eScholarship
Combinatorial Theory

Title
An Ehrhart theory for tautological intersection numbers

Permalink
bttgs:ééescholarshiQ.orgéucéiteméSmOZmGld
Journal

Combinatorial Theory, 4(2)

ISSN
2766-1334

Author
Afandi, Adam

Publication Date
2024

DOI
10.5070/C64264234

Supplemental Material
@s://escholarship.orq@c/item/Sm02m61r#sggplementzl|

Copyright Information

Copyright 2024 by the author(s).This work is made available under the terms of a
Creative Commons Attribution License, available at
https://creativecommons.org/licenses/by/4.0/

Peer reviewed

eScholarship.org Powered by the California Diqgital Library

University of California


https://escholarship.org/uc/item/5m02m61r
https://escholarship.org/uc/item/5m02m61r#supplemental
https://creativecommons.org/licenses/by/4.0/
https://escholarship.org
http://www.cdlib.org/

COMBINATORIAL THEORY 4 (2) (2024), #6 combinatorial-theory.org

AN EHRHART THEORY FOR
TAUTOLOGICAL INTERSECTION NUMBERS

Adam Afandi*!

"Mathematics Miinster, Universitdit Miinster, Miinster, Germany
adamafandi46@gmail.com

Submitted: Oct 17, 2022; Accepted: Apr 19, 2024; Published: Sep 30, 2024
© The author. Released under the CC BY license (International 4.0).

Abstract. We discover that tautological intersection numbers on M ,,, the moduli space
of stable genus g curves with n marked points, are evaluations of Ehrhart polynomials of
partial polytopal complexes. In order to prove this, we realize the Virasoro constraints for
tautological intersection numbers as a recursion for integer-valued polynomials. Then we
apply a theorem of Breuer that classifies Ehrhart polynomials of partial polytopal complexes
by the nonnegativity of their f*-vector. In dimensions 1 and 2, we show that the polytopal
complexes that arise are inside-out polytopes i.e. polytopes that are dissected by a hyper-
plane arrangement.

Keywords. Moduli of curves, Ehrhart polynomials
Mathematics Subject Classifications. 14H10, 52B20

1. Introduction

The purpose of this paper is to present a novel perspective concerning tautological intersection
numbers on ﬂg,n, the moduli space of stable n-pointed genus g curves. This perspective uses
ideas from a (seemingly) distant subfield of mathematics, namely, Ehrhart theory.

The main idea behind the present paper can be summarized as follows: tautological inter-
section numbers can be organized into evaluations of Ehrhart polynomials of partial polytopal
complexes.

Our intent is to present an exposition that is accessible to both algebraic geometers interested
in MW and combinatorialists and discrete geometers coming from Ehrhart theory.

*Supported by the Cluster of Excellence Mathematics Miinster and the CRC 1442 Geometry: Deformations and
Rigidity.
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1.1. Main result

An important algebraic object attached to the moduli space of pointed stable curves is the fau-
tological ring:

R (M)
This ring is a subring of A*(M,_,), the Chow ring of M, ,,. Beginning with the work of Mum-

ford [Mum83], great strides have been made in our understanding of R*(My ). In particular,
many important cycles in A" (M) have been shown to be tautological.
Let « € R¥ 3" (My,). Since dim(M,,) = 3g — 3 + n, we can integrate « against the

fundamental class of M, ,, to obtain a tautological intersection number:

( [ ) o

Let L; be the i*" universal cotangent line bundle on M, , i.e. the line bundle whose fiber over a
point [C,p1, ..., pa] € My, is T C, the cotangent space to the i*" marked point. Define 1); to
be the first Chern class of L;,

¢i =C (]Lz)

These elements in (M, ,,) are usually referred to as 1/-classes. They play a central role in the
tautological intersection theory of M, ,, for a multitude of reasons. In particular, all tautological
intersection numbers can be reduced to intersection numbers only involving ¢)-classes, that is,
intersection numbers of the form

d d
(Tay -+ Ta, )y = - (Cra R
g,n

The main theorem of this paper shows that these intersection numbers are evaluations of Ehrhart
polynomials of partial polytopal complexes. An Ehrhart polynomial is a counting function for
integer lattice points of dilations of an integral polytope. More precisely, given an integral d-
polytope P C R, its Ehrhart polynomial is

Lolg) = gP 2|

where ¢ is a positive integer, and gP is the ¢g*" dilate of P. One can extend the notion of an
Ehrhart polynomial to more general polyhedral objects, in particular, to partial polytopal com-
plexes, which are disjoint unions of open polytopes (see Section 2 below).
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Here is our main theorem:

Theorem 1.1. Letn > 1, d = (di,...,dn) € ZL,. Define

S n . n . 9 _ 7
d) =S d;, W) =][Cdi+1)", and m(d)=m = {—”;' q Y
1=1 i=1

Then there exists an integral partial polytopal complex Pj; of dimension \cf | and volu-
me vol (Pi) = 64l such that

2497 (g + m)!C’(cf) / h -?/fzndii(ffm)_%n_‘dl = #{integer lattice points in gPy}

Mg+m,n+1
where g Py is the g dilate of Pj.

The statement of Theorem 1.1 has some idiosyncratic notation, and might seem a bit opaque,
so let us take a moment to explain how one should think about what Theorem 1.1 actually says.

Suppose you fix an integer vector d = (di,...,d,) € ZL, which corresponds to a monomial
of 1)-classes wfl ...p% . Consider the family of intersection numbers

{<Td1 . 'Tdann+1>g}

>g to be nonzero, d,,,, must be

g,dn+1 >0

Since d is fixed, in order for <7'd1 e Tdy Tdp

3g—3+(m+1)—|d|=3g—2+n—|d|

which explains the exponent of the last insertion in Theorem 1.1. Furthermore, notice that there
exists a smallest genus g such that <Td1 e TdyTd, +1>g # 0. This genus is the smallest genus g
such that the exponent on the last insertion is nonnegative, that is, the smallest genus g such that

3g—24+n—|d| >0

2 —n+|d|
— |

Consequently, we see that m(d ) := P_nTHdW

which is precisely

— 1 is designed to be an appropriate shift of the
genera, in that it ensures the following equivalence:

<7’d1 . "Tdann+1>g+m(J) 7& 0 <— qg > 1.

The statement of Theorem 1 then says that there exists a partial polytopal complex P; that only
depends on d , such that

249+m(d) (g4 m(d))!C(d) (Tdy - Tap Tdnss ) ) = #{integer lattice points in gP;}. (1.1)

g+m(d
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Phrased in this way, we see that the smallest genus in which <Td1 e Ty Ty >g r(d) # 0 corre-

sponds to the first dilate of Py, the next smallest genus will correspond to the 2nd dilate of Py,
and so on. Of course, one could easily rewrite the equation in Theorem 1.1 as

24991C(d) (Tay -+ T4, T >g = #{integer lattices points in (g — m(cf))Pj}. (1.2)

n+1

2—n+|d|
3

However, notice that Equation (1.2) is only valid for g > { W Both ways of phrasing

Theorem 1.1 i.e. Equation (1.1) and Equation (1.2), are equivalent. However, Equation (1.1)
emphasizes the role of the partial polytopal complex and its dilates, while Equation (1.2) em-
phasizes the role of the intersection numbers <7'd1 e Tdn Tdpin >g. In the present paper, we have
chosen the former.

1.2. Strategy of proof

The proof of Theorem 1.1 is in Section 4. There are three main components that comprise the
argument.
Letd € Z%,, and define

Lz(g) :=24%g!C(d) <TJT3g2+nJ>g :
A priori, this is an arbitrary family of intersection numbers parametrized by genera g. However,
it turns out that Lz(g) is an integer-valued polynomial in g whose leading coefficient is 6/d1.
This was first discovered by Liu and Xu (see [LX14], Theorem 4.1). In an attempt to be self-
contained, we include a proof of this result in the present paper. In order to prove that L ;(g)
is an integer-valued polynomial, we use the fact that L ;(g) can be recursively computed by the
String Equation, the Dilaton Equation, and the (higher) Virasoro constraints. We then show that
the property of being an integer-valued polynomial with leading coefficient 69l is a property
that remains invariant under all three of these recursive operations. This concludes the first
component of the argument.

Once we know that Lz(g) is an integer-valued polynomial, we can consider the shifted

-

integer-valued polynomial L ;(g + m(d)) (see the paragraphs directly following the statement

of Theorem 1.1 for an explanation of the shift m(d)). We then expand L 79+ m(d)) in the bi-
nomial basis {(?, ') }. The choice of the binomial basis {(?,") } is not an arbitrary choice: in the
field of Ehrhart theory, such an expansion of an Ehrhart polynomial computes the f*-vector of
the polynomial, which, under certain assumptions, gives one information about the geometry of
the corresponding polytope (see Section 2 below). We prove that the f*-vector of L (g + m(af )
is nonnegative. The strategy for this component of the argument is the same as in the previous
one: we show that nonnegativitiy of the f*-vector is a property that remains invariant throughout

all recursive procedures that compute L z(g + m(d)).

-,

Once we know that the f*-vector of L;(g + m(d)) is nonnegative, we apply the following
classification theorem of Breuer: a polynomial P(g) of degree d is the Ehrhart polynomial of
a partial polytopal complex of dimension d if and only if the f*-vector of P(qg) is integral and
nonnegative.



COMBINATORIAL THEORY 4 (2) (2024), #6 5

1.3. Outline of paper

Our intention is to make the paper readable to combinatorialists from Ehrhart theory and al-
gebraic geometers interested in ngn- Consequently, we spend a good portion of the paper
explaining fundamental ideas and results from both fields. However, we keep technical details
to a minimum, and we refer the reader to sources in the literature when necessary.

In Section 2, we discuss standard results and basic notions from Ehrhart theory. The main
goal of Section 2 is to define what one means when one refers to the ‘Ehrhart polynomial of a
partial polytopal complex’. If one is already familiar with what this means, it is safe to skip this
section.

In Section 3, we recall results concerning tautological intersection numbers, especially the
ones needed for this paper. The goal of this section to show how one computes the tautological
intersection number (74, ... 7y, ) , recursively using the String/Dilaton equation and the Virasoro
constraints.

In Section 4 we present the proof of Theorem 1.1. The main computational idea is to view
the Virasoro constraints as a recursion for integer-valued polynomials in general, and Ehrhart
polynomials in particular.

The paper ends with the computation of a few examples (see (Section 5), along with an
outline for future work (Section 6).

2. Ehrhart theory

The purpose of this section is to define the Ehrhart polynomial of a partial polytopal complex.
Pedagogically, it seems natural to first begin with a discussion on polytopes, which will provide
the necessary background to discuss partial polytopal complexes.

For more details concerning the Ehrhart theory of convex integral d-polytopes, we recom-
mend ([BRO7], Chapter 3). For the most part, the standard techniques and ideas of Ehrhart
theory in the context of polytopes extend to the context of partial polytopal complexes. For an
exposition on partial polytopal complexes that aligns well with the purposes of this paper, see
([Brel2], Section 2).

2.1. Ehrhart polynomials of convex integral d-polytopes

Let P C R? be an integral convex polytope, and let vy, . .., v, € Z% be the vertices of P,
P = Conv(vy,...,v,) C R

Throughout, we always assume that P is full-dimensional, that is, P is a d-polytope. For an
integer g > 1, the g'"-dilate of P, denoted ¢P, is defined to be

gP = Conv(gvl, cee agvn) = {gp 'pE P}'

Ehrhart theory is chiefly concerned with the task of counting lattice points in gP, i.e. under-
standing the function
Lp(g) : g = lgP NZ|.
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Figure 2.1: As is in Example 2.2, we can compute Lp(g) by polynomial interpolation.

Here is the main theorem of Ehrhart theory:
Theorem 2.1 (Ehrhart’s Theorem). Lp(g) is a rational polynomial in g of degree d.

We call Lp(g) the Ehrhart polynomial of P. Theorem 2.1 is originally due to Eugéne
Ehrhart. For a proof, see ([BR07], Theorem 3.8).

An important family of polytopes are the d-dimensional simplices. An integral d-simplex is
a d-dimensional polytope A C R? that is the convex hull of d + 1 affinely independent integral
points. The standard d-simplex is givenby A4 := Conv(0, e1, . . ., eq) C R% An open d-simplex
is the relative interior of a d-simplex.

Example 2.2. Let P C R? be the standard 2-simplex,
P = Conv(0, ey, ;) C R2.

By Ehrhart’s theorem, we know there exists rational numbers ag, a;, and a, such that
Lp(g) = az9” + arg + ao.

Counting lattice points by hand (see Figure 2.1), we see that Lp(l) = 3,Lp(2) = 6,
and Lp(3) = 10. These equations suffice to determine the coefficients ag, a1, and ay, and we

obtain

1 3
Lp(g) = 592 + 29 + 1.

We need a slight generalization of integral d-polytopes. Instead of dealing with one polytope
at a time, it is possible to take a collection of polytopes and glue them along their faces, albeit in
a compatible way. We call these objects polytopal complexes (see also [Ziel2], Definition 5.1):

Definition 2.3. A polytopal complex is a finite collection K of polytopes that satisfies the fol-
lowing three properties:

1. The empty polytope is in K.
2. PeK,f CPisafaceof P = f € K.
3. PQe K — PNQ e K,and PN (Q is aface of both P and Q).
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The elements of /K are called the faces of K. The dimension of K is the maximum dimension
of the faces of K.

Ehrhart’s theorem still holds in the context of polytopal complexes, that is, the counting
function L (g) = #{integer lattice points in g K} is a rational polynomial in g of degree d.

Let P,QQ C RY be integral d-polytopes. We say P and () are lattice equivalent if there
exists an affine isomorphism ¢ : Z? — Z? sending the vertices of P to the vertices of ). A
polytopal complex K is a simplicial complex if every face of K is a simplex. A triangulation of
an integral polytope P is a simplicial complex whose support is P. We say that a triangulation
is unimodular if the simplices in the corresponding simplicial complex are lattice equivalent to
the standard simplex.

Unimodular triangulations are useful in Ehrhart theory due to the following result:

Theorem 2.4. Let (P, K) be a unimodular triangulation of an integral d-polytope P. Define
fi = #{i-dimensional open simplices in K }.

Then the Ehrhart polynomial of P has the following form:

d
Lo =35 (" ).
We define the f*-vector of P to be the vector of integers (f;, ..., ;).

Example 2.5. Recall the polytope P given in Example 3.1, P = Conv(ﬁ, e1,e2). This is just
the standard two-dimensional simplex. The simplex itself provides a unimodular triangulation.
Upon inspection we see that its f*-vector is (3, 3, 1). Therefore,

i =(", ) o)+ (1)
:3+3(g—1)+%(g_1)(g_2)

1
=39+ 35(9" = 39+2)

1, 3
Sy 241
29 T o9t

as expected.

Not every integral polytope P admits a unimodular triangulation. However, it always
makes sense to talk about the f*-vector of an integral polytope. The reason is as follows.
Suppose L(g) € Q[g] is a polynomial of degree d. The set {(9;1) d_, forms Q-basis for
the vector space of all rational polynomials of degree d. Therefore, there exists a unique
vector (f3,..., f2) € Q! such that L(g) = ZZ:O fi(%."). The f*-vector of an integral
polytope P is the unique vector (f5, ... f3) € Q4+ such that Lp(g) = S0 _, f¢ (1.

However, notice that Lp(g) is actually an integer-valued polynomial:
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Definition 2.6. An integer-valued polynomial L(g) € Q[g] is a polynomial such that L(N) C Z.

It turns out that the f*-vector of an integer-valued polynomial is always integral. Therefore,
we can make the following definition:

Definition 2.7. Let P be a convex integral d-polytope. The f*-vector of P is the unique integer
tuple (fg, ..., f;) € Z*"* such that

Lr(g) —éf;;"(g;l).

2.2. Ehrhart polynomials of partial polytopal complexes

Generalizing even further, we need to consider open d-polytopes. An open d polytope is the
relative interior of an integral d-polytope. This brings us to the generalization of polytopal
complexes that we need:

Definition 2.8. An integral partial polytopal complex K is the disjoint union of a finite col-
lection of open integral polytopes. The elements of K are called the faces of K. The dimen-
sion d of K is the maximum dimension of the faces of K. The Ehrhart polynomial of /K, de-
noted Ly (g), is the sum of the Ehrhart polynomials of each face of K.

Remark 2.9. Notice that an integral partial polytopal complex is a generalization of an integral
polytopal complex. This follows from the observation that the support of an integral polytopal
complex is the disjoint union of the relative interiors of all of its faces. Thus, every polytopal
complex is neccessarily a partial polytopal complex. Intuitively, one can think of this general-
ization as simply allowing oneself to ‘excise’ or ‘throw away’ faces of any polytope P € K in a
polytopal complex.

Definition 2.10. Let K be a partial polytopal complex of dimension d. A triangulation T of K
is a disjoint union of open simplices whose support is /. The triangulation 7 is unimodular if
the closure of each open simplex in 7 is lattice equivalent to the standard simplex. The f*-vector
of Tis (f§,... f4), where f; := #{i-dimensional open simplices in 7 }.

As in the case of polytopal complexes, if one can find a unimodular triangulation of a partial
polytopal complex, this immediately gives its Ehrhart polynomial:

Theorem 2.11. Let K be a partial polytopal complex of dimension d and let T be a unimodular

triangulation of K. Then
d
Lk(g) :Zfi ( i )

=0
where (f§,..., f}) is the f*-vector of T.
Even if a partial polytopal complex does not admit a unimodular triangulation, it still makes

sense to talk about its f*-vector. Furthermore, Ehrhart polynomials of partial polytopal com-
plexes are completely classified by their f*-vector due to the following result of Breuer:
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Theorem 2.12 ([Brel2], Theorem 2). Let P(g) be an integer-valued polynomial of degree d.
Then P(q) is the Ehrhart polynomial of an integral partial polytopal complex if and only if the
f*-vector (f5,..., [4) of P(g) is non-negative i.e. f} >0 forall 0 <i < d.

2.3. Useful properties of Ehrhart polynomials

We recall properties of Ehrhart polynomials of partial polytopal complexes that will be useful
in the proof of Theorem 1.1.

Lemma 2.13. Let K be a partial polytopal complex of dimension d, and let Ly (g) be its
Ehrhart polynomial. Then, for any k > 0, there exists a partial polytopal complex K' such
that L (g + k) = Ly (g) is the Ehrhart polynomial of K'.

Proof. This is a direct application of Theorem 2.12 and the basic binomial identity
(i) = (g _1) + (k 1) Indeed, by Theorem 2.12, there exists a non-negative f*-vector (fg,..., f])

g)-ki;f;(ggl)

such that

and therefore,

d
-1 . g—1 g—1
="y ) () +(0),
k=1
By theorem 2.12, L (g + 1) is the Ehrhart polynomial of some partial polytopal complex K’.
Therefore, the desired result is true for £ = 1, and we proceed by induction. O]

The next property concerns the cartesian products of partial polytopal complexes. To get
a better understanding of how this works, it makes sense to first start with taking products of
polytopes, and then generalize.

Definition 2.14. Let P C R% and Q C R be integral polytopes of dimension d; and d,
respectively. The cartesian product, or simply product of the polytopes P and () is the (d; +d)-
dimensional integral polytope denoted by

PxQ:={(p,q) eR" xR =R"® :pe PgeQ}
= Conv{(p,q) € R™*% . pavertex of P, g a vertex of Q}.

The product of two open polytopes is defined similarly.
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The operation of taking products of (open) polytopes plays well with Ehrhart polynomials
in that, if P and () are integral polytopes,

Lp(g) x Lo(g) = Lrxq(9).

Furthermore, we can also define the product of two partial polytopal complexes K7 and K
in a way that also plays well with taking their Ehrhart polynomials.

Definition 2.15. Let K; and K, be partial polytopal complexes. The product K; x K, is the
partial polytopal complex defined by

leK2::{(paQ)€P><Q:PeKl?QEKQ}
= JI @xa.

PEKl,QEKQ

Lemma 2.16. Let K, and K, be partial polytopal complexes, and let Ly, (g) and L, (g) be
their Ehrhart polynomials, respectively. Then

LKl (g) ’ LKz(Q) = LK1><K2(9)'

Proof. The Ehrhart polynomial of K; X K, is, by definition, the sum of the Ehrhart
polynomials of the faces of K; x Ks. But the faces of K; x K, are the open polytopes
{PxQ:PeK;,QE€ K,}. Therefore

LK1><K2(Q> - Z LPXQ(g)

PeK1,QeKs

= Y Lelg) x Lolg)

PeK1,QeKo

= (Z Lp(g)> (Z LQ(9)>

PeK, QEK>

= LKI (g> ’ LKz(Q)'
[

Lemma 2.17. Let K be a partial polytopal complex, and let Lk (g) be its Ehrhart polynomial.
Then the leading coefficient of L (g) is the (Euclidean) volume of K.

Proof. Inthe case that K is an integral d-polytope, the statement is classical (see [BR0O7], Corol-
lary 3.20). The result then follows from the observation that the volume of an integral d-polytope
is the same as the volume of its relative interior. [
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3. Tautological intersection numbers on M, ,

In this section, we introduce ﬂgm, its tautological ring R* (Mgm), and all of the necessary
results that are required to compute intersection numbers of the form

(Tay - Tan)g = | P e,
Mg.n

For readers who would like a nice introduction to the tautological intersection theory of Mgm,
especially one that focuses on computation, we would recommend [Zvo12] and [Pan18].

3.1. The moduli of stable curves

Let (g,n) be a pair of nonnegative integers such that 2g — 2 +n > 0, and let (C,p1,...,p,)

be an at-worst nodal curve of genus g, along with n smooth marked points p, ..., p,. We say
that (C, py, . . ., p,) is stable if the automorphism group of (C, py, . . ., p,) is finite. Alternatively,
we say (C,p1,...,pn) is stable if it satisfies the following two conditions:

1. If Cy C C is a rational irreducible component, then Cj is incident to at least 3 ‘special
points’, that is, nodes or marked points.

2. If Cy C C'is an elliptic irreducible component, then C' is incident to at least 1 ‘special
point’.

We denote by M,,, the moduli space of stable n-pointed genus g curves. It is a smooth

Deligne—Mumford stack of dimension dim(M,,) = 3g —3+n. The universal curve is denoted
T+l - ﬂg,n—&-l — Mgm.

We often call 7, the forgetful morphism: it sends a point [C, p1, ..., pys1] to [C,p1, ..., Duls
that is, it ‘forgets’ the last marked point. However, in order for this map to be well defined,
one must contract any rational components that are unstable.  Similarly, we define
e ﬂg,nﬂ — Mg’n to be the morphism that forgets the " marked point.

Sitting inside ﬂg,n is a dense open locus of curves

Mo C My

parametrizing smooth n-pointed genus g curves. The boundary of ﬂg,n, which is the comple-
ment of M, ,, in M, ,,, parametrizes nodal stable curves. The boundary of M, ,, has a stratifi-
cation, and each stratum parametrizes curves of a fixed topological type.

Example 3.1. Consider the moduli space Ms,. As a running example, we consider two
stratal's C 1"y C ﬂm.

Let 'y C MM be the stratum parametrizing curves of the following topological type: a
generic curve (C, p1, p2, p3, ps) € 'y isacurve C = C;UCY, where C and C), are stable curves
of genus 1 attached via a node, {p;,po} C Ci, and {p3,ps} C Cs. Below is a drawing of a
generic curve in ['; as a two-dimensional nodal topological surface:
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Similarly, let T, C I'; C My be the stratum parametrizing curves of the following topo-
logical type: a generic curve (C, p1, pa, p3, ps) € I'gisacurve C' = Cy UCy, where C is a stable
curve of genus 1, Cj is a nodal curve of genus 1, {py, p2} C C, and {ps, ps} C C,. Below is a
drawing of a generic curve in I's as a two-dimensional nodal topological surface:

e Na

The boundary strata in ﬂgm can be indexed by stable graphs.

Definition 3.2 ([Pan18], Section 5.2). A stable graph I" is the data

'=(WV,H,L,g:V = Zsp,v: H—V,.: H— H)

where,

1.
2.

V is a vertex set, and g : V' — Z- is the genus assignment.

H is a set of half-edges, v : H — V is a vertex assignment i.e. indicates which vertex
each half-edge is incident to, and « : H — H is an involution that indicates when two half
edges are glued together.

. Eis an edge set, determined by the 2-cycles of ¢.

L is a set of legs, determined by the fixed points of ¢; it is in bijection with the set of
markings {1,...,n}.

. The data (V, E') defines a connected graph.

For each vertex v € V, 2g(v) —2+n(v) > 0, where n(v) is the valence of I at v including
both edges and legs.

Example 3.3. The stratum I'; C M, 4 from Example 3.1 corresponds to the following stable
graph:

1 3

JORO
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The above stable graph consists of two vertices, both with genus assignment 1. Each vertex
is incident to three half edges. The only 2-cycle of the involution ¢ corresponds to the two half
edges that glue together to form the edge connecting both vertices. The set of legs L corresponds
to the half-edges labelled 1, 2, 3, and 4.

The stratum I'y C HM from Example 3.1 corresponds to the following stable graph:

Notice that for this stable graph, the vertex with genus assignment 0 has a self-edge, corre-
sponding to the self-node.

1
2

Due to the dictionary between stable graphs and boundary strata, we unambiguously refer
to a boundary stratum by its stable graph. In the case of our running example, I';y will mean
‘the stable graph corresponding to the boundary stratum I';’. Similarly, I's will mean ‘the stable
graph corresponding to the boundary stratum I's.

Every stable graph I' corresponds to a product of moduli spaces:

My = [T My nco)-

veV

For instance, in our running example, we have

Mr‘l = M1,3 X Ml,g,
MI‘2 = M1,3 X Mo,g).

For every stable graph I, there exists a canonical morphism
fr : ./VF — mgm

whose image is the boundary stratum corresponding to I' (see [Pan18], Section 5.2 for details).

3.2. The tautological ring

Definition 3.4. The tautological ring R*(M,,) C A*(M,,) is the smallest Q-subalgebra

of A*(M,,,) closed under pushforwards of the morphisms 7; and {r. Elements in R*(M,,,)
are called tautological classes.

It turns out that many important cycles in A*(M, ,,) are tautological, and this has prompted
an intensive investigation of this ring in recent times. However, it is difficult to gain access to
the tautological ring using only its definition. Fortunately, there is a nice result due to Graber

and Pandharipande that gives an explicit additive generating set for R*(M,,,) (see Theorem 3.6

below). In order to state this result, we need to define two types of Chow classes in A*(M,,,),
the 1)-classes, and the k-classes.
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Definition 3.5. For 1 <_ 1 < n, let L; the line bundle on ngn whose fiber over a
point [C,p1,...,p.] € My, is T, C, the cotangent space to C' at the i'" marked point.
Forl1 <:<nand 0 < m < 39 — 3+ n, define

i = (L) € AN (M),

Rm i= Tnil, (¢Zf11) e A" (My,).

Theorem 3.6 ([GPO03], Proposition 11). The set

(e (1)}

where I is a stable graph, and 0,, is a monomial of 1)-classes and k-classes on Mg(v)m(v), forms

an additive generating set of R*(M ).

A direct consequence of Theorem 3.6 is that, any tautological intersection number can be
reduced to intersection numbers involving only /-classes and x-classes. However, one can do
even better than this: tautological intersection numbers involving k-classes can be reduced to
intersection numbers only involving v)-classes. This is due to the following result:

Proposition 3.7 ([Zvol2], Corollary 3.23). Let () be a polynomial in the variables
K1y ..., K3g—34n and n, ... Yy, and let () be the polynomial obtained from () by the substi-
tution k; — k; — Yl . Then for any 0 < m < 3g — 3+ n, we have

-
/ Q= Wm0,
Mg,n Mg,n+1

Example 3.8. Consider the intersection number

/ Hlﬁz%wg-

Ma 3

If we let Q = rp1p17)2, Proposition 3.7 tells us that

/ e} = [ Uitm — vt - / a2 — .

Ma 3 Maz4

Now if we let Q = 13111/, we can eliminate ko from the original intersection number, and
reduce everything to intersection numbers involving /-classes, as desired.
3.3. Computing (74, ... 7a,),

Since all tautological intersection numbers reduce to intersection numbers only involving -
classes, we can restrict our attention to the rational numbers

(Tay - Ty = [ .. g (3.1)
Mg,n
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It now remains to compute these numbers. When g = 0, there is a closed form expression
in terms of multinomial coefficients:

_3
(Tay - Ta)g = (d? Y ). (3.2)

When a 1)-class at only one marked point occurs, there is also a closed form expression:

Lemma 3.9. Forn > 1,

n—1 1
(Tg-31n70 "), = 249"
Proof. The proof can be found in ([KocO1] Section 3.3, Example 3.3.5). []

For g > 0, there are various recursions that completely determine (7, ... 74, ) g First, we
recall the String Equation and the Dilaton Equation (see, for example [HTK 03], Section 26.3):

n

The String Equation: (7q, ...74,T0), = Z (Tay - Tdi1 -+ Tdy) g -
i=1

The Dilaton Equation: (14, ...74,71), = (29 — 2+ 1) (T4, - - - Ta,), -

When one wants to compute (7g, - .. 7q,),, and d; < 1 for all 7, the String Equation and
Dilaton Equation will suffice. However, if d; > 2 for some ¢, one needs the so-called Virasoro
constraints:

Theorem 3.10 (Virasoro Constraints). Let m > 1. Then

"L (2d; + 1 + 2m)!!
2m 4+ 3N (11 Tay - - Ta,), = Z ( )

<Td1 .. -Tdﬂrm .. -Tdn>

— (2d; — !
1
—|—§ (2a+1)!!(2b+1)!!<TaTdel...Tdn>g_1
a+b=m—1
1
—|—§ HZ_I (2a + !N(20+ 1 <7’a117d> <Tbg7—di> )
ML={1.n}, ‘ 91 g 92
g1+g92=9
Proof. See [Zvol2], Section 4.2 O

So, in summary, with the closed form expression in genus zero (Equation (3.2)), the String
Equation, the Dilaton Equation, the closed formula for intersection numbers with v)-classes sup-
ported at one marked point (Lemma 3.9), and the Virasoro constraints (Theorem 3.10), one can
compute any intersection number (74, ... 7q,) g
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4. Proof of Theorem 1.1

Throughout this section, we use the following shorthand notation:

o d = (dy,...,d,) €22,

n
=> d,
i=1

® Ty = Tdy---Td
dnt1 = dpy1(9, \d’) —2+n—|d],

Lj<g) = 24gglc<d) <TCZ'Tdn+1>g,

s m=m(d) = [25] ,

In the case that n = 0, d is the empty vector, which we denote by d = @. We define
C(w):=1.
By Lemma 3.9, we have
Lo(g) = 24991 (135274 > =1
The proof of Theorem 1.1 consists of three parts. We begin by showing that

Li(g) :==249¢!C(d )< dT3g—2+4n— \d|>

is an integer-valued polynomial in g whose leading coefficient is 6/91. This was first discov-
ered by Liu and Xu in [LX14]. We include a proof here for completeness. The integer-valued
polynomiality of L ;(g) follows by carefully examining the recursions that determine L ;(g), and

making sure that the property of being an integer-valued polynomial with leading coefficient 61
is preserved under these recursions.
Once this is established, we can consider the shifted polynomial

(see the explanation directly following the statement of Theorem 1.1 for a justification as to
why m(d) is a natural shift of the genera). The second part of the proof is to show that L 7lg+m)
has a nonnegative f*-vector. The strategy is the same as in the first part, that is, we make sure
that the property of having a nonnegative f*-vector is preserved under the recursions that deter-
mine Lz(g + m).

The final part of the proof is to apply Breuer’s theorem (Theorem 2.12), which ensures that
one can always find a partial polytopal complex P whose Ehrhart polynomial is L ;(g + m).
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4.1. L;(g) is an integer-valued polynomial

Consider the intersection number
Ld~(g) = 249¢!C'(d) <7‘d1 o Tdann+1>g )
The String Equation and the Dilaton Equation implies:

Lemma 4.1 (String and Dilaton Equation for L ;(g)). The String Equation and the Dilaton Equa-
tion, respectively, imply that

i=1
Ly,my(9) = (69 =3 +3n)L;(g).
Remark 4.2. Lemma 4.1 can be found as Equations 45 and Equation 46 in [LX14].

Proof. Indeed, we have

Liyi0y(9) = 2479!C(d) <TJ7'07'3g—2+(n+1)fIJ |>g

n
E <7—d1 e Tdi—l e Tdn7_3g—2+n—(a?|—1)>g + <TJT3g—2+n—J|>g]

=1

= 24991C(d)

=3 249912, + )C(dy, .. di — 1, d,) <Td1 o Ta.. .Tdnr?)g_m_(l(ﬂ_l»
i=1

g

+2499!C(d) <TJT3g2+ncZ|>g

= (Z(Qdi + 1)LJ\{di}u{di—1}(9)> + Lilg).

i=1

Furthermore,

L,y (9) =2479!C(d U {1}) <TJ71739—2+(n+1)_(|J+1)>g
— 24991C(d)31(29 — 2 + (n + 1)) <TJ739_2+R_|J>9
=3(29 — 1+ n)L;(9)
= (69 — 3+ 3n)L;(g). D

Now consider the case that there exists some d;, say dy, such that d; > 2. We will now
apply the Virasoro constraints, Theorem 3.10, to evaluate L 7(g). The statement of Theorem 3.10
allows us to compute intersection numbers of the form (7, 174, - . . 7a,,) , recursively. In our case,

since L z(g) involves the intersection number <Td1 e T Tdn >g, in order to apply Theorem 3.10,
we will let d; play the role of ‘m + 1’ in the application of Theorem 3.10, so that m = d; — 1.



18 Adam Afandi

Multiplying through by 249¢!C/(d ), and dividing by (2(d; — 1) +3)!l = (2d; + 1)!!, the Virasoro
constraints tell us that

L;(g) = mﬂgglc(@ (Tl(J) +To(d) + Ts(d) + T4(J)> 4.1)
where
"L (2d; +2(dy — 1) + !
Z 2d — 1)” Td Td +di— 1"'7—dn7_dn+1>g7

=2
(2( —2+n—|d|)—|—2(d1—1 )+ 1)!
(2(39—2+n—|d|)—1 )!

1

S Y @t DI D (e T Ty
a-+b=d;—2
1
2

5 (2a + DNE2b + D!(7a1r) ), (T6T),,
a+b=d1—2

MLJ={2,....n+1}
g1+92=9g

< d2 v Tdann+1+d1—1>g )

In the term T (d ), we are using the shorthand notation
ImMJ={2,....n+1} = 7 2:H7'di Ty I:HTdi.
iel ieJ
Our goal now is express the right hand side of Equation (4.1) in terms of Lg),

where |E| < |cf |. In order to organize our work, we will prove four lemmas, each one corre-
sponding to one of the terms appearing on the right hand side of Equation (4.1).

Lemma 4.3. We have
C(d) I
—49 T, (d 2d; + 1)L -, )
(2d; + 1)!I (d) = ;2( + 1) Li(9)
Proof. First, define

d (i) = (dy,ds, ... diy,d; +dy — 1, disq, ... dy).

Then
o Cd) @2(di+dy— 1)+ 1)
@) = Ga o (2d; + 1)!!
o Cd) (2d+ (2dy — 1)
T @d+ DI (2d; + D

which implies that

C(d)  (2d; + (2dy — 1)

(2d; + 1)0(5(2)) = (2d; + D! ) (2d; — )N
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Therefore, we have

Sl

o(d
( ) ”24gg|T1(

(2d, + 1) )= Z(Qdi + 1)L (9)- O

Lemma 4.4. We have

di

(25(—%2499@2(5) = (H(Gg — 44 2n —2|d| + (2k — 1))> Liviany(9)-

Proof. We have

239 —24n—1|d|)+2(dy — 1)+ 1) (69 —4+2n—2|d]| + (2d; — 1))!!

(2(3g —24n—|d]) — 1) (69 — 44 2n —2|d| — 1)!

di
=[[(69 — 4 +2n—2/d| + (2k — 1))
k=1

and therefore,

C(d) o (T .

Lemma 4.5. We have

-

= 949! 7) — R _
oa, T2 V9Cd)Ts(d) = 129 +bZd QLd\{dl}u{a,b}(g 1.
a+b=di—

Proof. We have

49O d 7
G T2t CdIT)

= 24g <% Z 24971 (g — IC(d \ {d1} U {a,b}) (TaToTds - - .Tdann+1>gl> :

a+b=d—2
The expression d,, .1 = 3g — 2 + n — |d| can be written as
3g—1)—2+n+1)—(|d| —dy +a+D)

and therefore,

- | 7 N B B
(2d, + 1)!!24gg'c(d)T3(d) = 129 a+l§2Ld\{dl}U{a,b} (g—1). O
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Lemma 4.6. We have

Cd) g i g
—_— IT, = E 2 HNL - I L- —ag1({
(2d1 + 1)”24 g 4(d) s, ( a+ ) dr (gl( 7a)) dy (g gl( 7a)) 91(170/)
IMJ={2,...,n}

where g, (I, a) == 3(a + \d 7| +2—|1)).
Proof. Using the symmetry of the summation, we can get rid of the factor of % in T4(cf )

T4(d_’)=% > Qa+D)N@b+ D) (T, (7)),

a+b=d—2
IJ={2,....,n+1}
g1+g2=9

— Z (2a + 1)!1(20 + 1)!! <TaTITdnH>gl (Tb71) g,
a+b=d1—2

g1+g2=g

Y Qe )N+ ) mm),, (T
a+b=d1—2
I1J={2,...,n}
g1+92=9g

= Z (2a + D120 + D! (7a7r) (VT Tdnsr )
a+b=dy—2
MLJ={2,....n}
g1+92=9

g2
g2’

For any partition / IT J = {2,...,n}, and for any pair (g1, g2) such that g; + go = g, we
have

C(d)
(2d; + 1)!!
249 = 24912492

!—_g! ! .
g 1:92
g1

= C(d)C(d )
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Therefore,

C(d)
(2d; +1)!!

= Z (2a + 1)!!249191!0(51) <TaTI> (2b + 1)"249292'0 <TbTJTdn+1>92 (9)
a+b=d1—2 N
MJ={2,....n}
g1+g2=9g

g
= Z (2a + 1)!!LJI(91)LJJU{Z;}(92) <91).
a+b=d1—2
IMLJ={2,...,n}
9g1+g92=9g

2499T,(d)

Now, notice that, for any given pairs (a,b) and (/,.J) such that a + b = dy — 2
and I I J = {2,...,n}, there exists at most one pair (g1, g2) = (91,9 — ¢g1) such that Lz (g1)
and Ly (g2) are simultaneously non-zero. In fact, it is a simple computation to determine g,
(and consequently g, = g — ¢g1) as a function of / and a:

— 1 —

Remark 4.7. Implicit in our explanation is the assumption that (7,77) 1 1 ) is zero when-

a+|d r|+2-|1]
ever 5 (a+ |d 1|42~ |I|) is not a positive integer. Geometrically, this is just the simple statement
that we are excluding the possibility of fractional genera.

This is all to say that

C(d) . ( g )
—————249¢!Ty(d 2a + DL > I,a)) L~ —qi(1,a )
(2d1+1) ( ) a+bz:dl ) ( ) d (gl( )) d; (.g gl( )) gl(I,a)

MMLJ={2,...,n}
where ¢1(I,a) := %(a—HJ}H—Q—H\). O

Proposition 4.8 (Virasoro Constraints for L;(g)). Let d = (dy,...,d,) € 7L where dy > 2
We have

Ly(g) =) (2di + 1)Ly (9) + (1_1[(69 —4+2n—2[d| + (2k — 1))) Li\(a,3(9)

=2 k=1

120 ) Laaoes (9 — 1)
a+b=di—2

+ ) Qe+ DL (9)Lg,um(9 — 9) (ggl>

a+b=d1—2
IJ={2,...n}
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where, in the last summation on the right hand side,
1 e
g1=3 <a+|dl|+2— |]|>,

L-

(gl)._{L;,(%<a+|off|+2—|f|>), at|di|+2- 1120 mod 3,
dr T

0, otherwise.

Proof. The proposition is simply a consequence of Equation (4.1) and Lemmas 4.3, 4.4, 4.5,
and 4.6. Alternatively, see Equation 44 in [LX14]. [

We have the following direct corollary of Proposition 4.8:

Corollary 4.9. The intersection number Lz(g) is an integer-valued polynomial in g of degree ]cf |
with leading coefficient 641,

Proof. We first establish a few base cases. By the Dilaton Equation, we have

L(1)<9) = 24%¢!C((1)) <7'17'3g—2+1—1>g
= 249¢!(3!) (7’1739_2)9
= (29 — 24 1)249g!(3!) (T39-2),,
= 6g — 3,

Lay(g) = (69 —3+3)L)(9)
= (69)(6g — 3).

Using Proposition 4.8, we have

Liy(g) =(6g—4+2—-4+1)(6g—4+2—-4+3)+ 12
= (69 —5)(6g — 3) + 12g
= 36g% — 489 + 15 + 12¢
= 36¢* — 369 + 15.

Thus, if |(j | < 2, the desired result is satisfied.
By way of induction, suppose there exists an integer d > 1 such that Ly{g) is an integer

valued polynomial of degree |ﬂ with leading coefficient 6/9 whenever |Z| <d. Letd € 7%, be

an integer vector such that |cf | = d. Without loss of generality, by Lemma 4.1, assume d; > 2
for all 7. By Proposition 4.8, Lz(g) is a sum of four terms. What we need to check is that all
four terms sum to an integer-valued polynomial of degree d. The first term is

n

> (@2di + 1)L, (9)-

1=2
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Since |d (i)| = |d| — dy — d; + (d; +dy — 1) = d — 1 < d, by the induction hypothesis, this
term is an integer-valued polynomial in ¢ of degree |d (i)| = |d| — 1.
The second term is

di
(H(Gg — 4420 —2|d| + (2k — 1))) L\ 1ay (9)-

k=1

By the induction hypothesis, this is an integer-valued polynomial in g of degree
A\ {di}| +dy = d.

The third term is

129 D, Ligyuen(d— 1.
a+b=dy—2

By the induction hypothesis, this is an integer-valued polynomial in g of degree
1+ |d\{di}U{a, b} =1+d—dy+dy —2=d—1<d.

Finally, the fourth term is

S o DU Lo -0 ().

a1

The binomial term in the sum, ( i ) , is an integer-valued polynomial in g of degree

]_ —
g1 = g(a+’d1|+2— 11]).

Therefore, by the induction hypothesis, each summand is an integer-valued polynomial in g of
degree

- 1 — -
gl+ydj|+b:g(a+|df|+2—u|)+ydj|+b

- 2
_d1—2+|d|—d1+§
L4
—Id|—=
-
<d

Thus, it follows that L z(g) is an integer-valued polynomial of degree ](f | = d. Its leading
coeflicient comes from the contribution of the second term, which is

6 6|J\{d1}\ — 6|J|

as desired. O]
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-

4.2. The f*-vector of L;(g + m(d)) is nonnegative

Now we need a second corollary that says the f*-vector of L ;(g +m) is nonnegative. However,
before we prove that corollary, we need the following lemma:

Lemma 4.10. Ler d = (d, ..., d,) € 7%, be an integer vector, and define

m=m(d) = {%RT—FWW -1

Then the polynomial

d1
[16(g+m) —4+2n—2/d| + (2k — 1))

k=1
has nonnegative f*-vector.

Proof. For 1 < k < dy, consider the linear polynomial
Li(g) == 6(g +m) —4+2n—2|d| + (2k — 1).

Suppose we compute the f*-vector of this linear polynomial, i.e. we find integers f; and f;

such that . .
nio =i (")) en ("),

This means f§ = L(1) and f; = leading coefficient of L, (g) = 6. So all we need to check
is whether fj = Lj(1) is always nonnegative.

, we have

Inthe case that2 — n+ |d| =0 mod 3 — (
fo = Li(1)

2 — d .
:6<1+++||—1) 4+ 2m—2|d|+ (2k—1)

2—n+|d|| _ 2-n+[d]
3 o 3

=2k — 1.

Similar calculations show that
. (20— n+|d]] 2-n+|d] 2
2 — dl =1 d3 — | — =" "'+ =
n+ |d| mo 3 3 +3

= fy = Li(1) =2k +3,

R (o n+ldl| 2—-n+ld] 1
2—n+|d|=2 mod 3 = HT—H' _++|’+_

— fr=1Ly1) =2k +1.

Thus, the f*-vector of Lj(g) is nonnegative, and by Lemma 2.16, the product Hi;l Li(g)
also has nonnegative f*-vector, as desired. O
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Corollary 4.11. For any vector d € 7L, define m = m(d) = P_nTHdW — 1. Then the

[*-vector of L ;(g + m) is nonnegative.

Proof. For the base cases, we have

m(©) =0, Lofs+0) =1=1(" 1),

m((1)) =0, Lay(g +0) = 69—3:3<981> +6(‘q;1),
m((1,1)) =0, Lan(g+0)= 18(981) +90(911) +72<g 5 1)7

m((2)) =0, L) = 15(981) +72(911> +72<g;1).

By way of induction, suppose that L{g+ m(f)) has a nonnegative f*-vector for all vectors v
where |l7] < d for some positive integer d > 1. Let d be an integer vector such that |cf | = d.
By Lemma 4.1, without loss of generality, assume d; > 2 for all . This means we can use
Proposition 4.8 to compute L ;(g + m(d)). All that remains is to check that all four terms that
arise in Proposition 4.8 add up to a polynomial with a nonnegative f*vector.

When we use Proposition 4.8 to compute L ;(g + m(d )), the contribution coming from the

first term is .

Z(2di + 1)Ly, (9 + m(d)).

1=2

Since |d (i)| = |d| — 1, by the induction hypothesis, the integer-valued polynomial
L (g +m(d(i)))

has a non-negative f*-vector. However, notice that

m(d($) = 2—(n—1)3+(|d|—1)—‘ .

2—n+|d|w 4
3

=m(d).
Therefore, Ly, (g + m(d)) = Lia(g + m(d (i))), so the contribution coming from the first

term has nonnegative f*-vector.
Now consider the contribution coming from the second term,

(1_1[(6(g +m(d) —4+2n—2|d]| + (2k — 1)) L gy (9 + m(d)).

k=1
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By Lemma 4.10, the product of linear terms is an integer-valued polynomial with non-
negative f*-vector. Furthermore, since

m(d \ {d}) =

'2—<n—1>+<|d*|—dl>w .
3

_2—n+|0f]—(d1—1)—‘ .,
3

< 2—n+|d|w .
3

= m(d).

-

then by the induction hypothesis and Lemma 2.13, it follows that Lz (4, ( g+m(d)) is an integer-
valued polynomial with nonnegative f*-vector. Therefore, by Lemma 2.16, the contribution of
the second term is an integer-valued polynomial with nonnegative f*-vector.

Now consider the contribution coming from the third term,

12(g + m(d)) >, Ly (ayotany (9 + m(d) —1).
a+b=dy—2

Since |d \ {d1} U {a,b}| = |d| — dy + (d; — 2) = |d| — 2, by the induction hypothesis,
L tayotan (9 +m(d \ {di} U{a,b}))
is an integer-valued polynomial with nonnegative f*-vector. However, notice that

(20— (n+1)+|d| -2

m(d \ {di} U {a,b}) = 3 W -1

2—n+d)-3 L
3

<
3

_2—n+]ci|—‘ .

Therefore, by Lemma 2.13, L\ (41000 (9 + m(d) — 1) has a nonnegative f*-vector.
Since the f*-vector of the polynomial 12¢ is (12,12), using Lemma 2.13 again, we see
that 12(g + m(d)) has a nonnegative f*-vector. By Lemma 2.16, the total contribution coming
from the third term is an integer-valued polynomial with nonnegative f*-vector.

Finally, consider the contribution coming from the fourth term,

g+m(dﬁ)).

a+b=d;—2 g1
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Recall that
(g)_{LJI (%(a+|afly+2—|1|)> at|d]+2—|I]=0 mod 3,
=

0 otherwise,

Lg,

SO we can assume thata+|cf1|+2—\1] =0 mod 3. Now, notice that, for any pairs (a, b)
and (I, J) suchthata+b=d; —2, I 11 J ={2,...,n}, we have
2=n+ld]) = (a+|d]+2— 1)) = 2= (|J]+ 1)+ |ds| +b)
= =14+ ([l +J]=n)+ (] = |di| = |ds[) = (a +b)
=—1—-1+d; —(d1 —2)
= 0.
Butsince a+ |d;|+2—|I| =0 mod 3, it follows that
2—n+ld|=2—(J]|+1)+|d,;]+b mod 3.

In particular, there exists an integer 0 < k£ < 2 such that

2—n+|d|] _2_n+|d’y+k
3 N 3 3

3 3 3

[2—(\J!+1)+|dﬂ|+b_ _2—(\J!+1)+|JJ|+b+@

and thus,
(m(d) = g1) — m(d ; U {b})

A |2-n+]d| 1 - 2— ([J|+1)+|d | +b
([ ) ([t

= (@4 1) = (ot Il 42— 1) = 2 = (1 + 1) + | +5) + k — F)
= 0.

It follows that m(d ) — g; = m(d ; U {b}), so
LJ_,u{b}(g +m(d) —g1) = LC;JU{b}(g +m(d ;U {b})).
Therefore, since |d ; U {b}| = |d | +b < |d| —dy +dy —2 = |d| —2 < |d|, by the

induction hypothesis, L U6} (9+ m(cf ) — g1) is an integer-valued polynomial with nonnegative

f*-vector. Furthermore, since the f*-vector of (g+’;(d)) is nonnegative (by Lemma 2.13), the
contribution of the fourth term is a sum of products of polynomials with nonnegative f*-vector.
By Theorem 2.16, the total contribution of the fourth term is a polynomial with nonnegative
f*-vector.

In summary, we have shown that L ;(g + m(d)) is a sum of integer-valued polynomials with

nonnegative f*-vector, and therefore L ;(g + m(af ) has nonnegative f*-vector, as desired. [
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4.3. Putting the pieces together

Proof of Theorem 1.1. By Corollary 4.9 and Corollary 4.11, we know that

Li(g+m) =247""(g + m)IC(d) (TaTs(g+m)—24n—d) o o

is an integer-valued polynomial in g of degree |cf | with nonnegative f*-vector. By Breuer’s
theorem (Theorem 2.12), there exists a partial polytopal complex P of dimension |d | such that

L3(g +m) = #{integer lattice points in gP;}.

By Lemma 2.17, the volume of Py is 6141, ]

5. Examples

In this section, we compute some examples of the Ehrhart polynomials L ;(g + m), along with

their corresponding partial polytopal complexes. When \cf | < 2, we show that the corresponding
partial polytopal complexes can be presented as inside-out polytopes, a type of partial polytopal
complex first studied by Beck and Zaslavsky [BZ06].

Definition 5.1. Let P C R? be a full dimensional integral d-polytope, and let H be a hyperplane
arrangement, that is, a finite collection of hyperplanes in R%. An inside-out polytope is any set

of the form
P\ ( U H) .
HeH

The reasoning behind the name is that, one should think of the hyperplanes as dissecting the
polytope P into various regions, and the various hyperplanes serve as ‘boundaries’ that lie on
the ‘inside’ of the polytope.

51.0d| =1

We’ve already computed the Ehrhart polynomial

L(l)(9+m):L1(g):69—3:3<981>+6(gzl) :3[(981>+2(9I1)}.

Define F(y) as the inside-out polytope

which can be visualized as

P(l): @)
-3 -2 -1 0 1 2 3
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The inside-out polytope F(1) has a unimodular triangulation given by
T={0} {1} {1} 10 (-3,-2) T (-2,—1) T (—1,0) I (0,1) IT (1,2) IT (2, 3).
The f*-vector of this triangulation is f* = (3, 6), and by Theorem 2.11,
Lay(g+m) = |gP(1) N Z| :

Alternatively, we can consider the inside-out polytope

Puy = [-1,1]\ {1}

which can be visualized as
/P?(i/) frnd O———e—O
-1 0 1

The unimodular triangulation given by 7" = {0} II (—1, 0) IT (0, 1) has support Py, and has
f*-vector (1, 2). Therefore, by Theorem 2.11

L(l)(g) =3 ‘gP(l) N Z’ .

52.|d] =2

There are two vectors to consider, (1,1) and (2). We have computed the polynomial
La1y(g +m) = La,1)(g) previously in the proof of Corollary 4.11,

—1 —1 —1
Lay(g+m)=Lan(g) = 18(9 0 ) +90(g ) ) —|—72(g 5 )

{632

Consider the inside-out polytope P 1) = ([—3,3] % [=3,3]) \ Hq,1) C R?, where H 1) is
the hyperplane arrangement

H(l,l) = {$2 = 3,1’2 = 2,ZL‘2 = 1,$2 = 0,1‘1 = 3}

Here is a visualization of F; 1):
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(_37 _3/

P1,1) admits a unimodular triangulation as suggested below:

(_37 _317

The f*-vector of this triangulation is f* = (18,90, 72). Therefore, by Theorem 2.11,
Laay(g+m) =[gPay NZ?.

Alternatively, consider the inside-out polytope 13(1\1/) = ([0,2] x [0,1]) \ ﬁ(m) C R?
where H (1 1) is the hyperplane arrangement given by

Hag) ={ze =121 =12y = 2}.

—_~—

Here is a visualization of F; 1):
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The claim is that
Ly (g) = 18|g (Pay) NZ°|.

Indeed, F(;,1) admits a unimodular triangulation as suggested below:

v

Since the f*-vector of this triangulation is (1,5, 4), the claim follows from Theorem 2.11.
Now consider the vector d = (2). We have already computed L2)(g +m) = L(2)(g) in the
proof of Corollary 4.11:

Lip(g+m) = Le(g) = 15(g61) +72<g | 1) +72(g;1)

B3]

Consider the inside-out polytope given by

Pry = ([-3,3] x [-3,3]) \ H(z) C R?
where the hyperplane arrangement H ) is given by
H(Q) = {33'1 = ZEB,.I'Q = :l:?),l'g = :l:2,33’1 + Ty = :|:4,£L'1 + Ty =— :|:5}

Here is a visualization of F(y):

A A N
| I
l l
| |
| |
i Al
| |
| |
| I
I |
| l
| I
l I
| |
N /
AN |
| |
| |
| |
K- — -~~~ - - - - - s m - — - = #
,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

P2) admits a unimodular triangulation as suggested below:
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

The f* vector of this triangulation is f* = (15,72, 72), so by Theorem 2.11,

L(2)<g +m) = ‘.gP(Q) N Z2‘ .

Adam Afandi

Alternatively, consider the inside-out polytope ﬁg) = ([-3,3] x[-1,1]) \ﬁ(g), where ﬁ(g)
is the hyperplane arrangement given by

Hip = {11 = +£1,09 = 43,21 + 15 = +3}.

Here is a visualization of F(y):

The claim is that

Ley(g+m) =3 9Py N 77,

Indeed, /155) admits a unimodular triangulation as suggested below:

The f*-vector of this triangulation is (5, 24, 24), so the claim follows from Theorem 2.11.
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6. What next?

There are many basic open questions that seem natural in light of Theorem 1.1 and the compu-
tations provided in Section 5.

Question 6.1. Let d € 7%, and let f* = (f5,..., f|}|) be the f*-vector of Lz(g + m).

-,

If n(d) := ged(fs,- .-, fl’zﬂ), is it always possible to find an inside-out polytope P of dimen-
sion |d | such that
Lg(g+m(d)) =n(d)Lp,(g)?

Question 6.2. Besides v)-classes, one can consider other tautological classes,

>\i7 Ri, 5j,k € R*(Mg,n)

Does an Ehrhart phenomenon still occur if we allow for the insertions of these classes as
well?

Question 6.3. The space Mg’n can be viewed as the moduli stack of stable maps to a point. So
one way to generalize is to consider the stack of stable maps to a smooth projective variety X,

My (X,d)

and try to play the same game: does an Ehrhart phenomenon still occur when considering de-
scendent integrals on M, ,,(X, d)?
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