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ABSTRACT OF THE THESIS

USV Attitude Position Estimation by a Hovering UAV Using Monocular Images of
Deck-Mounted Lights

by

Miguel Angel Martinez Macias

Master of Science in Engineering Sciences (Mechanical Engineering)

University of California San Diego, 2022

Professor Thomas Bewley, Chair

The mission of estimating an unmanned surface vehicle (USV) absolute orientation and

relative position respect to an unmanned air vehicle (UAV) that is hovering above the USV is

addressed in this paper, based solely on a single visual observation of beacons (that is, signal

lights) positioned in a circular pattern around the center of USV’s deck, from now referred

as Beacon, using monocular vision. The ultimate goal is to be able to estimate the dynamic

state of the USV well enough so the UAV can land autonomously on the USV in up to sea

state 6 on the Douglas scale. Contrary to the majority of existing orientation estimation studies

based on a single image captured by a monocular camera that provide a disambiguation method

x



based on multiple geometries visualization, filtering or iterative optimization algorithms, this

research proposes the challenge of using camera intrinsic parameter and conic section equation

to disambiguate 3D position of n beacons arranged as a circular pattern on USV deck, plus a

Beacon located on the center of the circular pattern, basing on pinhole camera model principle

and provide USV absolute orientation using equations that combine ZXZ Euler rotation sequence

and orthogonal projection, ultimately providing USV absolute orientation as a ZYX Euler

rotation sequence. For validation USS Frigate Oliver Hazard class Destroyer orientation and

Heave due sea state 6 conditions data was used.
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Introduction

Unmanned Aerial Vehicle (UAV) is especially interesting among aircraft due its holo-

nomic constraints, in other words, UAV can be capable of moving on 6-Degrees of freedom

resulting in the possibility of landing and taking off vertically using their rotors to translate on

Z-axis without moving on X-axis, unlike fixed-wing planes. Position and orientation estimation

has been the focus of much research in recent decades. Onboard sensors widely utilized for such

tasks include, but not limited, IMU, GPS, and a camera. In addition, since UAVs can operate in

areas where the GPS isn’t always available [1], a vision sensor can be an important element of

any autonomous system, and because of its adaptability a lot of information can be collected

from only image frames to help with scene interpretation, navigation and pose estimation. Due

to the incapability of monocular vision to perceive depth using a single image frame without

any extra knowledge of the captured image, research has recently been done to estimate pose

using multiple camera arrangements that rely on stereo disparity principle[2][3], which refers

to the pixel location discrepancy when comparing object on overlapped images captured by

different cameras, where object triangulation can be done since the distance between lenses is a

well-known parameter, while other studies focus on compute disparity between image sequences

using monocular vision[4] and how disparity evolves in time. Because both techniques increase

processing costs due to the complexity of image comparison, another branch of monocular vision

research the use of cues on the captured image, that is, a reference point which dimensions were

previously measured, as results a ratio between pixels and world units can be obtained and then

target depth and distance estimation can be computed by comparison. Cues are not limited to

knowing reference size; it is also possible to know cues geometry or even have numerous cues
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arranged on a well-known pattern or geometry, and use such fact to estimate target position

and orientation. Furthermore, in environments where orientation and position play a crucial

role, such as UAV landing, where it is expected that the UAV knows at all moment its position

regarding the landing area, which, could or not has a constrained axis, that is, a 6 degrees of

freedom landing area where translation and rotation is possible, there exist the need to develop

reliable estimation methods that use sensors that are available to the UAV. For that reason, this

thesis addresses the difficulty of computing the UAV relative height and absolute orientation of

an Unmanned Surface Vehicle (USV) due to sea state 6 conditions, based primarily on a single

image capture of n beacons, that is signal lights, arranged as a circular pattern around the center

of the USV’s deck, being image captured by a camera mounted on the UAV, which is hovering

above the USV. The final objective is to be able to accurately estimate the dynamic state of the

USV so that the UAV can land on the USV autonomously in up to sea state 6 conditions. This

scenario is similar to landing on a dynamic terrestrial target, but with the added challenge of the

sea’s motion causing continuous USV translation and orientation.

The task may be broken into three stages to achieve the goal.

1. Generate an algorithm that computes UAV height and USV orientation and translation.

The algorithm’s input should be an image that captures 3D orientation based on the image

plane projection of the markers located on the USV deck.

2. Use pinhole camera model which output works as the input for orientation estimation

algorithm. This model describes how the pinhole camera model project markers 3D

location into the image plane.

3. Use real USV orientation and position data under ocean waves that lie inside sea state 6

wave parameters spectrum, that is, USV roll, pitch, yaw and heave. Such Euler rotations

shall work as pinhole camera model input mentioned on item number 2 stated above.

2



The organization of this thesis is meant to be read in sequence, so in chapter 1 the reader

obtains the background needed to understand monocular vision limitations when compared to

a stereo vision system, in addition to the coordinate systems conversion and the Euler rotation

sequences used on this study, as well as perspective distortion optical effect which is crucial

for the formulation of the equations stated on chapter 3. Then, in chapter 2, an introduction to

conic sections is presented, moreover, different mathematical representations are stated as well

as their graphical meaning so the reader can properly understand the geometric interpretation.

Furthermore, chapter 3 introduce equations that combine conic section equations and pinhole

camera model to correct perspective distortion effect, which leads to the 3-Dimensional esti-

mation of every single target captured on the image, then, the equations use such information

as input to estimate USV absolute orientation and UAV height relative to USV. Finally, in

chapter 4, the reader can go thru the results of this research, where, in addition to the proof that

equations introduced in chapters 2 and 3 indeed captures USV orientation, absolute and relative

measurement error was induced on the target location on the image for different UAV height

scenarios.
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Chapter 1

Background

This chapter provides a summary of the literature on essential topics relevant to this work,

as well as prior research in the field of orientation and height estimation, to facilitate proper

understanding of the thesis study.

1.1 Coordinate Transformations

1.1.1 Coordinate Systems

Considering USV is sensing its position, motion, and orientation relative to its body fixed

frame and an external system like the UAV measure USV position, motion, and orientation on

UAV coordinate frame, it is clear that a method to describe USV measurements regarding UAV

reference frame, as well as how to rotate reference frames, is required. This thesis considers

four coordinate systems, which UAV, USV, Camera, and Image coordinate systems, all of them

illustrated in the figures contained below in this section, being at all moments represented by the

right hand rule, with exception of the Image 2-Dimensional coordinate system which is a 2 axis

system and cannot be ruled by right nor left hand rule .
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UAV Coordinate System

When using body fixed sensors to monitor metrics related to the vehicle’s body, such as

acceleration, velocity, or position, having a body fixed frame is beneficial. For this thesis, the

Z-axis was selected to point to the bottom of the UAV, the X-axis to the front, and the Y-axis to

the right side of the aircraft, thereby completing the right-handed rule as shown in figure 1.1.

Worth mentioning that at all moment the UAV is considered to have no translation on the X and

Y axes, nor any rotation on the three axes listed above, which should not be mistaken with the

USV Euler rotation sequence resulting from the equations examined later in this thesis.

Figure 1.1. UAV coordinate system

USV Coordinate System

Same as the UAV coordinate system, the Z-axis points down of the vehicle, the X-axis

to the front, which in boat terminology is referred to as the bow, and the Y-axis completes a

right-handed system. For such axis, the Euler rotations around are known as roll, pitch, and yaw

respectively.

Figure 1.2. USV coordinate system

5



Camera and Image Coordinate System

For purposes of this study and due to simplicity, it is considered that camera and UAV

share the same origin, that is, UAV height is considered the distance between the camera and

the center of the Beacon circular pattern located on USV deck (Refer figure 1.2), where image

2D coordinate system differs from UAV since Y pixel and X pixel axis refer to image height

and width respectively, as result, due right hand rule Z-axis on camera coordinate system points

inward camera lens as shown on figure 2.3.

Figure 1.3. Camera and Image coordinate system

1.1.2 Euler Rotation Sequences

Euler angles are three measurements that indicate how a rigid body is oriented about a

given coordinate system. Extrinsic rotations occur around the axis of the original coordinate

system, allowing the coordinate system to remain static, or intrinsic if the axis of the original

coordinate system changes orientation after each elemental rotation [5]. Being Euler angles

described as a sequence of rotations, multiple solutions could be possible, that is, if rotation is

not limited by a range, rotation is not unique, i.e. being full rotation given by 360 degrees, where

6



positive and negative sign indicates direction, a 90 degrees rotation reach the same point as -270

degrees rotation on the same axis, as well as a 450 degrees rotation. Noting that rotations are

not unique, it can be inferred that an object can be rotated by different rotations sequences and

reach the same coordinate, where angle magnitudes and direction could differ depending on the

selected Euler rotation sequence. Even if multiple Euler rotation sequences exist, in this research

only ZYX and ZXZ rotation sequences are used.

ZYX Euler Rotation Sequence

Being USV orientation determined unambiguously by three subsequent rotations about

its body-fitted coordinates represented as East-North-Up (ENU) coordinate system, refer figure

1.2, final orientation of the method described later on this thesis on chapter 3 is finally showed as

ZYX orientation sequence, also known as 3-2-1 Tait-Bryan rotation sequence [6], where

3 - Is defined as Yaw rotation about Z-axis (Pointing up per ENU coordinate) being

positive rotation when USV bow points left, that is a CCW rotation as shown in figure 1.4

2 - Is defined as Pitch rotation about Y’-axis(Pointing left per ENU coordinate) being

positive rotation when USV bow points down, that is a CCW rotation as shown in figure 1.4

1 - Is defined as Roll rotation about X”-axis(Pointing front per ENU coordinate) being

positive rotation when USV port points down, that is a CCW rotation as shown in figure 1.4

Figure 1.4. Intrinsic ZYX rotation sequence
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Where any point in R3 can be intrinsically rotated by post multiplying such initial

coordinate by the resulting matrix RzRyRx

Rz =


Cos(Yaw) Sin(Yaw) 0

−Sin(Yaw) Cos(Yaw) 0

0 0 1

 (1.1)

Ry =


Cos(Pitch) 0 Sin(Yaw)

0 1 0

−Sin(Pitch) 0 Cos(Pitch)

 (1.2)

Rx =


1 0 0

0 Cos(Roll) −Sin(Roll)

0 Sin(Roll) Cos(Roll)

 (1.3)

ZXZ Euler Rotation Sequence

Any point that lies in R3 can be intrinsically rotated by a ZXZ sequence, where rotation

occurs first on Z-axis, then on X’-axis and finally on Z’-axis as shown in figure 1.5. Worth noting

that even if both rotations sequences, that is, ZYX and ZXZ start by rotating a point on Z-axis,

the magnitude of such rotation can be different, the same applies to the other 2 rotations, where

even if they rotate on the same axis, the magnitude of the rotation can differ.

8



Figure 1.5. Intrinsic ZXZ rotation sequence

1.1.3 Quaternions

Similar to coordinate systems described above, quaternions can describe any point on R3.

Being a four element vector on the form

q =

[
q1 q2 q3 q4

]T

(1.4)

Notwithstanding quaternions are used in this research, as part of a rotation sequence

conversion from ZXZ to ZYX, further explanation is not required for this thesis and will thus not

be provided.

1.2 Computer Vision

The concept of retrieving image raw data from world information is the main focus of

computer vision. Where image data is not limited to a single image but could take the shape of

video sequences or views from multiple cameras to gather information from an object.
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1.2.1 Stereo Vision and Depth Perception

Depth perception is defined as the capacity to estimate an object’s proximity to the

observer. Given that an image acquired by a single camera captures a 3D object projection onto

the image plane, it is feasible to conclude that such single image data contains 2D information,

width and height, of a 3D object. For that reason, stereo vision aims to gather information from

2 different sources that capture the same 3D object and compute objects depth. In other words,

stereo vision refers to the principle of using 2 cameras to capture the same 3D object into 2

images captured by each camera respectively, then, using camera extrinsic parameters such as

distances between cameras, triangulate object position [7] regarding each camera and compute

object 3 dimensional information, that is, height, width and depth. In figure 1.6 we can see 2

cameras capturing the same 3D object on the left side and the resulting disparity map in the right

side. It can be appreciated how the two images captured by their respective camera projected the

same 3D object into a different location on their respective images.

Human eyes are another example of a stereo vision that may be compared. To recreate a

3D scene, the brain processes the data gathered by each eye and uses it to compute the three-

dimensional geometry of the objects, as a result, the object’s depth can be obtained[8]. The

research stated in this thesis does not rely on the use of stereo vision for pose estimation, but a

description of this method is necessary so the reader can understand the limitations of using a

single camera setup.

Figure 1.6. Stereo camera disparity map
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1.2.2 Monocular Vision and Depth Perception

Even if monocular vision captures only the two dimensional information of a three

dimensional object, there exist some techniques studied that estimate object’s depth. Some of

those techniques requirements are stated in section 1.2.3. Where some of the methods rely on a

sequence of captured images[9][10] making this method time dependent, other approaches start

by assuming initial conditions such as the observer plane and the object plane are parallel to

each other, as a result, triangle similarity or object scaling methods can be used [11]. Alternative

approaches rely more on novel methods such as neural networks, which can use a sequence of

images or a single image[12] to compute object’s depth.

1.2.3 Monocular Vision and Pose Estimation

Pose estimation- Fiducial markers

Fiducial markers, also known as visual markers, are objects situated inside the camera’s

field of vision that act as a well-known reference point of comparison. Pose estimation using

planar visual markers reduces to compare geometric projection of the marker onto the picture

plane versus the well-known shape of the marker, being such deformation used to measure camera

position based on an algebraic model that describes original geometry[13]. Pose ambiguity

may occur as a result of the algebraic model being governed by the orthogonal projection

principle[14].

Figure 1.7. Fiducial marker
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Pose estimation- Moiré patterns

Moiré patterns are created by overlapping two comparable periodic and parallel patterns,

resulting in a third visual pattern that is not existent in either of the original two patterns and

whose geometry varies depending on camera orientation, that is, a perspective effect. It can be

deduced per figure 1.8 that Z-axis distance can be computed if the original size of horizontal bars

of the moire pattern is known in addition to camera intrinsic parameters, also Z-axis rotation is

obtained by measuring the original pattern tilt[15]. By doing extra computation rotation in other

axes different to Z-axis can be done, concluding that manufacture accuracy on Moire pattern

construction plays a crucial role, impacting measurement results[16]. It can be seen on the left

side of figure 1.8 a 2-Dimensional projection of periodic and parallel patterns overlapping each

other.

Figure 1.8. Moiré patterns
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Pose estimation- Point based markers

Point based pose estimation systems consist of a camera mounted on the tracker vehicle,

which could be an UAV, and markers attached to the target object [17], which could be an USV.

In addition, other studies consider a camera mounted on a fixed object located on the ground,

while the target vehicle is moving, that is the UAV, which could have LED markers attached to

its fuselage [18]. Some systems are based on infrared images, making IR markers recognition

significantly easier than when utilizing the whole RGB spectrum.

Figure 1.9. Camera capturing point based markers
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Pose estimation- Circular pattern

This approach is based on a geometric interpretation of marker positions on the image

plane, therefore implying that markers positioned on the target surface must be arranged in a

circular pattern. Then, given the fact that any orthogonal projection of a rotating circular target

will result in a conic section[19][20], furthermore, if conditions are met the orthogonal projection

will result in a closed type conic section[21], that is an ellipse, where the coefficients of such

conic section can be obtained by obtaining markers X and Y pixel coordinates on the image

and solving an algebraic equation that describes such conic section geometry [22]. As a result,

with some extra work, such coefficients can be used to get target orientation[21] and camera

height[23].

Figure 1.10. Camera capturing Circular pattern markers
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1.2.4 Perspective Distortion

Perspective distortion is the consequence of how proximity between an object and the

observer, that is the focal plane, affects the projected perception of an object’s proportions, such

as width, height, and geometry. In other words, the angle of view of the image wider or narrow

than the angle of view at which the image is viewed will cause an aberration where the perceived

shape of the object on the image creates the optical effect that makes the apparent proximity

of the object differ from what is truly projected on the focal plane. Proportions, size, forms,

and geometry can be impacted, and even overlapping things in the image might appear closer

than they are due to distorted size when contrasted to a distant object[10][22] as shown in 1.11,

where a view of a hallway due perspective distortion is showed, leading to the optical effect

where objects size located at the end of the hallway appears to be smaller than what they truly

are, such behavior is related to the proximity between objects and camera. However, unlike

imperfections that combine data to create additional effects like image blur[24], perspective

distortion is an aberration that does not reduce image data[25]. As result, perspective distortion

simply restructures image geometric features, inferring that it can be mapped and removed from

an image. The assumption derived from the existence of perspective leads to the assumption that

it has quantitative characteristics that are solely dependent on the observer.

Figure 1.11. Perspective distortion effect
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1.2.5 Pinhole Camera Model

A typical model used to analyze perspective distortion optical effect due to the distance

is the pinhole camera model, which maps a 3-Dimensional object in space to the image space

(2-Dimensional), this means that if we know camera characteristics like focal length and image

resolution, we can anticipate where a reflected light beam will impact the image plane. All

other distortion effects, such as barrel distortion, pincushion distortion, quantization effects, and

blurring effects, are assumed to be negligible in this model. Being pinhole camera model a well

studied method, a detailed explanation won’t be included in this study, in addition, an extensive

explanation can be found on [26], where such model describes a camera with no lens represented

as a box with no other aperture than a small hole on one of its 6 sides, where the light reflected

from an objected located outside the box will pass through the box aperture and is projected

on the opposite side where the pinhole is located, that is image plane, causing an upside down

projection of the object located outside the box, such description can be better described by

figure 1.12, where a visual representation of a pinhole camera is shown, note how light beam

represented per green arrows preserve direction when passes through pinhole, generating and

mirroring the 2D projection on the image plane.

Figure 1.12. Pinhole camera model
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Pinhole camera model parameters can be classified into extrinsic and intrinsic parameters.

Where coordinate system transformation and object location in three dimensions refer to extrinsic

parameters, that is, external conditions that don’t depend on the camera, while intrinsic parameters

contain camera specifications related to focal length and image resolution which are used to

describe a mapping from the 3D coordinates of the object to the image 2D coordinates and can

be represented as the three-by-three matrix stated on equation 1.5

K =


f x 0 cx

0 f y cy

0 0 1

 (1.5)

Where cx and cy define camera center in pixel units and can be obtained as

cx =
Image Width

2
(1.6)

cy =
Image Height

2
(1.7)

Then, focal length, which is a parameter used to compute angle of view and determine

how much of the environment can be photographed by the camera as shown in figure 1.13, can

be defined as the distance in world units, usually denoted on millimeters, between the optical

center of the lens and the plane where the image will be printed. that is the image plane.
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Figure 1.13. Camera focal length

As result, fy and fx, defined as the focal lengths in pixel units, can be determined using

simple geometry by computing equations 1.8 and 1.9[11] for a right triangle that contains an

internal angle equal to half of the camera angle of view, refer image 1.13 and base equal to half

the image size, refer image 1.14, that is, cx and cy respectively.

f x =
cx

tan(0.5 Focal Angle)
(1.8)

f y =
cy

tan(0.5 FocalAngle)
(1.9)
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Figure 1.14. Diagram of camera projection

The firth intrinsic parameter is referred to as the skew coefficient which relates to

image pixels orthogonality, as result for the case of this study, where image X and Y axis are

perpendicular to each other, s is assumed to be equal to zero. Then, an extrinsic parameter

such as the coordinate system transformation can be easily described as the matrix that rotates

UAV coordinate system to the camera coordinate system as shown in figure 1.15, and can be

represented in matrix notation as follow, which intention is to map UAV coordinate system X-axis

and Y-axis to image coordinate system by doing a row permutation and finally pointing camera

coordinate system Z-axis on the opposite direction that UAV coordinate system to complete right

hand rule.

T =


0 1 0

1 0 0

0 0 −1

 (1.10)
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The object’s location regarding UAV in a 3-Dimensional space can be calculated by

rotating any point using any rotation sequence, for purposes of this research, even if a ZXZ

rotation sequence is considered for equation, final orientation is described as a ZYX rotation

sequence, for that reason equation 1.11 refer to the USV Yaw, Pitch and Roll sequence, in

addition, a translation vector that contains UAV distance respect to USV deck center shall be

added, that is, UAV height plus the USV Heave, the vertical translation on the Z-axis, Sway, the

USV translation on Y-axis, and Surge, the USV translation on X-axis.

R = Rz(Roll)Ry(Pitch)Rx(Yaw) (1.11)

Additionally, a translation vector containing camera distance from the USV deck center,

that is, the UAV height, shall be added per equation 1.12.


PxUAV

PyUAV

PzUAV

=


Px

Py

Pz

+


X

Y

H

 (1.12)

Then, position relative to camera coordinate can be obtained by


Xc

Y c

Zc

= K ∗T ∗


Px+X

Py+Y

Pz+H

 (1.13)

Being the resulting image coordinate system origin located at the top left corner, a change

of coordinates can be implemented to align coordinate system origin to the image center

X pixel =
Xc
Zc

− cx (1.14)
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Y pixel = cy− Y c
Zc

(1.15)

Where positive image plane X and Y axis direction are shown on 1.15. Then, it is trivial

to remove out of range objects whose position exceed image resolution, that is, image width and

height.

Figure 1.15. Camera projection diagram
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1.2.6 Other Distortions

While distortion described in the previous section refer to how the image is deformed

due to camera perspective, there exist other types of distortions that are related to the geometric

design of the camera lens, which for purposes of this research distortions due to a particular

geometry of lens are beyond the scope of this document, in addition, they will be introduced

as a comparison so the reader can properly understand the scope of this thesis. The two most

common optical aberrations result of lens design that affect photogrammetry are Barrel distortion

and Pincushion distortion [27][25], also referred as radial distortions due the way they interact

with the center of the image, which occurs when lens has a non-rectilinear geometry, causing

straight lines to curve inward or toward respect the center of the image as shown respectively on

the bottom right and bottom left in figure 1.16, where optical distortions are compared, being top

left side on figure a grid with no distortion. It’s worth noticing that the two mentioned distortions

may appear combined making straight lines curl inwards towards the picture’s center. In addition,

other distortions are possible, such is the case of the Tangential distortion, located on the top

right side of the figure 1.16, such effect is caused when the lens is not parallel with the camera

sensor, deforming grid into a trapezoidal form.

Figure 1.16. Optical aberrations caused by lens geometry
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Chapter 2

Conic sections

Being a conic section defined as the curvature formed by the intersection of the cone

surface with a plane [28] and eccentricity defined as a non-negative real integer number that

uniquely specifies how a conic section deviates from being circular, which can be used to identify

the shape of the projected geometry into four different groups where two conic sections will be

similar if and only if they lie in the same eccentricity range being circle eccentricity equal to

zero, which is allowed only when the cone axis is perpendicular to the plane.

2.1 Eccentricity of circular pattern projection into image
plane

When the plane is parallel to the cone axis the conic section becomes a hyperbola with an

eccentricity greater than one and less than infinite, this behavior can be explained in a scenario

where the USV roll or pitch is 90 degrees, i.e. the USV sinks, bottom right corner on figure 2.1.

When the plane is tangent to the cone’s generatrix, refer bottom left corner in figure 2.1, the conic

section became unbounded and is known as a parabola where eccentricity strictly equals 1, such

situation is feasible when the circle center does not lie inside the camera’s field of view. Third

group is represented by a 2-Dimensional straight line that can be defined as a total deviation

23



of a curve resulting in eccentricity equal to infinite i.e Degenerative case. Ellipses are the only

closed type closed conic section that occurs when a cone intersects a plane at a given angle,

projecting a bounded section where eccentricity is greater than 0 and less than 1, refer to top

right corner in figure 2.1. For purposes of this study, we will focus on cases where the projected

conic section results in a bounded segment, such as the case of the fourth group, the ellipse.

There are multiple mathematical representations for such group geometry, but only canonical

and polynomial representations introduced in sections 2.2 and 2.3 are utilized in this study.

Figure 2.1. Conic sections visual representation
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2.2 Closed type conic section canonical representation

A closed type conic section is defined by its eccentricity as well as other important

geometric characteristics defined below and shown in figures 2.2 and 2.3

(a) Major semi-axis is defined as the biggest distance between

the ellipse center and its perimeter. For an undistorted

ellipse, this equals circle radius length and its colinear

with the Line of nodes.

(b) Minor semi-axis is defined as the shortest distance be-

tween the ellipse center and its perimeter.

( θ ) Closed type conic section tilt, that is, angle between Minor

semi axis and Image coordinate system horizontal X-axis

(k , h) Ellipse centroid offsets for X and Y axis respectively

In this form, ellipse can be represented by the equation

X = (x− k)cosθ − (y−h)sinθ (2.1)

Y = (x− k)sinθ +(y−h)cosθ (2.2)

X2

a2 +
Y 2

b2 = 1 (2.3)
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where if a > b, the ellipse is stretched more horizontally; if b > a, ellipse is stretched

more vertically; otherwise, if a = b ellipse is indeed a circle.

Eccentricity can be described by the equation

e =

√
1− b2

a2 (2.4)

2.3 Closed type conic section polynomial representation

Being the two variables quadratic polynomial defined as

Ax2 +2Bxy+Cy2 +2Dx+2Ey+F = 0 (2.5)

Then, by expanding and grouping term of the binomial squares when combining equations

2.1, 2.2 and 2.3 for cases where the ellipse centroid is at the origin, that is offset k and h showed

on equations 2.1, 2.2 are equal to zero, result in the 6 coefficients quadratic equation 2.5 confined

to the terms

A = (
cos2θ

a2 +
sin2θ

b2 ) (2.6)

B = cosθsinθ(− 1
a2 +

1
b2 ) (2.7)

C = (
−sin2θ

a2 +
cos2θ

b2 ) (2.8)

2Dx+2Ey+F =−1 (2.9)
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By rearranging the resulting equation we note that it became the 3 coefficient quadratic

equation 2.10, concluding that for any closed type conic section, in which offsets k and h are set

to zero, n ≥ 3 is sufficient to determine coefficients A, B and C.

Ax2 +2Bxy+Cy2 = 1 (2.10)

Figure 2.2. Centered to the origin Conic section image

Furthermore, by expanding and grouping terms of the binomial squares when combining

equations 2.1, 2.2 and 2.3 for cases where k and h differ from zero, coefficients D, E and F are

confined to the 6 coefficients quadratic equation with terms

D =−A k−B h (2.11)

E =−B k−C h (2.12)

F = A k2 +B kh+C h2 −1 (2.13)
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Figure 2.3. Conic section image with centroid offset

Where the 6 coefficients can be computed for cases where n ≥ 6 by the equation



x2
1 2x1y1 y2

1 2x1 2y1 1

x2
2 2x2y1 y2

2 2x2 2y2 1

. . . . . .

. . . . . .

. . . . . .

x2
n 2xnyn y2

n 2xn 2yn 1





A

B

C

D

E

F


= 0 (2.14)

2.4 Reformulation of closed type conic polynomial represen-
tation

Equation 2.5 can be rearranged as follows to decrease the required minimum number of

reference points.

2
B
A

xy+
C
A

y2 +2
D
A

x+2
E
A

y+
F
A
=−x2 (2.15)

As a result, the 5 coefficients 2 variable equation is constructed.
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2B′xy+C′y2 +2D′x+2E ′y+F ′ =−x2 (2.16)

Where the 5 coefficients can be computed for n ≥ 5 to uniquely identify the circumscribing

ellipse that passes through all n points in the image by looking for the nontrivial solutions to the

new coefficient vector by solving the resulting equation.



2x1y1 y2
1 2x1 2y1 1

2x2y1 y2
2 2x2 2y2 1

. . . . .

. . . . .

. . . . .

2xnyn y2
n 2xn 2yn 1





B′

C′

D′

E ′

F ′


=−



x2
1

x2
2

x2
3

x2
4

x2
5


(2.17)

2.5 Closed type conic section canonical representation
parameters

Similarly to the process described in section 2.3 whereby expanding and grouping terms

of the binomial squares when combining equations 2.1, 2.2 and 2.3 result on a transforma-

tion from canonical to polynomial representation of the close conic section, the coefficients

stated on equation 2.16 can be rearranged to equations 2.18, 2.18 and 2.20 to obtain canonical

representation parameter.

k =
CD−BE
B2 −AC

(2.18)

h =
AE −BD
B2 −AC

(2.19)
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a,b =

√√√√ 2(AF2 +CD2 +GB2 −2BDF −ACG)

(B2 −AC)(±(C−A)
√

1+ 4B2

(A−C)2 − (C+A))
(2.20)

Being closed type conic section major semi-axis a the resulting greatest value due

discriminant on the denominator stated on equation 2.20 and minor semi-axis b the smallest

value. Furthermore, closed type conic section tilt θ can be computed by the piecewise function

stated in equation 2.21

θ =


1
2atan(C−A

2B )+90 a < b

1
2atan(C−A

2B )−180 b < 0 & 1
2atan(C−A

2B )> 90

(2.21)

Furthermore, for a non-degenerative case, the coefficients are restricted to terms[29]

AC−B2 > 0 (2.22)

−C

∣∣∣∣∣∣∣∣∣∣
A B D

B C E

D E F

∣∣∣∣∣∣∣∣∣∣
> 0 (2.23)

Chapter 2, in full, is currently being prepared for submission for publication of the

material. Martinez Macias, Miguel Angel; Bewley, Thomas. The thesis author was the primary

investigator and author of this material.

30



Chapter 3

Model formulation

Defining distance and pose orientation as two independent factors that describes per-

spective distortion, where distance is responsible to describe the phenomenon where the camera

perceives a decrease in target size as it moves away from the camera plane, that is, a decrease on

the apparent distance from the Beacon to the image center, refer to figure 1.11, and being USV

orientation responsible for the conic section projected shape into the camera [30], refer figure

2.1, resulting into an offset on the close type conic section centroid captured by the camera, refer

figure 2.3, where an undistorted close type conic section, refer figure 2.2, can be better described

per equations 2.5 thru 2.10 while a distorted close type conic section behaves as equations 2.5

thru 2.8 with coefficients D, E and F equal to 2.11, 2.12 and 2.13 respectively. Even if perspective

distorts the closed type conic section captured by the camera, such aberration preserves vector

direction between Beacon and captured image origin, that is image center, while distorts vector

length as shown in figure 2.3, resulting in a discrepancy in semi-axis length computation due

the offsets k and h, but preserving tilt angle θ as shown on figures 2.2 and 2.3. Such fact is

remarkable and is a principle used in the equations stated in this section.
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3.1 Beacon correction equations

This section meant to introduce a method that correct phenomenon described per section

??, when n ≥ 5, by inverting pinhole camera model equations 1.12 , 1.13 , 1.14 and 1.15 for each

Beacon, which is expected to lie on the perimeter of the closed type conic section, resulting into

the 3D pose estimation on USV coordinate system of a single Beacon represented by subindex

i on subsequent equations, in other words, equations stated on section 3.1 and subsection 3.2

shall be computed for each Beacon independently. Being the resulting system the 2 equations 6

variables underdetermined system described per equations 3.1 and 3.2, X and Y refer to USV

surge and sway respectively, while H refer to the distance on Z-axis between the UAV and the

USV, that is, USV heave plus a UAV height offset.

V xi =
cx(Pzi +H)− f x(Pyi +Y )

H +Pzi
− cx (3.1)

V yi = cy− cy(Pzi +H)− f y(Pxi +X)

H +Pzi
(3.2)

Where (V xi, V yi) describes the pixel coordinate of the Beacon i located on the image

plane. Furthermore, defining (V x0, V y0) as the pixel coordinate of the Beacon located on the

circular pattern center, that is where Px0, Py0 and Pz0 are equal to 0, the terms X and Y can be

described as

X =
−HV x0

f y
(3.3)

Y =
−HV y0

f x
(3.4)

Then, by substituting equations 3.3 and 3.4 into 3.1 and 3.2
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V xi =
− f xPyi + cx(Pzi +H)+V 0xH

H +Pzi
− cx (3.5)

V yi = cy− − f yPxi + cx(Pzi +H)+V 0yH
H +Pzi

(3.6)

Where the 4 incognitas, which are measured in world units, are the Beacon 3D position

Pxi, Pyi, Pzi respect to the circular pattern center located at the USV, and H equal to UAV Height,

that is, Z-axis distance between the UAV and the circular pattern center located at the USV.

Figure 3.1. Parameters L1 and L2

By assuming intrinsic parameter as a given, it is aim to obtain a well-defined system by

defining L1i as the diagonal distance between (V x0,V y0), gray dot on figure 5, and the Beacon

pixels coordinate (V xi,V yi) on image plane, blue dot on figure 5, where unitary vector ĉi defines

vectorial direction. In polar coordinates it is expressed by

V xi

V yi

=

L1v̂xi

L1v̂yi

=

0cos(−ψ)−L1sin(−ψ)+V x0

0sin(−ψ)+L1cos(−ψ)+V y0

 (3.7)

Where ψ refer to the angle of the coordinate (V xi,V yi) respect (V x0,V y0), which is

computed using the 4-quadrant inverse tangent. Likewise, L2 refer to the diagonal distance

between (V x0,V y0) and the point where the vector on the opposite direction of V̂i intersect the

close type conic section perimeter, refer purple dot on figure 5. Then magnitudes L1i and L2i
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can be computed by adapting right hand side of equation 3.7 into equations 2.1 , 2.2 and 2.3,

which result into 3.8 thru 3.10, being the unknown variable the distance L which after solving is

expected to lead 2 possible solutions, that is L1 a well known distance and L2, the distance that

is expected to obtain.

Xroti = (Lv̂xi − k)cos(θd)− (Lv̂xi −h)sin(θd) (3.8)

Y roti = (Lv̂xi − k)sin(θd)+(Lv̂yi −h)cos(θd) (3.9)

Xrot2
i

a2
d

+
Y rot2

i

b2
d

= 1 (3.10)

Where the two possible solution result for for all the cases L1i positive and L2i negative

L1i = Max(Li) (3.11)

L2i = Min(Li) (3.12)

Furthermore, plugging 3.7, 3.11 and 3.12 into 3.5 and 3.6 we get the 4 equation system

described by equations 3.13 thru 3.16, being the last two represented by the purple point on

figure 5, where, Pxi, Pyi and Pzi on equations 3.15 and 3.16 are expected to have a the opposite

sign.

L1i v̂xi =
− f xPyi + cx(Pzi +H)+V 0xH

H +Pzi
− cx (3.13)

L1i v̂yi = cy− − f yPxi + cx(Pzi +H)+V 0yH
H +Pzi

(3.14)
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L2i v̂xi =
+ f xPyi + cx(−Pzi +H)+V 0xH

H −Pzi
− cx (3.15)

L2i v̂yi = cy− + f yPxi + cx(−Pzi +H)+V 0yH
H −Pzi

(3.16)

The 4 equation system actually result into a zero solution system, for that reason, after

solving the 3 equation system formed by equations 3.13 , 3.14 and 3.15, the equations 3.17 thru

3.19 arise.

Pxi =
−L1V x0 −L2V y0 −2L1L2cos(ψ)

f y(L1−L2)
H (3.17)

Pyi =
L1V x0 +L2V y0 +2L1L2sin(ψ)

f x(L1−L2)
H (3.18)

Pzi =
−L1i −L2i

(L1i −L2i)
H (3.19)

It is noted that the common factors H exist in the in the three equations, for that reason,

Beacon 3-Dimensional position can be obtained doing the change of variables stated on equations

3.20 thru 3.22, where Beacon 3D position Px, Py and Pz are divided by H, that is, UAV height

on equations 3.17 thru 3.19 is rearranged from the right hand side to the left hand side in order

to make it a full determined system. More over, even if (L1−L2) is a common factor, the case

where L2i equals L1i is not possible due the way they are defined, that is, L1¿0 and L2¡0, refer

equations 3.11 and 3.12 as result, the three equations cannot became indeterminate.

P̄xi =
Pxi

H
(3.20)

P̄yi =
Pyi

H
(3.21)
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P̄zi =
Pzi

H
(3.22)

Where, in order to compute Beacon 3-dimensional position, the resulting vector from

equations 3.20 thru 3.22 shall be normalized in order to obtain the vector direction and then

scaled by the radius of the circular pattern as shown on equation 3.23.


Pxi

Pyi

Pzi

=
r∣∣∣∣[P̄xi P̄yi P̄zi

]∣∣∣∣


P̄xi

P̄yi

P̄zi

 (3.23)

3.2 Corrected orthogonal projection of a distorted closed
type conic section

Even if undistorted 2D closed type conic section tilt θ converges to distorted 2D closed

type conic section tilt θ as specified in the beginning of this chapter and also shown in figures 2.2

and 2.3, on the presence of measurement noise, that is, the inaccurate position of Beacon on the

image (i.e. due measurement error on IR LED detection algorithm) prevents the projected vector

direction of the Beacon from being preserved, which lead to an error on 3D position computation

when using equations stated on the previous subsection of this chapter, ergo, computed Beacons

3D positions won’t lie on a circle, resulting into an unorthogonality between Major and Minor

semi-axis 3D position which is meant to be used on 3.5. For that reason, distorted 2D closed

type conic section tilt θ is only used when computing 3.8 and 3.9 for the individual 3D location

of the Beacons and not to compute Major semi-axis and Minor semi-axis 3D location stated

in this section. Indeed, Major and Minor semi-axis 3D position can be computed by doing an

orthogonal projection of the computed 3D position of the Beacons into a 2D plane as stated in

equations 3.24 thru 3.33 and get the best fit of the undistorted ellipse to compute undistorted

2D closed type conic section coefficients by equation 2.17, where tilt θ is determined using
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equation 2.21, being major semi-axis equal r and minor semi axis given by min(a,b) resulting

from equation 2.20.

Figure 3.2. Orthogonal projection of a point into a plane

Using parametric equations of a plane, we can describe orthogonal 2D projection of any

3D point P, refer to figure 3.2, per equations 3.24 thru 3.26

Px′ = Px+ i t (3.24)

Py′ = Py+ j t (3.25)

Pz′ = Pz+ k t (3.26)

Then, given the scalar equation of the plane in the form

i x+ j y+ k z = d (3.27)

And by assuming that the image origin is perfectly aligned with the closed type conic

section center the components i, j and k of the camera plane normal stated on equation 3.27,

which is the case of study of this thesis, scalar equation of the plane can be obtained per equation

3.28 and 3.29, plane normal is computer per the cross product of 2 vectors that lie on UAV plane,

which is assumed to be hovering above USV, that is, there is no UAV rotation on X and Y axis as
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stated on the scope of this thesis.

N =


i

j

k

= cross(


0

1

0

 ,


1

0

0

) =


0

0

−1

 (3.28)

In addition, scalar d can be obtained by the dot product of the normal and a point that

line on UAV plane

d = dot(N ,


0

1

0

) = 0 (3.29)

As result, t can be computed as

t =
d − i Px− j Py− k Pz

i2 + j2 + k2 = Pz (3.30)

By substituting in 3.28 thru 3.30 into 3.24 thru 3.26 we get

Px′ = Px (3.31)

Py′ = Py (3.32)

Pz′ = 0 (3.33)

Concluding that since it is assumed no translation on UAV x and y axis, orthogonal 2D

projection of Beacons 3D positions is equal to components on x and y, being component on z

equal to zero.
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3.3 Correction equations of distorted closed Type conic
section minor semi-axis

This subsection aims to provide a method that adapts equations stated in the preceding

parts of this chapter to undistort minor semi axis, which is meant to be used in the following

sections to compute USV orientation. This can be done by adapting equations 3.8 , 3.9 and 3.7

making possible to obtain a distorted Minor semi-axis position on the image captured by the

camera per equations 3.34 thru 3.36, being k and h distorted closed type conic section offsets,

refer to figure 2.3.

Xrotbd = (0)cos(−θ)− (1)sin(−θ) (3.34)

Y rotbd = (0)sin(−θ)+(1)cos(−θ) (3.35)

Vbd =

V xbd

V ybd

=

[
(bd Xrotbd + k) (bd Y rotbd +h)

]′
∣∣∣∣[(bd Xrotbd + k) (bd Y rotbd +h)

]∣∣∣∣ (3.36)

Moreover, once that bd vector direction is computed, that is Vbd , it is possible to obtain

its 3D position per equations 3.8 thru 3.23 since the vector Vbd scaled by bd lies on the distorted

close type conic section perimeter, being the resulting 3D position the vector that projects into bu,

in other words, for a graphical interpretation, refer to figure 3.6, where this subsection aims to

compute Y”, which orthogonal projection lie on the direction of Y’, being orthogonal projection

magnitude equal to bu and its component on Z-axis used on equation 3.42, that is, Y ′′
z .
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3.4 Undistortion equations of distorted closed Type conic
section major semi-axis

This subsection aims to provide a method that adapts equations stated in the preceding

parts of this chapter to undistort major semi axis, which is meant to be used in the following

sections to compute USV orientation. Being tilt θ previously defined as Minor semi-axis tilt

which range is from -90 to 90 degrees, that is, the signed angle formed between b and image

horizontal X-axis and defining φ as Major semi-axis angle between a and image vertical Y-axis,

refer figure 3.3 undistorted closed type major semi axis tilt can be computed as

φ = sign(θ)(90−|θ |) (3.37)

Where, Major semi-axis 3D position, which indeed must lie on a 2D plane, that is,

component on Z-axis must be zero, can be computed by

Pma =


r cos(φ)

r sin(φ)

0

 (3.38)

Figure 3.3. Undistorted closed type conic section tilts θ and φ
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3.4.1 USV translation equations

This subsection aims to provide equations that computes USV surge, sway and UAV

height by adapting equations previously provided. Basing on the principle that as UAV height in-

creases, Beacon circular pattern diameter perceived size decreases, UAV height can be estimated

by obtaining the coordinate on the image plane where the line of nodes of the undistorted close

type conic section is projected, which could be different than the line of nodes of the distorted

closed type conic section, in other words, as stated before θu could be different than θd . For that

reason, the approach is to use equations 3.7 thru 3.10 to obtain 2 points that lie on the closed type

conic section perimeter where L1 = L2, being midpoint of such line located on the coordinate

(V x0,V y0), that is by definition the circular pattern diameter. Where the 2 equation 2 variable

system formed by 2 sets of equation, where the first equation consider L positive and the second

denote negative L solve Ψ and L, then, equation 3.7 can be used to obtain one of the two points,

then substitute it on equation 3.1 and 3.2 to solve H, as result obtaining

H =
r

|P̄xi P̄yi P̄zi|
(3.39)

Where component P̄y equals to zero since major semi axis lies on the line of nodes. In

addition, an alternate version due the change of variables done on equations 3.20 thru 3.22, UAV

height H can also be computed per

H =
r
n

n

∑
i=1

1∣∣∣∣[P̄xi P̄yi P̄zi

]∣∣∣∣ (3.40)

Once UAV height is computed, USV surge and sway, that is, USV translation on X and

Y axis can be obtained by substituting H on equations 3.3 and 3.4.
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3.5 USV orientation based on a 3D undistorted closed type
conic section

This subsection is meant to demonstrate that ZXZ euler rotation defined in chapter 1,

is the natural way to describe any circular pattern rotation based on its undistorted orthogonal

projection considering canonical form parameters previously defined in chapter 2. Figure 3.4

represent Beacon circular pattern respect USV frame, refer to figure 1.2, where X-axis points

Bow direction, that is, USV nose, Y-axis points to port direction, that is, USV left side, and

Z-axis completes the right-handed system pointing up, meaning that figure 3.4 shown no rotation

in any axis. Figures 3.5 thru 3.7 represent Beacons circular pattern affected by ZXZ intrinsic

rotation introduced in chapter 1 and shown in figure 1.5, for that reason, It is suggested that the

reader get familiar with the figures in this section before returning to continue reading this thesis.

In addition, it is expected that the reader note the yellow dot shown in figures 3.4 thru 3.7, which

by looking into figure 1.2, it can be noticed that the yellow dot refer to the Beacon that points

into USV bow direction, from now referred as Bow Beacon. Furthermore, Bow Beacon can be

found also in figures 1.15, 2.2, 2.3 and 3.3.

Figure 3.4. Isometric view of an unrotated circular pattern

42



First euler rotation can be straightforward computed by realizing that α is the line of

nodes tilt, that is φ , the undistorted close type conic section major semi axis tilt, which, as stated

in a previous section of this chapter, intrinsically rotates on Z-axis from -90 to 90, resulting into

equation 3.41. Worth to note that, at this point the Beacon that points into USV bow direction,

previously defined as the Bow Beacon, and the line of nodes, that is, major semi axis 3D position,

share the same 3D coordinate, that is X’, which indeed is a 2D coordinate as shown on equation

3.38, where component on Z-axis is set to zero since first euler rotation is on Z-axis, refer figure

3.5, in addition, it is expected that at this point, the reader note that after the third euler rotation,

that is γ , refer figure 3.7, Bow Beacon is intrinsically rotated on the resulting Z’ axis, refer figure

1.5.

α = φ (3.41)

Figure 3.5. Isometric view of rotation α
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Then, by inspecting figure 3.6, it is intuitively derived that Minor semi-axis is given

by the length of the orthogonal projection of point Y” on Y’ direction, meaning that Y” is

intrinsically rotated on X’-axis from coordinate Y’, that is, minor semi axis is the 2-norm of Y ′′
x

and Y ′′
y , as result, it is noticed that a right triangle is formed by coordinates Y”, the origin, from

now denoted as O and the projection of Y” into the direction of Y’, which is the closed type

conic section minor semi-axis. Furthermore, the problem has been reduced to finding the inner

triangle of a right triangle, as result, rotation β can be obtained as the inverse of the cosine of the

rate between undistorted closed type conic section Minor semi-axis and the Beacons circular

pattern radius located at USV deck, where the sign is given by the Y ′′
z component of the Minor

semi-axis 3D position previously computed in this chapter, that is, if Y ′′
z component is positive,

means β has a CCW intrinsic rotation about X’-axis, refer figure 3.6.

β = sign(Y ′′
z ) acos (

b
r
) (3.42)

Figure 3.6. Isometric view of rotation β
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Being Bow Beacon previously defined as the reference point that indicated the USV nose,

which, when there is no rotation is located at 12 O’clock on the Beacon circular pattern located

at USV deck (yellow dot on figures 3.4 thru 3.7) and which position after an intrinsic rotation is

represented on figures 3.5 thru 3.7. Rotation γ can be obtained by computing the angle between

the 3D coordinate of the major semi axis, X’ on figures 3.5 thru 3.7, that is equation 3.38, and

Bow Beacon which 3D position is computed using equations 3.5 thru 3.23 and is referred on

figure 3.7 as X”. In addition, since Bow Beacon 3D position, that is X”, and Major semi-axis 3D

position, that is X’, share same vector magnitude, that is r, which is the radius of the Beacon

circular pattern located at USV deck, it can be noted that the triangle formed by the coordinate

X’, X” and the circular pattern origin O, is indeed an isosceles triangle, refer figure 3.7, then, it

is trivial to state that the formula for γ can be obtained from law of cosine as follow.

γ = acos(
|OX ′|2 + |OX ′′|2 −|OX ′−OX ′′|2

2 |OX ′| |OX ′′|
) (3.43)

Being sign given by the multiplication of Bow Beacon and Minor semi axis components on

Z-axis

−sign(OX ′′
z )sign(OY ′′

z ) (3.44)

Furthermore, being the triangle formed by the coordinate X’, X” and the circular pattern origin

O an equilateral triangle, where vectors OX’ and OX” share the same length, it can be inferred

that such vector magnitudes relate to the circular pattern radius as follow

∥OX ′∥= ∥OX ′′∥= r (3.45)

Furthermore, by substituting equation 3.45 into 3.43 we get

γ =−sign(OX ′′
z )sign(OY ′′

z ) acos(1− |OX ′−OX ′′|2

2r2 ) (3.46)

Moreover, being equations 3.41, 3.42 and 3.46 the Euler angles that describe any circular
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Figure 3.7. Isometric view of rotation γ

pattern rotation based on its undistorted orthogonal projection considering canonical form

parameters, indeed, for cases where the 2D projection corresponds to the 3D location of the n

Beacons, that is, there is no rotation in any other axis than Z-axis, this lead to the scenario stated

on chapter 2 and showed on figure 2.1, where eccentricity, refer equation 2.4, is equal to zero,

which leads equations 3.41 and 3.42 equal to zero, where equation 3.46 captures USV rotation

on Z-axis, being sign given by

−sign(OX ′′
y ) (3.47)

Resulting into

γ =−sign(OX ′′
y ) acos(1− |OX ′−OX ′′|2

2r2 ) (3.48)
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3.6 ZYX Euler rotation conversion

Once α , β and γ are computed, it is trivial to convert ZXZ Euler rotation to quater-

nions[31][32][33], refer chapter 1, and then to ZYX Euler rotation by



q0

q1

q2

q3


=



cos( γ

2) cos(β

2 ) cos(α

2 )− sin( γ

2) cos(β

2 ) sin(α

2 )

cos( γ

2) sin(β

2 ) cos(α

2 )+ sin( γ

2) sin(β

2 ) sin(α

2 )

sin( γ

2) sin(β

2 ) cos(α

2 )− cos( γ

2) sin(β

2 ) sin(α

2 )

cos( γ

2) cos(β

2 ) sin(α

2 )+ sin( γ

2) cos(β

2 ) cos(α

2 )


(3.49)

Where Roll, Pitch and Yaw are given by

Roll = atan2(2(q0q1+q2q3),1−2(q1q1+q2q2)) (3.50)

Pitch = asin(2(q1q3−q0q2)) (3.51)

Yaw = atan2(2(q0q3+q2q1),1−2(q2q2+q3q3)) (3.52)
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3.7 Pseudocodes

Algorithms stated on this section are included on the following github path, where

orientation is at the end represented as an Euler rotation ZYX sequence:

https://github.com/AngelMtzMX/Pose Estimation

Algorithm 1. Pinhole Camera Model

function PINHOLECAM( Roll , Pitch , Yaw , Height , n , r)
Note: This algorithm project USV’s deck beacons circular array 3D position into the

image plane, refer EQ 1.5 thru 1.15
R=RRollRPitchRYaw ▷ Rotation matrix
for i = 0 to n−1 do

P= 2DRotation (i*360/n ,
[

r
0

]
) ▷ Circular pattern

Px
Py
Pz

 =
[[

P
0

]T

∗R

]
T +

 0
0

Height


Xc

Y c
Zc

 = K*T*

Px
Py
Pz

 ▷ Camera coordinate system

Xpixel(i) = Xc
Zc − cx ▷ Image coordinate system

Ypixel(i) = cy− Y c
Zc

end for

Remove Beacons out of image range

Return [Xpixel Ypixel] ▷ Beacons inside image range
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Algorithm 2. USV position and orientation from image

function USV CONFIGURATION( Xpixel,Ypixel)

Set camera intrinsic parameters ▷ EQ 1.5 thru 1.10

Set equation of UAV plane parameters ▷ EQ 3.28 thru 3.29

▷ Note: x=Xpixel,y = Ypixel
Coefficients =

[
2xy y2 2x 2y I

]
\− x2 ▷ EQ 2.14

Offset , semiaxis and θ computation ▷ EQ 2.19 thru 2.21

for i = 1 to length(Xpixel) do

Compute c1, c2, P̄x , P̄y , P̄z ▷ EQ 3.7 thru 3.22

Height(i)=r/
∣∣[P̄x P̄y P̄z

]∣∣ ▷ EQ 3.40

P3D(i, :) = Height(i)

P̄x
P̄y
P̄z

 ▷ EQ 3.23

P2D(i, :) =
[
−P3D(i,2)
P3D(i,1)]

]
) ▷ EQ 3.24 thru 3.33

end for

▷ Note: x=P2D(1, :),y = P2D(2, :)
Coefficients =

[
2xy y2 2x 2y I

]
\− x2 ▷ EQ 2.14

Undistorted ellipse b and θ computation ▷ EQ 2.20 thru 2.21
Compute Pma and Pmi ▷ EQ 3.34 thru 3.38

Compute UAV Height, Surge and Sway ▷ EQ 3.40 , 3.3 3.4
Compute orientation α , β , γ ▷ EQ 3.41 thru 3.48
Convert ZXZ to ZYX ▷ EQ 3.49 thru 3.52
Return [Roll, Pitch, Yaw, Height, Surge , Sway]
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Chapter 3, in full, is currently being prepared for submission for publication of the

material. Martinez Macias, Miguel Angel; Bewley, Thomas. The thesis author was the primary

investigator and author of this material.
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Chapter 4

Simulation results and analysis

Simulating USV motion based on ocean waves is a difficult task and different approaches

can be used, some of them use real data as input [34][35], while others simulate USV orientation

based on ocean waves spectrum [34]. For purposes of validation, real data from a Oliver Hazard

Perry Class FFG Frigate orientation under to sea state 6 was used[36]. Scope of this research

considers that UAV Z-axis will be aligned to the n Beacons circular pattern center located at

USV deck, for that reason USV translation on Y-axis and X-axis is considered to be zero.

Table 4.1. Sea state wave spectrum

Sea state Description Significant height [m]

1 Calm (ripples) 0-0.1

2 Smooth (wavelets) 0.1-0.5

3 Slight 0.5–1.25

4 Moderate 1.25–2.5

5 Rough 2.4–4.0

6 Very rough 4.0–6.0

7 High 6.0–9.0

8 Very high 9.0–14.0

9 Phenomenal Over 14
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Figure 4.1 show Roll, Pitch, Yaw and Heave position estimation where 12 beacons were arranged

in a 10 meters radius circular pattern and UAV height offset of 20 meters were considered, that is

the distance between the camera mounted at UAV and the Beacons circular pattern center located

at USV when UAV heave is zero. The image resolution is set to 3840x2160, with a camera focal

angle of 75.

Figure 4.1. USV orientation vs measurement (Without noise)

Additionally, even though this chapter demonstrates that equations introduced on chapter

3 converge to the real USV orientation, it is still necessary to evaluate the performance in presence

of noise. To do this, the error vector direction and magnitude are randomly simulated[37] with

respect to the real Beacon position, as shown on figure 4.2, being error magnitude randomly

added from 0 to 8 pixels[37].
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Figure 4.2. Ellipse error vector

4.1 Error relative to Beacon proximity

In this section error is induced as a rate of Beacon position in the image to validate

performance on presence of noise. Per perspective distortion effect introduced on section 2, error

is based on the principle that the greater the distance between the camera and the object, the lower

pixel to world units rate on the image, which results in a decrease on the distance between the

Beacon position on the image and the center of the image, causing the beacon to be represented

by fewer pixels, where even little variations in pixel shift might affect measurement[25]. In

addition, even if for purposes of this study other aberrations besides perspective distortion act

as a black box, and being the fact that on a real scenario a captured image will be affected

by optical aberrations such as pincushion, barrel or tangential distortion effect, which distort

objects location on the image as they get far from an specific point, being for pincushion and

barrel distortion defined as a radial error[38][39][40], the perturbance induced on this validation

aim to simulate an image obtained after any aberration besides perspective distortion were

corrected[41][42][43], which in fact, will present an error that could lead to different scenario

than the one showed on figure 4.1, being such error more prominent on those pixels that are far

from the center due the assumption of an uniform radial distortion for each pixel location with

the same 2-norm from the center of the image[25]. Because of that, in figure 4.1 a maximum of

8 pixels of measurement noise on captured Beacons location on the image was simulated (Refer

equations 3.5 , 3.6) on the form
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X pixelMeasured = X pixelReal +δxnX pixelReal (4.1)

Y pixelMeasured = Y pixelReal +δynY pixelReal (4.2)

δxn,δyn ≤
8px∣∣∣∣[3840

2
2160

2

]∣∣∣∣ (4.3)

Where X pixelReal and Y pixelReal refer to ground truth, that is, the ideal Beacon location

on the image, while perturbations δxnX pixelReal and δynY pixelReal are the induced error, for

which the error factors δxn and δyn were randomly selected for each Beacon to lie between the

following range stated on equation 4.3, where induced absolute error is expected to be no greater

than 8 pixels for those beacons than are located near the corners of the 8MP image, resulting

into a measured image RMS error of 2.13 pixels normally distributed with a σ of 0.33 pixels as

shown on figure 4.1.

By inspecting figures 4.4 and 4.3, which shown measurement error, it can be realized

that when UAV height is twice the Beacon circular patter radius, being radius equals 10 units,

and error rate lie in the range stated by equation 4.3, maximum Roll and Pitch measurement

error is less than 0.3 degrees, while Yaw is less than 0.2 and Height maximum error is less

than 0.1 units, resulting into a maximum 2-norm of 0.15 units, where 2-norm is given by the

euclidean difference between n-Beacons circular pattern rotated by real Roll, Pitch and Yaw,

minus n-Beacons circular pattern rotated by measured Roll, Pitch and Yaw.
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Figure 4.3. Measurement error
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Figure 4.4. USV orientation vs measurement (With noise)

Tables 15.2 thru 15.4 shown USV estimate maximum absolute error as a rate of UAV

height after repeating experiment 500 times, that is, almost quarter of million simulated images,

where δxn and δyn were chosen to make induced noise on the form of equations 4.1 and 4.2 to

lead to a maximum noise of 8, 6 and 4 pixels respectively on Beacon location the captured image,

being the mean of the RMS error of all the images stated on the same tables and its respective σ

as a point of comparison, considering a normal distribution as shown on figure 4.1.
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Table 4.2. Estimation max absolute error [8MP - 8 pixels noise]

Height Roll Pitch Yaw Height RMS σ

20[U] 0.286◦ 0.315◦ 0.155◦ 0.041[U] 2.13px 0.33px

30[U] 0.514◦ 0.522◦ 0.162◦ 0.068[U] 1.41px 0.20px

40[U] 0.727◦ 0.678◦ 0.165◦ 0.090[U] 1.06px 0.14px

50[U] 0.821◦ 0.875◦ 0.164◦ 0.109[U] 0.85px 0.11px

80[U] 1.348◦ 1.300◦ 0.181◦ 0.174[U] 0.53px 0.07px

Table 4.3. Estimation max absolute error [8MP - 6 pixels noise]

Height Roll Pitch Yaw Height RMS σ

20[U] 0.268◦ 0.266◦ 0.123◦ 0.039[U] 1.60px 0.25px

30[U] 0.402◦ 0.401◦ 0.123◦ 0.053[U] 1.06px 0.15px

40[U] 0.522◦ 0.531◦ 0.121◦ 0.065[U] 0.79px 0.11px

50[U] 0.683◦ 0.636◦ 0.126◦ 0.082[U] 0.64px 0.08px

80[U] 0.986◦ 1.078◦ 0.127◦ 0.134[U] 0.40px 0.05px

Table 4.4. Estimation max absolute error [8MP - 4 pixels noise]

Height Roll Pitch Yaw Height RMS σ

20[U] 0.180◦ 0.179◦ 0.082◦ 0.023[U] 1.07px 0.16px

30[U] 0.253◦ 0.264◦ 0.082◦ 0.035[U] 0.71px 0.10px

40[U] 0.350◦ 0.368◦ 0.082◦ 0.044[U] 0.53px 0.07px

50[U] 0.427◦ 0.487◦ 0.080◦ 0.059[U] 0.42px 0.06px

80[U] 0.653◦ 0.662◦ 0.086◦ 0.084[U] 0.26px 0.03px

It is deduced by tables 15.2 thru 15.4 that measurement accuracy increases as UAV
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height and Beacon circular radius rate decreases, providing a better estimate of USV absolute

orientation while UAV height estimate shown no relevant error, in other words, equation 3.40

is the rate between UAV height and the Beacon circular pattern radius scaled by the Beacon

circular pattern radius, which is a constant parameter defined on algorithm 2, resulting in an

estimate for UAV height. Worth to note that in order to increase accuracy, more Beacons can

be used so equations 3.41 thru 3.46 leading to a better estimate in presence of noise since more

points will be used to estimate parameters on equation 2.17. In addition, equation 3.23 can be

modified as follow


Px

Py

Pz

=
1∣∣∣∣[P̄x P̄y P̄z

]∣∣∣∣


P̄x

P̄y

P̄z

 (4.4)
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Therefore, the orthogonal projection of the normalized 3D position of the n Beacons

result in a scaled 2D close type conic section, which in an ideal scenario makes no effect on

equations 3.41 thru 3.48, that is, equations 3.50 , 3.51 and 3.52 can be properly computed even

if the radius is not properly configured on algorithm 2, making world units to play no role on

USV orientation estimation due the way ellipse coefficients obtained per equation 2.17 use pixel

coordinates as input. Indeed, being

1∣∣∣∣[P̄x P̄y P̄z

]∣∣∣∣ (4.5)

the rate between UAV height and Beacon circular pattern radius, refer equation 3.23 and

3.40, it has to be scaled by the circular pattern radius to obtain the distance between the camera

mounted on the UAV and Beacon circular pattern center, that is equation 3.40, such behavior can

be better explained by the relationship of the undistorted close type conic section Major semi

axis and Beacons circular pattern radius, in other words, for the case where height is equal to

zero, both, the Major semi-axis and circle radius will share the same length regardless rotation (

Equations 3.50, 3.51 and 3.52), worth note that for the distorted close type conic section this is

not true, indeed only apply for the undistorted case as specified on equation 3.38, for that reason

the greater the UAV height, the smaller the apparent size of the Major semi-axis captured by the

camera, for that reason we obtain such rate per equations 4.5 and then we scale it by the circular

pattern radius to obtain height as stated on equation 3.40. Assuming that aberrations such as blur

and distortions caused by lens geometry were already corrected, whats more, such correction

won’t lead to the ground truth, indeed will lead to a noisy measurement due the remnant error on

the resulting image, in this section measurement error that could affect equations 3.50, 3.51 and

3.52 were simulated in the form of equations 4.1 and 4.2.
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4.2 Pixelation effect on estimation accuracy

As stated in the previous subsection, a 3840x2160 image resolution was considered in

the results shown on tables 15.2 thru 15.4, that is, a 8MP camera, where error was simulated as a

rate of Beacon position on the image. This section considers an error relative to pixelation effect,

which occurs when pixels on image cannot describe proper geometry of an object, causing a

blurring effect on the image. Since it is probable that under some circumstances the feature

recognition software won’t properly locate the Beacon position as UAV height increases, being

such situation illustrated in figure 4.5, where left side show an image where the perimeter of

the key can be accurately computed (Dotted circle) since many pixels describes the circular

perimeter of the key due the proximity between the camera and the key, and right side show a

zoomed segment of a second image captured at a greater distance, where, even if both images

share same resolution, due perspective effect, the apparent size of the key will reduced on the

second image, as result, key geometry will be described by less pixels, which lead to a poor

estimate of key location (Dotted circle) on the image. For that reason, a 4MP, a 16MP and a

64MP image resolutions will be simulated to evaluate the accuracy of USV orientation estimation

under pixelation effect.

Figure 4.5. Pixelation effect on feature recognition
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Being ground truth image given by 3.5 and 3.6, this perturbation meants to replicate

possible error obtained during the image segmentation process when locating Beacons on the

image, which can be affected by pixelation effect and Beacon detection software accuracy, which

for purposes of this study operates as a black box. Where δx and δy are randomly selected for

each Beacon to make perturbations stated on equations 4.1 and 4.2 to lie on a range from 0 to 8,

5, 3, 2 and 1 pixels respectively, so results in this section can be compared to previous results.

Tables 15.5 thru 15.7 show results for the same parameters described in the previous

subsection but increasing image resolution to 2312x1734 pixels, that is, a 4 megapixels image.

Table 4.5. Table 5: Estimation max absolute error [4MP - 8 pixels noise]

Height Roll Pitch Yaw Height RMS σ

20[U] 0.552◦ 0.523◦ 0.253◦ 0.075[U] 2.14px 0.31px

30[U] 0.760◦ 0.840◦ 0.252◦ 0.104[U] 1.42px 0.19px

40[U] 1.034◦ 1.119◦ 0.251◦ 0.136[U] 1.06px 0.13px

50[U] 1.228◦ 1.335◦ 0.251◦ 0.173[U] 0.85px 0.10px

80[U] 2.014◦ 2.064◦ 0.273◦ 0.269[U] 0.53px 0.06px

Table 4.6. Table 6: Estimation max absolute error [4MP - 6 pixels noise]

Height Roll Pitch Yaw Height RMS σ

20[U] 0.408◦ 0.438◦ 0.189◦ 0.051[U] 1.60px 0.23px

30[U] 0.597◦ 0.596◦ 0.186◦ 0.077[U] 1.06px 0.14px

40[U] 0.783◦ 0.817◦ 0.186◦ 0.099[U] 0.80px 0.10px

50[U] 1.022◦ 0.988◦ 0.187◦ 0.130[U] 0.64px 0.08px

80[U] 1.623◦ 1.481◦ 0.192◦ 0.199[U] 0.40px 0.05px
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Table 4.7. Table 7: Estimation max absolute error [4MP - 4 pixels noise]

Height Roll Pitch Yaw Height RMS σ

20[U] 0.285◦ 0.280◦ 0.126◦ 0.037[U] 1.07px 0.16px

30[U] 0.384◦ 0.373◦ 0.126◦ 0.050[U] 0.71px 0.09px

40[U] 0.498◦ 0.513◦ 0.125◦ 0.072[U] 0.53px 0.07px

50[U] 0.679◦ 0.638◦ 0.128◦ 0.091[U] 0.42px 0.05px

80[U] 1.011◦ 1.029◦ 0.124◦ 0.137[U] 0.26px 0.03px

Tables 15.8 thru 15.10 show results for the same parameters described in the previous

subsection but increasing image resolution to 4624x3468 pixels, that is, a 16 megapixels image.

Table 4.8. Table 8: Estimation max absolute error [16MP - 8 pixels noise]

Height Roll Pitch Yaw Height RMS σ

20[U] 0.255◦ 0.273◦ 0.126◦ 0.038[U] 2.14px 0.31px

30[U] 0.455◦ 0.391◦ 0.128◦ 0.051[U] 1.42px 0.19px

40[U] 0.507◦ 0.530◦ 0.125◦ 0.063[U] 1.06px 0.13px

50[U] 0.697◦ 0.665◦ 0.127◦ 0.086[U] 0.85px 0.10px

80[U] 1.072◦ 1.032◦ 0.133◦ 0.136[U] 0.53px 0.06px
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Table 4.9. Table 9: Estimation max absolute error [16MP - 6 pixels noise]

Height Roll Pitch Yaw Height RMS σ

20[U] 0.217◦ 0.222◦ 0.092◦ 0.025[U] 1.60px 0.23px

30[U] 0.304◦ 0.297◦ 0.095◦ 0.038[U] 1.06px 0.14px

40[U] 0.398◦ 0.392◦ 0.094◦ 0.055[U] 0.80px 0.10px

50[U] 0.513◦ 0.513◦ 0.095◦ 0.061[U] 0.64px 0.08px

80[U] 0.742◦ 0.799◦ 0.099◦ 0.107[U] 0.40px 0.05px

Table 4.10. Table 10: Estimation max absolute error [16MP - 4 pixels noise]

Height Roll Pitch Yaw Height RMS σ

20[U] 0.134◦ 0.134◦ 0.062◦ 0.017[U] 1.07px 0.16px

30[U] 0.185◦ 0.188◦ 0.063◦ 0.026[U] 0.71px 0.09px

40[U] 0.254◦ 0.275◦ 0.062◦ 0.033[U] 0.53px 0.07px

50[U] 0.311◦ 0.323◦ 0.062◦ 0.044[U] 0.42px 0.05px

80[U] 0.494◦ 0.514◦ 0.064◦ 0.066[U] 0.26px 0.03px
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Tables 15.11 thru 15.13 show results for the same parameters described in the previous

section but increasing image resolution to 9248x6936 pixels, that is, a 64 megapixels image.

Table 4.11. Table 11: Estimation max absolute error [64MP - 8 pixels noise]

Height Roll Pitch Yaw Height RMS σ

20[U] 0.149◦ 0.142◦ 0.062◦ 0.018[U] 2.14px 0.31px

30[U] 0.202◦ 0.194◦ 0.062◦ 0.025[U] 1.42px 0.19px

40[U] 0.260◦ 0.238◦ 0.063◦ 0.034[U] 1.06px 0.13px

50[U] 0.345◦ 0.333◦ 0.062◦ 0.043[U] 0.85px 0.10px

80[U] 0.540◦ 0.535◦ 0.066◦ 0.067[U] 0.53px 0.06px

Table 4.12. Table 12: Estimation max absolute error [64MP - 6 pixels noise]

Height Roll Pitch Yaw Height RMS σ

20[U] 0.106◦ 0.108◦ 0.048◦ 0.013[U] 1.60px 0.23px

30[U] 0.148◦ 0.160◦ 0.047◦ 0.019[U] 1.06px 0.14px

40[U] 0.189◦ 0.197◦ 0.048◦ 0.025[U] 0.80px 0.10px

50[U] 0.242◦ 0.257◦ 0.048◦ 0.031[U] 0.64px 0.08px

80[U] 0.406◦ 0.385◦ 0.051◦ 0.049[U] 0.40px 0.05px
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Table 4.13. Table 13: Estimation max absolute error [64MP - 4 pixels noise]

Height Roll Pitch Yaw Height RMS σ

20[U] 0.066◦ 0.070◦ 0.031◦ 0.009[U] 1.07px 0.16px

30[U] 0.096◦ 0.099◦ 0.031◦ 0.012[U] 0.71px 0.09px

40[U] 0.133◦ 0.132◦ 0.031◦ 0.017[U] 0.53px 0.07px

50[U] 0.160◦ 0.159◦ 0.032◦ 0.021[U] 0.42px 0.05px

80[U] 0.286◦ 0.257◦ 0.032◦ 0.034[U] 0.26px 0.03px

These results show not only the trivial conclusion that the higher the resolution the better

the accuracy, instead, they can be used as a point of comparison since it is noted that, for a 4MP

camera at a UAV height equal to 20 absolute error can be compared to the absolute error obtained

for a 16MP camera at a UAV height equal to 40 units. Likewise, 4MP camera error at a UAV

height equal to 20 units can be compare to a 64MP camera at UAV height of 80 units, that is, 4

times the UAV height. Furthermore, using the same logic, a 16MP camera can be compared to a

64MP camera in a way that absolute error of a 16MP camera can be compared to a 64MP camera

when the UAV height is doubled. It addition, it can infered that equations proposed on this study

has the property that if 2 Beacons are on the FOV of the camera, assuming that the distance

between the second Beacon and the camera is the double the distance than the distance between

the first Beacon and the camera, the apparent size of the first on the image will be described by 4

times the pixels than the second Beacon, being such effect illustrated on figure 4.5. Whats more,

for the case of a 8MP camera, even if maximum absolute error at a UAV height of 5 or 6 times

the radius is greater than half degree, it is expected than accuracy increase as UAV approaches to

the USV deck. It can be appreciated that UAV height absolute error is minimum, making it a

feasible estimate to use it even when UAV height 8 times the circular pattern radius, that way,

UAV can approach USV deck until a desired accuracy is reached, being accuracy estimated as a

rate of UAV, that is, if UAV height is doubled it is expected that the maximum absolute error will
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be doubled also.

4.3 Measurement noise effect on canonical parameters
computation

This section meant to provide an analysis about how random Gaussian noise on the

captured image, that is, uncertainty on Beacon location on image plane due the remnant error

after any aberration is corrected or even due the error resulting during feature recognition process

due pixelation effect, affects USV orientation estimate. For that, probability distribution of the

error canonical representation parameters stated on section ?? is considered, refer figures 2.2

and 2.3, being such parameters used during 3-Dimensional position of Beacons and semi-axis

computation as stated on sections 6 and 7, then, an analysis of the USV absolute orientation

estimate, that is, USV orientation as a ZYX sequence will be provided. Figure 4.6 shown

the probability distribution of the error of the close type conic section offsets h and k when

considering a max absolute error of 8 pixels on the form of equations 4.1 and 4.2.

Figure 4.6. (k,h) error PDF for 8 px error 20[U]

Relevance of k and h arise during computation of equations 3.8, 3.9 and 3.36, that is,

equations used to obtain the 3-Dimensional position of the Beacons and the undistorted closed

type conic section minor semi axis, being the Z-axis component of the last one used during

rotation β computation as stated on section 7, as result, it can be deduced than any error on k

and h could lead to bad USV orientation estimate due a rotation sign error for those cases when

rotation β is close to zero. In addition, a relevant parameters that are worthy to analyze are θu
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and undistorted close type conic section semi-axis, where, even if offsets k, h and distorted close

type conic section semi-axis error lie between 3σ as illustrated on figure 4.7,

Figure 4.7. Semiaxis error PDF for 8 px error at 20[U]

parameters θu and bu not necessarily share the same behavior as shown on figure 4.8,

indeed, error can reach up to 9σ , where most of the data lies inside 3σ

Figure 4.8. θu and bu error PDF for 8 px error at 20[U]

Results shown on figure 4.8 makes sense by analyzing figure 4.9 and the piece wise

equation 2.21, where, in order to obtain a unique ZXZ rotation, parameter θu is constrained to

lie on a range of −90◦ < θu ≤ 90◦. Furthermore, the piece wise equation used to compute bu

result on an error that lies between 9σ , it can be deduced that σ error is relatively small when

considering the accuracy rate respect to the major semi axis au which equals to 10 world units

for this analysis.

Likewise, being rotation β described as an inner angle of the right triangle formed by

bu, au and Y ′′
z , refer equation 3.42, where au is assumed to be equal to the radius of the circular

pattern and Y ′′
z is the Z-axis component of the 3-Dimensional vector which orthogonal projection

result into the semi-axis bu, refer figure 3.42, making Y ′′
z the responsible to provide the direction

to rotation β , in other words, even if magnitude of rotation β is totally dependent of bu accuracy,
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Figure 4.9. θu measurement vs setpoint for 8 px error at 20[U]

the direction depends of Y ′′
z . Figure 4.10 illustrate Y ′′

z error PDF where it can be appreciated that

the 96.58% of the error lies inside one σ , resulting into a sign accuracy of 91.67%

Figure 4.10. Figure 21: Y ′′
z error PDF for 8 pixels error at 20[U]

Furthermore, on table 15.14 it can be appreciated how the percent of Y ′′
z error that lies

inside one σ decay as a reason of UAV height as an approximate rate of 1.15% per every 10

world units. Moreover, sign of Y ′′
z accuracy rate decay as an approximate rate of 2% per every 10

world units.
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Table 4.14. Table 14: Y ′′
z estimate accuracy [8MP - 8 pixels noise]

Height Y ′′
z σ sign(Y ′′

z ) accuracy

20 [U] 96.58 % 91.67 %

30 [U] 95.45 % 90.75 %

40 [U] 94.25 % 88.73 %

50 [U] 93.15 % 86.85 %

60 [U] 91.92 % 84.64 %

80 [U] 89.73 % 79.70 %

An extensive analysis for α and γ won’t be provided since per equation 3.41, α reduces

to compute the complement of θu, which PDF and behavior is shown on figures 4.8 and 4.9

respectively, in addition, being γ defined as the angle between X ′′
z and X ′

z , it reduces to obtain an

angle between the line of nodes described by θu and the 3-Dimensional position of a Beacon

affected by a perturbation on the form of equations 4.1 and 4.2, being simulated image RMS

error PDF shown on figure 4.1.

4.4 USV ZYZ orientation estimate error PDF

Furthermore, even if ZXZ orientation estimate PDF do not show a normal distribution

which could result not intuitive for a reader that is not used to other Euler rotation sequence than

ZYX, figure 4.11 meant to provide a more intuitive view, where PDF can be compare to the

results shown on table 15.2

Furthermore, on table 15.15 it can be appreciated how the USV absolute orientation

estimate error σ increases as a reason of UAV height as an approximate rate of 0.042◦ for Roll

and Pitch per every 10 world units, showing no significant decay on yaw and height estimate.
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Figure 4.11. Figure 22: Estimate error PDF for 8 pixels error at 20[U]

Table 4.15. USV orientation estimation σ [8MP - 8 pixels noise]

Height Rollσ Pitchσ Yawσ Heightσ

20 [U] 0.0849 ◦ 0.0848 ◦ 0.0292 ◦ 0.0105 [U]

30 [U] 0.1273 ◦ 0.1272 ◦ 0.0293 ◦ 0.0157 [U]

40 [U] 0.1699 ◦ 0.1698 ◦ 0.0294 ◦ 0.0210 [U]

50 [U] 0.2121 ◦ 0.2124 ◦ 0.0300 ◦ 0.0264 [U]

60 [U] 0.2541 ◦ 0.2542 ◦ 0.0303 ◦ 0.0318 [U]

80 [U] 0.3390 ◦ 0.3397 ◦ 0.0312 ◦ 0.0427 [U]

The accuracy of Yaw estimate when comparing to Roll and Pitch can be easily explained

by simplifying equations 3.50 and 3.51, resulting into equations 4.6 and 4.7, which only depends

of α and β .

Roll = atan2(cos(α)sin(β ),cos(β )) (4.6)

Pitch = asin(sin(α)sin(β )) (4.7)
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Then it is assumed that any z-axis rotation on a ZYX euler rotation sequence, that is Yaw,

will be captured by γ , which makes sense when considering that any close type conic section

resulting when Roll or Pitch are different to zero but Yaw equal to zero, will have the same semi

axis length than when considering that Roll, Pitch and Yaw are different to zero, in other words,

we will see exactly the same geometry but rotated by on Z-axis. Such premise lead to the idea

that Yaw is dependent of Pbow components on X and Y axis accuracy, refer yellow dot X” on

figure 3.7.

Figure 4.12. X ′′
x and X ′′

y error PDF for 8 pixels noise at 20[U]

On figure 4.12 in can be appreciated that X ′′
x and X ′′

y error is relatively small when

comparing to the radius of the circular pattern, leading to the conclusion that the noise on the n

Beacons do not provide relevant noise on Yaw estimate, indeed error on X ′′
x and X ′′

y are the only

responsible to lead to a noisy measurement of Yaw.

Chapter 4, in full, is currently being prepared for submission for publication of the

material. Martinez Macias, Miguel Angel; Bewley, Thomas. The thesis author was the primary

investigator and author of this material.
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Chapter 5

Conclusions and future work

In this paper, 6-DOF monocular position estimator algorithm based on the single capture

of n-Beacons arranged as a circular pattern plus one Beacon located on the center of the circular

pattern was presented, worth mentioning that previous studies that do not depend on any special

equipment other than a camera rely more on the use of stereo-vision[44], neural networks [45]

or kalman filtering[46] to estimate position and attempt to land on a platform and those that rely

on monocular-vision uses consecutive images[4] or like this study a well-known geometry to

reconstruct 3D geometry[47]. In this research, pinhole camera model equations were inverted

to reverse perspective distortion effect, indeed such optical principle was used to discern USV

orientation. On the other hand, basing solely on the orthogonal projection of a rotated circle,

referred on this paper as an undistorted closed type conical section (Ellipse), will result in two

possible USV locations due to the symmetric geometry of the closed type conic section, for

that reason, perspective distortion effect described on chapter 1 can be used to obtain a unique

solution. In addition, event if equations shown on chapter 3 which simulation results are showed

chapter 4 lead to a high error measurement when the height is 5 times the radius of the n-Beacons

circular pattern located at USV, such results won’t be representative, indeed, for a UAV landing,

critical measurements are when UAV is close to USV deck, for that reason, it is conclusive that

equations showed on this paper provided a good estimate for UAV landing based on the single

capture of an image using monocular vision when height greater than the n Beacons circular
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pattern radius.

Furthermore, there exist some areas of improvement, such as the case of increasing

measurement accuracy by estimating a joint probability distribution of Beacons location over a

time frame, or as shown on previous chapter, use the fact that USV orientation estimate error

has a normal distribution. Other future work could consider the case where UAV height is lower

than the Beacon circular pattern which could be done by a point based method, which tends

to be inaccurate for long distances, but being the case that this specific scenario considers that

UAV is close to USV deck, such method is expected to be effective. Another area of opportunity

considers the use of a circle painted on the USV deck instead of Beacon arranged as a circular

pattern, to increase close type conic section parameters computation.

Chapter 5, in full, is currently being prepared for submission for publication of the

material. Martinez Macias, Miguel Angel; Bewley, Thomas. The thesis author was the primary

investigator and author of this material.
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