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ABSTRACT OF THE THESIS

Wave Propagation in Uniformly Pre-twisted Isotropic Beams with Uniform

Cross-sections

by

Yupeng Zhang

Master of Science in Engineering Sciences (Mechanical Engineering)

University of California, San Diego, 2012

Professor Hidenori Murakami, Chair

In this thesis, harmonic wave propagation in pre-twisted beams with arbitrary
rate of uniform pre-twist was investigated utilizing the three-dimensional theory of
elasto-dynamics expressed in the curvilinear coordinates. Harmonic wave propagation
in the axial direction defines an eigen-value problem over the cross-section of the
beam. By developing a finite element code to solve generalized eigenvalue problem,
the eigenvalues and corresponding eigenmodes were computed to elucidate the effect

of pre-twist on phase velocities and mode shapes. Lowest four modes which describe

Xiv



longitudinal, torsional, minor-axis bending and major-axis bending deformations were
numerically investigated for two rectangular cross-sections with aspect ratios: 4:1 and
2:1 and an elliptic cross-section with aspect ratio of 5:1. The resulting phase velocity
spectra are observed to be affected by the pre-twist and are valuable in the assessment
of the accuracy of beam models used for dynamic analysis of pre-twisted beams. In
addition, the resulting mode shapes consistently demonstrate the effect of pre-twist

on the coupling of torsion-extension and the minor-major bending stiffnesses.
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1 Introduction

Beams of twisted form with respect to their longitudinal axes in the unstressed
state, referred to as pre-twisted beams, describe structures such as rotor blades or
turbine blades. In such pre-twisted beams, it has been experimentally observed that
extensional force causes untwist, and similarly a torsional moment causes elongation
or contraction depending on whether original twist is decreased or increased.

An initial successful attempt of modeling the deformation of pre-twisted beams
by using beam theories resorted to an ingenious intuition, known as Wagners hypoth-
esis (Buckley [10], 1914; Wagner [13], 1936). The hypothesis is that the beam consists
of straight fibers in the untwisted state. These fibers run through the cross-section in
a helically twisted fashion when the beam is given an initial twist in the unstressed
state. If one assumes that axial stress is only carried by the fibers, axial tension acted
on helical fibers induces untwisting of the helical fibers.

Mathematical derivation of pre-twisted beam equations incorporating the dis-
placement assumptions on the cross-section has to be performed using curvilinear
coordinates, which describe the pre-twist of the beam (Washizu [14], 1964). In order
to include the untwisting effect under tension, warping of cross-sections has to be
included a priori using the curvilinear coordinates (Hodge [11], 1980).

For pre-twisted beams of elliptic cross-sections, semi-inverse analyses were
performed for torsional deformation and bending deformation utilizing the three-

dimensional theory of elasticity using the curvilinear coordinates. Okubo [9] (1951)



investigated the torsion and stretching of pre-twisted beams of elliptic cross-section
for a small rate of initial twist employing the asymptotic expansion with respect to
the small rate of initial twist along the axis of the beam. He computed the torsion-
extension and tension-untwisting coupling terms based upon the three-dimensional
theory of elasticity ending the controversy about the amplitude of the coupling effect.

With respect to the bending deformation, the effect of pre-twist on the bend-
ing stiffness was investigated by Maunder and Reissner [12] (1957) and Goodier and
Griffin [5] (1969). Using the shallow shell theory of a pre-twisted beam of rectangular
cross-section, which was approximated as a thing shallow shell, Maunder and Riessner
(1957) reported that the bending stiffness with the major axis reduced compared to
the untwisted beam, while the bending stiffness with the minor axis increased com-
pared to the untwisted beam. For a pre-twisted beam of elliptic cross-section, Goodier
and Griffin (1969) utilized the equilibrium equations for the curvilinear coordinates
and performed a semi-inverse analysis to obtain the same effect on the minor and
major bending stiffnesses analytically for a small rate of pre-twist. The semi-inverse
analyses of Okubo and Goodier and Griffin (1969) were performed only for a small
rate of pre-twist by keeping the linear term in the asymptotic expansion with respect
to the small rate of pre-twist. These three-dimensional analyses utilizing the theory
of elasticity employing the semi-inverse method or the shallow shell theory presented
the stiffness or compliance for the beam models to incorporate the effect of pre-twist.
However, beam models developed for static analyses may not extend smoothly to
dynamic analyses.

Dynamics analyses of pre-twisted beams have been investigated by using Euler-
Bernoulli or Timshenko beam models to computed natural frequency of cantilever
beams (Banerjee [6], 2004). Yet, the fidelity of beam models has not been assessed

by using three-dimensional theory of elasticity.



In this thesis, harmonic wave propagation of pre-twisted beams with arbitrary
rate of uniform pre-twist was investigated utilizing the three-dimensional theory of
elasto-dynamics expressed in the curvilinear coordinates to represent helically pre-
twisted beams. Harmonic wave propagation in the axial direction defines an eigen-
value problem over the cross-section of the beam involving hermitian matrices. By
developing a finite element code to solve generalized eigenvalue problem involving
hermitian stiffness matrix and real symmetric mass matrix, the eigenvalues and cor-
responding eigenmodes were computed to elucidate the effect of pre-twist on phase
velocities and mode shapes. Lowest four modes which describe longitudinal, torsional,
minor-axis bending, and major-axis bending deformations were numerically investi-
gated for two rectangular cross-sections with aspect ratios: 4:1 and 2:1 and an elliptic
cross-section with aspect ratio of 5:1.

The mode shapes show consistently the effect of pre-twist on the coupling
of torsion-extension and the coupling of minor-major bending stiffnesses as Okubo
(1951) and Goodier and Griffin (1969) reported.

The resulting phase velocity spectra are useful to assess the accuracy of beam
models used for dynamic analysis of pre-twisted beams. Furthermore, the mode
shapes are useful to check the validity of the semi-inverse boundary value problems
defined over the cross-section to develop pre-twisted beams models used for dynamic

analyses.



2 Derivation of Three Dimensional Strain - Dis-
placement Relations

In order to investigate harmonic wave propagation in a pretwisted beam with
uniform cross-section, it is necessary to derive equations of motion with respect to
a curvilinear coordinate system which describes the pre-twisted cross-sections by he-
lices. To this end, we first derive strain-displacement relation and utilize the principle
of virtual work to obtain the equations of motion for the curvilinear coordinate sys-
tem. The resulting equations must be expressed in terms of physical components,

instead of tensor components.

2.1 Defining a Curvilinear Coordinate System for Pre-Twisted

Beam

3 axis coin-

Let 2!, 22, 2® be the base rectangular cartesian coordinates where x
cides with the center line of the pre-twisted beam. The cross-section at 23 = constant
is rotated relative to the cross-section at the origin by an angle ax®, where « is the

uniform rate of pre-twist. The x! and z? axes coincide with the principle axes of the

cross-section at 3 = 0, as illustrated in Figure(1).



Figure 1: Curvilinear Coordinate System

The curvilinear coordinates system &%, €2, €3 is selected in such a way that
€3 = 2% and the ¢! and &2 coincide locally with the principal axes of the cross-section.

The corresponding coordinate transfomration is expressed as:

£l cosazr® sinaz® 0| |zt
| = |—sinar® cosaz® 0| |22 (1)
£ 0 0 1| |«

2.2 Method of Differential Geometry / Tensor Analysis

For the curvilinear coordinate system defined in (1), the covariant base vectors

g, = g—;. The covariant metric tensor, g;; is defined as:

d82 = Gij (517 527 ég)dgldgj (2)

ox™ Oz™
9ij (617€2a€3) =<g;"9; >= azi aifj (3)




where summation convention for repeated indices is implied.

1 0 —ag?
l95]=1 0 1 agt (4)
—a® agh 1+ a*((§)7 + (€)%
The determinant of the matrix of g;; is g = det[g;;] =1

The corresponding contravariant metric tensor ¢ is defined as follows:

1+(Oé§2)2 —Oé2§1§2 agZ
[97] = | —a26'¢2 1+ (ag))? —af! (5)
al? —aft 1

The contravariant base vector g° is defined as:

g =g"*g, (6)

and the following orthogonality relationship holds (Green and Zerna [15],1954):

9, X gy = \/9erst9" (7)

where ¢, is the permutation symbol.

Referring to (3) and (4):



g1 =<g;-g, >=1
G2 =< gy-gy >=1

g12 =<g1-g, >=0

it is observed that g, and g, are unit vectors and orthogonal to each other
Utilizing this orthonormal relationship, a moving frame & = (&1, é,83) can

be established as:

€ =g
€ =g, (8)
and using equation (6):
& =8 x& =g xg,=9"=79"g (9)

From (8) and (9), the local orthonormal frame € is related to the covariant

base vector as:

1 0 «f
|:é1 & és} = {91 go 93] 0 1 —0451 (10)
0 0 1

The inverse to (6) is expressed as:

g, = gijgj



and in expanded form:

{gl 95 93} = {gl g’ 93} 0 1 ag! (11)

—ag? agl 1+a?((§) +(€9)?)

The displacement vector is expressed with respect to both covariant and con-

trovariant base vectors:

u= uigi = ukgk (12)

where u; and u* are covariant and contravariant components of the displace-
ment vector. The displacement components are not physical components unless the
local coordinates are orthonormal.

Let physical displacement components associated with orthonormal frame é

be 1,21,7j27d3

Ul 1,21 U1
u= l&h g- 93} u?| = |:é1 & é3} Ug | = [91 g’ 93} Uz (13)
U3 7,53 Us

From equation (10) the relation between displacement components in the co-

variant basis and the local orthonormal frame é is established as:

ul 1 0 of Uy
u?l =10 1 —aft| | (14)

u? 0 0 1 U3



From equation (11) the covariant and controvariant displacement components

are related by controvariant metric tensor as:

Uy 1 0 —af? ul
Ug | — 0 1 Oégl u? (15)
us —ag® afl 1+a?((¢)*+(82)7)] |v’

Combining equation (14) and (15), the relation between covariant displace-

ment component and physical displacement components becomes:

Uy 1 0 —ag? ] 1 0 «f uy

us| =1 0 1 agt 0 1 —aft| [y

U3 —af? ot 1+a2((EN*+(H] [0 0 1 Us
Uy 1 0 0 _1[1
u| = 0 1 0] |t (16)
us —af? alt 1| |us

The small-strain tensor is given as:

e =g ®eig’ (17)

and

1 1 N
eij = 5 (uilj +uyli) = 5 (wiy +ujs — 2L um) (18)

Where |; denotes covariant differentiation with respect to & and () ; denotes
partial differentiation with respect to £°. I'77 is the christoffel symbol.

Christoff symbol are obtained from equation:



1 Ogri . 09 | 09ij
Iy = —g™ (=2 ‘ !
5= g+ oe * agr)

The non-zero Christoffel symbols are:

2 _ 1 _ 1
Iz=a Ty=-a Ip=-a

1 24 2 2 242
[33=a’¢ I =« I3 =—a’¢

Substituting (20) into (18), the covariant strain components become:

€11 = U11
€22 = U292
£33 = U3 + o’y + @®Euy
293 = 2e39 = U3 2 + Uz 3 + 20U

2613 = 2e31 = U1 3 + Uz — 2aus

2619 = 2€91 = U1 + U1

In terms of physical components by relation (16):

€11 = U1,1
€92 = U2.2
£33 = —al?ly 3 + alllins + t3 3 + @&y + o2&y

2693 = 2e39 = Uz o + Ug g + ally — 0452711,2 + 0451?12,2
_ _ N N 2. 14
2613 = 231 = U3+ Uz 1 — gy — Uy 1 + o Ug

2619 = 2€91 = U2 + U

10

(19)

(20)

(21)

(22)



11

From (10) and (11):

1 0 0
{61 & é?l = [gl g 93} 0 10 (23)
—af? a1
inverse of the above relation is:
1 0 0
[91 9° 93] = |:é1 € és] 0 1 0 (24)
af? —afl 1
g'=&,Q" (25)
Substitute (25) into (17)
€ = éQOZ & Eianjén (26>

Physical strain components from the above are:

émn = Qmigianj (27)

And in expanded form, physical strain components are expressed in terms of

physical displacement components:



12

€11 = U1,1
€22 = U292
A _ o~ 2 ~ 1 A
€33 = Uz 3 + af Uz — af U3
2805 = Uiz o + Uog + 0l — alMlap + alyy
A o~ A~ 2 A 1 A A
2613 = U3+ U1 + Uy — af Uy — atly

2610 = Uy + Uy (28)

2.3 Method of Coordinate Transformation

The following derivation follows closely to the work of Goodier and Griffin [5].
Observing that the strain components on an elementary parallelipiped with edges par-
allel to the local &', €2, 23 coordinates (Note that local base vectors are now equivalent
to the & coordinate as constructed in previous section) written as the local strain
component &;; are related to the strain components &;; of the z', 2% 2% coordinates
by the well known formulas of transformation from one orthogonal cartesian system

to another. With the scheme described in (1).

The transformation matrix Q is define as follows:

cosax® —sinazx® 0
Q] = |sinaz® cosaz® 0 (29)
0 0 1

And displacement transformation relation is:

{a}=rr{a} (30)
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Where ; are displacements with respect to the local 1, €2, 2® coordinates and ; are

displacements with respect to a’. Transformation of Strain tensor is expressed as:

] = [QI" [E][Q] (31)

Strain displacement relation in the !, 22, 2% coordinate is defined as:

.1, 0u; Ou
“i = §<8xj + 8xi) (82)

Which can also be written as:

Lo ok aa, agk)
%0 0\ 9ek 9 | ek D

(33)

Using equation (1) and (30), substitute all displacements of (33) with corre-
sponding local terms using (30). The strain tensor with respect to @’ coordinates can
then be written with local components. Next a coordinate transformation described

in (31) is performed to obtain the same strain-displacement relations (28).



3 Derivation of Three Dimensional Equations Of

Motion

Having the strain displacement relation, the three dimensional equations of

motion can be obtained via the principal of virtual work:

v
Where 6;; is the stress components in local coordinate.

The variation of strain components, 6¢;;, are:

(55?11 - (5’211’1
5522 = 5?12’2
(Ségg = 5@3,3 + 0552(512371 - 0661512372
2(5523 = (5@3,2 + 512273 + 06525712’1 — 04515712’2 + 065711
25é13 = (5@1,3 + 5@371 + Ozf2(5ﬂ171 - 0551(512172 — O{(S/&Q

25512 == 5?1271 + 5&172 (35)

The substitution of (35) into (34) and integration by parts with arbitrary

variation of virtual displacements gives the equation of motion:

14



A A ~ 2~ 1A A I
O11,1 + 0122 + 0133 + 0131 — af 0132 — Q03 = pily
~ A ~ 2~ 1A NS
0211 + 02220 + 0233 + 09231 — a§ 0232 + 031 = plly

~ A ~ 2 A 1A N
031,1 + 0322 + 0333 + @ 0331 — af 0332 = pu3

These equations agree with those derived by Okubo [9] and Goodier [5].

15

(36)



4 Harmonic Wave Analysis

To study the dynamic response of pre-twisted beams, an analysis of harmonic
waves traveling in the 23 (=¢£%) direction (without any boundary) is performed to
obtain phase velocity spectra.

Let [t;, €55, 03] (£, €%, 3, t) be written in the form of

[aia giﬁ 6@] (617 527 w, k)e(\/jlkxs_\/jlwt) (37)

where k is the wave number and w is the angular frequency. The wave length
A is obtained from wave number k as: A = 27”
Substituting (37) into (36),the equations of motion for the harmonic wave

propagation is obtained:

_ _ = 2 1= _ 2
O, + 0122 + ko3 + af 0131 — af T30 — Q032 = —W Pl (38)
_ _ = 2~ 1= _ 2

0911 + 0922 + 1hOoz + 0231 — @ Taz 2 + 031 = —wWplly

_ _ L5 9 _ 1— o 2 _

0311 + 0322 + 1kosz + af 0331 — af T332 = —W"pl3

where ;, &;;,5;; are complex components in the &', 2, &3(= 2*) directions.
In addition, traction-free boundary condition on 0f2 is imposed, where 0f2 is

the lateral bounding surface of the beam and 7 is its normal vector:

16
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&Z-jﬁj - O

From strain-displacement relation, (28):

€11 = U1,1
€22 = U292
A o~ 2 A~ 1 A
€33 = Uz + af Uz — a U3
2895 = Uz o + Uog + &l — allling + aly

A o~ A~ 2 A 1 A~ A
2613 = Uy 3 + U3y + a7ty — af Uy g — aty

2819 = U1 + Ui

The strain-displacement relation for harmonic wave is obtained by substituding

(37): @; = w;eV"The*=V=Twt) ingo(28)

( ) ( )
€11 €11
€99 €929
N £33 — €33 (V—Tkz3—/=1wt)
Er = ¢ = e
2893 2893
2€31 2831
219 2819
\ / \ V,

where &;;, denotes the amplitude of strain components of harmonic wave, be-

comes:
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( 3 r )
€11 U1,1
€99 U2
£33 iktiy + Uy — o'z
2E93 Uz + ikt + a&lsy — sy + atly
283, ikuy + gy + oy — aft o + adip
2E19 Uz + U2

( J ( J

The stress-strain relation is described by Hooke’s law for isotropic material:

(511 \ -)\ + 24 A A 0 0 O- ( €11 \
099 A A4 2p A 0 0 0 €99
{5} _ 033 _ A A A+2u 0 0 0 £33 (41)
093 0 0 w0 0 |28
031 0 0 0 o Of | 283
k&12 ) I 0 0 0 0 p_ \ 2819 )

where A and p are Lame constants.

Equations of motion in terms of displacements are obtained by substituting
(40) into (41) then into (38). The resulting equations define an eigenvalue problem
for w? when the wave number & is prescribed.

Since the eigenvalue problem defined on an arbitrary cross-section is not amenable
for analytic solution, finite element method is employed to compute the w versus k
dispersion relation as well as the phase velocity spectra C, versus k. The phase
velocity is defined as

C, = (42)

ol
k

and group velocity is defined as
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(43)



5 Finite Element Implementation

5.1 Principle of Virtual Work

For the harmonic wave form (37), the principle of virtual work (34) is reduced

to over a cross-section A in the £, €2 plane:

/ (05,645 — o) pw’ti; + c.c)dE'dE? = 0 (44)
A

where*indicates complex conjugate and "c.c” stands for complex conjugate terms.

(Formulation from Murakami and Yamakawa 1998 [3])

5.2 Derivation of Stiffness Matrix

The cross-sectional domain A is divided into non-overlapping 4-node quadri-

lateral elements using isoparametric formulation. A = uggllA(e)

20
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2 (g,4)
¢ P I
M- N |+1 s
1 | \\\ 4
o o (8,8)
i | s
| F
L A© / -1
% } 1 “ // o 717 s
T ! . / +
g5 (6,68) "/
. 2 (6,8)
H- . B B _ 51 1 . 2
Typical Mesh Generic Element Standard Element

Figure 2: Iso-parametric Formulation

The shape functions in the standard domain —1 < s <1, -1 <t <1 are:

lew NQZW
U [Ch ) B O ) (Ch )
4 4

(45)

The coordinate mapping between the standard element and a generic element

is defined by using the nodal coordinates fil, {’;,2 (where node number ¢ = 1,2,3,4) of
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the element in the &', £2? domain as follows:

( 3\
1
i
1
2
1
3
1 1
3 _ Ny, Ny Ns Ny, O 0 0 O 1 (46)
£2 0 0 0 0 N Ny N3 Ny f
2
2
2
3
2
\ Zl)

Displacements are interpolated by using nodal displacement values @i where

7 =1,2,3,4 denotes element node number and k£ =1, 2, 3.

i =>_10 N, 0|47 (47)
j:l A
Us 0 0 N |7

Substituting (47) into (40), the strain - (nodal) displacement relation is ob-

tained.

=gl
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N1 0 0
0 Njo 0
|: :| (e) 0 0 ’Lk’Nj + OngNjJ — OégleQ
B. g
! OéNj ZkNj +a§2Nj,1 —O(lej’Q Nj,2
ZkNJ +Oé£2Nj71 70[51Nj72 *OZNJ‘ Nj,l
L Nj)g Nj71 0 |
(48)
In (48), N,; = aa—jzj, i = 1,2, referred to as cartesian derivative of shape
functions and they are defined as:
852 852 ON;
Nl _ 1 | %0 —%| )& (49)
N, AT ISR N G0
352 ot ds ot
o8 9¢
|J| _ ds  Os (5())
ot 0¢2
ot ot

The virtual strain energy term is then written using (41) and (48) as:

o L nel «T'(e) *T'(e) (e) Lo
/A(Seijaijdé dg” = ;/A(e) {&;} H [D] H {v} dg§ dg (51)

where

SRCIY

Element stiffness matrix derived from virtual strain energy is then obtained



by using 9 Gauss integration points over the standard domain as follows:

(e) 1 rl *T(®) (e) (e)
< =Ll o] ] e
—-1J-1

5.3 Derivation of Mass Matrix

24

(52)

The principle of virtual work (44) indicates that element mass matrix can be

derived from expression:

nel

/ oty pw*;dg de® =y / o} pw;det de?
A e=1 7 Ale)

(53)

The displacement field is interpolated by using nodal values as described in

(47), the expanded form can be expressed as:

where

N, 0 0 Ny, 0 0 Ny O 0 N, 0 0
Nl =10 N, 0 0 Ny, O 0 Ny O 0 N, 0
O 0 N, 0 0 Ny, 0 0O N3 0 0 N,

(e) T
{@} —{@1 v v 0 03 vi v vy v v vy 174}

Substitute (54) into (53):

(55)

(56)
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/5u pw;deLde> —fl: / { } [ rpM {@}(6)d§1d§2 (57)

Mass matrix is then given by:

[] —p// N]|J|*® dsdt (58)

The principle of virtual work is now written as:

G:ZTI{W}T(e) K] {TJ} ’ —wzefl{év } : [M] {@}(e) (59)

Finally, assemble the above for arbitrary variational displacements to find a

generalized eigenvalue problem:

e} -]

where { K } is Hermitian

and [ M } is symmetric

] - [

The generalized eigenvalue problem with hermitian matrices are proven to

have real eigen values and { K } and [ M] are diagonalizable.

The finite element code was developed to solve the above genrealized eigen
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value problem utilizing the inverse iteration method (Bathe [16], 1982). The following

section presents the numerical results.



6 Numerical Results

In this section, numerical results of dispersion relation of harmonic waves in
straight and pre-twisted beams are presented for two rectangular cross-sections and
one elliptic cross-section. The objective is to investigate the effect of pre-twist on

phase velocity spectra and corresponding mode shapes.

6.1 Cross-sectional Geometry

For this numerical analysis, rectangular and elliptic cross-sections are consid-

ered.
52
b +b
'+ '-b

Figure 3: Rectangular and Elliptic Cross-sections

The geometry of these cross-sections are described in Table 1
The finite element mesh used for rectangular cross-sections with aspect ratios

of 4:1 and 2:1 are obtained by uniformly diving the cross-section into 200x50 and

27



Cross-section (i) | Cross-section (i) | Cross-section (1)
Geometry | Rectangular Rectangular Elliptic
2a 0.2m 0.1m 0.25m
2b 0.05m 0.05m 0.05
a/b 4:1 2:1 5:1

Table 1: Geometry of Cross-sections
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100x50 elements respectively. The mesh used for the elliptic crosss section is shown

in Figure 4 and Figure 5, and it is generated by AutoMesh2D.

-0.02

-0.05

-0.08

Automatic Mesh Generator

] Number of Elements: 4092

1 Number of Nodes: 4261

] Max Angle: 134.39 Deg'

= Min Angle: 50.96 Deg'

1 i

I Rl i,
: LI L T T 7 ‘ T T T T T L T ‘ T T 7 :\ T ol T | T L L T T T ‘ 5] T T 7 L
-0.14 -0.08 -0.03 0.03 0.08

Figure 4: Elliptic Cross-Section Mesh in ¢!,£2 Plane - View 1

0.14
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Automatic Mesh Generator

|

[ 1]
1

-0.13 -0.12 -0.10 -0.08 -0.06 -0.05

Figure 5: Elliptic Cross-Section Mesh in ¢!,£2 Plane - View 2

Material Properties:

E = 69 Gpa G = 24 Gpa p = 1874 kg/m?
(6061 Aluminum alloy)

Bar velocity is defined as: C, = \/g

6.2 Phase Velocity Spectra and the Effect of Pretwist

In order to clarify the effect of pre-twist angle, dispersion spectra were com-
puted for straight beam, 45°/m pre-twist and 90°/m pre-twist for each cross-section
defined in Table 1.

For the rectangular cross-section with the larger aspect ratio 4:1, the dispersion
spectra, w versus k curves, are plotted in Figure 6 and the corresponding phase

velocity spectra, C,, versus k curves, are shown in Figure 8. These figures show



four lowest modes consisting of longitudinal,

bending with major axis.

35

25

05

— Straight Beam
== 45%m Twist
90°/m Twist

30

torsional, bending with minor axis,and

25

Figure 6: Effect of Twist Angle on Wave Dispersion of Rectangular Beam with Aspect

Ratio of 4:1 (w vs k)
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120001~
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— - 45%m Twist
90°%/m Twist P

8000

8 6000
4000
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k
Figure 7: Close-up View of Figure 6
1.6
141
12l —— Straight Beam
’ ~ = 45%m Twist
90%m Twist
1.
o
Q ALongitudinal Mode
\CL
O o8
0.6
o4 /,4/—"’/‘///7//7 AMinor Bending Mode
021 -
AMajor Bending Mode
0 ettt | | | | | |
0 0.1 0.2 03 0.4 05 0.6 0.7
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Figure 8: Effect of Twist Angle on Phase Velocity of Rectangular Beam with Aspect

Ratio of 4:1 (% vs %)

o
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—— Straight Beam
081 — =~ 45%m Twist
90°%m Twist

Figure 9: Close-up View of Figure 8

Figure 8 shows that longitudinal mode exhibits dispersion at higher wave
number, similar to the dispersion of rod with circular cross-section, known as the
Pochhammer-Chree dispersion relation. The effect of pre-twist on the longitudinal
mode is minute but noticeable. The torsional mode exhibits negligible dispersion and
minute effect of pre-twist.

On the contrary, bending modes showed pronounced dispersion and the effect
of pretwist. The dispersion spectra of pre-twisted beams exhibit the same trend as
that of straight beams, only they are shifted. The phase velocity of the minor bending
mode increases due to pre-twist, while that of the major bending reduces due to pre-
twist. This trend agrees with the static analysis of bending stiffness of pre-twisted
beams by Goodier and Griffin [5] (1969), interpreting that higher bending phase
velocity translates to higher bending stiffness. However, their semi-inverse analysis
only applies to small pre-twist angles since they used the asymptotic expansion with

respect to small pre-twist angle and kept only the first term.
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Dispersion spectra of the beams with rectangular cross-section with smaller
aspect ratio 2:1 is shown in Figure 10 , and the corresponding phase velocity spectra

are plotted in Figure 12.

5)&10
45— — Straight Beam
— = 45%m Twist
4l 90°/m Twist
351
sl
@ 25F
2= Longitudinal Mode>
vsl Torsional Modes> o =~ <Minor Bend|n§ Mode
1 | i Py . - =
sk T B AMajor Bending Mode
o T | | | ]
0 5 10 15 20 25
k

Figure 10: Effect of Twist Angle on Wave Dispersion of Rectangular Beam with

Aspect Ratio of 2:1 (w vs k)
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Figure 11: Close-up View of Figure 10

Longitudianl Mode?

0.8

— Straight Beam
~ = 45%m Twist
&) 90°/m Twist

04 Torsional Mode?

0.2

Figure 12: Effect of Twist Angle on Phase Velocity of Rectangular Beam with Aspect

Ratio of 2:1 (g—’: vs &)
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Figure 13: Close-up View of Figure 12

In Figure 12, the torsional phase velocity of the cross-section with aspect ratio
2:1 is larger than that of the cross-section with aspect ratio 4:1 shown in Figure 8
since the torsional stiffness increases for the cross-section with smaller aspect ratio.
The effect of pre-twist is observed to be even less siginificant for both longitudinal
and torsional modes than previously discussed rectangular cross-sections with aspect
ratio of 4:1.

In the bending modes the effect of pre-twist shift the phase velocity spectra
with the same trend as that of the cross-section with larger aspect ratio 4:1. The
phase velocity of the minor bending modes increases as the pre-twist angle increases.
On the contrary, the phase velocity of the major bending modes decreases as the
pre-twist angle increases.

The dispersion spectra for the elliptic cross-section is shown in Figure 14, and

the phase velocity spectra are presented in Figure 16.
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Figure 14: Effect of Twist Angle on Wave Dispersion of Elliptic Beam with Aspect
Ratio of 5:1 (w vs k)
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Figure 15: Close-up View of Figure 14
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Figure 16: Effect of Twist Angle on Phase Velocity of Elliptic Beam with Aspect

Ratio of 5:1 (g—i vs &)
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Figure 17: Close-up View of Figure 16
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Similar to the previous two cases, the velocity of the minor bending modes
increases as the pre-twist angle increases and the phase velocity of the major bending
modes decreases as the pre-twist angle increases. The pre-twist effect on longitudinal
and torsional modes are more significant for this case. Judging by the trend, it is

presumably due to higher aspect ratio.
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6.3 Mode Shape Interpretation and the Effect of Pre-twist

In this section, modes shapes of harmonic waves in the pre-twist beams and
the straight beams are presented. Since mode shapes of the lowest four modes for
three cross-sections, shown in Table 1.1, are similar, only the mode shapes for the 4:1
aspect ratio rectangular cross-section with pre-twist rate of 45°/m are presented in
the following at the wave number k =7 or h/A = 0.22.

To show the effect of pre-twist on mode shapes, modes of the pre-twisted
beam is compared to the modes of the straight beams with the same cross-section
whenever appropriate. In the subsequent figures, when the modes of pre-twist and
straight beams are plotted in the same figure, the boundary of the cross-section of
the pre-twisted beam is highlighted by red border lines.

In plotting the mode shape, it is noted that the generalized eigenvalue prob-
lem defined by (60) gives complex amplitude, @, of harmonically traveling waves.
The displacements are described by: [(#;)rear + V= 1(T:)imaginary)[cos(ka® — wt) +
V—1sin(kx® — wt)] (Euler’s formula). Simplifying and evaluating only the real
part, the following expression for displacement is obtained: (i;)eqcos(kz® — wt) —
(ﬂi)imagmarysm(kza::s — wt).

As time progresses at fixed 22, cos(kx®—wt)and sin(kz3—wt) cycles from —1 to
1. If frame is taken every quarter of a period, the mode shapes can be represented by 4
chronologically consecutive frames described by displacements: (+;)imaginary:(+%: )reats
(=i )imaginary, (—U;)rear in that order, which correspond to phase angle 0°, 90°, 180°
and 270°.

In addition, to highlight the 2® displacement of the modes, the color scale

shown in Figure 18 is employed.



40

Y aasaasas P

Figure 18: x® Displacement Color Scale

where it’s scaled from the lowest to highest 2% displacement of the corresponding
mode shape.
Mesh as seen in the figures does not represent element boundary. To reduce

clutter, it is the outline of the boundaries between every 5 elements.

6.3.1 Longitudinal Modes

Longitudinal modes exhibit translation of the cross-sections in the 2 direction
for both pre-twisted and straight beams. Figures 19-22 illustrate the 23 positions of
the cross-sections viewed in the direction of the minor axis at phase angle 0°, 90°,
1807, and 270, respectively. The modes show warping of the cross-sections to satisfy

lateral traction free condition.

Mode Shape: 4 Twist Angle: 0 & 45 k=7 +(Imaginary)
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e T
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-0.1 -0.05 0 0.05 0.1

Figure 19: Mode 4 - 45° Twist Overlay Top View +Imaginary



Mode Shape: 4 Twist Angle: 0 & 45 k=7 +(Real)
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Figure 20: Mode 4 - 45° Twist Overlay Top View +Real

Mode Shape: 4 Twist Angle: 0 & 45 k=7 -(Imaginary)
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Figure 21: Mode 4 - 45° Twist Overlay Top View -Imaginary
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Mode Shape: 4 Twist Angle: 0 & 45 k=7 -(Real)

0.06

0.04

0.02

-0.02

-0.04

-0.06

-0.1 -0.05 0 0.05 0.1

Figure 22: Mode 4 - 45° Twist Overlay Top View -Real

Figures 23-26 illustrate the longitudinal modes projected on the ¢!, €2 plane. In
the figures, straight beam cross-section exhibits Poisson’s contraction of cross-section
without any rotation of the cross-section. On the other hand, the cross-section of pre-
twisted beam rocks with respect to the 23 axis indicating that torsional deformation
appears with longitudinal deformation.

Therefore, the gross longitudinal mode of the pre-twisted beam includes the
coupling of longitudinal and torsional deformations. While the longitudinal mode of

the straight beam exhibits purely longitudinal.
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Mode Shape: 4 Twist Angle: 0 & 45 k=7 +(Imaginary)
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Figure 23: Mode 4 - 45° Twist Overlay Top View +Imaginary
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Figure 24: Mode 4 - 45° Twist Overlay Top View +Real
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Mode Shape: 4 Twist Angle: 0 & 45 k=7 -(Imaginary)
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Figure 25: Mode 4 - 45° Twist Overlay Top View -Imaginary
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Mode Shape: 4 Twist Angle: 0 & 45 k=7 -(Real)
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Figure 26: Mode 4 - 45° Twist Overlay Top View -Real
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6.3.2 Torsional Modes

Torsional modes exhibit rocking of the cross-section (in the &, £2 plane), about
the z? axis, which are presented in Figures 27-30 (Only showing cross-section for 45°
pre-twist). The modes of the pre-twisted and straight beams are similar to each other

in this regard.

Mode Shape: 2 Twist Angle: 45 k=7 +(Imaginary)
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Figure 27: Mode 2 - 45° Twist Top View (+Imaginary)



Mode Shape: 2 Twist Angle: 45 k=7 +(Real)
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Figure 28: Mode 2 - 45° Twist Top View (+Real)

Mode Shape: 2 Twist Angle: 45 k=7 -(Imaginary)
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Figure 29: Mode 2 - 45° Twist Top View (-Imaginary)
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Mode Shape: 2 Twist Angle: 45 k=7 -(Real)
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Figure 30: Mode 2 - 45° Twist Top View (-Real)

Figures 31-34 shows the z3-displacement of the modes viewed along the minor
axis of the cross-section. The center of the cross-section of the straight beam does not
translate in the z3-direction, but the cross-section shows warping. The red border
lines of the cross-section of the pre-twisted beam show the x*-translation in addition
to the warping of the cross-section. This is the coupling of torsional and longitudinal
deformations in the pre-twisted beam, consistent with the Betti-Rayleight reciprocity
principle (for example, Fung and Tong [1], 2001).

This coupling of torsional and longitudinal deformations is the unique feature

of pre-twisted beams, which does not exist in straight beams.
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Mode Shape: 2 Twist Angle: 0 & 45 k=7 +Imaginary)
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Figure 31: Mode 2 - 45° Twist Overlay Side View (+Imaginary) Re-scaled x3 axis

Mode Shape: 2 Twist Angle: 0 & 45 k=7 +(Real)
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Figure 32: Mode 2 - 45° Twist Overlay Side View (+Real)
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Mode Shape: 2 Twist Angle: O & 45 k=7 -(Imaginary)
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Figure 33: Mode 2 - 45° Twist Overlay Side View (-Imaginary) Re-scaled z3 axis

Mode Shape: 2 Twist Angle: 0 & 45 k=7 -(Real)
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Figure 34: Mode 2 - 45° Twist Overlay Side View (-Real)
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6.3.3 Bending Modes with respect to Minor Axis (£'):

Figures 35-38 illustrate the bending modes with respect to minor axis projected
on to the &', €2 -plane. The modes illustrate the translational displacement along the
major axis. The modes of the pre-twisted beam show the translation in the minor

axis direction due to the effect of pre-twist.

Mode Shape: 3 Twist Angle: 0 & 45 k=7 +(Imaginary)
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Figure 35: Mode 3 - 45° Twist Overlay Top View +Imaginary



Mode Shape: 3 Twist Angle: 0 & 45 k=7 +(Real)

0.1

0.05

-0.05 | |

,
HEEREHES
ANENINT N SN
LY I
0N Y A
1N T Y T
I A I

-01 T T Y

-0.1 -0.05 0 0.05 0.1

Figure 36: Mode 3 - 45° Twist Overlay Top View +Real
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Mode Shape: 3 Twist Angle: 0 & 45 k=7 -(Imaginary)
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Figure 37: Mode 3 - 45° Twist Overlay Top View -Imaginary
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Figure 38: Mode 3 - 45° Twist Overlay Top View -Real

The projections of the cross-sections onto the £2, 23 -plane are shown in Figures

The figures illustrate the typical bending deformation of the cross-sections in
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which the corss-section rocks with respect to the minor axis. The cross-section of the
pre-twisted beam exhibits minute rocking with respect to the major axis.

Mode Shape: 3 Twist Angle: 0 & 45 k=7 +(Imaginary)
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Figure 39: Mode 3 - 45° Twist Overlay Side View +Imaginary

Mode Shape: 3 Twist Angle: 0 & 45 k=7 +(Real)
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Figure 40: Mode 3 - 45° Twist Overlay Side View +Real



Mode Shape: 3 Twist Angle: 0 & 45 k=7 -(Imaginary)
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Figure 41: Mode 3 - 45° Twist Overlay Side View -Imaginary

Mode Shape: 3 Twist Angle: 0 & 45 k=7 -(Real)
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Figure 42: Mode 3 - 45° Twist Overlay Side View -Real
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6.3.4 Bending Modes with respect to Major Axis (£?)

The mode shapes of the bending modes with respect to the major axis show
similar deformation to the bending modes with respect to the minor axis, except for
the switching of axes. Figures 43-46 illustrate the translation of the cross-section in

the ¢!, €2 -plane.

Mode Shape: 1 Twist Angle: 0 & 45 k=7 +(Imaginary)
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Figure 43: Mode 1 - 45° Twist Overlay Top View (+Imaginary)
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Mode Shape: 1 Twist Angle: 0 & 45 k=7 +(Real)
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Figure 44: Mode 1 - 45° Twist Overlay Top View (+Real)

Mode Shape: 1 Twist Angle: 0 & 45 k=7 -(Imaginary)
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Figure 45: Mode 1 - 45° Twist Overlay Top View (-Imaginary)
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Mode Shape: 1 Twist Angle: 0 & 45 k=7 -(Real)
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Figure 46: Mode 1 - 45° Twist Overlay Front View (-Real)

The projections of the mode shapes onto the !, 22 -plane are illustrated in
Figures 47-50. The typical bending cross-section is observed in the figures. In case of

pre-twisted beams, the small rocking with respect to minor axis is superposed.

Mode Shape: 1 Twist Angle: 0 & 45 k=7 +(Imaginary)
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Figure 47: Mode 1 - 45° Twist Overlay Front View (+Imaginary)



Mode Shape: 1 Twist Angle: 0 & 45 k=7 +(Real)
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Figure 48: Mode 1 - 45° Twist Overlay Front View (+Real)

Mode Shape: 1 Twist Angle: 0 & 45 k=7 -(Imaginary)
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Figure 49: Mode 1 - 45° Twist Overlay Front View (-Imaginary)
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Mode Shape: 1 Twist Angle: 0 & 45 k=7 -(Real)
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Figure 50: Mode 1 - 45° Twist Overlay Front View (-Real)

See additional mode shapes in Appendix section



7 Conclusion

A semi-analytical approach to solving wave propagation problem using finite
element method has been derived to investigate the dynamic response of pre-twisted
beams by obtaining their dispersion relations (k versus w) and phase velocity spectra
(C, versus k). A study using said method was conducted for three doubly symmetric
cross-sections. The lowest four modes which consists of: major bending mode, minor
bending mode, torsional mode and longitudinal mode have been identified. Corre-
sponding dispersion relations and phase velocitiy spectra have been obtained and
examined. Results shows that the change in pre-twist rate affects the phase velocities
of all 4 modes with bending modes being most prominent. Specifically, increasing
pre-twist rate lowers the phase velocities of the major bending modes, and elevates
the phase velocities of the minor bending modes. The pre-twist effect on torsional
and longitudinal modes are much less significant, however, they do seem to become
more obvious as aspect ratio increases.

Corresponding mode shapes have also been examined. Findings illustrate that
the coupling between minor-major bending modes exist in the pre-twisted beams and
is absent in their straight counter parts. Same observation is made for coupling

between torsional mode and longitudinal modes.
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8 Appendix

8.1 Existing (Pre-twisted) Beam Equations

Equations of motion which aided the interpretation of the phase velocity spec-

tra obtained from finite element method are presented in the following sections:

8.1.1 Banerjee’s Pre-twisted Timoshenko Beam:

b
»

X u

Figure 51: Banerjee’s Pre-twisted Beam Notation

Governing equation of motion:
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—pAii + k, AGu" — 02k, AGu + aAG(ky + k)w + k,AGY — ak,AGO = 0
—pA 4 k, AGW" — a?ky AGw — aAG (ky + k2 )u' — ak, AGY — k,AGH =0
—pl0 + ELY" — 0*EL6O — k,AGO — ak,AGu + k,AGw + a(EL, + EL)) =0

—pLip+ ELY" — o*EL — kyAGY — ak,AGw — kyAGu' — a(EL, + EL)0 =0

(61)

Where u and w are displacements in the local x and z direction. # and ¢ are

MY

the rotation of cross-section with respect to x and z axis. represents second time

derivative. ”'” and """ are derivatives with respect to y/Y direction. « is the angle
of twist per unit length in y, ¢ is the angle of twist at y.
If harmonic variation of u,w,f, and v with angular frequency w and wave

number k is assumed then:

U(y, t) _ UAe(iky—iwt)
w(y7 t) _ WAe(ikyfiwt)
e(y’ t) _ @Ae(ikyfiwt)

Uy, t) = W ety (62)

Where Uy, Wy, ©4 and Wy are complex values.

Substituting (62) into (61) and obtain the following system of equations:

7] =



—kz AG(k?) — o2k, AG
—aAG(ky + k. )ik
—ak. AG
—ky AGik

And:

aAG (ke + k2)ik
k. AG(—k?) — a2k, AG

k. AGik
—ak; AG

—ak, AG
—k,AGik

EI;(—k?) — Q®EI, — k. AG

—a(EI, + EL)ik

( 3\
Ua

Wy
O

7y

af) -l

Where k, and k, are shear correction factors in the z and z directions. I, and

63

ks AGik
—akys AG
a(El + EIL)ik
EI.(—k?) — o?EI; — k; AG

(63)

I, are area moments of inertia about x and z directions. A is the area of cross-section,

E. G, p are young’s modulus, shear modulus and density of the material respectively.

Resulting eigenpairs from the equations above include 2 bending modes (dis-

placement is dominated by translation) and 2 shearing modes (displacement is dom-

inated by the rotation of the cross-section). In the case of rectangular cross-section

with aspect ratio of 4:1, the later 2 modes appear as 6th and 15th mode. These modes

are too high to be appropriate for beam assumptions, therefore their phase velocity

spectra is ignored from the scope of this thesis.
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8.1.2 Other Beam Modes From Elementary Theories:

The phase velocity spectra for 2 other beam modes, namely the longitudinal
and torsional modes are obtained using elementary theory. Refer to the notation used
in Banerjee’s diagram from section above. Adding to it, v is the displacement in y
direction (the axis of pre-twist) and 1 is the angle of rotation about the y axis.

Longitudinal:

Equation of motion:

v p ot

a7 FEor (64)

Using similar derivation as that of the previous section.

- %w (65)
Torsional:
Equation of motion:
0% 0%
ZTJG -1~ =
Iy JG -1, BT 0 (66)

Where J = cy(height)(width)® and c; = 0.281 for rectangular cross-section of

aspect ratio 1:4 (Beer and Johnston [17])

k= \/%w (67)
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8.1.3 Comparison to Existing Beam Theories:

By comparing phase velocity spectra obtained from finite element analysis
against those from existing beam theories, the lowest 4 modes are identified and
corresponding comparison plots are presented in the following section. These results
are obtained at pre-twist rate of 45°/m, with beam height h defined as the longer
of the two edges in rectangular cross-sections, and twice the major radius in elliptic
cross-section.

Banerjee’s Timoshenko theory based equations of motion predicted phase ve-

locity reasonably well with an increasing deviation as wave number increases.

Rectangular Cross-Section with Aspect Ratio 4:1

B FEM

B Banerjee's Bending

B Longitudinal *
Torsional *

* Elementary Theories

Figure 52: Comparison to Existing Beam Equations - Lowest 4 Modes at 45°/m

pre-twist rate (Rectangular 4:1) (w vs k)
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B FEM

B Banerjee's Bending

B Longitudinal *
Torsional *

* Elementary Theories

Figure 53: Comparison to Existing Beam Equations - Lowest 4 Modes at 45°/m

pre-twist rate (Rectangular 4:1) (g—z vs &)
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Rectangular Cross-Section with Aspect Ratio 2:1
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Figure 54: Comparison to Existing Beam Equations - Lowest 4 Modes at 45°/m

pre-twist rate (Rectangular 2:1) (w vs k)
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Figure 55: Comparison to Existing Beam Equations - Lowest 4 Modes at 45°/m

pre-twist rate (Rectangular 2:1) (g—z vs &)
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Elliptic Cross-Section with Aspect Ratio 5:1
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Figure 56: Comparison to Existing Beam Equations - Lowest 4 Modes at 45°/m

pre-twist rate (Elliptic 5:1) (w vs k)
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Figure 57: Comparison to Existing Beam Equations - Lowest 4 Modes at 45°/m

pre-twist rate (Elliptic 5:1) (g—z vs &)
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8.2 Additional Modes

8.2.1 Mode 5:

Mode Shape: 5 Twist Angle: 0 & 45 k=7 +(Imaginary)
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Figure 58: Mode 5 - 45° Twist Overlay Top View (+Imaginary)

Mode Shape: 5 Twist Angle: 0 & 45 k=7 +(Real)
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Figure 59: Mode 5 - 45° Twist Overlay Top View (+Real)
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Mode Shape: 5 Twist Angle: 0 & 45 k=7 -(Imaginary)
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Figure 60: Mode 5 - 45° Twist Overlay Top View -Imaginary

Mode Shape: 5 Twist Angle: 0 & 45 k=7 -(Real)
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Figure 61: Mode 5 - 45° Twist Overlay Top View -Real



8.2.2
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Mode 6:

Mode Shape: 6 Twist Angle: 0 & 45 k=7 +(Imaginary)
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Figure 62: Mode 6 - 45° Twist Overlay Top View (+Imaginary)

Mode Shape: 6 Twist Angle: 0 & 45 k=7 +(Real)
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Figure 63: Mode 6 - 45° Twist Overlay Top View (+Real)
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Mode Shape: 6 Twist Angle: 0 & 45 k=7 -(Imaginary)
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Mode Shape: 6 Twist Angle: 0 & 45 k=7 -(Real)
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Figure 65: Mode 6 - 45° Twist Overlay Top View -Real
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