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Abstract
Let A (n) = ¢\ (n) — QY (n) where ¢ (n) counts the
number of partitions of m into parts with difference at least d and
size at least a, and ina’_)(n) counts the number of partitions into
parts = Z4a (mod d + 3) excluding the d + 3 — a part. Moti-
vated by generalizing a conjecture of Kang and Park, Duncan, Khunger,
Swisher, and the second author conjectured that Afis’_)(n) > 0 for
all d > 1 and n > 1 and were able to prove this when d > 31
is divisible by 3. They were also able to conjecture an analog for
higher values of a that the modified difference function A((ia’_’_) (n) =
q((ia)(n) — Q((ia’_’_)(n) > 0 where Q((ia’_’_)(n) counts the num-
ber of partitions into parts = £a (mod d + 3) excluding the a and
d + 3 — a parts and proved it for infinitely many classes of n and d.
We prove that Afis’_)(n) > 0 for all but finitely many d. We
also provide a proof of the generalized conjecture for all but finitely
many d for fixed a and strengthen the results of Duncan et al. We
provide a conditional linear lower bound on d for the generalized con-
jecture by using a variant of Alder’s conjecture. Additionally, we obtain
asymptotic evidence that this modification holds for sufficiently large n.

Keywords: partitions, Rogers-Ramanujan identities, Alder’s conjecture

MSC Classification: 05A17 , 11P82, 11P84 |, 11F37
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1 Introduction

A partition of a positive integer m is a non-increasing sequence of positive
integers, called parts, that sum to n. Let p(n | condition) be the number of
partitions of n satisfying a certain condition. Euler famously proved that the
number of partitions of a positive integer n into odd parts equals the number
of partitions of n into distinct parts. Two other famous partition identities are
those of Rogers and Ramanujan. The first Rogers-Ramanujan identity states
that the number of partitions of n with parts having difference at least 2 is
equal to the number of partitions of n with parts congruent to +1 (mod 5)
and the second Rogers-Ramanujan identity states the number of partitions
of n with parts at least 2 and difference at least 2 is equal to the number
of partitions of n with parts congruent to +2 (mod 5). These identities are
encapsulated by the g-series

Z(@)n (30°)(0%67)
0 qn(n-&-l) B 1

= (@0)n (0%0°)oo(0%07)

where (a;q)0 = 1, and (a;q), = Z;S(l — aq®), where n = oo is allowed.

Motivated in generalizing the Rogers-Ramanujuan identities, Schur discov-
ered the number of partitions with parts having difference at least 3 which
have no consecutive multiples of 3 as parts is equal to the number of partitions
with parts congruent to £1 (mod 6).

Remarkably Alder [1] and Lehmer [12] showed there are no other partition
identities similar to those of Euler, Rogers-Ramanujan, and Schur. In 1956,
Alder [2] conjectured a generalization of a related family of partition identities.
Alder’s conjecture states that the number of partitions with parts that differ
by at least d is greater than or equal to the number of partitions with parts
congruent to 1 (mod d+ 3). Note that this conjecture generalizes the Euler,
Rogers-Ramanujan, and Schur identities. Alder’s conjecture was proven by
Andrews [5] for n > 1 and d = 2" — 1,7 > 4 in 1971. In 2004 and 2008,
Yee [15, 16] proved the conjecture for n > 1, d > 32 and d = 7. In 2011,
the remaining cases of Alder’s conjecture were proven by Alfes, Jameson, and
Lemke Oliver [3] by using the asymptotic methods of Meinardus [13], [14].

In 2020, Kang and Park [10] investigated how to construct an analog of
Alder’s conjecture that incorporates the second Rogers-Ramanujan identity.

This is an accepted manuscript. This version of the article has been accepted for publica-
tion, after peer review (when applicable) but is not the Version of Record and does not reflect
post-acceptance improvements, or any corrections. The Version of Record is available online
at: http://dx.doi.org/10.1007/s40993-023-00459-5. Use of this Accepted Version is subject to
the publisher’s Accepted Manuscript terms of use https://www.springernature.com/gp/open-
research/policies/accepted- manuscript-terms.
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Kang and Park compared the partition functions

qéa) (n) := p(n| parts > a and parts differ by at least d),

Eia) (n) :=p(n| parts = £a (mod d + 3)),
by utilizing the difference function
AP () = ¢ (n) = Q4 (n).

In their attempts to create an analog of Alder’s conjecture for the second
Rogers-Ramanujan identity, Kang and Park found that

Af) (n) < 0 for some choices of d,n > 1.

However, by employing a minor modification of Q((;) (n) by defining for d, a,n >
1

)

lea,f) (n) :==p(n| parts = +a (mod d+ 3), excluding the part d + 3 — a),
AT () =g (0) = QF ) (),

they presented the following conjecture.

Conjecture 1.1 (Kang, Park [10], 2020) For all d, n > 1,
AP () > 0.

Kang and Park’s conjecture was proven for all but finitely many d by
Duncan, et al. by employing a modification of Alder’s conjecture and the results
of Andrews [5] and Yee [16].

Theorem 1.2 (Duncan, et al. [8], 2021) For alld > 62 and n > 1,
A;Q’_)(n) >0.

Motivated by Kang and Park’s conjecture, Duncan et al. attempted to find
a generalization for higher values of a. Remarkably, they observed that the
removal of the d + 3 — a as a part appeared to be sufficient when a = 3.

Conjecture 1.8 (Duncan, et al. [8], 2021) For all d,n > 1,
AP () > 0.

By employing the methods of Duncan, et al. [8], we prove Conjecture 1.3
for all but finitely many d.
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Theorem 1.4 Forn >1 andd=1,2,91,92,93 or d > 187,
AP () > 0.

When a > 4, it is not the case that Aga’_)(n) is non-negative for all d,n > 1.
By considering the functions

Ela’f’f)(n) :=p(n | parts = +a (mod d + 3), excluding the parts a and d + 3 — a),

AP ) =g ) - QT (),

Duncan, et al. conjectured the following analog of Kang and Park’s conjecture.

Conjecture 1.5 (Duncan, et al. [§], 2021) For d,a,n >1 with 1 <a <d+2,

ABT ) () > 0.

They were able to prove infinitely many cases of Conjecture 1.5 by
employing the methods of Yee [16] and Andrews [5].
Throughout this paper, we let hga) and 7" denote the least non-negative

(@
residues of —d and —n modulo a respectively. Note that % = (g] and

n+h(®
an = [%-' :

We prove a strengthening of [8, Theorem 1.6].

Theorem 1.6 For a > 4 and ]'g'\ =31 or ]—g-\ > 63 such that h&a) <3,d#-3
(mod a), and n > 1,

Al () > 0.

Moreover, when d = —3 (mod a), Agla’_)(n) >0 foralln #d+3+a.
In particular, fora =4, 121 < d <124 ord > 249, andn > 1, n # d + 7 when
d=1 (mod 4),
4,— 4 4, —
AF T ) = g5 () - Q)" () 2 0.

Remark 1.7 This is a strengthening of [8, Theorem 1.6] since
Agla’i’i)(n) > Aga’i)(n) > Aga)(n) for all d,a,n > 1.

By developing a new method in comparing these partition functions, we
also prove Conjecture 1.5 for all but finitely many d for fixed a.

Theorem 1.8 For d,n > 1 and a > 5 such that [g'\ >200t+3 _ 1

AP (n) > 0.
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Remark 1.9 After Theorem 1.6 is proven, there are only finitely many cases d of
Conjecture 1.5 that remain open when 1 < a < 4.

It is a natural question of determining for fixed @ > 1 which d,n > 1 are
sufficient to allow
ALy >o.
Towards answering this question, we present the following Alder-type inequal-
ity.

Congecture 1.10 For d,n > 12 such that n > d + 2,
1 1,—
0’ () - QT ) > 0.

Remark 1.11 We have learned that Armstrong, et al. [7] have proven Conjecture 1.10
for n > 1 and d > 105. They were also able to obtain a generalization of Conjecture
1.10, showing for N > 2, d > max{63,46N — 79}, and n > d + 2, that

¢ M)y > QY ().

Assuming Conjecture 1.10, we are able to prove a strengthening of Conjec-
ture 1.5 which allows a as a part. This conditional result remarkably reduces
the exponential lower bound of d in Theorem 1.8 to a linear one.

Theorem 1.12 Suppose that Conjecture 1.10 holds for the prescribed bounds. Then
fora>1, (%1 >12, and n > 5[%] +1,

AP (n) > 0.

Moreover, if the bounds on a and d are as above, and 1 < [%] < 5[%], d# -3
(mod a), then unconditionally we have

A((ia’_)(n) >0.

If d = =3 (mod a), then unconditionally A((ja’i)(n) >0 foralll <[2] < 5[%] and
n#d+3+a.

Remark 1.13 The choice of the upper bound 1 < [2] < 5[%] for the unconditional

component of Theorem 1.12 comes from applying the function Q’él) (n) as defined by
Yee [16].

We now outline the rest of this paper. In Section 2, we present a mod-
ification of [5, Theorem 3] and establish some other important lemmas. In
Section 3, we prove a modification of Alder’s conjecture, which forms the crit-
ical component of the proofs of Theorems 1.4 and 1.6. In Section 4, we prove
Theorems 1.4 and 1.6 by reducing to our result in Section 3. In Section 5, we
prove Theorem 1.8 by using the partition counting functions from Yee [16].
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In Section 6, we conditionally prove Theorem 1.12 by reducing to the case of
a = 1. We also prove Conjecture 1.10 for small n to derive our unconditional
result in Theorem 1.12. Finally, in Section 7, we obtain asymptotic evidence
that Proposition 3.1 and Conjecture 1.10 holds for large n and d > 10 and
d > 12 respectively. We conclude with potential avenues for resolving more
small d cases of Conjectures 1.3, 1.5 and extending Theorem 1.6.

2 Preliminaries

In this section, we first establish generating functions for our partition counting
functions. We then introduce several lemmas which our results are based on.

We find by employing combinatorial methods that the generating functions
for ¢ (n) and Q'™ (n) for 1 < a < d + 2 are

(a) q
Z z ,;)

+ka

> Qi o = j
T @) (070
As described in [8], we find by removing the d + 3 — a term that the
generating function for ((ia’_) (n) is
d+3

Z QY (n e R for a = 5%,
otherwise.

(q2d+6 a- d+3) (qa;qd+3)oo

Similarly, we find that the generating function of Qfﬁ’_’_) (n) to be

__ d+3

1
ZQ(Q, ,— (q2d+6 a- d+3)oo fOI‘a— 2
L otherwise.

(q2d+6 a: d+d) ( d+3+a: qd+3)

We employ the following notation: for a set of positive integers R, we define
p(R;n) := p(n | parts from the set R).

For fixed positive integers d and r, define as in Andrews [5] the partition
function p(T;. 4;n) with set of parts

Tra={zeN|z=1,d+2,---,d+2""" (mod 2d)}.

The generating function of p(T) 4;n) is

> 1

. n __
Z p(TT,dan)q - (ql;q2d)oo(qd+2;q2d)oo s (qd+2r_l;q2d)oo
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Suppose that d > 1. Throughout this paper, we define r4 to be the largest
positive integer r such that d > 2" — 1.

We also use the partition function gfll) (n) considered by Yee [16], which is
defined by

o d42mdTL, 2d)
)

M, (—q 29
Zg : (q 1 2D) oo (g2 o - - (g2 2y (2.1)

oo

From (2.1), we find that gg”(n) counts partitions with distinct parts from
the set {x € N| 2z =d+ 27! (mod 2d)} and unrestricted parts from the set

Try1a={yeN|y=1,d+2,---,d+2"% (mod 2d)}.

We state several lemmas that will allow us to prove our main results. We
first present a comparison theorem of Andrews [5, Theorem 3.

Theorem 2.1 (Andrews [5]) Let S ={z;}i2; and T = {y;};2; be two strictly
increasing sequences of positive integers such that y1 = 1 and x; > y; for all i. Then
foralln > 1,

p(Tim) > p(Sin).

We present the following modification of Theorem 2.1, which will be
extensively employed throughout the rest of this paper.

Lemma 2.2 Let S = {z;} and T = {y;} be two strictly increasing sequences of
positive integers such that y1 = a, a divides each y;, and x; > y; for all i. Then for
alln>1,

p(Tin+ i) > p(Sim).

Proof. We construct an injection ¢ : X — Y with X and Y being the sets of
partitions counted by p(S;n) and p(T;n + hgf‘)) respectively. Suppose A € X. Let p;
and ¢; denote the multiplicity of z; (with respect to y;) occurs as a part of A (with
respect to ¢(N)).

We define an associated sum of differences for A by
= pilzi —vi). (22)
i>1
We observe that a(\) is non-negative since x; > y; for all i. Since n = >,~ piy; + o

and a divides Y.~ p;y;, we have that a divides o + h%a).

Using (2.2), we define

R fa(N) .

- p1+ n—;a( )77/:1

¢ = ,
Dyt 2> 2.
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Note
a(\) + h{
Z%’yi = (m + ()f” a+ Zpiyi =piz1 + pr:i + R =n+ Y,
i>1 1>2 1>2

hence ¢ is well defined.

We now show that ¢ is injective. Suppose that A\, A\’ € X, such that p(\) = ¢()\).
Let p; and p; denote the multiplicity of z; occurring as parts of A and X’ respectively.
Observe from construction of ¢ that we must have p; = p. for all i > 2. Note that
this implies that

a(N) = pilwi—yi) = > pi(@i — ) = a(N),

i>1 i>1

thus p; = p}. Hence, we have A = )/, implying that ¢ is injective.
O

We also employ the following lemmas of Duncan et al. [8, Lemmas 2.4 and
2.5] which allow us to use our modification of Alder’s conjecture as described
in Section 3.

Lemma 2.3 (Duncan et al. [8]) For alld,a > 1 and n > d+ 2a,
(a) O (rn
0" ) = iy (13)-

Lemma 2.4 (Duncan et al. [8]) For d,a,n > 1 such that a divides d + 3,
" 1,—
QY (an) = QL) ),

QY™ N an) =@l ) ().

We now present a combined result of Andrews [5], which will be employed
in the proofs of Theorems 1.4 and 1.6.

Theorem 2.5 (Andrews [5]) Ford=2"—1,r >4, andn > 1,

qfll) (n) > p(Tr,q;n).

Proof. The result follows by combining the proofs of [5, Theorems 1 and 4]. |

We conclude this section with a result from Yee [16] which will be used in
our modification of Alder’s conjecture.

Lemma 2.6 (Yee [16]) Ford >31,r >1,d #2" — 1, and n > 4d + 2",
1 1
0 (n) > 6" (n).

Proof. Combine both [16, Lemmas 2.2 and 2.7] to obtain the result. O
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3 A modification of Alder’s conjecture

In this section, we use the work of Andrews [5] and Yee [16] to prove a mod-
ification of Alder’s conjecture. We use this modification to give simple proofs
of Theorems 1.4 and 1.6.

Proposition 3.1 Ford =31 ord > 63 andn > d+ 2,
1,—
Yo =y ).

We prove Proposition 3.1 in two cases based on the form and size of d and
n. We let A F n to denote that A is a partition of n. We will use throughout the
paper the notation p* to denote that u appears as a part x times in a partition.

Lemma 3.2 Ford+2<n <5d and d > 31,
1 1,—
ai" (n) > Q55 ().

Proof. We define
Si={zxeN|z=2+1 (modd)}\{d—-1}

so that p(Sg;n) = Q,(jl,’g) (n). We prove Lemma 3.2 based on relating the size of the
parts in Sy and the size of n.
We note that q((il)(n) is a weakly increasing function of n since for any partition

(1)

of n counted by g, (n), we can add 1 to its largest part to create a partition of n+1
counted by q( )(n + 1). In a similar fashion, lel_’g)(n) is weakly increasing since
for any partition of n counted by inl_’g)(n), we can adjoin 1 as a part to create a
partition of n + 1 counted by inl_’g)(n +1).

Notice that for d +2 < n < 2d — 2 that we have q((il) (d + 2) = 2 with partitions

(d+1,1),(d + 2). Note Q'3 (2d — 2) = 2 with partitions (d + 1,1973), (1242),
hence the inequality holds.

We now consider the interval 2d —1 < n < 4d —1. We notice that q( ) (2d—-1) >
16 since the partitions (2d — 1),(2d — 1 — ¢,4) with 1 < ¢ < 15 are counted by

(1) (2d — 1) due to d > 31. Note that at n = 4d — 1, we have Q(l’ ) (4d—1) =12
partltlons since there is one partition with largest part for each element in {4d — 1,
3d+1,3d — 1}, two with largest part 2d 4 1, three with largest part for each element
in {2d — 1,d + 1}, and one with largest part 1. Hence for all 2d —1 < n < 4d —1 the
inequality holds.

We now verify for all 4d < n < 5d that the inequality holds. Notice that we have
the lower bound qfll) (4d) > 47 since the partitions (4d), (4d — 4,7) with 1 < ¢ < 46

are counted by q((il) (4d) due to d > 31. We observe that Q((il;g) (5d) = 26 since there
is one partition with largest part for each element in {5d — 1,4d + 1}, two partitions
with largest part 4d— 1, three partitions with largest part 3d+ 1, four partitions with
largest part 3d—1, five partitions with largest part for each element in {2d+1,2d—1},



Springer Nature 2021 BTEX template

10 On Generalizations of a Conjecture of Kang and Park

four partitions with largest part d + 1, and one partition with largest part 1. Hence,
we obtain q((il) (n) > Q((il;g) (n) for 4d < n < 5d.
|

Lemma 3.3 Ford=31 ord> 63 andn > 4d + 2",
1 1,—
M) > Q%3 ().

Proof. We prove Lemma 3.3 by showing the following inequalities,
1 1 1,—
0’ () > 6" (m) > QL) ().

In the case when d # 2°—1, recall that from Lemma 2.6 that q((il) (n) > ggl) (n). From
(2.1) we have g((il)(n) > p(Ty,—1,4m). Since rq > 6, we have p(T}.,—1,q4;n) > p(T5 q;n)
from Theorem 2.1.

In the case when d = 2° — 1 with s > 5, from Theorem 2.5, we have q((il)(n) >

p(T5 q;n). Hence, in both cases it suffices to show p(T5 q;n) > Q&l_’g) (n)

Let S and T denote the sets of partitions counted by Qill_’g) (n) and p(T5 q;n)
respectively. We set x; € S; and y; € T5 4 to denote the associated ith smallest
element of Sy and T5 4. Using Table 1, note that the only 7 where x; < y; is when
1= 2.

We will construct an injection ¢ : S — T. Let A - n be an element in S and p;
and ¢; denote the number of times x; (with respect to y;) occurs as a part of A (with
respect to ¢(A)). Set

Q= Zpi(l’i — i)
i#£2
to be the difference sum.

Let S denote the subset of S where the partitions satisfy the constraint p; +a >
pa. Note that if A\ - n has po = 1 that A € S since n > d+ 2. We define the function
p1:S1 — T as follows:

I: p1 + a > p2. We set

g = —p2+prtoai=1
' Pist =2

Observed that if A € S; that we have ¢1(\) F n since

> aiwi=-p2+p1+a+pa(d+2)+ > piyi
i>1 i>3
=p1+p2(d+1)+ > pizi =n.
i>3
Hence @7 is well-defined.

Let So denote the set of partitions of S with po > p1 + a. We define S(Q,B) C Sy
to be the set of partitions which additionally satisfy p1 + pg = B(d — 2) + p with
p € {0,---,d—3} and § € Z>(. Observe by construction that Sy is the disjoint
union Uﬁelzo 5(2,5).
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Table 1 Values of x; € Sg,y; € Ts 4 for i = 10a + j where j € {1,2,...,10} and a € Z>g

i T Yi

1 1 1

10a+1: (1#1) | ba+1)d—1 | 4da+1

10a + 2 Gat)d+1 | dda+d+2
10+ 3 (ba+2)d—1 | 4dda+d+4
10 + 4 (ba+2)d+1 | dda+d+8
100 + 5 (Ga+3)d—1 | dda+d+16
10a + 6 (a+3)d+1 | ddo+2d+ 1
10a 47 (ba+4)d—1 | 4da+ 3d + 2
10a + 8 (Gatd)d+1 | ddat3d+4
100 + 9 (5a+5)d—1 | 4da+3d+8
10a + 10 (Ba+5)d+1 | 4dda+3d+ 16

We define for fixed g > 0,

e=¢€(A)

{0 if po is even

1 if po is odd.

For each 3, we define the function ¢ (5 gy : S(2,8) = T as follows:
IT: p1 + @ < p2 and A € S(3 gy. We set

p2=2B3¢ 4 o 4 py —2B,i=1
28 +€,1=2

4=

pi;3 <1 <5

P2=2B¢ | i =6
iyt > T.

We now show that o5 gy is well-defined. If A € S g, notice

‘ 2
i>1

2

+(@iﬁtf+m>(

_ P
=p1+ 5

o — 208 — 3¢

+ (p72 _35_6) (2d+1)+ Y pis

i>3

> ayi = (w+a+p1—2ﬂ> +(28+€)(d+2)

2d+1)+ Y piys
i#1,2,6

—28+(28+¢€)(d+2)

=p1+Dp2 72ﬁ76+(2/3’+€)(d+1)+d(p272576)+2p¢xi
i>3
=p1+pa(d+1)+ > piwi =n.
i>3
Hence ¢(3 5y (A) F n.
In the case when € = 0, note po —28 > 0 since p2 — 3822 > 0if d > 4. Additionally,
a+p1 —28>0ifd >4, thus q1,96 > 0.

In the case when € = 1, note if po = 3 we must have 8 = 0, since pa > p; + o >
p1+p6 > B(d—2),d>31,and X € ga g). For pp > 5, note p2 > 3+ 723 if d > 7,
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implying po — 3 — 28 > 0. Observe from the definition of 8 that o+ p; — 28 > 0 for
d > 4. Thus q1,ge > 0. Hence, we obtain that ©(2,8) is well defined.

We define ¢ : S — T to be the function defined piecewise from @1, (2 ) as
above. In order to show that ¢ is injective, it suffices to show that ©1,(2,5) are
injective and that the images of distinct cases are disjoint.

Injectivity of 1 follows in the same manner as the function ¢ present in Lemma
2.2. We now show for fixed § that ¥(2,p) Is injective on its domain S(z’ﬂ). Suppose
that A\, \ € S(2,p) are partitions such that ¢ g)(A) = @(275)&/). Let p; and p;
denote the multiplicity numbers of x; occurring as a part of A and A’ respectively.
Similarly, let p, 5" denote the remainders when p; + pg, p| + p% are divided by d — 2
respectively.

Observe from the definition of ¢(2,5) that we may immediately have p, = Pl
for 4 # 1,2,6. Similarly, we must have e(A) = ¢(\") otherwise g2 and g5 will have
opposite parity. Hence, we will assume that p; for i # 1,2, 6 and €(\), e(\') are zero.
We obtain from the definition of ¢ (3 gy and using that § is fixed the following system
of equations

/
2
%+dp6+p1:%2+dp%+p'1

/

P2 _ Db /
5 + D6 5 + D6

p1+(d—1)ps = pi + (d — 1)pG.
Assume without loss of generality that p; > p}. Observe that since A\, X' € S(2,8)

we have (p1 —p}) -+ (p —ps) = p—P < d—2. We note that this yields | p—p’ |< d—2
since 0 < p, 7’ < d — 2. Using this and the third equation above, we have
(p1 —p1) = (B —P) + (6 — p6) = (d = 1)(p6 — po)- (3.1)
From (3.1), we have that p = p’ since d — 21 (p — p') if p — p’ # 0. This implies that
(d—2)(pg — pe) = 0, which yields that pg = pg since d > 31. Via the three equations
above, we obtain that p; = p} and py = ph, thus A = ). Hence ¥(2,p) is an injection.
We now show that images of the subfunctions forming ¢ are disjoint. We observe
from construction that if 5 # 8 that imp (3 gy Nimpp gy = . Hence it suffices to

show imy1 Nimyp(y gy = @ for all B € Z»g. Let A € S, N e S(2,8), and suppose
that 1 () = @(2”3)()\/)4 We can assume from the construction of the function ¢ (5 gy
that p; = p;, = 0 for all i # 1,2,6.

We observe that we obtain the system of equations

L — 28 — 3¢
p1+dp6—p2:pi+dpé+%—2ﬁ
p2 =2B+c¢
/
— 208 — €
po = v+ 2=

2

Using these three equations and pj < ph, we obtain

\, — 28 — 3¢ —d+1
p1:—d(p6—pé)+p’1+%+e< 5

Note from (3.2) that it suffices to show

—d+1
2

(ph—28—€)+ph. (3.2)

(pp — 28 —€) +po < 0. (3.3)
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From (3.3), (d—1)8 < d p2 and € < 1, it suffices to show that ¢ (p2 —-1)—
g—p > pl. We notice that ph—1> p2 since ph > 2. Hence it suffices to show that

d—1 d—1
>1
4 - * d—2’
which is true for d > 10. This yields that p; < 0 which is a contradiction. O
Proof of Proposition 3.1. Combine Lemmas 3.2 and 3.3 to obtain the result. ]

4 Proofs of Theorems 1.4 and 1.6

In this section, we provide proofs of Theorems 1.4 and 1.6 using the lemmas
established in Section 2 as well as Proposition 3.1.

4.1 Proof of Theorem 1.4
We first prove Theorem 1.4 for d = 1 by employing the Glaisher bijection [9].

Proposition 4.1 Forn>1 andd =1,
AP ) > 0.

Proof. Let S and T denote the sets of partitions counted by Q(13’7 (n) and q(3) (n)
respectively. Observe that the parts of partitions in S are congruent to £3 (mod 4)
and strictly greater than 1. Thus we have that each part is odd and is greater than
or equal to 3. Suppose A € S and let A\; denote its ith largest part.

We define an injection ¢ : S — T by modifying the Glaisher bijection [9]. Let p;
denote the multiplicity of \; as a part of \. We write p; = 2%1(") 4 ... 4 205(D) (with
a1(i) < az(i) < --- < a;j(i)) in its binary expansion. Define ¢ part-wise by

e(N) = (290, 299Dy,

We observe that ¢ replaces A\; with the distinct parts 2al(i))\i, cee 2% (i)/\i. Since
Ai > 3, the parts of p(\) are greater than or equal to 3. Note if X\; # A; that

29N\; # Zb)\j for any positive integers a,b. Hence, the parts of ¢(\) are distinct.
Observe that ¢ is injective by the same reasoning in [4]. O

We now provide a proof of the d = 2 case for Theorem 1.4.

Proposition 4.2 Forn >1 and d =2,
AP ) > 0.
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Proof. Recall that the second Rogers-Ramanujan identity yields that for all n > 1,
n(n+1)

> dPm) =27 : @ Z QP (m)g".  (4.1)

2.
opur = ~ (i) (q iO)o =

Multiplying by the factor (1 — ¢?) on both sides of (4.1) yields

_ g2 e
1-4°) Zq(z) 1-g) =ZQ§3")(n)q”

T (@)= (P =

Note that when n = 1,2, it’s clear that qé (n) = Q(3 (n) = 0. By setting m =
n + 2, it suffices to show for m > 3 the inequality,

qu) (m) — qéz)(m -2)< qég)(m)‘

Let q(z) (m)* denote the set of partitions of m counted by q§2) (m) with the additional
property that they contain a part of size 2. Note that qéz) (m) — qu) (m)* = qég)(
by construction. Thus it suffices to show that q(Q)( ) < q(2)( —2).

Let X and Y denote the set of partitions counted by q( )( )* and q( )(

2) respectively. We also let A = (A1,---,X;—1,2) b m be a partition counted by
(2) *
5 (m)

m)

. Assuming that X is non-empty, we define the function ¢ : X — Y,

30()‘) = (A17 T a)‘i—1)~
It is clear from construction that ¢(A) € Y. We now show that ¢ is injective. Note
that if A\, ) € X have different lengths, then p()\) # o(X') since ¢ subtracts the
length of the partitions by 1. Hence we may assume that A\, A’ have the same length.
Since ¢ only removes the last part of partitions of X, we immediately must have

A = )N if p(A) = o(XN). This yields qéQ)(m)* < qéz)(m — 2), which completes the
proof. O

Proof of Theorem 1.4. Let 91 < d < 93 and d > 187. The case when n = 1,2 is
trivial since q(d) (n) = Q(S’ ) (n) = 0. We observe for d > 1 and 3 <n < d+ 5 that

AP ) >0

since 3 is the only possible part of partition counted by Q((i?”_) (n) in the interval.
Thus Q(g’_) (n) <1< qflg)( ). In the case when n = d + 6, we have q( )(d—i— 6) =

2> Qd (d + 6). Now let n > d+ 7. To prove Theorem 1.4 for this range of d and
n, it suffices to show the inequality chain

(3) (3)
+ hy, + hy, _
q((i3)( ) > q(l) <n 3 > Q(l (3) <’I’L 3> Q(3 h(:;) (n + hgv,g)) > Q&& ) (n).
-3

d+h(3) a+n

3

(4.2)
The first inequality in (4.2) is justified by Lemma 2.3 for n > d + 6. For d such that
d—}—h((i?’) =93 or d+h£i3) > 189, the second inequality follows from Proposition 3.1. The
equality follows from applying Lemma 2.4. The final inequality follows by applying

Lemma 2.2 with p(T;n + hslg)) = Q;i;é) 5 (n-i- hﬁf’)) and p(Sin) = Q&&_) (n).
@ _

Note that the application of Lemma 2.2 is justified since h;g) <3.
O
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4.2 Proof of Theorem 1.6

Proof of Theorem 1.6. The case when 1 < n < a — 1 is trivial since q( )( ) =
Q ( ) = 0. We observe for d—|—h(a) > 3laand a < n < d+(a+2) that a is the only
possible part of a partition counted by @, (a,—) (n), hence Q((ia’i) (n) <1< q((ia)(n).
Note ford+ (3+a) <n<d+2a—1 that the only potential partitions counted by
Q((;’i) (n) are (a®), (d+ 3+ a) with x such that d+ (34 a) < az < d+2a— 1. Hence
ina’_) (n) < 2. Note that Q&a’_) (n) =2 when n = d+3+a and a divides d+ 3 +a.
Observe that this happens only when d = —3 (mod a). Clearly q((ia)(n) > 1 on this
interval. Thus for d+h£ia) >3la,1<n<d+2a—1,n#d+3+a when d = -3
(mod a) ,

A (n) > 0.
Now let n > d+2a. In order to prove Theorem 1.6, we derive the following inequality
chain

(a) (a)
(a) (1) nthn (1,- n+ hn (a.— ( (a)) (a,-)
1 (n) 2 qd+h(a)f < a Qd+h(a) _3 a Q h(‘” 3 nthnt) 2 Qq ().
(4.3)
We utilize the same argument present in our proof of Theorem 1.4. The first
inequality in (4.3) is justified by Lemma 2.3 for n > d+ 2a. For d such that d—|—h((ia) =
3la or d + h((ia) > 63a, the second inequality follows from Proposition 3.1. The
equality is a result of applying Lemma 2.4. The final inequality follows by applying

Lemma 2.2 with p(T;n + h(a)) Qflih()“) 3(n + hgf‘)) and p(S;n) = Q((ia’i)(n). The

application of Lemma 2.2 holds since hEi a) < 3.

We end by remarking that hgl) is always less than or equal to 3. Thus, for n > 1
and [%] =3l or ]'%] > 63, and when d =1 (mod 4) that n #d + 7,

aM (n) > Q") (n).

5 On the generalized Kang-Park conjecture

In this section, we provide a proof of Theorem 1.8. This allows us to give an
extension of [8, Theorem 1.6].
We define r4 , to be the largest non- negative integer r such that 274« —1 <

d+h . Recall from (2.1) that g“ o) ("+h" ) counts the number partitions of

% with the set of parts

d h(a) d h(a) d h(a) d h(a)
= 17¥+2’... 7¥_~_2m,a—2 + + 27~ (mod 2(#))},
a a a a

d+h

(@)
where parts congruent to d+2d +2rde=1 (mod 2(Frd— )) are distinct.



Springer Nature 2021 BTEX template

16 On Generalizations of a Conjecture of Kang and Park

Table 2 Values of x;, y; for a > 5 where j and « are integers such that j € {1,2,3,...,a}
and i = al + j for some £ € Z>(.

? Yi

al+1: (al+1 is even) (g ) (d+3)—a 2(d+hfia))o¢+a

al+1: (al+1is odd) (ga+1) (d+3)+a 2(d+h)a+a

al+j: (al+ j is even) (% + 7+2> (d+3)—a 2(d+h[(ja))a+(d+hl(ia))+2j_1a
al+7j: (al+ 7 is odd) (g +J+1) @d+3)+a | 2(d+rD)a+ (d+hD) + 2714

For the intermediate partition functions in this section, we define for fixed
C,a,d > 1 the set T/ ; to be

T g={N=0,(d+2)t,- (d+2°"")¢ (mod 2d()}.

We will use T* 4 to compare p(Tal’d;n) and gf})(n) with other partition
functions of similar forms and Q" P =) (n).

We will prove Theorem 1.8 in three cases based on the form and size of d
and n. In addressing all three cases, we use the following result.

Lemma 5.1 Letd, a, and n be positive integers such that a > 5, d+h(a) > 203g—q.
Then,

PT? oo not b)) 2 QE 77 ().

Proof. Let S denote the set of allowed parts of partitions counted by the functions
lea’_’_)( ). We set z; € Sg and y; € T R to denote the ith part of their

respective sets in ascending order. To compare the values of x;,y;, we use that d +

h(a) <d+a,d+ h(a) >a2%3 — @, and a < 5. Note that by using Table 2, we find
that a sufficient bound for d to ensure x; > yZ is

d>2""'a42a—3. (5.1)

By our assumption on d, inequality (5.1) is satisfied, hence x; > y;. Since z; > y;

for all positive 4, we can apply Lemma 2.2 with p(T;n+ hS{l)) p(T i+ h(a))

Jd+h{?
and p(S;n) = Q&a’_’_) (n) to obtain the result.
(]

. h(a)
Now we prove Theorem 1.8. For brevity we denote m = HT" and k =
d+h

a

Proof of Theorem 1.8. In the case when 1 < n < d + 2 + a, one can check that
Q&a’_’_) (n ) = 0, hence q(a)( ) > an’_’_) (n). When d+ 3+ a <n < d+ 2a, note
that lea’ o ( ) <1< qéa)( ), and Q((ia’f’f) (n) =1 only when n =d+a + 3.
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We now consider the case when n > d+ 2a. For these n we consider the following
inequality chain:

1 =
ag () 2 gV (m) = p(T jim) = p(Tid g, ain + 1) 2 QT (). (52)
We note that the first inequality in (5.2) holds by Lemma 2.3. The last inequality

holds by Lemma 5.1. The equality follows from the natural bijection of multiplying
the parts by a. Therefore we reduce to showing that

¢\ (m) > p(T} m) (5.3)

for the following three cases.
Case 1: Let m > 4k + 2" and k # 2° — 1. We prove Inequality (5.3) by showing

g (m) > GV (m) > p(T} im). (5.4)

The first inequality of (5.4) is a result from Lemma 2.6. The second inequality follows

d+h{ a+3 .
from k = —34— > 2 — 1 and that there are more parts allowed for partitions

counted by g,gl)(m) than p(Tlﬁk;m),

a

(a) (a) (a)
Case 2: Let n+2" > 4(d+ahd ) | 9raa and % = 2"de — 1. We prove (5.3)
by showing
1 1 1
ai) (m) = p(T}, , xim) = p(T4 jim). (5.5)

We observe that it suffices to prove the inequality when rq, = a + 3 since this
yields the minimum number of congruence classes for p(7, rld,a, r;m). Observe that the
first inequality of (5.5) follows from Theorem 2.5. The second inequality follows from
k= dJrThf’la) > 293 _ 1 and that there are more parts allowed for partitions counted
by p(Ty, , yim) than p(T, :m).

Case 3: Let m < 4k+2"%. It suffices to show for k > 2°t3 —1and 1 < m < 5k+1
the inequality (5.3).

We again use that q,(cl)(m) is a weakly increasing function. We also observe that

p(Tgvk;m) is weakly increasing since we can add 1 to be an additional part of a

partition of m to obtain a partition for m + 1.

We prove (5.3) for the interval 1 < m < 2k + 6. Note that both functions on
the interval 1 < m < k + 1 return one, hence we suppose that £ + 2 < m < 2k. We
notice that p(T;k;k + 2i) =i+ 1for 1 <i<a-—1andis constant on the intervals

2l 4k <m< k +2t1 — 1. We note that ql(;) (2i+k) > 4+ 1 for i > 1 since the
partitions (k 4 2°), (k 4+ 2 — a, @) with o < 2°7! are counted by q,il)(2i + k).

Note that in the interval k+ 221 < m < 2k that we have p(T;’k;m) = a. Hence,
we consider the value of the functions on the interval 2k +1 < m < 2k + 6. We
have that the partitions (2k+1 — o, ) with a < L%J are counted by q,(cl) (2k+ 1),
yielding q](cl) 2k+1)>1+ L%J > 2072 1 1. We have p(ijk;Qk—l—G) = a+ 3, from
counting the number of partitions with largest part 2k+ 1, k+ 207 k402072 k4
2, 1. Therefore, for 2k +1 < m < 2k + 6, ql(Cl) (m) > p(Ta{k;m)

We now show (5.3) for the interval 2k +6 < m < 3k + 1. Since q,(cl) (m) is weakly
increasing, we will find a lower bound for q](cl) (2k + 6). The partitions of 2k + 6 of
the form (2k + 6 —4,4) where ¢ € {1,..., L% + 3|} and the trivial partition (2k + 6)
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are counted by q,(:) (2k + 6). From this, we obtain the lower bound q,(:) (2k +6) >
|5 4+ 3] +1. By k> 293 — 1, we find that

2a+371
gV (2k +6) > [T 3l +1=2""2 13,

Since p(T, ;7 kM) is weakly increasing, we will provide an upper bound for
p(Tal7k;3k+ 1). The largest part that could be in a partition counted by p(Tal7k;3k+ 1)
is 2k + 1. We observe that (2k + 1, 1k) is the only partition of 3k + 1 counted by
p(T;3k + 1) that includes 2k + 1 since 3k +1 — 2k — 1 = k.

We now consider partitions counted by p(T;k;Sk + 1) with largest part k + 2¢
where £ € {1,2,...,a — 1}. For each ¢, we notice that 3k +1 — k — 26 =2k +1—2°
Therefore, any partition whose largest part is of the form k + 2¢ can have at most
one other element of the form k + 2% with w € {1,....,¢}. Thus, for each fixed
¢ e {l,..,a— 1}, there are at most (£ + 1) partitions of 3k + 1 such that k + 20 is
the largest part. Finally, there is only one partition of 3k 4+ 1 with largest part of 1.
Therefore, we obtain that
(a+2)(a—1) fl4l=14 a(a+1).

2 2
Note that since 272 + 3 > % + 1 for a > 1, we have that (5.3) holds for this
interval.

We now prove (5.3) for 3k +1 < m < 4k + 1. Since q,(cl)(m) is weakly increasing,
we will find a lower bound for q,(cl) (3k + 1). The partitions of 3k + 1 of the form
(8k+1—14,i) for i € {1,..., [ 25 |} and the trivial partition (3k + 1) are counted by
q](:) (3k + 1). Thus, we have that
2k +1 (2013 —1)

2 2
We now provide an upper bound for p(Tl,k;m) in3k+1<m<d4k+1 by

a

p(Th i3k + 1) <

1
+ J+1:2a+3‘

dVEk+1) > (2 s 2

obtaining an upper bound for p(Talyk;élk + 1). By repeating the same procedure by
considering partitions with fixed largest part, there is one partition with largest part
4k + 1, there are at most a — 1 partitions with largest part of the form 3k + 2¢
with £ € {1,2,...,a — 1}, at most a partitions with largest part 2k 4+ 1, and for each
he{l,---,a—1} at most (h+1)? partitions with largest part k+ 2" by considering
the partitions with one, two, and three parts that are not equal to 1. Finally, there
is only one partition of 4k + 1 whose largest part is 1. Using this method, we have

1)(2a + 1
p(Thpidk +1) <1+ (@—1)+a+2*+3%+..+a))+1=2a+ %.

Thus, we have that (5.3) holds for 3k + 1 < m < 4k + 1 since k > 2013 _ 1,
Finally, we show that (5.3) holds for 4k+1 < m < 5k+1. Since qlgl)(m) is weakly
increasing, we will find a lower bound for q](cl) (4k + 1). The partitions of 4k + 1 of
the form (4k + 1 —4,i) where i € {1,....,| 351 |} and the trivial partition (4k + 1)
are counted by q,(cl)(4k + 1). This yields the lower bound,
3k+1 3-(29M3 1) 41
2 2
We now provide an upper bound for p(lek;m) in 4k+1 < m < 5k+1, which we’ll

a

MV k+1) > | +1>] | +1=3.20%2,

do by obtaining an upper bound for p(T(}’ ;0k 4+ 1). The only partition with largest
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Table 3 Bounds on qf:) (m) and p(T'} , ;m) for intervals of m.

1
m ay” (m) p(T, im)
2k+6<m<3k+1| >201t243 §1+%
3k+1<m<4k+1 | >20F3 S2a+%
dk+1<m<5k+1 | >3.2012 §2+a(a_1)+a(a2+1)_"_az(a:-l)Z.

part 4k + 1 is (4k + 1, lk). By repeating the same procedure used in the interval
2k +6 < m < 3k+1, we find that there are at most a(a — 1) partitions with largest
part of the form 3k + 2¢ with ¢ € {1,2,...,a—1}, at most 1+ @ partitions with
largest part 2k + 1 by considering various fixed second largest potential parts. We
also find for each h € {1,--- ,a — 1} at most (h + 1)% partitions whose largest part
is k + 2" by considering that there are at most four parts that are not equal to 1.
Finally there is only one partition of 5k + 1 whose largest part is 1. We obtain by

adding the upper bound
(a+1) . a(a + 1)2.
2 4
Because k > 2°73 — 1, we have that (5.3) holds for this interval.
To summarize, we obtain bounds for q,(cl) (m) and p(TC}’ ;m) displayed in Table 3.
Notice that for a > 5, this implies that q,(cl) (m) > p(Tlvk;m) for 2k+6 < m < 5k+1.

a

This completes the proof of (5.3) for 1 <m < 5k +1

p(TL sk +1) <14a(a—1)+1+2

d

6 A strengthening of the generalized
Kang-Park conjecture
In this section, we provide a proof of Theorem 1.12 by using Conjecture 1.10.

We also prove Conjecture 1.10 for d+2 < n < 5d to obtain that Theorem 1.12
holds unconditionally for the specified range of n in Theorem 1.12.

Proof of conditional part of Theorem 1.12. Via work done in the unconditional
component of Theorem 1.12; we can assume that n > d+2a. We employ the following
inequality chain:

(a) (a)
(a) (1) n + hy, (1,-) n + hy,
4 (n) > qd+hff) < p > > Qd+hff) 4( a )

= QU (e h?) = Q7 ().

We note that the first inequality holds for n > d + 2a by Lemma 2.3. The
second inequality follows by assuming Conjecture 1.10. The equality follows from the

_ (a)
bijection by multiplying the parts of partitions counted by Q(dl’h()a) %) b,
+7d,4

a. We now show the last inequality.
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Let X and Y be the set of partitions counted by QE;’_) (n) and
in(:h(“) 5w (n + hﬁf)) respectively. Let x; and y; denote the allowed parts of par-
titions in X and Y with indexing with respect to increasing size. Note that for all

i > 1 that we have x; > y; since hgla

ing QU (nthi) 2 @7 (). D

) < a. This allows us to apply Lemma 2.2, yield-

We now proceed with the unconditional part of Theorem 1.12. We first
prove Theorem 1.12 in the case when 1 <n < d + 2a.

Lemma 6.1 Leta > 1, [g] >12, and 1 <n < d+2a. If d # —3 (mod a), we have
Al () > 0.

Ifd=-3 (mod a) andn#d+3+a thenA((ia"_)(n)zOfor alll1 <n <d+ 2a.

Proof. Notice that for 1 < n < d+ a + 2 when Q(a)( ) = 1 that q(a)( ) > 1. We
observe that for d + a + 3 < n < d + 2a, the only time when Qg (n) = 2is
when both d = —3 (mod a) and n = d + a + 3. Otherwise Q(a’ (n) < 1. Thus for

1 < n < d+ 2a it follows that A&a )( ) > 0 except whenn =d+3+aand d = —3
(mod a).
O

We now give an unconditional proof of the second statement of Theorem
1.12 for the case where [%£22] < [2] < 5[2]. For this we use the following
lemma.

Lemma 6.2 For integers d > 12 and d+ 2 < n < 5d,
1 1,—
a§" () > Q) ().

Proof of Lemma 6.2. Recall that qél) (n) is weakly increasing since for any partition
of positive integer n counted by the function q( ) (n), one can add 1 to the largest part
of the partition to obtain a partition counted by q(l) (n + 1). Similarly, Q((ili’z)(n) is
weakly increasing since for any partition of n counted by Q(l’_) (n), we can adjoin 1
as a part to create a partition of n 4+ 1 counted by Q(l’ )( +1).

We begin by showing that q(1 (n) > Q(l’ )( ) for d+2 < n < 2d — 4. Note
that qél) (d+2) > 2 since the partitions (1,d 4+ 1) and (d 4 2) are counted. Note
that leli’z) (2d — 4) = 2 with associated partitions (d,197%), (12¢=%). Thus within
the interval d + 2 < n < 2d — 4 the inequality holds.

We now show q(l) (n) > QSEZ) (n) for 2d — 3 < n < 3d — 5 We

note that Q(l’ )(Sd 5) = 5 with associated partitions ((2d — 1),197%), ((2d —



Springer Nature 2021 BTEX template

On Generalizations of a Conjecture of Kang and Park 21

3),1972) (d?,1975), (d, 1297°), (13475), hence it suffices to show that q(l)(n) >5
in this interval. We notice that the partitions of 2d — 3 in the set {(2d — 3)} U
{(2d — 3 —4,%) : i € {1,2,. Ld_gj}} are counted by qél)(Qd — 3). Therefore,
q(l)(2d -3)>1+ L 3. Since d > 12, we have that qé )(2d —3) > 5 as desired.
We now show that q(1 (n) > Qd_’4)( ) for 3d — 4 < n < 4d — 6. We note that
Q(l’ ) (4d — 6) = 11 since there is one partition with largest part for each element

in {Sd — 2,3d — 4}, two with largest part of 2d — 1, three with largest part for
each element in {2d — 3,d}, and one partition of largest part 1. Hence, it suffices

to show q{gll)(n) > 11 in the interval. We notice that the partitions of 3d — 4 in the
set {(3d —4)}U{(Bd —4—14,%) :i € {1,2,...,d — 2}} are counted by qfll)(Sd —4).
Therefore, qC(ll)(?)d 4) > d —1>11.

We now show that qd ( ) > Q(l’ )( ) for 4d — 5 < n < 5d — 8. We find that
Q((il_’4) (5d — 8) = 20 since there is one partition with largest part for each element in

{4d — 3,4d — 5}, two with largest part for each element in {3d — 2,3d — 4}, five with
largest part 2d — 1, four with largest part for each element in {2d — 3,d}, and one

with largest part 1. Hence, it suffices to show q&l)(n) > 20. We notice the partitions
of 4d — 5 in the set {(4d—5)}U{(3,4d—5—1) : i € {1,2, ..., L?’dT*E’J}} are counted by
qc(ll) (4d—5). Note that q((il) (4d—5) also counts partitions of the form (3d—6—j, j+d, 1)
with j € {1,2,..,, L%j} and partitions of form (3d — 8 — ¢,£ + 1 + d,2) with £ €
{1,2,.., | %52 ]}. Therefore, ¢ (4d—5) > 1+ 343 | 4|96 | 4| 49| Since d > 12,
we have the desired inequality.

Finally, we prove that q(l)( ) > Ql(il_’z) (n) for 5d — 8 < n < 5d. We find that
Q(l’ )(5d) = 36 since there is one partition with largest part for each element in
{5d 4,5d — 6}, two with largest part for each element in {4d — 3,4d — 5}, five with

largest part for each element in {3d — 2,3d — 4}, eight with largest part 2d — 1, six
with largest part 2d — 3, five with largest part d, and one with largest part 1. Hence

it suffices to show that qél)(n) > 36. We notice that the partitions of 5d — 8 in the
set {(bd —8)} U {(bd —8 —4,%) : i € {1,2,...,2d — 4}} are counted by q(l)(5d —8).
In addition, qc(ll)(5d — 8) counts the partitions of the form (4d — 9 — j,d + j,1) for

j€{1l,---,[2%2]}. We also note qgll)(5d — 8) counts the partitions of the form
(4d—11—-¢,d+1+¢,2) for £ € {1,--- ,d — 6} and (4d — 13 —r,d+ 2+ r,3) for
re{l,---, \_2d515j}. Therefore,

d—9

2d — 1
g5 (5d ~ 8) > J+d—6+Ld 5J236

using the assumption that d > 12.
d

Proof of unconditional part of Theorem 1.12. Note that 1 < [2] < [%] + 1 implies
that n < d+ 2a. For this range of n with the additional condition n # d+a — 3 when
d = —3 (mod a) is addressed by Lemma 6.1.

n

For the case [2] > [g'\ + 2, note that we may assume that n > d + 2a since
otherwise we can apply Lemma 6.1. Hence, we can employ the same inequality chain
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as used in the conditional part of Theorem 1.12. Recall that

(a) (a)
a 1 n+ hy, n+ hy
qu )(n) quJr)h(a) <a> > Qd+h()a) 4(7)

= QT (n B )= Q) ).

All inequalities and equalities except for the second one are justified by our work
in the conditional component of Theorem 1.12. The second inequality is resolved by
Lemma 6.2. |

7 Potential methods and future directions

In this section, we describe potential methods in proving more cases of
Conjectures 1.3, 1.5 and extending the results of Theorem 1.6.

We observe that one can repeat the arguments presented in the proof of
[8, Theorem 1.9] to obtain that for a,n > 1 and d > 4 such that a < d+ 3 and
ged(a,d +3) =1,

(a)
lim Agla)(n) = lim q;a) (n) (1 — ((Z) (n)) = +00
qq " (n)

Observe Remark 1.7 indicates that Afia’_)(n) > Afia) (n), implying our desired
result.

We note from Theorem 1.4 that the remaining cases of Conjecture 1.3 are
3<d<90, 94 < d < 186. The sub-cases when d > 93 are divisible by 3 are
addressed by [8, Proposition 4.1].

We describe a potential method in resolving more cases of Conjecture 1.3
and extending Theorem 1.6. First, one should derive computationally effective
asymptotic expressions for qé (n) and Q P ( ) by using the work of Alfes,

et al. [3]. One can then use these expressions to show q ( ) > Q(l’ ) (n) for
suitable d and use (4.2) and (4.3) to prove additional cases of Conjecture 1.3
and extend Theorem 1.6.

From application of the work of Kang and Kim [11], it appears that this
approach will be feasible for (%] > 10. In particular, one can apply [11
Theorem 1.1].
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Table 4 Values of d, ag, Ag, My as defined by Kang and Kim [11] over select d > 3.

d g (approximate) | Ay (approximate) | My
3 0.682328 0.566433 5
4 0.724492 0.504981 6
5 0.754878 0.459731 7
6 0.778090 0.424486 7
7 0.796544 0.395966 8
8 0.811652 0.372243 8
9 0.824301 0.352090 9
10 0.835079 0.334683 9
11 0.844398 0.319446 10
12 0.852551 0.305958 10
20 0.893895 0.234874 14
100 | 0.966584 0.091456 35

Theorem 7.1 (Kang-Kim [11], 2021) Let a, d, m, my, ma be integers such that
0<my <ma <m and a,d > 1. For ag the unique real root of 24 Lz — 1 in the
interval (0,1) and

] 7
Ag = 108; aq + Z %7

we let Mg = | 574 j Then, it can be found that

hm q( )( )—p{peN:p=my (modm) orp=ma (modm)}; n)

_J oo, if m > My
B —o0, if m < My.

Calculations of oy, Ag, My suggest that for d > 10, Theorem 7.1 implies
that ¢ 1)( ) — Q(l 3(n) — oo as n — oo. This is further corroborated by
computational data of verifying the inequality for d + 2 < n < 100000.

We now consider the sub-cases of Conjecture 1.3 consisting of 3 < d < 27.
Unfortunately, Table 4 and computational data suggest that the proposed
method fails for those values of d since for 3 < d < 27, we have fg] < M(%].
This implies by Theorem 7.1, that

Tim (a7 () - Q415 () = —oc.

To address this problematic case, one presumably could use the explicit
asymptotic expressions in Duncan, et al. [8] for q(g) (n) and Ql(i?”_)(n) to find
an (d) such that n > Q(d),

AF ) 20
to address the values of d > 3 such that ged(d,3) = 1. One presumably could

then employ a finite computation to show Agj’*) (n) > 0 for n < Q(d) for these
values of d.
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Remarkably, Armstrong, et al. [7] have extended Theorems 1.8 and 1.12
with a linear lower bound on d by proving a vast generalization of Proposition
3.1. In particular, they have shown that Theorem 1.8 holds for all a,n > 1 and
[%] > 105. However, their methods do not seem applicable to reduce Conjec-
ture 1.5 to a finite computation. Such a reduction, unfortunately appears out
of reach of current combinatorial and analytic methods since Conjecture 1.10
fails for 4 < d < 11 via Theorem 7.1.
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