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ABSTRACT OF THE DISSERTATION

Asymptotic behavior of a fluid model for bandwidth sharing with general file size
distributions

by

Yingjia Fu

Doctor of Philosophy in Mathematics

University of California San Diego, 2021

Professor Ruth J. Williams, Chair

We study the asymptotic behavior of solutions to a fluid model for a data communication
network, where file sizes are generally distributed and the network operates under a fair bandwidth
sharing policy, chosen from the family of (weighted) a-fair policies introduced by Mo and
Walrand (2000). Solutions of the fluid model are measure-valued functions of time. Under law of
large numbers scaling, Gromoll and Williams (2009) proved that these solutions approximate
dynamic solutions of a flow level model for congestion control in data communication networks,
introduced by Massoulié and Roberts (2000).

Our first result is the stability of the strictly subcritical version of this fluid model under

xi



mild assumptions. For this, using a slight generalization of a Lyapunov function proposed by
Paganini et al. (2012), and taking into account that some fluid model solution components may
reach zero while others are positive, we prove that the Lyapunov function composed with a
subcritical fluid model solution converges to zero as time goes to infinity. Our second result is
on the asymptotic behavior (as time goes to infinity) of solutions of the critical fluid model, in
which the nominal load on each network resource is less than or equal to its capacity and at least
one resource is fully loaded. For this we introduce a new Lyapunov function, inspired by the
work of Kelly and Williams (2004), Mulvany et al. (2019) and Paganini et al. (2012). Using
this, under moderate conditions on the file size distributions, we prove that critical fluid model
solutions converge uniformly to the set of invariant states as time goes to infinity, when started
in suitable relatively compact sets. We expect that this result will play a key role in developing
a diffusion approximation for the critically loaded flow level model of Massoulié¢ and Roberts
(2000). Furthermore, the techniques developed here may be useful for studying other stochastic

network models with resource sharing.
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Chapter 1

Introduction

1.1 Overview

The design and analysis of congestion control mechanisms for modern data networks
such as the Internet is a challenging problem. Mathematical models at various levels have
been introduced in an effort to provide insight into some aspects of this problem. In particular,
Massoulié and Roberts [MROO] introduced a stochastic model called a flow level model that
aimed to capture the connection level dynamics of file arrivals and departures in a network where
bandwidth is dynamically shared amongst flows which correspond to continuous transfers of
individual elastic files. A natural family of “fair” bandwidth sharing policies was introduced by
Mo and Walrand [MWO00] around the same time. These policies are often referred to as (weighted)
o-fair policies, since a parameter o € (0, o) (and optional weight parameters) is associated with
the family. The cases o = 1 (proportional fairness with equal weights) and o¢ — oo (max-min

fairness) have received particular attention.



1.1.1 Stability

One of the first natural questions to ask about the flow level model operating under an
o-fair bandwidth sharing policy is “when is it stable?”. Here we take stability to mean that a
Markov process describing the model is positive Harris recurrent. Assuming Poisson arrivals
and exponential file sizes, this is a solved problem. Indeed, under these assumptions, Lyapunov
functions constructed by De Veciana et al. [DVLKO1] for max-min fair and proportionally fair
policies, and by Bonald and Massoulié [BMO1] for a-fair policies (a € (0,00)), can be used
to establish positive recurrence of the Markov chain that tracks the number of flows on each
route, provided the network is subcritically loaded, i.e., the average load on each link is less
than its capacity. Kelly and Williams [KW04] proved that subcriticality is necessary for positive
recurrence of the Markov chain. Ye et al. [YOYO05] generalized the stability result to where
the arrival processes are stationary renewal processes, but the file sizes are still exponentially
distributed, and the bandwidth sharing policies come from a class of utility based policies that
include the o-fair policies.

When the interarrival time and file sizes are generally distributed, the process that records
the number of flows on each route is usually not Markovian and a more complicated Markovian
state descriptor is needed to track the dynamics of the model. Much less is known concerning
stability in this general situation, although a few cases have been treated. Massoulié [Mas(07]
showed stability of subcritical networks under the proportionally fair policy with Poisson arrivals
and phase-type distributions for file sizes. Bramson [BralO] proved that subcritical networks
operating under max-min fair policies and having general interarrival and file size distributions
are stable, provided the file size distributions have finite pth moments for some p > 2.

One general approach to exploring stability of stochastic networks uses fluid models,
solutions of which are obtained as functional law of large numbers limits from the original
stochastic network. The idea of this approach is to first prove that the fluid model for a subcritical

network is stable (i.e., all fluid model solutions converge towards the zero state) and then to use



this to infer stability of the original stochastic model. This methodology has been successfully
used to obtain sufficient conditions for stability of a variety of multiclass queueing networks (see
[Bra08, Dai95] and the references therein) and was the approach used in the work by Massoulié
[Mas07] mentioned above.

Gromoll and Williams [GW09] used a measure-valued process to track the dynamics of
the flow level model with general interarrival and file size distributions when operating under a
member of a family of fairly general bandwidth sharing policies that includes the o-fair policies
of Mo and Walrand [MWO0O]. They showed that, under law of large numbers scaling, the measure-
valued processes corresponding to a sequence of flow level models are tight and any weak limit
point of the sequence is almost surely a continuous solution of a measure-valued fluid model.
In [GWO08], the same authors also established stability of the fluid model for a-fair bandwidth
sharing policies (a0 € (0,00)), for linear networks and simple tree networks under subcritical
loading. In this context, the zero state is the measure with each component equal to the zero
measure on [0, ).

Chiang et al. [CSTO06] obtained the same fluid model as [GW09] (but with a zero initial
condition) from the flow level model via a different law of large numbers scaling limit in which
the arrival rate and bandwidth capacity are allowed to grow to infinity proportionally, but the
bandwidth per flow stays uniformly bounded. They used the fluid model to derive some conclu-
sions concerning rate stability for the flow level model when file sizes have general distributions
with compact support, and for bandwidth sharing policies that are a slight generalization of the
o-fair policies of [MWOO], in which the parameter . € (0,00) is allowed to vary with the route.
For their stability result, their o parameters need to be sufficiently small.

Paganini et al. [PTFA12] developed a Lyapunov function to study the stability of the fluid
model introduced by Gromoll and Williams [GW09] for all a-fair policies (o € (0,00)). Using
this function, under the assumptions that fluid model solutions are sufficiently smooth that they

have densities that are strong solutions of a nonlinear parabolic partial differential equation, and



that no fluid level on any route touches zero before all route levels reach zero, Paganini et al.
[PTFA12] proved stability of the subcritical fluid model. The aim of Chapter 3 is to prove stability

of the subcritical fluid model without the strong assumptions of Paganini et al. [PTFA12].

1.1.2 Critical Behavior

Beyond issues of stability, the performance of the flow level model when some resources
are operating at or near capacity, is of particular interest. Indeed, as generally observed by
Kelly and Laws [KL93], in the heavily loaded regime, important features of good control
policies are often displayed in sharpest relief. Furthermore, system designers and managers often
strive to position systems in this regime to achieve maximal utilization of resources. Diffusion
approximations have provided useful and insightful measures of performance for various heavily
loaded stochastic networks (see the survey article by Williams [Wil16] and references therein).
For open multiclass queueing networks with head-of-the-line service, Bramson [Bra98] and
Williams [Wil98] developed a modular approach to establishing diffusion approximations for
these networks when heavily loaded. A key aspect of this approach was to analyze the asymptotic
behavior of critical fluid model solutions and to use this analysis to establish a dimension reduction
property called multiplicative state space collapse, which provided a crucial step in proving a
diffusion approximation. (The fluid models associated with heavily loaded stochastic networks
are called critically loaded, meaning that in the fluid model, the nominal load on each resource
is less than or equal to its capacity and at least one resource is at capacity.) Various authors
have expanded and adapted the approach of Bramson [Bra98] and Williams [W1il98], to establish
diffusion approximations for a variety of other heavily loaded stochastic networks.

For the flow level model of Massoulié and Roberts [MROO], there are a few works
establishing diffusion approximations under certain distributional, control or network assumptions.
All of these use analysis of fluid models as a key ingredient. In general, it remains an open

problem to establish a diffusion approximation for the flow level model with general interarrival



time and file size distributions when operating under o-fair bandwidth sharing policies. We
provide a brief summary of existing work in this area and then describe the main focus of Chapter
4.

With Poisson arrivals and exponentially distributed file sizes, Kelly and Williams [KW04]
studied the asymptotic behavior of a critical fluid model for the flow level model operating under
an o-fair bandwidth sharing policy, and proved uniform convergence of fluid model solutions
to an invariant manifold when starting in a compact set. Subsequently, Kang et al. [KKLWO09]
used this analysis to prove multiplicative state space collapse, and, for oo = 1, combined the result
of Kelly and Williams [KW04] with an invariance principle for reflected Brownian motion by
Kang and Williams [KWO07], to prove a diffusion approximation for the heavily loaded flow level
model under a mild local traffic condition. The latter condition was subsequently weakened to a
full rank condition on the network structure by Ye and Yao [YY12].

The fluid model considered by Kelly and Williams [KWO04] focused on the fluid limit of
the flow count process; the latter is a Markovian process when arrivals are Poisson and file sizes
are exponentially distributed. As noted above, for more generally distributed arrivals and file
sizes, a larger state descriptor is usually needed. A special case of the flow level model is when
there is a single type of file and a single resource or communication link. In this case, bandwidth
sharing is the same as processor sharing, and a natural state descriptor is a measure on the positive
half line that keeps track of residual file sizes (plus a variable that tracks residual interarrival
times). The modular approach of Bramson [Bra98] and Williams [Wil98] has been adapted to
this case. Specifically, a fluid model for a GI/GI/1 processor sharing queue was developed by
Gromoll et al. [GPWO02], asymptotic analysis of the critical fluid model was carried out by Puha
and Williams [PW04], and Gromoll [Gro04] subsequently used this to prove state space collapse
and a heavy traffic diffusion approximation for the processor sharing queue. For the full flow
level model of Massoulié and Roberts [MROO], operating under the proportional fair sharing

discipline (o = 1 and with equal weights), when arrivals are given by Poisson processes and file



sizes have a phase-type distribution, Vlasiou et al. [VZZ14] used a critical fluid model analysis to
study the steady-state distribution of the flow count process.

In Chapter 4, we analyze the asymptotic behavior (as time goes to infinity) of measure-
valued solutions to the fluid model of Gromoll and Williams [GW09] for the o-fair bandwidth
sharing policies of Mo and Walrand [MWOO]. It is anticipated that this chapter will provide a
crucial link in a modular approach to proving a diffusion approximation for the Massoulié-Roberts
flow level model with general interarrival and file size distributions when operating under the
aforementioned fair bandwidth sharing policies. The key to our analysis is a new Lyapunov
function, the formulation of which was inspired by the work of Kelly and Williams [KW04],
Mulvany et al. [MPW 19] and Paganini et al. [PTFA12]. Using this, under moderate conditions on
the file size distributions for the fluid model, we prove that critical fluid model solutions converge
uniformly to the set of invariant states (called the invariant manifold) as time goes to infinity,

when started in suitable relatively compact sets.

1.2 Notation and Terminology

Let R = (—o0,00) and R = [0,00). For x € R, let x* = max(x,0). Define C}(R) (resp.
C})(R+)) to be the set of once continuously differentiable functions f : R — R (resp. f: Ry — R)
that together with their first derivatives are continuous and bounded on R (resp. R.). Let C’(R)
be the set of infinitely differentiable functions defined on the real line that have compact support.
Let 14 denote the indicator function of a set A and let 1 = 1g, .
Let M be the set of finite non-negative Borel measures on R, endowed with the topology

[}

~_, is a sequence in M converging (weakly) to § € M, we write

of weak convergence. If {&"
E" 55 € as n — oo, Given & € M, let L' (€) denote the set of Borel measurable functions from R,
into R that are integrable with respect to &. For f € L!(E), let (f,£) = Jr, fd&. Also for any

non-negative Borel measurable function f & L'(§), let (f,E) = 4o0. For x € R, let (x) = x.



Define M| = {£ € M : (x,§) < oo}. Let K={& € M: E({x}) =0 forall x € R, }, the set of
continuous measures in M, and let K; = M; NK. Let A denote the elements of M that are
absolutely continuous (with respect to Lebesgue measure).

Let N denote the set of positive integers. ForI € N, let I = {1,...,I} and define

M! = {(&,...,&) & e Mforalli € I},
M= {(&,....&) & eM, forallie I},
K'={(&,....6) : & € Kforalli€ I},
Kl ={(&,....&): & K, forallic I},

Al={(&,....&) & cAforallic I}.

Here M! has its product topology and the other sets have the induced topologies as subsets of
M!. Fluid model solutions will take values in M! and we shall refer to the measure & € M! that
has &; equal to the zero measure on R for all i € I, as the zero measure (in MD) or the zero state

(for the fluid model). Given a real-valued Borel measurable function f > 0, for § € M!, define

(f,€) = ({f,€1),---, (f-8D)-

With its topology of weak convergence, M is a Polish space (see [Pro56]), and a metric
(called the Prokhorov metric) which induces this topology and under which M is complete and

separable is defined as follows. For a Borel set B C R and € > 0, define
B*={yeR, :inf|x—y| <&}
XEB
For £, € M, the Prokhorov distance between & and 1 is defined by

d(&m) = inffe > 0: £(B) <0 (B) +¢ and (B) < &(B°) +¢.

for all closed sets B C R, }.



For &, € M, define
dy(&,m) = maxd(?;,, i)- (1.1)

For any 0 # B C M! and & € M!, define

di(§,B) :ﬁﬂgdl(i M)

1.3 Acknowledgement

Chapter 1 is a combination of extracts from Section 1 of “Stability of a Subcritical Fluid
Model for Fair Bandwidth Sharing with General File Size Distributions”, Stochastic Systems,
Yingjia Fu and Ruth J. Williams, Volume 10, Number 3, 2020, and Section 1 of “Asymptotic
Behavior of a Critical Fluid Model for Bandwidth Sharing with General File Size Distributions”
by Yingjia Fu and Ruth J Williams, which has been submitted to a major journal in applied
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Chapter 2

Fluid Model

Here we recall the fluid model developed by Gromoll and Williams [GW09] as a functional
law of large numbers approximation to the flow level model of Massoulié and Roberts [MROO]
operating under a bandwidth sharing policy such as one of the a-fair policies of [MWO0O0]. This
fluid model (with a zero initial condition) was also obtained by Chiang et al. [CSTO06] from the
flow level model operating under a slight generalization of the o-fair policies of Mo and Walrand
[MWOO]. This used a different law of large numbers scaling limit from [GW09]; in particular, in
the work of Chiang et al. [CSTO06], the arrival rate and bandwidth capacity were allowed to grow

to infinity proportionally. We begin by introducing the fluid model parameters.

2.1 Parameters

Consider finitely many resources (e.g., links in a communication network) labelled by
j€J={l1,...,J}, and a finite set of routes labeled by i € I = {1,...,I}. Aroute i € I is simply
a non-empty subset of J and is interpreted as the set of resources used by the route. Let R be the
J x T incidence matrix satisfying Rj; = 1 if resource j is used by route i, and R j; = 0 otherwise.
Each resource j € 7 has a fixed (bandwidth) capacity C; > 0.

Fix a vector v = (vy,...,vi) where v; > 0 for each i € I, and a vector & = (9y,...,0y)



where for each i € I, ¥; is a Borel probability measure on R that does not charge the origin and
has finite mean, i.e., (), ¥;) < co. For i € I, the constant v; represents the mean arrival rate of files
to route i and ¥; represents the distribution for the sizes of files arriving to route i.

Foreachie I, y; = ﬁ is the reciprocal of the mean of the distribution ¥; and p; = :’Tj
is interpreted as the nominal load (average bandwidth needed) on route i. For each i € I, let 9¢
be the excess lifetime distribution associated with ;. The probability measure 9 is absolutely

continuous with respect to Lebesgue measure on R and has density
pi (%) = pi{1 (1 e0),0;) forallx e R. (2.1)

For each i € I, we define Nj(x) = (g, 0), Ni(x) = 1 — Nj(x), N¢(x) = (Ljg 4, 0¢), and N; (x) =

1 — N¢(x) for each x € R, Note that g, ' = [°N;(x)dx and p¢(x) = ;N;(x) for all x € R.,.. For

& € ML, for each i € I, define 1\7Ié(x) = (1 (x,00),&i) foreachx € R

2.2 Bandwidth Sharing Policy

We will consider a family of bandwidth sharing policies that were studied by Chiang
et al. [CSTO6], and which are a slight generalization of the o-fair policies of Mo and Walrand
[MWO0O].

The bandwidth allocations in the fluid model change dynamically as a function of the
amount of fluid on each route. We will need the following notation to describe them. For each
ze€R let I (z)={i€T:z>0}and O(z) = {y e RL : y; =0foralli ¢ I,(z)}.

Fix parameters o; > 0,%; > 0, foreachi € I. Let o« = (0,...,0q) and ¥ = (Kp,...,Ky).
The following optimization problem will be used to define the bandwidth sharing policy associated
with the pair of vector parameters (o, k). Given z € R | the vector of bandwidth allocations ¢(z)

associated with z is the unique value of y € O(z) that solves the following utility maximization

10



problem:

maximize Z K,-z,-Ui<E> subject to ZRji‘l’i <Cjforall je J, ye€ O(z), (2.2)
Z

i€l (Z) t iel

where for each i, U; : [0,00) — [—o0,00) is a utility function of the form

11— -
T—a i toif oy 7é 1,
Ui(xi) _ 1—o i
log(xi) ifo; =1.

Remark 2.2.1. For i € I,(z), we have ¢;(z) > 0 because, either U;(0) = —oo if O; > 1, or
U;(0) = 0 and U} (x;) — +oo as x; — 0 if a; € (0,1). Let S(z) ={w e R :y; > 0 forall i €
L (z),y;=0foralli ¢ 1,(z)}. Then one can restrict the choice of \ to the set S(z) for the utility
maximization problem. The uniqueness of the maximizer follows from the strict concavity of the
utility functions U, i € Ly (z). Furthermore, for z € RY, ¢;(-) is continuous at z for each i € I.(z).
Ifo;, =o€ (0,00) for all i € I, this last statement was proved by Kelly and Williams [KW04].
When a; € (0,1) for all i € I, it was noted by Chiang et al. [CST06] that a similar proof to that
of [KW04] can be used to establish this result. Similar ideas can be used to give a proof for all

o, € (0,00),i € I. For completeness, in Lemma A.1 in the Appendix, we give such a proof.

2.3 Definition of Fluid Model Solutions

The fluid model of Gromoll and Williams [GW09], with the bandwidth sharing policy
described in the previous section, is described below. For the remainder of this dissertation, the
parameters (R,C,a,k,v,¥) are fixed and the bandwidth allocation function ¢ is as specified in

the previous section.

Definition 2.3.1. Given a continuous function ¢ : [0,00) — MY, define the auxiliary functions
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(z,A,T,u,w) by the following for all t > 0:

2(1) = (1,8(2)),

u(t) = Ct — Ra(t),

w(t) = (x,5(1))-

In Definition 2.3.1 the integrals defining z(¢) and w(t) are to be interpreted componentwise.
In particular, the i-th component of w(-) represents the fluid workload for route i, w;(¢) = (y, G (¢)),
t > 0. The fluid workload per link is given by w;(t) = ¥;c ;R jiwi(t), t > 0.

A fluid model solution is defined through projections against test functions in the class

C={feCy(Ry): f(0) = f'(0) =0}. (2.3)
Definition 2.3.2. A fluid model solution associated with the parameters (R,C,0,%,V,9) is a
continuous function { : [0,00) — MY that, together with its auxiliary functions (z,A,T,u), satisfies:
(i) (L40y,8(t)) =0 forallt >0,
(ii) the function u; is nondecreasing for all j € J,
(iii) foreach f € C,i€ I, andt > 0,

Ai(S)
zZi(s)

ﬂ(o,oo)(Zi(S))dS*—Vi(f,ﬁi}/O L(0,00) (zi(5) ) dls.
2.4)

t
0

(.60 = (L5600 = [ .66)

Remark 2.3.1. The auxiliary function w associated with C satisfies the following for all t > 0 for



those i for which w;(0) < oo:

wilt) = i)+ [ (pi= Ai(e() )10 () s (2.5)

see Lemma 3.3 of [GW09] and Lemma 4 of [CSTO06] for the method of proof.

Remark 2.3.2. The third property in Definition 2.3.2 can be extended to hold for all functions
fec={fe C)(R.): £(0) = 0}. A proof of this is given in Lemma A.2 in Appendix A.

Remark 2.3.3. The fluid limit result proved by Gromoll and Williams [GWO09] yields fluid model
solutions which have initial states that are continuous measures and which have finite workload,
i.e., for which {(0) € K{ Indeed, in order for fluid model solutions to be continuous functions
of time, the initial condition cannot have any atoms. For our results in Chapter 3, we will be

assuming that {(0) € K1, see Section 3.3.

2.4 Additional Notation for Fluid Model Solutions

Suppose that {(+) is a fluid model solution. We shall often use 1\7; (x) in place of A_dé(t) (x)
to simplify notation. Let (z, A) be auxiliary functions associated with , as in Definition 2.3.1.

Foreachie€ Iand 0 <s <t < oo, let

. 1A,
wa :1 Zl((:>) IL(OPQ) (Zi(r))dr. (2.6)

Note that this may take the value +eo. However, if z;(r) > 0 for all r € [s,1], then S%, < e, since
A;(+) is bounded and z;(-) is continuous (hence it is bounded away from zero on the interval [s,7]).
Indeed, r — S, is continuously differentiable on [s,] because A;(-) = ¢;(z(-)) is continuous on
[s,], since z — 0;(z) is continuous at points z where z; > 0 (see Remark 2.2.1) and r — z;(r) is

continuous, and furthermore r — z;(r) is continuous and bounded away from zero on [s,?]. We

13



interpret Sé,; as the cumulative amount of bandwidth per unit of fluid allocated to route i over the

time interval [s,?].
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Chapter 3

Stability of the Subcritical Fluid Model

In this chapter, we analyze the asymptotic behavior of solutions to the (strictly) subcritical
fluid model for bandwidth sharing. In Section 3.1, we introduce assumptions on the parameters
under which our results will be proved and in Section 3.2, we define the Lyapunov function H
(as a function of measures); this is a slight variant of the function proposed by Paganini et al.
[PTFA12]. We also introduce the composition # ¢ of H with a fluid model solution C,and a
function 4 which is used to describe the density in time of A’ €. Our main results for this chapter
are stated in Section 3.3. The proofs of these main results are given in Sections 3.5 and 3.6. Some
preliminary lemmas needed for our proofs are given in Section 3.4.

Our proofs have benefitted from prior works of others. In particular, our starting point is
the clever Lyapunov function posited by Paganini et al. [PTFA12]. The preliminary results in
Section 3.4 include three lemmas taken from [PTFA12] and four lemmas and a corollary giving
some basic properties of fluid model solutions. The proofs of the fluid model solution results
extend some techniques developed by Gromoll et al. [GPWO02] for a critical fluid model of a
single class processor sharing queue. The latter is a special case of a bandwidth sharing model
with one route and one link. The final result in Section 3.4 is our proof of the continuity of the

function H" g(-), which is a critical precursor to our proof of absolute continuity of this function.
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The key new results, Theorem 3.3.1 and Corollary 3.3.1, are proved in Section 3.5. These rely on
a result proved in Section 3.5.1, where we show that smoothed versions of each component of a
fluid model solution satisfy certain parabolic partial differential equations on intervals of time
where the fluid level for the component is not zero. This provides a rigorous formulation of a
partial differential equation assumed to hold by Paganini et al. [PTFA12]. A similar smoothing
technique was also used by Puha and Williams [PW16], in the study of the asymptotic behavior
of critical fluid model solutions for a single class processor sharing queue. Our method is a
little different from that of Puha and Williams [PW16] in that we smooth the entire fluid model
solution, not just the initial condition. Theorems 3.3.2 and 3.3.3 are proved in Section 3.6. Having
Theorem 3.3.1 and Corollary 3.3.1 in place, these proofs follow a similar line of argument to that
of Paganini et al. [PTFA12]. However, we do generalize from having a common parameter o
for all routes to the case where there is a separate o; for each route i € I, and we also establish
uniformity of the convergence to the zero state under suitable conditions. Throughout, our proofs
need to deal with the more complex bandwidth sharing model and especially to deal with the
singular situation where the fluid level for some routes can reach zero while other route levels

remain positive.

3.1 Assumptions

3.1.1 Subcritical Parameters

Henceforth in this chapter, we shall assume that the fluid model is subcritical, that is, the

following assumption holds.

Assumption 3.1. The parameters (R,p,C) satisfy

Y Rjipi <Cj forall jeJ. (3.1

icl
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This condition means that the average load on each link is strictly less than its capacity. Under

this condition, we can choose a sufficiently small 8 > 0 such that
pi=(1+98)p;, forallie I, (3.2)

satisfies

Y Rjipi<Cjforall je g and (1-8)(1+8)%"" > 1 foralli€ I. (3.3)
iel

We fix such a sufficiently small & > 0 henceforth and define

miy; [*— o .
0x) = 1- " / Niwdu)  forallxe[0,00), i € I, (3.4)
i JO

where m; € (0,0;) is defined so that (%)ai = (1 —38)(1+8)%*! holds for all i € I. Since

i Jo" Ni(u)du =1, we have

’“’/N M (l—yl/N du)+1—';ﬁ
i

Qo; o;
21—@>0,
o

and so 6;(+) is positive and bounded above and below on [0,) for all i € I.

3.1.2 File Size Distributions

The following assumption will be used in Lemma 3.4.8 to prove continuity in time of # <,
the composition of the Lyapunov function H (defined below) with a suitable fluid model solution
€. This continuity property ultimately features in our proof of the absolute continuity of " Casa

function of time and the convergence of fluid model solutions to the zero state.
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Assumption 3.2. For each i € I, the probability measure O; is in Ky, that is, it has no atoms and

has finite first moment.

Remark 3.1.1. We already assumed that §; has finite first moment, so the additional assumption

here is that it has no atoms.

The additional assumption below, will be used in showing that under suitable constraints
on the initial conditions, fluid model solutions reach the zero state in finite time. Indeed, we will
prove that the time can be chosen uniformly provided there is a uniform bound on the initial
workload vector and on the p-th moments of the components of the initial state of the fluid model

solutions.

Assumption 3.3. There is p € (1,00) such that By , = max;c(X?,9;) < c.

3.2 Lyapunov Function

3.2.1 The Functions H and H®

Definition 3.2.1. Given § € ML for each i € I, define

Hi(&) = /0 ) ((IL(WO),§i>)ai+19i(x)dx, (3.5)

and define
HE) =) () (3.6)

Soao+ 1
The function H will be our Lyapunov function for studying stability in this chapter. It is a slight
generalization of the one used by Paganini et al. [PTFA12], where we have made adjustments to
allow for the fact that our o; can depend on i. Note that for & € MY, H(&) € [0,00] and H(§) = 0

if and only if &;((0,0)) = 0 for all i € 1. We shall ultimately be applying H to & € K!. For such
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€, H(E) is finite and such that H(§) = 0 if and only if &; is the zero measure on R = [0, o) for

eachie I.

Definition 3.2.2. Given a fluid model solution ((-), for eacht > 0 and i € I, define 1\_/Iﬁ (x) =

(L(xe0),Gi(t)) for all x > 0 and

HE (1) = H((1) = /0 ()% ey (x)dx forall i€ T, 3.7)
and let :
Ho(r) = H(L(t)) = ;f—ff (3.8)

The following provides a sufficient condition for #5(t) to be finite-valued for all 7 € [0, o).

Proposition 3.2.1. Let {(-) be a fluid model solution. Suppose that i € I such that w;(0) =
(%,Gi(0)) < oo. Then }QC(I) is finite for all t > 0.

Proof. Fix t > 0. By (2.5) we have that w;(7) is finite. Also, since ]\_/Ii (x) < zi(t) and w;(t) =

5" M, (x)dx, we have

Pi
K 9,’ oo .
= S oty < = 39)
where [[8;[|o = Sup,cgo) [6:(x)]- O

3.2.2 The Function KC

In this section, we introduce the function Kc, which arises in taking the derivative of the

function r — H5(t).
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Definition 3.2.3. Suppose that {(-) is a fluid model solution. Define for eachi € I andt > 0,

Ko(0) = p; ( = Kii(1) (wi(1)™
X /Ooo (M;'()O)Oti (%l(o,m) (Zi(f))> Mi(x)eé(x)dx (3.10)

+xi(a; + 1)v; /Ooo (M; (x))aiﬁi(x)e,-(x)dx)

and let

g
(1)
‘](C(t) = forallt > 0. (3.11)
ieuZ(Z(r)) o+ 1

Remark 3.2.1. In (3.10), if zi(t) = O, we interpret the right member of the equality to be zero and

50 Qgc (t) = 0 in this case.
Proposition 3.2.2. Suppose that {(-) is a fluid model solution. Then, for eachi € I andt > 0,
SUP;e[0,1] |KC(S)‘ < oo

Proof. Fixi€ I andt > 0. For each s € [0,1], let

ki(s) = P; “kithi(s) (zis)™,
ka(s) = p; %k /Ooo (Hi(x))ai (Al(—(s) L0,00) (Zi(S))> 1\7Ii(x)6§(x)dx,

ki(s) = Br%Ki(ou+ 1)V /O ) (M) Wix)ita)d

a

o+l —i

Noting that 6/(x) = m;u;(8;(x)) % N;(x) for all x € Ry, [|6;]|e < oo, z,(s.) 1(0,00) (zi(s)) < 1,

|Ai(+)] < max;Cj, M.(-) < zi(s) < e, and JoNi(x)dx = (x,9) = ;' < oo, we have that ki (s),
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ka(s), k3(s) are well defined, non-negative and finite for each s € [0,7]. Indeed,

0%
sup ki(s) < ﬁ;“iKi(maXCj)< sup z,-(s)> < oo, (3.12)
s€[0,1] J s€[0,7]
o o +1
sup ka(s) < By ki sup zi(s))  (maxCy)my 0]l < e, (3.13)
s€[0,1] s€[0,¢] J
. Qi
sup k(s) < By i+ 1)vi( sup zi(s)) o, 90)18ie < o (3.14)
s€[0,¢] s€[0,1]
Noting that
K (s) = —ki (s) — ka(s) +ka(s), foralls e [0,1], (3.15)
the result follows. O

3.3 Main Results

Theorem 3.3.1. Suppose that Assumptions 3.1 and 3.2 hold. Further suppose that C(-) is a fluid
model solution with {(0) € K}. For each i € I, the function }[lc() is absolutely continuous with

respect to Lebesgue measure on [0,), and KC() is a density for ﬂq( -), that is, for each t > 0,

Sy — a0 = [ xS (s)ds
H O = 2H70) = | K (s)ds (3.16)
Furthermore, for eacht > 0,
o [ — A pi(1-38
x5() < i (zi(0) ( ﬁ?l(r) P A(,-(t)“f)) 10 (2(1)). (3.17)

where the right member is interpreted to be zero if z;(t) = 0.

Corollary 3.3.1. Under the assumptions of Theorem 3.3.1, H' C() is absolutely continuous with

respect to Lebesgue measure on [0,00) and K(-) is a density for H*(-). In addition, for all t > 0
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we have

~ o
Cip) < _ KiPi (Zi(t) ) ‘ 1
o) < 61.6]%([)) o+ 1\ A(1) (-18)

The proofs of Theorem 3.3.1 and Corollary 3.3.1 are presented in Section 3.5.

Theorem 3.3.2. Suppose that Assumptions 3.1 and 3.2 hold. For any fluid model solution {(-)

with §(0) € KL, #H5(t) decreases monotonically to zero as t — oo. Furthermore, for any W > 0,
}Lm sup{H"(¢) : C is a fluid model solution, {(0) € K, malx((]l, €i(0)), (x,Ci(0))) <W} =0.
oo 1€

Consequently, {;(t) as a measure on (0,0) converges vaguely' to the zero measure on (0,) as

t — oo, foreachi € I.

The following theorem shows that with the addition of Assumption 3.3 (with p € (1,))
to the assumptions of Corollary 3.3.1, and assuming the components of the initial fluid state have
finite p-th moments, we have that the fluid model solution reaches the zero state in finite time,
and the hitting time of the zero state is uniformly bounded for fluid model solutions starting in

{€ € Kl : max;e; ((1,&:), (x",&)) < W} for any fixed W > 0.

Theorem 3.3.3. Suppose that Assumptions 3.1, 3.2 and 3.3 hold and let p € (1,) be as in
Assumption 3.3. For each W > 1 there exists Tyy > 0 such that for all fluid model solutions C(-)
satisfying £(0) € K} and max;e((1,5;(0)), (x”,C:(0))) < W, we have {(t) = 0, the zero measure

in MY, forallt > Ty.

The proofs of Theorems 3.3.2 and 3.3.3 are given in Section 3.6.

IThat is, (f,{;(t)) — 0 as t — oo for each continuous function f with compact support in (0, o).
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3.4 Preliminary Lemmas

The following three lemmas are similar to Lemma 1, a result in Section III.C, and Lemma
5 in [PTFA12]. For the first lemma, Paganini et al. [PTFA12] indicated the idea for a proof. Here
we provide more details, for completeness. For the other two lemmas, we provide the statements

and the short proofs as a convenience to the reader.

Lemma 3.4.1. Fixz € RL. Recall that §(z) solves the maximization problem (2.2). Let ¥ be a

vector in RY. such that y; > 0 for all i € 1, (z) and ¥;c ;R ;iy; < Cj for all j € J. Then

) «U < - ))(wi—¢i(z))§0, (3.19)

S I+ ) !
where, for each i € 1,(z), U!(x) is the derivative of U;(x) when x > 0.

Proof. Since (3.19) holds trivially for z =0, we may assume that z # 0. Let ¢(z) = (¢i(z) :
i€ 1(z)) and Y= {y=(J:ic I (z),¥>0forallic I (z)}. Foreachic I (z), Uisa
concave, continuously differentiable function on (0, o). Then the following function is concave

and continuously differentiable on .

Consider the set

T(z)z{\];e‘?: Y RiWi<C; foralljej}.

i€1;(z)
Then f achieves its maximum value on ¥ (z) at §(z). We claim that V£ (§(z)) - (F—§(z)) <0,
for any € 7 (z). For a proof by contradiction, suppose there is {f € F (z) such that V£ (¢(z)) -
(= d(z)) > 0. Then for any ¢ € [0,1], Y(r) = rf+ (1 —1)(z) is in F(z), since this set is
convex, and %f('y(t)) !t:() =Vf(0(z)) - (§ —(z)) > 0, by our assumption. It follows that for
)) >

all sufficiently small # > 0, we have f ( f ( )) , which contradicts the fact that §(z) is the



optimal solution of the maximization problem. Thus, Vf(§(z)) - (¥ — §(z)) < 0. Computing the

gradient of f, and using the fact that ¢;(z) = §;(z) for all i € I, (z), it follows that

y )K,-Ui’ (¢i(i2)

el (z <

) (9 — 0i(z)) <O forall § € F(2).

For a y satisfying the hypotheses of the lemma, { = (y; : i € I.(z)) is in ¥ (z) and so the
inequality holds for it. Because the sum in this inequality does not involve (y; :i ¢ [(z)), it

follows that (3.19) holds for . ]

Lemma 3.4.2. Let g(s) = s*((a+ 1)q — bs) for s > 0 where a,b,q are fixed strictly positive real

numbers. Then g has a maximum of (%)aq ats = ‘;}—q.

Proof. Differentiating g with respect to s > 0, we have:
g'(s) = (a+1)s""" (ag—bs),

which is zero on (0,0) only when s = % and noting the sign of g’ on either side of this value, we
a

see that g has a local maximum at s = % with value (%) q. Further noting that g is continuous

on [0,00) and is zero at s = 0 and tends to —oo as s — oo, we see that the local maximum is the

global maximum. O

Lemma 3.4.3. For any strictly positive real numbers, a, b, g, we have

q—>b
br

b  q
—?—Fﬁﬁ(a-f—l)

Proof. Let f(x) = x**! for x > 0. Then f is a convex function. The tangent line at x = g is
a support line and so b**! > ¢! 4 (a +1)¢%(b — q). Dividing both sides by ¢“b® yields the

desired result. O]
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The remaining lemmas in this section contain various results for fluid model solutions
that will be used in later sections in the chapter. The proof of Lemma 3.4.4 is the same as that of
Proposition 4.2 in [GPWO02], so we omit it. The proofs of Lemmas 3.4.5 and 3.4.6, are similar
to those of Lemmas 4.1 and 4.3, respectively, from the work of Gromoll et al. [GPWO02]. Since
some details are a bit different, we provide the proofs for our context as a convenience to the
reader.

Recall the third property in Definition 2.3.2. We now state a version of this property
that holds for a class of functions of both time and space. Let Cp([0,00) x R ) denote the set
of continuous, bounded functions on [0,%) x R, and let C}([0,%) x R}) denote the set of
once continuously differentiable functions defined on [0,00) x R which, together with their
first partial derivatives are bounded on [0,00) x R;. That is, f(s,x), fs(s,x) = % f(s,x) and

Sfr(s,x) = % f(s,x) are continuous and bounded by a constant for all (s,x) € [0,00) x R

Lemma 3.4.4. Let { : [0,00) — M! be continuous. Then for each f € Cp,([0,00) x R} ) and i € I,

t— (f(t,-), Gi(t))

is a continuous function of t € [0, 00).
Proof. The proof is the same as that of Proposition 4.2 in [GPWO02]. [l

The proofs of the next two lemmas are similar to those of Lemmas 4.1 and 4.3 in
[GPWO02]. However, because bandwidth sharing is more general than the processor sharing
treated in [GPWO02], and because special care is needed in our setting to treat the fact that z;(+)
can be zero at some times, we give the full proofs here. We note that the special case where x =0
in (3.24) follows from Appendix A in [BEZ14]. A dynamic equation for z(¢) for all # > 0 is also

derived there.
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Lemma 3.4.5. Suppose that {(-) is a fluid model solution, i € I, and 0 < s <t < o are such that
Ci(r) #0 forall s < r <t. Then for each f € C}([0,%0) x Ry.) such that f(-,0) =0, we have that
the following holds.

t

(f(t,), (1)) = <f(Sa'),Ci(S)>+/S (fr(r,-), Ci(r))dr
(r

t LA
- [ LN T

U0 (zi(r)) dr + i /s (e 9,901 0.0 (zi(r) ) (3.20)

Proof. Suppose that {, s,7,i € I and f are as in the statement of the lemma. Then for r,7+h € (s,1)

we have

(flr+h,),Gi(r+ 1) = (f(r,), Gi(r)) = (f(r+h,-), Glr+h)) = (f(r-),Ci(r+h))
+{f(r),Gilr+h)) = (f(r,-),Gi(r))- (3.21)

In the following, for clarity, we write f] for the first partial derivative of f with respect to its
first variable, and f, for its first partial derivative with respect to its second variable. The first

difference on the right hand side of the equation (3.21) equals

r+h 1
</ fi (0, )du G+ 1) ) = </0 fi(r+ v, Yhdv,Gi(r+ ) )
-
1
=i [ Ui+ ). G+ W)
where we have used Fubini’s theorem to change the order of integration to obtain the last equality.
For each v € [0, 1], define a function f”: [0,00) x Ry — R by f"(y,x) = fi(r+ (y — r)v,x) for

(y,x) € [0,00) x R. Then f” € Cp([0,00) x R.), and so by Lemma 3.4.4, y — (f*(y,-),Gi(y)) is

a continuous function of y € [0, ). Noting that f"(r+h,-) = fi(r+ hv,-), it follows that for each
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v e 0,1],

ilr+hv, ), Gi(r+h)) = Bm(f(r by ), G(r+ b)) = (f(r,),Gi(r) = (i), Gilr)).

lim
h—0 —0

Combining this and, because fi(-,-) is bounded by a constant and supy ., z;(«) is finite by the

continuity of z;(+), using the bounded convergence theorem, we have

i G410, G4 1)) = (), L)

h—0 h

= [ 60D = ), L0))

Now consider the last difference on the right hand side of (3.21). For fixed r € (s,¢), we can use

Lemma A.2 with f(r,-) in place of f(-) there, to conclude that

Al(u)
zi(u)

r+h
+Vi<f(r7 ')7ﬁi>/r 1(07‘”) (Zi(u))du'

r+h
(1), Gilr+h)) = {f(r,), Gilr)) = —/r (fa(r-),Gilu)) 1(0,00) (2i () ) du

Now, because z;(u) > 0 for u € (s,), we have that

Ai(u
zi(u)

~—

u— (fa(r,-),Gi(u))

L (0,00 (zi (1)),

is continuous on (s,#). Consequently, by the fundamental theorem of calculus,

A,(u)
zi(u)

A,‘(I’)
zi(r)

1L (0.co) (2 () ) du = (f2(r, ), Gi(r)) =75 L (0,00) (zi(r)) - (3.22)

h—0

r+h
nm%[+<ﬁ@a@w»

Finally, we note that r — (f(r,-),9;) is continuous on [0, ) by the bounded convergence theorem.
Combining all of these and replacing fi(r,x), f>(r,x) with f,(r,x), fx(r,x), we can conclude that

r— (f(r,-),Ci(r)) is once continuously differentiable on (s,#), with continuous derivative given
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A,-(r)
zi(r)

Integrating over any closed interval [s,;]| contained in (s,7), we obtain that (3.20) holds with

(fr(r),Gir)) = (fx(r:-), Gilr)) +Vi(f(r),0:), 1€ (s1). (3.23)

s1,11 in place of s,7, respectively. Then invoking Lemma 3.4.4 again for the continuity of
r — (f(r,), Ci(r)) from the right at s and the left at ¢, and noting the boundedness of the
integrands in the integrals in (3.20), we see that we can let 51 | s and # 1 ¢ to obtain the desired

result. L]

Lemma 3.4.6. Suppose that {(-) is a fluid model solution, i € I and 0 < s <t < o such that
Ci(r) #0 forall r € [s,t]. Then
—i —i ~ - ~
M, (x) = M(x+S;,) +vi/ Ni(x+S,,)du forall x € Ry. (3.24)
N
Proof. Because (;(+) # 0 on [s,?], z;(+) is strictly positive on [s,] and since it is continuous, there
is s1 € [0,s], where 51 < s if s # 0 and s; = 0 if s = 0, such that z;(-) is still strictly positive on

[s1,2]. Then u — S, is continuously differentiable on [s;,], with % = —lz\ii((g)) for u € [s1,1].

Consider g € C}(R) with g(x) = 0 for all x < 0. By the continuous differentiability of g, we must

have g’(x) = 0 for all x < 0. Let
flu,x) = g(x—Sit,,), u€ ls,t], xeRy.

Then, f € C}([s1,#] x Ry) where for u € [s1,f] and x € Ry,

"(x—S! Ai(u ) ,
fu(u,x):g( ZS(M)) ORI Felux) =g/ (x—S.,).

Because g(x) = 0 and g’(x) = 0 for all x < 0, we have for u € [sy,7], f(«,0) =0 and f,(u,0) = 0.

Let € € (0,(r —s)/2). We wish to construct a function f* that satisfies the conditions in Lemma
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3.4.5 and that equals f on [s,# —€] x Ry. Let h® € C} ([0,0)) be such that

1, u€ls,t—¢g,
he(u) =

0, uel0,s1)Ult,00).

If s =0, then [0,s51) = 0. When [0,s1) # 0, we have by continuity (from the left) of h¢ and A, that
he(s1) = 0 and A(s1) = 0. Extend f to be identically equal to zero on ([0,s1) U (¢,00)) x R and
define

fE(u,x) = f(u, )R (), u€0,0),x Ry

Then, f¢ € C}([0,00) x R}) with f%(-,0) =0 and = f on [s,t —€] x Ry C [s1,f] x R;. On

replacing f,7 in (3.20) with f 7 — €, respectively, we obtain

(=), Ll =) (s 160 + [ (=55, 6w)
—1 (= 81, ) ()u

. zi(u) (3.25)
+wl (g(-—Si,), ) du

=g = SLGN 4 [ (=L, B

Similar to Lemma 3.4.4, u — (f(u,-),{(u)) is continuous on [s,7] and so we can let € — 0 in

(3.25) to obtain

(8()Gi(0)) = (f(1,-),Gi(0)) =(g(- = S5,), Gi(s)) +vi/st<g(- = Su0)0)du. (3.26)

For x € R4, to obtain (3.24) from (3.26), consider a sequence of non-negative functions {g, }5_, C
C} (R) satisfying g,(x) = 0 for all x < 0 and all n, and such that g, increases to 11 ,0) pOintwise

on R and apply the monotone convergence theorem. [

Lemma 3.4.7. Suppose that Assumption 3.2 holds and let {(-) be a fluid model solution. Suppose
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that 0 < s <t <ooand i€ I such that (;(s) € Kand zi(r) > 0 for all r € (s,t). Then {;(r) € K

forallr € (s,t).

Proof. Fix r € (s,1). It suffices to show that x — M. (x) is continuous.

We first consider the case where z;(s) > 0. From (3.24), we have for all x € R,
—i i - "— ;
M (x) = M (x+S1,) +v; / Ni(x+S,,)du. (3.27)
N

Because {;(s) e K,y — ]\_42 (y) is continuous and it follows that the first term on the right hand
side of (3.27) is continuous as a function of x. From the assumption that ¥; € K, we have that
y — N;(y) is continuous (and bounded). It follows from the dominated convergence theorem that
the second term on the right hand side of (3.27) is continuous as a function of x. This completes
the proof when z;(s) > 0.

Now suppose that z;(s) = 0. Then for s < so < r <19 < t, we have z;(-) > 0 on [so, ] and

so by (3.24) we have for all x € R,
i i i ' i
M,(x) = M, (x+ Ss(,,r) —|—v,~/ N,—(x—i—SW)du. (3.28)
)

Fix xo € Ry and let € > 0. Because z;(+) is continuous and z;(s) = 0, we can choose sp close
enough to s so that A_/Iio( ) < zi(s0) < €/4. Tt follows that the difference of two evaluations of
the first term in the right hand side of (3.28), where the evaluations are at xo and x € R, has
magnitude less than €/2. For this fixed value of sp, the last term in (3.28) is continuous as a
function of x (because U; € K). Combining the properties of the first and last terms in the right

hand side of (3.28), it follows that there is 8 > 0 such that whenever |x — xo| < 8, we have
M, (x) = M,(xo)| <e.

Because € > 0 and xo € R, were arbitrary, it follows that x — M, (x) is continuous when z;(s) =
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0. ]

Corollary 3.4.1. Suppose that Assumption 3.2 holds and (-) is a fluid model solution with
£(0) € KL Then {(t) € K forall t > 0.

Proof. Fix i€ I and ¢t > 0. If z;(t) = 0, then {;(z) = 0 is in K. On the other hand, if z;(¢) > 0,
then by the continuity of z;(-), there is an open interval V = (a,b) containing ¢ such that z;(s) > 0
on V and either a = 0 or z;(a) = 0. In either case, {;(a) € K, and it follows from Lemma 3.4.7

that {;(s) € K for all s € V and in particular, ;(7) € K. O

Lemma 3.4.8. Suppose that Assumption 3.2 holds. Let {(-) be a fluid model solution with
¢(0) € KL. Then for eachi€ I, ﬂ{g() as defined in (3.7) is continuous on [0, o).

Proof. Fixi€ I and 1y € [0,00).

We first consider the case where z;(p) = 0. Then 5_4@ (o) = 0. Note that z;(-) is continuous.
Also, because w;(0) = (%, (;(0)) < oo by assumption, it follows from (2.5), that w;(+) is continuous.
Then, because z;(fp) = w;(ty) = 0, it follows from the continuity of z;(-), w;(-) and (3.9), that
ﬂ{(s) tends to zero as s — 9. So ﬂ{c() is continuous at #.

We now turn to the case where z;(fo) > 0. By the continuity of z;(-), there is an interval
[s,2] containing #p on which z;(r) # 0 for all r € [s,], where we may choose s < 1y < t if fo # 0
and s = 1 < ¢ if 1o = 0. Because {(0) € KU, it follows from Corollary 3.4.1 that for all r € [0, ),
xX— Mi (x) is continuous. From Lemma 3.4.6, with r in place of 7 there, we have for each r € [s,]

that for eachx € R,
M (x) = M (x+S1,) + / ViNi(x+ S, )du
S

It then follows from the continuity of Mls() and N;(-) (because 9 is continuous) on R, and the

continuity of r — S!,  for r € [s,7], for each fixed u € [s,z], that r — M.,,(x) is continuous for each
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x € Ry. Now, for r € [s,1],

where the integrand is dominated by |[6; o (sup,,cj; zi(u))%M l,() By the generalized Lebesgue

dominated convergence theorem and the fact that w;(r) = [ M, (x)dx is continuous as a function

of r, we have that }éc(r) — %Q(to) as r — 1. O

3.5 Proofs of Theorem 3.3.1 and Corollary 3.3.1

3.5.1 Smooth Approximation of Measures

We use an approximation argument to prove Theorem 3.3.1. To prepare for this, for each
positive integer n, let ¢, € CZ(R) be such that @, > 0,@,(x) = 0 for all x € (o0, — 1] U[L o0),
@ (x) = @,(—x) for all x > 0, and [p@,(x)dx = 1. Given § € M and n € N, let £" be the
nonnegative, absolutely continuous Borel measure on R whose density is given by d,(x) =
Jr, On(x—¥)E(dy) = Jg, @u(y —x)E(dy) for x € R, where we have used the symmetry of ¢,
for the last equality. Note that d,(-) is in C;’(R..), because @, is infinitely differentiable with

compact support and § is a finite measure on R . For any bounded, Borel measurable function f

defined on Ry, let (fx@,)(y) = [g, @n(y —x)f(x)dx for y € Ry. Then, by Fubini’s theorem,

(8= [ F0) [ euly—0E()dr = (+0,.8) (329

The following lemma can be proved in the same manner as Lemma 7.12 of Puha and Williams

[PW16], so we omit the proof.
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Lemma 3.5.1. Let § € K. For eachn € N and x € R, we have

(U 8) < (e 81 < <1((x_1)+7w),&>, (3.30)

L8 < e < gy + B8, G31)

n n

(x:8) —

Furthermore, we have &" € A for each n € N and as n — oo,

& 5E and (1" — (x,8). (3.32)

Given a fluid model solution (-), for each r > 0 and i € I, let {C/(r)};,_, be the ap-
proximating sequence of measures for {;(¢), as defined above with {;(¢) in place of €. For any
positive integer ¢, let G = {g € C,(R) : g=0o0n [0, %]} For g € (¢ and all n > /, we have
(g*9,)(0) =0and (g*9,) (0) = 0. It follows that g x @, € C. By (2.4), with g * @, replacing f

and noting that (g*@,)'(-) = (¢’ *¢,)(-), we have for any ¢ > 0,

(20, 50)) = (g5 0 L0) — [ 10 ) 2T 10 )
+Vi(g * Qn, 0:) /0 [ 10,00 (i(5)) ds. (3.33)

Then, using (3.29), we can rewrite the above as

n n ! ! ¥n Ai(s) n !
(6.00) = (8.70)) = [ €0 T 0 ) Vil 00) [ 0 (ais)) s
(3.34)
For each positive integer n, i € I,t > 0and x € R, let
M (1) = (L) G20)), N(3) = (T (0 ) (3.35)

The following lemma is key to our proof of Theorem 3.3.1. It provides a rigorous formulation of
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the partial differential equation result assumed in Paganini et al. [PTFA12].

Lemma 3.5.2. Assume that {(-) is a fluid model solution. Suppose thati € I and 0 < a < b < oo
are such that zj(t) # 0 for all t € [a,b]. Then, for each positive integer £ and alln > {, t — A_dﬁ’n(x)
is continuously differentiable on [a,b) for each fixed x € R, and x — 1\_/1;n (x) is continuously
differentiable on [},) for each fixed t € [a,b), and furthermore,

OM,"(x) A1) OM,"(x) i

o o o VN

(x), (3.36)

fort € [a,b], x> %, where the partial derivatives with respect to time at t = a,b are from the

right, left, respectively, and the partial derivative with respect to x at x = 1/ is from the right.

Proof. For each s € [0,0), i € I and fixed n, by the definition of {(s), m{"(-) = Jr, @n(y—
-)Ci(s)(dy) is the C}; density function for the measure {}(s). Thus, x — ]\_42’"()6) is contin-
uously differentiable on [0,) with derivative function —m}"(-). By the finiteness of ;(s),
limy_yeo m5" (x) = 0. Using integration by parts, for any g € (p ¢ that has compact support in R,
we have for each n > /, using the facts that g is bounded, g(%) =0, and g is zero outside some
compact set, we have

.G = [ @mir e = [ a0 P 337

N\
OQ\
—~
a?
3
P
N

|

QU

=

1

Now suppose, as in the statement of the lemma, that i € [ and 0 < a < b < oo such that z;(s) # 0

for s € [a,b]. Then we have from (3.34) that for any 7 € [a, b],

Ai(S)
zi(s)

l ds+vi(g,9)(t —a). (3.38)

(8,6 (1)) — (&,Ci(a)) = —/ (g, G (s))

Fix {,n >/, xo > % and z > xo. Combining (3.37), (3.38), and considering a sequence {g,}_;

of non-negative functions in (¢ that have compact support and that converge monotonically
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dmf"(x) _

upwards to I we obtain using monotone and dominated convergence (noting that —-~ =

X0,2)°

—{@},(- —x),Ci(s)) is uniformly bounded for all s € [a,b] and x € R_), that for all # € [a,b] and

Z > X0,

(L G0 = (L G(@) = /at<ﬂ(xo,)d2§ >2i(<;)>ds+vl< 0 B —a)

Ai(s)
Zi(s)

= [t i) 2 s i1, 00 —a),

We can let 7 — oo, using monotone and bounded convergence, plus the fact that lim,_,. mé"(z) =0

for each s € [a,1], to conclude that for each € [a,b] and xy > 1,

(Lrp,00) &' (1)) = (Lxp,00) /m Ssds+v<( o )t —a).  (3.39)

Rewriting, we have for all 7 € [a,b] and x > %,

— i * Ai(s) aM"’"(x) —in
M;"(x)—M."(x) = / ’ S ds+viN" (x)(t — a). 3.40
"= = [ S vl () () (3.40)
For fixed x > 1 70 5= % = —mé’"(x) is continuous, because the fluid model solution {;

A,‘ (S)

is continuous as a function of time. Also, s — ) is continuous on [a,b], because z;(-) is
strictly positive there. It follows that 1 — Mf’n(x) is continuously differentiable on [a, )], and by
differentiating (3.40), we obtain (3.36). Since all of the other properties have been verified, this

completes the proof. [

3.5.2 Proof of Theorem 3.3.1

Proof. Assume that the hypotheses of Theorem 3.3.1 hold. Because {(0) € K!, we have by
Corollary 3.4.1 and (2.5), that for eacht > 0, {(z) € KI1 It follows that for eachi € I and ¢t > 0,

x— 1\_4; (x) is continuous and integrable with respect to Lebesgue measure (with integral equal to
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(x,Ci(t)) < o) on [0,00). Also, x — N;(x) is continuous and integrable with respect to Lebesgue
measure (with integral equal to (), 0;) < e) over [0, o).

Fix i € I. Because KC() is bounded and measurable on [0,] for each t > 0, to prove the
absolute continuity of }gc(-), it suffices to prove that (3.16) holds for each t > 0. We first prove

that if 0 < a < b < oo such that z;(s) # 0 for all s € [a,b], then

9 0) (@) = [ KE s G4

Assume that 0 < a < b < oo such that z;(s) # 0 for all s € [a,b]. For (3.42), we shall use the
definition of ?gc() the facts that A;(-) < max;Cj, z;(-) is bounded on [a, b], being continuous

there, A_/Ii(x) < zi(s) for all x € Ry and s € [a, D],

[z\le())‘ is bounded on [a,b] because z;(+) is
0+1

continuous and strictly positive there, 8/(x) = m;u;(8;(x)) % N;(x) for all x € Ry, [|6;]e < oo,

and [°N;(x)dx = (), ;) = ;| < co. With these we see that by dominated convergence,

/ab %=(s)ds = —p; “'k; / b Ai(s)(zi(s))%ds (3.42)
bl CAS) i B
+ lim B / /} (M;(x))“f( Z[:S())Ms(x)ﬂi(x)+((x,~—l—l)viN,-(x)Gi(x)) dxds.

Now, for positive integers ¢ and n > ¢, because ¥; € K; and {;(s) € K; for all s € [a,b], by
Lemma 3.5.1, we have that as n — oo, N} (x) — N;(x) for each x € (0,c0) and M-" (x) — M. (x)
for each x € (0,%), s € [a,b]. Moreover, N (x) < Ny((x— 1)*) and M-" (x) < Mi((x— 1)*) <
zi(s) for all x € R, and s € [a,b], where x — N;((x —1)™) has integral on (0,%) bounded by
Jo"Ni(x)dx+ 1 < oo and there is a uniform bound on z;(-) for all s € [a, b]. It then follows by the

dominated convergence theorem (using the boundedness of 6 and ;) that for each fixed positive
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integer /,

/ab /1‘ (M (x))% (—Zfl}is()s)ﬂi (x)0%(x) + (0t 4+ 1)V;N; (x)e,-(x)) dxds

b pl . —Ai(s)—in , —
= lim /a (Mf;"(x))“i( Z?’S()>M; (x)6%(x) + (0 + 1)V;N; (x)ei(x)) dxds. (3.43)

Using integration by parts on the first term, the expression is equal to

jin ([ (20 o <>>°°f“e<>lgds
+(o+1) /”/6 (1211((;)) aMé’;(X)+viN?(x)) Oi(x)dxds>
_,11590( (IZ\SS) SO e()] ds (3.44)

+(o+ 1 /b /Z <8A_/1§):(x)> 9,~(x)dxds> ,

where we have used Lemma 3.5.2 for the last equality. By Fubini’s theorem (where the joint

~f—

measurability of the integrand follows from (3.36) and the fact that the partial derivative with

respect to x there is given by —mé’”(x)), the quantity is equal to

1 (38 o s f [ (M5 o
</<>l<<>> ()

(@ ) o

-/ (2"((;))) [_(M;w))af“ei(z) n <Mi (2))“ 0, (2)] s (3.45)

Cr—i —i
+ /, (1,000 = (01, ) Wity

where we have used bounded convergence to pass to the limit for the last equality. Observe

that as ¢ — oo, we have A_/Ii(ﬁ) — 0, M (7) = zi(s), 8; (§) — 1, and there is a uniform bound
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for (s,x) — A_ll‘(x) and x — 6;(x) for all s € [a,b],x € R;. Combining this with the fact that
(M (x))%+! < (z;(s)) %M. (x), which is integrable on R, for s = a, b, we see that as £ — oo, the

expression after the last equals sign in (3.45) converges to

/ab (/Z\ii((s))) (Zi(s))(xi+]ds+/ooo ((1\72(@>oc,~+1 _ (A_/I;(x))"‘"*') i()dr.  (3.46)

On substituting the above into (3.42), we obtain

b b
f; s = b [ Ao as

;%K /a” (/Z\:<(;))) (zi(s))%* 1 ds

;o (0107 = (01, ) ) @)
= (b))~ H(a), (3.47)

as desired.

We now turn to proving (3.16) for each ¢t > 0. It clearly holds for t = 0, so we consider
t > 0 fixed. If z;(s) # O for all s € [0,7], then the result follows immediately from (3.41) witha =0
and b = t. Therefore, we only need to treat the case where z;(s) = 0 for some s € [0,]. Assuming
this, let s* = inf{s € [0,7] : zi(s) = 0} and t* = sup{s € [0,7] : zi(s) = 0}. Then, 0 < s* <¢* <,
zi(s*) = zi(t*) = 0 and z;(s) > 0 for s € (0,s*) U (¢*,7). (The interval (0,s*) is empty if z;(0) =0
and (t*,¢) is empty if z;(t) = 0.) In any event, we can write the open set 7,/ = {s € (0,1) : zi(s) > 0}

as a (finite or countable) union of disjoint open intervals:

T' = (0,5*)U (U(sn,tn)> U(t*,1),

n

where (U, (sn,t,) C (s*,¢%) and z;(s,) = zi(t,) = 0 for each n.

For each fixed n, for s, < a < b < t,, we have that (3.41) holds. Then using the continuity
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of }gg() (see Lemma 3.4.8) and the boundedness of 7(;C on [sy,,t,] that we can leta | s, and b 1 ¢,

in the last equation, to obtain

HE (1) — HE(s5p) = S(s)ds.
) == | K

Moreover, since z;(s,) = zi(t,) =0, HC (sp) = }4@ (t;) = 0. Thus we have

/( i %5 (s)ds = 0. (3.48)
In a similar manner, we can obtain
-0 = [ s (3.49)
where #°(s*) =0, and
o)) = [ K (3.50)

where HC (r*) = 0. Combining all of these and using the integrability of KC on [0,¢], the fact that

7(}() is zero on (0,¢) \ 7", and the disjointness of the intervals {(s,,#,)}, we have

F ot _ ¢
/0 K> (s)ds = /(073*)% (s)ds—{—; (
= —HE(0)+ 0+ H2(1),

K@(s)ds—{— - Qgg(s)ds

Snsln

which is the desired result (3.16).

We now prove (3.17). Since both sides are zero when z;(¢) = 0, it suffices to consider the
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case where z;(t) > 0. In this case,

e [ O1100) (= SN ) a0+ 0+ VLI )

zi(t)
KiAi(t) (zi(t))”
T i o _Ai<t)—ixm,, o% (XN (x)dx
[ 0T (- R Om O + (04 ) ()
<) (&) [ (50) (%)alyiﬁi(x)dx

_ o, Ki%; p:le( ()%
_—KiAi(l)<Zi(t)) + mq:(Ai(t))OCi ’

1

1
where we used Lemma 3.4.2, witha=a;, g =p;, b = /Z\fT(;))G,- (x) % m;, for the inequality, and the
fact that [ p:N;(x)dx = 1 for the last equality. Recall that § > 0 and m; € (0, ;) were chosen so
that (}%)ai = (1-8)(1+8)%"! > 1 and p; = (1+8)p; satisfies (3.3). Using that in the above

expression, we obtain when z;(¢) > 0,

Ko (t) < Ki(Zi(t))ai(_ ~‘§°> * (A<i 8>>
:Ki(Zi(f))(xi<_A~g>+ .ﬁi 3 .ﬁi )

< ()™ ((oc,+1>p’, MlD) 5P ) (3.51)

where the last step follows by Lemma 3.4.3 with a = a;, b = A,(t) and ¢ = p;. The first inequality

yields (3.17). We shall use the last inequality to prove Corollary 3.3.1. [

3.5.3 Proof of Corollary 3.3.1

Proof of Corollary 3.3.1. Given the results of Theorem 3.3.1, all that requires proof is the in-

Ai(t

o
equality. For fixed r > 0 and i € I (z(¢)), U/ (/z\lT(t[))) = (it))) . Furthermore, p has positive
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components and satisfies Y ;c; Rjip; < C; for all j € 7. Then, by (3.51) and replacing z, ¥, §(z)

by z(),p,A(t), respectively, in Lemma 3.4.1, we obtain

eI (1))
z,(t))a’ 5 Kipi [ zi() \*
< Y K,( Pi—Ai1) -8 ) (
i€l (z(r)) Ailt) i€ L (z(r)) o+ 1\ Ai(7)
Klﬁi Zi(t) %
<-5 ) ( )
el % T TAA()

3.6 Proofs of Theorems 3.3.2 and 3.3.3

Theorem 3.3.1 and Corollary 3.3.1 are the main new results of this chapter. In particular,
these results are given proofs that, in contrast to Paganini et al. [PTFA12], do not make strong
smoothness assumptions on fluid model solutions and deal with the singular situation where some
components of a fluid model solution may touch zero before all components reach zero. With
these results in place, Theorems 3.3.2 and 3.3.3 follow in a similar manner to the arguments
presented in [PTFA12]. However, we do generalize from having a common parameter o for
all routes to the case where there is a separate a; for each route i € I. We also establish the

uniformity of the convergence to the zero state under suitable conditions.

Proof of Theorem 3.3.2. Let {(-) be a fluid model solution with {(0) € K! and suppose that

max((1,5(0)), (x,i(0))) < W, (3.52)

icl
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for some finite, positive constant W. By (3.9) and the fact that w;(¢) < w;(0) + p;z, we have
HE(1) < (Aw +Br) (z:(1))*% forallt >0, i€, (3.53)

where

AW:W-maX(M) and B:maX(Ki”ei((‘Zpri)‘
iel pil icl i

Pi

Let p | = min;e; p; and C = max jc 5 C;. It follows from (3.53) that

A. . % ; Q 0
i (a(f)) > ;ﬁ (P forall1 >0, i€ I. (3.54)

o+ 1 [\i(l‘) ])C%(AW —I—Bt)

Combining this with Corollary 3.3.1, we have for all t > 0,

Kipi (zi(r) \ ™ ODPL .t
K0 < -5y S (H0)T IR
i€I+(z(t))O('i+1 A,‘(l‘) Aw + Bt

where D = min;¢; %, and we used the definition of H C(t) given in (3.8), as well as the fact that
HE(t) =0 fori & I, (z(1)).

Recall that #5(r) > 0 for all 7 > 0. Since K5(-) is the density (in time) for the absolutely
continuous function H5(-), we see from the above that #5(-) is monotone decreasing with time
and it is strictly decreasing on {s > 0: H%(s) > 0}. Letm = inf{r > 0 : #5(r) = 0}. Then for

0 <t <mn, we have

t xS
log HS(1) = logﬂ-[g(O)—f—/o jicggds
t 3Dp
< log H5(0) — A AW-IF—)JI_BS s

We observe that this holds for 7 > 1 as well, because log H' C(t) = —oo for such 7. The last integral

in the above expression diverges as t — co. From this it follows that log #5(1) — —oo as t — oo,
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and therefore, whether 1 is finite or infinite, we have that lim; . H' C(t) = 0. Moreover, this
convergence is uniform for all fluid model solutions satisfying {(0) € K! and (3.52). (Note that
7£5(0) is bounded by Ay W for this.)

In a similar manner to that in Remark 3 in [PTFA12], for each i € I, because the weight
function 6;(-) is bounded above and below on [0, ), the convergence of #H5(r) to zero as  — oo
implies that A_/I;() converges to zero in L%*! (with Lebesgue measure) as t — oo, and because
Mﬁ (x) is monotone decreasing as a function of x € (0, o), it follows that Mﬁ (x) converges to zero
as t — oo for each x € (0,00). Consequently, {;(¢) as a measure on (0,0) converges vaguely to

zeroast — oo foreachi € I. O]

We shall next prove Theorem 3.3.3. For the remainder of the section we shall assume that
Assumptions 3.1, 3.2 and 3.3 hold and that W > 1 is fixed. Let p € (1,0) be such that By , < o,

as in Assumption 3.3. We shall need the following supporting propositions.

Proposition 3.6.1. Suppose that {(-) is a fluid model solution such that {(0) € K} and for each
i€l (xP,Ci(0)) <W. Then for eachi€ I andt >0,

(X7, Ci(1)) < W +VitBy p. (3.55)

Proof. By Remark 2.3.2, the fluid model equation (2.4) holds for { forall f € C = {feC(Ry):
£(0) =0}. Let {f,}=_, be a sequence of functions in C such that f,(0) =0, f/ > 0 on [0, )

n=1

for all n and 0 < f,, T x” on [0,00) as n — oo. Equation (2.4) holds with f replaced by f,, and
discarding the first integral term, which is a non-negative integral since f;, > 0, we obtain for each

i€elTandt >0,

G0 < (GO +%ilhs ) [ 0 (ai(5)ds
< (P,Gi(0)) +vilx”, 9i)t

< W+vViBy .
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Letting n — oo and using monotone convergence, we obtain

x",Gi(1)) < WHVitBy,,

as desired. O]

Proposition 3.6.2. Under the conditions of Proposition 3.6.1, for eachi € I andt > 0,

=

wilt) < (W +VitBo )7 (zi(1))4, (3.56)

1 1 _
where;—ka—l.

Proof. Using Holder’s inequality and Proposition 3.6.1, we have

wlt) = (1.50)
< (o)’ (w.60)
(Zi(f))é-

Q=

<=

< (W+VitBs p)

O

Proof of Theorem 3.3.3. Applying Proposition 3.6.2 to (3.9), we have for all fluid model solutions
¢(-) satisfying £(0) € K} and (x?,¢;(0)) <W foralli€ I,

(1) < CH (AT + BY) P(z(0)) P, (3.57)

where B = (l] =1- Il) €(0,1),AT=w>1,B"= (max;crV;)By,, and CT = max;c; (K"”%"&;) |°°>.
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Using this, for i € I, (z(¢)), we have

i

i (z,m ) . Kipi o)\
Oc,—}—l Al(t) o (O(,—I—l)C“l(CT)“tOiB (AT —|—BTZ’)1—B 9

where C = max;C;.

By Proposition 3.6.2, if z;(0) = (1,{;(0)) < W and (x”,{;(0)) < W for all i € I, then
wi(0) = (x,Ci(0)) < W forall i € I. Then, by Theorem 3.3.2, there is 71 < e such that for all
fluid model solutions § satisfying {(0) € K and max;e;((1,;(0)), (x?,£:(0))) < W, we have
HE(r) < 1 for all t > Ty. Then by the definition of H5(-) and the fact that AT > 1, we have

ﬁ% < l1foralli e I and ¢ > Tj. On setting

. K'~ .
Y= min iPi 0 of =maxo; and Yy = ZT ,
L (o + 1)Co (CT) it i€l O

o QT

and noting that x%+8 > x™B for all i € T when 0 < x < 1, it follows from the above that for all

45



t>1,

of
Z KiPi <Zi(t))al > Y Z ( }[l-c(t) >(XT+B
ieri ) % T AN ety \(AT+BI)P
2 Y — maIX y_éc.t (xT.‘.B
(AT +Br) OM‘ "
()
= ol (1-B) 1
(AT + B'r) Cofip EI ot
Ho0) N\
S Y i (Zie] o1 )0‘ +B
- al(1-B) 1
(AT + Bft) o+
of
Y (9£5(0)) 3

ai(1-p)
(AT +Bft) o' B

Then, by Corollary 3.3.1, the density K5(-) for H5(-) satisfies for all 1 > T3,

of
7 ()
(AT +Br) s

KC(;) < -

B

(3.58)

(3.59)

Letn = inf{r > 0: #5(z) = 0}. On [0,n), (?[C( )) is absolutely continuous with density

given by the left-hand member of the following string of (in)equalities, which hold for all

h<t<n:

B(1+ah)

B e ot B —&y' _ 4d(AT+Bt) o8
OLT+B}[ () 200 < o +B owi(-p) | - dt
(AT + BTt) o'+
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i e .
where v = ¥ __ 0. Integrating in time, we obtain for 77 <t <7,

BT (1+a)
B B . Ba+ah) B(1+al)
(HE(1)) e B < (HO(T)))« B —yF (AT +BTt) «™+F 4y (AT +BTTy) T8 (3.61)

The right-hand side of (3.61) goes to —oo as  — oo, Because H(-) is non-negative, it follows that
HE(-) reaches zero in finite time and stays there forever after. Assuming {(0) € K, by Corollary
3.4.1 and (2.5), {(t) € K! for all # > 0, and it follows that {() = 0 for all ¢ such that #5(¢) = 0.
Moreover, since H' C(Tl) is bounded by one, and 77 was chosen to be the same for all fluid model
solutions { satisfying {(0) € K} and max;e;((1,&;(0)), (x”,C:(0))) < W, it follows that there is
a uniform bound Ty < oo for the time for these fluid model solutions to reach the zero state and

stay there forever after. O
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Chapter 4

Asymptotic Behavior of the Critical Fluid

Model

In this chapter, we analyze the asymptotic behavior (as time goes to infinity) of measure-
valued solutions to the critical fluid model for bandwidth sharing. In Section 4.1, we introduce
the set-up and notation for the critical fluid model. In this chapter, we restrict to where o; is
a constant for all i, which we will denote by a scalar o € (0,0). (Note that in this chapter, o
will be a scalar rather than a vector in the previous chapter.) In Section 4.2, we introduce the
characterization of its invariant states as developed by Gromoll and Williams [GW(09]. We also
recall some preliminary properties of fluid model solutions, taken from Chapter 3. In Section 4.3,
we introduce key assumptions on fluid model parameters, under which our results will be proved.
In Section 4.4, we reuse the symbol H from Chapter 3 to denote a new function for this chapter,
and define functions K and F, which are used in defining our Lyapunov function G in Section 4.7,
and proving its properties. We reuse the symbol H© (respectively &) from Chapter 3 and define
these new functions too, as the composition of H (respectively K) with a fluid model solution C.

Under our assumptions, the function ?(C will be shown to be the density in time of " S

This relationship between ' Cand X5, and a non-positive upper bound on KE, is stated in the key
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result, Theorem 4.4.1, in Section 4.4.3. For the proof of this theorem, given in Section 4.9, we
use a smooth approximation of fluid model solutions that was also used in Chapter 3, and which
is similar to a smoothing used by Puha and Williams [PW16] and Mulvany et al. [MPW19]. For
the proof of an associated lemma (Lemma 4.4.4), we also employ some inequalities (see Lemmas
3.4.1-3.4.3) from Chapter 3, which are similar to ones developed by Paganini et al. [PTFA12].
Conditions for sharpness of an inequality in Lemma 4.4.4 are new here and useful.

The function F is defined in Section 4.4.4 via an optimization problem, which is similar
to one used by Kelly and Williams [KWO04] for the case of Poisson arrivals and exponential file
sizes. Section 4.5 presents a characterization of solutions of this optimization problem and of the
optimization problem used to define the bandwidth sharing policy, and in Section 4.6, we give a
further characterization of the invariant states for the fluid model. The proofs of these results are
similar to those of results in [KWO04]. Our Lyapunov function, G, and its composition, gC, with a
fluid model solution, {, is defined in Section 4.7. Key properties of G are stated there and proved
in Section 4.10.3.

In Section 4.8, we state the main results of this chapter. These describe the asymptotic
behavior of gC as time goes to infinity, i.e., that it decreases monotonically and converges
uniformly to zero for all fluid model solutions starting in suitable relatively compact sets, and
that fluid model solutions converge uniformly to the invariant manifold starting in such sets. The
proofs of these main results are given in Section 4.11. These proofs draw on some arguments
first introduced in [PW16], where the asymptotic behavior of a critical fluid model for a single
class processor sharing queue was studied. These arguments were extended in [MPW19] to
a critical fluid model of a multiclass processor sharing queue. However, for the bandwidth
sharing (network) model considered here, key details for many parts of the arguments are more
complicated than in either of these prior works. In particular, our Lyapunov function is different,
we have a much more general bandwidth allocation policy, and we need to deal with the singular,

but realistic, situation where the fluid level for some routes reaches zero.
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In this chapter, in referencing arguments that we generalize from [PW16, MPW19], we
shall generally refer to the first paper [PW16], from which the arguments were adapted for
[MPW19]. In the course of proving the main results, along the way, in Lemma 4.11.1 we prove
that when there is non-zero fluid flow on a route, the ratio of the total fluid mass on the route to
the bandwidth allocated to that route is bounded for all time, and we use this to prove in Lemma
4.11.2 that any fluid model solution starting in one of our relatively compact sets stays within a
(larger) relatively compact set from the same family for all time, where our relatively compact
sets are more general than those in [PW16]. Besides the proof of properties of G, Section 4.10
develops some properties of resource level workload, the relationship between H and F', and a
bound on the total mass of fluid model solutions when started in suitable relatively compact sets,
as preliminaries to the proofs of the main results. For reference, Appendix B gives some basic

background on hazard rates.

4.1 Basic Assumptions for the Critical Fluid Model

In this chapter throughout, beyond the assumptions in Chapter 2, we assume here that
the incidence matrix R has full row rank J and that the file size distributions 9;,i € I have finite
second as well as first moments. Furthermore, in this chapter, o € (0,0) and we assume o; = Q.

for all i € I. Note that o is now a scaler rather than the vector in Chapter 3.

Remark 4.1.1. For each i € 1, since 9; has finite second moment, §{ has finite mean given by
en  HMi, 2
(x.95) =5 (. 0). (4.1

Remark 4.1.2. For the critical fluid model studied in this chapter, our proof of Theorem 4.8.1,
which shows that the Lyapunov function constructed in this chapter decreases along fluid model

solutions, extends to the situation where Q; depends on i. However, our proofs of Theorems
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4.8.2 and 4.8.3, which demonstrate that the Lyapunov function decreases to zero and fluid model
solutions converge to the invariant manifold, depend on the scaling property that 0;(rz) = ¢;(z)

foralliel, z e ]REr and r > 0. However, this property does not hold when o; depends on i.

Notice the fluid limit result proved by Gromoll and Williams [GW09] yields fluid model
solutions which have initial states that are continuous measures and which have finite workload,
i.e., for which {(0) € K'NM}. Indeed, in order for fluid model solutions to be continuous
functions of time, the initial condition cannot have any atoms. For the analysis of Chapter 3, the
initial conditions were required to satisfy {(0) € KN M{. Here for our analysis of the critical

case, we will ultimately assume that {(0) € K! for some v > 0, where
K ={¢cK!: (Txe0)s &i) V(L ye0),07) forallx e Ry i € T}. 4.2)

We note that since & € K! and 9¢ have no atoms, in 4.2), ]1[)(700) can be replaced by ]1(x7oo) without

changing the definition. So we can use the following alternative representation:

Ky ={€€K": (1(10),&i) S V(L1 ), D) forallx eRy i € I} (4.3)
We shall define certain functions on

My ={EeM": (1},.),&) S V(L[ ®) forallx e Ry i€ I}, (4.4)

which contains the closure of KL. Note that in (4.4), we cannot replace 1y 00) BY 11 o), Without
changing the definition. Indeed, if § € ML, then (Lxe0)5Gi) S V(L (e0), ) forallx e Ry, i € 1,
but the converse is not true in general as &; could have an atom at zero. Note that for any & € MY,

we have for each i € I, (1,&;) <v and

X,Gi) = /0 (1 (100, Ei)dx <0 /O N; (x)dx = v{x, ) = %@Cz,ﬁi) < oo, 4.5)
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It follows that MY is compact as a subset of M! and so K!, although not closed, is relatively
compact as a subset of M see Lemma 15.7.5 of [Kal83] for the method of proof.
A small comment on notation is in order here. In this chapter, we only refer to M} with

general v > 0. Consequently, when we refer to M{, we do not mean M{) with v = 1.

4.2 Invariant States

Under a natural condition on the parameters R,C, Vv, 1, there exist fluid model solutions
that are time invariant. Following Section 6 of [GW(09], we call these invariant states for the fluid

model.

Definition 4.2.1. A vector of measures & € MU is an invariant state for the fluid model if there is

a fluid model solution € satisfying C(t) =& for all t > 0.

To help describe invariant states, let

P ={zcRY :0;(z) = piforalli € I,(z)}. (4.6)

Theorem 6.3 of [GW(9] gives necessary and sufficient conditions for the existence of invariant
states for the fluid model and a representation for the invariant states. For convenience, we

formulate these results as a proposition here and refer readers to [GW09] for the proof.

Proposition 4.2.1. There exist invariant states for the fluid model if and only if
Rp <C. 4.7)
When (4.7) holds, the set of invariant states is given by

M ={EeM & =79¢ forallic I and some z € P}. (4.8)
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Remark 4.2.1. We call M the invariant manifold for the fluid model.

4.2.1 Some Properties of Fluid Model Solutions

The first two propositions in this subsection are the same as Corollary 3.4.1 and Lemma
3.4.6 in Section 3.4 of Chapter 3, respectively. For later use, we state the results here without

proof.

Proposition 4.2.2. Suppose that ® € K and that { is a fluid model solution with {(0) € KL, Then
C(t) e K forallt > 0.

Remark 4.2.2. The assumption on O is in addition to the basic requirements that its components
do not charge the origin and have finite first and second moments. The assumption on & in

Proposition 4.2.2 is automatically satisfied if our Assumption 4.2 (stated in Section 4.3) holds.

Proposition 4.2.3. Suppose that € is a fluid model solution, i € I and 0 < s < t < o such that

Ci(r) #0 forall r € [s,t]. Then

i

‘ , r_ .
M, (x) =M(x+S,) +Vl~/ Ni(x+S,)du forallx €R,. (4.9)
N

Remark 4.2.3. If { is a fluid model solution, i € I and 0 < 5o <t < oo such that {;(r) # 0 for all

r € (so,t] and Ci(so) = 0, then (4.9) holds for s € (so,t] and letting s | so, since Mi()H-SéJ) <

37l

M (0) = zi(s) — zi(so) = 0 as s — so, by taking the limit as s — sq in (4.9), we obtain
M,(x) = Vi/ Ni(x+S,.)du  forallx e R,. (4.10)
S0

4.3 Key Assumptions

In this section, we first state additional assumptions on fluid model parameters for the

critical case and on file size distributions needed for our analysis.
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4.3.1 Critical Parameters

For our main results, we shall assume that the fluid model is critical, that is, the parameters

(R,p,C) satisfy the following assumption.

Assumption 4.1. We assume that

Y Rjipi <C; forall jeJ, (4.11)
icl
and that J, = {j € J: Lic 1 Rjipi = C,} is non-empty. Furthermore, without loss of generality, we

assume that the first J. = |J.| elements of J correspond to the set J,.

Assumption 4.1 requires that the average load on each resource is less than or equal to its

capacity and that there exists at least one resource that is fully loaded.

Remark 4.3.1. The Lyapunov function defined later in this chapter could also be applied when
Ji is empty. Since the stability result for that strictly subcritical case has already been shown in
Chapter 3 with weaker assumptions, we focus only on the critical case here, where at least one

resource is fully loaded.

4.3.2 File Size Distributions

The following assumption will be used in the proofs of Lemmas 4.3.1 and 4.4.1, which
are used to prove Lemma 4.4.2. The latter gives the continuity in time of #, the composition of
the function H (defined below) with a suitable fluid model solution {. This continuity property
ultimately features in our proof of the absolute continuity of " ¢ as a function of time and the

convergence of fluid model solutions to the invariant manifold.

Assumption 4.2. For each i € I, assume the file size distribution O; is continuous and there is a
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finite constant Cy such that
Ni(x) < CyN; (x) for all x € [0,00),i € 1. (4.12)

Remark 4.3.2. We already assumed in Section 4.1 that §; has finite first and second moments and
Assumption 4.2 is in addition to this. Condition (4.12) is equivalent to O¢ having bounded hazard
rate, which implies the support of 8¢ (and hence of 0;) is unbounded. A sufficient condition for
O¢ to have bounded hazard rate is that 9; is absolutely continuous with bounded hazard rate. For

the definition and some examples related to hazard rate, see Appendix B.

Assumption 4.2 is used to prove the following lemma, which will help us to analyze the

asymptotic behavior of fluid model solutions.

Lemma 4.3.1. Suppose that Assumption 4.2 holds. Fix T > 0 and v > 0. For any fluid model

solution { with £(0) € K}, we have {(t) € K% forallt € [0,T], where v = v+ CyT max;cy V;.

Proof. Let { be a fluid model solution with {(0) € K!. Fort € (0,T] and i € I, either z;(¢) = 0 or
zi(t) #0. If z;(t) = 0, then gé—gi =0 forallx € [0,00). If ;(t) # 0, let #§, = sup{s € [0,1) : zi(s) =0}
where sup® = 0. We consider the case where £, > 0 first. Then ;(-) is nonzero on (#,1], §;(#}) =0

and by Remark 4.2.3 and Assumption 4.2, for all x € [0,),

N( 4l . 4l
gv,ﬁg( )(t 15) < ViCs(t —15). (4.13)

If t(i) =0, then {(-) is nonzero on (0,7]. In this case, by (3.24), for all s € (0,¢), we have for all

x € [0,00),

v

My (x) < My(x) +ViNi(x) (1 —s).

On letting s | 0 and using the facts that s — {(s) is continuous and {(0) € K}, together with
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Assumption 4.2, we obtain

M, (x)
N; (x)

< v+ V,Cyt, forall x € [0,00).

1

Combining the above with the fact that {(0) € K}, we obtain for any 7 € [0, T], 8 < jy for

all x € [0,00), where v} =V +V;CsT. The desired result follows from this, Proposition 4.2.2

<

=

and the alternative representation of K{); (see (4.3)). O

Remark 4.3.3. In Lemma 4.3.1, v} depends on T. Later, after more results have been developed,
we shall prove in Lemma 4.11.2, with the addition of Assumption 4.1, that O} can be chosen not

to dependon T.

4.4 Functions for Fluid Model Analysis

In this section, we reuse the following symbols: H, H’ C, KC and H;, }42;, ?QC foreachie I,
to define functions in preparation for the Lyapunov function to be defined in Section 4.7. For
critical fluid model analysis, we also define function K and F’, which together with H, are used
in defining our Lyapunov function and establishing its properties. We describe some properties
of H% and X5, the compositions of H and K, respectively, with a fluid model solution, {. In
particular, we give the relationship between # ¢ and X5, and some properties of F.

We shall define functions H and K on |J ML and then apply them to fluid model solutions

v>0

€ with initial conditions in |J K% to obtain functions #° and K& of time. The larger domain for
v>0

H and K 1s needed for the proof of Theorem 4.8.2.
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4.4.1 The Functions H and #H®

Definition 4.4.1. Given § € UD>0M{), foreach i€ I, define

K [ <]1(x,oo)7§i>)°‘+l .
(E) = — =L 1 (1.00), 09 )dx, 4.14
and define
1
H(E) = OC—HiGIHi(E")' (4.15)

Remark 4.4.1. For § ¢ J M, if (L(xeo), ) = 0, then (1(y),Ei) = 0 and we interpret the
V>0
integrand in (4.14) at x as being zero. Note that when Assumption 4.2 holds, { Il(xm),ﬁf) > 0 for

all x € [0,00), since the support of 9; is unbounded in this case.

The function H will be used in defining our new Lyapunov function. For & € UD>0M{),

there is © > 0 such that § € MY and then H;(§) < K"B

(x,0¢) <eoforallie I. It follows that

o1
H;(§),i € I, and H(E) are finite. Furthermore, we have the following lemma.

Lemma 4.4.1. The functions H;,i € I, and H are continuous, non-negative, real-valued functions

on M}, for each v > 0.

Proof. The non-negative, real-valued property follows from observation and the last paragraph

%)

a1 1s a sequence in M,

before this lemma. For the continuity, fix v > 0. Suppose that {&,}
converging (weakly) to & € ML. Then as n — oo, (Tx00)5En) = (L(x,00),&) for almost every
x € [0,00). Since {&,},en C ML, the sequence of integrands in the definition of H;(E,) is
dominated by v**!N;(-), which is integrable because (), 9¢) < co. Thus, by the dominated
convergence theorem, H;(E,) — H;(§) as n — oo for each i € I. It follows that H;,i € I and H

are continuous on MY, O

Remark 4.4.2. The form of H is largely inspired by two prior works: Mulvany et al. [MPW19]

and Paganini et al. [PTFAI2]. In [MPW19], building on work of Puha and Williams [PW16],
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Mulvany et al. considered a relative entropy functional for comparing the probability measure
on R with density proportional to pi(x) = (1, ),&;) to the probability measure on Ry with
density proportional to qi(x) = (1(y ., 9{). When normalized to be probability densities, p;
and q; are the densities of excess lifetime distributions associated with &; and 9%, respectively.
The relative entropy employed by Mulvany et al. [MPWI19] uses u — uln(u) in place of the
function f(u) = u®*! that we have used in the integral in (4.14). The form of H;(&) used here
is proportional to the so-called f-divergence [Csi67] for the two finite measures on R that
have densities p; and q;. Further inspiration for our use of f in place of u — uln(u) comes from
Paganini et al. [PTFA12]; see also Chapter 3, as in [FW20], for the inclusion of the weights
K;. In those works, for the strictly subcritical case, f was applied directly to the function p; (no
quotient) and integrated with a reference density ©; that involved 0, to give the i-th Lyapunov
function component. In fact, if one formally takes the limit in the Lyapunov function in [PTFAI2]
and Chapter 3 as critical loading is approached on all resources, one obtains the H; and H in

(4.14) and (4.15) for the case where equality holds in (4.7) (all resources are fully loaded).

Definition 4.4.2. Suppose that Assumption 4.2 holds. Given a fluid model solution C with

£(0) € UysoKL, for eacht > 0 and i € I, define

e /T X oc+1_e
HE(1) = Hi({(1)) = ;—&/O (%;8) N;(x)dx forallic I, (4.16)
and let
HY ) = H(L(1) = OCLHZ}&@). @.17)

iel
Lemma 4.4.2. Suppose that Assumption 4.2 holds. Let C be a fluid model solution with £(0) €

Uv>0K2. Then for eachic€ I, %C :[0,00) — [0,00) is well defined and continuous on [0, o).

Proof. This follows immediately on combining Lemmas 4.3.1, 4.4.1 and the fact that t — {(¢) is

continuous. L]
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4.4.2 The Functions K and %X

In this section, we introduce the functions K and ‘](Q. The latter arises in taking the

derivative of the function #H5().

Definition 4.4.3. Given & € Uy~oM., for each i € 1, define

K (®) :Kip;‘*(—¢i<<1,a>><<1,ai>>°° (4.18)

H xoo z i , 1 x,00)5 G

Then with z = (1,§), define

K(é)=#. Y Ki(©). (4.19)

a+ 1 lel+(Z)

Remark 4.4.3. For £ € U ML, ifx € Ry such that (Lxo0),05) = 0, then (1 (o), &i) = 0 and
we interpret the integra:);doin the integral in (4.18) as being zero at x. In (4.18), if § =0,
we interpret the right member of the equality to be zero and so K;(§) = 0 in this case. If
& # 0, there is v > 0 such that (1(y.,&i) < V(1L(xc), ) for all x € [0,0). Then noticing
Jo (L (xe0)s Oi)dx = (X, 0:) < oo, we have |K;(§)| < oo. Note that (4.19) can also be written as
K(€) = ZiefKi(i)/(OHr 1).

The following property of the K; and K will be used in proving our main results.

Lemma 4.4.3. Fix v > 0. The functions K;, i € I, and K are real-valued, upper semicontinuous
functions on ML, Furthermore, if& € MY and i € I such that z; = (1,&;) # 0, then K; is continuous

on M} at &,
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Proof. The real-valuedness of K;,i € I, and K follows from Remark 4.4.3. For € M}), let

KV (&) = —xip; @0i((1,E)) ((1,E:),
k() = —xp [ <<l(x’°°)’§i>) (e B2) <a¢i(<ﬂ’§>) P51 )]l(om)((]l,ﬁl-))dx
)

<L§i> <]l(x,oo)’ﬁf><X7ﬂi>

) (Lpemy BV 1) 0y (1,E1)

Fix £ € M and let z = (1,&). We first show that, for each i € I, (z), K; is continuous on M} at
€. Fix i € I, (z). Suppose {&"},cn is a sequence in MY that converges to & (weakly). We want
to show that hm K;(&") = K;(§). For k( ) , by the continuity of ¢;(-) at z when z; # 0, and the
fact that &" converges to & implying (1,&") — (1,&), we have hm k (&") = (é) For k( ),

we have (1(;e), &) = (1(r,0),Ei) as n — oo for almost every x € [0,0), (I, ﬁ") — z; # 0 and
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>’3€> v

d;((1,E") — ¢;((1,&)) as n — oo (by the continuity of ¢; at z such that z; # 0)
for all n € N and x such that (1, o), ;) >0, and [ (1 (y e), Oi)dx = (X, O:) < oo, and so using
the fact that ¢;((1,&")) < max je 4C; for all n € N, we can apply the dominated convergence
theorem to conclude that 11m k (é”) = (&) For k( )| we can also apply the dominated
convergence theorem to conclude that hm k (&”) k (&) It follows that K; = k( ) —|—k§2)+k§3),
is continuous on MY at & for i € I, (z). This proves the last statement of the lemma.

For i € I\ I,(z), we will show that K; is upper semicontinuous on ML at £, where &; = 0.
For this it suffices to show for {&"},cn, a sequence in M}, that converges to & (weakly), we
have limsup K;(£") < K;(€). Notice that kgl)(é") <0 and k (&”) < 0, while k( )(i) =0 and

n—oo

kl@) (§) = 0. It follows that lim sup( M) (&") +k (&”)) (F,) +k( )(é) For k (&”) the
integrand is dominated by the ,ilr:;:grable function x — DO‘V,-(OL + 1)1 (x0), B) and tends to zero
as n — oo, since (1 (y o) Ej‘) <7z = z; = 0 as n — oo, It follows by the dominated convergence
theorem that k (ﬁ”) —0= k( ) (§) as n — co. Combining, we see that K; is upper semicontinuous

on M} at&, fori¢ I, (z).

Since & € M{) was arbitrary and any continuous function is upper semicontinuous, it
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follows that K; is upper semicontinuous on MY, for each i € I. Furthermore, K = ¥,;c; K;/(0t+1)
is upper semicontinuous on MY, being a linear combination, with positive coefficients, of such

functions. L]

The following is a key lemma, proved in Section 4.9.1. For the statement of this, let d¢

denote the probability measure on R, that has unit mass at the origin and define

M*={Ee M': foreachie I, & = a;8 + by0¢, where a € R{L and b € P}. (4.20)

1

Lemma 4.4.4. Given§ € |J M}, with z = (1,&) and z; = (1,§;) for each i € I, we have
v>0

o —9i(2) Pi
Ki(§) < xiz ( o T a)ﬂ ) (2i)- 4.21)
Pi (@) ")
Moreover, if Assumption 4.1 is satisfied, we have
KE < ) Kz(i) (pi —0i(z)) <0, (4.22)
i€l (z) 9i(2)

where equality holds everywhere in (4.22) if and only if § € M*.

Definition 4.4.4. Suppose that Assumption 4.2 holds. Given a fluid model solution C with

£(0) € UD>0K{), foreacht > 0and i€ I, define

K- (1) = Ki(L(1)) = pﬁ (—A,-<r><zi<r>>°°

+/0°° (%) aﬁi(x)<— Oul\i(t) . ]\_/[f(x)ﬂ‘ +v;(o+ 1)> 10,00) (Zi(t))dx>
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and
1

_ ¢
K%O_&IT.Z: %K>(t) for all t > 0. (4.24)
i€ (2(1))
Lemma 4.4.5. Suppose that Assumption 4.2 holds. Let C be a fluid model solution with £(0) €

Uv>oKE. Then 7{’,1’ € I, and K& are real-valued, upper semicontinuous functions on [0, o).

Furthermore, for eachi € I, ?QC is continuous on {t > 0: z;(t) > 0}.

Proof. This follows immediately on combining Lemma 4.3.1 with Lemma 4.4.3 and the continuity

of {(-) on [0, o). O

4.4.3 Relationship between # Cand X

Theorem 4.4.1. Suppose that Assumptions 4.1 and 4.2 hold. Further suppose that C is a fluid
model solution with {(0) € Uy~oK}. For eachi € 1, KC() is integrable over |0,t] for eacht > 0
and the function }[ZC() is absolutely continuous with respect to Lebesgue measure on [0,0), with

density KC() and so

%C(t) - }QC(O) = /Ot Kc(s)ds foreacht > 0. (4.25)

Consequently, H5(-) is absolutely continuous with respect to Lebesgue measure on [0,0) and

KE(") is a density for H(-). Furthermore, for eacht > 0,

%5(1) < (EON (0= i) <o, (4.26
® @§Mf<mm)<p 1) )

where equality holds everywhere in (4.26) if and only if {(t) € M. Hence H(-) is non-increasing

on [0,0), and is strictly decreasing at times t € [0,00) where {(t) ¢ M.

The proof of Theorem 4.4.1 is given in Section 4.9.
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4.4.4 The Function F

One characterization of the invariant states for the fluid model that we will give uses the
following optimization problem. This optimization problem is similar to one used by Kelly and
Williams [KWO04], who studied properties of the fluid model when 9; is exponentially distributed
for each i € I. The main difference in the form from [KW04] is that in two places (one in the
function F and one in the constraint of the optimization problem (4.27)), ﬁ% from [KWO04] is
replaced by (x,9¢) for i € I. We now describe the optimization problem.

For z € Rfr, let

1 Ki (), 9¢)
F(z) = Sl K
(z) OH-IZ-GZ; S

Forw € Ri", consider the optimization problem

minimize F(z) subject to Y Rjizi{x, () >w; forall j € %, and z € R,. (4.27)
i€l

In Section 4.6, we give several different characterizations of the set P, which features in the
characterization (4.8) of invariant states for the fluid model. One of these uses the optimization
problem (4.27). For w € R et F (w) be the optimal value attained in the optimization problem
(4.27) and let A(w) be the optimizing value of z. These exist and are unique. The following
proposition gives properties of F. Its proof is the same as that of Lemma 6.3 of [KW04] with
diag((x,9.)) in place of M~! = diag(,ui_1 :i € I), and we refer the reader to [KWO04] for the

details. We note that this proof uses the fact that R has full row rank.

Proposition 4.4.1. The functions F : R‘Ij — Ry and A: R{: — Ri are continuous. In addition, F

is a non-decreasing function, i.e., for w,w' € Ri*, ifw; < W}L. foreach j € J,, then F(w) < F(w').

The non-decreasing property of F will be a key property for proving that our Lyapunov

function, when applied to a fluid model solution, yields a non-increasing function of time.
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4.5 Characterization of Solutions for the Optimization Prob-

lems (2.2) and (4.27)

In this section, we characterize the optimizing solutions for the optimization problems
used to define the bandwidth sharing policy and F. The first optimization problem considered
here is (2.2) and the second is (4.27). We characterize the optimal solutions for both problems
below, so as to give an alternative characterization of the invariant states. The idea of using
these two optimization problems to characterize invariant states was employed by Kelly and
Williams [KWO04] when the file sizes are exponentially distributed. Proposition 4.5.1, which
characterizes the optimal solution for (2.2), is equivalent to Lemma A.4 in [KWO04]. Proposition
4.5.2, which characterizes the optimal solution for (4.27), is similar to Lemma 6.4 in [KW04].
Both propositions are proved using Lagrange multipliers. For the proof of Proposition 4.5.2, in
the proof of Lemma 6.4 in [KW04], substitute (,9%) for pi;- Uin the constraints and in one place
in F. The proof uses the fact that R has full row rank. We refer readers to [KW04] for details of

the proofs of these two propositions.

Proposition 4.5.1. Fix z € RY\{0}, where 0 is the origin of RL. A vector y = (y;:i € I) € O(z)

is the unique optimal solution of (2.2), i.e. ¥ = O(z), if and only if there is p € R‘l such that

pi(Ci— Y, Rjiwi)=0 forall jeJ, (4.28)
i€I+(Z)
Y piRji>0 forallie I.(z), (4.29)
je
v ( Ki )l/a forallie I.(z) and (4.30)
i— i\ 5 oraitli Z) an .
Yjcg PiRji "
Y Ry <C; foralljey. 4.31)
i€I+(Z)

Proposition 4.5.2. Suppose Assumption 4.1 holds. For each w € Ri*, a vector 7 € RL is the
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unique optimal solution of (4.27), i.e. z= A(w), if and only if there is p € R‘J_* such that for each

. R\ L/
Zi:pi(ﬂ) : (4.32)

K

iel,

and for each j € J,,

pj <2Rjizi<x,ﬁf> —Wj) =0 and ZRjiZi<x,ﬁf> > wj.

icl icl

4.6 Further Characterizations of Invariant States

In this section, we further characterize the set of invariant states. Under Assumption 4.1,
recall the set of invariant states M is given by (4.8) and P is defined in (4.6). Here we characterize
the set P in two further ways, similar to Lemma 6.4 of Gromoll and Williams [GW09], whose

proof relies on those of Theorems 5.1 and 5.3 of Kelly and Williams [KWO04].

Lemma 4.6.1. Suppose Assumption 4.1 holds. The following three conditions are equivalent:
(i) z€ P,
(ii) for some p € RY, z; = pi(EZje]*ijji) forallie I,

(iii) z=A(W(z)), where w(z) = ¥ic 1 Rjizi(X,0¢) for all j € ..

Proof. The proof is very similar to that of Theorems 5.1 and 5.3 of [KW04], with (¥, 9¢) replacing
u;” ! in two places for each i € I. For (i) < (ii), one uses Proposition 4.5.1; and for (ii) < (iii),

one uses Proposition 4.5.2 in place of Lemma 6.4 of [KWO04]. [l

Remark 4.6.1. The above characterization of P is slightly different from what is given by Gromoll
and Williams [GW09]. The latter uses w(z) and ,ufl in the constraints rather than w(z) and
(X, 0¢). Both characterizations are correct and although the difference is subtle, we find that our

form is more useful for our proofs.
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4.7 Lyapunov Function G and G S

In this section, we define the Lyapunov function G on |J M{) and the function G S for any
v>0

fluid model solution satisfying {(0) € | KI.

V>0

Definition 4.7.1. Given & € |J ML, define
V>0

GE)=H(E)—F(w(&)) (4.33)

where w;(§) = Yic 1 Rji(X,&i) for each j € J,, and F (w(§)) is the optimal value for the optimiza-
tion problem (4.27) with w = w(&).

The following lemma is proved in Section 4.10.3.

Lemma 4.7.1. For each v > 0,
(i) G: ML — [0,00) is continuous.
Moreover, if Assumption 4.1 holds, then for any & € UU>0M{),
(ii) G(§) =0 ifand only if § € M*, where M* is given by (4.20).
Definition 4.7.2. Suppose that Assumption 4.2 holds. Given a fluid model solution C with

£(0) € U K, define

V>0

Go(t) = G(L(r)) = H5(t) — E(W(L(1))) for all t > 0. (4.34)

Remark 4.7.1. By Lemmas 4.3.1 and 4.7.1, G5(-) is well defined and continuous on [0, ).

4.8 Main Results

The proofs of the next three theorems are given in Section 4.11.
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Theorem 4.8.1. Suppose that Assumptions 4.1 and 4.2 hold. Further suppose that C is a fluid

model solution with {(0) € Uy=oKL. Then
(i) GS:]0,00) — [0,00) is continuous,
(ii) for anyt >0, GS(t) = 0 if and only if {(t) € M, and

(iii) G is a non-increasing function on [0,00) and at times t € [0,00) where {(t) ¢ M, G is

strictly decreasing.

Theorem 4.8.2. Suppose that Assumptions 4.1 and 4.2 hold. Fix v > 0. For any fluid model
solution  with £(0) € K&, gg(t) decreases monotonically to zero ast — oo. Furthermore, this

convergence is uniform, i.e.,

lim sup{ G%(¢) : { is a fluid model solution with {(0) € KL} = 0. (4.35)

f—o0

Theorem 4.8.3. Suppose that Assumptions 4.1 and 4.2 hold. Fix v > 0. For any fluid model
solution { satisfying {(0) € K, {(t) converges towards M as t — oo, uniformly for all initial

measures in Kg, ie.,
tlim sup{dy(¢(t), M) : { is a fluid model solution with {(0) € K3} = 0. (4.36)
—>00

Furthermore, given € > 0, there is 8 > 0 such that

sup{dy(§(t), M) : L is a fluid model solution with §(0) € K} and dy((0), M) < 8} <e.

t>0

(4.37)
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4.9 Proofs of Lemma 4.4.4 and Theorem 4.4.1

4.9.1 Proof of Lemma 4.4.4

For our proof of Lemma 4.4.4, we need Lemmas 3.4.1, 3.4.2 and the following proposition.
Proposition 4.9.1 is nearly the same as Lemma 3.4.3, with the condition for equality in the
inequality specified. Here, we indicate the reasoning for that and leave the reader to consult

Section 3.4 for the rest of the proof for Proposition 4.9.1.

Proposition 4.9.1. For any strictly positive real numbers, a, b, g, we have

b q q—>b
—— 4 < 1) —— 4.38
q“ij“_(aJr ) be (4.38)

where equality holds if and only if g = b.

Proof of when equality holds in (4.38). The inequality (4.38) comes from the fact that the tangent

line to the graph of y = x*!

at x = ¢q is a lower support line for the graph. It follows from the
strict convexity of x — x“*! that this support line touches the graph only at x = ¢ and hence the

inequality in (4.38) is strict for all b # q. O]

Proof of Lemma 4.4.4. We first prove (4.21). Since both sides of the inequality are zero when

z; = 0, it suffices to consider the case where z; > 0. In this case, we have

pi Ki(§) = —xibi(2)z}"
[ (M)(m py - 20i2) (La &) >Hl.]vi(x)dx

<]l(x.,°°) ) ﬂze> i <IL (x,00) ﬁf)
< )+ | ( ¢pé)) it (x)dx (439)
port!
=Kz ( —0i(z) + ( ¢-l(z))°‘) , (4.40)
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where we used Lemma 3.4.2 witha=o, g =p;, b = %i(z) for z; > 0 to obtain the inequality, and

the fact that [y 1:N;(x)dx = 1 for the last equality. We note here that the inequality in (4.39) is
strict unless (1 (y «),&i) = % (L (x00,9) for all x € Ry ; this follows for x € R where N;(x) >0
by the uniqueness of the maximum in Lemma 3.4.2, and the relation automatically holds for x

where N;(x) = 0, since (1 (y ), ¥;) = 0 for such x and § € M. for some v > 0. Thus,

k(e < (4 ) @an
< ki (o+ 1) P92 (4.42)

(0i(2)*

where the last step follows by Proposition 4.9.1 with a = o, b = ¢;(z) and ¢ = p;. We note here
that by Proposition 4.9.1, the last inequality is strict unless ¢;(z) = p;. The inequality (4.41) yields
(4.21).

Assuming that Assumption 4.1 holds, we shall now use inequality (4.42) to prove (4.22),
and we shall use the conditions for equality in (4.39) and (4.42) to determine conditions for
equality in (4.22). Fori € I, (z), U’ (%ﬁ) = <¢f—(’z)>a Furthermore, p has positive components
and satisfies } ;c;R;;ip; < Cj for all j € 7, by Assumption 4.1. Then, by (4.42) and replacing

Z,¥,0(z) by z,p,9(z), respectively, in Lemma 3.4.1, we obtain

B 1
a1

K(€) K€ < Y, Ki(q)z—i)) (pi—0i(z)) <0. (4.43)

il (2) i€l (2) i(z

Hence (4.22) holds. By the conditions for equality in (4.39) and (4.42), the first inequality in
(4.43) is an equality if and only if (1, ), &) = %(ﬂ@w) ,9¢) for all x € R and ¢;(z) = p;, for
all i € I.(z). Noting that z; = 0 for all i ¢ I, (z), it then follows that K (&) = 0 if and only if for
all i € I, (L(y),Gi) = ZiN; (x) for all x € R, where z is such that ¢;(z) = p; for all i € I, (z).

When the measures are restricted to (0, ), this is the characteristic property of elements of the

invariant manifold M, as described in (4.8). Because K only captures the behavior of & on (0, o),
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and a general & € M! could be such that any of its components has an atom at zero, it follows that

K (&) =0if and only if & € M*, as defined in (4.20).

4.9.2 Smooth Approximation of Measures

We use an approximation argument to prove Theorem 4.4.1. An approximation argument
was also used in Section 3.5.1. Consequently, some propositions and proofs are the same
as in Section 3.5.1 and we record those results here without proof. We focus on the details
that differ from those in Section 3.5.1. For each positive integer n, let ¢, € C(R) be such that
@n > 0,9,(x) =0forall x € (—oo, —1]U[L 00), @, (x) = ,(—x) forallx > 0, and [ @, (x)dx = 1.
Given § € M and n € N, let £" be the non-negative, absolutely continuous Borel measure on R -

whose continuous density is given by

0 = [ 0ur=2E) = [ 0uly=0E(dy) for xR, @44)

where we have used the symmetry of ¢, for the last equality. Note that d,(-) is in C;’(R.), since
¢, is infinitely differentiable with compact support and § is a finite measure on R... For any
bounded, Borel measurable function f defined on Ry, let (f*@,)(y) = [, @n(y —x)f(x)dx for

y € R, . Then, by Fubini’s theorem,

.80 = [ 1@ [ euy-0E(dy)dr = (1+0,.8) 445)

The next two propositions are the same as Lemma 3.5.1 and Lemma 3.5.2, where the first of
these is proved by an argument similar to that in Lemma 7.12 of [PW16]. We refer the reader to
Section 3.5.1 and [PW16] for the proofs noting that they do not rely on whether the fluid model

is in the strictly subcritical regime or not.
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Proposition 4.9.2. Let § € KNM;. For eachn € N and x € R, we have

(U 8) < (e 81 < <1((x_1)+7w),&>, (4.46)

W8 _ em < .8y + 18 (447)

n n

(x:8) —

Furthermore, we have &" € A for each n € N and as n — oo,

& 5E and (1" — (x,8). (4.48)

Given a fluid model solution {, for each# >0 and i € I, let {{(¢)}>>_, be the approximat-
ing sequence of measures for {;(), as defined above with {;(r) in place of &. Similarly, define 87
for each i € I, n € N. For any positive integer ¢, let Gy, = {g € C} (Ry):g=00n]0, %]} For
g € (o and all n > ¢, we have (g*@,)(0) =0 and (g*9,)'(0) = 0. It follows that g* @, € C,
where ( is defined in (2.3). For each positive integer n, i € I,t > 0 and x € R, let ﬁ?’e be the

excess lifetime distribution for 9/, and

M () = (Lew) G (0)), NP () = (L), 0F), N7E(0) = (Len), ) (449)

We note that 97 has density N} (-)/(x, 9%).
The following proposition shows that for all n sufficiently large, (¢,x) — Mi’n(x) satisfies
a transport partial differential equation with nonlinear, nonlocal coefficients on intervals of time

where z;(+) is not zero and on intervals for x that are bounded away from zero.

Proposition 4.9.3. Assume that { is a fluid model solution. Suppose thati € I and 0 < a <b < o
are such that zj(t) # 0 for all t € [a, D). Then, for each positive integer ¢ and alln > {, t — A_dﬁ’n(x)

is continuously differentiable on [a,b) for each fixed x € R, and x — ]\_/I;n (x) is continuously
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differentiable on [},) for each fixed t € [a,b), and furthermore,

M,"(x) A1) M (x)
o5 = zi(t) o +V,N,~(x), (4.50)

fort € la,b], x> %, where the partial derivatives with respect to time at t = a,b are from the

right, left, respectively, and the partial derivative with respect to x at x = 1/{ is from the right.

Remark 4.9.1. From (4.44), for each fixed t € [0,0), the measure C?(t) on Ry has a continuous

density function given by

m;"(x) = /]R On(y—x)Ci(2)(dy) forall x € R,. (4.51)
+
For any fixedx e R, t — % = —mf’"(x) (where the derivative at x = 0 is from the right) is

continuous on [0,0), because the fluid model solution ; is continuous as a function of time. It

aﬁi N (x)

follows that (t,x) — 3x is separately continuous in t and x and hence is jointly measurable
on [0,00) X Ry. Via (4.50), this implies joint measurability of (t,x) — % on |a,b] x [%,00)
foranyn > {>1when z(t) # 0 for all t € |a,b]. Furthermore, from (4.50) and (4.51), we have

foranyn>1{>1,t € |a,b] and x € R4,

81\7[;»'1 (x) A; (f) in N
‘T‘ < 20 )—m, (x)‘+v,Ni (x) 4.52)
< A(t)sup@,(y) + ViN; (x). (4.53)
yeR

It follows that (t,x) — % is measurable and integrable over the interval [a,b] x [1,¢] for

each fixed n > { > 1. These measurability and integrability properties will be needed for a use of

Fubini’s theorem in the proof of Theorem 4.4.1 below.

Lemma 4.9.1. Suppose that & € K! and C is a fluid model solution with {(0) € KINM}. For
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any 0 < a < b < oo, for each i € I, we have the following uniform bounds:

sup sup sup ]\_4;7n(x) < sup zi(t) < oo, (4.54)
neNrefa,b) xeR t€la,b)
sup sup (x,C'(r)) < sup (wi(t) +2zi(t)) < oo. (4.55)
neNte(a,b] t€la,b)

In addition, for each i € I, as n — oo, (1) = i(t), OF = Oy, (x,07) — (%, %), 07 5 08,

——i.n

M, (x) — 1\_4; (x), N} (x) = Ni(x) and N;* (x) — N (x) for each x € [0,).

Proof. By Proposition 4.2.2 and Remark 2.3.1, {(¢) € KY'NM! for each ¢ > 0, and by Proposition
492, foreachi€ I,neN,t>0andx € R, we have M" (x) := (1 (00, C (1)) < M. (x—HH) <

zi(t) and (x,{(r)) < wj(t) +zi(r). Since z;(-) and w;(-) are continuous, it follows that for any
0<a<b< oo, M?"(x) and (x, C’(¢)) have uniform bounds for all # € [a,b], n € Nand x € R.
Furthermore, by Proposition 4.9.2, {(t) 2 (1), ¥ 2 ®; and (), ®7) — (), ;) as n — co. It
follows, since {;(t) € K and ®; € K, that M." (x) — M. (x) and N/} (x) — N;(x) for each x € R,
as n — oo, and the density N; (-)/(x,9") for 97" converges everywhere on R to N;(-)/{x, %),
the density for 9¢, as n — o. Since the last sequence of densities is eventually dominated by
2N; ((-—1)*) /(x, ), which is integrable on R, it follows by dominated convergence that
B¢ 25 9¢ as n — oo, which implies, since N; (-) is continuous, that N} (x) — N; (x) as n — oo

for all x € [0,00). O

The following lemma is used to control x — M

N ) uniformly in 7.

Lemma 4.9.2. Suppose Assumption 4.2 holds and that C is a fluid model solution with {(0) €
M, (x)
N; (x)

KINML. Ler0<a<b < e andi€ I be such that <, forallx e Ry andt € |a,b), for

some Vg p € (0,00). Then there is ng, € N (depending only on a, b, Cy and ;) such that for all

n> ngp, we have g;zg; <2v,p forallx € Ry andt € |a,b).
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Proof. By Proposition 4.9.2, we have for ¢ € [a,D], x € Ry,

() (L G0 Oty GO B0)
NP (e 0 f;’"(ﬂ( ), OF)dy
_ ety GOY 00
- fx?;< (y,oo>ﬂ“}i>dy
(2, 0) <1((x,%)+7oo)7Ci(t)>

0 0i) (Lm 1yt o0)s OF) = (L e tyr ey 1), )
0607 a2yt SN (D ety B3
> 1- (<]l((x_%)+’x+%),ﬁf)/(ﬂ((x_%)+7m),ﬁf))'

(4.56)

Note that lgn %Cc ﬁ’; = 1. For the other term in (4.56), the numerator is bounded above by v, 5,
n—co
(L (x00),01)

and for the denominator, by Assumption 4.2, <

T 00 < Cyp for all x > 0, which implies that

. g (L) D)
<]1((x Dyt x+ 1y ,07) f(x—5)+ <;(aﬁi>

Liatyre ¥ (L

dy

Thus for all sufficiently large n (not depending on x), the denominator of the second fraction in the
right hand side of (4.56) is greater than 1/2. It follows that for all sufficiently large n (depending

only on Cy and ¥;),

sl

M," (x

i ()

~—

<2v,y forallt € [a,b],x € Ry.

2|
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4.9.3 Proof of Theorem 4.4.1

The following proof is similar to a combination of the proofs in Section 3.5.2 and Section
3.5.3 with (p,0) in place of (p,d) there. However, since we are now in the critical case, rather
than the strictly subcritical case, some aspects in our proof are more delicate and require different
justifications due to the more singular form of the Lyapunov function considered here. In addition,

our development of conditions for equality to hold everywhere in (4.26) is new.

Proof of Theorem 4.4.1. Assume that the hypotheses of Theorem 4.4.1 hold. Since {(0) € K} for
some L > 0, we have by Lemma 4.3.1 that {(¢) € K{)t* for all # > 0, where v} is given in Lemma
4.3.1. Hence, {(t) € KN M} for all > 0. It follows that for eachi € T and t > 0, x — Mf (x) is
continuous and integrable with respect to Lebesgue measure (with integral equal to (), {;(¢)) < o)
on R . Also, under the assumptions on 19;, including Assumption 4.2, we have that ¥; € K and
x — N;(x) is continuous and integrable with respect to Lebesgue measure (with integral equal to
(X, 0i) <o) onRy.

Fix i € I. By the upper semicontinuity of Qgc() (see Lemma 4.4.5), this function is Borel
measurable on [0,¢] for each > 0. To prove the absolute continuity of ﬂg(-), it suffices to prove
that KC() is integrable over [0,7] and that (4.25) holds, for each 7 > 0.

We first prove that if 0 < a < b < oo such that z;(s) # 0 for all s € [a,b], then gé() is

integrable on [a, b] and

HE(b) — H*(a) = /a ’ K (s)ds. (4.57)

Assuming we have such a < b, note that by the last part of Lemma 4.4.5, ?Qg is continuous on

[a, D] and hence integrable there. To prove that (4.57) holds, recall the form of Qgc( -) from (4.23).

Using the facts that A;(-) < max;Cj; z;(-) is bounded on [a, b], being continuous there; g;—(()) <y

for all s € [a,b], by Lemma 4.3.1;

A"((f)) | is bounded on [a,b] since z;(-) is continuous and strictly

Zi

positive there; and [° N;(x)dx = (), ;) = ;. ! < o; we see that by dominated convergence,
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/f K (5)ds =~ [ Ails)ails)) s (4:38)
Xi S(x —Ai(s) Mi(x) oN; (x) ) N:(x) | dxds
+h—r>?op, / / ( " ) ( 20 @ W +Vi(o+ 1)Nj( ))d ds.

Now, for positive integers ¢ and n > ¢, by Assumption 4.2 and since {(s) € KI 5 We have

¥; € KNM; and ;(s) € KNM; for all s € [a,b]. Then by Lemma 4.9.1, we have that as n — oo,

(o0 01) — (x, ) > 0, N (x) = Ni(x), N (x) — N (x) and M-" (x) — M. (x) for each x € R,

s € [a,b]. Furthermore, for s € [a,b], since {(s) € KI*, we have %ég)) <y forall x € R, and
Mll'[( )

then by Lemma 4.9.2 there is a positive integer n, j, such that for all n > n 4, N

x € Ry and s € [a,b]. It then follows by the dominated convergence theorem (using the fact from

< 21)b for all

Proposition 4.9.2 that N (x) < N;((x— 1)", where the latter is integrable over x € [¢,£]), that for

each fixed positive integer /,
b () (=) M) aNi(x) »
l/;(zv,?(x)) (a() N o N ”)"d
e (M0 —Ais) M () o ()
_’}g?o/a /; (N?%) (Zi(s) 0 | ’ﬁn>+ i(a+ DN ())dxds. (4.59)

Using integration by parts on the first term in the integral in (4.59), and the fact that

d ~,e -0 OCN:I(X)
a(Ni ) = —

(N )" o, 07)
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the last line in (4.59) is equal to

Y [ Ai(s) M (x)
(m o +VN ( )) dxds)

—tim ([ (200 om0 )<l (4.60)

where we have used Proposition 4.9.3 for the last equality. By Fubini’s theorem, the above is equal
to the expression immediately below. For this use of Fubini’s theorem, the joint measurability and

absolute integrability of the integrand for each fixed n > max(n,, £+ 1) follow from Remark

1, rG (x)
i ()

I

4.9.1 and the fact that S0 < v forallx € [},€],s € [a,b].

2

sagoy | oo (1)
o /a<zz-(S)> (NS0 * (N () ds
(e = 0 o)) (90 )
o+1
Cpawy | e (m0)”
-, <> Twor T mo© |© tob
+/ ))etl (Mi(x))aH) (Nf(X))_adx,

where we have used dominated convergence, provided by Lemmas 4.9.1 and 4.9.2, to pass to

the limit for the last equality. Note that as £ — oo, M. (£) — 0, M. (4) = zi(s),N; () — 1 and

Mé (x) < zi(s), gg((g <wj for all s € [a,b],x € Ry. Combining this with the fact that for s = a, b,
gg((i)) <, forallx € Ry and x — A_di (x) is integrable on R ;, we see by dominated convergence
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that as ¢ — oo, the above expression converges to

b Ai(s) (o] “( oatl _ (7 atl) (A€ -
/a (z,- o ) (2i(5)) %+ ds + /0 (73,06 = (M ()41 ) (N (). (4.62)
On substituting the above into (4.58), we obtain

" s = 5 [ A @l as+ [
[ s = g [t | (
g fy (BT = (T, (00 ) (W )~

= H(b)— H (a), (4.63)

as desired.

We now turn to proving that Kg() is integrable over [0,¢] and (4.25) holds for each t > 0.
This clearly holds for ¢ = 0, so we consider ¢ > 0 fixed. If z;(s) # O for all s € [0,¢], then the result
follows immediately from what we proved for (4.57) with a = 0 and b =¢. So we only need to
treat the case where z;(s) = 0 for some s € [0,¢]. Assuming this, let s* = inf{s € [0,¢] : z;(s) = 0}
and t* = sup{s € [0,] : zi(s) = 0}. Then, 0 < s* <t* <1, z;(s*) = z;(+*) = 0 and z;(s) > 0 for
s € (0,s*) U (¢*,1). (Note that the interval (0,s*) is empty if z;(0) = 0 and (¢*,7) is empty if
zi(t) = 0.) In any event, we can write the open set 7,/ = {s € (0,¢) : zi(s) > 0} as a (finite or

countable) union of disjoint open intervals:

n

7' = (0,5*)U (U(sn,t,,)> U (t*,1), (4.64)

where U, (sn,2,) C (s*,¢%) and z;(s,) = zi(t,) = 0 for each n.
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Recall the definitions of kfl),kfz),kl@ from the proof of Lemma 4.4.3. For all s > 0, let

K9 (s) =k ((s)) = —xipr *Ad(s) (2i(5)) %,

0o —ix oatl (s
426 =K (L6 = —xim (%8) W) o (5 (5)

K9(5) =k (L(s)) = xipr it 1) /0 ) <_§<X) ) W Lom ((5)dx. (@465)

Then we have |k§1)(s)| < Kip; *(maxjeg Cj)supsepo,(zi(s))* for s € [0,7], which implies that
Jiou 1k (5)Ids < oo. By Lemma 4.3.1, [k (5)| < ip; (ot 1)v;(0;)%(x, 9;) for s € [0,1], which
implies that [, [k>)(s)[ds < co.

For each fixed n, equation (4.57) gives that for any [a,b] C (s, 1)

/[ ]k§‘>(s)ds+ [ ]k§2>(s)ds+ [ }ki@)(s)ds:ﬂ-gc(b)—ﬂ-gc(a).
a,b a,b a,b

Thus,

-/ }kl@)(s)ds: [ }kl(l)(s)der /[ ]k?)(s)dsw#(a)—y{?(b).
a,b a,b ab

By the continuity of }[IC() established in Lemma 4.4.2, as a — s, and b — t,,, ﬂ-[l-c (b) — ﬂ-[l-c(tn) =

0 and }Qg(a) — }ég(sn) = 0. It follows from the above and since k»(s) < O for all s > 0, that

/ o ()| ds = — / k) (5)ds (4.66)
(Smtn) (smtn)
-/ )k§1>(s)ds+ ( )k§3)(s)ds+}gc(sn)—}4€(tn) (4.67)
Snsln Snyln
- KV (s)ds + K (5)ds. (4.68)
(Sn,l‘n) (Smtn)

In a similar manner, we can obtain

@) (1) () ¢
ko (s)|ds = — / k) (5)ds = / s+ [ kD ()ds+H50),  (4.69)
/(O,S*)’ ( )‘ (0,5%) (0,5*) (0,5%) :]-4
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since :7-4(: (s*) =0, and
/ o (5)[ds = — / kD) (5)ds = / KV syds+ [ kD (s)ds—H5@),  (4.70)
(%) (1) (%) (r 1)

since ,‘lﬂc (t*) = 0. Hence using the integrability of kl(l) and kl@ on [0,7], the fact that kl(z) is
zero on (0,) \ Z and non-positive on 7/, together with the disjointness of the intervals in

the representation (4.64) for 7', we have Joo) ]kl(z) (s)|ds < oo. Thus, 7@@ = kl(l) + k,@ +hV s
integrable on (0,7), and by (4.68)—(4.70), we have

?gg(s)ds =0 for each n, (4.71)

(Snstn)

( )%C(s)ds:—ﬂ{ic(O) and | )xc(s)ds:ﬂc(z). (4.72)
0,s* t*.t

Combining all of the above, and using the integrability of ‘]gc on [0,¢], the fact that ‘]gc() is zero

on (0,1)\'Z/" and the disjointness of the intervals in the representation (4.64), we have

e _ ¢ ¢ e
/0 K> (s)ds = /(0.;*) X; (s)ds—i—;/(smtn) K;>(s)ds+ - K:>(s)ds
= —HH0)+0+ (1),

which is the desired result (3.16).

The inequality (4.26) follows immediately from Lemma 4.4.4 with & = {(¢) where {(¢) €
K%;F C M{%*' By Lemma 4.4.4, equality holds everywhere in (4.26) if and only if {(r) € M*.
Furthermore, since {(t) € K{)f, its components cannot have atoms at zero and so the M * can be
replaced by M in this “if and only if statement” just stated. The non-positivity of Kc() yields
the non-increasing property of #5(-), and the fact from that %5(r) < 0 at times 7 € [0,c0) where

C(1) ¢ M yields that H5(-) is strictly decreasing at such times. O
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4.10 Properties of Workload, H, F, G, and Total Mass for

Fluid Model Solutions

In this section, we develop some properties of fluid model solutions and the relationship

between H and F that will be needed for the proofs of our main results.

4.10.1 Properties of Workload

Lemma 4.10.1. Suppose that Assumption 4.1 holds and { is a fluid model solution satisfying

wi(0) <ooforallic I. Thent — w;({(t)) is a non-decreasing function on [0, ) for each j € J..

Proof. For j € 9., by (2.5), Definition 2.3.1 and Assumption 4.1, we have for each r > 0,

w;(G() = Y Rjiwi(1)

iel

~ TR0+ [ (0r= M L0 (1))

icl

= W(5(0)+ L Riipit = L Rjw(1)

i€l i€l
= w;(C(0)) +u;(1).
The desired result follows from the fact that u;(-) is non-decreasing, by Definition 2.3.2(ii) for a
fluid model solution. 0
Lemma 4.10.2. Suppose Assumptions 4.1 and 4.2 hold. Let v > 0. Then, for any fluid model

solution  satisfying {(0) € KL, we have

supmax w;(t) < By, (4.73)

where By is a finite, positive constant depending only on v, 0., p, K, (), 0°).
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Proof. Fixie I andt > 0. Then

wilt) = /0 "M (x)dx

e [ M) N (%)
-9 | < Wi o

Ve
can([ ()

Ni()

where the last inequality follows from Jensen’s inequality, since ) is a probability density

(for the probability measure (3¢)¢). We observe that the last line in (4.74) equals

a8 eyay ot
(plﬂﬂ Kx,ﬁ ) . “475)

By the definition of #5(-) }42; (ot+1)#H5(t). By Theorem 4.4.1, #H5(-) is non-increasing
and so H5(1) is bounded above by H%(0) and hence (4.75) is bounded above by

(p?<a+1>ﬂ{€<o><x,ﬁ5>“)‘* (p, ) T x,m) g

K; = Py

where we have used the fact that {(0) € K} for the last inequality. The desired result follows

because i € I and r > 0 were arbitrary and by taking the maximum over i € I. [

4.10.2 Relationship between H and F

Lemma 4.10.3. Let & € Uy~ oM. Then

F(w()) <F() <H(S), (4.76)
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where Z; = &f;’e forie Iandwi(&) = Yic1Rji(X.Ei) for j € Ji. If, in addition, Assumption 4.1

holds, then the inequalities in (4.76) are all equalities if and only if § € M*.

Proof. We have

e ) (L) &)\ T N ()
HE) = E,(aﬂ)p?/o << ,ﬂ>) <x,ﬁe>d"
Ki<X7ﬁf> «° < 7EJ> ( )
ieZ}(OC+1)P?‘</0 (i )3
e ) [ g
B iezz(ocﬂ)p?‘((x,ﬁﬂ)

= F(2)
(w(&)), (4.78)

v

x) by Jensen’s Inequality (4.77)

v
g2

where the last inequality follows because w(Z) = w(§) for w(-) defined as in Lemma 4.6.1, and
so Z is feasible for the optimization problem (4.27) for which F (w(§)) is the optimal value. The
stream of inequalities above establishes (4.76).

We now assume that Assumption 4.1 holds and characterize when equality holds every-

where in (4.76). By the sharp version of Jensen’s inequality, equality holds in (4.77) if and only

(L1006
(L (x00),0¢)

(4.77) if and only if for each i € I, & = a;80 + b;0¢ for some a;,b; € [0,00). For & of this form,

ifx —

is a constant for x € R such that Nf (x) # 0. It follows that equality holds in

Z=b=(by,...,b1). The inequality in (4.78) is an equality if and only if Z is the optimal solution
for the optimization problem (4.27) with w = w(§) = w(Z), i.e., Z = A(W(Z)). It then follows from
Lemma 4.6.1, which requires Assumption 4.1, that the inequality in (4.78) is an equality if and
only if Z € P. Hence, by the definition of M *, both inequalities in (4.76) are equalities if and only

if § € M*, as defined in (4.20). O
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4.10.3 Properties of G: Proof of Lemma 4.7.1

Proof of Lemma 4.7.1. For (i), fix v > 0. If & € ML, then H (&) is finite and w; (&) < v(y,9¢) < oo
for all i € I, and so w;(§) < e for each j € 4, since |I| is finite. It follows that G(§) is well
defined and finite. By Lemma 4.10.3, G(§) > 0. For the continuity, suppose {&, }.en,& are
in MI and &, % € as n — co. Then (T (x,00)5En) = (I (x00), &) for almost every x € Ry where
(L0005 En) < V(1 (e0),0) for each n and x, and so it follows by dominated convergence that
i) = Ji7 (8 ) Bl = wi(E) = [ (L ey E)x and 75(Es) — 5(£) as n - oo for each
i€ l,je€ J.. It then follows from the continuity of H on M{) (see Lemma 4.4.1) and of F on R‘IL*
(see Proposition 4.4.1) that G(§,,) — G(&) as n — . Hence G is continuous on M} .

For (ii), assume that Assumption 4.1 holds and suppose that § € M% for some v > 0.
Noting that G(&) = 0 if and only if equality holds everywhere in (4.76), we conclude from the
last part of Lemma 4.10.3 (which assumes that Assumption 4.1 holds) that G(§) = 0 if and only
if§ e M*. O

4.10.4 Property of Total Mass

The next lemma is an important element in our proof of the convergence of fluid model
solutions to the invariant manifold. The proof, in part, uses some ideas from the proof of Lemma
5.1 in the paper of Puha and Williams [PW16] for a critical fluid model of a single class processor
sharing queue. However, the proof given here also has new elements needed to treat general
bandwidth sharing policies, which allocate bandwidth to routes in a utility-based, state-dependent
manner, whereas for the single class processor sharing queue situation treated in [PW16], the

bandwidth allocated to the class is always one.

Lemma 4.10.4. Suppose Assumptions 4.1 and 4.2 hold. Fix v > 0. Then, for any fluid model
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solution { with {(0) € K}, we have

supmaxz;(t) < By, 4.79)
t>0 el

where zi(t) = (1,5i(t)), i € I, t >0, and By is a finite, positive constant depending only on

v, o, V,p,C, K, (), ).

Proof. It is apparent from the form of the objective function in the optimization problem (2.2)

that we have the scaling property:
0i(rz) = 0i(z) forallieI,z€ RL and r > 0. (4.80)

Fix v > 0. Consider a fluid model solution { with {(0) € K}. By Lemma 4.10.2, we know
that

(%, Ci(t)) <By forallt>0,i€l. (4.81)

Let v = max;c;Vv; and
.. I | 3
Y= minmin ([)i(z):zeR+,zi>Z,zkgiforallke I;. (4.82)

iel -

We note from the properties of ¢ described in Remark 2.2.1 that, for each i € I, ¢; is continuous

and strictly positive on the compact set
I 1 3
Z€R+3ZiZZ,Zk§ Eforallke I,
and so Yy > 0. Furthermore, from the scaling property (4.80) of ¢, we have that for each a > 0,

3
Y= mi?min{(l)i(z) 1z E RI+=Zi > i—:, % < Ta for all k € I}. (4.83)
1€
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Let p= 22" and f (x) = x> — 6Bx + B?. The quadratic function f has two roots, the largest of

which is x* = B(3 +2v/2), and so f(x) > 0 for x > x*. Let * = max(v,x*), £ = (a* — B)/2Vv*,

and b* = a* +v*(. Then f(a*) >0, ¢>0,v*¢( <%, and b* < 3¢

We shall prove the following: forn =0,1,2,..., foreachi e I,

zi(nf) < da* and

zi(t) < b* forallz € [nl,(n+1)4].
Once this is proved, we obtain that
sup supz;(t) <b*,
t€[0,00) i€

and the desired result holds with By, = b*.

(4.84)

(4.85)

(4.86)

We shall prove (4.84)—(4.85) by induction. Before commencing that proof, we first prove

some preliminary estimates that hold for alln = 0,1,2,. ... For this, fix n € {0, 1,

We consider two cases:
(D zi(s) #0foralls € [nl,(n+ 1),

(I) z;i(s) = 0 for some s € [nl,(n+ 1)¢].

2,...}andi€ I

In case (I), by Proposition 4.2.3, on setting x = 0 in (4.9), we have for € [nl, (n+ 1)/,

Zi(t):Mt(O) = nfz ‘I'VI/N
Ml ( n€1)+v ¢

Sn t_l
fO - Mnﬁ( )dx
5261

wi(nf)
Sl

nl.t

IN

IN

+V*Y,

IN

+ VY,
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where we used the non-increasing property of A_lig(-) for the inequality in (4.88). Setting
t = (n+1)¢in (4.89), we obtain

(nt B
Sl.w’ﬂ FVHS v, (4.90)

nl,(n+1)¢ nl,(n+1)¢

zi((n+1)0)

where we used Lemma 4.10.2 for the last inequality.
Thus, in case (I), if z;(nf) < a*, then by (4.87), since A_/Iilg(-) is non-increasing, we have
forallz € [nl,(n+1)¢]:
(1) S MLy(0) + Vi < a* + vl = b*. 4.91)

Hence, we see that in case (1), (4.85) follows once (4.84) is proved.
In case (II), by Proposition 4.2.3, for ¢ € [nf,sy) where 5o = inf{s > nf: z;(s) = 0}, if

zi(nf) < a*, then

zi(?)

IN

zi(nf) +v*¢ (4.92)

< a4Vl =>b", (4.93)

and for any 7 € [so, (n+ 1)/, either z;(r) = 0 or z;(¢) > 0 and by Remark 4.2.3, for s, = sup{s €
[nl,t) : zi(s) = 0}, we have

t_ .
zi(t) = Vi/Ni(erSZ,t)d”
St

A

IN

IN

b*. (4.94)

Thus, in case (I), if z;(nf) < a*, then z;(t) < b* for all 7 € [nl, (n+ 1)£].

Combining all of the above, we see that in either case (I) or case (I), (4.85) follows once
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(4.84) is proved. Also, in case (II),

(n-H)Z_ )
w((n+1)0) < i / Ni(x+S.,)du
S(n+1)0 7

v/

IN

IN
|

(4.95)

We now proceed to the induction proof. Consider first the case of n = 0. Fix i € I. Then
by the definition of a*, z;(0) < v < a*, and from the consideration of cases (I) and (I) above, it
follows that z;(z) < b* for all ¢ € [0, ¢]. Thus, (4.84) and (4.85) hold for n = 0 and since i € I was
arbitrary, they hold for all i € I for n = 0.

Suppose now for the induction step that (4.84) and (4.85) hold for some n > 0 for all i € 1.
We desire to prove that these inequalities hold with n+ 1 in place of n for all i € I. For this, fix
i € I. By the consideration of cases (I) and (II) above, we know that it suffices to prove (4.84)
holds with n+ 1 in place of n, since (4.85) follows once (4.84) is proved with n 41 in place of n.

We consider two cases:
(i) zi(s) < % for some s € [nl, (n+ 1)¢],
(i) zi(s) > & forall s € [nf, (n+1)4).

Consider case (i) first. If z;(s) = 0 for some s € [nl, (n+ 1){], then we are in case (II) and
by (4.95), we have that z;((n+ 1)¢) < a*/2 < a* and then (4.84) holds. On the other hand, if
zi(s) # 0 for all s € [n¢, (n+ 1){], then by Proposition 4.2.3 we have

i i (n+1)0__ ;
zi((n+1)0) < M(n—i—l)f(o):Mtn<Stn,(n+1)£)+Vi/t Ni(S,, (n+1)0)du

IA
&
* o~
=
~—
+
<
*
[

IN

< a, (4.96)
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where t,, = inf{s > nf : z;(s) < ”ﬁ‘—*} Thus, (4.84) holds with n+ 1 in place of n in case (i).

Now we suppose that we are in case (ii). Then, we are also in case (I), and by (4.90) we

have that
; B
w((n+1)0) < M PV v (4.97)
Sné,(nJrl)K nl,(n+1)¢
where
i (D 9 (2(s)) )4
Sut ey = /M stz b (4.98)

and we have used the property (4.83) of y with a = a*, and the facts that for all s € [n/, (n+ 1)/],
zi(s) > % (since we are in case (ii)), and zx(s) < b* < % for all k € I (since (4.85) holds with

arbitrary k in place of i, by the induction assumption). Combining (4.97) with (4.98), we obtain

zi((n+1)0) < B;é;* +v*l
1 * * *
= o7 (4B(a* +V*E) + (2v*E)?)
= g (48" +2B(a" ~B)+ (@ —p))
— m«a*)%wa*—ﬁz) (4.99)

where we substituted for b* and used the definition of [ for the second line, substituted for ¢ for
the third line, and simplified the expression for the last line. The expression on the right hand

side of the inequality in (4.99) is less than or equal to ¢* if and only if

(a*)? —6Ba* + B> > 0. (4.100)

The left hand side of (4.100) is f(a*) and it follows from the fact a* > x*, the largest root of the

quadratic f, that (4.100) holds. It follows that we must have z;((n+ 1)¢) < a*. This concludes
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the proof that (4.84) holds with n+ 1 in place of n in case (ii).
Combining all of the preceding arguments, and using the fact that i € I was arbitrary, we
see that (4.84) (and hence (4.85)) holds with n+ 1 in place of n for all i € I. This completes the

induction step and hence (4.84) and (4.85) hold foralli€ I andn =0,1,2,.... ]

4.11 Proofs of Main Results: Theorems 4.8.1, 4.8.2 and 4.8.3

4.11.1 Proof of Theorem 4.8.1

Proof of Theorem 4.8.1. Property (i) follows by combining Lemma 4.3.1 with Lemma 4.7.1
and the continuity of {(-) on [0,c0). (We note that this part uses Assumption 4.2, but does not
need Assumption 4.1.) For property (ii), for > 0, by Lemma 4.3.1 and (ii) of Lemma 4.7.1,
G5(1) = 0 if and only {(r) € M*. Furthermore, by Lemma 4.3.1, {(¢) € K{)? and so it has no
atoms (including no atom at zero). It follows that M ™ can be replaced by M in the “if and
only if” statement. Hence, property (ii) holds. For property (iii), by Theorem 4.4.1, H C() is
non-increasing. Furthermore, F(w({(-))) is non-decreasing by Proposition 4.4.1 and Lemma
4.10.1. Hence G5(-) is non-increasing. In addition, by Theorem 4.4.1, #5(-) is strictly decreasing
at all 1 > 0 such that {(r) ¢ M, which implies G5(-) is strictly decreasing at all > 0 such that

Ct) & M. O

4.11.2 Fluid Model Solutions Stay in Relatively Compact Sets

The next lemma provides a key step in the proof that fluid model solutions stay in certain

relatively compact sets.

Lemma 4.11.1. Suppose Assumptions 4.1 and 4.2 hold. Fix v > 0. For any fluid model solution
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¢ with {(0) € KL and any t > 0, let 25(1) = (1,4(t)). Define

t
My = { fzé(i)) 1 ()20} ci€ I,t > 0,Cis afluid model solution with {(0) € K{)
(4.101)

Then M,, < oo,

Proof. For any fluid model solution { with {(0) € K}, for any # > 0 and i € I such that z? (r) >0,

by Proposition 4.5.1, we have

(4.102)

where p5(r) € R satisfies conditions (4.28)~(4.31) with p = p5(r),z = z5(t) and v = ¢(z5(r)).
Suppose, for a proof by contradiction, that there is i € I, a sequence of fluid model
solutions {Cn}neN with £"(0) € K!, and an associated sequence of times {t,},cn, such that
Z(ty) # 0 and { e }n .y is unbounded. Here we use z"(-) to represent z¢'(-) for simplicity.
(Note also that £" here is not the smoothed version of { used in Section 4.9.) Since || =J is
finite, R is a matrix of zeros and ones, and k; and o are fixed positive constants, by (4.102), we
have that there exists { j; } ,en C J such that R;:; = 1 for each n and such that { P (tn)},,eN is an

unbounded sequence of positive real numbers. By (4.28), for each n, since pg* (ty) > 0, we have

Y R (1) =C;. (4.103)

ke L. (2" (tn))

Let Cpin =min{C;: j€ J} and d = C””” > 0. Then for each n, there is i, € I..(z"(t,)) such that

Rj:i» = 1 and ¢;: (" (,)) > 6. Combining this with Lemma 4.10.4, we have

B R 4.104
@) B (109
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for each n. Now, by (4.30) with i) in place of i, we have

Z(tn) (Zje]p;;" (tn)Rji;*,)é‘

— (4.105)
iz (" (1)) K
n n* In
Since Rj:;» = 1 and { p% (tn) }nen is unbounded, it follows that % diverges as n — oo, which
contradicts (4.104). Because of this contradiction, it follows that M,, is finite. L]

With Lemma 4.11.1, we can prove the following strengthened form of Lemma 4.3.1,

under the added assumption that the fluid model is critical, i.e., Assumption 4.1 holds.

Lemma 4.11.2. Suppose Assumptions 4.1 and 4.2 hold. Fix v > 0. For any fluid model solution

¢ with £(0) € KL, we have {(t) € KL, for all t > 0, where
V= D—|—Mbmalxp,-. (4.106)
IS

Proof. Fix i€ I and a fluid model solution £ with £(0) € KL. For any ¢ > 0, if {;(¢) = 0, then the
result holds for any v* > 0. If {;(¢) # 0, let tp = sup{0 < s <1 : {;(s) = 0}, where sup(0) = 0.
Then ;(+) is nonzero on (fy,7] and {;(t9) = 0if tp > 0. For s € (1,¢] and x € [0,0), by (4.9),

_i _i . t_ .

M) = M\ (x+5%) 4 vi [ NS, )du

zi(u) Ai(u)

Ai(u) zi(u)

d(—S,’”)
du

. t _
ST+ [ VN (x+ L)
s

. t .
< M,(x) —|—MDV,~/ Ni(x+S.,) du
| ,

x—}—SgJ - .
= M(x) +MDV,-/ Ni(y)dy withy=x+S,, (4.107)

< M. (x) + MypilN; (), (4.108)
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where we used Lemma 4.11.1 for the second inequality. Now let s | 79 in (4.108) to obtain

v v

My (x) < M, (x) +Mypil; (x),
where M, (x) < zi(1o) = 0 if fo > 0 and M, (x) = Mg(x) < VN (x) if 7o = 0. Then for all 7 > 0,

iel,

]\7; (x) < VNS (x) for all x € [0,00), (4.109)
where v* is given by (4.106). Combining with Proposition 4.2.2 yields the desired result. [

Remark 4.11.1. The substitution step in (4.107) is similar to one used in the proof of Corollary

5.1 in [PWI16]. However, the new crucial step here is to use the uniform bound on IZ\’L()) Jfrom

Lemma 4.11.1.

4.11.3 Proofs of Theorems 4.8.2 and 4.8.3

Our proofs of Theorems 4.8.2 and 4.8.3 draw on some arguments in the proofs of Theorems
3.2 and 3.1, respectively, given in [PW16] for the case of a single class processor sharing queue.
However, multiple details are more complicated in our more general setting. In particular, our
Lyapunov function G is different, our fluid model solutions can have components that reach zero

and we also have a less restrictive precompact set KX than in [PW16].

Proof of Theorem 4.8.2 (Monotone convergence of gC() to zero). Fix v > 0. The monotonic
decreasing property is an immediate consequence of Theorem 4.8.1. So it suffices to prove the
uniform convergence to zero. Note that by Lemma 4.11.2, for v* as given there, and all fluid

model solutions  satisfying {(0) € KL, we have {(¢) € KL, for all r > 0. Given € > 0, let

Ge={teM..:G(E) <e}. (4.110)
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It suffices to show that there exists T; > 0 such that for all { with {(0) € KL, we have {(¢) € G¢
forallt > Tz.

By Lemma 4.7.1, G is continuous on M{) Then
GE=ML\Ge={EcM.. :G(E) >¢} (4.111)

is a closed set in the compact set M{)* and hence is compact. By Lemma 4.7.1(i1), we have
GSNM* = 0. Then by Lemma 4.4.4, K(§) < 0 for all £ € GS. By Lemma 4.4.3, K is upper
semicontinuous on the compact set G¢, and so it achieves its maximum there, which will be
strictly negative. Let 8 > 0 be such that K (&) < —3 for all § € G¢. Then for any ¢ > 0 and fluid

model solution { with {(0) € K{), since F(-) > 0 and using Theorem 4.4.1, we have for any ¢ > 0,

0< G(t) = Ho(r) — F (w(E(r)))
< H5(1)

= ﬂ§(0)+/0t K5 (s)ds. (4.112)

Let 15 = inf{r >0:¢(t) € G¢}. Then by (4.112), since K°(s) = K({(s)) where K has a maximum

of —0 on G§, we have

HEO) 1 w99 (01)%

¢ <
R 8(0c+1)l.§ p?

=T¢.
Since 1 — G%(t) is non-increasing, by Theorem 4.8.1, it follows that {(r) € Ge for all t > T;.

Since T; does not depend on the particular  chosen, the desired result follows. 0

Before proving Theorem 4.8.3, we first prove the following two lemmas. The first lemma
is like Theorem 4.8.3, but with M* in place of M. The second lemma will be used to derive

Theorem 4.8.3 from the first lemma.
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Lemma 4.11.3. Suppose that Assumptions 4.1 and 4.2 hold. Fix v > 0. For any fluid model
solution { satisfying {(0) € K&, {(t) converges towards M* as t — oo, uniformly for all initial

measures in K{), ie.,
tlim sup{dy(§(t), M*) : { is a fluid model solution with {(0) € KL} = 0. (4.113)
—>00

Furthermore, given € > 0, there is 0 > 0 such that

sup{dy(§(t), M*) : { is a fluid model solution with {(0) € K and dy(¢(0), M*) < 8} <e.

t>0
(4.114)

Proof. Fix v > 0. By Lemma 4.11.2, with v* as given there, for any fluid model solution with

¢(0) € KL, we have {(r) € KL, forall # > 0. For each a > 0, let
D,:={{cM, :di(§, M*)>a} and G,:={EcM.. :G(E) <a}.

For the proof of (4.113), consider € > 0 fixed. Since § — dy(§, M™) is a continuous

function on ML, Dy is a closed subset of the compact set M{)* and hence is compact. By Lemma

¥
4.7.1, G is strictly positive on De. Then by the compactness of Dg, there is 8;(€) > 0 such that
G(§) = 81 (¢) for all § € De. Hence De C G§ 0 = M{)*\Ggl(g) and so Gg, () C Dg = ML \D;.
By Theorem 4.8.2, there is Ty, (¢) < o such that {(t) € Gg,(¢) for all # > T, ¢y, for all fluid model
solutions { satisfying {(0) € KL. It follows that dy({(¢), M*) < € for all t > Ts, () and all fluid
model solutions { satisfying {(0) € K. The result (4.113) follows since € > 0 was arbitrary.

For the proof of (4.114), fix € > 0 and let d;(€) be as defined above. Since G is a

I

continuous function on the compact set My 4,

it is uniformly continuous there. Also, G is zero on
M, =M*NM. _ . Itfollows that there is & € (0, 1) such that G(&) < 8, (€) whenever { € ML _ |
and dy(§, M}, ;) < 8. If { is a fluid model solution with {(0) € K! satisfying dy({(0), M*) < §,

then there is | € M * such that dy(£(0),m) < 8. By the form of the elements of M *, we have for
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alli € I, (T e0),Mi) < (1,M;)(Ljxe0), 9f) where (1,m;) < (1,5;(0)) +6<v+1,andson € M.
It follows that dy(§(0), M, ;) < & and hence, by the choice of 5, G({(0)) < 81(¢). By Theorem
4.8.1,t — G(t) = G(L(r)) is a non-increasing function and so G({(z)) < &;(¢) for all z > 0. By
Lemma 4.11.2, we also have that {(¢) € K}.. Thus, {() € G, e C ML, \ D¢, from the first part
of this proof. It follows that dy({(7), M*) < € for all # > 0. The desired result (4.114) follows. [J

The following lemma is a vector measure analogue of Lemma 4.4 in [PW16].

Lemma 4.11.4. Suppose that & € MY and 0 > 0 such that dy(§, M*) < 0. Then
di(§, M) < ma]X&i([O,e))H@- (4.115)
1SS

Proof. There ism € M* such that dy(&,M) < 6, and there is a € R and b € P such that for each

i € I,M; = a8+ bid¢. Let 9" = b;0¢ for i € I. Note that 9% € M. Then,
dy(§, M) < di(§,0°") <di(§,m) +di(n,0°") < 6+ maxa;, (4.116)
where by the definition of the metric dj,
a; =m;({0}) <&;([0,8))+6 foreachic I. (4.117)

Combining the above, yields the desired result (4.115). ]

Proof of Theorem 4.8.3 (Convergence to the invariant manifold). We first note that for any 6 > 0
and any fluid model solution { satisfying {(0) € K}, forz > 0,i € I, and t; = sup{s <1 : z;(s) = 0}

where z;(s) = (1,{;(s)), using the fact that {;(¢) has no atom at {0} and letting s | #; in (4.9)
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(when ¢; # t), we have that

Ci(1)([0.8)) = M,(0)—M,(6)

i 7 i ' (i N i
= Lgumoy (Mo(Sh,) = M5(8-+55,)) +vi [ (Ni(St) ~Ni(8+51,)d
— i — i S;i,z_ _
< Lumoy (M(Sh,) ~Mo®+S5,)) +vibdy | ' (Wily) ~Ni(8-+3))dy
< Loy (M0(Sh,) ~ Mo(®+Sh,)) +vibto [ Ni(r)dy
< Lgmop (Mo(Sho) — Mo(0+S5,) ) + Vi, (4.118)

where for the third inequality, we used the change of variable y = S ,"” and the upper bound of M,
on z;(u)/Ai(u) for u € (t;,t) afforded by Lemma 4.11.1, and for the last inequality we used the
fact that N;(-) is bounded by one.

We first prove (4.36). For this, let € > 0 and

0= ¢ e(0.5)
_3(1+D+Mumaxielvi) "3/

By Lemma 4.11.3, there is Te(l) > 0 such that
di({(r), M*) < forallt>T." (4.119)

for all fluid model solutions { satisfying {(0) € K{) Then for each such fluid model solution, by

Lemma 4.11.4, we have

dy({(r), M) < max§;(t)([0,0)) +26 forall ¢ > T, (4.120)

iel
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and by (4.118), the fact that {(0) € K{), and since by Lemma 4.11.1,

. o t
561‘ = / ¢I(Z(u))du Z ——  when ti = O,
’ 0 Zi(u) M,

we have foreachi € I,

Gi()([0,8)) < LymoyMy(Sh,) +ViMyB

< ON;(t/My) 4 viMy8. (4.121)

Let 7,%) be such that for each i € I, N¢(t/My) < 0 for all ¢ > T,”). Combining this with (4.120),
(4.121), and the definition of 6, we see that for all r > Te(l) V Te(z), for any fluid model solution {

satisfying {(0) € K}, we have

dy(C(1), M) < +% —e. (4.122)

W] m

Since € > 0 was arbitrary, it follows that (4.36) holds.

We now turn to proving (4.37). For this, fix € € (0,1). It suffices to consider such an
g, since a & that works for such an ¢ also works for all larger €. Because N (-) is uniformly
continuous on [0,0) and i € I takes finitely many values, there is h¢ > 0 such that for all i € I

and 0 < h < he, we have

_ — €
sup (N;(x) —N;(x+h)) < : (4.123)
o) 4(v+1)
Let
0 — min (€, ¢ . (4.124)
3 4(1 +M, maX,‘EIV,‘)

By the last part of Lemma 4.11.3, with 6 in place of € there, we can find § € (0,6 A 1) (not

98



depending on {) such that
dy(C(¢), M*) <6 forallt >0, (4.125)

for all fluid model solutions  satisfying (0) € K} and dy({(0), M) < 8. It follows from Lemma

4.11.4 that for all such fluid model solutions C,

di (L), M) < max&;(£)([0,6)) +20 forall > 0. (4.126)

icl

Since dy(£(0), M) < §, there is b € P such that dy({(0),9?) < § where ﬁf’b = b;9¢ and b; <

v+ 0 for each i € I. It follows from this and (4.118) that for any ¢t > 0O and i € I,

Gi(1)([0,6))

IN

Lii=0y ((L(s, 05,1 6i(0))) +ViM»0

Lii=0y (bi(L (i ~8)* -5}, +5) i) +8) +ViMu®

IN

L (=03 (bi(N7 ((So, — 8) ") = N7 (0+Sp, +8)) +8) + ViMy6

< (0+8)( sup (N;(x) —N;(x+0+28)) +8+v;My0
x€[0,00)
< (v+1) ¢ + 0+ VM0
- 4(v+1) e
€
< Z
< 5 (4.127)

where we used (4.123), the facts that 8 <O A 1 and 6+ 28 < 360 < A, for the second last inequality,
and we used the definition of 0 for the last inequality. Combining (4.126) with (4.127) and the
fact that © < %, we find that

dy(C(2), M) <e forallt >0, (4.128)

for all fluid model solutions { satisfying £(0) € K} and dy(£(0), M) < 8. Hence (4.37) holds. [J
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Appendix A

Supplementary Lemmas

Lemma A.1. For each z* € RY, 0;(-) is continuous at 7* for each i € I, (z*).

We first observe that «;z;U;(W;/zi) = ®izi"Ui(y;) for all y; > 0,i € I.(z),z € RL. So the
objective function in the utility maximization problem (2.2) is the same as Y e, (7 Kz Ui ().
Fix z* € RL. We want to show that for each i € I, (z*), z — ¢i(z) is continuous at z = z*,

where ¢(z) = (¢1(z), ..., 01(z)) is the optimal solution of (2.2). For convenience, for z € RL, let

G(y") = ) iz "Ui(w),
i€l (z)
where Wt = (y; : i € I;(z)) will be regarded as a vector in ]RLZ* @I (this vector contains all of the
positive entries of any feasible vector y € REF for the optimization problem (2.2)).
Let € > 0 be sufficiently small that the open ball B in R‘f(z*)‘, that is centered at
0" (") = {0i(z") : i € I,(z")} and has radius € > 0, is a strictly positive distance from the
boundary of the orthant RL{* @I Let D, denote the compact set of y' = (y; :i € I, (z*)) in

R'f* 1 that satisfy the constraints:

Y Ruy;<Cjforall jeJ, y;>0forallic I,(z*), y'¢B.
i€[+(Z*)

101



We claim that there is 1 > 0 and §; > 0 such that for all z € R, satisfying |z —z*| < &;

and ' = (y;:i € I, (%)) in De, we have

Y. ®z Ui(wi) < Gz (07(2) = . (A1)

e I+ (Z*)
Here | - | denotes the usual Euclidean norm. Note that the sum in (A.1) is only over i € I, (z"),
even though the functions being summed have z; not z; in them. The claim can be proved using
an argument by contradiction as follows. Suppose that for each positive integer n there is 7" € REL

such that |z" — z*| < 1/n and y'" = (y},i € I(z*)) € D¢ such that

Y @)U > 6o (07 (A2)
i€ (z) "

Then 7* — z* as n — oo and, since D¢ is compact, by passing to a suitable subsequence, denoted
by {ni}7>_,, we may assume that W' — y* for some y* € D¢ as k — oo. Forany i € I, (z*) such
that o; € (0,1), the term ;(z})%U;(y?) in the left member of (A.2) is jointly continuous in z}
and Y} and so with n replaced by ny, this term tends to the finite value x;(z})“U;(y}) as k — oo.
For any i € I (z*) such that o; € [1,00), if W} > 0, then U;(y*) tends to U; (W) as k — oo; on the
other hand, if ¥} = 0 then U;(y}*) tends to —eo. In fact, the latter cannot occur; because, if it did,
taking the liminf as k — oo in (A.2), with n; in place of n, and using the fact that z?" — 2z >0as
k — oo for i € I, (z*), would yield a contradiction to the finiteness of the right member of (A.2).
Consequently, we can pass to the limit as k — oo in (A.2), with ny in place of n, to conclude that

y* € Dg and
Y k(@) %Ui(]) > G (07(27)). - (A3)

i€I+(Z*)

Recognizing the left member of (A.3) as G,«(y*), this implies that y* € D¢ and ¢*(z*) € B, are
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two distinct maximizers for the optimization of G(-) over the set

{WT € RL{*WN : Z Rjjy; <Cjforall j € j}.
i€l (z*)
This contradicts the uniqueness of such a maximizer (see Remark 2.2.1). This last contradiction
implies that the claim associated with (A.1) is true.
Without loss of generality, we can assume that the 8; > 0 in the claim proved above is
small enough that for all z € RL such that |z —z*| < §; we have z; > 0 for all i € I;.(z*), which

implies that 1, (") C Iy (z) and for y* = (v : i € 1, (z)) € R,

Gy )= Y wzUlw)+ ), xz'Uly). (A.4)

iel, () i€ (2)\ I+ (z%)

Note zf =0 foralli € I (z)\ I+(z*), and for all y* satisfying

Y, Rjiyi<Cj, forall je], (A.5)

i€ I (Z)

we have U;(y;) < U;(C*) for all i € I (z) where C* = max ey C;. It follows that there is &, €
(0,8;) such that the last sum in (A.4) is less than 1/4 for all z € RY satisfying |z —z*| < 8, and
Yt e ]le(z)' satisfying (A.5). Combining this with (A.1) and (A.4), we see that for such z and

yt, if in addition, W' = (y; :i € I, (z*)) ¢ Be, then
G(y") <G+ (0"(z") — (A.6)

On the other hand, consider the first sum on the right side of (A.4). By the continuity of
the U;(-) on (0,00) and since ¢;(z*) > 0 for all i € I, (z*), there is 83 € (0,8;) such that for all

z€ R satisfying |z —z*| < 83 and all y' = (y; : i € I.(z%)) satisfying [y — 0*(z*)| < 83, we
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have

y;>O0foralli€ I (z*) and Y wz{'Ui(y) > G+(9"(z")) —

iEL,. (Z*)

(A7)

3

In particular, an allowed value of such a y' is W* = (¢7(z*) — % :i € I(z")). For this y*, if
Jj € J such that ¥, (+)R;i0; (z*) = Cj, we must have that R;; = 1 for some i € I, (z*) and
then Y, (o RjiWi < Cj— %. Furthermore, there is 84 € (0,83 /2I) such that for those j € J
satisfying Yie, () Rjid} (z*) < Cj, we have Yeq, () R;i¢0* (%) < Cj — 84. Then, y* satisfies
Yicr, (z)RjiWi < Cj— 84 for all j € J. Then, for any z € RY satisfying |z —z*| < 84, we can
define a vector Y (z) in ]R'f(z)‘ such that y(z) = \|llT for i € I, (z*) and W’(z) = 8—14 for all

i € I (z) \ I (z"). Then Yie . () RjiW?(z) < Cjforall j € 7, and by (A.4) and (A.7),

G 2 G0N -1+ Y wau(Y). (A8
i€l (2)\ I+ (z%)

Forie I, (z)\ I+(z"), we have that z = 0, and so there is s € (0,84) such that the sum that is

the last term in the above is smaller in magnitude than 1)/4 for all z € R, satisfying |z —z*| < 8s.

Then, for all z € RL such that |z — z*| < 85, we have that W’ (z) (expanded to a vector in RY, that

has zeros for the components indexed by i ¢ I, (z)) is feasible for the optimization problem (2.2)

and by (A.8) and (A.6),

G.(W(2) > G=(0"(")~
> Gi(y") +2
forall y© = (y;:i€ I,.(2)) € le(z)‘ that satisfy (A.5) and are such that y' = (y; :i € I (z"))
is not in Bg. It follows that the optimal solution ¢(z) must be such that (0;(z) : i € L, (z")) is
in Be. Hence Yicy, () [0i(z) — 0i(z")|> < €2 whenever |z —z*| < 8s. This proves the desired

continuity. [
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Lemma A.2. Let C={f € C)(R4): £(0) =0}. If§(-) is a solution for the fluid model, then for

each f € C property (iii) in Definition 2.3.2 still holds.

Proof. Fix f € C. We first consider the case where f has compact support contained in [0, M] for
some M > 1. Let {g,}_, be a uniformly bounded sequence of continuous functions on R, such
that each g, has support in [0,M], g,(0) = 0, and g, (x) — f’(x) pointwise for each x € (0,0) as
n — oo. For each n, let f,(x) = [ gn(t)dt, x € [0,00). Then f, € C for each n, f, = g, converges
to f’ pointwise and boundedly on (0, o), and by bounded convergence, f, converges pointwise to
fon [0,M] and also on [M, o) since f,(x) = fu(M) — f(M) = f(x) for all x > M.

The property (2.4) holds with f,, g, in place of f, f’, respectively. Hence,

A,'(S)
zi(s)

L(0,00) (Zi(s))dS+Vi<fn>ﬂi>/0 1 (0,00) (zi(5) ).
(A.9)

(i) = G0 = [ ensi(5)

By the bounded convergence theorem, since ;(z), ;(0), ;(s), 9; are finite measures on R
that do not charge the origin, as n — oo, we have (f;,, (1)) — (f,Ci(2)), (f4,5i(0)) = (£, Ci(0)),
(gn,Ci(s)) — (f',Ci(s)) for each s > 0, and (f,,,9;) — (f,9;). Furthermore,

A,'(S
Zi(s)

~—

{gn,Ci(s))

sup
s€[0,1]

< sup|[gne(maxC;) < oo.
n J€J

Combining the above and using bounded convergence again for the second term in the right side
of (A.9), we can let n — oo in (A.9) to show that (2.4) holds for f. Thus, (2.4) holds for f € C that
has compact support in [0, M| for any M > 1. In particular, for an arbitrary f € C, it holds with
fxum in place of £ and (fxm) = f'%m + fX); in place of f’, where y is a function in C}(R+)
that equals 1 on [0,M — 1], is zero on [M, o), and is monotonically decreasing on [M — 1,M]
with first derivative bounded in absolute value by 2. Then using the facts that fy, and (fya)’
converge pointwise and boundedly on R to f and f’, respectively, as M — oo, using bounded

convergence again, we conclude that (2.4) holds for all f € C. 0
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Appendix A in full is extracted from the Appendix of “Stability of a Subcritical Fluid
Model for Fair Bandwidth Sharing with General File Size Distributions”, Stochastic Systems,
Yingjia Fu and Ruth J. Williams, Volume 10, Number 3, 2020. The dissertation author was the

co-author of this paper.
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Appendix B

Hazard Rate

Definition B.1. Assume that € is a probability measure on Ry defining the distribution of an
absolutely continuous, non-negative random variable with probability density function j(-) and
cumulative distribution function J(-). The hazard rate function for & is defined by

J()

= () Jor 0 <x<x",

q(x) =

where x* = inf{x > 0: J(x) = 1}. The distribution is said to have bounded hazard rate if there is
a finite constant L such that

q(x) <L forall0<x<x"

It turns out that in order to have a bounded hazard rate, the support of the distribution

must be unbounded and so, in this case, x* = o and
g(x) <L forallx e (0,00).

Under Assumption 4.2, we have (1, o), 9i) < Co(1(xe0), 0¢) for all x € [0,e0), which is

) . o (L)
equivalent to 9¢ having bounded hazard rate, noticing < EX 1;> )

is the density of ¥¢. A sufficient

condition for 9¢ to have bounded hazard rate is that 0; is absolutely continuous with bounded
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hazard rate. To see this, note that if g;, j;, J; are the hazard rate, probability density and cumulative
distribution function, respectively, for an absolutely continuous U; for some i € [ and L; is a

bound for g;, then for all x > 0, we have

1 /= 1—J,-(x)

/xw(l—fi(y))dyz z . Jiy)dy = —=—=2,

and consequently,
(1 (x,00), O 1 —Ji(x)

LT o (e D) Pl

We now give some examples of common distributions with bounded hazard rates.

e Gamma Distribution. The probability density function has the form

Jjlx)= e forx>0,

where a,b > 0 are parameters. The hazard rate corresponding to this Gamma distribution is

xb—le—ax

Q(.X') = m for x > 0.
X

If 0 < b < 1, the hazard rate function is decreasing, but it is unbounded on (0,00). If b =1,
the Gamma distribution is the exponential distribution with constant hazard rate function
equal to a, which is clearly bounded. If » > 1, the hazard rate function is increasing and
using the asymptotic behavior of the incomplete gamma function at infinity, we see that

limy_,. ¢(x) = a and so ¢ is bounded.

e Fareto Distribution. The probability density function has form

a

, a
jx) = xafl for x > xp,
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where a > 0 and x,, > 0 are parameters. The corresponding hazard rate function is g(x) = ¢
for x > x,,. This function is decreasing and bounded on [x,,,). Note that we must have

a > 2 in order for such a distribution to have finite first and second moments.

e Lognormal Distribution. A random variable X follows the lognormal distribution if ¥ =

log(X) is normally distributed. The probability density function is therefore given by

_ 1 (lnx—a)z)
X) = exp| ———=—=— | forx >0,
i) = e (-5

where a € (0,00) and 6 > 0 are parameters. The hazard rate function is given by

exp (- 55

xov/2m(1 - @(11e) )

q(x) = , forx > 0.
where ® is the cumulative distribution function for the standard normal distribution. It can
be shown, see e.g., [Swe90], that the hazard rate function tends to zero at zero and infinity

and has a maximum in between. Thus it has an inverted bathtub shape and is bounded.

Appendix B in full is extracted from the Appendix of “Asymptotic Behavior of a Critical
Fluid Model for Bandwidth Sharing with General File Size Distributions”, preprint, Yingjia Fu
and Ruth J. Williams, and is slightly rewritten. The manuscript has been submitted to a major

applied probability journal. The dissertation author was the co-author of this paper.
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