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ABSTRACT OF THE DISSERTATION
Essays on Optimal Tests For Parameter Instability
by

Dong Jin Lee
Doctor of Philosophy in Economics
University of California, San Diego, Graduation Year

Professor Graham Elliott, Chair

There are a large number of tests for parameter instability designed for
specific types of unstable parameter processes and error distributions. However,
it is difficult to identify those types in practice based on a priori knowledge. My
dissertation studies methods and conditions under which asymptotically efficient
tests are obtained without the knowledge of the unstable parameter process and

the error distribution.

First, I examine asymptotically optimal tests for parameter instability
in which the difficulty in identifying the unstable process is explicitly considered.
Elliott and Miiller (2006) provide conditions under which a large class of breaking
processes lead to asymptotically equivalent optimal tests. Their finding, however,
is restricted to linear Gaussian models. I improve upon their work in two ways.
First, I show that the asymptotic equivalency of the efficient tests for parameter
instability holds even in a broader set of parametric models which includes nonlin-
ear models with non-Gaussian error distributions. It implies that the knowledge
of the unstable parameter process is asymptotically irrelevant for testing purposes.
Second, I suggest a test statistic that is asymptotically optimal for a broad set of

unstable parameter processes.
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Second, I study asymptotically efficient tests for parameter instability
in general semiparametric models in which the error distribution is unknown but
treated as an infinite dimensional nuisance parameter. I first derive the asymptotic
power envelope with unknown density and suggest conditions under which a semi-
parametric model would have the same asymptotic power envelope with known
error distribution. The conditions are weak enough to cover a wide range of error
distributions by relaxing the twice differentiability and allowing for skewness. An
efficient test statistic is then suggested, which is adaptive in the sense that al-
lowing unknown error distribution gives no loss of asymptotic power. This implies
that the knowledge of the error distribution is asymptotically irrelevant under mild

conditions.

Finally, the suggested parameter instability tests are applied to various
quantile models for U.S. inflation process such as Phillips curve, P- star model,
and AR models. The tests result shows a strong evidence of parameter instability

in most quantile levels of all models.
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Chapter 1

A Review of Optimal Tests for

Parameter Instability

This chapter studies the asymptotic optimality in the hypothesis testing
of parameter instability. I first review the behavior of asymptotically point opti-
mal tests in the presence of unknown nuisance parameters, which will provide a
conceptual background of the current optimal parameter instability tests and my
tests in the dissertation. The classic concept of optimal tests based on a sufficient
and complete statistic is evaluated in terms of the most powerful tests in the least
favorable parametric submodels. I then examine popular optimal tests for param-
eter instability; Andrews and Ploberger (1994), Elliott and Miiller (2006), and
Nyblom (1989). This chapter presents that these optimal tests are interpreted as
the weighted average of the asymptotically point optimal tests in the least favorable

parametric submodels.



1.1 Introduction

The object of this review chapter is to discuss the asymptotic optimality
of the hypothesis test that the parameters of interest are unstable in time series.
Consider a parametric model indexed by (8;,7n) for t = 1,...,T, 3 € R* and
n € R?. Parameter instability indicates that §; permanently changes across time.
Examples of unstable models most widely used in economics are ’Structural Breaks’

and "Time Varying Parameter’.

Parameter instability is a long-standing problem in econometric modeling
when we deal with time series data. Much effort has been devoted to obtaining a
powerful test to detect the instability. However, the parameter instability testing
problem generally violates regularity conditions for the classical likelihood ratio
test to pertain optimality, causing us difficulty in obtaining optimal tests. One
of the reason is because the testing problem includes nuisance parameters which
are present only under the alternative hypothesis. In structural break models, the
parameter representing unknown break point appears only under the alternatives.
In time varying parameter models, any parameters that determine the shape of the
distribution of the unstable parameters is not identifiable under the null of stable

parameters.

In this regard, only a few works suggest asymptotically optimal tests.
Andrews and Ploberger (1994) suggest a class of optimal tests for structural breaks
in the sense that they provide asymptotically best average power results. Elliott
and Miiller (2006) suggest an asymptotically optimal invariant test in a linear
Gaussian model which is most powerful against a broad set of unstable parameter
processes, including both structural breaks and time varying parameters. Nyblom

(1989) derives a asymptotically locally most powerful test when the parameter



follows martingale process. These tests explicitly and implicitly get around the
nonstandard problem by constructing the weighted average of the optimal tests
across all possible value of the nuisance parameters that is not identified under the

null hypothesis.

This chapter evaluates the optimality of the current popular tests. I first
review the behavior of standard asymptotically optimal tests for a regular problem
of finite dimensional parameters, under local alternative hypothesis. The regular
problem indicates that local asymptotic nomality (LAN) type approximation of
likelihood ratio function is available and vT'— regular estimates of the nuisance
parameters exist. The regular estimates of the parameter of interest does not
necessarily have to exist because this chapter consider a testing problem that
focus on specific point of alternative hypothesis, which most optimal parameter

instability tests do.

I study the classical standard optimal test in terms of the optimal test in
the least favorable parametric submodel(LFPS). LEPS method has an advantage in
that it avoids complicate mathematics, and can be easily generalized to obtain the
asymptotic power envelope in the semiparametric problem in which the nuisance

parameter is infinite dimensional.

The existing optimal tests are then reviewed associated with the optimal-
ity in the least favorable parametric submodel. Even though their testing problems
are non-standard, their optimality coincides with that of LFPS in the sense that

the test are interpreted as the weighted average of the optimal tests in LFPS.



I.2 Behaviors of Asymptotic Optimal Tests

This section reviews general concepts of asymptotically optimal tests with
and without nuisance parameter. An optimal test is defined as a test that has the
maximal power against a particular alternative within a class of tests. Different
classes of alternative hypotheses and tests give different concepts of optimal tests
such as uniformly most powerful (UMP) tests, locally most powerful test, and

point optimal or f—optimal tests (King (1988)).

A UMP test maximizes the testing power for any parameter process in
the alternative hypothesis. Although it is most powerful among all other tests by
definition, it is well known that there is no UMP test for parameter instability.
A locally most powerful test and a point optimal tests are useful concepts of
optimality when UMP test does not exist. A locally most powerful test maximizes
the slope of the power function when the parameters of interest are at the boundary
of the null and the alternative hypothesis. One problem of this test is that the point
at which the test has the maximum power is too close to the null space so that it
sometimes fail to adequately reflect that the alternative parameter space is apart
from the null in a distinguishable distance. A point optimal test maximizes power
at a predetermined point under the alternative hypothesis. An adequate choice
of the optimal point allows the point optimal test to have the power close to the
optimal in the other points of alternative. In parameter instability tests, Nyblom
(1989) suggests a locally most powerful tests, while Andrews and Ploberger (1994)
and Elliott and Miiller (2006) consider point optimal tests.

One problem of the exact optimal test is that these finite sample theories
of optimality are applied only to rather special parametric families. On the other

hand, asymptotic optimality will apply more generally to parametric families sat-



isfying smoothness conditions. Most of the exact optimal tests in finite sample
have their counterparts for large samples. The existing optimal tests for parame-
ter instability consider asymptotic counterparts rather than looking for an exact
optimal test, and the optimal tests derived in the dissertation are also focused on

the asymptotic optimality .

In this regard, this section provides the conceptual background of the
tests suggested in my dissertation by restricting our interest to the asymptotic
counterparts of point optimal tests in general. I first deal with the case when
there is no nuisance parameters. Then I generalize to a testing problem when
unknown nuisance parameters are present. The latter is more realistic and models
with unstable parameters generally contain nuisance parameters such as the initial

value of the unstable parameters, and stable part of the parameter set.

I.2.A Optimal Tests without Nuisance Parameter

Consider i.i.d. stochastic process, Z = {Z, : Q@ — R?, p € N, t =
1,...,T}, of which the conditional density is characterized as a parametric model
P = {F(z|p) : B € R*} with dominating measure ;i and corresponding densities
f(z]8) = dF(z]0)/dz. Suppose we are interested in testing Hy : § = () against a
simple alternative Hy : = ;. Let’s denote a test function as ¢p. If we restrict
our interest to the size-a tests, i.e. Eg[¢r] < a, Neyman-Pearson lemma implies

that the most powerful test rejects when the log likelihood ratio statistic

LRT = log[LT(Ql)/LT(QO)]

is sufficiently large, where

Lo(6) = T[] £(2:0) (12.1)



denotes the likelihood function. For simplicity, I assume that (; is scalar. We are
interested in the asymptotic counterpart of the likelihood ratio. For this purpose,
we would like to obtain certain expansion of the likelihood ratio. The classical
Taylor expansion, however, requires the twice differentiability of the density func-
tion with further assumption of the remainder terms, which is often too strict to
be satisfied. In order to avoid such strong assumptions, it turns out to be use-
ful to work with square roots of densities. Furthermore, imposing conditions for a
mean property of densities provides a way to mitigate conditions for the remainder
terms. The following smoothness condition, called quadratic mean differentiability

is desirable to obtain the local expansion.

Definition 1 (Quadratic Mean Differentiability: QMD) Let &(-,5) =
VI(Z|B). The density f(:|3) is quadratic mean differentiable (QMD) at Gy if

there exists a vector of real-valued functions ét(-, Bo) such that

2
Egs, (M _ 1) - hﬁft(-,ﬁo)] — 0 as ||hﬁ|| — 0, Vit <T (1.2.2)

£(-, Bo) (-, Bo)

The vector-valued function 5 (+, ), called Hellinger derivative, takes over
the role of the classical score vector. It will be shown that, under standard cir-
cumstances, the Hellinger derivative has all the information about the random
property for testing purpose so that the test based on (ét(-, 3)) is asymptotically
optimal. QMD is weak enough to be satisfied by a wide variety of densities and
strong enough to deliver the approximation similar to the Taylor expansion. Let’s

define £,(y) and the Fisher information I5 as



LIRS
)

The following lemma, due to LeCam, provides the asymptotic expansion
of the likelihood ratio and its distributional property. (Theorem 12.2.3 in Lehman
and Romano (2005))

Lemma 1 (Local Asymptotic Normality:LAN) Suppose f(-|3) is quadratic
mean differentiable with ét(ﬁo) and the positive definite fisher information Ig. Let’s
define Sp = \/LT ST 6(Bo) and By = By + \/thg where ||hg|| < M < oo.

Then under Hy, Eg,[ly(50)] = 0 and

LRy = hySr — 1h3I5 + 0,, (1) = LRy + 0, (1) (1.2.3)

where ~ denotes convergence in distribution

Note that the asymptotic expansion and its distribution in Lemma 1
are suggested only under the null hypothesis. However, the power of a test is
the property under the alternative hypothesis. Accordingly, in order to obtain
an asymptotically optimal test, we need to guarantee that the approximation in
Lemma 1 holds also under the alternative hypothesis. An useful concept to derive

this property is the contiguity.



Contiguity is an asymptotic version of absolute continuity. In order to
motivate the concept, let Q = F(-;601) and P = F(-;6y) be probability distribu-
tions under H; and H,, respectively. Then () is absolutely continuous with respect
to P if P(A) = 0 implies Q(A) = 0 for every measurable set A. If the alternative
distribution is absolutely continuous with respect to the null distribution, the al-
ternative distribution of a test statistic, 7' = T'(Z), and thereby the power of a
test can be calculated from the null distribution through the following formula.

g

= (1.2.5)

Bl ()] = Ep | 17
where f is some measurable function. Contiguity permits an analogous statement
in the large samples, which implies that it has two useful properties: First, if a
sequence of a statistic T converges in probability to 7" under Hy, then the con-
vergency holds even under H;. Second, asymptotic counterpart of (1.2.5) provides
a way to obtain the distribution of 7 under Hy. By plugging 1(7") into (1.2.5)

where 1(-) is an indicator function, we get the asymptotic distribution of T is

Tr ~» Ep[1(T) exp(LR)] under H, (1.2.6)

where LR is the asymptotic counterpart of the log-likelihood ratio. (Theorem 6.6
in Vaart (1998) ) Consider sequence of the null and the alternative distribution,
{Pr,Qr}. Suppose we have a test statistic T = Tr(Z) of which the asymptotic
null distribution and other properties are easily obtained. Our purpose is to eval-
uate the power property of T, and thereby to find out an asymptotically optimal
test. It turns out that the local alternative, 67 = 0y + \/ifhg, together with QMD.,
provides contiguity of Q7. Then the contiguity implies that the asymptotic al-
ternative properties of T can be obtained from the asymptotic null distribution,

which is summarized as



1. (LeCam’s first lemma) For any statistics Tr :  — RP| if T — 0 under Hy,
then T — 0 under H;.

2. (LeCam’s third lemma) The score function Sr is asymptotically as follows

ST ~ N([/ghﬁ, ]B) (127)

These properties provide a convenient way to derive an asymptotically
(point)-optimal test. A suggested test statistic is based on the LAN of the likeli-
hood ratio,ﬁ%;p. Lemma 1 gives that |ﬁ%T — LRy| converges to zero under the
null hypothesis. LeCam’s first lemma indicates that the asymptotic equivalency
holds even under Hi, which implies that any increasing transformations of IT]/%T
are asymptotically most powerful (AMP) against a point alternative hypothesis
hs'. Since the score function St is the only random factor in the LAN, An asymp-
totically point optimal test against a point alternative hg is to reject the null
hypothesis if S7 is sufficiently large, i.e. the asymptotically point optimal test ¢

is defined as

1 ifSTZCa
o7 =

0  otherwise

Note that the test function is equivalent to Rao’s score test which is known
to maximizes the derivative of the power function at 3,. It is asymptotically locally
most powerful in the sense that it maximizes the slope of the power function.
Consequently, we would infer that the asymptotically point optimal tests have
equivalent power properties to that of asymptotically locally most powerful test
in this standard LAN testing problems. By LeCam’s third lemma, the asymptotic

power (¢,) and the critical value (¢ 4) can be derived as,

!The asymptotic optimality holds even under unknown % in one-sided test. See Lehman and
Romano (2005).
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ca = Iz, (1.2.8)

Uy, = 1=Vz1_q— hﬁlgl/Q] (1.2.9)

where z;_, = U7!(1 — ) is the 1 — a quantile of N(0,1) (See Lehman
and Romano (2005) Lemma 13.3.1 for details.).

I.2.B Optimal Tests in the Presence of Unknown Nuisance

Parameter

The previous section assumes that the parameter of interest 3 is the only
parameter in the model. However, it is more plausible to allow that the nuisance
parameters are present. A familiar example is when only a pat of the regression
coefficients are to be tested in a linear regression model. In structural break tests,
this is called a partial structural break test. Another familiar case is to test the
regression coefficients where the error term belongs to some parametric family of
distributions indexed by finite numbers of parameters such as asymmetric power

distribution.

In this section, I generalize the previous model by introducing a finite
dimensional nuisance parameter 7. The true set of conditional densities of Z; is
now characterized as a parametric family P, = {F(z]0) : 6 = (8,n), 5 € R,n € R%}

with dominating measure p and corresponding densities f;(z]0) = dF;(z]6)/dz.

In this asymptotic set-up, we consider the local parametrization of 8 such

that the alternative distribution is contiguous to the null distribution.
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1 1

ﬁhﬁ n =" + _hn

B =G+ JT

where 7, is the true value of  and h = (hg, h;)) € Hy is bounded where the local
parameter space Hy is a Hilbert space. Analogous to the previous model without
nuisance parameter, I impose the smoothness condition that the density f(z|0) is

QMD with respect to both § and n. Consequently, LAN can be written as

Lr(8 1 —
LRY = log ( dl 1>> = 1Sr— ZWIh+o0p, (1) = LRy + 0, (1) (12.10)

L1(6y) 2
S’B 1 éﬁ
Sy = T = 7112 | ~ N(0,I) under H,

57 72
I I

I — B tpn
!
I, I

where Etﬁ and K? are the first derivative with respect to § and 7, respectively,
Igy = E[207), and I, = E[(?f7]. The alternative distribution is shown to be
contiguous in the local alternatives so that St is also asymptotically normal with
mean h and variance [ under H;. Let’s define (1+¢) x 1 vector ¢; = (1,0,...,0)").
The problem is to test

1

Hy : 010 = Gy Vs Hl:LllﬁzﬁoqLﬁ

hg
Since the model has unknown perturbation h,, we need to restrict a set
of a test under which an optimality is defined to have the best asymptotic power

among the set that covers the perturbation. One way is to restrict the set of tests
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that have correct asymptotic size property regardless of the perturbation h,, i.e. I

consider a set of tests that are, for a fixed a > 0

7li:m SupEn,¢r(Z) < for every h,, (I.2.11)

In order to obtain an asymptotically optimal test and the power enve-
lope, it is useful to use the method of limits of experiments. An experiment can be
regarded as a synonym of a probability model, and a sequence of experiments is de-
fined to converge to a limit experiment if the sequence of likelihood ratio processes
converges in distribution to the likelihood ratio process of the limit experiment,

i.e. for every h € H, there exists a probability measure L(f) such that

~ under 6,

The reason that a limit experiment method is a useful tool is because
a limit experiment is always statistically easier then a given sequence. Suppose
a sequence of tests T converges under a given parameter h in distribution to a
limit L, for every parameter h. Then the asymptotic property of the sequence
Tr may be judged from the set of limit laws, {L;}. Theorem 9.3 of Vaart (1998)
implies that every weakly converging sequence of test statistics converges to a
test statistic in the limit experiment. A consequence is that asymptotically no
sequence of statistical procedures can be better than the best procedure in the
limit experiment. In this way the limit experiment obtains the character of an
asymptotic power envelope. The following theorem (Theorem 13.4.1 in Lehman

and Romano (2005) ) summarizes it.

Theorem 2 Suppose {Qrn, h € Hy} is an asymptotically normal sequence of mod-
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els with covariance matriz I, Let ¢r be a test function. Let 1br(h) denote the power
of ¢r against Qry. Then for every subsequence {1}, there exists a further sub-
sequence {Tj, } and a test ¢ in the limiting experiment N(h,I) such that, for

every h,

Un,p, (h) — ¥ (R)
where Y (h) is the power of ¢.

Now according to Theorem 2, we can approximate the power of a test
sequence ¢ by the power of a test in the limit experiment ¢(X), where X =
I7'S ~ N(h,I7') under H;. Section 3.9 of Lehman and Romano (2005) implies
that there exists an asymptotically point optimal test based on X which rejects

for large values of /1 X. Note that under H,

)X ~ N(hg, o) (1.2.12)

where

o2 =1y = (1,1)™ element of I™* (1.2.13)

Hence, the critical value (cf) and the power (¢*) of the test is then

o= 2140, (1.2.14)

Vv = 1=®(21_4 — 05 'hy) (1.2.15)

Consequently, Theorem 2 implies that, (I.2.15) provides the asymptotic

power envelope of any asymptotically size-a test, ¢r. The asymptotic power enve-
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lope (1.2.15) is called sharp if it is possible to derive a feasible optimal test sequence
which asymptotically hits (1.2.15). It can be shown that the feasible sequence can
be constructed if a certain regular estimator sequence is available. Note that the

inverse of I can be written in the form

1 1 I, 1!

== 1 St (1.2.16)
-1 — -1 ror—-1
o) —]7 ]ﬂ7 [77 + ]7 ]5ﬂ/]ﬁ,y]ﬁ/
where
o0 =15 — Ig,1 ' I, (1.2.17)

The limit test function ¢j X is accordingly rewritten as

1
UX =178 = o [Sg— 15, IS, =
0

S (1.2.18)

S| =

Since St(0y) weakly converges to S both under Hy and Hy, a sequence of
tests based on the finite sample counterpart of S*, denoted as S;.(6o)(= Spr(6y) —
Iy I7'S, 17(6o)), attains the asymptotic power envelope. The statistic S7. is called

effective score and the variance of Sj. is o7 which is called the effective information.

The regularity condition for the existence of a feasible optimal test is
consequently the condition that enables S} to be asymptotically invariant even
if 1y is replaced by a v/T-consistent estimator, 7. I assume that under H, the

sequence of the score function satisfy the linear stochastic expansions

1 !
Sp,r(no + ﬁhn) = Spr(no) — I,hy + 0py(1)

1
Sn,T(noJrﬁhn) = Syr(no) — Lyhy + 0y, (1) (1.2.19)
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uniformly for bounded h,. Consequently, for V/T-consistent estimator § = 1, +

Ser(n) = Spr(no) — 15,6 + op(1)

Spr() = Syr(n) = 1§ + 0p(1) (1.2.20)

Thus, assuming further that I is continuous, plugging (1.2.20) into the

effective score function gives

S1(7) = Sr(m) + 0p(1) (1.2.21)

under Hy. And the contiguity implies that (1.2.21) holds even under H;. Conse-
quently, the test based on S7(7) is asymptotically optimal.

It is interesting to study the influence of the unknown nuisance parameter
by comparing the asymptotic power (1.2.15) with the situation in which the nui-
sance parameters are known. If n are fixed and known, the best limiting power of
an asymptotically size-a test is obtained in (1.2.9). Comparing this with (1.2.15),

we see that

—1 2 _ 7—1 —1 7/

which implies that the limiting power under known nuisance parameter dominates
that under unknown 7. Equality holds when I3, is a zero vector. since I, is the
covariance between the score of the parameter of interest,Sgr and the score of the
nuisance parameter, S, 7, The zero vector condition implies that there is no loss
of asymptotic power if Sgr and S, r are orthogonal. Note that this condition is

equivalent to Stein (1956)’s necessary condition for the adaptive estimation. A test
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is adaptive if it has the same asymptotic properties as the one obtained under the
assumption that the true distribution is known. Under smooth alternatives with
QMD likelihood, parametric models with unknown nuisance parameters provide

insight on the optimality in semiparametric models.

The asymptotic optimal tests can be derived from a different concept
using the least favorable parametric submodel. The following is the intuition: First
consider an arbitrary alternative of nuisance parameters h,. The power envelope of
the test under the alternative will be greater than that of any asymptotically size-
similar test without the restriction because the information for statistical inference
decreases if one enlarges the model, i.e. for any feasible test function 95 without

knowledge of 7 and hJ,

Ep,[0] < SupEg, [¢(no, hY)] (1.2.22)

Since this argument holds for all types of h,s, the infimum of the power envelopes
over the class of all h,s provides an upper bound of the power envelope of the
test under unknown nuisance parameters. Geometrically, we get the lower bound
by projecting the score function of 3 onto orthogonal complement of the linear

subspace generated by all possible score functions for the nuisance parameter.

In order to demonstrate the idea more precisely, I first assume that g
is known and consider an asymptotically optimal test. Applying the Neyman-
Pearson lemma to (1.2.10), we find an optimal test of asymptotic level « to be of

the form ¢p = 1 if

LT(Ql)
LT(eo)

—~ 1
LRy = log < ) = h'Sr — §h'[h > cr (1.2.23)
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and ¢r = 0 otherwise. The asymptotic distribution of LRy is N (—%h’ ITh,h'Ih)
under Hy and N(3h'ITh,k'Ih) under H,. Consequently, the power of the test
depends on h'ITh. The purpose of this section is to derive the asymptotic power
envelope under unknown 7y. Let 7 is the power function of a test under unknown

7. Since 5T is optimal for any known 7, the following inequality holds,

lim sup ¢ < iilzlf [lim inf EhQBT] (1.2.24)
n

which implies that the infimum provides the asymptotic power envelope. The
asymptotic alternative distribution of E\RT implies that the infimum is obtained

when h/Ih is minimized. Simple algebra shows that A'Ih is minimized in h, when

hy = =1, Ighg (1.2.25)

which we call the least favorable direction. Note that the alternative space lies on
the orthnormal complement of the null space under the least favorable direction,
under which the null is most difficult to distinguish from the alternative. By

plugging (1.2.25) into LRy yields

S 1
LRy = hpS; — 5haI*hs (1.2.26)

where S} and I* are the effective score and the effective information defined in
(I.2.18) and (1.2.17). Consequently, the test based on the effective score S5 is
asymptotically optimal. But it is the same as asymptotically optimal test derived
using the classic method, which implies that the method of the least favorable

parametric submodel delivers the same optimality result.
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This approach has advantages in the sense that it can be generalized to
the testing problem in semiparametric model (Choi et al. (1996)), in which the
semiparametric power envelope is defined to be the infimum of the power enve-
lope associated with smooth parametric submodels. It also can be extended to
non-standard testing problem in which LAN does not hold. In many important
situations, the quadratic term (counterpart of the fisher information I) stays ran-
dom even in the limit. Such a case is called locally asymptotically quadratic (LAQ)
if the alternative distribution is contiguous. It is well known that the least fa-
vorable direction methods holds under some LAQ circumstances if the score is

asymptotically normal and independent of the quadratic term (LAMN).

Even in more general LAQ), this method is still useful to obtain asymp-
totic optimality in the sense that (1.2.26) provides the asymptotic power envelope
in locally asymptotically invariant tests. Let LR and LR be the asymptotic coun-
terpart of EJ/i’T and EY%*T, respectively. A sequence of a test ¥ is said to be locally

asymptotically a—invariant if a test function (.S, I') satisfies

(S, 1) = Elp(S, 1), 1] (L.2.27)
If S, is conditionally independent of I, then it is shown that

E[eXp(ITRHS*,I] = exp([f/\]/%*).(See Jansson (2006) for details.) Combining this
with (1.2.27), the following equality holds.

E (S, 1) exp[ﬁ%]} =F [¢(S, I) exp[ﬁz*] (1.2.28)

which implies that LR* would give the asymptotic power envelope among all lo-

cation invariant test.
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Next section shows that the parameter instability tests are also non-
standard and LAN does not applied to them because the asymptotic normality
of the score function does not hold under the local alternative hypothesis. It in-
validates the direct use of the least favorable direction method because the zero
correlation of the efficient scores S5 with S7., which is equivalent to the orthogonal-
ity of the scores, indicates the independency only under the normality condition.
Instead, it is shown that they implicitly use the least favorable direction based on
the contiguity property only, which corresponds to LeCam’s 1st lemma, as follows:
First, they impose the direction Ig, [, 'hs to the local variation of the nuisance
parameter h, which is equivalent to the least favorable direction in standard LAN.
Then they derive a feasible test function under unknown nuisance parameters. Fi-
nally they show that the feasible test function is asymptotically equivalent to the
likelihood ratio with the suggested direction. The contiguity justifies the asymp-
totic equivalency under the alternative hypothesis too, which proves the asymptotic

optimality.

The asymptotic optimal test in LFPS coincides with various methods
dealing with unknown nuisance parameters. One example is the method of profile
likelihood. Profile likelihood methods are frequently used for eliminating nuisance
parameters and for making statistical inference on parameters of interest. Murphy
and der Vaart (2000) demonstrate that under local perturbation of the unknown
nuisance parameters if the least favorable direction exists, the profile likelihood be-
haves very much like the ordinary likelihood and correctly selects a least favorable
direction. The profile likelihood for # reduces the number of independent param-
eters to the dimension of # by imposing the nuisance parameter 7 as a function of

[, which maximizes the likelihood function, i.e.
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plr(8) = sup fr(8,n)
n

Using the profile likelihood function, we can construct a function analo-
gous to the original likelihood ratio, called profile likelihood ratio, which is defined

as

_ plp(By)  sup, fr(Bi,n)

PLRy = = [.2.
fir plr(Go) supy fr(Bo,n) (1.2.29)

Note that the profile likelihood ratio is not the true likelihood function,
and profiling generally breaks down the iid structure which is one of the main
conditions for the existence of the local quadratic approximation. However, Mur-
phy and der Vaart (2000) show that, as long as the least favorable maps exist in
the model, one can keep the iid structure so that the local asymptotic quadratic

approximation is possible. They show that for any sequence (3, — [y,

I ply(Br) — Inply(Bo) = (1.2.30)
(B — B0)S5 — (Br — 0o T (Br — o) + 0y g (VT — il + 17

where || || is the norm. An interesting finding is that if we replace fr by the local
alternative 3y + \/ifhg, then (1.2.31) is asymptotically equivalent to the LAN of the
original likelihood ratio in the least favorable parametric submodel. Consequently.
we could obtain the result that the test based on the profile likelihood ratio is
asymptotically equivalent to the optimal test in LFPS.
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I.3 Review of The Optimal Tests for Parameter
Instability

This section examines the asymptotic optimality of the existing popular
tests for parameter instability. Three tests are considered; Andrews and Ploberger
(1994), Elliott and Miiller (2006), and Nyblom (1989). This section shows that the
first two tests coincides with the optimality considered in the previous section, in
the sense that they are the weighted average of the asymptotically point optimal
tests in the least favorable parametric submodel. Nyblom (1989)’s test is different
from the other two because it maximize the slope of the power function at the
boundary of the stable and unstable parameter space. But it can be shown that

it has a room to coincide with the other two.

I[.3.A Andrews and Ploberger (1994)

Andrews and Ploberger (1994) consider a class of optimal tests for struc-
tural break in the sense that they provide a greatest asymptotic weighted average
power result. Consider a single structural break case in which the parametric
model is indexed by (G, n,m) fort =1,...,T. n = (Fo,7) is a (k+q) x 1 vector of
nuisance parameters that are constant for all ¢. 7 is the nuisance parameter that
represents the time of a break as a portion of the sample size, and §; is a k x 1
vector of parameters that have a break at time s = #I". The sample observations
is given by {Z;} = {(w, Xt)} where y; is endogenous variable and X, are weakly

exogenous variables. The hypothesis to be tested is
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Hy : 6, =0 Vi<T (1.3.1)
Hy @ 3 #0 ' <t<T

Their test is based on the likelihood ratio, but is built as a weighted
function of the standard LR tests for all permissable fixed break dates. This con-
figuration is driven by defining the alternative likelihood as the weighted average
with respect to the parameters that are identified only under the alternative. Two
types of weights are involved. The first applies to parameter 7, denoted as d.J(m),
which represents the possible break dates. The other is related to how far the
alternative value is from the null hypothesis within an asymptotic framework that
treats alternative values as local to the null hypothesis. If we define the local al-
ternative process as (3,1) = 6 = 6y + (1/v/T)h where 6, = (0, 3, 70), then the
weight function is assigned with respect to h, denoted as D@, (h). Consequently,
they consider the likelihood function under the null and the alternative hypothesis

as

T
Under Hy: LY = H (ye]60) fx (X) (1.3.2)
=1

Under H, : L. = / I1 f(yt\eo—l—%h)fX(Xt)dQﬂ(h)dJ(w) (1.3.3)

A possible reinterpretation of the weight function is that they are the
probability measure of the random process {3;} which leads to a particular random
parameter model with probability measure d@,(h)dJ(m). The likelihood ratio is

now defined as
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/ H Tl 5200 4oyt (13.4)

yt|90

Under the assumption that the likelihood function is twice differentiable,
they derive a local quadratic approximation of the integrand of (1.3.4) under Hy,

so that the likelihood ratio would be asymptotically equivalent to

IRy - / exp [W'Sr + B Th] dQx(h)d.T () (1.3.5)

where St is a vector of the score functions, and I is nonrandom positive definite
Fisher information matrix. Note that, given h and 7, the integrand in (1.3.4) is
reduced to the standard likelihood ratio against the local alternative 6 = 0y +
(1/v/T)h. and it can be shown without difficulty that the alternative distribution
given h and 7 is contiguous. It implies that the integrand in (1.3.5) is considered
as the exponential of LAN given h and 7. Consequently, the likelihood function
(I.3.5) is interpreted as a weighted average of LAN with respect to h and 7. Note,
however, that the local approximation is not exactly the same as the standard
concept of LAN because the score function is not asymptotically normal under
H;. The asymptotic normality under the alternative comes when both Sr and
LRy are asymptotically normal under Hy. But since LR4T is not asymptotically
normal, the asymptotic normality of S7 does not hold in this setup. It implies
that we cannot use LeCam’s third lemma to obtain an asymptotically optimal
test. Instead, they implicitly show that the least favorable direction idea still hold
by using only the contiguity property.

In order to get around the problem of unknown nuisance parameter 7,
Andrews and Ploberger (1994) choose a particular weight function @, (h). Let V
denote the linear subspace of R**? defined by
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V = {0 € R¥*?|9 = (0/,n)'for some 1 € R}

Then, they consider a weight function Q,(-) on R¥*P that concentrates
on the orthogonal complement of V with respect to the inner product h'ISy. The

orthogonal complement they consider is now defined as,

A
Vi={heRF?h= . for some \ € R” (1.3.6)
—177

"
But plugging h in (1.3.6) into the likelihood ratio (1.3.5) gives the inte-

grand as a function of the efficient score and the efficient information matrix as

—~ APx

[ / exp NS+ AN dQA (AT () (1.3.7)

They show that replacing the integrand in ITR?P* by a suggested feasible
test function gives a asymptotically equivalent test function. Since any feasible
test function satisfies inequality (1.2.22), the suggested feasible test function in
the integrand is regarded as the asymptotically optimal test in the least favorable
parametric submodel. Consequently, under the assumption that the error term is
iid, Andrews and Ploberger (1994)’s test is implicitly interpreted as the weighted
average of the asymptotically optimal test in the least favorable parametric sub-
model. It is also possible that the test function coincides with profile likelihood
ratio as in the standard testing problem in the sense that a possible suggested test

function in the integral is shown by them to be the profile likelihood ratio.
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1.3.B Elliott and Miiller (2006)

Elliott and Miiller (2006) study asymptotically point optimal invariant
tests for instability in coefficients in linear regression models. They consider a
variety of unstable parameter processes that could possibly occur in the economy;,
and provide conditions under which the unstable processes lead to asymptotically
equivalent optimal tests. The set of unstable processes they consider includes not
only traditional structural breaks but also the case when 3 is an unstable random
variable. They also suggest a feasible test function that is asymptotically point

optimal. The linear regression model they consider is

where ¢; is iid normal. The null hypothesis is that 3; is a zero vector for all
t =1,...,T. Under the alternative, {(3;} are any unstable random vectors which
are applicable to heterogeneous mixing functional central limit theorem. (Theorem
7.30 in White (2001)) It implies that the unstable process {3;} is asymptotically
well approximated by a k& x 1 Wiener process. They show that this condition
is weak enough to cover a wide range of unstable processes including structural

breaks and time varying parameters.

In addition to this, they give a normalization condition that the average
value of the random parameter path is always the same as that under the stable
model. It implies that the average of the unstable parameter is normalized to zero,
ie. 7> 3 = 0. This normalization ensures that the likelihood ratio statistic
efficiently detects the variation in the coefficient, rather than differences between
the average value of the parameter. In this set up, the likelihood functions under

Hy and H; are defined as
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27TO'

1
Under Hy: L) = [2— Z ef]

Under Hy: L :/ , [ Z — X|,) ]dyﬂ (1.3.9)
7TO'

=1

where e; = y; — X[0o — Z;y and v is the measure of {3, }. The likelihood ratio is

now defined as

[ T
LREM _ / exp # Zt:l(et - Xéﬁt)ﬂ
exp | S0, et

dVﬁ

T T
1 1
= /eXp ; E ethﬁt - ﬁ g ﬁ;(XtQO(Xtet)lﬁt] dl//g (1310)
t=1 t=1

Note that the integrand in (1.3.10) is equivalent to the likelihood ratio
function for fixed {3, }, leading to the interpretation that (1.3.10) is also regarded as
the weighted average of the standard LR, as is the case of Andrews and Ploberger
(1994). With this insight, one important determinant of optimal tests of parameter
instability is the choice of weight function dvg, or equivalently, the probability
distribution it posits of {3, }. Different weight functions lead to different unstable
parameter processes. Therefore, the choice of weight function implies the choice of
specific unstable process. An innovative finding of Elliott and Miiller (2006) is that
the choice of weight function, or equivalently, the unstable process is asymptotically

irrelevant if {3;} is asymptotically characterized by a vector of Wiener process.

In order to deal with unknown nuisance parameters (3, d), they focus on

deriving the optimal test that is invariant to transformation of the form
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(v, (X, Z2)) — (y+Xb+2Zd, (X, Z))

Using the fact that any invariant test can be written as a function of
a maximal invariant group of transformation, they suggest a maximal invariant
transformation defined as (Mgy, (X,Z)) where My = Iy — Q[QQ'] ' @', and
Q = (X,Z). Note that Mg is equivalent to the annihilator in OLS estimation,
which indicates that Mgy is identical to the OLS residuals. Let e} be t*" component
of Mgoy. Then under the maximal invariant transformation, Elliott and Miiller

(2006) show that the likelihood ratio is asymptotically equivalent to

T T
—~ EM 1 A . 1 A ~
LR, = /exp [; ;:1 giXeet — 53 ;:1: B x| dvg (I.3.11)

where 3, = f — #>.0;, and Tx = E[X,;X]]. The likelihood ratio ITR?M is
interpreted as the weighted average of the likelihood ratio in the least favorable
parametric submodel where the probability measure v is assigned as the weight
function. Let’s define the local alternative 6, = 6, + ﬁht where 0, = (5;, 1),
0o = (0, mh), hy = (VTS h,)'; and n = (3, ¢'). For fixed {5}, chapter 2
demonstrates that LAQ can be applied to the likelihood ratio so that the local

approximation is

- 1 , 1
Ly = exp {ﬁ > ihy - ﬁh;mt} (1.3.12)

Note that the first derivative and the Fisher information in a linear Gaus-

sian model are
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. vt . 1 . éﬁo 1 Xe
bo=(000Y, =X, =" |=5|"""
7 E? “ Zyey
Iy Ip 1 Sy Say
I={ | Im= 5l L= (1.3.13)
Loy I Yxz Yz

where X x, = E[X,Z,], and ¥, = E[Z;Z,]. Simple calculation shows that applying

the candidate for the the least favorable direction hy = —1I,7'I, 303 gives

1 / 1 / /

Plugging (1.3.14), and (1.3.13) into (1.3.10) gives that the likelihood ra-
tio is equivalent to the integrand in (I.3.11) except e} is replaced by e;. Since
OLS estimator is the regular maximum likelihood estimator under Gaussian error
distribution, we can apply the result in (I1.2.21), which implies that replacing e}
by e; provides equivalent asymptotic properties. The likelihood ratio with {e;}
and {e}} are asymptotically equivalent. Consequently, the integrand of Elliott and
Miiller (2006)’s likelihood, (1.3.12), is asymptotically equivalent to the likelihood
ratio in the least favorable parametric submodel under given {3}, which leads to

the suggested interpretation.

I.3.C Nyblom (1989)

Nyblom (1989) proposes an asymptotically locally most powerful test
against the unstable parameter process that is a martingale, i.e. E[3|S-1] = [_1,

where 3y is the information set up to time ¢. Like Elliott and Miiller (2006), he
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shows that the martingale processes cover both structural breaks and time varying
parameter processes. A central difference of his test from Andrews and Ploberger
(1994) and Elliott and Miiller (2006) is that it maximizes the slope of the power
function at 3; = 0. His model does not require the contiguity of the alternative
process, nor LAQ of the likelihood ratio. Instead, he focuses on the case in which
{B:} is very close to zero so that the higher order term than the second one in the
Taylor expansion of the likelihood ratio is asymptotically negligible, leading to the

likelihood ratio equivalent to

LRy = / exp {Z 06, — %@Jtﬁt] dvg (1.3.15)

d2logf(")
9Bt08;

if the error term is iid so that [; is nonrandom. One problem of this method is

where [; = and vg is the measure of {3, }. His test is locally most powerful
that the optimal property does not hold if the model introduces unknown nuisance
parameters. But this condition delivers the integrand in (1.3.15) coincided with
LAQ as those in (1.3.5) and (I1.3.12). Consequently, (I.3.15) has the possibility to be
alternatively interpreted to be the weighted average of the optimal test associated
with the likelihood ratios of Andrews and Ploberger (1994) and Elliott and Miiller
(2006) under suitable conditions that bring forth the local quadratic approximation

and contiguity.

I.4 Concluding Remark

This chapter reviews the concept of asymptotic optimality in testing pa-
rameter instability of time series models. I first study the standard optimal testing

method in the presence of unknown nuisance parameters under which the optimal
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test is interpreted as the most powerful test in the least favorable parametric
submodel. The standard method of optimality cannot be directly applied to the
parameter instability test because the parameter instability test has nonstandard
properties such as the existence of the unknown nuisance parameter that presents
only under the alternative hypothesis. This chapter, however, shows that the cur-
rent optimal tests coincides with the standard optimal test in the sense that they
are interpreted as the weighted average of the standard optimal tests in the least

favorable parametric submodel.



Chapter 11

Optimal Tests for Parameter

Instability in General Time Series

Models

It is difficult to select the appropriate test for parameter instability in em-
pirical work because there are a large number of tests designed for different possible
unstable processes. Elliott and Miiller (2006) resolve this problem by providing
conditions under which a large class of breaking processes lead to asymptotically
equivalent optimal tests. Their finding, however, is restricted to linear conditional
mean equations with normal error distributions. I improve upon their work in
two ways. First, I show that the asymptotic equivalency of the efficient tests for
parameter instabilities holds even in a broader set of parametric models which
includes nonlinear models with non-Gaussian error distribution. It implies that
the knowledge of the unstable parameter process is asymptotically irrelevant for
testing purposes. Second, I suggest a test statistic that is asymptotically optimal

for a broad set of unstable parameter processes which allows for both structural

31
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breaks and time varying parameters. Monte Carlo studies show that the suggested
test has better small sample powers against various breaking processes, compared

to the existing optimal tests.

II.1 Introduction

Structural instability is a common problem in macroeconomic and finance
models dealing with time series data. A change in economic policy or market
conditions may cause the adjustment of the behavior of economic agents, thereby
changing the economic relationship. As a result, parameter instability has always
been an important concern in econometric modeling and much effort has been
devoted to obtaining convenient and powerful tests for parameter instability.(See
the review papers by Perron (2006).) Several distinctive features, However, cause
difficulty in testing the parameter instability. First and foremost is the problem
that there are many possible ways for an instable parameter to occur. Single break,
multiple breaks and time varying parameter processes are examples of such ways.
The alternative processes are usually not recognized from data, which presents the
problem of how to specify the alternative process. Another difficulty is that there
exist nuisance parameters that are not identified under the null hypothesis. In
structural break models, the parameter representing unknown break point appears
only under the alternatives. In time varying parameter models, any parameter that
determines the shape of the parameter distribution is not identifiable under the
null of stable parameters. This property violates the regularity conditions for the
optimality of the classical Likelihood Ratio, Wald, and Lagrangian Multiplier tests.
Furthermore, local asymptotic normality of the tests is inapplicable in general.
Therefore, a novel test with new asymptotic distribution is required to obtain the

optimality. However, the asymptotic null distribution of the test generally depends
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on the unidentified nuisance parameters, which implies that the tests relies on the

specific instable parameter process that the researcher has in mind.

For these reasons, research has restricted its attention on the specific types
of breaking processes. Franzini and Harvey (1983), and Shively (1988) consider
models where the parameter is subject to Gaussian breaks of constant variance
every period. Nyblom and Makeldinen (1983) consider the random walk parameter
processes. Andrews (1993), Bai (1996), and Vogelsang (2005) construct tests for
one-time structural change under various circumstances. Andrews and Ploberger
(1994), Bai and Perron (1998), and Lavielle and Moulines (2000) generalize to

multiple structural breaks cases.

Attempts to cover a wide range of parameter instabilities are done by
Nyblom (1989) and Elliott and Miiller (2006). Nyblom (1989)’s test is locally most
powerful only when the initial point of the parameter is known, which is generally
infeasible in economic applications. Elliott and Miiller (2006) show that, in a
linear model with Gaussian error distribution, any optimal test for specific unstable
process has the same asymptotic power against any other unstable processes as
long as it is in the broad set they define. However, the linear conditional mean
model is sometimes too simple for economic applications. Furthermore, larger
movements in economic time series seem to occur more often than would be implied
by normality. Therefore, inference designed for a larger variety of economic models

and distributions should be relevant for applied econometric work.

This chapter makes two contributions. First, I extend Elliott and Miiller
(2006)’s finding to general parametric models. This implies that, in a broad set
of parametric models, any optimal test for parameter instability is asymptotically
equivalent, as long as the instability is in a very general set. The set of insta-

ble parameter processes allows for multiple structural breaks, regularly occurring
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breaks, smooth adjustment of the model to an economic shock, and time varying
parameters. The set of parametric models are wide enough to include nonlinear
models and quantile models. A wide range of densities are applicable by relaxing
the twice differentiability of likelihood functions. Hence I show that the precise
form of the instable parameter process is unnecessary for testing purpose in the

asymptotic sense.

Second, I suggest a convenient test statistic for this set of instable pa-
rameter processes. The test statistic is asymptotically equivalent to the likelihood
ratio test statistic under both the null and the alternative hypotheses. This implies
that the test statistic is asymptotically optimal. The test statistic is easy to com-
pute because it requires only the maximum likelihood estimation under the null
hypothesis. I also calculate small sample powers of the test against various types
of the instable parameter processes. The test has better small sample powers than
the existing optimal tests for almost all alternative processes. The test is used to

investigate the quantile parameter stability in the U.S. inflation model.

This chapter is organized as follows: Section 2 points out some distinctive
properties of the testing problem. Section 3 derives an asymptotically optimal test
statistic and suggests an implication. Section 4 provides some examples for the

optimal test statistic in economic applications. And Section 5 concludes

II.2 Distinctive Features Parameter Instability

Tests

This section considers the distinctive features of parameter stability tests

and reviews the current test methods. I consider a parametric model indexed by
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(Be,y) fort =1,...,T. vis a (k+ q) x 1 vector of constant parameters, and [; is

a k x 1 vector of parameters varying across time. The hypothesis to be tested is

H()Iﬁt:o Vit
Hy:08;,#0 forsomet>1

(I1.2.1)

In case of tests of pure parameter instabilities, ¢ is zero and v is the
parameter vector of the initial point of ;. The hypothesis in (I11.2.2) seems
identical to that of the standard test problem. However, it has some distinctive
features which make it difficult to use standard LM, Wald and LR test. One
difficulty is that there exist a large variety of ways in which [, is not stable. Any
specific assumption on unstable §; would lead to a different testing problem, and
a test developed for one alternative (; might not be useful in another specific
0. Existing tests can be categorized into two big streams based on types of 3;
processes: One is the test of structural breaks, and the other is the test of time

varying parameters.

Structural break tests regard 3; as fixed and described by a vector of
unknown parameters. Most tests of structural breaks focus on single break cases,

in which

Gy =0 fort < 7T

_ (I1.2.2)
Gi=p0 fortT <t<T

where 7 is the time of structural change as a fraction of the sample size. Traditional
approaches such as Chow (1960), Zellner (1962), Goldfeld and Quandt (1978), and
Rothenberg (1984) assume that the time of the structural change is known. In

general, however, we do not know the true change point. Even if we know the cause
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of a structural break, we usually do not know the exact time of the occurrence. For
example, one might want to test for structural change occurring sometime during
the war period 1939-1949, but it is hard to identify in what exact year the break
is suspect to occur. Furthermore, although we know the time of the structural
breaks, sometimes change occurs only after a lag of unknown length, or before the

event due to anticipation of the event.

In these circumstances, if no structural change occurs, the time of struc-
tural change is redundant. The nuisance parameter 7 appears under the alternative
hypothesis, but not under the null. This feature makes it difficult to use tradi-
tional tests such as LR, LM and Wald tests. Davies (1977) shows that the test
does not fit into the standard regular testing framework. Consequently LM, Wald,
and LR-like tests, constructed with 7 treated as a parameter, do not possess their

standard large sample asymptotic distributions such as x? distribution.

Quandt (1958, 1960), Davies (1977, 1987) and Hawkins (2000) suggest
the use of supremum of LR, LM and Wald tests (sup F' tests) over all values of
7. This search over a set of dependent F-statistics affects the asymptotic distri-
bution of the test, which ceases to be x?. Andrews (1993) finds the asymptotic
distribution of the statistic in a very general setting, and shows that the tests have
non-trivial asymptotic power. The SupF' tests are not optimal, however, except
in a very restrictive sense. Andrews and Ploberger (1994) propose an optimal test
by maximizing weighted average power of LM tests at given 7. The weighting
function is designed so that each LM has constant weight on the same ellipses in

the parameter space.

Tests for multiple structural breaks are, in principle, extensions of single
break cases. Andrews and Ploberger (1994)’s test can be applied to multiple

break cases with different weight functions with respect to break times. Bai and
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Perron (1998) extend the alternative to multiple structural break processes and
examine the maximum of the F-statistic over all combinations of (7y,...,7y). The
computation in practice is, however, cumbersome because they have to calculate

the statistic for all possible combinations of the break dates. For example, Bai
T
and Perron (1998)’s test needs to compute different F' statistics for T’

observations and p possible breaks.

Another stream is testing time-varying parameters in which 3; is consid-
ered as random. Even in the time varying parameter approaches, there are many
possible alternatives based on the assumptions of stationarity and distributions of
B¢. Any specific assumption leads to a different testing problem. Engle and Wat-
son (1985) consider stationary autoregressive processes in which g, deviates only
temporarily from zero. Nyblom and Makeldinen (1983) consider ; as a random
walk with a constant X;. A similar difficulty with the case of structural breaks
occurs, since parameters describing the distribution of 3; are identified only under
the alternatives. This renders the typical intuition of optimality of general LR,

LM, and Wald tests, and asymptotic normality not applicable.

The introduced test functions have good power properties under their
specific alternative processes. The problem is to decide what testing method we
should use for the specific economic model of interests. Data give little information
about the choice of the test statistic. Economic theory also provides restricted
guide as to what type of alternative process one would expect in practice. There

are few ways, other than to depend on what one has in mind.

Methods to overcome this problem are suggested by Nyblom (1989),
Eliasz et al. (2004), and Elliott and Miiller (2006). Their methods are based

on the idea that structural breaks processes and time varying parameter processes
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are not truly distinctive. For example, consider

B =Bi—1+yo t=1,...,T (I1.2.3)

(I1.2.3) is reduced to random walk process if 7, is constant for all t and o,
is iid N (0, ;) where I} is k x k identity matrix. (I1.2.3), however, can be defined
as a single structural break process. Let (71,...,7v7r) be a multinomial vector with
Pr(y, = 1) = py, Pr(v =0) =1—p;, and (dy,...,0r) are iid and independent
of (71,...,7r). Then exactly one of 7; is one with others are zero and {f;} has
only one break at a random time in the sample period. This conformability allows
them to construct optimal tests against both structural break and time varying

parameters.

Nyblom (1989) and Eliasz et al. (2004) derive a locally most powerful
test for the martingale alternative processes. These alternatives provide a wide
range of breaking processes that include the finite time structural breaks as well
as the random-walk processes. Nyblom (1989)’s test, however, retains optimality
only when there are no unknown parameters, v, under the null hypothesis, which
rarely occurs in practice. Eliasz et al. (2004)’s optimality applies to linear Gaussian

model only.

Elliott and Miiller (2006) provide conditions under which optimal tests
are asymptotically equivalent. By allowing for the dependency of the change of
the breaks and heteroscedasticity, their condition covers many breaking processes,
including relatively few breaks, clustered breaks, regularly occurring breaks, and
smooth transitions to change cases. In other words, they find that the precise form
of the breaking process 3; under the alternative is irrelevant for the asymptotic

power of the tests, as long as they satisfy some conditions. This result simplifies
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the practice of testing against parameter instability because it allows applied re-
searchers to leave the exact form of the alternative unspecified without forgoing

asymptotic power.

The result obtained by Elliott and Miiller (2006) is innovative, but, like
Eliasz et al. (2004), is restricted to the case with linear conditional mean model
and Gaussian errors, even though their suggested test statistic is valid under non-
Gaussian distribution. Unfortunately, there are many economic circumstances
where the linear Gaussian model is not satisfied. As for the mean linearity, mod-
ern macroeconomic theory emphasizes the interaction among representative agents
who are, in general, assumed to behave according nonlinear decision rules that are
obtained as optimal solutions to dynamic optimization problem. (See Barnett
et al. (1992) and Barnett et al. (2000) for details.) Also increasing attention has
been devoted to the characteristics other than the mean relationship such as condi-
tional quantiles because they can provide a more informative view of the economic

relationship.

As for the normal distribution, there are many evidences that distribu-
tions which explicitly accommodate skewness and excess kurtosis often have bet-
ter explanatory power for variables in macroeconomics and finance. Many types
of non Gaussian distribution are suggested in economic modeling. Theodossiou
(1998) suggests a type of skewed generalized t distribution. Fernandez and Steel
(1998), Komunjer (2006), and Theodossiou (2000), address the use of asymmet-
ric exponential family of distribution. Consequently, relaxing the linear Gaussian

assumption is crucial for wide applications.
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II.3 An Asymptotically Optimal Test for Param-
eter Instability

In this section, I construct an asymptotically optimal test for a broad set
of unstable processes. The parametric model considered in this section is nonlinear
and non-Gaussian so that various types of economic models can be applied. The
test uses the average magnitude of the break, which is described by the global
covariance, as the only information for the breaking process. It suggests that,
as long as the average sizes are equal, any optimal tests for particular unstable

processes are asymptotically equivalent.

I1.3.A The Model and the Test Statistic

The model I consider is parametric time series model that is suitable for
maximum likelihood estimation, and is based on non trending observations, given

as

Yy = 9(Xs, Bo, Br) + & (I1.3.1)

where ¢(-) is continuous and differentiable with respect to §;. [3; is the k x 1 vector
of parameters to be tested and [, is the k£ x 1 vector of nuisance parameters. To
examine asymptotic local power, the alternative hypothesis is considered to be

local to the null. Specifically, I assume that {3;} take the form.

1 1
ﬁé:60+f50’ 515:?(515 vt=1,...,T
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I define 6; as 2k x 1 vector of all parameters in the model at t, i.e.
0, = 6y + %dt where 6y = (5,0,), di = (6,,6;)', and 0 is the k& x 1 vector
of zeros. Unlike the standard testing problem, the appropriate neighborhood in
order for the test to have nontrivial asymptotic power is where 3; is of order T}
in probability. The reason for this is that the test focuses on alternatives with
a persistently varying {d;}, in the sense that permanent change of the parameter
has more implication in both economic and statistic concepts. It is implicit in
the formulation that the (y;, X;), and ; may depend on T, but I suppress the
dependency for the purpose of notational convenience. Specifically, 1 consider

unstable processes that satisfy the following condition.

Condition 1 1. {Ad;} is uniform mizing with mizing coefficient of size -r/(2r-

2) or strong mizing of size -r/(r-2), r>2
2. E[A6]=0 and E[|Ad:;|"] < K < oo for all T,t,i

3. {Ad;} is globally covariance stationary with nonsingular long-run covariance

matriz, ()

Condition 1 does not consider time varying parameter processes as the
only type of unstable processes. It includes many kinds of structural breaks by
choosing suitable distributional forms. For example, If we let Ad; have a continuous
distribution with probability p and equal zero with probability (1 — p), then the

process is expected to have T'- p breaks.

Admitting both heteroscedasticity and dependency makes Condition 1
capture almost all persistent breaking processes. Heteroscedasticity of Ad; allows
different types of breaks to occur in the sample period. Breaks caused by different

shocks may not be homogeneous, and the size of the shocks may also be unequal.
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Thus, it is more plausible to assume that the breaking processes are heteroscedastic.
Heteroscedasticity also covers processes that have fewer breaks in certain periods

and more breaks in other periods.

By allowing dependency of Ad;, Condition 1 allows the parameter to
smoothly adjust to a new level after a break. This covers the general set of breaking
processes that occur frequently. For example, the oil price shock in 1973 might
have had a lagged effect on productivity. Also there may be a movement from one

regime to another with a transition period in between.

The sample of observations is given by {(y;, X;)}. The following condi-

tion specifies the model and the conditional likelihood function for (v, X;) given

(y17 s ’yt—tha v »Xt—l)‘

Condition 2 1. ¢ is independent of (y1,..., Y1, X1, .., X;) with conditional
distribution f(e0;). The distribution does not depend on d; in the null hy-
pothests.

2. Xy has conditional distribution fx(X|S_1) with respect to some sigma-finite
measures, where y_1 is a o-field generated by (y1,. .., Yr—1, X1, -, X¢—1)-

{fx(Xi|S¢-1)} does not depend on 0, for allt =1,...,T.

3. Under Hy, {X;} are mizing with either ¢ of size -r/2(r-1), r 22 or « of size
-r(r-2), r> 2. E[|X;;|"**] < Aco for some 6 and all t = 1,...,T and
i=1,... k.

Condition (2) implies that the likelihood function for the data is factored
into two pieces, one of which captures the contribution to the distribution of y,
f(&l6:), and depends on 6; and the other which contains conditional distribution

of X; and does not depend on 6;, fx(X;|;). In such likelihood functions, fx(-)
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need not be known in order for one to construct the test statistics considered here.

Under Condition 2, the likelihood function when no break occurs is

T

Foly, X160) = T ] f(etlbo) S (Xil 1) (11.3.2)

t=1

The likelihood function under the alternative hypothesis is

£y, X 0o, 0r) = /g Flerlo + %dt)fX(XtBtl)dud (11.3.3)

where dv, is the measure of d = (d}, ..., d%)". If v; is known, the Neymann-Pearson
Lemma implies that rejecting Hy for large value of the likelihood ratio statistic,

defined as

6t|00 + dt)
—d 11.3.4
/H 6t’90 Va ( )

has the best power against the alternative distribution (I1.3.3). Most optimal tests
for parameter instability are manipulations of (II1.3.3) that make the test feasible
and easy to compute. Since the test statistic may depend on the distribution f(-)
and the distributional properties of breaking processes, vy, the different types of

optimal test statistics come from the choice of v; and f(-).

In principle, LR; can be used if one specifies the error distribution and
the parameter process. However, it has an integral in its form which makes the
computation too complicated to be used in practice. The method proposed in this
section to resolve the problem is to suggest another test statistic, B, that converges

in probability to the same limit as that of (I1.3.4) and is easy to compute.
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In order to define the test statistic, we need some notations and defi-
nitions. Let ¢ = (¢%,...,¢%) be the first derivative of the log of the likelihood
f(el-) with respect to &, and J; = E[(,f]]. Let Q* = JléQJlé. I decompose Q*
into the orthonormal matrix of its eigenvectors, P, and the diagonal matrix of the

eigenvalues, A = diag(a?,...,a?), such that PAP' = Q* and a; > 0,Vi.

Let I be the T' x T identity matrix, and e be the T" x 1 vector of ones.

The first derivative normalized to have unit variance and zero covariance can be

< A

written as *(3) = (]T®P’J1_1/2)€(ﬁ) or I*(3) = P’Jl_l/zé (3). Furthermore, define
é;t be the " element of ¢#((3) and ¢; be the vector of the partial sum of é;t, ie.
j™ element of ¢; is 3°7_, *,. The test statistic I suggest is

t=1 "1,t"

1

~ =~ [a? PG
B(Q) =) ¢(B, 1) {EIT - FMeF’} G(3, 7) (11.3.5)
i=1
1 0 0
1 1 ... 0 —~ ~
where M, = Iy — %ee’ , = o |, and 8 and J; are the
1 ... ... 1

maximum likelihood estimators under H,. The test statistic, B (B , jl, ), does not
have the integral so that the computation is tractable. Note that the test statistic
depends on the distribution of the unstable parameter process only through the
eigenvalues of the covariance matrix. Therefore, proving the optimality of B(-)
will provide an evidence of my argument: asymptotic irrelevancy of the knowledge

of the unstable process.
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I1.3.B Asymptotic Optimality of the Test Statistic

The purpose of this section is to present how the optimality of B(:) can
be obtained. I suggest another test statistic Ifj%T which is an increasing transfor-
mation of B(-) and show that [f/\l/%T is asymptotically equivalent to LRp. I first
focus on the integrand of LRy to suggest an asymptotically equivalent formula
that makes LRy equal [T]/%T. Then I address that, under some conditions, the
equivalence of the integrands is sufficient for the asymptotic equivalence of the two

test statistics, both under the null and the alternative hypotheses.

I first simplify the integrand of LRy. The integrand is considered as
the likelihood ratio for specific alternative parameters, d. A simple and powerful
method for simplification is to use the Taylor expansion of the logarithm of the
likelihood. However, it can be made rigorous under moment or continuity condi-
tions on the 2nd derivative of the log likelihood that many distributions do not
satisfy. Fortunately, these density functions have an alternative expansion under a
single condition that only involves a first derivative, i.e. the square roots of density
functions correspond to unit vectors in space of square integrable functions. The
following condition gives the differentiability assumption and additional assump-

tions for the asymptotic properties of the score function.

Condition 3 Let &(-,0;) be the square root of the error density, f(e;|0;). Under
HO;

: AN
1. There exists a 2k x 1 random vector &(-,0;) = < 0 ,ff) such that
Eol|&(-,0)]1* < oo
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. 2
&(+, 0.+ h) RANA)
- (W - 1) —h ft(-ﬁt)] — 0 as [|h| =0, Vt<T
(I1.3.6)
2 Js) = 7 %4&("@)&(%90’ — 5J(0)
T t=1 &, 00)°

for some positive definite nonrandom 2k x 2k matriz function J(0) and for

any s € [0,1] and J(1) is positive definite for all t

The derivative £(-, ) is called Hellinger derivative. Part (1) of Condition
3, called quadratic mean differentiability (QMD), is weak enough to be satisfied by
a wide variety of densities and strong enough to deliver the approximation similar
to the Taylor expansion. Local asymptotic approximation of a likelihood ratio
statistic under Condition 1 is well developed in standard testing problems (LeCam
(1970)) and nonstandard problems (Jansson (2006) and Jeganathan (1995)). How-
ever, no work has considered the approximation under the nonstationary time
varying parameter alternatives. The following lemma is the extension of the local

approximation to the time varying parameter processes.

Lemma 2 Let’s define ff = 25—2, and J = 4E’[§—z%l] Under Condition 1 to 3, the

integrand of (11.3.4), denoted as L, is equivalent to:

T T
1 , 1
Ly = (1 +0,(1))exp 7 A 575 > d;Jd, (11.3.7)
t=1 t=1
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As a next step, I deal with the measure of d, vy in order to eliminate
the integral in LRr. The measure, 1,4, consists of two parts: One that represents
the Condition 1 process of d;, and the other that corresponds to the measure
of dp. The latter can be interpreted as the weighting function for the unknown
nuisance parameter, do. It implies that, (I1.3.4) is set to have the best weighted
average power for the chosen weight function. With regard to the choice for the
weight function, I consider dy that concentrates on the orthogonal complement of
the linear subspace, V', generated by all possible score functions for the nuisance
parameter. This type of selection provides the power envelope of the tests in which
the nuisance parameters are unknown and the sizes are asymptotically similar for
all dg. The following is the intuition: First consider an arbitrary alternative of
nuisance parameters. The power envelope of the test under the alternative will
be greater than that of any asymptotically size-similar test without the restriction
because the information for statistical inference decreases if one enlarges the model.
Since this argument holds for all types of alternative dgs, the infimum of the power
envelopes over the class of all alternative dps gives an upper bound of the power
envelope of the test under unknown nuisance parameters. Geometrically, we get
the lower bound by projecting the score function of §; onto V, which implies
that 9y lies on the orthogonal complement of V. This logic corresponds to the
concept of Pfanzagl and Wefeylmeyer (1978)’s least favorable hypothesis in which
the perturbation of the initial parameter is defined around the alternative value,

ie. By =0)+ %50, and the power function, say ¢(3;, 3;), is defined as

o(61, By) = i}%f ¢ (B, By; do) (I1.3.8)

where ¢(3;, 35; o) represents the power of any asymptotically size « tests for given

B and &y. The following condition specifies it.
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Condition 4 Let ¢y and { be the score functions for & and 8, respectively.

or equivalently,
d = (Irxp, —E[E[0)Y)6 (I1.3.10)
Condition 4 can be simplified to dy = —% Zthl 0;. Therefore, it has

another interpretation that the average value of the unstable parameter path is

always the same as the one under the model of stable parameter.

As for the measure of &, I replace {8,} by another random sequence {4, }
and show that the integrand, L, based on {gt}, weakly converges to the same limit

as that of Ly based on any {&,}. The random vector & = (8},...,d,) is defined as

5~ N(0,FF' ), (11.3.11)

where F is as defined in (I11.3.7). (I1.3.11) means that {4, } follows a mul-
tivariate random walk process, i.e. A&, ~ iid N (0, £2), which satisfies Condition 1.
Therefore, in order to present the asymptotic equivalence of the integrands, it suf-
fices to show that each term of the integrand, (I1.3.7), converges to a well-defined
random variable regardless of 1,4, as long as it satisfies Condition 1. The following

lemma demonstrates the asymptotic equivalency.

Lemma 3 Let’s define ET as

Ly =exp |0'(M.® 1,)3 — %5’(M€ ® )8 (11.3.12)
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where 5 = %g Under Condition 1 to 4, |ZT — Ly| weakly converges to zero under

Hy.

Now we have a new test function given as

LRy = /exp {é’(Me ® I;)3 — %B’(Me ® J1)3| dvs (11.3.13)

Note that Ly represents the standard form of the optimal test in the
presence of unknown nuisance parameters if B is replaced by the standard form of
alternative hypothesis %e@ 0. Neyman-Pearson Lemma asserts that a test based
on the effective observation - effective score and information - is most powerful.
( See theorem 5.3.2 of Lehman and Romano (2005) and Choi et al. (1996). )
Therefore, Condition (4) has another interpretation that it gives the extended
version of the optimal test under the existence of unknown nuisance parameters
in the sense that the test statistic, (I1.3.13), is interpreted as the weighted average
of the optimal test statistics in the presence of nuisance parameters, where the

weighting function is dv;

The advantage of replacing {d;} by {gt} is that the integral is easily calcu-
lated because both the integrand Ly and the density function of § are of exponential

quadratic form. Through some matrix manipulations, we get the following lemma.

Lemma 4 Let B(Q) be defined as (I111.3.7) except the mnormalized score function

fz‘(ﬁ, jl) 1s replaced by its demeaned counterpart with true null parameters 1i.e.
(x(Bo, 1) = 3 3oim £2(Bo, ).

_ 1 —
B(Q) = ilnLRT +c

where ¢ is constant.
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Lemma 4 implies that the test statistic B(8,J1,Q) is asymptotically
optimal if |ERT — LRy| converges to zero in probability both under the null and the
alternative hypotheses. The convergence of ][TRT — LRy| under the null hypothesis
is basically the convergence in expectation because LRy and ITRT are identical to
the expectations of their integrands with respect to 4 and 5, respectively. Note
that the integrands Ly, and ZT weakly converge to the same limiting distribution.
In Theorem 3, I show that the weak convergence is enough for the convergence

in quadratic mean of |Ly — ET|, and thereby, the convergence in probability of

LRy — LRy|.

The convergence under the alternative can be presented by showing that
the asymptotic null distribution is contiguous. Let ¢ (Z|€2, By) be a critical func-
tion for testing breaking processes where Z = (y, X). That is, ¢r(Z]Q, 5) is a
0, 1] valued function determined by Z. I consider asymptotically a-significant test,
Le. limyr_ o [ ¢r(ZI, Bo)fo(Z|By) dZ = . The power function of the test is
defined as [ ¢r(Z|Q, Bo) f1(Z]B0)dZ. The following theorem gives the optimality
result of the test statistics B(Q).

Theorem 3 Let 1 (Z|Q, B) be a critical function for B(3, ), i.e.

Vr(Z182, Bo) = Lip(g,.0)>ka) Where ko is the continuous function satisfying

[r(Z12, Bo) fo(Z]|Bo)dZ = «. Under Conditions 1 to 4, the test B(3,Q) satisfies

limy—oo [ [ &7(Z|Q, B0) f(Z]0y + %d)dvsdZ <

Theorem 3 implies that the power of the optimal test does not depend on
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the particular distributional form of d; other than its global covariance matrix, €2.
The main argument of this chapter follows from this property: The knowledge of
the exact distribution of the unstable process is asymptotically useless for conduct-
ing an optimal test, as long as the process satisfies Condition 1. As sample size gets
larger, there is little loss of power by relying on B() rather than tailored LRr.
Theorem 1 also implies that any small sample optimal test designed to detect any
specific unstable process will have the same asymptotic power against any other
Condition 1 processes. It gives an important, practical implication about how to
choose among a variety of different test statistics. One suggestion is to use the
test statistic that is easy to compute in practice because one can get the similar
result with using other hard-to-compute test statistic even though the unstable

parameter process is not correctly specified.

Now I replace the unknown 3y and J; by their consistent estimators to
make the test statistic feasible. In general, this replacement causes the loss of
power. But I show that replacing 3y and J; by their maximum likelihood estimators
does not affect the asymptotic properties of B(-), which implies that the feasible
test would have the best asymptotic power among the test under unknown initial
parameters. This is possible because Condition 4 make the test have the power
that is asymptotically equivalent to the power envelope of asymptotically a-similar
tests under unknown nuisance parameters. Theorem 4 shows that this convergence

holds if J; and /3 satisfies the following condition.

Condition 5 Under the null hypothesis, the maximum likelthood estimator, Jy

and B, satisfies

1 T2 (B + T71Ph) = T2 2 (o) — sK (Bo)h -+ 0,(1)

2. VT(6 — Bo) = 0,(1) and J, = Jy + 0,(1)
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uniformly for s € (0,1), and any nonrandom K(0y), where h < M < oo .

Consider a class of asymptotically similar size tests; that is, tests that
have limiting size « for all values of dy. The critical function of the test is denoted
as ¢r(Z|Q, ). The following theorem shows that the test B() has the best

asymptotic power among asymptotically similar size tests.

Theorem 4 Let 1 (Z|Q) be a critical function for B(Q). Under Conditions 1 to
3, and 5, the test B(S2) satisfies

_ R 1 A 1
i [ [ e 21901210 + fdvadZ < Jim [ [ @z, + sz

T—o00

Note that Theorem 4 does not require Condition 4. It implies that the
test has asymptotically the best power among all tests that are asymptotically
size-a and the initial parameter is unknown. The asymptotic null distribution of

B() is given in the following lemma.

Lemma 5 Under Conditions 1 to 3 and 5, the asymptotic null distribution of

B(Q) is

B(Q) — Z[aiJi(l)Q—l—a?/O Ji(s)*ds +

1 _QZ—iQM{eaiJi(l) + ai/O e*a¢SJi<S)d8}2 . {Ji(l) ta / Ji(s)ds}z]

(11.3.14)
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where Ji(s) = Wi(s) — sWi(1) — [T er5[W;(N\) — AW, (1)]dN, and W; is the iy,

element of the independent k x 1 standard Wiener process W.

Selected asymptotic upper tail percentiles are calculated by Elliott and
Miiller (2006). (See table 1 of Elliott and Miiller (2006).)

I1.3.C An Asymptotically Point Optimal Test Statistic

I have developed the test statistic B(£2) based on the assumption that the
covariance matrix of d;, €2, is known. However, the covariance matrix is unknown
in practice. Therefore, there is no uniformly most powerful test in this framework.
Instead, if we focus on one point in the alternative parameter space, we can find a
most powerful test in the neighborhood of the predetermined point. Such a test is
called a point optimal test. (see King (1988) and Nyblom (1986) for details.) Fol-
lowing this idea, I choose a specific €2 which implies selecting a point of alternative
processes in which the test has maximal power. One possibility is to let 2* have a
constant value, (). As long as the eigenvalues of Q* are of similar magnitudes, the
power of the statistic will become close to the optimal power over a wide range of
true Q. Here I choose 2 = ¢2I;, where ¢ = 10. Replacing by C, the point optimal

~

test statistic, B({2), is given by

A A~ o~ 2 A~ o~
B(Q)=> (5, Jl)/{%IT — FM.F'}7'G(8, Jh) (I1.3.15)

=1

In addition to the simplicity, using ) also has merit because it enables

B(Q) to be invariant with respect to re-parameterizations. Since ¢*((3) does not

100

7o I'M I} is constant, we immediately

change to any parameterization and {Iy —
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~

observe that B((1) is invariant to reparameterization. The invariance may be
reinterpreted as meaning that the direction of breaks under the alternative should
not affect the outcome of the test. The point optimal test, B (Q), distorts the true
size in two ways; absolute size, and relative size which is the relative magnitude of

one parameter’s break compared to those of the other parameters in the model.

Figure II.1 compares the asymptotic power of the point optimal test
statistic to the power envelope, which is the power under known €2*. The first
panel is for k=1. In univariate case, the point optimal test misspecifies the abso-
lute size, but it does not distort the relative size. The asymptotic power is very
close to the power envelope, which means that misspecifying how far the alterna-
tive process is from the null hypothesis gives little loss of power. It implies that

the choice of ¢ has little effect on the asymptotic power of the point optimal test.

The second panel examines the k=2 case where only one eigenvalue of Q*
is set to have positive value while the other is set to be zero. Since eigenvalues
describe the average magnitude of the breaking process in the direction of the
corresponding eigenvectors, our setup considers the case that only one component
of the 2 x 1 vector 3; breaks. The panel shows that there is some loss of power
due to the replacement of 2. However, the magnitude of the loss is not severely
large. The largest loss occurs when the nonzero eigenvalue is 11 but the loss is
less than 6%. The third panel describes when both parameters are non-stable and
the average magnitude of the breaking processes differ. The average size of one
breaking process is set to be four times greater than the other. In this case, the
loss of power due to wrong identification is quite large, which implies that using C'
may break down the optimality of the test statistic. In conclusion, the goodness of

B depends on the difference in the relative sizes of parameters breaking processes.
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I1.4.A Linear Model with Asymmetric Laplace Distribu-

tion

Counsider the model

yp=X{(Bo+B)+e t=1,....T (I1.4.1)

where y, is a scalar, X;, §y and 3, are k x 1 vectors, {y;, X;} are observed, Gy, 5
are unknown, and {X;} are assumed to be exogenous and satisfy Condition 2 with

E[X:X]] = ¥x. ¢ is iid from asymmetric Laplace distribution which is defined as

1
7€) = exp | =~c- Ljecop + € Liesoy (11.4.2)

1l—«

where 17 4 is an indicator function. X;(f+ ;) represents oy, conditional quantile

of y;, that is,

Priy, > X{(Bo + B)|1X1,.... Xe] = a (IL.4.3)

Consequently, ¢; is not a zero mean disturbance. It has the property that
Prle; < 0] = a. The score and its covariance with maximum likelihood estimators

are defined as
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Table II.1: Monte Carlo Estimates of the Empirical Sizes (Laplace Error)

Sample « Empirical Size(%)
Size k=1 k=2
1 5 10 1 5 10
50 0.3 1.42 5.22 9.94 1.72 5.38 9.48
0.5 0.8 4.62 8.88 1.11 4.38 8.44
100 0.3 1.00 4.58 9.02 1.10 4.58 8.64
0.5 0.96 5.24 10.38 1.06 4.96 9.56
200 0.3 1.24 5.64 10.28 1.28 5.00 9.48
0.5 1.02 4.76 9.98 1.14 5.36 9.70
o 1 1
gt(ﬁ) = 1— aXt - Oz(l — Oz) th{yt<XtB}
I 1y X, X! 11.4.4
1_Ta(1—a);tt (IL4.4)

Let us check Conditions 2 to 5. Conditions 2 and 4 are satisfied by
construction. The Laplace distribution is known to be differentiable in quadratic
mean. (See Pollard (1998) for details.) Chapter 4 shows the maximum likelihood
estimator satisfies Condition 5. Therefore we can use B(Q) as the optimal test

statistic. Bo‘ can be estimated simply by using Koenker and Bassett (1978)’s

quantile regression method.

I simulate the empirical size and the power of the test to examine how well
the test performs in small samples. Two types of X; are considered: {X,;} = {Z;}
and {X;} = {(1, Z;)}, where {Z;} are generated from AR(1) model with iid
Gaussian error. For each X;, I consider 18 combinations of 3 different critical
levels (1%, 5%, and 10%), 3 sample sizes (50, 100, and 200), and 2 quantile levels
(0.3, 0.5). 5,000 replications are generated for each of 18 combinations. Table II.1
shows the experimental result of the empirical sizes. The test performs fairly well

for all significant levels. The differences between empirical sizes and actual sizes
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Table I1.2: Alternative Processes for Power Simulations

Single Break : By = \/LT(S for t > 7T
fixed time : T =50%, 7 = 80%
random time : T ~uniform|m,1 — 7]
smooth adjustment : Gi—1=0.76, fort<7T

Multiple Breaks(fixed time) : 2 breaks, 4 breaks

Time varying parameters : TAB; ~ N(0,6%)

do not exceed one percent, even when the sample size is as small as 50.

As a next step, I perform monte carlo experiments to calculate small
sample powers of the test and compare them with those of other optimal tests. I
consider various types of alternative processes which are described in Table I1.2.
The powers are compared with those of SupF test, Andrews and Ploberger (1994)’s
test (ExpL M) and Nyblom (1989)’s test (Nyb). SupF and ExpLM are designed
for single break processes. Nyb considers martingale processes which include the
single break with random occurrence and the random walk process. B covers the

random walk and also the single break with random occurrence in small samples.

The size adjusted small sample powers are shown at figure I1.2 and II.3.
ExpLM has a severe size distortion problem in the model. FxpLM statistic has
size of 8 to 14 percent for T' = 100 and 7 to 9 percent for T=200. It becomes
severer as the number of parameter or the degree of asymmetry increase. The
figures show that B performs best among 4 test statistics. B has the best power
against the random walk process and the multiple breaks. The gaps become larger
as the number of breaks increase. The powers of B for the single break alternatives
are pretty close to ExpLM and SupF even though both ExpLM and SupF explicitly

consider single break alternatives.

The differences of the powers, however, are mild for all unstable processes.

Even though SupF and ExpLM are not designed for time varying parameter pro-
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cesses, the two test show pretty reasonable power properties against the random
walk case. Note that the breaking processes considered in SupF, ExpLM, and Nyb
do not satisfy Condition 1. This gives an important empirical implication: The
asymptotic equivalence of the optimal tests I showed in the previous section can
be more or less applied even in small samples and in the breaking process which
are a little bit apart from Condition 1. The loss of power by misspecifying the true
unstable parameter process is allowable. I also perform the simulation for different
sample sizes and quantile levels. 1 don’t present the simulation results for them

because they are similar to what I present here.

I1.4.B Mean-Variance Instability under Univariate Normal

Distribution

Let zy,...,z; be independent random variables drawn from normal dis-
tribution with mean u and variance o2. Now Conditions 1 to 5 are almost trivially
true.! I consider the case of a break in mean and that of breaks in both mean
and variance. The former case is considered in linear models such as in Elliott
and Miller (2006), while the latter case needs to be considered in the nonlinear
set-up. The standard estimation of the scores and Fisher information matrix based

on OLS can be used here.

I perform the same Monte Carlo simulations as the previous example and
examine the performance of B in this set-up. Table I1.3 shows the simulation result

for empirical sizes. The empirical sizes are pretty close to the actual sizes in mean

'The test in the previous section does not explicitly consider variance parameter. But it is
trivial to include o2 because the likelihood ratio in (I1.3.4) still holds and all the lemmas can
be applied. However, the nonzero property of the variance makes its replacement by the normal
random variable ((I1.3.11)) be somewhat irrelevant, and thereby cause some loss of power in the
small sample
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Table I1.3: Monte Carlo Estimates of the Empirical Sizes (Gaussian Error)

Sample Empirical Size(%)
Size break in p breaks in p and o
1 5) 10 1 ) 10
50 1.24 4.46 9.10 0.78 4.02 8.82
100 1.50 5.76 10.28 0.88 4.20 8.86
200 1.12 5.90 10.34 0.84 4.44 9.02

break case. But they are mildly lower than actual sizes in mean-variance breaks
case at all significant levels, which implies that the test, B, is conservative. Figure
I1.4 and II.5 show the size adjusted small sample powers of the tests. ExpLM
still has a size distortion problem. But the distortion is less severe than that in
linear quantile models: The empirical sizes range from 8 to 10 percents. The size
adjusted powers results are similar to those of the previous example. But the power
gaps between B and SupF /ExpLM are bigger for random walk break and multiple
breaks cases. The simulation gives a similar implication that the difference of the
power among different optimal tests are too big except a few cases. But B is still
preferred because it performs better than the other tests in all models and breaking
processes considered in the section. I also examine the cases that the conditional
mean is the linear function of exogenous variable x; as in the previous example.

The results are practically the same.

I1.4.C Binary Choice Model with Logistic Error

Consider the model

ye = I{(Bo + B1)' X + & > 0} (11.4.5)

where [ is the indicator function, X; and (; are as defined in the previous
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Table II.4: Monte Carlo Estimates of the Empirical Sizes (Logit model)

Sample Empirical Size(%)
size 1 5 10
50 0.62 3.60 8.28
100 0.72 4.16 8.84
200 1.08 4.16 8.98

example, and ¢, is iid with standard logistic distribution. (II.4.5) is the traditional
form of the times series binary choice model. The binary choice model is widely
used in macroeconomic and finance time series especially when analyzing discrete
or qualitative policy change such as central banks’ bank rate. ( see Eichengreen
et al. (1985), and Dueker (2005) for details.) The first derivative of the log likeli-
hood is defined as

exp [(Bo + Bi) X4

1+ exp [(Bo + 5r)' X4 !

_ €xXp [(ﬁo + ﬁt)/Xt]
X exp (o + B X

ét:

ify=1

X, ify=0 (I1.4.6)

For the simulation, I consider {X;} = {(1, Z;)}, where {Z;} are gener-
ated from AR(1) model with iid Gaussian error. Monte Carlo simulation results of
the empirical sizes are shown at table I1.4. The test has reasonable empirical sizes
for all sample sizes. The largest gap when the sample size is as small as 50 does not
exceed 2%p. Similar to the mean-varinace test in the previous example, they are
consistently lower than actual sizes, which implies that the test, B, is somewhat

conservative.

Figure I1.6 shows the size adjusted small sample powers of the tests. All
four tests have similar small sample powers in single structural break cases. How-

ever, there exist non-negligible power gaps among the tests for multiple breaking
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processes. For example, B has up to 65 percent more powers than the other tests
when there are four breaks in the sample period. The small sample power similar-
ity in the previous examples does not seem to always hold in this nonlinear model.
The good performance of B is more clear in this model. B has the power similar
to those of the other tests in any type of single break cases. It fairly dominates

the other tests in all other alternative processes.

I1.5 Conclusion

Parameter instability is an important issue in applied economics because
disregarding the instability causes a serious distortion in measuring and forecasting
economic relationships. This chapter gives three implications for testing parameter

stability.

First, asymptotically optimal tests for parameter instability do not re-
quire information about the specific form of the nonconstant parameter process.
Many tests are designed to have good powers against specific unstable processes.
The result in this chapter implies that a tailored test for specific instability does
not have any power gain in the asymptotic sense, which means that attempts to

derive tailor-made tests are asymptotically useless.

Second, A small sample optimal test designed to detect a specific type of
unstable parameter process has powers close to the best asymptotic powers even
against other types of unstable processes. Monte carlo simulation results show
that misspecifying the unstable process results in only a mild loss of power even
in small samples. This suggests that one can choose any specific form of unstable

parameter process which is easy to compute.
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Finally, I suggest an easy-to-compute asymptotically optimal test statis-
tic. The test statistic requires the maximum likelihood estimation under the null
hypothesis only. Small sample simulations show that the test statistic has correct
sizes and better powers than those of the other optimal tests for almost all unstable

processes even in small samples.



II.A  Proofs

II.A.A proof of Lemma 2

Let €2, &} be the square root of f(e?|6y), and, f(e}|0;) respectively. Dif-

ferentiability in quadratic mean, which is defined in (I1.3.6), implies that &} is

expanded by

5 _§t+ dft + 7y

(ILA.1)

where E[(g)?] = 0,([[(de/T)||?). By using (IILA.1), the square root of the inte-

grand of the LR statistics in (I1.3.4) can be written as,

VIr

where 7, = %d —i— R; and R; =

Ly =exp [Z log(1+m)

i~

1
2t A
1 (f?) (L.A-2)
(g% 1)
&
1 (Td e 1)

(14 n)

t

i~

t

= Tf:jﬂ )

o~
I
—

. Thereofre Ly can be rewritten as,

T

t=1
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Note that 23:1 log(l + nt) = ZtT:1 N — 523:1 77152 + Op(l) if max; |77t| =

0p(1) ‘and Zthl n? = O,(1). Hence Lemma 2 is proved by showing

L. 23:1 ne = % Zthl dgl‘t - # Zthl dzltjdt + Op(l)
2. 3 = g ey diJdi + 0p(1)

3. maxy || = 0,(1)

Proof of (1) : To prove (1), we have only to show that >, R, =
—g5z ST diJdy + 0,(1). Squaring both sides of (ITL.A.1) gives

€ = (€ +77 + A + e+ Zdor + A6 d,
1
T2
1
i

2 . 2 . -y
=2 = (§) = (&) =i = FEAE - Zdigir - A d,

dil,l,d, (I1.A.3)

1\2 1 iy 1 .
= 2Rt . (225]32 — 1) — RtQ — Tdtgt - Tdtgth -

By taking conditional expectation with respect to d;, we get

(&)2 2 1 U ) 1 U )
BRI = (ElG1d] ~ 1) - EIRHA) - pBlid] - 1 EliRd] -
1 ! ) ol

Let R, = 1{||d,/v/T|| < Mr}R, denote a truncated version of R, where

% — 0 and My — oo. The sequences ét and R; are asymptotically equivalent in

the sense that 3| R, = S/, Ry+0,(1). Note that max{”dt/ﬁ”<MT}(%d’sds)_l X
E[R?|d,] = 0,(1) from (IILA.1) and 75 Y did; = O,(1) from Condition 1. There-

fore
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Y BRG] = Y 1{ld/VT| < Mr}E[R}|d)] (ILA.5)

t=1 t=1

IN

T
VTle 7 duds) " B[RC|d, > —dd
;{ndt/ﬁwT} <(T2 )T EIR|d] ) Tz didy

— max —dd 1E32d) d.d
{lde /T || <Mr} ((T2 sds)” | TQZ '

= 0p(1) x Op(1) = 0,(1)

Also, using Chebychev inequality

1 : 1 .
Tdn-E[&iRAdt] < TdtiE[eiiut]l/?E[Rfydt]m (IL.A.6)

= Op(T712) x (Op(1)) % x (0p(T™1/%))? = 0,(T7")

Note that E[¢|d,] = 0, and E[¢,0}|d,] = J,(see Vaart (1998)). Using
(II.A.6) together with (II.A.7), we prove (1) by showing that

T T
> R, = > E[R/]d]+0,(1) (IL.A.7)
t=1 t=1
— 8T2 Z d,Jd; + 0,(1) (IL.A.8)
t=1
proof of (2):
T 1 T o 1 T ) T
S = e > dibilyd, + = > diiR+Y R
t=1 t=1 t=1 t=1

— (%Zd@]dt +o,,<1)) +0,(1) + 0p(1) (I.A.9)

t=1
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where the last two terms of the last equality comes from (II.A.7) and (II.A.8).

Proof of (3):

1
max7n; < — max |—=d| - | |—|—maXRt+op()
t 24 L srdll<Mr \/_ \/_
< Il - 1+ max By + oy(1)
max /= max [0)
T 2zalemr VT VT T
<

ﬁ”gt” +max R, + 0,(1)
= 0p(1) + 0p(1) + 0,(1) = 0,(1) (IT.A.10)

The first term of the 2nd inequality comes from Cauchy-Schwarz inequal-
-2
ity, the first term of the last equality comes from E[(; ] < oo and the second term

comes from

T
maz| Ry|* < ZR? = 0,(1)

t=1

which completes the proof. ©
II.A.B proof of Lemma 3
Note that E[(of'] = €'®.J; and E[(yl})] = ¢'e®.J; so that E[lyly] " E[lol'] =

(e® Ji)"H (' ® J1) = 7€ @ I).. Also note that O =, 00 = (Ir®
I, e ® I},)'0. Under Condition 4, (I1.3.7) can be rewritten as
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1 .
Lr = exp [?d’ee — ﬁd’[IT R I, e @ It (It @ J1)[Ir @ Iy, e @ Ii]d

1 1 1
= exp[—é’[[T X [k, —TG X Ik][IT X Ik, e® [k] g — —(SI[[T X Ik, —?6 X [k] X

T 272
1
[IT Q I, e® ]k]/(IT & Jl)[IT QI e® [k,’][-[T ® I, —?e (%9 [k]/(ﬂ

1 !

= exp [Té (M, ® L))l — ﬁ5 (M, ® J1)d (IL.A.11)
Note that (II.A.11) is the same as (I1.3.12) except § is replaced by 4.

Therefore, I need only to show that for any ¢ that satisfies Condition 1, %(5’ (M, ®

I;)0 and 450"(M, ® J;)8 converge to well defined limiting variables.

272

(1)
1 / ) 1 1) 1 / / )
Té (Me ® Ik)é = Ttsé — 7725 (66 ® Ik)g
1,. 1 , :
= 00— (¢ @ 1) @ 1))

1o . 1 <& T
— f;&&—ﬁ(;&)’(;&) (ILA.12)

Therefore, I prove that each term of the last equation converge to well

defined limiting distributions.

T
1 .
?Z(s;et = Q*’—Zﬁ‘ﬁé’étjl
t=1
— / Wi 2 dW, (II.A.13)

where Wy and W, are multivariate standard Wiener processes. And,
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T T

SO =

t=1 t=1

- oo o]

— / Wi (r)drSy 2 W,(1) (IL.A.14)

1 / 1 ! 1 / /
7725 (M. ® J1)0 = ﬁd (Ir ® J1)6 — ﬁd (ee' ® J1)é

]‘ ]‘ / / /
= 0 (r® 10— 5l @ T @ 1)

1 T 1 T T
t=1 t=1 t=1

_ / Wy (r) QW (r)dr (IL.A.16)

which completes the proof. ¢
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II.A.C Proof of Lemma 4

Let’s denote the variance of B, FF'/T? 2 as K. The test statistic [ET

can be written as

LRy = /(2@-’“2” K|~ exp [E’(Me ® 1,0 — %E’(Me ® )3 — %B’K—lﬁ dg

1.
= |K(M.® Ji) + Irg|* exp {%Me © L){(M, © Ji) + K~}

<t @ 1] [en) T @ )+ K
X exp [—% (=M@ ) + K} (M, @ Ik)é)' (M, @)+ K}
x (5— {(M.® J))+ KM, @ Ik)é)] dvy
= |K(M.® Ji) + Iry| exp Eé’(Me @ I){(M. ® J) + K'Y (M. ® Ik)é}
= c-exp Bé’(Me @L){M. @ J+T*(FF) '@ Q" VY (M, @ Ik)é}

/

)71 ® Afl}fl

1. FF
= el (M@ L) © T V2P)M, & I+ (—

x(Ip @ JV2PY (M, ® 1)/

/

)l AL (ILA.18)

1=, FF
= c-exp l§f*{Me®]k—|—( e

where ¢ = |K(M, ® J1) + Ik, = (Z’{/,...,Zi}/)’, and lzj = E;“ — LS /5. 1 then

T t=1
2

change the expression of the test statistic. Let’s define (a2, ..., a}) be the vector
of the diagonal elements of A, and ¢; be the k x 1 vector which is one at i** element

and zeros otherwise.
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FF' _ FF’
Me®lk+(T2)1®A = M®]k+z T2) & t;
k
= Y (Mc+ K" @] (II.A.19)
=1

where K,; = a; (FTIZ ) . Note that ¢} - 150} is k X k zero matrix if ¢ # j

and ¢;¢; if 7 = j. It makes the inverse of M, ® I, + (FT—I;/)_1 ® A easy as below.

’ k

TN =) (M4 KGN @ (I1.A.20)

FF
(M, & Ty + ()

because

k
ZM—i—K ) @ vt
=1

k
[Z(Me + KD @l (IT.A.21)

=1

_Z[T(@LZL +ZZ (M. + K;! Me+Ka_j1)7l®(LiL;)(LjL;):IT®Ik

=1 j#i

Therefore,

FF’

Z*/(Me ®Ik + ( T ) ®Q* 1) 12*/
o~ k o ’
= D (M + K @ | £
=1
ko a2 _
= Y ("F(FM.F + <T2) Ip) ' F'e (I1.A.22)
=1

Taking log of (II.A.18) and applying (II.A.22) completes the proof. ©
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II.A.D proof of Lemma 5

Let’s define A; = Iy + K;'. The inverse of A; can be expressed as,

AT =T+ K™ = Kol + Kog) ™ = 1= (1 + Kai)™!

By Sherman-Morrison Lemma,

M.+ K;'17" = A7'— (A7'e) (1 + A e/T) (A7) (I1.A.23)
= I —(I+Kyu) "+ (1A e/T)™

e’ = 2(1 + Kui)"ee’ + (I + Koi) e (I + Kai) ']

Let’s define T x (T — 1) vector B, as B.B., = M,. Then

MM, + K7 M,
=M, — M(I + Ku) "M,
+(1+ A7 e/T) " Mo(I + Kgo) tee’ (I + Ku) M,
= M, — M.(I + K,)"' M,
+(' (14 Ka) 7 te) T M (I 4 Kg) ted (I + Ky) ' M,
= M, — Be(B.(I + Ku)B.) ™' B,

= M, — Gy (IL.A.24)

where, G, = H,; ' — H, 'e(¢ H, 'e) ' ¢'H,
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1 0 .- 0 0
1 1 -+ 0 0

and H, =r,'FAA F' A, = and r, =1 —aT'. The
0 0 - —ry 1

third equality uses the fact that M.e = 0. and The last equality is by Lemma 4 of
Elliott and Miiller (2006). Therefore the test statistic can be written as

B(6o, ) = fo' (Bo){ M. — G, }; (50) (IL.A.25)

Lemma 6 of Elliott and Miiller (2006) gives us the distribution of the test

statistic which is given as below,

> {aiJi(l)Q + a? /0 1 Ji(s)2ds+ (I1.A.26)

i=1
2
2(11'

=" {ea“’iﬂ) +a /0 e (s)ds) — () +a, / J@‘(s)ds}

where J(s) = T2 ngll i — JiFemels (T3 Z[T)\] ()dN
Under Condition 2 and 3, \f Z[ST 5* sW (s) where W (s) is multivari-

ate standard wiener processes, which completes the proof.

II.A.E proof of Theorem 3

Theorem 1 can be proven by showing that P[|[LRy — LRy| > ¢ — 0
under both the null and the alternative hypothesis.
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(1) Proof of the convergence under the null hypothesis: For 0 < M < oo,

define
LR (M) = /H{1 (Eﬁtﬁ‘ﬁoﬁ)t)1{||5|| < VT M}dvs (ILA.27)
[TI/i’T(M) = /exp [ﬁ (M. ® 1) — —5 (M, ® J)3| 1{||8]| < \/_M}dy§
(IT.A.28)

Note that for any € > 0, the following is satisfied

P[|LRy — LRy| > 3¢] < P[LRy—LERr(M)|>¢ ()
+ P|LRr— LRy(M)| > (ii)
+ P[|LRy(M) — LRy(M)| > ¢ (iii) (IL.A.29)

Therefore, it suffices to show that each term of (III.A.15) converges to

zero, respectively.

(i) P[|[LRr — LRr(M)| >¢] < € 'E[|[LRr — LRr(M)|]

— g HT (QWO) _J\&lP)
‘ [/5||>ﬁM =L (el |Bo, Br) g

_ e_l/ dvs — P[5 > VTM]
6]|>vVTM
(ILA.30)

The first inequality comes from Chebychev inequality. The last equality
uses Fubini Theorem. The right hand side of the last equality can be made arbi-
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trarily small for all T by taking M large enough by the property of ( defined in

Condition 1.

Proof of (ii):

‘E\RT - E\RT(M)‘ == /ETdVg—/ ETCZVS
l6l|<vTM

!

1=, FF
=c-exp [56*{Me®]k+(

T2
= X /(271')k<T2_ : (M, ® Jy) + K71|%

) '@ A—l}—lé*/}

= x exp[—% (ﬁ— {(M,® J,) + K '} M, ® Ik)f)/

=x {(M.® 1)+ K~'} (5— {(M.@ 1)+ KM, ® mtf)]duﬁ

¢ epr (Gor 1, )]/ v
I6]>vTM

(ILA.31)

The first term on the last equation is O,(1) by Lemma 5, and the second

term can be made arbitrarily small by taking M large by Condition 1. In conse-

quence, P [|[TRT — [TRT(M )| > €] can be made arbitrarily small for all T large by

taking M sufficiently large.

Proof of (iii): Let’s define

Le(M) = Hf “t'ﬁt A{IVTB| < M} = Ly - 1{VTB|| < M}

G

= Lo(3) HIVTH| < M)
Li(M) = exp [{/(M,® I)3 — %ﬁ’(Me ® J)3

= Le(p) L{IVTB) < M)

Lr(M) = exp é’(Me ® 1,0 — %5’(% ®J)3

H{IVTS| < M}

{IVTB) < M}
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The test statistics are defined as LRy(M) = [ Ly(M)dvg, [T]J%T(M) =
i ZT<M)dVg. We define additional test statistic, LR, (M) = [ Li(M)dvg. T prove
(iii) by showing that LRp(M) — LRy(M) —? 0 and LRp(M) — LRp(M) —? 0.

The first convergence is proved as

LRy (M) = / Ly (M)dvé

— [+ 0,(IB) L0y,
= LRy (M) + o0,(1) (I1.A.32)

The second equality follows from Lemma 2 with Condition 4. The third
equality uses ITR*T(M ) is bounded in probability which is shown as

PILR.(M)>K] < K'E [LAR*T(M)}
= K / E[LRM(M)]dvg

= K‘l/E[LT\ﬁ]l{H\/TﬁH < M}dvs (ILA.33)

which can be made arbitrarily small by choosing K sufficiently large. To prove
the second convergence, we use an additional indicator function 1{B(-) > K} and
define new test statistics LRy (M, K), [T]/%T(M, K), and ITR;(M, K) as LRp(M),
ﬁ%T(M ), and [Z\E;(M ) multiplied by 1B(-) > K, respectively. Note that for any

e >0,
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P[|LRr(M) — LRy % (M)| > 3¢]
< P[|LRy(M) = LRy(M, K)| > € + P[|[LR(M) = LR(M, K)| > €
+P[|LRr(M, K) — LR (M, K)| > € (IL.A.34)

The convergence of the first term can be easy to show by using the similar

method of (III.A.17), i.e.

IERr(M) - ERe(O, ) = cexp | 1BC)| 1B > K} VT3] <
(IL.A.35)

in which P[||LRy(M)— LRy (M, K)|| > €] can be made arbitrarily small by taking

K sufficiently large. The convergence of the second term can be shown as

—~ %

PILRM(M) — LRy(M, K)| > < B [| LRy (M) — ERp(M, K|

_ %//LT (1 - 1{B() > K}) 1|VTB| < Mdvsdv,

IN

%/1“@6\] < Mdvy = P INT8| < M| (IT.A.36)

where the second equality uses Fubini theorem and the third inequality comes
from [ Lkdv, = 1. (I1.A.36) can be made arbitrarily small for all T by taking M
sufficiently large. In order to prove the convergence of the third term, we define
additional random elements v and 7, which have the same distribution as 3 and
5, respectively and are independent of § and E and of each other. We prove

LRy(M) — ITRT(M ) convergence in mean square which implies the convergence
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in probability. Note that LR} (M) and [TRT(M ) can be alternatively written as
integrals with respect to the measure of v and 7, respectively. Let LR}(M, K, 0)
and LRy (M, K,6) be LR#(M, K) and LRy (M, K) integrated with respect to the

measure of 6.

B(LR;(M, K) = LRp(M, K))?]
= B |(LRy(M. K, ) = LRe (M, K, D)) (LR} (M, K, 7) = LRy (M, K. 7))]
= E[LRy(M, K, B)LR;(M, ) — LR:(M, K, 3)LRr(M. K.7) -
LRy (M, K, B)LRy(M, K, ) + LRy(M, K, B) LRy (M, K, 7)
= BILR;(M, K. B)LR;(M, K.7)] = B |[LRy(M. K, 3)LRr (M, K. 7)|

—E |LRr(M, K, B)LR} (M, K,7)| + E | LRr(M, K, ) LEr(M, K.7)|
- / / / Lo(BL{IVTB| < MYLe(n)1{|VTH|| < M}

x1{B(:) > K }dvgdv,dv,

_ / / / Le{IVTB| < ML (R)L{|VT| < M}
x1{B(:) > K }dvsdvsduv,

- / / / Le(BUIVTR| < MYLe(n1{|VTH|| < M}
x1{B(-) > K}dvzdv,dv,

+ / / / Le(A{IVTB| < MYLe@)L{IVTF| < M}
x1{B(-) > K}dvgdvsdv,

Lemma 3 implies that the integrands of all four terms weakly converge
to the same limiting distribution. Thus, Crystal Ball condition give us that it is
enough to show that SupE[Ly(M, K)2™] is finite. It can be proved by computa-

tions close to those in the proof of Lemma 4.
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ELTMK

 for

x VB < MIL[B() < K]dfdv.
:q:/wm4£M{®hﬂ(MJ&M+JFU*ML®@M

(M, © )5 — a (M, © )5 — 2 FKF

: /<2w> oMo )+ KO
X exp[—%(g— a(aM, ® J, + K™Y (M, ® I)20) (a(M, @ J,) + K™Y
x (B —a(aM, ® Jy + K1) (M, @ I,)201[||VTB|| < M]1[B(-) < K]dBdv.
FF I NN
T2> ®EQ ) e}

1B() < Kldv.P [|VTB]| < M|
quﬁm<ﬁ/@ﬂ B(Q, Vi, o) 1UB() < Kldv.
gqu¢ﬁm<wqubx]

exp{ I (M, ® I + (

(IL.A.37)

so that, for sufficiently large K there exits S such that SupE[Ly(M, K)2™] < S.

(2) Proof of convergence under the alternative hypothesis: The proof
can be done by showing that the distribution under the alternative hypothesis,
f (€} B, Br) is contiguous to that under the null hypothesis, f(e?|3). The condigu-
ity of the distribution in which the likelihood ratio has the asymptotic distribution
as (II11.3.9) has alredy been shown by Elliott and Miiller (2006).

II.A.F proof of Theorem 4

Let’s define the power function of ¢7(Z|Q) as h(Q), i.e
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h(Q) = / / or(Z]9) f(z%at,ﬂw%ao)dzczyg (IL.A.38)

Note that the test does not depend on the measure of g because of the
asymptotic regularity of the test. Since the test B(f,2) is asymptotically most
powerful for testing that f(Z|f) is the true density versus f(Z|$6;, 8o+ 00(d;)) is
true and ¢7(Z|Q) has asymptotic a-size for dg(d;), Neyman-Pearson Lemma gives

the following inequality:.

hQ) < / / br(ZI0) <Z\%6, By + %&)(5)) AZdvs+o0,(1)  (ILA.39)

Therefore, theorem 2 is proved if B(Q2) is asymptotically equivalent to
B(By, Q) under both the null and the alternative hypothesis. Let’s rewrite B as

B: Bo +T7%WT

where Wy is a kx 1 random variable with P[|Wr| > M] — 0 for arbitrarily

large M. By using Condition 5 and continuous mapping theorem, we could get

[sT] [sT]
TN IPB) = TRy (G + TP W) + 0,(1)
t=1 t=1
[sT] R .
TN T P0(Be) — sK (Bo)Wr + 0,(1)
t=1

(I1.A.40)
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Since Wr(1) is constant for all t < T, it can be easily proved by showing
that the test statistic B(fy, Q) doesn’t change for the transformation from {¢;(5,)}
to {(;(6o) + ¢} where ¢ is the T x 1 vector of constants. Note that M.*(fy) =
M, [é;f(ﬁo) + c] By using (IL.A.24) and (ILA.25), we could get

B(Bo, ) = > & (Bo){M. — G} ()

i=1

k
= D E (B MM, + K" MG (o)
=1

- Z [/(Bo) + €] MeIM, + KM, [£:(B) + ]

=1
k

= N E Bo){M. — Gu Y (o) + 0,(1)
=1

— B(Q)+0,(1) (I1.A.41)

which shows the asymptotic equivalency under the null hypothesis. The
asymptotic equivalency under the alternative hypothesis comes from the contiguity

of B(fo, ), which completes the proof. ¢
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Chapter 111

Efficient Tests For Parameter
Instability in General Models

with Unknown Error Distribution

This chapter examines asymptotically efficient tests for parameter insta-
bility in general semiparametric models in which the error distribution is unknown
but treated as an infinite dimensional nuisance parameter. I first derive the asymp-
totic power envelope with unknown density and suggest conditions under which a
semiparametric model would have the same asymptotic power envelope with known
error distribution. The conditions are weak enough to cover a wide range of error
distributions by relaxing the twice differentiability and allowing for skewness. An
efficient test statistic is then suggested, which is adaptive in the sense that allowing
unknown error distribution gives no loss of asymptotic power. This implies that

the knowledge of the error distribution is asymptotically irrelevant under mild con-
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ditions. Monte Carlo experiments show that the adaptive test has improved small

sample powers over the existing tests under various error distributions.

III.1 Introduction

The instability of economic relationships is a common problem and is of
central importance in econometric modeling. As a result, there has been substan-
tial literature on testing for parameter instability. Recent attention has been paid
to obtaining a test that has the best asymptotic power. Andrews and Ploberger
(1994) suggest an optimal test for structural breaks which has the asymptotically
best average power. Elliott and Miiller (2006) provide a test in a linear Gaussian
model which is most powerful against a broad set of unstable parameter processes,
including both structural breaks and time varying parameters. Chapter 2 gener-
alizes Elliott and Miiller (2006)’s test so that it obtains the asymptotic optimality

in a wide range of nonlinear non-Gaussian models.

These tests are optimal only when the underlying distribution is known.
In many data sets, however, it is more likely that the error distribution is incor-
rectly specified. In this circumstance, it is to be expected that tests lose validity
by mistakenly recognizing outliers. The optimal tests partly work through this
problem by providing distribution-free size property to the test, but at the ex-
pense of losing efficiency. Unfortunately, no work has been devoted to discovering

an efficient test under unknown error distribution.

The purpose of this chapter is to examine the asymptotically efficient
tests for parameter instability in a semiparametric set-up in which the fact that

the underlying distribution is unknown is explicitly considered. I analyze the test
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in a single unified framework of the unstable parameter processes which is wide
enough to include various nonstationary time varying parameters and permanent
structural breaks. Therefore, it will be shown that the test set-up in this chapter
is general enough to cover a wide range of unstable parameter processes and error

distributions, but requires only modest information about them.

This chapter makes two contributions. First, I derive asymptotic power
envelopes for testing general parameter breaking processes in a semiparametric
set-up. This asymptotic power bound is sharp in the sense that it is attainable by
feasible test statistics. An important finding is that the asymptotic power envelope
in a semiparametric model is equivalent to that under known error distribution.
The asymptotic equivalency holds even under rather mild conditions that allow for
the asymmetry of distributions while most existing work requires symmetry. This
equivalency implies that the knowledge of the underlying distribution is asymptot-
ically irrelevant in obtaining an efficient test function. The power envelope does
not require the information of the exact parameter breaking process as long as it
is in a suggested set. Therefore, this chapter works through the problem of identi-
fying two unobservable random processes in the model, unstable parameters and
the error term, by providing conditions under which the attainable power envelope

is asymptotically free of their distributional information.

Second, I suggest a test statistic that is asymptotically efficient in the
sense that its power converges to the semiparametric power envelope. The test
statistic is derived based on the method of adaptation using kernel estimates of
the score function. An estimator or a test is adaptive if it has the same asymptotic
properties as the one obtained under the assumption that the true distribution is
known. Since the seminal work by Bickel (1982), numerous authors have employed
adaptation in time series models. Choi et al. (1996) extend this idea to the stan-

dard testing problem, to show that the test based on adaptive estimation is also
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efficient. Banerjee (2005), and Murphy and der Vaart (1997) examine the property
of likelihood ratio test in semiparametric models. Benghabrit and Hallin (1998),
and Hallin and Jurecova (1999) use adaptivity to derive asymptotically efficient
tests in AR model. Shin and So (1999), and Ling (2003) use it for unit root tests.

Most research has focused on standard testing problems in which the
locally asymptotic normal (LAN) property of the class of likelihood is involved.
However, the testing problem considered in this chapter is nonstandard in the
sense that the parameter to be tested is nonstationary random. Hence, the in-
ference based on LAN is not applicable straightforward to this set-up. Recent
research extends the adaptation to such nonstandard settings as a locally asymp-
totic quadratic (LAQ) likelihood ratio, in which the quadratic term of the local
approximation stays random even in the limit. (See Jeganathan (1995), and Ling
and McAleer (2003) for examples.) Jansson (2006) extends the LAQ to a unit
root testing problem. However, the testing problem in this chapter is different
from the previous considerations in the sense that the likelihood ratio is not LAQ),
but a weighted average of LAQ. This chapter shows that this non-standard testing
problem is still amenable to adaptation by using extant semiparametric methods
developed for standard problems. In this sense, this chapter provides an example

of the extent to which one can obtain adaptive tests in models far from LAN.

This chapter is organized as follows: Section 2 introduces the model and
the hypothesis to be tested. Section 3 studies efficient tests under the assumption
that the underlying distribution is known. Section 4 extends the result of section 3
to parametric submodels. Section 5 suggests an adaptive test in a semiparametric

set-up. Section 6 performs Monte Carlo studies. And Section 7 concludes.
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II1.2 The Model and the Breaking Processes

This section defines the model and the hypothesis to be tested. Consider
a stochastic process (y, X) =2 = {Z,: Q - R reN, t =1,...,T} defined on
a complete probability space (€2, §, P) where § = {§;, t =1,...,7} and §; denotes
the smallest o-algebra that Z, is adapted to, i.e. § = o(Z, ..., Z;). Define Fi(y)
as the conditional distribution of y;, and f;(y) as the corresponding conditional

density. Consider the model

yr = m(Xy, Bo, Bi) + & (I11.2.1)

where m(-) is continuous and differentiable with respect to ;. [; is the k x 1 vector
of parameters to be tested and 3y is the k£ x 1 vector of nuisance parameters which
are constant for all t = 1,...,T. ¢ is a mean zero error term with a distribution
g. The mean zero property is to identify the model and can be replaced by other
moment conditions such as quantile restriction, if necessary. The objective of this
chapter is to test whether the parameter vector that links the observables X; to y;

remains stable over time, i.e.

H03ﬁt:() Vt
Hy:05,#0 forsomet>1

(I11.2.2)

so that the parameter vector is Sy under Hy and [y + 3; under H;. To examine
asymptotic local powers, the alternative hypothesis is considered to be local to the

null by assuming that {3;} take the form
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1
ﬁtzfét Vtzl,,T

Unlike the standard testing problem, the appropriate neighborhood in
order for the test to have nontrivial asymptotic power is where 3, is of order 7!
in probability. The reason for this is that the test focuses on alternatives with
a persistently varying {d;}, in that permanent change of the parameter has more
implications in both economic and statistic concepts. It is implicit in the formula-
tion that (y;, X;), &, and their distributions may depend on T, but I suppress the

dependency for the purpose of notational convenience.

Note that different specification of the unstable 3, would lead to a different
testing problem. For example, the problem is reduced to a structural break test
such as Andrews (1993), Andrews and Ploberger (1994), and Bai and Perron (1998)
if we regard (3; as fixed and described by a vector of unknown parameters. On the
other hand, considering f; as random variables makes (II11.2.2) a test for time
varying parameters as in Nyblom and Makeldinen (1983). However, there are few
ways to identify in a priori a specific breaking process in one’s model. For this
reason, an effective test is one that is powerful against a wide range of parameter
instabilities. The set-up in this chapter leaves the breaking processes unspecified
as long as they are in a set which is broad enough to cover a lot of unstable
parameter processes that might happen in the economy. Specifically, I consider

unstable processes that satisfy the following condition.

Condition 6 i) {Ad;} is uniform mizing with mizing coefficient of size -r/(2r-

2) or strong mizing of size -r/(r-2), >2
i) E[A6]=0 and E[|Ad;|"] < K < 0o for all t=1,...,T, and i=1,... k.

iii) The initial value of {0} satisfies 6y = —% Zthl 0y
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iv) {Ad} is globally covariance stationary with nonsingular long-run covariance

matriz, )

The basic idea of Condition 6 is that the seemingly different approaches of
structural breaks and time varying parameters are in fact not distinctive. Both are
considered as specific forms of a unified framework of unstable processes as defined
in Condition 6. For example, if we let Ad;, have a continuous distribution with
probability p and equal zero with probability (1 — p), then Condition 6 captures a
multiple structural break model with (7" - p) expected breaks. On the other hand,

it is reduced to a random walk parameter model if Ad; is i2d normal.

Admitting both heteroscedasticity and dependency makes Condition 6
capture many possible persistent breaking processes. Heteroscedasticity of Ad;
allows different types of breaks to occur in a sample period in the sense that
breaks caused by different shocks may have different sizes. Heteroscedasticity also
covers processes that have fewer breaks in certain periods and more breaks in
other periods. Dependency of Ad; allows the parameter to smoothly adjust to a
new level after a break. This covers the general set of breaking processes that occur
frequently. For example, the oil price shock in 1973 did not change the economy
at a time, but might have had a lagged effect.

Part (iii) of Condition 6 is necessary to identify the process {0;}. It implies
that the average value of the random parameter path is always the same as that
under the stable model. Consequently, the test in this set-up detects permanent
variation in the parameter, rather than differences between the average value of
the parameters. Another benefit of this condition is that it provides the best
power under the existence of unknown nuisance parameter 3y, in the sense of least
favorable parametric submodels. 3y is generally unknown and should be replaced

by an estimator, which causes some loss of power. This condition plays the role
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of the least favorable direction of the alternative hypothesis, in which the test has

the minimal loss by unknown (y. (See Chapter 2 for details.)

In order to construct the likelihood ratio, we need additional assumptions

on the distributions of {¢;} and {X;}. The following condition specifies this.

Condition 7 i) ¢ is iid with conditional distribution g(e|Bo, Bt). € is condi-
tionally independent of X; given §;_1. The error distribution does not depend

on (B in the null hypothesis.

ii) Xy has conditional distribution fx(X;|Si_1) with respect to some o-finite mea-
sures, {fx(Xt|S¢-1)} does not depend on parameters By and [(; for all t =

1 T.

g ey

iii) Under Hy, {X;} are mizing with either ¢ of size -r/2(r-1), r 22 or « of size
-r/(r-2), r> 2.

iv) Under Hy, E[|X|"] <A <oo forallt=1,...,T andi=1,... k.
Z}fﬁ m(Xy)m(Xy) — s, uniformly in s where m(+) is the 1st derivative
of m(:) with respect 10 fr. Jp = Ei(Xin(X)). T~ S0 (X )m(X,)' is

uniformly positive definite.

Condition 7 implies that the likelihood function for the data is factored
into two pieces, one which captures the contribution to the distribution of y;,
(el Fi—1, X, Bo, Bi), and depends on (5, 3¢), and the other which contains con-
ditional distribution of X; and does not depend on (g, 3;), fx(X¢|§:—1). In such
likelihood functions, fx(-) need not be known in order for one to construct the test
statistics considered here. The itd assumption on ¢; is crucial in this set-up. How-
ever, it can be extended to the non 7id case in which some finitely parameterized

transformation of the data leads back to the iid model such as (non)stationary
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ARMA (Akharif and Hallin (2003)), GARCH (Drost and Klaassen (1997), Ling
and McAleer (2003)), and quantile ARCH (Koenker and Zhao (1996)) Models.

I1I.3 Asymptotically Optimal Tests in Paramet-
ric Models

This section reviews asymptotically efficient tests under the counterfac-
tual assumption that the error distribution, g(e|-), is known. It would give a
benchmark for tests under more realistic distributional assumptions by providing
the upper bound of their asymptotic power envelopes. Under Condition 6 and 7,

the likelihood function under Hj is

T
Foly, X180) = [ T gleel Bo) fx (Xt Si-1) (1I1.3.1)
t=1

The likelihood function under the alternative hypothesis is

T
fi(y, X160, 8) = / [T 9(eclBo, B) fx (X Si1)dvg (I11.3.2)
t=1

where 8 = (61,...,07), vg is the measure of §. If v is known, the
Neymann-Pearson Lemma implies that rejecting Hy for a large value of the likeli-

hood ratio statistic, defined as
€t|50, T5t
NPT gy I11.3.3
/ H €t|50 v ( )

has the best power against the alternative distribution (II1.3.2). The asymptoti-

cally efficient test considered in this chapter is based on the local approximation of
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(II1.3.3). To do this, we need a condition for the differentiability of the likelihood
function of the error term. The following condition gives the differentiability as-
sumption and an additional assumption for the asymptotic properties of the score

function.

Condition 8 Let &(+|5o, B) be the square root of the error density, g(-). Under
H07

i) There exists a kx 1 random vector & (| 8y, 1) such that E||7 (|30, 8|12 < oo,

and

a0 £:(160.0)

(gt(.\ﬁmh) _ 1) . h/ét( |507 )] -0 as HhH — 0, Vt<T

(I11.3.4)

[sT

&/ (-5, 0) (||50,0)/_>
24 (- |50 0)2 *Je

for some positive definite nonrandom k x k matriz function Jz and for any

s €10,1] and Js(1) is positive definite for all ¢t

If the error density is twice differentiable, £°(:| 5o, 8;) = mt(Xt)E where
(9 is the first derivative of the log of g(-). Part (i) of Condition 8, called quadratic
mean differentiability (QMD), is weak enough to be satisfied by a wide variety
of densities and strong enough to deliver the approximation similar to the Taylor
expansion. Under QMD, Chapter 2 suggests a second order local approximation
for Condition 6 random parameter models. Let’s define M, as M, = Iy — %e’ e
where I is a T x T identity matrix, and e is a T' x 1 vector of ones. The following

lemma gives the local approximation of the integrand in (I11.3.3).
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Lemma 6 Let (7 = (¢7(fo), ..., (2(5y)) where £(5y) = 22129 Unger Condi-

tion 6 to 8, the integrand of (111.3.3), denoted as Lr, is equivalent to

Ly = (14 0,(1))exp | 0% (M, ® I,) 3 — %ﬂ’(]\/[e ® Jg)f (I11.3.5)

This approximation can be considered as a locally asymptotic quadratic
(LAQ) approximation defined by Jeganathan (1995) in the sense that the quadratic
term is random because of the random parameter, and the null and the alternative
distribution is contiguous, which is shown in Theorem 1). Using Lemma 5, it can

be shown that LRy is asymptotically equivalent to

LRy = /exp {fﬂ/(Me ® 1) — %ﬁ'(Me ® Js)B| dvg (IIL.3.6)

[ suggest an asymptotically efficient test statistic, denoted as B(€2), which
is asymptotically equivalent to an increasing transformation of [7%T. Let Q* =
J é QJ ﬂ% I decompose Q2* into the orthonormal matrix of its eigenvectors, P, and the
diagonal matrix of the eigenvalues, A = diag(a?,...,a?), such that PAP" = Q* and
a; > 0,Vi. The first derivative normalized to have unit variance and zero covariance
can be written as (%*(Gy) = (Ip @ P'.JY2)(P(By) or 17%(3y) = P'J-V20(5y).

Furthermore, define Eff to be the i’ element of £7*(3;) and ¢”(3y, J3) to be the
G

vector of the partial sum of ét,z” i.e. j™ element of ¢ to be i:l Etﬁ: The test

statistic I suggest is

k -1

[ T2

B(Q) =) ¢ {ng + FMeF’} ¢? (II1.3.7)
=1 g

where F' is a T x T lower triangular matrix in which all the nonzero elements

are ones. By matrix manipulation it can be shown that B(Q2) = %ln LRy +
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constant, if the distribution of 3 is normal with zero mean and variance %F F'eQ.
Consequently, B(£2) is proved to be asymptotically efficient if ﬁ%T with any specific
vg for Condition 6 parameter process converges in probability to the same test

function under both the null and the alternative hypotheses.

Let ¢7(Z]€2) be a critical function for testing breaking processes. That
is, or(Z|Q2) is a [0, 1] valued function determined by Z. I consider asymptotically
a-significant tests, i.e. limr_o [ ¢7(Z|Q)fo(Z|6o)dZ = a. The power function of
the test is defined as [ ¢7(Z|Q) f1(Z|5y)dZ. The following theorem implies that
the test function B(2) provides the asymptotic power envelope under known error

distribution.

Theorem 5 Let ¥r(Z|Q2) be a critical function for B(2) and U (QY) be the asymp-
totic power function of Yr(Z|Q), i.e. U(Q) = lim [ [Yr(Z|Q) f(Z)Bo, B)dvsdZ.
Suppose the error distribution g(&Bo, Bt) is known. Under Conditions 6 to 8, the
test B(Q)) satisfies

oo / / br(Z19) Fi( 2|6, B)dvsdZ < V()

The test function B(£2), however, is not feasible because it is a function of unknown
nuisance parameters 3, and Jz. They should be replaced by their maximum likeli-
hood estimators in order to make B(f2) feasible. When constructing efficient tests,

we need the following.

Condition 9 Under Hy, the likelihood function satisfies.

[sT) [sT]
TN 0 (Bo + T72h) =TV 07 (By) — sK(Bo)h+ 0,(1)  (I11.3.8)

t=1 t=1
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Condition 9 is similar to the notion of regular score in the sense of Hall
and Mathiason (1990) and weaker than Nyblom (1989). This condition is generally
satisfied when an asymptotic normal MLE does exist, and can be extended to other
cases. The following lemma indicates that the plug-in version of B(2), denoted as

B(9, B, jg) attains the asymptotic power envelope.

Lemma 7 Suppose there exist a /T -consistent estimator B of By and a consistent
estimator jg of Jg. Under Condition 6 to 9, the following holds both under Hy and
Hy

B(Q,5,J) = B(2) + 0p(1)

Lemma 5 in Chapter 2 shows that the asymptotic null distribution of

where J;(s) = W/(s) — sW(1) — [ W (\) — AW/ (1)]d), and W/ is the iy,

element of the independent k x 1 standard Wiener process W5.
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II1.4 Asymptotically Optimal Tests in Paramet-

ric Submodels

The optimal test considered in the previous section assumes that the
error distribution is correctly specified, which is generally infeasible in practice.
Sections 4 and 5 extend the previous results by investigating asymptotically effi-
cient tests under unknown error distribution. This relaxation modifies the model
in the previous section into the semiparametric one with a real valued parametric
component 0 = (3, 3,,...,37) € RFT*D and a single nonparametric component
g € G which denotes the unknown distribution of the error term, where G is a

specified set of density functions.

In this section, I assume that the error density is known to belong to a
specific parametric family of distribution indexed by finite dimensional parameters.
A familiar case is testing partial structural breaks in which only the part of the pa-
rameters are suspected to have structural breaks while the others remain constant.
Another case occurs when testing stability of the coefficient of a linear regression
model in which, instead of standard Gaussian error term, the error term is id
from a more generalized distribution, such as an asymmetric exponential family (

Fernandez and Steel (1998)) with unknown skewness and kurtosis parameters.

The true set of conditional densities of y; is characterized as a parametric
family P, = {Fi(y|n) : n € R?} with dominating measure ;o and correspond-
ing densities f;(y|n) = dFi(y|n)/dy such that g(-) = fi(y|n). The model with
this parametrization P = {P,, : 0 € RFI*Y € R*} is called a parametric
submodel. For the convenience, I consider a parametric submodel with a single
unknown nuisance parameter 17 € R. The extension to the finite dimensional case

is straightforward.
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In this section, I confine my attention to contiguous alternatives for 7.
Define a v/T neighborhood of the true nuisance parameter 1, as n = 1y + %h for
bounded h € Hy where the local parameter space Hy is a Hilbert space. In order
to ensure that the asymptotic power envelope covers the unknown perturbation
of the nuisance parameter h, we need an additional restriction to the test. One
widespread way is to confine the tests that have the invariant asymptotic size
regardless of h. This type of tests, which is called an asymptotically similar test,

is defined as below.

Definition 6 Let ¢pr(Z) be the test function for the breaking processes and fo(Z|h)
be the null distribution of Z given h. The test function ¢r(Z) is asymptotically

similar at ngy if for a fived o > 0,

Tlim /¢T(Z)fo(Z|h)dZ <« for every h (I11.4.1)

Note that the asymptotic size restriction is imposed for every value of h.
This requirement is crucial and plays the role of restriction to regular estimates
in estimation theory. (see Hall and Mathiason (1990) for details.) Following the
way | analyzed the previous section, my investigation is based on the LAQ of
the integrand in the likelihood ratio of the model. The likelihood ratio function

associated with P, is written as

g(e]Bo + B, mo + fh)
LRS / dv I11.4.2
T H €t|ﬁ07 770) o ( )

Analogous to the parametric model case, we need a differentiability con-
dition for the density f(-|n) in order to get the LAQ of the integrand in LR3. The
following condition is the modified version of the QMD in Condition 8.
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Condition 10 Let £°(-|3,,1) be the square root of the error density, g(e|B:,n)
and b be the (k + 1) x 1 vector. Define 0] = (5;,n), and 6] = (0/,n9)'. Under Hy,

: . . !
i) There exists a (k 4+ 1) x 1 random vector gf()gb _ ( f/7£g’> such that
Eoll&7 (-, 67)] < oo and

2
E (Wq) AL )] 0 as b — 0

5 "08> ft ( )

[ST : n
24& O )€t<) J — sJ°

for some positive definite nonrandom (k+1) x (k+ 1) matriz function J° and

for any s € [0,1] and J°(1) is positive definite for all t

{€°(-, 00)} is still a function of §y but I suppress the dependency for the
purpose of convenience. Lemma 8 gives locally asymptotic quadratic approxima-

tion of the integrand in LR3.

2
Lemma 8 Let’s define E” 2?5((977 and J, = 4F [(ESEO";) ] Under Condition

6, 7, and 10, the integrand of (111.4.2), denoted as L3, is equivalent to

ho~ 1
eyl
(I11.4.3)

L3 = (1+0,(1))exp |7 (M, ® I,) — %ﬁ’(Me ® Jﬁ)g} - exp
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Now using (II1.4.3), it can be shown that the likelihood ratio function is

asymptotically equivalent to

s . 1
LRy = / exp [eﬂ (M, @ 1)3 — 5 (M, © Jmﬁ] dv - exp

Note that the integral part in (II1.4.4) is the same as the likelihood ratio
function in the parametric model, except the first derivative 08 depends on the
value of the nuisance parameter 79. Throughout deriving the power envelope, I act
as if g is known, and then show that the asymptotic power envelope is attainable

by replacing 7o by its consistent estimator.

I use the method of limits of experiments to derive the asymptotic power
envelope. An experiment can be regarded as a synonym of a probability model.
The implication in the limits of experiments is that if a sequence of experiments
converges to a limit experiment, the best asymptotic power function is the best
power function in the limit experiment. In such cases as the existence of the
nuisance parameter, finding the power envelope of the limit experiment is much
easier than using a classical method. Using the results in the previous section, and

functional central limit theorem, the asymptotic null distribution of log(LR3.) is

2
log(LR3) —* A5(Q,h) =T + A(Q) + hW(1) — %Jn (I11.4.5)

where I' = — Zle log (fi’;‘(’;—%), A is the limiting counterpart of B({2) in the
parametric model, and W" is a univariate brownian motion with variance J,,. Since
the convergence holds for all subset I where § € I C © | the sequence of the models
converges to a limit experiment so that we can focus on the power envelope of the

limit experiment.
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The best power can be achieved if the nuisance parameter has the true
value, i.e. h = 0, so that the power envelope can be calculated by maximizing
E [(b(Z)e:cp (AS(Q, O))} This type of power envelope, however, does not give the
practical implication in the sense that the power under h = 0 does not correctly
reflect the problem of unknown h. It is therefore sensible to derive the power
envelope under certain nonzero h by maximizing E [¢(Z)ewp (AS (Q, h))} This
power envelope is generally less than that of the previous section, because the
latter does not achieve true error distribution. However, Theorem 7 below shows

the interesting result that both power envelopes are identical in this set-up.

The intuition is as follows; the LR function (I11.4.4) and its asymptotic
counterpart (I11.4.5) are factored into two parts, containing the measure of the
parameter of interest, vz and the perturbation of the nuisance parameter, h. The
power of the test with respect to the size of the break is determined only by
the first part, and the asymptotic size restriction is imposed only to the second
part. Therefore, the test based on the first part is expected to provide the power
envelope, while it avoids the size dependency of unknown h. Since the first part
A() is equivalent to the best limit test function in parametric models, it is possible
to construct a test based on A(£2), that has the same asymptotic power as the power
envelope under known error distribution. Let’s define the limit power function WU*

as

U5(Q) = E [Lia@skeyezp (A(Q, h))] (I11.4.6)

where kj' is the continuous function that ensures the test function has asymptotic

size-a. The following theorem proves the argument.
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Theorem 7 Under Conditions 6, 7, and 10, any asymptotic similar test function

or(Z|Q2,n) associated with P, satisfies

T [ [ on(zi0n (2o mazavs < v5(@) = w(@) (I11.4.7)

where V() is the asymptotic power envelope in a parametric model defined in

Theorem 5.

Theorem 7 implies that it is possible not to lose any power even though
we do not know the true value of the nuisance parameter 7y, as the sample size
gets large. The main reason for this is because the alternative process, 3, — 3 is
invariant to the parametric transformation in a locally linearized neighborhood. In
general, the invariance property implies that the likelihood function is represented
as a function of the score of the parameter of interest 65 only through its effective

score function, which is defined as

T
0 =10) = Jagd P> A7
=1

where Jg, = E[(/{]]. The effective score function lies on the orthonormal comple-
ment of the space spanned by the score of the nuisance parameter, so that th’g c
and Zej] are asymptotically independent. The likelihood ratio in (I11.4.5) is a
function of ¢7 through ¢/ — ST (7. Subtracting Jan ! ST 7 from the first

term and adding it to the second term gives that

T T
N =i S
=1

=1
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which implies that the test is locally invariant to n. Therefore, not knowing 7,
does not give any loss of asymptotic power. The intuition is similar to Stein’s
necessary condition for adaptation which is that Jg, is zero. Under this condition,
the effective score is always equivalent to the actual score so that the invariance
property always holds. The set-up in this section does not satisfy Stein’s condition
while it obtains the same inference. The orthogonality in this set-up does not
come from the property of the error distribution, but from the property of the

alternative process, 3; — 3.

The asymptotic power envelope suggested in Theorem 7 is achievable in
practice if we have a v/T-consistent estimator of ny. Let B(£2) be the small sample
counterpart of A(Q), i.e. BY(Q) is the same as B(Q) in (II1.3.7) except the first
derivative of the log likelihood function with respect to 3 depends also on the true
nuisance parameter 7, and let B%(€, 7)) be the plug-in version of B%(Q). B%(Q)
achieves the asymptotic power envelope in Theorem 7 because it is a finite sample
counterpart of A(2). Therefore, it suffices to show that the feasible test statistic
B(2,7y) converges in probability to B°(Q2) under both Hy and H;. Lemma 9

below proves the argument.

Lemma 9 Suppose there exist \/T-consistent estimators i) and B, and a consistent
estimator Jz. Assume that 07 (n) satisfies condition 4) for both 1y and By. Under
Conditions 6, 7, and 10

|B®(:;7) — B%(Q)| — 0 in probability under Hy and H, (I11.4.8)

An important implication of Lemma 9 is that it is better to use an error
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distribution which is more general than normal. Note that the asymptotic power
function of B((2) is an increasing function of Q* = J g QJ é which is proportional to
the Fisher information of the error distribution. Accordingly, the power envelope
is strictly increasing in the Fisher information. Suppose that the true error density

is in a generalized exponential family, i.e. the error density has the form as,

g(er) = An) exp [B(n)le|"] (IT1.4.9)

where 7 > 1/2 and A(n) and B(n) are decided to satisfy [~ g(e)de = 1.. Normal
density is a special case of (I11.4.9) when n = 2. The fisher information of this type
of density ranges [1, oo] where it is one when g¢(e;) is normal and co when n = 1/2.
Therefore, the Fisher information has the minimal if we use normal distribution and
would be increased if we use any other g(¢;) than normal. Consequently, any non-
Gaussian density in (I11.4.9) would have a higher asymptotic power envelope than
normal. Since the asymptotic power envelope is attainable with v/7T-consistent
estimator of 7, we may get a significant power gains by using (I11.4.9) rather than
normal density whenever 1 # 2. Figure II1.1 presents asymptotic power envelopes
for various value of the Fisher information in (II1.4.9), where the bottom line
represents Gaussian case. It shows a large increase in power, which justifies the

use of a test with non-Gaussian error density.



108

II1.5 Asymptotically Optimal Tests in Semipara-

metric Models

The previous section investigates an optimal test under which finite num-
bers of nuisance parameters in the error distribution ¢ are unknown, while it is
known that ¢ is in a specific set G. This section extends the idea to a model in
which the error distribution ¢ is entirely unknown. Rather than allowing for the
unknown error distribution to be fully nonparametric, I give a mild restriction
that the error distribution is parameterized by an infinite dimensional unknown
nuisance parameter. Consequently, the true density f(-) is only known to belong

to a class & which contains all parametric families.

The set S can be considered as the union of all parametric submodels P,
in which the semiparametric power envelope can be defined to be the infimum of the
power envelope of all submodels. The previous section shows that every parametric
submodel has the same asymptotic power envelope, ¥°(Q), that is equivalent to
that under known error distribution. It implies that the power envelope of the
semiparametric models would also be equivalent to W°(2). Unlike the previous
section, however, the v/T-consistent estimator for the infinite dimensional nuisance
parameter is generally not available. Hence, the plug-in version of the efficient test

BP3(Q; 1) is inappropriate in this set-up.

This problem is similar to that of adaptive estimation, which is originally
proposed by Bickel (1982). The adaptive estimator is defined as the estimator
constructed without knowledge of ¢ but is asymptotically as efficient as any well-
behaved estimator that relies on knowledge of ¢g. This idea has been extended
to a standard testing problem to show that the definition and the method of

adaptive estimation can be directly employed in a standard testing problem; if a
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model satisfies the condition for the adaptive estimation and thereby the adaptive

estimator exists, we can construct asymptotically efficient test statistics.

This duality between estimation and test holds only when the model sat-
isfies LAN approximation. However, LAN is not available in out set-up, and there
is no parameter of interest to be estimated, so that the duality is not applicable.
It has not been considered whether the duality holds in a more general model
where LAN condition is not satisfied. Instead, Jansson (2006) suggests working
with a notion of adaptation that depends only on the model under consideration
and makes no reference to any other particular type of inference. Accordingly, we
get similar inference to that of the adaptation in this testing problem, by looking
back to the likelihood ratio in a parametric model in (I11.3.5). The purpose is to
find a feasible test statistic B*(§2) which converges in probability to B(€2) both
under the null and the alternative hypothesis. Based on (II1.3.5), it implies that

there exist estimators {7} and .J; which satisfy

T 1 T N T 1 T )
Z(ﬁt -7 Zﬁi)gf = Z(ﬁt -7 Zﬁi)ftﬁ + 0p(1)
t=1 i=1 t=1 =1
Js = Js+o0,(1) (I1L.5.1)

for all {#;} in Condition 6. The objective of this section is to show the exis-
tence of the estimators that satisfy (II1.5.1), and to demonstrate that it provides
the existence of an efficient test function. A possible construction of the efficient
estimator is to use a kernel estimation method. Using data and the consistent esti-
mator of y, compute the residuals €;,...,ér with & = e(y1, ...,y X1, ..., X7, B)

for t = 1,...,T. A kernel density estimator is defined as for all e in a small

neighborhood of each value of €
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frie;ér,....ér) = mZk(e_Q) (IT1.5.2)

it ar
1 1 e — €
1€1,...,€ = — 54 . II1.5.
fT(eu €1, 7€T> (T N 1)@% ; < ar > ( D 3)

where ar is a bandwidth and the kernel k(-) is three times continuously differ-
entiable with derivative k¥ satisfying ||k®(2)|| < ck(z) with i = 1,2,3 for some
positive ¢, and [ 2%k(z)dz < oco. (See Schick (1993).) The score estimator is
defined as

~ A/ ~ o~ ~
Blege,. o) — Irlb. &) (IIL.5.4)
t ~ ~ ~
bT + fT(Ct; €1y, ET)
1 T 2 °
Js = = PRACIAGH (IIL.5.5)
t=1

where {br} is a sequence of constants such that (T'albr)~* — 0. Note that {éf }
uses the entire sample data. Most existing research splits the sample period and
uses only the observations in one sample period to estimate {éf } of the other split
sample. They use the method not because of the elegancy, but because it yields
a relatively easy way to obtain the asymptotic result under minimized conditions.
From a practical point of view, however, it is desirable to use all sample data in
moderate sample sizes in order to avoid the size distortion problem, and thereby
to produce a better power. Schick (1987) suggests a general condition to use the
whole data. Koul and Schick (1997) use all data in adaptively estimating nonlinear
time series models under additional conditions on the boundeness of 7(-) and the
memory property of {Xr}. The method in this section is generally similar to

them, and Conditions 6 and 7 are shown to be enough to satisfy their conditions,
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so that no additional condition is required in order to use the whole sample data
for adaptation. Let’s define the critical function 17 (Z|2) = 1>k, where k, is
the continuous function satisfying Eo[¢r(Z]Q2)] = a and B*(2) as

k 2 -1
* I~ a‘i 2
B (Q) =Y [ﬁ[T - FMeF’} G (IIL5.6)
i—1
where (; = (@71, o ,CA,-,T)’, Q:” = Etﬁf, and fﬁ is the 4y, element of ;7. Let

U*(Q) be the asymptotic power function of B*(Q2) i.e.

U (w) = limg. / / br(Z1) fu(ZIm)dZ v

The following theorem shows that we can construct an asymptotically

efficient test based on (II1.5.4) and (II1.5.5), without further strict conditions.

Theorem 8 Under Condition 6 to 9, any asymptotically similar test ¢(Z|2) as-

sociated with S satisfies

hm //(;ST Z|IQ) f1(Z|n)dZdvs < T*(Q) = VU(Q)

where V() is the asymptotic power envelope in a parametric model defined in

Theorem 5

Theorem 8 indicates that the asymptotic power function based on B*(€2)
provides the asymptotic power envelope in a semiparametric model, and B*(2) is
adaptive in the sense that its asymptotic power function attains the asymptotic

power envelope when the error distribution is known. This property provides
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the main argument of this chapter: The knowledge of the error distribution is

asymptotically irrelevant for conducting an optimal test under mild conditions

suggested in this chapter. As sample size gets larger, there’s little loss of power

by not using the test based on the correctly specified error distribution. Note

that I do not restrict the set of error distribution to a symmetric case, while most

research including Jansson (2006) requires the symmetry. The proposed algorithm

to construct an asymptotically efficient test statistic is as follows.

Step 1)

Step 2)

Step 3)

Step 4)

Estimate 5y under Hy denoted as B . Any method of the estimation such as
QMLE, M-estimation, and GLS is possible as long as B is v/T—consistent.

~

Calculate the residuals € =y, — m(Xy, )

Estimate the error density and its derivatives by using (II1.5.3). Band-
width ar can be chosen by the optimal window width method. Calculate

< A < ALl
the estimates of ¢/ and Js and thereby 0 = Js 200

G O N A CL I (I11.5.7)
bT + fT(ea €1y .- 7€T)

T o ~ ~ 2
Js = %me,@o)m(xt,@o)'( ACIIINRL] )(IH.5.8>
t=1

bT + fT(@, €1, Ce ,GT)
where by can be chosen to be small, but large enough to eliminate the

technical difficulty caused by a too small denominator in (II11.5.7). Denote

it" elements of {éf*} by {éff}, i=1,...,k.

For each {Eff}, generate a new variable, w,; = rw;_; ; + Affj{ and w1 =

’.‘ﬁ*
£t71.

Regress {1} on {r} } for each i to get the sum of squared residuals where

re =1 —aT~'. Sum all of those over i =1,... k.
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Step 5) Multiply this sum by 7, and subtract it from % 77 Ef 8

II1.6 Comparative Simulation Study

This section examines the performance of the asymptotically efficient test
B*(§2) in finite samples through Monte Carlo experiments. I consider the simple

linear regression model as below.

yt:X£(60+6t)+et tzl,,T (11161)

where y; is a scalar, X;, fy and (; are k x 1 vectors, {y;, X;} are observed, [,
B; are unknown, and {X;} are assumed to be exogenous and satisfy Condition 7
with E[X;X/] = Xx. ¢ is 7d from a unknown distribution but satisfies Conditions
7, and 10, that is the error distribution is independent of 3; and differentiable in
quadratic mean. Therefore, (I11.6.1) satisfies conditions in this chapter and B*(2)

can be used as an asymptotically efficient test statistic.

By can be estimated simply by OLS which is v/T-consistent in this set-up.
For the estimate of the density, I use standard Gaussian kernel estimation where
the bandwidth is chosen by an optimal window width method based on Gaussian
distribution. Reasonable changes of kernel, such as logistic and Epanechnikov do

not significantly alter the result. by is chosen to be 0.001 x a'/?.

I perform the Monte Carlo simulation to calculate the empirical sizes
and the powers of the test under various error distributions. Five different error

distributions are designed, which are listed below.
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A1) Standard Normal Distribution

A2) Symmetric Laplace Distribution

A3) Asymmetric Laplace Distribution with skewed parameter= 0.2
A4) Student t-distribution with v = 4 degree of freedom

A5) Mixture of two standard Normal distributions with mean 2, and -2, respec-

tively

The small sample sizes and powers are compared with those of SupF test,
Andrews and Ploberger (1994)’s test (ExpLM), Nyblom (1989)’s test (Nyb), and
the test in Chapter 2 (B(2)) . SupF and ExpLM are designed for single structural
break processes. Nyb considers martingale processes which include a single break
with random occurrence and the random walk process. B({2) considers the same
breaking processes with this chapter, but assumes the error distribution is known.
B() is reduced to Elliott and Miiller (2006)’s test if the error distribution is
normal. I set up these tests based on Gaussian error distribution, because it is
most widely applied. Therefore, these tests might have the best powers in A1 but
lose some powers under other distributions. Following Andrews et al. (1996) and
Bai and Perron (1998), I choose a 5% trimming for SupF' test and 2% trimming for
ExpLM test. B*(Q2) and B(Q) are not feasible because (2 is generally unknown. I
choose a specific €2 as Q* = 100 x I followed by Chapter 2, and Elliott and Miiller
(2006). Hence, the tests are point optimal and there might be some loss of power

when the true Q is not Q*.

I consider the simple regression model with univariate X; with a constant
term where {X;} are generated from the AR(1) model with #d Gaussian error.

I consider 30 combinations of 3 different critical levels (1%, 5%, and 10%), 2
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sample sizes (100, and 200), and 5 error distributions to compute the empirical
sizes. In calculating small sample powers, four different types of breaking processes
are considered: single break, multiple breaks (2 and 4 times) and random walk
parameters. Five thousand replications are generated for each distribution and

sample size.

Table II1.7 shows the experimental result of the empirical sizes. The small
sample sizes performance of B*(2) is fairly good in distribution A1-A4. However,
it has size distortions when the error distribution is bimodal. For example, it
has a size of 10%, while the actual size is 5% when T' = 100. The gap becomes
moderated as sample size gets larger, but still not negligible when T is increased
to 200. The degree of the size distortion depends on the choice of bandwidth,
ar. It has empirical sizes close to the actual ones if ar is chosen to be small so
that the estimated density is smooth not to clearly identify bimodality. However,
it costs a loss of small sample power. Therefore, the problem of the efficient
choice of bandwidth is still in question. Other tests have good size properties in
all distributions, except the Exp-LM test. The asymptotic efficient test function

B*(Q2) has little gain in size performance in finite samples.

The selected results of the simulated small sample powers are shown in
figures II1.2 to I11.5. The powers of all six tests are close to each other when the
error distribution is unimodal and symmetric. Figure II1.2 shows that B*(€2*) has
similar powers to the others even when they correctly identify the error distribution
as Gaussian. It implies that B*(Q2) is little outperformed by the existing tests
based on Gaussian distribution, even in the worst case. Figure I11.3 shows that in
t-distribution, B*(Q2) performs the best against multiple breaks and random walk
parameter. However, the power gaps between B*()) and others are small. Unlike
the large sample case (figure II1.1), substantial power gains by using non-Gaussian

error distribution are not clear in this small sample instance. The result in the
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Laplace distributional case is similar to the t-distribution case, and I do not present
the results in this chapter. Since the distinctive feature of Gaussian, Laplace and
student-t distributions is thickness of tail, these results imply that the relative
finite sample powers are not very sensitive to tail behavior of error distribution.
Figure I11.4 shows that B*(Q2*) performs the best when the error distribution is
skewed and the gaps become larger as the number of breaks increase. The gaps are
relatively bigger than previous distributions. This may imply that power property
depends more on the skewness rather than the tail behavior. The power gaps
become fairly consequential in bimodal error distribution, as shown in figure II1.5.
B*(22*) has the powers 62%p greater than the best of the others, at its greatest
extent. In summary, there is considerable power improvement of the adaptive
test B*(2*). The degree of the improvement depends on the modality and the

skewness, rather than the tail behavior.

II1.7 Conclusion

Parameter instability is of central importance in time series models. This
chapter has an advancement in that it suggests an asymptotically optimal test by
using little information about the underlying distribution and unstable parameter
process. Adaptation has shown to be possible in this nonstandard testing problem,
which makes the knowledge of the error distribution inappropriate. It implies that
an attempt to find a well-fitted error distribution is asymptotically useless under
mild conditions because one may not gain any asymptotic power. This asymptotic
irrelevancy is consequential because widely assumed normal density is generally
far from macroeconomics and financial data, and choosing another specific density
might be too discretionary. By avoiding the sample-split method, the test B*(£2)

also shows good power performance even in small samples.
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ITITI.A.A Proof of Lemma 6

Differentiability in quadratic mean, (IT1.3.4), implies that £} is expanded

&

1 .
=&+ 70 &+ (III.A.1)

where 7 = &6, — £ > 4, E((g)?] = op(l|(d:/T)[?). By using (IIL.A.1), the square
root of the integrand of the LR statistics in (II1.3.3) can be written as,

VL

, £0
where 7, = %5;‘ E—E) + R,

Lt:

(%) (L.A2)

L~ &
("4
1 t

1,80
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1
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and R; = 2—3 Therefore L can be rewritten as,
t

exp [Z log(1 +17:)

t=1

Note that Zthl log(1+n,) = Zthl N — %Zle n? + o,(1), if max, |n,| =
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0p(1) and 23:1 n? = Op(1). Hence Lemma 1 is proved by showing
T T *'7 T *! *
Loy m= % Y1 6 lf - 8% > 105 Ja0; + 0p(1)

T T *! *
2. 3 i n = ﬁZt:l 0f Ja0; + 0,(1)

3. max || = 0,(1)

These conditions are the same as those in the proof of Lemma 1 in Chap-
ter 2 except that each 7; is now the function of whole alternative parameters
(8", ...,8,)". Since 6, is independent of ¢ under the null hypothesis, condition (1)
to (3) can be proved through the same way as in Chapter 2. {

III.A.B Proof of Theorem 5, Lemma 7

The proof of Theorem 1) and Lemma 7 is not much different from the

proofs of Theorem 1) and 2) in Chapter 2. I skip the proof. {

ITITI.A.C Proof of Lemma 8

: . Jsz
Let 0, = (8),v/Tn), ¢ = (07" 07y and J = 77 here Joy =
o
E[(707. By Lemma 1) of Chapter 2. The integrand, L3 can be written as

T T
1 : 1
S v /
L7 = (14 0,(1))exp ;_1 0,0 572 ;_1 6,70, (III.A.3)

The second order term in the exponential of (II1.A.3) is rewritten as



119

T T T T
1 1 1 1
577 D 00 = o D0 Ts+ g D Ten+ e D oy
t=1 t=1 t=1 t=1

Since Zthl 0; = 0 by Condition 6 (iv), the last term is a zero vector.

Consequently replacing d; by d; — ZiTzl 0; completes the proof.

III.A.D Proof of Theorem 7

Since the test function ¢ is bounded in probability, Prohorov’s Theorem
implies that for every subsequence ¢/, there exists a further subsequence with
¢ —% ¢ as T" — oo under Hy. Theorem 6.6 of Vaart (1998) gives the asymp-
totic distribution of ¢y under Hy as L = Ijsyexp[A®]. Accordingly the following

convergence holds

lim  E [¢r(Zr)] —* E [¢(Sg, Wy)eaxp[A”]] (IIL.A 4)

/
T —oo

(ITI.A.4) enables us to use the limits of experiments to obtain the asymp-
totic power envelope for the testing problem. Let’s define the two power functions

in the limit experiments as follows
vQ) = FE [1{A>ka} exp[A]]
U2(Q,h) = E[l{ask.exp[A°]] (ITILA.5)

U(Q) gives the asymptotic power envelope in parametric models by the-

orem 1, ¥°. By construction ¥(Q, h) < ¥(Q). Therefore it is enough to show
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that

U3(Q,h) = U(Q) for all 2, h

U(Q,h) = E[l{ask,y exp[AT]]
h2
= F {1{A>ka} exp[A] exp {hWn - ?Jn”

h2
= F |:1{A>ka} eXp[A]E |:eXp |:hWn - ?JU:| |Sg:|:|

where Sg = ([ WdWe— [ WEW (1), [ WiWs— ([ Ws)'(| Wp)), W is a Brownian
motion independent of W, and W, and W, is a Brownian motion of which the
covariance with W, is Jg,. Note that W, has zero covariance with f I/V[’galI/VE —
JW5W(1) so that W, is independent of Sz and normal with zero mean and

variance J,. Consequently,

h2
E |:6Xp |:hW77 - ?JT]:| |Sg:|
h? 1,
= [ oxp [WW, = - Jy | exp [—5 W J W, | W,

1
- / exp {—E(Vm7 — W) T (W, — th)} AW, =1  (IILA.6)

Consequently, we get

U5(Q, h) = E [1{psk,y exp[A]] = U(Q) (IILA.7)

which completes the proof. ©
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IITI.A.E Proof of Lemma 9

Let’s rewrite 7 as 7 =g + T—2Wr + Tféop(l)

where Wy is a kx 1 random variable with P[|Wr| > M] — 0 for arbitrarily

large M. By using Condition 4) and continuous mapping theorem, we could get

[sT] - [sT] N '
THEY R = TS T TTW) +o,(1)
t=1 t=1
[sT] S
TN P20 (o) — sK (o)W + 0,(1)
t=1

(IILA 8)

Since Wr(1) is constant for all ¢ < T, it can be easily proved by show-
ing that the test statistic B"%(ny, Q) doesn’t change for the transformation from
{P (o)} to {7(ny) + ¢} where ¢ is the T x 1 vector of constants. Note that
M.0% (o) = M. [éf*(no) - c]. Lemma 5 of Chapter 2 shows that M, — G, =

MM, + K_'| ' M, where K, = a? (FT—IEI)A. Under H,,

k
BPS(80,Q) = D07 (m){M. = Ga}" (o)
=1
k . .
= ng* (no)Me[Me + thl]ilMegiﬁ*(n(ﬁ
=1
k . .
= 37| () + ] MM+ BT M [ (n0) + ]
=1
k . .
= 3 @M. = Go (o) + 0(1)
i=1

= B"(1,Q) + 0,(1) (IT1.A.9)



122

which shows the asymptotic equivalency under the null hypothesis. The asymp-
totic equivalency under the alternative hypothesis can be proved if the alternative

distribution is contiguous to the null distribution which means

Elexp(A®(Q))] = 1.

B e S )

- F [exp[A]E [GXP [hWn - h;‘]n} |Sf3”

= Elexp[A]-1] =1 (IIL.A.10)

The third equality comes from (III.A.6) and the last equality is by The-

orem 1), which completes the proof. ¢

III.A.F proof of Theorem 8

Let’s define the two test statistics.

LR = [ exp [(¥ (M, © )3 — 38/ (M, ® J5)B] dvs ~ B(Q) (IILA.11)

LRy = [exp [WM@ ® )3 — 13 (M. ® jg)ﬁ} dvs ~ B*(Q) (IILA.12)

Theorem 8 is proven by showing that P[|LRy — LRy| > ¢] — 0 under
both the null and the alternative hypothesis. Since LRy is contiguous as shown
in the proof of Theorem 1, it suffices to show it only under the null hypothesis.
Throughout the proof, I assume that 3y is known. The asymptotic invariancy of

replacing fy by 3 has already been shown in Lemma 7. For 0 < M < oo, define
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LRy(M) = /exp (M. I,)3 - %6’(1\46 ® J3)3| 1{||8]| < VT M }dvs

(I11.A.13)

Z{JRT = /627]) -Eﬁ/(Me X Ik)ﬁ — %ﬂ/(Me & Jﬁ)ﬁ 1{”5” < \/TM}dV(g

(IT1.A.14)

Note that for any € > 0, the following is satisfied

P[|LRr — LRy| > 3¢] < P[[LRy — LRr(M)| > € (i)
+ P[LRy— LRy(M)|>¢ (i)
+ P[LRr(M) — LRp(M)| > ¢ (iii)(IILA.15)

Therefore, it suffices to show that each term of (III.A.15) converges to

zero, respectively.

Proof of (i):

‘E\RT - [/:\RT(M)’ = /ZTdylg —/ szV(S
IVTBl<M

/

1. FF
=c-exp {éﬁﬁ{Me@)Ik—i—( e

) e A—l}—ltﬂ
x /(2@’“”2‘” (M, @ J) + K|
X exp [_% (5 —{(M,® J3) + K} (M, ® Ik)!”)/
M T + K (8= {01, © Ja) + K- WM, © 1))

=c-exp FB(BO, J3, Q)} / dv (II1.A.16)
2 IVTBI>M
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The first term on the last equation is O,(1) by (I1I1.3.9), and the second
term can be made arbitrarily small by taking M large by Condition 1). In conse-
quence, P HZT]/%T - ZT]/%T(M )| > €] can be made arbitrarily small for all T large by
taking M sufficiently large.

Proof of (ii):

‘L/RT - ITRT(M)‘ = /Ele/ﬁ —/ ETdVﬂ
IVTBl<M
FF'

T2

1=, W
= (1 opl1))e-exp |56 (M, @ Bt () @471

< [ em g+ KO
« exp[—% (8- {(M.© Jp) + K} (M, © mé)'

A

X {(M @ J) + K7} (8= {(M. @ Jp) + K H(M, @ )0 Jdv

=c-exp FB(BO, Js, Q)} / dvp (IIL.A.17)
2 IVTBI>M

The first term on the last equation is O,(1) by (II1.4.5), and the second
term can be made arbitrarily small by taking M large by Condition 1). In conse-
quence, P [|L/RT - [//RT(M )| > €] can be made arbitrarily small for all T large by
taking M sufficiently large.

Proof of (iii): Let’s define
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Le(M) = exp |07 (M, ® )5 — 20(M. @ J5)| - 1{VTS] < M)

= Le(9) 1{IVTB) < M) _
Er(M) = o |I7(M, © 1)5 — 55/ (M,. @ Jp)5| - L{IVT] < M)

— Lo(8) L{IVTB| < M}

We need to show that
In(Ly) = In(Lz) 4 0,(1) (I11.A.18)

so that

—~

LRz (M) / L (M)dv = / (140, (1) Ta(M)dvs = LRz(M)+0,(1) (ITLA.19)

For the notational convenience, The proof is done based on univariate [,
The extension to the vector case is straightforward. Let 3 = 31{|VT| < M}.
Then (III.A.18) is proved by showing that

Zﬁt——Zﬁ thget)226t——26 1n(X;)09(e;) + 0p(1)

t=1 = t=1 =
(I11.A.20)

A

Js = Jsz+0,(1) (IT1.A.21)

where £9(¢;) is the 1st derivative of In g(e;). To simplify the proof, I replace ri(X;)
by m(X¢)* = m(X;)1{|m(X;)| < M,,}. It can be easily shown that the replacement
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does not affect the result by using exactly the same way as the proof of (i) and

(ii). The proof of Lemma 4.3 of Schick (1987) implies that if v/T [ Eg )de = 0,

\/_ Z (Eg e) — 09( et \/_/ﬁg €)de + 0,(1) (II1.A.22)
(ITI.A.22) implies that (III.A.20) can be obtained if we have the following

Z B (X0) (£9(e) = Br(e)) = TB 7" / () = () g(e)de + 0, (M)
(I11.A.23)

where 3* and m* are the their sample mean. I first show that

% S (X)) (Eg(et) . ég(et)) = VTi*(X,) / (9(e)g(e)de + 0,(1) (IILA.24)

Theorem 6.2 of Koul and Schick (1997) implies that (III1.A.24) holds if
for some sequence < 7 > of positive integers tending to infinity, the following is

satisfied (See pp.269-271)

> E(Im(Xy) = B[t (X)ler, . ar, €1, en]]”) = 0p(1)

‘t l|>Tt

S| =

1

I/\
I/\

(IT1.A.25)

Note that E [m*(Xy)|er, ..., €1, €41, 6] = E[m*(Xy)|er, ..., e-1] if

[ > t because of Condition 2). Consequently we have only to show that
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Yo ) E(m(X) - Bt (Xy)le, ... 6]f) = 0,(1) (I11.A.26)

1<LI<T |t—1|>7

for all I < t. Let’s set 7, = T2~ where 0 < a < 1/2. Then,

T Z > E(m (X)) = Bt (Xp)|er, .., a][*)  (IILA27)

1<t I<T |t—I|>7¢
- % S B0 (X)) - Bl (X)) +)
<tJI<T |t—I|>7

(ru (X)) — Eph* (X)) e, ..., e])|?)
1 Yoo ST E(jwr(x) — Bt (X)) +

1<t JALST |t—1]>7

E (|E[m*(X,)] — E[m*(X)|er,. .., &)

IN

The first term converges is O,(72%) because

%Zlgt,lgT Z\t—l\>n E (|m*<Xt) - E[m*(Xt)”Q) < T_QQM:? = Op<T_20)- Ibragi-

mov theorem implies that the second therm is also is O,(T~2*) because,

23S B () - Bl (X, al?)
<t I<T [t—l|>7¢
S (0= EDEES i (X
t=[Tt/2—]4

T 2aMx — Op( —2a)

where [z] is the the largest interger less than z. I satisfies (II1.A.26). Prov-
ing (III.A.23) based on (III.A.24) is equivalent to proving (III.A.24) based on
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(I11.A.22). Therefore we have only to show that v/73; satisfies (ITL.A.25). Note
that 3} is independent of {¢;} and by Condition 1) F [5}|e1,. .., €1, €141, ..., €7
for all [. Consequently,

)

_ % S Y E Hﬁﬂ: 2) (IT1.A.28)
1<Lt<T |t—1|>7¢
(13 S woam

which satisfies (IIL.A.26). Convergence of J; is proved by Schick (1987) which

completes the proof. ¢
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Table III.1: Monte Carlo Estimates of the Empirical Sizes (Linear Equation)
(a) Standard Normal Distribution
T =100 T =200
Size B* B Nyb Sup AP B* B Nyb  Sup AP
10% 8.88 9.20 8.84 8.70 14.40 10.58 10.16 10.20 9.60 12.20
5% 416 4.84 4.28 4.80 8.02 512 4.86 490 5.12 7.66
1% 0.76 092 046 1.46 3.02 082 104 1.00 146 2.38

(b) Symmetric Laplace Distribution
T =100 T =200
Size B* B Nyb Sup AP B* B Nyb  Sup AP
10% 9.68 8.88 9.18 8.36 14.52 10.26  10.04 10.08 10.04 13.86
5% 470 4.28 3.94 498 9.14 542  5.08 4.66 536 8.28
1% 078 0.74 0.74 1.76 4.00 .26 1.14 096 1.76  3.20

(¢) Asymmetric Laplace Distribution
T =100 T =200
Size  B* B Nyb Sup AP B B Nyb Sup AP
10% 11.30 896 9.16 10.24 15.62 11.80 9.38 9.66 9.94 13.30
5%  6.12 4.64 452 6.06 10.46 6.42 496 4.72 5.80 &8.02
1% 1.48 0.78 0.82 242 522 1.46  1.20 0.80 196 3.42

(d) Student t(4) Distribution
T =100 T =200
Size  B* B Nyb Sup AP B* B Nyb Sup AP
10% 9.86 850 9.15 9.84 16.58 9.86 9.38 9.68 9.98 13.76

5% 554 396 4.12 5.64 10.50 4.64 472 418 520 8.02
1% 120 0.76 0.66 2.02 4.66 1.00 1.06 0.84 1.94 3.42

(e) Bimodal Distribution
T =100 T =200
Size  B* B Nyb Sup AP B* B Nyb  Sup AP
10% 10.71 949 9.25 8.77 12.94 10.74 10.03 10.18 9.96 12.05

5% 535 4.80 4.49 4.68 7.57 5.78 535 519 539 6.82
1% 124 097 0.87 1.50 2.55 1.39 122 087 1.53 220

note) Sup: Sup-F test, AP: Exp-LM test



130

Figure II1.1: Asymptotic Power Envelopes for Various Fisher Information
note) Powers are plotted from 10,000 draws using 1,000 standard normal steps to ap-

proximate Wiener Processes.
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Figure II1.2: Small Sample Powers, Linear Regression Model with Gaussian Error,

T=100
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Figure II1.3: Small Sample Powers, Linear Regression Model with Student t(4)
Error, T=100
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Figure I11.4: Small Sample Powers, Linear Regression Model with Asymmetric

Laplace Error, T=100
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Figure II1.5: Small Sample Powers, Linear Regression Model with Bi-Modal Error,

T=200



Chapter IV

Testing Parameter Stability in
Quantile Models: An Application

to U.S. Inflation Process

This chapter considers testing parameter instability in conditional quan-
tile models. The asymptotically optimal parameter instability tests obtained in
Chapter 2 and 3 are applied to quantile models both in parametric and semipara-
metric set-up. In parametric models, Komunjer (2005)’s tick-exponential family of
distributions is used as the underlying distribution. The suggested parametric test
is still valid even when the error distribution is misspecified. I apply our test statis-
tic to a various quantile model of the U.S. inflation process such as Phillips curve,
P-star model, and autoregressive models. The test result shows an evidence of pa-
rameter instability in most quantile levels of all models. The semiparametric test
rejects the stability even in more recent period with moderate economic volatility.
Phillips curve model and autoregressive model have asymmetric test results across

quantile levels, implying the asymmetric response of inflation to economic shocks.

135
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IV.1 Introduction

The majority of economic empirical work has focused on conditional mean
models. In this type of model, the relationship between X and y is described by
how the mean of y changes with X solely. The crucial and convenient assumption
for this is that X affects only the mean of the conditional distribution of y. In
general, however, covariates X may influence the conditional distribution of the
response in many other ways, such as expanding its dispersion as in traditional
models of heteroscedasticity, stretching one tail of the distribution, and even in-
ducing multimodality. Explicit investigation of these effects via quantile estimation
can provide a more nuanced view of the relationship, and therefore a more infor-
mative empirical analysis. In this sense, increasing attention has been devoted to

quantile relationships.

Another reason to pay much attention to the quantile estimation method
is that the conditional mean model is insufficient to make inferences about the risks
of the variable of interest. The measurement and management of risk has been
an important issue in finance and macroeconomics. There is no doubt that the
quantification of the tradeoff between risk and expected return is one of the main
problems in finance, which makes the estimation of risk of central importance. In
addition, in many of the central banks, density forecasts of inflation are preferred
to point forecasts in the sense that the former contains the uncertainty structure of
the forecast. Conditional quantiles have more information than just the conditional
mean in that they contain other information about the uncertainty structure of the
variable of interest such as skewness, kurtosis and any other factors that determine
the shape of the distribution. Therefore, quantile estimation provides a better way

to measure risks.



137

In estimating and forecasting quantiles, it is crucial to investigate whether
the model of interest is stable over time. Many economic factors may cause a model
to become unstable. Technology shocks, changes in economic policy, and changes
in economic regimes such as a shift from a closed economy to an open one are
such examples. As long as the instability is not too strong, standard estimation
methods are still acceptable. However, in instances of strong instability, such as
the nonstationary time varying parameter case, inference using standard methods

will be misleading.

This chapter applies the optimal parameter instability tests suggested in
Chapter 2 and 3 to linear conditional quantile models. Application of semipara-
metric optimal test is straightforward in that quantile models can be associated
with conditions in Chapter 3. Using parametric optimal tests requires likelihood
based models. I use Komunjer (2005)’s tick-exponential family of distributions as
the underlying distribution in which the location parameter represents the quantile
level. It also provides the quasi maximum likelihood estimate in the sense that
the maximum likelihood estimator is still consistent to the true quantile parameter
even though the error distribution is misspecified. The quasi maximum likelihood
estimation property of tick-exponential distribution allows the test function to have
asymptotically correct size property even though the underlying distribution is not

tick-exponential.

The test is used to investigate the quantile parameter stability in the
U.S. inflation model. Phillips curve, P-star model, and autoregressive models are
considered for the testing purpose. The tests result shows an evidence of param-
eter instability in most quantile levels of all models. Semiparametric test rejects
stability even after 1990’s. In Phillips curve and autoregressive model, different
quantile levels delivers different test results. Considering that the instability is

mainly caused by various economic shocks, the non-identical test result implies
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that the inflation process has asymmetric response to the economic shocks.

IV.2 Notation and Preliminaries

This section considers the basic concept of conditional quantile models
and examines the distinction between quantile parameters and mean parameters.
Since both parameters have similar role in the inference of the relationship between
X and y (how much of the variation of y is explained by that of X ), one may
argue that test for the constancy of mean parameters is identical to that of quantile
parameters. By comparing these two parameters, however, this section shows that

the argument is misleading.

Consider a stochastic process (Y, X) = Z = {W, : Q — Rk €
N, t = 1,...,T} defined on a complete probability space (€2,§, P) where § =
{§:, t = 1,...,T} and §; denotes the smallest o-algebra that X; is adapted to,
ie. § = o(Xy,...,X:). Define Fy; (y) as the conditional distribution of Yy, i.e.
Fo: (y) = P(Y; <y | ). Consider the model,

yr = XiBi + Ximer (IV.2.1)

where y; is a scalar, X; is a k x 1 vector, 3; and =, are k x 1 vectors of parameters.
g¢ is an error term independent of X; from a distribution with quantile function
Qa(g). Note that 8, and +; may not be constant. [3; is called the mean parameter
and Xv; represents the heteroscedasticity of the error term. The assumption that
the conditional variances are linear to X might be too restrictive. But this linear
scale model of heteroscedasticity is an important special case of the general class

of models with linear conditional quantile functions. It subsumes many models of
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systematic heteroscedasticity which have appeared in the econometrics literature:
Goldfeld and Quandt (1965)’s model( o(z) = oxy) is a special case when v, = oe,
and Harvey (1976) and Godfrey (1978)’s multiplicative heteroscedasticity model

can be considered as a case when o(z) = xv + o(||7]]).

We are interested in the ath quantile of the distribution of Y; conditional

on the information §;. Denoting this as Q,, it is defined as

Qaly: | §t) = vier}%f {v: Fyi(v) > a}
or if Fo is continuous, Qa(y: | §1) = Fy/(a) (IV.2.2)

In words, conditional quantile Q,(y;) is the value that the probability
of y; being less than this value is a. The conditional quantile of y, in the model

(IV.2.1) is then simply,

Qo | &) = X6 + Xiv - Qaler) (IV.2.3)

From equation (IV.2.3), the ath conditional quantile of y; can be ex-

pressed as a linear function of X,

Qalye | 1) = X{[B + 1Qaler)] = X{Bay (IV.2.4)

where (,+ = Bi+7Qa(e). Hence, the quantile parameters are determined not only
by the mean parameters 3, but also by the scale parameters v and other factors
that may affect the shape of the conditional distribution @), such as skewness and

kurtosis. This property depends on whether the error term is heteroscedastic or
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not. Under homoscedasticity, all elements of ~; are zero except that of the constant

term. If this is the case, equation (IV.2.3) reduces to X;5 + Q(g;) , which implies

ﬁa,t - 615 + (Qa(gt)aou“wo)/ (IV25)

Hence, [, is equivalent to the parameters of the conditional mean except
for the constant term. As noted in the introduction, however, the heteroscedas-
ticity is general in the model of econometrics. For example, in the analysis of a
household budget, residuals from the regression model exhibit variance increasing
with household income. In finance, GARCH is a widely used method in modeling

the financial relationship, in which o;(X;)? is defined as ag + aqy? ;.

In this regard, mean parameter constancy does not provide enough infor-
mation about quantile parameter constancy. Even if mean parameters are constant
(B; = B), quantile parameters may vary over time due to either scale parameter
(v¢) or other factors( ,). Consequently, in testing the hypothesis for the param-

eters of quantile such as tests for structural breaks, treating quantile parameter as

having the same testing information as mean parameters may be misleading.

IV.3 Testing Parameter Stability in Quantile
Models

This section describes methods to perform tests for quantile parameter
instability. I use both test statistic considered in Chapter 2 and Chapter 3; one is
based on parametric likelihood function (B) and the other is based on the semi-

parametric setup (B*). The suggested test function is
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. oo 2 -1
B@) = S ¢ AY [T—f - FMEF'} CG3) avan
=1

where (; be the vector of the partial sum of the first derivative of the log likeli-

1 0 ... 0
1 1 ... 0 ~ ~

hood function. M, = Iy — %ee’ , F = L |, and 8 and J; are the
1 ... ... 1

maximum likelihood estimators under Hy. In parametric circumstances, ¢; can be
calculated from the underlying density. In semiparametric set-up, it is calculated
from the nonparametric estimation such as kernel estimation. Application of Semi-
parametric Test is straightforward because the conditions for the semiparametric
optimal tests considered in Chapter 3 are possible to be associated with quan-
tile models. Under iid assumption quantile restriction on the error term simply
replaces the zero mean moment condition to identify the model. Since I do not
impose any other restrictions on the error term such as the symmetry around zero,

the semiparametric setup in Chapter 3 can be directly applied to quantile models.

In parametric test, a likelihood based model is required to obtain the test
function. The most researches on quantile models have focused on non-likelihood
based estimation which makes the use of the existing LR, LM and Wald type
test statistics difficult. The majority of the works have used a quantile regression
framework; Koenker and Bassett (1978, 1982), Powell (1986), Koenker and Zhao
(1996) are the examples. Recently, Komunjer (2005) gives a way to use LR type
test by suggesting a class of likelihood functions in which there exist a quantile
parameter and the maximum likelihood estimator of it is QMLE, i.e. the estimator
is consistent to the true quantile parameter even though the error distribution is
misspecified. The class of likelihood function, called tick-exponential family, has

the form
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o = exp [—(1 = a){a(Xe) = bi(Y) yexisy + fa(XiB) — ci(y) M zx.0]
(IV.3.2)

where a;(+) is continuously differentiable and a;(+), b(+), ¢;(+) are functions such
that (i) ¢ is a probability density, i.e. [, ¢fdy = 1; (ii) X, is the a-conditional
quantile of p. For a given value of probability « the density function ¢ in (IV.3.2)
is exponential by parts where the two parts have different slopes, proportional to
1 — a and «, respectively. The special case is an asymmetric type of a Laplace
distribution by defining a;(X;5) = [1/(a(1l—«))] X0 and bi(y) = ¢ (y) = [1/(a(1—
«))]y, which is defined as,

1 1
i = exp[—(ye = XeB)lyyxipy — 7 (0 = XeB) gz xim] (Iv.3.3)

o 1

The distribution (IV.3.3) is proportional to an asymmetric slope function
and is reduced to the Laplace distribution when « is 0.5. This type of likelihood
function, as proposed by Komunjer (2005), is advantageous for analyzing condi-
tional quantile models. First, parameters in (IV.3.2) represent conditional quantile
parameters. In distributions with parameters as functions of mean, variance, and
other moments (such as the normal and t-distribution), we need to re-parameterize
in order to present them as a function of quantile parameters. As shown before,
this re-parametrization makes the quantile parameter a function of the shape of
the distribution. This hinders the use of the condition that the distribution is
stable across breaks. However, since the parameters of the likelihood in (IV.3.2)
represent the conditional quantile, the shape of the distribution may stay stable
over different variations of parameter 3. As a result, we can easily construct the

likelihood ratio test statistic.
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Another merit of this function is that maximum likelihood estimators
based on this likelihood are consistent even if the likelihood function is misspec-
ified. Komunjer (2005) shows that the QMLE is consistent if any form of the
tick-exponential type likelihood function is used for MLE. Koenker and Bassett
(1978)’s quantile regression method is regarded as MLE when the likelihood func-
tion is a Laplace form of (IV.3.2). This property implies that, as pointed out by
White (1982), even though the test statistic is not optimal due to the misspecifica-
tion, the test statistic is still reasonable if we correct some problems. Later in this
section, we will show that using (IV.3.3) makes B(€2) valid even though the true
distribution is not. Although (IV.3.2) is not differentiable at points where either
v = X|B or y, = X|B + X|f3, it is easy to show that (IV.3.2) is quadratic mean
differentiable so that Lemma 2 in Chapter 2 is applicable in this case. This chapter
considers Laplace type case of (IV.3.3) as the underlying distribution because its
MLE is equivalent to the widely known Koenker and Bassett (1978)’s Quantile
Regression Estimator and it is easy to compute the test statistic B(Q) Any other
type of (IV.3.3) would be a simple expansion of the Laplace type case. Now the

Hellinger derivative and the fisher information of the Laplace type case can be

written as,

: 1 1
— X _
b T a(l—a)

- 1— a th{yt<Xtﬁa}

1 1 -2«

I=\a=ar * ai=ap E[X,X]] (IV.3.4)

The maximum likelihood estimation of 3, is estimated by solving a linear

programming problem such as

minc’z  subject to: Az =1y, 2>0 (IV.3.5)
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where A = (X, =X, Iy, —Ir),y = (Y1, .., yr), 2 = (B, 87, ut u™), c= (0,0, 6-
e, (1-0)-¢), X = (Xy,..,Xr), and e is an Tx1 vector of ones. subscript +
and - are defined as for any a, at = max[a,0] and a= = —min|a,0]. Buchinsky
(1997a) and Koenker and Park (1996) suggest its solution methods and show the
uniqueness of the solution. traditionally there are two methods to solve the linear
programming problem. One is to travel from vertex to vertex along the edges of
the polyhedral constraint set, choosing at each vertex the path of steepest descent,
until we arrive at the optimum. The other is to take Newton steps from the
interior of a deformed version of the constraint set toward boundary. Recently,
Buchinsky (1997b) suggests GMM estimation by letting the first order conditions
of minimization problem (IV.3.5) be the moment conditions. In order for the

likelihood to be applied to the test statistics B(€2), it should satisfies the conditions

described in the previous section. The following Lemma shows that it suffices

Lemma 10 Suppose a quantile model satisfies Condition 2 in chapter 2 in which
the error distribution is a tick-exponential in (IV.3.3). Then the mazimum likeli-

hood estimator using the methods described in the above satisfies Condition 4 where
K(B) = ﬁ% ZtT:1 E [Xe X197 (y, X))

Therefore the test statistic, B(€2), using the score and the Fisher infor-
mation in (IV.3.4) has the asymptotic distribution given in (I11.3.9). The test
statistic is point-optimal when the true distribution is (IV.3.3). However, it might
be argued that the distributional assumption is too strict to be used to macroeco-
nomic or financial applications. As Komunjer (2005) noted, (IV.3.3) is proposed
to be used as a QMLE. Therefore the test statistic is required to be valid even in
misspecified cases. As noted above, MLE of (IV.3.3) has a nice property that the
estimators are consistent even when the true distribution is not. This property

[sT

makes it easy to show that 1. t:i] J~12¢, in (IV.3.4) is still converging to Brown-
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1an bridge. The following lemma shows the test function based on the asymptotic

laplace distribution is asymptotically valid.

Lemma 11 Let B(Q) be the test statistic B(Q) under (IV.3.3) where ¢, and J is
defined in (IV.3.4). Suppose a quantile model satisfies Condition 2) in Chapter 2
with the underlying distribution {f(e;)} which is not necessarily tick-exponential.
The asymptotic distribution of BL(Q) under the null hypothesis of constant param-

eters is the same as Lemma & in Chapter 2.

IV.4 Quantile Models in Inflation Process

Quantile models of inflation is arousing more attention for both economics
and policy making. It is importantly used as an alternative method of density
forecasts which are being increasingly used in practice. (See Tay and Wallis (2000)
for a survey of application in macroeconomics and finance.) Point forecasts, namely
the central tendency of the forecasts, are currently the most widely used methods,
but are being increasingly criticized in that they contain no description of the

associated uncertainty.

Density forecasts of inflation is estimates of the probability distribution of
its possible future values. They provide a description of forecast uncertainty, and
act as supplement to the point forecast in that the point forecast is considered as
the central points of ranges of forecast uncertainty. Since density forecasts estimate
a complete description of the uncertainty structure, they can be seen to provide
information on all possible intervals and quantiles. However, density forecasts
generally require the function form of the density to be specified or complicate

nonparametric estimation of the density which sometimes has poor forecasting
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power in relatively small samples. Quantile forecast can avoid fully nonparametric
method and has the advantage of not requiring the density and will thus be more
robust to certain types of misspecification such as tail behavior of the distribution.
Sometimes it is enough to obtain a finite levels of quantile for certain forecasting
purposes. In addition, even though the purpose is the density forecast, Thompson
and Miller (1986) show that a natural way to summarize the predictive distribution

is by presenting selected quantiles.

An example of quantile type forecasts of inflation is the U.S. Survey of
Professional Forecasts (SPF), known as the ASA-NBER survey. In this survey,
forecasters are asked not only to report the point forecast and forecast horizons, but
also to attach the density forecasts for inflation and output growth. In each case,
a number of bins, in which the future value of output/inflation might fall are pre-
assigned, and each survey respondents is asked to report their associated forecast
probabilities. The forecast is thus represented as a histogram on a preassigned grid

which is associated with the inverse of forecast quantiles.

The second example is the Bank of England Monetary Policy Commit-
tee’s density forecast of inflation, known as the inflation fan chart. Figure IV.1
shows the inflation fan chart. The density forecast is represented graphically as a
set of prediction intervals, covering 10, 20, ...,90 percentiles of probability distribu-
tion. The lighter shades are for the bands further from the mode (or the median).
Since the distribution becomes increasingly dispersed, the quantiles fan out as the

forecast horizon increases.

The original Bank of England’s fan chart chooses the mode of the density

forecast as its preferred central projection. Thus the central tendency is apart
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Figure IV.1: Bank of England Inflation Fan Chart

from the median when the predicted distribution is asymmetric. It implies that
the graphed prediction intervals do not coincide with quantiles so that, for ex-
ample, 90 percent prediction intervals is not formed by 5 percent and 95 percent
quantiles under asymmetry of distribution. Wallis (1999) gets around the problem

by suggesting an alternative fan chart based on central prediction intervals.

The fan chart is analytically drawn by choosing a particular probability
density function. Once the values have been assigned to the underlying parame-
ters in the density function, probabilities can be readily calculated. The density
function Bank of England uses is the skewed version of the normal distribution,
called two piece normal, in which an additional parameter describing the asymme-
try of the distribution is introduced. However, it is well known that tails of normal
distribution is too thin to adequately describe inflation and other macroeconomic
data. In addition, the two piece normal density has only 3 parameters to describe

the whole distribution. Consequently, each eighteen quantile levels are determined
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by 3 parameters.

The problem can be overcome either by using nonparametric forecasting
of density (Fujiwara and Koga (2002)) or by directly forecasting quantile. Taylor
and Bunn (1999) apply quantile regression approach to generating forecast intervals
of various macroeconomic data to show that the quantile forecasting method is

encouraging.

Bank of England’s fan chart is the combination of model based point fore-
cast and the Monetary Policy Committee (MPC)’s subjective probability forecast.
Once the point forecast and the variance are estimated based on the macroeco-
nomic model, MPC judges whether the uncertainty will be increased and whether
the upward and downward risks are balanced. Thus the fan chart explicitly al-
lowed the structural breaks at the time of the forecast. However, the model is
estimated based on the assumption that the parameters are constant, leading to a
conflict that an acknowledged instability at time t is reversed to be stable at any
time periods later than t. Cogley et al. (2005) get around this problem by using
a Bayesian vector autoregression in which the parameters follow driftless random
walks. Vega (2005) also Bayesian method where the parameters are allowed to be

non constant but assumes they are stable.

IV.5 Testing Quantile Parameter Stability of

U.S. Inflation Process

This section explores the empirical evidence of the instability in quantile
models for the U.S. inflation process. Structural break is a widely accepted phe-

nomena in models for inflation, and many researchers have devoted much effort
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to identifying structural breaks in the inflation processes. Clak and McCracken
(2006) find a break in 1982, while Estrella and Fuhrer (2003) suggest another break
in 1984. Jouini and Boutahar (2003) find evidence of a structural break in the AR
coefficient in 1990. These researches find no break after the 1990’s. On the other
hand, recent studies such as Stock and Watson (2006), and Atkeson and Ohanian
(2001) argue that economic relationships have become unstable, even in recent
years, so that the predictive powers of the models for forecasting inflation are still
doubtful, even after the reduction of the volatility in the great moderation. Those
tests are performed for the mean parameter stability and occasionally the variance

stability. No works have been devoted to the instability of inflation quantiles.

The test in this section serves three purposes. First, I analyze whether
assuming unstable parameters is justified by the data. The test will provide in-
sights on how to choose a relevant model. Second, I analyze if the commonly used
sample splitting method overcomes the instability problem in the presence of struc-
tural break. For example, it is generally perceived that around 1982 there were
significant changes in macroeconomic behaviors, such as the investment prices’
average rate of decline, the conduct of monetary policy, macroeconomic volatil-
ity and the regulatory environment. Most studies explicitly considering the break
generally make effort to overcome the problem by reestimating the model on split
subsamples. Gali et al. (2003), Fisher (2006), Clarida et al. (2000), and Barth and
Ramey (2005) suggest to split into pre-Volcker period (post war-1979) and Modern
era (1982 to the present). With this insight, I examine whether the split sample
method could resolve the instability problem by performing the stability tests to
each split sample period. The more recent subsample period (1991-current) is
also considered to evaluate the recent debates about whether the inflation forecast

models become more stable after 1990s.

Third, I observe whether the breaking processes are identical for all levels
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of quantile. This will provide an inference on the asymmetry of policy effect in that
nonidentical test results implies the different responses of the inflation to policy
variables associated with different points on its conditional distribution. It will also
give an implication of the quantile forecasting method. Most of the literatures on
inflation quantile forecasts, especially the inflation fan chart, are based on specific
parametric distributions in which a few number of parameters determine the shape
of the distribution. In this case, for any level of quantile, quantile parameters are
functions of these few parameters only. Thus a breaking process in one parameter
would affect all levels of quantiles. This implies that the test should have identical
results at all quantile levels. Consequently, if a model has different test results
across different levels of quantiles, it would provide an evidence of inadequacy
of the parametric distributional assumption. In addition, different test results
will give an inference about potential asymmetry of monetary policy and business
cycle. Analysis of different levels of quantiles provides a broader picture of inflation
process against a various external and policy shocks. To perform the test, I consider

various types of predictive models which are listed below.

Phillips Curve(BPC) s = Bo + Br(L)m 4 Bo(L) G + €
P-star Model cme= I (P22) + ALy +
Py = MV

N

Autoregressive Model(AR) :m = [y + B1(L)m + &

m; = inflation rate g = NAIRU gap
my = money supply (M2) y; = output (industrial production)

where X (L) represents the lag operator, and P*, V* and y* indicate their lon-
grun equilibrium level, respectively. BPC is a backward-looking statistical Phillips

Curve which is believed by many to be the preferred tool for forecasting infla-
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tion. (See Stock and Watson (1999).) On the other hand, recent research such
as Stock and Watson (2006), and Bachmeier and Swanson (2005) cast doubt on
the predictive power of the Phillips Curve model. P-star model has first proposed
by Federal Reserve Board as a simple inflation forecasting method. It uses money
equation as a longrun relationship of inflation, output, and money in which P-star
is interpreted as the longrun price level. However, the forecasting power of P-star
model is cast doubt on by many researchers, especially suspected on the stable
relationship between inflation and money quantity. (See Bachmeier and Swanson
(2005), and Christiano (1989).) The AR model has an advantage and has been

used by many in that it is simple and has a good forecasting power.

The data spans the period between January 1962 and October 2007. 1
also consider a couple of subsamples; Jan.1982-Oct.2007, and Jan.1991 to Oct.2007.
The split period is chosen based on the findings of a structural breaks by the current
researches. Tests in the later period will provide implications on the stability after

the great moderation.

I use urban CPI to calculate inflation, m;, and industrial production index
for the output, y;. M2 is used for the money supply. Unemployment is the civilian
unemployment rate. NAIRU, yf and V;* are estimated by Hodrick-Prescott filter-
ing. The lags are determined by Akaike Information Criteria(AIC) and all data

are seasonally adjusted.

Table IV.5 shows the test results. The adaptive test B*(€2) shows strong
evidence of instability of Phillips Curve in all sample periods, while the test B(2)
could not reject the instability in the upper quantile parameters of the sample peri-
ods 1962-2007, 1982-2007, and all quantile levels in the recent period (1991-2007).
Throughout all the models, the parametric test B has a tendency not to reject the
stability compared to B*(2). Note that B(Q2) does not have asymptotic optimality
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Table IV.1: Test Results: Stability of the U.S. Inflation Process

o B B
(quantile) 1962-  1982-  1991- 1962-  1982-  1991-
2007 2007 2007 2007 2007 2007
Philips Curve
0.30 39.11t  51.10F  17.20 57.407  53.54T  21.43
0.40 32.13*  36.22F  23.85 50.26"  46.72F  28.62**
0.50 28.97*  28.84* 23.99 52.95"  51.677  26.82
0.60 26.77  27.66  18.64 50.157  55.35T  32.68**
0.70 21.33 2345  12.71 60.94"  35.06"  30.99**
P-star Model
0.30 25.54*  23.16*  20.69 30.98"  16.94  7.29
0.40 28.36** 14.32  14.24 33.97"  15.04  10.19
0.50 24.25*  16.09  17.07 29.317 1156  11.60
0.60 2209 17.45  17.50 33.647  16.42  18.50
0.70 17.19  14.97  12.00 40.287  19.78  17.49
AR(3) Model
0.30 28.69" 24.58  15.39 26.45**  24.64*  17.25
0.40 33.021  26.02** 15.87 31.52F  24.63* 17.53
0.50 28.10" 15.97  14.73 24.74*  25.36** 28.77**
0.60 19.47 1950  17.73 25.85* 38.471  43.79%
0.70 1573  17.25  19.25 32.10f  43.531  50.04f
AR(1) Model
0.30 19.33F  23.767  24.89% 31.72Y  37.69"  53.561
0.40 18.99t  27.39"  26.28f 31.33F  38.89"  53.60f
0.50 23.92F  30.76"  32.16' 29.96"  36.88"  54.05
0.60 18.181  24.347  22.05f 30.147  37.48"  53.61f
0.70 17.071  18.321  24.79% 30.347  38.18"  53.52f

note: 1. *, ** 1 mean that the test rejects parameter stability at 10%, 5%, and 1% significant

levels, respectively.

2. the lag lengths are set by AIC.
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Table IV.2: Test Results: Mean/Variance Stability

Model 1982-2007 1982-1989 1991-2007
Phillips Curve(BPC) 30.53* 20.72 25.22
P-star Model 44.11* 44.33* 36.53
AR(1) 25.421 13.02* 32.847
AR(3) 24.31 22.17 20.01
Unconditional Vairance 42.967 15.457 38.777

because different quantile levels use different likelihood function although they are
all from the same data generating process. Considering that B*(€)) is asymptoti-
cally optimal, we would expect that the different test results are from the power
property of the tests rather than the small sample size distortion, which implies
that B(€2) result is more favored. This inference becomes clearer if we compare
the them with the test of the mean and variance stability. Table IV.2 shows the
B*(§2) test result for the mean and variance parameters using the same model
with the same data. The test could not reject the mean stability in the sample
period 1991-2007, which is similar to B(£2) test result for quantile instability. But
the variance presents instability in all subsample period. As noted in section 2,
quantile parameter can be interpreted as the function of not only the mean but
also the variance and other distributional behaviors, which implies that any breaks
in mean or variance cause breaks in quantiles. In this regards B*(2) test is more

associated with the mean-variance tests.
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Based on B*(2) test result, we find evidence that Phillips curve are still
unstable even in the ara of great moderation. This result coincides with Atkeson
and Ohanian (2001) and Stock and Watson (2006)’s findings that the forecasting
power of backward looking type of inflation models is not improved even after

1990’s because of instability.

Another finding is that the test does not have identical results across
quantiles and it depends on the sample periods. B(£2) has a tendency to strongly
reject the null hypothesis for parameters of lower quantile levels, while it accept
it for higher quantile levels in periods 1962-current, and 1982-current. In 1991-
current period, B*({2) rejects stability in upper quantile levels and accept it in
lower quantiles. It has similar test result in AR(3) models. Consequently, the
test supports the asymmetry of the inflation response to economic shocks. It also
implies that the inflation density forecast methods based on parametric distribution
such as inflation fan charts may lose the accuracy of the forecast because, as noted

above, assumed stability of the shape of the distribution contradicts the test result.

For P* models, both B(£2) and B*(Q2) reject the stability in whole sample
period (1962-2007), But they could not reject in more recent subsample periods.
However, it should be cautious to admit the forecasting power of P* model. The
main problem of the forecasting power P* model is the weak relationship between
P* gap and the inflation. But accepting the stability of the model does not neces-

sarily mean that the model shows the close relationship.

The AR(1) model is shown to be most unstable. Both tests reject the
stability at 1% significant level. For the AR model based on AIC lag decision
(AR(3)), B(€2) could not reject the stability in 1991-2007. However, B*(Q2) shows
evidence of instability in lower quantile while it has opposite test results in upper

quantiles.
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In summary, I find evidence of instability in all models for the whole
sample periods (1962-2007). The evidence of instability after 1990’s depends on
the selected model. For some models, we find different test result across different

quantile levels.

IV.6 Conclusion

This chapter applies the optimal tests for parameter instability to linear
conditional quantile models both in parametric and semiparametric setups. Tests
functions obtained in Chapter 2 and 3 are shown to be applicable. Tick-exponential
distribution allows the parametric test function to be asymptotically valid even

under misspecified underlying distribution.

The application of the tests to quantile models for the U.S. inflation
process shows evidence of instability of various quantile models. The quantile
models are still rejected to be stable even after 1990’s, while the conditional mean
is shown to be stable in some of the inflation models such as Phillips Curve.
The nonidentity of instability test results implies that inadequacy of the density
forecast based on parametric density function as well as the asymmetric response

of inflation to various economic shocks.
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IV.A Proofs

IV.A.A Proof of Lemma 10

Let Aat = at<B+T_1/25)—CLt(B) and Alt = 1[yt<XtB+T_1/2Xt5] _1[yt<the}a}'

The score function can be written as

G(B+T7126) = 6,(8) + Aaly(B) — a(B) X AL + Ady X, AL (IV.A.1)

[sT] [sT] [sT]
= TV2Y LB+TV6) = TPY LB+ T2 Marky(B) —
t=1 t=1 t=1
[sT) B [sT]
T2 " a(B) X AL + T2 AaX,AlL
t=1 t=1
(IV.A.2)
Following two Taylor expansions are used to prove the lemma.
A, = T Y%a,(3)X)6 + 0,(VT) (IV.A.3)

F(T™'V2X6) — F(0) = T Y2X/5£(0) + 0,(VT)

By using (IV.A.3), (IV.A.2) can be rewritten as,

[sT] [sT] [sT]

WZ@ (B+T71%6) = 1/225 )+ T2 @ Xy l(B)'6 — sK(B)5 + 0,(1)
t=1
(IV.A.4)
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The second term converges to zero because

T ZE [at Xtﬁt ﬁ)} = 71 ZE [(a — 1[Et<o])dt(B)XtX£ét(B)]
= 0

which completes the proof. ¢

IV.A.B Proof of Lemma 11

By Lemma 5 in Chapter 2, Lemma 11 is proved if \F P, STI e — S (s)
where W (s) is a Wiener process. Lemma A.2 of Komunjer (2005) shows that
f Yo [sT] Et satisfies the conditions to apply the CLT for a—mixing sequence. But
by Condition 2 (iv) and the condition that € is iid, {X;f(e;)} is globally covari-
ance stationary with long-run covariance F[X;X]f(e;)?]. Therefore, it satisfies the
conditions for the FCLT for a—mixing sequence (theorem 7.30 in White (2001)),

which completes the proof. ¢
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