 : N —» N, defined by o : 0::(x) — o0z.(z). From now on
consider N to be transitive. Notice that o o 0-7 = 07,. For & < T we have
07 (&) = 07-(§) = € where 7T is such that £ < 7 < 7, so 0z, | T = id. Also,
the thread (7 | 7 € D N 7) clearly represents 7 in N, so 7 = 0-7(7) and
0:-(7) = 7. It follows that 7 = (AT)Y and 7 = crit(oz,). It is easy to see
that the maps o-; are Eén)-preserving, where n = n,. These preservation
properties hold with respect to the language of coherent structures, as it is
not clear that N is a premouse of the same type as N, and the constant #
is correctly interpreted in N. Our aim is to show that N = N;, and again
we intend to use the condensation lemma. Thus, we have to show that its
hypotheses are met.
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The first step towards this is the verification that N is a premouse of
the same type as N,. To see that N is a potential premouse, notice that
[T5-properties which hold on a tail-end are upward preserved under direct
limit maps. We know that each N: is of the same type as N,. If they are
type A, then so is N, as the statement

(VA < An)() is not a cutpoint of N’s top extender)

is I[Iy(N) for any N. If N, is type B, then o.++(vn,.) = Yn,, 5O JT*;()\}*VT*) =
, as A} is the largest cardinal in JEN for any N. Set (7, 5\*) = 07:(VNs, )\}‘VT)'
the preservatlon properties of the dlrect limit maps then guarantee that A*
is a cutpoint of N’s top extender F and F | 2= EN Now, exactly as in
the case of type A premice, we can show there are no cutpoints of F' larger
than A*. Hence N is type B as well, \* = % and 7 = vg. It remains to
discuss the case where N, is type C. Then p1(N-) = An. > A, as both N,
and all N; are in §. It follows that n > 0, so Hgl)—statements which hold
on a tail-end of D N 7 are upwards preserved under the direct limit maps.
Notice also that o1(N) = (J{o%; ( ( N:)) | 7€ DN#} = Ay. That N is of
type C can be expressed by the QM-statement

(VO)(3X > ¢)(\ is a cutpoint of N’s top extender)

so it is true in N by the preservation properties of the direct limit maps.
Now given any A < Ay, and letting I’ be the top extender of N,

Fix={(zy) | GY)(zy) e F&y=yNA},
so F' | Ais X1 (N)-definable in . But we have seen that A < gy(N) = AR
so F' | A, being a bounded subset of ) 5, must be in N. This proves that N is
a type C' premouse. From now on we know that the preservation properties
of all maps 077 and ¢ hold with respect to the language for premice.

Let p = 0::(p7) for 7 € DN 7. Given an x € N, thereis a 7 € DN 7 and
an T € N; such that © = 07;(Z). By the soundness of N:, there is a £ < A
satisfying = h:-(&, pz). This statement, being Egn), is upward preserved by
07,50 & = hY, (€,P). Since x was arbitrary, N = hY,,(AU{p}). This shows
that 0,(N) = 0ns1(N) = A and § is a very good parameter for N. Now no-
tice that oz, (p) = p, and that for any a € py_, there is a generalized witness
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for o with respect to IV, and p, in range(o). The latter follows from the fact
that range(o) D range(o-;) and that range(oz,) contains such witnesses,
as is ensured by ¢) in the definition of D. But being a generalized solidity
witness is a Hgn)—property, so it is downward preserved by o; this means N
has generalized solidity witnesses for p. It now follows that N is sound and

D = py, and consequently that N = Nz, n; =nand o = 0z,. Thus7 € D. R

The following lemma contains the crucial combinatorial details which are
needed for proofs of [J in fine-structural inner models. The main obstacle in
these proofs seems to be the following: Many of our interpolated levels will
be protomice of various sorts, and it is generally not too difficult to prove
that these protomice correspond to levels of W that is, there is a divisor of
a level of W which reproduces the protomouse. The hard part is defining
canonical divisors of these levels of W, in such a way that we can ensure our
interpolated protomice correspond to the canonical divisors. The following
lemma includes the key step in this argument: if cofinally many interpolated
protomice were not the canonical ones, then there are “better” divisors of
all the corresponding levels of W. By pigeonholing, we want to turn these
better divisors into something like a thread through the chain of interpolants,
and prove that the image of this thread at the top of the chain will likewise
be a better divisor than the one we used to form the interpolation-chain.
Therefore we should not have been using that divisor to form our chain in
the first place.

Lemma 10.12. D is a subset of S° on a tail-end, i.e., there is a T < T such
that D — 7 C S°.

Proof: Suppose the contrary, i.e., let (7, | ¢ < &) be an increasing se-
quence cofinal in 7 such that each 7, is in S!. By the pigeonhole principle,
we may assume that one of the following holds:

i) Every N,, has a canonical short divisor (k,,, ¢, ) and (by further ap-
plication of the pigeonhole principle) for all ¢ < §, |g,,| = m for some fixed
m € w,

i1) Every N,, has a canonical long divisor v, and for all v < ¢, |p,, N v,| =

m for some fixed m € w;
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ii1) Every N, has a canonical type 2 long divisor v, and for all ¢+ < §,
lpr, N v,| =m for some fixed m € w.

In each of these three cases, we will show that the cofinal sequence of
divisors can be “pushed up the elementary chain” given by D, and prove
that a divisor of the corresponding type is present in N, as well. This will
contradict the fact that 7 € S°, and thereby prove the lemma.

First we consider the case i), in which there are cofinally many N, with
canonical strong short divisors. We can assume that the sequence (k,, | ¢ <
) is monotone (not necessarily strictly), as we can always replace it by a
monotonic subsequence (kr,, | § < '), where ¢(£) is inductively defined by

(€)= sup{u(§) +1 1€ <&}
t(§) = the least ¢ such that /*(§) <t < 0 and k., = min{s,, | t"(§) <n <6},

where sup(0) = 0. Let p = sup{k,, | t < 3}, let ¢ be the bottom segment
of p, with exactly m elements and let » = p, — ¢. Notice that 1 < A and
that ¢ = 0,,-(¢r,) and r = o, (1) for all ¢ < 4.

We show that (k,q) is a divisor of N, by verifying all clauses in the
definition of a divisor. From the proof of the previous lemma we know that
(N, 077 | ¢ < 0) is the direct limit of the diagram (N,, 0., | 7 < ¢ < §).
Notice first that

(*) Or = UO-“TLT(QTL> :

1<
We further observe that

() he(wu{r}) = Jo b (mn U {r})

1<é

The inclusion D follows from the fact that 25”)—statements are upward
preserved under o, , so if y = h, (&, 7;,) for some ¢ < K, then o,,(y) =
h-(&,7r). The converse follows from the property of direct limits that 2§”)-
statements are downward preserved on a tail-end. So if y = h, (&, 1), then for

a sufficiently large ¢ < 0, the value y, = h,, (£, r,,) is defined and o,,,(y,) = y.
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This proves (). Now as (kr,, ¢,,) is a divisor for N,, for any ¢ < §, each hull
h: (ks U{r;}) is cofinal in o,,. This together with (x) and (f) yields that
h-(kU{r}) is cofinal in p,, which proves b) in the definition of short divisor
(Definition 8.8).

To verify ¢) of Definition 8.8, we show

h-(kU{r}) N (max(q)+1) C k.

By convention we set max () = A + 1 here. Fix a ¢ < maaz(q) such that
¢ = h,(&r) for some € < k. Pick an ¢ < § such that ¢ = h,, (€, r,,) is defined
and so ¢ = O'TT<C) Hence ¢ < maz(q.,). As (ky,qr,) is a divisor, { < k..
So ¢ = 0,,-(¢) = ¢ < Ky, < Kk, which proves the above formula. Thus, setting
A to be the least ordinal in h,(k,r) — K, we have A > max(q,). On the other
hand, A < 0,,-(\;,) < 0,; the former inequality is a consequence of the fact
that o,,-(\;,) is obviously in h,(k U {r}). This verifies that (k,¢) is a short
divisor of N,.

It must be that (k,q) is not strong, as no 7 € S° admits a strong
short divisor (or else it would have a canonical divisor and hence be in
Sl). By Lemma 8.13, py: is a proper lengthening of ' = («')~'(r ) Where

: NI — N, is the uncollapsing embedding associated with the Z )hull
h (kr U{ps}). Let 5’ be the largest element of py, — 1", Then Wf,,r e N/,
as the preservation properties of 7’ combined with the solidity theorem guar-
antee that N! is solid. Letting @ = (Wf,,r) and t = 7'(t') where t/
is the preimage of ' under the associated canonical witness map, (Q,1)
is a generalized witness for § = #/(5’) with respect to N, and r. Let
&,n < k be such that (Q,t) = h.(&,p;) and 5 = h,(n,p,); such ordinals
exist, as range(n’) = h,(k; U {p,;}). Let ¢« < § be sufficiently large so that
n,& < K, and both 3 = h, (n,p,,) and T = h,, (&, p,,) are defined. Then
or.+(B3,T) = (3,(Q,1)), so T is of the form (Q,?) and is a generalized witness
for B with respect to N, and 7, ; to see this, recall that being a general-

")—property, and therefore is downward preserved under

ized witness is a Hg
the E(()")—preserving map o,,.. Moreover, both S and <Q,ﬂ are in the range
of 7 = h.(k, U{p.}) by our choice of 1, §, and ¢. Finally B > Ky, as
B> /-; (this follows easily from the definition of §) and k, < k. Thus, if
(B,(Q, 1) = 7 (B',{(Q,)), then 5’ > k., and (Q,¥) is a generalized wit-

ness for 3’ with respect to N. (k) and 7., that is, an element of N’ (k).
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Then the standard witness W' = Wﬁ,’r&  is an element of N} (k) as well.

Let /. be the preimage of 77 under the associated canonical witness map.
Since this map is Zg")—preserving, for any set A which is Zg")(N;L(/QTL)) in
the parameter 7. we can find some A’ which is 2§”>(W’ )-definable in the
parameter ¢/ such that AN 3" = A'N " € N] (k). Then . is not a good
parameter for N, as 8’ > k,,. In other words, PN (x-,) 18 & proper length-

L

ening of v . By Lemma 8.13, the divisor (k-,, g, ) is not strong, contradiction.

We have shown that ¢) is impossible: only boundedly many of the N, ’s
can have canonical short divisors. We now give a similar argument to rule
out 7). The argument is similar, but in fact simpler. Because we are as-
suming |p,, Nv,| = m for some fixed m € w, and the embedding-chain
(N; 077, | © <t < §) preserves standard parameters, it follows that the
long divisors v, are a thread through this direct limit system. Since each v,
indexes an extender E,, with crit(F,) = k, < A, and the critical points of

the maps o,,,, are all > A, we have by Eé”)—elementarity of o,.,, that all k,
are the same ordinal; call it k. Likewise, for a < k™, « is below the critical
points of all 0., and is therefore a thread; and it follows that the short
extenders F,, have the property that ig, () is a thread, for every such a
(that is, ip, (@) = 07+ (ig,, (a)) for all & < k™ and ¢ < §).

We want to verify that v = o,,.(v,) is a long divisor of N,, so we must
check that the clauses of 9.19 hold. a) follows trivially by elementarity. Be-
cause ig, () = 05,,(ig, (a)) for all @ < kT and ¢ < 0, it is easy to see that
b) holds as well. To prove c), we suppose & € Hull,ﬁl(iEy “(kT)), so for
some o < Kk we have € = h)7, (i, (o), 7). But then for sufficiently large ¢,

ﬁ"l (ig,, (@), 1) =& is defined, and since v, is a long divisor of N, we must
have {, ¢ H ullgfl(i B, “(kT)). By elementarity, the same is true for &; this
verifies ¢). Finally, d) follows by a similar argument: if A™ were the space
of an extender on the N,-sequence, then for sufficiently large ¢, the same is
true for N,,, contradicting the fact that all v, are long divisors. (Here we are
using the fact that (A}, | < 0) form a thread in our direct limit system,
which is an easy conseqﬁence of elementarity.) This finishes the verification
that v is a long divisor of N, contradiction.

Finally we must deal with the case #ii), in which a cofinal set of N, ’s
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have canonical type 2 long divisors. As in case ii) above, the ordinals v,
form a thread through (N;,o0., | © < ¢ < §). We want to verify that
v =o0,,(v)is a type 2 long divisor of N., so we must check that the clauses
of Definition 9.25 hold. As before, a) follows trivially by elementarity, and
ig,(a) = 0.,.(ig, (a)) for all @ < k™ and + < §. That is, using the notation
of Definition 9.25, the points in Z are all threads through the direct limit
system. Also note that the ordinals y, = sup(ig,, “(x*)) form a thread. Since
all v,’s are type 2 long divisors of their respective IV, ’s, and the relations R,
of Definition 9.25 for type 2 long divisors are uniformly definable from p,,
we can argue exactly as before that H ullgivf |’R)(Z Ur) (the divisor-hull cor-
responding to v) satisfies b) and ¢) of Definition 9.25. Clause d) also follows
by elementarity exactly as before.

In all three cases, we have shown that cofinally many divisors in the
embedding-chain would induce the existence of a divisor at the top, contra-
dicting that 7 € 8Y. This proves the Lemma. H

Let 7 be minimal with the property that D — 7 C S°. By the previous
lemmata, 7 < 7 and B, — 7 = D — T is closed and unbounded in 7. This
completes the proof of Lemma 10.8 for 7 € S°.

10.3 Proof of Lemma 10.8 for 7 € S!

Here we adopt the same strategy as for 7 € S°. We again assume that 7
is a limit point of S, of uncountable cofinality, but now, of course, 7 € S*.
This means M,, or M and M!*"9, are defined. For the remainder of this
subsection we fix one of these models and simply call it M.. There are five
cases for what M, might look like:

Case 1) M, = N, is a short pluripotent level of W;

Case 2) M, is the strong short protomouse associated with a canonical
short divisor (k,q) of N;;

Case 3) M, = N, is a long pluripotent level of W;
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Case 4) M., is the long protomouse associated with a canonical long di-
visor v of N;;

Case 5) M, is the type 2 long protomouse associated with a canonical
type 2 long divisor v of N..

In all five of these cases, our approach will be the same. We first define
D to be the set of all 7 € S' N 7 such that there is an interpolant M} of
M, satisfying the conditions for 7 € B, (in particular, M* is the protomouse
associated with a divisor of N:), except that M may not be a canonical
protomouse associated with N-. We would like to prove that on a tail-end,
these interpolants are in fact canonical protomice; so we suppose that cofi-
nally many of our MZ’s are ‘beaten’ by some other divisor of N> with a larger
divisor-hull. The heart of the entire [y proof is the fact that this cofinal set
of larger-hull divisors can be pushed up the elementary chain of M*’s to in-
duce the existence of a larger divisor-hull of N, as well, which contradicts
the fact that M, was the canonical divisor.

The basic structure of this proof is therefore similar to the proof given
in the previous subsection for when 7 € §°. However, in that proof we were
given an embedding-chain through our set of interpolants D which were all
levels of W, and had to ‘push up the existence of a divisor’ through this
chain of W-levels. In the current context, the embedding-chain is through a
set of interpolants D which are all protomice associated with W-levels, and
our goal is to ‘push up the existence of a divisor with larger divisor-hull’
through this chain. We must therefore make heavy use of the finestructural
translation lemmas between protomice and their associated ppm’s, because
our embeddings are between protomice M7, but the divisors we want to push
up are divisors of the associated ppm’s N:.

Recall that we can treat short pluripotent levels as a limiting case of
short protomice in which the top extender is in fact total, and similarly for
long protomice. In what follows we will treat Cases 1) and 2) together, and
afterwards treat Cases 3), 4), and 5) together.

Proof of Lemma 10.8 in Cases 1) and 2):

Recall that in Case 1), we set (kr,¢;) = (kgy_,d(N:)), where G, is the

153



top extender of N,. In Case 2), (k,,¢,) is the canonical short divisor of V.
Let D be the set of all 7 € 8! N 7 satisfying:

e Setting ¢-+ to be the bottom segment of p- of length = |¢.|, the pair
(Kr, q2) is a strong short divisor of N;

o Setting MY = N:(k,,qZ), there is a map oz, : MZ — M, that is
Yo-preserving with respect to the language of coherent structures and
such that

a) T = crit(oz;) and 07, (T) = T3
b) 02+ (T) = ¢r;

c) for each a € ¢, there is a generalized solidity witness Q. («) for «
with respect to M, and ¢, such that Q,(«) € range(oz,).

Generalized witnesses in clause ¢) are, of course, computed in the lan-
guage for coherent structures. Notice that M} is never a pluripotent level of
W, even if M, is, as its top extender cannot measure all subsets of .. This
follows from the fact that o=, is not cofinal. We first prove that D is closed
and unbounded in 7, and then that (k.,¢) = (K-, ¢z) on a tail-end of D.

Lemma 10.13. D is unbounded in 7.

Proof: By Lemma 7.9, there are cofinally many 7 < 7 such that there
is an interpolant M* of M, with the interpolation embedding mapping its
critical point 7 to 7. By 8.21 for Case 1) or 8.22 for Case 2), M* is a short
protomouse. By 8.23, the associated ppm of M* is Nz, the collapsing-level
for 7 in W; this means (k., %) is a short divisor of N>, with associated pro-
tomouse MZ*. Now we must show that without loss of generality (., ¢%) is a
strong short divisor of N:: this will follow from Lemma 8.15, which tells us
that (k,,¢%) is strong if and only if ; is closed in M relative to d(M*).

Recall that 6, is closed in M, relative to d(M.); if M, is a short proto-

mouse this is immediate from our demand that the canonical short divisor
of N, must be strong, and if M, is short pluripotent then 6, = kI and
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the conclusion is trivial. It follows by a simple closure argument that there
are unboundedly many 6* < 6, in M, which are closed in M, relative to
d(M;) (see [5] Lemma 3.10 for further details). Now when we form inter-
polants of M, using the construction of Lemma 7.9, we first take a countable
fully elementary hull X’ <y M,, which will also have unboundedly many
0* < 0, which are closed in X’ relative to d(X’). Then we have a cofinal map
i: X — M as given in Lemma 7.9, where 7 : X — X' is the uncollapse.
Note that = maps 0 = dom(Gx) = 7 (0,) cofinally into 6 = dom(Gyy.).
But then the cofinally many closure-points below @ are mapped to cofinally
many 6* < 0 which are closed in M? relative to d(M?). Therefore 6* is so
closed as well, which shows that it corresponds to a strong short divisor. ll

Lemma 10.14. D 1is closed in .

Proof: We shall closely follow the proof of Lemma 10.11. Let 7 < 7 be
a limit point of D. Then 7 € S. Form the direct limit (M,0-; | 7 € DN7)
of the diagram (M* 0.4+ | 7 < 7 & 7,7 € DN 7). As before we have
the Xg-preserving map o : M — M defined by o7:(z) — 0+,(z), so M is
well-founded and we can consider it to be transitive. The arguments from
the proof of Lemma 10.11 can be modified in a straightforward way to obtain
the following properties of M and o. In the clauses below, 7 is an arbitrary
element of DN 7.

e M is a coherent structure.
e 0-:(T) =7 and 0 0 077 = 07,.
e crit(c) =7 and o(7) = 7.

o h(AU{G}) = M, where § = 07+(q}), 80 0, (M) = 01(M) = A and § is
a very good parameter for M.
b U(Cj) ={qr.

o Let @ € gand o(&) = a. Soa € ¢,. If (Q(a),t()) is a generalized wit-
ness for o with respect to M, and qT and (Q(a),t(o)) € range(oz,) for
some 7 € D N7 then (Q(&),t(a)) = o' ({Q(a),t(a))) is a generalized
witness for & with respect to M and q.

e G=p(M).
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e M is sound and solid.

The very first clause follows from the fact that the direct limit M satisfies
[1;-statements which hold on a tail-end of DN 7; the rest is clear. By Lemma
8.23, M = N:(k,, q).

To complete the proof, we have to show that (k,q) is a strong divisor of

M. We again show that 6 = H(M ) is closed in M relative to ¢. So pick an
fe JéE and £ < k., and fix some 7 € D N7 such that F(f) € range(o-z),

where F is the top extender of M. Letting F be the top extender of M*, we
have

F()(@),€) N ke = 02 (F(F)(g5,6) N kr) = F(f)(a5,€) N ke € i C 7

The second equality is a consequence of the fact that o-7(k,) = k., and
the membership relation follows from the assumption that (., ¢%) is a strong
divisor of N-. R

Lemma 10.15. There is a T < 7T such that for every 7 € D — T we have
(Kryq%) = (K7, qz). (That is, our interpolant is one of the canonical divisors
of N-.) Consequently, D — T = B, — T.

Proof: We will again follow the proof of the corresponding Lemma 10.12.
Suppose for a contradiction that (7, | ¢ < d) is an increasing sequence cofinal
in 7 such that (x,,q} ) is not a canonical divisor of N;. This means each
N, either has a strong short divisor (k-,,qr,) with ¢, a bottom part of ¢
and k, > Kr, or else it has a long or type 2 long divisor v, with v, € ¢; and
Ky, 2 Kr.

By the pigeonhole principle, we may assume that one of the following
holds:

i) Every N, has a canonical short divisor (k.,, ¢,,) with ¢, a bottom part
of ¢; and k., > k., and also (by further application of the pigeonhole prin-
ciple) for all « < 9, |¢,,| = m for some fixed m € w;

ii) Every N, has a canonical long divisor v, with v, € ¢, and for all
L <9, |pr, N v,|=m for some fixed m € w;
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i17) Every N, has a canonical type 2 long divisor v, with v, € ¢}, and for
all t <9, |p,, N v,| =m for some fixed m € w.

In cases i) and i), we will show that the cofinal sequence of divisors can
be “pushed up the elementary chain” given by D, and prove that a divisor of
the corresponding type is present in IV, as well. This will contradict the fact
that (k.,q,) was the canonical divisor of N,, and thereby prove the lemma.
In case iii) we will reach a contradiction, using the fact that type 2 long
divisors can never “beat” our interpolated divisor (x., g}, ).

First we consider case 7). We have that each ¢, is a bottom part of ¢,
say q; = gr,Us,. Moreover, Kk, > k. for every ¢ < §. Arguing as in the proof
of Lemma 10.12, we can assume without loss of generality that (k. | ¢ < d)
is a monotonic sequence, and we have already arranged that ¢, have a fixed
size m. Then o,..,(¢+,, $r.) = (¢r,, S,) whenever 7 < ¢ < §, and we can set

q= UTLT(qTL);
§ = UTLT<STL);
r=T

K = Sup,<s(kr,)-

The former two values clearly do not depend on ¢. Also, s might be
empty, in which case ¢ = ¢,. We first observe that (k,q) is a short divisor
of N,. As ¢ is a bottom part of ¢, and k > k., this short divisor cannot
be strong by the definition of (k,,q,). Using a reflection argument we then
derive a contradiction to the fact that all (k,,,q,,) are strong.

Recall that M, = N.(k,, q,). To see that (k, q) is a short divisor of N, we
first verify clause b) from Definition 8.8. But h,(kU{rUs}) D h.(k, U{r}),
and the latter hull is cofinal in g,, so the former is as well. Now we need
to see that h.(k U {r Us}) N (max(q) + 1) = x; this will verify the rest of
the properties of short divisors. Pick a ¢ from the above intersection. Let
F. and F;, be the top extenders of M, and M}, respectively. By Lemma
8.4, C is of the form F,(f)(£,s) for some f : [k,;]<¥ — Kk, and £ < k. For ¢
sufficiently large such that f € dom(F,,) and & < k,,, set (, = F,, (f)(s+,,&),
then clearly o,,(¢,) = ¢. Since ¢ < max(q), we have {, < maz(q,,). Again
by Lemma 8.4, ¢, € h, (ks U {r,}). Hence {, < kK, and, consequently,
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( =0.,:(¢) < k;, < k. This completes the proof that (x, ¢) is a short divisor.

Recall that for a strong short divisor (k,q), 7’ : N.(k) — N, is the
uncollapsing map associated with the hull A, (kU{p;}). Let 7'(+', ') = (r, s).
As we have already mentioned, the short divisor (k, ¢) cannot be strong. This
means that for some ' such that k < 5" < min(s’) we have

Wy € Ni(k) .
This follows from Lemma 8.13.

Le 7 : N/ (k;,) — Ny, be the associated uncollapsing map and let

(B, 70, Qi) = () (Bo o, WRT )

Then (Q;,1,) is a generalized witness for 5, with respect to N/ (k,) and

/

... Notice also that 3] > k, as f, > kr, and m, | k; = id. Now we can

proceed exactly as in the proof of Lemma 10.12. First of all, once (Q’,t)

is in Nj (k7,), we know that also the standard witness W, for 3, with re-
spect to N/ (k) and 77 is in N/ . Then every subset of 3] > &, which is

Zgn”)(N;L(/fﬂ)) in . is ") (W), and therefore is an element of N. (k).
Thus, pnt (s,,) must be a proper lengthening of ... By Lemma 8.13, this
means (kr,, ¢, ) cannot be strong, contradiction. This completes the proof of

Lemma 10.15 under the assumption 7).

Next we consider assumption 4i): Suppose for a contradiction that (7, | ¢ <
d) is an increasing sequence cofinal in 7 such that for all © < 6, (K., ¢}) is
not the canonical divisor of N, because NN, has a canonical long divisor v,
with v, € ¢;. (Recall also that unstable levels have two canonical divisors,
and our current assumption is that (k.,q} ) is not one of them.) We have
also arranged that for all ¢ < 9, [p,, N v,| =m for some fixed m € w.

As before, the ordinals v, form a thread through the direct limit system
(N;,, 007, | 7,0 < §). It follows that the critical points of the extenders E,,
also form a thread; and since the critical points of the embeddings o, ,, are
all > A > kpg,,, it follows that for all ¢, kg, is the same ordinal; call it &,.

If k, < K7, then all the levels IV, are unstable. But then (x,,q} ) is a
canonical divisor for N, after all (it is one of the two canonical divisors con-
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sidered in the unstable case), contradiction. So we have that ,, > k,. We
wish to show that v = o,,,(v,) is a long divisor for N,, with k, = kg, (so we
are not in the unstable case with (k,,¢,) and v as the two canonical divisors
of N.). This will contradict our assumption that (x,,¢,) is a canonical divi-
sor of N.,.

We need to verify that the properties of long divisors from Definition
9.19 hold for v over N.. a) follows from what we have already said. b)
and c¢) follow from arguments just like those used in the proof of i) above:
for b), we know that the short divisor-hull Hull}7,(k, U r,) is cofinal in
0.(N,), so certainly the strictly larger long divisor-hull Hull)7,(Z U r,),
where Z = ig, “(k}), is cofinal as well. For ¢), we again use Lemma 8.4:
Pick a ¢ from Hull)7,(Z Ur,) N A*. Let F, and F,, be the top extenders
of M; and M, respectively. By Lemma 8.4, ¢ is of the form F.(f)(&,s)
for some f : [k, |<¥ — Kk, and £ € Z. For ¢ sufficiently large such that
[ e dom(Fy,), set ¢, = F,(f)(sr,0-1(&)). Then ¢, € Z, = ig, “(x}). Also
we have o,,,((,) = (, because all relevant points in the foregoing definition
are threads through our direct limit system. It follows that ¢ € Z, which

verifies ¢) of Definition 9.19.

Finally, to see d), note that A, is a thread in our direct limit system, and
if there is a total extender in NN, with critical point \,, it must be o, (F),
where F'is a total extender in N, with critical point A, ; but this violates d)
of long divisorhood for v, in N,,. This completes the verification that v is a
long divisor, and hence proves Lemma 10.15 under the assumption 7).

At last we prove the lemma under assumption 4ii). This time we have
that (7, | ¢ < §) is an increasing sequence cofinal in 7 such that for all © < 4,
(kr,q; ) is not a canonical divisor of N;, because N, has a canonical type 2
long divisor v, with v, € ¢} . As before, recall also that unstable levels have
two canonical divisors, and our current assumption is that (., ¢} ) is not one
of them. But this contradicts Lemma 9.37.

We have proved the Lemma in Cases 1) and 2). B
Proof of Lemma 10.8 in Cases 3), 4) and 5):
Let v be vy, if N, = M, is long pluripotent (Case 3)), and v be the
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canonical long or type 2 long divisor of N, in Cases 4) or 5). As before, we
first define D to be the set of all 7 € S! N 7 satisfying:

e 1 is a long or type 2 long divisor of N>, where v € p(NN;) is such that
[p(N7) Nv| = [p(N= N D));

e There is a map o>, : N-(7) — M, that is Xg-preserving with respect
to the language of coherent structures and such that

a) T = crit(oz;) and 07, (T) = T;
b) 07, (0) = v;

c) for each o € d(M;) there is a generalized solidity witness @, («) for
a with respect to M, and d(M,) such that Q,(a) € range(oz;).

In other words, D is the set of 7 corresponding to interpolants of M, such
that the interpolation embedding maps 7 to 7. We want to see that D is club
in 7, and that on a tail-end of 7, the interpolants witnessing membership in
D are the canonical protomice corresponding to Nx.

Lemma 10.16. D is unbounded in 7.

Proof: By Lemma 7.9, there are cofinally many 7 < 7 such that there
is an interpolant M* of M, with the interpolation embedding mapping its
critical point 7 to 7. By 9.28 for Case 3), or 9.29 for Cases 4) and 5), these
interpolants are long protomice; and by 9.30, their associated ppm’s are lev-
els N> of W, so they witness 7 € D. B

Lemma 10.17. D is closed in 7.

Proof: We shall closely follow the proof of Lemma 10.14. Let 7 < 7 be
a limit point of D. Then 7 € S. Form the direct limit (M, 07 | 7 € DN 7)
of the diagram (MZ, 0.z | 7 < 7 & 7",7 € DN 7). As before we have
the Yo-preserving map o : M — M defined by 0z:(x) — o=-(2), so M is
well-founded and we can consider it to be transitive. The arguments from
the proof of Lemma 10.11 can be modified in a straightforward way to obtain
the following properties of M and o. In the clauses below, 7 is an arbitrary
element of DN 7.
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e M is a coherent structure.
e 0::(7) =7 and 0 0 077 = 07,.
e crit(c) =7 and o(T) = 7.

e hy(AU{G}) = M, where § = 07+(q}), 50 0, (M) = 01(M) = A and § is
a very good parameter for M.

¢ 0(@) =dr.

o leta€gando(@) =a. Soa € ¢,. If (Q(a),t(a)) is a generalized wit-

ness for o with respect to M, and qT and (Q(a),t(o)) € range(oz,) for
some 7 € D N7 then (Q(&),t(&)) = o' ((Q(a), t())) is a generalized
witness for & with respect to M and q.

e G=p(M).

e M is sound and solid.

The very first clause follows from the fact that the direct limit M satisfies
II,-statements which hold on a tail-end of DN 7; the rest is clear. By Lemma
9.30, M = Nz(v), where v = o~ (v). B

Finally we show

Lemma 10.18. There is a T < T such that for every 7 € D —T we have that
v is a canonical divisor of Nz, where U € p(Nz) is such that |p(N;) Nv| =
Ip(NzND)|. (That is, our interpolant is one of the canonical divisors of Nz.)
Consequently, D — T = B, — T.

Proof: We will again follow the proof of the corresponding Lemma 10.12.
Suppose for a contradiction that (7, | ¢ < 0) is an increasing sequence cofinal
in 7 such that our interpolated divisor 7, is not a canonical divisor of N, .
This means each N, either has a canonical long or type 2 long divisor v, < 1,
or a strong short divisor (k,,, ¢, ) with maz(q,,) < 7,.

By the pigeonhole principle, we may assume that one of the following
holds:
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i) Every N,, has a canonical strong short divisor (k,,, ¢-,) with maz(q,,) <
v,, and also (by further application of the pigeonhole principle) for all ¢ < 9,
|¢-,| = m for some fixed m € w;

it) Every N,, has a canonical long divisor v, with v, < 7,, and for all
L <9, |pr, N v,|=m for some fixed m € w;

iii) Every N,, has a canonical type 2 long divisor v, with v, < 7,, and for
all . <6, |p,, N v,| =m for some fixed m € w.

In cases i) and i), we will show that the cofinal sequence of divisors can
be “pushed up the elementary chain” given by D, and prove that a divisor of
the corresponding type is present in NV, as well. This will contradict the fact
that (k,,q,) was the canonical divisor of N, and thereby prove the lemma.
Case i7i) is in fact impossible, using the fact that type 2 long divisors can
never “beat” our interpolated divisor 7,; this is an easy application of Lemma
9.37.

First we consider case 7). We have that each ¢,, satisfies maz(q,,) < 7,.
Moreover, k., > k; for every ¢ < §, because the divisor-hull corresponding
to (k.,,¢r) contains v and hence contains k. Arguing as in the proof of
Lemma 10.12, we can assume without loss of generality that (k,, |t <) isa
monotonic sequence, and we have already arranged that all ¢,, have a fixed
size m. Exactly as in Lemma 10.15, we set

q=0:+(¢);
r=p(N:) — ¢
s=rnN(v+1);

e = sup,<s(rir).

We first observe that (k,q) is a short divisor of N,. Recall that M, =
N, (v) is a long protomouse, and the divisor-hull corresponding to v is h,(ZU
p(N,) — (v+ 1)), where Z = ig, “(k}). To see that (k,q) is a short divisor
of N;, we first verify clause b) from Definition 8.8. Notice that h,(kU7r) D
h-(ZUp(N;)— (v+1)), because v € r and k > k,, so in fact k > x; and all
points in Z are definable from v and ordinals £ < k" < k. The divisor-hull
corresponding to v is cofinal in ., so the hull corresponding to (k,q) is as
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well.

Now we need to see that h.(kUr) N (max(q)+1) = k; this will verify the
rest of the properties of short divisors. Pick a ¢ from the above intersection.
Let F; and F7, be the top extenders of M; and M}, respectively. By Lemma
9.7, ¢ is of the form F.(f)(&, s) for some f : [k} — &} and £ < k; this is
because v € s and k] < k, so all points in Z are definable from s and ordi-
nals < k. Thus Lemma 9.7 tells us that the points in the short divisor-hull
h.(kUr) are ezactly the ones of this form.

For . sufficiently large such that f € dom(F,,) and £ < k., set (, =
F.(f)(&, sr). Then clearly o,.(¢,)) = ¢. Since ¢ < maz(q), we have
¢, < maz(q,). Again by Lemma 9.7, (, € h, (k,, Ur,). Hence (, < k.,
and, consequently, ( = 0,,.(¢,) < k,, < k. This completes the proof that
(K, q) is a short divisor.

The verification that (k,q) is strong goes exactly like in the proof of
Lemma 10.15. Thus (x, ¢) should have been chosen as the canonical divisor
of N, instead of v, which is a contradiction. This completes the proof of
Lemma 10.18 under the assumption 7).

Next we consider assumption i7): Suppose for a contradiction that (7, | ¢ <
J) is an increasing sequence cofinal in 7 such that for all « < §, 7, is not the
canonical divisor of N, because N, has a canonical long divisor v, with
v, < 1,. We have also arranged that for all « < 4, |p, N v,| = m for some
fixed m € w.

As before, the ordinals v, form a thread through the direct limit system
(M}, 057 | T,0 < 6). Let v/ = 0,,,(1,) be the image of this thread in M.
It follows that the critical points of the extenders F,, also form a thread;
and since the critical points of the embeddings 0., are all > A > kg, , we
have that for all ¢, kg, is the same ordinal; call it x’. Notice that &' > kg, ,
because this is true in every N, ; whenever we have two long divisors v < v,
of a premouse N, it is immediate that x,, > k,, because the divisor-hull
corresponding to 14 contains the ordinal v, and thus contains k,,. Addi-

tionally, notice that because mgy < k' and v is a point in the divisor-hull

corresponding to v/, in fact every element of Z = ig, “(/{EV) is in the divisor-

hull corresponding to /. Thus v/ has a strictly greater divisor-hull than v.

163



We need to verify that the properties of long divisors from Definition 9.19
hold for v/ over N.. a) follows from what we have already said. b) and ¢)
follow from arguments just like those used in the proof of i) above: for b), we
know that the divisor-hull associated with v is cofinal in g, (N, ), so certainly
the strictly larger divisor-hull associated with v/ is cofinal as well. For c), we
again use Lemma 9.7:

Pick a ¢ from Hull)7,(Z' Ur,) N A*, where Z' = i,,“((«)*). Let F,
and [, be the top extenders of M, and M}, respectively. By Lemma 9.7,
(¢ is of the form F.(f)(,s) for some f : []]<¥ — K} and £ € Z'; here
s=r;,—(p(N;) — (v+1)), that is, the part of the parameter between 1/ and
v. Because the points in Z’ correspond to threads through the direct limit
system, there is M} such that o-1(() is defined. Then because v, is a long
divisor, o-1(¢) € 4y, “((x")"). Pushing this fact up to M, proves c).

Finally, to see d), note that A, is a thread in our direct limit system, and
if there is a total extender in N, with critical point A/, it must be o,,.(F),
where F'is a total extender in N, with critical point A, ; but this violates d)
of long divisorhood for v, in N,,. This completes the verification that v/ is a
long divisor, and hence proves Lemma 10.18 under the assumption 7).

We have proved the Lemma in Cases 3), 4), and 5). This completes the
proof of Lemma 10.8 for 7 € S*, and the construction of our U »-sequence. W
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