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. ABSTRACT
The fireball model of relativistic heavy-ion collisioﬁ uses
chemical eduilibrium relations to predict cross-secfions for particle
-and composite productions. These relations are examined in a canonical

ensemble model where chemical equilibrium is not explicitly invoked.
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I. INTRODUCTION

When two heavy ions ¢ollide, many types of particles are produced
in the reaction. TFor example, one caﬁ measure n, p, d, t, 3Hc, 4He‘
Ccross sections. Pion production increases with increasing incident
energy. '

The fireball modell can make predictions about various abundances
- in such reactions. Assuming that both thermal and chemical equilibria
set in before the freeze-out volume is reached,z_5 one uses the law of
chemical kinetics. If b A+ b,A, = b,A, where A; refers to the
species and b; to the number of_such species taking part in the reaction,
then |

by, + b, = by, ‘ (1)

at equilibrium.6 Here the ui's are the chemical potentials. This enables

. . . — + H =3 1 -— H = 0, t -
one to write equations like ud un up uﬂ+ LP un u"o etc
The number of particles of a given species is given by

Bu. ‘ -
n, = e 'igz(i) (2)

1

where Z(i) 1is the partition function of one particles of the species i.

Combining Eqs. (1) and (2), we.get
b, (4n n,- n2Z(1)) + b, (4n n,-n2(2)) = by (4n n;-8nz(3)) (3)

Equations (l) and (2), together with some conserved quantities such as
baryon number, charge, etc., allow one to compute abundances of various
species.

Equation (2), for example, uses the grand canonical ensemble which

is good when many particles are present. However, the production cross-



sections of some particles and composites can be quite low. One may get
only éne particle'or less, on the average, per interaction. The validity
of Egs. (1) and (2) is not transparent in such cases. 1In view of the

- fact thét much. effort is béing made at the current time to calculate
production cross-sections in the fireball modelvusiﬁg Egs. (;) and (2)

we felt it worthwhile to examine them more closely. In our approach,
cheﬁical équilibrium is not inyoked explicitly.

For completeness, we remind the reader of the steps leading to

Eq. (2):
-1 3 :
n, = B Bu n Zgr(l) » (4)
' b_ - Bun . ‘ :
Z, = > Mz ) | | (5)
n=0
z (i) = -+ (z()" | (6)
n n! ’

Equation (6) is an approximation which is valid in the high temperaﬁure

and lo& density limit. Whenever the FD or Bose statistics 5pproach the

MB distribution, Eq. (6) is obtained. One can talk of chemical equiiibrium
only in such limits. Let us elaborate this point fuither. Consider 16O
in its ground state. One can describe it as eight protons and eight
neutrons but one can also describe.it as four alpha clustérs. In order
that the two descriptions be different one requires low density so that

the protons énd neutrons do not get in the way of the alpha particles'

"too often. In our subsequent sections, therefore, we retain Eg. (6).



II. AN ASSEMBLY OF NEUTRONS, PROTONS AND DEUTERONS

Let us first Eonsider a box of volume V at a fixed temperature
which has protons, neutrons and deuterons. Let n, be fhe number of
protons, n, the number of neutrons, and n,; the number of deuterons.
These numbers may change (a deuteron may dissociate into a proton and

a neutron or the reverse) but we have. the condition

n, +n, = k

(7

I
Nol

n, + n;

where k, and k, are fixed. In this section when we sum over n,, n,
and n,, we sum preserving Eq. (7).

At a given temperature the probability‘that we obtain a state which
has n, protons in eigenstate A, n, neutrons in eigenstate B, and n,

deuterons in eigenstate C is

-BE,(n,) -BEg(n,) -BEq(n;)

ABC _ e e e (8)
n;n,n, }E: -BEp(n;) -BEg(n,) -BE,(ny)
e e e
ABC
Ny N, Ny

.The probability of obtaining n, protons, n, neutrons, and n;. deuterons
is

-BEp(n,) -BEg(n,) -BE.(n,)

e e e
Pa,n,n, = ~BE;(n,)  -BEg(n,) -BE(m,) (9)
) e e e
ABC
nln n

-BEA (nl )

The quantity Z e is, however, the canonical partition function

A



for n protons. We now use Eq. (6) and obtain

1 n 1 n, 1_¢ I,
| | ol (z(1)) o (z(2)) o (z2(3))
7 v P = - — ‘ (10)

n; n, n,
1 n, _1 n, 1 n,
E o (z(1)) - (z(2)) o (2(3_)),

For deuteron cross-sections, the only quantity needed is

- T 11
0 Zna Pnl n,n, . (1h)

Consider Eq. (11) in two limits: n, << 1, n, >>1, n, >>1 and n,>> 1,

ﬁl >>1, E,>> 1. In the first case,

__._]:_.._ . k kl_ll l kz"l
et G T gy (2) 2(3)

1 K, 1
T (Z(l)) T (Z(Z))k2

| 2

Z(3)

_ ‘ Z(3)
= Kk 2 2(1)2(2)

172 z(1)z(2)

~

nln

which is the same as in Eq. (3). In the limit 53 >> 1, since all the
numbers involved are big, we maximize Pn n.n to find the most probable
1723 .
. " distribution and assert that the most probéble distribution will be the

actual distribution seen as the distribution is sharply peaked. Thus

we consider
8{n, 4nz(1) - n;! + n,nZ(2) - n,! + n,&nZ(3) - nyt}f = 0

Using dn, = dn, = -dn, and g%-n! ~ fn n, we obtain Eq. (3) again.



Since Eq. (3) holds in both the limits, it may be reasonable in
between also, although it is difficult to see this analytically.

Numerical estimates of errors will be given later.

III. PRODUCTION OF PIONS
There are some cases where no conservation laws such as Eq. (7)

exist. An example is the production of m;'s.

o]
X nar?
5 n! )
- n= _ .
n_ = ® 1 o = 2 | (l2)(
— Z
— T

n=0

which is exactly the same as the grand canonical result with u”o = 0.
For qF and 7m_ however, conserva;ion laws similar to Eq. (7) exist.

To estimate errors,we.considered k, = 25, ]% = 35 [EBEq. (7)].
. This corresponds roughly to the optimum value1 of the impact parameter
'b' for the case of 2ONe on U. We considered a model of n,p and d
and also a model of n, p, m,, m_ and m, . For the values of Z(i)'s
appropriate fof heavy ion reactibns, we never found deviations greater
than 5% from the grand canonical predictions.

There is more information contained in Eq. (10) than what is
contained in cross-section measuremenﬁ [Eq. (11)]. Equation (10) can
be used to calculate multiplicity distribuitons. As an example, for 7 's

since there is no conservation law, the'probability for producing n 7,'s

at a given impact parameter is

1
P. = — Zn
n - n!

= 1
2wt
m!

m=0
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For Eq. (12), n=7% and. thus Pn reduced to the Poisson distribution,

-.n ~-n . !
Pn = — (n) e . The argument here is more general than that of

[N e

Ref. Because of conservation laws, such simple arguments do not
apply to mLor T _, although the more complicated expressions for these

may produce values close to a Poisson distribution.
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