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Energy-Efficient Node Deployment in Static
and Mobile Heterogeneous Multi-Hop Wireless

Sensor Networks

Saeed Karimi-Bidhendi, Jun Guo, and Hamid Jafarkhani

Abstract

We study a heterogeneous wireless sensor network (WSN) where N heterogeneous access points
(APs) gather data from densely deployed sensors and transmit their sensed information to M heteroge-
neous fusion centers (FCs) via multi-hop wireless communication. This heterogeneous node deployment
problem is modeled as an optimization problem with total wireless communication power consumption
of the network as its objective function. We consider both static WSNs, where nodes retain their
deployed position, and mobile WSNs where nodes can move from their initial deployment to their
optimal locations. Based on the derived necessary conditions for the optimal node deployment in static
WSNs, we propose an iterative algorithm to deploy nodes. In addition, we study the necessary conditions
of the optimal movement-efficient node deployment in mobile WSNs with constrained movement energy,
and present iterative algorithms to find such deployments, accordingly. Simulation results show that our
proposed node deployment algorithms outperform the existing methods in the literature, and achieves a

lower total wireless communication power in both static and mobile WSNs, on average.

Index Terms

Node deployment, heterogeneous multi-hop wireless sensor networks, power optimization, network

lifetime.

I. INTRODUCTION

Wireless sensor networks (WSNs) consist of small and low-cost sensor devices used to monitor

the environment and transfer the sensed information through wireless channels to dedicated fusion

Authors are with the Center for Pervasive Communications & Computing, University of California, Irvine, Irvine CA, 92697
USA (e-mail: {skarimib, guoj4, hamidj} @uci.edu). This work was presented in part in 2020 IEEE International Conference on
Communications [1]. This work was supported in part by the NSF Award CCF-1815339.


http://arxiv.org/abs/2101.04780v1

centers. WSNs can be classified into either homogeneous WSNs [[1]-[5], in which sensors share
the same characteristics such as storage, antennas, sensitivity etc., or heterogeneous WSNs where
sensor nodes have different characteristics [6]—[11]. Based on the network architecture, WSNs
can be divided into either hierarchical WSNs, where sensors are often grouped into clusters with
some of them chosen to be cluster heads, or non-hierarchical WSNs where sensors have identical
functionality and multi-hop wireless communications is used to maintain the connectivity of the
network. Sensor nodes can also be classified as either static [8]], [[L1]—[13], in which each node
remains at its deployed position, or mobile where nodes can move to their optimal locations to
improve the energy efficiency and sensing quality of the WSNs [[14]—[19].

Energy efficiency is a key determinant in longevity of the WSNs since sensors have limited
energy resources and it is difficult or infeasible to recharge the batteries of densely deployed
sensors. In general, many factors contribute to the energy consumption of the WSNs, e.g. commu-
nication energy, movement energy, sensing energy and computation energy [20], [21]. Empirical
measurements in many applications have shown that the data processing and computation energy
is negligible compared to communication energy [22]], [23]. Moreover, the sensing energy for
passive sensors, such as light or thermal sensors, is considerably small. Therefore, wireless
communication dominates the energy consumption in static sensors in practice while movement
energy dominates the energy consumption in mobile wireless sensor networks [8]], [24], [25].
According to the study in [26]], for the optimal angular velocity and acceleration, the movement
energy consumption is approximately linear to the distance that the sensor has to travel, and this
linear model is a widely adopted assumption in the literature [27]-[30].

Several methods have been proposed in the literature to reduce the energy consumption of
wireless communication in WSNs. Topology control has been adopted in [31], [32] to circumvent
excess energy consumption by appropriately switching sensors between awake and asleep states.
Energy efficient routing protocols have been established in [5]], [33] to find optimal paths to trans-
fer data from sensors to fusion centers. Power control protocols reduce the energy consumption
of WSNs by calibrating the transmission power of sensors while a reliable communication is
maintained [34], [35]. Clustering methods [34], [36] iterate among cluster heads to balance the
energy consumption among the sensor nodes. The common assumption of these approaches
is that the node deployment is assumed to be known and fixed while a proper deployment can
significantly affect the energy consumption of the WSNs. Furthermore, the above MAC protocols

require a large number of message exchanges since the geometry and energy of the network



is needed for the operation [36], [37]. Inspired by dynamics of swarm behavior, a population
based iterative algorithm called particle swarm optimization (PSO) is proposed in [38] to find
optimal node locations. An iterative algorithm is proposed in [39] to determine the position of
nodes such that the average sensors’ distance to the nearest fusion center is minimized. Given
a maximum length on the cluster diameter, a cluster formation algorithm is proposed in [40]
to enhance the network lifetime and reduce the average number of hops for data packets to
reach fusion centers. An efficient routing scheme is proposed in [41] to minimize the maximum
energy consumed by each fusion center. The optimal node deployment in two-tier WSNs has
been studied for heterogeneous networks in [8]; however, the WSN is restricted to a two-tier
architecture while a multi-hop model can provide more degrees of freedom to optimize the data
routing. The optimal deployment and trajectory of UAVs with a fixed altitude is discussed in
[42] to maintain a reliable communication with ground terminal stations.

Many methods have been developed for mobile WSNs, where movement energy dominates
the energy consumption of nodes, to find the optimal deployment given a constraint on available
movement energy. The Lloyd—« and DEED algorithms proposed in [15] use a movement-
dependent penalty term to implement centroidal Voronoi tessellation for sensor deployment. In
Lloyd—« algorithm, each movement iteration is scaled by a factor of « € [0, 1] to compensate for
limited movement energy resources. In DEED, the gradient and Hessian matrix of the objective
function are used to optimize the sensor movements. Several virtual force based algorithms are
proposed in [16]]-[18] to determine virtual motion trajectories and the rate of sensor movements
using a combination of attractive and repulsive forces. A minimum cost maximum weighted
flow based algorithm is developed to determine the optimal movement plan of sensors and
encourage a minimum number of sensor nodes in each region of a square field [[19]]; however, the
proposed algorithm regards sensor movements as hops between neighboring grid points and lacks
a rigorous formulation of movement distance. Similarly, other methods also lack a theoretical
framework for a movement efficient sensor deployment that prolongs the network lifetime, e.g.,
the scaling parameter o € [0, 1] in the Lloyd—« algorithm has to be specified empirically to
meet the movement energy constraints given an initial node deployment. Furthermore, many of
the existing work explore the one-tier network architecture while a two-tier or multi-hop protocol
provides more flexibility on how sensory data from the physical environment is transferred to
the virtual information world.

In this paper, we study the node deployment in heterogeneous multi-hop WSNs consisting of



homogeneous densely deployed sensors, heterogeneous APs and heterogeneous FCs, to mini-
mize the total wireless communication power consumption with and without movement energy
constraints. The energy efficient node deployment is studied in [8]] for heterogeneous WSNs;
however, the network is restricted to a two-tiered architecture. In [1l], we studied the necessary
conditions for an optimal node deployment in homogeneous multi-hop WSNs; however, the
homogeneous setting in [1] does not address many challenges that is inherent in heterogeneous
WSNs, e.g., non-convexity or discontinuity of cells in the optimal partitioning of the sensing
environment. To the best of our knowledge, the energy efficient node deployment in hetero-
geneous multi-hop WSNs is still an open problem. By deriving the necessary conditions of
the optimal deployments that minimizes the total wireless communication power consumption
of such heterogeneous multi-hop WSNs, we design iterative algorithms to deploy nodes. In
addition, we study the optimal node deployment in such networks with limited movement energy
for mobile nodes.

The rest of this paper is organized as follows: In Section [I, we provide the system model
and problem formulation. In Section [II, we study the optimal node deployment in static het-
erogeneous multi-hop WSNs, and propose an iterative algorithm based on the derived necessary
conditions. The analysis of optimal node deployment with network’s total movement energy
constraint is provided in Section In Section [V we study an energy efficient node deployment
that guarantees a given network’s lifetime in mobile WSNs. Experimental results are provided

in Section [VI| and Section [VIIl concludes the paper.

II. SYSTEM MODEL AND PROBLEM FORMULATION

In this section, we study the system model of heterogeneous multi-hop WSNs, as shown
in Fig. [Il consisting of three types of nodes: homogeneous sensors, heterogeneous APs and
heterogeneous FCs. Given the target region 2 € R? which is a convex polygon including its
interior, N APs and M FCs are deployed to collect information from densely deployed sensors.
Let Zy = {1,---,N} and Zr = {N + 1,--- ,N + M} denote the set of node indices for
APs and FCs, respectively. If n € Z4, Node n refers to AP n; however, when n € Zr, Node
n refers to FC (n — N). The location of Node n is denoted by p, C 2 and collectively the
node deployment is denoted by P = (p1, -+ ,pn,PNi1, -+, Pnia)- Throughout this paper, we
assume that each sensor only sends data to one AP; therefore, for each n € Z 4, AP n gathers data

from sensors within the region W,, C €2, and W = (W, -- | Wy) provides a set partitioning of



the target region. The density of sensors is denoted via a continuous and differentiable function
f: 2 — R™. The total amount of data collected from sensors within the region W, in one time
unit is R, fW f(w)dw, where the bit-rate R, is a constant due to the homogeneity of sensors [2].
For each n € T4, the volume and centroid of the region W), is defined as v( fW

and c(W,,) = %, respectively. The data gathered from each sensor is forwarded to other
nodes in the net\;ork until it eventually reaches to one or more FCs.

Fig. 1: System model.

As shown in Fig. [Il the network can be regarded as a directed acyclic graph G(Z4|JZF, E)
where APs and FCs are source and sink nodes, respectively, and £ is the set of directed edges
(,7) such that i € T4 and j € Z4|JZF [43]. Note that any cycle in the network’s graph can be
removed by reducing the flow of data along the cycle without changing the in-flow and out-flow
links to that cycle. Let F = [F] ;] () be the flow matrix, where £} ; is the amount of data
transmitted through the link (4, 7) in one time unit. Since the in-flow to each AP, say 4, should

be equal to the out-flow, we have Z i+ Ry fw w)dw = Z;VJ’IM F; ;. For i € T4, we

define F; = Zj\:&M F;; to be the total flow originated from AP i. Let S = [s; ;] nx(n4ar) be

the normalized flow matrix, where s; ; = is the ratio of the in-flow data to AP ¢ that

FZ,]
7ij:+11w Fi,
is transmitted to node j. The normalized flow matrix S satisfies the following properties: (a)

sij €10, 1] (b) ZN+M sij =1, Vie{l,---,N}; (c) No cycle: if there exists a path in the

network’s graph such as Iy — I} — -+ — Ik, i.e, Hszl Si,_,.1, > 0, then we have s;, ;, = 0.

"For time-invariant routing algorithms, such as Bellman-Ford Algorithm [44], [45], the flows construct a tree-structured graph
in which each node has only one successor. Under such circumstances, the normalized flow from Node ¢ to Node j is either
0 or 1, ie., s;; € {0,1}. However, the time-variant routing algorithms, such as Flow Augmentation Algorithm [43], generate
different flows during different time periods. As a result, the overall normalized flow from Node ¢ to Node j can be a real
number between 0 and 1, i.e., s;; € [0,1].



In particular, we have s;; = 0, Vi € {1,---  N}. Since the flow matrix F can be uniquely
determined by the set partitioning W and the normalized flow matrix S, in the remaining of
this paper, we use the notation F (W S) instead of F. The following example describes how to
calculate F (W, S) in terms of W and S.

Example 1. We consider a heterogeneous multi-hop WSN with three APs and one FC, i.e.
N = 3 and M = 1, and the bit-rate R, = 20. For a cell partitioning W with cell volumes
v(Wh) = v(W2) = 0.3, v(W3) = 0.4, and the normalized flow matrix S = [s; ]y, vyap With
non-zero entries sy o = 0.4, 513 = 0.6, s93 = 0.25, 554 = 0.75 and s34 = 1, the corresponding
flow network is illustrated in Fig. [l The amount of data generated from sensors within each cell
can be calculated as: ['(W;) = Ryv(W1) =6, I'(Ws) = Ryv(W3) =6, and I'(W3) = Ryv(W3) =8.
AP 1 does not receive data from any other AP, and only transmits its collected sensed data; thus,
Fi(W,S)=I(W;)=6. The flows from AP 1 are then Fj3(W,S)=s;2xF;(W,S)=2.4 and
F1 3(W,S) =s13xF;(W,S)=3.6, respectively. AP 2’s flows come from F; 2(W,S) and the
data gathered from the region W,. Hence, F5(W,S)=I'(W5)+F} 2(W, S)=8.4. Therefore, the
flows from AP 2 are [, 3(W,S)=s,3xF3(W,S)=2.1 and F,4(W,S)=s594xF>(W,S)=6.3.
Similarly, for AP 3, we have F3(W,S)=T'(W3)+F; 35(W,S)+Fy3(W,S)=13.7; hence, the
unique flow from AP 3 is F54(W,S)=s34 x F5(W,S)=13.7.

In what follows, we formulate the wireless communication power consumption of the network.
Also, we focus on the power consumption of sensors and APs, since FCs are usually supplied
with reliable energy sources and their power consumption is not the main concern. First, we
focus on the sensor’s power consumption. According to [2]], due to the path-loss, the instant
transmission power is equal to the square of the distance between the two nodes multiplied by

a constant that depends on the characteristics of both nodes, i.e., n x ||p, — w]||* for a sensor

positioned at w that transmits its data to AP n, n € Z4. As shown in [21], the parameter 7,

Py (4m)°
RyG1GrA2>

is given by n = where Py, is the minimum receiver power threshold for successful
reception, R, is the bit-rate, GG; and G, are the antenna gains of the transmitter and receiver,
respectively, and ). is the carrier signal wavelength. In the homogeneous setting, all nodes have
the same characteristics; thus, the parameter 7 is the same and will not affect the optimization.
However, in a heterogeneous multi-hop WSN, AP nodes can have different antenna gains and

SNR thresholds; hence, the parameter 1 will be a function of the node index. Therefore, the



sensors’ transmission power consumption can be written as

N
tew) =Y /W P — | Rof (w)deo )
n=1 n

Similarly, the instant transmission power from Node 7 to Node j can be written as 3 X ||p; — p;]|?
where the parameter [ depends on the antenna gain and SNR threshold of Node j and the antenna
gain of Node ¢ [21]. Therefore, it is the same for the homogeneous setting and will not affect
the optimization. However, in a heterogeneous multi-hop WSN, the heterogeneity of the nodes
causes the parameter [ to be a function of the node indices. Hence, the average transmission
power through link (4, j) is equal to §; ;|[p; — p;||*Fi;(W,S), and the APs’ total transmission

power consumption can be written as

N N+M

7DA (P,W,5) Z Z Bijllpi — pJH F; (W,S). (2)

=1 j=1

According to [7], power at the receiver of AP n can be modeled as ZN_l pnFin(W,S) +
Py fW w)dw, where p,, is the power consumption coefficient for receiving data at AP n,
and depends on digital coding, modulation and filtering of the signal before transmission [21]].

Therefore, the APs’ total receiver power consumption can be written as:

an

Thus, the total communication power consumption of the multi-hop WSN can be written as:

Z in (W, S) + Ry f(w)dw]. 3)

=1

D(P,W.S) =P (P,W) + [P, (P,W,S) + P, (W.S)|, )

where the Lagrangian multiplier A > 0 provides a trade-off between the sensor and AP power
consumption. Our main objective in this paper is to minimize the multi-hop power consumption
defined in @) over the node deployment P, cell partitioning W, and the normalized flow matrix

S in both static and mobile WSNs with constrained movement energy.

III. OPTIMAL NODE DEPLOYMENT IN STATIC HETEROGENEOUS MULTI-HOP WSNS

As shown in @), the total power consumption depends on three variables P, W and S.
Thus, our goal is to find the optimal AP and FC deployments, cell partitioning and normalized
flow matrix, denoted by P* = (i, , pi. Phsrs -+ s Pinr)> W5 = (Wi, .-+ [ W5) and S* =



[s; j} Nx(N4M)’ respectively, that minimizes the multi-hop power consumption. Note that not only
the variables P, W and S are interdependent, i.e., the optimal value for each of them depends
on the value of the other two variables, but also this optimization problem is NP-hard. Our aim
is to design an iterative algorithm that optimizes the value of one variable while the other two
variables are held fixed. For this purpose, first we introduce a few concepts, and then we derive
the necessary conditions for optimal deployment at each step.

Without loss of generality, we assume that AP n’s gathered data goes through K, paths in
the network’s graph before it reaches to one or more fusion centers. We denote these paths by
{L,(C") (S)}ke{1 . where LI (S) = l,g"g — l,(;? — e l("J(n), l(ig = n, l,(;? € I, for
ie{0,--- ( — 1}, l (n) € Zr and J is the number of nodes on the k-th path excluding
Node n. The portion of the total flow originated from AP n that goes through the k-th path can

then be calculated as .
J n

" (W, S) = F, (W, S) Hsm o 5)

=1

In particular, we have Zfl w (W S) = F,(W,S) that indicates the data from AP n
eventually reaches to one or more FCs. Next, for each link (,7) in the network’s graph, we

define the energy cost (Watt/bit) to be:

Bijllpi = pill* + pj, if j €Iy
¢ij (P) = (6)
Biillpi — pjlI%, if j € Zr.
Hence, we define the path cost corresponding to the k-th path from AP n to FCs as:

J(”l)

e ( Z e z<”> (7

Now, AP n’s power coefficient, denoted by g, (P,S) is defined to be the power consumption

(Watt/bit) for transmitting 1 bit data from AP n to the FCs, i.e., we have:

e (W.S)e” (P,S)

(”l) J(”l) ) Jlin)_l
= Z HS}@ ) Zﬁi’? S|P~ P |t z; P || ©)
i= j=

Note that the term F, (W,S) is canceled in (8)), implying that power coefficient g, (P,S) is



independent of W. Below we provide an example to clarify how to calculate the AP power
coefficients.

Example 2. Consider the WSN described in Example 1, and let P = ((0,0), (0, 1), (1,0), (1, 1)),
Bij=1and p;=1forall i € T4 and j € Z4|JZr. We aim to find AP 1’s power coefficient
g1(P,S). The link energy costs for this network can be calculated as e;2(P) = e 3(P) =2,
e23(P)=3, and ey 4(P)=e34(P)=1. Note that AP 1’s data goes through the following 3 paths:
Lgl) (S)=1—2—4, Lgl)(S) =1—3—4, and Lél) (S)=1—2—3—4. The data rate through the
above paths are, respectively, ,ugl)(W, S)=Fi1(W,S) xs12X824=0.3F(W,S), ,ugl) (W,S)=
Fy (W, 8)x5,5%5354=0.6F,(W,S), and u{") (W, S) = F (W, S)Xs12x533x5354=0.1F (W, S).
Moreover, we can calculate the path costs using (7) as follows: 2" (P) = e12(P)+eqq(P) =3,
eV (P) = e15(P) + e34(P) = 3, and e\ (P) = e15(P) + e33(P) + e34(P) = 6. Then, AP 1’s
power coefficient is ¢;(P,S) =0.3 x 3+ 0.6 x 3+ 0.1 x 6 = 3.3.

To derive the necessary condition for an optimal cell partitioning, first, we need to rewrite the
objective function in (4.

Lemma 1: For the AP power coefficient defined in (8), we have:

N N N+M N
S 0. (P.S)R, /W ) =SS Gullos — pilPFs (W,8) + 3" piFis (W, 9) |
n=1 n i=1 L j=1 j=1

(10)
The proof is provided in Appendix [Al Using Lemma [1} the objective function is:

N
D(P,W,S) = Z/ (nllpn — w|I*Ry + Agy (P, S) Ry + A\pRy) f(w)dw. (11)
n=1 n

Now, we study the properties of the optimal cell partitioning. For each n € Z 4, the Voronoi cell

V,, for a node deployment P and normalized flow matrix S is defined to be:
Vu(P,S) £ {w:nullpn—wl*+Agn (P, S) +Apn < millpr—w|>+Agi(P, S)+Api,, VEk # n}. (12)

Ties are broken in the favor of the smaller index to ensure that each Voronoi cell V,, is a Borel

set. For brevity, we write V), instead of V,, (P, S) when it is clear from the context. The collection
V(P,S)=(V1, Ve, V) (13)

is referred to as the generalized Voronoi diagram [8]]. Note that in contrast to the regular

Voronoi diagrams, the Voronoi cells defined in (I2) can be non-convex, not star-shaped and
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even disconnected. The following proposition indicates that given a node deployment P and
normalized flow matrix S, the generalized Voronoi diagram provides the optimal cell partitioning.

Proposition 1: For any node deployment P, cell partitioning W and normalized flow matrix
S, we have:

D(P,W.S)>D(P,V(P,S).S). (14)

The proof is provided in Appendix Bl Now, given the link costs {e; ; (P)}s and generated sensing
data rate from each cell partition, the total multi-hop power consumption can be minimized by
Bellman-Ford Algorithm [44], [45]. For convenience, we show the functionality of Bellman-
Ford Algorithm by R (P, W), where P and W are inputs and S is the output, i.e., R (P, W) =
arg ming [ﬁi (P,W,S) + fi (W, S)] Since the sensors’ power consumption is independent

of S, we have:

R(P,W) = arg minfg(P, W)+ A [fﬁ(P, W,S) + fﬁ(W, S)] =argminD(P,W,S).
s s as)
Hence, the optimal flow matrix for a given P and W is F (W, R (P, W)). For notational brevity,
we define the point z; (P, W, S), or z; for short, to be:

N+M N
niRyvic; + A <Zj:ﬁ BiiFiipi + 2= ﬁj,iFj,ipj)

%= — =  Viely (16)
i Ryvi 4+ A (ijl BigFij+ 20 @n‘Fm)
N
¥ BiiFi
P = ijvl iy Vi€ Iy (17)
> i1 Bk

The following theorem provides the necessary conditions for the optimal deployment.
Proposition 2: The necessary conditions for the optimal deployments in heterogeneous multi-

hop WSNs with communication power consumption defined in () are

P =2, Vi€ Iu| JZIr (18)
W* =YV (P*, S, (19)
S* = R (P*, W*), (20)

where 2z = z; (P*, W* S*) is given by Eqs. (16) and (I7).
The proof of Proposition [2] is provided in Appendix

Note that depending on the cell partitioning and normalized flow matrix, there may not be any



11

flow through some links in the network’s graph. Let NF(S) £ {j|F;;(W,S) > 0} be the set
of Node i’s predecessors, and N;°(S) £ {j|F; ;(W,S) > 0} be the set of Node i’s successors.
We can then simplify Eq. (I18) as:

UinUfo-i-)\( Y. BigFipi+ X ﬁngf@p}k>

JENF (S*) JENT(8%)

p; = . Viela 1)

ni Rpv; + A ( > BiiFl + > 5JZFJ*Z>
%)

JENF(S*) JENF(
>, Bkt
. JENF(s%)

b; = x )
‘ > Bl

JENF(8%)

Vi€ Ir. (22)

In other words, AP 7’s optimal location is a linear combination of its geometric centroid, prede-
cessors, and successors while FC ¢’s optimal location is a linear combination of its predecessors.

In what follows, first, we quickly review the conventional Lloyd Algorithm [46], then we
propose an algorithm to optimize the communication power consumption defined in Eq. ()
for heterogeneous multi-hop WSNs. Lloyd Algorithm iterates between two steps: (i) Voronoi
partitioning and (ii) Moving each node to the geometric centroid of its corresponding Voronoi
region. Although the conventional Lloyd Algorithm can be used for one-tier quantizers or one-tier
node deployment tasks [[11]], it cannot be applied to WSNs with multi-hop wireless communi-
cations. Based on the properties explored in this section, we design a Routing-aware Lloyd
(RL) Algorithm, as outlined in Algorithm [I to optimize the node deployment in heterogeneous
multi-hop WSNs and minimize the objective function in ().

Proposition 3: RL Algorithm is an iterative improvement algorithm, i.e., the objective function
is non-increasing and the algorithm converges.

The proof of Proposition [3 is provided in Appendix Dl

IV. THE NODE DEPLOYMENT WITH A TOTAL ENERGY CONSTRAINT IN MOBILE WSNS
A. Problem formulation

In Section [Tl we studied the scenario where nodes are directly placed at the optimal locations
calculated via RL Algorithm. However, here we study mobile heterogeneous multi-hop WSNs
in which each node moves from its initial position to its optimal location that minimizes the

communication power consumption in while the total movement energy consumption of the
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Algorithm 1: Routing-aware Lloyd Algorithm

Result: Optimal node deployment P, cell partitioning W and normalized flow matrix S.
Input: Convergence error threshold ¢ € RT ;
do

— Calculate the objective function Dyg = D (P, W, S);

1. Update the cell partitioning W according to the Eq. (19);

2. Update the normalized flow matrix S using to the Bellman-Ford algorithm;
3. Update the node deployment P as follows:

ﬁanUnCn + A <Z;V:—’1M 5n,an,jpj + Zjvzl 5j,nFj,npj>

N
i— 5',nF',np'
Py = ijvl T Ynelr
> =1 BinEijn

— Calculate the objective function D,y = D (P, W, S);
while PalgPuew > ¢

network is constrained. More precisely, given the linear model for movement energy consumption

in [26], for each n € Z4|JZ#, Node n’s movement energy can be modeled as:

E, (P) = Gullpn — pull, (23)

where the moving cost parameter (,, depends on Node n’s energy efficiency, p, and p,, are its
destination and initial locations, respectively. Therefore, the total movement energy consumption

of the network is

N+M N+M
EP)= Y E,(P)= > Glpn—5all. (24)
n=1 n=1

Our main objective in this section is to minimize the multi-hop communication power consump-
tion in Eq. (@) while the total movement energy is limited, i.e., the constrained optimization

problem is defined as

minimize D (P, W, S), (25)
P,W,S
st. E(P) <~ (26)

where v > 0 is the maximum movement energy consumption of the network.
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B. The Optimal Node Deployment

Here, we aim to find the optimal node deployment P*, cell partitioning W* and normalized
flow matrix S* that minimizes the total multi-hop communication power consumption while
the movement energy consumption is constrained. Note that the movement energy in (26)
is independent of the cell partitioning and normalized flow matrix; therefore, the generalized
Voronoi diagram and Bellman-Ford Algorithm, represented in Egs. and (13), respectively,
still provide the optimal cell partitioning and normalized flow matrix. Now, we discuss the
optimal node deployment for the constrained optimization problem in Egs. 23) and 26).

Lemma 2: Let P*, W* and S* be the optimal node deployment, cell partitioning and normal-

ized flow matrix for the constrained optimization problem in Egs. (23) and (26). We have:
P =6+ (1—6) x 2, VieIulJIr (27)

where ¢; € [0,1] and p; is the initial location of Node 1.
The proof is provided in Appendix [El

Lemma 2] states that the optimal location for Node i is on the line connecting its initial position
to the point z/ = z; (P*, W* S*). Note that this is in contrast to the optimal node deployment
without movement energy constraint in Section [II} i.e., p; = =7, as shown in Proposition 2l The
difference is because of the constraint in Eq. (26). Intuitively, for v = 0 we have §; = 1 for all
i € TyJZ, i.e., each node will remain at its initial position since there is zero total available
movement energy. However, for sufficiently large enough ~, we have §; = 0, i.e., p; = 2] for all
i € Zo\JZr. In general, nodes can be classified into two groups based on whether they have
positive moving distance or they stand still. Let Z, = {n | ||pn — pnl| > 0,Vn € Z4|JZ#+} and
Zs = {n|||lpn — Dull = 0,¥n € Zo|JZ#r} be the set of dynamic and static nodes, respectively.
The following theorem provides the necessary condition for the optimal node deployment in
multi-hop WSNs with total movement energy constraint:

Proposition 4: Let P*, W* and S* be the optimal node deployment, cell partitioning and

normalized flow matrix for the constrained optimization problem in Egs. (23) and (26)). Then:

X; = Xjn 2 XZ? Vn,m € Ida k c Is (28)

max (0, Zz’eId Gl — 7)
Tl o vn S
TSI & X Y ier, 9

pn=0n+1, x |1— Vn € I, (29)
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where I'; = 2> — p,, and ¢, is defined to be

N+M N .
Bty + A [N Bk + S0 BBy | o if 0 € T
¢; é k=1 k Zk 1 k, (30)
A BrnFims if neZr

and the moving efficiency x; is defined as

* || ok * |2 *
* nllPn — Zn T || 0¥ *
Xn_M_w—Hpn_ZnHv VnEIAUIf €1V

Gl =zl G

to reflect Node n’s ability to reduce the communication power consumption by movement.

The proof is provided in Appendix [El Proposition ] captures the intuition in Lemma [2] that in an
optimal deployment, Node 7 is located on the line connecting its initial position p,, to the point
zk, for all n € Z4|JZz. Furthermore, for a sufficiently large enough available movement energy
v, say v > > 7, GlIT7]l, we have p;, = 2 for all n € Z,. Based on the necessary conditions
in Proposition 4, we propose a Movement-Efficient Routing-aware Lloyd (MERL) Algorithm,
as outlined in Algorithm [2] to optimize the node deployment in heterogeneous multi-hop WSNs

with constrained movement energy, and minimize the objective function in Egs. (23) and (26).

Algorithm 2: Movement-Efficient Routing-aware Lloyd Algorithm

Result: Optimal node deployment P, cell partitioning W and normalized flow matrix S.
Input: Initial node deployment P, convergence error threshold ¢ € R ;
do

— Calculate the objective function Dyg = D (P, W, S);
1. Update the cell partitioning W according to the Eq. (19);
2. Update the normalized flow matrix S using to the Bellman-Ford algorithm;

max (0, ez, GlITill—)

2
Y G
[IT5 [ x g;L XZiGId ;TZL

3.SetZy = {1,--- , N+ M} and calculate r,, = [1 — , Vn € Iy,

4. while 3dn € Z; such that r,, < 0 do
4.1. Update Zy = Z, — U, <o ™
4.2. Update {7, }nez,s ;
end
5. pn = P+ T [1 B max(07zz‘eld Cz‘||Fz‘|_2'Y>] X ]_Id(n), Vn €1y UI]:;

Il 22 X Sz, S5
— Calculate the objective function Dy, = D (P, W, S);
while PalgDuew > ¢;

ol _

Proposition 5: MERL Algorithm is an iterative improvement algorithm, i.e., the objective

function is non-increasing and the algorithm converges.
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The proof of Proposition [3 is provided in Appendix [Gl

V. THE NODE DEPLOYMENT WITH A NETWORK LIFETIME CONSTRAINT IN MOBILE WSNS
A. Problem formulation

In Section [Vl we studied the node deployment with a total movement energy constraint,
which can be seen as a resource allocation problem. This is because we can calculate how much
movement energy each node requires once an optimal deployment is obtained. In this section, we
focus on minimizing the communication power consumption given a constraint on the network
lifetime. Let 1/, be the residual movement energy on Node n, and «,, be the power consumption

for Node n after relocation. To ensure a network lifetime of 7’, the following condition
vn— En(P)> o T, VneIu| JIr (32)

has to be satisfied. Hence, the network lifetime of 7" can be achieved by setting a maximum
individual movement energy consumption for each node. Here, our main objective is to find the

optimal node deployment for the following constrained optimization problem:

minimize D (P, W, S) (33)
P,W.S
st. B, (P) <y,  VneIul JZIr (34)

where v, = v, — «,, T is the maximum individual movement energy consumption of Node n.

B. The Optimal Node Deployment

Here, our goal is to find the optimal node deployment P*, cell partitioning W* and normalized
flow matrix S* that minimizes the multi-hop communication power consumption while each
individual movement energy consumption is constrained. The following theorem provides the
necessary condition for optimal node deployment in the constrained optimization problem in
Egs. (33) and (34).

Proposition 6: Let P*, W* and S* be the optimal node deployment, cell partitioning and

normalized flow matrix for the constrained optimization problem in Eqs. (33) and (34). Then,

p: = pn + I x min <1,C ||7;*||), vn € T\ JZr (35)

*
where I') = 2" — p,.
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The proof of Proposition [l is provided in Appendix Based on the optimal condition in
Proposition [6, we design the Lifetime-Optimized Routing-aware Lloyd (LORL) Algorithm, as
outlined in Algorithm [3| to optimize the node deployment in heterogeneous multi-hop WSNs

with network lifetime constraint, and minimize the objective function in Eqs. (33) and (34).

Algorithm 3: Lifetime-Optimized Routing-aware Lloyd Algorithm

Result: Optimal node deployment P, cell partitioning W and normalized flow matrix S.
Input: Initial node deployment P, convergence error threshold ¢ € R ;
do

— Calculate the objective function Dy = D (P, W, S);
1. Update the cell partitioning W according to the Eq. (19);
2. Update the normalized flow matrix S using to the Bellman-Ford algorithm,;

3. py = pr + T, X min <1m> v € ZaUZr

— Calculate the objective function Dy, = D (P, W, S);
while PolgDuex > ¢

Proposition 7: LORL Algorithm is an iterative improvement algorithm, i.e., the objective
function is non-increasing and the algorithm converges.

The proof of Proposition [7] is provided in Appendix [l

VI. EXPERIMENTS

Simulations are carried out for a heterogeneous wireless sensor network consisting of 30 APs
and 3 FCs. We consider a square field of size 10km x 10km, i.e., Q = [0, 10000]*. Simulations
are performed for two different sensor density functions, i.e., a uniform distribution f (w) =

T 1 = = 1078, and a mixture of Gaussian where sensors are distributed according to:
Q

de+3| [1.5e+6 0 1 6e+3| |2¢+6 O
+-x N

1
f(w) ==X N ) )
2 3e+3 0 1.5¢+6 4 Te+3 0 246

1 75e+3| |le+6 0
XN , . (36)
4 2.5¢+3 0 le+6

All homogeneous densely deployed sensors share the transmitter antenna gain of Gy, = 1. We
consider a radio bit-rate of 7, = 1Mbps, and assume that the wavelength of the carrier signal is
Ae = 0.3m. In order for APs and FCs to receive the signal without error, the received power at

each node n € Z4|JZr should be greater than some threshold P, . Moreover, the transceiver
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electronics in each AP n consumes p,, Joules per bit for digital coding, modulation and filtering

before signal transmission. Table [l summarizes the values of Py, and p,, for all nodes [21]].

TABLE I: Simulation parameters

minimum received power (nW) electronics energy dissipation (nJ/bit)
Pth1:15 Pth16:30 Pth31 Pth32;33 p1:7 p8:16 p17:30
10 6 6 10 40 50 60

For each AP n, we denote its transmitter antenna gain via (¢, . In addition, for each node
n € ZoUZr, let G,, be its receiver antenna gain. Table [l summarizes the values of the

transmitter and receiver antenna gains for all nodes [21]].

TABLE II: Transmitter and receiver antenna gains

transmitter antenna gain receiver antenna gain

Gt1:7,15:22 Gts:14¢23:30 Gr1:3¢8:11¢15:18,23:26,31:32 Gl‘4:742:14,19:22,27:30‘,33

1 2 1 2

Note that parameters 7; and 3; ;, for all i € T4 and j € Z4|JZr, can be calculated using

. . P, 47)? -8 2

the explained experimental setup. For example, we have 7; = Rbé:7X( GWT)? 2= 1061(;1;2&483)2 =
. Pyp. o x(47)? 6x1079 x (47)> .

8.77 pI/bit/m? and S92 = Rbgffo Gy = ngzxzxx((o’g)Q = 2.63 pl/bit/m?. For performance

evaluation, 10 initial AP and FC deployments are generated randomly on {2, i.e., the location
of each node is generated according to a uniform distribution on €. The maximum number of

iterations for all algorithms is set to 200 and the Lagrangian multiplier is set to A = 0.25.

A. Static Heterogeneous Multi-Hop WSNs

We compare the total weighted communication power consumption of our proposed RL
Algorithm with Cluster-Formation Algorithm [40], Global Algorithm [39], HTTL Algorithm [8],
PSO Algorithm [38], and SHMS Algorithm [41]. To reduce the number of hops that data packets
have to travel to reach the fusion centers, the Cluster-Formation algorithm employs a graph
theoretic approach to optimize both the number of clusters and their corresponding diameters.
To reduce the communication distance between the nodes, the Global algorithm deploys nodes
such that the average Euclidean distance between access points and their corresponding fusion
centers is minimized. For a two-tier hierarchy of APs and FCs, the HTTL algorithm iteratively

updates the node deployment, cell partitioning, and connections between APs and FCs while
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the flow of data from each sensor to its corresponding FC is mediated by exactly one access
point. PSO is a population based iterative algorithm for finding the optimal node deployment and
minimizing the non-linear objective function. For a given node deployment, the SHMS algorithm
determines the connections between APs and FCs such that the maximum energy consumed by
each node is minimized.

The weighted power consumption of Cluster-Formation, Global, HTTL, PSO, SHMS and
RL algorithms for the uniform sensor density function are summarized in Table [IIl The RL
algorithm outperforms other algorithms, and achieves a lower weighted communication power
consumption. Note that although the HTTL algorithm proposed in [8]] deploys nodes based on the
necessary conditions of optimality, the network architecture is restricted to a two-tier hierarchy
while the RL algorithm simultaneously optimizes over the node deployment and data routing.
As a result, the node deployment based on the RL algorithm results in a WSN that saves about
21% of the energy consumed by the node deployment based on HTTL Algorithm.

TABLE III: Weighted power comparison for the uniform sensor density function

Cluster-Formation Global HTTL PSO SHMS RL
15.49 14.98 12.80 19.98 22.39 10.12

Table [V] summarizes the weighted communication power consumption of Cluster-Formation,
Global, HTTL, PSO, SHMS and RL algorithms for the mixture of Gaussian sensor density
function in Eq. (36). The RL algorithm results in a power consumption of 5.58 Watts, and
outperforms other methods. Furthermore, the RL algorithm leads to a network architecture that
exhaust its available communication energy in a time period that is longer by about 10% of
that of HTTL Algorithm. Figure [2| shows the optimal node deployment for different algorithms

where APs and FCs are denoted by red squares and black circles, respectively.

TABLE IV: Weighted power comparison for the mixture of Gaussian sensor density function

Cluster-Formation Global HTTL PSO SHMS RL
7.07 6.81 6.23 997 16.62 5.58

B. Mobile Heterogeneous Multi-Hop WSNs with a Total Movement Energy Constraint

The underlying assumption in all deployment strategies studied in Section is that the

optimal node locations are calculated offline, then each node is placed at its corresponding
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Fig. 2: Node deployment for different algorithms and the mixture of Gaussian sensor density function. (a) Cluster-
Formation (b) Global (c) HTTL (d) PSO (e) SHMS (f) RL.

position. However, in many applications, e.g. when the target region is a hostile environment,
static deployment is not feasible. Instead, nodes are initially deployed in the target region, e.g.
by airdropping them using small drones or manual placement in an accessible sub-region of the
field, then each node moves to its optimal location based on the initial deployment and available
movement energy. When the total available movement energy is constrained, the optimization
problem is translated into a resource allocation problem where the optimal energy supply for each
node is determined such that the resulting total communication power consumption after optimal
deployment is minimized. The performance evaluation under this scenario is the focus of this
section. In Section [VI-C| we study the performance evaluation when the available movement
energy for each node is predetermined, and the optimization problem is translated to that of
enhancing the network lifetime.

The same experimental setup described at the beginning of Section [VI and in Tables [l and [

is used for the simulations. Furthermore, Table [V] provides the moving cost parameters (,, for
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each node n € T4 | JZr [47], [48]]. We consider a total available movement energy of v = 40000
Joules for the constrained objective function in Egs. (23)) and (26).

TABLE V: Moving cost parameters (J/m)

(s Co22 C2330 (31 (32 (a3
2 4 6 4 5 6

We compare the total weighted communication power consumption of our proposed MERL
Algorithm with Lloyd-a Algorithm [15], OMF Algorithm [19], and VFA Algorithm [16]. The
Lloyd-« algorithm applies a penalty term to the Lloyd algorithm to reduce the movement steps
and save traveling energy while guaranteeing the convergence property. The OMF algorithm
optimizes the movement plan for nodes such that each region in the network has a minimum
number of nodes to relay the data to fusion centers while the sum of nodes’ traveling distances
is minimized. The VFA algorithm uses attractive and repulsive virtual forces on nodes such that
not only every two nodes in the final deployment maintain a minimum distance from each other,
but also the communication distances are minimized by avoiding nodes to be located very far
from each other. For a fair comparison, the same initial deployment is used for all algorithms.

The weighted communication power consumption of Lloyd-a, OMF, VFA, and MERL al-
gorithms for the uniform sensor density function are summarized in Table [VIL All algorithms
exhausted the available movement energy v to move the AP and FC nodes from their initial
deployment to their designated optimal locations. The MERL algorithm leads to a deployment
that consumes communication energy in a rate that is almost half of other algorithms. The
superior performance of the MERL algorithm is due to the optimal energy allocation among
nodes, as it is implicit in Eq. (29)). Note that if the total movement energy + is large enough, e.g.
v > ZZ]\:[M Gillpi — 27||, then the performance of the MERL algorithm will converge to that of
the RL algorithm. However, since the value of  in our experiments is not large enough, nodes
will run out of their allocated movement energy, and MERL algorithm leads to a communication

power consumption that is larger than that of the RL algorithm in Section

TABLE VI: Weighted power comparison for the uniform sensor density function

Lloyd-a OMF VFA MERL
29.12 2735 27.85 14.49

Table [VII also summarizes the weighted communication power consumption of Lloyd-«, OMF,



21

VFA, and MERL algorithms for the mixture of Gaussian sensor density function in Eq. (36). The
MERL algorithm significantly outperforms other methods and leads to a communication power
consumption that is less than half of what other algorithms achieve. This is because the MERL
algorithm can optimally adapt to any underlying sensor density function f(w) and deploy nodes

accordingly, as we studied in Section

TABLE VII: Weighted power comparison for the mixture of Gaussian sensor density function

Lloyd- OMF VFA MERL
17.38 1729 1876 7.64

Figure [3| shows the final deployment for different algorithms where APs and FCs are denoted

by red squares and black circles, respectively.

(b)

(d)

Fig. 3: Node deployment for different algorithms and the mixture of Gaussian sensor density function. (a) Lloyd-«
(b) OMF (c) VFA (d) MERL.

C. Mobile Heterogeneous Multi-Hop WSNs with a Network Lifetime Constraint

While in Section we studied the performance evaluation of mobile WSNs under a total
movement energy constraint, here we focus on enhancing the network lifetime, which necessitates
nodes to have individual movement energy constraints, as formulated in Eqs. (33) and (34).
We use the same experimental setup and node characterization as described at the beginning of
Section [VIl and in Tables [I, I and [V] for performance evaluation. In addition, Table [VIIIl provides

the maximum individual movement energy consumption 7, for all nodes n € Z4|JZr.

TABLE VIII: Movement energy constraints (J)

71:8  7V9:22 723:30 31 V32 V33
800 1100 1400 2000 2400 2600
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We compare the weighted communication power consumption of our proposed LORL Al-
gorithm with those of Lloyd-a Algorithm, OMF Algorithm, and VFA Algorithm described in
Section For a fair comparison, the same initial deployment as in Section is used for
all algorithms.

The weighted communication power consumption of Lloyd-o, OMF, VFA, and LORL algo-
rithms for the uniform sensor density function are provided in Table The LORL algorithm
outperforms other methods, and achieves a significantly lower power consumption. For instance,
the LORL algorithm leads to a node deployment in which the network consumes its residual
energy with a rate that is less than 70% of that of the VFA algorithm. This in turn prolongs the

network lifetime, which is a prominent factor in wireless sensor networks.

TABLE IX: Weighted power comparison for the uniform sensor density function

Lloyd- OMF VFA LORL
2764  30.12 2524 17.33

Table [X] also summarizes the weighted power consumption of different algorithms for the
mixture of Gaussian sensor density function given in Eq. (36). The LORL algorithm achieves
a power consumption of 9.59 Watts and outperforms other methods. Figure 4| shows the final

node deployment for different algorithms.

TABLE X: Weighted power comparison for the mixture of Gaussian sensor density function

Lloyd- OMF VFA LORL
1724  20.12 14.60 9.59

The sum of individual movement energies in Table [VIII] i.e. ZZN:J{M v;, 1s equal to the value of

~ in Section In other words, Table represents one exemplary distribution of the total
movement energy v among the AP and FC nodes; however, it is different from the optimal energy
allocation provided by the MERL algorithm in Section The results in Tables X
and [X] verify that the MERL algorithm achieves a lower total power consumption compared to

the LORL algorithm although it does not guarantee any individual power constraint.

VII. CONCLUSION

In this work, a heterogeneous multi-hop wireless sensor network is discussed where data is

collected from densely deployed sensors and transferred to heterogeneous fusion centers using
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RN

Km
(b) )

Fig. 4: Node deployment for different algorithms and the mixture of Gaussian sensor density function. (a) Lloyd-«
(b) OMF (c) VFA (d) LORL.

heterogeneous access points as relay nodes. We modeled the minimum communication power
consumption of such networks as an optimization problem, and studied the necessary conditions
of optimal deployment under both static and mobile network settings. A novel generalized
Voronoi diagram is proposed to provide the best cell partition for the heterogeneous multi-hop
network. When manual deployment is feasible, the necessary conditions of optimal deployment
are explored under the static network setup, and accordingly a Routing-aware Lloyd algorithm is
proposed to deploy nodes. However, when static placement is not doable, the necessary conditions
of the optimal deployment are studied under a mobile network setting where nodes move from
their initial locations to their optimal positions. We consider both total and individual movement
energy constraints and formulate them as resource allocation and lifetime optimizations, re-
spectively. Based on the derived necessary conditions, we propose Movement-Efficient Routing-
aware Lloyd and Lifetime-Optimized Routing-aware Lloyd algorithms to deploy nodes under
total and individual energy constraints, respectively. Simulation results show that our proposed
RL, MERL, and LORL algorithms significantly save communication power in such networks

and provide superior results compared to other methods in the literature.

APPENDIX A

Proof of Lemma [I[} The AP power coefficient g, (P,S) defined in Eq. (8) is the power
consumption for transmitting 1 bit data from AP n to the FCs. This includes both the transmission
power at each node, including AP n, on the paths connecting AP n to the FCs, and the
receiver power at each node, excluding AP n, on the paths connecting AP n to the FCs. Since
Ry an f(w)dw is the total amount of data collected by AP n from sensors within the region

W, in a unit time, the term g, (P,S) R, an f(w)dw is the required communication power for
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transmitting the sensory data collected within the region W, from AP n to the FCs. Hence,
the left-hand-side of Eq. (IQ) is the required communication power for transmitting the sensory
data collected within the target region from APs to FCs. This can be decomposed into the APs’
total transmission power in addition to the required receiver power for the data to reach FCs
from AP nodes. This proves Eq. (10) since the right-hand-side of Eq. (I0) can be rewritten as
fﬁ + Zf\il Zjvzl p;iFi; (W,S), i.e. the sum of APs’ total transmission power and the receiver

power for all links (7, j) connecting AP ¢ and AP j. [

APPENDIX B

Proof of Proposition [1} Using Eq. (1)), we have:

N
n=1 W

N
=37 [ min (ol = wlRo + Mg (P.S) Ryt Ay o) flw)
n=1 n
= [ i (il — B+ gy (P.9) B+ Ay o) F )i
Q

N
=37 [ i Gl — 1Ry + Ag; (B,8) Ry Ay o) F)d
n=1 n

N
_ Z/ (alpn — Wl Ry + Agu (P.S) Ry + Apu Ry) f(w)dew
n=1"Vn
_D(P,V(P,S),8). (37)

Hence, the generalized Voronoi diagram provides the optimal cell partitioning for any given node

deployment P and normalized flow matrix S. |

APPENDIX C

Proof of Proposition 2; Eq. is a direct implication of Proposition [Il Eq. Q) is directly
followed from Eq. (13). Here, we prove Eq. (I18) for the optimal locations of APs and FCs. First,
we study the shape of the Voronoi regions in (I2). Let B(c,r) = {w]|||jw — ¢|| < r} be a disk

centered at ¢ with radius r in two-dimensional space. In particular, B(c,r) = @ when r < 0.
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Let HS(a,b) = {w|a-w+b < 0} be a half space, where a € R? is a vector and b € R is a

constant. For 7,7 € 74, we define
Vij(P,8) & {w|millpi — w|* + Agi (P, S) + Api < myllp; — wl” + Ag; (P,S) +Ap;}  (38)

to be the pairwise Voronoi region of AP ¢ where only APs ¢ and j are considered. Then, AP i’s
Voronoi region can be represented as V;(P,S) = [ﬂ iz Vii (P, S)] (2. By expanding (38) and
straightforward algebraic calculations, the pairwise Voronoi region V;; is derived as:

(

HS (aij, bij) i =M
B (cij, rij) M > My, Lig >0
Vi, =0n! g 0 > 15, Ly <0 (39)
B¢ (cij, rij) i <15, Lij > 0
| R? ;i < 1, Lij <0
where ai; — n,p; — mipis by — (mnm||2—njHpj||2+Agi<1°2,s>+xpi—Agj(P,s>—xpj), Gy = B [

in lpi—psll2 i(P,S)+pi—g;(P,S)—p; c :
W—)\x 9(P8) (Zi_fég )=pi rij = v/max (L;;,0), and B°(c;,7;;) is the complementary
of B(ci;,ri;). Note that for two distinct indices such as 4,j € Z4, if 7; > n; and L;; < 0, then
two regions 2N B(c;;,7;;) and @ differ only in the point ¢;;. Similarly, for 7; < n; and L;; < 0,

two regions {2 N B°(c;;, ;) and 2 differ only in the point ¢;;. If we define:

ﬂ B(Ckiarki)] m [ ﬂ HS(aki,bm)] ﬂ [ m BC(CM,TM)] mQ, (40)

LM >N LNE="n; LM <ni

Vi =

then two regions V', and V}, differ only in finite number of points. As a result, integrals over both
V) and V}, have the same value since the density function f is continuous and differentiable, and
removing finite number of points from the integral region does not change the integral value.
Note that if V}, is empty, the Proposition 1 in [[11] holds since the integral over an empty region
is zero. If V}, is not empty, the same arguments as in Appendix A of [11] can be replicated since
V. in @0) is similar to (31) in [T1]].

Using parallel axis theorem [49]], the heterogeneous multi-hop communication power con-
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sumption can be written as:

D(P,W,S) = Z / il — Wl Rof (o dw+znn||pn ol Ry

n=1
N

S Fin(W,S)+ R, f(w)dw], @1)
Whn

N N+M

—i—)\ZZBUsz pJHFZJ WS +)\an

i=1 j=1 =

where v, = v (W,) and ¢, are the volume and centroid of the region W,,, respectively. Using
Proposition 1 in [11], since the optimal deployment P* should have a zero gradient, we take the

partial derivatives of with respect to node locations. For each ¢ € 74, we have

oD N+M N
Sy = 2L = DRI+ 20 Y Bl — P+ 20 Y B — ) =0, (4D)
(2 ‘7 1 y—
and for each ¢ € Zr, we have
o = 2A;ﬁj,z-<pi —P))Fj =0, (43)
By solving Egs. and (3)), we obtain Eq. (I8) and the proof is complete. [

APPENDIX D

Proof of Proposition 3t Note that RL Algorithm iterates between three steps. In what follows,
we show that none of these steps will increase the objective function D (P, W S). For a fixed
node deployment P and normalized flow matrix S, the cell partitioning W is updated according
to Eq. (1I9) which was shown to be optimal for a given P and S in Proposition [Il Therefore,
the first step of RL Algorithm does not increase the objective function. Next, since R (P, W) is
the optimal normalized flow matrix for a given node deployment P and cell partitioning W, the
second step of RL Algorithm does not increase the objective function either. Finally, note that
when W, S and {pj}j ,; are fixed, the objective function D (P,W,S) in Eq. is a convex
function of the node position p;; hence, by solving the zero-gradient equations and updating the
node locations according to the Eq. (18)), the objective function does not increase. Therefore, the
objective function of RL Algorithm is nonincreasing. In addition, the objective function is lower
bounded by 0, i.e., D (P, W,S) > 0. As a result, RL Algorithm is an iterative improvement

algorithm and it converges. |
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APPENDIX E

Proof of Lemma 2} Before going through the proof, we state the following lemma:
Lemma 3: Given a set of points ¢; € R? and non-negative scalar weights a; fori € {1,---, K},

and a scalar m, the geometric locus of the point p € R? such that the equality

K
> aillp—al* =m (44)
i=1

K s

holds, is either an empty set, a single point, or a circle centered at the point ¢ = z?(#

=1 """

Proof: Let p = (p,p,) and ¢; = (¢, Giy)- Then, we can rewrite Eq. as

K K K K
<Z ai) (Pi +p§) —2 (Z aiC_Ii,x) Pz — 2 < az’%‘,y) Dy =m — Z Clz'||%‘||2~ (45)
1 i=1

By manipulating both sides, we can rewrite Eq. (43)) as follows:

K 2 K 2 K K 2 K 2
> s > Qaiq5 y m— > aillq ||2 (Z aiQi,m) + ( az‘%’,y)
i=1 i=1 o i=1 i=1 i=1
Po == | TPy~ g - K + % 2

Sa Sa S (z )

= i=1 i=1

i=1

. (46)

Hence, the geometric locus of the point p = (p,, p,) is an empty set or a single point if the right-

hand-side of Eq. (6)) is negative or zero, respectively; otherwise, the geometric locus is a circle

. _ Zf{:l a;q; . . _
centered at the point ¢ = < — with the radius r =

K 2 K 2
mo Sl alail? (K aigia) +(E, aigiy)

Dis @i Yt ai ( filai)Q
and Lemma [3] is proved.

Corollary 1: If the geometric locus in Lemma [3| is a circle centered at ¢ with radius r, then
for any point p within this circle we have 3.~  a;||p — ¢]|> < m, i.e. moving the point p inside
this circle reduces the weighted squared sum in Eq. (@4).

Now, assume that there exists at least one node, say n, for which Eq. in Lemma [2| does
not hold for an optimal node deployment P*, cell partitioning W* and normalized flow matrix
S*, i.e. p* does not lie on the segment z*p,. We aim to find another deployment such as P’,
W' and S’ so that £ (P’) < v and D (P, W', S’) < D (P*, W* S*); hence, contradicting the
optimality assumption of P*, W* and S*, and concluding that Eq. holds for all nodes.
For this purpose, let W = W*, S’ = S* and p, = p} for all i € Zo|JZ#\{n}. We aim to

determine the node location p/, accordingly. Using the parallel axis theorem [49], we can rewrite

b
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D (P*, W* S*) as:

N N
D(P*,W*,S") = Z/ nille; — wl*Rof (w)dw + > miRyvf||p} — ¢ ||”
i=1 YW i=1

N N+M R
+ AN Bl — PP F, (W*,S%) + AP, (W5, 8%, (@7

i=1 j=1
where v and ¢ are the volume and centroid of the region W, respectively. In what follows,
we assume that n € Z 4, i.e. node n is an AP. Similar proof can be carried out for n € Zr. Note

that Eq. can be split as D (P*, W* S*) = Dy (P*, W*,S*) + D, (P*, W* S*), where

N+M N
Dy(P*, W=, 8%) =n, Ryv; |ps—coll> + Y ABusFijlloh =3I+ ABinFy |0 =317, (48)
j=1 j=1

i.e. Dy includes those terms in Eq. that involve p; . In particular, regardless of the node n’s
position, we have Dy (P*, W* S*) = Dy (P, W’ S’). According to Lemma [3] the geometric
locus of points such as p? for which the value of D; (P*, W* S*) in Eq. (48) remains the
same is a circle ®* centered at the point z = z, (P*, W*,S*) defined in Eq. (L6)), with radius
ri =zt —pX||. Note that if ||z} — p,|| < ||z% — p}||, then setting p!, = p,, not only leads to the
movement energy £ (P') < E (P*), but also results in D, (P', W', S") < D; (P*, W*,S*) since
pl, lies inside @ . Therefore, we have D (P’, W', S") < D (P*, W* S*) which is in contradiction
with the optimality of P*, W* and S*; hence, we have ||z} — p,|| > ||z% — p%||. Let p, be the
intersection point of the circle ®¥ and segment zp,. Since ||p, — Pn|| < ||Pn — P, there exists
an €, € RT such that ||p, —p,||+€, < ||pn—p%||. If pl, = Dn+€n X %, then not only we have
E(P') < E (P*) since E (P*)—E (P') > (e, > 0, but also D; (P, W', S') < D, (P*, W*,S%)
since p), lies inside the circle ®. Therefore, we have D (P, W', S") < D (P*, W*,S*) which

contradicts the optimality of P*, W* and S* and concludes the proof. |

APPENDIX F
Proof of Proposition Bt If p; = zf for all ¢ € Z;, then Eq. (26) implies that £ (P*) =
> icr, GlITF[l < 7; hence, Eq. reduces to the trivial statement p’ = p,, + '} and the proof
is complete. Therefore, we assume that there exists at least one node, say n, for which p! # 2.

Note that if any residual movement energy is left in the optimal deployment, i.e. E (P*) < ~,

then there exists an ¢ € R* such that E (P*) +¢ < v and P, = p* + € X 2222 lies inside the

25 —prll

circle centered at z and radius ||z} — p’||. Then, according to Lemma [3] and Corollary [I by
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fixing the cell partitioning, normalized flow matrix and the location of all nodes except Node n,
and placing Node n at p,, we can achieve a lower total multi-hop communication power without
exhausting the available movement energy, which contradicts the optimality of P*, W* and S*.
Therefore, p # 2 implies that F (P*) = ~. Now, given the optimal node deployment P*, W*
and S*, we construct the node deployment P/, W’ and S’ as follows. Let W = W* S’ = S*
and p, = pf for all i € Zo|JZ#\{m,n}. Let €, ¢, € RT be small values and define

z _ﬁm

« 2 —p
/ * m n
Py, = Py, — €Em X = —
T e =l

*
n
[

. DL =Dh 4 e X (49)

To satisfy the equality F (P’) = -, we have (,€, = (;n€,n. Now, we calculate the change in the
multi-hop communication power, i.e. D (P', W' S') — D (P*, W* S*). Assume that Node m is
fixed at p}, and we move Node n from p} to p/ . Note that this movement only changes the term
D, defined in Eq. (@8)); thus, according to Lemma [3] and Eq. (6)), this change is proportional

to the difference between the squared radii, i.e.
Ay = [llp, — zl1? = llpy, = 20 1P| x o5, (50)

where " is defined in Eq. (30). Now, with Node n placed at p/,, we move Node m from p}, to

p.,. Similar to the above argument, the term A, defined as
Ay = [lIph, = 2mll* = P — 20 l1°] x ¥, (51)

captures the change in D with the assumption that Node n was located at p;. Now, we take into

account that Node n was located at p/, instead of p’ during Node m’s movement.

Ay = Mm% (97, = 00112 = 1P, = 25all?) = (25, = 20117 = s, = 23 ]1%)] (52)
= M Ers X [ (195 = Pil” + €5, = 2€m 1P}, — Pl cos Loyl = 107, — 1)
— (llpy, = 201 = NPy, = Dhll? = €0 = 2€mlp)y, — 17, || cOs £ 0),5m) | (53)
= MBumFyr o % (260, = 26 (9], — P} || cos £, p%,06,, — 1D} — il cos £p5pt, pm)]  (54)

= N Ef X [2€2, — 261, (€ — €, c080)] (55)

m

m
n

= ABumF X [2%—’”62 oS 9} , (56)
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where s and 6 = £z sz’ are the intersection point and the angle between the lines z}p,, and
z* Pm» respectively. Note that in Eq. (52)), without any loss of generality, we have assumed that
the direction of the flow of data, if any, is from Node n to Node m. Moreover, Eq. (33) follows

from the law of cosines and Eq. (36) follows from the equation (¢, = (,¢6,,. Hence, we have:

D (P, W',S') — D (P*, W*,S*) = Ay + Ay + A (57)

2 Cm * * * * * * * Cm

Due to the optimality of P*, W* and S*, Eq. (57) should be non-negative, or equivalently:

(Czi/) + r + 2B m E C—mcosﬁ)22(§m

€2 cosf.

<2 L Gellot = 2l = i — 2 ||) (58)

According to Eq. (30), the term A3, ., F,r . is included in both ¢ and ¥, i.e. 5 > ABymFyr

and ¥y, > ABpmF, ,; therefore, we have:

2
GO U+ 2B i_mcos = Cn\g, o F 4 M F o+ 2)\5n7mF;mCC—mCOSH (59)
C 2

thus, the term inside the parentheses on the left hand side of Eq. (38) is always non-negative.
Note that if the right hand side of Eq. (38) is strictly positive, then we can choose a small

enough ¢, such that the inequality in Eq. (38) is contradicted. Hence, we have:

Cntbnllpn = 20l < Gub o, — 2l (61)
By swapping the indices m and n in Eq. (49) and repeating the same argument, we have:

Cntbpllpn, = 201l = Gt llph, — 2l (62)
Egs. (61) and (62) imply that:

Cn¥nllpn = 2l = Gt llph, — 2l (63)

Note that Eq. indicates that Eq. (61I) holds for any n but only for a dynamic index m € Zy,
and similarly Eq. (62) holds for any m but only for a dynamic index n € Z,. Hence, Egs. (&)
and (63) imply that x > x* if n € Z,,m € Z, and x;, = x} if n,m € Z,, and Eq. 28) is
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proved. Now, by using Eq. (63) and the equality E (P*) = ~, we can write:

ST - =Y Gt - z||—2“” ol = "||pn—zn||z¢*, (64)

€Ly €Ly 1€Ly 1€Ty

or equivalently:

Dier, Gl =

Py, — znll = ; (65)

" n ¥y, G

Cn Z’iEId 1/)_:‘

Hence, we have:
P = Dn + IIF*|| (TRl = lpr, = 22 ll) = P + T, [ 1 = eId ,  (66)
T[] x & x ZzeId o
and the proof is complete. |
APPENDIX G

Proof of Proposition 5} We show that none of the steps in MERL Algorithm increases the
multi-hop communication power D (P, W, S). Since the movement energy constraint in Eq.
(26) does not depend on the cell partitioning and normalized flow matrix, same reasoning as in
Appendix [Dl shows that updating W and S according to the generalized Voronoi diagram and
Bellman-Ford Algorithm, respectively, does not increase D (P, W, S). In what follows, we show
that updating the node deployment according to steps 4 and 5 in Algorithm [2| will not increase

the objective function as well. To show this, we first need the following concepts:

Let P* = (pf, -, pk. k1, -+ . Pl ) denote the node deployment after the k-th iteration.
In particular, P® = P is the initial deployment. We define the energy allocation after the k-th
iteration as EF = (ef,--- ek, ek, -+ ek ),) where el = (,||pk —p, || is node n’s movement

energy consumption. Note that after the cell partitioning using the generalized Voronoi diagram,

the partitions are fixed as V (Pk_l, Sk_l). Moreover, let v* and c* denote the volume and centroid

of V, (P*,S*), respectively, and define T'f = 2 — j, where 2%

is expressed as in Egs. (L6)
and (7). We denote the energy consumed by moving node n from its initial location to z* by
8 = (,|IT%||, and define xf = k, (P*,S¥) = i—’z where ¥ is given by Eq. (30). Finally, we
define an auxiliary function {* : RV — R to be Y* (E) = Tfi;gl Note that Y% differs from
Xn» defined in Eq. in the sense that it depends on the energy allocation E rather than the

node deployment and data routing.
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Lemma 4: Let Z% and Z* denote the set of dynamic and static nodes after the k-th iteration

of the MERL algorithm, respectively. Then, we have:

R (BY) = ¢4 (BY) | Vi,j € I} (67)

(2

H(ER) = X5 (EY), VieI;,jeT) (68)
Proof: At the end of the deployment step, dynamic node n’s location in the k-th iteration is:

Yz GITE T =
ph=p+ T 1 T = (69)
D5 X 2 X Y gy i

thus, its movement energy consumption is:

Ziezk Ci||F'-H|| -

en = Gallph = Ball = GIITRH > |1 - (70)
||Pk 1” X =X ZzeIk k T
k-1 (ZZ Tt A 7)
s = - e , Vn € T (71)
ZEIk

where Z¥ is the set of dynamic nodes in the k-th iteration, determined by the inner loop in steps
3 and 4 of the MERL algorithm. According to this inner loop, the term inside the vertical bars

in Eq. is positive; hence, we have:

fo ! (Ziezk - 7)

ko k-1 k
e, =T, = — , Vn e ;. (72)
ZZGZk Kf ' ‘
Now, by substituting Eq. into the definition of X*, we have:
k=1 _ ok [ZZ Tk T 1] —
CrEr) = e , Vn € Tk, (73)

k—1 k—1
Kn Zierj Ky

Therefore, all y*~! (Ek) for dynamic nodes are the same and Eq. (67) is proved.

In order to prove Eq. (68]), we assume that L, inner iterations are performed in steps 3 and 4
of the MERL algorithm to determine the dynamic node set in the k-th iteration of the algorithm.
For [ € {1,---, Ly}, let jf“ be the dynamic node set after the [-th inner iteration, where £ is
the iteration index of the MERL algorithm. In particular, we have J* = Z,|JZr and:

Ti=J5, ST G ST (74)
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In other words, in the [-th inner iteration, nodes within the set J*, — J* are removed from

J¥ | due to their non-positive energy allocation, i.e., we have:

Hl?_l (ZZGJZE 7'.k_1 — fy)

k k—1 J

<0, vie g, —JF (75)

hence, by rearranging the terms in Eq. (Z3), and summation over all j € J*, — JF, we have:

DR N DORIE EI U5 SRR N O DR ST N

NN i€l LENAREN i€l
k)
Let the auxiliary function Y (J) = % be a mapping from the node set 7 to the real
ieg i
numbers. For an inner iteration index [ € {1,---, Ly}, we have:
>~<k—1 (\7lk) o Xk_l (\7lk_1) (77)
<Zze\7lk Tz'k_1> -7 <Zze\7lk 1 Tik_l> -
= — - 78)
2 k—1 2 k—1 (
iegp Mi iegpk i
k1) [ k—1 k—1 k—1
I o R e | o o R
k—1 k—1
(Zz’ejlk ki ) (Ez’ejl’zl ki )
k-1 [ k-1 k-1
(S ) [(Siee ) = (S e ) = (80)
k—1 k—1
<Ziejlk ki ) <Ziejl’31 ke )
k—1 k—1 k—1
|(Siet, w7) = (Sieqr - 7)) [(Sieae, ) =] @1)
k—1 k—1
(Zz’ejlk i ) (Ziej{il ki )
_ iejlk;l_*jlk i€‘7lk;1 iejlk;l_*jlk i€‘7lk;1 Z 0’ (82)

k—1 k—1
(Zzejlk ki ) (Ziejl’gl ki )

where the last inequality follows from Eq. (Z6). Thus, we have the following ordered sequence:
)Zk—l (jok) < Xk_l (jlk) <. < )Zk_l (j[lfk) — )Zk—l (Icllc) — Xﬁ—l (Ek) 7 Vn € Iclle (83)

Let the tentative energy allocation in the [-th inner iteration be E¥(l) = (eb(D),- - ek (D).
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The tentative movement energy consumption of node 7 in the [-th inner iteration is given by:

1 [(Eer )

~k k-1 k
e(l)y=m7""-— , Vn € J, (84)
Zzejk Hk !
hence, we can rewrite )Zk_l (%k) as
[(Zz’ejk Tz‘k_1> - 7} Th=1 _ gk(]
)Zk—l (%k) — l _ n - ln( )7 vn c %k (85)

-1 -
Ziejlk K R

Note that each node j € JF, — J is removed from the dynamic node set in the [-th inner
iteration of the MERL algorithm due to its non-positive tentative energy éf(l) < 0; therefore,

we have j € ZF and its allocated movement energy consumption is ef = 0. Then, we have:

TS — e

G =t = i s e =), edh =g 69
J

Using Egs. (83) and (86), we have:
X (EY) <X (EY), VieIje g~ le{l, - L. B

Note that the static node set If consists of all nodes that are removed in the inner loop, i.e.
Zs = Uieqr. 1,y (T8 — JF); hence, Eq. (68) follows from Eq. (87) and the proof is finished.

Lemma 5: For a fixed cell partitioning and normalized flow matrix, the node deployment P*
given by the k-th iteration of MERL Algorithm is the unique minimizer to the objective function
in Egs. (23) and (26).

Proof: Using parallel axis theorem [49]], the objective function in the k-th iteration is:

N N
_ k—1 2 k=1, k=12
D=3 [, ol PR+ S w7

N N+M

FAD D Bugllps = piPEE AP (W S5 (88)

i=1 j=1
For a fixed partitioning and routing, a similar reasoning as in the proof of Lemma [2| shows that
node n’s optimal location at the end of k-th iteration should be placed on the segment connecting

its initial location p,, to the point 2*~! given in Eqs. (I6) and (I7), i.e., if we denote the node
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n’s movement energy by e,, we have:

e, IF

By substituting the Eq. into Eq. (88), we can rewrite the objective function as:

miniEmize D(E)

N+M
s.t. (Z en> <9, 0<e, <GITEY, Vnely UI;. (90)

n=1
where:
N N e; k-t 2
D(E) = Z/k 1m||c§—1 — w[]*Ry f(w)dw + > m; Ryvf | pi +Z’ X W — k-t
i=1 YV i g i
N N+M .. k-1 .. k-1 |12 .
A D BB+ = X i = By — 2 X | Fl WP (WL SR 9
= o G [Tl G TS

Note that the objective function in Eq. (90) and its constraints are convex; hence, it has a unique

minimizer for a fixed partitioning and routing. If (ZN+M GallT ’;‘1”) < 7, then the MERL

n=1
algorithm moves each node n to z*~! without violating the total energy constraint, indicating

N+M
n=1

an optimal deployment. On the other hand, if <Z Cn||F'fL‘1||> > , then nodes will run out

of movement energy before they can reach to their corresponding z*~!, and the same reasoning
as in Appendix [H shows that (ZTJLV;M en) = . For the fixed partitioning and routing, let
E* = (e“{, c ey M) be the optimal energy allocation for the constrained objective function
in Eq. ©0), and let P* = (p’{, c L Dy M) be the corresponding optimal deployment. Assume
that the movement energy allocation EF in the k-th iteration is different from the optimal one,
i.e., E* £ E*. Since <ZL+IM e’;) = <Z7]:ZFIM eﬁ) = ~, there exist two distinct indices 7 and j

such that 0 < e} < ey and 0 < e} < e%. Note that €% > 0 indicates that j € Zj, i.e., node j is a

dynamic node in the k-th iteration. Therefore, using Lemma (4] we have:

GITE I —e; - GITE Tl —ef _ GIT5 ' = ¢ _ GIT5 M = ¢
2 —= .

z g z z ©2)
v vy Wi vy
3 7 J
Now, we consider a new energy allocation E = (€y,--- ,&y4ar), Where & = e} — ¢, € =¢€;+e€
and ¢, = e} forall t € Zo|JZr\{4,;}. Note that <ZL+IM €n> =, and for a sufficiently small

positive value of €, we have 0 < ef —e =F¢; < ef < Q||Ff_1|| and 0 <ej <€ =¢j+e< e? <
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Cj||1“f_1||, i.e., E satisfies the constraints in Eq. and it is a valid energy allocation. Similar
argument as in Appendix [E, that led to the Eq. (61)), shows that in order for the energy allocation
E not to achieve a lower objective function value in Eq. than D (E*), which contradicts

the optimality of the movement energy allocation E*, we should have:

e [ T | (93)
or equivalently: i
lp* — 2Rt N — k1
CJHpJ QZJ H < CZsz 222 H (94)
S $
e i

According to Eq. (89), each node n € Z4|JZ# is located on the segment connecting p,, to z¥~1;

hence: we can rewrite the Eq. (94) as:

GITT =€ _ GITE | — e
% = 3 :
] 2

kE—1 k—1
w]‘ wz

(95)

But Eq. (39) is in contradiction with Eq. (92)); thus, the assumption E* # E* is wrong and we
have E* = E*, i.e. the deployment given by the MERL algorithm is the unique minimizer of
the constrained objective function and the proof is complete.

Now, we have enough materials to prove the convergence of the MERL algorithm. As mentioned
in the beginning of the Appendix [Gl updating the partitioning and normalized flow matrix using
the generalized Voronoi diagram and Bellman-Ford Algorithm, respectively, does not increase
the objective function. Now, for a fixed partitioning and routing, Lemma [3| indicates that the
deployment given by the MERL algorithm is the unique minimizer of the constrained objective
function, i.e., the deployment step in the MERL algorithm does not increase the objective function
either. Hence, the MERL algorithm generates a sequence of positive non-increasing values for

the objective function D; thus, it converges. [ |

APPENDIX H

*

Proof of Proposition [6t If p: = z* is an optimal deployment P*, W* and S*, then Eq.
(B4) implies that F,, (P*) = (,[|T'%|| < 7. Therefore, Eq. (33) reduces to the trivial statement
pr = pn + I and the proof is complete. Hence, we assume that p}, # 2. Now, if any residual
movement energy is left in Node n, i.e. if E, (P*) < +,, then there exists an ¢, € R such that

E, (P*)+¢, <, and the point 7, = p* + €, x 7222 lies inside the circle centered at z* with

25 —prll
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radius ||z — p}||. Then, according to Lemma [3, by fixing the cell partitioning, normalized flow
matrix and the location of all nodes except Node n, and placing Node n at p,,, we can achieve a
lower total multi-hop communication power without exhausting the available movement energy
in Node n, which contradicts the optimality of P*, W* and S*. Therefore, p; # 2 implies that
E, (P*) = ~,, that is

Cnllpr, = Pull = - (96)

According to Lemma 2| we have
P = O + (1= 65) 27, o7
where 0,, € [0, 1], which indicates that
lpn = Bull = (1 = dn) |2, — Pnll (98)

Egs. @6) and (98) imply that 5, = 1 — m Therefore, Eq. (97) can be written as:

* ’}/n ~ 771 *
( Cn||2n—pn|| CnHZn_an
. Tn . -
=Pn + (ﬁ) (2, — Dn) (100)
CHHZn _an
~ f}/n *
= Pt T (101)
184
Eqs. (96) and (97) imply that 7, = Cullp;, = Pnll < Gall2) = Pnll = GallT3 I ie. ey < 1. Thus,
Eq. (I0I) can be rewritten as p; = p,, + min (1, m> I'* which concludes the proof. [ |
APPENDIX [

Proof of Proposition [7t In what follows, we show that none of the three steps in LORL
Algorithm will increase the communication power D (P, W, S). Note that the movement energy
constraint in Eq. (34) does not depend on the cell partitioning and normalized flow matrix. Hence,
it can be shown via the same argument as in Appendix [D that updating W and S according to
the generalized Voronoi diagrams and Bellman-Ford Algorithm, respectively, does not increase
D (P, W,S). Note that for a fixed W, S and {p;},,, according to Lemma [3, the geometric
locus of node n for which the objective function D (P, W, S) remains the same is a circle P,
centered at z, with radius ||z, — p,||. Note that the update rule in Eq. (33) always keeps node

n in its valid region determined by its limited movement energy, which is a circle centered at
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pr and radius 2*. A simple geometric reasoning indicates that by updating the position of node

Cn

n according to Eq. (33)), node n will either remain the same or move to the point inside its

valid region that is closest to the point z,, i.e., node n will either remain on the circle ®,, or

move inside it, and the objective function D (P, W,S) does not increase. Since the objective

function has a lower bounded, i.e. D (P, W,S) > 0, and it is nonincreasing, LORL Algorithm

is in iterative improvement algorithm and it converges. |
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