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OBSERVABILITY OF QUASIPARTICLE-PAIR INTERFERENCE CURRENT IN
’ SUPERCONDUCTING WEAK LINKS

: F. Auracher*
Department of Electrical Engineering and Computer Sciences
. and the Electronics Research Laboratory,
University of California, Berkeley, Calif. 94720

and

P. L. Richards' and G. I. Rochlin °
Department of Physics, University of California and

Inorganic Materials Research Division,
Lawrence Berkeley Laboratory, Berkeley, Calif. 94720

ABSTRACT
Calculatioﬁs of static IO—Vo curves, and of the heights of steps
induced by rf radiation,,have been carried out for current biased Joseph-
son Junctions with both a phase-independent quasiparticle conductance
GO and a phase-dependent quasiparticle pair "interference" conductance

G, cos¢. Little or no effect of the term in G

1 cos¢ is found for junc-

1
tions with Zerg capacitance. It thus appears that this term can be.
neglected inihény practical applications of weak 1inké. Substantial
effects are fophd for the case of finite junction capacitance. The
term in Gl §§s¢:then enhances the hysteresis of the‘static IO—V0 curve
by an amount ﬁﬁich roughly corresponds to a factor of 2-5 increase in
capacitance, ahd'causes the static voltage to increase above the value

expected from’thé shunt conductance alone. The most easily observable

effect of the:tefm in G

1 cos$ on the rf induced step.heights is a

pronounced shift in the values of rf current for which maxima occur for .

low values of normalized rf frequency.
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tResearch spbnéored by the U. S. Office of Naval Research, Contract
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According to the original work of Josephsonl'as'developed by

2,3 _
Josephson™’~ and by Nam,4 the current in a superconducting tunnel

junction is given by
I(6) = I_ sind(t) + [G (V) + G (V) cosd(t)IV(L). 1)

The first téfm-on the right is the usual phase depéﬁdént Josephson,

pair tuﬁngiing~ current, The second term, GoV is the dissipative
quasiparticlé tunneling current neglecting coherence.2 The third
term,which_ié both dissipative and phase dependent;'has been described5’6
as an interference term between the pair and quaéiférticle currents

when the effgcts of coherence on the quasiparticié:ﬁiétribution are
included.7.>3ééause the quasiparticle current in a tunnel junctjén
biased weli bélow the gap is small, the interference term has usually
been neglectéd. Recent experiments on the Josephsqn plasma resonance

in Pb-Pb tunnei_junctions by Pedersen gghél.6 havé:éhdwn evidence for

1
Y = Gl/Go of ~0.9 * 0.2. A subsequent calculation by Poulsen” from the

the existenée 6f the term in -G cosd and obtainealé §alue for tﬂe ratio
microscopic:thgory of tunnel junctions has shown:that, for small voltages,
the ratio is éssentialiy independent of V, and is'ééual to -0.935 for the
junctions uééd by Pedersen et al.

It is‘¢£ ihterest to explore whether a term in Glcos¢ with vy §f
this order is prescent in the proper description dfnﬁéak links other.than
tunnel junétiéns. Since the shunt conductance G;tis large in point
contacts, quém;bridges, and proximity effect bridééé, the existence

of such a tcrm might be of considerable practical importance for device
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applicatibné; " The theory of such weak links is'nqﬁ developed sufficient-
ly to answéiifhis question reliably. In order~to_05tain an experimental
answer, wébﬁave calculated such experimentally ébééryable quantities as
the stati§ I;eV0 characteristic and the height qf ff;induced steps in

the presence. of voltage-independent G, and Go‘withfa constant negative

1
ratio. In:the absence of a shunt capacitance, 1ittlé of no effect due
to the YIéOV cos$ term is obtained. When.nonzero’cépacitance is intro-
duced, obéét&able effects are predicted. None of‘the predicted effects,
however, afe dramatic enough for the existence éf'ﬁhé term in vy G0 cos¢
to be verifiéd from published data.

We iﬁtrédﬁcé the junction shunt capacitancéviptd Eq. (1) in the

usual way,sigiletting 1= C%E

h o dg

7e at”

for the capacitor, and replacing V with
Usiﬂg convenient dimensionless unit38 we obtain, for the time
evolution of the phase in a junction biased with‘éiconstant Io’
dZQZ . dg
B =i -sin¢ - = (I+y cesd);. - (2)
c .2 o dt ‘ -
dt . .
wherei = I /T , 12 21 t/AiG, and B = 2el C/ﬁsz. Taking G and
v o o ¢ c o c c o o
Y to be céﬁstant we have integrated Eq. (2) numerically to find the
periodicity of d¢/dt and used this to determine the dependence of the
ed - Te (a0 o ;
time averaged dc voltage V0 = EE-(dT % across. the junction on the applied
o . o C
de current'Ioifor given values of y and Bc.
Static IO—VO characteristics corresponding to earlier calculations
5o A ,
for vy = O]’g'and also for y = ~0.95 are shown in Fig. 1 for scveral
values of the capacitance parameter BC. These static characteristics

arc independent of y for zero junction capacitance, as can bhe shown
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For a given

by analytic“intégraﬁion of Eq. (2) with B, = 0.
Bc > 0, and a_given bias current, the dc voltage incréases as Y goes
from 0 to -0.95. Note that for BC and Y both nonze;o} the IO—VO
vcharacteristic»drops below the asymptotic line IO =‘V;Go. This

corresponds to a power dissipation greater than Iég/Go over a wide

range of current. The voltage at which Io = VoGo scales as 80-1(2 for
Bc Z 0.1. Similar calculations for y = -0.5 show smaller deviations,

with the crossover moving towards higher currents.l_:l

The most pronounced effect of including the Y-éd.cos¢ conductance
is the increaSe.in the hysteresis of the IO—Vo curvévéﬁ nonzero Bc.
Defining a hysteresis parameter o = imin/io in the.uéual way,8’9 we
plot Bc vs o in Fig. 2 for Yy = 0, -0.5 and —0.95..:For purposes of
comparison, we'have also shifted the curve for y = b down by an amount
corresponding to a reduction in Bc by a factor 0.45 po,show that the
shape of the.curQe is most strongly affected in the?rahge of small
hysteresis (o ~-1). “

/2

That the Bé_l scaling law is an inherent feétﬁre of the model

is most easily shown from the definition of Bc;
2e 1 2 . .
- c C 2.2 o
B. = % (E;—-) =e T, o (3)

lwherelwp = (ée Ié/hC)l/2 is the zero-phase plasma f?équgncy and

T, = C/Go i$ thé‘time constant of the junction. Whén.dp T 2]

(large Bc) the junction is lightly damped in the sense that the phase

evolution is éoverned by the plasma frequency wp and the junction time
consfunt cunhbe neglected; in this regime the modulé@ion'of the phase

during a cycié"(énd consequently the deviation of tﬁe_Ib-Vo
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characterispic from the asymptote) is governed éolely by Y and the
dimensionless ratio ¢ d¢/dt) /wp ='(VoGo/Ic)Bcl/2’ Since a given feature
of the IéfVo characteristic, such as crossing‘the-asymptotic conductance,

will occuf_at.the same value of (d¢/dt)/wp for ali'junctions having the

same Y and Bc»z 1, the voltage\@(at which such a'féaﬁure occurs will

-1/2 I 1/2.
c

scale as Vx}#,B . Go—l[{d¢/dt> /u%]x = consf?hﬁé* Bc- When

the junction'is heavily damped, %:<< 1, the phaséfrésponse will be
governed by the Junction time constant To apd thé{é?a;ing law breaks
down. Our.égléulations show that Bc < 0.1 is necéséary before deviations
from the Bc;l/eslaw‘beCOme significant.

The deviétion of thé static IO-VO curves fo?'ﬁénzero Y can be most
easily undefsfodd by examining Fig. 3, in which wé;piot a single period
of the time evo¥ution of the phase for various'vaiugs.éf Y and Bc at
a fixed valgé.§f io = 1.2, First consider the caéévyié’ﬁc = 0. For
¢ near m/2, the bias current flows primarily throhghfthe superconduéting
junction; sb:thefe is little dissipation in the shﬁﬁt fesistor. When
¢ is near 3_#/2; the junction current is opposite fqythe bias current,
so the currént'(and dissipation) in the shunt resigﬁpfxis large. As
the phase sbeﬁds more time near m/2 during a cycle;tﬁah-near 3n/2,
the averageAdissipation is less than the value Ioe/G; for the shunt
alone. This}ébfresponds to a time-averaged fOrwar& supercurrent, and
an average Vélpgge VO < IO/GO. |

As Bc is increased for y = 0, the phase-time chgracteristics

change as shown in Fig. 3(a). The inertial effect bf the capacitance

smooths out the'a¢ supercurrent,equalizing the time spent near w/2 and
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3m/2. As BC,4 ® at constant io’ the voltage approaches the value
VO = IO/GO ané-the time-averaged supercurrent vanishes. -
When we choose Y‘= -0.95, we obtain the phase—timé characteris-
tics shown in Fig. 3(b). A careful comparison of Fig. 3(a) with Fig. 3(b)
shows that the ratio of the time spent near m/2 to thai:spent near 3 mn/2
is independen£ 6f Y for Bc = 0. As we increasé Bc from zero, the |
decreased condﬁctance near ¢ = 0 shortens the junction time constant
and decreases the time spent near ¢ = T/2 while the increased time
constant neaf'¢%;ﬁ increases the time spent near ¢_% 3n/2. There is a
regime where fhé.phase actually spends more time near 3 m/2 than near
n/2, giving a timé-averaged reverse supercurrent, sb that the dissipation
and the time-aferaged voltage are greater than for the conductance alone;
VO > IO/GO. 'A; Bc -+ @ the capaéitor again smooths out the time
evolution of_thg.phase S0 that.the IO—VO characteriét;c approaches the
asymptotic value,lVo = IO/GO.
Because of the present interest in ac Josephson'éffect devices,
the possible.influence of a nonzero Y on the ac resbonse of various
types of weak links is of practiéal importance. In ofder to explore

this question we include an rf current source i cosQrfT in the right-

rf

) S = h . ; )
hand side of:Eq. (2), where Qrf wrfGo/2eIC and ie Irf/Ic As
a measure of'théxrf response of the junction we have'computed the

dependence of the height of the radiation induced steps with n =0, 1

and 2 on ir For Bc = 0, no effects of nonzero Yy were cbserved for

f.‘

values of reduced frequency Qrf N 0.16. The effects of nonzero Yy

increase with Qrf, but remain quite small even for Qrf as large as 1.7.
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They includeba;small shift in the positions of the-minima, g lifting of
the minima aWay from zero step height, and a small decrease in the

height of thé_subsidiary maxima. All of these effects would be difficult
to observe; féinée Junctions for applications generally have a = 1, step
heights were also computed for Bc = 0.15, fhe largeét_&alue giying no
hysteresis. :The largest effects then occﬁr for small values of the

product Qrch =1wrf

C/Go. Neither Bc = 0.15, nor Y = -0.95 alone has
an appreciable effect on the step heights, but iﬁ combipation they
produce a_méfkéd shift in the positions of the subsidiéry maxima, as
shown in Fig.:h f§r Qrf = 0.16.

Even #hOugh a finite Y increases the harmonié;géntent of the phase-
time curve,»ﬁhé;heights of integral order steps are.nét very sensitive
to y. For theSe:steps, the rf period averages over»n_periods of the
phase osciliétidn. Although we ha&e'not explored the'Y;dependence of
subharmonic sp¢p§, these might have s different sensiti&ity, as several
rf cycles oééﬁr;during one phase period. |

We cohéiu@e that a phase dependént quasiparticleepair conductance
term YGO cos¢ ﬁfbduces potentially observable effecté:bn the static
IO - VO cur?éé:and the radiation induced steps of Jﬁsephson Junctions
shunted by bbth_resisténce and capacitanée; In no»casé; however, are
the effects i&féé enough to be récognized'in publishéd data Qn weak links,
or to requirétﬁhe inclusion of this term in an'equivélent bircqit used
for device deéign.

It wilig.in fact, be difficult to establish uhémbiguously the
existance of the YGO cos¢ conductance by direct compérison with IO - VO

curves for any type of junction. As GO can only strictly be considered
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constant near zero bias, unshunted tunnel junctioné'ﬁill have a very
small GO vaiugﬁ - Externally shunted junctions are_pbviously unsuitable,
while for the seVeral extant types of weak link thé_need for simultaﬁeous
determihation'af Bc, Go’ and Yy for comparison with Fig.'l makes such

a comparison highly unlikely. Even with optimal valﬁes of applied rf
fields, the shif'ts in the amplitudes and positions of the rf steps are
presently sméllér than the accuracy with which the induced rf currents
can be estiméted. We do, however, note that the pogifipn of the Tirst
minima of the n =0 step shown in Fig. 4 does not shift, while successive
minima occuf §t progressively lower rf currents. Thus an investigation
of the relathé:positions of the successiye minima bf the n = 0 step

as a function 6f applied rf power appears to be the ﬁO;t promising and
sensitive mépﬁédlfor investigating the behavior of thé YGOcos¢ term in

weak link devices.
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FIGURE CAPTIONS

Fig. 1. Normélized static IO-VO curves for various Yé;ues of the
junction;cépacitance parameter BC and pair quasipérticle inter-
ference ﬁarameter, Y, in the absence of rf fiélds.

Fig. 2. Plot bf the junction capacitance parameﬁer Bé against the
Jjunction Hysteresis parameter o for varioﬁs values of the pair-
quasipartiéie interference conductance YGofcos¢.

The dashed line is the ¥y = 0 curve shifted down-
ward by én'amount corresponding to a reduction in'BC by a factor
of 0.45.,

Fig. 3. Influence of a finite pair-quasiparticle interference conduc-
tance YGé Qqs¢ on the time evolution of the jﬁnétion phase ¢.

(a) With;zero interference current (y = 0), at various values of Bc.
(b) With finite interference current (Y = -0.95), at the same
values of B;. f

Fig. k. Plot"of the height of the rf-induced dc current steps for
n =0, l, and 2 as a function of the rf current at the reduced
frequency_ﬂrf = 0.16. The locations of the subéidiary maxima are
shiftedey the combined effects of a small junctién capacitance
'Bc = 0.15 and a finite quasiparticle-pair interférence term

Yy = -0.95.

-
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