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ABSTRACT OF THE DISSERTATION

Extensions of the Standard Model with Dark Matter in Some Explicit Examples

by

Mohammadreza Zakeri Niasar

Doctor of Philosophy, Graduate Program in Physics
University of California, Riverside, September 2017

Dr. Ernest Ma, Chairperson

The compelling astrophysical evidence for dark matter on one hand and the ex-

perimental evidence for neutrino masses on the other, demands modifications beyond the

Standard Model. Therefore, building new models by extending the symmetries and particle

content of the Standard Model is being pursued to remedy these problems. In this thesis,

various models along with their predictions are presented. First, a gauge SU(2)N exten-

sion of the Standard Model, under which all of the Standard Model particles are singlet

is introduced. The inverse seesaw mechanism is implemented for neutrino mass, with the

new gauge boson as a dark matter candidate. The second paper is a gauge B-L extension

of the Standard Model which breaks down to Z3, and it includes a long-lived dark matter

candidate. The next model assumes that leptons do not couple directly to Higgs, and one

loop mass generation is considered with important consequences, including Higgs decay,

muon anomalous magnetic moment, etc. We then look at a U(1) gauge extension of the

supersymmetric Standard Model, which has no µ term, and the Higgs boson’s mass super-

symmetric constraint is relaxed. The next model is a gauge B-L extension of the Standard

vi



Model with radiative seesaw neutrino mass and multipartite dark matter. We then con-

sider another gauge U(1) extension under which quarks and leptons of each family may

transform differently, while flavor-changing interactions are suitably suppressed. The next

paper has an unbroken gauge SU(2) symmetry, which becomes confining at keV scale. We

discuss the cosmological constraints and the implications for future e+e− colliders. Finally,

an alternative left-right model is proposed with an automatic residual Z2 × Z3 symmetry,

such that dark matter has two components, i.e., one Dirac fermion and one complex scalar.
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Chapter 1

Introduction

This thesis is divided into three parts. First, a short introduction to the Standard

Model and models beyond this framework is presented. Second part is the main part of

the thesis, which covers detailed description of various models. The last part includes the

conclusions, the bibliography, and the appendices.

We start by a brief historical introduction, followed by a short description of the

Standard Model, a summary of neutrino mass and oscillation, and dark matter physics.

The two latter subjects are the main focus of this thesis.

1.1 Historical Introduction

Radioactivity in uranium was discovered by H. Becquerel in 1896 [9]. Later in

1899, E. Rutherford classified radioactive emissions based on penetration of objects into

two types: alpha and beta. Beta rays could penetrate several millimeters of aluminum.
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In 1900, Becquerel found the mass-to-charge ratio (m/e) to be the same as cathode rays,

which suggests that beta rays are also electrons.

Two puzzling issues arose during the following years of studying beta decay spec-

trum. These were the violation of conservation of energy and angular momentum. In 1930,

W. Pauli postulated [10] the existence of light neutral (spin 1/2) particles which he called

“neutron”, as a “desperate remedy” to the beta decay issues. One year later in 1931, E.

Fermi renamed Pauli’s “neutron” to neutrino1. In 1933, Fermi proposed an explanation for

the beta-decay [11]. This was the first theory of the weak interaction, known as Fermi’s in-

teraction. Beta decay could be explained by a four-fermion interaction, involving a contact

force with no range. This theory was successful in describing the weak interactions at low

energies (less than ∼ 100 GeV). However, the calculated cross-section grows as the square

of the energy (without bound), which suggested a more complete theory (UV completion)

was needed.

In 1927, P. A. M. Dirac published his theory of the interaction of electromagnetic

waves with atoms. In his paper [12], Dirac was able to compute the Einstein’s coefficients of

spontaneous emission of an atom. In the following years, Many physicists contributed to the

formulation of quantum electrodynamics. In 1937, F. Bloch and A. Nordsieck discussed the

infinite low frequency corrections to the transition probabilities [13]. These corrections are

logarithmically divergent with no classical counterpart (“infrared catastrophe”). Two years

1Two years after Pauli’s proposal, neutrons were discovered by J. Chadwick. In 1934, when Fermi was
explaining his theory of beta-decay, he clarified that he was talking about a different particle. He referred
to it as neutrino (“little neutral one”).
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later in 1939, V. Weisskopf discussed the physical significance of the logarithmic divergence

in the self-energy of the electron [14]. The difficulties with the theory persisted during the

following years. In 1947, Lamb and Rutherford have shown [15] that the fine structure

of the second quantum state of hydrogen does not agree with the prediction of the Dirac

theory. In the same year, H. Bethe derived the Lamb shift by proposing a way [16] to ab-

sorb the infinities in the definition of the mass of electron (“renormalization”). Subsequent

works by S. Tomonaga [17], J. Schwinger [18,19], R. Feynman [20–22] and F. Dyson [23,24]

resulted in fully covariant formulations that were finite at any order in a perturbation series

of quantum electrodynamics (“QED”)2.

Along with the invention of bubble chamber by D. A. Glaser [28] in 1952, a large

number of new particles (“hadrons”) were discovered. It seemed implausible that all these

particles were fundamental. In 1961, M. Gell-Mann [29] organized spin-1
2 baryons into an

octet, i.e., an eight-dimensional irreducible representation of SU(3). He was able to predict

the existence of another baryon (Ω−), which was later discovered in 1964 [30]. In the same

year and independently of Gell-Mann, Y. Ne’eman [31] suggested a representation for the

baryons, based on the SU(3) symmetry. He generated the strong interactions from a gauge

invariance principle, involving eight vector bosons. The quark model was independently

proposed by Gell-Mann [32] and G. Zweig [33, 34] to explain the structure of the symme-

tries in hadrons. According to quark model, all hadrons are made up of three flavors of

smaller particles inside them, called quarks. Ω− has strangeness −3, and spin-3
2 , i.e., it

must be composed of three strange quarks with parallel spins. This violates the Pauli ex-

2For the proof of renormalizability of YangMills theories see Refs. [25–27].
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clusion principle, unless quarks have an additional quantum number (“color”)3 [37, 38]. In

1969, R. Feynman proposed the parton model [39] to explain the high-energy hadron col-

lisions. In parton model, hadrons are composed of point-like constituents called “partons”

with a distribution of position or momentum. In 1969, J. D. Bjorken showed [40] that in

electron-nucleon deep inelastic scattering, the ratio of cross-section over Mott cross-section4

(σDIS/σ0) is independent of the momentum transfer5 in parton model. Results from a series

of experiments, performed from 1967 through 1973 by a collaboration of scientists from

MIT and SLAC, verified the approximate scaling behavior [41], thereby the quark model

was established.

The success of QED as a gauge theory, motivated the further development of

the theory of weak interactions based on gauge interactions. During the 1960s, S. L.

Glashow [42], A. Salam [43] and S. Weinberg [44], independently constructed the gauge-

invariant theory of electroweak interactions.

1.2 The Standard Model

We now take a look at the construction of the Standard Model of particle physics.

Quarks and leptons are divided into three families (flavors) as follows

Quarks:

u
d

 ,

c
s

 ,

t
b

 , Leptons:

 e

νe

 ,

 µ

νµ

 ,

 τ

ντ

 . (1.1)

3Similar situation occurs with ∆++, which is composed of three up quarks with parallel spins. In 1964,
Greenberg [35] and in 1965, Han-Nambu [36] independently resolved this problem by proposing that quarks
possess a SU(3) color degree of freedom.

4Mott cross-section is for scattering of a lepton (e.g. an electron) on a point-like charged particle.
5This behavior is called “Bjorken Scaling”.
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We would like to assign particles to different representations of gauge group(s). We start

by noting that since charged lepton flavor violation processes have not yet been discovered,

electron and muon should not be in the same representation of the gauge group, etc. Fur-

thermore, the particles in the same representation of the gauge group should have the same

Lorentz transformation. It is then natural to introduce a left-handed doublet (νL, eL) and

a right-handed singlet eR, with a gauge symmetry given by6

GEW = SU(2)L ×U(1)Y . (1.2)

If we also add the quarks to our theory, we need to include the SU(3) gauge symmetry, and

the complete gauge group of the Standard Model becomes

GSM = SU(3)C × SU(2)L ×U(1)Y (1.3)

Table 1.1: Particle assignments under the SM gauge groups. Note that i is the family
index and runs from 1 to 3.

Particle SU(3)C SU(2)L U(1)Y
QiL = (u, d)iL 3 2 1/6

uiR 3 1 2/3
diR 3 1 −1/3

LiL = (ν, l)iL 1 2 −1/2
liR 1 1 −1

Φ = (φ+, φ0) 1 2 1/2

The transformation of each particle in the Standard Model is given in Table 1.1.

There are eight massless vector particles (“gluons”) transforming as adjoint representation

6In fact the largest gauge symmetry that can be written based on this assignment is SU(2)L× U(1)L×
U(1)R, but it can be shown that one linear combination of the generators of U(1)L× U(1)R should be
excluded based on empirical reasons. Check section 21.3 of Weinberg’s book [45] for detailed discussion of
the electroweak theory.
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under SU(3)C . The vector bosons mediating weak force are short-range, and therefore mas-

sive, while electromagnetic interactions are mediated by long-range photons. This means

the gauge symmetry in Eq. (1.3) should be broken as

SU(3)C × SU(2)L ×U(1)Y −→ SU(3)C ×U(1)EM
(1.4)

where the gauge symmetry is spontaneously7 broken via Higgs mechanism [46–48]. The

Higgs particle was discovered in 2012, at the ATLAS [49] and CMS [50] experiments at

CERN. The last row in Table 1.1 contains the Higgs field (h), i.e.,

φ0 =
1√
2

(h+ i A+ v) , where 〈φ0〉 =
v√
2
, and v = 246 GeV. (1.5)

The charged-lepton masses are generated by the following Yukawa terms

−
√

2ml

v

[(
ν̄L, l̄L

)
· Φ · lR + h.c.

]
∈ LYuk, (1.6)

where neutrinos remain massless.

1.3 Neutrino

Neutrinos are spin-1
2 neutral light8 particles. They interact only weakly in the

Standard Model. Different flavors are identified based on the charged lepton that accompa-

nies them, i.e., νe is the neutrino which is produced with e+, etc. It is also well-known from

the existing data that neutrinos (anti-neutrinos) are always produced in a left-handed (LH)

(right-handed (RH)) state. Currently, there is no evidence for the existence of right-handed

(left-handed) neutrinos (anti-neutrinos). If they exist, their interaction should be much

7In spontaneous symmetry breaking, the Hamiltonian remains invariant under the symmetry, but the
ground state is not invariant, e.g. as in ferromagnetism.

8With masses less than ∼ 0.5 eV.
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weaker than the weak interactions, which is why they are called “sterile” or “inert”.

The experiments with solar, atmospheric, reactor and accelerator neutrinos have

provided compelling evidences for the existence of neutrino oscillations [51, 52]. Neutrino

oscillations are transitions between the different flavors of neutrinos νe, νµ, ντ , caused by

non-zero neutrino masses and neutrino mixing. Therefore, we can write down the transfor-

mation between the mass-eigenstates (νjL) and the flavor-eigenstates (νlL) as

νlL =
3∑
j=1

UljνjL, (1.7)

where Ulj is a three dimensional9 unitary matrix, which is often called the Pontecorvo-

Maki-Nakagawa-Sakata (PMNS) mixing matrix and it can be parameterized as

U =


c12c13 s12c13 s13e

−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 ·


1 0 0

0 ei
α21
2 0

0 0 ei
α31
2

 , (1.8)

where cij ≡ cos(θij), sij ≡ sin(θij), and θij ∈ [0, π/2]. The phases are: one “Dirac phase”,

δ ∈ [0, 2π], and two “Majorana phases”, α21 and α31. The Majorana phases are non-zero,

if neutrinos are Majorana particles.

The angles θ12, θ23, and θ13 can be written in terms of the elements of the neutrino

mixing matrix Uij . The best-fit values of these angles derived from the current neutrino

oscillation data [54] is θ13 ≈ 0.15, θ12 ≈ 0.58, and θ23 ≈ 0.72(0.85)10. The Dirac phase

9The invisible decay width of the Z boson is compatible with only three light neutrinos [53].
10For ∆m2 > 0(< 0), where ∆m2 ≡ m2

3 − (m2
2 + m2

1)/2. Note that we are assuming m1 < m2, and that
∆m2

21 ≡ m2
2 −m2

1 is the smaller of the two neutrino mass squared differences.
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u
d
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u

d

d

u
d

d

Figure 1.1: Neutrinoless double beta decay process for Majorana neutrinos.

(δ), generates CP violating effects, such that the probabilities of the processes νl → νl′ and

ν̄l → ν̄l′ (l 6= l′) are different. This CP violation is parameterized by the rephasing invariant

JCP [55]:

JCP ≡ Im
(
Uµ3U

∗
e3Ue2U

∗
µ2

)
=

1

8
cos θ13 sin 2θ12 sin 2θ23 sin 2θ13 sin δ. (1.9)

The current best-fit for the Dirac phase is δ ≈ 3π/2 [54]. The flavor neutrino oscilla-

tion probabilities don’t depend on the Majorana phases [56, 57]. However, observation of

processes like neutrinoless double beta decay (Fig. 1.111) would be evidence for Majorana

nature of neutrinos. The amplitude for this process (0νββ) is proportional to the effective

Majorana mass

mee = |m1U
2
e1 +m2U

2
e2 +m3U

2
e3|. (1.10)

The current limits on mee depend on the hierarchy of the neutrino mass spectrum12.

11Some of the diagrams in this thesis are generated using tikzfeynman by F. Tanedo, which is based on
the TikZ package written by T. Tantau.

12For numerical values and a more detailed analysis check [58].
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As mentioned before neutrinos remain massless in the Standard Model framework.

In the case of Majorana neutrinos, S. Weinberg showed [59] that neutrino mass can be

generated via

L5 = −fij
2Λ

(
νiφ

0 − liφ+
) (
νjφ

0 − ljφ+
)

+ H.c. (1.11)

where Λ is the scale of the new physics. This effective operator can be UV-completed at

tree-level via three different seesaw13 [60,61] mechanisms. We can easily see this by noting

that there are only three ways [62] that we can combine ψi = (νi, li), and Φ =
(
φ+, φ0

)
14.

1.3.1 Seesaw Type (I)

In this type of models ψi and Φ form a fermion singlet. Therefore, the intermediate

heavy particle is a fermion singlet (N) as shown in Fig. 1.2, with Λ = MN . Note, that in

order to generate masses of all (three) families of neutrinos we need three N ’s.

φ0

φ0

νj

νi

N

Figure 1.2: Tree-level seesaw with heavy fermion singlet (Type I).

13Seesaw mechanism is a generic model used to generate a small mass for neutrinos.
14At tree-level and using only renormalizable interactions.
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1.3.2 Seesaw Type (II)

In this type of models ψi and ψj form a scalar triplet [63]. Therefore, the inter-

mediate particle is a heavy scalar triplet, i.e, ξ =
(
ξ++, ξ+, ξ0

)
as shown in Fig. 1.3, with

Λ = M2/2µ. Here, µ is the ξφ0φ0 coupling and M is the mass of the heavy scalar (ξ). In

this case only one scalar is enough to generate mass for all neutrinos.

φ0

φ0

νj

νi

ξ0

Figure 1.3: Tree-level seesaw with heavy scalar triplet (Type II).

1.3.3 Seesaw Type (III)

In this type of models ψi and Φ form a fermion triplet [64]. Therefore, the inter-

mediate particle is a heavy Majorana fermion triplet, i.e, Σ =
(
Σ+,Σ0,Σ−

)
as shown in

Fig. 1.4.

1.3.4 Scotogenic Model

The effective operator in Eq. (1.11) can also be realized radiatively. Radiative mass

generation for neutrinos (and other particles) is one of the main focuses of this thesis, and
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φ0

φ0

νj

νi

Σ0

Figure 1.4: Tree-level seesaw with heavy fermion triplet (Type III).

it will be explained in depth in each model 15. One famous framework is the “scotogenic”

model [66], which is a minimal extension of the Standard Model, where neutrinos obtain

naturally small Majorana masses from a one-loop radiative (see Fig. 1.5) seesaw mechanism.

Three neutral fermions (N1,2,3) are added along with a single SU(2) doublet (η), both of

which are odd16 under an additional Z2 symmetry. This discrete symmetry allows Ni
17

or η to be a stable dark matter candidate. Therefore, tree-level neutrino mass terms are

forbidden and a loop-level Majorana mass is generated.

νi νjNk

η0 η0

〈φ0〉 〈φ0〉

Figure 1.5: Scotogenic mechanism of radiative neutrino mass.

15For a brief review of radiative quark and lepton masses, see Ref. [65], and for the Majorana seesaw
realizations by E. Ma, see Ref. [62].

16The Standard Model particles are even under Z2.
17The lightest mass eigenstate.
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1.4 Dark Matter

The first18 explicit mention of “dark matter” came from H. Poincaré in 1906 [68–

70]. He argued that the amount of dark matter was likely to be less than or similar to that

of visible matter, based on the velocity dispersion of the stars in the Milky Way predicted

by B. Kelvin [71]. Later In 1933, F. Zwicky studied the redshifts of various galaxy clusters,

and used the virial theorem in order to estimate the mass of the Coma Cluster [72,73]. In his

analysis, he found a high mass-to-light ratio which points to the existence of dark matter.

Currently, there are various evidences for the existence of dark matter from rotation curves

of spiral galaxies [74–76], strong and weak gravitational lensing [77–80], data from the cos-

mic microwave background (CMB) [81,82], and from dwarf spheroidal galaxies [83,84].

Throughout this thesis, the assumption is that dark matter is a particle. Dark

matter interacts gravitationally, and therefore it must have mass. There are models of dark

matter with masses ranging from 10−31 GeV [85] to 1016 GeV [86]. There are several direct

detection experiments for dark matter (e.g., Ref. [87–90]), but so far we haven’t detected

a signal. Therefore, its interaction with the rest of the Standard Model particles is con-

strained by these null results.

Dark matter must be stable (as it’s usually assumed), or else its life-time should

be longer than the age of the Universe. The models with dark matter candidates should

predict the correct amount of dark matter today (known as the “relic abundance”). We will

18For a historical account of dark matter see Ref. [67].
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see how this can sometimes be in conflict with the direct detection null results, and require

us to change the model.

One of the most studied classes of dark matter candidates is the Weakly Interacting

Massive Particle (“WIMP”). In this scenario, the dark matter candidate was in thermal

contact with the cosmic plasma at high temperatures, but as the temperature dropped below

its mass it experienced “freeze-out”. Freeze-out occurs when the annihilations can’t keep

the particle in equilibrium19. If the annihilation rates were always kept in equilibrium, the

relic abundance of dark matter would be suppressed by e−m/T , and we would not have dark

matter in the Universe now. If we solve the Boltzmann equations for the WIMP scenario,

we find that the cross-section of annihilation that (naturally) produces the right amount of

dark matter is ∼ 10−39 cm2. There is another important theory that predicts the existence

of particles with this cross-section, i.e., supersymmetry. In supersymmetry, each boson

(fermion) has a fermion (boson) partner with the same mass. Since we haven’t observed

any of the supersymmetric (SUSY) partners of the Standard Model particles, this symmetry

must be broken in nature. These SUSY particles can then be heavy, which explains why they

haven’t been detected yet. However, experiments have significantly reduced the parameter

space for WIMP models. Thereby, shifting the focus away from WIMP paradigm to other

dark matter scenarios (e.g., Ref. [91]).

19When the rate of annihilations (Γ) falls below Hubble expansion rate (H).
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Chapter 2

SU(2)N Model of Vector Dark

Matter with a Leptonic Connection

2.1 Introduction

Despite the compelling evidence for dark matter, its nature remains unknown. It

is usually assumed to be a single particle, but it may also be more than one [92]. In specific

models, it is often considered to be a fermion or scalar. However, vector dark matter is

certainly also possible [93–100]. In this paper we consider a variant of an SU(2)N model

proposed previously [96,97]. The difference is that in our present study, all standard-model

(SM) fermions are singlets under SU(2)N , whereas in the earlier work, that was not the

case.
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2.2 Model

The new particles of our model are the three neutral gauge bosons X1,2,3 of

SU(2)N , three copies of a neutral Dirac fermion SU(2)N doublet (n1, n2)L,R, a neutral

scalar SU(2)N doublet (χ1, χ2), and a scalar bidoublet

ζ =

ζ0
1 ζ0

2

ζ−1 ζ−2

 ,

which transform (vertically) under SU(2)L × U(1) and (horizontally) under SU(2)N . The

allowed Yukawa and trilinear scalar couplings are

(ν̄Lζ
0
1 + ēLζ

−
1 )n1R + (ν̄Lζ

0
2 + ēLζ

−
2 )n2R, (2.1)

(φ0ζ0
1 − φ+ζ−1 )χ1 + (φ0ζ0

2 − φ+ζ−2 )χ2. (2.2)

In analogy to the earlier work [96, 97], we impose a global U(1) symmetry S′ on the new

particles so that n and χ have S′ = 1/2 and ζ has S′ = −1/2. As χ2 breaks SU(2)N

completely, T3N + S′ = S remains exact, under which n1, χ1 ∼ +1, n2, χ2, ζ2 ∼ 0, and

ζ1 ∼ −1. As for the vector gauge bosons, X(X̄) = (X1 ∓ iX2)/
√

2 ∼ ±1 and Z ′ = X3 ∼ 0.

Note that S′ distinguishes the bidoublet ζ from its dual ζ̃ = σ2ζ
∗σ2, and forbids certain

terms in the Lagrangian which would be otherwise allowed. In Refs. [96, 97], the residual

U(1) symmetry S is broken explicitly to (−1)S . Here it remains exact up to possible Planck

scale corrections, but for the stability of dark matter on the scale of the lifetime of the

Universe, this is not a serious concern. Note that without ζ, the dark sector would only

communicate with the SM through the Higgs portal. Here ζ serves another purpose, i.e.

neutrino mass. This connection is of course an assumption of the model, but once chosen,

it leads naturally to an inverse seesaw mechanism for neutrino mass [101–103].
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2.3 Neutrino Mass

Consider first the neutrino mass matrix spanning (ν̄L, n2R, n̄2L), i.e.

Mνn =


0 mD 0

mD 0 M

0 M 0

 , (2.3)

where mD comes from 〈ζ0
2 〉 and M is an allowed invariant mass. It is clear that this results

in one heavy Dirac fermion and one massless neutrino corresponding to cos θνL − sin θn2L,

where tan θ = mD/M . As such, lepton number L is conserved, with n1,2 also having L = 1

To obtain a nonzero neutrino mass, a scalar triplet ∆ under SU(2)N is required. Let

∆ =

∆2/
√

2 ∆3

∆1 −∆2/
√

2

 , (2.4)

with S′ = −1, then the terms

n1n1∆1 + (n1n2 + n2n1)∆2/
√

2− n2n2∆3, (2.5)

where each nn denotes either nLnL or nRnR, break L to (−1)L with a nonzero 〈∆3〉, without

breaking S. Note that whereas 〈∆1〉 as well as 〈∆3〉 must be nonzero (and large) in the

model of Ref. [97], thus breaking S to (−1)S , only 〈∆3〉 is nonzero here and it is very small

for the implementation of the inverse seesaw [101–103]:

Mνn =


0 mD 0

mD m′2 M

0 M m2

 , (2.6)
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where m2 comes from 〈∆∗3〉 and m′2 from 〈∆3〉. This means that an inverse seesaw neutrino

mass is obtained:

mν '
m2
Dm2

M2
. (2.7)

2.4 Gauge Sector

Let 〈φ0〉 = v1, 〈ζ0
2 〉 = v2, 〈χ2〉 = u2, 〈∆3〉 = u3, with gN the SU(2)N gauge

coupling, then the masses of the vector gauge bosons of this model are

m2
W =

1

2
g2

2(v2
1 + v2

2), m2
X =

1

2
g2
N (u2

2 + v2
2 + 2u2

3), (2.8)

m2
Z,Z′ =

1

2

(g2
1 + g2

2)(v2
1 + v2

2) −gN
√

(g2
1 + g2

2)v2
2

−gN
√

(g2
1 + g2

2)v2
2 g2

N (u2
2 + v2

2 + 4u2
3)

 , (2.9)

where X3 has been renamed Z ′. In this model, all the SM fermions obtain masses from v1,

except for the neutrinos which require v2, i.e. mD in Eqs. (2.6) and (2.7). We assume v2

(which causes Z −Z ′ mixing) and u3 (which breaks L to (−1)L) to be small. Note that the

Z ′ of this model does not couple directly to SM particles, this means that it is not easily

observable at the Large Hadron Collider (LHC) as other Z ′ bosons which are produced by

quarks and decay into lepton pairs. This issue will be studied in more detail elsewhere.
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2.5 Scalar Sector

We now supply the details of this model. The Higgs potential is given by

V = µ2
ζTr(ζ

†ζ) + µ2
ΦΦ†Φ + µ2

χχ
†χ+ µ2

∆Tr(∆
†∆) + (µ1Φ̃†ζχ+ µ2χ̃

†∆χ+H.c.)

+
1

2
λ1[Tr(ζ†ζ)]2 +

1

2
λ2(Φ†Φ)2 +

1

2
λ3Tr(ζ

†ζζ†ζ) +
1

2
λ4(χ†χ)2 +

1

2
λ5[Tr(∆†∆)]2

+
1

4
λ6Tr(∆

†∆−∆∆†)2 + f1χ
†ζ̃†ζ̃χ+ f2χ

†ζ†ζχ+ f3Φ†ζζ†Φ + f4Φ†ζ̃ ζ̃†Φ

+ f5(Φ†Φ)(χ†χ) + f6(χ†χ)Tr(∆†∆) + f7χ
†(∆∆† −∆†∆)χ+ f8(Φ†Φ)Tr(∆†∆)

+ f9Tr(ζ
†ζ)Tr(∆†∆) + f10Tr[ζ(∆†∆−∆∆†)ζ†], (2.10)

where

Φ̃† = (φ0,−φ+), χ̃† = (χ2,−χ1), ζ̃ =

 ζ+
2 −ζ+

1

−ζ̄0
2 ζ̄0

1

 . (2.11)

It is the same as that of Ref. [97] but with two fewer terms. The reason is that S is conserved

in our model, whereas S breaks to (−1)S in Ref. [97]

The spontaneous symmetry breaking of SU(2)N is mainly through 〈χ2〉 = u2,

where

u2
2 '
−µ2

χ

λ4
. (2.12)

As previously mentioned, this breaks both SU(2)N and S′, but the combination T3N+S′ = S

remains exact. The further breaking of SU(2)N by 〈∆3〉 = u3 is assumed to be small for

the implementation of the inverse seesaw mechanism, i.e.

u3 '
−µ2u

2
2

µ2
∆ + (f6 − f7)u2

2

. (2.13)

This also does not break S, but it breaks L to (−1)L because of Eq. (2.5). The spontaneous
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symmetry breaking of SU(2)L × U(1)Y is mainly through 〈φ0〉 = v1, where

v2
1 '
−µ2

Φ − f5u
2
2

λ2
. (2.14)

The further breaking of SU(2)L×U(1)Y ×SU(2)N through 〈ζ0
2 〉 = v2 is assumed small, i.e.

v2 '
−µ1v1u2

µ2
ζ + f2u2

2

. (2.15)

This also does not break S. The resulting physical scalar particles of this model have the

following masses:

m2(
√

2Reχ2) ' 2λ4u
2
2, m2(

√
2Reφ0) ' 2λ2v

2
1, (2.16)

m2(ζ0
2 ) ' µ2

ζ + f2u
2
2 + f4v

2
1, m2(ζ−2 ) ' µ2

ζ + f2u
2
2 + f3v

2
1, (2.17)

m2(ζ0
1 ) ' µ2

ζ + f1u
2
2 + f4v

2
1, m2(ζ−1 ) ' µ2

ζ + f1u
2
2 + f3v

2
1, (2.18)

m2(∆3) ' µ2
∆ + (f6 − f7)u2

2 + f8v
2
1, m2(∆2) ' µ2

∆ + f6u
2
2 + f8v

2
1, (2.19)

m2(∆1) ' µ2
∆ + (f6 + f7)u2

2 + f8v
2
1. (2.20)

2.6 Dark Sector

Another important difference is that whereas the X1,2 relic abundance is determind

by their annihilation cross section to standard-model (SM) particles in Ref. [97], it is deter-

mined by XX̄ → ζ2ζ
†
2 here. Thermalization with SM particles is maintained through ζ2ζ

†
2 →

l−l+, etc. Of all the particles having nonzero S, i.e. ζ0
1 , ζ
−
1 ,∆2,∆1, n1 and X, we assume

that X is the lightest. Of all the new particles having zero S, i.e. ζ0
2 , ζ
−
2 ,∆3,

√
2Reχ2, n2

and Z ′, we assume that ζ0
2 , ζ
−
2 are lighter than X so that XX̄ → ζ0

2 ζ̄
0
2 + ζ−2 ζ

+
2 is kinemat-

ically allowed. Since ∆1 has S = −2, if m(∆3) < 2mX , it is also stable and may become
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a significant second component [92] of dark matter. We will explore this very interesting

possibility elsewhere.

X̄

X

ζ†2

ζ2

X̄

X

ζ†2

ζ2

ζ1

Figure 2.1: Annihilation of XX̄ to ζ2ζ
†
2.

The annihilation of XX̄ → ζ2ζ
†
2 proceeds via the diagrams of Fig. 2.1. The relevant

terms for this process are given by

L ⊃ i gN√
2
X
[
ζ0

2∂µζ
0
1 − ζ0

1∂µζ
0
2

]
+
i gN√

2
X̄
[
ζ0

1∂µζ
0
2 − ζ0

2∂µζ
0
1

]
+
i gN√

2
X
[
ζ+

2 ∂µζ
−
1 − ζ−1 ∂µζ+

2

]
+
i gN√

2
X̄
[
ζ+

1 ∂µζ
−
2 − ζ−2 ∂µζ+

1

]
+
g2
N

2

[
ζ0

1ζ
0
1 + ζ0

2ζ
0
2 + ζ−1 ζ

+
1 + ζ−2 ζ

+
2

]
XX̄

(2.21)

Assuming X and X̄ to be at rest, this amplitude is given by

A =
g2
N

2

[
~ε1 · ~ε2 +

4(~ε1 · ~k)(~ε2 · ~k)

m2
ζ1

+m2
X −m2

ζ2

]
, (2.22)

where ~k is the three-momentum of ζ2, and ε1,2 are the polarizations of X and X̄. Summing

over ζ0
2 and ζ−2 , and averaging over the spins of X and X̄, the corresponding cross section

× their relative velocity is given by

σ × vrel =
g4
N

576πm2
X

√
1−

m2
ζ2

m2
X

2 +

[
1 +

4(m2
X −m2

ζ2
)

m2
ζ1

+m2
X −m2

ζ2

]2
 , (2.23)
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where we used Eqs. (2.24)-(2.26) in our calculations:

∑
ε

gαβgµν ε
α
λ(p1)∗εβρ (p2) εµλ(p1)ενρ(p2)∗ = gαβgµν

[
gαµ − pα1 p

µ
1

m2
X

][
gβν − pβ2p

ν
2

m2
X

]

=

[
gβν −

p1,βp1,ν

m2
X

][
gβν − pβ2p

ν
2

m2
X

]

= 4− 1− 1 +
(p1.p2)(p1.p2)

m4
X

= 3,

(2.24)

∑
ε

kµε
µ
λ(p1) kνε

ν
ρ(p2)kαε

α
λ(p1)∗ kβε

β
ρ (p2)∗ =kµkνkαkβ

[
gαµ − pα1 p

µ
1

m2
X

][
gβν − pβ2p

ν
2

m2
X

]

=

[
k2 − (p1.k)2

m2
X

] [
k2 − (p2.k)2

m2
X

]
=
[
m2
ζ2 −m2

X

]2
,

(2.25)

∑
ε

gαβ ε
α
λ(p1)∗εβρ (p2)kµε

µ
λ(p1) kνε

ν
ρ(p2) = kµkνgαβ

[
gαµ − pα1 p

µ
1

m2
X

][
gβν − pβ2p

ν
2

m2
X

]

=

[
kβ −

p1,β(p1.k)

m2
X

] [
kβ − pβ2 (p2.k)

m2
X

]

=

[
m2
ζ2 −

(p2.k)2

m2
X

− (p1.k)2

m2
X

+
(p1.p2)(p1.k)(p2.k)

m4
X

]
=
[
m2
ζ2 −m2

X

]
.

(2.26)

Since mζ1 > mX by assumption, the above expression is bounded from below by mζ1 →∞

and from above by mζ1 = mX . We plot in Fig. 2.21 the allowed region for mX/g
2
N as a

function of r = m2
ζ2
/m2

X for the optimum value [105] of σ × vrel = 4.4 × 10−26 cm3 s−1

implied by the observed relic abundance of dark matter in the Universe, taking into account

that X is a complex vector field.

To detectX in underground experiments using elastic scattering off nuclei, the only

possible connection is through φ0 − χ2 mixing. The 125 GeV particle h discovered [49, 50]

at the LHC is a linear combination of
√

2Reφ0,
√

2Reζ0
2 , and

√
2Reχ2. The induced hXX̄

interaction is approximately given by (g2
Nv1/

√
2)(f5/λ4). Since h interacts with quarks

1All of the plots in this thesis are generated using Mathematica [104].
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Figure 2.2: Allowed values of mX/g
2
N plotted against r = m2

ζ2
/m2

X from relic abundance.

through
√

2Reφ0 according to (mq/
√

2v1)q̄q, there is a small cross section for X to be

detected in such experiments. Following Ref. [106], we obtain

fp
mp

= −0.075

[
g2
N (f5/λ4)

4m2
φ

]
− 0.925(3.51)

[
g2
N (f5/λ4)

54m2
φ

]
, (2.27)

fn
mn

= −0.078

[
g2
N (f5/λ4)

4m2
φ

]
− 0.922(3.51)

[
g2
N (f5/λ4)

54m2
φ

]
, (2.28)

with the spin-independent elastic cross section for X scattering off a nucleus of Z protons

and A− Z neutrons normalized to one nucleon given by

σ0 =
1

π

(
mN

mX +AmN

)2 ∣∣∣∣Zfp + (A− Z)fn
A

∣∣∣∣2 . (2.29)

22



Using the LUX data [107], we plot in Fig. 2.3 the maximum allowed value of g2
N (f5/λ4)

as a function of mX using mφ = 125 GeV. We also plot the allowed regions of g2
N versus

mX for r = 0.2 and r = 0.8 from Fig. 2.2. We see that for moderate values of mX , future

improvement in direct detection will probe the allowed region from relic abundance if f5/λ4

is not too small.
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Figure 2.3: Allowed values of g2
N from relic abundance and g2

N (f5/λ4) from LUX, plotted
against mX .
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2.7 Conclusion

In conclusion, we have discussed in this paper a simple and realistic model of

vector dark matter based on SU(2)N . It has a leptonic connection which is a natural

framework for the inverse seesaw mechanism to generate a small Majorana neutrino mass.

It also accommodates a standard-model Higgs boson which mixes only slightly with its

SU(2)N counterpart, which does not couple directly to any standard-model particle. Thus

the observed 125 GeV particle behaves as the one Higgs boson of the standard model for all

practical purposes. The scalar particle content of this model may also allow a stable second

component of dark matter, because of kinematics, and not because the dark symmetry is

extended. This is the first explicit example of how such a general situation may occur, a

topic we will explore in another paper. The SU(2)N gauge symmetry is also suitable to

be embedded in an SU(7) model unfifying matter and dark matter, as outlined in Ref. [108].
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Chapter 3

Gauge B − L Model with Residual

Z3 Symmetry

3.1 Introduction

Lepton number L is a familiar concept. It is usually defined as a global U(1)

symmetry, under which the leptons of the standard model (SM), i.e. e, µ, τ together with

their neutrinos νe, νµ, ντ have L = 1, and all other SM particles have L = 0. In the case

of nonzero Majorana neutrino masses, this continuous symmetry is broken to a discrete Z2

symmetry, i.e. (−1)L or lepton parity. In this paper, we consider a gauge B − L extension

of the SM, such that a residual Z3 symmetry remains after the spontaneous breaking of

B − L. This is then a realization of the unusual notion of Z3 lepton symmetry. It has

specific phenomenological consequences, including the possibility of a long-lived particle as

a dark-matter candidate.
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3.2 Neutrino Mass

The conventional treatment of gauge B−L has three right-handed singlet neutrinos

νR1, νR2, νR3 transforming as −1,−1,−1 under B−L. It is well-known that this assignment

satisfies all the anomaly-free conditions for U(1)B−L. However, another assignment [109]

νR1, νR2, νR3 ∼ 5,−4,−4 (3.1)

works as well, because

5− 4− 4 = −3, (5)3 − (4)3 − (4)3 = −3. (3.2)

To obtain a realistic model with this assignment, it was proposed [110] that three additional

neutral singlet Dirac fermions N1,2,3 be added with B − L = −1, together with a singlet

scalar χ3 with B − L = 3. Consequently, the tree-level Yukawa couplings ν̄LNRφ̄
0 and

N̄LνR2χ3, N̄LνR3χ3 are allowed, where Φ = (φ+, φ0) is the one Higgs doublet of the SM.

Together with the invariant N̄LNR mass terms, the 6 × 5 neutrino mass matrix linking

(ν̄L, N̄L) to (νR, NR) is of the form

MνN =

 0 M0

M3 MN

 , (3.3)

where M0 and MN are 3× 3 mass matrices and M3 is 3× 2 because νR1 has no tree-level

Yukawa coupling. This means that one linear combination of νL is massless. Of course, if

the dimension-five term ν̄R1NLχ
2
3 also exists, thenM3 is 3×3 andMνN is 6×6. The form

of MνN allows nonzero seesaw Dirac neutrino masses for ν [111], i.e.

Mν 'M0M−1
N M3. (3.4)
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Without the implementation of a flavor symmetry, any 3× 3Mν is possible. Although the

gauge B − L is broken, a residual global L symmetry remains in this model with ν, l,N all

having L = 1. Because the pairing of any two neutral fermions of the same chirality always

results in a nonzero B − L charge not divisible by 3 units in this model, it is impossible to

construct an operator of any dimension for a Majorana mass term which violates B − L.

Hence the neutrinos are indeed exactly Dirac. We now add two more scalar singlets: χ2

with B −L = 2 and χ6 with B −L = −6. The important new terms in the Lagrangian are

N̄LνR1χ6, χ2NLNL, χ2NRNR, χ3
2χ6, χ2

3χ6. (3.5)

Now B − L is broken by 〈χ3〉 = u3 as well as 〈χ6〉 = u6, and all neutrinos become massive.

The cubic term χ3
2 implies that a Z3 residual symmetry remains, such that χ2 and all leptons

transform as ω = exp(2πi/3) under Z3. This is thus the first example of a lepton symmetry

which is not Z2 (for Majorana neutrinos), nor U(1) or Z4 [112, 113] (for Dirac neutrinos).

Note that Z3 is also sufficient to guarantee that all the neutrinos remain Dirac.

3.3 Gauge Sector

In this model, there is of course a gauge boson Z ′ which couples to B − L. Its

production at the Large Hadron Collider (LHC) is due to its couplings to quarks. Once

produced, it decays into quarks and leptons. In the conventional B − L assignment for

νR, its branching fractions to quarks, charged leptons, and neutrinos are 1/4, 3/8, and 3/8

respectively. In this model, the νR charges are (5,−4,−4), hence their resulting partial

widths are very large. Assuming that Z ′ decays also into χ2, the respective branching

fractions into quarks, charged leptons, neutrinos, and χ2 as dark matter are then 1/18,
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1/12, 5/6, and 1/36. This means Z ′ has an 86% invisible width. Using the production of

Z ′ via uū and dd̄ initial states at the LHC and its decay into e−e+ or µ−µ+ as signature,

the bound on mZ′ assuming g′ = g, i.e. the SU(2)L gauge coupling of the SM, is about 3

TeV, based on LHC data [114, 115]. However, because the branching fraction into l−l+ is

reduced by a factor of 2/9 in our B − L model, this bound is reduced to about 2.5 TeV,

again for g′ = g.

3.4 Dark Sector

Although there is no stabilizing symmetry here for dark matter, χ2 has very small

couplings to two neutrinos through the Yukawa terms of Eq. (3.5) from the mixing implied

by Eq. (3.3). This means that χ2 may have a long enough lifetime to be suitable for dark

matter, as shown below. Consider for simplicity the coupling of χ2 to just one N , with the

interaction

Lint =
1

2
fLχ2NLNL +

1

2
fRχ2NRNR +H.c. (3.6)

Let the νL − NL mixing be ζ0 = m0/mN and νR − NR mixing be ζ3 = m3/mN , then the

decay rate of χ2 is

Γ(χ2 → ν̄ν̄) =
mχ

32π
(f2
Lζ

4
0 + f2

Rζ
4
3 ). (3.7)

If we set this equal to the age of the Universe (13.75× 109 years), and assuming mχ = 100

GeV, fL = fR and ζ0 = ζ3, then fζ2 = 8.75× 10−22. Hence

√
fζ << 3× 10−11 (3.8)

would guarantee the stability of χ2 to the present day, and allow it to be a dark-matter

candidate. This sets the scale of mN at about 1013 GeV, which is also the usual mass scale
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for the heavy Majorana singlet neutrino in the canonical seesaw mechanism.

Since χ2 interacts with nuclei through Z ′, there is also a significant constraint from

dark-matter direct-search experiments. The cross section per nucleon is given by

σ0 =
1

π

(
mχmn

mχ +Amn

)2
(

2g′2

m2
Z′

)2

, (3.9)

where A is the number of nucleons in the target and mn is the nucleon mass. Consider for

example mχ = 100 GeV, then σ0 < 1.25×10−45 cm2 from the LUX data [107]. This implies

mZ′/g
′ > 16.2 TeV, as shown in Fig. 3.1. If g′ = g, then mZ′ > 10.6 TeV. This limit is

0 200 400 600 800 1000
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8
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16
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(
Mz'

g '
)TeV

Figure 3.1: Lower bound on mZ′/g
′ versus mχ from LUX data.
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thus much more severe than the LHC bound of 2.5 TeV. If g′ < g, then both the LHC and

LUX bounds on mZ′ are relaxed. However, it also means that it is unlikely that Z ′ would

be discovered at the LHC even with the 14 TeV run.

Consider now the annihilation cross section of χ2χ
∗
2 for obtaining its thermal relic

abundance. The process χ2χ
∗
2 → Z ′ → SM particles is p-wave suppressed and is unlikely

to be strong enough for this purpose. We may then consider the well-studied process

χ2χ
∗
2 → h → SM particles, where h is the SM Higgs boson. If this is assumed to account

for all of the dark-matter relic abundance of the Universe, then it has been shown [116]

that the required strength of this interaction is in conflict with LUX data except for a small

region near mχ = mh/2. In this paper, we will consider the following alternative scenario.

χ2

χ2

χ2

χ2

χ3,6

χ3,6

χ2

χ3,6

χ3,6

χ2

χ2

χ3,6

χ3,6

χ3,6

Figure 3.2: χ2χ
†
2 annihilation to χ3,6 final states.

We assume that the hχ2χ
∗
2 interaction is negligible, so that neither Higgs nor Z ′ exchange

is important for χ2χ
∗
2 annihilation. Instead we invoke the new interactions of Fig. 3.2.

Since χ3,6 may interact freely with h, thermal equilibrium is maintained with the other SM

particles. This scenario requires of course that mχ to be greater than at least one physical
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mass eigenvalue in the χ3,6 sector.

To summarize, χ2 ∼ ω under Z3 and decays into two antineutrinos, but its lifetime is much

longer than the age of the Universe. It is thus an example of Z3 dark matter [117–121]. It

is also different from previous Z2 proposals [122,123] based on Ref. [109]. It has significant

elastic interactions with nuclei through Z ′ and Higgs exchange and may be discovered in

direct-search experiments. On the other hand, its relic abundance is determined not by Z ′

or Higgs interactions, but by its annihilation to other scalars of this model which maintain

thermal equilibrium with the SM particles through the SM Higgs boson. Note that this is

also the mechanism used in a proposed model of vector dark matter [1].

3.5 Scalar Sector

We now discuss the details of the scalar sector of this model. Consider the scalar

potential

V = −µ2
0(Φ†Φ) +m2

2(χ∗2χ2)− µ2
3(χ∗3χ3)− µ2

6(χ∗6χ6)

+
1

2
λ0(Φ†Φ)2 +

1

2
λ2(χ∗2χ2)2 +

1

2
λ3(χ∗3χ3)2 +

1

2
λ6(χ∗6χ6)2 + λ02(χ∗2χ2)(Φ†Φ)

+ λ03(χ∗3χ3)(Φ†Φ) + λ06(χ∗6χ6)(Φ†Φ) + λ23(χ∗2χ2)(χ∗3χ3) + λ26(χ∗2χ2)(χ∗6χ6)

+ λ36(χ∗3χ3)(χ∗6χ6) + [
1

2
f36(χ2

3χ6) + H.c.] + [
1

6
λ′26(χ3

2χ6) + H.c.]. (3.10)

Let 〈φ0〉 = v, 〈χ3〉 = u3, 〈χ6〉 = u6, then the minimum of V is determined by

µ2
0 = λ0v

2 + λ03u
2
3 + λ06u

2
6, (3.11)

µ2
3 = λ3u

2
3 + λ03v

2 + λ36u
2
6 + f36u6, (3.12)

µ2
6 = λ6u

2
6 + λ06v

2 + λ36u
2
3 +

f36u
2
3

2u6
. (3.13)
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There is one dark-matter scalar boson χ2 with mass given by

m2
χ = m2

2 + λ02v
2 + λ23u

2
3 + λ26u

2
6. (3.14)

There is one physical pseudoscalar boson

A =
√

2Im(2u6χ3 + u3χ6)/
√
u2

3 + 4u2
6 (3.15)

with mass given by

m2
A = −f36(u2

3 + 4u2
6)/2u6. (3.16)

There are three physical scalar bosons spanning the basis [h,
√

2Re(χ3),
√

2Re(χ6)], with

3× 3 mass-squared matrix given by

M2 =


2λ0v

2 2λ03u3v 2λ06u6v

2λ03u3v 2λ3u
2
3 2λ36u3u6 + f36u3

2λ06u6v 2λ36u3u6 + f36u3 2λ6u
2
6 − f36u

2
3/2u6

 . (3.17)

For illustration, we consider the special case λ03 = λ06 = 0, so that h decouples from χ3,6. It

then becomes identical to that of the SM, and may be identified with the 125 GeV particle

discovered [49,50] at the LHC. We now look for a solution with

S =
√

2Re(−u3χ3 + 2u6χ6)/
√
u2

3 + 4u2
6, (3.18)

S′ =
√

2Re(2u6χ3 + u3χ6)/
√
u2

3 + 4u2
6, (3.19)

as mass eigenstates. This is easily accomplished for example with

u3 = 2u6, 4λ3 = λ6 − f36/u6. (3.20)
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In this case,

S = −Reχ3 +Reχ6, m2
S = 2λ6u

2
6 − 4λ36u

2
6 − 4f36u6, (3.21)

S′ = Reχ3 +Reχ6, m2
S′ = 2λ6u

2
6 + 4λ36u

2
6, (3.22)

A = Imχ3 + Imχ6, m2
A = −4f36u6, (3.23)

mZ′ = 12g′u6. (3.24)

The couplings of χ2χ
∗
2 to S and S′ are given by

χ2χ
∗
2[u6(λ26 − 2λ23)S + u6(λ26 + 2λ23)S′]. (3.25)

Since S plays the same role in breaking B − L as the Higgs boson h does in breaking

SU(2)L × U(1)Y , it is expected to be massive of order
√
u2

3 + 4u2
6 = 2

√
2u6. This allows

mS′ to be adjusted to be very small, then it may serve as a light scalar mediator for χ2 as

self-interacting dark matter [124]. For mS′ ' 0, we need λ36 = −λ6/2. In that case, using

Eq. (3.20), we find

m2
S = 16λ3u

2
6, m2

A = m2
S − 4λ6u

2
6. (3.26)

We assume that the relic density of χ2 is dominated by the χ2χ
∗
2 annihilation to

S′S′. For illustration, we set to zero the χ2χ
∗
2S
′S′ coupling, i.e. λ23 + λ26 = 0, as well as

the SS′S′ coupling, i.e. −12λ3 + 6λ6 + 2λ36 − f36/u6 = 0. This implies λ3 = λ6/2 so that

the S′S′S′ coupling is also zero and m2
A = m2

S/2. This choice of parameters means that

only the middle diagram of Fig. 3.2 contributes to the χ2χ
∗
2 annihilation cross section with

σ × vrel =
1

64πm2
χ

∣∣∣∣λ2
26u

2
6

m2
χ

∣∣∣∣2 . (3.27)

Equating this to the optimal value [105] of 4.4× 10−26 cm3 s−1 for the correct dark-matter
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relic density of the Universe, we find for mχ = 100 GeV

λ26 = 0.0295

(
1 TeV

u6

)
. (3.28)

We assume of course that mA > 2mχ.

For S′ to be in thermal equilibrium with the SM particles, we need to have nonzero

values of λ03 and λ06. This is possible in our chosen parameter space if 2λ03 + λ06 ' 0, so

that the S′h mixing is very small and yet the S′S′h coupling λ06v/4
√

2 and S′S′hh coupling

λ06/16 may be significant. Note that the Shmixing is now fixed at (λ06/λ6)(v/2
√

2u6) which

may yet be suitably suppressed for h to be essentially the one Higgs boson of the SM. The

h→ S′S′ decay width is given by

Γ(h→ S′S′) =
λ2

06v
2

256πmh
=

(
λ06

0.04

)2

0.5 MeV. (3.29)

It is invisible at the LHC because S′ decays slowly to e−e+ only through its mixing with h,

if mS′ ∼ 10 MeV for S′ as a light mediator for the self-interacting dark matter χ2.

3.6 Conclusion

In conclusion, we have considered the unusual case of a gauge B − L symme-

try which is spontaneously broken to Z3 lepton number. Neutrinos are Dirac fermions

transforming as ω = exp(2πi/3) under Z3. A complex neutral scalar χ2 exists which also

transforms as ω. It is not absolutely stable, but decays to two antineutrinos with a lifetime

much greater than that of the Universe. It is thus an example of Z3 dark matter. In ad-

dition to the one Higgs boson h of the SM, there are three neutral scalars S, S′, A and one
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heavy vector gauge boson Z ′. From direct-search experiments, mZ′/g
′ is constrained to be

very large, thus making it impossible to discover Z ′ at the LHC even with the current run.

The relic abundance of χ2 is determined by its annihilation into S′ which is a candidate for

the light mediator by which χ2 obtains its long-range self-interaction.

35



Chapter 4

Verifiable Associated Processes

from Radiative Lepton Masses

with Dark Matter

4.1 Introduction

The idea that lepton masses are induced in one loop has been around for a long

time. Some models have been proposed [125–127] where the particles in the loop are dis-

tinguished from ordinary matter by an unbroken symmetry so that the lightest neutral

particle among them may be the dark matter of the Universe. As an example, consider the

specific proposal of Ref. [127] for generating charged-lepton masses. This model assumes

the non-Abelian discrete symmetry A4 under which the three families of leptons transform
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×
lL lRx y

E0 N

φ0

Figure 4.1: One-loop generation of charged-lepton mass.

as

(νi, li)L ∼ 3, liR ∼ 1, 1′, 1′′. (4.1)

With only the one Higgs doublet (φ+, φ0) of the standard model (SM) transforming as 1, a

tree-level lepton mass is forbidden. To obtain one-loop radiative lepton masses, the following

new particles are added, all of which are odd under an unbroken dark Z2 symmetry:

(E0, E−)L,R ∼ 1, NL,R ∼ 1, x−i ∼ 3, y−i ∼ 1, 1′, 1′′, (4.2)

where (E0, E−), N are fermions and x−, y− are charged scalars. Note that in supersymme-

try, there are also similar new particles, i.e. left and right charged sleptons and doublet

Higgsinos. The soft breaking of A4 to Z3 lepton triality [128, 129] is encoded in the scalar

off-diagonal mass-squared xiy
∗
j terms. In this paper we will study the phenomenological

consequences of this proposal, including the deviation of the Higgs to charged-lepton decay

from the SM, the muon anomalous magnetic moment, µ → eγ, µ → eee, as well as the

structure of its dark sector.
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4.2 Radiative Lepton Masses

The mass matrix linking (N̄L, Ē
0
L) to (NR, E

0
R) is given by

MN,E =

mN mD

mF mE

 , (4.3)

where mN ,mE are invariant mass terms, and mD,mF come from the Higgs Yukawa terms

fDN̄LE
0
Rφ̄

0, fF Ē
0
LNRφ

0 with vacuum expectation value 〈φ0〉 = v/
√

2 . As a result, N and

E0 mix to form two Dirac fermion eigenstates

n1(L,R) = cos θL,RNL,R − sin θL,RE
0
L,R, n2(L,R) = sin θL,RNL,R + cos θL,RE

0
L,R, (4.4)

of masses m1,2, with mixing angles

mDmE +mFmN = sin θL cos θL(m2
1 −m2

2), (4.5)

mDmN +mFmE = sin θR cos θR(m2
1 −m2

2). (4.6)

With the A4 assignment of Eq. (4.2), and the soft breaking to Z3 of the term xiy
∗
j , i.e.

Uω


µ2
e 0 0

0 µ2
µ 0

0 0 µ2
τ

 =
1√
3


1 1 1

1 ω ω2

1 ω2 ω




µ2
e 0 0

0 µ2
µ 0

0 0 µ2
τ

 , (4.7)

where ω = exp(2πi/3) = −1/2+i
√

3/2, and Uω is the familiar [130] unitary matrix derivable

from A4, the charged-lepton mass matrix is given by

Ml = U †ω


me 0 0

0 mµ 0

0 0 mτ

 , (4.8)
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with

me = −if ′feµ2
e

∫
d4k

(2π)4

1

(k2 −m2
1e)(k

2 −m2
2e)

[
m1 cos θR sin θL

k2 −m2
1

− m2 cos θL sin θR
k2 −m2

2

]
,

(4.9)

where f ′ is the E0
LlLx

∗ Yukawa coupling, fe is the NReRy
∗
1 Yukawa coupling, and m1e,2e

are the mass eigenvalues of the 2× 2 mass-squared matrix

M2
xy1 =

m2
x µ2

e

µ2
e m2

y1

 , (4.10)

with µ2
e = sin θe cos θe(m

2
1e−m2

2e), and similarly for mµ and mτ . It is clear that the residual

Z3 triality [128,129] remains exact with e, µ, τ ∼ 1, ω2, ω, and the Higgs coupling matrix as

well as the anomalous magnetic moment matrix are diagonal, as far as Fig. 4.1 is concerned.

In other words, flavor is not violated in Higgs decays and µ → eγ is not mediated by the

new particles of Eq. (4.2).

4.3 Anomalous Higgs Yukawa Couplings

One immediate consequence of a radiative charged-lepton mass is that the Higgs

Yukawa coupling hl̄l is no longer exactly ml/v as in the SM. Its deviation is not suppressed

by the usual one-loop factor of 16π2 and may be large enough to be observable [131].

Moreover, this deviation is finite and calculable exactly in one loop. For discussion, compare

our proposal to the usual consideration of the deviation of the Higgs coupling from ml/v

from new physics in terms of higher-dimensional operators, i.e.

− L = fl l̄LlRφ
0

(
1 +

Φ†Φ

Λ2

)
, (4.11)
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where Λ2 >> v2. This implies ml = (flv/
√

2)(1 + v2/2Λ2), whereas the Higgs coupling

is (fl/
√

2)(1 + 3v2/2Λ2) ' (ml/v)(1 + v2/Λ2). However, this approach is only valid for

v2 << Λ2, which guarantees the effect to be small. In the present case, if our result is

interpreted as an expansion in powers of v2, then it is a sum of infinite number of terms for

both ml and the Higgs coupling, but each sum is finite. Their ratio is not necessarily small

because some particles in the loop could be light, as shown below.

There are three contributions to the hl̄l coupling: (1) the Yukawa terms (fD/
√

2)hN̄LE
0
R

and (fF /
√

2)hĒ0
LNR, (2) the scalar trilinear (λxv)hx∗x term, and (3) the scalar trilinear

(λyv)hy∗y term. In the following expressions, the couplings fD,F do not appear explicitly

because they have been expressed in terms of the fermion masses m1,2 and angles θL,R.

Consider hτ̄τ . The detailed calculation of effective Higgs Yukawa coupling is presented in

appendix B. The first contribution is given by

f (1)
τ =

f ′fτ sin 2θτ
32π2v

[
cRsLT1 + sLsRT2 + cLcRT3 + cLsRT4

]
, (4.12)

where xij = (miτmj
)2, sL,R = sin θL,R, cL,R = cos θL,R and

FN (x) =
x(1 + x) lnx

(1− x)2
+

2

1− x, H(x) =
x

x− 1
lnx

T1 = [2m2sLcLsRcR −m1(s2
Lc

2
R + c2

Ls
2
R)][FN (x11)− FN (x21)],

T2 = m2sLcL(c2
R − s2

R)[H(x22)−H(x12)]−m1sRcR(c2
L − s2

L)[H(x21)−H(x11)],

T3 = m1sLcL(c2
R − s2

R)[H(x21)−H(x11)]−m2sRcR(c2
L − s2

L)[H(x22)−H(x12)],

T4 = [2m1cLcRsLsR −m2(s2
Lc

2
R + c2

Ls
2
R)][FN (x12)− FN (x22)]. (4.13)
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The second contribution is given by

f (2)
τ =

λxvf
′fτ sin 2θτsLcL

32π2m1m2

[
c2
τT
′
1 + s2

τT
′
2

]
, (4.14)

where cτ = cos θτ , sτ = sin θτ and

F (x, y) =
1

x− y

[
x

x− 1
lnx− y

y − 1
ln y

]
x 6= y, F (x, x) =

1

x− 1
− lnx

(x− 1)2
,

T ′1 = m2[F (x11, x11)− F (x11, x21)]−m1[F (x12, x12)− F (x12, x22)],

T ′2 = m2[F (x11, x21)− F (x21, x21)]−m1[F (x12, x22)− F (x22, x22)]. (4.15)

The third contribution is given by

f (3)
τ =

λyvf
′fτ sin 2θτsLcL
32π2m1m2

[
s2
τT
′
1 + c2

τT
′
2

]
. (4.16)

Combining all three contributions and using Eq. (4.9) for the tau mass, the effective Higgs

Yukawa coupling f̃τ is given by

f̃τv

mτ
=

[f
(1)
τ + f

(2)
τ + f

(3)
τ ]v

mτ

=
cRsLT1 + sLsRT2 + cLcRT3 + cLsRT4 + v2sLcL

m1m2
[(λxc

2
τ + λys

2
τ )T ′1 + (λxs

2
τ + λyc

2
τ )T ′2]

sLcRm1[H(x21)−H(x11)] + sRcLm2[H(x12)−H(x22)]
.

(4.17)

To simplify the analysis, we focus on θL = θR, in which case fD = fF . We use the

relation fDv/
√

2 = sLcL(m1 −m2) = sLcLm1(1 −m2/m1) from fermion mixing to define

m1 as a function of θL for a constant ratio m2/m1 = 2.2 and coupling fD/
√

4π = −0.19. In

this parameterization, the combination sLcLm1 remains constant, and also appears in the

radiative mass formula for each charged lepton. In addition, we use the value f ′/
√

4π =
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Figure 4.2: The ratio (f̃τv/mτ )2 plotted against θL with various λx,y for the case θL = θR.

−0.6. For the scalars in the tau sector, we choose fixed mass ratios m1τ/m1 = 5.7 and

m2τ/m1 = 1.1. To satisfy the mass formula, we verify that the product fτ sin 2θτ is not

too large. We have checked that the values used here also allow solutions for the muon and

electron radiative masses. In Fig. 4.2 we plot the effective Yukawa coupling from Eq. (4.17)

as a function of θL, using the values fτ/
√

4π = −0.54, θτ = 0.8 for the λx,y curves. We see

that a significant deviation from the SM prediction is possible.
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4.4 Muon Anomalous Magnetic Moment

Another important consequence of a radiative charged-lepton mass is that the same

particles which generate ml also contribute to its anomalous magnetic moment. This differs

from the usual contribution of new physics, because there is again no 16π2 suppression.

There are three contributions to the anomalous magnetic moment. The main contribution

is given by (see appendix A)

∆aµ =
m2
µ

m1m2

{
sLcRm2[G(x11)−G(x21)] + sRcLm1[G(x22)−G(x12)]

sLcRm1[H(x11)−H(x21)] + sRcLm2[H(x22)−H(x12)]

}
, (4.18)

where xij = (
miµ
mj

)2 and

G(x) =
2x lnx

(x− 1)3
− x+ 1

(x− 1)2
. (4.19)

In the simplifying case we are considering, Eq. (4.18) is independent of θL = θR. In Fig. 4.3

we plot m1µ against m1 for various ratios m2µ/m1µ in order to show the values of m1 and

m1,2µ which can account for the discrepancy between the experimental measurement [132]

and the SM prediction [133]

∆aµ = 39.35± 5.21th ± 6.3exp × 10−10 (4.20)

We have combined the experimental and theoretical uncertainties in quadrature, which

corresponds to the curved limits of the shaded regions. The lower limit of 200 GeV for m1

corresponds to θL = π/4.

The subdominant contributions to ∆aµ from f ′2 , and f2
µ are negative as expected

43



200 205 210 215 220 225

600

800

1000

1200

m1 HGeVL

m
1

Μ
HGe

V
L

m2 Μ�m1 Μ = 1.1

m2 Μ�m1 Μ = 1.4

m2 Μ�m1 Μ = 2.2

Figure 4.3: Values of m1 and m1,2µ which can explain ∆aµ for the case θL = θR.

, i.e.

(∆aµ)′ =
−m2

µ

32π2

{
f ′2
[
s2L
m2

1

(
c2
µJ(x11) + s2

µJ(x21)

)
+

c2L
m2

2

(
c2
µJ(x12) + s2

µJ(x22)

)]
+f2

µ

[
c2R
m2

1

(
s2
µJ(x11) + c2

µJ(x21)

)
+

s2R
m2

2

(
s2
µJ(x12) + c2

µJ(x22)

)]}
, (4.21)

where

J(x) =
x lnx

(x− 1)4
+
x2 − 5x− 2

6(x− 1)3
. (4.22)

The third contribution is from s exchange which will be introduced in the next section and

is given by

(∆aµ)′′ =
3∑
i=1

−f2|Uµi|2m2
µ

16π2m2
E

Gγ(xi), (4.23)
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where xi =
m2
si

m2
E

and

Gγ(x) =
2x3 + 3x2 − 6x2 lnx− 6x+ 1

6(x− 1)4
<

1

6
. (4.24)

The mass of E− has a lower limit of mE ' 300 GeV, which is numerically equivalent to

GFm
2
E ' 1 used in the following section, due to our parameterization for the fermion mixing

of N and E0. Hence (∆aµ)′′ is less than 10−10f2, which for f < 1 is below the present

experimental sensitivity of 10−9 and thus can be neglected.

4.5 Rare Lepton Decays

Whereas Z3 lepton triality is exact in Fig. 4.1, the corresponding diagram for

neutrino mass breaks it, as shown below. The new particles are three real scalars s1,2,3 ∼ 3

νL νLs

E0 E0

φ0 φ0

N N×

Figure 4.4: One-loop generation of neutrino mass.

under A4. To connect the loop, Majorana mass terms (mL/2)NLNL and (mR/2)NRNR are

assumed. Since both E and N may be defined to carry lepton number, these new terms

violate lepton number softly and may be naturally small. Using the Yukawa interaction
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fsĒ0
RνL, the one-loop Majorana neutrino mass is given by

mν = f2mR sin2 θR cos2 θR(m2
1 −m2

2)2

∫
d4k

(2π)4

k2

(k2 −m2
s)

1

(k2 −m2
1)2

1

(k2 −m2
2)2

+ f2mLm
2
1 sin2 θL cos2 θR

∫
d4k

(2π)4

1

(k2 −m2
s)

1

(k2 −m2
1)2

(4.25)

+ f2mLm
2
2 sin2 θR cos2 θL

∫
d4k

(2π)4

1

(k2 −m2
s)

1

(k2 −m2
2)2

− 2f2mLm1m2 sin θL sin θR cos θL cos θR

∫
d4k

(2π)4

1

(k2 −m2
s)

1

(k2 −m2
1)

1

(k2 −m2
2)
.

This formula holds for s as a mass eigenstate. If A4 is unbroken, then s1,2,3 all have the

same mass and Mν is proportional to the identity matrix. However, if A4 is softly broken

by the necessarily real sisj mass terms, then the neutrino mass matrix is given by

Mν = O


mν1 0 0

0 mν2 0

0 0 mν3

O
T , (4.26)

where O is an orthogonal matrix and O 6= 1 breaks Z3 lepton triality explicitly. Now each

mνi may be complex because f , mL, mR may be complex, but a common unphysical phase,

say for ν1, may be rotated away, leaving just two relative Majorana phases for ν2 and ν3,

owing to the relative phase between mL and mR with different s1,2,3 masses. Hence Mν

is diagonalized by O, which is all that is required to obtain cobimaximal mixing [134], i.e.

θ23 = π/4 and δCP = ±π/2, once Uω is applied, as explained in Ref. [127].

The companion interaction to fsĒ0
RνL is fsĒ−R lL, which induces the radiative

process li → lj + γ. In the limit of exact Z3 lepton triality, this amplitude is zero. Here

it is proportional to
∑
k

UikU
∗
jkFk where F1,2,3 refer to functions of m2

s1,2,3 , and Uik is the

neutrino mixing matrix. Clearly, it is also zero if F1 = F2 = F3. The amplitude for µ→ eγ
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is given by

Aµe =
ef2mµ

32π2m2
E

∑
i

U∗eiUµiGγ(xi), (4.27)

Using the bound on µ→ eγ [135], this branching fraction is constrained by

B =
12π2|Aµe|2
m2
µG

2
F

< 5.7× 10−13. (4.28)

For small xi and x1 ' x2,

|
∑
i

U∗eiUµiGγ(xi)| =
s13c13

3
√

2
|x3 − x2|, (4.29)

where s13 = sin θ13, c13 = cos θ13, and sin θ23 = 1/
√

2 has been assumed. Hence

B =
αs2

13c
2
13

384π

(
f2|x3 − x2|
GFm2

E

)2

. (4.30)

Let GFm
2
E ' 1, f = 0.2, |x3−x2| ' 0.05, then B = 5.6×10−13, just below the experimental

constraint.

Another possible rare decay is µ → eee, which comes from µ → e(γ, Z) → eee

as well as directly through a box diagram as shown below. The amplitude for the former

µ e

e

e

E

E
s

s

Figure 4.5: Box diagram for µ→ eee.
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process with a virtual photon is given by

Mγ =
−e2f2

32π2m2
E

3∑
i

U∗eiUµiū(p1)

[
Ge(xi)

(
γα − qα/q

q2

)
PL − imµGγ(xi)

σαβqβ
q2

PR

]
O

− (p1 ↔ p2), (4.31)

where O ≡ uµ(p)ū(p2)γαv(p3), PL,R = (1∓ γ5)/2, q = p− p1 and

Ge(x) =
7− 36x+ 45x2 − 16x3 + 6x2(2x− 3) lnx

18(x− 1)4
. (4.32)

The amplitude for the process with a virtual Z boson has a similar form because EL,R is

vector-like, but it is further suppressed by m2
Z . The amplitude for the box diagram is given

by

iMB =
if4[ū(p1)γαPLuµ(p)ū(p2)γαPLv(p3)− (p1 ↔ p2)]

64π2m2
E

3∑
i,j=1

UµiU
∗
ej [UeiU

∗
ej − UejU∗ei]Bij ,

(4.33)

where

Bij =
B(xi)−B(xj)

xi − xj
i 6= j, Bii =

x2
i − 2xi lnxi − 1

(xi − 1)3
, B(x) =

x2 lnx

(x− 1)2
− 1

x− 1
. (4.34)

With the same specific choice of parameters as in Eq. (4.29) we find that the box

diagram contribution is dominant. Hence the µ→ eee branching fraction is

B′ =
f8

2(8π)4m4
EG

2
F

∣∣∣∣ 3∑
i,j=1

UµiU
∗
ej [UeiU

∗
ej − UejU∗ei]Bij

∣∣∣∣2. (4.35)

Using the bound [136] on µ→ eee decay and for small xi we have

B′ =
f8

2(8π)4m4
EG

2
F

sin2(4θ13)

8
< 1.0× 10−12. (4.36)

This constraint is easily satisfied for GFm
2
E ' 1, f = 0.2, which yields B′ = 1.35× 10−13.
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4.6 Dark Matter

As for dark matter, there is a one-to-one correlation of the neutrino mass eigen-

states to the s1,2,3 mass eigenstates, the lightest of which is dark matter. Due to the

presence of the A4 symmetry, the dark matter parity of this model is also derivable from

lepton parity [137]. Under lepton parity, let the new particles (E0, E−), N be even and

s, x, y be odd, then the same Lagrangian is obtained. As a result, dark parity is simply

given by (−1)L+2j , which is odd for all the new particles and even for all the SM particles.

Note that the tree-level Yukawa coupling l̄LlRφ
0 would be allowed by lepton parity alone,

but is forbidden here because of the A4 symmetry.

If the Yukawa coupling f of s to leptons is small, its relic density and elastic cross

section off nuclei are both controlled by the interaction λvhs2. As such, an analysis [116]

claims that the resulting allowed parameter space is limited to a small region near ms <

mh/2. To evade this constraint, the mechanism of Ref. [121] may be invoked. Add a complex

neutral singlet scalar χ ∼ 1′ under A4 with Z2 even. The dimension-four terms of the

Lagrangian are of course required to be invariant under A4. We assume that the dimension-

three terms are also invariant: χ3, (χ†)3, (s2
1 +ω2s2

2 +ωs2
3)χ, and (s2

1 +ωs2
2 +ω2s2

3)χ†. The

symmetry A4 is broken only by the dimension-two terms: χ2, (χ†)2, and sisj . As a result,

χ is split into χR and χI , each mixing with h radiatively. In the physical basis, the dark

matter s has residual s2χR,I interactions which contribute to its annihilation cross section,

but do not affect its scattering off nuclei through h exchange.

Let us denote the χR,I masses with mR,I . For illustration, we assume mR < ms <

mI , and take the χIχ
2
R coupling to be zero, so that the annihilations shown in Fig. 4.6 are
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controlled by the interaction terms

− Lint =
λ′

4
s2χ2

R +
g

2
s2χR +

g′

3!
χ3
R (4.37)

s

s

χR,I

χR,I

χR,I

χR,I

χR,I

s

s

s

χR,I

χR,I

s

s

Figure 4.6: s s annihilation to χR,I mass eigenstates.

As a result, the annihilation cross section times relative velocity is given by

σ × vrel =

√
1− (mR/ms)2

64πm2
s

(
λ′ +

g′g

4m2
s −m2

R

− g2

2m2
s −m2

R

)2

. (4.38)

Setting this equal to 2.2× 10−26 cm3s−1, with ms = 200 GeV and mR = 150 GeV, we find

λ′ + 0.073

( √
g′g

100 GeV

)2

− 0.174
( g

100 GeV

)2
= 0.1514. (4.39)

Note that χR decays to SM particles through its mixing with h. As mentioned earlier, the

spin-independent elastic cross section proceeds through h exchange, with

σSI =
λ2f2

Nµ
2m2

N

πm4
hm

2
s

, (4.40)

where µ = mNms/(mN + ms) is the DM-nucleon reduced mass, mN = (mp + mn)/2 =

938.95 MeV is the nucleon mass, and fN = 0.3 is the Higgs-nucleon coupling factor [138].

The LUX bound [139] for ms = 200 GeV is σ ≈ 1.5 zb , which implies

λ < 3.3× 10−4. (4.41)
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4.7 Conclusion

In conclusion, in the context of a specific A4 scotogenic (dark-matter-induced)

model of radiative neutrino and charged-lepton masses with the one Higgs boson of the

standard model, we study finite calculable anomalous Higgs couplings with possible large

deviations from the SM predictions. We show that the observed discrepancy in the muon

anomalous magnetic moment may be explained by new particles in the TeV mass range,

with predictions for the lepton flavor violating processes µ → eγ and µ → eee. We also

discuss the nature of the expected dark matter in this scenario.
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Chapter 5

Phenomenology of the Utilitarian

Supersymmetric Standard Model

5.1 Introduction

In 2002, a model was proposed [140] which extends the supersymmetric standard

model by a new U(1)X gauge symmetry. It replaces the µ term with a singlet scalar

superfield which also couples to heavy color-triplet superfields which are electroweak sin-

glets. The latter are not ad hoc inventions, but are necessary for the cancellation of axial-

vector anomalies. It was shown in Ref. [140] how this was accomplished by the remarkable

exact factorization of the sum of eleven cubic terms, resulting in two generic classes of solu-

tions [141]. Both are able to enforce the conservation of baryon number and lepton number

up to dimension-five terms. As such, the scalar singlet and the vectorlike quarks are in-

dispensible ingredients of this 2002 model. In 2010 [142], a specific version was discussed,
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which will be the subject of this paper as well. An important byproduct of this study is the

discovery of relaxed supersymmetric constraints on the Higgs boson’s mass of 125 GeV.

In 2015, ATLAS [143] and CMS [144] announced a diphoton excess around 750

GeV. At that point, numerous papers [145] have appeared, explaining its presence or dis-

cussing its implications. In this paper, we study the phenomenology of the 2002 model,

which has exactly all the necessary and sufficient particles and interactions for this pur-

pose. Of course, they were there for solving other issues in particle physics. The observed

diphoton excess could have been a first revelation [146] of this model, including its connec-

tion to dark matter. However, this excess was absent in data collected in 2016, suggesting

that the diphoton excess was a statistical fluctuation [147,148].

5.2 Model

Consider the gauge group SU(3)C × SU(2)L × U(1)Y × U(1)X with the particle

content of Ref. [140]. For n1 = 0 and n4 = 1/3 in Solution (A), the various superfields trans-

form as shown in Table 5.1. There are three copies of Q, uc, dc, L, ec, N c, S1, S2; two copies

of U,U c, S3; and one copy of φ1, φ2, D,D
c. The only allowed terms of the superpotential

are thus trilinear, i.e.

Qucφ2, Qdcφ1, Lecφ1, LN cφ2, S3φ1φ2, N cN cS1, (5.1)

S3UU
c, S3DD

c, ucN cU, ucecD, dcN cD, QLDc, S1S2S3. (5.2)

The absence of any bilinear term means that all masses come from soft supersymmetry

breaking, thus explaining why the U(1)X and electroweak symmetry breaking scales are not
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Table 5.1: Particle content of proposed model.

Superfield SU(3)C SU(2)L U(1)Y U(1)X
Q = (u, d) 3 2 1/6 0

uc 3∗ 1 −2/3 1/2
dc 3∗ 1 1/3 1/2

L = (ν, e) 1 2 −1/2 1/3
ec 1 1 1 1/6
N c 1 1 0 1/6

φ1 1 2 −1/2 −1/2
φ2 1 2 1/2 −1/2
S1 1 1 0 −1/3
S2 1 1 0 −2/3
S3 1 1 0 1

U 3 1 2/3 −2/3
D 3 1 −1/3 −2/3
U c 3∗ 1 −2/3 −1/3
Dc 3∗ 1 1/3 −1/3

far from that of supersymmetry breaking. As S1,2,3 acquire nonzero vacuum expectation

values (VEVs), the exotic (U,U c) and (D,Dc) fermions obtain Dirac masses from 〈S3〉,

which also generates the µ term. The singlet N c fermion gets a large Majorana mass from

〈S1〉, so that the neutrino ν gets a small seesaw mass in the usual way. The singlet S1,2,3

fermions themselves get Majorana masses from their scalar counterparts 〈S1,2,3〉 through

the S1S2S3 terms. The only massless fields left are the usual quarks and leptons. They then

become massive as φ0
1,2 acquire VEVs, as in the minimal supersymmetric standard model

(MSSM).

Because of U(1)X , the structure of the superpotential conserves both B and (−1)L,

withB = 1/3 forQ,U,D, andB = −1/3 for uc, dc, U c, Dc; (−1)L odd for L, ec, N c, U, U c, D,Dc,

and even for all others. Hence the exotic U,U c, D,Dc scalars are leptoquarks and decay

into ordinary quarks and leptons. The R parity of the MSSM is defined here in the same
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way, i.e. R ≡ (−)2j+3B+L, and is conserved. Note also that the quadrilinear terms QQQL

and ucucdcec (allowed in the MSSM) as well as ucdcdcN c are forbidden by U(1)X . Proton

decay is thus strongly suppressed. It may proceed through the quintilinear term QQQLS1

as the S1 fields acquire VEVs, but this is a dimension-six term in the effective Lagrangian,

which is suppressed by two powers of a very large mass, say the Planck mass, and may

safely be allowed.

5.3 Gauge Sector

The new ZX gauge boson of this model becomes massive through 〈S1,2,3〉 = u1,2,3,

whereas 〈φ0
1,2〉 = v1,2 contribute to both Z and ZX . The resulting 2×2 mass-squared matrix

is given by [149]

M2
Z,ZX

=

 (1/2)g2
Z(v2

1 + v2
2) (1/2)gZgX(v2

2 − v2
1)

(1/2)gZgX(v2
2 − v2

1) 2g2
X [(1/9)u2

1 + (4/9)u2
2 + u2

3 + (1/4)(v2
1 + v2

2)]

 . (5.3)

Since precision electroweak measurements require Z − ZX mixing to be very small [150],

v1 = v2, i.e. tanβ = 1, is preferred. With the 2012 discovery [49, 50] of the 125 GeV

particle, and identified as the one Higgs boson h responsible for electroweak symmetry

breaking, tanβ = 1 is not compatible with the MSSM, but is perfectly consistent here, as

shown already in Ref. [142] and in more detail in the next section.

Consider the decay of ZX to the usual quarks and leptons. Each fermionic partial

width is given by

Γ(ZX → f̄f) =
g2
XMZX

24π
[c2
L + c2

R], (5.4)
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where cL,R can be read off under U(1)X from Table 5.1. Thus

Γ(ZX → t̄t)

Γ(ZX → µ+µ−)
=

Γ(ZX → b̄b)

Γ(ZX → µ+µ−)
=

27

5
. (5.5)

This will serve to distinguish it from other Z ′ models [151].

At the LHC, limits on the mass of any Z ′ boson depend on its production by u

and d quarks times its branching fraction to e−e+ and µ−µ+. In a general analysis of Z ′

couplings to u and d quarks,

L =
g′

2
Z ′µf̄γµ(gV − gAγ5)f, (5.6)

where f = u, d. The cu, cd coefficients used in an experimental search [114, 152] of Z ′ are

then given by

cu =
g′2

2
[(guV )2 + (guA)2]B(Z ′ → l−l+), cd =

g′2

2
[(gdV )2 + (gdA)2]B(Z ′ → l−l+), (5.7)

where l = e, µ. In this model

cu = cd =
g2
X

4
B(Z ′ → l−l+). (5.8)

To estimate B(Z ′ → l−l+), we assume ZX decays to all SM quarks and leptons with effective

zero mass, all the scalar leptons with effective mass of 500 GeV, all the scalar quarks with

effective mass of 800 GeV, the exotic U,D fermions with effective mass of 400 GeV (needed

to explain the diphoton excess), and one pseudo-Dirac fermion from combining S̃1,2 (the

dark matter candidate to be discussed) with mass of 200 GeV. We find B(Z ′ → l−l+) = 0.04,

and for gX = 0.53, a lower bound of 2.85 TeV on mZX is obtained from the LHC data based

on the 7 and 8 TeV runs.
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5.4 Scalar Sector

Consider the scalar potential consisting of φ1,2 and S1,2,3, where only the S1,2,3

scalars with VEVs are included. The superpotential linking the corresponding superfields

is

W = fS3φ1φ2 + hS3S2S1. (5.9)

Its contribution to the scalar potential is

VF = f2(Φ†1Φ1 + Φ†2Φ2)S∗3S3 + h2(S∗1S1 + S∗2S2)S∗3S3 + |fΦ†1Φ2 + hS1S2|2, (5.10)

where φ1 has been redefined to Φ1 = (φ+
1 , φ

0
1). The gauge contribution is

VD =
1

8
g2

2[(Φ†1Φ1)2 + (Φ†2Φ2)2 + 2(Φ†1Φ1)(Φ†2Φ2)− 4(Φ†1Φ2)(Φ†2Φ1)]

+
1

8
g2

1[−(Φ†1Φ1) + (Φ†2Φ2)]2

+
1

2
g2
X

[
−1

2
Φ†1Φ1 −

1

2
Φ†2Φ2 −

1

3
S∗1S1 −

2

3
S∗2S2 + S∗3S3

]2

. (5.11)

The soft supersymmetry-breaking terms are

Vsoft = µ2
1Φ†1Φ1 + µ2

2Φ†2Φ2 +m2
3S
∗
3S3 +m2

2S
∗
2S2 +m2

1S
∗
1S1

+ [m12S
∗
2S

2
1 +AffS3Φ†1Φ2 +AhhS3S2S1 +H.c.]. (5.12)

In addition, there is an important one-loop contribution from the t quark and its supersym-

metric scalar partners:

Vt =
1

2
λ2(Φ†2Φ2)2, (5.13)

where

λ2 =
6G2

Fm
4
t

π2
ln

(
mt̃1

mt̃2

m2
t

)
(5.14)
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is the well-known correction which allows the Higgs mass to exceed mZ .

Let 〈φ0
1,2〉 = v1,2 and 〈S1,2,3〉 = u1,2,3, we study the conditions for obtaining a

minimum of the scalar potential V = VF + VD + Vsoft + Vt. We look for the solution

v1 = v2 = v which implies that

µ2
1 = µ2

2 + λ2v
2 (5.15)

0 = µ2
1 +Affu3 + f2(u2

3 + v2) +
1

2
g2
X

(
v2 +

1

3
u2

1 +
2

3
u2

2 − u2
3

)
+ fhu1u2. (5.16)

We then require that this solution does not mix the Re(φ1,2) and Re(S1,2,3) sectors. The

additional conditions are

0 = Aff + (2f2 − g2
X)u3, (5.17)

0 =
1

3
g2
Xu1 + fhu2, (5.18)

0 =
2

3
g2
Xu2 + fhu1. (5.19)

Hence

u1 =
√

2u2, fh =
−
√

2g2
X

3
. (5.20)

The 2× 2 mass-squared matrix spanning [
√

2Re(φ0
1),
√

2Re(φ0
2)] is

M2
φ =

 κ+ g2
Xv

2/2 −κ+ g2
Xv

2/2 + 2f2v2

−κ+ g2
Xv

2/2 + 2f2v2 κ+ g2
Xv

2/2 + 2λ2v
2

 , (5.21)

where

κ = (2f2 − g2
X)u2

3 +
2

3
g2
Xu

2
2 +

1

2
(g2

1 + g2
2)v2. (5.22)

For λ2v
2 << κ, the Higgs boson h ' Re(φ0

1 + φ0
2) has a mass given by

m2
h '

(
g2
X + 2f2 + λ2

)
v2, (5.23)
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whereas its heavy counterpart H ' Re(−φ0
1 + φ0

2) has a mass given by

m2
H ' (4f2 − 2g2

X)u2
3 +

4

3
g2
Xu

2
2 + (g2

1 + g2
2 − 2f2 + λ2)v2. (5.24)

The conditions for obtaining the minimum of V in the S1,2,3 directions are

0 = m2
3 + g2

Xu
2
3 +

(
3h2 − 4

3
g2
X

)
u2

2 +

√
2Ahhu

2
2

u3
, (5.25)

0 = m2
2 + 2m12u2 +

(
2h2 +

8

9
g2
X

)
u2

2 +

(
h2 − 2

3
g2
X

)
u2

3 +
√

2Ahhu3, (5.26)

0 = m2
1 + 2m12u2 +

(
h2 +

4

9
g2
X

)
u2

2 +

(
h2 − 1

3
g2
X

)
u2

3 +
1√
2
Ahhu3. (5.27)

The 3× 3 mass-squared matrix spanning [
√

2Re(S1),
√

2Re(S2),
√

2Re(S3)] is given by

m2
11 =

4

9
g2
Xu

2
2 −

1√
2
Ahhu3 +

1

3
g2
Xv

2, m2
22 = 2m2

11 − 2m12u2, (5.28)

m2
12 = m2

21 = 2
√

2m12u2 +Ahhu3 + 2
√

2

(
h2 +

2

9
g2
X

)
u2

2 −
√

2

3
g2
Xv

2, (5.29)

m2
33 = 2g2

Xu
2
3 −
√

2Ahhu
2
2/u3 + (2f2 − g2

X)v2, (5.30)

m2
13 = m2

31 = Ahhu2 + 2
√

2

(
h2 − 1

3
g2
X

)
u3u2, (5.31)

m2
23 = m2

32 =
√

2Ahhu2 + 2

(
h2 − 2

3
g2
X

)
u3u2. (5.32)

The 5×5 mass-squared matrix spanning [
√

2Im(φ0
1),
√

2Im(φ0
2),
√

2Im(S1),
√

2Im(S2),
√

2Im(S3)]

has two zero eigenvalues, corresponding to the would-be Goldstone modes

(1, 1, 0, 0, 0) and (v/2,−v/2,−
√

2u2/3,−2u2/3, u3), (5.33)

for the Z and ZX gauge bosons. One exact mass eigenstate isA12 = [2Im(S1)−
√

2Im(S2)]/
√

3

with mass given by

m2
A12

= −6m12u2. (5.34)
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Assuming that v2 << u2
2,3, the other two mass eigenstates are A ' −Im(φ0

1) + Im(φ0
2) and

AS ' [u3Im(S1) +
√

2u3Im(S2) +
√

2u2Im(S3)]/
√
u2

2 + 3u2
3/2 with masses given by

m2
A ' (4f2 − 2g2

X)u2
3 +

4

3
g2
Xu

2
2, (5.35)

m2
AS

' −Ahh
(

3u3√
2

+

√
2u2

2

u3

)
, (5.36)

respectively. The charged scalar H± = (−φ±1 + φ±2 )/
√

2 has a mass given by

m2
H± = (4f2 − 2g2

X)u2
3 +

4

3
g2
Xu

2
2 + (g2

2 − 2f2)v2. (5.37)

5.5 Physical Scalars and Pseudoscalars

In the MSSM without radiative corrections,

m2
H± = m2

A +m2
W , (5.38)

m2
h,H =

1

2

(
m2
A +m2

Z ∓
√

(m2
A +m2

Z)2 − 4m2
Zm

2
A cos2 2β

)
, (5.39)

where tanβ = v2/v1. For v1 = v2 as in this model, mh would be zero. There is of

course the important radiative correction from Eq. (14), but that alone will not reach 125

GeV. Hence the MSSM requires both large tanβ and large radiative correction, but a

significant tension remains in accommodating all data. In this model, as Eq. (23) shows,

m2
h ' (g2

X + 2f2 + λ2)v2, where v = 123 GeV. This is a very interesting and important

result, allowing the Higgs boson mass to be determined by the gauge U(1)X coupling gX in

addition to the Yukawa coupling f which replaces the µ parameter, i.e. µ = fu3. There is

no tension between mh = 125 GeV and the superparticle mass spectrum. Since λ2 ' 0.25

for m̃t ' 1 TeV, we have the important constraint√
g2
X + 2f2 ' 0.885. (5.40)
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For illustration, we have already chosen gX = 0.53. Hence f = 0.5 and for u3 = 2 TeV,

fu3 = 1 TeV is the value of the µ parameter of the MSSM. Let us choose u2 = 4 TeV, then

mZX = 2.87 TeV, which is slightly above the present experimental lower bound of 2.85 TeV

using gX = 0.53 discussed earlier.

As for the heavy Higgs doublet, the four components (H±, H,A) are all degenerate

in mass, i.e. m2 ' (4f2 − 2g2
X)u2

3 + (4/3)g2
Xu

2
2 up to v2 corrections. Each mass is then

about 2.78 TeV. In more detail, as shown in Eq. (37), m2
H± is corrected by g2

2v
2 = m2

W plus

a term due to f . As shown in Eq. (24), m2
H is corrected by (g2

1 + g2
2)v2 = m2

Z plus a term

due to f and λ2. These are exactly in accordance with Eqs. (38) and (39).

In the S1,2,3 sector, the three physical scalars are mixtures of all three Re(Si)

components, whereas the physical pseudoscalar A12 has no Im(S3) component. Since only

S3 couples to UU c, DDc, and φ1φ2, a candidate for the 750 GeV diphoton resonance must

have an S3 component. It could be one of the three scalars or the pseudoscalar AS , or

the other S3 without VEV. In the following, we will consider the last option, specifically

a pseudoscalar χ with a significant component of this other S3. This allows the χUU c,

χDDc and χφ1φ2 couplings to be independent of the masses of U , D, and the charged

higgsino. The other scalars and pseudoscalars are assumed to be much heavier, and yet to

be discovered.

5.6 Diphoton Excess

In this model, other than the addition of N c for seesaw neutrino masses, the only

new particles are U,U c, D,Dc and S1,2,3, which would be exactly the ingredients needed
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to explain the diphoton excess1 at the LHC. The allowed S3UU
c and S3DD

c couplings

enable the one-loop gluon production of S3 in analogy to that of h. The one-loop decay

g

g

S3

U,D

U,D

Figure 5.1: One-loop production of S3 by gluon fusion.

of S3 to two photons comes from these couplings as well as S3φ1φ2. In addition, the

γ

γ

S3

U,D, φ

U,D, φ

Figure 5.2: One-loop decay of S3 to two photons.

direct S1S2S3 couplings enable the decay of S3 to other final states, including those of

the dark sector, which contribute to its total width. The fact that the exotic U,U c, D,Dc

scalars are leptoquarks is also very useful for understanding [153] other possible LHC flavor

anomalies. In a nutshell, a desirable comprehensive picture of possible new physics beyond

1Note that the 2015 diphoton excess disappeared in the more recent analyses in 2016. Nevertheless, the
analysis here may be instructive for possible signals in the future.

62



the standard model is encapsulated by this existing model. In the following, we assume

that the pseudoscalar χ is the 750 GeV particle, and show how its production and decay

are consistent with the 2015 data.

The production cross section through gluon fusion is given by

σ̂(gg → χ) =
π2

8m2
χ

Γ(χ→ gg)δ(ŝ−m2
χ). (5.41)

For the LHC at 13 TeV, the diphoton cross section is roughly [154]

σ(gg → χ→ γγ) ' (100 pb)× (λg TeV)2 ×B(χ→ γγ), (5.42)

where λg is the effective coupling of χ to two gluons, normalized by

Γ(χ→ gg) =
λ2
g

8π
m3
χ. (5.43)

Let the χQ̄Q coupling be fQ, then

λg =
αs
πmχ

∑
Q

fQF (m2
Q/m

2
χ), (5.44)

where [155]

F (x) = 2
√
x

[
arctan

(
1√

4x− 1

)]2

, (5.45)

which has the maximum value of π2/4 = 2.47 as x → 1/4. Let f2
Q/4π = 0.21 and

F (m2
Q/m

2
χ) = 2.0 (i.e. mQ = 380 GeV) for all Q = U,U,D, then λg = 0.49 TeV−1.

For the corresponding

Γ(χ→ γγ) =
λ2
γ

64π
m3
χ, (5.46)

the φ± higgsino contributes as well as U,D. However, its mass is roughly fu3 = 1 TeV, so

F (xφ) = 0.394, and

λγ =
2α

πmχ

∑
ψ

NψQ
2
ψfψF (xψ), (5.47)
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where ψ = U,U,D, φ± and Nψ is the number of copies of ψ. Using f2
φ/4π = 0.21 as well,

λγ = 0.069 TeV−1 is obtained. We then have Γ(χ → γγ) = 10 MeV and Γ(χ → gg) = 4.0

GeV. If B(χ → γγ) = 2.5 × 10−4, then σ = 6 fb, and the total width of χ is 40 GeV, in

good agreement with data [143,144].

As mentioned earlier, there are 2 copies of S3 and 3 copies each of S1,2. In addition

to the ones with VEVs in their scalar components, there are 5 other superfields. One pair

S̃1,2 may form a pseudo-Dirac fermion, and be the lightest particle with odd R parity. It

will couple to χ, say with strength fS which is independent of all other couplings that we

have discussed, then the tree-level decay χ → S̃1S̃2 dominates the total width of χ and is

invisible.

Γ(χ→ S̃1S̃2) =
f2
S

8π

√
m2
χ − 4m2

S . (5.48)

For mχ = 750 GeV and mS = 200 GeV, we find Γ = 36 GeV if fS = 1.2. These numbers

reinforce our numerical analysis to support the claim that χ could be a possible candidate

for the 750 GeV diphoton excess. Note also that λg and λγ have scalar contributions which

we have not considered. Adding them will allow us to reduce the fermion contributions we

have assumed and still get the same final reuslts.

If we disregard the decay to dark matter (fS = 0), then the total width of χ is

dominated by Γ(χ → gg), which is then less than a GeV. Assuming that the cross section

for the diphoton resonance is 6.2 ± 1 fb [154], we plot the allowed values of f2
Q/4π versus

mQ for both fS = 1.2 which gives a total width of about 40 GeV for χ, and fS = 0 which

requires much smaller values of f2
Q/4π. Since χ must also decay into two gluons, we show

the diject exclusion upper limits (∼ 2 pb) from the 8 TeV data in each case as well.
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Figure 5.3: Allowed region for diphoton cross section of 6.2± 1 fb.
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5.7 Scalar Neutrino and Neutralino Sectors

In the neutrino sector, the 2× 2 mass matrix spanning (ν,N c) per family is given

by the well-known seesaw structure:

Mν =

 0 mD

mD mN

 , (5.49)

where mD comes from v2 and mN from u1. There are two neutral complex scalars with

odd R parity per family, i.e. ν̃ = (ν̃R + iν̃I)/
√

2 and Ñ c = (Ñ c
R + iÑ c

I )/
√

2. The 4 × 4

mass-squared matrix spanning (ν̃R, ν̃I , Ñ
c
R, Ñ

c
I ) is given by

M2
ν̃,Ñc =



m2
ν̃ 0 ADmD 0

0 m2
ν̃ 0 −ADmD

ADmD 0 m2
Ñc +ANmN 0

0 −ADmD 0 m2
Ñc −ANmN


. (5.50)

In the MSSM, ν̃ is ruled out as a dark-matter candidate because it interacts elastically

with nuclei through the Z boson. Here, the AN term allows a mass splitting between the

real and imaginary parts of the scalar fields, and avoids this elastic-scattering constraint by

virtue of kinematics. However, we still assume their masses to be heavier than that of S̃1,2,

discussed in the previous section.

In the neutralino sector, in addition to the 4×4 mass matrix of the MSSM spanning
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(B̃, W̃3, φ̃
0
1, φ̃

0
2) with the µ parameter replaced by fu3, i.e.

M0 =



M1 0 −g1v1/
√

2 g1v2/
√

2

0 M2 g2v1/
√

2 −g2v2/
√

2

−g1v1/
√

2 g2v1/
√

2 0 −fu3

g1v2/
√

2 −g2v2/
√

2 −fu3 0


, (5.51)

there is also the 4× 4 mass matrix spanning (X̃, S̃3, S̃2, S̃1), i.e.

MS =



MX

√
2gXu3 −2

√
2gXu2/3 −

√
2gXu1/3

√
2gXu3 0 hu1 hu2

−2
√

2gXu2/3 hu1 0 hu3

−
√

2gXu1/3 hu2 hu3 0


. (5.52)

The two are connected through the 4× 4 matrix

M0S =



0 0 0 0

0 0 0 0

−gxv1/
√

2 −fv2 0 0

−gXv2/
√

2 −fv1 0 0


. (5.53)

These neutral fermions are odd under R parity and the lightest could in principle be a dark-

matter candidate. To avoid the stringent bounds on dark matter with the MSSM alone, we

assume again that all these particles are heavier than S̃1,2, as the dark matter discussed in

the previous section.
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5.8 Dark Matter

The 5 × 5 mass matrix spanning the 5 singlet fermions (S̃1, S̃2, S̃1, S̃2, S̃3), corre-

sponding to superfields with zero VEV for their scalar components, is given by

MS̃ =



0 m0 0 0 m13

m0 0 0 0 m23

0 0 0 M3 M2

0 0 M3 0 M1

m13 m23 M2 M1 0


. (5.54)

Note that the 4× 4 submatrix spanning (S̃1, S̃2, S̃1, S̃2) has been diagonalized to form two

Dirac fermions. We can choose m0 to be small, say 200 GeV, and M1,2,3 to be large, of

order TeV. However, because of the mixing terms m13,m23, the light Dirac fermion gets

split into two Majorana fermions, so it should be called a pseudo-Dirac fermion.

The dark matter with odd R parity is the lighter of the two Majorana fermions,

call it S̃, contained in the pseudo-Dirac fermion formed out of S̃1,2 as discussed in Sec. 6. It

couples to the ZX gauge boson, but in the nonrelativistic limit, its elastic scattering cross

section with nuclei through ZX vanishes because it is Majorana. It also does not couple

directly to the Higgs boson h, so its direct detection at underground search experiments is

very much suppressed. However, it does couple to AS which couples also to quarks through

the very small mixing of AS with A. This is further suppressed because it contributes only

to the spin-dependent cross section. To obtain a spin-independent cross section at tree level,

the constraint of Eqs. (17) to (19) have to be relaxed so that h mixes with S1,2,3.

Let the coupling of h to S̃S̃ be ε, then the effective interaction for elastic scattering
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of S̃ with nuclei through h is given by

Leff =
εfq
m2
h

S̃S̃q̄q, (5.55)

where fq = mq/2v = mq/(246 GeV). The spin-independent direct-detection cross section

per nucleon is given by

σSI =
4µ2

DM

πA2
[λpZ + (A− Z)λn]2, (5.56)

where µDM = mDMMA/(mDM +MA) is the reduced mass of the dark matter. Using [156]

λN =

∑
u,d,s

fNq +
2

27

1−
∑
u,d,s

fNq

 εmN

(246 GeV)m2
h

, (5.57)

with [157]

fpu = 0.023, fpd = 0.032, fps = 0.020, (5.58)

fnu = 0.017, fnd = 0.041, fns = 0.020, (5.59)

we find λp ' 3.50 × 10−8 GeV−2, and λn ' 3.57 × 10−8 GeV−2. Using A = 131, Z = 54,

and MA = 130.9 atomic mass units for the LUX experiment [139], and mDM = 200 GeV,

we find for the upper limit of σSI < 1.5× 10−45 cm2, the bound ε < 6.5× 10−4.

We have already invoked the χS̃1S̃2 coupling to obtain a large invisible width for

χ. Consider now the fermion counterpart of χ, call it S̃′, and the scalar counterparts of S̃1,2,

then the couplings S̃′S̃1S2 and S̃′S̃2S1 are also fS = 1.2. Suppose one linear combination of

S1,2 , call it ζ, is lighter than 200 GeV, then the thermal relic abundance of dark matter is

determined by the annihilation S̃S̃ → ζζ, with a cross section times relative velocity given

by

σ × vrel =
f4
ζm

2
S′

√
1−m2

ζ/m
2
S

16π(m2
S′ +m2

S −m2
ζ)

2
. (5.60)
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Setting this equal to the optimal value [105] of 2.2 × 10−26 cm3/s, we find fζ ' 0.62 for

mS′ = 1 TeV, mS = 200 GeV, and mζ = 150 GeV. Note that ζ stays in thermal equilibrium

through its interaction with h from a term in VD. It is also very difficult to be produced at

the LHC, because it is an SM singlet, so its mass of 150 GeV is allowed.

5.9 Conclusion

The utilitarian supersymmetric U(1)X gauge extension of the Standard Model

of particle interactions proposed 14 years ago [140] allows for two classes of anomaly-free

models which have no µ term and conserve baryon number and lepton number automatically.

A simple version [142] with leptoquark superfields is especially interesting because of existing

LHC flavor anomalies.

The new ZX gauge boson of this model has specified couplings to quarks and

leptons which are distinct from other gauge extensions and may be tested at the LHC.

Since S3 couples to leptoquarks, the S3 → l+i l
−
j decay must occur at some level. As such,

S3 → e+µ− would be a very distinct signature at the LHC. Its branching fraction depends

on unknown Yukawa couplings which need not be very small. Similarly, the S3 couplings

to φ1φ2 as well as leptoquarks imply decays to ZZ and Zγ with rates comparable to γγ.

An important consequence of this study is the discovery of relaxed supersymmetric

constraints on the Higgs boson’s mass of 125 GeV. It is now given by Eq. (5.23), i.e.

m2
h ' (g2

X +2f2 +λ2)v2, which allows it to be free of the tension encountered in the MSSM.
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Chapter 6

Gauge B − L Model of Radiative

Neutrino Mass with Multipartite

Dark Matter

6.1 Introduction

It is well-known that a gauge B−L symmetry is supported by a simple extension

of the standard model (SM) of quarks and leptons with the addition of one singlet right-

handed neutrino per family, so that the theory is anomaly-free. For convenience in notation,

let these three extra neutral fermion singlets N be left-handed, then their charges under

U(1)B−L are (1,1,1). Their additional contributions to the axial-vector anomaly and the

mixed gauge-gravitational anomaly are respectively

(1)3 + (1)3 + (1)3 = 3, (1) + (1) + (1) = 3, (6.1)
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which cancel exactly those of the SM quarks and leptons. On the other hand, it has been

known for some time [109] that another set of charges are possible, i.e.

(−5)3 + (4)3 + (4)3 = 3, (−5) + (4) + (4) = 3. (6.2)

Adding also three pairs of neutral singlet fermions with charges (1,−1), naturally small

seesaw Dirac masses for the known three neutrinos may be obtained [110], and a residual

global U(1) symmetry is maintained as lepton number. A further extension in the scalar

sector allows for the unusual case of Z3 lepton number [4] with the appearance of a scalar

dark-matter candidate which is unstable but long-lived and decays to two antineutrinos.

Here we consider another set of possible charges for the neutral fermion singlets, such that

tree-level neutrino masses are forbidden. New scalar particles transforming under U(1)B−L

are then added to generate one-loop Majorana neutrino masses. The breaking of B − L to

Z2 results in lepton parity and thus R parity or dark parity [137] which is odd for some

particles, the lightest neutral one being dark matter. A closer look st the neutral fermion

singlets shows that one may be a keV sterile neutrino, and two others are heavy and stable,

thus realizing the interesting scenario of multipartite dark matter. If color-triplet fermions

with both B and L are added, the diphoton excess [143, 144] at 750 GeV, observed at the

Large Hadron Collider (LHC) in 2015, could also be explained.

6.2 Model

The extra left-handed neutral singlet fermions have charges (2, 2, 2, 2,−1,−1,−3),

so that

4(2)3 + 2(−1)3 + (−3)3 = 3, 4(2) + 2(−1) + (−3) = 3. (6.3)
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Since there is no charge +1 in the above, there is no connection between them and the

doublet neutrinos ν with charge −1 through the one Higgs doublet Φ which has charge

zero. Neutrinos are thus massless at tree level. To generate one-loop Majorana masses,

the basic mechanism of Ref. [66] is adopted, using the four fermions with charge +2, but

because of the U(1)B−L gauge symmetry, we need both a scalar doublet (η+, η0) and a

scalar singlet χ0. The U(1)B−L gauge symmetry itself is broken by ρ0
2 with charge −2 and

Table 6.1: Particle content of proposed model.

Particle SU(3)C SU(2)L U(1)Y B L B − L copies R parity

Q = (u, d) 3 2 1/6 1/3 0 1/3 3 +
uc 3∗ 1 −2/3 −1/3 0 −1/3 3 +
dc 3∗ 1 1/3 −1/3 0 −1/3 3 +

L = (ν, e) 1 2 −1/2 0 1 −1 3 +
ec 1 1 1 0 −1 1 3 +

N 1 1 0 0 −2 2 4 −
S 1 1 0 0 1 −1 2 +
S′ 1 1 0 0 3 −3 1 +

Φ = (φ+, φ0) 1 2 1/2 0 0 0 1 +
η = (η+, η0) 1 2 1/2 0 1 −1 1 −

χ0 1 1 0 0 1 −1 1 −
ρ0

2 1 1 0 0 2 −2 1 +
ρ0

4 1 1 0 0 4 −4 1 +

D1 3 1 −1/3 1/3 1 −2/3 1 −
D2 3 1 −1/3 1/3 −1 4/3 1 −
Dc

1 3∗ 1 1/3 −1/3 −1 2/3 1 −
Dc

2 3∗ 1 1/3 −1/3 1 −4/3 1 −

by ρ0
4 with charge −4. The leptoquark fermions D1,2 and Dc

1,2 are not necessary for neutrino

mass, but are natural extensions of this model to accommodate the diphoton excess at 750

GeV. The complete particle content of this model is shown in Table 6.1.
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6.3 Radiative Neutrino Mass

Using the four N ’s, radiative Majorana masses for the three ν’s are generated

as shown in Fig. 6.1. Note that N, η, χ all have odd R parity, so that the lightest neutral

νi νjNk Nk

η0 η0

ρ02

ρ04

χ0 χ0φ0 φ0

Figure 6.1: Radiative generation of neutrino mass through dark matter.

particle among them is a dark-matter candidate. This is the scotogenic mechanism, from the

Greek ’scotos’ meaning darkness. In addition to the η†Φχ trilinear coupling used in Fig. 6.1,

there is also the η†Φχ†ρ2 quadrilinear coupling, which may also be used to complete the

loop. There are 4 real scalar fields, spanning
√

2Re(η0),
√

2Im(η0),
√

2Re(χ0),
√

2Im(χ0).

We denote their mass eigenstates as ζ0
l with mass ml. Let the νiNkη

0 coupling be hνik, then

the radiative neutrino mass matrix is given by [66]

(Mν)ij =
∑
k

hνikh
ν
jkMk

16π2

∑
l

[(yRl )2F (xlk)− (yIl )2F (xlk)], (6.4)
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where
√

2Re(η0) =
∑

l y
R
l ζ

0
l ,
√

2Im(η0) =
∑

l y
I
l ζ

0
l , with

∑
l(y

R
l )2 =

∑
l(y

I
l )2 = 1, xlk =

m2
l /M

2
k , and the function F is given by

F (x) =
x lnx

x− 1
. (6.5)

6.4 Multipartite Dark Matter

Since the only neutral particles of odd R parity are N, η0, χ0, there appears to be

only one dark-matter candidate. However as shown below, there could be two or even four,

all within the context of the existing model.

First note that ρ0
2,4 have exactly the right U(1)B−L charges to make the (S, S, S′)

fermions massive. The corresponding 3× 3 mass matrix is of the form

MS =


mS1 0 m13

0 mS2 m23

m13 m23 0

 , (6.6)

where mS1,mS2 come from 〈ρ0
2〉 = u2 and m13,m23 from 〈ρ0

4〉 = u4. If all these entries are of

order 100 GeV to a few TeV, then there are three extra heavy singlet neutrinos in this model

which also have even R parity. They do not mix with the light active neutrinos ν at tree

level, but do so in one loop. For example, S′ mixes with ν as shown in Fig. 6.2. Similarly S

will also mix with ν, using the SNχ0 Yukawa coupling. However, these terms are negligible

compared to the assumed large masses for (S, S, S′) and may be safely ignored.

Consider now the possibility that m13,m23 << mS1,mS2 in MS , then S′ obtains
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ν S ′N N

η0 χ0

φ0

ρ04

Figure 6.2: Radiative generation of ν − S′ mixing.

a small seesaw mass given by

mS′ ' −
m2

13

mS1
− m2

23

mS2
. (6.7)

Let this be a few keV, then S′ is a light sterile neutrino which mixes with ν only slightly

through Fig. 6.2. Hence it is a candidate for warm dark matter. Whereas the usual sterile

neutrino is an ad hoc invention, it has a natural place here in terms of its mass as well as

its suppressed mixing with the active neutrinos.

We now have the interesting scenario where part of the dark matter of the Universe

is cold, and the other is warm. This hybrid case was also obtained in a different radiative

model of neutrino masses [158]. Within the present context, there is a third possibility. If

we assign an extra Z2 symmetry, under which S1,2 are odd and all other particles even, then

the only interactions involving S1,2 come from their diagonal U(1)B−L gauge couplings and

the diagonal Yukawa terms f1S1S1(ρ0
2)∗ and f2S2S2(ρ0

2)∗. This means that both S1 and S2

are stable and their relic abundances are determined by their annihilation cross sections to

SM particles. In this scenario, dark matter has four components [92].
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Since S1,2 are now separated from S′, the m13 and m23 terms in MS are zero

and there is no tree-level mass for S′. However, there is a one-loop mass as shown in

Fig. 6.3. This makes it more natural for S′ to be light. A detailed study of the dark-matter

S ′ S ′N N

χ0 χ0

ρ02

ρ04

Figure 6.3: Radiative generation of S′ mass.

phenomenology of this multipartite scenario will be given elsewhere.

6.5 Scalar Sector for Symmetry Breaking

In this model, there is only one Higgs doublet Φ which breaks the SU(2)L×U(1)Y

electroweak symmetry, whereas there are two Higgs singlets ρ2 and ρ4 which break U(1)B−L

to Z2. The most general Higgs potential consisting of Φ, ρ2, ρ4 is given by

V = µ2
0Φ†Φ + µ2

2ρ
∗
2ρ2 + µ2

4ρ
∗
4ρ4 +

1

2
µ24[ρ2

2ρ
∗
4 +H.c.] +

1

2
λ0(Φ†Φ)2 +

1

2
λ2(ρ∗2ρ2)2

+
1

2
λ4(ρ∗4ρ4)2 + λ02(Φ†Φ)(ρ∗2ρ2) + λ04(Φ†Φ)(ρ∗4ρ4) + λ24(ρ∗2ρ2)(ρ∗4ρ4). (6.8)
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Let 〈φ0〉 = v, 〈ρ2〉 = u2, 〈ρ4〉 = u4, then the minimum of V is determined by

0 = µ2
0 + λ0v

2 + λ02u
2
2 + λ04u

2
4, (6.9)

0 = µ2
2 + λ02v

2 + λ2u
2
2 + λ24u

2
4 + µ24u4, (6.10)

0 = u4(µ2
4 + λ04v

2 + λ24u
2
2 + λ4u

2
4) +

1

2
µ24u

2
2. (6.11)

The would-be Goldstone bosons are φ±,
√

2Im(φ0), corresponding to the breaking of

SU(2)L × U(1)Y to U(1)em, and
√

2[u2Im(ρ2) + 2u4Im(ρ4)]/
√
u2

2 + 4u2
4, corresponding

to the breaking of U(1)B−L to Z2. The linear combination orthogonal to the latter is a

physical pseudoscalar A, with a mass given by

mA =
−µ24(u2

2 + 4u2
4)

2u4
. (6.12)

The 3 × 3 mass-squared matrix of the physical scalars [
√

2Re(φ0),
√

2Re(ρ2),
√

2Re(ρ4)] is

given by

M2 =


2λ0v

2 2λ02vu2 2λ04vu4

2λ02vu2 2λ2u
2
2 u2(2λ24u4 + µ24)

2λ04vu4 u2(2λ24u4 + µ24) 2λ4u
2
4 − µ24u

2
2/2u4

 . (6.13)

For v2 << u2
2,4,
√

2Re(φ0) = h is approximately a mass eigenstate which is identified with

the 125 GeV particle discovered at the LHC.

6.6 Gauge Sector

Since φ0 does not transform under U(1)B−L and ρ2,4 do not transform under

SU(2)L × U(1)Y , there is no tree-level mixing between their corresponding gauge bosons

Z and ZB−L. In our convention, M2
ZB−L

= 8g2
B−L(u2

2 + 4u2
4). The LHC bound on MZB−L
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comes from the production of ZB−L from u and d quarks and its subsequent decay to e−e+

and µ−µ+. If all the particles listed in Table 6.1 are possible decay products of ZB−L with

negligible kinematic suppression, then its branching fraction to e−e+ and µ−µ+ is about

0.061. The cu,d coefficients used in the LHC analysis [114,152] are then

cu = cd =

[(
1

3

)2

+

(
1

3

)2
]
g2
B−L ×B(ZB−L → e−e+, µ−µ+) = 1.36× 10−2 g2

B−L. (6.14)

From LHC data based on the 7 and 8 TeV runs, a bound of about 2.5 TeV would correspond

to gB−L < 0.24.

6.7 Leptoquark Fermions

The singlet leptoquark fermions D1,2 have charge −1/3 and the following possible

interactions:

D1d
cχ∗, D2d

cχ, D1D
c
2ρ
∗
2, D2D

c
1ρ2. (6.15)

Hence they mix in a 2 × 2 mass matrix linking D1,2 to Dc
1,2 with 〈ρ2〉 = u2, and decay to

d quarks + χ(χ∗). Now χ mixes with η0, so it decays to neutrinos (ν) and dark matter

(N), which are invisible. The search for D1,2 at the LHC would be similar to the search for

scalar quarks which decay to quarks + missing energy. However, if we assume that N has

a mass of about 200 GeV, then there is no useful limit at present on the mass of D1,2 from

the LHC.

Consider now the pseudoscalar A of Eq. (6.12). Let the two mass eigenstates in

the (D1,2, D
c
1,2) sector be ψ1,2, then A couples to them according to

Lint = f1ψ̄1γ5ψ1 + f2ψ̄2γ5ψ2, (6.16)
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where f1,2 are rearranged from their original D1D
c
2ρ
∗
2 and D2D

c
1ρ2 couplings. Hence A

decays to two gluons as well as to two photons in one loop through ψ1,2. It may also decay

to dark matter, say NN , at tree level. It was thus a possible candidate for explaining the

750 GeV diphoton excess observed [143,144] at the LHC in 2015. The numerical analysis of

this model runs parallel to that of a proposal [3], and will not be repeated here. Note again

that these leptoquark fermions are not essential for the radiative generation of neutrino

masses based on B − L.

6.8 Conclusion

Using gauge U(1)B−L symmetry, we have proposed a new anomaly-free solution

with exotic fermion singlets, such that neutrino mass is forbidden at tree level. We add a

number of new scalars so that neutrino masses are obtained in one loop through dark mat-

ter, i.e. the scotogenic mechanism. Because of the structure of the new singlets required

for anomaly cancellation, we find a possible dark-matter scenario with four components.

Three are stable cold Weakly Interaction Massive Particles (WIMPs) and one a keV singlet

neutrino, i.e. warm dark matter with a very long lifetime.
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Chapter 7

Generalized Gauge U(1) Family

Symmetry for Quarks and Leptons

7.1 Introduction

In the standard model of particle interactions, there are three families of quarks

and leptons. Under its SU(3)C × SU(2)L × U(1)Y gauge symmetry, singlet right-handed

neutrinos νR do not transform. They were thus not included in the minimal standard model

which only have three massless left-handed neutrinos. Since neutrinos are now known to

be massive, νR should be considered as additions to the standard model. In that case, the

model admits a possible new family gauge symmetry U(1)F , with charges n1,2,3 for the

quarks and n′1,2,3 for the leptons as shown in Table 7.1.

To constrain n1,2,3 and n′1,2,3, the requirement of gauge anomaly cancellation is
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Table 7.1: Fermion assignments under U(1)F .

Particle SU(3)C SU(2)L U(1)Y U(1)F
QiL = (u, d)iL 3 2 1/6 ni

uiR 3 1 2/3 ni
diR 3 1 −1/3 ni

LiL = (ν, l)iL 1 2 −1/2 n′i
liR 1 1 −1 n′i
νiR 1 1 0 n′i

imposed. The contributions of color triplets to the [SU(3)]2U(1)F anomaly sum up to

[SU(3)]2U(1)F :
1

2

3∑
i=1

(2ni − ni − ni); (7.1)

and the contributions of QiL, uiR, diR, LiL, liR to the U(1)Y [U(1)F ]2 anomaly sum up to

U(1)Y [U(1)F ]2 :

3∑
i=1

[
6

(
1

6

)
− 3

(
2

3

)
− 3

(
−1

3

)]
n2
i +

[
2

(
−1

2

)
− (−1)

]
n′i

2
. (7.2)

Both are automatically zero, as well as the [U(1)F ]3 anomaly because all fermions couple to

U(1)F vectorially. The contributions of the SU(2)L doublets to the [SU(2)]2U(1)F anomaly

sum up to

[SU(2)]2U(1)F :
1

2

3∑
i=1

(3ni + n′i); (7.3)

and the contributions to the [U(1)Y ]2U(1)F anomaly sum up to

[U(1)Y ]2U(1)F :

3∑
i=1

[
6

(
1

6

)2

− 3

(
2

3

)2

− 3

(
−1

3

)2
]
ni +

[
2

(
−1

2

)2

− (−1)2

]
n′i

=
3∑
i=1

(
−3

2
ni −

1

2
n′i

)
. (7.4)

Both are zero if
3∑
i=1

(3ni + n′i) = 0. (7.5)
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Table 7.2: Examples of models satisfying Eq. (7.5).

n1 n2 n3 n′1 n′2 n′3 Model

1/3 1/3 1/3 −1 −1 −1 B − L [159]

0 0 0 0 1 −1 Lµ − Lτ [160–163]

1/3 1/3 1/3 0 0 −3 B − 3Lτ [164–167]

1/3 1/3 1/3 3 −3 −3 Ref. [168]

1 1 −2 1 1 −2 Ref. [169]

a a −2a 0 −1 1 Ref. [170]

There are many specific examples of models which satisfy this condition as shown

in Table 7.2. If there are four families, then n1,2,3 = 1/3, n4 = −1, and n′1,2,3 = 1, n′4 = −3,

would also satisfy Eq. (7.5). This may then be considered [171,172] as the separate gauging

of B and L.

In this paper, we discuss two new examples which offer some insights to the struc-

ture of mixing among quarks and lepton families. Both have nontrivial connections between

quarks and leptons. Their structures are shown in Table 7.3. In both cases, with only one

Table 7.3: Two new models satisfying Eq. (7.5).

n1 n2 n3 n′1 n′2 n′3 Model

1 1 0 0 −2 −4 A

1 1 −1 0 −1 −2 B

Higgs doublet with zero charge under U(1)F , quark and lepton mass matrices are diagonal

except for the first two quark families. This allows for mixing among them, but not with

the third family. It is a good approximation to the 3×3 quark mixing matrix, to the extent

that mixing with the third family is known to be suppressed. In the lepton sector, mixing

also comes from the Majorana mass matrix of νR which depends on the choice of singlets
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with vacuum expectation values which break U(1)F . Adding a second Higgs doublet with

nonzero U(1)F charge will allow mixing of the first two families of quarks with the third

in both cases. As for the leptons, this will not affect Model A, but will cause mixing in

the charged-lepton and Dirac neutrino mass matrices in Model B. Flavor-changing neutral

currents are predicted, with interesting phenomenological consequences.

7.2 Basic structure of Model A

Consider first the structure of the 3×3 quark mass matrixMd linking (d̄L, s̄L, b̄L)

to (dR, sR, bR). Using

Φ1 = (φ+
1 , φ

0
1) ∼ (1, 2, 1/2; 0), (7.6)

with 〈φ0
1〉 = v1, it is clear that Md is block diagonal with a 2× 2 submatrix which may be

rotated on the left to become

Md =


cL −sL 0

sL cL 0

0 0 1




m′d 0 0

0 m′s 0

0 0 m′b

 , (7.7)

where sL = sin θL and cL = cos θL. We now add a second Higgs doublet

Φ2 = (φ+
2 , φ

0
2) ∼ (1, 2, 1/2; 1), (7.8)

with 〈φ0
2〉 = v2, so that

Md =


cL −sL 0

sL cL 0

0 0 1




m′d 0 m′db

0 m′s m′sb

0 0 m′b

 (7.9)
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is obtained. At the same time, Mu is of the form

Mu =


m′u 0 0

0 m′c 0

m′ut m′ct m′t




cR sR 0

−sR cR 0

0 0 1

 , (7.10)

where it has been rotated on the right. Because of the physical mass hierarchy mu <<

mc << mt, the diagonalization of Eq. (7.10) will have very small deviations from unity on

the left. Hence the unitary matrix diagonalizing Eq. (7.9) on the left will be essentially the

experimentally observed quark mixing matrix VCKM which has three angles and one phase.

Now Md of Eq. (7.9) has exactly seven parameters, the three diagonal masses m′d,m
′
s,m

′
b,

the angle θL, the off-diagonal mass m′sb which can be chosen real, and the off-diagonal mass

m′db which is complex. With the input of the three quark mass eigenvalues md,ms,mb and

VCKM , these seven parameters can be determined.

Consider the diagonalization of the real mass matrix
a 0 s1c

0 b s2c

0 0 c

 = VL


a(1− s2

1/2) 0 0

0 b(1− s2
2/2) 0

0 0 c(1 + s2
1/2 + s2

2/2)

V †R, (7.11)

where s1,2 << 1 and a << b << c have been assumed. We obtain

VL =


1− s2

1/2 −s1s2b
2/(b2 − s2

1c
2 − a2) s1

s1s2a
2/(b2 + s2

2c
2 − a2) 1− s2

2/2 s2

−s1 −s2 1− s2
1/2− s2

2/2

 , (7.12)
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and

V †R =


1 s1s2ab/(b

2 − a2) −s1a/c

−s1s2ab/(b
2 − a2) 1 −s2b/c

s1a/c s2b/c 1

 . (7.13)

Hence

VCKM =


cL −sL 0

sL cL 0

0 0 1




eiα 0 0

0 1 0

0 0 1

VL, (7.14)

where α is the phase transferred from m′db.

Comparing the above with the known values of VCKM [173], we obtain

s1 = 0.00886, s2 = 0.0405, sL = −0.2253, eiα = −0.9215 + i0.3884, (7.15)

with md = m′d, ms = m′s, mb = m′b to a very good approximation.

7.3 Scalar sector of Model A

In addition to Φ1,2, we add a scalar singlet

σ ∼ (1, 1, 0; 1), (7.16)

then the Higgs potential containing Φ1,2 and σ is given by

V = m2
1Φ†1Φ1 +m2

2Φ†2Φ2 +m2
3σ̄σ + [µσΦ†2Φ1 +H.c.]

+
1

2
λ1(Φ†1Φ1)2 +

1

2
λ2(Φ†2Φ2)2 +

1

2
λ3(σ̄σ)2 + λ12(Φ†1Φ1)(Φ†2Φ2)

+ λ′12(Φ†1Φ2)(Φ†2Φ1) + λ13(Φ†1Φ1)(σ̄σ) + λ23(Φ†2Φ2)(σ̄σ). (7.17)
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Let 〈φ0
1,2〉 = v1,2 and 〈σ〉 = u, then the minimum of V is determined by

0 = v1(m2
1 + λ1v

2
1 + (λ12 + λ′12)v2

2 + λ13u
2) + µv2u, (7.18)

0 = v2(m2
2 + λ2v

2
2 + (λ12 + λ′12)v2

1 + λ23u
2) + µv1u, (7.19)

0 = u(m2
3 + λ3u

2 + λ13v
2
1 + λ23v

2
2) + µv1v2. (7.20)

For m2
2 large and positive, a solution exists with v2

2 << v2
1 << u2, i.e.

u2 ' −m
2
3

λ3
, v2

1 '
−m2

1 − λ13u
2

λ1
, v2 '

−µv1u

m2
2 + λ23u2

. (7.21)

Hence the scalar particle spectrum of Model A consists of a Higgs boson h very much like

that of the SM withm2
h ' 2λ1v

2
1, a heavy Higgs boson which breaks U(1)F withm2

σ ' 2λ3u
2,

and a heavy scalar doublet very much like Φ2 with m2(φ+
2 , φ

0
2) ' m2

2 + λ23u
2.

7.4 Gauge sector of Model A

With the scalar structure already considered, the Z − ZF mass-squared matrix is

given by

M2
Z,ZF

=

g2
Z(v2

1 + v2
2)/4 −gZgF v2

2/2

−gZgF v2
2/2 g2

F (u2 + v2
2)

 . (7.22)

The Z−ZF mixing is then (gZ/2gF )(v2
2/u

2). For v2 ∼ 10 GeV and u ∼ 1 TeV, this is about

10−4, well within the experimentally allowed range.

Since ZF couples to quarks and leptons according to n1,2,3 and n′1,2,3, its branching

fractions to e−e+ and µ−µ+ are given by 2n′1,2
2/(12

∑
n2
i +3

∑
n′i

2). Since n′1 = 0, we need

consider only the branching fraction ZF → µ−µ+ to compare against data. For Model A,

it is about 2/21. The cu,d coefficients used in the experimental search [174, 175] of ZF are
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then

cu = cd = 2g2
F (2/21). (7.23)

For gF = 0.13, a lower bound of about 4.0 TeV on mZF is obtained from the Large Hadron

Collider (LHC) based on the preliminary 13 TeV data by comparison with the published

data from the 7 and 8 TeV runs. Note however that if ZF → e−e+ is ever observed, this

particular model is ruled out.

7.5 Flavor-changing interactions

Whereas the SM Z boson does not mediate any flavor-changing interactions, the

heavy ZF does because it distinguishes families. For quarks,

LZF = gFZ
µ
F (ū′γµu

′ + c̄′γµc
′ + d̄′γµd

′ + s̄′γµs
′). (7.24)

Using Eqs. (7.12) and (7.13) to express the above in terms of mass eigenstates for the d

sector, and keeping only the leading flavor-changing terms, we find

L′ZF = gFZ
µ
F [s1(d̄LγµbL+ b̄LγµdL)+s2(s̄LγµbL+ b̄LγµsL)−s1s2(d̄LγµsL+ s̄LγµdL)]. (7.25)

From the experimental values of the B0 − B̄0, B0
S − B̄0

S , and KL − KS mass differences,

severe constraints on g2
F /m

2
ZF

are obtained, coming from the operators

(d̄LγµbL)2 +H.c., (s̄LγµbL)2 +H.c., (d̄LγµsL)2 +H.c. (7.26)
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respectively. Using typical values of quark masses and hadronic decay and bag parame-

ters [176], we estimate the various Wilson coefficients to find their contributions as follows:

∆MB = 4.5× 10−2 s2
1(g2

F /m
2
ZF

) GeV3, (7.27)

∆MBs = 6.4× 10−2 s2
2(g2

F /m
2
ZF

) GeV3, (7.28)

∆MK = 1.9× 10−3 s2
1s

2
2(g2

F /m
2
ZF

) GeV3. (7.29)

Using Eq. (7.15) and assuming that the above contributions are no more than 10% of their

experimental values [173], we find the lower limits on mZF /gF to be 10.2, 9.5, 0.84 TeV

respectively. This is easily satisfied for mZF > 4.0 TeV with gF = 0.13 from the LHC bound

discussed in the previous section.

In the scalar sector, since Φ1,2 both contribute to Md, the neutral scalar field

orthogonal to the SM Higgs field will also mediate flavor-changing interactions. The Yukawa

interactions are

LY =
h1√
2v1

(m′dd̄
′
Ld
′
R +m′ss̄

′
Ls
′
R +m′bb̄

′
Lb
′
R) +

h2√
2v2

(m′dbd̄
′
Lb
′
R +m′sbs̄

′
Lb
′
R). (7.30)

Extracting again the leading flavor-changing terms, we obtain

L′Y =

(
h2√
2v2

− h1√
2v1

)
(s1mbd̄LbR + s2mbs̄LbR − s1s2msd̄LsR − s1s2mds̄LdR

− s1s
2
2mdb̄LdR − s3

2msb̄LsR), (7.31)

where the physical scalar (v1h2 − v2h1)/
√
v2

1 + v2
2 = H + iA is a complex field, with mH '

mA.

Assuming negligible mixing between H or A with the SM h (identified as the 125
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GeV particle observed at the LHC), we consider the following effective operators [177]:

s2
1m

2
b

8v2
2

(
1

m2
H

− 1

m2
A

)
(d̄LbR)2 − s2

1s
2
2mbmd

4v2
2

(
1

m2
H

+
1

m2
A

)
(d̄LbR)(d̄RbL) +H.c., (7.32)

s2
2m

2
b

8v2
2

(
1

m2
H

− 1

m2
A

)
(s̄LbR)2 − s4

2mbms

4v2
2

(
1

m2
H

+
1

m2
A

)
(s̄LbR)(s̄RbL) +H.c., (7.33)

s2
1s

2
2m

2
s

8v2
2

(
1

m2
H

− 1

m2
A

)
(d̄LsR)2 − s2

1s
2
2msmd

4v2
2

(
1

m2
H

+
1

m2
A

)
(d̄LsR)(d̄RsL) +H.c.(7.34)

The upper bounds on (1/v2
2)[(1/m2

H)− (1/m2
A)] from ∆MB,∆MBs ,∆MK are then

(4.5× 10−9, 5.3× 10−9, 4.5× 10−3) GeV−4, (7.35)

respectively, whereas those on (1/v2
2)[(1/m2

H) + (1/m2
A)] are

(1.4× 10−4, 1.7× 10−5, 8.0× 10−5) GeV−4. (7.36)

For v2 = 10 GeV, these are easily satisfied with for example mH = 500 GeV and mA = 520

GeV. Fig. 7.1 shows the parameter space from ∆MBs constraint.

7.6 Lepton sector of Model A

With the chosen U(1)F charges (0,−2,−4) of Table 7.3, the charged-lepton and

Dirac neutrino mass matrices (Ml andMD) are both diagonal. As for the 3× 3 Majorana

mass matrix MR of νR, it depends on the choice of scalar singlets which break U(1)F . We

have already used σ ∼ 1 [see Eq. (7.16)] to induce a small v2 [see Eq. (7.21)]. Call that σ1

and add σ2,4 ∼ 2, 4, with vacuum expectation values u1,2,4 respectively. Then

MR =


M0 M1 M2

M1 M3 0

M2 0 0

 , (7.37)
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Figure 7.1: Allowed region for suppressed scalar contributions to ∆MBs for different values
of v2.

where M0 is an allowed invariant mas term, M1 comes from u2, and M2,3 from u4. The

seesaw neutrino mass matrix is then

Mν =MDM−1
R MT

D =


0 0 a

0 b c

a c d

 , (7.38)

where the two texture zeros appear because of the form ofMR andMD being diagonal [178].

This form is known to be suitable for a best-fit [179] to current neutrino-oscillation data
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with normal ordering of neutrino masses. Possible neutrino mass matrix textures from

seesaw mechanism are given in appendix D.

7.7 Basic structure of Model B

The quark structure of Model B is basically the same as that of Model A, with

the second Higgs doublet now having two units of U(1)F charge, i.e.

Φ2 = (φ+
2 , φ

0
2) ∼ (1, 2, 1/2; 2). (7.39)

Hence σ2 ∼ (1, 1, 0; 2) is needed for the σ2Φ†2Φ1 term in Eq. (7.17).

In the gauge sector, again ZF → e−e+ is zero, and the branching fraction ZF →

µ−µ+ is now 2/51. The cu,d coefficients are then

cu = cd = 2g2
F (2/51). (7.40)

For the same choice of gF = 0.13 for Model A, the present experimental lower bound from

LHC data is reduced from 4.0 TeV to 3.7 TeV. For quarks,

LZF = gFZ
µ
F (ū′γµu

′ + c̄′γµc
′ − t̄′γµt′ + d̄′γµd

′ + s̄′γµs
′ − b̄′γµb′). (7.41)

Using Eqs. (7.12) and (7.13) to express the above in terms of mass eigenstates for the d

sector, and keeping only the leading flavor-changing terms, we find

L′ZF = 2gFZ
µ
F [−s1(d̄LγµbL + b̄LγµdL)− s2(s̄LγµbL + b̄LγµsL) + s1s2(d̄LγµsL + s̄LγµdL)].

(7.42)

This differs from Eq. (7.25) only by an overall factor of −2. As for the scalar sector,

Eqs. (7.30) and (7.31) remain the same. Altogether, this means that Eqs. (7.9) to (7.15)

are also valid in Model B.
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7.8 Lepton sector of Model B

With the chosen U(1)F charges (0,−1,−2) of Table 7.3, the charged-lepton and

Dirac neutrino mass matrices are given by

Ml =


m′e 0 m′eτ

0 mµ 0

0 0 m′τ

 , MD =


m′1 0 0

0 m′2 0

m′31 0 m′3

 . (7.43)

Using the scalar singlets σ1 ∼ 1 as well σ2, the νR Majorana mass matrix is again given

by Eq. (7.37). Now even though MD is not diagonal, Eq. (7.38) is still obtained, thereby

guaranteeing a best-fit to current neutrino-oscillation data. The difference from Model A

is the presence of τ − e transitions from the nondiagonal Ml. The τ → eµ−µ+ decay can

occur via ZF or h1 − h2 mixing. If we parametrize this mixing by ε and the momenta as

τ−(p)→ e−(q1)µ−(q2)µ+(q3), then the amplitude for dominant contribution is given by

M =
−ε (m′eτ/m

′
τ )mµmτ

2v1v2M2
h

[ūe(q1)PRuτ (p)ūµ(q2)v(q3)] , (7.44)

after squaring the amplitude we have

|M|2 =
ε2 (m′eτ/m

′
τ )2m2

µm
2
τ

4v2
1v

2
2M

4
h

[
ūe(q1)PR uτ (p)ūµ(q2)v(q3)v̄(q3)uµ(q2)ūτ (p)PL ue(q1)

]
,

(7.45)

we then average over spins of all fermions to get

|M|2 =
ε2 (m′eτ/m

′
τ )2m2

µm
2
τ

8v2
1v

2
2M

4
h

[
Tr
(
/q1
PR /p

)
.Tr
(

[/q3
−mµ][/q2

+mµ]
) ]
, (7.46)

if we take the traces it becomes

|M|2 =
ε2 (m′eτ/m

′
τ )2m2

µm
2
τ

v2
1v

2
2M

4
h

[
(q1.p)(q3.q2 −m2

µ)
]
, (7.47)
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assuming mµ � mτ , we find

|M|2 =
ε2 (m′eτ/m

′
τ )2m2

µm
4
τ

v2
1v

2
2M

4
h

[mτE1

2
− E2

1

]
, (7.48)

the decay rate is then given by

Γ =
1

64π3mτ

∫ mτ
2

0
dE1

∫ mτ
2

mτ
2
−E1

|M|2dE2 =
ε2 (m′eτ/m

′
τ )2m2

µ

v2
1v

2
2M

4
h

(
m7
τ

3(16π)3

)
, (7.49)

and the constraint on branching ratio is

Br(τ− → e−µ−µ+) =
ε2 (m′eτ/m

′
τ )2m2

µ

v2
1v

2
2M

4
h

(
m7
τ

3(16π)3

)
× 1

Γτ
= 5×10−14 < 4.1×10−8. (7.50)

After plugging me = 0.511 MeV, mτ = 1.776 GeV and Γτ = 2.2673 × 10−12 GeV, This

bound is easily satisfied for v2 = 10 GeV, Mh = 125 GeV and ε, (m′eτ/m
′
τ ) ≈ 10−1.

We use the same notation to find the amplitude for the gauge mediated diagram

M =
2 (m′eτ/m

′
τ ) g2

F

M2
ZF

[ūe(q1)PR γν uτ (p)ūµ(q2) γν v(q3)] , (7.51)

we square the amplitude to get

|M|2 =
4 (m′eτ/m

′
τ )2 g4

F

M4
ZF

[
ūe(q1)PR γ

ν uτ (p)ūµ(q2) γν v(q3)v̄(q3) γµ uµ(q2)ūτ (p)PR γµ ue(q1)
]
,

(7.52)

after averaging over spins of all fermions we have

|M|2 =
2 (m′eτ/m

′
τ )2 g4

F

M4
ZF

[
Tr
(
/q1
γν /p γ

µ PL

)
.Tr
(

[/q3
−mµ]γµ[/q2

+mµ]γν

) ]
, (7.53)

we then take the traces to get

|M|2 =
32 (m′eτ/m

′
τ )2 g4

F

M4
ZF

[
m2
µ(q1.p) + (q1.q2)(p.q3) + (q1.q3)(p.q2)

]
, (7.54)
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assuming mµ,me � mτ we have

|M|2 =
32 (m′eτ/m

′
τ )2 g4

F m
2
τ

M4
ZF

[
− m2

τ

2
+
mτ

2
(3E1 + 4E2)− E2

1 − 2E1E2 − 2E2
2

]
, (7.55)

the decay rate is then given by

Γ =
1

64π3mτ

∫ mτ
2

0
dE1

∫ mτ
2

mτ
2
−E1

|M|2dE2 =
(m′eτ/m

′
τ )2 g4

F m
2
τ

M4
ZF

(
m3
τ

3(4π)3

)
, (7.56)

and if we take (m′eτ/m
′
τ ) = 10−1, MZF = 3.7 TeV, and gF = 0.13, the constraint on the

branching ratio is given by

Br(τ− → e−µ−µ+) =
(m′eτ/m

′
τ )2 g4

F

3M4
ZF

(
m5
τ

(4π)3

)
× 1

Γτ
= 1.97× 10−11 < 4.1× 10−8. (7.57)

Therefore, we see that for m′eτ/m
′
τ < 0.1, the branching fraction of τ → eµ−µ+ is less than

2× 10−11, far below the current bound of 4.1× 10−8.

7.9 Application to LHC anomalies

Whereas ZF also mediates b→ sµ−µ+, its effect is too small in Models A and B to

explain the tentative LHC observations of B → K∗µ−µ+ and the ratio of B+ → K+µ−µ+

to B+ → K+e−e+ [180]. The reason is the stringent bound on mZF from LHC data as

a function of gF through the parameters cu,d of Eqs. (7.23) and (7.40). Suppose we take

n1,2,3 = (0, 0, 1) and n′1,2,3 = (0,−3, 0), then ZF couples to only µ−µ+ and b′b̄′, thus allowing

for b − s mixing, but cu,d = 0. This evades the direct LHC bound, and may be used to

explain the B anomalies if they persist. Of course, Eqs. (7.27) to (7.29) still hold, and a

full analysis of the detailed structure of B → K∗µ−µ+ will be required.
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7.10 Conclusion

We have generalized the B − L symmetry as a gauge U(1)F extension of the

standard model, where quarks and leptons of each family may transform differently. We

have considered two new examples (A and B), each with two Higgs doublets and restricted

quark mass matrices consistent with data. The new ZF gauge boson couples differently

to each quark and lepton family, and is constrained by present data to be heavier than

about 4 TeV if gF = 0.13. Future data may reveal just such a ZF belonging to this class of

models. Flavor-changing interactions are suitably suppressed by the assignments of quarks

and leptons under U(1)F . In the leptonic sector, with the addition of a minimal set of Higgs

singlets, a Majorana neutrino mass matrix of two texture zeros may be obtained, leading

to a best-fit of neutrino-oscillation data with normal ordering of neutrino masses.
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Chapter 8

Quartified Leptonic Color, Bound

States, and Future

Electron-Positron Collider

8.1 Introduction

Fundamental matter consists of quarks and leptons, but why are they so different?

Both interact through the SU(2)L × U(1)Y electroweak gauge bosons W±, Z0 and the

photon A, but only quarks interact through the strong force as mediated by the gluons of

the unbroken (and confining) color SU(3) gauge symmetry, called quantum chromodynamics

(QCD). Suppose this is only true of the effective low-energy theory. At high energy, there

may in fact be three ”colors” of leptons transforming as a triplet under a leptonic color SU(3)

gauge symmetry. Unlike QCD, only its SU(2)l subgroup remains exact, thus confining only
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two of the three ”colored” leptons, called ”hemions” in Ref. [181] because they have ±1/2

electric charges, leaving the third ones free as the known leptons.

The notion of leptonic color was already discussed many years ago [182,183], and

its incorporation into [SU(3)]4 appeared in Ref. [184], but without full unification. Its

relevance today is threefold. (1) The [SU(3)]4 quartification model [181] of Babu, Ma, and

Willenbrock (BMW) is non-supersymmetric, and yet achieves gauge-coupling unification

at 4 × 1011 GeV without endangering proton decay. This unification of gauge couplings

is only possible if the three families of hemions have masses below the TeV scale. Given

the absence of experimental evidence for supersymmetry at the Large Hadron Collider

(LHC) to date, this alternative scenario deserves a closer look. (2) The quartification scale

determines the common gauge coupling for the SU(2)l symmetry. Its extrapolation to low

energy predicts that it becomes strong at the keV scale, in analogy to that of QCD becoming

strong at somewhat below the GeV scale. This may alter the thermal history of the Universe

and allows the formation of gauge-boson bound states, the lightest of which is a potential

warm dark-matter candidate [185]. (3) The hemions (called ’liptons’ previously [183]) have

±1/2 electric charges and are confined to form bound states by the SU(2)l ’stickons’ in

analogy to quarks forming hadrons through the SU(3)C gluons. They have been considered

previously [186] as technifermions responsible for electroweak symmetry breaking. Their

electroweak production at the LHC is possible [187] but the background is large. However,

in a future e−e+ collider (ILC, CEPC, FCC-ee), neutral vector resonances of their bound

states (hemionia) would easily appear, in analogy to the observations of quarkonia (J/ψ,

Υ) at past e−e+ colliders.
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8.2 The BMW Model

Under the [SU(3)]4 quartification gauge symmetry, quarks and leptons transform

as (3, 3̄) in a moose chain linking SU(3)q to SU(3)L to SU(3)l to SU(3)R back to SU(3)q

as depicted in Fig. 8.1.

SU(3)L

SU(3)l

SU(3)R

SU(3)q

q qc

l lc

Figure 8.1: Moose diagram of [SU(3)]4 quartification.

Specifically,

q ∼ (3, 3̄, 1, 1) ∼


d u h

d u h

d u h

 , l ∼ (1, 3, 3̄, 1) ∼


x1 x2 ν

y1 y2 e

z1 z2 N

 , (8.1)

lc ∼ (1, 1, 3, 3̄) ∼


xc1 yc1 zc1

xc2 yc2 zc2

νc ec N c

 , qc ∼ (3̄, 1, 1, 3) ∼


dc dc dc

uc uc uc

hc hc hc

 . (8.2)

Below the TeV energy scale, the gauge symmetry is reduced [181] to SU(3)C × SU(2)l ×

SU(2)L × U(1)Y with the particle content given in Table 8.1. The electric charge Q is

given by Q = I3L + Y as usual. The exotic SU(2)l doublets x, y have ±1/2 charges, hence
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Table 8.1: Particle content of proposed model.

particles SU(3)C SU(2)l SU(2)L U(1)Y
(u, d)L 3 1 2 1/6
uR 3 1 1 2/3
dR 3 1 1 −1/3

(x, y)L 1 2 2 0
xR 1 2 1 1/2
yR 1 2 1 −1/2

(ν, l)L 1 1 2 −1/2
νR 1 1 1 0
lR 1 1 1 −1

(φ+, φ0) 1 1 2 1/2

the name hemions. Whereas the quarks and charged leptons must obtain masses through

electroweak symmetry breaking, the hemions have invariant mass terms, i.e. x1Ly2L −

x2Ly1L and x1Ry2R− x2Ry1R. This is important because they are then allowed to be heavy

without disturbing the electroweak oblique parameters S, T, U which are highly constrained

experimentally. In the following, the mass terms from electroweak symmetry breaking, i.e.

x̄LxRφ̄
0 and ȳLyRφ

0, will be assumed negligible.

8.3 Gauge Coupling Unification and the Leptonic Color Con-

finement Scale

The renormalization-group evolution of the gauge couplings is dictated at leading

order by

1

αi(µ)
− 1

αi(µ′)
=

bi
2π

ln

(
µ′

µ

)
, (8.3)
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where bi are the one-loop beta-function coefficients,

bC = −11 +
4

3
NF , (8.4)

bl = −22

3
+

4

3
NF , (8.5)

bL = −22

3
+ 2NF +

1

6
NΦ, (8.6)

bY =
13

9
NF +

1

12
NΦ. (8.7)

The number of families NF is set to three, and the number of Higgs doublets NΦ is set

to two, as in the original BMW model. Here we make a small adjustment by separating

the three hemion families into two light ones at the electroweak scale MZ and one at a

somewhat higher scale MX . We then input the values [173]

αC(MZ) = 0.1185, (8.8)

αL(MZ) = (
√

2/π)GFM
2
W = 0.0339, (8.9)

αY (MZ) = 2αL(MZ) tan2 θW = 0.0204, (8.10)

where αY has been normalized by a factor of 2 (and bY by a factor of 1/2) to conform to

[SU(3)]4 quartification. We find

MU = 4× 1011 GeV, αU = 0.0301, MX = 486 GeV. (8.11)

We then use bl to extrapolate back to MZ and obtain αl(MZ) = 0.0469. Fig. 8.2 shows the

evolution of the couplings in this model. Below the electroweak scale, the evolution of αl

comes only from the stickons and it becomes strong at about 1 keV. Hence ’stickballs’ are

expected at this confinement mass scale. Unlike QCD where glueballs are heavier than the
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Figure 8.2: The evolution of the couplings are plotted using Eqs. (8.4)-(8.7).

π mesons so that they decay quickly, the stickballs are so light that they could decay only

to lighter stickballs or to photon pairs through their interactions with hemions.

8.4 Thermal History of Stickons

At temperatures above the electroweak symmetry scale, the hemions are active

and the stickons (ζ) are in thermal equilibrium with the standard-model particles. Below

the hemion mass scale, the stickon interacts with photons through ζζ → γγ scattering with

a cross section

σ ∼ 9α2α2
l T

6

16M8
eff

. (8.12)
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The decoupling temperature of ζ is then obtained by matching the Hubble expansion rate

H =
√

(8π/3)GN (π2/30)g∗T 4 (8.13)

to [6ζ(3)/π2]T 3〈σv〉. Hence

T 14 ∼ 28

38

(
π7

5[ζ(3)]2

)
GNg∗M

16
eff

α4α4
l

, (8.14)

where 6M−4
eff =

∑
(M i

xy)
−4. For Meff = 110 GeV and g∗ = 92.25 which includes all particles

with masses up to a few GeV, T ∼ 6.66 GeV. Hence the contribution of stickons to the

effective number of neutrinos at the time of big bang nucleosynthesis (BBN) is given by [188]

∆Nν =
8

7
(3)

(
10.75

92.25

)4/3

= 0.195, (8.15)

compared to the value 0.50 ± 0.23 from an analysis [189]. PLANCK measurement [190]

coming from the cosmic microwave background (CMB) is

Neff = 3.15± 0.23. (8.16)

However, at the time of photon decoupling, the stickons have disappeared, hence Neff =

3.046 as in the SM. This is discussed in more detail below. Fig. 8.3 shows the evolution of

the ratio of stickon temperature to the temperature of photons.

8.5 Formation and Decay of Stickballs

As the Universe further cools below a few keV, leptonic color goes through a

phase transition and stickballs are formed. If the lightest stickball ω is stable, it may be

a candidate for warm dark matter. It has strong self-interactions and the 3 → 2 process
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Figure 8.3: The evolution of (TS/Tγ) after decoupling and down to the confinement scale.
Each step corresponds to the decoupling of a specific particle from the photon plasma. The
mass of the lightest stickball configuration, M0++ is shown as a reference.

determines its relic abundance. Following Ref. [191] and using Ref. [185], we estimate that

it is overproduced by a factor of about 3. However, ω is not absolutely stable. It is allowed

to mix with a scalar bound state of two hemions which would decay to two photons. We

assume this mixing to be fωmω/Mxy, so that its decay rate is given by

Γ(ω → γγ) =
9α2f2

ωm
5
ω

64π3M4
eff

, (8.17)

where Meff is now defined by 6M−2
eff =

∑
(M i

xy)
−2. Setting mω = 5 keV to be above

the astrophysical bound of 4 keV from Lyman α forest observations [192] and Meff = 150

GeV, its lifetime is estimated to be 4.4 × 1017s for fω = 1. This is exactly the age of the

Universe, and it appears that ω may be a candidate for dark matter after all. However,
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CMB measurements constrain [193] a would-be dark-matter lifetime to be greater than

about 1025s, and x-ray line measurements in this mass range constrain [194] it to be greater

than 1027s, so this scenario is ruled out. On the other hand, if mω = 10 keV, then the ω

lifetime is 1.4× 1016s, which translates to a fraction of 2× 10−14 of the initial abundance of

ω to remain at the present Universe. Compared to the upper bound of 10−10 for a lifetime

of 1016s given in Ref. [193], this is easily satisfied, even though ω is overproduced at the

leptonic color phase transition by a factor of 3.

At the time of photon decoupling, the SU(2)l sector contributes no additional

relativistic degrees of freedom, hence Neff remains the same as in the SM, i.e. 3.046, coming

only from neutrinos. In this scenario, ω is not dark matter. However, there are many

neutral scalars and fermions in the BMW model which are not being considered here. They

are naturally very heavy, but some may be light enough and stable, and be suitable as dark

matter.

8.6 Revelation of Leptonic Color at Future e−e+ Colliders

Unlike quarks, all hemions are heavy. Hence the lightest bound state is likely

to be at least 200 GeV. Its cross section through electroweak production at the LHC is

probably too small for it to be discovered. On the other hand, in analogy to the observa-

tions of J/ψ and Υ at e−e+ colliders of the last century, the resonance production of the

corresponding neutral vector bound states (hemionia) of these hemions is expected at a fu-

ture e−e+ collider (ILC, CEPC, FCC-ee) with sufficient reach in total center-of-mass energy.

Their decays will be distinguishable from heavy quarkonia (such as toponia) experimentally.
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The formation of hemion bound states is analogous to that of QCD. Instead of

one-gluon exchange, the Coulomb potential binding a hemion-antihemion pair comes from

one-stickon exchange. The difference is just the change in an SU(3) color factor of 4/3 to

an SU(2) color factor of 3/4. The Bohr radius is then a0 = [(3/8)ᾱlm]−1, and the effective

ᾱl is defined by

ᾱl = αl(a
−1
0 ). (8.18)

Using Eqs. (8.3) and (8.5), and αl(MZ) = 0.047 with m = 100 GeV, we obtain ᾱl = 0.059

and a−1
0 = 2.2 GeV. Consider the lowest-energy vector bound state Ω of the lightest hemion

of mass m = 100 GeV. In analogy to the hydrogen atom, its binding energy is given by

Eb =
1

4

(
3

4

)2

ᾱ2
lm = 0.049 GeV, (8.19)

and its wavefunction at the origin is

|ψ(0)|2 =
1

πa3
0

= 3.4 GeV3. (8.20)

Since Ω will appear as a narrow resonance at a future e−e+ collider, its observation depends

on the integrated cross section over the energy range
√
s around mΩ:

∫
d
√
s σ(e−e+ → Ω→ X) =

6π2

m2
Ω

ΓeeΓX
Γtot

, (8.21)

where Γtot is the total decay width of Ω, and Γee, ΓX are the respective partial widths.

Since Ω is a vector meson, it couples to both the photon and Z boson through

its constituent hemions. Hence it will decay to W−W+, qq̄, l−l+, and νν̄. We now derive

the relation of the amplitude of bound state decay to its constituent annihilation. We
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work in the center-of-mass frame of the hemions. Take the amplitude for free hemion and

anti-hemion annihilation to be

Mf = v̄(k2) [O]u(k1) = Tr [Ou(k1)v̄(k2)] . (8.22)

The spinors can be combined to represent definite total spin states, i.e., 1S0 and 3S1 as

follows

(uv̄)1S0
=

1√
2
γ5(/k1 −m) and (uv̄)3S1

=
1√
2
/ε(/k1 −m) (8.23)

where ε is the polarization vector for the vector particle such that ε.k1 = 0. The bound

state amplitude is related to the free hemion annihilations according to

M(B → anything) =
√

2mΩ

∫
d3k

(2π)3
ψ̃(k)

1√
2m

1√
2m
M(x+x− → anything) (8.24)

If we neglect the binding energy, mΩ = 2m. Furthermore, if the amplitude doesn’t have

momentum dependence, we can integrate over k to get:

M(B → anything) =

√
2

mΩ
· ψ(0) · M(x+x− → anything), (8.25)

using Eq. (8.23) the bound state part of the amplitude becomes

M(B0) =

√
1

mΩ
· ψ(0) · Tr [O γ5 (/k −m)] , (8.26)

M(Ω) =

√
1

mΩ
· ψ(0) · Tr [O /ε (/k −m)] , (8.27)

where Ω is a vector bound state, and B0 is a scalar. The SU(2) singlet bound state, is

(x1y2 − x2y1)/
√

2. Therefore, we should multiply the amplitude by a color factor, i.e.,

2/
√

2 =
√

2. In the special case that O = γµ, we have

√
2M(Ω) = −

√
2 ·
√

4mΩ · ψ(0) · εµ = −
√

8mΩ · ψ(0) · εµ, (8.28)
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and for O = γµγ5, it’s zero. Using

〈0|x̄γµx|Ω〉 = εµΩ
√

8mΩ|ψ(0)|, (8.29)

the Ω→ e−e+ decay rate is given by

Γ(Ω→ γ, Z → e−e+) =
2m2

Ω

3π
(|CV |2 + |CA|2)|ψ(0)|2, (8.30)

where

CV =
e2(1/2)(−1)

m2
Ω

+
g2
Z(− sin2 θW /4)[(−1 + 4 sin2 θW )/4]

m2
Ω −M2

Z

, (8.31)

CA =
g2
Z(− sin2 θW /4)(1/4)

m2
Ω −M2

Z

. (8.32)

In the above, Ω is assumed to be composed of the singlet hemions xR and yR with invariant

mass term x1Ry2R − x2Ry1R (case A). Hence Γee = 43 eV. If Ω comes instead from xL and

yL with invariant mass term x1Ly2L − x2Ly1L (case B), then the factor (− sin2 θW /4) in

CV and CA is replaced with (cos2 θW /4) and Γee = 69 eV. Similar expressions hold for the

other fermions of the Standard Model (SM).

For Ω→W−W+, the triple γW−W+ and ZW−W+ vertices have the same struc-

ture. The decay rate is calculated to be

Γ(Ω→ γ, Z →W−W+) =
m2

Ω(1− r)3/2

6πr2

(
4 + 20r + 3r2

)
C2
W |ψ(0)|2, (8.33)

where r = 4M2
W /m

2
Ω and

CW =
e2(1/2)

m2
Ω

+
g2
Z(− sin2 θW /4)

m2
Ω −M2

Z

(8.34)

in case A. Because of the accidental cancellation of the two terms in the above, CW turns

out to be very small. Hence ΓWW = 3.2 eV. In addition to the s−channel decay of Ω to
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W−W+ through γ and Z, there is also a t−channel electroweak contribution in case B

because xL and yL form an electroweak doublet. Replacing (− sin2 θW /4) with (cos2 θW /4)

in CW , and adding this contribution, we obtain

Γ(Ω→W−W+) =
m2

Ω(1− r)3/2

6πr2
[(4 + 20r + 3r2)C2

W

+ 2r(10 + 3r)CWDW + r(8− r)D2
W ]|ψ(0)|2, (8.35)

where

DW =
−g2

4(m2
Ω − 2M2

W )
. (8.36)

Thus a much larger ΓWW = 190 eV is obtained. For Ω→ ZZ, there is only the t−channel

contribution, i.e.

Γ(Ω→ ZZ) =
m2

Ω(1− rZ)5/2

3πrZ
D2
Z |ψ(0)|2, (8.37)

where rZ = 4M2
Z/m

2
Ω and DZ = g2

Z sin4 θW /4(m2
Ω − 2m2

Z) in case A, with sin4 θW replaced

by cos4 θW in case B. Hence ΓZZ is negligible in case A and only 2.5 eV in case B.

The Ω decay to two stickons is forbidden by charge conjugation. Its decay to three

stickons is analogous to that of quarkonium to three gluons. Whereas the latter forms a

singlet which is symmetric in SU(3)C , the former forms a singlet which is antisymmetric

in SU(2)l. However, the two amplitudes are identical because the latter is symmetrized

with respect to the exchange of the three gluons and the former is antisymmetrized with

respect to the exchange of the three stickons. Taking into account the different color factors

of SU(2)l versus SU(3)C , the decay rate of Ω to three stickons and to two stickons plus a
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photon are given by

Γ(Ω→ ζζζ) =
16

27
(π2 − 9)

α3
l

m2
Ω

|ψ(0)|2, (8.38)

Γ(Ω→ γζζ) =
8

9
(π2 − 9)

αα2
l

m2
Ω

|ψ(0)|2. (8.39)

Hence Γζζζ = 4.5 eV and Γγζζ = 1.1 eV. The integrated cross section of Eq. (8.21) for

X = µ−µ+ is then 3.8× 10−33 cm2-keV in case A and 2.1× 10−33 cm2-keV in case B. For

comparison, this number is 7.9× 10−30 cm2-keV for the Υ(1S). At a high-luminosity e−e+

collider, it should be feasible to make this observation. Table 8.2 summarizes all the partial

decay widths.

Table 8.2: Partial decay widths of the hemionium Ω.

Channel Width (A) Width (B)

νν̄ 11 eV 123 eV

e−e+ 43 eV 69 eV
µ−µ+ 43 eV 69 eV
τ−τ+ 43 eV 69 eV

uū 50 eV 175 eV
cc̄ 50 eV 175 eV

dd̄ 10 eV 147 eV
ss̄ 10 eV 147 eV
bb̄ 10 eV 147 eV

W−W+ 3.2 eV 190 eV
ZZ 0.02 eV 2.5 eV

ζζζ 4.5 eV 4.5 eV
ζζγ 1.1 eV 1.1 eV

sum 279 eV 1319 eV
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8.7 Discussion and Outlook

There are important differences between QCD and QHD (quantum hemiodynam-

ics). In the former, because of the existence of light u and d quarks, it is easy to pop up

uū and dd̄ pairs from the QCD vacuum. Hence the production of open charm in an e−e+

collider is described well by the fundamental process e−e+ → cc̄. In the latter, there are no

light hemions. Instead it is easy to pop up the light stickballs from the QHD vacuum. As

a result, just above the threshold of making the Ω resonance, the many-body production

of Ω + stickballs becomes possible. This cross section is presumably also well described by

the fundamental process e−e+ → xx̄. In case A, the cross section is given by

σ(e−e+ → xx̄) =
2πα2

3

√
1− 4m2

s

[
(s+ 2m2)

s2
+

x2
W

2(1− xW )2

(s−m2)

(s−m2
Z)2

+
xW

(1− xW )

(s−m2)

s(s−m2
Z)
− (1− 4xW )

4(1− xW )

m2

s(s−m2
Z)

]
, (8.40)

where xW = sin2 θW and s = 4E2 is the square of the center-of-mass energy. In case B, it

is

σ(e−e+ → xx̄) =
2πα2

3

√
1− 4m2

s

[
(s+ 2m2)

s2
+

(s−m2)

2(s−m2
Z)2

− (s−m2)

s(s−m2
Z)

+
(1− 4xW )

4xW

m2

s(s−m2
Z)

]
. (8.41)

Using m = 100 GeV and s = (250 GeV)2 as an example, we find these cross sections to be

0.79 and 0.44 pb respectively.

In QCD, there are qq̄ bound states which are bosons, and qqq bound states which

are fermions. In QHD, there are only bound-state bosons, because the confining symmetry

is SU(2)l. Also, unlike baryon (or quark) number in QCD, there is no such thing as hemion
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number in QHD, because y is effectively x̄. This explains why there are no stable analog

fermion in QHD such as the proton in QCD.

The SM Higgs boson h couples to the hemions, but these Yukawa couplings could

be small, because hemions have invariant masses themselves as already explained. So far

we have assumed these couplings to be negligible. If not, then h may decay to two photons

and two stickons through a loop of hemions. This may show up in precision Higgs studies

as a deviation of h→ γγ from the SM prediction. It will also imply a partial invisible width

of h proportional to this deviation. Neither would be large effects and that is perfectly

consistent with present data.

The absence of observations of new physics at the LHC is a possible indication that

fundamental new physics may not be accessible using the strong interaction, i.e. quarks

and gluons. It is then natural to think about future e−e+ colliders. But is there some fun-

damental issue of theoretical physics which may only reveal itself there? and not at hadron

colliders? The BMW model is one possible answer. It assumes a quartification symmetry

based on [SU(3)]4. It has gauge-coupling unification without supersymmetry, but requires

the existence of new half-charged fermions (hemions) under a confining SU(2)l leptonic

color symmetry, with masses below the TeV scale. It also predicts the SU(2)l confining

scale to be keV, so that stickball bound states of the vector gauge stickons are formed.

These new particles have no QCD interactions, but hemions have electroweak couplings, so

they are accessible in a future e−e+ collider, as described in this paper.
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Chapter 9

Dark Gauge U(1) Symmetry for an

Alternative Left-Right Model

9.1 Introduction

The alternative left-right model [195] of 1987 was inspired by the E6 decomposition

to the standard SU(3)C×SU(2)L×U(1)Y gauge symmetry through an SU(2)R which does

not have the conventional assignments of quarks and leptons. Instead of (u, d)R and (ν, l)R

as doublets under SU(2)R, a new quark h and a new lepton n per family are added so that

(u, h)R and (n, e)R are the SU(2)R doublets, and hL, dR, nL, νR are singlets.

This structure allows for the absence of tree-level flavor-changing neutral currents

(unavoidable in the conventional model), as well as the existence of dark matter. The

key new ingredient is a U(1)S symmetry, which breaks together with SU(2)R, such that a

residual global S′ symmetry remains for the stabilization of dark matter. Previously [196–
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198], this U(1)S was assumed to be global. We show in this paper how it may be promoted

to a gauge symmetry. To accomplish this, new fermions are added to render the model free

of gauge anomalies. The resulting theory has an automatic discrete Z2 symmetry which is

unbroken, as well as the global S′, which is now broken to Z3. Hence dark matter has two

components [92]. They are identified as one Dirac fermion (nontrivial under both Z2 and

Z3) and one complex scalar (nontrivial under Z3).

9.2 Model

The particle content of our model is given in Table 9.1, where the scalar SU(2)L×

SU(2)R bidoublet is given by

η =

η0
1 η+

2

η−1 η0
2

 , (9.1)

with SU(2)L transforming vertically and SU(2)R horizontally. Without U(1)S as a gauge

symmetry, the model is free of anomalies without the addition of the ψ and χ fermions.

In the presence of gauge U(1)S , the additional anomaly-free conditions are all satisfied by

the addition of the ψ and χ fermions. The [SU(3)C ]2U(1)S anomaly is canceled between

(u, h)R and hL; the [SU(2)L]2U(1)S anomaly is zero because (u, d)L and (ν, l)L do not trans-

form under U(1)S ; the [SU(2)R]2U(1)S and [SU(2)R]2U(1)X anomalies are both canceled

by summing over (u, h)R, (n, l)R, (ψ0
1, ψ

−
1 )R, and (ψ+

2 , ψ
0
2)R; the addition of χ±R renders

the [U(1)X ]2U(1)S , U(1)X [U(1)S ]2, [U(1)X ]3, and U(1)X anomalies zero; and the further
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Table 9.1: Particle content of proposed model of dark gauge U(1) symmetry.

particles SU(3)C SU(2)L SU(2)R U(1)X U(1)S
(u, d)L 3 2 1 1/6 0
(u, h)R 3 1 2 1/6 −1/2
dR 3 1 1 −1/3 0
hL 3 1 1 −1/3 −1

(ν, l)L 1 2 1 −1/2 0
(n, l)R 1 1 2 −1/2 1/2
νR 1 1 1 0 0
nL 1 1 1 0 1

(φ+
L , φ

0
L) 1 2 1 1/2 0

(φ+
R, φ

0
R) 1 1 2 1/2 1/2

η 1 2 2 0 −1/2
ζ 1 1 1 0 1

(ψ0
1, ψ

−
1 )R 1 1 2 −1/2 2

(ψ+
2 , ψ

0
2)R 1 1 2 1/2 1

χ+
R 1 1 1 1 −3/2
χ−R 1 1 1 −1 −3/2
χ0

1R 1 1 1 0 −1/2
χ0

2R 1 1 1 0 −5/2

σ 1 1 1 0 3

addition of χ0
1R and χ0

2R kills both the [U(1)S ]3 and U(1)S anomalies, i.e.

0 = 3[6(−1/2)3 − 3(−1)3 + 2(1/2)3 − (1)3]

+ 2(2)3 + 2(1)3 + 2(−3/2)3 + (−1/2)3 + (−5/2)3, (9.2)

0 = 3[6(−1/2)− 3(−1) + 2(1/2)− (1)]

+ 2(2) + 2(1) + 2(−3/2) + (−1/2) + (−5/2). (9.3)

Under T3R + S, the neutral scalars φ0
R and η0

2 are zero, so that their vacuum

expectation values do not break T3R + S which remains as a global symmetry. However,

〈σ〉 6= 0 does break T3R+S and gives masses to ψ0
1Rψ

0
2R−ψ−1Rψ+

2R, χ+
Rχ
−
R, and χ0

1Rχ
0
2R. These

exotic fermions all have half-integral charges [199] under T3R + S and only communicate
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with the others with integral charges through W±R ,
√

2Re(φ0
R), ζ, and the two extra neutral

gauge bosons beyond the Z. Some explicit Yukawa terms are

(ψ0
1Rφ

−
R + ψ−1Rφ̄

0
R)χ+

R, (ψ+
2Rφ

0
R − ψ0

2Rφ
+
R)χ−R, (9.4)

(ψ0
1Rφ

0
R − ψ−1Rφ+

R)χ0
2R, (ψ+

2Rφ
−
R + ψ0

2Rφ̄
0
R)χ0

1R. (9.5)

This dichotomy of particle content results in an additional unbroken symmetry of the La-

grangian, i.e. discrete Z2 under which the exotic fermions are odd. Hence dark matter has

two layers: those with nonzero T3R+S and even Z2, i.e. n, h,W±R , φ
±
R, η

±
1 , η

0
1, η̄

0
1, ζ, and the

underlying exotic fermions with odd Z2. Without ζ, a global S′ symmetry remains. With

ζ, because of the ζ3σ∗ and χ0
1Rχ

0
1Rζ terms, the S′ symmetry breaks to Z3.

Table 9.2: Particle content of proposed model under (T3R + S)× Z2.

particles gauge T3R + S global S′ Z3 Z2

u, d, ν, l 0 0 1 +
(φ+
L , φ

0
L), (η+

2 , η
0
2), φ0

R 0 0 1 +
n, φ+

R, ζ 1 1 ω +
h, (η0

1, η
−
1 ) −1 −1 ω2 +

ψ+
2R, χ

+
R 3/2,−3/2 0 1 −

ψ−1R, χ
−
R 3/2,−3/2 0 1 −

ψ0
1R, ψ

0
2R 5/2, 1/2 1,−1 ω, ω2 −

χ0
1R, χ

0
2R −1/2,−5/2 1,−1 ω, ω2 −

σ 3 0 1 +

Let

〈φ0
L〉 = v1, 〈η0

2〉 = v2, 〈φ0
R〉 = vR, 〈σ〉 = vS , (9.6)

then the SU(3)C×SU(2)L×SU(2)R×U(1)X×U(1)S gauge symmetry is broken to SU(3)C×

U(1)Q with S′, which becomes Z3, as shown in Table 9.2 with ω3 = 1. The discrete Z2

symmetry is unbroken. Note that the global S′ assignments for the exotic fermions are not
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T3R + S because of vS which breaks the gauge U(1)S by 3 units.

9.3 Gauge sector

Consider now the masses of the gauge bosons. The charged ones, W±L and W±R ,

do not mix because of S′(Z3), as in the original alternative left-right models. Their masses

are given by

M2
WL

=
1

2
g2
L(v2

1 + v2
2), M2

WR
=

1

2
g2
R(v2

R + v2
2). (9.7)

Since Q = I3L + I3R +X, the photon is given by

A =
e

gL
W3L +

e

gR
W3R +

e

gX
X, (9.8)

where e−2 = g−2
L + g−2

R + g−2
X . Let

Z = (g2
L + g2

Y )−1/2

(
gLW3L −

g2
Y

gR
W3R −

g2
Y

gX
X

)
, (9.9)

Z ′ = (g2
R + g2

X)−1/2(gRW3R − gXX), (9.10)
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where g−2
Y = g−2

R + g−2
X , then the 3 × 3 mass-squared matrix spanning (Z,Z ′, S) has the

entries:

M2
ZZ =

1

2
(g2
L + g2

Y )(v2
1 + v2

2), (9.11)

M2
Z′Z′ =

1

2
(g2
R + g2

X)v2
R +

g4
Xv

2
1 + g4

Rv
2
2

2(g2
R + g2

X)
, (9.12)

M2
SS = 18g2

Sv
2
S +

1

2
g2
S(v2

R + v2
2), (9.13)

M2
ZZ′ =

√
g2
L + g2

Y

2
√
g2
R + g2

X

(g2
Xv

2
1 − g2

Rv
2
2), (9.14)

M2
ZS =

1

2
gS

√
g2
L + g2

Y v
2
2, (9.15)

M2
Z′S = −1

2
gS

√
g2
R − g2

Xv
2
R −

gSgRv
2
2

2
√
g2
R + g2

X

. (9.16)

Their neutral-current interactions are given by

LNC = eAµj
µ
Q + gZZµ(jµ3L − sin2 θW j

µ
Q)

+ (g2
R + g2

X)−1/2Z ′µ(g2
Rj

µ
3R − g2

Xj
µ
X) + gSSµj

µ
S , (9.17)

where g2
Z = g2

L + g2
Y and sin2 θW = g2

Y /g
2
Z .

In the limit v2
1,2 << v2

R, v
2
S , the mass-squared matrix spanning (Z ′, S) may be

simplified if we assume

v2
S

v2
R

=
(g2
R + g2

X + g2
S)2

36g2
S(g2

R + g2
X − g2

S)
, (9.18)

and let

tan θD =

√
g2
R + g2

X − gS√
g2
R + g2

X + gS

, (9.19)

then D1

D2

 =

 cos θD sin θD

− sin θD cos θD


Z ′
S

 , (9.20)
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with mass eigenvalues given by

M2
D1

=
√
g2
R + g2

X

√
g2
R + g2

X + g2
S

v2
R

2
√

2 cos θD
, (9.21)

M2
D2

=
√
g2
R + g2

X

√
g2
R + g2

X + g2
S

v2
R

2
√

2 sin θD
. (9.22)

In addition to the assumption of Eq. (9.18), let us take for example

2gS =
√
g2
R + g2

X , (9.23)

then sin θD = 1/
√

10 and cos θD = 3/
√

10. Assuming also that gR = gL, we obtain

g2
X

g2
Z

=
sin2 θW cos2 θW

cos 2θW
,

gS
gZ

=
cos2 θW

2
√

cos 2θW
, (9.24)

v2
S

v2
R

=
25

108
, M2

D2
= 3M2

D1
=

5 cos4 θW
4 cos 2θW

g2
Zv

2
R. (9.25)

The resulting gauge interactions of D1,2 are given by

LD =
gZ√

10
√

cos 2θW
{[3 cos 2θW j

µ
3R − 3 sin2 θW j

µ
X + (1/2) cos2 θW j

µ
S ]D1µ

+ [− cos 2θW j
µ
3R + sin2 θW j

µ
X + (3/2) cos2 θW j

µ
S ]D2µ}. (9.26)

Since D2 is
√

3 times heavier than D1 in this example, the latter would be produced first

in pp collisions at the Large Hadron Collider (LHC).

9.4 Fermion sector

All fermions obtain masses through the four vacuum expectation values of Eq. (9.6)

except νR which is allowed to have an invariant Majorana mass. This means that neutrino

masses may be small from the usual canonical seesaw mechanism. The various Yukawa
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terms for the quark and lepton masses are

−LY =
mu

v2
[ūR(uLη

0
2 − dLη+

2 ) + h̄R(−uLη−2 + dLη
0
1)]

+
md

v1
(ūLφ

+
L + d̄Lφ

0
L)dR +

mh

vR
(ūRφ

+
R + h̄Rφ

0
R)hL

+
ml

v2
[(ν̄Lη

0
1 + l̄Lη

−
1 )nR + (ν̄Lη

+
2 + l̄Lη

0
2)lR]

+
mD

v1
ν̄R(νLφ

0
L − lLφ+

L ) +
mn

vR
n̄L(nRφ

0
R − lRφ−R) +H.c. (9.27)

These terms show explicitly that the assignments of Tables 9.1 and 9.2 are satisfied.

As for the exotic ψ and χ fermions, they have masses from the Yukawa terms of

Eqs. (9.4) and (9.5), as well as

(φ0
1Rψ

0
2R − ψ−1Rψ+

2R)σ∗, χ−Rχ
+
Rσ, χ0

1Rχ
0
2Rσ. (9.28)

As a result, two neutral Dirac fermions are formed from the matrix linking χ0
1R and ψ0

1R to

χ0
2R and ψ0

2R. Let us call the lighter of these two Dirac fermions χ0, then it is one component

of dark matter of our model. The other will be the scalar ζ, to be discussed later. Note

that χ0 communicates with ζ through the allowed χ0
1Rχ

0
1Rζ interaction. Note also that the

allowed Yukawa terms

d̄RhLζ, n̄LνRζ (9.29)

enable the dark fermions h and n to decay into ζ.

9.5 Scalar sector

Consider the most general scalar potential consisting of ΦL,R, η, and σ. Let

η =

η0
1 η+

2

η−1 η0
2

 , η̃ = σ2η
∗σ2 =

 η̄0
2 −η+

1

−η−2 η̄0
1

 , (9.30)
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then

V = −µ2
LΦ†LΦL − µ2

RΦ†RΦR − µ2
σσ
∗σ − µ2

ηTr(η
†η) + [µ3Φ†LηΦR +H.c.]

+
1

2
λL(Φ†LΦL)2 +

1

2
λR(Φ†RΦR)2 +

1

2
λσ(σ∗σ)2 +

1

2
λη[Tr(η

†η)]2 +
1

2
λ′ηTr(η

†ηη†η)

+ λLR(Φ†LΦL)(Φ†RΦR) + λLσ(Φ†LΦL)(σ∗σ) + λRσ(Φ†RΦR)(σ∗σ) + λση(σ
∗σ)Tr(η†η)

+ λLηΦ
†
Lηη

†ΦL + λ′LηΦ
†
Lη̃η̃

†ΦL + λRηΦ
†
Rη
†ηΦR + λ′RηΦ

†
Rη̃
†η̃ΦR. (9.31)

Note that

2|det(η)|2 = [Tr(η†η)]2 − Tr(η†ηη†η), (9.32)

(Φ†LΦL)Tr(η†η) = Φ†Lηη
†ΦL + Φ†Lη̃η̃

†ΦL, (9.33)

(Φ†RΦR)Tr(η†η) = Φ†Rη
†ηΦR + Φ†Rη̃

†η̃ΦL. (9.34)

The minimum of V satisfies the conditions

µ2
L = λLv

2
1 + λLηv

2
2 + λLRv

2
R + λLσv

2
S + µ3v2vR/v1, (9.35)

µ2
η = (λη + λ′η)v

2
2 + λLηv

2
1 + λRηv

2
R + λσηv

2
S + µ3v1vR/v2, (9.36)

µ2
R = λRv

2
R + λLRv

2
1 + λRηv

2
2 + λRσv

2
S + µ3v1v2/vR, (9.37)

µ2
σ = λσv

2
S + λLσv

2
1 + λσηv

2
2 + λRσv

2
R. (9.38)

The 4× 4 mass-squared matrix spanning
√

2Im(φ0
L, η

0
2, φ

0
R, σ) is then given by

M2
I = µ3



−v2vR/v1 vR v2 0

vR −v1vR/v2 v1 0

v2 v1 −v1v2/vR 0

0 0 0 0.


(9.39)
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and that spanning
√

2Re(φ0
L, η

0
2, φ

0
R, σ) is

M2
R =M2

I + 2



λLv
2
1 λLηv1v2 λLRv1vR λLσv1vS

λLηv1v2 (λη + λ′η)v
2
2 λRηv2vR λσηv2vS

λLRv1vR λRηv2vR λRv
2
R λRσvRvS

λLσv1vS λσηv2vS λRσvRvS λσv
2
S


. (9.40)

Hence, there are three zero eigenvalues in M2
I with one nonzero eigenvalue −µ3[v1v2/vR +

vR(v2
1 + v2

2)/v1v2] corresponding to the eigenstate (−v−1
1 , v−1

2 , v−1
R , 0)/

√
v−2

1 + v−2
2 + v−2

R .

In M2
R, the linear combination H = (v1, v2, 0, 0)/

√
v2

1 + v2
2, is the standard-model Higgs

boson, with

m2
H = 2[λLv

4
1 + (λη + λ′η)v

4
2 + 2λLηv

2
1v

2
2]/(v2

1 + v2
2). (9.41)

The other three scalar bosons are much heavier, with suppressed mixing to H, which may

all be assumed to be small enough to avoid the constraints from dark-matter direct-search

experiments. The addition of the scalar ζ introduces two important new terms:

ζ3σ∗, (η0
1η

0
2 − η−1 η+

2 )ζ. (9.42)

The first term breaks global S′ to Z3, and the second term mixes ζ with η0
1 through v2. We

assume the latter to be negligible, so that the physical dark scalar is mostly ζ.

9.6 Present phenomenological constraints

Many of the new particles of this model interact with those of the standard model.

The most important ones are the neutral D1,2 gauge bosons, which may be produced at the

LHC through their couplings to u and d quarks, and decay to charged leptons (e−e+ and
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µ−µ+). As noted previously, in our chosen example, D1 is the lighter of the two. Hence

current search limits for a Z ′ boson are applicable [152, 174]. The cu,d coefficients used in

the data analysis are

cu = (g2
uL + g2

uR)B = 0.0273 B, cd = (g2
dL + g2

dR)B = 0.0068 B, (9.43)

where B is the branching fraction of Z ′ to e−e+ and µ−µ+. Assuming that D1 decays to

all the particles listed in Table 9.2, except for the scalars which become the longitudinal

components of the various gauge bosons, we find B = 1.2× 10−2. Based on the 2016 LHC

13 TeV data set, this translates to a bound of about 4 TeV on the D1 mass.

The would-be dark-matter candidate n is a Dirac fermion which couples to D1,2

which also couples to quarks. Hence severe limits exist on the masses of D1,2 from un-

derground direct-search experiments as well. The annihilation cross section of n through

D1,2 would then be too small, so that its relic abundance would be too big for it to be a

dark-matter candidate. Its annihilation at rest through s-channel scalar exchange is p-wave

suppressed and does not help. As for the t-channel diagrams, they also turn out to be too

small. Previous studies where n is chosen as dark matter are now ruled out.

9.7 Dark sector

Dark matter is envisioned to have two components. One is a Dirac fermion χ0

which is a mixture of the four neutral fermions of odd Z2, and the other is a complex scalar

boson which is mostly ζ. The annihilation χ0χ̄0 → ζζ∗ determines the relic abundance of χ0,

and the annihilation ζζ∗ → HH, where H is the standard-model Higgs boson, determines

that of ζ. The direct ζζ∗H coupling is assumed small to avoid the severe constraint in
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direct-search experiments.

Let the interaction of ζ with χ0 be f0ζχ0Rχ0R +H.c., then the annihilation cross

section of χ0χ̄0 to ζζ∗ times relative velicity is given by

〈σ × vrel〉χ =
f4

0

4πmχ0

(m2
χ0
−m2

ζ)
3/2

(2m2
χo −m2

ζ)
2
. (9.44)

Let the effective interaction strength of ζζ∗ with HH be λ0, then the annihilation

cross section of ζζ∗ to HH times relative velicity is given by

〈σζ × vrel〉ζ =
λ2

0

16π

(m2
ζ −m2

H)1/2

m3
ζ

. (9.45)

Note that λ0 is the sum over several interactions. The quartic coupling λζH is assumed neg-

ligible, to suppress the trilinear ζζ∗H coupling which contributes to the elastic ζ scattering

cross section off nuclei. However, the trilinear couplings ζζ∗Re(φ0
R) and Re(φ0

R)HH are

proportional to vR, and the trilinear couplings ζζ∗Re(σ) and Re(σ)HH are proportional

to vS . Hence their effective contributions to λ0 are proportional to v2
R/m

2[
√

2Re(φ0
R)] and

v2
S/m

2[
√

2Re(σ)], which are not suppressed.

As a rough estimate, we will assume that

〈σ × vrel〉−1
χ + 〈σζ × vrel〉−1

ζ = (4.4× 10−26 cm3/s)−1 (9.46)

to satisfy the condition of dark-matter relic abundance [105] of the Universe. For given

values of mζ and mχ0 , the parameters λ0 and f0 are thus constrained. We show in Fig. 9.1

the plots of λ0 versus f0 for mζ = 150 GeV and various values of mχ0 . Since mζ is fixed

at 150 GeV, λ0 is also fixed for a given fraction of Ωζ/ΩDM . To adjust for the rest of dark

matter, f0 must then vary as a function of mχ0 according to Eq. (9.44).
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Figure 9.1: Relic-abundance constraints on λ0 and f0 for mζ = 150 GeV and various values
of mχ0 .

As for direct detection, both χ0 and ζ have possible interactions with quarks

through the gauge bosons D1,2 and the standard-model Higgs boson H. They are suppressed

by making the D1,2 masses heavy, and the H couplings to χ0 and ζ small. In our example

with mζ = 150 GeV, let us choose mχ0 = 500 Gev and the relic abundances of both to be

equal. From Fig. 9.1, these choices translate to λ0 = 0.12 and f0 = 0.56.
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Consider first the D1,2 interactions. Using Eq. (9.26), we obtain

gVu (D1) = 0.0621, gVd (D1) = 0.0184, gζ(D1) = 0.1234, (9.47)

gVu (D2) = −0.1235, gVd (D2) = −0.0062, gζ(D2) = 0.3701. (9.48)

The effective ζ elastic scattering cross section through D1,2 is then completely determined

as a function of the D1 mass (because MD2 =
√

3MD1 in our example), i.e.

LVζq =
(ζ∗∂µ − ζ∂µζ∗)

M2
D1

[(−7.57× 10−3)ūγµu+ (1.51× 10−3)d̄γµd]. (9.49)

Using the latest LUX result [87] and and Eq. (9.25), we obtain vR > 35 TeV which translates

to MD1 > 18 TeV.

The χ̄0γµχ0 couplings to D1,2 depend on the 2 × 2 mass matrix linking (χ1, ψ1)

to (χ2, ψ2) which has two mixing angles and two mass eigenvalues, the lighter one being

mχ0 . By adjusting these parameters, it is possible to make the effective χ0 interaction with

xenon negligibly small. Hence there is no useful limit on the D1 mass in this case.

Direct search also constrains the coupling of the Higgs boson to ζ (through a

possible trilinear λζH
√

2vHζ
∗ζ interaction) or χ0 (through an effective Yukawa coupling ε

from H mixing with σR and φ0
R). Let their effective interactions with quarks through H

exchange be given by

LSζq =
λζHmq

m2
H

ζ∗ζq̄q +
εfq
m2
H

χ̄0χ0q̄q, (9.50)

where fq = mq/
√

2vH = mq/(246 GeV). The spin-independent direct-detection cross sec-

tion per nucleon in the former is given by

σSI =
µ2
ζ

πA2
[λpZ + (A− Z)λn]2, (9.51)
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where µζ = mζMA/(mζ +MA) is the reduced mass of the dark matter, and [156]

λN =

∑
u,d,s

fNq +
2

27

1−
∑
u,d,s

fNq

 λζHmN

2mζm
2
H

, (9.52)

with [157]

fpu = 0.023, fpd = 0.032, fps = 0.020, (9.53)

fnu = 0.017, fnd = 0.041, fns = 0.020. (9.54)

For mζ = 150 GeV, we have

λp = 2.87× 10−8λζH GeV−2, λn = 2.93× 10−8λζH GeV−2. (9.55)

Using A = 131, Z = 54, and MA = 130.9 atomic mass units for the LUX experiment [87], ,

and twice the bound of 2× 10−46 cm2 (because ζ is assumed to account for only half of the

dark matter) at this mass, we find

λζH < 9.1× 10−4. (9.56)

As noted earlier, this is negligible for considering the annihilation cross section of ζ to H.

For the H contribution to the χ0 elastic cross section off nuclei, we replace mζ

with mχ0 = 500 GeV in Eq. (9.51) and λζH/2mζ with ε/
√

2vH in Eq. (9.52). Using the

experimental data at 500 GeV, we obtain the bound.

ε < 9.6× 10−4. (9.57)

From the above discussion, it is clear that our model allows for the discovery of dark matter

in direct-search experiments in the future if these bounds are only a little above the actual

values of λζH and ε.
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9.8 Conclusion and outlook

In the context of the alternative left-right model, a new gauge U(1)S symmetry has

been proposed to stabilize dark matter. This is accomplished by the addition of a few new

fermions to cancel all the gauge anomalies, as shown in Table 9.1. As a result of this particle

content, an automatic unbroken Z2 symmetry exists on top of U(1)S which is broken to a

conserved residual Z3 symmetry. Thus dark matter has two components. One is the Dirac

fermion χ0 ∼ (ω,−) and the other the complex scalar ζ ∼ (ω,+) under Z3 × Z2. We have

shown how they may account for the relic abundance of dark matter in the Universe, and

satisfy present experimental search bounds.

Whereas we have no specific prediction for discovery in direct-search experiments,

our model will be able to accommodate any positive result in the future, just like many

other existing proposals. To single out our model, many additional details must also be

confirmed. Foremost are the new gauge bosons D1,2. Whereas the LHC bound is about 4

TeV, the direct-search bound is much higher provided that ζ is a significant fraction of dark

matter. If χ0 dominates instead, the adjustment of free parameters of our model can lower

this bound to below 4 TeV. In that case, future D1,2 observations are still possible at the

LHC as more data become available.

Another is the exotic h quark which is easily produced if kinematically allowed.

It would decay to d and ζ through the direct d̄RhLζ coupling of Eq. (9.29). Assuming that

this branching fraction is 100%, the search at the LHC for 2 jets plus missing energy puts

a limit on mh of about 1.0 TeV, as reported by the CMS Collaboration [200] based on the

√
s = 13 TeV data at the LHC with an integrated luminosity of 35.9 fb−1 for a single scalar
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quark.

If the d̄RhLζ coupling is very small, then h may also decay significantly to u and a

virtual W−R , with W−R becoming n̄l−, and n̄ becoming ν̄ζ∗. This has no analog in the usual

searches for supersymmetry or the fourth family because WR is heavy (> 16 TeV). To be

specific, the final states of 2 jets plus l−1 l
+
2 plus missing energy should be searched for. As

more data are accumulated at the LHC, such events may become observable.
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Chapter 10

Conclusions

Various extensions of the Standard Model were presented in this thesis, to accom-

modate the neutrino mass and dark matter. A brief review of these models follows.

In the second chapter, we introduced a vector dark matter based on SU(2)N , under

which all of the Standard Model particles are singlet. A small Majorana neutrino mass is

generated via inverse seesaw mechanism. The scalar sector of this model may also allow a

stable second component of dark matter.

We then considered a gauge B−L extension of the Standard Model, which is spon-

taneously broken to Z3 lepton number. Neutrinos are Dirac fermions. A complex neutral

scalar (χ2) is the dark matter candidate. It is not absolutely stable, and it decays to two

antineutrinos with a lifetime much greater than that of the Universe. It is impossible to

discover Z ′ at the LHC with the current run, because of the stringent constraint on m′Z/g
′
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from direct-search experiments.

The next model which was introduced in chapter four, is a scotogenic model of

radiative neutrino and charged lepton masses. We studied anomalous Higgs couplings with

possible large deviations from the Standard Model predictions. We showed that the ob-

served discrepancy in the muon anomalous magnetic moment may be explained by new

particles in this model. We also checked the bounds from the lepton flavor violating pro-

cesses, such as µ→ eγ and µ→ eee.

In chapter five, a gauge U(1)X extension of the supersymmetric Standard Model

was presented to solve the µ-problem of the MSSM. In this model, we replaced the µ term

with a singlet scalar superfield which also couples to heavy color-triplet superfields. These

electroweak singlets were necessary for the cancellation of axial-vector anomalies. There-

fore, they were perfect ingredients for accommodating the 750 GeV diphoton excess which

was observed in 20151. An important product of our study is the discovery of relaxed su-

persymmetric constraints on the Higgs boson’s mass, which depends on the U(1)X gauge

coupling and it’s free of the tension encountered in the MSSM.

One way to resolve the small structure issues of the cold dark matter models is

to have a mixed2 dark matter. Chapter six contains a B−L gauge extension of the stan-

dard model, where a light sterile neutrino and cold dark matter candidates are naturally

1It was absent in the more recent analysis.
2A mixture of cold and warm dark matter.
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generated. Neutrino masses were generated in one loop through the dark matter, i.e., the

scotogenic mechanism, while the keV sterile neutrino obtains its mass by seesaw mechanism.

It was shown that we can have up to four dark matter candidates assuming an extra Z2

symmetry. Three are stable cold Weakly Interaction Massive Particles (WIMP), and one a

keV singlet neutrino with a very long life-time.

In chapter seven, another gauge extension of the standard model with new charge

assignments to leptons and quarks was introduced. This model offered some insights to the

structure of mixing among quark and lepton families, together with their possible verifica-

tion at the Large Hadron Collider. Meson-anitmeson oscillations data was used to constrain

the parameters of our model. A Majorana neutrino mass matrix of two texture zeros may

be obtained in this model, which leads to a best-fit of neutrino oscillation data with normal

ordering of neutrino masses.

The low energy phenomenology of the Babu-Ma-Willenbrock (BMW) model was

studied in chapter eight. The gauge symmetry of this model is based on [SU(3)]4, which

breaks down to the usual Standard Model gauge symmetry and an unbroken SU(2)l (leptonic

color) gauge symmetry. This model has gauge-coupling unification without supersymme-

try. This required the addition of new half-charged fermions (hemions) under the SU(2)l

leptonic color symmetry. Also, we saw that their masses have to be below the TeV scale.

The SU(2)l symmetry becomes confining at M scale, such that stickball bound states of the

vector gauge stickons are formed. Note that these new particles have no QCD interactions,
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but hemions can interact electroweakly. Therefore, hemions are accessible in a future e−e+

collider.

Finally, an alternative left-right model was presented, with a new gauge U(1)S

symmetry which stabilizes the dark matter candidate. A few new fermions were added to

cancel all the gauge anomalies. An automatic unbroken Z2 symmetry exists on top of U(1)S

which is broken to a residual Z3 symmetry. Therefore, dark matter has two components, a

Dirac fermion (χ0) and one complex scalar (ξ). It was shown how they can account for the

relic abundance of dark matter in the Universe, and satisfy the present experimental search

bounds.
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Appendix A

Muon Anomalous Magnetic

Moment Calculation

A.1 Dominant Contributions

Anomalous magnetic moment can be generated dominantly through the diagrams

in Figs. A.1. Let’s assume the general vertex form

iM = ie2[ū(p′)Γµ(p, p′)u(p)]
1

q2
[ū(k′)γµu(k′′)], (A.1)

The amplitude for the first diagram in Fig. A.1 is given by

ū(p′)Γ1,1,ν
L,R (p, p′)u(p) =

∫
d4k

(2π)4
ū(p+ q)

(
if∗µPL cos θR

) i(/p− /k +mn1)

(p− k)2 −m2
n1

+ iε

(
−if ′ sin θLPL

)
× (sin θµ cos θµ)

i

k2 −m2
s1 + iε

(2kν + qν)
i

(k + q)2 −m2
s1 + iε

u(p)

= A1,1
L,R

∫
d4k

(2π)4

ū(p+ q) [(2kν + qν)PL]u(p)[
(p− k)2 −m2

n1
+ iε

] [
k2 −m2

s1 + iε
] [

(k + q)2 −m2
s1 + iε

] ,
(A.2)
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with,

A1,1
L,R ≡ −if ′f∗µmn1 sin θL cos θR sin θµ cos θµ. (A.3)

The amplitudes for all of the diagrams in the left column of Fig. A.1 have the same

form as in Eq. (A.2), with the following coefficients

A1,1
L,R =− if ′f∗µmn1 sin θL cos θR sin θµ cos θµ, (A.4)

A1,2
L,R = + if ′f∗µmn1 sin θL cos θR sin θµ cos θµ, (A.5)

A2,1
L,R = + if ′f∗µmn2 cos θL sin θR sin θµ cos θµ, (A.6)

A2,2
L,R =− if ′f∗µmn2 cos θL sin θR sin θµ cos θµ. (A.7)

For the diagrams in the right column of Fig. A.1, PL should be replaced by PR, and the

coeficients are

A1,1
R,L =− if ′∗fµmn1 sin θL cos θR sin θµ cos θµ = −A1,1

L,R

∗
, (A.8)

A1,2
R,L = + if ′∗fµmn1 sin θL cos θR sin θµ cos θµ = −A1,2

L,R

∗
, (A.9)

A2,1
R,L = + if ′∗fµmn2 cos θL sin θR sin θµ cos θµ = −A2,1

L,R

∗
, (A.10)

A2,2
R,L =− if ′∗fµmn2 cos θL sin θR sin θµ cos θµ = −A2,2

L,R

∗
. (A.11)

We ignore the terms proportional to γ5, and we add the amplitudes (A.4) & (A.8), (A.5)

& (A.9), (A.6) & (A.10), (A.7) & (A.11) to get

ū(p′)Γi,j,ν(p, p′)u(p) =∫
d4k

(2π)4

iIm(Ai,jL,R) ū(p+ q) [2kν + qν ]u(p)[
(p− k)2 −m2

ni + iε
] [
k2 −m2

sj + iε
] [

(k + q)2 −m2
sj + iε

] (A.12)
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µRµL

n1

f ∗µPL cosθR− f ′PL sinθL

+sinθµ cosθµ

s1s1

µRµL

n1

f ∗µPL cosθR− f ′PL sinθL

−sinθµ cosθµ

s2s2

µRµL

n2

f ∗µPL sinθRf ′PL cosθL

+sinθµ cosθµ

s1s1

µRµL

n2

f ∗µPL sinθRf ′PL cosθL

−sinθµ cosθµ

s2s2

µLµR

n1

− f ′∗PR sinθLfµPR cosθR

+sinθµ cosθµ

s1s1

µLµR

n1

− f ′∗PR sinθLfµPR cosθR

−sinθµ cosθµ

s2s2

µLµR

n2

f ′∗PR cosθLfµPR sinθR

+sinθµ cosθµ

s1s1

µLµR

n2

f ′∗PR cosθLfµPR sinθR

−sinθµ cosθµ

s2s2

Figure A.1: Dominant diagrams contributing to muon g − 2.
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We now focus on doing the integral (A.13) using the feynman parameters:

Iν(mn,ms) =

∫
d4k

(2π)4

2kν + qν

[(p− k)2 −m2
n + iε] [k2 −m2

s + iε] [(k + q)2 −m2
s + iε]

=

∫
d4k

(2π)4

2kν + qν

ABC
,

(A.13)

where we can write

1

ABC
=

∫∫∫
dxdydzδ(x+ y + z − 1)

2

D3
, D = xA+ yB + zC, (A.14)

such that

1

[(p− k)2 −m2
n + iε] [k2 −m2

s + iε] [(k + q)2 −m2
s + iε]

=

∫∫∫
dxdydzδ(x+ y + z − 1)

2

D3
,

(A.15)

with D = x
[
(p− k)2 −m2

n + iε
]

+ y
[
k2 −m2

s + iε
]

+ z
[
(k + q)2 −m2

s + iε
]
.

D = x
[
k2 + p2 − 2k.p−m2

n

]
+ yk2 − ym2

s + z
[
k2 + q2 + 2k.q

]
− zm2

s + iε

= k2 + 2(zq − xp).k + (p2 −m2
n)x− ym2

s + z(q2 −m2
s) + iε

(A.16)

Therefore, D can be written in terms of l and ∆ as follows

D = l2 −∆ + iε, (A.17)

lµ ≡ kµ + zqµ − xpµ, (A.18)

∆ ≡ z2q2 − z(q2 −m2
s) + x2p2 − 2xz(p.q)− x(p2 −m2

n) + ym2
s. (A.19)

The numerator in Eq. (A.13) can be written as

2kν + qν = 2lν − 2zqν + qν + 2xpν

= 2lν + (1− x− 2z)qν + x(p+ p′)ν

= 2lν + (y − z)qν + (1− y − z)(p+ p′)ν .

(A.20)
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Note that the term containing qν in the integral vanishes, since the denominator is even

under y ↔ z, while the numerator is odd. Also, the integral of lν is zero, since the denom-

inator depends only on l2. Therefore, the only non-zero contribution to Eq. (A.13) comes

from ∫
d4l

(2π)4

∫∫
dydz

2(p+ p′)ν(1− y − z)
(l2 −∆ + iε)3 =

∫∫
dydz[2(p+ p′)ν(1− y − z)]

×
∫

d4l

(2π)4

1

(l2 −∆ + iε)3 .

(A.21)

Using Wick’s rotation: l0 ≡ il0E , ~l ≡ ~lE we have

∫
d4l

(2π)4

1

(l2 −∆ + iε)3 =
i(−1)3

(4π)2

1

(3− 1)(3− 2)

1

∆(3−2)
=

−i
2(4π)2

1

∆
. (A.22)

Using Gordon identity : ū(p′) [p+ p′]µ u(p) = ū(p′) [2mγµ − iσµνqν ]u(p) we can now write

Eq. (A.12) as

ū(p′)Γi,j,ν(p, p′)u(p) = iIm(Ai,jL,R)

( −i
2(4π)2

)∫∫
1

∆
dydz

[
ū(p′)2(p+ p′)ν(1− y − z)u(p)

]
= Im(Ai,jL,R)

(
1

16π2

)∫∫
1− y − z

∆
dydz

[
ū(p′) (2mµγ

ν − iσναqα)u(p)
]
.

(A.23)

Also, using x+ y + z = 1, and rewriting ∆ in terms of y and z we get

∆ = z2q2 − z(q2 −m2
s) + (1− y − z)2p2 − 2(1− y − z)z(p.q)− (1− y − z)(p2 −m2

n) + ym2
s

= z2(q2 + p2 + 2p.q) + z(m2
s − q2 − 2p2 − 2p.q + p2 −m2

n) + p2y2 + (m2
s + p2 −m2

n − 2p2)y

+ (2p2 + 2p.q)yz + (p2 − p2 +m2
n)

= m2
µ(z2 + y2) + (m2

s −m2
n −m2

µ)(y + z) + 2(m2
µ + p.q)yz +m2

n

= m2
µ(z2 + y2) + (m2

s −m2
n −m2

µ)(y + z) + 2(m2
µ −

q2

2
)yz +m2

n.

(A.24)
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In the non-relativistic limit we have q2 → 0, and (A.24) becomes

∆
∣∣
q2=0

= m2
µ(z2 + y2) + (m2

s −m2
n −m2

µ)(y + z) + 2m2
µyz +m2

n. (A.25)

If we assume mµ � mn,ms, and after performing the integrals over y and z we get

∫ 1

0
dz

∫ 1−z

0

1− y − z
∆

dy ≈
m4
n −m4

s + 2m2
sm

2
n ln

(
m2
s

m2
n

)
2(m2

n −m2
s)

3
,

(A.26)

Therefore, Eq. (A.23) becomes

ū(p′)Γi,j,ν(p, p′)u(p) =

Im(Ai,jL,R)

16π2


m4
ni −m4

sj + 2m2
sjm

2
ni ln(

m2
sj

m2
ni

)

2(m2
ni −m2

sj )
3

[ū(p′)(2mµγ
ν − iσναqα)u(p)

]

(A.27)

We now define xij ≡
(
msj

mni

)2

, and G(x) ≡ 2x lnx

(x− 1)3
− x+ 1

(x− 1)2
, such that Eq. (A.27) can

now be written as

ū(p′)Γi,j,ν(p, p′)u(p) = Im(Ai,jL,R)

(
1

16π2

)[
−G(xij)

2m2
ni

] [
ū(p′)(2mµγ

ν − iσναqα)u(p)
]

(A.28)

After comparing Eq. (A.28) to Γµ = γµF1(q2) +
iσµνqν

2m
F2(q2) we see that

F
(1)
2 (q2 = 0) =

2∑
i,j=1

Im(Ai,jL,R)

(
1

16π2

)[
mµ

m2
ni

G(xij)

]
(A.29)

This is the contribution from the diagrams in Fig. A.1.

A.2 Subdominant Contributions

The subdominant contributions to muon anomalous magnetic moment are gener-

ated by the diagrams in Fig. A.2. We start by writing the amplitude for the first diagram
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µLµL

n1

− f ′∗PR sinθL− f ′PL sinθL

(cosθµ)
2

s1s1

µLµL

n1

− f ′∗PR sinθL− f ′PL sinθL

(−sinθµ)
2

s2s2

µLµL

n2

f ′∗PR cosθLf ′PL cosθL

(cosθµ)
2

s1s1

µLµL

n2

f ′∗PR cosθLf ′PL cosθL

(−sinθµ)
2

s2s2

µRµR

n1

f ∗µPL cosθRfµPR cosθR

(sinθµ)
2

s1s1

µRµR

n1

f ∗µPL cosθRfµPR cosθR

(cosθµ)
2

s2s2

µRµR

n2

f ∗µPL sinθRfµPR sinθR

(sinθµ)
2

s1s1

µRµR

n2

f ∗µPL sinθRfµPR sinθR

(cosθµ)
2

s2s2

Figure A.2: Subdominant diagrams contributing to muon g − 2.
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in Fig. A.2.

ū(p′)Γ1,1,ν
L,L (p, p′)u(p) =

∫
d4k

(2π)4
ū(p+ q)

(
−if ′∗PR sin θL

) i
(
/p− /k +mn1

)
(p− k)2 −m2

n1
+ iε

(
−if ′ sin θLPL

)
× (cos θµ)2 i

k2 −m2
s1 + iε

(2kν + qν)
i

(k + q)2 −m2
s1 + iε

u(p)

= A1,1
L,L

∫
d4k

(2π)4

ū(p+ q)
[
(/p− /k)(2kν + qν)PL

]
u(p)[

(p− k)2 −m2
n1

+ iε
] [
k2 −m2

s1 + iε
] [

(k + q)2 −m2
s1 + iε

] ,
(A.30)

with,

A1,1
L,L ≡ if ′f ′∗ sin2 θL cos2 θµ. (A.31)

Furthermore the amplitudes for all of the diagrams in the left column of Fig. A.2 have the

same form as in Eq. (A.30) with the following coefficients

A1,1
L,L =if ′f ′∗ sin2 θL cos2 θµ, (A.32)

A1,2
L,L =if ′f ′∗ sin2 θL sin2 θµ, (A.33)

A2,1
L,L =if ′f ′∗ cos2 θL cos2 θµ, (A.34)

A2,2
L,L =if ′f ′∗ cos2 θL sin2 θµ. (A.35)

For the diagrams in the right column of Fig. A.2, PL should be replaced by PR and the

coeficients are

A1,1
R,R =ifµf

∗
µ cos2 θR sin2 θµ, (A.36)

A1,2
R,R =ifµf

∗
µ cos2 θR cos2 θµ, (A.37)

A2,1
R,R =ifµf

∗
µ sin2 θR sin2 θµ, (A.38)

A2,2
R,R =ifµf

∗
µ sin2 θR cos2 θµ. (A.39)
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We ignore the terms proportional to γ5, and we add the amplitudes (A.32) & (A.36), (A.33)

& (A.37), (A.34) & (A.38), (A.35) & (A.39) to get

ū(p′)Γi,j,ν(p, p′)u(p) =

∫
d4k

2(2π)4

(
Ai,jL,L +Ai,jR,R

)
ū(p+ q)

[
(/p− /k)(2kν + qν)

]
u(p)[

(p− k)2 −m2
ni + iε

] [
k2 −m2

sj + iε
] [

(k + q)2 −m2
sj + iε

] (A.40)

Since the denominator is the same as before, we have the same feynman parameters with

the following integral

Iν(mn,ms) =

∫
d4k

(2π)4

(/p− /k)(2kν + qν)

[(p− k)2 −m2
n + iε] [k2 −m2

s + iε] [(k + q)2 −m2
s + iε]

=

∫
d4k

(2π)4

(
/p− /k

)
(2kν + qν)

ABC

(A.41)

We rewrite the numerator using Eq. (A.18)

/k = /l + (x+ z)/p− z/p′ −→ /p− /k = −/l − (x+ z − 1)/p+ z/p
′ (A.42)

From Dirac equation we have 
/pu(p) = mµu(p)

ū(p′)/p
′ = ū(p)mµ

(A.43a)

(A.43b)

Therefore, Eq. (A.42) becomes

ū(p′)
[
/p− /k

]
u(p) = ū(p′)

[
−/l − (x+ z − 1)mµ + zmµ

]
u(p) = ū(p′)

[
−/l + (y + z)mµ

]
u(p).

(A.44)

Also, after using Eq. (A.20) we have

(
/p− /k

)
(2kν + qν) =

[
−/l + (y + z)mµ

] [
2lν + (y − z)qν + (1− y − z)(p+ p′)ν

]
. (A.45)

Note that we can use the same symmetry argument as in the previous section and the

integral of the term involving qν vanishes. Using Gordon identity the only non-vanishing
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terms in the numerator are

−2/l lν+mµ(y+z)(1−y−z)(p+p′)ν = −2/l lν+mµ(y+z)(1−y−z) (2mγν − iσναqα) . (A.46)

Since we are only interested in the coefficient of σνα, we ignore all other terms. We get

the same integral over l as in the previous section and a different integral over feynman

parameters. From Eq. (A.22) we have

ū(p′)Γi,j,ν(p, p′)u(p) =
i
(
Ai,jL,L +Ai,jR,R

)
32π2

∫∫
mµ(y + z)(1− y − z)dydz

∆
ū(p′)[iσναqα]u(p).

(A.47)

Assuming mµ � mn,ms , q
2 = 0, and after performing the integrals over y and z we get∫ 1

0
dz

∫ 1−z

0

(y + z)(y + z − 1)

∆
dy =

m2
n

(
5m2

s −m2
n(x2 − 2)

)
6 (m2

n −m2
s)

3 +
m4
nm

2
s

(m2
n −m2

s)
4 ln

(
m2
s

m2
n

)
.

(A.48)

After defining J(x) ≡ x lnx

(x− 1)4
+
x2 − 5x− 2

6(x− 1)3
Eq. (A.48) becomes

m2
n

(
5m2

s −m2
n(x2 − 2)

)
6 (m2

n −m2
s)

3 +
m4
nm

2
s

(m2
n −m2

s)
4 ln

(
m2
s

m2
n

)
=
J(x)

m2
n

, (A.49)

and Eq. (A.47) can now be written as

ū(p′)Γi,j,ν(p, p′)u(p) =
i
(
Ai,jL,L +Ai,jR,R

)
32π2

[
mµ

m2
ni

J(xij)

]
ū(p′) [iσναqα]u(p). (A.50)

By comparison we find that

F
(2)
2 (q2 = 0) =

2∑
i,j=1

i

(
Ai,jL,L +Ai,jR,R

16π2

)[
m2
µ

m2
ni

J(xij)

]
. (A.51)

In order to find the total correction to g − 2 we add Eqs. (A.29) and (A.51)

F2(q2 = 0) =
2∑

i,j=1

i

(
Ai,jL,L +Ai,jR,R

16π2

)[
m2
µ

m2
ni

J(xij)

]
+

2∑
i,j=1

Im(Ai,jL,R)

16π2

[
mµ

m2
ni

G(xij)

]
, (A.52)
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and therefore

g − 2 = 2F2(q2 = 0) =
mµ

8π2

2∑
i,j=1

[
Im(Ai,jL,R)

G(xij)

m2
ni

+ i

(
Ai,jL,L +Ai,jR,R

2

)
mµ

m2
ni

J(xij)

]
.

(A.53)

The dominant contribution to g − 2 is given by

g − 2

∣∣∣∣
Dom.

=
mµ

8π2

2∑
i,j=1

Im(Ai,jL,R)
G(xij)

m2
ni

. (A.54)

Assuming that f ′ and fµ are real couplings, we can expand Eq. (A.54)

g − 2

∣∣∣∣
Dom.

=
mµ

8π2

[
Im(A1,1

L,R)
G(x11)

m2
n1

+ Im(A1,2
L,R)

G(x12)

m2
n1

+ Im(A2,1
L,R)

G(x21)

m2
n2

+ Im(A2,2
L,R)

G(x22)

m2
n2

]
.

(A.55)

Since A1,2
L,R = −A1,1

L,R and A2,2
L,R = −A2,1

L,R we can write Eq. (A.55) as

g − 2

∣∣∣∣
Dom.

=
mµ

8π2

[
Im(A1,1

L,R)
G(x11)−G(x12)

m2
n1

+ Im(A2,2
L,R)

G(x22)−G(x21)

m2
n2

]

=
−f ′fµmµ sin(2θµ)

16π2

[
G(x11)−G(x12)

mn1

sin θL cos θR +
G(x22)−G(x21)

mn2

sin θR cos θL

]
(A.56)

A.3 Muon Mass

Muon acquires rediative mass through loop diagrams in Fig. A.3, where the am-

plitude for the first diagram is given by

iM =

∫
d4k

(2π)4
ū(p) (if∗µPL cos θR)

i(/p− /k +mn1)

(p− k)2 −m2
n1

+ iε
(−if ′ sin θLPL)(sin θµ cos θµ)

× i

k2 −m2
s1 + iε

u(p)

=M1,1
L,R

∫
d4k

(2π)4

ū(p)PLu(p)

[(p− k)2 −m2
n1

+ iε][k2 −m2
s1 + iε]

,

(A.57)
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with,

M1,1
L,R ≡ −f ′f∗µmn1 sin θL cos θR sin θµ cos θµ. (A.58)

Notice that if we assume that f and fµ are real then M i,j
L,R = M i,j

R,L. Therefore, we can add

their contributions. Furthermore, if we ignore the terms proportional to γ5, the combined

amplitude for diagrams in the first row of Fig. A.3 becomes

iM = M1,1ū(p)

[∫
d4k

(2π)4

1[
(p− k)2 −m2

n1
+ iε

] [
k2 −m2

s1 + iε
]]u(p) (A.59)

We now focus on doing the integral in Eq. (A.59) using the feynman parameters

I(mn,ms) =

∫
d4k

(2π)4

1[
(p− k)2 −m2

n1
+ iε

] [
k2 −m2

s1 + iε
]

=

∫
d4k

(2π)4

1

AB

(A.60)

We then write

1

AB
=

∫∫
dx dy δ(x+ y − 1)

1

D2
, D = xA+ yB, (A.61)

with D = x
[
(p− k)2 −m2

n + iε
]

+ y
[
k2 −m2

s + iε
]
.

D = x
[
k2 + p2 − 2k.p−m2

n

]
+ yk2 − ym2

s + iε

= k2 − 2xp.k +
(
p2 −m2

n

)
x− ym2

s + iε,

(A.62)

so D can be written in terms of l and ∆ as follows

D = l2 −∆ + iε, (A.63)

lµ ≡ kµ − xpµ, (A.64)

∆ ≡ x2p2 − x
(
p2 −m2

n

)
+ ym2

s. (A.65)
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Figure A.3: Diagrams contributing to the muon mass.
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Such that Eq. (A.60) becomes

I(mn,ms) =

∫∫
dx dy δ(x+ y − 1)

∫
d4l

(2π)4

1

(l2 −∆ + iε)2 , (A.66)

which is divergent, but we can combine the integrals from s1 and s2 and the sum will come

out to be finite. Notice that there is a relative minus sign between them so that

I(mn,ms1) + I(mn,ms2) =∫∫
dx dy δ(x+ y − 1)

∫
d4l

(2π)4

[
1

(l2 −∆s1 + iε)2 −
1

(l2 −∆s2 + iε)2

]
.

(A.67)

We now use Wick’s rotation: l0 ≡ il0E , ~l ≡ ~lE∫
d4l

(2π)4

1

(l2 −∆ + iε)2 =
i

(−1)2

∫
d4lE
(2π)4

1(
l2E + ∆ + iε

)2 =
i

(2π)4

∫
d4lE(

l2E + ∆ + iε
)2

=
i

(2π)4

∫
dΩ4

∫ ∞
0

dlE
l3E(

l2E + ∆ + iε
)2 ,

(A.68)

where we first integrate over l from 0 to Λ

∫ Λ

0
dlE

l3E
(l2E + ∆ + iε)2

=
−1

2
(1 + ln ∆) +

∆ + (Λ2 + ∆) ln(Λ2 + ∆)

2(Λ2 + ∆)
, (A.69)

and subsequently, we take the limit Λ→∞

lim
Λ→∞

∫ Λ

0
dlE

[
l3E

(l2E + ∆s1 + iε)2
− l3E

(l2E + ∆s2 + iε)2

]
=

1

2
ln

(
∆s2

∆s1

)
. (A.70)

The integral over l in Eq. (A.67) becomes∫
d4l

(2π)4

[
1

(l2 −∆s1 + iε)2
− 1

(l2 −∆s2 + iε)2

]
=

2iπ2

(2π)4

1

2
ln

(
∆s2

∆s1

)
=

i

16π2
ln

(
∆s2

∆s1

)
.

(A.71)

We now take the integral over the feynman parameters in Eq. (A.67)

I(mn,ms1) + I(mn,ms2) =

∫∫
dx dy δ(x+ y − 1)

i

16π2
ln

(
∆s2

∆s1

)
. (A.72)
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The integral over y is done easily by setting y = 1− x in ∆s1 and ∆s2

i

16π2

∫ 1

0
dx ln(

∆s2

∆s1

) =
i

16π2

[
m2
s2

m2
n −m2

s2

ln

(
m2
n

m2
s2

)
− m2

s1

m2
n −m2

s1

ln

(
m2
n

m2
s1

)]
. (A.73)

Let us define xij ≡
(
msj

mni

)2

so we have:
m2
sj

m2
ni −m2

sj

ln

(
m2
ni

m2
sj

)
=

xij
xij − 1

lnxij ≡ H(xij).

Eq. (A.73) can now be written as

I(mni ,ms1) + I(mni ,ms2) =
i

16π2
[H(xi2)−H(xi1)] , (A.74)

and the total amplitude from all the diagrams is given by

iM = ū(p)

(
M1,1 i

16π2
[H(x12)−H(x11)] +M2,1 i

16π2
[H(x22)−H(x21)]

)
u(p)

= ū(p)

(
i

16π2

)(
M1,1 [H(x12)−H(x11)] +M2,1 [H(x22)−H(x21)]

)
u(p)

= −imeff ū(p)u(p),

(A.75)

−→ meff =

(
1

16π2

)(
M1,1 [H(x11)−H(x12)] +M2,1 [H(x21)−H(x22)]

)
. (A.76)

We now plug M1,1 from Eq. (A.58) and evaluate M2,1 for the last row of in Fig. A.3. We

also assume that the couplings are real, so we get

mµ =

(
f ′fµ sin(2θµ)

32π2

)(
sin θL cos θRmn1 [H(x12)−H(x11)]

+ sin θR cos θLmn2 [H(x21)−H(x22)]
)
.

(A.77)

We then solve for
f ′fµ sin(2θµ)

16π2
using Eq. (A.77)

−f ′fµ sin(2θµ)

16π2
=

2mµ

sin θL cos θRmn1 [H(x11)−H(x12)] + sin θR cos θLmn2 [H(x22)−H(x21)]
.

(A.78)

Eq. (A.56) can now be rewritten as

g − 2

∣∣∣∣
Dom.

=

2m2
µ

(
G(x11)−G(x12)

mn1

sin θL cos θR +
G(x22)−G(x21)

mn2

sin θR cos θL

)
sin θL cos θRmn1 [H(x11)−H(x12)] + sin θR cos θLmn2 [H(x22)−H(x21)]

.

(A.79)
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Appendix B

Higgs Yukawa Anomalous Coupling

The following Yukawa and trilinear terms are relevant for the Higgs interactions

L ⊃ fD√
2
hNLE

0
R +

fF√
2
hE0

LNR +
fD√

2
hE0

RNL +
fF√

2
hNRE

0
L + (λxv) h

(
x∗x+ x′∗x′ + x′′∗x′′

)
+ (λy1v) hy∗1y1 + (λy2v) hy∗2y2 + (λy3v) hy∗3y3

(B.1)

Using Eq. (B.2), we can write the trilinear terms in the mass eigenstate basisx′′
y3

 =

cos θτ − sin θτ

sin θτ cos θτ


ξ1τ

ξ2τ

 (B.2)
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The terms for third family becomes

(λxv) h
(
x′′∗x′′

)
+ (λy3v)hy∗3y3 = (λxv) h (cos θτξ

∗
1 − sin θτξ

∗
2) (cos θτξ1 − sin θτξ2)

+ (λy3v) h (sin θτξ
∗
1 + cos θτξ

∗
2) (sin θτξ1 + cos θτξ2)

=
(
λx cos2 θτ + λy3 sin2 θτ

)
vhξ∗1ξ1

+
(
λx sin2 θτ + λy3 cos2 θτ

)
vhξ∗2ξ2

+ (v sin θτ cos θτ ) (λy3 − λx) [hξ∗1ξ2 + hξ∗2ξ1] .

(B.3)

Let’s define hij as follows

h11 ≡
(
λx cos2 θτ + λy3 sin2 θτ

)
v, (B.4)

h22 ≡
(
λx sin2 θτ + λy3 cos2 θτ

)
v, (B.5)

h12 = h21 ≡ (v sin θτ cos θτ ) (λy3 − λx) . (B.6)

We can use Eq. (B.7) to rewrite the Yukawa terms in Eq. (B.1) in masss eigenstatesN

E0


L

=

 cos θL sin θL

− sin θL cos θL


n1L

n2L

 ,

N

E0


R

=

 cos θR sin θR

− sin θR cos θR


n1R

n2R

 ,

(B.7)

as

E0
L = − sin θLn1L + cos θLn2L, (B.8)

E0
R = − sin θRn1R + cos θRn2R, (B.9)

NL = cos θLn1L + sin θLn2L, (B.10)

NR = cos θRn1R + sin θRn2R, (B.11)
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so Eq. (B.1) becomes

fD√
2
hNLE

0
R+

fF√
2
hE0

LNR + h.c. =
fF√

2
h (cos θLn1L + sin θLn2L) (− sin θRn1R + cos θRn2R)

+
fF√

2
h (− sin θLn1L + cos θLn2L) (cos θRn1R + sin θRn2R) + h.c.

=
−h√

2
(fD cos θL sin θR + fF sin θL cos θR)n1n1

+
n1√

2
[(cos θL cos θRfD − sin θL sin θRfF )PR

− (sin θL sin θRfD − cos θL cos θRfF )PL]n2

+
hn2√

2
[(cos θL cos θRfF − sin θL sin θRfD)PR

− (sin θL sin θRfF − cos θL cos θRfD)PL]n1

+
h√
2

(fD sin θL cos θR + fF cos θL sin θR)n2n2.

(B.12)

Let’s also define hnij as follows

hn11 ≡
−1√

2
(fD cos θL sin θR + fF sin θL cos θR) (B.13)

hn22 ≡
1√
2

(fD sin θL cos θR + fF cos θL sin θR) (B.14)

hn12 ≡
1√
2

[(cos θL cos θRfD − sin θL sin θRfF )PR − (sin θL sin θRfD − cos θL cos θRfF )PL]

(B.15)

hn21 ≡
1√
2

[(cos θL cos θRfF − sin θL sin θRfD)PR − (sin θL sin θRfF − cos θL cos θRfD)PL] .

(B.16)
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τRτL

n1

f ∗τ PL cosθR− f ′PL sinθL

h11 sinθτ cosθτ

h

ξ1ξ1 τRτL

n1

f ∗τ PL cosθR− f ′PL sinθL

h12 cos2 θτ

h

ξ2ξ1

τRτL

n1

f ∗τ PL cosθR− f ′PL sinθL

−h21 sin2 θτ

h

ξ1ξ2 τRτL

n1

f ∗τ PL cosθR− f ′PL sinθL

−h22 sinθτ cosθτ

h

ξ2ξ2

τRτL

n2

f ∗τ PL sinθRf ′PL cosθL

h11 sinθτ cosθτ

h

ξ1ξ1 τRτL

n2

f ∗τ PL sinθRf ′PL cosθL

h12 cos2 θτ

h

ξ2ξ1

τRτL

n2

f ∗τ PL sinθRf ′PL cosθL

−h21 sin2 θτ

h

ξ1ξ2 τRτL

n2

f ∗τ PL sinθRf ′PL cosθL

−h22 sinθτ cosθτ

h

ξ2ξ2

Figure B.1: Relevant diagrams to the effective Higgs Yukawa coupling from τL → τR
involving hξ∗i ξj terms.
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τLτR

n1

− f ′∗PR sinθLfτPR cosθR

h11 sinθτ cosθτ

h

ξ1ξ1 τLτR

n1

− f ′∗PR sinθLfτPR cosθR

h12 cos2 θτ

h

ξ2ξ1

τLτR

n1

− f ′∗PR sinθLfτPR cosθR

−h21 sin2 θτ

h

ξ1ξ2 τLτR

n1

− f ′∗PR sinθLfτPR cosθR

−h22 sinθτ cosθτ

h

ξ2ξ2

τLτR

n2

f ′∗PR cosθLfτPR sinθR

h11 sinθτ cosθτ

h

ξ1ξ1 τLτR

n2

f ′∗PR cosθLfτPR sinθR

h12 cos2 θτ

h

ξ2ξ1

τLτR

n2

f ′∗PR cosθLfτPR sinθR

−h21 sin2 θτ

h

ξ1ξ2 τLτR

n2

f ′∗PR cosθLfτPR sinθR

−h22 sinθτ cosθτ

h

ξ2ξ2

Figure B.2: Relevant diagrams to the effective Higgs Yukawa coupling from τR → τL
involving hξ∗i ξj terms.
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B.1 Effective Higgs Yukawa Coupling: hξ∗i ξj Terms

The amplitude of the first diagram in Fig. B.1 can be written as

iM =

∫
d4k

(2π)4
ū(p+ q) (if∗τ PL cos θR)

i
(
/p− /k +mn1

)
(p− k)2 −m2

n1
+ iε

(
−if ′ sin θLPL

)
× (sin θτ cos θτ )

i

k2 −m2
ξ1

+ iε
(ih11)

i

(k + q)2 −m2
ξ1

+ iε
u(p).

(B.17)

Assuming that the couplings are real and adding the contributions from the similar diagram

in (R→ L) in Fig. B.2, the scalar part of the amplitude becomes

iM =

∫
d4k

(2π)4

ū(p+ q) [fτ cos θRmn1f
′ sin θL sin θτ cos θτh11]u(p)[

(p− k)2 −m2
n1

+ iε
] [
k2 −m2

ξ1
+ iε

] [
(k + q)2 −m2

ξ1
+ iε

] . (B.18)

The denominator in Eq. (B.18) is the same as in Eq. (A.2), so it can be written as

I(mn,mξ) ≡
∫

d4k

(2π)4

1

[(p− k)2 −m2
n + iε]

[
k2 −m2

ξ + iε
] [

(k + q)2 −m2
ξ + iε

]
=

∫∫∫
dxdydz

∫
d4l

(2π)4

2

(l2 −∆ + iε)3 =

∫∫∫
dxdydz

−i
(4π)2

1

∆
,

(B.19)

with

∆ ≈ (m2
ξ −m2

n)(y + z) +m2
n. (B.20)

Then we have

I(mn, x) =
−i

(4π)2

x− 1− lnx

m2
n(x− 1)2

, (B.21)

with x ≡ (mξ/mn)2 and Eq. (B.18) becomes

iM = ū(p+ q)

[ −i
(4π)2

x11 − 1− lnx11

m2
n1

(x11 − 1)2
fτ cos θRmn1f

′ sin θL sin θτ cos θτh11

]
u(p) (B.22)

The correction to the effective coupling to the Higgs boson from Eq. (B.22) is

f ξ11 ⊃
fτf

′ cos θR sin θL sin θτ cos θτh11

16π2mn1

F (x11, x11), (B.23)
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where F (x11, x11) ≡ 1

x11 − 1
− lnx11

(x11 − 1)2
. Let’s do the integral for the diagram with Higgs

connected to ξ1 and ξ2 in the first row of Fig. B.1 and B.2. The addition of these two

diagrams is given by

iM =

∫
d4k

(2π)4

ū(p+ q)
[
fτ cos θRmn1f

′ sin θL cos2 θτh12

]
u(p)[

(p− k)2 −m2
n1

+ iε
] [
k2 −m2

ξ1
+ iε

] [
(k + q)2 −m2

ξ2
+ iε

] . (B.24)

Now we can write

1[
(p− k)2 −m2

n1
+ iε

] [
k2 −m2

ξ1
+ iε

] [
(k + q)2 −m2

ξ2
+ iε

] , (B.25)

as ∫∫∫
dxdydzδ(x+ y + z − 1)

2

D3
, (B.26)

however, this time we have

D = x
[
k2 + p2 − 2k.p−m2

n1

]
+ yk2 − ym2

ξ1 + z
[
k2 + q2 + 2k.q

]
− zm2

ξ2 + iε

= k2 + 2(zq − xp).k + (p2 −m2
n)x− ym2

ξ1 + z(q2 −m2
ξ2) + iε,

(B.27)

so D can be written in terms of l and ∆ as follows

D = l2 −∆ + iε, (B.28)

lµ ≡ kµ + zqµ − xpµ, (B.29)

∆ ≡ z2q2 − z(q2 −m2
ξ2) + x2p2 − 2xz(p.q)− x(p2 −m2

n1
) + ym2

ξ1 . (B.30)

Using x+ y + z = 1, and assuming mτ � mn,mξ in the non-relativistic limit we have

∆ ≈ zm2
ξ2 + (1− y − z)m2

n1
+ ym2

ξ1 . (B.31)

After doing the integral over l, we get

I(mn,mξ1 ,mξ2) ≡
∫∫

dydz
−i

(4π)2

1

∆
=
−i

(4π)2

F (x11, x12)

m2
n

, (B.32)
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where

F (x11, x12) ≡ 1

x11 − x12

[
x11

x11 − 1
lnx11 −

x12

x12 − 1
lnx12

]
. (B.33)

Then Eq. (B.24) becomes

iM = ū(p+ q)
[
f ′fτ cos θRmn1 sin θL cos2 θτh12

]( −i
16π2

)
F (x11, x12)

m2
n1

u(p). (B.34)

The correction to the effective coupling to the Higgs boson from Eq. (B.34) is

f ξ12 ⊃
f ′fτ cos θR sin θL cos2 θτh12

16π2mn1

F (x11, x12). (B.35)

Likewise we can write

f ξ21 ⊃
−f ′fτ cos θR sin θL sin2 θτh21

16π2mn1

F (x12, x11) (B.36)

f ξ22 ⊃
−fτf ′ cos θR sin θL sin θτ cos θτh22

16π2mn1

F (x12, x12). (B.37)

Now, we can add the lower diagrams with n2 in the loops

f ξ11 =
h11fτf

′ sin θτ cos θτ
16π2

[
cos θR sin θL

mn1

F (x11, x11)− cos θL sin θR
mn2

F (x21, x21)

]
(B.38)

f ξ12 =
h12fτf

′ cos2 θτ
16π2

[
cos θR sin θL

mn1

F (x11, x12)− cos θL sin θR
mn2

F (x21, x22)

]
(B.39)

f ξ21 =
h21fτf

′ sin2 θτ
16π2

[
cos θL sin θR

mn2

F (x22, x21)− cos θR sin θL
mn1

F (x12, x11)

]
(B.40)

f ξ22 =
h22fτf

′ sin θτ cos θτ
16π2

[
cos θL sin θR

mn2

F (x22, x22)− cos θR sin θL
mn1

F (x12, x12)

]
(B.41)
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B.2 Effective Higgs Yukawa Coupling: hninj Terms

The amplitude of the first diagram in Fig. B.3 can be written as

iMLR =

∫
d4k

(2π)4
ū(p+ q)(if∗τ PL cos θR)

i(/k + /q +mn1)

(q + k)2 −m2
n1

+ iε
(ihn11 sin θτ cos θτ )

× i(/k +mn1)

k2 −m2
n1

+ iε
(−if ′ sin θLPL)

i

(p− k)2 −m2
ξ1

+ iε
u(p)

= ū(p+ q)

∫
d4k

(2π)4

[hn11f
′f∗τ sin θL cos θR sin θτ cos θτ ][(/k + /q)/kPL +m2

n1
PL]

[(q + k)2 −m2
n1

+ iε][k2 −m2
n1

+ iε][(p− k)2 −m2
ξ1

+ iε]
u(p)

(B.42)

Note that: /q = /p′ − /p, so using Dirac equation we have, ū(p + q)/q = ū(p′)[/p′ − /p] =

ū(p′)[mτ − /p]. Also, we can write /p/ku(p) as /p/ku(p) = [2p.k − /k/p]u(p) = [2p.k − /kmτ ]u(p).

Using /k/k = k2 we have iMLR = ū(p+ q)OLR u(p), where

OLR =

∫
d4k

(2π)4

[hn11f
′f∗τ sin θL cos θR sin θτ cos θτ ][(k2 − 2p.k +m2

n1
)PL +mτ /k]

[(q + k)2 −m2
n1

+ iε][k2 −m2
n1

+ iε][(p− k)2 −m2
ξ1

+ iε]
. (B.43)

The amplitude for the first diagram in Fig. B.4 is: iMRL = ū(p+ q)ORL u(p), where

ORL =

∫
d4k

(2π)4

[hn11f
′∗fτ sin θL cos θR sin θτ cos θτ ][(k2 − 2p.k +m2

n1
)PR +mτ /k]

[(q + k)2 −m2
n1

+ iε][k2 −m2
n1

+ iε][(p− k)2 −m2
ξ1

+ iε]
. (B.44)

If we assume that the couplings are real, the addition of the amplitudes is given

by

O =

∫
d4k

(2π)4

[hn11f
′fτ sin θL cos θR sin θτ cos θτ ]

[
k2 − 2p.k +m2

n1
+ 2mτ /k

][
(p− k)2 −m2

ξ1
+ iε

] [
k2 −m2

n1
+ iε

] [
(q + k)2 −m2

n1
+ iε

] (B.45)
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τRτL

ξ1

f ∗τ PL cosθR− f ′PL sinθL

hn
11 sinθτ cosθτ

h

n1n1 τRτL

ξ1

f ∗τ PL sinθR− f ′PL sinθL

hn
12 sinθτ cosθτ

h

n2n1

τRτL

ξ1

f ∗τ PL cosθRf ′PL cosθL

hn
21 sinθτ cosθτ

h

n1n2 τRτL

ξ1

f ∗τ PL sinθRf ′PL cosθL

hn
22 sinθτ cosθτ

h

n2n2

τRτL

ξ2

f ∗τ PL cosθR− f ′PL sinθL

−hn
11 sinθτ cosθτ

h

n1n1 τRτL

ξ2

f ∗τ PL sinθR− f ′PL sinθL

−hn
12 sinθτ cosθτ

h

n2n1

τRτL

ξ2

f ∗τ PL cosθRf ′PL cosθL

−hn
21 sinθτ cosθτ

h

n1n2 τRτL

ξ2

f ∗τ PL sinθRf ′PL cosθL

−hn
22 sinθτ cosθτ

h

n2n2

Figure B.3: Relevant diagrams to the effective Higgs Yukawa coupling from τL → τR
involving hninj terms.
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τLτR

ξ1

− f ′∗PR sinθLfτPR cosθR

hn
11 sinθτ cosθτ

h

n1n1 τLτR

ξ1

f ′∗PR cosθLfτPR cosθR

hn
12 sinθτ cosθτ

h

n2n1

τLτR

ξ1

− f ′∗PR sinθLfτPR sinθR

hn
21 sinθτ cosθτ

h

n1n2 τLτR

ξ1

f ′∗PR cosθLfτPR sinθR

hn
22 sinθτ cosθτ

h

n2n2

τLτR

ξ2

− f ′∗PR sinθLfτPR cosθR

−hn
11 sinθτ cosθτ

h

n1n1 τLτR

ξ2

f ′∗PR cosθLfτPR cosθR

−hn
12 sinθτ cosθτ

h

n2n1

τLτR

ξ2

− f ′∗PR sinθLfτPR sinθR

−hn
21 sinθτ cosθτ

h

n1n2 τLτR

ξ2

f ′∗PR cosθLfτPR sinθR

−hn
22 sinθτ cosθτ

h

n2n2

Figure B.4: Relevant diagrams to the effective Higgs Yukawa coupling from τR → τL
involving hninj terms.
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Now, we can write the integral

1

[(p− k)2 −m2
ξ1

+ iε][k2 −m2
n1

+ iε][(k + q)2 −m2
n1

+ iε]
, (B.46)

in terms of feynman parameters as follows∫∫∫
dx dy dz δ(x+ y + z − 1)

2

D3
, (B.47)

with D = x
[
(p− k)2 −m2

ξ1
+ iε

]
+ y

[
k2 −m2

n1
+ iε

]
+ z

[
(k + q)2 −m2

n1
+ iε

]
.

D = x
[
k2 + p2 − 2k.p−m2

ξ1

]
+ yk2 − ym2

n1
+ z

[
k2 + q2 + 2k.q

]
− zm2

n1
+ iε

= k2 + 2 (zq − xp) .k +
(
p2 −m2

ξ1

)
x− ym2

n1
+ z

(
q2 −m2

n1

)
+ iε,

(B.48)

such that, D can be written in terms of l and ∆ as

D = l2 −∆ + iε, (B.49)

lµ ≡ kµ + zqµ − xpµ, (B.50)

∆ ≡ z2q2 − z
(
q2 −m2

n1

)
+ x2p2 − 2xz (p.q)− x

(
p2 −m2

ξ1

)
+ ym2

n1
. (B.51)

Using x+ y + z = 1, and assuming mτ � mn,mξ in the non-relativistic limit we have

∆ ≈ (m2
n1
−m2

ξ1)(y + z) +m2
ξ1 . (B.52)

The numerator may be written using the following relations

−→ k = l − zq + xp (B.53)

−→ k2 = l2 + z2q2 + x2p2 − 2z (q.l)− 2xz (p.q) + 2x (l.p) (B.54)

−→ −2p.k = −2p.l + 2z (q.p)− 2xp2 (B.55)

Assuming mτ � mn,mξ, in the non-relativistic limit the numerator in Eq. (B.45) becomes

k2 − 2p.k +m2
n1

+ 2mτ /k ≈ l2 +m2
n1
, (B.56)
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so Eq. (B.45) can be written as

iM = ū(p+ q)hn11f
′fτ sin θL cos θR sin θτ cos θτ

∫∫
dydz

∫
d4l

(2π)4

2
(
l2 +m2

n1

)
(l2 −∆ + iε)3u(p).

(B.57)

The integral in Eq. (B.57) is divergent. However, we can combine the integrals from ξ1

and ξ2, and the sum will come out to be finite. Notice that there is a relative minus sign

between them so

I(mn1 ,mξ) =

∫∫
dydz

∫
d4l

8π4

l2 +m2
n1

(l2 −∆ + iε)3 (B.58)

−→ I(mn1 ,mξ1) + I(mn1 ,mξ2) =

∫∫
dxdy

∫
d4l

8π4

[
l2 +m2

n1

(l2 −∆ξ1 + iε)3 −
l2 +m2

n1

(l2 −∆ξ2 + iε)3

]
.

(B.59)

After doing Wick’s rotation: l0 ≡ il0E , ~l ≡ ~lE we have∫
d4l

8π4

l2 +m2
n1

(l2 −∆ + iε)3 =
i

(−1)3

∫
d4lE
8π4

−l2E +m2
n1(

l2E + ∆ + iε
)3 =

i

8π4

∫
d4lE

l2E −m2
n1(

l2E + ∆ + iε
)3

=
i

8π4

∫
dΩ4

∫ ∞
0

dlE
l5E −m2

n1
l3E(

l2E + ∆ + iε
)3 =

i

4π2

∫ ∞
0

dlE
l5E −m2

n1
l3E(

l2E + ∆ + iε
)3 .

(B.60)

We take the integral in Eq. (B.60) from 0 to Λ, then we take the limit Λ→∞.

∫ Λ

0
dlE

l5E
(l2E + ∆ + iε)3

=
−1

4
(3 + 2 ln ∆) +

∆(3∆ + 4Λ2) + 2(Λ2 + ∆)2 ln(Λ2 + ∆)

(Λ2 + ∆)2
,

(B.61)∫ ∞
0

dlE
l3E

(l2E + ∆ + iε)3
=

1

4∆
. (B.62)

Now, we take the limit Λ→∞ of Eq. (B.61)

lim
Λ→∞

∫ Λ

0
dlE

[
l5E

(l2E + ∆ξ1 + iε)3
− l5E

(l2E + ∆ξ2 + iε)3

]
=

1

2
ln

(
∆ξ2

∆ξ1

)
. (B.63)
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Eq. (B.59) becomes

I(mn1 ,mξ1) + I(mn1 ,mξ2) =

∫∫
dxdy

i

4π2

[
1

2
ln

(
∆ξ2

∆ξ1

)
− m2

n1

4

(
1

∆ξ1

− 1

∆ξ2

)]
=
−i
8π2

∫∫
dxdy

[
ln

(
∆ξ1

∆ξ2

)
− m2

n1

2

(
1

∆ξ2

− 1

∆ξ1

)]
=
−i
8π2

[FN (x11, x11)− FN (x12, x12)] ,

(B.64)

with

FN (x, x) ≡ x(1 + x) lnx

(1− x)2
+

2

1− x. (B.65)

Therefore, Eq. (B.57) becomes

iM = ū(p+ q)
−ihn11f

′fτ sin θL cos θR sin θτ cos θτ
16π2

[FN (x11, x11)− FN (x12, x12)]u(p).

(B.66)

The amplitude for the second diagram in Fig. B.3 can be written as

iMLR =

∫
d4k

(2π)4
ū(p+ q) (if∗τ PL sin θR)

i
(
/k + /q +mn2

)
(q + k)2 −m2

n2
+ iε

(ihn12 sin θτ cos θτ )

× i (/k +mn1)

k2 −m2
n1

+ iε

(
−if ′ sin θLPL

) i

(p− k)2 −m2
ξ1

+ iε
u(p)

=ū(p+ q)

∫
d4k

(2π)4

[f ′f∗τ sin θL sin θR sin θτ cos θτ ]
[
hnR12

(
/k + /q

)
/kPL + hnL12 mn2mn1PL

][
(q + k)2 −m2

n1
+ iε

] [
k2 −m2

n1
+ iε

] [
(p− k)2 −m2

ξ1
+ iε

] u(p).

(B.67)

Now, we write the amplitude for the third diagram in Fig. B.4 as iM = ū(p+ q)ORLu(p),

where

ORL =

∫
d4k

(2π)4

[f ′f∗τ sin θL sin θR sin θτ cos θτ ]
[
hnL21

(
/k + /q

)
/kPR + hnR21 mn2mn1PR

][
(q + k)2 −m2

n1
+ iε

] [
k2 −m2

n1
+ iε

] [
(p− k)2 −m2

ξ1
+ iε

] .

(B.68)

Since hnL21 = hnR12 and hnR21 = hnL12 , addition of Eq. (B.67) and Eq. (B.68) becomes

O =

∫
d4k

(2π)4

[f ′f∗τ sin θL sin θR sin θτ cos θτ ]
[
hnR12

(
/k + /q

)
/k + hnL12 mn2mn1

][
(q + k)2 −m2

n1
+ iε

] [
k2 −m2

n1
+ iε

] [
(p− k)2 −m2

ξ1
+ iε

] . (B.69)
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Then Eq. (B.52) changes to

∆ξ1 ≈
(
m2
n1
−m2

ξ1

)
y +

(
m2
n2
−m2

ξ1

)
z +m2

ξ1 (B.70)

Eqs. (B.58) to (B.63) still holds with the new ∆ in Eq. (B.70), and m2
n1

replaced by mn1mn2 .

The analogous to Eq. (B.64) is then given by

I(mn1 ,mn2 ,mξ1)+I(mn1 ,mn2 ,mξ2) =

=

∫∫
dxdy

i

4π2

[
hnR12

2
ln

(
∆ξ2

∆ξ1

)
− hnL12 mn1mn2

4

(
1

∆ξ1

− 1

∆ξ2

)]
=
−i
8π2

∫∫
dxdy

[
hnR12 ln

(
∆ξ1

∆ξ2

)
− hnL12 mn1mn2

2

(
1

∆ξ2

− 1

∆ξ1

)]
.

(B.71)

The second part of the integral is

−i
8π2

∫∫
dxdy

mn1mn2

2

1

∆ξ1

=
−i

16π2

mn2

mn1

K1(x11, x21), (B.72)

−i
8π2

∫∫
dxdy

mn1mn2

2

−1

∆ξ2

=
i

16π2

mn2

mn1

K1(x12, x22), (B.73)

−→ i

8π2

∫∫
dxdy

mn1mn2

2
(

1

∆ξ2

− 1

∆ξ1

) =
−i

16π2

mn2

mn1

[K1(x11, x21)−K1(x12, x22)] . (B.74)

where,

K1(x, y) ≡ y

x− y

[
1

y − 1
ln y − 1

x− 1
lnx

]
. (B.75)

The first part is given by

−i
8π2

∫∫
dxdy ln

(
∆ξ1

∆ξ2

)
=
−i

16π2
[K2(x11, x21)−K2(x12, x22)] , (B.76)

where,

K2(x, y) ≡ x

x− y [
x− y − 1

x− 1
lnx+

1

y − 1
ln y]. (B.77)
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Eq. (B.71) becomes

I(mn1 ,mn2 ,mξ1) + I(mn1 ,mn2 ,mξ2) =
−i

16π2

[
hnL12 mn2

mn1

[K1(x11, x21)−K1(x12, x22)]

+hnR12 [K2(x11, x21)−K2(x12, x22)]
]
.

(B.78)

After plugging Eq. (B.78) into Eq. (B.71) we get the effective coupling generated by the

second and sixth diagrams in Fig. B.3 and third and seventh diagrams in Fig. B.4

fN12 =
f ′fτ sin θL sin θR sin θτ cos θτ

16π2

[
hnL12 mn2

mn1

[K1(x11, x21)−K1(x12, x22)]

+ hnR12 [K2(x11, x21)−K2(x12, x22)]

] (B.79)

We can also find fN11 from Eq. (B.66)

fN11 =
hn11f

′fτ sin θL cos θR sin θτ cos θτ
16π2

[FN (x11, x11)− FN (x12, x12)] . (B.80)

The rest of the effective couplings can now be written by changing the indices and coefficients

as follows

fN21 =
−f ′fτ cos θL cos θR sin θτ cos θτ

16π2

[
hnL21 mn1

mn2

[K1(x21, x11)−K1(x22, x12)]

+ hnR21 [K2(x21, x11)−K2(x22, x12)]

] (B.81)

fN22 =
−hn22f

′fτ cos θL sin θR sin θτ cos θτ
16π2

[FN (x22, x22)− FN (x21, x21)] (B.82)

The total effective Yukawa coupling including the ones from Eqs. (B.38) to (B.41) is then

given by

fhττ = f ξ11 + f ξ12 + f ξ21 + f ξ22 + fN11 + fN12 + fN21 + fN22. (B.83)
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B.3 The Higgs Yukawa Coupling in the Limit: θL = θR

If we set θL = θR, then we get the following relations for fD nd fF

fDv√
2

=mn1 cos θL sin θR −mn2 cos θR sin θL = (mn1 −mn2) cos θL sin θL, (B.84)

fF v√
2

=mn1 cos θR sin θL −mn2 cos θL sin θR = (mn1 −mn2) cos θL sin θL. (B.85)

Also, hnij coefficients will be simplified as follows

hn11 = −hn22 =
−fD sin 2θL√

2
=
−(mn1 −mn2) sin2 2θL

2v
, (B.86)

hnL12 = hnR12 = hnR21 = hnL21 =
fD cos 2θL√

2
=

(mn1 −mn2) sin 2θL cos 2θL
2v

. (B.87)

We find the ratio of the effective Yukawa coupling to tau mass in the case that λy3 and λx

are set to zero to be

fv

mτ
= (mn1 −mn2)

(
[FN (x12, x12)− FN (x11, x11)− FN (x22, x22) + FN (x21, x21)] sin2 2θL

2 (mn1 [H(x12)−H(x11)] +mn2 [H(x21)−H(x22)])

+
[mn1 [K1(x22, x12)−K1(x21, x11)] +mn2 [K2(x22, x12)−K2(x21, x11)]] cos2 θL cos 2θL

mn2 (mn1 [H(x12)−H(x11)] +mn2 [H(x21)−H(x22)])

+
[mn2 [K1(x11, x21)−K1(x12, x22)] +mn1 [K2(x11, x21)−K2(x12, x22)]] sin2 θL cos 2θL

mn1 (mn1 [H(x12)−H(x11)] +mn2 [H(x21)−H(x22)])

)
(B.88)

B.3.1 The Higgs Yukawa Coupling in the Limit: θL = θR −→ 0

If we set θL = θR = 0, the only non-zero term will come form Eq. (B.81), and we

will have fD = fF . Using the definition of h in Eq. (B.16) we have

fhττ = fN21 =
−fDf ′fτ sin θτ cos θτ

16π2
√

2

[
mn1

mn2

[K1(x21, x11)−K1(x22, x12)]

+K2(x21, x11)−K2(x22, x12)

] (B.89)
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Recall the formula for tau mass (Eq. (A.77)):

mτ = (
f ′fτ sin θτ cos θτ

16π2
) sin θL cos θL

(
mn1 [H(x12)−H(x11)] +mn2 [H(x21)−H(x22)]

)
.

(B.90)

We expect to retrieve the Standard Model Higgs coupling to tau, in the limit θL,R −→ 0.

After taking this limit we get

lim
θL,R−→0

fv

mτ
=

(mn1 −mn2)
[mn1

mn2

[K1(x22, x12)−K1(x21, x11)] +K2(x22, x12)−K2(x21, x11)
]

mn1 [H(x12)−H(x11)] +mn2 [H(x21)−H(x22)]

= 1,

(B.91)

which is what we expected.
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Appendix C

Flavor Violating Processes:

µ→ e + γ

The relevant terms for µ→ e+ γ decay are given by (qe = −e)

L ⊃ f
(
E0 , E+

)
R


νe
e


L

s1 +

νµ
µ


L

s2 +

ντ
τ


L

s3

− eAνE+γνE− (C.1)

The corresponding diagrams are drawn in Fig. C.1. The amplitude for the first diagram

e−µ−

ζ1

f ∗e1fµ1

E−
RE−

R e−µ−

ζ2

f ∗e2fµ2

E−
RE−

R e−µ−

ζ3

f ∗e3fµ3

E−
RE−

R

Figure C.1: Diagrams relevant to µ→ e+ γ process.
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can be written as

iM =

∫
d4k

(2π)4
ūe(p− q) (if∗e1PR)

i
(
/k − /q +mER

)
(q − k)2 −m2

ER
+ iε

(−ieε∗νγν)
i (/k +mER)

k2 −m2
ER

+ iε
(ifµ1PL)

× i

(p− k)2 −m2
ζ1

+ iε
uµ(p)

= ūe(p− q)O uµ(p),

(C.2)

where

O =

∫
d4k

(2π)4

ef∗e1fµ1

[(
/k − /q

)
/ε∗/k + /ε∗m2

ER

]
PL[

(q − k)2 −m2
ER

+ iε
] [
k2 −m2

ER
+ iε

] [
(p− k)2 −m2

ζ1
+ iε

] . (C.3)

We can use feynman parameters like on P. 153

1

ABC
=

∫∫∫
dx dy dz δ(x+ y + z − 1)

2

D3
, D = xA+ yB + zC. (C.4)

Such that

1[
(p− k)2 −m2

ζ1
+ iε

] [
k2 −m2

ER
+ iε

] [
(k − q)2 −m2

ER
+ iε

] , (C.5)

can be written as

∫∫∫
dx dy dz δ(x+ y + z − 1)

2

D3
, (C.6)

with D = x
[
(p− k)2 −m2

ζ1
+ iε

]
+ y

[
k2 −m2

ER
+ iε

]
+ z

[
(k − q)2 −m2

ER
+ iε

]
.

D = x
[
k2 + p2 − 2k.p−m2

ζ1

]
+ yk2 − ym2

ER
+ z

[
k2 + q2 − 2k.q

]
− zm2

ER
+ iε

= k2 − 2(zq + xp).k +
(
p2 −m2

ζ1

)
x− ym2

ER
+ z

(
q2 −m2

ER

)
+ iε

(C.7)
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Therefore, D can be written in terms of l and ∆ as follows

D = l2 −∆ + iε, (C.8)

lµ ≡ kµ − zqµ − xpµ = kµ − (z + x)pµ + zp′
µ
, (C.9)

∆ ≡ z2q2 − z
(
q2 −m2

ER

)
+ x2p2 + 2xz (p.q)− x

(
p2 −m2

ζ1

)
+ ym2

ER
≈ xm2

ζ1 + (y + z)m2
ER
.

(C.10)

The first part of the numerator in Eq. (C.2) can be written as (we are ignoring /ε∗m2
ER

for

now.)

ūe(p
′)
[(
/k − /q

)
/ε∗/k
]
PLuµ(p) = ūe(p

′)
[
/l − y/p+ (x+ y)/p

′] /ε∗ [/l + (1− y)/p− z/p′
]
PLuµ(p)

= ūe(p
′)
[
/l − y/p+ (x+ y)me

]
/ε∗
[
/l − z/p′

]
PLuµ(p) + ūe(p

′)
[
/l − y/p+ (x+ y)me

]
/ε∗

× [(1− y)mµ]PRuµ(p).

(C.11)

We expand the terms in Eq. (C.11) to get

/l/ε∗/lPL + zy/p/ε
∗
/p
′PL − z(x+ y)me/ε

∗
/p
′PL − y(1− y)/p/ε

∗mµPR + (x+ y)memµ(1− y)/ε∗PR.

(C.12)

The first term in Eq. (C.12) is

/l/ε∗/lPL =
[
2l.ε∗ − /ε∗/l

]
/lPL =

[
2l.ε∗/l − /ε∗l2

]
PL. (C.13)

The second term in Eq. (C.12) is

yz
[
/p/ε
∗
/p
′]PL = yz

[
2p.ε∗ − /ε∗/p

]
/p
′PL = yz

[
2p.ε∗/p

′ − /ε∗/p/p′
]
PL

= yz
[
2p.ε∗/p

′ − /ε∗
[
2p.p′ − /p′/p

]]
PL

= yz
[
2p.ε∗/p

′ − 2p.p′/ε∗ +
[
2ε∗.p′ − /p′/ε∗

]
/p
]
PL

= yz
[
2p.ε∗/p

′ − 2p.p′/ε∗ + 2ε∗.p′/p− /p′/ε∗/p
]
PL.

(C.14)
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The third term in Eq. (C.12) is

−z(x+ y)me

[
/ε∗/p
′]PL = −z(x+ y)me

[
2p′.ε∗ − /p′/ε∗

]
PL. (C.15)

The fourth term in Eq. (C.12) is

−y(1− y)mµ

[
/p/ε
∗]PR = −y(1− y)mµ

[
2p.ε∗ − /ε∗/p

]
PR. (C.16)

After adding all of these terms together, Eq. (C.11) can now be written as

ūe(p
′)

[
(2l.ε∗/l − /ε∗l2)PL + yz(2p.ε∗me − 2p.p′/ε∗)PL + yzmµ(2ε∗.p′ −me/ε

∗)PR

− z(x+ y)me(2p
′.ε∗ −me/ε

∗)PL +mµ(1− y)((x+ y)me/ε
∗ − 2yε∗.p)PR

+ y(1− y)m2
µ/ε
∗PL

]
uµ(p).

(C.17)

We rewrite Eq. (C.17) by making the following replacements:

P = p+ p′ −→ p =
P + q

2
(C.18)

q = p− p′ −→ p′ =
P − q

2
, (C.19)

to get

ūe(p
′)

[ (
2l.ε∗/l − /ε∗l2

)
PL + yz

(
(P + q).ε∗me −

(P 2 − q2)

2
/ε∗
)
PL

+ yzmµ (ε∗.(P − q)−me/ε
∗)PR − z(x+ y)me ((P − q).ε∗ −me/ε

∗)PL

+mµ(1− y) ((x+ y)me/ε
∗ − yε∗.(P + q))PR + y(1− y)m2

µ/ε
∗PL

]
uµ(p).

(C.20)
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We now Factor the terms proportional to γµ, Pµ and qµ. We also add the term that we

omitted in Eq. (C.11), i.e., /ε∗m2
ER

to get

ūe(p
′) [(yz − z(x+ y))mePL + (yz − y(1− y))mµPR] (ε∗.P )uµ(p)

+ūe(p
′) [(yz + z(x+ y))mePL − (yz + y(1− y))mµPR] (ε∗.q)uµ(p)

+ūe(p
′)

[(
− l

2

2
− yz(P 2 − q2)

2
+ z(x+ y)m2

e + y(1− y)m2
µ +m2

ER

)
PR

− (yz − (1− y)(x+ y))memµ PL] (ε∗.γ)uµ(p).

(C.21)

Note that ε∗.q = 0, so that only terms proportional to γµ and Pµ survive. Thus we simplify

Eq. (C.21) further to get

ūe(p
′)

[(
− l

2

2
− yz(P 2 − q2)

2
+ z(x+ y)m2

e + y(1− y)m2
µ +m2

ER

)
PR + xPL

]
(ε∗.γ)uµ(p)

+ūe(p
′) [−zxmePL − yxmµPR] (ε∗.P )uµ(p).

(C.22)

We make another replacement using the Gordon’s identity:

ūe(p
′) [Pµ]PRuµ(p) = ūe(p

′) [iσµνqνPR +meγ
µPR +mµγ

µPL]uµ(p) (C.23)

ūe(p
′) [Pµ]PLuµ(p) = ūe(p

′) [iσµνqνPL +meγ
µPL +mµγ

µPR]uµ(p). (C.24)

Eq. (C.22) now becomes

ūe(p
′)

[(
− l

2

2
− yz(P 2 − q2)

2
+ z(x+ y)m2

e + y(1− y)m2
µ +m2

ER

)
PR + xPL

]
(ε∗.γ)uµ(p)

+ūe(p
′) [−zxmePL − yxmµPR]

(
iε∗µσ

µνqν
)
uµ(p)

+ūe(p
′) [−zxme (meγ

µPL +mµγ
µPR)− yxmµ (meγ

µPR +mµγ
µPL)] ε∗µuµ(p),

(C.25)
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after combining terms involving γµ, we get

ūe(p
′)

[(
− l

2

2
− yz(P 2 − q2)

2
+ z(x+ y)m2

e + y(1− y)m2
µ +m2

ER
− x(zm2

e + ym2
µ)

)
PR

+ x (1−memµ(y + z))PL

]
(ε∗.γ)uµ(p)

+ūe(p
′) [−zxmePL − yxmµPR]

(
iε∗µσ

µνqν
)
uµ(p),

(C.26)

and after simplifying it we get

ūe(p
′)

[(
− l

2

2
− yz(P 2 − q2)

2
+m2

ER
+ yz(m2

e +m2
µ)

)
PR + x (1−memµ(y + z))PL

]
× (ε∗.γ)uµ(p)

+ūe(p
′) [−zxmePL − yxmµPR]

(
iε∗µσ

µνqν
)
uµ(p).

(C.27)

We now focus on the integral of the σµνqν term only, since γµ terms cancel out the leg

corrections

iM =2ef∗e1fµ1ūe(p− q)
∫∫∫

dx dy dz δ(x+ y + z − 1)

∫
d4l

(2π)4

−zxmePL − yxmµPR
(l2 −∆ + iε)3(

iε∗µσ
µνqν

)
uµ(p)

=2ef∗e1fµ1ūe(p− q)
∫∫∫

dxdydzδ(x+ y + z − 1)
−zxmePL − yxmµPR

32π2∆
(ε∗µσ

µνqν)uµ(p)

=
−ef∗e1fµ1

32π2m2
ER

ūe(p− q) [meGγ(x1)PL +mµGγ(x1)PR] ε∗µσ
µνqνuµ(p),

(C.28)

in which x1 =
m2
ζ1

m2
ER

and Gγ(x) is given by

x1

2
Gγ(x1) =

∫∫
dxdy

x(1− x− y)

∆
=
x1

(
2x3

1 + 3x2
1 − 6x2

1 lnx1 − 6x1 + 1
)

12(x1 − 1)4
. (C.29)
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Assuming me � mµ, the full amplitude and its conjugate for this process are given by

M =
iemµ

32π2m2
ER

ūe(p− q)[ε∗µσµνqνPR]uµ(p)[f∗e1fµ1Gγ(x1) + f∗e2fµ2Gγ(x2) + f∗e3fµ3Gγ(x3)],

(C.30)

M† =
−iemµ

32π2m2
ER

ūµ(p)[PLεµσ
µνqν ]ue(p− q)[fe1f∗µ1Gγ(x1) + fe2f

∗
µ2Gγ(x2) + fe3f

∗
µ3Gγ(x3)],

(C.31)

We can find the squared matrix element and sum over the electron spin and photon polar-

ization as follows

|M|2 =
e2m2

µ|
∑

i f
∗
eifµiGγ(xi)|2

2× 1024π4m4
ER

∑
ε,se,sµ

[ūe(p− q)[ε∗ασαβqβPR]uµ(p)ūµ(p)[PLεµσ
µνqν ]ue(p− q)]

=
e2m2

µ|
∑

i f
∗
eifµiGγ(xi)|2

2048π4m4
ER

∑
ε,se

[ūe(p− q)[ε∗ασαβqβPR][/p+mµ][PLεµσ
µνqν ]ue(p− q)]

=
e2m2

µ|
∑

i f
∗
eifµiGγ(xi)|2

2048π4m4
ER

∑
ε,se

ūe(p− q)[ε∗ασαβqβ]/p[PLεµσ
µνqν ]ue(p− q)]

=
−e2m2

µ|
∑

i f
∗
eifµiGγ(xi)|2

2048π4m4
ER

Tr[(/p− /q +me)[gαµσ
αβqβ]/p[PLσ

µνqν ]]

=
e2m2

µ|
∑

i f
∗
eifµiGγ(xi)|2

4× 2048π4m4
ER

Tr[(/p− /q +me)[(γµγ
β − γβγµ)qβ]/p[PL(γµγν − γνγµ)qν ]]

=
e2m2

µ|
∑

i f
∗
eifµiGγ(xi)|2

4× 2048π4m4
ER

Tr[(/p− /q +me)[8p.q/q + 4/q/p/q]PL]

=
e2m2

µ|
∑

i f
∗
eifµiGγ(xi)|2

4× 2048π4m4
ER

[32(p.q)2] =
e2m2

µ|
∑

i f
∗
eifµiGγ(xi)|2

256π4m4
ER

(p.q)2

=
e2m6

µ|
∑

i f
∗
eifµiGγ(xi)|2

1024π4m4
ER

,

(C.32)

in which the last equality holds in the CM refrence frame. The decay width can now be

written as

Γ(µ→ eγ) =
pf

32π2m2
µ

∫
|M|2dΩ =

m5
µ

4× 4096

e2|∑i f
∗
eifµiGγ(xi)|2
π5m4

ER

, (C.33)
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and the branching ratio is given by

Br(µ→ eγ) =
192π3m5

µ

4× 4096

e2|∑i f
∗
eifµiGγ(xi)|2

G2
Fm

5
µπ

5m4
ER

=
3

256

e2|∑i f
∗
eifµiGγ(xi)|2

G2
Fπ

2m4
ER

. (C.34)
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Appendix D

Neutrino Textures from Seesaw

A list of possible neutrino textures driven from mν = mDM
−1
N mT

D is presented.

The Dirac mass matrix, mD must have at least three zeros as shown bellow. However, the

other non-diagonal elements of mD can be zero, without changing the texture of mν . We

used Ref. [179] to check the status of each of these configurations.

NR :


× × ×

× × 0

× 0 0

 , mD :


× 0 0

× × 0

× × ×

 −→ mν :


0 0 ×

0 × ×

× × ×

 (D.1)

This texture is suitable for a best fit to current neutrino-oscillation data with normal or-

dering of neutrino masses.

NR :


× × ×

× 0 0

× 0 ×

 , mD :


× 0 0

× × ×

× 0 ×

 −→ mν :


0 × 0

× × ×

0 × ×

 (D.2)

This texture is suitable for a 2σ fit to current neutrino-oscillation data with normal ordering

of neutrino masses.
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NR :


0 × 0

× × ×

0 × ×

 , mD :


× × ×

0 × 0

0 × ×

 −→ mν :


× × ×

× 0 0

× 0 ×

 (D.3)

This texture is ruled out at by 2σ from the best fit to current neutrino-oscillation data.

NR :


0 0 ×

0 × ×

× × ×

 , mD :


× × ×

0 × ×

0 0 ×

 −→ mν :


× × ×

× × 0

× 0 0

 (D.4)

This texture is ruled out at by 2σ from the best fit to current neutrino-oscillation data.

NR :


× × 0

× × ×

0 × 0

 , mD :


× × 0

0 × 0

× × ×

 −→ mν :


× 0 ×

0 0 ×

× × ×

 (D.5)

This texture is suitable for a best fit to current neutrino-oscillation data with normal or-

dering of neutrino masses.

NR :


× 0 ×

0 0 ×

× × ×

 , mD :


× 0 ×

× × ×

0 0 ×

 −→ mν :


× × 0

× × ×

0 × 0

 (D.6)

This texture is suitable for a 2σ fit to current neutrino-oscillation data with inverse ordering

of neutrino masses.
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