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Abstract

In this paper, the tools of the stochastic dynamic analysis are adopted for Performance-Based Earthquake Engineering (PBEE). The
seismic excitation is defined through a evolutionary Power Spectral Density compatible with the response spectrum given by
mandatory codes. In this way, the performance-based design is applied considering the excitation coherent with the codes. Inside the
framework, the seismic fragility curves are determined through the Kernel Density Maximum Entropy Method (KDMEM), recently
proposed by the authors. It is a novel statistical method capable to reconstruct the seismic fragility curves, including the tails, from a
small number of code-conforming artificial ground motions. Moreover, KDMEM is based on the Maximum Entropy (ME) principle
and it provides the least biased probability distribution given the available information. Comparison between stationary and nonstationary
artificial accelerograms is analyzed, and the corresponding model uncertainty discussed. KDMEM provides also credible bounds of
the uncertain performances, which is beneficial for risk-informed decisions. The proposed formulation does not require the selection
of a suitable set of ground motions. Accordingly, it can be adopted for optimal design in current engineering practice. Therefore, it
fills the gap between the classical code-conforming designs and the enhanced performance-based designs.

Keywords: eurocode conforming design, information theory, kernel density maximum entropy, opensees, performance based

earthquake engineering, reinforced concrete office building, seismic risk analysis, stochastic dynamic analysis
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1. Introduction

The response spectrum is the most used tool by practicing

engineers for basic representations of the seismic action. The

ordinary structures are designed to behave inelastically for the

seismic intensity prescribed by the design codes. This is obtained

in the framework of the response-spectrum analysis through the

adoption of the behavior (reduction) factor, q, in the Eurocode 8

(Eurocode, 2004), as an example. However, a realistic evaluation

of the structural response should be dynamic and related to the

damage that occurs under repeated and usually inelastic loading

cycles. This is attributed to the philosophy of earthquake-resistant

design not to prevent the occurrence of the damage, but to limit

its occurrence under the design earthquake (Ellingwood, 2001).

Starting from these considerations, damage-based limit states

along with sophisticated inelastic structural models are needed.

It is largely recognized that the natural hazards and the strength

of materials are subjected to several sources of uncertainty.

Therefore, a probabilistic analysis is essential in predicting the

most likely behavior of buildings. This can be accomplished by

using the general probabilistic framework of Performance-Based

Earthquake Engineering (PBEE), originally proposed by Cornell

and Krawinkler (Cornell and Krawinkler, 2000) with the following

main steps: (i) characterization and assessment of the seismic

hazard, (ii) probabilistic assessment of the seismic demand on

the structure, (iii) probabilistic assessment of the resulting

physical damage, (iv) assessment of expected economic and

other losses resulting from damage (Yang et al., 2006; Günay

and Mosalam, 2013). In this way, the problem is disaggregated

into four models: (i) the seismic model that predicts the Intensity

Measure, IM, (ii) the structural model that predicts the structural

response defined through the Engineering Demand Parameter,

EDP, (iii) the damage model that predicts the Damage Measure,

DM, and (iv) the loss model that predicts the Decision Variable,

DV. The latter step is one of the key features of the PBEE

methodology, which allows the explicit calculation of the

performance measures, expressed in terms of the direct interests

of various stakeholders.

The PBEE methodology has several attractive features with

respect to standard seismic codes. Therefore, it is becoming

popular for optimal design of facilities even amongst practicing

engineers (FEMA ATC-58-1, 2011). It is expected that in the

near future, PBEE will be adopted in the seismic codes worldwide.

The goal of this paper is to present a code-conforming formulation
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for PBEE to allow practicing engineers to develop enhanced

performance-based designs of facilities subjected to seismic

excitation conforming to the recommendations of current seismic

codes.

In the current PBEE practice, the seismic hazard is characterized

in terms of one or more IMs, for which annual probabilities of

exceedance are developed. In the seismic codes, the seismic

hazard is defined by suitable response spectra, whose parameters

take into account the site conditions, while the IM is given in

terms of the Peak Ground Acceleration (PGA), Ag, defined for

each site and for different return periods. When the behavior of

the system is highly nonlinear, the technique of the response

spectrum cannot be applied. In these cases, the codes allow to

model the seismic action through ground-acceleration time-

history analyses under excitations which are required to match

the elastic response spectra for a viscous damping ratio ζ0 = 5%.

This approach has some controversial issues. First, the codes

typically require the adoption of a reduced number of sets of

accelerograms, which generally do not allow to develop a reliable

statistical analysis. Second, the codes require that the accelerograms

to be scaled to match the elastic response spectrum, where this

scaling remains as a debatable step. Conversely, in this paper the

stochastic input is defined as a Power Spectral Density (PSD)

compatible with the response spectrum given by the codes

(Cacciola et al., 2004; Cacciola et al., 2014, Basone et al., 2017).

In this way, at least for a Single Degree of Freedom (SDOF)

linear system, results in terms of the peak response by stochastic

analysis and by the response spectrum are almost identical.

Starting from the definition of a stochastic ground motion model

coherent with a given response spectrum, subsequent models of

the classical PBEE approach are developed.

The structural model in PBEE is considered through the

conditional probability distribution of the EDP on the structure

(e.g. interstory drift, roof or floor accelerations) for each IM level

corresponding to a specified annual rate of exceedance. This is

usually performed by nonlinear time-history analyses with a

selected suite of recorded ground motions which are individually

scaled to the specified IM level (Vamvatsikos and Allin Cornell,

2002). The computed sample of the maximum responses is

subsequently used to estimate the median and logarithmic

standard deviation of the seismic demand, to which a lognormal

(LN) distribution is fitted. Denoting edp as a chosen threshold of

the EDP for the given  in terms of , the result

of the analysis is the conditional Probability Of Exceedance

(POE), , also known in literature as the fragility curve.

In this paper, the code-conforming seismic reliability analysis

is developed through a full stochastic approach, giving the

conditional POE P(edp|ag). Stochastic dynamic analysis for a

general nonlinear Multi-Degree of Freedom (MDOF) system is

challenging. Some methods of simulations have been developed

to reduce the computational effort (Rackwitz, 2001; Au and

Beck, 2001; Bucher, 2009; Kurtz and Song, 2013; de Angelis et

al., 2015; Alibrandi et al., 2016). However, in many cases, these

methods require hundreds or even thousands of analyses for each

threshold. An alternative strategy is represented from the

methods of equivalent linearization (Roberts and Spanos, 1990;

Fujimura and Der Kiureghian, 2007; Wang and Song, 2017;

Alibrandi and Mosalam, 2017b). In this paper, the stochastic

analysis is developed through the Kernel Density Maximum

Entropy Method (KDMEM) (Alibrandi and Ricciardi, 2008;

Alibrandi and Mosalam, 2017c). This is a statistical approach

providing a good reconstruction of the target Probability Density

Function (PDF), including its tails, from samples of small size.

KDMEM is a data-driven approach, so that when the number of

samples increases, it converges asymptotically to the target

distribution. Moreover, it implements the principle of Maximum

Entropy (Jaynes, 1957; Jaynes, 1968; Kapur and Kesavan, 1992)

so that it provides the least biased distribution given the available

information. It presents some attractive features with respect to

many existing methods of structural reliability and stochastic

dynamic analysis, since its performances are not affected by the

number of random variables, degree of nonlinearity of the

dynamic system, and/or shape of the limit state function. Moreover,

it does not require any coupling with the structural analysis

software. Thus, the results of any existing commercial software

can be adopted. In this paper KDMEM is used jointly with the

bootstrap technique (Efron, 1982), making it possible to determine

credible bounds of the fragility curves when a reduced number of

artificial ground motions are considered, e.g. ns = 20−100.

The third step in PBEE converts the EDP to the DM, addressed

by fragility functions for different building components, while

the final stage is the conversion from the DM to the DV through

tabulated information of the repair cost for each performance

group and damage statee. These steps follow the classical

framework of PEER PBEE. After describing the main features

of the proposed procedure, it is applied to a hypothetical

reinforced concrete office building located in Italy.

2. Code-Conforming Performance Based Earth-
quake Engineering

2.1 Code-Conforming Stochastic Seismic Hazard Analy-

sis

The Pacific Earthquake Engineering Research (PEER) center

has developed a robust PBEE methodology, based on the

probabilistic evaluation of performance measures expressing the

direct interests of the involved stakeholders. In PEER PBEE, the

first step is the characterization of the seismic hazard. To

guarantee full consistency with the mandatory design codes, here

the seismic hazard is defined by suitable response spectra,

provided by the codes. The IM of the seismic event is given by

the PGA, Ag, defined for each site and for different return periods

TR. In this case, the value  and its POE P(Ag) = Prob[Ag ≥

ag] are defined by the codes. Assuming that the temporal

occurrence of an earthquake is described by a Poisson model

(Kramer, 1996):

(1)

IM im≡ PGA ag≡

P edp|im( )

IM Ag≡

P ag m,( ) P Ag t( ) ag m,≥[ ] 1 exp
t

TR

-----–⎝ ⎠
⎛ ⎞–= =
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where t is typically selected as the duration TL of the lifecycle of

the facility, while TR is the return period of the seismic event. The

probability of occurrence of the m-th threshold of Ag is given by

its POE as follows:

(2)

Let ag,1 and ag,2 be the suggested values by the codes for Ag

whose return periods are  years and  years,

the application of Eq. (1) for  years gives 

and . Through Eq. (2), it is seen that 

= 1 − 0.41 = 0.59, p(ag,2) = Prob[ag,1 ≤ Ag ≤ ag,2] =

0.41 − 0.1, while of course Prob[Ag ≥ ag,2]  = 1 − [p(ag,1) + p(ag,2)]

= 0.10. 

The hazard analysis also includes the selection of a set of

ground motions coherent with the hazard curve. The seismic

codes provide the spectral pseudo acceleration RSA(T, ζ0), where

T is the natural period of the dynamic oscillator and ζ0 is its

damping ratio. The codes allow time-history representations of

the seismic action for analyzing the nonlinear behavior of the

structures whereas the response spectrum technique might not

provide accurate results (e.g. case of structures with base isolation or

energy dissipation systems). The codes do not suggest a method for

generating the artificial accelerograms, but only recommend that

they match the elastic response spectra for 5% viscous damping

ratio. Typically, to obtain artificial accelerograms, the ground

motion acceleration Ag(t) at a given location is modeled as a

stochastic process, and any ground motion can be seen as a

sample of the stochastic process itself. In literature, many

stochastic models have been proposed in the last decades. Most

common approaches adopt Gaussian models (Shinozuka and

Deodatis, 1988), which are defined probabilistically through their

evolutionary Power Spectral Density (PSD) (Priestley, 1965) as

follows:

(3)

where  is the frequency-dependent modulating function,

while  is the one-sided PSD of the stationary part of Ag(t).

Once the evolutive PSD  of the ground

acceleration is evaluated, the stochastic ground motion model

Ag(t, u) can be defined through the following discrete Fourier

series (Rice, 1954; Shinozuka and Deodatis, 1991; Grigoriu,

1993; Alibrandi, 2014):

(4)

where n is the number of harmonic components, 

, k = 1, 2,..., n, , being tfin the time

observing window,   is a vector of order 2n of

normal standard random variables, , 

,  , is a vector that

collects the corresponding shape functions 

and  determined by the correlation structure

of the input given by the underlying evolutionary PSD. Eq. (4)

can be used to generate samples of the stochastic ground motion

model where each realization is obtained through the generation

of the normal standard random variables u.

2.1.1 Stationary Models

It is known that earthquake ground motions have nonstationary

characteristics both in the time and the frequency domain, where

the temporal nonstationarity models the variation of the intensity

of the ground motion in time, while the spectral nonstationarity

represents the nonstationarity in the frequency domain and it

refers to the variation of the frequency content in time. A good

modelling of earthquakes is typically accomplished through fully

non-stationary Gaussian stochastic processes. However, the use

of stationary accelerograms remains widely employed. In such

cases, the knowledge of the stationary PSD  only is

required, while the modulating function appearing in Eq. (3) is

. To determine the one-sided stationary PSD of the

ground acceleration, the tools of the stochastic dynamic analysis

are used to relate the pseudo-acceleration Response Spectrum

 to the median value of the peak response of a SDOF

system (Vanmarcke and Gasparini, 1977; Der Kiureghian, 1981;

Der Kiureghian and Neuenhofer, 1992). In this paper, the model

proposed in (Cacciola et al., 2004; Cacciola et al., 2014) is

adopted. The stationary PSD  is determined through the

following recursive expression: 

(5)

where RSA( ) is obtained from response spectrum

given by the codes, for given damping ratio ζ0, circular

frequency , and period, Ti, while  is the

peak factor under the assumption of a barrier out-crossing in

clumps, i.e.

(6)

with

(7)

In Eq. (7), it has been assumed that the input PSD is smooth

and . Moreover, ts is assumed equal to the stationary part of

the accelerogram, while ωs is the lowest bound of the existence

domain of ηX. 

p ag m,( ) Prob ag m 1–, Ag ag m,≤ ≤[ ] P ag m 1–,( ) P ag m,( )–= =

TR 1, 95= TR 2, 475=

t TL 50≡ ≡ P ag 1,( ) 41%=

P ag 2,( ) 10%= p ag 1,( ) =
Prob Ag ag 1,≤[ ]

GAg
t ω,( ) ϕ t ω,( ) 2

GAg
ω( )= ω 0≥

GAg
t ω,( ) 0=                       ω 0<⎩

⎨
⎧

ϕ t ω,( )
GAg

ω( )
GAg

t ω,( ) ϕ t( ) 2
GAg

ω( )=

Ag t u,( ) GAg
t ωk,( ) ωΔ ωkt( )uk

c
ωkt( )uk

s
sin+cos[ ]

k 1=

n

∑=

sk
c
t( )uk

c
sk
s
t( )uk

s
+

k 1=

n

∑= s t ω,( ) u⋅=

σk t( )=
GAg

t ωk,( ) ωΔ ω 2π tfin⁄≤Δ
u u

c
u
s,{ }=

u
c

u1

c
u2

c … un
c, , ,{ }= u

s
=

u1

s
u2

s … un
s, , ,{ } s t ω,( ) s

c{ t ω,( )  ,= s
s
t ω,( )}

sk
c
t( ) σk t( )cos ωkt( )=

sk
s
t( ) σk t( ) ωkt( )sin=

GAg
ω( )

ϕ t ω,( ) 1=

RSA ω ζ0,( )

GAg
ω( )

GAg
ω i( ) 0=  0 ω i ωs≤ ≤

GAg
ω i( )

4ζ0

πω i 4ζ0ω i 1––
-------------------------------

RSA ω i ζ0,( )2

ηX

2
ω i ζ0,( )

----------------------------- Δω GAg
ωk( )

k 1=

i 1–

∑–×  ω i ωs>=
⎩
⎪
⎨
⎪
⎧

ω i ζ0,

ω i 2π Ti⁄= ηX ω i ζ0,( )

ηX ω i ζ0,( ) 2 2NX 1 δX
1.2 π 2NX( )log–( )exp–[ ]{ }log=

NX

ts
2π
------ω i 0.5( )log–( ) 1–

=

δX 1
1

ζ 0

2
----- 1

2

π
---arc

ζ0

1 ζ 0

2
–

-----------------tan–
⎝ ⎠
⎜ ⎟
⎛ ⎞2

–=

⎩
⎪
⎪
⎨
⎪
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⎧
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2.1.2 Quasi Stationary and Fully Non-stationary Models

The quasi-stationary models describe the temporal non-

stationarity through a modulating function dependent only upon

the time t, i.e. , see Eq. (3). In this way the

evolutionary PSD  is obtained through a

time-dependent scaling of the stationary random process .

These models are known in literature also as separable or

uniformly modulated. 

The simulation of fully non stationary accelerograms can be

obtained through the adoption of time-frequency modulating

functions. In such case the evolutionary PSD is given by

, where the stationary power spectrum

 is determined by equating for each frequency the

energy of a separable spectrum compatible model and that of

a non-separable process (Preumont, 1985; Cacciola and

Zentner, 2012)

(8)

In Eq.(8)  is the stationary PSD compatible with the

response spectrum, like Eq. (5), while  is a time dependent

modulating function. 

In the literature it is recognized that the accelerograms

generated through a stochastic approach do not present the

variability of the recorded accelerograms. To this aim, the

parameters of the modulating function can be defined through

uncertain parameters depending on the seismological parameters.

For the all the analyzed non-stationary models discussed in this

section, if the spectrum compatibility is not verified, an iterative

correction term can be adopted (Cacciola, 2010)

(9)

where  is the approximate average pseudo-acceleration

spectrum determined at the k-th iteration.

2.1.3 Model Uncertainty

All the sets of artificial accelerograms above discussed are

equivalent from the point of view of the codes, since all of them

match the elastic response spectrum. However, the amplitude and

frequency content of an accelerograms can affect the response of the

structural system. Thus, it is expected that accelerograms generated

by different PSD (model and parameters) can determine a

significant variability of the seismic fragility curves. Typically, it

is expected that stationary accelerograms provide conservative

responses, and that non-stationarity of ground motions is more

relevant for nonlinearly behaving structures. However, this is not

always the case, see for example (Cacciola et al., 2014). Therefore,

the selection of the PSD fitting process requires including the

model uncertainty inside the decision making process. As will

be discussed below and shown through the numerical

application, this issue can be well managed by the proposed

framework.

2.2 Structural Analysis using Kernel Density Maximum

Entropy Method

The second step of PEER PBEE is the probabilistic assessment of

the demand on the structure. For each PGA level, , a set of

ns artificial accelerograms is considered. The corresponding dynamic

computations provide the conditional POE of selected EDPs, i.e. the

fragility curves. The EDP may be local parameters as element forces

or deformations, or global parameters as interstory drift or floor

acceleration. Typically, local parameters are more suitable for

structural components, the floor accelerations are better suited for

non-structural components, e.g. laboratory equipment, and interstory

drifts may be used for structural and non-structural components. Peak

values of the above quantities are considered as EDPs. In the code-

conforming PEER PBEE framework, one has the following:

(10)

where  is the probability of the m-th value of Ag, see Eq.

(2), while  is the POE of the i-th value of the EDP

conditioned on . The probability of occurrence of the i-

th threshold of the EDP is given by its POE as follows:

(11)

At higher intensity levels of the seismic hazard, it is likely to

observe global collapse. In PEER PBEE, global collapse is treated

separately since its probability does not change for different

damageable groups (Günay and Mosalam, 2013). A realistic

representation of the global collapse can be obtained through a

progressive collapse algorithm (Talaat and Mosalam, 2007; Talaat

and Mosalam, 2009). A practical method to determine global

collapse is to determine the collapse seismic capacity edpC of a

representative parameter, e.g. interstory drift, and evaluate the

corresponding probabilities of global collapse p(C|ag,m) and of no

collapse p(NC|ag,m) conditioned on Ag = ag,m. The probabilities of

global collapse p(C) and of no collapse p(NC) are obtained by

summing the conditional probability of collapse over the return

periods as follows:

(12)

All the probabilities described in Eqs. (10)-(12) can be

determined through tools of stochastic dynamic analysis, or

approaches based on statistics and machine learning tools.

Typically, in PEER PBEE, a LN distribution is adopted to fit the

data. In this paper, we adopt the KDMEM, which is a statistical

approach based on the information theory, recently developed by

the authors (Alibrandi and Mosalam, 2017c) and is briefly

presented below for the sake of completeness.

2.2.1 Kernel Density Maximum Entropy (KDMEM)

It is assumed that ns artificial accelerograms have been simulated

for chosen ag,m, and ns peak values of the EDP are subsequently

available. The target PDF, , is expressed as a linear

ϕ t ω,( ) ϕ t( )≡
GAg

t ω,( ) ϕ t( ) 2
GAg

ω( )=

GAg
ω( )

GAg
t ω,( ) ϕ t w,( ) 2

GAg
ω( )=

GAg
ω( )

GAg
ω( ) ϕ t ω,( ) 2

td GAg

S
ω( ) ϕ t( ) 2

dt
0

 ∞

∫=
0

 ∞

∫

GAg

S
ω( )

ϕ t( )

GAg

1( )
ω( ) GAg

ω( )=

GAg

k( )
ω( ) GAg

k 1–( )
ω( )

RSA ω ζ0,( )2

RSA
k 1–( )

ω ζ0,( )2
-------------------------------------=

⎩
⎪
⎨
⎪
⎧

RSA
k( )
ω ζ0,( )

Ag ag m,=

p edpi( ) Prob EDP edpi≥[ ] P edpi|ag m,( )p ag m,( )
m

∑= =

p ag m,( )
P edpi|ag m,( )

Ag ag m,=

p edpi( ) P edpi( ) P edpi 1+( )–=

p C( ) P C|ag m,( )p ag m,( )
m

∑=

p NC( ) 1 p C( )–=⎩
⎪
⎨
⎪
⎧

fEDP edp( )
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superposition of Kernel Density Functions (KDFs) as follows:

(13)

where the coefficients pi satisfy the constraints , ,

while  is the i-th basis KDF, here assumed

Gaussian, centered in edpi with standard deviation σ, i.e.

(14)

The centers edpi, i = 1, 2, ..., N, are uniformly spaced with a

constant step Δedp = edpi+1 − edpi in the range [edpmin, edpmax].

The standard deviation is σ = (2/3)Δedp, which is shown to be a

suitable value under uniform spacing of the centers (Alibrandi

and Ricciardi, 2008; Alibrandi and Mosalam, 2017c). It is noted

that when , then , and Eq. (13) gives

(15)

where δ is the Dirac delta function. Therefore, the representation

(13)-(15) can reconstruct any kind of distribution. Multiplying

both sides of Eq. (15) by , αk being positive real number,

, and integrating over the domain, the following

relationship holds: 

(16)

where 

(17)

In Eqs. (16)-(17),  collects the first M fractional moments

(Novi Inverardi and Tagliani, 2003; Taufer et al., 2009; Zhang and

Pandey, 2013) of the EDP, which have some attractive properties

with respect to the classical power moments. First, the fractional

moments can be defined for low values of , such that the

estimates of sample fractional moments derived from a small

sample of ns data can be robust enough. Second, a reduced number

of fractional moments gives the same information of several power

moments, such that just M = 4 fractional moments may provide a

good description of the tails. The free parameters ,

appearing in Eq. (16), are obtained through the maximization of the

Shannon’s entropy  as follows:

(18)

where p collects the N free parameters . The convexity

of the optimization problem (18) implies the uniqueness of the

MaxEnt (ME) solution pME, which, according to Jaynes (Jaynes,

1957; Jaynes, 1968), is the least biased distribution, given the

satisfaction of the available information. The substitution of pME into

Eq. (13) gives the KDME PDF . 

2.2.2 Credible Bounds of KDME for Given Sample of Data

The number ns of artificial accelerograms required by the

seismic codes is typically low (less than 20). Thus, it is of interest

to investigate the incurred error. To this aim, credible bounds of

the KDME distribution are determined through the bootstrap

resampling (Efron, 1982). Assume that a sample of size ns = 5 of a

chosen EDP has been determined (e.g. maximum interstory drift

expressed in percent) such that ,

which are drawn from the unknown distribution FEDP(edp). It is

assumed that the sample represents the bootstrap population,

whose distribution is modeled through a uniform discrete-valued

distribution. Thus, each value of the sample has a probability of

occurrence , , i.e. 

(EDP = 2.5%) =  = � =

1/5. 

From the bootstrap discrete distribution , the bootstrap

CDF  is determined. Bootstrap samples  of

size ns can be so drawn from . The elements of EDP(B)

are the same as those of the original data set, but repetitions may

occur, i.e. some elements may appear only once, some may appear

two or more times, and others may not appear. For illustration, two

possible bootstrap samples are 

and . For the s-th bootstrap

sample, , , the KDME CDF is evaluated as

. It is noted that =

. Therefore, S bootstrap

samples provide S different values of , and the

corresponding bootstrap distribution  is determined.

From ,the bootstrap confidence intervals can be

determined by choosing two percentiles for lower bound (LB),

qLB, and upper bound (UB), qUB, of .

The knowledge of the confidence intervals is beneficial for

risk-informed decision(s). This is known to be the case since

several studies have shown that the decision makers prefer a

statement of confidence in the risk assessment, with particular

reference to low-probability high-consequence events (Building

Seismic Safety Council, 2009; Ellingwood and Kinali, 2009). 

2.3 Damage Analysis

The damage analysis estimates the physical damage at the

component or system levels as a function of the structural

response. Typically, the damage measures are defined in terms of

damage levels corresponding to repair measures needed to

restore the components of a facility to the original conditions. In

the PEER PBEE framework, the focus of the damage analysis is

to evaluate for each damageable group the “fragility function,”

which is the POE of a DM for different values of an EDP.
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Typically, the facility is divided into damageable groups affected

by the same EDP in a similar manner, e.g. structural elements,

drift-sensitive and acceleration-sensitive non-structural elements.

The POE of the damage measures are given as follows:

(19)

where P(dmj|edpi) is the POE of the j-th value of DM conditioned

on EDP = edpi, while p(edpi) is the probability of occurrence of

the i-th value of EDP. The probability of occurrence of the j-th

threshold of DM is given by

(20)

Typically, the damage measure is expressed in terms of a

number discrete of damage states, e.g. No damage (dm0 = 0),

Slight (dm1), Moderate (dm2), Extensive (dm3) and Complete

(dm4). In view of Eq. (20), the probability of no damage is

, Slight damage has probability

= , and so on.

2.4 Loss Analysis 

In the final stage of the PEER PBEE methodology, the damage

is converted to the DVs. These variables can be used directly by

the designers in the design process with inclusion of stakeholders

for the decision-making process. Some commonly utilized

decision variables are Economic Loss, Functionality Loss,

Fatalities, and Downtime. However, the definition of DV is

broad and it can denote performances also in terms of resilience

and sustainability (Alibrandi and Mosalam, 2017a; Mosalam et

al., 2018). The POE of the chosen DV reads as follows:

(21)

where P(dvq|dmj) is the POE of the q-th value of DV conditioned on

DM = dmj, i.e. , while

p(dmj) is the probability of occurrence of the j-th damage state.

3. Application Example

A hypothetical four-bay, five-story Reinforced Concrete (RC)

office building in Italy is analyzed. The building is regular in

plan and elevation. Its plan dimensions are 20 × 20 m, while the

spacing of the columns is 5 m. The total area at each floor is Af =

400 m2, while the total building area is A = 5 × 400 = 2,000 m2.

The total height of the building is 20 m with floor-to-floor height

equal to 4 m. Given the symmetry of the building, a two-

dimensional model is adopted, refer to Fig. 1. All the beam and

column sections are 300 × 500 mm with 8 reinforcing bars of 16

mm diameter. The fundamental period of the frame is T1 = 1.04

sec, and its fundamental frequency is ω1 = 2π/T1 = 5.99 rad/sec.

The construction cost is assumed c0 = 1,200 €/m
2, for a total

amount of C0 = 1,200 × 2,000 = 2.4 €M. 

3.1 Code-Conforming Stochastic Seismic Hazard Analysis

The building is located in Messina, Italy, whose latitude and

longitude are respectively 15.522o and 38.216o. The Eurocodes

EC8 (Eurocode, 2004), Italian Annex (NTC08, 2008) is adopted.

The elastic acceleration response spectrum is as follows: 

(22)

where  is the damping correction factor, F0

is the peak spectral amplification, S is the soil factor, TB and TC

are respectively the lower and upper limits of the period of the

constant spectral acceleration branch, TD and TE = 4 sec are

respectively the values defining the beginning and end of the

constant displacement response range of the spectrum. The

beginning of the branch of the spectrum with constant velocity is
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Fig. 1. Schematic of the Model of an Office Building in Italy: (a)

Plan, (b) 2D Frame 
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denoted by . The Italian codes provide for each location the

values of Ag, F0 and  in terms of the return period TR. In Table

1, specific values related to the considered geographic location

are listed. The periods TB, TC and TD are defined as follows:

(23)

where CC depends on  and the soil type. The soil factor is

defined as , where SS and ST take into account the soil

type and the topographic amplification, respectively. It is

assumed that the soil type is “B,” while the foundation ground

has a slope i <15o ( ).

The response spectra drawn from the return periods described

in Table 1 are shown in Fig. 2. It is seen that for increasing return

periods of the seismic event, the intensity and the spectral shape

of the response spectrum change. In Fig. 3, the seismic hazard

curve in terms of Ag is shown where the circle markers denote the

points  represented in Table 1, while the dashed

lines denote the striping  to be used for time-

based assessment. The PGA  represents the center of each

stripe, such that . The application of Eq. (2)

gives , , while

 and .

The second step of the hazard analysis is the selection of a set of

ground motions compatible with the hazard curve. Here, artificial

accelerograms compatible with the response spectrum are

simulated. At first, stationary accelerograms are simulated since

they are allowed by the codes, and they are widely employed in

engineering practice. To this aim, the Power Spectral Densities

(PSD), , coherent with the chosen nine acceleration

response spectra are determined, see Eqs. (3) and (5)-(9). In Fig.

4, these PSDs for  and 475 years are shown. In the Italian

codes, these return periods are of particular interest and they are

defined as representative of the Service Limit State (SLS) and

Ultimate Limit State (ULS), respectively. Stationary artificial

accelerograms are simulated through Eq. (4) where the evolutionary

PSD is assumed coinciding with the stationary PSD, i.e.

. Here we have assumed tfim = 30 sec with time

step Δt = 0.02 sec. The maximum frequency is ,

with  

3.2 Structural Analysis

The structural analyses are developed using the software

OpenSees (McKenna, 2010). Beams and columns are modeled

using displacement-based beam-column elements with fiber

discretized sections. Core and cover concrete are modeled using

Concrete01 with compressive strength of 35 MPa, and strains at

maximum strength and at crushing strength as 0.2% and 0.5%,

respectively. The reinforcing bars are modeled with Steel01 with

yield strength of 420 MPa, elastic modulus of 200,000 MPa, and
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Table 1. Seismic Parameters of the Elastic Acceleration Response Spectrum, in Messina, Italy

TR 30 50 72 101 140 201 475 975 2,475

ag[g] 0.058 0.078 0.095 0.114 0.134 0.160 0.238 0.324 0.470

F0 2.39 2.34 2.33 2.33 2.35 2.37 2.41 2.44 2.49

0.28 0.30 0.31 0.32 0.33 0.34 0.36 0.38 0.43TC

*

Fig. 2. Elastic Acceleration Response Spectra for Different Inten-

sity Levels of the Seismic Event

Fig. 3. Seismic Hazard Curve

Fig. 4. PSD Coherent with the Elastic Acceleration Response

Spectra for TR = 50 and 475 years
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Fig. 5. Fragility Curve of the MIDR Given a Seismic Event for TR =

475 years. Comparison of MCS (100,000 samples) with

KD, KDME and LN (20 samples) in Terms of: (a) CDF, (b)

POE in Semi-logarithmic Scale

Fig. 6. Fragility Curve of the MIDR Given a Seismic Event for TR =

475 years. Comparison of MCS (100,000 samples) with

KD, KDME and LN (1,000 samples) in Terms of: (a) CDF,

(b) POE in Semi-logarithmic Scale

Fig. 7. Fragility Curve of the MIDR Given a Seismic Event for TR =

475 years. Comparison of MCS (100,000 samples) with

KDME Model Trained using 20, 100 and 1,000 Samples, in

terms of (a) CDF, (b) POE in Semi-logarithmic Scale

Fig. 8. Fragility Curve of the MIDR Given a Seismic Event for TR =

475 years. Comparison of MCS (100,000 samples) with

Credible Bounds of KDME using 20 and 100 Samples, in

Terms of (a) CDF, (b) POE in Semi-logarithmic Scale
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strain hardening ratio b = 0.05. For simplicity, in this paper, the

only EDP considered is the Maximum Interstory Drift Ratio

(MIDR).

The fragility curves are determined through KDMEM, whose

good properties of accuracy and efficiency have already been

shown in (Alibrandi and Mosalam, 2017c). Here it is underlined

that for high number of kernel densities, in view of Eq. (15), the

KDME PDF converges to the MaxEnt distribution, which is the

“most honest distribution given the available information”

(Jaynes, 1968) since it “assumes the least” about the distribution

itself. As a consequence, the information theory guarantees that

for a given number of ground motions, KDMEM provides the

least biased seismic fragility curve. Moreover, since in the

optimization problem (18) fractional moments are adopted as

constraints, KDMEM is able to guarantee good approximations

also in the tail region (Xu, 2016; Xu et al., 2016; Zhang and

Pandey, 2013; Alibrandi and Mosalam, 2017c). To show the

performances of KDMEM inside the proposed framework, the

seismic fragility curves for a return period TR = 475 years are

represented in Figs. 5 and 6. Here three probability models are

adopted: (i) a LN distribution (dashed line), as typically done in

PBEE, (ii) Kernel Density estimation (dotted line), and (iii)

KDME approach (continuous line), The models are compared

with Monte Carlo Simulation (MCS) using 100,000 samples

(circle markers). In Figs. 5 and 6, the statistical models are

trained using 20 and 1,000 samples, respectively. It is seen that:

(i) KD and KDME are data-driven distributions, and their accuracy

improves when the number of sampling points increases, (ii)

KDME has good capabilities of prediction over the tails, differently

from LN and KD distributions, (iii) the LN fit provides

overconservative estimates in the tail region. In Fig. 7, the good

convergence properties of KDME are shown, by comparing the

approximations provided using ns = 20, 100 and 1,000 artificial

ground motions. It is seen that ns = 100 samples provide an

adequate estimate of the whole distribution, including its tails.

Finally, in Fig. 8 the credible bounds of the KDME PDFs are

presented using ns = 20 and ns = 100. 

The fragility seismic curves F[MIDR|PGA] are determined for

different values of PGA, and using Eq. (10) the distribution

F(MIDR) is determined. In Fig. 9, the KDME model trained

with ns = 20 artificial accelerograms is shown, together with its

credible bounds. When the number of ground motions increases,

the bounds become narrower.

3.3 Damage Analysis

The DM is assumed coincident with the MIDR. Four damage

states are considered: Slight, Moderate, Extensive, and Complete. In

the definition of the fragility curves, the seismic capacities play a

significant role. They are modeled as random variables

following LN distributions whose median values of the MIDR

are edp1 = 0.33%, edp2 = 0.58%, edp3 = 1.56% and edp4 =

4.00%. These values are based on HAZUS (FEMA, 2013),

because of the absence of available data. The dispersion value

is assumed to be 0.3. The collapse value of the MIDR is

assumed to follow a LN distribution whose median value is

 with a coefficient of variation . The

damage states are therefore defined as: None ( ),

Slight ( ), Moderate ( ),

Extensive ( ) and Complete ( ).

To evaluate the probability of damage, MCS is adopted. From

the knowledge of , a sample  is simulated,

together with the values of the seismic capacities ,

edpC 6.6%= COV 0.30=

DS0 0 edp1,[ ]≡
DS1 edp1 edp2,[ ]≡ DS2 ed p2 edp3,( )[ ]≡
DS3 edp3 edp4,[ ]≡ DS4 edp4 edpC,[ ]≡

F MIDR( ) MIDR
k( )

edp1

k( )
dep2,

Fig. 9. Cumulative Distribution of MIDR Trained using 20 Artificial

Accelerograms: (a) Arithmetic Scale, (b) POE in Semiloga-

rithmic Scale

Table 2. Probability of Occurrence of the Damage States using the KDME Model, Trained using 20, 100 and 1,000 Stationary Artificial

Accelerograms

Model None Slight Moderate Extensive Complete Collapse

KDME ns = 20 0.234 0.292 0.353 0.111 0.99 × 10−2 0.73 × 10−3

KDME ns =100 0.225 0.284 0.354 0.113 1.13 × 10−2 1.21 × 10−3

KDME ns = 1,000 0.224 0.289 0.356 0.116 1.17 × 10−2 1.61 × 10−3
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, and . In this way, it is determined to which

damage state the sample belongs.

The probability of occurrence of the damage states are given as

, where N = 1,000,000 is the number of

simulated samples, while  is the number of samples

belonging to the damage state DSk.These probabilities are listed

in Table 2 for the KDME model, trained using ns = 20, 100 and

1,000 ground motions. From this table, it can be observed that

20−100 ground motions may suffice to achieve good estimates

of the damages.

3.4 Loss Analysis

The loss functions are derived from HAZUS, which suggests

to adopt as repair costs 0.4%, 1.9%, 9.6% and 19.2% of the

replacement cost of the building for the damage states DS1, DS2,

DS3 and DS4, respectively. These values provide 9,600 €, 45,600

€, 230,400 € and 460,800 € for the four damage states. They are

assumed as median values of the probability distributions

P[L|DM = DSk], k = 1, 2, 3, 4 following LN distributions whose

dispersion is assumed to be 0.3. It is also assumed that the loss

given the collapse event follows LN distribution, whose median

is 2,688,000 € (112% of the replacement cost) and COV = 0.30.

In Fig. 10, the losses curve PL(l) is shown, together with its

bounds using ns = 20 ground motions. The expected cost E[L]

during the lifecycle TL is a commonly used metric for risk-

informed decision making. In (Yang et al., 2006), it is shown that

 is given by the area underlying the curve , i.e. 

(24)

It is underlined that this value considers only the losses due to

the seismic damage during the lifecycle where degradation of the

materials, operation and maintenance costs are not included. In

Table 3 the values of the expected cost, including their bounds

are summarized for ns = 20, 100 and 1,000 ground motions. 

3.5 Model Uncertainty

To consider the uncertainty related to the earthquake model,

some nonstationary models have been explored. First, two

different time-dependent modulating functions are considered:

the model  proposed by Hsu and Bernard (Hsu and

Bernard, 1978) 

(25)

where

(26)

with  and the modulating function  of Jennings

(Jennings et al., 1969)

(27)

The parameters of  are obtained by imposing that at time

instants t1,J and t2,J, the energy of the stochastic ground motion is

equal to 5% and 95%, respectively. Following (Cacciola et al.,

2014) one has the following:

(28)

In the numerical application, βJ = 0.9 is chosen, which

provides t1,J = 2.78 sec and t2,J = 12.78 sec. Moreover, a model

fully nonstationary is considered by adopting the time-frequency

modulating function of Solomos & Spanos ϕSS(t, ω) (Spanos and

Solomos, 1983)

(29)

where

(30)

In the numerical application, tmax = 6.67 sec and ωmax = 12.89

red/sec have been chosen. In Figs. 11 the three discussed

modulating functions are presented, while in Fig. 12 some

artificial accelerograms simulated through Eq. (4) for the return

period of TR = 475 years are shown. Here four different models

are considered: stationary (S), the two different quasi-stationary

models based on the modulating functions of Hsu-Bernand

(QSHB) and Jennings (QSJ), and the nonstationary (NS) model

based on the function of Solomos and Spanos. In Figs. 13 and 14

we represent the seismic fragility curves for the return periods TR
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Fig. 10. Loss Curve Trained using 20 Artificial Accelerograms

Table 3. Expected Costs, Including Their Bounds, using the KDME

Model, Trained using 20, 100 and 1,000 Stationary Artifi-

cial Accelerograms.

Model LB [€] EC[€] UB [€]

KDME ns = 20 45,336 53,121 61,409

KDME ns = 100 50,678 55,655 61,755

KDME ns = 1,000 55,994 57,702 59,459
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= 50 and TR = 475 years, corresponding in the Italian codes, to

the Service Limit State (SLS) and Ultimate Limit State (ULS).

Typically for SLS, the structure has linear behavior, while for

ULS is designed to behave inelastically. The curves show that for

both linear and non-linear behavior, the stationary accelerograms

may not provide conservative results for frequent events, while

they are always on the unsafe side for low-probability high-

consequence events. The effects of the model uncertainty are of

course propagated also into the probability of occurrence of the

damage states and economic losses, summarized in Table 4.

4. Conclusions

The Performance-Based Earthquake Engineering (PBEE)

approach is a powerful tool for the analysis of structures subjected to

seismic excitation in a rigorous probabilistic manner. One of the

key features of Pacific Earthquake Engineering Research (PEER)

Center PBEE is the explicit calculation of system performance

measures, e.g. monetary losses, downtime, and casualties, which

are expressed in terms of the direct interest of various stakeholders.

Currently, the PEER PBEE methodology can be used to: (i)

evaluate a traditional code-based design in a performance-based

probabilistic approach, (ii) evaluate the performance of an

existing structure, and (iii) adopt the methodology for decision-

making amongst different design alternatives. In this paper, theFig. 11. Modulating Functions, (a) Time-dependent Models, (b) Time-

frequency Models

Fig. 12. Artificial Accelerograms Coherent with the Elastic Acceleration Response Spectra for TR = 475 years: (a) Stationary Model, (b)

Quasi Stationary Model of Hsu-Bernard, (c) Quasi Stationary of Jennings, (d) Non-stationary Model
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PEER PBEE is considered by adopting the tools of the stochastic

dynamic analysis and information theory. The proposed approach

has several important features. First, it allows to apply the PEER

PBEE approach to a seismic excitation compatible with code-

conforming response spectra, such that it can be adopted as a

practical tool for design in current engineering practice. The

proposed stochastic model does not require the engineer to

develop probabilistic seismic hazard analysis, including selection of

ground motions, and scaling. Therefore, engineers can design by

using the mandatory codes and develop performance-based

engineering analyses. Accordingly, the proposed approach fills

the gap between the classical code-conforming designs and the

enhanced performance-based designs. 

The stochastic response is evaluated in this study through the

recently proposed Kernel Density Maximum Entropy Method

(KDMEM), which allows to determine, with a reduced number

of artificial ground motion (say 20-100), the distribution of each

quantity of interest. It is a data-driven statistical approach, such

that its accuracy improves when the number of analyses increases.

Moreover, it is based on the Maximum Entropy principle, such

that for a chosen number of simulated ground motions, it

provides the least biased and honest distribution given the

available information. 

The studied numerical example shows that the Power Spectral

Density (PSD) fitting process (model and parameters) may determine

not negligible model uncertainties. A comparison between stationary

and non-stationary accelerograms shows that the stationary

Fig. 13. Fragility Curve of the MIDR Given a Seismic Event for TR =

50 years. Comparison of the POE of Different Stochastic

Ground Motion Models, in Scale: (a) Arithmetic, (b) Semi-

logarithmic Scale

Fig. 14. Fragility Curve of the MIDR Given a Seismic Event for TR

= 475 years. Comparison of the POE of Different Stochastic

Ground Motion Models, in Scale: (a) Arithmetic, (b) Semi-

logarithmic Scale

Table 4. Probability of Occurrence of the Damage States and Expected Costs, using the KDME Model, Trained using 1,000 Artificial

Accelerograms, Following Different Models of Generation: Stationary (S), Quasi-stationary with Function of Hsu-Bernard

(QSHB) and Jennings (QSJ), and Fully Nonstationary (NS)

Model
Damage State Expected Cost 

[€]None Slight Moderate Extensive Complete Collapse

S 0.224 0.289 0.356 0.116 1.17 × 10−2 1.61 × 10−3 57,702

QSHB 0.244 0.285 0.347 0.109 1.17 × 10−2 2.30 × 10−3 57,411

QSJ 0.228 0.285 0.356 0.115 1.29 × 10−2 2.68 × 10−3 61,034

NS 0.248 0.286 0.344 0.109 1.05 × 10−2 1.40 × 10−3 54,203
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accelerograms provide unsafe responses for low-probability

high-consequences events. In order to take into account the

relevant epistemic uncertainties different stochastic ground motion

models are adopted and included, while the risk-informed decision

making process is supported through confidence intervals.
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