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DETERMINING A MAGNETIC SCHRODINGER OPERATOR
WITH A CONTINUOUS MAGNETIC POTENTIAL FROM
BOUNDARY MEASUREMENTS

KATSIARYNA KRUPCHYK AND GUNTHER UHLMANN

ABSTRACT. We show that the knowledge of the set of the Cauchy data on
the boundary of a C' bounded open set in R™, n > 3, for the Schrédinger
operator with continuous magnetic and bounded electric potentials determines
the magnetic field and electric potential inside the set uniquely. The proof is
based on a Carleman estimate for the magnetic Schrodinger operator with a
gain of two derivatives.

1. INTRODUCTION AND STATEMENT OF RESULT

Let Q C R", n > 3, be a bounded open set with C' boundary, and let u € C§°().
We consider the magnetic Schrédinger operator,

n

Lag(z, D)u(z) ==Y (D; + 4;())*u(x) + q(x)u(z)

= —Au(x) + A(x) - Du(z) + D - (A(z)u(2)) + (A@))* + g(2))u(z),

where D = i7'V, A € L>(Q,C") is the magnetic potential, and ¢ € L>(Q, C)
is the electric potential. Notice that here Au € L>(£2,C") N &(2,C"), and
therefore,

Lag:CR(Q) — H YR NE Q)
is a bounded operator.
Let u € H'(Q2) be a solution to
Li,u=0 in £, (1.1)

in the sense of distributions. Denoting by v the unit outer normal to the boundary
of 2, we can define the trace of d,u+i(A-v)u on 9Q as an element of H~/2(9Q)
as follows. Let g € HY?(9)). Then there is a continuous extension of g to (2,
which belongs to H'(£2), and which we shall denote again by g. We set

(Ou~+i(A-v)u,g)aq := /Q(Vu Vg +iA- (uVg — gVu) + (A% + q)ug) dx.
(1.2)
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As u satisfies the equation (ILI]), the above definition of the trace of d,u+i(A-v)u
on Jf2 is independent of the choice of an extension of g.

We introduce the set of the Cauchy data for solutions of the magnetic Schrédinger
equation in () by

Caq = {(ulog, (Oyu+i(A-v)u)|aq) :u € HY(Q) and Ly ,u = 0in Q}.

The inverse boundary value problem for the magnetic Schrodinger operator is to
determine A and ¢ in €2 from the set of the Cauchy data Cy4 .

As it was noticed in [I7], there is an obstruction to uniqueness given by the
following gauge transformation. Let ¢p € W*°(Q). Then for any u € H'(2), we
have ' '
e La,eu = Layvyqu,
in the sense of distributions. Furthermore, a computation using (L2) shows that
(€0, +i(A-v))e™u, ghoa = (0, +i(A+ V) - v)u, g)oq
for any g € HY?(99). Hence, if ¢p € WH(Q) satisfies 1|pq = 0, then

Cag = Catvug (1.3)

Thus, given the set of the Cauchy data C4, for the magnetic Schrodinger oper-
ator, one may only hope to recover the magnetic field dA in €2, which is defined
by
dA =" (0u,Ax — Ou Aj)da; A duy
1<j<k<n
in the sense of distributions. Here A = (A, ..., A,).

As it has been shown by several authors, the knowledge of the set of the Cauchy
data C4, for the magnetic Schrodinger operator L4, determines the magnetic
field and the electric potential in {2 uniquely, under certain regularity assump-
tions on A. In [I7], this result was established for magnetic potentials in W,
satisfying a smallness condition. In [I1], the smallness condition was eliminated
for smooth magnetic and electric potentials, and for compactly supported C?
magnetic potentials and L> electric potentials. The uniqueness results were sub-
sequently extended to C' magnetic potentials in [19], to some less regular but
small potentials in [I2], and to Dini continuous magnetic potentials in [14]. To
the best of our knowledge, the latter result is the best one currently available, in
terms of the regularity properties of magnetic potentials.

The purpose of this paper is to extend the uniqueness result to the case of mag-
netic Schrodinger operators with magnetic potentials that are merely continuous.
Our main result is as follows.

Theorem 1.1. Let Q@ C R", n > 3, be a bounded open set with C! boundary, and
assume that Ay, Ay € C(Q,C") and q1,q2 € L®(Q,C). If Cay gy = Caygo, then
dA; = dAy and ¢1 = qo in €.
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The key ingredient in the proof of Theorem [[.Tlis a construction of complex geo-
metric optics solutions for the magnetic Schrodinger operator with a continuous
magnetic potential. When constructing such solutions, we shall first derive a Car-
leman estimate for the magnetic Schrédinger operator Ly 4, with A € L>*(Q,C")
and ¢ € L*(Q,C), with a gain of two derivatives, which is based on the cor-
responding Carleman estimate for the Laplacian, obtained in [I6]. To be able
to proceed further with our construction, we also need to exploit a smoothing
argument, for which it seems necessary to assume the continuity of A.

Another important inverse boundary value problem, for which issues of the reg-
ularity have been studied extensively, is Calderén’s problem for the conductivity
equation, see [4]. The unique identifiability of C? conductivities from boundary
measurements was established in [I8]. The regularity assumptions were relaxed
to conductivities having 3/2 + ¢ derivatives in [I], and the uniqueness for con-
ductivities having exactly 3/2 derivatives was obtained in [I3], see also [3]. In
[7], uniqueness for conormal conductivities in C'*¢ was shown. The recent work
[8] proves a uniqueness result for Calderén’s problem with conductivities of class
O' and with Lipschitz continuous conductivities, which are close to the identity
in a suitable sense.

The paper is organized as follows. Section ] contains the construction of complex
geometric optics solutions for the magnetic Schodinger operator with a continuous
magnetic potential. Section [ is devoted to the proof of Theorem [[.LIl In the
proof it becomes essential to determine the values of the tangential component
of the magnetic potential on the boundary. This boundary determination result
has been obtained in [2] for continuous magnetic potentials and C' domains,
under the assumption that zero is not a Dirichlet eigenvalue for the magnetic
Schrodinger operator in €). Here we no longer assume that the Dirichlet problem
is well posed, and to that end, in Section [ we show how to adapt the method of
[2] to the present general situation.

2. CONSTRUCTION OF COMPLEX GEOMETRIC OPTICS SOLUTIONS

Let Q C R", n > 3, be a bounded open set. Following [5, 0], we shall use the
method of Carleman estimates to construct complex geometric optics solutions
for the magnetic Schrédinger equation Ly ,u = 0 in Q, with A € C(Q,C") and
q € L>(Q,C).

Let us proceed by recalling a Carleman estimate for the semiclassical Laplace
operator —h*A with a gain of two derivatives, established in [I6], see also [10].
Here i > 0 is a small semiclassical parameter. Let Q be an open set in R™ such
that  CC Q and p € C*(Q2,R). Consider the conjugated operator

P, = 6%(—h2A)€_%
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and its semiclassical principal symbol
Po(1,6) =2 +2iVp- €~ |Vy|?, 2€Q, ¢cR"

Following [10], we say that ¢ is a limiting Carleman weight for —h*A in Q, if

Vi # 0 in €2 and the Poisson bracket of Rep, and Im p,, satisfies,
{Repy, Imp,}(z,€) =0 when py(2,£) =0, (2,€) € AxR".

Examples of limiting Carleman weights are linear weights ¢(z) = a -z, a € R",
la] = 1, and logarithmic weights p(x) = log |z — |, with zg & €. In this paper
we shall only use the linear weights.

Our starting point is the following result due to [16].

Proposition 2.1. Let ¢ be a limiting Carleman weight for the semiclassical
Laplacian on €2, and let p. = ¢ + 2—h64p2. Then for 0 < h<e <1 and s € R, we
have

h
—=llul

\/E
for all u € C§°(Q2).

2 Rn) < C|le?=/M(=h2A)e= </ | H,@®ny, C >0, (2.1)

Here

[l

@) = [(hD)ull2@n), (€)= (1+[€%)"2,
is the natural semiclassical norm in the Sobolev space H*(R"), s € R.

Next we shall derive a Carleman estimate for the magnetic Schrodinger operator
Ly, with A € L>*(Q,C") and ¢ € L>(£,C). To that end we shall use the
estimate (2I) with s = —1, and with £ > 0 being sufficiently small but fixed, i.e.
independent of h. We have the following result.

Proposition 2.2. Let ¢ € CO"(Q,R) be a limiting Carleman weight for the
semiclassical Laplacian on ), and assume that A € L>=(Q2,C") and g € L>(Q,C).

Then for 0 < h < 1, we have
hllull g ey < Clle?™ (B2 Lag)e™ " ull -

scC

for all uw € C§°(Q).

Proof. In order to prove the estimate (2.2]) it will be convenient to use the fol-
lowing characterization of the semiclassical norm in the Sobolev space H!(R™),

(v, Y)wn|
ol ey = sup %)
0AYECT (R™) [0/ arz,

scl

where (-, -)gn is the distribution duality on R™.
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Let p. = ¢ + 2}‘—€g02 be a convexified weight with € > 0 such that 0 < h < ¢ < 1,
and let v € C§°(€2). Then for all 0 # ¢ € C§°(R™), we have

[(e?/"h2A - D(e=%=/"u), ¢)gn| < / hA - ( - U<1 + §w> Dy + hDU)w
< O(h)[Jull g

scl

dx

COLS

C

I(Rn) .
We also obtain that

\(e%/hth . (Ae_”f/hu),qﬁ)w\ < / \h%‘le‘“ﬂs/hu . D(e%/hiﬁ)\dx
|| 2

cl

< O(h)|ull gz, ey

scC

(Rn).
Hence, using ([2.3]), we get

|e?=/"h2 A - D(e=%=/hy) +e“°5/hh2D~(Ae‘“”f/hu)HHf}(Rn) < O(W)||ull g1, gny- (2.4)
Notice that the implicit constant in (2.4]) only depends on || Az, |||~
and || Dy|| (). Now choosing ¢ > 0 sufficiently small but fixed, i.e. independent

of h, we conclude from the estimate ([ZI]) with s = —1 and the estimate (24))
that for all A > 0 small enough,

He%/h(—iﬂA)e_%/hu 4 evelhp2 4. D(e_%/hu) 4 eve/hp2p . (Ae—gos/hu)’|H711(Rn)

h
Z 5||U||H5161(Rn), C > 0.

(2.5)
Furthermore, the estimate
|n? (A% + Qull g1 @y < O(hz)HUHH;d(Rn)
and the estimate (2.5) imply that for all A > 0 small enough,
_ h
||€§05/h(h2LA7q)6 ws/hUHH;;(R”) 2 5||U| Hslcl(Rn)’ C > 0.
Using that
e—Pe/hy, — e—so/he—sﬁ/(?e)u’
we obtain (2.2)). The proof is complete.
O

Let ¢ € CO"(Q, R) be a limiting Carleman weight for —h?A. Then we have
(Lou,0)q = <U,LT@U>Q, u,v € C5°(9),

where L, = ¢#/"(h?L4)e™?/" and L7, = e=#/"(h? Ly ;)e*/" is the formal adjoint
of L,. We have

Ly CR(Q) — H (R NE(Q)
is bounded, and the estimate ([2.2)) also holds for LY.
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To construct complex geometric optics solutions for the magnetic Schrodinger
operator we need to convert the Carleman estimate (2.2]) for L7, into the following
solvability result. The proof is essentially well-known, and is included here for
the convenience of the reader. We shall write

||“||%Islcl(g) = HUH%Z(Q) + HhDuH%Z(Q)v
(v, ¥)q
ol = sup Al
M @ ez @ (91, )

Proposition 2.3. Let A € L>*(Q,C"), ¢ € L>*(Q,C), and let ¢ be a limiting
Carleman weight for the semiclassical Laplacian on 2. If h > 0 is small enough,
then for any v € H=1(QQ), there is a solution uw € H* () of the equation

MW Lag)e M u=v in Q,
which satisfies

||u||Hsld(Q) < EHUHH;}(Q)'

Proof. Let v € H~1(Q) and let us consider the following complex linear functional,
L:LCR(Q) = C, Liww (w,v)a.

By the Carleman estimate ([2.2) for L7, the map L is well-defined. Let w €
Ce° (). Then we have

|L(Lyw)] = [(w, D)al < [lw]

HL (R") [v]] H ()

< E||U||HS’C11(Q)||L;w||Hs;11(R")‘

By the Hahn-Banach theorem, we may extend L to a linear continuous functional

L on H~1(R"), without increasing its norm. By the Riesz representation theorem,
there exists u € H'(R") such that for all ¢ € H~}(R"),

_ C
L) = (¢, u)gn, and HUHHsld(Rn) < EHUHH;C}(Q)-

Let us now show that Lyu = v in Q. To that end, let w € C§°(€2). Then

(Lou, W) = (u, Lyw)rs = L(Lyw) = (w, ) = (v,D)q.

The proof is complete. l

Our next goal is to construct complex geometric optics solutions for the magnetic
Schrodinger equation

Lagu=0 in 9, (2.6)
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with A € C(Q,C") and ¢q € L>=(£, C), using the solvability result of Proposition
and a smoothing argument. Complex geometric optics solutions are solutions
of the form,

(e, ¢ h) = "M a(x, ¢ h) + r(x, ¢ ), (2.7)
where ¢ € C", (- ( =0, |¢| ~ 1, a is a smooth amplitude, r is a correction term,
and h > 0 is a small parameter.

First, an application of the Tietze extension theorem allows us to extend A €
C(Q,C") to a continuous compactly supported vector field on the whole of R™.
We consider the regularization A* = A x U, € C°(R™,C"). Here 7 > 0 is small
and U, (x) = 77"W(z/7) is the usual mollifier with ¥ € C§°(R"), 0 < ¥ < 1, and
[ Wdx = 1.

We have the following estimates,
JA — 48] eny = 0(1), T 0, (2.8
0% A% || pony = O(771%), 7 =0, forall a, |al>0. (2.9)
It will be convenient to introduce the following bounded operator,
ma: HY(Q) = H 1), ma(u) =D - (Au),
where the distribution m4(u) is given by

(ma(u),v)q = —/QAu - Dvdz, v e C§°(Q).

Let us conjugate h%L,, by e*¢/". First, let us compute e~/ o h2m 4 o ¥ ¢/,
When v € H(Q) and v € C§°(), we get

(e PR2ma (e¥ M), v) g = — / h2Ae®/ty - D(em M) dx
Q

— —/(hz'g - Auv + h*Au - Dv)d,
Q
and therefore,
e o h2my o0 e = —hi¢ - A+ h*ma.
Furthermore, we obtain that
e~ "M o (=h2A) o ™M = —h2A — 2ih¢ - D,
e @M o h2(A- D)o e™/m = h?A- D — hiC - A.
Hence, we have
e~ C/hp2 o Lago e = R A —2h¢-D+h?A-D—2hiC- A+ h2ma+ hz(Az 4 q))
2.10

In this paper we shall work with ( depending slightly on h, i.e. ( = (o + (1
with (o being independent of h and {; = O(h) as h — 0. We also assume that
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IRe (o] = |Im (y| = 1. Then it will be convenient to write (2.I0) in the following
form,

e M2 o Lyg0e™ M = — h2A — 2ih(y - D — 2ih¢y - D + h*A - D — 2hi(, - A*
— 2hiCy - (A — AY) — 2hi(y - A+ h®ma + B2 (A? +q).
In order that (2.7)) be a solution of (2.6]), we require that
Co-Da+¢-Aa=0 in R, (2.11)
and

e "ML e M = —(=h?Aa + h*A - Da + h*ma(a) + h*(A% 4 q)a) (2.12)
+ 2ih¢y - Da + 2hiCy - (A — Aa 4 2hi¢; - Aa=:g in Q.

The equation (ZI1]) is the first transport equation and one looks for its solution
in the form a = e@:’ where ®f solves the equation

Co- VP +ip- A*=0 in R" (2.13)

As (p-¢o = 0 and |[Re {p| = [Im {y| = 1, the operator N, := (,-V is the d—operator
in suitable linear coordinates. Let us introduce an inverse operator defined by

_ 1 [ flz—yiRe o —ypIm o)
21 Jr2 Y1+ Yo

(NG (=) dyrdys, | € Co(R").

We have the following result, see [14] Lemma 4.6].

Lemma 2.4. Let f € WFH=(R"), k > 0, with supp (f) C B(0,R). Then ® =
N&)lf € Wke(R") satisfies Ney® = f in R", and we have

[llweoo @y < ClIf llwnoomn), (2.14)
where C'= C(R). If f € Co(R"), then ® € C(R™).

Thanks to Lemma 4] the function ®*(z,(y;7) = NC_Ol(—iCO - AF) € O%(R")
satisfies the equation (2.I3]). Furthermore, the estimate (2.9]) implies that

07D || poe(ny < Cor ™, forall «, |a|>0. (2.15)

It follows from (Z.8) and (ZI4) that ®(z,(y;7) converges uniformly in R" to
P(x, (o) = NCEI(—Z'CO -A) e C(R") as 7 — 0.

Let us turn now to the equation (2I2). First notice that the right hand side ¢ of
([Z12) belongs to H~1(Q2) and we would like to estimate 191l #z-1()- To that end,
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let 0# ¢ € C"O(Q). Then using (2.153]) and the fact that (; = O(h), we get
ol < OW /)]y < O /7l
h?A- Da, Vel < O 7)1Vl a1, )

|(n?

{

|(2ih¢y - Da, ) |<0<h2/r>!|¢||Hsdm
|(2Ri¢ - Aa, ¥)a| < OR)||¢]| a1 o

With the help (Z.8)), (Z9), and ([ZI5), we obtain that

|[(W*ma(a))a| <

/ h*D - (A*a) - ydx
< (O(1? /1) + O(R)or—o(W)|V]| 1, 0

Using (2.8) and (2.15), we have
[(2hiGo - (A — AF)a, ¥)a| < O(h)or-0(1)|[Y]

Combining the estimates above and the estimate ||h?( A%+ q)aH 12 < O(h?), we
conclude that

h?Afa - Dipdx
Q

+‘/h2(A—Aﬁ)CL-D’(/Jd$
Q

+ O(h)||A — A¥|| < |al| oo ||hDY | 12(a)

Hl

scl

91110y < O(R2/72) + O(h)oro(1).
Choosing now 7 = h? with 0 < o < 1/2, we get
||g||HS;11(Q) =o(h) as h—0. (2.16)

Thanks to Proposition and (2I6), for h > 0 small enough, there exists a
solution € H'(Q) of (ZI2) such that |1l ) = o(1) as h — 0.

Summing up, we have proved the following result.

Proposition 2.5. Let Q C R", n > 3, be a bounded open set. Let A € C(Q,C"),
q € L>®(Q,C), and let ¢ € C™ be such that (- ¢ =0, ( = (o + (1 with {y being
independent of h > 0, |[Re(o| = [Im{y| = 1, and {; = O(h) as h — 0. Then for
all h > 0 small enough, there exists a solution u(z,(;h) € H' () to the magnetic
Schrodinger equation Ly u = 0 in Q, of the form

ulw, (h) = "M 0P (2, h).

The function ®(-, (p; h) € C(R") satisfies [|0°P*||pcmn) < Coh™71°l, 0 < 0 <
1/2, for all o, |a| > 0, and ®*(x, (y; h) converges uniformly in R™ to ®(-, () :=
N&)l(—z{o-A) € C(R™) as h — 0. Here we have extended A to a Cy(R™, C™)-vector
field. The remainder r is such that ||r|[ g1 ) = o(1) as h — 0.
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3. PROOF oF THEOREM [I.1]

The first step is the derivation of an integral identity based on the fact that
Cay.q0 = Cay g0, see also [14) Lemma 4.3].

Proposition 3.1. Let Q C R", n > 3, be a bounded open set with C* boundary.
Assume that Ay, Ay € L>®(Q,C") and q1,q2 € L=(Q,C). If Ca, 4y = Cayq0, then
the following integral identity

/ ’L(A1 — Ag) . (u1Vu_2 — u_2Vu1)d:c + /(A% — Ag +q1 — qQ)ulu_gdx =0 (31)
Q Q

holds for any uy,uy € H'() satisfying La, g,u1 = 0 in Q and Ly —uy = 0 in €,
respectively.

Proof. Let uy,us € H'(Q) be solutions to La, ,,u1 = 0 in © and
Lgus =0 in Q, (3.2)
respectively. Then the fact that Cly, ,, = Ca,,, implies that there is vy € H*(Q)
satisfying L 4, 4,v2 = 0 in {2 such that
up =vy and Jyuy +i(A; - v)ug = Oyve +i(Ay - v)vy on IS
In particular,
(Oyur +i(Ay - v)uy, Uz)ea = (0,v3 + i(As - V)V, Uz)g0- (3.3)

It follows from (L2) and (B.2]) that

(0,15~ (s V)T = [ (V- Vg~ iAs- (Vg ~ V) + (43 + ) 7)o
Q
(3.4)
for any g € H'(Q). Using (L2) and (3.4, we obtain that
(Oyvg +i(Ag - V)va, Uz)aa = (0,07 — i( Az - V)Uz, va)an = (9,2 — i(Az - V)Uz, U1)aq-
(3.5)
In the last equality we have also used that u; = ve on J2. Combining (B3) and
B3, we get
(Opur + i(Ar - v)ur, Us)oo = (0,uz — i(Az - V)Us, u1) o0,
which shows the identity (B.I]). The proof is complete. O

The second step is the determination of the boundary values of the tangential
components of the magnetic potentials. First of all, we may assume without loss
of generality that the normal component of A; satisfies A;-v = 0on 052, j =1, 2.
Indeed, as 9Q € C', by [9, Theorem 1.3.3], there is 1; € C*(Q) which satisfies
1; =00on 0Q and (A; +V);)-v =0o0n 09, j =1,2. Hence, it follows from (I3)
that A; can be replaced by A;+V1);, j = 1,2. Furthermore, by Proposition f.1lin
Section (] applied to each connected component of 2, we conclude that A; = A,
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on 0. This allows us to extend A; and A, to R™ so that the extensions, which we
shall denote by the same letters, agree on R™\ €2, and satisfy A;, Ay € Cy(R™, C"),
j =1,2. We also extend ¢;, j = 1,2, by zero to R™ \ €.

The next step is to use the integral identity (B]) with u; and wus being com-
plex geometric optics solutions for the magnetic Schrodinger equations in 2. To
construct such solutions, let &, py, o € R™ be such that |p;| = |u2| = 1 and
fy - e = pq - € = po - € = 0. Similarly to [I7], we set

ih ] 2 ih : ’
41=7£+u1+z 1—h2%l£2> C2=—7£—M1+l 1—h2%l£2> (3.6)

so that ¢;-¢; =0, j = 1,2, and ({1 + (2)/h = i€. Here h > 0 is a small enough
semiclassical parameter. Moreover, (; = p1+ius+O(h) and (o = —py+ips+O(h)
as h — 0.

By Proposition[2.5] for all A > 0 small enough, there exists a solution u; (z, (1; h) €
H'(Q) to the magnetic Schrodinger equation Ly, 4,u; = 0 in ©Q, of the form

Ul(l’, Cla h) = em'@/h(e@g(gp’ul—l—iu%h) + 71 (LU, <17 h))7 (37)
where % (-, 1 + ipo; h) € C*°(R") satisfies the estimate
[0°®% || oo gy < Cuh ™ol 0 <0 < 1/2, (3.8)

for all a, || > 0, B (2, iy +ipia; h) converges uniformly in R™ to Oy (x, iy +ips) :=
N (=i +ipg) - Ay) € C(RY) as h — 0, and

p1tipe
[Irilla2 @) =o(1) as h—0. (3.9)

Similarly, for all & > 0 small enough, there exists a solution us(z, (o; h) € H'(Q)
to the magnetic Schrodinger equation L us = 0 in €, of the form

us(, Goy ) = €=/ (ePHEmmtinnl) 4y (7 ¢y ), (3.10)
where ®4(-, —p1 + ipg; h) € C(R™) satisfies the estimate
|0°® || oo mny < Cuh ™ 0 <0 < 1/2, (3.11)

for all o, oo > 0, ®(x, —py + ifiz; h) converges uniformly in R™ to ®y(x, —p1 +
iflg) == N—_ﬁ1+iu2(_i(_“1 +iug) - Ay) € C(R™) as h — 0, and

2]l @) = o(1) as h —0. (3.12)

Next we shall substitute u; and uy, given by ([B.7) and ([B.I0), into the integral
identity (B.1]), multiply it by h, and let h — 0. To that end, we first compute

= i t ol i B _
hU1VU2 :ggew §(€¢1+¢2 + 64)17”2 + 7"164)2 + T1T2)

+ he"“""f(eq’ﬁVe‘pg + e@iVE + 7’1Ve¢u2 + 7 Vrs).
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Using the estimates (3.8), (8.9), (3.11]) and (3.12)), we obtain that

| /i(/h — Ay) '66ix'§(6¢§ﬁ + rleq)g + 773 )dx|
Q

< O\ A1~ Asll= (1% |2 72l = + il Ne® 22 + 2217l 22) = o(1),
as h — 0. Furthermore,
| / hi(Ar — Ag) - e E(®iVe® 1 v 1 Vet 1 Vi) da)
) <O (R +h ™ o(1) +o(1)h™7 +o(1)h™") = o(1),
as h — 0. Here 0 < 0 < 1/2. We also have
Ih /Q (A2 — A2+ g — go)e™E(e®H P 1 e 1 6™ 4 ri)da] = O(R),

as h — 0. Hence, substituting u; and usy, given by [B1) and (BI0), into the
integral identity (B, multiplying it by A, and letting h — 0, we get

(k1 +ipt) - /(A1 — Ay)eltePiimpm i kRt gy — (), (3.13)
0

where
Oy =N (=il +ipg) - Ay) € C(R™),

p1+ip2

Dy = N7 1 (—i(—p +ipa) - Ag) € C(R™).

— 1 +ipe

Recalling that A; = Ay on R™\ Q, we may replace the integration in ([B.I3)) over
Q) by an integration over all of R"” so that

(p1 + ip2) - / (A — Ay)e'CePr@pmtin) 2w, mntinz) g — () (3.14)

The next step is to remove the function e®'*®2 in the integral (314). First using
the following properties of the Cauchy transform,

Nf=NZ'F, NZUf==NC
we notice that
Oy + By = N, L, (—ii 4 ipn) - (A — Ag)). (3.15)
We shall next need the following result, which is due to [6], see also [15].
Proposition 3.2. Let &, py, pio € R™ be such that |pu1| = o] = 1 and py - poy =
o€ =po-&=0. Let W € Co(R™,C") and ¢ = Nu_llwz(_i(“l +ips)-W). Then

(p1 +ipe) - W (z)e™$e?@dr = (111 + ips) - W (z)e™*dx. (3.16)
Rn Rn
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Proof. By a standard approximation argument, it suffices to prove ([B.I6]) for
W e Cg°(R",C") and

¢ =N, (—ilp + ipg) - W) € C(R"). (3.17)
We can always assume that gy = (1,0,...,0) and py = (0,1,0,...,0), so that
£=1(0,0,&"), & € R" 2, and therefore,

(Op, +102,)0 = —i(p1 +ip2) - W in R™

Hence, writing x = (2/,2"), 2/ = (21, 22), 2" € R"2, we get

(p1 +ip2) - W (x)e™$e? @ dr = z/ e D0y, +i0y,) () da

R

n

. S el
= '@ 13 h(l’”)dl’”,
Rn—2

where
h(z") = / (B, + 10,,)e?Pda’ = lim (8, + 0,,)e? @ da’
- fmvee Jiw|<r
= lim ?® (u) + ivy)dSp(').
R—o00 '|=R
Here v = (14, 11) is the unit outer normal to the circle |2'| = R, and we have

used the Gauss theorem.

It follows from (B.I7) that |¢(2’, 2")| = O(1/|2'|) as |2'| — oco. Hence, we have
¢’ =1+¢+0(¢]*) =1+6+0(|2'|?) as [|2'| = co.

Since

%1 ’U/Q dSR .CL’/ = 8:“ 8x2 1 dI/ = O,
A%; T in) <>‘/ (O + 0:,)(1)

|z'|<R

‘/ O(|2'|7?)(v1 + irn)dSg(2")| < O(R™') as R — oo,
|z’|=R

we obtain that

h(z") = lim é(x) (11 + irg)dSg(2’) = lim (Op, + 10y, ) P(x)da’

= [ it i) Wi,
R2

which shows the claim. The proof is complete.
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Combining Proposition B.2 with ([3.14) and (3.13]), we get
(p1 +ipg) - / (A (z) — Ay(x))eSdx = 0. (3.18)

The next step is to derive from ([BI8) that dA; = dAy in R™. While this step
is well-known, see [I4], Lemma 4.8], we present it here for completeness and for
convenience of the reader.

Proposition 3.3. Let W € Cy(R",C"). Assume that

(1 +ipn) - | W(z)e™ dx =0, (3.19)

Rn

whenever &, pu1, po € R™ are such that || = |pe| =1 and p - p1o = p1-§ = po-§ =
0. Then dW =0 in R".

Proof. Tt follows from ([3.I9) that
e W(E) =0 (3.20)

whenever p € R" is such that - & = 0. Here W is the Fourier transform of .

Let p;1(§) = &er, — &pej for j # k. Then p;,(§) - £ = 0, and therefore, (3:20)
implies that

§Wi(§) — &W;(§) = 0.
Hence, 0,, Wy — 0., W; = 0 in R" in the sense of distributions, for j # k. The
proof is complete.

U

By Proposition we conclude from ([BI8) that dA; = dA, in R™. Therefore,
Ay — Ay = V) in R", with some ¢ € C}(R").

Next we would like to show that ¢ = ¢ in €2. To that end, we first want to
add V1 to the potential Ay without changing the set of the Cauchy data. When
doing so, it will be convenient to work on a large open ball B such that ) CC B
and supp (¢) C B. We shall need the following result, see [14, Lemma 4.2].

Proposition 3.4. Let Q C R" be a bounded open set with C' boundary, and
let B be a open ball in R™ such that Q@ CC B. Let A;, Ay € L*(B,C"), and
G, q2 € L>®(B,C). Assume that

Ai=Ay and ¢ =¢q in B\

If Caygp = Cagg, then Cy = CY, o, where C7y - is the set of the Cauchy data
Jor Ly, q in B, j=1,2.

J
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Proof. Let u} € H'(B) be a solution to L4, s uj = 0in B. As Ca, 4, = Caygos
there is uy € H*(Q) satisfying La, s,u2 = 0 in  such that

uy =wuy and duy +i(A; - v)u) = dus +i(As - v)uy on O

Here v is the unit outer normal to 0f). Setting

’ (%) in Q,
Us =
2 uy in B\ Q,
and using the fact that 99 is C', we see that v, € H'(B). Furthermore, for
v e C§°(B), we get

(Laygoun))p = /Q(Vuz SV + Ay - (Dug)h — Aquy - Db + (A3 + qa)ugth)dx

T / (T, - Vb + Ay - (DUl — Avd, - Do+ (A2 + g i)
B\Q

= <8,/u2 + Z(AQ . I/)Ug,i/))ag — (&,u’l + Z(Al . V)ull, 1p>aQ = 0,

which shows that C7 , C C}, .. The same argument in the other direction
gives the claim. O

Using Proposition B4l the fact that ¢|gp = 0, and ([L3)), we obtain that

/ . ! . ! o !
CAMH - CAqu - CA2+V¢7¢12 - CAl,qQ'

Thus, by Proposition 3] we obtain the integral identity (B.I]), which in our case
takes the following form,

/(Ch — @2)urUadr = 0, (3.21)
B

for any uy,uy € H'(B) satisfying L4, ,u; = 0 in B and L w2 = 0 in B,
respectively.

Let us choose u; and us to be the complex geometric optics solutions in B,
given by ([B7) and (BI0), respectively. Notice that in our case, in the defini-
tion (BI0) of uy, the function ®%(x, —uy + ipo; h) converges uniformly in R”
to N_! (—i(—p1 +ips) - Ay) as h — 0. Hence, it follows from ([B.I5) that

—p1tipe
&% (2, juy + ipta; h) + 5 (z, —p1 + ipo; k) converges uniformly in R” to 0 as h — 0.

Plugging u; and us in (B.21)) gives

/(q1 — c12)ei9”'€eq>gJr gd:z: = — / (1 — qg)e”{(eégr_g + Tleq)ﬁ? + r7)dz.
B B

Letting h — 0, and using (3.8), (3.9), B.I1)), and [B.12), we get
/(Ch — go)etdx = 0,
B
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and therefore, ¢; = ¢o in €). The proof of Theorem [[.1lis complete.

4. BOUNDARY DETERMINATION OF THE MAGNETIC POTENTIAL

When recovering the magnetic potentials in Theorem [T, an important step
consists in determining the boundary values of the tangential components of the
magnetic potentials. The purpose of this section is to carry out this step by
adapting the method of [2]. Compared with the latter work, here we do not
assume that the Dirichlet problem for the magnetic Schrodinger operator in €2 is
well posed.

To circumvent the difficulty related to the fact that zero may be a Dirichlet
eigenvalue, we shall use the solvability result for the magnetic Schrodinger oper-
ator given in Proposition 23] which is based on a Carleman estimate. We have
learned of the idea of using a Carleman estimate to handle the case when zero is
a Dirichlet eigenvalue from the work [16] on the Dirac operator.

The following proposition is an extension of the result of [2] in the sense that the
well-posedness of the Dirichlet problem for the magnetic Schrodinger operator in
() is no longer assumed.

Proposition 4.1. Let Q C R", n > 3, be a bounded domain with C* boundary,
and let A; € C(Q,C") and q; € L*(Q,C), j = 1,2. Assume that C, 4y = Cay.g-
Then 7 - (A1 — As)(xg) = 0, for all points xy € O and all unit tangent vectors
T € Ty, (09).

Proof. We shall follow [2] closely. First an application of Proposition 3.1l allows
us to conclude that following integral identity holds,

/ Z(Al — Ag) . (u1Vu_2 — u_2Vu1)d:c + /(A% — Ag +q — qg)ulu_gdx =0. (41)
Q Q

Here uy, uy € H'(Q) satisfy La, 5,u1 = 0in © and L; ue = 0 in €2, respectively.

The idea now is to construct some special solutions to the magnetic Schrodinger
equations, whose boundary values have an oscillatory behavior while becoming
increasingly concentrated near a given point on the boundary of 2. Substituting
these solutions in (4.1]) will allow us to recover the tangential components of the
magnetic potentials along the boundary.

As Q is a C'-domain, it has a defining function p € C*(R", R) such that Q =
{z € R": p(x) > 0}, 902 = {z € R": p(x) = 0}, and Vp does not vanish on 0f2.
We fix z¢ € 02, and a unit vector 7, which is tangent to 02 at xy. We normalize
p so that Vp(zg) = —v(xy) where v is the unit outer normal to 0€2. By an affine
change of coordinates we may assume that zy is the origin and v(zy) = —e,, and
therefore, Vp(0) = e,.
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Let w(t), t > 0, be a modulus of continuity for Vp, which is an increasing
continuous function, such that w(0) = 0. Let n € C§°(R™,R) be a function such
that supp (n) C B(0,1/2), and

/ n(2’,0)%ds’ = 1,
Rn—1

where B(0,1/2) is a ball of radius 1/2, centered at 0, and 2’ = (x1,...,2,1).
We set ny(z) = n(Mzx', Mp(x)), for M > 0. Hence, for M > 0 large enough,
supp (na) € B(0,1/M). Following [2], for N > 0, we define vy by

vo(x) = nag(2)eN T a=r@), (4.2)

The function vy is of class C' with supp (vg) C B(0,1/M). Following [2], we
relate the large parameters N and M by the equation

M'w(M™ Y =Nt (4.3)

Since w(t) — 0 as t — +0, there is My such that w(M~') < 1 for M > M,. We
shall assume that M > M, and therefore, N > M.

Let v; € H'(Q) be the solution to the following Dirichlet problem for the Lapla-
cian,

—Av; = Avg, in €,

'Ul|aQ =0.

In what follows we shall need Hardy’s inequality,

/Q 1 (@)/6(x) Pz < C / IV f () P (4.4)

where f € H}(Q) and 6(z) denotes the distance from x to the boundary of Q.
The constant C' in ({4 depends only on the geometry of €.

We shall also need the following estimates, obtained in [2],

[vol|z2() < CMUM/Z N2 (4.5)
||'U1||L2(Q) S CM(l_n)/2N_1/2, (46)
[Vonl e < Cw(MYNYV20r0-m72, (4.7)
||5VUO||L2(Q) < CM(I_n)/2N_1/2, (48)
and
||5V(U0 —I—U1)||L2(Q) S CM(l_n)/2N_1/2. (49)

Next we would like to show the existence of a solution u; € H'(£2) to the magnetic
Schrodinger equation
La gqui =0 in Q, (4.10)
of the form
Uy = vg + v + 1y, (411)
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with
171 iy < CMA—2NTL2, (4.12)
To that end, plugging (LI1)) into ([EI0), we obtain the following equation for rq,
LAl,qlrl = —Al . D(’Uo + 'Ul) — mAl(vo + 'Ul) — (A% + ql)(’Uo + 'Ul) in Q.

Applying Proposition with A > 0 small but fixed, we conclude the existence
of ry € HY(Q) such that

171l 10y < C||Ar - D(vg+v1) +ma, (vo+v1) + (AT +q1) (vo + v1) || r-1()- (4.13)

Let us now compute the norm in the right hand side of (£I3). To that end, let
€ C§°(2). Then using ([A9) and (L4, we get

[{(As - D(vo + v1), ¥)al < | AxllLoe@) [0V (vo + v1) | 2@ 14/0]] 220

< CMOEN gy < CMODEN 2y,
Using (4.3 and (4.6]), we obtain that
[, (00 + v1), P = ‘ /Q A(vo + 1) - Dibda s
< Al (@) llvo + villz2@) [V | 2y < CMU™ENT2|14]| i (q),
and
(AT + @) (vo + 01),¥)a| < CMUTENT2 0] 1(q). (4.16)

The estimate (£12)) follows from (AI3), (£I14)), ([AI5), and (LI6]).

Similarly, there exists a solution uy € H'(Q2) of Ly, —us = 0 in Q of the form
Uy = Vg + V1 + T2, (417)

where o € H'(Q) satisfies (L.12).

The next step is to substitute u; and wug, given by (EII)) and (IT7) into the
identity (1]), multiply it by M™~! and compute the limit as M — co. We write

I := Mn_l / ’L(Al - Ag) . (u1Vu_2 - u_2Vu1)d:1: = ]1 + [2 + [3 + ]4 + [5, (418)
Q
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where
I = M /Q i(Ar — Ay) - (v VTS — T5Vvp)d,
I, = M1 /Qz'(Al — Ay) - (u1 Vor — wa Vg )dx,
I, = M /Q i(Ar — Ag) - (Vg — TV ),
Iy = M1 /Qz'(Al — Ay) - (Vg — 77 Vg)de,
Is = M™! /Qi(Al — As) - (Vg — V) da.

Let us compute limy;_,o I;. To that end we have
Vo = (Vi (z) 4+ nar(2) N (it — Vp(x))eNme=r@), (4.19)

and
voVUy — TgVuy = —2@'7712\4(:17)6_2Np(x)N7'.

Thus, using the following formulas

A}i{}nooM" 1N/ “ANe@ 2 (1)dr = %/Rn 1772(:)3’,0)61:5' = %,
/Q 2NH@ 2 (2N 4y < CMIT N, (4.20)
obtained in [2], and the fact that A;, Ay, € C(Q), we get
Jim Ty = 2((A; — A2)(0) - 7 ﬁgﬁﬂlN/ )e NP dy

+2 Jim MIN [ (A= A2)(@) = (41 = A)(O0) - 7y () da

= (A1 — A2)(0) - 7
(4.21)

Now it follows from (&3]), (£6) and [£I2) that
sl 2y < CMUTMENTZ =12, (4.22)

From the estimates (A7) and (£.22)), we obtain that

(L] < M| Ay — Aol ooy (1wl 2oy + Nzl rz) | Vo | 2g) < CW(M_(I)- )
4.23
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By (412)) and ([@.22), we have
[I3] < M™ Ay = As|l oo (lwal 2l V2l 2y + uell 2@Vl r2@))
<CN'=CM'w(M™).
(4.24)

Using the fact that v; € Hj (), Hardy’s inequality ([Z4), and the estimates ([Z3J)),
and ([@7), we get
[Ta| < 2M" M| Ar = Al (@ lv1/6]| 2o 10V 0| 20

- o (4.25)
S CM ||V'U1||L2(Q)||5VUO||L2(Q) S CW(M )

Let us now estimate |I5|. To that end we shall first obtain an estimate for
Vo || 22(0). We have, using (19),

V() P =250 (Vi () P = 2(Tnas(2)) - s (2) NV pla)
() NP1+ V(o)) (4.26)
< 267200 Ty (2)[2 + 20N (1) N2 (1 4 [V () 2))

By ([£20) we get

/ e 2Ne@2 (2)N2(1+ |Vp(z)|?))de < CM'™N. (4.27)
Next we have
V)2 =017 3 (0 1) Mp(a)) + (0,0 1) M1 Mp() )

+ M (0, p)* () (0, m)* (M, Mp(x)),

and therefore, using the estimates
/Q 2N (9, ) (Mo, Mp(a))dz < CM""N,

obtained in [2, Lemma 2.1], we get

/ e 2N | (1) Pde < CMPMY "N~ < CM'"N. (4.28)
Q
Thus, it follows from (£.20), (£.21), and ([£28)) that
V|| pogq) < CMUMZNT2, (4.29)
A direct computation also shows that
0|l z2(a0) < CMUI—™/2, (4.30)

Let us extend A := A; — Ay € C(Q,C") to a continuous compactly supported
vector field on the whole of R”. We consider the regularization A* = A% U €
Ce°(R™,C™"). Here 7 > 0 is small and ¥, (z) = 77"W¥(x/7) is the usual mollifier
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with ¥ € C°(R™), 0 < ¥ < 1, and [ Wdz = 1. Then the following estimates
hold,

|A — A¥| oo gny = o(1), T —0, (4.31)
0% A¥|| poony = O(771N), 7 =0, forall a. (4.32)
Let us consider
J = ]\4n_1 / AﬁVv_odx = Jl + Jg,
0
where

Jy= M1 /(A — AN Vogde,  Jy = M™? / A* -\ Vigda.
Q Q

Using (£.12), (d.29), and @.31]), we get
| 1] < M HA = A oyl )| 220 | Vol 22 () < CllA — A¥|| 1oy = o(1),

as 7 — 0. To estimate Js, it is no longer sufficient to use the bound (£29]), and
therefore, we shall integrate by parts. We get

Joy=Jo1 + Joo+ Jog,

where

Jg,l = —]\4n_1 /(V . Aﬁ)rlv_odx, J272 = —]\Jn_1 / 14ﬁ . (VTl)’U_()dI,
Q Q

J273 = Mn_l / (14’:i . l/)’f’l’U_odS.
o0

By (43), (412), and ([432), we have
| Jaa| < M"YV - A oo 71 |22 oo || 220y < CT7INTY,

and
[ Ja2| < M H| A poo o) [ V1| 2y [0l 220y < CNTE
Using the trace theorem, the estimates (EI2) and ([E30), we get

| Jos| < CM™ M AY- | 1o ooy 1 [l 1 @100 £200) < CNTY2,
Choosing 7 = N2, we conclude that |.J| = o(1) as M — oo, and therefore,
|Is| =o(1), M — oc. (4.33)
Hence, for I, defined by (I8, using (£21), (£23), (£24)), (£25), and [@33), we

get
lim I = (A, — Ay)(0)- . (4.34)

M—o0
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Furthermore, for u; and us, given by ([@.II]) and (A7), respectively, using (1.22),
we obtain that

Mn_l /(A% — Ag + q1 — qg)ulu_gdzv S C’M"_l||u1||Lz(Q)||u2||Lz(Q) S CN_l.
Q
(4.35)
Thus, we conclude from (4.1]) with the help of (£34]) and (£33]) that (A; — A2)(0)-
7 = 0. The proof is complete. U
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