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GRAPH LAYOUT TECHNIQUES AND
MULTIDIMENSIONAL DATA ANALYSIS

JAN DE LEEUW GEORGEMICHAILIDIS
UNIVERSITY OF CALIFORNIA, THE UNIVERSITY OF MICHIGAN
LOS ANGELES

ABSTRACT. In this paperwe explore the relationshipbetweenmultivariate dataanalysis
andtechniquedor graphdrawing or graphlayout. Although both classesof techniques
werecreatedor quitedifferentpurposeswe find mary commonprinciplesandimplemen-
tations. We startwith a discussiorof the dataanalysistechniquesin particularmultiple
correspondencanalysis,multidimensionalscaling,parallel coordinateplotting, and seri-
ation. We thendiscusgarallelsin the graphlayoutliterature.

1. DATA AND GRAPHS

Theamountof dataandinformationcollectedandretainedby organizationsandbusi-
nessess constantlyincreasing,due to adwancesin data collection, computerizationof
transaction@ndbreakthroughsn storagetechnology Typically, the applicationsinvolve
large-scalanformationbanks,suchasdatawarehousesangingin sizeinto terabytesthat
containinterrelateddatafrom a numberof sourceqe.g. customermndproductdatabases).
In orderto extract usefulinformationfrom suchlarge datasetsit is necessaryo be able
to identify patternstrendsandrelationshipsn the dataandvisualizetheir global structure
to facilitatedecisionmaking. Graphtheoreticalconceptsare capableof capturingcompli-
catedstructuresandrelationshipsn both numericalandcateyorical data. In this paperwe
exploretherelationshippetweemmultivariatedataanalysisandtechniquedor graphdraw-
ing or graphlayout,andexaminehow couplingideasfrom thesetwo fieldscanleadto new
andimproved methodologyandtoolsfor mining large databaseandpresentatiorof large
datasets.

1.1. Multivariablesand Coding. Thedatastructurewe areinterestedn consistof n ob-
senationsonm cateyoricalvariableswherevariablej hask; cateyories(possiblevalues).
Usingcateyoricalvariablescausesoreallossof generality:so-calledcontinuousvariables
aremerely cateyorical variableswith a large numberof numericalcateyories. We use K

for thetotal numberof cateyoriesover all variableg K = Z;."Zl k;).
1



2 DE LEEUW AND MICHAILIDIS

In somavhat more abstracterminology which generalizedo (theoretical)situations
in which we have aninfinite numberof objectsor variables,a variable is a function ¢;
definedonthesetof objectsZ andwith rangeV; (¢, : Z — V;). A continuousrariable for
example,hasdomainZ = {1, 2,...,n} andrangeV; = R. A multivariable® = {¢;},cs
is asetof variableswith the samedomainZ but with differentrangesV ;.

In thefinite casethevariablesarecodedasm indicator matricesor dummiess;, where
G, isabinaryn x k; matrixwith exactly onenon-zeroelementn eachrow ¢ (indicatingin
which cateyory of variable;j object: falls). Then x K matrixG = (G| ... |G.x), which
codesthe multivariable,is calledtheindicator supermatrix Obviously the representation
of thedataby theindicatorsupermatrixmpliesnolossof information,sinceall theoriginal
classificationsrestill present.

It mustbe emphasizedhatthe codingis unique,giventhe definition of the multivari-
able.Butin definingthemultivariable,mary choicesmustbe made.Supposefor instance,
thatthe rangesV; arethe samefor all j, with k elements.Thenwe candefinea single
variable¢ onthenew domainZ ® J with rangeV. Thisamountdo stackingtheindicator
matricesontop of eachother Or, evenif therangesareall different,we candefineasingle
variable¢ with domainZ andrangeV; ® ... ® V,,, whichamountgo codingthem vari-
ablesinteractively, sothateachprofile (cell) correspondso a cateyory of the interactve
variable.

In the sequelwe assumall thesecodingdecisionshave beenmade,andconsequently
we dealwith asingleindicatorsupermatrixG.

1.2. Graphs. One canrepresentll informationin the databy a single bipartite graph
with n + K verticesandnm edges.We call suchanobjectthe multivariablegraph Each
edgeconnectsanobjectanda cateyory. Thus,all then verticesassociatedavith the objects
have degreem, while the K verticesassociatedavith the categjorieshave varyingdegrees,
equalto thenumberof objectsin the category. In Figurel the multivariablegraphof atoy
examplecorrespondingo a4 x 3 contingenyg tablewith 7 objectsis shovn. Theindicator
supermatrixG is relatedin a very simpleway to the adjacencymatrix A of thegraph.In
fact,

0 G
(1.1) A:[G, 0]

1.3. Example. The samerepresentatiorof a multivariate datastructureis also usedin
formal concepianalysis(FCA) [22]. Thisis adataanalysismethodwhich s quite popular
in Germary. Multivariablesare calleda many-valuedontects In this paperwe shalluse

LA bipartitegraphis a 2-layeredgraph,whereedgeonly go from onelayerto the otherlayet.
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FIGURE 1. Themultivariablegraphof atoy example

anexampletakenfrom theformal conceptanalysiditerature[50]. Tablel below describes
21 sleepingbagsin termsof five variables.

| SleepingBag || Fabricate | Temperature T | Weight W | bf Price| Material |
OneKilo Bag Wolfskin 7°C 940 g | 149,— | Liteloft
Sund Kodiak 3°C 18809 | 139,— | Hollow Fiber
KompakiBasic || Ajungilak 0°C 12809 | 249,— | MTI Loft
FinmarkTour Finmark 0°C 17509 | 179,— | Hollow Fiber
Interlight Lyx Caravan 0°C 1900g | 239,— | Thermolite
Kompakt Ajungilak -3°C 14909 | 299,— | MTI Loft
TouchtheCloud || Wolfskin -3°C 15509 | 299,— | Liteloft
Cat's Meow TheNorth Face -7°C 14509 | 339,— | Polaguard
Igloo Super Ajungilak —-7°C 20609 | 279,— | Terraloft
Donna Ajungilak -7°C 18809 | 349,— | MTI Loft
Tyin Ajungilak —15°C 21009 | 399,— | Ultraloft
TravellersDream|| Yeti 3°C 9709 | 379,— | Goose-dwns
Yeti Light Yeti 3°C 800g | 349,— | Goose-dans
Climber Finmark -3°C 1690g| 329,— | Duck-davns
Viking Warmpeace —-3°C 12009 | 369,— | Goose-dens
Eiger Yeti -3°C 15009 | 419,— | Goose-dwns
Climberlight Finmark —-7°C 13809 | 349,— | Goose-dwns
Cobra Ajungilak —-7°C 14609 | 449,— | Duck-davns
CobraComfort || Ajungilak —10°C 18209 | 549,— | Duck-dovns
Foxfire TheNorth Face —10°C 1390g | 669,— | Goose-dwns
Mont Blanc Yeti —15°C 18009 | 549,— | Goose-dwns

TABLE 1. Many-valuedContet: SleepingBags

From the mary-valuedcontexts FCA derivesformal contets which are definedby
binary variablesderived from the mary-valuedcontets. From the mary-valuedsleeping

2If onewantedto, onecould considerthe bags nameasa sixth variable.
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bagcontet [50] derivesa context by usinga terminolayy for logical scaling. The termi-
nologyis in Table2 belon3. This resultsin Table 3, which actuallydisplaystheindicator

cheap —  (Price < 250)
notexpensve > (Price > 250 A < 400)
expensve —  (Price > 400)
down fibers — (Material = goose — downs V duck = downs)
syntheticfibers — (Material # goose — downs V duck = downs)
good — ((0<T <7)A (W <1000)) vV
(=7 < T < 0) A (W < 1400)) V
(=15 < T < —7) A (W < 1700) V
(T < —15) A (W < 2000))
acceptable — ((0<T <T7)A (1000 < W < 1400)) V
((=7<T <0)A (1400 < W < 1700)) V
(15 < T < =7) A (1700 < W < 2000) V
(T < —15) A (2000 < W)
bad s ((0< T <7)A (1400 < W)) V
(=7 < T <0) A (1700 < W)) V
(15 < T < —7) A (2000 < W)

TABLE 2. Exampleof a Terminology

supermatriXor this example.ThereareindicatormatricesG; for Price,Fiber, andQuality.
Fromhereon, FCA goesits own (abstractlgebraic)way. We aremerelyinterestedn the
(critical) stepto derive formal contets from mary-valuedcontexts. In FCA thisis called
scaling andvariousformsof scaling(conceptuakcaling,logical scaling)arediscussedn
theliterature.

1.4. Graph Layout.

1.4.1. Picturesof Graphs. We canmake a drawing or layout of the multivariablegraph,
by placingtheverticesatn + K locationsin the plane,or, moregenerallyin R?. We then
connecteachobjectwith the catggoriesit is in. Thusm linesareleaving from eachobject-
point,andthe numberof linesarriving ata cateyory-pointis equalto the numberof objects
in the cateyory.

The mapof then + K pointsandthe nm linesis calledthe graph plot. It is often
usefulto think of the graphplot asthe overlay of m plots,onefor eachvariable ,which are
calledstar plots In the starplot for variablej therearen + k; points,andn lines, each
line connectingan objectwith the catagory it is in for variablej. The starplot consistsof

3Predigeruseda terminologywhich defined‘good” in sucha way thatit implied “acceptable”.Because
we preferto usemutually exclusive categorieswe have redefined‘acceptable’as“Predigers acceptabldut
not Predigers good”.
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TABLE 3. DerivedContet: SleepingBags

k; disjoint stars,onefor eachcateory, wherethe starconsistsof the lines connectinghe
catgyory-pointwith the object-pointof the objectsin thatcateyory.

Again,thegraphplot doesnotleadto ary lossof information. All therelationshipsn
theoriginal dataarestill presenin theplot. Neverthelessit maybedifficult to reconstruct
the datafrom the drawing, becausehe graphplot hasmary overlappinglines andsome-
timeslookslike onelarge black blob. It helpsto look at the individual starplots, but even
thesecaneasilygettoo crovdedandmessywhenn is large. Thus,we cannow usethefact
thatour mapof theobjectsandcatejoriesinto the planewascompletelyarbitrary Suppose
we choosea mapthatmalkesthe graphplot look asclearor cleanor nice aspossible.This
is typically donewith a graphlayout algorithm, and of coursethereare mary of these,
becausehewords“clean” and“clear” and“nice” canbedefinedin mary differentways.
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1.4.2. Overviav of the Literature. Sincethis paperis primarily written for statisticians,
andnot for computerscientistswe provide a brief overview of the literaturein computer
scienceand computationageometryaboutmethodsand criteriato drav graphs.A good
overview of moderngraphdrawing is givenin thechaptersy [23] and[55]. Thereis alsoa
veryextensve annotatedbibliograpty [16] andacomprehense bookhasjustappeared3].
Since1992therealso hasbeena yearly conferenceon graphdraving. Thereare mary
softwarepackageswvailableto drav graphs.See

http://ww. cs. br own. edu/ peopl e/rt/gd. htm

for referencedothto the symposiaandthe softwarepackagesWe singleout oneof these
packagessan example,becausat is so easilyavailable. The Java DevelopmentKit of
SunMicrosystemscomeswith a GraphLayoutappletdemo. If you have a Jara enabled
browser goto

http://ww. javasoft. conf appl ets/ dk

andgo to thedemosectionfrom there.

It mustbe emphasizedrom the startthatin mary caseshe graphdrawing algorithms
discussedn the computationabeometnyliteraturearenot intendedasdataanalysistech-
niques. They have a different“aesthetic”’purpose. If we limit ourselhesto straight-line
drawvings' thenthe aestheticriteriathatarementionedn [3, pagel4-16]are

e displaysymmetry

e avoid edgecrossings,

e keepedgelengthsuniform,
o distribute verticesuniformly,
e minimizeaspectatio,

and

e minimizearea,
e minimizetotal edgelength,
e minimize maximumedgelength.

Thelastgroupof threecriteriais special becausehey are“meaningfulonly if thedrawving
corvention adoptedpreventsdrawings from beingarbitrarily scaleddown” [3, pagel14].

“andconsequentlygnorepolyline dravings, orthogonaldrawvings andbendededges
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Not all of thesecriteria seemrelevant for dataanalysis. Someof themwereinspiredby
circuit boarddesign,in which minimizing crossingsis obviously relevant. But in data
analysiswe do not only wantaestheticallypleasingdravings, we alsowantdravings that
showv usimportantandinvariantaspect®f the data.

1.4.3. Classesof Algorithms. Basically thereare two classesof graphlayout or graph
draving algorithms.Oneclassis basedon logical or binary criteriain which propertiesof
the graph,suchasedgecrossingsarecountedandoptimized.A problemwith thesealgo-
rithmsis thatmary of the criterialeadto NP-hardproblemsj.e. they arecomputationally
infeasibleevenfor fairly smallproblems.The otherclassis moreinterestingfrom the data
analysispoint of view. It thinks of the graphasa setof pegs connectedoy mechanical
and/orelectricforces.Theverticesattractandrepeleachother Thetotal forcesonthesys-
tem canbe summarizedn alossfunction, andthatlossfunction canbe minimized. This
approachwasintroducedby [17], althoughthereareearlierversionsof similar algorithms
in circuit boarddesign.We shalldiscusghesespringalgorithmsin moredetailbelow.

2. MULTIDIMENSIONAL DATA ANALYSIS

2.1. Multiple Correspondence Analysis. Multiple Correspondencénalysis or MCA,
canbeintroducedin mary differentways(4, 24, 25]. Usually, it is motivatedin graphical
language Complicatednultivariatedataaremademoreaccessibldy displayingthe main
regularitiesof the datain scatterplots.Our discussiorof MCA emphasizeghe two types
of plots we discusseckarlier the graphplot andthe star plots. This emphasisvasfirst
used,briefly, in thereview articlesby de Leeuwet al. [14], Hoffmanandde Leeuw[32],
Michailidis andde Leeuw[47]. We think thatit nicely captureghe essentiageometric
characteristicef thetechnique.

2.1.1. LossFunction. The basicideais thatif we drav the nm edgesthenthe resulting
graphplot will generallybe moreinformative andmoreaestheticallypleasingf the edges
areshort In otherwords,if objectsarecloseto the cateyoriesthey fall in, andcateyories
arecloseto theobjectsfalling in them. Thuswe wantto make a graphplot that“minimizes
theamountof ink”, i.e. thetotal lengthof all edges.

Actually, for computationateasonsye will minimizethetotal squaed lengthof the
edges.To formalizethis “minimum squarednk” criterionin a corvenientway, we usethe
indicatormatricesG;. If then x p matrix X hasthelocationsof the objectverticesin R,
andY; hasthelocationof the k; cateyory verticesof variablej, thenthe squaredengthof
then edgedor variablej is

(2.1) 0;(X,Y;) = 88Q(X - G;Y)),
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whereSSQ() is shortfor the sumof squares.The quantity (2.1) measureshe amountof
ink in the starplot of variablej.

Thesquarededgelengthover all variabless

(2.2) o(X,Y) =) SSQ(X - G;Y)),

7=1
andthisis thefunctionwe wantto minimize. The book by Gifi [24] is mainly aboutmary
differentversionsof this minimizationproblem,wherethe differencesarea consequence
of variousrestrictionsimposedon the quantifications’;.

Minimizing (2.2) without ary restrictionson the vertex locationsis not possible.Or,
morepreciselyit is too easy Wejustcollapseall verticesinto asinglepoint,andwe useno
ink atall. Remembethequotationin Sectionl.4.2aboutgraphlayouttechniqueshatonly
make sensdf thedraving cannotbe arbitrarily scaleddown. It meanghatin orderto get
anontriial solution,we have to imposesomeform of normalization In MCA we require
thatthe columnsof X addupto zero,andareorthonormal i.e. satisfymX'X = I°.

2.1.2. Equations. Oneof thereasonsvhy squareddgelengthsaresoappealings thatthe
MCA problemwe aretrying to solve is basicallyan eigervalue problem. We discusshis
in somedetail,again following [24].

First we definesomeusefulmatrices.Definethe k; x k, matrix C;, = G;G,. Matrix
Cj¢ is the crosstable or contingencytable of variablesj and?. ThusD; = Cj;, where
D; is thediagonalmatrix with the univariatemaiginalsof variablej on the diagonal. The
K x K supermatri>C'is known in thecorrespondencanalysiditeratureastheBurt Matrix,
after[9]. Write CY = mDY = for thegeneralizecigervalueproblemassociateavith the
Burt matrix.

We alsodefine P; = Gij‘lG;.; then, P; is the between-catgory projector which
transformseachvectorin R into a vectorin R™ with catgyory means.Moreover QQ; =
I — P; transformseachvectorinto a within-catgory vectorof deviationsfrom category
means. Write P, for the averageof the Py's (P, = L1 > i1 Pj), andwrite A for the
diagonalmatrix containingthe eigervaluesof P,.

Theorem 2.1. SupposéX,Y’) solveshe MCA problem.Then
(2.3a) P.X = XA,
(2.3b) CY = mDYA.

5Alternatively, we couldnormalizeY’, i.e. requirethatu’ DY = 0 andY’'DY = I. Hereu is avectorwith
all elementsqualto +1, andD is the K x K diagonalmatrix with mamginal frequencief all m variables
onthediagonal.lt is shavn in [24] thatthetwo differentnormalizationdeadto essentiallythe samesolution.
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Proof. Defineo(X,e) asthe minimum of o(X,Y) overall Y. Clearly the minimum is
attainedfor

5 -1
(2.4) Y; = D;'G'X,

i.e. by locatinga category quantificationn thecentroidsof the objectsin thatcateyory. We
seethat

(2.5) o(X,e)=mtr X'(I — P,)X.

Clearlywe minimize o(X,e) overmX'X = I by choosingX equalto the eigervectors
correspondingvith the p largesteigevaluesof P,. Thus P,X = XA for MCA. Also,
from (2.4), we seeGY = mP,X = mXA andthusCY = mG'XA = mDYA. This
proves(2.3b). l

There are several aspectof the proof which desere someadditional attention. Equa-
tion (2.4)is calledthe centoid principle. Thecentroidprincipleshovs clearlyhow thestar
plots gettheir namein MCA. Category verticesarein the centroidof the verticesof the
objectsin the catgyory, andif we have a clearseparatiorof the k; categories,we seek;

starsin RP. Thisalsoshavsthatin MCA the cateory verticesarein the corvex hull of the
objectverticesthey form amorecompactcloud.

Thereis onelastimportantconstrucin MCA weliketo mention.Thematrixf’j’Djl?'j =

X”P]X is known asthe discriminationmatrix. It is equalto the between-catgory disper

sionmatrix of variablej, i.e. to the sizeof the starsfor thatvariable. The averagediscrim-
ination matrix is equalto A, the diagonalmatrix of eigervalues. Since P, is the average
of m orthogonalprojectorswe have A < I. This canalsobe seenfrom thefactthateach
elemenbf A istheaveragepverall variablesof theratio of thebetween-cagpory variance
andthetotal variance.

2.1.3. Algorithm. The basicalgorithmfor MCA is alternatingleastsquaes alsoknown
in this context asreciprocal averaging. An iterationconsistf two steps

(k) _ p-1 k
(2.6a) Y;¥ = D;'G X ™),
1 m
k+1) _ (k)
(2.6b) X0 = =3 "Gy,
M=

i.e. we alternatebetweenthe first and secondcentoid principle. After someof these
iterationswe reorthonormalizeX. This algorithmis identicalto BauerRutishausesimul-
taneousteration[53], the naturalgeneralizatiorof the power methodto computesomeof
thedominanteigervaluesof a symmetricmatrix with the correspondingigervectors.
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2.1.4. Example.If we apply (two-dimensional)MCA to the sleepingbag data, we find

the solutionsshawn in the graphplot andthe threestar plots belon. Notice that objects
with similar profilesaremappedo identicalpointson the graphplot, a propertyfollowing

from the secondcentroidprinciple. Severalthingsareimmediatelyclear Therearegood,
expensve sleepingbagsfilled with down fibersandcheap badquality sleepingbagsfilled

with syntheticfibers. Therearealsosomeintermediatesleepingbagsin termsof quality
andpricefilled eitherwith down or syntheticfibers.Finally, therearesomeexpensve ones
of acceptableguality and somecheaponesof good quality. However, thereare no bad
expensve sleepingbags.

In thiscasewe couldhave seerthismuchfasterby lookingdirectly atthedata,without
using a computerat all. But the sleepingbag exampleis far from typical. In real-life
MCA exampleswe oftendealwith thousand®f objectsandhundredsf variables(seefor
example[24, Chapterl 3], [47], [45]).

1.5
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FIGURE 2. Graphplot of the MCA solutionof the sleepingobagdata
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2.2. Multidimensional Scaling. Multidimensionalscaling(MDS) is a classof techniques
in which given distancer distance-like numbersare approximatedy distancesn low-
dimensionaEuclidearspace.Thus,givendistance-lile numbersj;; (i.e. (6;; > 0, d;; = 0),
often calleddissimilarities betweem objects,we wantto find n pointsz; in RP suchthat
their Euclideandistanced(z;, z;), which we alsowrite asd;;(X), is approximatelyequal
to é;;. MDS asarigoroustechniquds dueto [38, 39]. Theoryandalgorithmsof MDS are
mostcompletelydescribedn [7].

2.2.1. Lossfunction. We shallrestrictour attentionto usinga leastsquaresossfunction,
i.e. we wantto createour picturein suchaway that

(2.7) o(X) =YY wi(di; — dij(X))

i=1 j=1
is minimized over X. The w;; are weights, which canbe chosento reflect variability,
measuremergrror, or missingdata.

In[41] theIossfunctionhasweights&if. Thelossfunctionis interpretecastheamount
of physicalwork thatmustbe doneon elasticspringsto stretchor compresshemfrom an
initial lengthd;; to afinal lengthd;;. Sammor{51] suggestsv;; = 51.;1 for acloselyrelated
problem.Connectionsvith the springalgorithmsfor graphlayoutarealreadyobvious,and
will beexaminedin considerableletailbelow.

2.2.2. Algorithm. Using the unit vectorse; of ordern, we candefinethe matricesA;; =
(e; —ej)(e; — e;)', i.e. A;; haselement+1 at positions(s,7) and(y, j), —1 at (4, ) and
(7,7) and0 everywhereelse.Moreover, for agivenrealsymmetricmatrix C, we definethe
Laplacianof C' as

(2.8) L(C) = i i CijAij-

i=1 j=1
Alternatively £(C) = R — C, whereR is the diagonalmatrix with row-sumsof C'. Now
set
(2.9a) B(X) = E(Wi)
' - DX)”
(2.9b) V =L(W),
wherein (2.9a)we take the Laplacianof the matrix with elementsw;;é;;/d;;(X). Thenthe
algorithmthatupdatesX by

(2.10) X+ — yB(x R x *),

with V* the Moore-Penros@verseof V, is shavn to be globally convergentin [11] and
linearly corvergentin [12].
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In orderto computethe initial estimateof X Guttman[28] suggestedo computethe
dominanteigervectorsandeigervaluesof £(A?). This maximizes

(2.11) 2262 (X

i=1 j=1

underthenormalizatiorconditionX’X = I. Thisis easyto seesinced;(X) = trX'A; X,
andthus\(X) = trX'L(A?)X

2.2.3. MDSand MCA. Thereis afairly straightforvard connectiorbetweemmultidimen-
sionalscalingandMCA, outlinedfor examplein [30]. Supposewve definethe lossfunc-
tion (2.7) only for the off-diagonalsubmatrixG of the adjaceng matrix A. Thus,theloss
functiono (X)) becomes

n K
(2.12) o(X) = Z Zwik(5ik — dip(X))?,
=1 k=1
with
(2.13a) o {1 if ¢is |n. correspondenceith k,
0 otherwise
and
(2.13b) = 1 ifiis |n_ correspondenceith k,
0 otherwise

With thesedefinitions,obviously o (X) is againthesumof square®f thedistancedetween
the objectsandthe cataeyoriesthey arein, i.e. our “minimum squarednk” criterion. We

needsomekind of normalizatiorto find anontrivial solution,andusingX’X = I produces
MCA.

Thereis anothemway to introduceMCA usingMDS ideas,which wasfirst discussed
by [13]. Sincethatpaperthe approachhasbeenextendedconsiderablyby Meulman[42,
43] andit hasbeenimplementedn the computemprogramPIONEER[26].

Thebasicideahereis to scalethe objectsusingsomeform of MDS. Supposeve define
adistance-lile measure;; betweereachpair of objects.We now wantto mapthe objects
into pointsz; in R? suchthatthedistanced(z;, zx) approximates;;.

We have not specifiedyet which distancesve intendto use,andhow we will measure
approximationIn MCA we usechi-squae or BenzécridistancesThey aredefinedonthe
rows of G. Write g; for the column-\ector containingrow i of G ande; for the i** unit
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vector Then
1
(2.14) 6 = —(g: = 9;)'D7 (9: — 9;) =
1
—(e: = ¢;))GDT'G'(e: — &) = (e: — ;) Pules — ;) =
(e —e;) XAX'(e; — ;) = (21 — 2;)' (2 — ),

where P, is the averagebetween-catgpory projectorof MCA, andwhereZ = X A2, If
we only usethefirst p dimensionsi.e. thefirst p columnsof Z, thenwe underestimatéhe
chi-squardlistancej.e. we approximate% from belowv. This definesMCA. We canalso
proceedthe otherway aroundand defineBenzécridistancedetweencolumnsof G, and
again comeup with the MCA solutionfor Y.

But insteadof approximatingsquareddistancesgrom below, we canalsouse(2.7) on
the Benzécridistancespr on ary otherdistancefunction definedon the objectsor cate-
gories.We will loosetheduality betweerrows andcolumnswe have in MCA, but we may
find moreinterestingsolutions.The solutionsfor the sleepingbagexampleusing(2.7) and
Benzécridistanceon the objectsandthe catayoriesof the variablesaregivenin Figures
6 and7, respectrely. If we comparethemwith the correspondencanalysissolution,we
seethatthe“horseshoe’dr parabolicshapean Figure2 is nolongerthere.Pointsarespread
moreuniformly in the plane.However, this alsoresultsin too mary edgecrossingdor the
solutionbasedn distancedbetweercateories.

2.3. Parallel Coordinate Plots. (PCP)Thereis anothersimpleway to plot multivariate
guantitatve data.Thisis the parallel coordinateplot discussedby Inselturg andDimsdale
[33], Wegman[57]. In theseplots,we drav m parallelstraightlines,onefor eachvariable.
The objectsarethenplottedon eachof thelines, andpointscorrespondingvith the same
objectsareconnectedy brokenline sggmentsandperhapsoloredwith differentcolors).

2.3.1. PCP and MCA. Thereare someinterestingconnectiondbetweenPCPand MCA.
Supposeve have the freedomto put the cateyoriesof the variablesin arbitrarylocations
on the m parallelvertical lines, exceptthat the cateyoriesof variable j mustbe on line
j. Eachobjectnow definesa broken line throughm cateyory points. Supposez;; is the
inducedqguantificationof objecti on variablej, which is the samenumberasthe category
guantificationof the catayory of variablej thatobject: is in. We canpartitionthe variance
in theinducedquantificationsasin Table4. This measures how far the object-linesde-
viatefrom thehorizontallines,by computingthevariancearoundthebest-fittinghorizontal
line. The bestfitting horizontalline is, of course the objectscoreof MCA, i.e. z; = z;,.
Minimizing theratio of thewithin-objectvariancey’(D — L C)y to thetotal variancey’' Dy
amountgo computingthefirst dimensiorof anMCA. Obsenrethatthisis thesameasmax-
imizing the between-objecVariance%y’Cy for a giventotal variance,i.e. we alsowant
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Source Sumof Squares Matrix Expression
Within Objects Betweenvariables| > >, (zij — 2zie)” | ¢/(D — 5 O)y
BetweenObjects mY v (Zie — Zes)? —y'Cy
Total Variance Dic1 2ge(Zij — 2ee)? y' Dy

TABLE 4. PartitioningQuantificationvariance

the horizontallinesto be asfar apartaspossible.This is discussedn moredetailin [24,
Chapter3]. Weillustratetheabove with our sleepingoagexample.

T T T T T T
bad

- cheap

not expensive acceptable

good

down fibres -

FIGURE 8. Parallel coordinateplot. The numberson the edgesindicate
how mary objectssharethatparticularedge.

Thebasicclassificatiorof thebagsis again obviousfrom this representationObsene
we have onecrossingpasicallybecaussomesleepingbagsfilled with syntheticfibersare
good,while somefilled with down areonly acceptable.

2.4. Seriation. Seriation alsoknown asordination, is of importancein archaeology1],
DNA sequencingb], hypertext ordering[6], ecology[19], andsparsamatrix ordering[2].

Thekey conceptsn this areaarethe Robinsonandthe Petriematrices.The Robinson
matrix, known in psychometricsisa simple, is a symmetricmatrix R suchthatr;; < r;,
if j <k <idandry; > ry if ¢ < j < k. If rows and columnsof a symmetricmatrix
canbe permutedsuchthatit becomedkobinsonwe call it pre-RobinsonA Petrie matrix
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is a binary matrix for which in eachrow the onesform a consecutie sequencelf we can
permutethe rows of the binary matrix so thatit becomedPetrie,we call it pre-Retrie. If
both rows and columnscanbe madeto have the “consecutve ones”property we saythe
matrix is two-wayPetrie.

A closelyrelatedmatrixis the Guttmanmatrix, in whichthe patternof onesis triangu-
lar. In botha Petriematrix anda Guttmanmatrix, the patternis basicallyone-dimensional.
If artifactsarefoundin a particulartime interval, or plantsarefoundin a particulararidity
intenal, or if politiciansvote for a propositionin a particularleft-right interval, thenwe
dealwith a parallelogranstructure.l sucha case we have comparisondatain the sense
of [10] or non-cumulativetemsin the senseof [49]. If subjectgespondo testitems,then
they will give the correctresponséo all itemsthatareeasyenough.Thesearedominance
data or cumulativeitems andthey give riseto atriangularpattern.

In psychometricshe techniquedo recover thetriangularor parallelogranpatternare
known asGuttmanscalingor parallelogramanalysig( [10, 20]).

2.4.1. Seriation,MCA, and MDS. In mary seriationexamples,MCA is usedto find the

orderingof therows andcolumnsof the matrix. It is shovn by [31] thatif a matrix canbe

permutedo becomeawo-way Petrie thencorrespondencanalysiswill find theorder It is

shavn by [27] thatMCA produceghecorrectorderfor a Guttmanmatrix. Othersituations
in which MCA givesthe“correct” orderarediscussedy [52].

Kendall[36] appliednonmetricmultidimensionakcalingto the productmomentma-
trix GG', which is pre-Robinsonf G is pre-Petrie.He developedthe popularHORSHU
method,that produceda two dimensionalplot of the seriation,which oftenlooked like a
horseshodi.e. a quadraticcurve in the plane). See[30] for additionaldiscussiorof the
Robinsonand Petrieforms of a matrix in the MCA andMDS contets, and see[44] for
somearchaeologicagxamplesin which MCA is used.

2.4.2. Spectal Methodsof Seriation. Recentreviews of seriation,from a moderncompu-
tational point of view, canbefoundin [2] and[6]. Both papergely on a spectraimethod
of seriation,which is closelyrelatedto someof the techniquesve have discussedbore.
They startwith a binary datamatrix, which they interpretasthe adjaceng matrix G of a
bipartitegraph.They thenembedhe matrix in asymmetricmatrix A, using(1.1).

Definenow the Fiedler valueof a doubly-centeregbositve-semidefinitenatrix asthe
smallestnonzeroeigervalue. The correspondingigervectoris calledthe Fiedler vector.
SeriationcomputegheFiedlervectorof theLaplacianl(A), andusesherankorderof the
elementof the Fiedlervectorto reorderrows andcolumns.Computingthe Fiedlervector
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meanssolvingthe eigervalueproblem

(2.15a) Gy=(m— Nz,
(2.15b) G'z = (D — M)y,
whichis of coursevery closeto the equations
(2.16a) Gy = mAz,
(2.16b) G’z = \Dy,

thatdefineMCA. As in MCA, it is shavn next thatif thereis a permutatiortransforming
the matrix to Robinsonform, thenthe Fiedlerorderingproduceghatpermutatior{2].

Theorem 2.2. If amatrix 4 is Robinsonthenit hasa monotond-iedler vector

Proof. We begin by definingtwo usefulmatricesV; a(n — 1) x n matrix givenby

-1 1 0 ... 0
(2.17) Vi — 0 -1 1 ... 0
0O 0 ... -1 1

andV; an x (n — 1) matrix givenby

0 0 0 0

1 0 0 0
(2.18) Vo= 1|... ... ... ... ...

1 1 ... 1 0

1 1 ... 1 1
Notethatfor ary columnvectorz wegetViz = (2o — 1, ..., 2, — 2, 1), @andthatV; V5 =
I, andWL,V; = I, — ue), whereu is avectorcomprisedf onesande; = (1, 0,...,0)".

Considernow ary eigervectorz of £(A), exceptthe one correspondingo the \; = 0
eigervalue.We thenhave

(2.19) L(A)z = Iz & VIL(A)z = A\Viz & VIL(A) (I, — uel)r = A\Viz
< VIL(A)(VaVh)z = AWz & VViy = Az,

whereV = V1 L(A)V; andy = Viz # 0. Hence,\ is aneigervaluefor both £(A) andV,
for eigervectorsof £(A) otherthanu (correspondingo A; = 0). Somealgebrashows that

n

(2.20a) V(i,5) = Y (AG,k) — AG +1,k)), if i <,
k=j+1
(2.20b) V(i,j) = ZJ: A(i k) + AG 4+ 1,k)), if i > 7,

k=1
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which implies that since A is assumedo be a Robinsonmatrix V' (i,j) < 0 for all off-
diagonalelements.

DefineV = (I,_, — V for some( > max;{\;, V(4,4)}. Then,V (i, 5) > 0 forall i, j,
haseigervaluesgivenby \; = ¢ — \; andshareghe samesetof eigervectorswith V. But
by the Perron-Frobeniutheorem thereexists a nonngative eigervectory corresponding
to thelargesteigervaluefor V andto the smallesthonzerceigervaluefor V. Buty = Viz
andthereforex is the Fiedlervectorof £(A). Moreover, sincey > 0 it impliesthatz is
nondecreasingndtheresultfollows. O

Theorem 2.3. If a matrix A is pre-Robinsorwith a simpleFiedler valueand a Fiedler
vectorwithout ties, thenthe permutationr inducedby sorting the valuesin the Fiedler
vectorin increasingorder males A a Robinsormatrix. Thesameholdstrueif theelements
of the Fiedler vectorare sortedin decreasingorder.

Proof. Dueto theassumptionsnade the Fiedlervectorz is uniqueup to multiplicationby
aconstantNoticethatpermutingA merelychangeghe orderof theentriesin x. Suppose
thatapermutedsersionof A is Robinson By Theoren®.2it hasamonotone~iedlervector
z, whichis uniquesincethe Fiedlervalueis simple. Moreover, sincez hasno tied values,
the permutatiormustcorrespondo eitheranincreasingor adecreasingrderof thevalues
of x. O

In the presencef tied valuesin the Fiedlervector oneneedgo examineall possible
permutationsnduced(for moredetailssee[2]).

2.4.3. Example. The orderingof the sleepingbagsand cateyoriescomputedoy MCA is

givenin Table5 belon. We seein theparallelogranstructureof thetablethesameordering
of sleepingbagsandcateyoriesthatwe have alreadyseenin otheranalysesObsene that
wedon't quitehavetheconsecutie onesproperty Major deviationsarethe“OneKilo Bag”

andthe“K ompaktBasic”,whicharecheapandfilled with syntheticfiber, but still classified
asgood. Similarly, althoughthe “Eiger” is expensve andfilled with down, it is not good,
only acceptablelf we usethetwo eigervectorscorrespondingo thetwo smallesihonzero
eigervaluesof £(A) (i.e. the Fiedlervalueandthe secondsmallestnonzeroeigervalue),
we find the solutionshawn in Figure9. Theresultinggraphplot hasalot of similaritiesto

the onecorrespondingo the MCA solution(seeFigure2), sincebothtechniquesecover

the parallelogramstructurein the sleepingbagdata. However, the absencef a centroid
principlefor the solutionbasedntheFiedlervectorsresultsin placingmostvertices(both
objectsandcateyories)on the peripheryof thegraph.



20

DE LEEUW AND MICHAILIDIS

D

(] % 2 [8)

{7 s g &

s s388£§.
SleepingBag & -§ 5 8 2 2 6 8
Foxfire 11 1 0 0 0 0 O
Mont Blanc 11 1 0 0 0 0 O
Cobra 11 1 0 0O 0O 0 o
Eiger 11 0 1 0 0O 0 O
Viking 01 1 0 1 0 0O
ClimberLight 01 1 0 1 0 0O
TravelersDream| 0 1 1 0 1 O O O
Yeti Light 0 1 1 0 1 0 0 O
Climber 0 1 0 1 1 0 0 O
CobraComfort 01 0 1 1 0 O O
Cat's Meow 0O 01 0 1 1 0 O
Tyin 0 0 01 1211 00O
Donna 0O 0 01 11 0O
TouchtheCloud | O 0 0 1 1 1 0 O
Kompakt 0 0 01 1211 00O
OneKilo Bag 0O 01 0 0 1 1 0
KompaktBasic |0 0 1 0O O 1 1 O
Igloo Super 0 0 0O 01 1 01
Sund 0O 0 0O OO 1 1 1
FinmarkTour 0O 0 0O O 01 1 1
Interlight Lyx 0 0 00O 0O 1 11

TABLE 5. MCA Seriationof SleepingBags
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03l //" 1
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o
T
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1 1 1 1 1 1
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FIGURE 9. Graphplot of the sleepingobagdatausingFiedlervectors.
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3. LAYouT METHODS

3.1. Introduction. In this sectionwe discussthe two typesof layoutalgorithmsalready
mentionedin Sectionl1.4.3. The first classminimizesthe numberof edgecrossingsn a

straight-linelayout. It is especiallyinterestingor graphswith layers,wheretheonly edges
are betweenlayers. The secondclassare the springor force-directedalgorithms,which

useaphysicalanalogyto portraythegraphasamechanicaand/orelectricsystemn which

forcespull andpushtheedges.

3.2. Minimum Straightline Crossing Algorithms. Supposewne have a bipartite graph.
We agreeto put the two layersof the graphat equalintervals on two parallellines. We

thenfind the permutation®f the objectsin eachlayer that minimizesthe numberof line

crossings.Thereis alsoa one-sidedversionof the algorithm,in which the orderin one
layeris fixed. In [18] it is shavn thateventhe one-sidedroblemis NP-hard,soheuristics
areneededo solve evenmoderatelysizedproblems. Amongthe heuristicsdiscusseanost
frequentlyarethebarycenterandmedianheuristics.In our contet, we couldfix theobjects
on oneof the lines, andthencomputethe categyory positionsasthe meansor mediansof

theobjectsin the cateory.

More interestingresultson straightlinecrossingminimization are provided in [34].
The authorsimplementan exact algorithmfor the one-sidedcasethat turns out to work
reasonablyvell evenfor problemswith upto 60 vertices.For thetwo-sidedproblemtheit-
eratedbarycentemmethod whichis basicallywhatwe call reciprocalaveraging turnedout
to bethebestheuristic.In fact,it evenoutperformshe methodwhichiteratively alternates
the exactoptimal one-sidedsolutions.

Let usfirst translatethis into the graph-plotwe dealwith. The objectsarelocatedon
onelayer, while the categoriesof all variableson a secondayer. But it is moreinteresting
to look atthem + 1-layeredgraph,which hasa layerfor eachvariable,andanadditional
onefor the objects. Take two variables for instance andlocatethe objectsin the middle
of the threeparallellines. Variableoneis on the right of the object-line,variabletwo is
ontheleft. If thegraph-plotdoesnot have ary crossingsthenthe cateyoriesof a variable
corresponavith disjointintervals of objects.Clearlym variablescanbeaccommodateth
athree-dimensionajraphplot, in which the m linesareon a cylinder with the objectson
the axes.Findingorderingswithout crossingss the sameasparallelogramanalysis

3.2.1. Ordering Variablesin PCP. Oneobviousproblemin parallelcoordinateplotting is
how to orderthe variables,i.e. how to orderthe parallelvertical linesin the plane. This
could be doneby minimizing the line crossingsn the m-layeredgraph. It could alsobe
doneby minimizing theamountof ink, aswe doin MCA.
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Of coursethe MCA solutionis completelyindependenof the orderof the variables.
The amountof ink, i.e. the sumof squaref thelengthsof the n(m — 1) line sggments,
doesdependon the order Exceptfor endeffects, minimizing total squaredengthmeans
maximizing

m—1
(3.1) Ay) = Z y;'Cj,j+1yj+1'
j=1

over all y suchthaty’ Dy = 1, andthisis a function of the orderof thevariables.Finding
the optimal orderis, again, a form of seriation. It is relatedto the traveling salesman
problemandthe existenceof Hamiltoniancyclesin graphs. If homogeneityis large, i.e.
if we canscalethe variablessuchthatthe brokenlinesin the parallelcoordinateplot are
almosthorizontal thenchangingthe orderof thevariableswill make very little difference.

3.3. Force-directed or Spring Algorithms.

3.3.1. Geneanl Idea. In [3, Chapterl0] agenerabpproacho force-directedyraphdraving
methodss outlined,thatunifiesmary previousisolatedandratherill-definedmethodsThe
forceonvertex 5 is madeup out of moreelementaryorcesthataredefinedfor eachpair of
vertices.Thereis amechanicabr springforce pulling atall pairs(s, j) thatareconnected,
andthereis an electricalforce pushingat all pairs, alsothe onesthat are not connected.
Thustheforceonvertex i is

(3.29) F(i) = Zaijfij - Z Gij
j=1 j=1,5#i

whereA = {a;;} is the adjacenyg matrix of thegraph.It is assumedin addition,thatthe
springsfollow Hooke’s law, andthe electricalforce follows aninversesquarelaw. This
meanghat

3.2b o= s (ds (X)) = 80 ) 222
( ) fz] wz]( ) ( ) 51 )dz(X),

1 x;—x;
(3.2¢) Gij = Uij—g——~ =,
TV E(X) dij(X)

whered;; is the zero-enegy lengthof the springconnecting andyj, w;; is the stiffnessof
thespring,andu;; is the strengthof the electricalrepulsion.

Thechoiceof theforcesis ad-hoc.In [17] and[54] logarithmicspringsareused,i.e.
di;(X)\ z; — z;
. 7 — 37 1 i ! J .
(3.3) fij = wij og( » )di-(X)

In [21], the attractve forcesareproportionalto the squareof the distancewhile therepul-
sive forceis the inverseof the distance.SugiyamaandMisue [54] introducea third force,
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by addinga magneticfield thatworks globally on all springs,andthatcanbe parallel,ra-
dial, or concentric. This field will tendto influencethe global form of the drawing. It is
clearthat spring algorithmsare basedon a simple and attractve idea, but implementing
themrequiresanumberof ratherarbitrarychoices.We concentrat®n the simplerones.

3.3.2. LossFunction. Implementingthe springalgorithmof (3.2) meansninimizing

(3.4) o(X) =) Y aywi(di(X) =8+ D u”ﬁ

i=1 j=1 i=1 j=1,j#i
Thisis obviously closeto the MDS problemof minimizing (2.7). Thedifferenceis thatin
the springalgorithmwe adda penaltyfor pointsbeingtoo closetogether

Along the samelines as before,we can shav that the algorithmthat updatesX as
follows

(3.5a) X®D) = yH{B(X®) + H(X®)x®),
where

U
(3.50) H(X) = £( 557

andU/D?(X) is thematrix with elementsy;; /d?;(X), is globally corvergent.

3.3.3. TheBarycentricMethod. Oneof theearliestgraphdraving methodss thebarycen-
tric methodof Tutte[56]. It is thespecialcaseof (3.2)in whichd;; = 0, w;; = 1, andthere
areno electricalforces.Thusthelossfunctionis simply givenby

(3.6) o(X) =" ayd;(X).

i=1 j=1
Thisis the samelossfunctionasthe oneusedin MCA, andit leadsto a familiar problem.
Theminimizingsolutionis X = 0. Unlikein MCA we do notnormalizethis problemaway
by requiring X'X = I, but we partition the vertex setinto a setof (at leastthree)fixed
verticesandfreevertices.We thenminimize over the free vertices.In a one-dimensional
MCA context this approactwasalreadydiscussedn [29].

Not surprisingly the algorithmthat solvesthis problemis to setthelocationof afree
vertex equalto the centroidof its neighborsandto cycle over free vertices. In the case
of thegraphwith adjaceng matrix givenby (1.1)this is preciselythereciprocalaveraging
algorithmof MCA (without normalization,andwithout updatingthe fixed vertices). We
referto [3, Section10.2]for adiscussioron how well thebarycentrianethoddravstypical
graphs. From the dataanalysispoint of view, we merely have to comparenormalizing
by fixing a numberof pointswith normalizingby requiringorthonormality The obvious
guestionin this context is “Which Points?” to fix.



24 DE LEEUW AND MICHAILIDIS

For our example,we give two differentsolutions. In the first one we fix the three
catgoriesof variable“Price” at the cornersof an equilateraltriangle, and we fit in the
remainingpoints. In the secondsolutionwe fix the threecatayoriesof variable“Quality”
in thesameway. In bothplotswe insertthe category quantificationdy usingthe centroid
principle,andwe draw thegraphplot. Thesegraphplotsarelesssatisactorythanthe MCA
graphplot 2. Fixed pointsareat the outskirtsof the plot, the otherpointsareclumpedon
theinsidenearthe centroidof the plot. This becomesbviousif we rewrite the stationary
equationdor the barycentriaonethod with anumberof category pointsfixed,as

1
(3.7a) X = E{Glyl + G2Ya},

(3.7b) Y, = D;'GyX,

whereYy, G, D; correspondo thefixedverticesandY;, G5, D, to thefreevertices.If we
solve theseequationswve find

1 1 o

(3.8a) X = E(I - EGQDz‘le) 'q,Y;,
1 .

(3.8b) Y, = mD;lchc:lYl.

This shavs that objectsand free categorieswill be inside the corvex hull of the fixed
catgyories,andclumpedin themiddle especiallyin casem is large.

As anexperimentwe alsoimplemented versionof the barycentriomethodusingthe
penaltytermsin (3.2),sothatd;; = 0 andw;; = 1 andw;; = .01. This doesnotlook good
atall, soit seemghepenaltiesaremuchtoo harsh.More researchperhapsalsowith other
penaltyfunctions,is obviously needecdhere.

3.3.4. More on Springsand MDS. A two-dimensionagraphlayout algorithmthatis ba-
sically MDS was proposedby Kamadaand Kawai [35]. Essentiallythe samealgorithm
wasproposeckarlierin [37]. A (straightforvard)threedimensionakxtensionis discussed
by Kumarand Fowler [40]. It is aguedin [8] thatthree-dimensiongpicturesof graphs,
suchasthe onesbasedon MDS, often are more “nice” thantwo-dimensionabnes. The
mainideain this classof graphlayoutalgorithmsis to approximatepathlengthdistances
in a graphby Euclideandistances. We assumea connectedgraphwith n vertices,in
which thereis a path betweenary two vertices. The lossfunctionis (2.7), whered;; is
the pathlengthdistancebetweemodes: andj, andw;; is someknown weight. Kamada
andKawai [35] suggestsingw;; proportionalto 51.;2. KruskalandSeery[37] seento use
w;; = 1. They alsoassigna large numberfor the distanceof a pair of verticesthatarenot
connected.

Now of courseour bipartite multivariablegraphis not connected.In fact, the graph
theoreticaldistancesare either zero (for the self-distances)or one (for objectsand the
catgoriesthey arein), or two (for objectswhich sharea cateyory, or catgyorieswhich
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FIGURE 12. BarycentricSolutionwith EadesdPenalties

sharean object) or infinity (for the rest). It may not be usefulto apply MDS to these
distancedglirectly. In fact, Kruskal and Seerysuggesusingnon-metricmultidimensional
scaling in which we minimize

P (6 — di(X))?
O'(X, A) _ Zz—l En:.;—l(nJ 5 J( )) :

Zi:l Zj:l dz](X)

over all drawvings X andoverall A = {4,;} thataremonotonicwith the graphtheoretical
distances.

(3.9)

On the otherhand,we canuseMDS on the off-diagonaldistancesnly, aswe have
donein MCA, the barycentricmethod, and the spring algorithm with inverse-distance
penaltyterms.

4. CONCLUDING REMARKS

In this papermwe have consideredereral popularmultivariatedataanalysisechniques
suchasMCA, MDS, parallelcoordinateplotting, seriation andgraphlayoutmethodssuch
asforcedirectedandminimum straightlinecrossingalgorithms,andexploredtherelation-
shipbetweerthetwo classesTherepresentationf amultivariate(catejorical) datasetasa
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bipartitegraphandthedesireto make the patternsn thedatamoreaccessibléy displaying
themin a picture,provide the commonlinks betweerthesetwo setsof techniquesMore-
over, it is shavn thatsomeof the populargraphdraving algorithmsare closelyrelatedto
MDS. Someof thesetechniquessuchasMCA andspectraimethodsof seriation,areeasy
andinexpensve to applyto large datasets(bothin termsof objectsandvariables) while
theremainingonesaremuchmorecomputationallyjdemandingsincethey rely oniteratve
algorithms,thusrenderingtheminefficient for mining and analyzinglarge databanks.It
is interestingto examinehow thesetechniquegperformwhenappliedto morecomplicated
datastructureghantheoneexaminedhere.A first stepin thatdirectionis takenin [46, 48],
whereMCA is extendedo handlehierarchicalata(e.g. studentlusteredwvithin schools)
that canbe representedtby direct sumsof bipartite graphs. However, relationaldatabases
give rise to more complicatedgraphstructuressuchas multipartite graphsand new tools
areneededor their efficient visual representationFinally, furtherresearchs requiredto
shedlight to the following third questions:first, whatis the appropriatedimensionality
thatprovidesa “satisfactory” drawing of a graph,secondwhat arethe most“useful” and
“informative” distancego be approximatedy MDS type methodsandthird how penalty
methodscanleadto improved dravings. A generaldataanalyticframework is introduced
in [15] thataddressethe lattertwo questions.
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