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Lipschitz decompositions of domains with bilaterally flat
boundaries

Jared Krandel

Abstract

We study classes of domains in R4+ d > 2 with sufficiently flat boundaries which admit
a decomposition or covering of bounded overlap by Lipschitz graph domains with controlled
total surface area. This study is motivated by the following result proved by Peter Jones as
a piece of his proof of the Analyst’s Traveling Salesman Theorem in the complex plane: Any
simply connected domain 2 C C with finite boundary length H!(92) < oo can be decomposed
into Lipschitz graph domains with total boundary length at most MH!(9Q) for some M > 0
independent of . In this paper, we prove an analogous Lipschitz decomposition result in
higher dimensions for domains with Reifenberg flat boundaries satisfying a uniform beta-squared
sum bound. We use similar techniques to show that domains with general Reifenberg flat
or uniformly rectifiable boundaries admit similar Lipschitz decompositions while allowing the
constituent domains to have bounded overlaps rather than be disjoint.
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1 Introduction

1.1 Overview

In many areas of analysis, general domains which are somehow “close” or well-approximated by a
Lipschitz domain tend to have many desirable properties.

Definition 1.1 (Lipschitz domains). We say that Q@ C R is a Lipschitz domain if for each
p € 01, there exists r > 0 such that B(p,r) N0 is a Lipschitz graph.

For instance, the idea of finding good Lipschitz domains inside of more general domains has an
important place in the study of harmonic measure in the plane and beyond [DJ90], [Dah77], [Bad10],
[Azz18]. Lipschitz domains have similarly been used to give characterizations of rectifiability and

uniform rectifiability [ABHM19|, [ABHM17|, [BHI7|, [GMTIS8]. The slightly stronger notion of a

Lipschitz graph domain has also played an important role in quantitative geometric measure theory.

Definition 1.2 (Lipschitz graph domains). We say that an open, connected set Q C R+ is an M-
Lipschitz graph domain if the following holds: There exists a composition of a translation, dilation,
and rotation A with image domain 2 = A(Q2) such that there exists a function rg : S? — Rt with

89 = {rﬁ(e)e 0 Sd}
and, for any 0,1 € S¢

r5(0) — re ()] < M0 — 4],

1
— <7 <1
1+M—TQ(9)—

Intuitively, a Lipschitz graph domain is a “Lipschitz graph over a sphere”. These domains
appear in the following striking result due to Peter Jones which is the primary inspiration for this
paper:

Theorem 1.3 ([Jon90] Theorem 2). There exists a constant M > 0 such that the following holds:
For any simply connected domain Q C C with H'(0€) < oo, there is a rectifiable curve I' such that

o\T =9,
J
where §; is an M-Lipschitz graph domain for each j, and
> H(09;) < MH(09).

J

We informally say that Theorem [I.3|gives a Lipschitz decomposition of a domain € in the sense
that € is written as a union of closures of disjoint Lipschitz graph domains with boundary lengths
controlled by the boundary length of 2. Also see [GIM92] for a similar result for minimal surfaces
in R™. Despite being geometrically interesting in and of itself, Theorem [I.3] has an important place



in the history of quantitative geometric measure theory because it is central to Jones’s original proof
of the Analyst’s Traveling Salesman Theorem in R2?. This central result gives a characterization of
subsets of rectifiable curves and an estimate on their lengths in terms of a quantity called the Jones
beta number which measures how close a subset £ C R? is to being linear locally.

Definition 1.4 (Jones beta number). Let E,Q C R? where @ has finite diameter. We define the
B-number for F in the “window” @ by

. dist(z, L)
Q=14 2 gy

where L ranges over all affine lines in R2.

Theorem 1.5 (cf. [Jon90] Theorem 1, [Oki92] in R", n > 2). Let E C R%. E is contained in a
rectifiable curve if and only if

BR(R?) =diam(E) + > Ap(3Q)*diam(Q) < oo

QEA(R?)

where A(R?) is the set of all dyadic cubes in R? and 3Q is the cube with the same center as Q but
three times the side length. If 3 is a connected set of shortest length containing E, then

BE(R?) S H(2) (1.1)

and

BL(R?) 2 H (D). (1.2)

There are now many results referred to as “Traveling Salesman Theorems” which share the
general structure and philosophy of Theorem but take place in different spaces such as Hilbert
space [Sch07], Banach spaces [BM23al], [BM23b|, Carnot groups [Li22], graph inverse limit spaces
IDS16], and general metric spaces [DS21], [Hah05]. Many also apply to different geometric objects
such as Jordan arcs [Bis22|, Holder curves [BNVI9|, higher-dimensional sets [AS1S|, [Hyd22al,
[Hyd22b|, [Ghi20], or measures [BS17]|, [BLZ23].

Jones proves Theorem essentially as a corollary of Theorem Roughly speaking, given
a rectifiable curve I' C D, one can apply the Lipschitz decomposition result to each component of
D\ T and use the boundaries of the produced Lipschitz graph domains to control the beta numbers
of T'. In fact, this shows that rectifiable curves in R? admit extensions of controlled length which
are quasiconvex: if one considers the union of the boundaries as a new curve I = U;0€Q; U, then
HYT) < HYT) and T is quasiconvex (see [ASI2] for a generalization of this corollary to higher
dimensions).

Jones’s result is powerful, but it is confined to two dimensions. In this paper, we consider the
following question:

Question 1.6. For Q C R¥! 4 > 1, what geometric conditions on 9 are sufficient for Q to
admit a Lipschitz decomposition?

One of the attractive features of Theorem is the minimality of its assumptions on €2; Jones
only assumes simple connectivity and finite boundary length. These assumptions suffice essentially
because they give access to a nicely behaved parameterization in the form of a conformal map
@ : D — Q. The lack of similar conformal maps in higher dimensions precludes one from directly
translating Jones’s original argument from R? to higher dimensions, but, by assuming stronger
control of the geometry of 9€), one does get access to nicely behaved parameterizations which are
sufficient replacements. The vital geometric condition on 92 is called Reifenberg flatness, which
states that € is bilaterally close to a d-plane at all scales and all locations. This bilateral closeness
is measured by the bilateral beta number.



Definition 1.7 (bilateral beta number). For E C R™, P a d—plane, and B a ball, the d-bilateral
beta number relative to P for F inside B is

b3L(B, P) = dy(BNE,BNP).

diam(B)

The full bilateral beta number for E inside B is then

bBE(B) =  inf bg(B, P).

d-plane

Definition 1.8 ((, d)-Reifenberg flatness). For fixed € > 0 and d,n € N with 0 < d < n, we say a
set E C R"™ is (¢, d)-Reifenberg flat if, for all z € E and r > 0,

bﬁ%(B(x, r)) <e.

Sets that are (e, d)-Reifenberg flat for small enough e < €y(d,n) admit bi-Holder parameteri-
zations which we informally call Reifenberg parameterizations. This was first shown by Reifenberg
in |[Rei60], but was later generalized by David and Toro [DT12] to produce parameterizations of
Reifenberg flat sets “with holes” along with giving a condition under which the parameterization
can be upgraded from bi-Hélder to bi-Lipschitz.

Theorem 1.9 (cf. [DT12] Theorem 1.10). For any d,n € N with 0 < d < n and 0 < 7 < -,
there exists a constant e€o(d,n) such that if € < ¢y and 0 € E C R™ is (e, d)-Reifenberg flat, then
there exists a bijection g : R™ — R™ satisfying the following conditions: For any z,x,y € R™ with z
arbitrary, |x —y| <1,

() — 2] <,

1 T —T
27—l <lg(@) —g() < Blz -y,
and, for some d-plane P such that bB(B(0,10), P) <,
EnB(0,1) =g(P)N B(0,1).

Given a domain Q C R such that 99 is (e, d)-Reifenberg flat, we use the Reifenberg
parameterization g produced by Theorem [I.9] as a replacement for the conformal map in Jones’s
original argument to first prove the following new result

Theorem A. Let Q C R™! be a domain with 0 € O2. There exists eo(d) > 0 such that for any
L>0, ife <e and

(i) 09 is (e, d)-Reifenberg flat,
(ii) 352, B (B(x,27%))2 < L for all = € 99,
then there exists a d-Ahlfors regular, d-rectifiable set ¥ such that

QNB(0,1)\X = UQ

and there exists Li(e, L,d) > 0 such that £ = {Q;}jcs, is a collection of disjoint Ly-Lipschitz
graph domains. In addition, for any y € 02N B(0,1) and 0 < r < 1, we have

ZHd (8 N B(y,r)) Senar?.

7j=1



See Definition for the definition of ﬁg’é(B(a:, 27%)). Hypothesis is used to ensure that
David and Toro’s bi-Lipschitz condition for the Reifenberg parameterization is satisfied. If this
hypothesis is not satisfied, then one can still run the proof of Theorem [A] to produce a collection
of Lipschitz graph domains whose total boundary measure and Lipschitz constants blow up near
where the sum in diverges. However, we conjecture that a result similar to Theorem [A| holds
without assumption .

If one is willing to weaken the conclusion of {{2;} being disjoint to having bounded overlap,
then one can show that similar Lipschitz decompositions exist for domains with weaker assumptions
on the boundary. We prove the following result of this type:

Theorem B. Let Q C R™! be a domain with 0 € Q. There exist constants A(d), L(d),e(d) > 0
such that if 0 € 0Q is (e,d)-Reifenberg flat, then there exists a collection of L-Lipschitz graph
domains {€;}c¢ such that

(i) Q; <,
(i) 00 B(0,1) € U2, 25,
(111) 3C(d) > 0 such that Vz € Q, z € Q; for at most C' values of j,

(iv) For anyy € 002N B(0,1) and 0 < r < 1, we have

> HY99 N By, 7)) Sear HUOQN By, Ar)).
j=1

To prove this result, we use a collection of (1 + C§)-bi-Lipschitz Reifenberg parameterizations
to produce a large collection of disjoint Lipschitz graph domains with controlled boundaries and
expand these domains with Whitney-type “buffer zones” to form a true covering of 2N B(0,1). This
method carries over to the well-known d-uniformly rectifiable sets of David and Semmes who give
many different equivalent definitions of d-uniform rectifiability [DS93|. One such definition involves
the bilateral weak geometric lemma (BWGL), which roughly says that E looks Reifenberg flat on
most scales and locations.

Definition 1.10 (bilateral weak geometric lemma). Given a family of Christ-David cubes Z for E
(see Theorem [2.10)) and constants M, e > 0, define

BWCL(M,¢) = {Q € 7 : bfL(MBg) > ¢}.

For Q) € &, define
BWGL(Q,M,e)= Y (R

RCQ
REBWGL(M,e)

We say that E satisfies the bilateral weak geometric lemma if for any M,e > 0, there exists a
constant Cy(M, €) such that for all Q € 2,

BWGL(Q, M, €) < Col(Q)%. (1.3)

If E is (¢,d)-Reifenberg flat, then BWGL(Q, M,¢) = 0 for all @ and M. Equation (1.3) is
often referred to as a Carleson packing condition. One can define a d-uniformly rectifiable set as a
d-Ahlfors regular set which satisfies the BWGL.

Definition 1.11 (d-Ahlfors regularity). We say that a set E C R"™ is d-Ahlfors regular if E is closed
and there exists a constant Cy > 0 such that for any z € E and 0 < r < diam(E), we have

Cy'lrd < #YE N B(x,r)) < Cor’.



Definition 1.12 (d-uniform rectifiability). We say a d-Ahlfors regular set £ C R" is d-uniformly
rectifiable if E satisfies the BWGL.

Using similar methods to those of the proof of Theorem [B] we prove an analogue of Theorem
B for d-uniformly rectifiable sets.

Theorem C. Let Q C R be a domain with 0 € Q. If 0 is d-uniformly rectifiable, then there
exists L(d), A(d) > 0 such that there exists a collection of L-Lipschitz graph domains {Q;}jcr,,

such that conclusions and (with additional dependence on uniform rectifiability
constants) of Theor’em@ hold.

Uniform rectifiability was studied in detail by David and Semmes in [DS93| where the au-
thors explore connections between the BWGL and numerous other equivalent definitions involving
boundedness of singular integral operators, approximation by Lipschitz graphs (the existence of
corona decompositions), “big piece” parameterizations by Lipschitz maps, and more. Uniform recti-
fiability has recently become of interest in the study of harmonic measure and the solvability of the
homogeneous Dirichlet problem in rough domains. In [AHM™20], the authors give a geometric char-
acterization of open sets  C R*! such that there exists p < oo such that the LP(9)-Dirichlet
problem is solvable given the background hypotheses that 9€) is d-Ahlfors-David regular and (2
satisfies the interior corkscrew condition. They prove that solvability is equivalent to 92 being
d-uniformly rectifiable and €2 satisfying a quantitative connectivity condition called the weak local
John condition. A related line of research studies LP solvability of inhomogeneous problems on
rough domains. In the course of preparing this work, the author was notified of [MPT22| in which
the authors study equivalences of solutions to boundary value problems in rough domains and show
that the regularity problem for so-called DKP operators is LP-solvable on certain geometrically nice
domains. In the course of their study, the authors derive a very similar result to Theorem [C] with
the added assumption that ) satisfies the interior corkscrew condition and the added conclusion
that the nice approximating domains are adapted to a DKP operator (see Section 4.3 of [MPT22]
and see also [MT24] for an earlier version of their construction).

1.2 Outlines of the paper and proofs of the theorems

In Section [2, we introduce the necessary notation and basic facts about Reifenberg parameteriza-
tions, Whitney decompositions, Christ-David cubes, coronizations, Reifenberg flat sets, and uni-
formly rectifiable sets.

In Sections [3] and [] we respectively prove Theorems [A] and Theorems [B| and [C] while taking
for granted the results on Lipschitz graph domains proved in Section [5| and results on controlling
the derivative of Reifenberg parameterizations proved in Section [6]

Roughly speaking, the proof of Theorem [A]in Section [3] proceeds as follows. The fact that 99
is Reifenberg flat means that we can produce a Reifenberg parameterization g : R*! — R4*! such
that g(R?x {0})NB(0,1) = QN B(0, 1). The uniform bound on the beta-squared sum in condition
of Theorem [A| ensures that g is L'(d, L)-bi-Lipschitz so that 9 is in fact a bi-Lipschitz image,
hence uniformly rectifiable. This means that there exists a Christ-David lattice & for 02 with a
graph coronization whose stopping time regions .# = {S} consist of cubes well-approximated by
Lipschitz graphs with Lipschitz constant small in terms of d and L’ (this is a coronization that
produces a corona decomposition). Proposition implies that Dg is nearly constant on parts of
its domain which are mapped into regions of Q sitting “above” a stopping time region S on the
scale of the cubes inside S. By the results of Section [5] g maps forward Lipschitz graph domains
to Lipschitz graph domains when the change in Dg is small compared to the Lipschitz constants
of the mapped domains. Therefore, to produce a Lipschitz decomposition of QN B(0, 1), it suffices
to produce a Lipschitz decomposition .4 (see Definition of the domain of g into domains over
which Dg is nearly constant so that the collection of images .Z = {g(D) : D € %} is a Lipschitz
decomposition.



In order to form this decomposition, we produce a “coronization” of a lattice of Whitney boxes
which parallels the coronization for 2 on 99 (see . That is, we separate Whitney boxes into
bad boxes which g maps near bad cubes in Z N % or cubes on the “edges” in scale and location
of stopping time regions in &. This decomposition then maps forward to a collection of domains
whose total surface measure is bounded by the surface measure of 92 plus the Carleson packing
sums for the bad and “edge” cubes of Z.

The proofs of Theorems [B] and [C] both follow a single similar argument to that of Theorem
[A] In the Reifenberg flat case, the difference is that any single global Reifenberg parameterization
g produced for the set is not in general bi-Lipschitz, so we have no uniform estimates on how g
distorts any given cube. In the uniformly rectifiable case, we have no global Reifenberg parameter-
ization because there can be many scales and locations at which Reifenberg flatness fails. In either
case, we sidestep these by producing a collection of local (1 4 §)-bi-Lipschitz parameterizations by
parameterizing pieces of the domain above stopping time regions in a graph coronization (see Defi-
nition using single stopping time domains composed of Whitney cubes. By similar arguments,
the surface measure of these domains is controlled by the surface masure of 922 N B(0,1) plus the
Carleson packing sum of the same bad set of cubes in Z N Z and near “edges” of stopping time
domains. We then fill parts of QN B(0, 1) that are missed by these domains with “buffer zones” of
cubes on the exterior of these domains as well as families of cubes which sit above surface cubes in
the bad set. By similar reasoning, the surface measure of these domains is bounded by the same
Carleson packing sums as above.

1.3 Acknowledgements

The author would like to thank Raanan Schul for many helpful discussions and suggestions. This
work would not have been possible without his original inquiry into the problem and his general
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2 Preliminaries

2.1 Conventions and basic definitions

Whenever we write A < B, we mean that there exists some constant C' independent of A and B
such that A < CB. If we write A S, B for some constants a, b, ¢, then we mean that the implicit
constant C' mentioned above is allowed to depend on a,b,c. We will sometimes write A ~ B to
mean that both A < B and B < A hold.

In many computations, we use a constant C' to denote a catch-all, general constant which is
allowed to vary significantly from one line to the next.

Definition 2.1 (Hausdorff measure, Hausdorff distance, Nets). For F, E C R", a € R", we let
dist(E,F) =inf{|lz —y|: 2z € F, y € £},
dist(a, E) = dist({a}, E)

and define
diam(F) = sup{|z —y| : z,y € F}.

For any r > 0, we let
B(E,r) = {z € R"™™ : dist(z, E) < r}.

For any subset ' C R! an integer m > 0, and constant 0 < § < oo, we define

HA™(F) = inf {Z diam(E;)? : F C | J By, diam(E;) < 5} :



The Hausdorfl m-measure of F' is defined as

H(F) = im 6™ (F),
6—0
We will only use this in the case m = d, and we often use the notation |F| = J#%(F). We refer

to the function JZ as the m-dimensional Hausdorff content. Given two closed sets F, ' C R4+
and a third set B C R4 we define the Hausdorff distance between E and F inside B as

dp(E,F) = max{ sup dist(y, F'), sup dist(y,E)}.

diam B yeENB yeFNB

Given a subset £ C R%*! and r > 0, we let Net(FE,r) denote the set of r-nets of E. That is,
X € Net(E,r) if X C E such that both

(1> For anyx#yEXa |.’L’—y‘ Zra
(i) B C Uyex Blo,1).

2.2 Reifenberg parameterizations

In this section, we record the basic facts about Reifenberg parameterizations needed from [DT12].
2.2.1 Coherent Collections of Balls and Planes (CCBP)
Set 7, = 107% and let Tk € R+, j € Jy satisfy

Tk — wik| > 7T (2.1)

Put B = B(xj, ;) and for A > 0 define Vk)‘ = UjeJk ABj = UjGJk B(xjk, A\r) where AB is
always the ball with the same center as B and radius dilated by a factor of A. We also assume

i € Vily. (2.2)
We will always use a d-plane as the initial surface 9. We require
dist(z,0, 20) < € for j € Jp. (2.3)

Finally, the coherent collection of planes is a collection of planes (in general of any dimension
m < d+ 1, although here we only take d-planes) P, associated to x; such that the compatibility
conditions

da; 11000 (Piks Pjg) < € for k>0 and i,j € Ji such that |z; — x; x| < 1007 (2.4)
dz; ,100( P50, Pr) < € fori € Jy and o € ¥ such that |z;0 — 2| < 2, (2.5)
dz; 1, 20r, (Pike, Pjry1) <€ fori € Jy and j € Jiqq such that |z p — xjp41| < 27y (2.6)

With these conditions, we can define a CCBP

Definition 2.2. A CCBP is a triple (X, {Bjx}, {Pjr}) such that conditions (2.1), (2.2)), (2.3),
(2.4), (2.5), (2.6 are satisfied with e sufficiently small in terms of d.

We first state a small modification of a lemma in [ASI8] which gives criteria for a triple

(X0, {Bjx}, {Pjr}) to be a CCBP.



Lemma 2.3 (cf. [ASI8| Theorem 2.5). For any k € NU {0}, let r, = 107%. Let {x;x}jecu, be a
collection of points such that for some d-plane Py we have

diSt(l’jVO, Py) < e,

|k — Tik| > T

and, with Bj, = B(x;k, %),

2
1;7:’]{; € Vk—l
where
A
V= ABjs
JEJK

Let P;j, be a d-plane such that x; € Pjy. There is g > 0 such that for any 0 < € < €, if
(i) Seforallk >0 and j € Jj

then (Po,{Bjk},{Pjr}) is a CCBP. See (6.1)) for the definition of the €, numbers.

CCBPs allow the construction of Reifenberg parameterizations which we will denote by the
letter g. David and Toro give the following Theorem

Theorem 2.4 (|DT12| Theorems 2.15, 2.23). Let (X0, {Bji}, {Pjr}) be a CCBP with € sufficiently
small. Then there exists a bijection g : R™ — R"™ such that

g(z) = z when dist(z,%y) > 2, (2.7)
lg(z) — z| < Ce for z € R", (2.8)

1 . —c-
117 = AT <) — (=) <3 — 2 (2.9)

for z,2" € R™ such that |2’ — z| < 1, and ¥ = g(3) is a Ce-Reifenberg flat set that contains the
accumulation set

Ey ={z € R"; x can be written as © = m1—1>r£oo Tj(m) ke(m)> With k(m) € N

and j(m) € Jy(m) for m >0, and mlirilook:(m) = +00}.

If in addition there exists M > 0 such that

S (fu(2))? < L forall z € D,

k>0
then g is bi-Lipschitz: there is a constant C'(n,d, L) > 1 such that
C(n,d, L)~z = 2'| < [g(2) — g(')| < C(n,d, L)|z = 2.

2.2.2 The definition of g

Following Chapter 3 of [DT12], we take 15, to be a smooth function vanishing outside ng and 0 to
be a collection of smooth compactly supported functions in 105}, such that |V"0; . (y)| < Cpr,™
and Yy (y) + ZjeJk 0;1(y) = 1. We then define a sequence of maps fj by

foy) =9y, feq1 =o0r0 fr



where

_y+29jk 7Tjk ) y—i—Zij ﬂ'jk

JjEJg jeJk
where 7; ;. is orthogonal projection onto P; . In our application, we only care about points inside
V&, so ¢y (y) = 0 and the formula simplifies to

E 0.1 (y 7rjk
JEJk

The map oy, also satisfies
ok (y) — y| < Cery, (2.10)

for k>0 and y € 3.

The map g is constructed by, roughly speaking, interpolating between adjacent maps in the
sequence fi at distance 7 from the surface X = fr(Xo). In order to construct this, David and
Toro define a collection of linear isometries Ry on R™. The following proposition summarizes the
properties of Ry that we need

Proposition 2.5 ([DT12] Proposition 9.29). Let R denote the set of linear isometries of R™. Also
set
Ti(x) = TY(fr(x)) for xz € ¥y and k > 0.

There exist C1 mappings Ry, : Lo — R, with the following properties:
Ro(z) =1 for x € X,
Ry (z)(To(x)) = Tk (z) forxz € Xg and k > 0,

|Ri41(z) — Ri(x)] < Ce forx € g and k > 0, (2.11)

In addition, we record the bounds the distance between generations of tangent planes and
between planes at different locations

Lemma 2.6 ([DT12| Lemma 9.2). We have that for k > 0 and z,2" € Xo such that |2’ — 2| < 10,
D(TEpi1(fr1(2)), TER(fr(2))) < Cre

D(TE(fr(2"), TSk(fr(2))) < Coerp | frl(a!) — fr()].

Now, following Chapter 10 in [DT12], we define a collection py of positive, smooth, radial
functions such that >, pr(y) = 1 for y € R™\ {0} and pi(y) = 0 unless r, < |y| < 207;. Because
[Pk, 207] N [rr—_2, 207, _2] = [r, 20r] N[1007, 20007;] = @, we always have at most two values of k
such that pg(y) # 0 for any fixed y. In order to single out specific values of k, we define functions
I,n:RT — N by

I(y) = min{k € N: py(y) > 0}, (2.12)
n(y) = max{k € N: pi(y) > 0} =(y) + 1. (2.13)
More concretely, we have
n(y) =n <= 20r,41 = 2r, <y < 20r, (2.14)

because then p,4+1(y) = 0 while p,(y) > 0. Roughly speaking, n(y) gives the index of the maps
fn(y) Which is most relevant for the behavior of g on points roughly distance [y| from ¥y. We will
now assume Yo = R? and write

= pe(W) {fr(z) + Ri(x) -y} for z = (z,y)

k>0

We will commonly use the notation z = (x,y) as understood above when discussing points in the
domain of g.
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2.3 Whitney cubes, Whitney boxes, and Christ-David cubes

We will make significant use of the standard Whitney decomposition of the upper half-space with
respect to R% x {0} C RI*1,

Definition 2.7 (Whitney cubes). Define
W= {[k127", (k1 +1)27"] x <+ x [kg2 7", (kg + 1)27"] x 277, 27" kg, kg,n € Z}

W consists of exactly the dyadic cubes in R? x [0, 00) which satisfy £(W) = h(W) = dist(W,R%)
where ((W) = h(W) denote the side length of W and the height of W. Cubes W, R € # have a
natural partial order induced by distance to R? x {0}. We define the projection 7 : R4t — R?x {0}
by 7(z,y) = * where (z,y) € R? x R and write

W <R

if and only if m(W) C w(R). If (W) = h(R), we call W a child of R and R a parent of W. This
gives a partial order on % which we use to define the descendants of W

DW)={Re# :R<W}

This partial order imposes a natural tree structure on # which we will use in stopping time
constructions. It will additionally be useful to refine the family of Whitney cubes into rectangular
Whitney boxes in which the side length of the boxes in the first d-coordinate directions is allowed
to vary.

Definition 2.8 (Whitney boxes). We define the set of p-th order Whitney bozxes by
By = {[k12777", (k1 + 1)27P7"] x -+ X [ka2 P, (kg + 127" x 27", 27" i ky, .. kgyn € Z}

These are like Whitney cubes, but they have lengths along the first d coordinate directions con-
tracted by a factor of 2P. Given R € %, we call {(R) = 27P7" the side length and h(R) = 27" =
dist(R, RY) the height so that

U(R) =2"Ph(R).

Any collection of Whitney boxes has a tree structure induced by the same partial order as in
Definition We set Z = UpZp.

We will later construct stopping time regions composed of Whitney boxes in the upper half
space. We will also need the following notion of “closeness”.

Definition 2.9 (A-close subsets). We call two subsets W, R C R4T! A-close (as in [DS93] pg. 59)
if the following hold:

%diamW < diam R < Adiam W,

dist(W, R) < A(diam W + diam R).

We will also use the notation
W ~ A R
when W is A-close to R.

We will also need families of partitions of 90 C R%! which function as dyadic cubes do for
R+, These were originally devised by Christ in [Chr90], but the formulation given here is due to
Hytonen and Martikainen from [HM12].
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Theorem 2.10 (Christ-David cubes). Let X be a doubling metric space. Let Xj be a nested
sequence of maximal p*-nets for X where p < 1/1000 and let co = 1/500. For each k € 7Z there is
a collection Dy, of “cubes,” which are Borel subsets of X such that the following hold.

(i) X = UQe@k Q.
(1)) If Q,Q" € 2= Zr and QNQ" # D, then Q C Q" or Q' C Q.

(iii) For Q € 9, let k(Q) be the unique integer so that Q € Dy and set £(Q) = 5pF D). Then there
is (g € X, so that
B(zq,col(Q)) € Q C B(zq,4(Q))

and

Xi={zq: Q € Z}.
If in addition we assume X C R and X is d— Ahlfors-David reqular, then these cubes also satisfy
(iv) Q| ~a (diam Q)? =4 £(Q)“.
For any Q € 2, we will use the notation Q) to refer to the parent of Q

We will refer to any family of Christ-David Cubes for 92 by 2 and define
Bq = B(zq, {(Q))-

2.4 Coronizations for Reifenberg flat and uniformly rectifiable sets

The boundary measure bounds for our Lipschitz decompositions come from Carleson packing con-
ditions for well-chosen coronizations of a Christ-David lattice for 9€). Coronizations essentially
consist of a partition of Z into “good” cubes ¥ and “bad” cubes & and a further partition of ¢ into
disjoint stopping time regions F = {S;};.

Definition 2.11 (stopping time regions). We call S C ¥ C Z a stopping time region if it is
coherent, i.e.

(i) There exists a “top cube” Q(S) € S such that R C Q(S) for all R € S,
(ii) If @ € S and R € Z satisfies Q C R C Q(S), then R € S,
(iii) If @ € S, then either every child of @ is in S, or none of them are.

Remark 2.12. We note that Definition makes sense with any well-ordered collection of subsets
of R in place of 2. For instance, we will use the term stopping time region to refer to such
collections of Whitney boxes with the partial order defined in Definition [2.7]

Definition 2.13 (Coronizations (cf. [DS93| Definition 3.13)). We say that a triple (¢4, %,.7) is a
coronization of 7 if

(i) Z is a collection of disjoint stopping time regions as in Definition with & = Jgez S,
(i) YUB =P and 9YNA =0,

(i) # and {Q(S)}ses satisfy Carleson packing conditions. That is, there exist constants Cy, Cy >
0 such that for any Q € 2

Y UR)T < CYHYQ), and > £(Q(S)T < CHAQ).
ReA SeF
RCQ Q(S)CQ
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The stopping time regions in coronizations collect scales and locations into good, “connected”
packages on which 9 behaves well. David and Semmes used the concept of a coronization to
produce a definition of uniform rectifiability involving corona decompositions

Definition 2.14 (Corona decomposition (cf. [DS93| Definition 3.19)). We say that a set £ C R”
admits a d-dimensional corona decomposition if for any constants n, 8 > 0, there exists a coronization
(9, B, F) of a d-dimensional lattice Z for E such that for each S € .Z, there exists a d-dimensional
Lipschitz graph I'(S) with Lipschitz constant less than n such that for each x € 2Q and Q € S

dist(z,T'(S)) < #diam(Q). (2.15)

If one has an appropriate coronization, then one can use Reifenberg parameterizations to
produce the approximating Lipschitz graphs in the definition of the corona decomposition directly.
We call these specific good coronizations graph coronizations

Definition 2.15 (graph coronizations). For constants M, e, 6 > 0, we say that (¢, %,.7) is a d-
dimensional (M, €, d)—graph coronization if it is a coronization such that Z O BWGL(M,¢) and
for each S € .# and @ € S, there exists a d-plane Py > z¢ such that

(i) Ypeges BE (MBg)? < ¢ for any o € Q(S).
(iii) Angle(Pg, Pg(s)) < 9,

Condition above uses the content beta number introduced by Azzam and Schul in [ASTS].
This is closely related to the more standard LP beta numbers used by David and Semmes in char-
acterizing uniform rectifiability via the strong geometric lemma.

Definition 2.16 (LP beta numbers and content beta numbers). Let B = B(z,r) C R4 and let
P be a d-plane. We define

o5 = (L [ (SPY )

r

and we define the LP beta number as
ﬁ%’p(B) = inf{ﬂgp(B, P) : P is a d-dimensional plane in R*1}.

Similarly, we define
d 1 &) 1/17
BE (B, P) = <d/ A r e BNE : dist(z, P) > trB}tpldt) ,
7“B 0

and we define the LP content beta number as
ﬁ%p(B) = inf{ﬁ%’p(B, P) : P is a d-dimensional plane in R41}.

If E is d-Ahlfors regular, then these two beta numbers are comparable with constants depending
on d and the regularity constant.

Proposition 2.17 (cf. [DS93| Part I, Theorem 1.57 and Theorem 2.4; Part IV Proposition 2.1).
Let E C R be d-Ahlfors reqular for d > 1. The following are equivalent:

(i) E is d-uniformly rectifiable,

(ii) E satisfies the strong geometric lemma: For any Q € 2, M > 1, and 1 < p < dQTdQ,

> Bt (MBr)*U(R) Sara Q)7
RCQ
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(ii) E admits a corona decomposition.
(iv) E admits an (M, e, d)-graph coronization for any M, e, § > 0.

The main tool we will use to create Lipschitz decompositions is the graph coronization. In
Appendix Al we review the d-dimensional traveling salesman results of [AST8| and [Hyd22a] which
give a similar analysis for general Reifenberg flat sets. By collecting these results, we prove the
following proposition:

Proposition 2.18. For any d,n € N with 0 < d < n, there ezists eg(d,n),d(d,n) > 0 such that if
€ < ey < 6* and E C R" is (e,d)-Reifenberg flat, then E admits an (M, e, d)-graph coronization for
any M > 0.

We will use the existence of graph coronizations as in the previous two propositions to prove
Theorems [Bl and

We also record some important facts about using beta numbers to control the Hausdorff
distance of planes. Given a set E C R and a Christ-David lattice 2 for E, we define epsilon
numbers adapted to the lattice 2 and a collection of planes {Pg}gey. Fix K = %. We define

€(Q) = sup {di (P Pa) : K(R) € K(Q)LK(Q) = 1}, K(U) = K(Q), 70 € §Ba 1 Ba -

This is essentially a version of David and Toro’s €}, numbers which is adapted to a cube structure
rather than a general collection of nets. Now, let M > 12—2K. We will use these to control €} in terms

of 41 (M Bg) in the second lemma below. First, we give a recall a general result that allows one
to bound the Hausdorff distance between planes by beta numbers:

Lemma 2.19 (JAS18] Lemma 2.16). Suppose E C R™ and B is a ball centered on E such that for
all balls B' C B, #4(B') > crd,. Let P and P’ be two d-planes. Then

d+1
.
dp/(P,P') <qv <T§> BB, P) + BEY(B, P').

The next lemma applies this to bound €(Q) by ﬂ%l(MBQ):

Lemma 2.20. Let & be a Christ-David lattice for a lower content d-reqular set E and K, M >
4
0 be constants such that % < K < 107'p2M. If {Pg}gey is a family of d planes satisfying

BEY(2p K By, Po) < 8% (207 K Bg), then
€(Q) Spara B (MBg).

Proof. Let U, R € 2 be cubes which achieve the supremum in the definition of €(Q). Then
€(Q) = dxpr(Pu, Pr)-

We want to apply Lemma with B = B’ = KBpg. First, we prove some ball inclusions. We
claim
KBr C2p 'KBy. (2.16)

Indeed, we let y € KB and we compute
ly —zu| <y —zrl + |lzr — 20| + |2 — 2U]

< KI(R) + %ﬁ(R) + %E(U) < 9KU(R) < 2~ KU(U).

Second, we claim

20 'K By C MBg and 2p" 'K Br C M Bg. (2.17)
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Because /(R) > ((U), it suffices to prove 2p 'K Br C M Bg. We let y € 20" K B and compute
—1 K -2
|y —2ql < ly —2rl+ ok —2ql < 47 KUR) + {,U(R) < 10Kp™°U(Q) < MUQ).

Now, we apply Lemma with B = B’ = K Bg, then

dxpp(Pu, Pr) < BE (K Br, Pr) + 85" (K Br, Py)
<, BE'(2p 'K B, Pr) + 5 (2p 'K By, Py)
< B (207 KBr) + ' (2p K By)
Su BEH(MBg).

where the second line follows from ([2.16)), the third line follows from the hypothesis on P, and the
final line from ([2.17]). [ |

3 The proof of Theorem [A]

Fix constants p = ﬁ, K = %, M = lg—ZK, Ag = %0,;/3. Throughout this section, assume
that Q C R4 satisfies the hypotheses of Theorem We begin by constructing a Reifenberg

parameterization for 92 N B(0,1)

3.1 The CCBP adapted to ¥

We want to form a CCBP adapted to the Christ-David lattice & for 92 with the aim of applying
David and Toro’s bi-Lipschitz Reifenberg parameterization result Theorem For any k € Z, let
s(k) be an integer such that

50p°%) < rp, < 50p°R)~1 (3.1)

We note that if Q) € Z,(), then this means

104(Q) < rp < 10p~1(Q) (3.2)
and p €o Tk
— e < —1 < < di < < —.
2000+ S 10prk < cpl(Q) < diam@Q < {(Q) < 10
For any k > 0, define
Yi={zq:Q € Dy, QN B(0,A) # T}, (3.3)

Xk € Net(Yk, ’f‘k).

We enumerate X = {l’j’k}jejk and often use the notation x;; = g = TQ; - Let Py achieve the
infimum in the definition of bBsn(B(0,10A4p)) and define

Bjr = B(xjk, k),
Pj,k = PQj,k’

where P, , 3 xq,, are such that bﬁgé(Qp_lKBQj’k) S bﬁg’é@p_lKBQj’k) as in the hypotheses of
Lemma We first show that € (z;) is controlled by €(Q; ).

Lemma 3.1. Fiz k>0 and Q € Dy,). For any z € R such that |z — zq| < 200p~14(Q),

er(2) < Ke(Q).
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Proof. We first show that the supremum in the definition of €(Q) is over a larger collection of pairs
of planes than that in the definition of €} (z). Let i € Jj, be such that z € 10B; ;. Then by (3.2)),

_ _ K
2q — mik| < wq — 2+ |2 — mix| < 200p14(Q) + 107y, < 300p™4(Qix) < 104@)

because K > 10%p~1 and ¢(Q) = £(Q;x). Therefore, zg € %BQN@' If instead z € 11B; 1 for
some i € Ji_1, then

K
2Q — wip—1| < [2q — 2| + |2 — @ip-1] < 200p7 Q) + 1rp_1 < 310p™ (Qi k1) < 10¢ (@ik-1) -

Therefore, g € %BQM_I. In addition, for any admissible z;; in the definition of €, (z) we can
write 100r; < 1000p~14(Qi1) < K{(Qi,) so that 100B;; C KBg,,. Let P, and P, be planes
which achieve the supremum in the definition of €} (z). Then

Kg(BQm,l )

A, 1,100By, (Piks Prayt) < 100,

dxBq,, (FQix PQ..) < Kdibg,  (PQ, . PQ...1)

using the fact that £(Q,1) < 7. [ ]

Applying this result for z = x;;, shows that € (z; ) < €(Qj %) which we can use to prove that
the triple 2 = (Po, {Bjx},{Pjr}) is a CCBP.

Lemma 3.2. & is a CCBP.

Proof. We will use Lemma First, we will show that for any j € Jy, dist(z;0, ) S €. Indeed,
Tj0 = xq for some Q € Y, with @ N B(0,Ag) # @. Hence, zqg € B(0,240) N 0 so that
bBaq(B(0,10A0), Py) < e implies

diSt($Q, Py) S bB8(B(0,104))) - 104 Sq €.

Now, we fix k > 0 and j € Ji and prove the following claim:

Claim: There exists ¢ € Ji_1 such that x;; € B; 1

Proof: Indeed, let ;) = zq,,. If s(k) = s(k — 1), then Yy = Y} so that zq,, € Yx_1. The
claim follows since Xj_; is an rg_j-net for Y;_q. If instead s(k) > s(k — 1), then ngllz €Y)_1so
that there exists ¢ € Jp_1 such that ngllz € B; 1. We have

(QY) =50 <51 <y

so that

(1137%',1@—1) <t (Qﬁg) + rp—1 < 2rp—

dist(2q, ., Tik—1) < diSt(ij,k’ng,z) + dist(ij’

which proves xqg., € 2B, j_1.
By Lemma it suffices to show that €(Q;x) < €. But by the definition of P, and Lemma

we have €(Qjx) Swmd /Bgé(MBQj,k) Se u

Since we’ve shown that 2 is a CCBP, Theorem gives a Reifenberg parameterization g :
R — R4 such that
g(Py) N B(0,1) =90 N B(0,1)

Without loss of generality, we can assume Py = R% x {0} and translate the Whitney decomposition
W as in Definition [2.7/ to a new decomposition %/ such that Wy = [~2,2]¢ x [4,8] € #’. We have
that

QN B(0,1) C g([-2,2]¢ x [0,8])
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because 012 is contained in the closure of Up X}, so in practice we only need to consider the set of
descendants of Wy to cover QN B(0,1):

Wo={Wew' :WeDW)} (3.5)
We can now derive some useful properties of g.
Lemma 3.3 (Properties of g).
(i) For any x € [-2,2]¢ x {0} and n € N,

fu(z) € vaa

(i) For any z = (z,y) € [-2,2]¢ x [0, §]

(1= C(d)e)ly| < dist(g(2),09) < (1 + C(d)e)lyl- (3.6)

(iii) For any x € [—2,2]? x {0} and p,n € N with p < n, there exists a collection of cubes
Qn € Qn-1 S -+ CQp such that for any k with p < k < n, dist(g(z, k), Qsry) S 7k and

n

S (fu(@)? Sarpa Y B (MBg, )%

k=p k=p
In particular, g is L' (L, p, M, d)-bi-Lipschitz.

Proof. Let z = (z,y) be as in[(ii)| with n = n(y). We first prove [(ii)] with the added hypothesis that
fa(x) € V¥. We will then prove [(i)] which will complete the proof of [(ii)]
Observe that

9(z) = fal@) = Y ) {fi(@) = fulz) + Ru(z) -y}
k

where | fi(x) — fn(x)| S ern, and Ri(z) -y is a vector of norm |y| which is orthogonal to the tangent
plane Ty (z) to Xy at fr(z). The fact that f,(z) € V,¥ implies the existence of Q € Ds(n) such that
| fn(z) — 2| < 8rn. The fact that bBsa(MBg, Pg) S € combined with Lemmal6.1]and (6.4) implies

df,(2),19r, (Zn, 0Q) < dj, (2),10r, (En, PQ) + dy, (2) 105, (P, 0) S €. (3.7)

We conclude dy, (z) 197, (Tn () + fn(z),0Q) < Ce, which implies (1 —Ce)ly| < dist(g(z),09Q) <
(14 Ce)|y| as desired.

We now prove by induction on n. For the base case n = 0, notice that fyo(z) = x €
B(0,5v/d)N Py so that bBaa(B(0,10A0), Py) < € implies the existence of y € 9Q with dist(y, z) <a,
€. There exists Qo € Zs() such that y € Qo and dist(Q,0) < 10V/d so that xQ, is a member of the
set Yy (see (3.3))) from which the maximal net X forming the CCBP is taken. Notice that

[fo(2) —2qy| < |z =yl + |y — 2q,| < Ce+£(Qo) < 2ro.

Hence, we are done if zg, € Xo. Otherwise, there exists T € Xo such that |zg, — xQ6| < rg so
that |fo(z) — g, | < 3ro implying fo(z) € Vi3, This proves the base case for .
For the inductive step, assume that f,(z) € V.5 for some n € N. Using (3.7), we find y € 9
such that
’fn-&-l(m) - y‘ < ‘fn—i—l(x) - fn@:)’ + ‘fn(m) - y‘ S €rntt
and hence there exists Qni1 € Zy(nq1) With dist(Qn41,0) < 10v/d such that |f,11(2) — 2, .| <
2rp+1. By a similar argument to the base case, this finishes the proof of .
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To prove notice that f(z) € 9 so that there exists an infinite chain of (possibly repeating)
cubes Qo 2 Q1 2 --- 3 f(x) where Qx € Zy). We claim that

¢ (fo(@)) < e(Qr) < B (MBg,).
Indeed, by Lemmas and we only need to show that |fi(x) — z¢,| < 200p~1(Qk) to verify
the first inequality. But we have
[fe(@) = 2Q,| < |fr(x) = f(@)] + | f(2) — 2q,]
< Cerg +10r, + £(Q) < (Ce +100)p~ U(Qx) + £(Qr) < 10207 4(Q)

as desired. Because the set {n : s(k) = s(n)} has a uniformly bounded number of elements in terms
of p, it follows that

n

S e (fu(2)? Sarp O €(Qu)? Sarpa Y B (MBg, ).

k=p k=p k=p

The claim that dist(g(z,rg), Qr) S ri follows from By the hypotheses on Q, we have

~

Sore € (fe()? S > H(2)eQ Bgé(MBQ)2 < L so that g is L'(L, p, M, d)-bi-Lipschitz by Theorem
24 [ |

Now that we know that ¢ is L’-bi-Lipschitz, we define p(L’) € Z such that
-l <) < op (3.8)

and we replace #{ with
Ry ={R € RXp:IW € Wy, RCW}.

That is, %, is the set of Whitney boxes R with ¢(R) = 27Ph(R) which are contained in some
member of #;. This ensures that

L'#(R) = L'2Ph(R) < h(R) (3.9)

so that g does not stretch R across too far of a region on the scale of h(R).
We say more about the shape of image boxes in the following lemma:

Lemma 3.4 (Image boxes). For any W € %,,, we have

(1 — Ce(W) < dist(g(W), Q) < (1 + Ce)h(W), (3.10)

(1 — Ce)h(W) < diam g(W) < 5V dh(W). (3.11)
There exists constants Co(L'), C1(d) such that

B(g(ew), Cy 'h(W)) € g(W) € B(g(ew), C1h(W)) (3.12)

where cyy s the center of W.

Proof. We first note that (3.10) follows from (3.6) and the fact that dist(WW, R?) = h(W) by defini-
tion. To prove (3.11)), let 2,2’ € R with z = (z,y), 2’ = (2/,y'). We have

l9(z,y) —g(2’,y")| < lg(z,y) — g(a’,y)| +1g(z',y) — g(2’,9)]
< Lz —2'[+ 2]y — ¢/]
< L'Vdl(R) + 2h(R)
< 5Vdh(R)
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The lower bound follows from by considering the distance between images of points in the
lower and upper faces of W. To prove , we first observe that each box W € Z contains a
small ball B(ew, c(L')h(W)) around its center. Since g is L’-bi-Lipschitz, we get a larger constant
Co(L') such that the lower containment in holds. The existence of C}(d) as in the upper
containment follows from the upper inequality in . We also note that because g is injective
and distinct boxes R, W € %, have disjoint interiors, we have

Blglew), Cy "h(W)) A B(g(cr), Cy "h(R)) = 2. (3.13)
|

3.2 Whitney coronizations and the Lipschitz decomposition

In Item |(ii1)| of Lemma we showed that the mapping g was bi-Lipschitz so that OS2 is locally
a bi-Lipschitz image. Hence, 0% is d-uniformly rectifiable and therefore has an (M, e, d)-graph
coronization for arbitrarily small values of € and § by Proposition 2.17 Take €(d, L), d'(d, L) > 0
fixed later sufficiently small and let ¢ = (¢, %, %) be an (M, ¢, §’)-graph coronization for 9.

The plan for the proof of Theorem [A]is to construct a “coronization” of %, which “follows”
the coronization % of 0€2. That is, we will construct a triple

ng = (gwa%wa 3)

of good boxes, bad boxes, and stopping time regions .7 = {T'}rc 5 (see Remark [2.12)) partitioning
%, such that for each T' € .7, there exists some S € .# such that the images of all boxes in 7" under
g are “surrounded” in scale and location by cubes in S.

Definition 3.5 (g-Whitney coronizations). Let g, %, be as above. We now give a partition of Z,,
into a bad set %, and good set ¥, which picks out all Whitney boxes whose images under g are
“ Ap-surrounded” by surface cubes within a single stopping time region S € %:

Gy ={Wew:35 € F, VQ € Z such that Q ~4, g(W) we have Q € S}, (3.14)
By =W\ Y. (3.15)

(See Definition [2.9]) Given a root box W € %,,, we define the stopping time region Ty with top
cube W to be the maximal sub tree of D(W) N ¥, such that for any R € Ty, either all of its
children are in Ty, or none are. Any such stopping time region has associated minimal cubes and
stopped cubes

m(Tw) = {R € Tw : R has a child not in Ty},
Stop(Tw) = {R € # : R has a parent in m(Ty)}.

We initialize our construction with the lattice %Z,, and triple (%, B, 0 = ). Given the k-th stage
stopping time collection .7, we choose a root box W € ¥, \ Urc T and form the stopping time
region Tyy. We set J;11 = 3 U {Tw}. Repeating this process inductively, we obtain a partition
T =Upey T of 9, into coherent stopping time regions. This gives the triple € = (Y, Buw, 7).
We call €, the g-Whitney coronization of %, with respect to ¢ = (¢, %4,.F).

Remark 3.6 (improving the stopping time). In this construction, we used Whitney boxes with side
length ¢(R) = 27Ph(R) to ensure that for any R € Z,,, diam g(R) Sq h(R). Without this condition
or some other method of controlling the size of image boxes, we could have z = (z,y), z = (2/,y)
such that h(R) < |g(z) — g(2’)| which would cause us to lose control of the change in Dg across R
we desire in Lemma [3.11] below.

What we really want are image pieces of some kind which satisfy the conclusions of Lemma
along with small parameterization derivative change across the pieces as in Lemma below.
If one could form reasonable stopping time domains out of similar pieces whose images satisfy the
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conclusions of with constant Cy dependent only on d, this would essentially prove a version
of Theorem |A| without hypothesis If g were K (d)-quasiconformal, then this could likely be
accomplished by adding modifications to the stopping time by dynamically either combining or
cutting apart children boxes for a given top box W(T') along coordinate directions according to
the size and shape of Dg inside. In general though, Dg can distort boxes so badly that coordinate
boxes cannot be mapped forward appropriately in general, so one would need to devise a better
way of partitioning the domain into pieces which are mapped forward well under a more wild
parameterization.

We will use %, to break up %, into regions which will map forward under g to the Lipschitz
graph domains we desire as in the conclusion of Theorem [A]

Definition 3.7 (Stopping time domains). Let 6, = (%, $uw, 7 ) be a g-Whitney coronization as
above. For each T' € .7, we define a stopping time domain

Dr=J W
weT

For each W € A, we note that /(W) = 27Ph(W) where p is as in (3.8) and define a collection
of associated trivial domains by chopping W into 2P cubes of common side length ¢(WW'). That is,
assuming W = [0, £(W)]? x [R(W), 2h(W)], we set

Ly = {10, (W) x [h(W) + kW), (W) + (k + 1)E(W)] : 0 < k < 2P —1}.

The collection .2’ = {Dr}rcs U Uwegp, ZLw is a partition of Uy, W = [-2, 2]4 x [0, 8] up to
finite overlaps on boundaries. Each cube domain Ry € £y is C(d)-Lipschitz graphical, but the
domain Dy is not Lipschitz graphical in general. However, T' consists of a coherent collection of
boxes of a given ratio of side length to height /(R) = 27Ph(R). Therefore, applying a dilation A,
by a factor of 27 in the first d coordinates gives a domain A,(Dr) consisting of cubes. Proposition
then gives the existence of a d-rectifiable, d-Ahlfors upper regular set X7 such that

Ay(Dr)\Sr = ] Ap(D})

Je€JT

where {A(Dgp)}je Jr 1s a collection of C(d)-Lipschitz graph domains with disjoint interiors. By
Lemma we then get the existence of a constant C’(L, d) such that D7 is a C’(L,d)-Lipschitz
graph domain. We then finally define

Ly = {Dj} U L.
0 Tfre7 jerp Wg@ w

We can now define the collection of Lipschitz graph domains £ as desired in Theorem [A}

Definition 3.8 (Lipschitz decomposition). Let .4y be as in Definition We define the Lipschitz
decomposition of QN B(0,1) as
Z ={9(D):D e L} (3.16)

In order to prove Theorem [A] it suffices to prove Propositions [3.9] and below.

Proposition 3.9. Let Q be as in Theorem |A| and £ = {Q;}cs, be as in (3.16). There exists
Li(L,d,€) > 0 such that for any j € Jo, Q; is an Ly-Lipschitz graph domain.

To prove Proposition 3.9 we use the fact that the graph coronization € of 92 and the Whitney
coronization %, of Definition [3.5|adapted to € were chosen so that Dg is very close to being constant
on any given domain D € %). This uses the explicit calculations for Dg given in Proposition
This means g distorts D only slightly such that D remains a Lipschitz graph domain (see Proposition
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. The refinement of Whitney cubes to smaller Whitney boxes ensures that diam(g(W)) ~4 h(W)
holds for any box W so that g(WW) does not stretch across too long of a region of 92 compared
to its distance from 0Q. If W € Ay, then this ensures that Dg|y varies at a rate determined at
worst by the Reifenberg flatness constant €. Because in this case, W is divided into the set £y of
cubes, which are C(d)-Lipschitz graph domains (note C'is independent of L), g maps them forward
to Lipschitz graph domains given that € is fixed small enough with respect to d.

The construction of stopping time regions .7 proceeds in such a way that any T € .7 is a
coherent collection of (potentially long and thin) Whitney boxes such that the change in Dg on Dp
is controlled by the geometry of 0f) inside some surface stopping time region S € .%#. These regions
are defined such that 9 looks like a Lipschitz graph with small constant €' (L, d) and angle variation
0'(L,d) on the scale of cubes in S from which we derive that Dg|p, varies at a rate determined
by &' (L,d) (See Lemma , giving Lipschitz graphicality for domains in {g(D‘%)}jGJT7T€(7 by
Proposition again as long as €, ¢’ are fixed small enough with respect to L and d.

Proposition 3.10. Let Q be as in Theorem (Al and £ = {Q;}jcs, be as in (3.16). For any
y € 0NN B(0,1) and 0 < r < 1, we have

> HYOY N By,r) Serar’. (3.17)

JE€j

To prove [3.10| we use the fact that the Whitney coronization is chosen in such a way that the
images of boxes in the bad set %, have surface measure controlled by the measure of the Ag-close
bad cubes £ or cubes in Z on the “edges” of stopping time regions which we collect in the set %,
in below. These cubes form a Carleson set (see Lemma which gives Carleson packing
type estimates for the surface measure of the image cubes {g(Rw)}we,, ryes,- Because the
only time we stop in the construction of T' € .7 is when we hit some W € %, the surface measure
of domains in {g(Dr)}recs is controlled by the measure of nearby cubes in %A,. The fact that g is
bi-Lipschitz and preserves distances to the boundary means that the family {g(W)}wc% behaves in
many ways like a Whitney decomposition itself (see Lemma so that we can bound the number
of image boxes which are Ag-close to any fixed bad cube Q € ., giving the desired Carleson type
estimates.

3.3 Lipschitz bounds for Theorem [A]

The goal of this section is to prove Proposition [3.9] The following lemma allows us to control the
change in Dg on any stopping time domain 7.

Lemma 3.11 (Variation of Dg). For any T € 7 and z,w € Dy, we have
|Dg(z) - Dg(w)™* —I| < C¥ (3.18)

Proof. First, fix some T € 7. We want to apply Proposition [6.7 with My <S4 1 and 2z = ¢(W(T)) =
(z,y) by showing that Dy C GMo. So, let 2/ = (2/,y/) € R € T and let n = n(y'), p = I(y). We
need to prove the following three statements:

(1) fp(z) = fp(z)] S,
(i) Yoy € (fr(@))? S €,
(iii) Angle(Tk(z"), Tp(z')) S
We begin by observing that |(i)| follows from the fact that fj, is L’-bi-Lipschitz so that

|fp(@) = fola")] < L'z — 2| < 2L'VAW(T)) Sa h(W(T)) Sy
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using (3.9). To prove , let Qp 2 Qpy1 2 -+ - 2 @y be the cubes given by Lemma . For any k
with p < k < n the fact that dist(g(z’, ), Qx) < 7, means that (2/,r) € R < W(T) with

. Cop Cop Cop . .
diam > col > —r. > —h(R) > diam(R) = Ap diam R.
Qk_o(Qk+1)_10k_200()_wooﬁ (R) = Ag

so that Qi ~4, R. This means there exists S € .# such that Qi € S for any k by the definition of
the stopping time region T'. We conclude that

n

D e fel@)? S Ba(MBg,)* S €.

k=p k=p

To prove observe that
Angle(Ty(z'), T, (2')) < Angle(Ty(2'), Pg,)+Angle(Py,, Py, )+Angle(Pg,, T (') S € +8'+¢ <&
where we used Lemma and the fact that Q,, @, € S. [ |
Using the results of Section [5] we can now prove Proposition [3.9

Proof of Proposition[3.9. Every domain in £ is either of the form g(D%) for some T' € 7,5 € Jr
or g(Rw) for some W € %,,, R € Zy. We first consider domains of the first form.

Let T € 7 and let A, : R? x R — R4 be given by A,(z,y) = (2Pz,y). By definition, the
image stopping time region D/}, = A,(Dr) is composed of cubes and Proposition implies there
exists a constant Lo(d) such that D/, has a decomposition into Lo-Lipschitz graph domains which
passes to a decomposition of Dy into L{(d, L')-Lipschitz graph domains {D%} jeJr by applying A L
Now, using Lemma we see holds on Dy so that by taking € (L, d), ' (L', d) sufficiently
small, Proposition plies g(D}) is an Li(L', d)-Lipschitz graph domain.

Now, let W € %, and Ry € L. The proof of Lemmashows that |Dg(z)-Dg(w)~t—1I| <
Ce using only the fact that 02 is € Reifenberg flat. Since Ry is a cube, it is a C(d)-Lipschitz graph
domain so that Proposition implies g(Ry ) is a C’'(d)-Lipschitz graph domain as long as € is
sufficiently small with respect to d. |

3.4 Surface area bounds for Theorem [A]

We now focus on proving Proposition [3.10] We will justify the name coronization by proving
Carleson estimates for the g-Whitney coronization which will imply the desired estimates for our
domains.

Definition 3.12 (Co-Whitney family). Let Qo C R%T! be a domain and let Cy > 1. We say that
a collection ¥ of subsets of Qq is a Cy- Whitney family if for every V € ¥, we have

Cy ' diam V' < dist(V, Q§) < Cp diam V, (3.19)
there exists ¢y € V such that
B(ey,Cytdiam V) C V, (3.20)
and, if V' # V', then
B(ey, Cyt diam V) N B(eyr, Cy P diam V') = @. (3.21)

Lemma 3.13. Let Qy, ¥ be as in Definition[3.14 Let A >1, U C R* and set
Vg ={V eV :VyU)

Then,
#(Vau) Saced 1. (3.22)
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If % is a collection of subsets such that for any V € ¥, there exists U € U such that V ~4 U,
then

D (diam V) Sacoa Y (diam U). (3.23)
Vey Uew

Proof. For any V € ¥, we have
dist(U,V) < Adiam U,

A diam U < diamV < Adiam U.

Let By = B(cy,Cy'diamV) and fix u € U. Tt follows that By C V C B(u,3AdiamU) and
CytdiamV > (CoA)~!diamU so that {Bv}ver,, is a collection of disjoint balls with radius
r(By) > (CopA)~! diam U contained in the ball B(u,3A diam U) and hence has cardinality bounded
in terms of Cy, A, and d. This proves .

To prove (3.23)), notice that
D (diam V)T < > N (diam V)4 $a Y #(Faw)(diamU)? Sacpa P (diam U)W

vVer UeU VeVay Uew Uew

We define
Go={g(W): W € Zw} (3.24)

and observe that Gy is a Ag(L’, d)-Whitney family by equations (3.10]) - (3.13):
Lemma 3.14. There exists a constant Ag(L',d) > 0 such that Gy is a Ao(L', d)-Whitney family.

Combining this fact with Lemma [3.13] will allow us to bound the surface measure of images of
stopped boxes in terms of the side-length of Ap-close bad and stopped cubes in 2. The following
two lemmas will give a Carleson packing condition on this bad subset . C Z defined in
below from which we will be able to conclude the desired surface measure bound . We begin
with the following lemma due to David and Semmes.

Lemma 3.15 (cf. [DS93| Part I Lemma 3.27, (3.28)). Let A > 1, let 2 be a Christ-David lattice
with coronization (¢,%,.7). Then,

(a) The set
o ={Qe9:3Q €5 #55Q such that Q ~4 Q'}

satisfies a Carleson packing condition.

(b) Suppose 7 C P satisfies a Carleson packing condition. The set
Hy={Q € 2:3Q € A such that Q ~,, Q'}
satisfies a Carleson packing condition.
This lemma will directly give us a Carleson packing condition on the set
Be=BU{Qe¥:3Q €S # S >Q such that Q A2 Q'}. (3.25)

Lemma 3.16 (A, Carleson packing condition). The family B, satisfies a Carleson packing condi-
tion. For any W € 2B, there ezists Qw € B, such that g(W') ~4, Qw .

Proof. The fact that A, satisfies a Carleson packing condition follows from Lemma [3.15] For the
second statement, let W € ,,. By definition, W & ¥4,, so that either

(1) 3Q € A such that g(W) ~4, Q,
(ii) 351,52 € .Z such that Q1 € S1 # S2 3 Q2 with g(W) ~4, Q1 and g(W) ~4, Q2.
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The first case gives the desired cube @y immediately. In the second case, a calculation using the
definition of Ag-closeness shows that Q1 ~542 Q2 so that Q1,2 € %, and we can set Qy = ;. N

We now fix y € 92N B(0,1) and 0 < r» < 1. In order to pick out the pieces of the domains
which actually intersect B(y,r), for any T' € 7 we define

Ty ={T € T :QrnB(y,r) # 2}.
We break up %’m into regions with large and small top cubes:

Ty =T € Fy : h(W(T)) > 101},
%77' = ‘Z//,T \ yL

It is also convenient to collect all of the boundaries associated with a given stopping time domain
T € 7 into one set: A
Br= | 09
jedr
We note that By is d-upper Ahlfors regular by Proposition 5.1l Proposition will follow from
the following three lemmas below. The first gives a bound for the domains in .77, , while the second
gives a bound for those in .7, ,

Lemma 3.17.
Z Hd BTﬂB(yv )) ~Ld T <Hd(anB(y, ))

TeJy, RS

Proof. We will show that #(77,) is bounded independent of y and r. For any T € I, we
claim that there exists some Wp € T such that h(Wr) ~ r and dist(g(Wr),y) ~ r. Indeed, by
definition there exists Ry € T such that g(Rr) N B(y,r) # @. There then exists a box Wr € T
with W > Ry with the desired properties because of and the inequality h(W(T)) > 10r.
But, since the collection {g(Wr)}rez, . is a Whitney family, it follows that N = #(J.,) =
#{9Wr)}rea, ) Srra 1. Therefore, since By is d-upper Ahlfors regular,

Z HYBr N B(y,r)) Sa #(Tpe)r? Spar. u
TGyL’,.
We now handle the regions with small top boxes:

Lemma 3.18.

> HUBrnB(y,r) Suae HH(OQN Bly, Agr)) Sprar (3.26)
TETy r

Proof. We first note that since He(Br) <q H(007), we have

> HUBrnBy,r) < D> HU(Br)Sa Y, HU).
TETy,r TEDy r TETy,r
Therefore, it suffices to prove ZTE% . HYONT) <1 ae HUON N B(y, Adr)).

For any T' € 7., (3.9) gives diam g(Bot(W))) Sq h(WW) so that Lemma and the fact
that g is L'-bi-Lipschitz give an analogue of (j5.1)):

HY(0Qr) Sar HUOQr NOQ) + > Hd (Bot(W)))
wem(T

Sa HUOQrn o) + > (W (3.27)
Wem(T)
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Now, W € m(T) implies that there exists a child W’ € Stop(T") N %, for which we have Q € %,
with g(W’) ~4, Q by Lemma For any x € (), we compute
|z — y| < diam Q + dist(Q, g(W’)) + diam g(W') + dist(y, g(W’))
< 24 diam g(W') + 2Ag diam g(W') + diam g(W') + 10r
< 10VdAh(W') +10r < 100V dAgr < A2r (3.28)
This shows that Q C B(y, Ar). Hence, applying Lemma with ¥ = {g(W) : W € m(T)} and
U ={Q e HB.:QC B(y,A%r)} we get
o MW Sagar Y UQ)! Sae HUO2N By, Afr) (3:29)

Wem(T) QEBe
QCB(y,A3r)

where the last inequality follows from the Carleson packing condition for %.. By observing
that 907 NOQ C B(y,50V/dr) for any T € F,, and HY(0Qr N OQr NOQ) = 0 for T # T,
implies
> HUON) Saorae HUOQN Bly, Ajr)) Saw !
TeTy r
using the fact that g is bi-Lipschitz and parameterizes 0f) in the last inequality. |

Finally, we handle the boundaries of “trivial” cube domains associated to the bad boxes in %,,.
To do so, we collect the boundaries associated to fixed W € %, into the set

By = |J oR
ReLw
Lemma 3.19.
Y HYBw N B(y,1)) Spae HYOQN By, Ajr)) Saga .
WeRBw
Proof. We first note that
> HIBwnByr)< Y, H(Bw) Sy HI(9g(W)) £ h(W)!

W ePBy WeRBy,
g(W)NB(y,r)#2

using H%(g(Bot(W))) <q h(W)? as in (3.27) above. In addition, there exists some cube Q € %,
such that g(W) ~4, Q and, as in (3.28)), @ C B(y, A3r). Hence, we have

Y HBwNBy,r) e D>, W) Sagar Y, Q)

WePBy W ERBnw QERB.
g(W)NB(y,r)#o QCB(y,Ar)
Sae HUOQ N B(y, A3r)) Sap ]

Proof of Proposition[3.10. First, consider Q; € £ such that either there exists jo, 7y such that
Q; = Qp or there exists W € %, and R € Ly such that Q; = g(R). Therefore, we have

> 109N B(y,r))

JE€EJ»
< > Y HOYNB,)+ D>, Y HOY By, )+ D>, > HYORNB(y,1))
TeﬂL rJE€JT T€Zy rj€JT WeRByw ReLw
ST HUBrO By, )+ Y. HBrnBy.r)+ > HYBw N By,r))
TeTL » TETy r WeBw
Sude
by Lemmas [3.17] [3.18] and [3.79] [ |

This completes the proof of Theorem [A]
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4 The proofs of Theorems [B] and [C]

We now turn to proving Theorems [B] and [C] Both of these theorems will follow from the following
result

Theorem 4.1. Let @ C R be a domain. There exists constants A(d), L(d),eo(d) > 0 such
that if 02 admits a d-dimensional graph coronization with € < €y, then there exists a collection
L ={Q;}jes, of L-Lipschitz graph domains such that

(i) 2; €,

(i) QN B(0,1) C U2, @y,
(iii) 3C(d) > 0 such that Vo € R x € Q; for at most C values of 7,
(iv) For anyy € 002N B(0,1) and 0 < r <1, we have

> 1O N By, 1)) Sea HUOQN B(y, Ar)).
j=1

The proof will be via relatively minor modifications of the argument for Theorem [A] The
idea is to construct a collection of CCBPs with associated maps {g; }ie; where g; : D; — Q which
individually parameterize only a little piece of Q at a time. These maps will be (14 C4)-bi-Lipschitz
at the cost of introducing an outer “buffer zone” of domains in the image of these mappings having
bounded overlap.

We now fix constants p, Ag, K as in Section [3| and set A; = max {20A3, %}, M =

cop
max{ 108, A2},

4.1 Local CCBPs adapted to ¥

We will construct Reifenberg parameterizations as in subsection [3.1| centered around the points of
a Whitney-like net Cyp of 2N B(0, 1) rather than having a single global map.
For every n > 0, define

$p = 3-27 7L
D, ={z € B(0,1) : dist(z,09) = s,},
Cn = Net(Dna Sn) = {pi,n}ieln-

Set Co = U, Chn.

Definition 4.2 (flat and non-flat points). Let p € QN B(0,1). Define

1.
2, = {Q €97:Q~/44, B (p,Zdlst(p,GQ)>}

We say that p is flat if there exists S € % such that 2, C S. Otherwise, we say that p is non-flat.
Given the set Cy above, we define the flat and non-flat points of Cy by

Fo={pel:35e #, 2,C S},
Mo =Co \ Fo.
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Fix p € Fy and let S, € # be such that 2, C S,. Without loss of generality, assume that
dist(p,0) = dist(p,02) = 6 = so. The fact that p € Fo implies there exists Q) € Z,() with
dist(p, Qp) < 6 and cop < diam(Q,) < 1 = rq so that @, € 2, because A1 > 10(cop)~!. Hence,
bBaa(MBg,) < e. Without loss of generality, suppose Pg, = R? achieves the infimum in the
definition of bBpn(M By, ).

For any k > 0, let

Ylf = {:UQ 1Q € Sp N -@s(k)}v (41)
X7 € Net(YP, ry).

We enumerate X, = {1 }jes, and define

Bjr = B(zjk, k),
P = PQj,k’
‘%) = (PQP7 {B)k}7 {szk})'

where P, , 3 zq,;, satisfy Bg’é (2/)_1KBQJ.7,€7 Poiw) S ,Bgé@p_lKBQj’kBQj,k) as in the hypotheses
of Lemma Using the fact that Q € S, C ¢ so that b3(M Bg) < ¢, a nearly identical argument
to that of Lemma [3.2 gives that 2}, is a CCBP:

Lemma 4.3. For any p € Fy, Z, is a CCBP.
We will now prove the following analogue of Lemma [3.3

Lemma 4.4 (properties of g,). There exists a choice of constant Ay Sq Ao such that for any
z = (x,y) € Dy, the following hold:

(i) faw)(@) € Vi,
(ii) (1= Ce)ly| < dist(gy(2),02) < (14 Ce)lyl.

(i1i) For any m € N with m < n(y), there exists a collection of cubes Qn(

9 € Qny)-1 S CQnm
such that for any k with m <k <n, Q € Sp and dist(g(x,r), Q) S

L and

n

ST (@) Sarpa Y B (MBg,)? S e.

k=m k=m

Proof. The proof is similar to that of with the only complication being that we need the map
gp to also behave nicely on the buffer region of Ag close cubes to those in #5. We will prove this
for fixed z = (z,y) by first assuming that |(i)| holds and showing that items and hold. We
will then prove item |(i)| by induction, considering the points (x,r;) € D, for 0 < k < n(y) (assume
without loss of generality that h(W(T)) = 4).

So, first assume that item |(i)| holds. Given this, item follows exactly as in Lemma item
Similarly, item follows as in Lemma item by replacing the infinite chain of cubes
with a chain terminating in Q) € Zs(n(y)) N Sp-

We now prove itemby the induction discussed above. For the base case, recall that fo(z) = z
so that (z,y) € ﬁp means dist(z, W (T})) < 24pdiam W (T'). Since we’ve chosen M large enough,
r € MBg, N Py, so that dist(z,0) Sy €. This means p € F implies that there exists Qo €
D0y N Sp such that [z — 2q,| < 2rg from which the claim follows. We will finish the proof by
proving the following claim:

Claim: For any k < n(y), fr(x) € V}? implies that fr4i(x) € V2.
Proof: The fact that (z,r;) € 5p means that (z,7;) € Ry € #, and there exists W € T}, such
that Ry ~4, W. This gives dist(Ry, W) Sa, h(W) and ry =~ h(Ry) ~g diam Ry ~4, h(W). If now
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fi(x) € V2, then there exists Q € S, N Py such that | fi(z) — zq| < 8ry, so that bBs(MBg) < €
implies there is Qg1 € D41y With |frr1(2) —2q, | < 2rk11. Applying item and (3.11)) gives
dist(Qr+1, 9(W)) < dist(Qr41, 9(Ri)) + diam g(Ry) + dist(g(Rx), (W)
< 2V dh(Ry) + 2V dh(Ry,) + Ao(diam g(Ry) + diam g(W))
< 5VdAoh(Ry,) + 5V dAo(h(Ry,) + diam g(W) < A2 diam g(W)

and
diam Qk+1 < Tk+1 < h(R) < A()h(W) < 2A0 diamg(W).
di > ol O i1 > 2L (Ry) > 2L (W >Ld' W).
Therefore, Qi1 ~4, g(W). By the definition of T}, we then have Q41 € Sy so that zq, ., € Y,f+1
and fry1(x) € Vk+1 as in Lemma (3.3 E. [ |

4.2 The Lipschitz decomposition with bounded overlaps

Hence, by Theorem we get a Reifenberg parameterization g, : R — R and we let %} be
the Whitney decomposition of H*! such that Wy = [~2,2]?x [4, 8] € ¥, so that p = c(Wy) = (0,6)
and let #p = {W € #,) : W € D(Wp) as in (3.5). We now give a one-step version of the stopping

time construction in Definition to produce a single domain D, and an extended version ﬁp
which contains additional “buffer” cubes which g, maps forward to approximating Lipschitz graph
domains

Definition 4.5 (Stopping time regions around flat p). Fix a constant A; > 1 and p € F and form
the map g, and Whitney lattices %, and #; as above. As in (3.14), we define

G, ={W € # : YQ € Z such that Q ~4, g,(W) we have Q € S,}

By definition, p € F implies Wy € %,,. Define a single stopping time region T;, C #j by setting 7T},
to be the maximal subtree of D(Wy) N¥, such that for any R € T}, either all of its children are in
T}, or none are.

Definition 4.6 (Stopping time domains around flat p). For any p € Fy, we define a stopping time

domain
D,= |J W
WET,

Additionally, we extend D), by a “buffer” region of Agp-close cubes on the boundary of D, by defining
the extended stopping time region and extended stopping time domain by

T,={W e, 3Re T, W ~4, R},
D= |J W
weT,

We will carve up the image domains

Qp = gp(Dp),

ﬁp = gp(ﬁp)

to construct one family of our desired Lipschitz graph domains in the conclusion of Theorem

We will also need to construct Lipschitz graph domains around non-flat ¢ € Ny. Because
0f) admits a graph coronization, there are a controlled number of such ¢ so that we can cover the
regions around them by “trivial” domains without adding too much total boundary.
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Definition 4.7 (Trivial domains around non-flat ¢). Fix once and for all an auxiliary Whitney
decomposition W of Q. For any q € Np, there exists a Whitney cube W, € # such that qge W,
and

diam W, < dist(g, 0€2) < 8diam W,.

We directly define

We will get our final collection of domains by choosing a well-spaced subsets F C Fy and
N C Ny and carving up the domains in {€,},er U {Q}gen

To choose our collections F and A, we put an ordering on the points of Cy by choosing some
ordering on each finite set C,, and then imposing p,, < p,, for any p, € Cy,, pm € Cpy with n < m.
Co has a least element which we call ¢y and we define an auxiliary collection Py = {po}. Given the
definitions of Cy and Py, we define C,,4+1 and P, 41 inductively for any n > 0 by

A
Cos1=Co\{pEC, « dist |p, |J Q] < 3—8 dist(p, 09). y , (4.3)
P €Pn
Pry1 = PrnU{pPns1}, (4.4)
where p,+1 is the least element of C,,1 with respect to the ordering inherited from Cy. Finally, put
C - U Pn,
n=0
F=FyNC,
N =NynC.

We can now give the definition of our desired Lipschitz decomposition with bounded overlaps

Definition 4.8 (Lipschitz decomposition with bounded overlap). For any p € F, Proposition
implies there exists an Ahlfors regular d-rectifiable set ¥, such that

Dp \ ETP = U 'D%
Jj€Jp

where D{; is an Lo(d)-Lipschitz graph domain. We set Qf, = gp(Df;) and define our Lipschitz
decomposition with bounded overlap

Z = {gp(W)}pe}j WeD,\D, U {Q%}pef, jed, Y {R}qu’ ReD," (4-5)

In analogy to Propositions (3.9 and we will finish the proof of Theorem [4.1]if we can prove
the following propositions:

Proposition 4.9. Let Q be as in Theorem [{.1 and £ = {Q}jes, be as in [LE). There exists
L1(d) > 0 such that for any j € Jo, Q; is an Ly-Lipschitz graph domain. In addition, we have

(i) € € Q,
(i11) 3C(d) > 0 such that Vz € Q, x € Q; for at most C' values of j.

Proposition 4.10. Let Q be as in Theorem and L = {Qj}jcs, be as in (4.5). For any
y € 0NN B(0,1) and 0 < r < 1, we have

> 1YY N B(y, 1)) Sea HHOQN By, Air)). (4.6)

J€ie
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4.3 Lipschitz bounds and covering / overlap properties for Theorems B| and

In order to prove Propositions and , we must show that the mapping g, behaves on Z/D; as
our single Reifenberg parameterization g did on each Dy in the setting of Theorem [A]
The following analogue of Lemma @ allows us to control the change in Dg, on any extended

stopping time domain D,,.
Lemma 4.11 (Variation of Dgp). For any p € F and z € ﬁp, we have

Dgyl(=) — 1] < C6 (4.7
In particular, gp’ﬁp is (14 C9)-bi-Lipschitz.

This result follows directly from the proof of Lemma Equation follows from the
added observation that p € D, and dist(p, 02) > 2 (after normalizing) implies Dg,(p) = I so that
the claim follows from by taking w = p.

We now have enough to show that each domain in .Z as in is Lipschitz graphical

Lemma 4.12. There exists a constant L1(d) > 0 such that Q; is an Li-Lipschitz graph domain for
all j € Jg.
Proof. Each domain in the set {R}q eN, ReP,

trivially. Each domain €; in the set {gp(W)}pe}‘, web,\p, Y {Q{;}pef’ jed, is the image under g,
of an Lg-Lipschitz graph domain. Therefore, by Lemma and there exists Lq(d) > Lo such
that each such ; is an L;-Lipschitz graph domain. [ |

is a cube, which is an Lg(d)-Lipschitz graph domain

In order to prove the remaining statements of Proposition [£.9] we first show that the buffer
region €2, \ ©,, contains a cone around Qp with respect to the distance to 92 for any p € C:

Lemma 4.13. For any p € C, ﬁp contains a %—cone around §Y, with respect to distance from 0S2.
That is,

F= {w € O :dist(w, ) < % min {dist(w, 9Q), dist(g,(W (T})), 09)}} C ﬁp (4.8)

Proof. First, suppose that p € F and let z € F. Since ﬁp = gp(ﬁp) where g, is (1 + C6)-bi-
Lipschitz by Lemma and translates distance in the domain to R? to distance to 9§ in the

image by Lemma it suffices to show
A ~
{z € Q: dist(,D,) <~ min {dist(z,]Rd),dist(W(Tp),Rd)}} cD, (4.9)

because the desired containment then follows by mapping (4.9)) forward. Now, there exists W € T,
such that dist(z,W) = dist(z,D,) and there exists a cube W, € %, such that z € W,. By the

definition of ﬁp, it suffices to show that W ~ 4, W,. We estimate
A
dist(W, W) < dist(z, D) < TO min{dist(z, R?), dist(W (T,), R%)} (4.10)
Ay . Ay .
< S0 min{ (W), h(W (1))} = =0 min{(W.), €0V (1))}
Using this we get
A
(W) = h(W) < dist(W,W,) + diam W, + h(IW,) < (20 +vVd+1+ 1) LW,) < Apl (W)

given that Ag > 4v/d. A similar calculation shows that £(W,) < Ag/(W) which completes the proof
in the case when p € F. If ¢ € NV, then Q, = W,. Let w € F and let W, € # with w € W,,. By a
similar computation to the above, one can show that W, ~4, W,, from which the result follows. W
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With the help of Lemma we can prove the bounded overlap and covering properties of
Z.

Lemma 4.14. Let p,p' € C, p # p'. The following hold:
(1) QNQy =0o,
(ii) QN B(0,1) € Uyee Oy,
(i1i) 3C(d) > 0 such thatVx € Q, = € ﬁp for at most C' values of j,
(iv) Q, C Q.
Proof. We begin with proving Using the partial order on C, assume without loss of generality
that p’ < p. By the definition of €, we have dist(p, 2,/) > % dist(p, 9Q?). We claim that

Q, C B(p, 3Vddist(p,09)) C B <p, gl(()) dist(p, 8Q)>

where the final inclusion follows because Ay > 120v/d. Indeed, if p € N, then Q, = W, > p with
diam W, < dist(p,0f2). If instead p € F, then Q, = ¢,(D,) where D, is composed of a union
of cubes in the descendants D(W(T},)) where dist(p,9Q) > ¢(W(T},)) so that the fact that g, is
(14 C0)-bi-Lipschitz means v/d + 1dist(p, ) > diam(g,(W)) and dist(p, Q) > dist(g,(W),p) for
any W € T,,. The claim follows.

We now prove Let z € QN B(0,1) and let k& > 0 be such that sx1 < dist(z,092) < sk.
By the definition of CY, there exists pp € Ci such that

|2 — pi| < 3sp = 65311 < 6dist(z, 09).
Now, if p. € C, then by Lemma z € ka. Otherwise, pi & C so that by (4.3]) there exists p € C

such that p < py and dist(pg, 2p) < % dist(pg, 0Q) = %sk = %8k+1. But then

A A
dist(z, Q) < |z — pr| + dist(pg, ) < 6551 + l—gskﬂ < Tg dist(z, 99)

so that z € ﬁp by Lemma as long as dist(z,€,) < % dist(g(Wp), 0) which follows from the
fact that p < pi (p is not a net point of smaller scale). R
We now prove Let z € QN B(0,1) and define C, = {p € C : z € Q,}. It suffices to prove

#(Cz) Sd 1

First, suppose p € C, N F. Then there exists W € T\p such that z € g,(1W) and the definition of SAZp
then implies that there exists R, € T}, such that R, ~4, W. Let r, = dist(z, 012). Lemmas and
imply that diam g,(R)) ~¢ dist(g,(Rp), 02) >4, r, and there exists Cp(d, Ag) > 0 such that

B(gp(cRp)’ Co_lrz) - gp(Rp) C B(z,Cor.) (4.11)
Since Q, N Q,y = @ for p # p’, we have
gp(Bp) N gy (Ry) = 2. (4.12)

it follows from (4.11) and (4.12)) that #(C. N F) Saya 1. A similar argument shows that #(C, N
N) <d 4, 1 from which the claim follows.

Item follows from Lemma . ]
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Remark 4.15 (Whitney family). In fact, (4.11) and (4.12)) in combination with Lemma show
that there exists a constant Aj(d) such that the family

Gi={J emWu W, (4.13)
PEF qeEN
WeT,

is a A;-Whitney family in the sense of Definition (compare with Lemma [3.14)).
We can now finish the proof of Proposition [£.9]

Proof of Proposition[{.9 We showed the existence of L; such that €; is L;-Lipschitz graphical
forany j € Jg in Lemma The fact that ; C € follows from Lemma while Q C
U;cs., € follows from Lemma Finally, item of Proposition follows from Lemma
because for each p € C, there is by definition at most one index j, such that z € Q; C
Q,.

4.4 Surface area bounds for Theorems [B] and
In this section, we prove Proposition [£.I0] The proof is similar to that of Proposition [3.10] given
Remark . Fix y € 90N B(0,1) and 0 < r < 1 and let Ay = 100VdA2, As = 50V/dA; As.

If p € F is such that Q, N B(y,r) # @, then there exists a cube R with ¢(R) < 2r such that
gp(R) N B(y,r) # @ and g,(R) ~a, W with W € T),. Then

dist(g, (W), y) < dist(g,(W), gp(R))+diam g,(R) < Ag(14Ag) diam g,(R) < 3vVdAZL(R) < 10VdAr.
Therefore, since Ay > 50v/dA2, we get that Q, N B(y, Aar) # @. We set
y'7A2r ={T,:peF, QN By, Asr) # o}.

The above discussion gives that ﬁpﬁB(y, r)# @ = Q,NB(y, Asr) # @, so it suffices to consider
stopping time domains in the family y/, A, Break up %’7 A,y iDto regions with large and small top
cubes:

9L,A2T = {Tp € ‘Z/,,AQT' . h(W(Tp)) > 10A27"}7
‘Z/Azr = Z;/,Agr \ gL,Aﬂ'

We also collect all of the boundaries of domains in our decomposition .Z associated with a given
flat point p € F into the set

B,=|Joju [J gow). (4.14)

i€ I, WeDp\Dp

We note that B, is d-Ahlfors regular with constant depending on d and Ay by Proposition and
the fact that each cube W C ﬁp \ D, is Agp-close to a cube W' € T}, with at least one face inside
0D,

We can then use the arguments of the previous section to get the following analogues of
Lemmas and

Lemma 4.16.
Y HYB, N B(y,r)) Sar < HUOQN B(y,r)).

peF
Tp€9L7A2T
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Proof. Tt follows from the proof of Lemma and the fact that G is a Whitney family (see
Remark [4.15)) that #(.77 4.r) Sa,.a 1. Since By is d-Ahlfors regular, we have

> HUB,N B(y,1)) Sapd #( i) Sazar®. u

pEF
TpéegLyAy»

We now handle the regions with small top boxes:

Lemma 4.17.
> HUB,NB(y,r)) Sae HHOQN B(y, Asr)). (4.15)
peF
TPG%J]QT

Proof. We modify the proof of Lemma We first observe that since H4(Bp) Sa,.a HE(99Q,), we

have
Z Hd(Bp N B(Z/? T)) < Z Hd NAO7 Z ,Hd(agp)
peEF peEF peEF
Tp€<%,A2r Tpeg%’AZT TPEE%,Ay«
Therefore, it suffices to prove (4.15) with B, N B(y,r) replaced by 99Q,. For any T}, € I, a,,, We
get
HUOQ) Sa HU O NOQ) + Y AW (4.16)
wem(Tp)
Now, W € m(T,) implies that there ex1sts a child W’ € Stop(7,) for which we have Q € %, of
(3.25) with g(W') ~4, @ by Lemma . By replacing Ay with A; and r with Ayr in (3.28]), we
get Q C B(y,50V/dA; Ayr) C B(y,Agr). Hence, applying Lemma |3.13| with ¥ = {g(W) : W €
m(Ty), Tp € Ty aor} and % ={Q € B : Q C B(y, Azr)}, we get

S MW Ze YD Q) Sae HU(OQ N B(y, Asr)) (4.17)
pEF  Wem(Ty) QEB.
Tet%,AQr QQB(y’AQIT)

where the last inequality follows from the Carleson packing condition for .. By observing
that 9Q, NN C B(y,50v/dAar) and H(9Q, N 0Q,y NON) = 0 for any p # p', (4.16) implies

> HUOY) Sae HU(OQ N By, Asr)). u

Tpe'gy,AQ'r

We also need to bound the surface measure associated to trivial domains around non-flat
g € N. For any q € N, we define the set of boundaries

By=ow,u |J ow
wew
WCD,4\Dy
We note that H4(By) Sa.a, £(Wy)<.

Lemma 4.18.
> HU By N B(y, 1)) Sae HU(OQN By, Asr))
geEN

Proof. Observe that B, N B(y,r) # @ implies there exists Q € %, such that W, ~jp4, @ and
Q@ C B(y, Asr) so that we have

SHUBNBE) S Y. W) Saa Y. UQ)! S HUOQN By, Ayr)). W
qu qGN Qe'@e
B4NB(y,r)#2 QCB(y,Asr)
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Proof of Proposition[{.10. Q; € £ implies that there either there exists jo, Ty such that Q; = Qzﬁ)
or ¢ € N such that Q; = R € W where R ~,, W,. This means that

> HU09; N B(y, 7))

JCie
< Y DY HUYNBy.r)+ Y. Y HU YN By.r) + > HY (BN By,r))
TETL, Agr JEIT T€Ty, Agr JEIT qgeN
S Y, HBrnBly)+ Y, HUBrnByr)+ Y HU(B,N By,r)
TEyL’Ayn TEEZ/’Azr qeEN
Suae HUOQ N B(y, Asr))
by Lemmas [4.16], [£.17], and [£.1§] |

5 Lipschitz graph domains

Because each stopping time domain is not necessarily a Lipcshitz graph domain, we will construct
a d-Ahlfors regular, d-rectifiable set ¥ which carves Dy into a collection of ¢(d)-Lipschitz graph
domains. The images of these nicer domains under a Reifenberg parameterization whose derivative
is nearly constant on the domain will then map them forward to Lipcshitz graph domains as desired
in the conclusions of Theorems [A] [B] and [C]

5.1 Carving up stopping time domains

We want to prove the following proposition:

Proposition 5.1. There exists a constant Lo(d) > 0 such that for any stopping time region T C W/,
there exists a d-Ahlfors upper reqular set Xp which is a union of subsets of d-planes such that

Dr\Sr= J D}
Je€JT

where

> HUODL) Sa HUODr) ~a HUDr NRY) + > oW (5.1)
Jje€Jr Wem(T)

and D% 1s an Lg-Lipschitz graph domain.

Remark 5.2. In Proposition [5.1} we only care that T is a coherent collection of cubes in the sense
of Definition not that they are produced by the specific g-Whitney coronization construction
in Definition 3.5

Y will be defined as a union of more local sets Yy for W € m(T'). The basic idea is to use
a “cover” emanating from the bottom face of every minimal cube W downwards at a 7 angle with
the vertical in order to turn the jagged right angles made by stopped cubes into smoother 7 angles
which look Lipschitz to a point sitting above them higher up in the domain. This is essentially a
modification of Peter Jones’s algorithm for turning chord arc domains composed of Whitney boxes
in the disk into Lipschitz graph domains in his proof of the Analyst’s Traveling Salesman Theorem
in the complex plane (see pg. 8 of [Jon90]). We now construct Xy .

Fix T and W € m(T). By translating and dilating, we can without loss of generality assume
W = [-1,1]% x [2,4]. For any function f : R? — R, we let Graph(f) denote the graph of f in R
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Diyider(W)
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Figure 1: A representation of W, Cover(W), and Divider(W) in R2.

over R% x {0}. We begin by defining, for 1 < j < d,

H()(l') = 2,
Haj1(x) = 3 + x;,
ng(l‘) =3—- xj.

The graphs of these functions (except Hy) over RY are planes which make an angle of 7 with R?
and contain the edges of Bot(W) with x; = —1 and z; = 1 respectively. We define
Hy (z) = Oglggdﬂi(x),
Cover(W) = Graph(Hy ) N H!,

Cover(W) is the lower envelope of the collection of planes given by the graphs of the H;. In
R3, Cover(W) forms the sides of a square pyramid minus its tip with base [-3,3]? x {0}. In
general, Cover(W) divides H%! into two components: a bounded component Cy with boundary
Cover(W) U [-3,3]% x {0} and the unbounded complimentary component. It also follows that

HA(Cover(W)) <q HE(Bot(W)) = £(W)< (5.2)

Cover(W) is one of two parts of Xy. The second part will be called Divider(W) because its
purpose will be to ensure that all future domains beneath Cover(W) look similar to the top domain
by separating future domains from one another with vertical plane extensions of the sides of cubes
sliced by Cover(W). See Figure

We begin by defining t, = 1 + Z;L;Ol 277 and

2, = {Q e AU=8. 0 £Q) = st — 1 =2

d
35, 1<j<d, aj = +t,, Q= H[%bj]}
j=1

where A4([-3,3]? x {0}) is the set of d-dimensional dyadic cubes contained in [-3,3]¢ x {0}.
Intuitively, we think of #,, as the radii of growing balls in the ¢, metric centered at 0, and the cubes
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Figure 2: A representation of [—3,3]? x {0} split into 2 in yellow, 25 in red, and U 3.2, left
uncolored at the edge of 25 (The white square in the middle sits below the cube W € m(T'), hence
nothing above it lies in Dr). The set Divider(W) shoots out of the page as a union of extensions
of the sides of the squares up to the points at which they hit the slanting top of Cover(W).

inside 2,, as the natural collection of dyadic cubes tiling the set difference between successive balls
with side length exactly equal to the gap between the two square rings forming the boundaries of
the £, balls (See Figure . Set 2 =J;7 | 2, and define

Divider(W) = Cy N | J{F; x [0,20(Q)] : F;j € Faces(Q), Q € 2}.

Because Z?il HAYF; x [0,20(Q)]) <a HYUQ) and [-3,3] x {0} = Uge2 @ is a disjoint union, it
follows immediately that

H(Divider(W)) <q HABot(W)) = £(W)4. (5.3)

Now, we define
Yw = Cover(W) U Divider(W),

Yr = U YXw N Drp.
Wem(T)

We first prove the upper regularity claim of Proposition [5.1
Lemma 5.3. X7 is upper d-Ahlfors upper regqular with constant C <4 1.
Proof. Fix R > 0 and x € Xy C X for some W € m(T). We write
HY(SrNB(,R)= > H(EwnB@R)+ >  H(SwnB(,R).
Wem(T) wem(T)
h(W)<10R h(W)>10R
We note that (W) and 7(W') have disjoint interiors for any W, W’ € m(T') with W # W’ so that

> HUSwNB@R) S Y, HUBot(W)) < (20R)".

Wem(T) Wwem(T)
h(W)<10R h(W)<10R
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On the other hand, there are a uniformly bounded number of minimal cubes N (d) with h(W) > 10R
such that B(z, R) N Xy # @ so that

> HYEw N B(x,R)) < N(d) - c(d)R <q R
Wem(T)
h(W)>10R
because H(Zw N B(z, R)) < c(d)R? for any particular W by construction. Therefore, Y7 is upper
regular. |

We now finish the proof of Proposition
Proof of Proposztzon- It follows from (5.2)) and (5.3) that

< Y HYSw) Sq Z HY(Bot(W)) < HABot(W(T))) <q HUODr)
Wem(T) Wem(T)

which proves . We now need to show that the resulting domains D% are Lipschitz-graphical. If
D% is the domain containing W(T'), then the claim follows with the choice of central point ey (7).
Indeed, the cube W (T') is clearly Lipschitz-graphical with respect to cy (7, and any boundary point
of D% not in OW(T') is either in a vertical plane containing one of the vertical faces of W (T'), or is
part of the Lipschitz graph consisting of the horizontally planar faces Bot(W) for W € m(T') and
the planes of Cover(W) making % angles with the bottom faces.

Now, suppose D% NW(T) = @. We have set up the construction such that this will not
differ too much from the top cube case. Let W € m(T) be a cube of minimal height such that
D} C Cw and HY(OD?. N Cover(W)) > 0. Such W exists because its minimality implies that for
any W' € m(T') of smaller side length than W, Cover(W’) can only be part of the “lower” boundary
of DJT while the only non-vertical planar pieces in Y7 are bottoms and covers of minimal cubes.
Then the cube R of maximal height such that ROD% # & is exactly the cube of length ¢(Q) sitting
above Q C R? x {0},Q € 2 used in the definition of Divider(W).

Therefore, ROD% is a cube sliced by finitely many d-planes passing through its sides and corners
at 7 angles. By the geometry described above, Dj contains the convex hull of cg and Bot(R), so we
have that D]T is Lipschitz- graphlcal with respect to (cR + cBot(r))- Indeed, Lipschitz-graphicality

follows for points in RN DT immediately, and follows for the rest of D}, by the same argument as
for the region containing W (T') because the definition of Divider(W’) ensures that all cubes which
make up D} are children of R. Indeed, the boundary outside of OR consists of vertical planes
containing one of the vertical faces of R or is part of a Lipschitz graph consisting of horizontally
planar faces Bot(W') for W' € m(T') with W’ < R and the planes of Cover(WW') making 7 angles
with the bottom faces. n

5.2 Images of Lipschitz graph domains

We now show that the Lipschitz graph domain property is preserved under images of maps whose
derivatives are nearly constant. We begin by observing that linear transformations preserve Lips-
chitz graph domains

Lemma 5.4. Let Q C R be an Lo-Lipschitz graph domain and let A : R¥ T — RI*L pe an L'-
bi-Lipschitz affine map. Then there exists a constant Li(Lg, L") such that A(Y) is an Lq-Lipschitz
graph domain.

Proof. Without loss of generality, assume A(0) = 0 and set Q' = A(2). Then since Q = {t0 : 0 <
t <r(f), 6 € S}, we know that Q' = {tA(0) : 0 <t < A(0), 6 € S?} so that Q' is star-shaped and
rq is well-defined. We have

oY = A(0Q) = {A(r(0)0) = r(0)A(6) : 6 € S}.

37



Therefore, given ¢ € S%, we see that

AL () ) |
A=) [ATH W)
Because A~! is L/-bi-Lipschitz and rq is Lo-Lipschitz on S% rq is composed of products and

compositions of bounded Lipschitz functions and it follows that there exists Li(Lg, L') such that
rq satisfies the requirements of Definition after scaling. |

ro(¥) =ro (

We now move from affine maps to maps whose derivative is sufficiently close to the identity. In
preparation, define £, for any z € R%*! to be the line passing through 0 and z and let P, = ¢+ + 2.
Define the radial cone at = of aperture o and radius R as

~dist(y, £z)

Cola, R) = {y € Bl R): o Py

< tan(a)} \ {z}.

Lemma 5.5. Let Q) C ]Rd‘*'libe an @—Lipschitz graph domain. There exists a constant do(Lo,d) > 0
such that if § < 8o and @ : Q — ©(Q) is a (1 4 9)-bi-Lipschitz C* map satisfying

Do(z) 1] <4 (5.4)
for all z € Q, then there exists Ly Spy.a 1 such that () is a Ly-Lipschitz graph domain.

Proof. Assume without loss of generality that 2 is Lipschitz graphical with respect to 0 and ¢(0) =
0. We first verify that rq : S* — R is well-defined, i.e., the domain is star-shaped with respect to 0.
Let p(x) € 09 and let v(t) = tp(z). We want to show v N () = {¢(z)}. Set F(t) = o L(y(1)).
We would like to prove

7'(t) — 2| < 5| (5.5)

for all ¢ € [0,1]. First note that
[Dp(2) "t =1 = [Dp(2) " - [I = Dp(2) ]| < 20]| Dep(2) | < 36

using the bound |Dip(2)71| < m < (1 + 20) where omin(Dp(z)) is the smallest singular
value of Dp(z). This means

7' (t) — | = D™ (v() - (1) — x| = [[De(3()) " = 1] -~/ (t) +'(t) — x|
< 3d|p(x)] + |p(x) — x| < 56|

where the final line follows from the fact that ¢(x) = fol Do(tz) -z dt =x + fol (Dp(te) — 1) -z dt
so that |¢(x) — x| < d|z|. It follows from the mean value theorem that ¥ C C;(106, |x|). Since
C (106, |z|) O = @ for ¢ sufficiently small in terms of Ly, it follows that choosing ¢y small enough
gives 4 N 0N = {x} so that v N dp(Q) = {¢(z)} as desired.

Set ' = ¢(02). Now, rq is well-defined and implies

m < TQ’(Q) <2
so that we only need to show that rqs satisfies the Lipschitz bound in Definition for some
constant Ly(Lg,d). Let a,b € 09 with a = |a|¢p; and b = |b|pp. Let ¢ = [¢p1 — 9)o]. If ©» > §, then
the result follows directly from the fact that ¢ is (1 + §)-bi-Lipschitz. If instead ¢ < 7, then there
exist unique z,y € 9N such that a = p(z) and b = p(y) and we assume without loss of generality
that |x| > |y|. Let z = rq(01)01 = |x|01, y = rq(02)02 = |y|f2 and set 0 = |6 — Os|.

We first claim that it suffices to show

01 — O] Sro.a Y1 — 2. (5.6)
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Indeed, if (5.6) holds, then

ror (1) — ror (2)| = |la] = [b]] < fa = b] = [p(z) — p(y)| < (1 +6)|z —y|
< (1 +6)(lz = Orlyl| + [61]y[ — vl)
= (14 0)(ra(61) — ra(f2) + |y||01 — 02|)
< (1+6)(Lo+1)[01 — 02 Sroa [¥1 — 2l
Now, we concentrate on proving [5.6
Put 2 = (1 — |z — y|)x and ¢ = (1 — |a — b|)a and define
a=Lzzy, o = Zp(2)ab, B = Zcab.

By the law of cosines,

el gy | =P
2|z — x||z — y| 2|z — xz|?’
o) = @) + lpla) — o) — ) — o)

2lp(x) — @(2)[le(x) — e(y)]
20406z a2 — (A =02z =y _ | |2—yf
- 2(1—9)2]z — z|? - 2|z — x|?

450 = cosa + 5.

Because € is Lo-Lipschitz-graphical, o 2, 1 so that if § is sufficiently small, then o/ > §. In

addition, implies that o([x, 2]) € Cye) (106, 2(|¢(x)| — |c|) so that |3 — | < 200, meaning
B > ¢ as long as § is small enough. To complete the proof, observe that |¢)1 — 12| ~ ZaOb,
|01 — 02| ~ L20y, B = Z0ab, and a = Z0zy so that § > § implies using the fact that ¢ is
(1 + §)-bi-Lipschitz. [ |

Finally, by chaining Lemmas [5.4] and we can prove the following desired proposition:

Proposition 5.6. Let Q C R be an Lo-Lipschitz graph domain and suppose g : Q — g(Q) C
R s C1 and L-bi-Lipschitz. There exist constants L1, 6o(Lg, L) > 0 such that if § < §g and

|Dg(2) - Dg(w) ™ — 1| <§ (5.7)
for all z,w € Q, then g(2) is an L1-Lipschitz graph domain.
Proof. Suppose € is Lipschitz graphical around 0 and set
L(z) = Dg(0) - 2.
By Lemma L(Q) is Ly(L, Lo)-Lipschitz graphical. The map ¢ : L(2) — g(£2) given by

p=golL™!
satisfies
Dy(2)(L(w)) = Dg(L™"(L(w))) - DL™(L(w)) = Dg(w) - Dg(0)™" - w
so that
|Dp —I| <.
By taking dp sufficiently small in terms of L, Lemma|5.5|implies that there exists L;(L{) such that
g(Q) is Lq-Lipschitz graphical. |

6 Controlling the change in the derivative of Reifenberg parame-
terizations

The goal of this appendix is to give conditions under which we can say that the change in the
derivative of a Reifenberg parameterization g : R¥t! — R is small. This is specified exactly in
Proposition [6.7] below.
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6.1 Preliminary derivative estimates and regularity

In this section, we review some properties of the maps used in the construction of a Reifenberg
parameterization g that we need to make specific estimates on the change in Dg. First, the surface
>, has a nice local Lipschitz representation:

Lemma 6.1 ([DT12] Lemma 6.12). For k > 0 and y € Xy, there is an affine d-plane P through y
and a Ce-Lipschitz and C? function A : P — P+ such that |A(x)| < Cery for all x € B(y, 1974)
and

Yr N B(y,197r,) =T' N B(y, 197).

where I' denotes the graph of A over P.

Now, we record distortion estimates for Doy as in [DT12] chapter 7. Importantly, Doy, is very
close to the identity in the following sense:

Lemma 6.2 ([DT12] Lemma 7.1). For k > 0, o is a C?-diffeomorphism from 3y, to Y1 and,
fory e Xy,

Doy (y) : TEk(y) = TEkr1(0k(y)) is bijective and (1 + Ce)-bi-Lipschitz.

In addition,
|Doi(y) -v—v| < Celv| fory e Xy and v € TE(y)

low(y) —ox(y') —y+ 9| < Cely—y/| fory,y €%y

More precise estimates can be obtained when restricting Doy, to its action on vectors tangent
to Y. The best way to capture this is to define quantities which take into account exactly how
close the nearby planes of appropriate scale in the CCBP are. These are the €}, numbers, defined
by

€ (y) = sup {da, ;. 100n (Pjis Piy) s € i, L € {k — 1, k}, (6.1)
1€ J;, and y € 10BN 113“}

The following lemma gives estimates in terms of these numbers

Lemma 6.3 (J[DT12] Lemma 7.32). Fork > 1 andy € $xNV;8, choose i € Jy, such that |y —z; x| <
107r. Then
| Di g © Dow(y) o Dy — Dkl < Cel(y)?, (6.2)

and
[[Doy(y) - v| — 1| < Cel(y)* for every unit vector v € TSy (y). (6.3)

Similarly, these numbers also control the distance between tangent planes to the surface and
nearby Pj . For any k> 0 and y € EkﬂVkS and ¢ € Jj such that |y —x; ;| < 107y, we have ([DT12]
(7.22))

Angle(TS(y), Pix) < Cej(y)- (6.4)

Finally, we also use an estimate on D20}, obtained in by Ghinassi in [Ghi20] in work on
constructing C''® parametrizations.

Lemma 6.4 (JGhi20] Lemma 3.16). For k >0, y € X, NV,

D2y < 02W < o€

o Tk Tk

where we interpret the norm on the tensor D?c}, as the Euclidean norm on R™. We also
provide the following lemma and proof adapted from a proof of [DT12] to fit our needs.
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Lemma 6.5 (cf. [DT12] (11.22)). Suppose X is such that for any x,x’ € Xg, there exists a curve
Yo connecting x and =’ with £(yo) < (14 Ce)|lx —a'|. Let 1 < M3e < c(d) < 1 with c(d) sufficiently
small and k > 0 be such that |fr(z) — fr(2')] < Mrg. Then there is a curve v : I — Xy, such that
0(y) < 2[fw(x) = fre(@')]-

Proof. We first prove the following claim:

Claim: For any 0 < p <k,
Alrk_p

‘fk—p(x) - fk—p(x,)’ < 5 (6.5)

Proof: We prove this by induction. Indeed, observe that
| frp1(2) = frp1 (@) = o (Fop(2)) — 03y (frp(2)| < (14 CO) frp(@) = frp(a’)]-
by (2.10). Applying this for p = 1 gives

Mry_
[fr1(2) = fraa(a)] < (L4 Ce)(Mry) < ==
This proves the base case. Assuming the claim holds for some p, we get
Alrk_p A4Tk_p_1
5p 5p+1

[fhp-1(@) = frpa(2)] < (14 Ce)

To continue the proof of the lemma, we modify the proof of [DT12] (11.22). If | fr(x) — fr ()| <
187, then the claim follows immediately from the local Lipschitz graph description of ¥ in Lemma
So, assume |fi(z) — fx(2')| > 18r; and suppose first that there exists an integer 0 < m < k
such that |fp(z) — fm(2')| < 5rpy,. We calculate

Mr,,
5k—m

<ory = logs M —1<k—m

so that by the above claim we can assume k —m < logs M < log M. Applying the Lipschitz graph
lemma for B(fn,(x),197,,), we see that there exists a path v, C ¥, such that

lym) < (14 Ce)fm(@) = fm(2)] < (1 + Ce)(Cerm + | fr(z) — fr(@)])
< (14 Ce)lfx(x) — fe(z")| + Cerg log M.

On the other hand, since |f(2) — fi(2')| < 5rm, we get £(7m) < 107, and so we can choose a
chain of N < 11%%21 = 10F™ < M? points contained in 7, with consecutive points separated by
a distance of at least 117 beginning at f,,(z) and ending at f,,,(2’). Call this collection of points
{fm(z)}Y, for z; € ¥o. This implies the total length of the string of points { fx(z;)} is

N N
L= " ful@) = fr(ze)] <D [Cerm + [ fn (@) — f(@ip1)]] < CergM? log M + ()
=1 =1

< CergM?log M + (14 Ce)| fr(x) — fu(a')].
In addition, for any admissible [ we can calculate
|fr(z1) = fe(ip)] < Cerp + [ frn(@1) = frn(zi41)] < Cerglog M + 11ry, < 127y (6.6)

Using and Lemma once again, we connect each pair (fx(x;), fr(x141)) by a curve v; of
length () < (1 + Ce)|fr(x1) — fu(zi+1)| to get a curve v with

Uy) € 1+ CoOL < (1+C6)|fi(x) — filw)| + CergM?log M < 2| fio(x) — fi(a')]

using the fact that | fi () — fr(2')| > 18r; and M < €71, i.e. € is sufficiently small compared to M.
This completes the proof if there exists such an m where fi(z) and fx(z’) pull back to a Lipschitz
neighborhood in ¥,,. If there does not exist such an m (i.e., k is too small), then we instead use
the assumed curve vg C ¥ in place of v, and argue as in the previous case. |
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We also recall a reverse triangle inequality:

Lemma 6.6. (Reverse Triangle Inequality) Let u,v € R with (u,v) > —L|u||v|. Then

lul + |v] < 2Ju+v|. (6.7)

6.2 Controlling the change in Dg

Proposition 6.7 follows from a series of computations involving the derivative of the map g produced
by Theorem for a given CCBP. Proposition says that given a “central” point z € R4 and
an inflation factor 1 < My such that Mye is sufficiently small, we can get a set Gg/lo such that
w € GMo means Dg(w) is very close to Dg(z) in the sense of (6.8).

Proposition [6.7] follows from Lemmas [6.8 and which give separate horizontal and vertical
estimates respectively. Define the sets of horizontal and vertical vectors by

H =R x {0}, V ={0}¢ xR.

These lemmas show how to appropriately bound the individual pieces of the difference Dg(x,y) —
Dg(2',y) and Dg(2',y) — Dg(«’,y') between points z = (x,y), 2’ = (2/,y’) respectively when acting
onv € HUV. Corollaries [6.9 and put these pieces together to get the requisite Dg estimates,
from which we prove Proposition [6.7}

Proposition 6.7. Let 0 < e < § <1 and My > 0 such that 1 < Mge < c(d) with c(d) sufficiently
small. Fiz a COBP (X0,{Bjx},{Pjx}). Let z,2/ € R x R with z = (z,y), 2/ = (2/,y') where
ly'| < |yl and assume frq)(z) € Vng(y) and fr(2') € Vf(y,) (see (2.13)) ). Define
n(y')
Gi\/lo = {Z/ = (xlay/) e R ’fn(y)(‘r) - fn(y)('rl)| < MOTn(y)a Z e;c(fk(m/))Q <€
k=n(y)
Angle(Tk(l‘/)’ Tn(y) (lj) < 5}

Then there exists C(d) > 0 such that for any w € GMo, we have
|Dg(w) - Dg(2)~" = 1| < C(d)d. (6.8)

Lemma 6.8 (Horizontal Estimates). Let z,2', My, e be as in Proposition and letve HUV.
Let k be such that p(y) > 0. If | fr(x) — fr(2')| < Moyrg, then

|Dfr(x) - v — Dfi(a") - v| < Ce|Dfr(x) - v|, (6.9)
|(Da(Ri(2) - y) - v — (Do (Ri(2) - y)) - v| < Ce|D () - vl. (6.10)

In any case,
gz(x,y) - gz( ',y)‘ < Ce gz(x,y)l (6.11)

where the constant C' depends on M.
Proof. We begin with proving . We have
|D fr(z) v — Dfi(a’) - v| = |[Dor—1(fe-1(2)) — Dog—1(fro—1(2")] D fr—1(x) - v
+ Doj—1(fr-1(2"))[Dfe-1(z) = Dfp—1(z')] - v|

< |Dfr—1(x) - v||Dop_1(fe—1(x)) — Dog_1(fr—1(z"))|
+|Dog1(fr—1 (@)D fe-1(x) - v = Df—1(’) - v)|
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Recursively applying this inequality for decreasing values of k gives

1D fr(x) - v — D fr(a') - v|
<D fr—1(x) - v||Dog—1(fe—1(x)) — Dog—1(fe—1(z"))]
+ [ D1 (fe1 () (| D fe—2(z) - v]|Dog—o(fr—2(x)) — Dop—a(fr—2(z"))]
+ | Doy —a(fe—2(z")||D fr—2(x) - v — Dfp_a(z') - v])
<D fr—1(x) - v[|Dog—1(fe—1(2)) = Dog_1(fr—1(z"))| (6.12)

k P
+> (H |Dakm<fkm<x’>>|) 1D fiep1(@) - 0] - |DO—p1 (frp1 () = Dogpi (frmp1 (2')].

Now, Lemma [6.2] implies
P
H Dok (fe-m(2') < (14 Ce)”, (6.13)

and
p+1

|D fr—p—1(x) H Dot (fremi1 (@)D fi(x) - v| < (14 Ce)P D fi(x) - v. (6.14)

Using Lemma we see that (6.5) implies |fr—p—1(x) — fr—p-1(2’)| < % < Myrg—p—1 SO
that we get a rectifiable curve y;_,_1 connecting fiz_p—1(x) and fr_,_1(2') such that £(yg_p—1) <

2| fi—p—1(x) — fu—p—1(2')|. Lemma [6.4] gives
|Dok—p1(fr—p-1(x)) = Dog—p1(fr—p-1(2))| = ‘/lszfkpl(’Ykpl(t)) Vp—p1(t) dt

< /I D20kt (Yot ()] 71 (£)

<O 2| fr—p—1(x) = fr—p—1(2)]
k—p—1

€  Mork_p1
Th_ p 1 5p+1

< CMy———
Applying ((6.13] -, and (| - ) to gives
k

|Dfr(x) -v— Dfi(z") v < (1+ CE)C§|ka(az) -v] + Z(l + Ce)P(1 4+ Ce)P D fr(z) - v|C My ——

p=1

<C

= - (6.15)

5p+1

1+Ce
< Ce|Dfi() - v| + CeMy| D fy(a le s

< CdD () - vl

We now prove (6.10)). For any ¢ > 0, Propositionimplies that the quantity Ry (z+tv)-eqy1—
Ry(x)-eq41 is the difference between the unit normal vectors to the linear subspaces T'Y (fx(x+tv))
and T (frx(z)). But by Lemma we have

|Ryp(z+1v)-ea1—Ri(2)-eqy1| < D(TEk(fr(z+tv)), TER(fr(2))) < Ci|fk(fﬂ+tv)—fk($)|- (6.16)

Hence, we can write

(Du(Rela) ) - 0] < i A et = Rult) cara] o o]y Wil 10) = Jule)
-0 || ) t—0 t]

< Ce|Dfi(z) - v (6.17)
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where |y| < r since pi(y) > 0. We then have
|(Do(Ri() - y) - v = (Da(Ri(2") - y)) - v| < Ce(|Dfi() - v| + |Dfi(a’) - v]) < Ce| D fu(w) - vl

using .
Finally, we prove (6.11]). First, we compute

9y 99 8Pk /
oo (@y) — (2, y) = fu(@ +R y—Ry(2') -y
) ) = G Uele) — l) 4 Rule)  ~ Rula) )
+ Zpk eap1 — Ri(2) - eq11)
k>0
= I+4+1I
Let p,p + 1 be the values of k such that pg(y) > 0. Since p,(y) + pp+1(y) = 1, we have %’Z’(y) +

6%2-1@) = 0. This implies
= 8"f’( ) (o) — o (2) + Ryla) -y — Ry (1) - )
n %< ) (fole) — (@) + Bp(a') -y — Ry () )

But using and , we have

11| < Z(Cerp + Cely|) < Ce.

By we have
C C
1112 Iy )1 150) = @] + o @] () = Fyia (@)

p+
< CMoe(|pp(y)| + |pp+1(y)]) < Ce.

We’ve proven that ’a—y (x,y) — g—z(m y)) < Ce. We will complete the proof of (6.11)) by showing

that ’— x y)‘ 2 1. Indeed,

2 ) = \ {%y) (Fol@) — Fer(@) + Ro(e) -y — Rper (a) - y>] (6.18)

+ [op(Y) Rp() - €ay1 + ppr1(y) Bpy1(z) - eqy] |-

But the previous computation shows that the first expression has norm < Ce, while the second
expression is a convex combination of two nearly parallel unit vectors because Ry(z) and Rp41(z)
are orthogonal matrices which are Ce close. Hence, we get

‘gg >, (6.19)
y [

Corollary 6.9. Let z,2' be as in Lemma and set p = n(y"),m = n(y). Then for any vector
ve HUV, we have
|Dg(z,y) - v — Dg(a',y) - v| < Ce|Dyg(a,y) - v|
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Proof. First, suppose v = v, € H. Since vy - 441 = 0, we have

];(]Pk YD fi(x) - vz + D(Ri(x) - y) - 02} - (6.20)
Therefore, we get
|Dg(x,y) - vz — Dg(a',y) - vy (6.21)
< I;)pk(y){lka(x) cvg — Dfy(a) - va] + [D(Bi(z) - ) - va — D(Ri(2')) - va]}
< CMoe Y pr(y) {IDfir(x) - val}-

k>0

using and (6.10). We now want to bound ;- pk(y) {|Dfk() - vz|} by |[Dg(z,y) - vz|. In

order to do so, we first simplify notation by setting

s=pp(y); t = pp+1(y),
v = Dfp(x) * Vg, Ul = Dprrl(l‘) * Vg
ve = D(Rp(x) - y) - Vg, ug = D(Rp11(x) - y) - vy

Putting v = v1 + v9, u = u; + ug, we have Dg(x,y) - v, = sv + tu. In this notation,

[v1 —u1| < Cefuv], (6.22)
|U2’7 |U2| < CE|U1’7 (623)

by Lemma and (6.17). We then want to prove the following claim:
Claim: s|vi| + t|ui1| S |sv + tul.

Proof: Using (6.23)), we get s|vi| < s|vi|+ s|va| < s|v| and similarly t|u| < t|u|. We now just need
to show that |sv|+ |tu] < [sv+tu|. By Lemma this follows if we can show (sv, tu) > —3|sv||tu].
Indeed, we have

(sv,tu) = st ((v1,u1) + (v1,u2) + (v2,u1) + (v2,u2)),
> st(|v1]2 = (v1,uy — v1) — Celv[?) > st(1 — Ce)|vy |2 > 0.

This completes the proof for v = v,. If instead v = v, € V, then Dg(z) - vy, = v, - g—i(z) and
the result follows from (6.11) in Lemma [ |

Lemma 6.10 (Vertical Estimates). Let z,2',v,p,m be as in Corollary . If Y, € (fr(a')? <
Ce and Angle(TE,(fp(2), TE0(fm(2))) < C6, we have

> (or(y) — Pk (W) D fi(a!) - v| < CO|Dfy(a') - ], (6.24)
k>0
> k(W) D(Ri(2') - y) - v — pr(y ) D(Ri(') - ) - v| < CS|D fp(a) - v, (6.25)
k>0
e 9) - Gt ))| < 0B [ (6:20)

45



Proof. We being by proving (6.24). First, since Doy, is (1 4+ Ce)-bi-Lipschitz for any k, we have
|Dfp(2') v — Dfpy1(z’) - v] < Ce|Dfp(a’) - vl
This implies

> o) Dfe(a’) v —Dfp() 0| <D pp(W)|Dfe(a’) - v — Dfp(a') - ] (6.27)

k>0 k>0
< CelD fy ()]

because pg(y) # 0 only for k = p,p+ 1. An identical argument gives (6.27)) with y replaced by v’
and p replaced by m. We now want a similar bound for |Df,,(z) - v — D fy(2') - v|. For ease of
notation, define u = D f,(2') - v and w = [[}Z) ! Doy (fe(2')) - u. We can then write

|D frn(z') v — Dfp(x [H Doy (fr(z ] cu—u| = |w—ul.

The fact that >} e, (fr(2))? < Ce® means

H Doy (fi(2)] < H 14+ CMEZE(fr(z)? <1+ CMEE. (6.28)

Hence, ||w| — |u|| < CMEZ€?|ul. Since w € TE,(fm ('), u € TE,(fp(2)), and we've assumed that
Angle(TE,(fp(2")), TS (fm(2"))) < Cd, we have Angle(w,u) < Cd and it follows that

|w —u| Sag Olul (6.29)

as long as ¢ and e are sufficiently small. Finally, using (6.27) and (6.29]), we see

> (or(y) = pe (W) D fila’) - v

k>0

Zpk )D fe(z') v — Dfp(a’) - v| + Zpk )Dfe(z") v = Dfm(a’) - v
k>0 k>0
+|Dfp(a) - v — D frn(a') - vl
< Ce|Dfp(x/) -v| + Ce|Df(2) - v| + CH|D f(x) - v
< COIDS,() .

The proof of (6.25)) follows from (6.17)) and (6.24). Indeed,
> k(W) D(Ri(2) - y) - v — pi(y)) D(Ri(') - ) - v

k>0

< Ce|lDfy(a') - v| + CS|Dfp(a') - v| + Ce|D fr (') - v]
< CH|D fy(a') - ).

Finally, we prove (6.26]). We have

dg dg 3pk ﬁpk
a*y(ﬂflyy) - a—y(x’,y’) < kz>0 8y y) {fr(2’) + Ri(2') - y} ' y) {fr(@) + Ri(=) -y}
+ (pr(y) — pr(y) Ri(2') - €q41|
=:01 + 62 + I3.
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We first handle §; and 5. We have

ap C

61 < (T;(y) (1fp(@) = fpr1 (@) + |Rp(2) = Rpia(2)l|y]) < —(Cerp + Clery) < Ce
P

by (2.10) and (2.11)). A nearly identical calculation gives the same bound for 3. We now handle

d3. First, notice that

Zpk *€d+1 — R *€d+1 < Z |pk |Rk c€d+1 — Rp(:c') . 6d+1| < Ce (630)
k>0 k>0

by (2.11). Because Ry (z') is an isometry such that Ry (z")(T2o(2")) = TEk(fx(2)), Ri(2) - eq41 is
the unit normal to T3 (fx(z")) so that

[Ry(2') - eds1 — Rin(@') - eqi1| < C Angle(TEp(fp(2")), TEm(fm(2'))) < C0. (6.31)

Finally, - ) and (6.31) imply

83 <> pr(y)Ri(') - ear — Ryp(@') - eapr| + | D pr(y) cegr1 — Rin(2') - ea
k>0 k>0
+ [Rp(2') - a1 — Rin(2') - eqy1]
< Cet Cet 05 <052 ).
dy
where the final inequality uses (6.19)). |

Corollary 6.11. Let z, 2’ be as in Lemma|6.10. Then for any vector v € H UV, we have
|Dg(2',y) - v — Dg(a’,y) - v| < C3|Dg(a’, y) - |
Proof. Suppose first that v = v, € H. Then using (6.20), we compute

|Dg(a’,y) - vz — Dg(a',y) - vs] (6.32)

= (ox() = pr(¥) D fr() - v + pr(y) D(Ri(2') - ) - v2 — pre(y)) D(Ri(') - o) - v

k>0
(6.33)
< C8|Dfy(2') - vg| < C8|Dg(a',y) - vy

< C3(1 + C8)|Dy(z,y) - v2| < Co| Dyl ) - val (6.34)
using (6.24)) and (6.25]) in the first inequality, (6.17)) in the second, and (6.21]) in the third. If instead
v=1vy, €V, then Dg(z',y) = v, - g—g(:v’, y) and the result follows from (6.26)) and (6.11]). [ |

Using Corollaries [6.9] and we can prove Proposition [6.7}
Proof of Proposition[6.7. Let 2/ = (2/,y') € GM0. We will show that for any vector v € HU V|
|Dg(x,y) -v— Dg(a',y) -v| < Cd|Dg(z,y) - vl. (6.35)

The set GMo is designed exactly so that 2z’ € GMo implies that the hypotheses of Lemmas and
6.10] are satisfied. Hence, we can apply Corollaries and so that

|Dg(x,y) - v—Dg(z',y) - v]
< |Dg(z,y) - v — Dg(a',y) - v| + |Dg(z',y) - v — Dg(z',y') - v|
< C6|Dg(x,y) - v| + C8|Dg(',y) - v]
< C6|Dg(z,y) - vl.
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By decomposing an arbitrary v € R¥*! as v/ = v, + vy where v, € H and vy € V, we write

|Dg(x,y) - v'=Dg(a’,y') - /|
< |Dg(x,y) - vx — Dg(@', /') - vz| + [Dg(z,y) - vy — Dg(a’,y') - vy
< C§(|Dg(z,y) - va| + |[Dg(z,y) - vyl)
< Co|Dg(x,y) - '], (6.36)

Where the final inequality follows from an application of the reverse triangle inequality in Lemma

We justify the application of the lemma by looking at the equations (6.20) and (6.18)). These
imply that the vector Dg(x,y) - v, is nearly parallel to TX;(z) while the vector Dg(z,y) - vy, is

nearly perpendicular to TY(x) for some value of k& where the deviations described are on the order
of e. This implies [(Dg(z,y) - vz, Dg(z,y) - vy)| < 2| Dg(z,y) - vg| - |Dg(z,y) - vy| so that the lemma
applies. With this, we now compute,

|Dg(2') - Dg(z)~" -v' = v'| = |[Dg(2') — Dg(2)] - Dg(2)~" - v'| < C6|Dg(2) - Dg(z)~" - v/
= Co|v'|. [ |

This concludes the computations we need to bound the change in Dg. By integrating Dg
over paths in a quasiconvex domain {2, we get a companion result to Proposition [6.7] which roughly
states that the map g|q is a (1 + C§)-bi-Lipschitz perturbation of Dg(zp) for any zy € €. More
precisely, for any z € R define

L.,(2) = 20+ Dg(20)(z — 20). (6.37)
This is the affine transformation which approximates g near zy. Define
Pz = 9° Lz_ol (6'38)

Proposition 6.12. Let Q C R be a quasiconver domain with constant My such that Q C G%O
for some zy € Q and Mo, e be as in Proposition [6.7] Then the map ¢, : L., (Q) — g() is
(1 + C9)-bi-Lipschitz and

| D, (w) —I| < C6 (6.39)

for allw € L,,(Q).
Proof. Because w € LZO(G%O) by assumption, we get
Dy (w) = Dg(LZ(w)) - DL (w) = Dy(2) - Dg(0) ™"
for 2 = L} (w) € G2, Equation (6.39) follows from (6.7)).
To prove that ., is (1 4+ C§)-bi-Lipschitz, let v : [0,1] — R9! be a path with v(0) =
20, Y(1) = z, and (v) Sa, |20 — 2|. Put 4(t) = L, (y(¢)) and wg = L,,(2) = z. Observe that
LZ_O1 (w) = zp + Dg(zo)_l(w — 20).

We estimate
1
o) = o) = | [ D(goL;)w(t))-fv’(t)dt'
1
-| [ Doty D230 fy’(t)dt\

~| [ Dot Dyt .:/(t)dt'

1
= |w — wo +/0 [Dg(7(t)) - Dg(z0)~" — I -’Y’(t)dt‘ :
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Using the fact that y(t) € G%O for all ¢, Proposition implies, on one hand

1
(a0 (1) — s (w0)] < |0 — wol + /0 Dg(v()) - Da(z0)~* — I| - |5/(t)dt

< |w —wo| + C6|Dg(20)] - £(7y)
< (14 Co)|lw — wy.

On the other,

1
|20 (W) = @z (wo)| = [w — wol —/O |Dg(7(1)) - Dg(z0)~" — I| - |17'(t)]dt

> |w — wo| = C|Dy(20)| - £(7)
> (1—Co)|w — wp

where the final inequality on both hands comes from the fact that |w’ —w| = |Dg(z) - (' — 2)| <
|Dg(z)| - |z — 2’| and our assumption that £(y) Say |2 — 2/ [ |

7 Further questions

Question 7.1. Can one find a disjoint decomposition rather than one of bounded overlap in The-

orems [B] and [Cf?

In the construction given in this paper for Theorems[BJand[C] the only overlap between domains
occurs in intersections between (1 4 C¢)-bi-Lipschitz images of Whitney cubes of comparable side
length inside the “buffer zones”. It seems plausible that one could devise a different scheme to divide
the space between the disjoint “core” stopping time domains into Lipschitz graph domains.

Similarly, it seems plausible that one could obtain a similar result by modifying the methods
of the proof to prove a version of Theorem [A| with assumption removed (see Remark .

Question 7.2. Can Theorem [B] be extended to general lower-content d regular sets?

It seems possible that the necessary tools to handle this extension to non-Reifenberg flat sets
are present in the S-number estimates in [AS18| and [Hyd22b]. The technical disconnect between
this paper and those ones is caused by the “smoothing” procedure needed there in defining the
stopping time regions makes this generalization non-obvious to the author. It seems that a proof
would require new ideas.

A Graph coronizations for Reifenberg flat sets

The goal of this section is to provide a proof of Proposition which states that there exist
(sufficiently small in terms of d) constants €, > 0 such that Reifenberg flat sets admit (M, e, d)-
graph coronizations.

Reifenberg flat sets are a subset of a more general class of sets called lower content d-reqular sets
studied by Azzam and Schul [AS18] and later Hyde [Hyd22a] as a class of objects for d-dimensional
traveling salesman results.

Definition A.1 (lower content d-regularity). A set E C R is said to be lower content d-regular
in a ball B(z,r) if there exists a constant ¢ > 0 and rp > 0 such that

HLENB(z,r)) > cr forallz € ENB and r € (0,75).

A set F is lower content d-regular if there exists a constant ¢ such that E is lower content regular
with constant ¢ in every ball centered on E.
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Since a Reifenberg flat set ¥ satisfies bf8x(B) < € in every ball by definition, the only remaining
) i L d,1
requirements for the existence of a graph coronization are control over 3y/"-squared sums and control
over the frequency of angle turning of well-approximating planes. The necessary control over (-
sums is contained in the following traveling salesman theorems formulated for general lower content
regular sets:

Theorem A.2 ([Hyd22a] Theorem 1.6). Let H be a Hilbert space and 1 < d < dim(H), 1 <p <
p(d), Co > 1, and A > 10°. Let E C H be a lower content d-reqular set with regularity constant c
and Christ-David cubes 9. There exists € > 0 small enough so that the following holds. Let Qg € &
and

BE.Coap(@Qo) = £(Q0)* + D BEP(CoBo)*(Q)".
QCQo
Then
BE,Co.dp(Q0) SadepCoe H(Qo) + BWGL(Qo, 4, €). (A1)

Theorem A.3 (|Hyd22a] Theorem 1.7). Let H be a Hilbert space, 1 < d < dim(H), 1 < p <
00, A>1, € >0, and Cy > 2p~" where p is as in the construction of the Christ-David lattice 2.

Let E C H be lower content d-regular with regularity constant ¢ and Christ-David cubes 9. For
Qo € Z, we have

H(Qo) + BWGL(Qo, A, €) Sad.e.Core BE.Co.d.p(Qo)-
If £ is (e, d)-Reifenberg flat, then the BWGL terms above vanish and (A.1)) gives a Carleson

packing condition for the content beta number sum reminiscent of the strong geometric lemma for
uniformly rectifiable sets from which we will conclude the desired 3? sum control.

We will require small technical tweaks of the stopping time machinery of Azzam and Schul on
Reifenberg flat sets. We review the necessary definitions here, but refer to [AS18| sections 5-8 for
a full treatment of the construction.

Definition A.4 (d-dimensional traveling salesman stopping time). We fix constants 0 < ¢ < o
with «(d), e(d) to be chosen sufficiently small in terms of § as required in [ASI8| . For any cube
Q € 7, we define a stopping time region Sg by adding cubes R C @ to Sq if

3 1 a
(i) RW e SO
(ii) Angle(Py, Pg) < a for any sibling U of R (including R itself).

For any collection of cubes 2, define a distance function

do(x) =nf{{(Q) + dist(z,Q) : Q € 2}.
For any Q) € 2, define

do(Q) = ;gg do(zr) = inf{{(R) + dist(Q,R) : R € 2}.

We let m(S) be the set of minimal cubes of S, those which have no children contained in S and
define
28) =)\ J @
Qem(S)
Let
Stop(—1) = %

and fix a small constant 7 € (0,1). Suppose we have defined Stop(N — 1) for some integer N > 0
and define

Layer(N) = U{Sg : @ € Stop(N —1)}.

50



We then set Up(—1) = @ and put

Stop(N) = {Q € Z : Q maximal such that Q has a sibling Q' with £(Q") < TdLayer(N)(Q')},
Up(N) =Up(N -1)U{Q € Z : @ D R for some R € Stop(N) U Layer(N)}

[AS18| Lemma 5.5 says that, in fact
Up(N)={Q € Z:Q ¢ R for any R € Stop(N)}.

Essentially, Layer(N) is a layer of stopping time regions Sg‘g beginning at the stopped cubes
of the previous generation and continuing until reaching a cube R with a child R’ such that
Angle(Pg, Pr) > a. Stop(N) is formed by taking a “smoothing” of Layer(N) that ensures that
nearby minimal cubes in Stop(N) are of similar size. One forms a CCBP from the centers and
bB-minimizing planes of cubes in Up(N) which gives a surface ¥ for any N > 0 which converges
to X as N — o0o. Azzam and Schul give tools for proving bounds on the degree of stopping in this
construction in the following lemma

Lemma A.5 ([Hyd22a] Lemma 4.4 (5)). Let ¥ be (e, d)-Reifenberg flat and 2 a Christ-David lattice
for X. Let N > 0. For any Qo € 2,

Y Y UQ) Saae HU(Qo)

N2>0 QeStop(N)
QCQo

Proof of Proposition[2.18 Fix M > 1, and €, > 0 sufficiently small in terms of M, d, n determined
by Lemma and Theorem and let § = 100a. Let 2 be a Christ-David lattice for ¥ and
let {Pg}oecs be a family of d-planes such that g € Py and /Bg’l(MBQ, Pg) < 26%’1(MBQ). Fix
Qo € 2 and form a collection of stopping time regions .# = {Sg} contained within Qg satisfying
the stopping conditions Items and of Definition . Weset ¥ = 9, B = @. To prove that
C = (9,%,%) is an (M, ¢, 0)-graph coronization, we only need to show that & is a coronization,
i.e., there exists a constant C'(M, ¢, d,d) such that

D Q)T < CHYQo).

SeF

Define
Ss={Q € 2:35€ F, Q € Stop(5), Angle(Pq, Py(s)) > d},
Ss=4Qez:3S€.F, QeStop(S), > AR (MBr)?>1
QCRCQ(S)
It suffices to show that ZQESgUSB Q) < CHYQp). We define
Stop(—1,6) = {Qo},
and, given Stop(N — 1,4) for some integer N > 0, we define
Stop(N, d) = {R € Ss : R maximal such that R C @ € Stop(N —1,0)}.
With this, we have

Ss = | Stop(IV, ).
N>0

We will use this to show that > g Q) < CHAY Q).

o1



Fix @ € Stop(N,d) and let =z € @ \ z(S). Then there exists R € S5, R C @ such that z € R
and, since § > 100, there exists a cube R’ € Stop(K) for some K > 0 such that R C R’ C Q. Set

Stop(Q) = { R € 2 : R maximal such that R € | J Stop(N) and R C Q
N>0

The above argument has shown that @ \ z2(Sq) C Ugesiop(g) - We see

U Sa Y. UR) +A(=(Sq)).

ReStop(Q)

This means

DU = > Q)"

QESs N>0QeStop(N,d)

DY > R+ HY(2(Sg))

N>0 QeStop(N,5) \ ReStop(Q)

SHUQ)+ Y. Y UR)

K>0 ReStop(K)

Nd5e (QO)

where the penultimate line follows from the fact that Stop(Q) N Stop(Q’) = @ for Q, Q" € S5, Q #
@', and the final line follows from Lemma
We now show that ZQesﬁ Q) < CHUQp). We have

Q) < Zm)d[e—? Y BE(MBg) ]—e—225 (MBR? Y Q)%

QeSa QeSs QCRCQ(S) Re Q@ maximal CR
QesSes QESp
— d
S Y By (MBR)PUR) Say HU(Qo) u
Re2

using Theorem [A.2]in the last line.
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